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ABSTRACT

We focus on the two overlapping areas of preference quengtd@aset summarization.
A (linear) preference query specifies the relative impantaof the attributes in a dataset
and asks for the tuples that best match those preferencéessddaummarization is the task
of representing an entire dataset by a small, represeatstiivset. Within these areas, we
focus on three important sub-problems, significantly adiranthe state-of-the-art in each.

We begin with an investigation into a new formulation of reince queries, identi-
fying a neglected and important subclass that wetbadishold projection queriesNhile
literature typically constrains the attribute preferengehich are real-valued weights) such
that their sum is one, we show that this introduces bias whienying by threshold rather
than cardinality. Using projection, rather than inner praidas in that literature, removes
the bias. We then give algorithms for building and queryimgjées for this class of query,
based, in the general case, on geometric duality and hadspage searching, and, in an
important special case, on stereographic projection.



In the second part of the dissertation, we investigatentbeaochromatic reverse top-
(mRTOP) query in two dimensions. A mRTOP query asks for, g&e¢uple and a dataset,
the linear preference queries on the dataset that will decthe given tuple. Towards this
goal, we consider the novel scenario of building an indexifgpert mRTOP queries, using
geometric duality and plane sweep. We show theoreticaltiyeampirically that the index
is quick to build, small on disk, and very efficient at answgrmRTOP queries. As a
corollary to these efforts, we defined ttop-k rank contour which encodes thi-ranked
tuple for every possible linear preference query. Thisamgndously useful in answering
MRTOP queries, but also, we posit, of significant indepehadarest for its relation to
myriad related linear preference query problems. Inteiyivthe topk rank contour is the
minimum possible representation of knowledge needed tatiigethe k-ranked tuple for
any query, withougaipriori knowledge of that query.

We also introducé-regret minimizing setsa very succinct approximation of a numeric
dataset. The purpose of the approximation is to represersritire dataset by just a small
subset that nonetheless will contain a tuple within or nedh¢ top4 for any linear pref-
erence query. We show that the problem of findiagegret minimizing sets—and, indeed,
the problem in literature that it generalizes—is NP-Hartill, $or the special case of two
dimensions, we provide a fast, exact algorithm based otoihv rank contour For arbi-
trary dimension, we introduce a novel greedy algorithm daselinear programming and
randomization that does excellently in our empirical inigegion.
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Chapter 1
Introduction

Modern datasets are of unprecedented size. The reasotssfare diverse, ranging from
the ease of collecting sensor data to the explosion of coesahoice to the modern wealth
of user-contributed content. But despite all this datarli®not much one can do if over-
whelmed by it all. Without some computational interventitire analysis task is infeasible.
But on unseen data, even defining the computational taskeahdllenging.

So, an alternative is to summarize the entire dataset withchrsmaller subset that well
represents the broad spectrum in the data. This can servalaenwf purposes. For one,
summarization can be a first step in finding the most interggtiples in a dataset. If that
representative subset is sufficiently small, it can evenrbsgmted to the user as a ‘guide’
to what the best tuples in the dataset look like, and can tepuser in formulating his
query preferences if they are previously unknown. Perhape mterestingly, performing
a query on a subset of the data can be much faster and, degemdihe means by which
the summarization was performed, can still produce the sarswer, leading to asymptotic
improvement in query performance.

Consider an archetypal example, navigating through amecdétaset of available ho-
tels, trying to decide on the best option. While selectiogdoaon location helps, it does
not narrow down the options by so much. For example, at the tiwriting there
are 363 hotels within one mile of Madison Square Garden in New Yorégoading to
http://yel p. com Showing a few distinctive hotels that represent the brgadtsum
of what is available can help to narrow down the choices.

This example can also be used to illustrate another intageapproach to helping a
user discover the tuples of relevance in a large datasetleWames Bond will expect a
hotel that is expensive, flashy and right beside the venugterfast, | would content myself
with whatever happens to be the cheapest, even if it is fivesaivay; different users have
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different personal interests and so it does not make muckesenpresent both with the
same query results if you know what those interests are. i$hie idea behind the well
established and popular research arepreference queriesa user is modelled by a query
that captures his relative interests so that the results peesented with angersonalized

It is a broad area, and within it we focus specifically on cagesre the user is modelled by
a linear function that can be applied to the database atitisbidow that modelling is done
is outside the scope of this dissertation—we are interastdte computational challenges
in servicing this model.

The interplay between these two research areas, datasetasization and preference
guerying, is especially fascinating. When the query mosi&dnown, the basic assump-
tions can be richer, and so the computational tasks can be sophisticated. In the case
of summarizing datasets for preference queries in paaicahe can directly measure the
efficacy of a particular representative subset and thus acgmgubsets against each other.
Furthermore, those representative subsets can help to effariently resolve the prefer-
ence queries. These are the high-level goals in this dedgmrf to better support efficient
resolution of preference queries using subsets of diftdyges.

We pursue this goal in three directions that we outline inrdmeainder of this chapter:
formulating threshold projection queries; answering nadmomatic reverse top-queries;
and discovering:-regret minimizing sets. To help the reader, we have madantia
chapters self-contained, each with their own sections levaat preliminaries, technical
contributions, engagement with literature, and conchusio that order. Formal definitions
and result statements are deferred until needed. The readdrcourse, welcome at any
point to jump from a particular subsection of the introdantto the relevant chapter if he
is particularly inclined. That said, it is worth reviewing@@&ion[2.1 first, as it introduces
some of the basic algebraic and geometric concepts thabarmon throughout the entire
dissertation.

1.1 Threshold Projection Queries

Consider how you would express a query to identify employelesse salaries are espe-
cially large relative to their age. For such a purpose, maplieations feature queries
wherein attributes are combined into a single score usiimggai function, such asore =

a * salary + b * age. The result set is then determined based on that score. g3ueand?
below are examples of this. To emphasise one attribute awehar in the query requires
simply adjusting the coefficients in the linear functior (i andb). The expression of a



guery in terms of these coefficients is often callgateference querwhen the coefficients
can be thought of as representing a user’s preferencesesitiect to each attribute.

Query 1 (Young, high-paid employees)
SELECT *

FROM Employees

ORDER BY3 x salary — 4 « age DESC
LIMIT 10;

Queny1 is an example of a typical tdpguery, which, for more precision, we call a top-
k linear optimisation queryLOQ). It selects thé employees from a table of employees
who have the highest weighted age and salary. This sectaiag why in thigreference-
basedsetting Query R is often better than Quéty 1. Moreover, werles how to index
numeric datasets to support queries of the form in Quiery 2caNehesehreshold projec-
tion queries(TPQs), because, in a “tuples-as-vectors” perspectieerahult of the query
is those vectors with projectiononto the query greater than a pre-specified threshold.

Query 2 (Young, high-paid employees)
SELECT *

FROM Employees
WHEREproj(salary, age, (3, —4)) > ;

We adopt the “tuples-as-vectors” perspective throughleigt work, in which a tuple
(a1,...,aq) is alternately represented as a vectot (a4, ...,ay). By relaxedly referring
to a tuple as a vector (or, also, a point), and switching ihedppropriate mathematical
context, the discussion is greatly simplified. So, undex pleirspective, a LOQ ranks tuples
by the size of their dot product with a query vecipirom the same domain. (In the case
of Quenfl,q = (3, —4).) Typically, the result of a LOQ is limited to thehighest ranked
tuples (a topk query).

In Chaptef2, we propose a new approach to preference qbases on vector projec-
tion rather than dot product in order to address short-cgmof LOQs. Also, we justify
the use for some contexts tifreshold queriesin which the result set is determined by
minimum scores, rather than tdp-in which the result set is capped by a predetermined
cardinality.



1.1.1 Dot Product vs. Projection

First, consider that the output is determined by threshaitter than cardinality limits (we
justify this shortly). Then, the resuR of a threshold LOQ on a datasktof vectors, given
as input a query vectaef and a threshold is:

R={VeD:¥-G>1}

This problem formulation suggests some difficulties thateaout of using dot product
as a measure of similarity. First, there are two user-definpdts, the modification of
which have inversely related effects: one can adjust eithar||J]|| to alter the result set
cardinality without altering the intent. These effects@areach other becauseand||q]|
are inversely related in the query condition. This makesiiydifficult to prune the dataset
based on one factor, because, for example, no matter how eneathooses, there are
choices for|q]| that will lead to vectors irD being part of the result s&.

This concern is recognised in the LOQ literature: theret, fas assumption is intro-
duced that only the positive quadrant is of interest andyrs&qj is constrained such that
> q; = 1. We call thisconstrained LOQThis fixes the domain of possible queries to be
part of a (-1)-hyperplane rather thaR?. In the case of two dimensions, this means that
any possible query lies on the line segmegnt 1 — z,z € [0, 1]. This suffices when the
result set cardinality has been fixed in advance {pp-

However, this solution introduces a new problem for thrégljoeries: it creates a bias
towards queries farther (angularly speaking) from the 4%e® Figuré_1]1). Because a
larger magnitude of the query inversely affe(® in a LOQ, queries angularly nearer to
the axes have the same effect as a decreas@ce they have larger magnitudes (near to
one). On the other hand, for a query angularly equidistamh fthe axesq = <5, ce 5}
and||q|| = \/d(1/d?) = d~=. That is to say, inl dimensions queries argd-fold less
selective near the axes than maximally distant from the.akEnce, to use the system
effectively, one has to understand within the context ofdamain the interplay between
guery direction and bias and how to appropriately adapttitreshold to reflect the revised
objectivity of any new query options. The result sets ofafidint query vectors with the
same threshold are incomparable.

Hence we propose the use of vector projection (TPQ) instéddtgroduct. The im-



Figure 1.1:The bias introduced by constrained LOQf the uniformly distributed points,
the white points will be returned by the non-partisan qugry, .5)) but not the query
nearer the-axis ((.25, .75)). The non-partisan query has a larger result set simplyuseca
the query vector has smaller magnitude.

partiality towardg|d|| is built into the definition of projection, since the reswdt becomes:

R:{VGD:V—;qu}.
14|
This new definition can be interpreted alternatively as riyinly the constraints placed
on the set of possible queries, instead permitting only weators. Figuré 112 illustrates
the possible queries in two dimensions for LOQ, constrain®®, and TPQ. For LOQ,
possible queries span the entiretyRsf. By constraining the queries, that space is reduced

to the line segment:
d—1
Ty =1 —in,xi > 0.
1
For TPQ, on the other hand, the queries span:

U={qeR":||q| =1},
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(a) LOQ (b) Constrained LOQ  (c) TPQ

Figure 1.2:Query spaces for various classes of preference queries

which forms the d-l)-spher@:

1.1.2 Thresholds vs. Topk

Studying the threshold variant is very interesting. Thera misconception that topand
threshold are equivalent for suitably chosen valugsarid/orr, but this is not true. In fact,
the threshold variant is more flexible. Consider trying emsform the following threshold
query into a top-k query:

Query 3 (Suspicious recent transactions in a region)
SELECT *

FROM Transactions NATURAL JOIN Stdrecations
WHEREpDroj(latitude, longitude, (3,4)) > 7

AND proj(trans_value, trans_frequency, (1,1)) > 7
AND proj(timestamp, (1)) > 73;

As a threshold problem this is very realistic for the DBMS antle: it executes the
three conditions as separate queries using appropriatdglyitdices and then performs
an intersection with the resultant tuple pointers to exeti conjunction. Likewise with

Throughout this paper, we refer to the spheré @imensions as thel{1)-sphere. For example, the outer
surface of the Earth is (approximately2asphere.



pointer union for disjunction. Here, the assumption that can simply replace the thresh-
old with an appropriately chosen value/ofo obtain the same result set is incorrect: there
are numerous combinations of and, that will both yield |R| = &, but they will not
necessarily produce the same result sets. The threshadshisaare more flexible than the
top-k variants in this sense and by using pointer interseainion, the indices need not be
defined any differently in order to support conjoined angodi®d conditions.

Additionally, it often makes sense to issue thresholdsaratien result set cardinalities
because an appropriate cardinality is not always clear. nQ@8efor example, could be
issued by a credit card agency seeking to determine frandtrignsactions based on a
linear function of transaction frequency and value. The benof suspicious transactions
that occurred in the given location within a specified timaqukis variable and not known
to the analyst in advance of issuing the query, so there ia ol@ar argument for having the
analyst guess in advance how many suspicious transactitinrsavwe taken place. On the
other hand, establishing a suitable threshold is reasenbbtause the analyst can utilise
his domain expertise and prior experience.

1.1.3 RenderingTPQ Feasible

Certainly, it is undesirable to scan an entire relation f@rg query issued, if avoidable.
So, we would like to design an effectivedex a choice of physical dataset layout that
improves the efficiency with which we can respond to the eagerBut to derive a suitable
index for TPQ queries is non-trivial. Indexing vectors in their naturairh is not useful
without apriori knowledge of the query vector. The difficulty is that an indeganises
tuples so that similar tuples are near each other (logitaltiie case of secondary indices
and physically in the case of primary indices), but the snity of vectors to one another
does not necessarily imply the similarity of their projeas onto arbitrary query vectors.
Nor does the similarity of their projections onto one queanply the similarity of their
projections onto other, arbitrary query vectors.

As an example, consider two vectaisandv. The projections ofi and of v onto
d = U + Vv are quite similar (or at least both of positive sign). Howetee projections of
the same vectors onto a quefyorthogonal taj are very dissimilar (of opposite signs). This
example demonstrates that efforts to pre-organise thergecan be substantially thwarted
depending on user query choices.

A major contribution that we present is in addressing thillelnge by using geomet-
ric transformations of the query problem. In particular, wigoduce the notion of aap



(Sectior 2.R), the geometric representation of all unitrigsefor which the vector should
be returned. By employing this insight, the problem becotoeadex caps to efficiently
resolve the equivalent problemn,which caps does one find the query?

For the general case (Sectionl2.3), wherein the dimensiarbigary and there are no
constraints on the threshold, we demonstrate how the apiolicof a duality transform can
permit responding to this equivalent query by solvirgaé{space range searchirgyoblem.
The advantage of this technique is that halfspace rangelsegmas been optimally solved
for external memory. Consequently, we asymptotically ioverupon the sequential scan
alternative.

We then consider the specialised scenario of static thigslmtwo and three dimen-
sions (Sectiof 214), which we consider an interesting ssbba&cause, for example, user
interfaces may often constrain a user’s selections to aefiretl finite set. We demonstrate
that under these conditions, performance can be markegiyoved. We employ stereo-
graphic projection on the caps and index their images in #adpadex, thus improving
asymptotic query performance from sub-linear in the gdrease to logarithmic in this
special case.

1.2 Monochromatic Reverse Topk Queries and Top+ Rank
Contours

In this age of arbitrarily large datasets, personalizingrguesults for users with LOQs has
become ubiquitous. Consider again the common approachesfigg a dataseD of n
numeric tuplesga; € R,... a; € R). Thetop-k query models the user with an ordered
list of weights(wy, ..., wq_1), representing his degree of “personal preference” for each
of the d attributes ofD. In executing the query, each tuples D is assigned a score,
score(t) = woap + . . . + wy_1a4-1, and thek tuples with highest score are presented as the
user’s personalized query results.

In ChaptefB, we consider thesep-k queries from the perspective of the tuple rather
than the user. A tuple € D is only relevant if it is the response to somg-k query. Its
relevance is proportional to the breadth of queries for Wwiiigs returned. Amonochro-
matic reverseop-k (MRTOP) query[[46] computes that breadth. Given a (possibly)
tuple of interestq, a reverseop-k query reports the set of LOQs dnuU {q} for which ¢
is in the result set.

Table 1.1 gives a small example of two traditiongl-% queries in the rightmost columns,



query a:(0.75,0.25) | query b:(0.25,0.75)
pid | ptsnorm blksnorm | score rank score rank
pl | 0.333 1.000 | 0.500 3 0.833 1
p2 | 0.667 0.167 | 0.542 2 0.292 3
q 0.725 0.400 | 0.644 1 0.481 2

Table 1.1:Top+ query exampleShown is a datasé&? of two fictitious basketball player tu-
ples,pl andp2, with two normalized attributes, points (pt®rm) and blocks (blksiorm).
Also shown is an additional query tuple = (0.725,0.400). Two top+ queries are given
in the rightmost columns, along with each tuple’s score amd.r

namelya = (0.75,0.25) andb = (0.25,0.75). Of these, only query would be in the re-
sponse to aeverse topt query on tupley, because tuple is only ranked among the belst
tuples for query:, not for queryb. Both queries would be in the response teeerse to2
(or top-3) query ong, because tuple is ranked among the beatuples for both queries.

However, users can specifyp-k queries from the entirety of the line— x, z € [0, 1];
so, monochromatic reversep-k query solutions are infinite sets. For the dataset in Ta-
ble[1.1, the reverse topguery for the point with gid=1 reports all traditional quesiwithin
[(1.00,0.00), (0.605, 0.395)], a range within which query, but not query, falls. We focus
on the two-dimensional case and the positive quadrant. WWeti however, that the ideas
we present generalize cleanly to all four quadrants, ameida shown to be of significant
interest by Ranu and Singh [38].

1.2.1 State of the art

Monochromatic reversep-k (MRTOP) queries are quite new and an example of the grow-
ing field of reverse data managemef®5]. As yet, there are two algorithms to answer
mRTOP queries, the one originally proposed by Vlachou ¢46], and a subsequent algo-
rithm proposed by Wang et al. [50]. Both are linear-cost,-timensional algorithms. Both
also have a common limitation, that their computation isviig@entred on and sensitive

to the particular query tuple.

Pareto-dominance algorithm [46]

The algorithm of Vlachou et all_[46], refined recently [44,a two-phase algorithm that
utilizes, first, pareto-dominance and, second, a geon@tite sweep. The first step is to
scan througlD, classifying tuples by pareto-dominance, i.e., into thibsd¢ dominatey,
are dominated by, and are incomparable tp A tuplet; dominatesanother tuple; iff
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Figure 1.3:lllustration of the pareto-dominance mRTOP algorithBach subfigure illus-
trates a different moment of the plane sweep: on the lefptpgistill outranksg; on the
right, ¢ becomes higher ranked than Pointp, is dominated by, so does not affect the
plane sweep.

t; has a value> thant; on every attribute. If neither tuple dominates the othezytare
said to beincomparable This produces three sets, respectively: those tuplesativalys
outrankq, never affect the rank af, or outrankg only for sometraditional queries.

The second phase models the incomparable tuples as Eucpdéeds and performs a
radial plane sweep that is illustrated in Figlre] 1.3. At aivelyg moment of the sweep,
the number of points, call it, that outrank; is maintained. Whenever the ranks alternate
betweeng and another tuple; is updated and the previous angular range is reported if
¢ < k. In Figure[1.3B, the left subfigure illustrates a moment wheis higher ranked than
g. In the right subfigure, the ranks alternate grisdecomes the highest ranked tuple. The
reverse topt response will be the angle of the sweep line at which thatrs¢given by the
weights(0.605, 0.395), until the termination of the algorithm at theaxis.

The algorithm inherently depends on knowledge;and its performance is largely
subject to the number of tuples that are incomparablg tdhese are limitations that we
directly address with our algorithm.

Segmentation algorithm [50]

Wang et al.[[50] offer an alternative algorithm based on getoicy duality and report an
order of magnitude improvement over the pareto-dominafgarithm. Their algorithm
requires only a single pass ovBrand operates in dual space using the duality transform
of Das et al.[[15] to convert tuples into lines.

First, they transform the query tupjeanto its dual line/,. Next, for each tuple € D,
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Figure 1.4:lllustration of the segmentation mRTOP algorithBach(a, as) is transformed
to the liney = (1—ay)z+(1—a9) and each traditionabp-k query(w;, w») is transformed
to (w;/we,0). The left subfigure illustrates the effect of first proceggin and the right
subfigure, of subsequently processing

the dual lin€l; is constructed and}, is fragmented at its intersection point with as illus-
trated in FigC1¥. Each segmentigfmaintains a counter and this counter is incremented
for each segment df, that lies above the corresponding segment.off the counter ex-
ceedsk — 1, then the segment is permanently discarded (as is the céseheileftmost
segment in Figl_114). After every tuple i has been processed in this manner, the re-
maining segments together comprise the complete soluidnet MRTOP query and are
reported (the rightmost segment in Hig.]1.4).

Like the algorithm of Vlachou et all_[46], all processing mherently dependent on
and sensitive to the particular query tuple. The algorittas the additional disadvantage
that it is highly sensitive to the order in which the tuples/vhre traversed, because it is
advantageous to discard segments,ads quickly as possible. We note that the authors
also propose another solution, a rudimentary index thatpneputes the solution to every
possible query. But this solution cannot handle the mosta&sting case of whep ¢ D
and it is of limited practical use because of its cubic spacepiexity.

1.2.2 Our query-agnostic, index approach

Both these approaches suffer from a common limitatignery-dependenceNotice in
Fig.[1.3 that every step of the plane sweep evaluates whpthets lie above or below

a line through the poing and perpendicular to the sweep line. Notice in Figl 1.4 that
every step of the dataset traversal compares whether & llres above or below, for
numerous (potentially disjoint) intervals. So, in eithase, any computation done towards
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—— top-2 contour [0 MRTOP soln
— top-1 contour

| c <0.605,0.395>

p2 q

Figure 1.5:llustration of our query-agnostic mMRTOP algorithifo the left,D is converted
to an arrangement of lines by transforming each tupte(a;, as) into alinea,z+axy = T,
for an arbitrary, constant reat, (here,r = 1). The two contours are shown in different
shades. To the right, the first contour is used to answer tleege topt query ong.

resolving one query is unusable for subsequent queriescdrputation, involving in both
algorithms a full table-scan, must be restarted from shrafeirthermore, it cannot begin
until the query is known.

Our approach to the mRTOP problem, illustrated in Eigl 1s8picreate an index on
D. We do this by employingpur key geometric techniques: duality, arrangements of lines,
plane sweep, and data depth contours, which we will dematesin Chapter]3.

Our index, constructedithout knowledge af, can respond to many queries, each with
only logarithmic cost. The general idea, shown in 1eft)] is to convertD into an
arrangement of lines and identify a critidalpolygon with a plane sweep algorithm. The
index is a succinct representation of the polygon. Eachygues prove in Theoreml5, is
equivalent to identifying the intersection of a query lip&vith the k-contour, as illustrated
in Fig.[L.5 (right).

The outcome of this work is two-fold. For one, we define thekapnk contour, an ex-
act encoding of thé'th ranked tuples for any possible LOQ (Section] 3.2). Thjsridact,

a dataset summarization as well. On the other hand, we hagrteemely effective tech-
nique for pre-processing and later querying monochronratierse top: queries in two
dimensions, based on that contour (Secfioh 3.3), that pesfgjuite well on experiments
(Section[3.4). So, this chapter focuses on supporting eée queries, for a mRTOP
guery is about assessing the relevance to preference sudraegiven input tuple. But
also, this chapter focuses on summarization by defining aymg top4 rank contours.
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id player name points rebs steals fouls
1 Kevin Durant 2472 623 112 171
2 LeBron James 2258 554 125 119
3 Dwyane Wade 2045 373 142 181

4 Dirk Nowitzki 2027 520 70 208
5 Kobe Bryant 1970 391 113 187
6 Carmelo Anthony | 1943 454 88 225
7 Amare Stoudemir¢ 1896 732 52 281

8 Zach Randolph 1681 950 80 226

Table 1.2:D,,,,. Statistics for the top NBA point scorers from the 2009 ragseason,
courtesydat abasebasket bal I . com The top score in each statistic is bold.

1.3 k-Regret Minimizing Sets

As we have mentioned, for a user navigating a large datdseguailability of a succinct
representative (i.e., a particularly small) subset of thigboints is crucial. For example,
consider Table112D,,.., a toy, but real, dataset consisting of the top eight scaxBg
players from the009 basketball season. A user viewing this data might be curidnish of
these players were “top of the class.” That is, he is curichigfvfew points best represent
the entire dataset, without his having to peruse it in etytire

A well-established approach to representing a datasettisthe skylineoperator [6]
which returns all pareto-optimal points. A pareto-optirpaint is one for which no other
point is higher ranked with respect to every attribute. Tkgise operator reduces the
dataset down to only those points that are guaranteed toshiéghe preferences or in-
terests osomebody If the toy dataset in Table 1.2 consisted only of the attebpoints
and rebounds then the skyline would consist only of the players Kevin anty Amare
Stoudemire, and Zach Randolph. So, these three playersiweptesent well what are
the most impressive combinations of point-scoring anduedmng statistics. However, the
skyline is a powerful summary operator only on low dimensaiatatasets. Even for this
toy examplegverybodys in the skyline if we consider all four attributes. In gealethere
is no guarantee that the skyline is an especially succimresentation of a dataset. For
data either in high dimensions or in anti-correlation, itather unlikely that it will be.

1.3.1 Regret minimizing sets

A promising new alternative is thregret minimizing seintroduced by Nanongkai et al. [37],
which hybridizes the skyline operator with LOQs. A LOQ (optb query, as we will often
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also call it), recall, takes as input a weight veatoand scores each point by inner product
with w, reporting thet points with highest scores. For example, on weidhis.5, 0, 0),
Randolph earns the highest normalized scaf81/2472 * .5 + 950/950 * .5 = 0.840),
compared to Kevin Durant nex.§28) and then Kobe Bryant)(604). So the top2 query
returns Randolph and Durant.

To evaluate whether a subset effectively represents tive elataset well, Nanongkai et al.
introduceregret ratio as the ratio of how far from the best score in the dataset is the
best score in that subset. F6r= {Bryant, Durant}, the regret ratio on a top-query
(.5,.5,0,0) is:

(0.840 — 0.828)/0.840 = 0.0143,

since the score for Randolph is the best in the dataset ab0aBd the score for Durant
is the best in the subset at 0.828. Hence, a user woul® b&% happy if executing that
top-1 query onS rather than all ofD,,,.

Motivated to derive a succinct representation of a dataset,with fixed cardinality,
Nanongkai et al. introduceegret minimizing setf37], posing the question, “Does there
exist one set of points that makes every user at lea%t happy (i.e., returns within% of
correct on any tog-query)?” In [37], the authors refer to this ag-@egret minimizing set,
but we instead refer to this concept as-gegret minimizing set of sizk, because this term
is more natural, especially in the context of our genertibna

For a visual context, consider F[g. 1.6 which depicts allghssible scores for Bryant,
Durant, and Randolph on any unit weight vector. The circlesdrawn by projecting a
vector ending at the data point in all possible directioeafing to Chapterl2). A regret
minimizing setR with regret ratiox is the one for which the union of all its circles is
within 2% of the outermost circle in any direction (in the positive drent). Of the eight
basketball players iD,;,., Zach Randolptbest achieves this criterion, because at worst
(the black line on the-axis) he is closer to Durant’s circle than vice versa (ttecklline
on thez-axis). So, Randolph is the regret minimizing set of dize

Randolph, however, is a peculiar choice to represent al.gf, since he is the worst
rated with respect to points. This exposes a weakness ddtragnimizing sets: they are
forced to fit every outlier in order to satisfy a very rigidterion for user happiness, that a
“happy” user is one who obtains his absolute top choice. Hewdor an analyst curious
to know who is a high rebounding basketball player, is hdyealhappy with the second
choice, Amare Stoudemire, as a query response rather thadopa?

In practice, one often does not get the theoretical top eh@nyway. To change the



15

e //’””\‘@\‘
I .
s Sage Lo
il \ @ S

-/ \\ \

/o ' \\ : Q
Lo Bryant's | Durant's'
L Scores / Scores |

Figure 1.6:lllustration of regret minimizing setsShown are the possible scores for Durant,
Bryant, and Randolph on any unit vector feboundsas thez-attribute angointsas they-
attribute. The black lines show the maximum distance fromd®#ph'’s circle to Durant’s,
and vice versa, illustrating that Randolph (with the sholitee) is the best single-point
approximation tdD,,,,. The othel5 circles are not shown.

scenario a bit, consider a dataset of hotels and a user sgafohone that suits his prefer-
ences. The absolute top theoretical choice may not suit Bpaaally well at all. It could
be fully booked. Or, he might recall that the manager remimdsof his ex-wife. For a
user like him, the regret minimizing set is rigidly constieat on an intangibly poor choice,
even if that choice was theoretically far superior.

To alleviate these problems, we soften the happinessiontéo a second or third or
fourth “best” point, smoothing out the outliers in the data®\s a result, with eight points
(from the entire dataset of NBA basketball players throughuostory, not just the eight
players in Tablé_1]6), we can be withif% of everyone’s third choice, but only withdd%
of everyone’s top choice. By defining thisregret minimizing setin SectiorL 4.11), we can
more succinctly represent the entire dataset than justiiégret. Throughout Chapter 4,
we introduce this generalized problem more formally andigoon computational issues
around it: showing first that the problem is NP-Hard (Sed#idl), and second that we can
design an efficient algorithm in the special case of two disimms (Section 413), using the
insight from the previous chapter. Also, we can design aecéffe albeit inexact algorithm
for the general case (Sectionl4.4), which we evaluate ecafliyi(Section 4.5).
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Chapter 2
Threshold Projection Queries

A common trend today is towards designing database quéa¢ate specific to each user.
We introduce in this chapter a new class of numeric quetieeshold projection querigs
for this purpose. We represent every tuple in the databasevastor and return, for a
specified user query vector and threshalthose database vectors which have a projection
onto the query of magnitude at least A primary advantage of these queries is that,
contrary to the alternative based insteadvector dot productprojection queries have a
built-in resilience to bias.

Additionally to introducing the class of queries, this ctepntroduces algorithms for
indexing numeric datasets to efficiently support threspodgection queries. By employing
a duality transform, we construct a general dimension ingdiélk worst-case sub-linear
qguery cost. We improve upon this performance for the specisé of fixedr and2 or 3
dimensions by employing stereographic projection. Theddd indices that support queries
with logarithmic and square-root I/O cost. The derivatibthese algorithms results from
the novel geometric insight that is presented in this chrafite concept of a data vector’s
cap.

Summary of Chapter[2 Contributions

In this chapter we introduce the novel threshold projectjoaries TPQs) and are the first
to offer database indices to support efficiently responttirtpem. Specifically, we:

e Cast the indexing problem into a geometry context and deéhgenovel geometric
insight of a vector'scap (the reverse mapping from solution to query), crucial to
indexing the tuples effectively (Sectibn P.2).
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Symbol | Definition

D The input, a set of vectors/points/tuples

|D|, the number of tuples i

The dimension of the problerd of attributes
AtupleinD

The same tuple € D, but as a vector

The magnitude of vector

Thecapof vectorv

The projection of vector onto vectoni

A threshold for the size of an ‘interesting’ projection
A query vector, specifying weights for each attribute
Thebaseplanef vectorv

The size in bytes of a tuple

The number of tuples output by a query

Average I/O blocksize in bytes

<L e a3

il

=N
<l
~—

SR I~ NI~ YRR

Table 2.1: Table of repeatedly used notation for Chdgter 2

e Using a duality transform, produce an indexing algorithmafoy dimensioni > 2,
utilising the O(ns/b) simplicial partition tree data structure [1], wheré reflects
the number of blocks occupied by each vector. The query cogti® index is
O(n=Yd+e 4+ ts/b) 1/10's, wheree is any small constant ang /b reflects the size
of the output (Section 2.3).

e Using stereographic projection, produce an alternatigeximng algorithm that markedly
improves the query bounds for the special case of fix@ehd two or three dimen-
sions. We make use of the interval trée [4] to improve quest twO(lg n + ts/b)
in two dimensions and the priority r-tree [3] for three dirsgms to improve query

cost toO(/ns/b+ ts/b) 1/10s.

2.1 Preliminaries

In this chapter, we study the problem of efficiently retrieyfrom a set of vectors those that
have a sulfficiently large projection onto an arbitrary quexgtor. As argued in Section 1.1,
in many contexts this offers a more sensible and less biased df preference querying.
Throughout the chapter, we adopt the convention that vebtave superscript arrows (e.g.,
V), and that the magnitude of a vectois denoted|v||. First recall that th@rojectionof a
vectorv onto another vectar is the component of in the direction ofi. More formally:
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y=x-1
1.2)

e (31

=>

Duality
Transform

° (1v-l)

y=2-x
y=1-3x

Figure 2.1:Example of the duality transfornThroughout this chapter, a poifit, 2) be-
comes the lindy = 2 — x), the point(3, 1) becomes the lin¢y = 1 — 3x) and the line

(y = = — 1) becomes the poir(il, —1). Notice how order is preserved with respect to the
origin.

Definition 2.1.1 (Projection) The projectiont;(v) of a vectorv onto another vectoti is

—

the component of in the direction ofi, given by(%) .

The objective in this chapter is to respaqcklyto threshold projection querigg'PQs).
Formally, these queries are defined as follows:

Definition 2.1.2 (Threshold Projection Query (TPQ)Biven a setD of vectorsy € R?
and a threshold- € R™, the result of ahreshold projection queryI(PQ) for query vector
qdeRlisthe sef{v € D: ||7:(V)|| > 7}

Later in this chapter we apply a duality transform in ordgertioduce an efficient index-
ing scheme to resolV&P () queries in arbitrary dimension. A duality transform regisic
points (hyperplanes) with hyperplanes (points) in the sdimeensional Euclidean space,
preserving both incidence and order. There are many suesftrans, so to be specific, we
use the definition given below, which is illustrated in Figl2.1:

Definition 2.1.3(Duality Transform) An initial pointp = (a4, . .., a,) or hyperplaneh =
(bgrg = byzy + ... + bg1zq-1 + ) is referred to as “primal” The duality transform

transformsp into its “dual” hyperplanep* = (x4 = ay — a;x7 — ... — ag_124-1) and
transformsh into its dual pointh* = (2—1, e b‘jjl )
d d d

A critical property of this duality transform is that if a paip lies on the opposite side
of a hyperplané as the origin (i.e.p is aboveh), thenh* is abovep*.

Additionally, halfspace range searchin@lternatively known asalfspace range re-
porting) is critical to this chapter, because we provide a transébion of our problem into
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id| =z | y | baseplane| dual pointto index
cz 1|2 yzl—%x (—%,1)
b1312lvzite R
clA]3]y=3+37 (5.3)

Table 2.2:Small example relation to illustrate geometric transfotioas Here,r = 2.

an instance of halfspace range searching. Given a set dfspanid a query halfspace, the
response to a halfspace range search is the set of points quéry halfspace. Formally:

Definition 2.1.4 (Halfspace range search(iven a setD of points inR? and a halfspace
h, the result of a halfspace range search is the{get D : p € h}.

For an alternative index, we employ stereographic prajedid reduce the dimension-
ality of the problem. Stereographic projection maps eveinion the sphere to a unique
point on a plane. The image of a popntinder stereographic projection is found by tracing
a straight line fronp to a pole on the sphere and detecting where that line intsrtee
plane of projection. In this chapter, we use only the unitesphand take the pole to be
(0,...,0,1) and the projection plane to hg = 0. Thus, the image qf is defined by:

Definition 2.1.5. The stereographic projection of a point= (p4, ..., ps) onto the plane

xq = 0 is the point:
b1 Pd—1 0
L+ps  14ps )

2.2 Projection, Caps, and Baseplanes

As mentioned in Sectidn 1.1.3, effectively indexing vestfar TPQ queries is not trivial.
So, we introduce the approach of instead indexdags In this section we formally intro-
duce caps and some important related concepts in order pmsupe index structures we
propose in Sectioris 2.3 ahdR.4.

2.2.1 The Cap of a Vector

Indexing a vector in its native form is not a promising approach, but as we sihtaswery

effective to instead construct a representation of alligsdor whichv should be returned.
Because, as argued in Section 1.5 1s a unit vector7;(¥) = ¥ - d. So, the queries for
which v should be returned satisfy two conditions: 1) they lie onuhé sphere (since
we assume all queries are of unit length); and 2) they lieiwithe half-space given by
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Figure 2.2:The caps corresponding to the vectors from Tablé Again, = 2. The inner
circle is the space of all possible queries, and the outelecare the vectors of size The
caps ofa, b, andc are the arcgq, s|, [q, t], and[p, r|, respectively.

Vv -q > 7. This subset is a contiguous geometric object correspgrdithe intersection of
the surface of the sphere with a halfspace delimited by arpjgoee. Because of its shape
in three dimensions (visualise the result of using a cleawea hollow pumpkin), we call
this object thecap of v and denote itr. For the example relation of Talle 2.2, the cap of
each vector is illustrated in Figure 2.2.

The halfspace is delimited by a hyperplane, and the hypeegkof particular utility
here, so we call it thbaseplanef v and denote itr. It is defined to be the unique hyper-
plane passing through the sphere at points given by quetgngaanto which the projection
of v is exactlyr. The other geometric object of especial relevance is thepooent of the
baseplane bounded by the unit sphere. In two dimensiorssistiai chord (which we call
the chord ofv) and in three dimensions it is a disk enclosed by a smallecifwhich we
call the small circle ofv).

Conveniently, the specifications of a cap can be computee geadily, regardless of
the dimension, because the cap is symmetric about the vddtas, we can make deduc-
tions by observing a planar cross-section of the unit sph&he next lemma gives these
specifications (see Figure 2.3).

Lemma 2.2.1.The distance from the origin of the unit sphere to the baskeefjiery cap of
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1 T

Figure 2.3: The specifications of aap. The positive quadrant of an axis-parallel planar
cross section through the origin of a cap. The inner arc isuthesphere, the set of all
possible queries. The outer arc consists of vectors ofthengthe cap is the portion of the
unit sphere bounded by the baseplanarthogonal tov and at a distance %‘Tl from the
origin. The projection of’ onto any vector on this arc is of size at leasiThe unit vectors

U andu’ are the unique pair onto whicfi(v) is exactlyr. The chord ofv is subtended
between the vectorsandi’.

avector? = (vy, ..., v,) is7/||¥]|, the radius- of the query capis/(1 — 7/||[¥|]) (1 + 7/[|¥]]),
and the equation of the baseplaneris- (v1z1 + ...+ vgxqg — 7 = 0).

Proof Consider some unit vectar such thatt;(v) = 7. Together,u and7(d) create
a triangle with the line segmentthat joins their endpoints. Becausgas of unit length,

U-v = 73(V) = 7. Thus,7:(d) = o1 = Te- Additionally, from the Pythagorean
Theorem,

i) o)

These measurements give, respectively, the distance frewrigin and the radiusof the
cap.

The plane can be determined in point-plane (Hessian Norfiora) in time linear ind.
The orthogonal vector ig and a point orv is given by the position vectdf7;()||v. The

equation of the plane can be determined by solving the radisgquation and translating
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it to the initial point given byj|7¢(1)||v.

O
By converting every vector into its cap, we can design eiffectpatial indices for the
caps and work within the transformed problem space. ¢Léénote the endpoint of the
guery vectorq. Determining which caps contaipis equivalent to solving the original
TPQ problem:

Theorem 1 (Equivalence oflPQ) and cap containment)
Given a set of vector®, a thresholdr, and a query vectot], 75(v) > 7 < ¢ € V.

Proof First, 74(V) > 7 = ¢ € v by construction. To prové;(v) > 7 < ¢ € v, note that
q € vimplies thatg is on the unit sphere and that it is in the halfplane spannecbiorsx

such that - X > 7. So, the unit vectoq in the direction of poing is such that';(v) > .

O

2.3 An Index for Arbitrary Dimension

The task of indexing caps to solve the cap-containment prokin which caps is the
guery?) in arbitrary dimension for arbitraryis one that can be reformulated in such a way
as to take advantage of existing efficient external memots dauctures. In particular,
we employ a duality transform (Sectibn 213.1) and then destnate (Sectioh 2.3.2) how a
simplicial partition tree can resolve queries wittin'~/4< + ts/b) 1/O’s, for a dataset of
sizen in d dimensions and any small constant 0, with ¢ output vectors each occupying
s bytes and a blocksize éfbytes per block of I/0O. The valug/b reflects the number of
blocks of output. The data structure requires lin@ars/b) space. Sections 2.3.1 dnd 2]3.2
detail how the data structure is constructed using an argiseed threshold. Finally but
importantly, in Sectiof 2.313 we demonstrate how a geomstift applied to incoming
gueries is sufficient to suppoainy dynamic (i.e., user-supplied) positive thresholds, not
just the static one with which the data structure is built.
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Figure 2.4:Example of dataset vectors transformed into baseplaBaswn are the base-
planes of the vectors in Tallle 2.2 (left), together withitkeial points (right), using = 2.
Also depicted is a sample quety~ (.9, .4) and its dual, the ling ~ .4 — .9z. Notice the
inversion of aboveness in the dual space.

2.3.1 Venturing into the Dual Space

It is clear from Sectiol 212 that a datasetrofectors can be interpreted ascaps, or,
equivalently, as baseplanes, and a quefgan be regarded as a pointSince a normalised
query will always produce a point on the unit sphere, chagkimetherq lies above a
baseplane is sufficient to determine i is in v. So, the problem is to determine the set of
baseplanes above whigHies. It is to this problem that we will apply a duality transfn.

Recall from Definitio 2.1]3 of a duality transform that iverts “aboveness.” Thus,
if one pointp is above a particular hyperplane thenh’s dual pointh* will be above the
point’s dual hyperplang®.

We convert each cap into a point by applying the duality ti@ms to its baseplane,
thus obtaining a set of dual points. The position vector of any query can be tramséat
into a hyperplane. This transforms the problem into a hatfspange search, as described
in Proposition 2.3]1.

Proposition 2.3.1(Equivalence of cap-containment to halfspace range sgarch
Let Q denote a set of vector baseplanes andplet h denote that poinp lies on the
opposite side of the hyperplaheas does the origin (i.e., is abovg. Then, for a given
queryq,{h € Q:q>h} ={h € Q:h* > q*}.

In other words, by applying a duality transform, the problefrdetermining in which
caps a particular query lies becomes a case of halfspaceaaegrching.
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Algorithm 1 Indexing for TPQs in general dimension with dynamic
Input: A vector dataseD and a seed threshotd
Output: An index supporting sub-linear query time
Create an empty point sét
forall ¥ = (ay,...as) € Ddo

Compute the point* = (—g—i, . —“Z—;l, i)
Addv*toS
end for

Index the se&S in the external memory simplicial partition tree
Return the external memory simplicial partition tree

Using the particular duality transform given earlier, wangform the baseplane
— Vi _ Va1 TV ing* = (=¥ Vi1 T
(namelyz,; = chry— . S Ta+ vd) into the dual point™* = ( ey T Ud).

Figure[2.4 illustrates the baseplanes and their dual péontdhe vectors given earlier in

Table2.2.

2.3.2 Constructing the Index

By means of this duality transformation, the threshold gctpn problem can be refor-
mulated as a case of halfspace range searching. The purptisse is to take advantage
of the extensive research that has already been conducttt dralfspace range search-
ing problem. The external memory simplicial partition tasga structure given by Agar-
wal et al. [1] requires linea®(ns/b) space and can answer halfspace range search queries
in O(n'~Y4+< +ts/b) 1/O’s.

The series of transformations from a vector to a cap to a chiat pan be arithmetically
combined into one computation. Thus, as a result of ThebtemdIPropositioh 2.3.1, we
have Algorithm[1 for preprocessing a datageinto a simplicial partition tree index in
order to efficiently respond to threshold projection querie

Then, for each query, one can compute the dual hyperplanas(z, = ¢4 — q1x1 —

... — qa—174—1) in real-time and execute a halfspace range search.

2.3.3 Querying the Index

Until this point, we have held fixed in order to construct the data structure. Here we
discuss how the orthogonality of the data vector to the Hasepof its cap allows us to
efficiently transform the query to respond to new, dynamregholds, rather than just the
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Figure 2.5: Adjusting caps for different threshold#n this illustration, we adjust the ex-
ample caps from Table 2.2 for a new threshold-of= 1 rather thanr = 2. The reduced
threshold permitg to become part of the result set. To the right, all the poirggranslated
as if the caps had been originally created with a threshotd ef 1. To the left, on the other
hand, the same result set is achieved by translating onlgubey line, as per Theorelm 2.

seed threshold required to initialise the data structure, and, indeed, toorgspond to any
user queryj, 7.
Recall from Algorithnil that each vect@ris transformed into a point*:

% Uy Ug—1 T
V=— ..., —,— .
Ud Ud Vd

Consider what happensiifis scaled ta:v: it is transformed to the new point*:

_* cUp CUg—1 T
U1 Ud—1 T

Figurel2.5 illustrates how an entire dataset is transforimédiis nature. The direction
of the vector is captured by the firgtl coordinates of the dual point and its magnitude is
described by the last coordinate. This is intuitive sinaelihseplanes of the capsiwéand
cv are parallel to each other. The sufficiency of the fitdt coordinates in capturing the
direction of the baseplane results from the fact that théspate of a line only spank1
dimensions and it is from translating the nullspacé ¢atv is derived.

We exploit this fact as follows. Recall that a quejwill be transformed into a dual
halfspace;* = (rg = g4 — 11 — ... — qa—17q—1). This is expressed in point-intercept
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form for insight: the value of,; shifts the query up or down the; axis. Given that the
relationship between the magnitude of a vect@nd the threshold is expressed along
thex, axis, such a shift effectively changes the threshold. Ifuber wishes to instead use
a threshold of”, one need only adjugt to (z, = &* — g1 — ... — g4_174—1), and the
index remains unaffected. See Figure 2.5 (top).

Theorem 2(Transformation of- to 7).

For a vector projection query index initialised with a thredd 7, the response to a query
vectord = (qi, . . ., qq) for another threshold’ is the same as the response to query vector
(q1,---,qa-1,qq7/7") With thresholdr.

Proof We show this by considering an arbitrary data vectos (vi,...,vq). Its cap is

represented by the dual poi(n%g—;, ce —“da;l, ald) for a given threshold and represented
by (—Z—;, e —a‘;;l, g—;) for a given threshold’. When the threshold is modified from

to 7/, clearly every cap dual point is moved along theaxis by a factor of’/r and the
other coordinates remain unchanged.

So, if the query dual halfplane is shifted by the same fagtdhe opposite direction,
then the above-below relationship is preserved. Scalingéal values by the same positive
factor cannot alter their order with respect to each other. O

This also suggests how some problem variants, such as thie tapant, can be an-
swered, by shifting the query dual hyperplane up and down jleis until an appropriate
output size is obtained.

So what of the original seed? First, it is sufficient in a static setting. But in dynamic
scenarios, its role is to establish a relationship betwkersize of a vector and the size
of its cap. By choosing to be some constant, each cap can be constructed so that it
contains a portion of the unit sphere that is proportiongth&vector's magnitude (actually
to /(1 — 7/[[¥]])(1 + 7/|¥]]), to be precise). Some care should be taken in choosing the
seedr, however, because a value that is extremely small or extyeliarge relative to the
domain of the attributes could lead to difficulties with flogtpoint arithmetic.

2.4 Exploiting Low Dimension and Fixedr

In Sectiorf 2.8, we gave an index for arbitrary dimension pleamitted dynamic adaptation
(i.e., user-specification) of the threshold valuas any positive, real number. To do so,
we employed a data structure whose query cost is sub-linear Yet, one can imagine
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settings in whichr either remains static or is confined to a small, finite set afsgae
values (and thus serviceable by a small, finite set of inflicEer example, an interface
could be designed to constrain a user to selecting among adegible options for,
rather than allowing him to choose any arbitrary real frorthumi a given window of values.
Alternatively, most systems will perform some post-prateg before presenting results to
a user (even if only formatting), and to post-process a srealllt set of a smaller than
desiredr in order to eliminate false positives would be of negligibéest. In such settings,
we can exploit the static nature oo produce a data structure with better query cost.

We begin by giving an overview of the indexing algorithm forstsetting. In the dy-
namic setting, we required a transform that permitted adgphe threshold with a quick
translation of the query. For this purpose, the dualitysfarm was well suited. With fixed
7, however, that requirement does not exist, so we have meeedm in choosing spatial
indices for the caps. We exploit this advantage by usingetgaphic projection and an
interval tree (in 2d), or priority r-tree (in 3d), for whiche query cost is logarithmic and
O(y/n), respectively.

The choice to use stereographic projection (rather tharesmthrer projection) on the
unit sphere has two very nice consequences as a result @ aaanformal mapping: 1)
the image of a small circle of the sphere is another circlehenprojection plane; and 2)
any point within a small circle on the sphere has a corresipgnichage within the image
of the small circle.

Consequently, determining those caps whose image corntansage of the query is
sufficient to resolve the TPQ. This forms the basis for ourdixéndex: we use spatial
indices to store the images of the caps. For each query, wputents image and retrieve
from the spatial index those cap images within which the gjsémage is contained. We
now describe each step of the indexing algorithm in greagtaid

2.4.1 The Stereographic Projection of a Cap

The first step is to project caps onto the projection plane (O for 2d andz = 0 for 3d).
Recall from Definitioh 2.1]5 that the image of a paipt, . . ., ps) in the hyperplane,; = 0

IS:
P Pd—1
e ,0 1.
<pd+1 pat+1 )

Figure[2.6 illustrates the stereographic projection of a-t{left) and a three- (right)
dimensional cap. In three dimensions, each cap can be kdeddry asmall circle and in
two dimensions, by ahord Their images under stereographic projection are, resedct
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Figure 2.6:Stereographic projectianThe chord (on the left) and the small circle (on the
right) of a cap are stereographically projected ontotfais (left) and thery-plane (right).

a circle and a line segment.

In order to find the image of in three dimensions, we first find the endpoints of some
diameter ofv’s small circle (the upper dark solid line in Figure12.6 (fipkand project the
diameter’s endpoints. These projected points define aéigment in the: = 0 plane, call
it [ (the lower dark solid line). Because the imagera$ a circle of whichl is a diameter,
rotating! throughr radians in the: = 0 plane produces the image of the entire cap.

In two dimensions, on the other hand, the image isfsimply the line segment without
rotation. In either dimensior,can be computed explicitly and in main memory time linear
in d, as indicated in Theorem 3.

Theorem 3(Stereographic images of 2d and 3d caps)
In two dimensions, the stereographic projectiorvag the line segment:

\-;L’Ul—FL %Ul—L
Wirleyo 7 ””277101)(’0 :
Y — < Y+ 5,
v 2 T T 2
X = 1+<—1) ,Y:1+T2U2,T: 1—<T)
U2 |[¥1] |[¥1]

Similarly, in three dimensions, a diameter of the sterepgra projection ofv is the

where:
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line segment:
T T T
FEY WE2 T X
_ rvg ) _ rvg 7 ’
Y Xwvs Y Xwvs
T T ™
FEY PR T X 0
rug 0 Trvg
Y+ Xvg Y+ Xvg
where:

2
X =4/1+ (@) Y =1+ _,szg, and r is as before.
\ v3 |[¥1]

Proof Recall that to project a cap il (3d) onto the line (planey = 0 (z = 0), we need
to compute the image of the chord (diametre) that spans fheTdaus the proof proceeds
in two parts: first we find the endpoints of the chord (diametad then we compute the
image of those endpoints. We begin by outlining the intaitdd the proof.

In 2d, the chord is unique. I8d, there are infinitely many diametres of the cap’s small
circle, and any will suffice. In either case, the intuitiorthe same: we can compute the
endpoints of the chord (diametre) by recognising them asebtor addition of/ appropri-
ately scaled and another appropriately scaled vector inuhgpace of’. Recall Figuré 2)3.
Givenv, it is the endpoints ofi andi’ that are sought, and they both lie on We then
project those two points ontg; = 0 using the mapping:

b1 Pd—1
e — e ,0 .
(b2 22) (de et )

The details are as follows, first described2ith Recall from Theorerh 2.2.1 thatis

at a distance ofﬁ from the origin and that the radius efisr = (/1 — <II%)2 Let
V= Wv, the vector’ scaled to where it intersects its baseplane..Lahdu’ be the two
sought points, which are at a distanceldfom the origin and that delimit the chord of
Finally, letn be a unit vector fron¥’ towardsu, clearly in the nullspace of. So,u andu’

are the two endpoints of the vectors:

T

[1¥]]

{u, 0} =

SV .

The direction ofy can be obtained from solving the nullspace equationwhile fixing
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r, = 1.
1
V] + ToUg =0 = 19 = ——.

So,n = m <1, —g—;> - <1, —g—;> /X.

Thus the image of the chord efis given by computing the piecewise addition of the
described vectors and then applying stereographic profect

vl = )
: T roT T TV
- (Hﬂ\?“f’ww ) MR~ % % )}
. ( et X 0) ( FEUL X 0)].
AR )\ 1+ FEvet 5

The three dimensional case is analogous. To compute thetidimeofn we fix x; = 0
andz, = 1 to produce:

Then, the image of a diametre of the small circl@dﬁﬁﬁ

W' u] = [V +in]

_ \—/3/ ‘7/_'_T ‘7/_7“'1}2 ‘—/»/ \—/:/_T ‘7/_'_7’7)2
1> v2 X? 3 ng ) 1) Y2 X? 3 X’U3

=/ ! r el o
Vi Vot x 0 Vi Vo = x 0
= o TV ) = o TV Y Y = TV ) — TV Y *
1+ vy X 14+ vy X 1—|—V3—|—XU3 1+v3+Xv3

|

INote that we express this in termsifinstead ofi for the sake of lateral real-estate on this page.
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(a) Original caps (b) Image intervals
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(d) The resultant interval tree

Figure 2.7:lllustration of 2d case of Algorithmil2 These are the four steps in converting
the vectors of Table 2.2 into an interval tree data structDisplayed are the caps (a), the
images under stereographic projection of the caps (b), dhtipning of the number line
based on the images (c), and the final tree structure (d).

2.4.2 An Index for Fixed  and 2 or 3 Dimensions

The idea for the fixed-index is to use a spatial index to organise the stereograplaiges
of the caps, and query the spatial index with the image of tlezyq The image of a query

qis:
< q1 qd—1 0)
Lta’ " 1taa’ )

a straightforward consequence of Definition 2.1.5.

In two dimensions, the image of every cap (arc), is a line ssgrgiven by Theo-
rem[3. Also,q is in v iff the image ofq (a point) lies on the image af (a line segment).
Stated alternatively, the task of identifying which vestehould be returned for the thresh-
old projection queryj is equivalent to identifying all line segments on which theage
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Algorithm 2 Indexing for staticr

Input: A vector dataseD and a threshold
Output: An index supporting worst-case logarithmic (2d) or squa@t-(3d) query time
Create an empty set of line segment&2d) or circlesC (3d).
forall v € D do
Compute the image af in constant time, as per Theorém 3
Add the image of to £ (2d) or toC (3d)
end for
Index the ser in an external memory interval tree (2d)®in a Priority r-Tree (3d)
Return the tree

of q lies. In fact, this is precisely known as the Interval StalgbProblem [[4] (hich
one-dimensional overlapping intervals does a given patab™?). The Interval Stabbing
Problem is optimally supported in external memory by thenval tree data structure of
Arge and Vitter [4], which uses linea®(ns/b) space, and can respond to queries with
optimal O(lg n + ts/b) 1/0s. The example relation from Table .2 is transformed am
interval tree in Figure 2]7.

In three dimensions, on the other hand, the image of everyscagircle on the plane,
given by rotating the line segment of Theoren 3. This gives to a degenerate window
guery (alt., awhere-am-iquery) in which the query window is a single point. Window
queries are handling quite effectively by the several e-trariants. Theriority r-tree [3],
in particular, is asymptotically optimal and requir€gns/b) disk space. It guarantees
worst-case query cost 61(y/ns/b + ts/b) I/Os.

To summarise, we have Algorithinh 2 for indexing two- and thdéeensional vectors
for TPQ with fixed 7.

2.5 Bibliographic Notes

Threshold projection queries are a new concept, introdutcehdis work. A condensed
version of the material in this chapter originally appeaatdASFAA 2011 [10] and an
expanded version is currently under revision for a topitimrnational journal[14].

The closest problem to the one under study here is that okingdor the top# linear
optimisation queries (LOQs) that we discussed in Sed¢fidn(d.f., [1/9/20],34,53,57]).
Tsaparas et all[_[44] design indices for more general momofonctions; however, their
techniques are only for top-and problems in thed plane.

Our work leveraged several techniques and existing datatates. In Sectioh 2.3,
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we utilised a duality transform, which allowed us to cast piheblem into an instance of
halfspace range searching. For more information abouitguednsforms we refer to the
Computational Geometry text of de Berg et al. [5] and to theresby MatouSek[[33],
both which demonstrate their use nicely and repeatedly.g®aearching is a canonical
problem in Computational Geometry, of which halfspace easgarching is a specific,
well-studied case. In higher dimensions, the asymptdyitedst algorithm is the one due
to Matousek([3R], which supports queries@r@nl‘ﬁﬁ) time, for any fixed constant> 0,
and uses linear space for the data structure. The extermabmgesimplicial partition tree
of Agarwal et al.[[1] is an adaptation for disk of MatouSettata structure.

For the fixeds setting in Sectio 214, we use stereographic projectidmerathan a
duality transform. For a nice introduction to stereograptrojection, we refer to Whit-
taker [51]. In the two-dimensional case, we employ the ogliimterval tree data structure
of Arge and Vitter [4]. In three dimensions, we employ theimgat priority r-tree data
structure of Arge et al[]3].

It is worth noting that the general problem with which we aaeef is to index small
circles of a (-1)-sphere. In three dimensions, this problem is of particudterest, be-
cause it relates strongly to indexing objects on the Eaxdh @S systems) and on the
celestial sphere (for astronomical applications). Withis domain, another approach is to
approximate the sphere with a mesh, as in the quadtree-hagadchical triangular mesh
of Szalay et al.[[42]. The application of their method herénsted, however, because
the technique was designed primarily for point locationregge does not scale clearly to
higher dimensions, and assumes all vectors have equal tadgni

2.6 Limitations

It should be noted that computational geometry technignegeneral and the simplicial
partitioning method of MatousSek in particular usually ase that the dimension is less
than, say, thirty. So, one should be careful with using odexing algorithm on vectors of
more than thirty components.

Another concern with the techniques described in this @raptpolarity. With regards
to the general index, the duality transform involves a donsy z,;, so issues of polarity
arise whenr,; approaches zero. Similarly, the stereographic projeaifanpoint near the
pole at(0, ..., 0,1) approaches infinity. For both these scenarios a conceiegipmach
is to split the index into two. For example, the stereogredmojection of points in the
positive hemisphere could be done with respect to the negatile and the stereographic
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projection of points in the negative hemisphere could besdeith respect to the positive
pole, guaranteeing that every image lies within the imagdetircumference of the unit
sphere.

2.7 Final Remarks

In this chapter we have introduced the novel threshold ptimje queries (TPQs) and il-
lustrated their advantage over téd-OQs. Moreover, we focused on designing the first
indices to support efficiently retrieving the response ta@eqetion query, those vectors
in a dataset with a sufficiently large projection onto an taalby query. To enable the
techniques in this chapter, we introduced the conceptazpathe component of the unit
(d-1)-sphere bounded by a hyperplane orthogonal to a tuple ventbat a distance from
the origin proportionate to the vector's magnitude. Comgally speaking, the cap of a
vector is a representation of the set of exactly those gsiésrewhich the vector is part of
the solution set.

Using this insight permits us to create efficient, novel @edi In general dimension,
we employed a duality transform and proven-optimal datazcsares in previous literature
to arrive at an index which requires or@y(n'~'/?+ 4 ts /b) blocks of I/O to respond to an
arbitrary query.

Next, we recognised that in some scenarios, thresholdsanected to a small, finite
domain. This observation permitted fixing the threshaldy fixing 7, we could produce
yet more efficiency by spatially indexing the images of thpscander stereographic pro-
jection. In two dimensions, we utilised the optimal and wealbwn interval tree, which
guarantees worst-case logarithmic 1/0O query cost (plusdiseof outputting the result). In
three dimensions, we used the asymptotically optimal pyioitree, which resulted in an
index with worst cas€(y/ns/b + ts/b) 1/0 query cost.

Towards our over-achieving objectives in this dissertgtibis chapter introduced a new
means of formulating preference queries that is betteeduit some domains in which the
optimal result set cardinality is unclear. In the next cleapive focus on techniques for
MRTOP queries.
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Chapter 3

Monochromatic Reverse Top4 Queries
and Top-£ Rank Contours

A monochromatic reversep-k (MRTOP) query asks for, given a (possibly new) tuple
and a dataseD, all possible LOQs oD U {¢} for which ¢ is in the result. We study
the novel but practical scenario of designing a layer-basddx to respond to two di-
mensional queries in worst-case-logarithmic time. Ounmégue is based on identifying a
critical k-polygonin a dual space representation of the dataset and transigitime query
into an intersection test. We implement the two state-efdlt monochromatic reverse
top-k algorithms and perform an extensive experimental evalnatgainst our technique,
demonstrating superior performance in terms of both quesy &d memory footprint.

A corollary to the efforts in this chapter to answer mRTOPrgs is the introduction
of a new summarization operator, the tbpank contour. This contour is the identified
k-polygon and it exactly encodes theranked tuple for any possible LOQ. While this is
certainly significant to the primary objective in this chepit is also quite fascinating in its
own right, as it represents the minimum possible repretientaf all information necessary
to find the exactly:-ranked tuple without any prior knowledge of the query.

Summary of Chapter[3 Contributions

This chapter makes several significant advances on thedftdte art for reverse top-
queries:

e We introduce the first query-agnostic approach. This allmwsputation to be reused
or even done offline in advance. It also implies that the parémce is consistent
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Symbol | Definition

D The input, a set of tuples/vectors/points

n |D|, the number of tuples i

d The dimension of the problem

q The query tuple, of which we ask the effect of addindto
lq

k

w

The dual space transformation of the query tuple
A threshold for the rank of an interesting pointDf
A vector of attribute weights, presumably supplied by a user

w; Thes'th coordinate ofw

L A set of lines, obtained by transforming pointsZin
O The origin; the point a0, . . ., 0)

P The criticalk-polygon

H The convex hull oP,,

Table 3.1: Table of repeatedly used notation for Chdgter 3

regardless of the query point. Previous work is sensitite bmthe datasedndthe
choice of query point;

¢ We introduce new geometric techniques for the problem tleatreemselves of high
interest: our novel depth contours akgbolygons provide new tools that are useful
to researchers investigating other related tagnd reverse top-problems;

e And we demonstrate consistently better empirical perfoxwedahan other algorithms,
often by an order of magnitude, indicating practical utifdr the ideas we present.

3.1 Preliminaries

In this chapter, we study monochromatic reverse £AQpaRTOP) queries and introduce
top-« rank contours. As argued in Sectibnll1.2, these queries aistemesting way of
evaluating the global relevance of a particular tuple. Ia fection we formally introduce
the problem under study and the concepts upon which theehagpends. Note, however,
that we assume familiarity with a few concepts defined ini8a@.1, such agrojection
andduality.

Throughout this entire chapter, we assume queries are exkon a two-dimensional,
numeric relatiorD which is a set of tuplesy; € R, v, € R). Tuples can also alternatively
be viewed as point$v;, v,) in the Euclidean plane or as two-dimensional vectors:
(v1,v9). We assuméD| is “large”, and that is a small constant; € Z* < | D).
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To begin, araditional, lineartop-k query(or LOQ, as we have referred to it before) is
a pair of weightsu,, wy. Theresponsaes the set oft tuples inD, which, when interpreted
as vectors, have the largest dot product With, w,). That is to say:

Definition 3.1.1. The response to @raditional, lineartop-k query, W = (wy, ws), is the
set:
TOP(W)={veD:{ueD: u-w>0v -} <k}

For example, considering the sample dataset given backguréfil.1, the result of a
top-2 query for weightav; = .5, wy = .5 is the set{p;, ¢}. These are the two tuples with
highest weighted averages accordingitescoring0.667 and0.563, respectively.

It is worth noting that in some cases more thatuples may satisfy the conditions of
Definition[3.1.1 if they produce the same-sized dot produitt the query vector (that is to
say, if they “tie”). For atop-k query, these ties are brokarbitrarily. Of those tuples tied
with the smallest dot product, exactly enough are selectethsure the output has exactly
k tuples.

The monochromatic reverseop-k query, introduced by Vlachou et all_[46], which
we refer to simply as aeversetop-k queryfor much of this chapter, is a query tuple
q = (q1, g2) not necessarily i®. The response is the set of traditional, lineas-% queries
onD U {q} for which ¢ is in the result set. Formally:

Definition 3.1.2. The response to geversetop-k query, ¢ = (¢1, ¢2), is the set of angles

RTOP(q) = {0€0,7/2]:
H{veD:v +vgtand > ¢ + g tand}|
< k}.

For example, given the query depicted in Tdblé &.%, (0.725, 0.400) the reverse top-
2 query response are the shaded angles in th@get 84| [0.4247, 0.4447]. Any set
of weightsw, w, that corresponds to a vector with angle from the posithaxis in those
ranges will produce as a member of the topguery forw onD U {¢}.

Note that in the case of Definitidn 3.1.2, sets of weights teatl to the query tuple
“tying” are included in the result.

Additionally to these problem definitions, we define here enber of concepts with
which in the subsequent sections we assume the reader isafar8pecifically, we define
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here thenullspaceof a vector, ararrangement of lingsand our novel concepts tbp-%
rank andtop-k rank contours

Definition 3.1.3. Thenullspaceof a vectory’ = (vq, v3) is the set of vectors orthogonal to
v {u:u- ¥ =0} Intwo dimensions, this is exactly the lipe= —'z. Thetranslated
nullspaceof v, given a positive reat, is the set of vector$u : « - v = 7}, or the line
v=%-3e

Vector nullspaces are important in this chapter, becausgamsform every point into
its translated nullspace (a line), and then process thédtirggarrangement of lines.

Definition 3.1.4. An arrangemenof a set of linesC, denotedA,, is a partitioning ofR?
into cells, edges, and vertices. Eawdll is a connected component®f \ £. Each vertex

is an intersection point of some two lingsl, € £. An edge is a line segment between two
vertices ofA.

Definition 3.1.5. Thetop-k rank of a pointp within an arrangement4, is the number
of edges of4 betweerp and the origin. That is to say, the depthjofs the number of
intersections between edges4fnd (O, p). Similarly, thetop-k rankof a cell of A is the
top-k rank of every point within that cell.

We will show later that Definitio 3.71.5 implies that edgescahave a unique depth,
because depth can only change at vertices. So, we defineucsitiderms of the depth of
edges:

Definition 3.1.6 (Top-k Rank Contour) A top-k rank contouris the set of edges in an
arrangementA, that have topk rank exactlyk. We also refer to @op-k rank contour
as thek-polygonof £, because, as we show later, the contour is a closed, stggesha

polygon.

3.2 An Arrangement View

The theme of this chapter is to answer monochromatic reversé (MRTOP) queries with
logarithmic costy means of a data structure featuring a largely sequeratialldyout and
inspired by geometric analysis of the problem. In this segtive conduct that analysis
and create the theoretical foundations for our correctpessf of our access methods in
Sectior 3.B.
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The approach taken in Vlachou et al. [46] is to exploit the @@mce relationship
among points irD. The approach taken in Wang et al. [50] is to compare all gaimt
D to the query poing in the dual space. We take a very different approach. Weftvams
the dataset into an arrangement of lines and demonstraterttieedded in the arrangement
is a critical polygoriP, which partitionsR? into points to include among and exclude from
a mRTOP query result. We show, too, that by applying the saaresformation to the
query to produce a ling, mRTOP(q) is given precisely by the intersection fpfwith the
interior of P;,.

An equally important contribution of this section is that dexive properties oP,, that
are critical for proving later the asymptotic performantewr access method.

This section is thus divided into three subsections: thedescribes the transformation
of D into a set offD| contours (Sectioh 3.2.1); the second derives importarigties of
P (Sectior 3.2.R); and the third establishes the equivalehtee intersection test to the
original MRTOP problem (Sectidn 3.2.3).

3.2.1 A, and Top-k£ Rank Depth Contours

In this section we describe what is a tbpank contour and how it is constructed from a
relation,D. We illustrate how to construct the arrangement fronand how to interpret
the arrangement as a set of contours. First, in order to meaBoutD in terms of an
arrangement, we need to represent each tuple as a line suthehelative positions of the
lines with respect to a ray from the origin reflects theis-% ranking. This is precisely the
property that is proferred by the translated nullspacesaohéuple, for any arbitrary real
T.

So, we convert the set of tuples (or, alternatively, vegt@sinto a set of lines by
transforming each tuple = (vy,v,) to the linew : y = - — ta. For arayr in any
direction, we can show that:

Lemma 3.2.1. If the depth of a point is less than the depth of a pointin the direction
of arayr, then the rank of for a traditional, lineartop-k queryr’'is better than that of.

Proof If the translated nullspace ofis closer to the origin than af in the direction ofr,
thenv - 7= 7 = u - cr'for somec > 1. Thereforey - 7> u - 7. O

In fact, we can make a stronger claim: the depth of a poistprecisely its topt rank
for a query in the direction gf if p happens to correspond to a point on an edge of the
arrangement.
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Corollary 3.2.2. depth(p) = rank(p) for TOP(p).

Proof Let depth(p) bed. Then from the definition of top-rank there arel other base-
planes that will be sooner encountered by a ray emanatimg ¢?an the direction ofp.
From Lemmd_3.2]1, we know that each of these has a better hamlpt so the rank of
p is at bestd. Also, from Lemmd_3.2]1 we can conclude thabas a better rank than all
those with translated nullspaces farther from the origantthat ofp, so the rank op is
not greater thad, either. O

The k’th contour of an arrangement is the set of all edges at the shepth. We wish
to show that, in fact, the edges form a connected ring aroheadtigin, thus forming a
polygon. In order for this to be true, we need to show that ydirection there is exactly
one point on the contour, and that the points are all adjateeich other. This is the
objective of the following three lemmata.

Firstly, to demonstrate connectedness, it is importartt tiyak rank is a monotone
measure:

Lemma 3.2.3. Top+ rank depth increases monotonically with Euclidean diseafiomO
in any arbitrary direction.

Proof Consider two pointg, ¢ such thap lies on the line segmemn®, ¢]. Every line in the
arrangement that crossgs, p| also crossefD, q|, sodepth(q) > depth(p). O
Secondly, we need to show that a cell of depithunique in a given direction:

Lemma 3.2.4. There is exactly one cell of depthin any given direction fron®, for rea-
sonably smalt.

Proof First, we show that there is at most one cell of depthThis follows from the
definition of top4 rank. Assume for the sake of contradiction that there aredispint
cells, A and B, with depth in the same direction. Without loss of generality, assunag th
A is nearer taO than B. Take some point € A. Then, from the definition of top-rank,
we know that there are exactlyines crossing the line segment, a]. Now consider some
pointb € B. Because A is nearer than B €, clearly every line between andO also
crosses the line segmedt, b]. So, too, must the upper boundary of A, since A and B are
distinct. But then there are at least 1 lines crossingO, b], which contradicts that B is at
depthi.

The assumption thatis reasonably small is to guarantee that there are suffigient
many tuples irD that there are at leastuples to return for a traditionabp-%£ query. This
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is enough to imply that there is a@rcontour in every possible direction, so there must be at
least one cell in our given direction at deptlas well. O

Thirdly, we can now show that, in fact, all cells of deptare connected and can thus
form a contour:

Corollary 3.2.5. All cells at the same tog-rank (< k,,.,) are connected.

Proof This follows from Lemma 3.2]14, which implies that there acediscontinuities in
the contour in any given direction. Observe, too, that for @l there must be an adjacent
cell with the same depth at every corner. The corners casrebio directions in which the
incident translated nullspaces reverse order. So, simc®thtranslated nullspace becomes
a bottom translated nullspace and vice versa, the depthrdehangé. O

This is enough to establish that thigh contour of the arrangement is precisely a star-
shaped polygon:

Theorem 4. A contour is a star-shaped polygon.

Proof First, we know that the contour is connected and exists inyedieection fromO.
Also, every point inside the polygon is visible frofh for if there were some point that
were not visible, then an edge of the boundary would cf@sg|. However, this would
imply that there are two cells at the same depth in the doaaf p from O, contradicting
Lemmd3.2.4. O

Theoreni# establishes that we can repre®eas a set of polygons with a unique depth
1, each of which itself encodes thith ranked tuple for any possible traditional, lineap-£
qguery. If there is only one valueof interest, then the entire dataset can be represented just
by one polygon. In this next subsection, we show propertigbek-polygon, including
bounds on its size, and in the following subsection desd¢rdveto use it in order to address
the main question of this chapter, mRTOP queries.

3.2.2 Properties ofP,

In order to be able to usf; as a data structure, we have to evaluate properties of the
polygon in order to evaluate asymptotic performance. As vlledetail in the next section,

our data structure will be a representatiori?f so the number of edges and vertices in the
polygon influences our access time.

Istrictly speaking, the vertex/corner itself is a discoutiy, as there is no point in that direction with
exactly the right number of crossing line segments, butithisfinitesimal in size and we ignore the issue
because we return open intervals anyway.
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Also, to improve performance, our data structure includesravex approximation of
P (specifically the convex hull), and understanding the icgilons of this approximation
is also important.

Thirdly, we approximate the datasetby S;., so understanding the implications of this
approximation is clearly important, as well.

Gathering this understanding is the intent of these nergetlemma. Specifically, they
answer these three questions in order:

Proposition 3.2.6. An arrangement ofn lines can produce contours at tdprank i with
no more tharO(m) edges.

Lemma 3.2.7. A concave region between vertices of the convex hull ok’'thecontour’s
upper boundary can have at mast — 1 vertices.

Proof Notice that vertices of the convex hull of the contour’s uppeundary are them-
selves at depth — 1. Consider two such vertices,, v;, delimiting a concave region. Any
line that passes neither undgrnor underv; and is orthogonal to some non-zero vector
from O cannot pass through the concave region’s face, so the fatefireed by at most
2k lines. This is, in fact, an arrangement, so Proposition6kirdplies the bound on the
number of cells in that arrangement that could possibly lmepthk and thus contribute a
vertex to the concave region’s boundary. O

3.2.3 A Transformed mRTOP Query

In the previous subsections we have demonstrated thatshstped polygon (the-polygon)
can encode th&'th best ranked tuple for all query directions. In this sectiwe demon-
strate how to use thie-polygon for mMRTOP queries.

First, recall that the arrangement of lines was produceddmnsforming each tuple i
to its translated nullspace, given some fixed but arbitrarifere, we prove that applying
the same transformation to a querto produce a liné, and intersecting, with the interior
of P, yields the directions in which is among the result set of traditional, lineap-k
gueries:

Theorem 5(Dual space equivalence of a mRTOP queie response to a mRTOP query,
given query vectoq = (q1, ¢2), is the component @f: y = - Z—;x which intersects the
interior of P.
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Proof Recall from Theorerh 3.2.2 that tié&h contour corresponds exactly to the vectors
of rank & and also from Lemmpg_3.2.3 that the contours increase in rasotonically.
Therefore, if we constructed a new arrangement which alstagtedg, the components of
g which lay outside thé&’th contour would be directions in which the rank @fs greater
thank. The inverse of this is the solution to the mRTOP query. O
Consequently, it suffices to develop algorithms for solvimg problem of identifying
the segments gf which lie inside thé:’th top-k rank contour in order to solve the mRTOP
problem.
A final note regarding the properties Bf, is that:

Proposition 3.2.8. The result in two dimensions of a mRTOP query consists of st two
continuous intervals.

3.3 Efficiently Answering mRTOP
Queries

Having established the theoretical foundations in theiptes/section, we present here our
index structure and access method. A key insight that weekbgarlier is that the mRTOP
response tg is the intersection of, with the interior ofP;. Fittingly, then, our index
structure is a representation®f and our access method is an efficient means of retrieving
from the index the intersection points Qfwith P;.. First we give a high-level overview
of our algorithms and data structure and then present thaspréetails in the upcoming
subsections.

Not just any representation @, will suffice: it has to facilitate the efficiency of the
access method. We accomplish this by creating a binaryls@aocedure to identify the
intersections of, with the convex hull ofP,. This leads to an efficient access method
because we established Lemma 3.2.7. We have developed sedrgntial data structure
consisting of one ordered list of the vertices of the conuwalk &f 7, and one ordered list
of ordered lists ofP;, vertices not on the convex hull. We describe the index dtrean
Sectior{3.311.

From an algorithmic perspective, there are two main comatams. Of foremost im-
portance is how to efficiently query the index structureegiy (Sectiori3.3.13). The second
consideration is how to efficiently construct (Secfion 2 3. We begin by addressing the
first.
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The idea is to exploit properties of the problem. Our binaggrsh to discover the
intersection points of, with a convex polygon is of logarithmic cost. Furthermorieeg
the intersection points df, with the convex hull ofP;, we can find the exact intersection
of I, with P, by comparing it with every edge “shaved off” by that conveX ledge. By
Lemmd3.2.l7, we know there are m@3tk) such edges. Because of our sequential layout,
a direct comparison to each of the9¢k) edges is affordable.

Our construction algorithm is a plane sweep algorithm. Weegwradially from the
positivez-axis to the positivg-axis, maintaining a list of all the lines in sorted ordertwit
respect to their intersection points on the sweep line. &Xtggwen moment during the plane
sweep, the'th line in the list is the edge of the-polygon. So, identifying thé-polygon
is equivalent to identifying all the points at which th#h line in that list changes. These
points are the vertices of thiepolygon. Maintaining the convex hull of the polygon is
fairly straight-forward if one maintains convexity as amanant throughout the sweep.

The expense of thisonstructionalgorithm is dominated by two factors: processing
cells of the arrangem@mnd initially sorting all the lines with respect to theirensection
points with thez-axis. Regarding the latter, we can improve upon the cosebggnising
that any tuple on thé-contour of D must intersect thé-contour of any subset @. So,
at the cost of one extra sequential scan, we pMmneth perfect recall (i.e., ensure every
true positive is in the approximation) and then constf@jctrom that approximation, rather
than from all ofD.

The approximation method exploits the work we have alreamhedn this chapter. We
build our index structure opk selected tuples fror® and then include in our approxima-
tion any tuples which have non-null mMRTOP query responseklatrsmall index structure.
The cost of this approximation is one sequential scafi(atlog k).

Together, these algorithms and this data structure givesrBmi®6, in whichw = |D|:

Theorem 6 (Asymptotics of2d mRTOP) The two dimensional mMRTOP problem can be
solved using(log n + k) query time with an index that requiré3(n) disk space.

Sincek is typically a small constant, the above theorem implies tiwa query cost is
O(logn).

2Note that while in a general arrangementdines, there are at most+ n(n — 1)/2 cells, one for each
intersection point and an additional one for each line, veeoaly interested in those in the positive quadrant.
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3.3.1 Thek-Polygon Index Structure

Facilitating logarithmic query time of the index largelyp#sads on how the data is repre-
sented. Our idea is to exploit Lemia 3]2.7 in our represemtat.et 7 denote the set of
vertices of the convex hull of &-polygon,P,. We maintain two arrays, which we collec-
tively refer to as thelual-array representationf P,. The first, which we call theonvex
hull array, contains theé?{| vertices of#, ordered anti-clockwise from the positiveaxis.
The second array, which we call tloencavity array is of size|#H| — 1. Thei'th entry
contains a sequential list of the up2b — 1 vertices of the:-polygon between théth and

(1 + 1)'st vertices ofH.

3.3.2 Construction of thek-Polygon

Although Sectioft 3.2]2 suggests how to determiné:tpelygon ofD by first constructing
an arrangement of lines and then extracting from it all thggesdht a top: rank of &, here
we describe a much more efficient algorithm. First we appnate the dataset with perfect
recall. We then sort the remaining lines based on their ergefpt. Finally, we conduct a
radial plane sweep algorithm to build the polygon index.

Dataset Approximation

The important consideration in our dataset approximasatnat perfect recall is critical.
Otherwise, we may miss a line that forms part of theontour. We exploit the insight that
thek best lines with respect to each axis form a contour relatiglelse to the real contour,
and that if a tuple is in thé-contour, it clearly must be in the-contour of any subset of
the data. Thus, the approximation algorithm proceeds bgkfjudetermining the< 2k
lines as above, constructing a contour from them, and détergwhich lines inD have
non-null MRTOP query answers on the approximate contoer ARgorithm[3.

Radial Plane Sweep

We construct a contour from a set of lines using a radial ptaveep. The idea is to traverse
the set of intersection points in angular order, maintgrarsorted list of the lines. In this
way, we build the contour incrementally from the positiv@axis towards the positivg-
axis. Traversing in this order also allows us to maintainvesity of the contour as we
go. Like most plane sweeps, a primary advantage is that wek ordg look at intersection
points between two lines after they become neighboursidfdbes not occur between the
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Algorithm 3 ApproximatingD

1. Input: D; k

2: Output: S C D, the tuples that form the-contour of D, plus potentially some false-
positives
Initialise S, an empty set of tuples
Let X denote the: tuples inD with the highest values for attribute
Let ) denote the: tuples inD with the highest values for attribuie
ConstructPyy, thek-polygon index on the set U ) using Algorithni4.
forall p € Ddo

if [, intersects the interior 3Py orp € X U Y then
AddptoS

10:  endif
11: end for
12: FreeX and) .
13: RETURNS.

N kh®

sweep line and the positiveaxis, then we need not consider the intersection point.at al
Algorithm[4 offers the details of the sweep algorithm.

3.3.3 Querying thek-Polygon Index

Here we present how to query ok#polygon index to determine the segments of a ljne
that are strictly contained within the interior of thepolygon,P.. The algorithm (Algo-
rithm[5) is a binary search on the convex hull of the polygamcpeded by a sequential
scan ofO(k) edges ofP,. The recursion is based on the slopé afompared to the convex
hull of P, at the recursion point.

3.3.4 Asymptotic Performance

Earlier we stated the asymptotic performance of our algorst Here, now, we have the
tools to prove that theorem. The basic idea is that a line onintersect a convex shape
in two locations and for each of those intersection poirtts, ¢ost of a face traversal is
bounded.

Proof of Theorenml@-irst, note that a line can only intersect the boundary of mve®
polygon in at most two points, so the binary search tree tsa@eed follow at most two
paths. Recall from Lemma_3.2.6 that each contour containsoatn cells, and thus the
convex hull contains at most— 1 edges. From Lemnia3.3.1, the binary search requires
O(logn). For each of the two intersection points found, we travehgecbrresponding
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Algorithm 4 Building Py,

1: Input: £, an array of lines sorted by ascendingntercept;k
Output: A dual-array representation &,
Initialise an empty arrag{ for convex hull vertices
Initialise an empty array of listS for concavities
Initialise Z as a priority queue containing th€| — 1 intersections of neighbouring
lines in L, sorted by angle from the positiveaxis, discarding those 0.
while Z is not emptydo
Pop next intersectione 7
Let ;. andl, ;. be the lines intersecting at
if lleft = Ek—l or lm’ght = Lk—l then
10: AdditoH

© o N

11 if 3h € H : slope([h,i]) < slope(]h, h + 1]) then

12: Add to(C,, all vertices betweeh andi.

13: Remove all vertices betweénand: from # and fromC;, V;j # h.
14: end if

15:  endif

16:  Swapli.p andl,gn, in £

17:  Add toZ the intersection of;. s, with its new neighbouring line and the intersection
of [,,,n: With its new neighbouring line, provided they are at anglester than that
of < and in the positive quadrant

18: end while

19: FreeZ.

20: RETURNH andC.

face sequentially. From Lemnia 3.2.7, each of these facemiostO (k) edges and we
know that finding the intersection (or, equivalently, asm@ing the non-intersection) of
two two-dimensional line segments requires constant time.
Since the search is run independently of and its cost doesnisie cost of the face
traversals, and sindeis a small constant (i.e9(1)), the entire query procedure@logn).
Regarding the space requirements, Lerhma3.2.6 implieptiggon itself can contain
at mostO(n) vertices. Because each vertex could appear at most twibe itetta structure
(one on the convex hull and once in a single concavity), amduee the data structure is,
simply, the vertices of thg-polygon, the disk space required by the data structut¥is.
O

Lemma 3.3.1.The intersection of the query line with the convex hull cadétermined in
O(logn) time.

Proof The intersection algorithm proceeds by binary searcht,Firgl the middle vertex
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Algorithm 5 Querying a dual-arrag-polygon, P
1: Input: Dual-array representation &%, line [,, start/end indexes.

2: Output: Intersection points of, with 7,
3: if end — start = 2 then
4:  Traverse the) (k) list in the concavity array at positiostart, returning any inter-
sections with,.
5. RETURN.
6: end if
7: Compute midpoint vertex of at <24=strt 4 stqpt,
8: if [, passes above midpoititen
9: if slope ofl, is less than slope of [midpoint-1, midpoirtkien
10: Recurse on lower half with end=midpoint
11:  else ifslope ofl, is greater than slope of [midpoint, midpoint+tihEn
12: Recurse on upper half with start=midpoint
13:  endif
14: else
15:  if [, passes above vertex at position staen
16: Recurse on lower half with end=midpoint
17 endif
18:  if [, passes above vertex at position ¢hen
19: Recurse on upper half with start=midpoint
20: endif
21: end if

vn/2 and determine whether the query line passes above or beltiatiove then recurse
left if the query line has shallower slope than edgg, v,,/2+1). Recurse right if the query
line has steeper slope than ed@g/,_1, v,/2). Because edgév, s, v, 241) IS shallower
than edg€v,,/»_1, v,/2), at most one recursion direction can be followed.

If, instead, the query line passes beloyw, then itis inside the contour (if in the correct
quadrant at all). To find the intersection points, recurfigfiehe query line passes above
vn,_1. Recurse right if the query line passes aboyelt is possible that both conditions
are true, but this can only occur once, because the trutheofdhdition implies an inter-
section point and a straight line has at most two intersegi@nts with a convex polygon.
Therefore, the binary search follows at most two distinthpa O

3.4 Empirical Investigation

In this section we augment the theoretical guarantees giréhgous sections with an em-
pirical investigation. We compare the use of our index td tdiaepeatedly executing the
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state-of-the-art algorithms of Vlachou et al. [46] and ofriyat al. [50]. In Sectioh 3.4.1
we describe the methodology of the experiments; in Se€tid@3ve give the results of
each experiment; and in Section 314.3 we draw conclusiams the results.

3.4.1 Setup

Our experiments, in total, consist of thousands of queeaddress six key questions
across eight datasets, three of which are new and that wectadl specifically for these
experiments.

Questions

We evaluate the performance of our proposed algorithm aeoglirections: how it per-
forms against other known algorithms and how it scales addteegrows. This leads to six
specific questions that we investigate:

Q1. How long does it take to answer a query (wall time)?
Q2. How many IOs are needed to answer a query?

Q3. How much memory is consumed in answering a query?
Q4. How long does it take to construct the index?

Q5. How large is the index data structure, once created?

Q6. How elegantly does the query cost degrade as the size dbtiaset is scaled up?

Datasets

For the experiments, we make use of eight datasets, whickuanenarized in Table_4.3.
Of these, five are distinct projections of one larger, pupkwvailable dataset and the other
three we created from online sources.

N1-5: NBA statistics Datasets N1-5 are five separate projections of the regaksaos
statistics fromdatabasebasketball.coriVe reserve the most recent season of the dataset,
2009, as a set df78 query points and use the other seasons, 1946-2008, as #ds=tlat
21383 tuples. Each mRTOP query asks which blends of the given twis sik any, was
this particular player’s performance this season rankedrgnthetop-k of all-time. This
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D | ||D|| | =-Attribute y-Attribute | Corr. Corr.1%
N1 | 21,383 | Points Field goals made 0.999 0.891
N2 | 21,383 | Defensive rebounds Blocks 0.749 0.157
N3 | 21,383 | Personal fouls Free throw attempts 0.749 —0.176
N4 | 21,383 | Defensive rebounds Assists 0.328 0.082
N5 | 21,383 | Blocks Three pointers made 0.025 —0.031
M | 5,000 | Replies Views 0.858 0.590
A 400 | Price Rating —0.658 N/A
w 363 | Mean Standard deviation| 0.687 N/A

Table 3.2:Datasets under studf£ach of the eight dataset®) under study: their size, nor-
malized attributes and Pearson correlation coefficient.tlt@larger datasets, the Pearson
correlation coefficient for the topg’ (relative to a sort on theg-attribute), is given, because
these “top” records most heavily influence the size of theguiuand, hence, the expected
performance of any algorithm.
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contrasts to traditional analysis of sports statisticsctviails to capture players who excel
in combinations of skills yet do not make the top rankingsefach skill alone.

M. Message board threads Dataset M is a set 05495 message board threads, each
described by a two-tupl@eplies, views). We collected the data frominFNorth a now-
dormant Canadian track and field message board that wag liaisly during its lifespan
from 2004-2010 before migrating to its current new URL. Tén&go numeric attributes are
particularly interesting because they capture the two idenstions especially relevant to
advertisers: the degree of user contribution and the trdffientifying top-ranked threads
with respect to these parametres can help to drive revenirsplying new threads that are
similar in nature.

We reserve thé95 most recently updated threads as query points to execuiesaga
the 5000 older points. A reverseop-k query, then, asks for what blend of contribution
and traffic is this thread interesting in a historical coht®ne can imagine an automation
of these queries whenever a thread is viewed or answerechwiloiifies the moderator
when threads are generating a significant amount of cotitsibend/or traffic and captures
interesting cases that the two attributes would indepethdemss.

A. All-inclusive deals. Dataset A is a set of00 seven-day, all-inclusive vacation package
deals departing from Vancouver International Airport (Y)/Rach described by a two-
tuple (price, rating). We collected the data from a popular, local aggregationsiteb
yvrdeals.corH which retrieves the prices (per person, including taxemnfthe package
providers and the (average reviewer) ratings frompAdvisor.com The aggregation site
features a built-in ranking mechanism and displaysleals per page.

We normalize both attributes by dividing the price 00 (slightly larger than the
maximum collected) and the rating by) (since the ratings are on a 1-5 scale). Five days
later we returned to the site to collect some query pointssbying the same search as
before and collecting5 deals that were new. As such, a reverseldpguery is equivalent
to asking whether this new deal would appear ontthepage for any user’s search results,
if the user could specify his/her own weights.

As an important aside, we do not know the underlying rankimgmanism on the ag-
gregation site. However, we computed a ranking of the derlsweights set to< .5,.5 >
for the two normalized attributes that we collected. We therformed a linear regression

Shttp://tnfnorth. proboards. conl i ndex. cgi ?boar d=gener al |, data retrieved 16-Feb-
2013.

“http: //ww. yvrdeal s. confal I -1 ncl usi ve- vacati ons- f r om Vancouver /| data re-
trieved 14-Feb-2013.


http://tnfnorth.proboards.com/index.cgi?board=general
http://www.yvrdeals.com/all-inclusive-vacations-from-Vancouver/
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on the website ranking and our ranking and observed a Pe@wwoalation 0f0.998. Our
conclusion is that whatever ranking mechanism is in placéh@popular site, it can be
very closely approximated with a simple linear aggregatibimese two primary attributes.
This corroborates our opinion that, after the applicatibth@undedly-many predictable
filters, vacation deals are a trade-off of just price versusity.

W. Website responsiveness distributionsDataset W is a set &f63 normal distributions,
each described by a two-tuple, o). We collected the top00 website URLs from the
global Internet traffic ranking atklexa.con@ For each, we measured the response time by
issuingpings100 separate times (to invoke the Central Limit Theorem) spedacever26
hours from a consistent Victoria, Canada-based IP addi&ssthen computed the mean
and standard deviation for each URL and normalized the tivibates to a [0, 1] range
across the data set. Of the origifi@0) URLSs, 12 could not be resolved, an®5 were
unresponsive or timed out (on defapihg settings).

Hence, the dataset describesponsivenesand consistencyrespectively. The at-
tributes have a Pearson correlation coefficiend.68. A reversetop-k query on W asks
for which balances ofesponsivenesandconsistency query URL ranks among the tép
in comparison to the highest traffic URLs on the Internet. therquery set, we compute
the same metrics fdi0 arbitrarily chosen institutional sites from Canada. Oneicsagine
creating this index for an online web service for ad-hoc guneythe relative performance
of user’s own sites.

Of course, many two-dimensional datasets could be creatadsimilar fashion from
repeated observations of independent phenomena.

Configuration

We implemented and optimised the algorithms of Vlachou gtadlWang et al., and of
the authors (Chester et al.) in C and compiled our implentiemswith the GNU C com-
piler 4.4.5 using theO6 flag. We ran the experiments on a machine with an Intel Atom
processor with two 800MHz cores and 1GB RAM, running Ubuntine timings were
calculated using the Linuttme command and include the cost of reading the data (which
is done differently by each algorithm), but not of displayime output (which is roughly
the same). The data structure sizes were measured in sepastby modifying the code

to count the number of vertices created. The memory fodfprirere measured by noting
the allocations reported byalgrind. The I/O values were read from tlsgscrvalue in the

Shtt p: // ww. al exa. cont t opsi t es) retrieved 17-Feb-2013.


http://www.alexa.com/topsites
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D  Metric ‘ k=10 k=20 k=30 k=50 k=100

N1 W 153.6 6.3 293.6 5.1 463.6 6.9 690.8 7.8 1,237.2 6.5
N1 \% 62.8 3.8 113.2 4.2 159.6 5.8 333.6 5.7 565.2 6.3
N1 C 48 2.5 6.4 2.8 5.6 28 5.6 2.1 6.4 2.1
N2 wW 476 5.5 67.6 3.5 95.6 6.4 230.0 4.3 377.2 7.1
N2 \% 66.4 4.3 200.8 5.6 246.0 5.1 342.0 3.9 599.1 9.2
N2 C 6.0 2.8 5.6 3.4 6.4 2.1 4.4 3.5 2.6 2.1
N3 w 484 5.1 78.0 2.8 1928 7.5 3412 7.1 601.6 6.3
N3 \% 157.2 6.0 208.8 7.0 256.8 4.1 4476 5.4 885.6 9.3
N3 C 5.6 2.8 4.8 4.1 3.6 3.0 4.8 4.5 5.2 2.7
N4 w 1272 6.2 2248 4.9 4316 6.9 676.4 7.9 1,737.6 7.8
N4 \% 2424 6.3 0244 74 834.0 12.8 1,384.4 11.8 2,266.0 21.4
N4 C 5.2 1.9 6.0 2.8 5.6 2.1 6.4 2.8 4.4 2.3
N5 wW 3212 9.6 632.8 7.7 988.8 10.5 1,512.0 11.9 2,931.6 26.4
N5 \% 683.2 7.0 1,340.8 9.0 1,725.2 182 2,756.8 20.0 5,103.2 127.9
N5 C 6.0 2.1 6.4 34 4.0 2.7 5.6 28 4.8 3.7
M W 348.8 6.2 457.6 9.7 o744 134 754.4 5.7 N/A

M Vv 266.0 5.7 371.2 4.5 479.2 6.7 680.8 6.7 N/A

M C 24 238 1.6 2.1 1.2 1.9 20 21 N/A

A w 72 3.7 20.8 3.2 21.6 5.1 N/A N/A

A \Y 404 7.2 45.2 84 432 3.7 N/A N/A

A C 0.7 1.7 04 1.3 04 1.3 N/A N/A

W w 32.0 3.8 36.4 3.5 43.6 4.8 N/A N/A

W \% 6.8 2.7 6.8 3.3 112 3.7 N/A N/A

W C 1.6 2.1 2.8 2.7 0.8 1.7 N/A N/A

Table 3.3: Experiment results: query wall timelhe cost, measured in milliseconds, to
execute the batch of queries. In each cell the left valuesisitban of ten trials and the right
value is the standard deviation. “N/A’ indicates value% ofot run.

/proc/PIDliofile.

3.4.2 Results

In this subsection we disclose the raw (aggregated) restittee experiments detailed in
Sect[3.411. In the next subsection we will draw inferencemfthe results and present
representative trend figures.

We begin with the simplest question: how fast are the algorit. In Tablé 3J3 we give
the time to complete each batch of queries for each algorithmach dataset for values of
k € {10, 20, 30,50, 100} (except for values of that are nonsensically large in proportion
to the size of the dataset). We executed ten trials for each sambination and show
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D Metric ‘ k=10 k=20 k=30 k=50 k=100
N1 ms | 2004 5.8 1972 4.6 1984 34 2032 3.2 2064 6.0
N1 1/Os | 384 384 384 384 385

N2 ms | 198.0 2.8 2044 64 206.0 5.1 2104 4.7 2476 7.2
N2 1/0Os | 384 384 384 384 385

N3 ms | 223.6 6.1 240.0 6.0 259.6 4.8 2764 3.5 3844 44
N3 1/Os | 385 385 385 385 385

N4 ms | 203.2 5.6 210.0 13.6 211.6 4.0 2272 53 280.0 5.7
N4 1/Os | 385 384 384 385 385

N5 ms | 1984 54 1976 74 206.8 3.3 219.6 4.8 2964 438
N5 1/Os | 385 384 384 384 385

M ms 404 4.8 412 5.0 39.6 48 420 4.7 N/A
M 1/Os | 44 44 44 44 N/A
A ms 152 41 204 3.0 300 4.3 N/A N/A
A 1/0s | 13 13 13 N/A N/A
W ms 144 28 160 46 160 1.9 N/A N/A
W I/Os | 16 16 16 N/A N/A

Table 3.4:Experiment results: construction codthe cost, given both in milliseconds and
I/Os, to buildC,. For each cell, the value given on the left is the mean of taistand the
value on the right is the standard deviation (if applicablB)yA’ indicates values o not
run.
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D Alg‘ k=10 k=20 k=30 £=50 £=100

267 382 479 716 N/A
270 398 496 733 N/A
11 11 11 11 N/A
42 53 59  N/A N/A
60 60 60  N/A N/A
10 10 10  N/A N/A
10 10 10 N/A N/A
10 10 10  N/A N/A
10 10 10  N/A N/A

N1 W 13 13 13 201 203
N1 V 13 13 13 201 203
N1 C 13 13 13 13 13
N2 W 13 15 20 206 325
N2 V 13 201 203 206 325
N2 C 13 13 13 13 13
N3 W 13 25 215 425 871
N3 V 202 212 216 426 1,055
N3 C 13 13 13 13 14
N4 W | 174 310 690 1,042 3,456
N4 V 360 867 1,432 2,419 4,647
N4 C 13 13 13 13 14
N5 W | 578 1,153 1,788 2,539 4,538
N5 V | 1,312 2,593 3,327 5,336 9,721
N5 C 13 13 13 13 14

W

Y

C

W

Y

C

W

v

C

Table 3.5: Experiment results: /O query cosfThe cost, measured in 1/Os, to execute
the query batch. 1/O is consistent across trials, so onlyvatge is reported per dataset-
algorithm combination. “N/A” indicates values 6fnot run.
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D Alg‘ k=10 k=20 k=30 £=50 £=100

N1 W | 428,384 constant

N1 V 8,572 constant

N1 C 1,224 1,252 1,308 1,868 2,244
N2 W | 428,384 constant

N2 V 7,812 constant

N2 C 1,708 2,260 3,084 3,420 5,084
N3 W | 428,384 constant

N3 V | 174,820 constant

N3 C 2,220 3,116 3,972 4,780 6,596
N4 W | 428,384 constant

N4 V 96, 100 constant

N4 C 1,764 2,172 2,868 3,716 5,428
N5 W | 428, 384 constant

N5 V | 185,692 constant

N5 C 1,748 1,980 2,444 3,676 6,100
M W | 100,724 constant N/A
MV | 107,260 constant N/A
M C 1,316 1,684 1,996 2,204 N/A
A W 8,724 constant N/A N/A
AV 7,832 constant N/A N/A
A C 1,772 1,804 1,900 N/A N/A
w W 7,984 constant N/A N/A
w Vv 6,872 constant N/A N/A
w C 1,844 2,260 2,540 N/A N/A

Table 3.6:Experiment results: memory usagée main memory footprint, given in Bytes,
to execute one query. Memory usage is consistent acrofss sieonly one value is reported
per dataset-algorithm combination. “N/A” indicates vawd k& not run.
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D Desc. ‘ k=10 k=20 k=30 £=50 £=100
N1 Ci 8 8 12 45 70
N1 H 5 6 5 9 6
N1 Disk 152 156 216 760 1,148
N2 C 37 69 118 141 244
N2 H 5 10 15 11 13
N2 Disk 616 1,148 1,952 2,302 3,960
N3 Ci 64 118 172 220 337
N3 H 15 19 18 23 16
N3 Disk | 1,088 1,968 2,282 3,616 5,460
N4 Cp 37 63 105 160 261
N4 H 12 11 14 10 22
N4 Disk 644 1,056 1,740 2,604 4,268
N5 Cp 38 51 79 154 303
NS H 8 11 13 17 22
N5 Disk 644 864 1,320 2,536 4,940
M Ck 13 35 53 68 N/A
M H 4 6 9 5 N/A
M Disk 228 588 888 1,112 N/A
A G 40 43 50  N/A N/A
A H 7 b} 3  N/A N/A
A Disk 672 712 816  N/A N/A
W G 42 69 85 N/A N/A
W H 12 10 13 N/A N/A
W Disk 724 1,148 1,416  N/A N/A

Table 3.7:Experiment results: data structure siZehe size of our data structure, measured
in terms of the number of vertice§y), number of vertices only on the convex hukl),
and disk space in Bytes. “N/A’ indicates valueskiafiot run.
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the mean and standard deviation over each set of trials. Tiestér et al. algorithm (C)
performs constantly with respect to bdtland the size of the dataset (calhit, and fastest
on all datasets. The Wang et al. algorithm (W) performs lilyeaith respect tok and
without clear trend with respect ta It outperforms the Vlachou et al. algorithm (V) on all
but datasets N1, M, and W. The Vlachou et al. algorithm (V)egpp to perform linearly
with respect to botl andn.

Table[3.4 discloses the cost of constructing the contowr staticture using the prepro-
cessing algorithm of Chester et al. We show the cost bothrmgef real time (ms) and
I/Os. On all datasets, the wall time grows slowly wittand linearly withn. The I/O cost
stays roughly constant.

Table[3.5 gives the number of reads issued while proceskimdpath of queries for
each combination of dataset, algorithm, a@nd In all cases, Chester et al. (C) has the
fewest 1/0Os and Vlachou et al. (V) has the most. No patternrgesewith respect ta
for any algorithm. With respect th, Chester et al. (C) is near-constant; both Wang et al.
(W) and Vlachou et al. (V) increase 1/0Os monotonically withbut according to no clear
relationship.

Table 3.6 reports memory usage for each combination of efatagorithm, and:. The
implementation of Wang et al. (W) has a memory footprint teatonstant with respect to
k and a direct linear function of. That of Vlachou et al. (V) has a memory footprint that
is also constant with respect kdout does not exhibit a clear relationship with respeat.to
For Chester et al. (C), there is linear growth with respeéthbat apparent independence of
n.

Finally, Tabld 3.7V reports the size of the contour produce@éch dataset at each value
of k. Note that these values are independent of any algorithey; dhe strictly related to
the number of tuples in the dataset at rérfior some tuple. For each trial, we measure the
number of vertices in the contour and on the convex hull ofcir@our and also the disk
space consumed by the data structure once written. The &ibe convex hull is near-
constant, betweed and23 vertices. The size of the entire contour, and, correspaghyin
its requisite disk space, grows at a slow, linear relatigngith . No pattern emerges with
respect to.

3.4.3 Discussion

Figs[3.1E3.B summarize some key points from the resulte[3.4.2. The leftmost charts
illustrate trends with respect tg using dataset N3 (the worst case) as the example. The
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Figure 3.1:Query execution time for the three algorithn@n the left, time is a function of
k and the dataset is N3, the worst-case dataset used in themegpts. In the middle, time
is a function ofn, the datasets are W, M, and N3, ane- 10, the most typical value used
in practice. On the right, time is a function of Pearson datien and the five database
datasets are used. Again= 10. On all charts, theg-axis is logarithmic. Chester et al. is
typically an order of magnitude faster than the other twoatgms.
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Figure 3.2:1/0 cost for the three algorithmsOn the left, I/Os are a function df and
the dataset is N3. In the middle, I/Os are a functiompthe datasets are W, M, and N3,
andk = 20, to better illustrate the trends. On the right, I/Os are afiam of Pearson
correlation and the five database datasets are used. AgaiR(). On all charts, thg-axis

is logarithmic. These charts largely explain those in Eid. 3
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Figure 3.3:Memory footprint for the three algorithm®n the left, memory use is a func-
tion of k£ and the dataset is N3. In the middle, memory use is a funcfion the datasets
are W, M, and N3, and = 10. On the right, memory use is a function of Pearson corre-
lation and the five database datasets are used. Againl0. On all charts, theg-axis is
logarithmic. Vlachou et al. outperforms Wang et al. in tewhspace.



61

middle charts illustrate trends with respectitdixing £ = 10 (the most common value in
practice), ork = 20 if the trends aren’t clear & = 10, and using datasets W, M, and N3
(again, the worst case of the five basketball datasets)ll¥itiee rightmost charts illustrate
trends with respect to correlation, fixiig= 10 or £ = 20 andn = 21, 383. From these
figures and results, Chester et al. (C) clearly outperforrasdét al. (W) and Vlachou et al.
(V). Furthermore, from Table 3.4, it takes less than half@ad to construct the index to
enable the technique. Meanwhile, V and W tend to be a trafleebiveen space and time.

W always requires more memory than V (Tabl€ 3.6 and[Fig. 38 occurs because,
upon initialization, we allocate a large array with one deurfor every possible one of the
n + 1 segments that are created. Hence the constant memoryifdotprs possible that,
at the cost of efficiency, this could be improved with moreaiyic memory allocation. Or,
a potential research avenue is to investigate compressihinigues for the array, since all
the counter values are within the rangek].

On the other hand, V always requires at least as many 1/0s daWE3.5 and Fid. 312)-
—and is therefore typically slower (Takle 13.3 and Figl 3.This occurs because V has a
weakerearly-terminatiorcondition than W. To terminate early with a null result, V uegs
that at least tuples must pareto-dominajeW, on the other hand, can detect combinations
of tuples that together dominajeeven when neither themselves do.

The three cases in which V performs faster than W correspaadtlg to the three
datasets with the highest Pearson correlation coefficiethe topl1% of the dataset (Ta-
ble[4.3). Thus we infer that V is very strong on correlatedadéikely because a) the
data exhibits a stronger ordering with respect to paretoidance, and b) the plane sweep
needs process fewer rank inversions. We also concludehtbatotrrelation in the top%
of a dataset is a much better predictor of performance trendirelation across the entire
dataset. This is intuitive because these are the tuples Iikelt to affect the solution;
many of the botton®9% of tuples are ranked below for all queries and can be pruned.
Table[3.T and Fid._3l4 indicate that the contour, at leasherarger datasets, consists of
fewer thanl% of the tuples, even for high and high anticorrelation.

All three algorithms scale more elegantly with respect-ttypically constant or linear-
—than with respect te, which introduces big jumps in 1/O or wall-time cost. It isportant
to consider the context for the queries. In many casesjll not grow very high. For
example, consider dataset A, whdre= 10i represents a result being pushed to ke
page for the user. Conversely, consider dataset M, whersiiglyanked among the top
hundred threads is noteworthy.

Turning to our algorithm, specifically, we note that our iradequired10-20us to an-
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swer a query on the larger datasets and onlylth#Os necessary to load the 5kB data
structure to memory and read the query. The index constiugtsll under half a second,
often faster than the batched query time for the other twordlgns. The disk space for
the contour is surprisingly low. At the largest, it is roughkB, so creatinghousand®f
contours on disk for various values fofind combinations of attributes would require mere
megabytes.

So, why is our technique so effective? All three algorithmstmead the data (although
the other two have early-termination conditions). But orgpgpocessing algorithm only
does it once, preferably offline, and certainly in advanceéhefquery. Then, at query time,
the index must make a comparison<o337 points rather than all oP. Naturally, the
three techniques were all designed under different assangptBut if indexing is possible,
unmistakably, our technique uses less memory, issues fd&rand is complete sooner.

3.5 Generalizations

The two dimensional monochromatic reverse toguery is itself a very interesting and
practical problem. Nonetheless, we mention a few genettadias of our work here.

3.5.1 Queries as Existing Points

Throughout this paper, we have assumed ghatD. Indeed, however, our indexing struc-
ture can account for both the cases, whetherD or not. For our construction algorithm
(Algorithm[4), ¢ would be treated just like any other point. The query algonit{Algo-
rithm[5) would only be affected if lies exactly orP,, in which case the return statement
on line4 of the algorithm should return the entire line segment drnsgction, rather than
just a point.

3.5.2 Bichromatic Reverse Topt Queries

Our index also straight-forwardly applies to solvisighromaticreverseop-k queries, also
introduced by Vlachou et al. [46]. In the bichromatic versiaot infinitely all vectors of
R? are of interest, only those included in an input relafitn

To answer a bichromatic query, one could use our index to fiedntonochromatic
intervals (at most two, by Propositibn 3.2.8), and thengfichw € W, determine whether
w is in either interval. This requires tim@(lg n+ |W|), since whether a weight vector lies
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in an interval can be established in constant time, and terenost two such intervals to
check for each vector.

3.5.3 Higher Dimensions

Many of the concepts introduced in this paper, such as:thelygons, generalize quite
readily to higher dimensions (i.e., topolytopes). The analogous challenge to determin-
ing the intersection of a query’s nullspace with-polygon is to intersect a halfplane with a
k-polytope. Consequently, the challenge is twofold in highimensions: first, to calculate
the k-polytope, and, second, to efficiently intersect the tratesl query nullspace with that
k-polytope. Thedoubly-connected edge listan effective means of representing arrange-
ments and also polytopes in higher dimension. It permiterd@hing the intersection of a
halfplane with the interior of a polytope in time linear irethize of the polytope.

An efficient means of creating the polytope would be to siangbusly compute the
first k£ polytopes using an incremental algorithm that updates paljiiope for each line.
This is still quite efficient, becaugeis a small constant. At the conclusion of the construc-
tion algorithm, the first: — 1 polytopes could be discarded.

3.6 Bibliographic Notes

Reverseaop-k queries, introduced by Vlachou et al. [46,47], are an exarapthe growing
field of Reverse Data Management/[35] and have attracted atiergion in the past couple
years [47],50,55]. The work in this chapter is the first quegyostic work a condensed
version of which originally appeared at DASFAA 2013][12] aamil expanded version of
which is under revision for an international journal [13}lonochromaticreversetop-k
gueries, the subject of study here, find application in a remobrelated problems related
to decision support 1L, 48], and we detailed their exisatgprithms thoroughly in the
previous section.

Our approach is among thayer-based techniquewhich are quite popular among the
traditionaltop-k literature [9/.15, 26, 57] and are based either on the Skyliperator([6]
(as in [9.57]) or a duality transform such as that used in fi5in our case, that introduced
in [10]. The discovery of &-contour arises from the application of this duality tramsf
and layer-based approach. Our approach is based on arrantgera central concept in
computational geometry, surveyed nicely by Sharit [41]e @k factostandard for repre-
senting arrangements is tdeubly connected edge listhich is detailed quite well in the
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introductory text of de Berg et al.][5].

Our analysis of the arrangement is centred around data gepthdepth contours.
Within Statistics, data depth is a well studied approachetwegalising concepts likeean
to higher dimensions and a number of different depth measueze recently evaluated
against each other by Hugg et al. [21]. Thpank depth is similar to arrangement depth,
which is investigated by Rousseeuw and Hublert [39], pdeituwith regard to bound-
ing and algorithmically computing the maximum depth of anpavithin an arrangement.
Throughout the paper, we assume only the positive quadsaitinterest in order to sim-
plify discussion and make more direct comparisons to rélaterk. The ideas presented,
however, generalize cleanly when the domairDak extended to include negative values,
an extension shown to be of significant interest by Ranu angtSi38]. It is important
to note that in more general domain, we deviate from theser atbncepts of data depth
by setting the face containing the origin, rather than theereal face, to have minimal
depth and by not ensuring affine equivariance. As a consequare cannot make the as-
sertion about connectedness and monotonicity offered d@tildy of depth contours by
Zuo and Serfling [58] without losing generality.

3.7 Final Remarks

In this chapter we studied an index structure to asympdyiagaprove query performance
for reversetop-k queries. We approach the problem novelly by representiagl#taset as
an arrangement of lines and demonstrating that embeddée iartangement is a critical
k-polygon which encodes sufficient knowledge to respond versetop-k queries. In
particular, we show that by applying the same transformatidhe query tuple to produce
a query ling/,, we can retrieve the response to the revesgek query ong by intersecting
l, with the interior of thek-polygon.

We derive geometric properties of the problem to bound theygoost and size of our
data structure a®(logn) andO(n), respectively. We also conduct an experimental analy-
sis to augment our theoretical analysis and demonstratetmatour algorithm significantly
outperforms literature and that our data structure requittte disk space.

In the context of our broader objectives in this dissertgtibis chapter does quite well,
individually targetting both areas of interest. On the oaad) we offer strong results on
assessing the relevance of a two-dimensional tuple tonerede querying. On the other, we
present a new summarization operator for a dataset, the tapk contour, which exactly
encodes thé-ranked tuple for any possible preferences.
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Chapter 4
k-Regret Minimizing Sets

Regret minimizing sets are a recent approach to repregemtilataseD by a small subset

R of sizer of representative data points. The &&is chosen such that executing any tbp-
query onR rather tharD is minimally perceptible to any user. However, such a mitiyna
perceptible subse® may not exist, even for modest sizes In this chapter, we introduce
the relaxation tak-regret minimizing sets, whereby a tdpguery onR returns a result

imperceptibly close to the top-onD.

We show that, in general, with or without the relaxationstbroblem is NP-hard. For
the specific case of two dimensions, we give an efficient dyogrogramming, plane
sweep algorithm based on the ideas from the previous chepteder to find an optimal
solution. For arbitrary dimension, we give an empiricalffeetive, greedy, randomized
algorithm based on linear programming. With these algor#ghwe can find subsefs of
much smaller size that better summarizeusing small values df larger thanl.

Summary of Chapter[4 Contributions

After introducingk-regret minimizing setsve focus on two broad questions in this chapter:
(how) can one compute regret minimizing set? We use a diverse toolkit to resolve
these questions, including geometric duality, plane swdgpamic programming, linear
programming, randomization, and reduction. In partiguias:

e generalizaegret ratio, a topd concept, tdk-regret ratio, a top4 concept, for quan-
tifying how well a subset of a dataset appeals to users (Sediil);

e resolve a conjecture by Nanongkai et @l.l[37], that findifrggret minimizing sets is
an NP-hard problem and extend the resultdfaegret minimizing sets (Section 4.2);
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Symbol Definition

D The input, a set of points/tuples/vectors

n |D|, the number of points i®

d The dimension of the problem

k A threshold for the rank of an interesting point©f

D Thei'th pointin D

! The j'th coordinate of;

R A subset ofD, meant to be &-regret minimizing set

r |R|, the number of points i

w A vector of attribute weights, presumably supplied by a user
w; Thei’'th coordinate ofw

score(p;, W) i+ W

Alw) The pointp € A C D for whichscore(p, w) is k highest
k-gain(R,w) The best score for any point iR onw

k-regratio(R,w) | The ratio of the best score i onw vs. the best score ify
k-regratio(R) The supremum of-regret ratios orRk for all w

Cs The k-contour, as defined in Chapfér 3

Table 4.1: Table of repeatedly used notation for Chdgter 4

e introduce anO(n?r) plane sweep, dynamic programming algorithm to compute the
size+ k-regret minimizing subsef of a two-dimensional datasét for any k£ (Sec-
tion[4.3); and

e introduce a randomized greedy linear programming algorifbr the NP-hard case
of arbitrary dimension (Sectidn 4.4) that we show perforerywell on experiments
(Sectior4.6).

4.1 Preliminaries

Dataset summarization is an important research challengg,as argued in Sectién 1.3,
although the task has been around at least as long as theeskylerator([6], it is still of
active research. Here, we introduceegret a generalisation akgret[37], capturing how
far from ak’th “best” tuple is the “best” tuple in a subset.

Throughout this chapter, we assume a dat@sef n d-dimensional points scaled in
each dimension to the ranffe 1]. We denote thé&th point by p; and thej’th coordinate of
P by p/. We are particularly interested in evaluating a suliset D as an approximation
to D. We consider “linear scoring semantics” as in the previdwspters, wherein a user
specifies a vector of real-valued attribute weightss- (wo, ..., w,_;) and a poinp € D
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has a score ow: score(p;, W) = Z;l;é plw;. If one breaks ties arbitrarilyp can be sorted
with respect towv in descending order of score, producing a (Bt'"), ..., D"W), That

is to say, we denote b the pointp € D with the k’th highest score, and refer to it as
the k-ranked point omw.

Then, for each vector of user weights, we define thet-gain of a subsetR C D,
denotedk-gain( R, w) as the score of the-ranked point:

Definition 4.1.1(k-gain).
k-gain(R, W) = score(R*W w).

Recalling the example of Table 1.2, considgy,., and the subset d given by R =
{James, Wade, Stoudemire} andw = (.5,.5,0,0). ThenR®") = Stoudemire and the
2-gain is 0.447. Also, 1-gain(R,w) = 0.522 and3-gain(R,w) = 0.230. One can verify
this by calculating that onv the score for James %522, for Wade is0.230, and for
Stoudemire i$).447.

With respect to a given vector of user weights given a subsek C D, we define the
distance ofR? from thek’'th best choice irD as the percentage of thegain on D:

Definition 4.1.2 (k-regret ratio) Given a subsez C D and a vector of weightsy, the
k-regret ratio is:

max(0, k-gain(D,w) — 1-gain(R, w))

k-regratio( R, W) = Fgan(D.W)

Note that the ratio must fall in the rang@ 1]. Take this time the example at =
{James, Wade, Bryant} andw = (.5, .5,0,0). Here,2-regratio(R, w) = 25220522 — ),
indicating that a user specifying will find in R his 2-ranked point ofD,,,.; however,
l-regratio( R, w) = 2120522 — (0,272, indicating that a user specifying weightswill be
27% ‘disappointed’ if instead expecting his/her top choicenfedy, Durant).

Extending this definition beyond one user weight vector, tfaximumék-regret ratio

for a subsef? C D is the largest value df-regratio across all weight vectoms € [0, 1]%.

Definition 4.1.3 (maximum#k-regret ratio) Let £ denote all vectors in0, 1]¢. Then the
maximumék-regret ratiofor a subset? C D is:

k-regratio(R) = supyek-regratio( R, w).
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Figure 4.1: An example of the set cover problef@hoose at most of the grocery bags
above such that the union of algrocery bags contains everything in the five-item grocery
list below.

Themaximumk-regret ratiois the largest observableregret ratio for any user weight
vector. ForR as above thé-regret ratio is maximized fof0, 1, 0, 0), at which the best
score obtainable if is 0.622 and thel-regret ratio i51.000 — 0.622)/1.000 = 0.378.

This brings us to the primary objective in this paper, to picala fixed-cardinality:-
regret minimizing setThat is, given an integerand a datase®, the goal is to discover a
subset? C D of sizer that achieves the minimum possible maximisregret ratio.

Definition 4.1.4 (k-regret minimizing set) A k-regret minimizing sebf order r on a
datasetD is:
R, (D) = argminpcp |5 - k-regratio( R).

Definition 4.1.5 (kRMS). Given a setD of n points ind dimensions and an integet,
return ak-regret minimizing set of sizeonD.

Note that ift = 1 these definitions reduce to analagous ones introduced byrg&ai et al.[[37].
We refer to that problem afkRMS.

4.2 Regret Minimization is Hard

We begin by resolving a conjecture by Nanongkai et al. [3@t #iRMS is hard.



70

5
o]

QU QU QU
N )

eI
W N =

S
=
oONvNONMOOORr OOO|a

OONONOOOOR O|T
OO NMNNOOOORrR OO|on
MNNOOoOoOOErRr oo OO OOo|n

=
(=)
OO0OONNMNNOOOO R

Ds

Table 4.2:An instance of 1RMS corresponding to the set cover problgagiid. ] Each
axis pointd, to d, corresponds to an elementi@fand each mapped poipg to p; corre-
sponds to an element @f Any subset of points with a maximum regret af-1/|i/| = 0.8

is a solution to the original set cover problem. If no suchs&tlexists, no solution exists in
Fig.[4.1.

Theorem 7 (Hardness ot RMS). 1RMS is NP-Hard.

We prove Theoreinl 7 by means of a reduction from the SET-COWdisbn problem.
The SET-COVER decision problem is, from a finite collectidnsabsetsI” of a finite
universel/, to determine if one can selectsubsets froni’ so that every element éf is
included. SET-COVER was shown to be NP-Complete by Karp.[25]

Problem Definition 2. [SET-COVER] Given a finite univerdd, a setl’ of subsets o/,
and an integer, is there a size subsetS = {s, ..., s,_1} of T"such thaUSies s; =U?

At a high level, we reduce an instance of SET-COVER=I",r) to an instance of
1RMS=D, r) as follows. We construd® with n = |U/|+|T’| points ind = |U/| dimensions.
The first|i/| “axis” points correspond to elementsi@fand the lastT'| “mapped” points
of D correspond to elements @t The coordinate values are chosen appropriately, higher
for axis points than for mapped points, so that a 1RMS satutioD then maps back to a
solution of the SET-COVER problem.

The formal details follow shortly, but first we illustratestheduction with an example of
SET-COVER in Figl 4.1 and a corresponditgj-dimensional 1RMS instance in Talhle 4.2.
For each element @f, one creates a unique axis poid {o d, in Table[4.2). For example,
“banana” becomeg, = (0, 1,0,0,0) and “eggplant” becomes, = (0,0,0,0, 1). For each
subsets; in T, one creates an additional poipt (to ps in Table[4.2). Each coordina}e}
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is 0 if the j'th element is not ins; and is|/|~! if it is. For example,{banana, carrot}
becomegs = (0, .2,.2,0,0). This forms the dataset for IRMS.

To be more precise, we build a reduction from the decision-SBVER problem de-
fined in Problem Definition 2. Given an instan€e. = (4,7, r) of SET-COVER, we
produce an instandes = (D, r) of regret minimization as follows. For every element
e; € U, construct araxis pointd; = (d?, . ..,d"'™), whered’ = 1if i = j andd! = 0 oth-
erwise. For every element € T, construct anapped poinp; = (17, ...,p™"), where
p{ =U|" if e € s andp{ = 0 otherwise. LeD be the set of all axis and mapped points
so constructed. Ldys be the instance of regret minimization produced viittand the
same value of as inZsc. This completes the reduction, which runs in polynomialetim

(Proposition 4.2]1).

Proposition 4.2.1. The reduction from SET-COVER to 1RMS taé&/|(|U/| + |T|)) time
for the construction ofgys.

Proof [of Theoreni¥] We now use the reduction described above teggFbeoren 7. We
show that there are only three possible maximum regretsétiat can be produced by an
instance or 1RMS constructed with this reduction (Lerthma?},2nd a yes or no decision
for Zsc each corresponds exactly to those cases (Lemmd 4.2.3).

Lemma 4.2.2.Givenlgys = (D, r), any subseR C D has
k-regratio(R) € {0,1,1 —d'}.

Proof First, note that/w, the top-ranked point is an axis point. Precisely; ig the largest
coordinate ofw, thenD"") = d;, because&/p; € D, > ¢_t wyp! < w;. (The coordinate
values of eaclp; were chosen specifically to guarantee this condition.)

Second, note that for any subgetC D, either 1) all axis points are iR; or 2)3d; ¢ R,
whered; is somej’'th axis point. This second case refines further: 2&) ¢ R,Vp, €
R,p{ = 0; and 2b)vd; ¢ R, 3dp, € R with p{ = d~'. We analyse each of the three cases in
order.

In case 1)k-regratio(R) = 0, because every top-ranked point is an axis point, and
every axis point is inR. In case 2a), let/; be an axis point fulfilling the case condition.
The weight vectow formed by setting thg’th coordinate tol and every other coordinate
to 0, establishe&-regratio( R, w) = 1, the maximum possible value forkaregret ratio, so
k-regratio(R) = 1. In the final case, 2b), consider a weight veatothat maximizes the
expression — xv"—gj forsomed; ¢ R. Clearly, thej’th coordinate ofv must have some non-
zero valueg, or elsew - d; = 0. But any non-zero value on any other coordinatevafan
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only increase the numerator without increasing the denatainsince the denominator,
w - d;, has only the one non-zero coordinate. #omust be constructed as in case 2a).
J

Then,k-regratio(R,w) = 1 — %+ =1 — d~'. So, in conclusion, the maximum regret ratio
must take on one of the three valu¢s; 1,1 — d'}. 0

Lemma 4.2.3. An instanceZsc has a set cover of sizeif and only if the corresponding
instancelg\s has al-regret minimizing set of sizewith 1-regret ratio< 1.

Proof Without loss of generality, assume that we do not have aatroase of set cover
where either > |U| orJu € U : Vs; € S,u & s;, Since both cases are easily resolved in
polynomial time. Then:

If : Let R be a solution tdgys With a 1-regret ratio ofl — d—!. ThenZsc has a set cover,
namely the one containing the sgtfor every mapped poing; € R and a sets € S
containingy for each axis poind; € R.

Only if: Assume that there is a set coverof sizer on Zsc. Every subset € S has a
corresponding mapped poipt € D with p{ = d-'forall j € s. So, sinceS covers every
u € U, then for every dimensiop, somep; in the solution has a non-ze[f}. The regret
ratio is maximized on the axes; so, the maximum regret ratas mostl — d—!. But from
Lemmal4.2.P, the only other possible valué)jswvhich corresponds to one of the trivial

cases. O
Therefore, we have built a correct polynomial-time reductirom SET-COVER to
1RMS. This completes the proof of Theoreim 7. O

To see an example of the case correspondence in Lémma 4Z3ry two pointg
andp’ in Table[4.2. There will be somgth dimension not “covered” by norp’ and setting
w identical tod; will produce a regret ratio of. Forp = p, andp’ = ps, for example,
is one such axis point. Notice, too, that there are no twoaggobags in Fig. 4]1 that cover
the grocery list. On the other han#,= p,, p3, p4 has a regret ratio of — d~! = 0.8 and
the set{sy, s3, s4} in Fig.[4.1 covers the complete grocery list.

Corollary 4.2.4. kRMS is NP-Hard.

PROOF SKETCH. The reduction proceeds analogously to that of Thedrdem cgpix
that we creaté axis points for every element of rather than just one. Then, the rank of
every mapped point i8, there is no benefit in selecting multiple copies of axis tmiand
the other details of the proof remain the same.
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Figure 4.2: Dual space depiction of Table 1.2Shown are the firs? attributes of thes
basketball players from Talle 1.2, both in primal spacen(spiand dual space (lines). The
thicker, light magenta lines is the t@prank contour.

4.3 A Contour View of Regret

The alert reader may have noticed that the hardness restlieqirevious section holds
only for arbitrary dimension. In this section we give thetfagorithm to find ak-regret
minimizing set in two dimensions, consequently implyingthtRMScP for the casd = 2.
The main algorithmic insight is showing theRMS is equivalent in dual space to finding
a “convex chain” that is “closest” to a “top+ank contour.” In Section 4.3.1 we formalize
this notion; then, in Sectidn 4.3.2, we present the algorjtand finally, in Section 4.3.3,
we prove the algorithm’s correctness.

4.3.1 Convex Chains and Contours

Throughout Section 4.3, we will reason in termslafl space That is to say, all operations
on points inD will instead be performed on lines in a s&{D), formed as follows. For
each pointp; € D, construct line; € £(D) asy = (1 — pz)/pl. For exampleD,p.,
when projected on just the first two attributes, will be tfansed into the dual space lines
depicted in Fig[4]2. An important property of this transfiois that two lines; and;
intersect at a pointz, y) exactly whenscore(p;, (x,y)) = score(p;, (x,y)); i.e.,p; andp;
have the same score in primal space on the weight vecter (x,y). WhenD is clear
from the context we will us& to denotel (D) for notational convenience.
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A
Q
Intersections slope ofL.
(Stoudemire, Randolph 2.64
(Bryant, Anthony) 6.07
(Anthony, Stoudemire) 15.39
(@) L(Dua) after initialisa- (Wade, Nowitzki) 35.71
tion. (b) Initial values forQ.
P
Endlines || <0 | <1
Durant 0.000| 0.000
James 0.000| 0.000
Wade 0.057| 0.057
Nowitzki 0.062| 0.062
Bryant 0.080/| 0.080
Anthony 0.089| 0.089
Stoudemire|| 0.105| 0.105
Randolph || 0.188| 0.188

(c) The initializedP matrix.

Figure 4.3: The initialisation of Algorithnil6 The sweep lin&. begins at the positive-
axis. The priority queu® is populated with intersection points of neighbouring $ileat
intersect in the positive quadrant, sorted by the order ircwh will pass through them.
Every entry in the path lisP is originally set to the distance of the corresponding lme t
the contour along the-axis.

In the dual space, we are interested in two types of objectshaair relationship. The
first object we call a&onvex chainThe other, @op-k rank contour we borrow from[12].
Their definitions follow.

Definition 4.3.1 (convex chain) A convex chairof sizer is a sequence of line segments,
(so,---,5—1), entirely in the positive quadrant, whesg has an endpoint on the positive
x-axis, s,_, has an endpoint on the positiyeaxis, the slope of any segmenis negative
and less than that of;, ;, and any two consecutive line segments have a common ehdpoin
We call the common endpoirjtants of the convex chain.

One can alternatively view a convex chdi, . .., s._1) as the lower envelope of the
linesi(s;) obtained by extended eashinfinitely in both directions. A related concept is
that of atop-k rank contour
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Definition 4.3.2 (top-k rank contour[[12]) Given a set of line&, thetop-k rank contouy
denoted’y, is the set of points from each € £ such that for any poinp € Cy, exactly
k — 1lines in L cross the segmeftd, p| (ties withstanding).

As an example, Fid. 4.2 depicts in magenta theZapntour,Cy, of £L(D,y.). Whereas
a convex chain corresponds to the points on a set of linesstits the origin, the points on
the top#4 rank contour are all a ‘depth’ df away. Thus, the top-rank contour is, itself, a
convex chain, but the chains formed at other ranks are natssadly convex. In general,
as shown by Chester et dl. [12], the tbpank contour of: lines can be found id(n1gn)
time.

Just before introducing our algorithm in the next subsectiee introduce some short-
lived notation to ease the discussion. Consider some fixetbvef user weightsw =
(wg,wq) and a linel;. Let (a;wy, a;w;) be the point orl; in the direction ofw, and let
dw(O, ;) denote the distance to that point from the origin. Similarly, let é,,(O, Cy)
denote the distance to the poiituy, bw; ) on the topk depth contour in the direction of
and let,, (Cy, I;) = max(0, oy (O, ;) — dw(O, Cx)) denote the distance from the contour to
the linel; (or 0 if the distance is negative).

We will say that a lin€; is “closer” toC,, than another ling; in the directionw when
the distance ratid\ (I;) = éw(C, ;) /ow (O, ;) is less than when computed with A)/;) =
w(Cr, 1;)/0w(0, ;). We emphasize that thatio is of interestnotthe difference, because,
as we will show in Section 4.3.3, this distance ratio is egl@nt to thek-regret ratio orw
in primal space. Finally, the maximum distance ratio fronoatourC, of an entire convex
chain is:A(Cx, (so, - . ., Sp—1)) = sup,ming A(I(s;)).

4.3.2 An Algorithm for Two Dimensions

Algorithm[@ operates in dual space on the set of lif€®). The goal is to find a convex
chain of sizer within £(D) whose maximum distance ratio frof is minimized. This
gives thek-regret minimizing setR,.(D) by transforming back into points all the lines
contributing segments in the convex chain.

Algorithm Description

At a high level, the algorithm is a radial plane sweeml dynamic programming algo-
rithm. A sweep lineL rotates from the positive-axis to the positivg-axis, tracing out the
possible convex chains id. This is achieved with two data structures: a sorted lisf of
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P
End lines <0 <1
\ Durant 0.000| 0.000
1\\ . James 0.00 | 0.000
N Wade 0.057| 0.057
SR Nowitzki || 0.062| 0.059 (Wade)
> Bryant 0.080| 0.080
Anthony 0.089| 0.084 (Bryant)
Stoudemire|| 0.105| 0.066 (Wade)
Randolph || 0.188| 0.083 (Wade)

(@ L(Dupa) immediately (b) Values of P just after
before processing the processing (Stoudemire, Ran-
darker point, (Stoudemire, dolph). The bold value indi-
Randolph). cates the unchanged value.

Figure 4.4: The processing of an event paifihe darker pointin (a) is the event point, the
intersection of the lines corresponding to Stoudemire aaddRlph. The distance along
L of p, ; from the contour i€.034. In this case, the newly discovered lengtithain,
(Stoudemire, Randolph), has casix(0.105, 0.034), which does not improve on the value
already found for Randolplt,083.

and a priority queu& containing some of the joints at which linesnintersect. Mean-
while, in a matrixP we keep track of the x r best convex chains found so far between
the positiver-axis and the sweep ling, This is the dynamic programming part. The al-
gorithm progresses dsencounters new intersection points throughout its radvelep; at
each,£ and Q are updated to reflect the new state, and the best convexscdra@mupdated
as needed.

Because of its event-driven nature, the crux of the algorith in updating the data
structures at each intersection (i.e., event) point, whieldescribe in Sectidn 4.3.2. Algo-
rithm[8 presents the overall framework and [Fig] 4.3 illustsahe initialisation of the data
structures for thé,,;,, example. First, we give a quick description of each datacsirae.

The set of line<C is always sorted with respect to the distance from the oaginhich
they intersect the sweep line AsL rotates,L needs to be updated because the sort order
may change.

The priority queu& contains, sorted by angle, intersection points that haee ts-
covered.” An intersection point of linel, [;,, is never discovered until and/,; are
immediate neighbours if and their intersection point lies betwednand the positive
y-axis. This discovery process keeps the size oiQramnaller.

Finally, the arrayP contains a celli, j) for the best convex chain found up tathat
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P
End lines <0 <1

Durant 0.114]| 0.114

James 0.208| 0.208

Wade 0.625| 0.625
Nowitzki 0.117| 0.059 (Wade)
Bryant 0.566| 0.566
Anthony 0.397| 0.081 (Wade)
Stoudemire|| 0.105| 0.000 (Durant)
Randolph | 0.188| 0.000 (James)

Figure 4.5: The conclusion of Algorithid 6The P data structure at the conclusion of the
plane sweep, whehreaches thg-axis andQ is empty. Each cellh, i) of P contains the
optimum solution withi or fewer lines, ending on ling,. The bold, minimum value iP
gives the two equal solutions for this two-dimensiokBMS problem.

ends in a segment @fand contains no more thagrjoints. Stored in each cell is the convex
chain itselfandthe maximum distance ratio of that convex chain frém

The algorithm itself is a traditional plane sweep. Intetieecpoints are popped from
Q, the data structures are updated as per Settion| 4.3.2, anchteesection points are
discovered and inserted int@. For the running basketball example, this is illustrated in
Figure[4.4. For intersection points that happen to lay onctir&our (since these, too,
are intersection points of lines that will eventually becdigered by the plane sweep), we
update every cell of? with new maximum costs. Eventuall® is exhausted when
reaches the positivg-axis (see Figure 4.5) and the best convex chain is read ffom

Data structure transitions

We now describe the updates to the three data structureswiseat an arbitrary intersec-
tion point of lines/; andl;, denoteg;, ;. For simplicity, assume that only two lines intersect
at any given point; it is straight-forward to handle lines mogeneral position.

L

Because the lines are intersecting, we know they are imriedgiadjacent inC. We swap
l; andl; in L to reflect the fact that immediately after;, they will have opposite order as
beforehand.
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Algorithm 6 Two-dimensionakRMS algorithm
1. Input: D;r
Output: R C D, with |R| = r and minimumk-regret ratio
ComputeCy.
Transform set of point® into set of lines.C.
Sort £ by ascending-intercept.
Initialize Q with intersection points of all;, [;,; € L, sorted by angle from positive
x-axis.
Initialize P asn x r matrix, cell(4, j) has path4) and cosbt; o) (Cx, l;)/d1,0)(O, 1;).
. while @ is not emptydo
9: Pop top elemenj off Q.
10:  Update data structure®, Q, P as per Section 4.3.2.
11: end while
12: Update each celli, » — 1) of P with cost at positive/-axis.
13: Find cell (7, — 1) in P with lowest cost.
14: Init empty setR.
15: for all j on convex chain in celli,r — 1) do
16: Addp;toR
17: end for
18: RETURNR

@ N

Q

Immediately aftep, ;, linesl; andl; have been swapped . So, potentially, two new
intersection points are discovered: viz.and his new neighbour (should one exist) &nd
and his new neighbour (again, should one exist). Both th@sesection points are added
to the appropriate place @, provided that they are betwekrand the positivg-axis. The
old point is removed.

P

Of the four paths(l;, l;), (I;, ;). (1;, L), (1;,1;), throughp; ;, only three are valid, as illus-
trated in Figurd_4]6. For a line transiting through;, such ag(/;,[;), the convex chain
does not change, but the cost is updated to the larger of Waatalue was before and the
distance ratiogy (Cy, l;)/0.(O, ;). For the convex chain that turng;, ;), the cost in cell
(7, h) depends on the best route to geptg. Specifically, the best convex chain of size
to p; ; is either: 1) the chain incoming dn if the cost in cell(j, ~) is smaller; or 2) the
chain incoming ori; if the cost in cell(i, h — 1) is smaller. Call the smaller costc. The
cost for cell(y, h) then becomes the larger ofc and the distance ratié, (Cy., 1;) /0.(O, [;).
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(Il, 1) not

N \convex!
N

AN
()

Figure 4.6: The three legal, convex paths through an intersection pé&ither linel; or [,
could simply pass through. Because an envelope of lines fmwmsta convex chain, on the
other hand, only, has the luxury of turning ontq. The path , /;) requires an “illegal”
concave turn.

For rows: andj, each of the- cells is updated in this manner. j#f ; happens to be a
vertex ofCy, (i.e.,[; or [; are sorted:'th in £), then every cell of every row is updated in
this manner.

Lemma 4.3.1. Algorithm[6 finds ak-regret minimizing set of sizefor d = 2 in O(rn?)
time withO(n?) space.

PROOF SKETCH. The space comes from storing the dynamic programming xnatri
P. The running time is dominated by updatidyr) cells of P for each of theO(n?)
intersection points or by updating alt- cells of P for the up ton vertices ofCy.

4.3.3 Two-DimensionalkRMS Transformed

Algorithm [@ computes &-regret minimizing set by discovering a ‘best’ convex chain
examining the joints of the convex chain and the verticeS,ofln this section, we prove
the sufficiency of that approach, TheorEm 8. We first conneetex chains and contours
to kRMS in Lemmd_4.3]2 below. The lemma equates the distanaeghti convex chain
and contour to thé-regret ratio in primal space. Then, in Lemma4.3.4, we ptbhagthis
ratio must be maximized for any convex chain either at onesojoints or at a vertex of
the contour. We make a slight abuse of notation and indicai \ector of user weights
w = (wy, wy) both the vector and the poitig, w;).

Let V(Ci) denote the vertices af,. Also, letcc = (so,...,s,_1) be a convex chain
with joints J that is the lower envelope of a set of lines, C £(D) = {ly,...,l—1}.
Say, too, thatc minimizesA (L") = maxyes v (c,)ming ez 0w(Cr, 1) /ow(O, I;) among all
convex chains irC. Algorithm[8 finds such a chain. Then:
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Durant

Figure 4.7: An illustration o2RMS in dual space. Shown left are two different sizsets,
{Durant} and{Randolph}, along with the second contour. The axes are the directibns o
maximum regret ratio for the respective sets. To the righih@vn the (non-optimal) size-
set{Randolph, Wade}, again with the maximum regret ratio direction indicated.

Theorem 8(Dual space equivalent @il kRMS). For cc as described above, if one trans-
forms eachy = (1 — pYx)/p}) € L into the point(p?, p}), the set of all such points is the
k-regret minimizing setR,. (D).

Proof This proof is in three parts. First, in Lemrha 4]3.2, we shoat thregret ratio
in primal space is equivalent to the distance ratio in duakep with respect to a given
w. Then, in Lemma4.3]3, we show that for a given set of lidésC L, the distance
ratio should always be computed with respect to the loweelepe. Finally, we show
in Lemmal4.3.1 that the maximum distance ratio between aocor@nd a convex chain
always occurs at a vertex of one or the other, never in the leniafth line segment.

Lemma 4.3.2. For any weight vectow and pointp; € D transformed to ling; € L:

k-regratio({p; }, W) = %
w v

Proof First note that for any;, [;, andw,
ow(O, ;) = 1/score(p;, W). So,

w(Cr, i) = dw(O,1;) — dw(O,Cy)

1 1
ai(w§ +wd)  b(wd + w)
b(wg + wi) — ai(wg + wy)

a;b(wg + wi)?
= k-regratio({p;})ow(O, ;)
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Lemma 4.3.3.For a set of linesC corresponding to a set of poinig, given a weight vector
w, the distance ratio at the lower envelopegivesk-regratio( R, w).

Proof Consider a fixed weight vecton. Recall from Definitio 4.1]2 that a choice &f
minimizes thek-regret ratio with respect tw if it maximizes1-gain(R, w). Since a lin€;
is at a distance of /score(p;, w) from O in the directiorw, the pointp; with highest score
in R will be nearest t@) and hence on the lower envelope. O

Lemma 4.3.4.Consider a contou€, and a convex chain of line segmegtsThe maximum
ratio A(L) occurs either at a vertex @, or a joint of the convex chain.

Proof Assume for the sake of contradiction that the distance ratimiquely maximized
for somew that is in the direction neither of a joint of the convex chaor of a vertex of
Cr. But bothC, and the convex chain are piecewise linear, so must eitheatsdlgl or
diverge in one direction. If they diverge, there is anotivein that direction with a larger
distance ratio. If they are parallel, the nearest vertexomt jhas the same distance ratio.
So,w cannot be a uniqgue maximum. O

The consequence of Lemrha 413.4 is that it suffices to evatugieen convex chain at
its joints and the vertices af,.. Fig.[4.7 illustrates the dual space evaluation of s@me
regret minimizing sets. The area of positive regret, thattvis under the lower envelope
of the dual lines but above the contour, is shaded, and tbelears indicate the vertices at
which the distance ratio is maximized.

To conclude the proof of Theorem 8 and tie the lemmata togetioée that any lower
envelope of a set of lines is, in fact, a convex chain and byatpnvexity, any line can con-
tribute at most one segment on the lower envelope. So, a xainaén withr line segments
will have a corresponding sizeset of lines,£’. Because the convex chain minimizes the
maximum distance ratio fror@, to O, it also minimizes the maximurh-regret ratio in
primal space. So, this is theregret minimizing set of sizefor D. O

As an aside, if fewer thanpoints inD contribute segments t§., then they are trivially
akRMS solution with zerd:-regret. In such cases, computing vertice§,0is sufficient to
solve the problem (Corollafy 4.3.5).

Corollary 4.3.5. Let S be the set of line segments 6n Then the sefz C D that in dual
space includes all of is a k-regret minimizing sef?, (D) if |R| < r.
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4.4 A Randomized Algorithm for General Dimension

Having shown the hardness of regret minimization in Se@i@nwe know that one cannot
aspire towards a fast, optimal algorithm #&RMS in arbitrary dimension. However, we
can still aim for a fast algorithm to find sets wikbw k-regret ratio; in this section, we
describe a randomized, greekRMS algorithm that achieves this goal.

After first recalling thelRMS algorithm of Nanongkai et al._[37], we extend it for
2RMS in Sectioi 4.4]1. Then, we show how by introducing rangmartitioning with
repeated trials, we can produce an effectiRMS algorithm for arbitrary: (Sectio 4.4.2).

Algorithm[7 is a simple yet effective greedy algorithm thapands an interim solution
R point-by-point with the local optimum. For each interim @idn R, Linear Program
1 below is run on every poing € D to find the one that is responsible for the current
maximum regret ratio. In the terminology of the previoustiees; each iteration from
1 < |R| < rfinds the point or€; farthest fromR and adds that to the interim solution.

Algorithm 7 Greedy algorithm to computeRMS [37]
Input: D; r
Output: R C D, with |R| = r and low1-regret ratio
Let R = {p; € D}, wherep; is a point inD with highesty!.
while |R| < r do
Let ¢ be firstp € D.
forall pe D\ Rdo
Let maxregretp) be result of Linear Program 1 with inppt R.
if maxregretp)>maxregret() then
Letq bep.
end if
end for
Let R = RU{q}-
. end while
: RETURNR

=

XN aR DN

e e =
Ao

Linear Program 1 below finds, given an interim solut®rc D and a poinp € D, the
weight vectorw that maximizes thé-regret ratio ofR relative toR | J{p}. Thel-regret
ratio is proportional tac, which is upper-bounded in constraint (4.2).
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LINEAR PROGRAM 1.

maximize x s.t. (4.1)
p-w—p -w>z VpER (4.2)
w; >0 V0>i<d (4.3)
p-w=1 (4.4)

x>0 (4.5)

4.4.1 ExtendinglRMS to 2RMS

To go from 1IRMS to 2RMS, one needs to find points not top-ranked buwanked and
measure regret ratio with respect to them. @RMS algorithm is largely unchanged from
Algorithm[Z except for invoking Linear Program 2 insteadnéar Program 2 finds a weight
vectorw to maximizez, the regret ratio, and also determines wijtim constraint (4.8) the
amount by which the best point i \ R \ {p} outscorep onw. So, ify > 0, thenp

is at best-ranked and an eligible candidate to addioOn Line (8) of Algorithn(T, we
specify an additional clause, that> 0, to rule outl-ranked points.

LINEAR PROGRAM 2.

maximize r — €y s.t. (4.6)
p-w—p -w>z Vp' € R (4.7)
p’-w—p-w<y Vp”eD\R\{p} (4.8)

w; >0 VO <i<d (4.9)
p-w=1 (4.10)
x>0 (4.11)

y > —¢ (4.12)

Constraint (4.8) is of an existential nature; so, there maynore than one point that
outscore® in the direction ofw, indicating thaip is not 2-ranked. But if some other point
p" also outscorep on w, then eithery” or p” will better maximizex than doegp and
be chosen instead. Note that we includm the objective function to ensure it takes the
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minimum valid value, making thé-ranked case distinctive. The really small, positive real,
e, dampens the effect gF—we foremost want: to be maximized, even when it is paired
with a largey. The value ot should be chosen small enough that =y ~ .

4.4.2 Extending2RMS to kRMS

Algorithm 8 Greedy algorithm to computeRMS

1: Input: D;r; k; T

2: Output: R C D, with |R| = r and lowk-regret ratio

3: Let R = {p; € D}, wherep; is point inD with highesty?.
4: while |R| < rdo

5. Letqbe firstp € Dandw = (0,...,0).
6: forallpe D\ Rdo
7 forall i from1toT do
8: Randomly partitiorD \ R\ {p} into Dy, ..., Dy
9: Let maxregretp) be result of Linear Program 3 with inppt R, Dy, . . .
10: if maxregretp) has allx; > 0 then
11: if maxregretp)>maxregretg) then
12: Let ¢ bep andw bew from Linear Program 3.
13: end if
14: Break inner loop and go to next point.
15: end if
16: end for
17:  end for
18: LetS = {¢} andw
19: forall p € D\ Rdo
20: if p-w > ¢q-wthen
21: Let S = S U{p}
22: end if
23:  end for
24:  Let s be ‘best’ member of with heuristic of choice.
25:  LetR = R|J{s}.
26: end while
27: RETURNR

To solve the more generaRMS problem, we make use of Proposition 4.4.1 and ran-

domness. The idea is that we decompose each iteration &4RNES problem into a set of
2RMS problems and optimize for a common solution.

Proposition 4.4.1.1f p = D*%  then there exists a partitioning @ into D, . . .

such thatvD;, p = DEW,

) Dk—2
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To rephrase Proposition 4.4.1 pifs k-ranked oriD with respect tav, then we can split
D into k — 1 partitions such thgt will be 2-ranked on every one with respect to the same
weight vectorw. The key is that the partitions must each contain exactlyadtiee points
higher ranked thap.

Without knowing apriori the weights a¥, it is challenging (and, we posit, an interesting
open research direction) to construct such a partitiordngandom partitioning, however,
may successfully separate the higher-ranked points isfoidt partitions and allow us to
find w with Linear Program 3. Of course, a random partitioning merywell notproduce
such a separation, but then Linear Program 3 will reportjghainot k-ranked and we can
keep trying new random patrtitionings.

LINEAR PROGRAM 3.

maximize r — ¢ Z x; s.t. (4.13)
p-w—p -w>z Vp' € R (4.14)
p"w—p-w<z; Vp'eD;,0<i<k—2 (4.15)

w; > 0 0<i<d (4.16)
p-w=1 (4.17)
x>0 (4.18)
x; > —¢€ 0<i<k—-2 (4.19)

So, we have Algorithril8 to solve tHeRMS problem. It is similar to Algorithna]7,
except Linear Program 3 is executed several times for eatft, pach after randomly
partitioningD \ R\ {p}. If Linear Program 3 sets all; > 0, its solution is optimal; if it
does not, either the partitioning was unlucljs still quite poor, orp cannot contribute
to improving the interimR. So, we try another hopefully luckier partitioning untitexf a
maximum number of trials that is dependentfonThere is a probability ofl that8 trials
atk = 3 are all unlucky, for example. With Propositibn 4]4.2, we tanind the number
of partitioning trials with high probability; although, agll be evidenced in Section 4.5,
‘unluckiness’ is not necessarily so costly, anyway.

Proposition 4.4.2.If one repeatedly partitions inte: parts a dataseD with at leastm
points of interest, the probability of not obtaining a reigen in which each partition con-
tains a point of interest afteflom " _ 216 trials is < .1.

m!m!
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(a) Q1 - BB (b) Q1 - EN (c) Q1 - HH

Figure 4.8: Q1 plots: k-regret ratio A point on the plot shows thé-regret ratio (-
axis) achieved by &-regret minimizing set of siz¢R| (z-axis). Different values ot
are represented by different curves. The range fortagis is|0, .1] to make clearer the
interesting range when subsets have passably:toggret ratio.

PROOF SKETCH. The probability comes from the Chebyshev Inequality, gitreat
the repeated partitioning is a Bernoulli Process with ckarfcsuccess mi;

Lastly, we call attention to Lines 18-24 of AlgoritHoh 8. Oreenaximalw is discov-
ered, there aré points inp € D each for whichk-regratio(p, w) = 0; so, any of thesé
points could be equally well chosen. We propose (and evalunaihe next section) three
heuristics: KTH which simply uses the poytMAX which uses the point with the highest
score with respect tar; and MAG which uses the poini that maximizesz;.l;é p{. The
purpose of these heuristics is to try to choose the point hvhi&st improves the perfor-
mance of the algorithm on subsequent iterations, sinceategrform equally well on the
current one.

4.5 Experimental Evaluation

If you will recall, some primary contributions of this papeme introducing:-regret ratio,
providing a general algorithm for computing a fixed-cardigakyline approximation, and
proving the hardness &RMS for generak andd. In this section, we evaluate those first
two contributions. Our overall goals are to comparelthiegret ratio to theé:-regret ratio
for several values of.
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(a) Q3-BB (b) Q3 - EN (c) Q3 - HH
Figure 4.9:Q3 plots: execution timeA comparison of wall time to run one instance of
Linear Program 1 (in the case tRMS) or Linear Program 3 (in the caseld®MS, k > 1),

averaged over 1000 trials. Theaxis gives R| and they-axis gives time in microseconds.

o
w0 10 10 20 a 50 50 70 @ e 100

(a) Q4 -BB (b) Q4 - EN (c) Q4 -HH

Figure 4.10:Q4 plots: score lossEvery weight vector, if selected by the linear program,
leads to heuristically choosing some maximal vector. Tists show how many weight
vectors lead to a choice that scores withis% of the k'th best score on the optimal maxi-
mal weight vector. For each siz&| (the z-axis), they-axis gives the percentage of tuples
the incorrect selection of which would still produce a swntwithin the given bound of

‘score loss.’

4.5.1 Setup

We implement the algorithms of Sectibn 413.2 4.4 in githe MOSEK linear pro-
gram (LP) solveﬂ We run the following experiments on a machine with an IntedrAt
processor with two 800MHz cores and 1GB RAM, running Uburd.04. For the ran-
domization, we run up t@' trials, wherel is selected such that the probability of failure is
less thar0.01. We comput€él’ in a separate, off-line calculation by repeatedly multiipdy
the single failure probability to the running product unlieé running product is less than
0.01, at which pointl” is set to the number of repetitions used.

Thttp: /7 ww. nDsek. com


http://www.mosek.com
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g H “a,

(a) Q5 - BBk = 2 (b) Q5 - EN;k = 3 (€) Q5 - HH;k = 4

Figure 4.11:Q5 plots: incidental correctnes3he number of points on which the applica-
tion of the MAG heuristic to their maximal weight vector btgsults in selecting the point
which maximizes the MAG heuristic on the optimal maximal gfgivector. For each size
|R| (the z-axis), they-axis gives the number of points that wificidentally produce the
correct answer.

ID | Source | n | d| |Skyl
Al |lyvrdeal s.com 425 | 2 10
BB | dat abasebasketball.com| 21961 | 5 200
EN | kdd.ics.uci.edu 178080 | 5 | 1183
HH | usa. i puns. or g/ usa/ 862967 | 6 69

Table 4.3: Statistics for the four datasets used in our éxyens.

4.5.2 Datasets

We use four datasets of varying size and dimension, sumethiiz Tabld 4.8. The all-
inclusives (Al) dataset is the archetypal skyline datasating off ratings and prices of
hotels, that we used in the previous chapter. The baskd€®B)l dataset contains points
for each player/team/season combinationriyounds assists blocks fouls andpoints
scored The El Nino (EN) dataset consists of oceanographic readikg surface tem-
peratureandwind speegdtaken at buoys placed in the Pacific Ocean. And the household
(HH) dataset contains US census data for expenses swelkdascity andmortgage All
attributes for all datasets have been normalized to theerfh@] by subtracting the small-
est value and then dividing by the range. Missing values baea replaced with the lowest
value found in the dataset.

4.5.3 Experiment Descriptions

Broadly, we pose five questions that can be classified ingetlgroups, expanded upon
below.


yvrdeals.com
databasebasketball.com
kdd.ics.uci.edu
usa.ipums.org/usa/
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Solution quality

Q1) Regret ratio Our main comparison betweérregret andc-regret is in calculating the
k-regret ratio with respect to the number of tupledinin other words, at different values
of k£, how many points are required in order to guarantee userms:téchappy?

Q2) Heuristic performances We proposed three heuristics, KTH, MAG, and MAX, to
choose among the points that all havé:-regret-ratio of zero in the direction determined
by the LP. While in Q1) we studied how quicklyregret ratio is improved for different
levels ofk, here we fixk and contrast heuristics.

Efficiency

Q3) Execution time We study the efficiency of the algorithm for several valuég dy
measuring wall time for the LP subroutine, which is the pmyralgorithmic difference for
distinct values of. Thisis a more meaningful metric than the overall wall tilbecause the
difference between the cost of running the hEBmes and of running the entire algorithm
depends primarily off’, the number of partitioning trials, which is highly tunable

Use of randomness

Q4) Score loss Under a perfect partitioning, the LP will find a weight vecte with
maximal k-regret ratiox. However, due to the use of randomness, it is is possible that
T repeated ‘unlucky’ trials leads to missing this ideal siolnit or even thain7’ repeated
‘unlucky’ trials leads to missing the: best LP solutions. We ask what percentage of the
dataset must be missed by ‘unlucky’ randomness befored@si¥ of the value ofx.

Q5) Incidental correctnessWith unlucky partitioning, the algorithm may miss the itlea
greedy weight vectony, instead selecting/. Yet, it is possible still that the point maxi-
mizing the heuristic onv also maximizes the heuristic aw, creating arincidental cor-
rectness We study the frequency with which this happens.

4.5.4 Discussion

Overall, our expectation was for a trade-off between quailitd efficiency betweeh = 1
andk > 1. This is evident from the experiments. Interestingly, loalues ofk > 1
appear to hit a delicate balance between still being comieetn efficiency (because fewer
randomized trials are required and the LP is still fast) affefimg lower k-regret ratios on
small subsets. Below we summarize the findings for each cated experiment.



90

Solution quality

On the Al dataset, for which we can compute optimal solutiaresfind the following sets
returned for manual comparison. At= 1, R = {(4.7,$1367/pp),(3.4,$847/pp),(4.6,$1270/p)
atk = 2, the third element is instead (3.9, $1005/pp); and &t 3, it requires only two
resorts to satisfy every user. So, the setls at1 appear more diverse at constrained sizes.

That observation is mirrored in the plots of Hig.14.8, whitlow, as a function ofR|,
the k-regret ratio achieved with our algorithm. On all datasttsye is a big jump from
k = 1tok = 2, more moderate jumps after that, and finally a stagnatiomatb > 4. The
initial jumps are quite substantial. On the BB dataset, at3 andk = 4, we achieve &-
regret ratio of 02 with a setR about half the size as is required for= 1. The conclusion
is that one can greatly improve the dataset approximatiomdéngasingk > 1, but that
small increases ik pay greater relative dividends.

We omit plots for Q2 because the are uninteresting, showiagMAG outperforms
the other two heuristics quite consistently. The excepisofor really high|R| on the
basketball dataset, where MAG struggles to rea¢kregret ratio of), but it is subsets of
size, say, less than thirty that are interesting, anywag. Sttcess of MAG partly explains
the improvement withk > 1 vs. £k = 1. At k£ = 1 there is one and only one point that
achieved) k-regret ratio in the direction ov. At £ > 1, on the other hand, there ake
points from which to maximize the MAG heuristic.

Efficiency

The plots in FigL 4.0 show, as a function|@{|, the average execution time for a single run
of the pertinent linear program (LP). One can interpret &sishe chronological evolution
of the LP running time, for each outer loop of the algorithmheTresults are very data-
dependent, both in the shapes of the curves and the size gaheom thet = 1 curve to
thek > 1 curves. The interesting conclusion here is that the addadfo: constraints and

k — 1 variables does not render the algorithm uncompetitive+teambit remains compara-
ble. This is especially interesting at= 2, where no randomized trials are necessary.

Use of randomness

The results on randomness were especially interesting aagest interesting future re-
search directions. The plots in Flg._4.10 show, as a funatfojkz|, what percentage of
the top100 sub-optimal points produce a score close to optimal—charamng the cost

of selecting a sub-optimal point. The percentages are tigte For example, at = 3,
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on all datasets and all valu¢B|, over70% of the top100 points produce a score within
2.5% of optimal. Therefore, there is a very strong resiliencebtd luck’: 707 trials must
all fail in order to lose2.5%. It is an interesting question to what extent this can be-guar
anteed theoretically, especially since the relative ofoledifferent values of: changed on
different datasets. The conclusion that we draw is that @meconfidently lowefl” (and
thus decrease running time) without incurring much of adthe quality of the solution.

Secondly, the plots in Fig._4.11 show, as a function ®f the number of the first
5,10, 25, and50 points that lead to incidental selection of the best choideis happens
surprisingly often, considering that one might not expeat &ll, for | R| < 10 and almost
without fail for |R| = 1. This suggests that it could be possible to decrédagder cer-
tain small values ofR|, where one is likely to obtain the correct value even in treeaa
unlucky partitioning.

Summary

We briefly summarize the results by valuetofFork = 1, the LP is consistently faster, but
not always by much. The efficiency comes at a cost of beingtaldehieve a lowt -regret
ratio with subsets of size less thah on the two more challenging datasets. At 2, the
LP is nearly as fast and run no more often, and2fegret ratio drops substantially faster.
At k£ = 3, the 3-regret ratio drops faster yet, but now at the cost of runflintgials per
data point. Howevef]’ can perhaps be held quite low without losing much score, aed e
lower yet for| R| < 10 under the anticipation of some incidental correctnessalfyinfor

k > 4, thek-regret ratio drops not much faster tharkat 3 andT’ goes up quite fast.

4.6 Bibliographic Notes

The idea to represent an entire dataset by a few representaiints for multi-criteria

decision making has drawn much attention in the past decies the introduce of the
Skyline operator by Borzsonyi et dll[6]. However, thecptibility of the skyline operator
to the curse of dimensionality is well-known. Chan etlal. jfgdde a compelling case for
this, demonstrating that on the NBA basketball datasett(ass at the time), more than
1 in 20 tuples appear in the skyline in high dimensions. Consedyédhere have been
numerous efforts to derive a representative subset of emsilte (e.g.,[[1, 27, 54, 56]),
especially one that presents very distinct tuples (.d.,.43]) or has a fixed size (e.d., |28,
29]45)).
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The work here ork-regret minimizing sets is novel, not yet published, altiflounder
review for submission at a top-tier conferencel[11]. The Igsnerall-regret minimizing
sets are relatively new in the lineage of these efforts. Winteaduced by Nanongkai et al. [37],
the emphasis was on proving that the maximum regret ratiousiteed by:

d—1
r—d+ 1)1 +d—1

Naturally, this bound holds for the generalisation introeldiin this paper, since
k-regratio(R,w) < (k — 1)-regratio(R,w). As far as we know, this work is the first to
address computational questions arokrggret minimizing sets, certainly far > 1.

Regret minimizing sets presuppose that linear kapieries are of interest, a class of
gueries that has been well studied and has been surveyedtyuioughly by llyas et al. [24].
The use here of duality is fairly common (e.q..[15[26, 44])ssthe emphasis on (layers of)
lower envelopes (e.gl,[[9,67]). Transforming points intaldspace in two dimensions often
leads to the employment of plane sweep algorithms [18] amdvhilability of many results
on arrangements of lines. For example, Agarwal et al. [2¢ §iwunds on the the number
of edges and vertices that can exist in a chain (sudh athrough an arrangement. The
top-k rank contours of Chester et al. [12], which were proposechsmvar monochromatic
reverse topk queries|[[47] and are central to our two dimensional algonijtfit into this
category. It is an interesting question whether duality lealp in higher dimensions and
also whether there exists a strong connection betweensevepk queries and:-regret
minimization as the application of these results may imply.

Lastly, anytimeskyline algorithms can be halted mid-execution and outpuba-
optimal solution[[31]. Regret minimizing sets are well sditto these interactive scenar-
ios [36]; so, it is reasonable to believe thategret minimizing sets may also be suitable.

4.7 Final Remarks

The 1-regret minimizing set is a nice alternative to the skyliseauccinct representation
of a dataset, but suffers from rigidly fitting the tdpfor every query. We generalised
the concept to that of the-regret minimizing setwhich represents a dataset not by how
closely it approximates every users’ tohoice, but their tog: choice. Doing so permits
simultaneously achieving a lowérregret ratio while making the representative subsets
much smaller.

For the special case af = 2, we give an efficient, exact algorithm based on the dual
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space insight that the-regret minimizing set corresponds to the convex chaineso®
the top4 rank contour. The algorithm uses dynamic programming aadekweep to
navigate the space of convex chains. For general dimens®fiyst resolve a conjecture
that computing d-regret minimizing set is NP-Hard and extend the hardnesdtreo k-
regret minimizing sets. Then, we give a randomized, gredglgrithm based on linear
programming to find a subset witbw k-regret ratio. In comparison to computing subsets
with low 1-regret ratio, we show that its execution time is very contpetand its results
are much stronger. Furthermore, the randomization comyaofethe algorithm opens
several very interesting research directions.

In the broader context of this dissertation’s objectives thregret minimizing set is
a leading-edge concept for summarizing large datasetsailidte subject to preference
guerying. We believe it will find its way into industrial sgshs for helping users to navigate
large and complex datasets to find the tuples most relevahéto.
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Chapter 5
Future Directions

An exciting aspect of research is that it always produce®muoestions than answers. Here
follows a number of research directions opened by the Buthis dissertation that could
lead to substantial advancement of the state-of-the-art.

Trade-off between computability and succinctness of summg opera-
tors

We showed in Theore 7 thaRRMS, evenlRMS, is hard. Yet, it is known that computing
the skyline of a dataset can be done in polynomial time. Ownther handkRMS provides

a much more succinct representation of the dataset tharkyfieesdoes. In addition to
this, the complexity of computing-contours is unknown in general, and it would seem to
be the minimally succinct summarization operator that dedsequire approximation of
D. Clearly, there is a trade-off between succinctness anclefticomputability for these
different summary operators. There is a broad spectrumssiple definitions of summary
operators and exploring that space to find a ‘sweet spotithlainces the membershipin
that the skyline offers with the succinctnes&&MS is an interesting endeavour. Similarly,
can it be said that all sizeconstrained summary operators are destined to be hard?

Theoretic investigation into partitioning characteristics of datasets as
they relate to (reverse) topk queries
Chaptef # introduced a very novel approach to the reversé fmoblem, decomposing

it into £ — 1 reverse to problems and looking for a common solution. The success of
this technique in that chapter depended on randomnesshugan excellent technique,
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but requires repeating the same computation in order teaser the probability of success.
The empirical study in Sectidn 4.5 opened up some very imtmgyand connected research
guestions. Can one design a higher-probability partitignihan just random balls in buck-

ets? And from a number-theoretic perspective, what canidebaut the relation between

best, second-best, &c., weight vectors for maximizing tReNore broadly stated, given

the successful use of randomization in that algorithm, wite can we say about applying
it to problems of this nature?

Monochromatic reverse top+ queries in higher dimensions

In Chapte B, we give a polynomial algorithm for two dimemsidhat uses techniques
(viz., plane sweep) which are known not to generalize to dnghmension. Interestingly,
previous work also focused on the two dimensional case. Buttwan be said about
arbitrary dimension? A first obvious direction of researglni resolving the hardness of
resolving mRTOP queries and of constructirgontours in arbitrary dimension. But a
particularly interesting question is how much easier astiefais it to compute the set of
tuples contributing to thé contour than to compute its vertices, if at all? Becausedf th
tasks are of equal difficulty, it seems one might be able tgitt-forwardly apply Linear
Program 3 to these problems.

Applying our techniques to other new and strongly related poblems

Preference queries, even just linear fogueries, have attracted a lot of research attention
in the past decade. Among that research has been the defioitcmpious new, similarly-
inspired problems. Many of the contributions in this paperewthe result of applying new
techniques, so it is a curious question how widely thosertiecies can be applied to the
diverse set of other top-related problems. For exampM/hy not?queries([18] are quite
similar to reverse top-queries, in that they pose the question of how to modify aygteer
include a given tuple. In another direction, some espgcpakctical research efforts have
looked at combining to@- queries with other standard database operators, sugtoag

by [30] or join [22,/23/49]. How well do the techniques in this work sufficeamhhe topk
guery is combined with another operator?
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Algorithmic improvements for the kKRMS problem and C;. construction

Our algorithm in the general case fIRMS is heuristic; so, it is reasonable to expect that
one may be able to improve the algorithm. So, a first naturastijon is whether one can
provide any theoretical guarantees for the LP-approachgsed both in Chaptéd 4 and
by Nanongkai et al[[37]. Alternatively, are there any aitfonic means of finding either
solutions closer to optimal or techniques that are everefastpractice (perhaps at the
expense of accuracy)? Similarly, while our constructiggoathm forC,, is not heuristic,

it is the first effort in literature. So, it is worth investigyag whether the construction cost
can be reduced fror®(n?).

Interplay between view-based topk resolution and convex chain ‘joints’

Theoreni 8 showed that the dual space equivalent in two dimensfARMS was finding a
convex chain near theth contour. An interesting corollary to the theorem is ttredre are
finitely few especially salient user weight vectors: thetieess of the contour and the joints
of the convex chain. In fact, this holds in higher dimensjans, where convex chains
would theoretically generalize to convex polytopes andah@ogue to the ‘joints’ would
be intersection points of (hyper-)planes. On another na¢sy-based topg: query resolu-
tion [16,40[52] pre-materializes views with solutions ttieipated user queries. There
is an inherent connection between these problems in thgbihes’ are exactly the set of
interesting user queries and a materialized view for eaticfwmay be prohibitive) would
exactly service all users. Furthermokeregret ratio may provide a means of assessing the
impact of each materialized view. Exploring the inter-ceciions between these concepts
and problems could lead to fascinating and highly practiesiilts.
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