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ABSTRACT

The vertex separation of a graph is the minimum vertex separation of a linear
layout of that graph over all its linear layouts. A linear layout of a graph is an
arrangement of its vertices in a line and the vertex separation of a linear layout is
maximum number of vertices to the left of any intervertex “gap” that are adjacent
to vertices to the right of that gap, over all gaps. A unicyclic graph is a connected
graph with precisely one cycle that is, a tree plus an extra edge. We present a
O(nlgn) algorithm to compute the optimal vertex separation of unicyclic graphs.
The algorithm is “practical” in the sense that it is easily implementable. Further-
more, the algorithm outputs a layout for the unicyclic graph of minimum vertex

separation.
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Notation

We use without defining them, the following symbols to denote operations: “U”
denotes set union, “N” denotes set intersection, and “\” denotes set difference.
Besides that, “N”, “U”, and “—” denote operations on graphs, to be defined later.

We use curly brackets “{” and “}’ to denote sets. Parentheses “(” and “)” are
used for undirected graph edges, as in “(u,v)”, and for ordered sets too. Angle
brackets “(” and “)” denote either ordered tuples of different-type objects, e.g.
our notation for graph is “G = (V, E)”.

The center-dot “.” symbol denotes the operation list concatenation.

We write the names of computational problems in small capital letters, for
instance “PATHWIDTH”. The names of graph parameters are typed in small letter,
e.g. “pathwidth”.

By “n” we denote the number of vertices of the graph under consideration

unless we specify otherwise.



Chapter 1

Introduction

1.1 The Vertex Separation Problem

This thesis presents computational results on the graph theory problem VER-
TEX SEPARATION. It is equivalent to the well-known problem PATHWIDTH. The
concept of pathwidth of a graph was introduced by Robertson and Seymour in
[RS83] and [RS86] in a purely theoretical context, but turned out to be useful in
practice as well. Several computational problems that were apparently conceived
independently turned out to be equivalent to PATHWIDTH and thus to VERTEX
SEPARATION (see [Kin92] for the equivalence between PATHWIDTH and VERTEX
SEPARATION). Some of them are GATE MATRIX LAYOUT, introduced by Lopez
and Law [LL80], NODE SEARCH NUMBER, introduced by Kirousis and Papadim-
itriou (see [KP85] and [KP86]), INTERVAL GRAPH EXTENSION, introduced by
Fujisawa and Kashiwabara [FK79], and INTERvVAL THICKNESS [KP85]. EDGE
SEARCH NUMBER, introduced by Parsons [Par78], is also closely related to the
above. These ideas have arisen independently in seemingly unrelated areas, with

one thing in common: there is an underlying graph structure, and the goal is

to find a linear ordering of the vertices such that the graph with this ordering



is, informally, as thin as possible. In VLSI design, the MATRIX PERMUTATION
problem [M6h90] has a graph structure determined by the gates of a chip plus the
interconnections between them in a matrix-like arrangement, and the goal is to
find an ordering (permutation) of the gates which minimizes the width of the ma-
trix. Weinberger arrays, gate matrix layouts and programmable logic arrays are
architectures whose efficient implementation is related to MATRIX PERMUTATION
[M6h90]. In natural language processing, the graph structure is the dependency
graph of a sentence [KT92], and the linear ordering of its vertices is related to
the sequential manner in which the brain does the initial processing of a sentence
[KT92]. In computational biology, more specifically in generating physical map-
pings for DNA, an important problem is GENERATING PHYSICAL MAPPINGS IN
THE PRESENCE OF FALSE NEGATIVES which is equivalent to VERTEX SEPA-
RATION [GGKS95]. The linear ordering there comes from the linear structure of
the DNA molecule. Graph searching problems were initially non-discrete pursuit-
evasion problems of an intruder in a graph, independently investigated in the West
[Par78] and in the East [Pet82], [Pet83]. In them, the graph structure is part of
the definition of the problem, and the linear ordering of the vertices is related to
the sequential nature of time—since searching is a temporal process.

Our research is on the vertex separation of a class of graphs and that is why
the thesis has that name in its title. The survey chapter presents results on the
pathwidth, not vertex separation, of graph classes. The reason is that PATHWIDTH
is more widely known and we like to preserve the original name those researchers
used.

Besides being an interesting parameter itself, the vertex separation number
of a graph is important in one more way. Some problems that are NP-hard in

general are solvable in polynomial time when restricted to graphs of bounded



vertex separation (pathwidth, in the original formulation, for instance NETWORK
RELIABILITY and 2-EDGE-CONNECTED RELIABILITY [LMCO00]).

Computing the vertex separation number of a graph is computationally hard.
In fact, VERTEX SEPARATION is NP-complete even for rather resticted classes
of graphs, such as planar graphs with maximum degree three [MS88|, chordal
graphs [Gus93], and bipartite graphs [GGKS95]. Fujisawa and Kashiwabara were
the first to prove the NP-completeness for arbitrary graphs [FK79], using a formu-
lation that is close to MINIMUM INTERVAL THICKNESS. The NP-completeness
for the formulation of PATHWIDTH was proven first by Arnborg, Corneil and
Proskurowski [ACP87, Corollary 4.3.ii].

The NP-completeness of a computational problem is a very strong evidence
that it is intractable in general. No one has proved formally that NP-complete
problems are intractable, but it is something that practically all specialists in the
field believe: under the current conventional notions of what a computing device
is, it is impossible to compute on any conceivable physical computer the answer
to an NP-complete problem for large inputs that can easily arise in practice, e.g.
a graph with a thousand vertices.

A positive result on the pathwidth of general graphs was obtained by Ton
Kloks. He proves that PATHWIDTH is solvable in linear time for a fixed value of
the parameter [Klo94, Chapter 13]. That is, when k is constant, we can answer in
linear time whether the pathwidth of any graph is at most k. However, that does
not help our research because we investigate graphs such that their pathwidth is
not bound by any constant.

A lot of progress in terms of algorithms has been made on the exact compu-
tation of the pathwidth of some types of graphs, especially in the perfect graphs

hierarchy. Unfortunately, a lot of these algorithms are not feasible from a prac-



tical point of view, although they are polynomial-time. We call “practical” an
algorithm that can be implemented in software to produce results on a real com-
puter, in a reasonable amount of time. There are numerous algorithms that are
theoretically excellent but impractical, for instance the linear time algorithm of
Bodlaender and Kloks on graphs of bounded treewidth [BK96). At the moment
there are practical algorithms for the vertex separation of trees, interval graphs,
cographs, and, with the current work, unicyclic graphs.

Substantial progress has been made on the approximation of pathwidth [DKL87],
[GLY98], [BGHK95], [KB92], [BF00]. Approximation in the context of hard com-
putational problems (not restricted to graphs only) means the following. We
construct an algorithm that produces answer that is not necessarily optimum but
is guaranteed to be no worse than f(n) times optimal or f(n) plus optimal, where
f(n) is some function of n or a constant. It is known that pathwidth can not
be approximated within an additive constant of the optimum [DKL87], unless P
equals NP. However, it is not known whether pathwidth can be approximated

within a multiplicative constant of the optimum.

1.2 The Vertex Separation of Unicyclic Graphs

A unicyclic graph is a tree plus an extra edge. There is a linear time algorithm
for VERTEX SEPARATION on trees [EST94] which is practical and runs in O(n)
time. It is perhaps counterintuitive that adding just one edge to a tree makes it
considerably more difficult to find the vertex separation but our experience is that
that is indeed the case.

The algorithm that we propose for unicyclic graphs runs in time O(nlogn)
and uses the algorithm for trees as a subroutine. Prior to our algorithm it was

known that VERTEX SEPARATION is solvable in polynomial time on unicyclic



graphs. The fastest algorithm was the one of Bodlaender and Kloks [BK96] with
complexity, in case of unicyclic graphs, of Q(n'").

The motivation for the current work was constructing exact (not approximat-
ing), fast, practical algorithms for VERTEX SEPARATION on sub-planar graphs,
that is, classes of graphs that are proper subsets of planar graphs. As we said,
the problem is NP-complete on planar graphs which gives practically no hope for
such an algorithm on them. We discovered that constructing such algorithms is
extraordinarily difficult when one starts from first principles. After a considerable
time and effort, our opinion is that the presented algorithm on unicyclic graphs is
an important first step towards discovering such algorithms on cactus graphs and
even outerplanar graphs, which in turn may be starting points for algorithms on

more complex sub-planar graphs. We discuss that in the section on future work.

1.3 Contributions of This Thesis

As we already said, we present the first fast practical algorithm for VERTEX
SEPARATION on unicyclic graphs. Furthermore, the algorithm outputs a linear
layout on minimum vertex separation; that is, the algorithm is constructive.

Another contribution is the idea of layout reversal. To each linear layout
correspond one or more node search strategies. We prove that the reverse of a
search strategy using at most k searchers is a valid strategy as well and it uses
at most k searchers, too. A reversal of a layout is any layout corresponding to a
reverse search strategy.

We use extensively a concept that we call “extensibility”. The extensibility
of a layout or a graph is always with respect to one or two vertices. The natural
definition of extensibility associates the vertex with a specific direction in case

of one vertex, or each of the two vertices with a specific direction in case of two



vertices. Here, directions is either left or right. Using our results on reversability of
layouts, we prove that the extensibility property is independent on the directions;
that is, a layout is left-extensible with respect to a vertex u and a number k if
and only if there exists a layout that is right-extensible with respect to u and k,
and similarly for two vertices u and v.

A concept analogous to extensibility was used by Skodinis [Sko03]. However,
he uses it with respect to one vertex only. We discovered that extensibility with
respect to two vertices in opposite directions is essential for the efficient solving
of VERTEX SEPARATION on unicyclic graphs.

Our last contribution is the discovery and verification of a necessary and suffi-
cient condition for the extensibility of a unicyclic graph with respect to two cycle

vertices being at most k. The analysis has a complicated case, subcase structure.



Chapter 2

Common Definitions

2.1 Graph Theory Definitions

An undirected graph G = (V,E) is an ordered pair of two disjoint sets, a non-
empty finite set V whose elements are called vertices, and a possibly empty set E
of unordered pairs of vertices, each pair being called an edge. We consider only
undirected graphs, therefore when we say “graph”, we mean undirected graph.
The vertex set of G is denoted by V(G), and the edge set by E(G). If v and v
are vertices, and e = (u,v) is an edge, we say that u and v are the endpoints
of e, or the endvertices of e, and that u and v are adjacent. If e is an edge and
u is an endpoint of it, we say that e is incident with u. The parentheses in the
edge notation stand for an unordered pair, i.e. (u,V) is the same object as (v, u).
The edges of the graphs that we consider always have distinct endpoints: edges
of the form (u, 1) are not allowed. We do not consider “multiple edges” or “self
loops” because they do not affect graph parameter we are interested in, the vertex
separation.

On some occasions when G = (V,E) and uw € V, we write u € G. Strictly

speaking, this is an abuse of the “€” notation, as G is not a set of vertices, but,



if there is no ambiguity, we use that abbreviation.

The set of all vertices adjacent to u is denoted by adj(u). The degree of u is
deg(u) = [adj(u)].

When we say that a vertex u is adjacent to a set of vertices W, we mean that
u is adjacent to each vertex in W. If W = {wy, wy, ..., wq} C V, then adj(W) is
the vertex set (Uf_; adj(wi)) \ (UL, {wi}).

If G = (V,E) is a graph, then any graph Gy = (V;,E;), where V; C V and
E; C E, is called a subgraph of G, and we denote that by G; C G. If V; C Vor
Vi =V but Ey C E, then we call G, a proper subgraph of G. If V; is a vertex set
such that V, C V, the subgraph G, = (V3, E;), where E; = {{u,v} € E |u,v € V3},

is the subgraph induced by V.

Let G = (V,E) be a graph and Gy = (V;,E;) be a subgraph of G. To delete
Gy from G means to transform G into Gy = (V3 E;), where V; = V\ V; and
E; = {(u,v)|(w,v) € Eand V(x,y) € Ej,{x,y} N {u,v} = 0}. The result of
the deletion of G; is denoted by G; = G — G;. To remove an edge e from
G means to transform G into G3 = (V,E\ {e}). We write G3 = G —e. If
E, = {{u,z) € E|z € adj(u)}, then the graph G4 = (V \ {u}, E \ E,) is obtained

from G by deleting the vertex u, and we denote that by G4 = G — .

A path from uq to u, is a sequence p = uy, ey, Uz, €2,...,en_1, Uy of alternat-
ing vertices and edges such that for 1 < i < mn, e; is incident with u; and w;yy. If
U1 = U, the path is called a cycle. If no two vertices coincide, the path is called
simple, wy and u, are called the endpoints of p, and the remaining vertices are
the internal vertices of p. If u; and u, are the only two vertices that coincide,
the cycle is called simple. In this work, by “path” and “cycle” we mean simple
path and simple cycle, respectively. When we describe a path or a cycle, we do

not mention the names of the edges. The length of a path or a cycle is the number



of vertices in it. If p is a path, the length is denoted by [p].

A graph G is connected if either [V(G)| =1 or [V(G)| > 2 and there is a path
between any two of its vertices. If G is not connected, then the maximal connected
subgraphs of G are called the connected components of G. In a connected graph
G, a cut verter is a vertex whose deletion leads to more than one connected
components.

A connected graph with no cycles is called a tree. There is a unique path
between any two vertices of a tree. A connected subgraph of a tree is called a
subtree. Every vertex of a tree with degree one is called a leaf.

A tree in which one vertex, called the root, is distinguished, is called a rooted
tree. In a rooted tree, any vertex of degree one is considered to be a leaf, unless
it is the root. The root vertex is denoted by root(T). Let T be a rooted tree with
root v. The descendants of r are all the other vertices in T, and the descendants
of any non-leaf vertex u # 7 are all the vertices w such that u is on the path
between w and r. Leaf vertices have no descendants. The children of any vertex
v are all the descendants of v that are adjacent to v. For any vertex v in T, the
subtree rooted at v is the subgraph induced by v and the descendants of v; it is
denoted by “T[v]”. In the context of rooted trees, a subtree is always a rooted
tree and if a subtree contains 1 then it is the whole tree T. A subtree that does

not contain r is called proper subtree.

Definition 1 (unicyclic graph). A unicyclic graph is a connected graph with
precisely one cycle in it. We picture the unicyclic graph as a cycle uy,uz,...,uq
for some q > 3 plus a set of non-empty rooted trees called constituent trees
T, T2, ..., Tq, where wy = root(T;) for 1 < i < q. A unicyclic graph is shown
on Figure 2.1. O
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Figure 2.1: A unicyclic graph with constituent trees Ty, ..., Tg.

2.2 Vertex Separation and Node Search Number

2.2.1 Vertex Separation

A linear layout of a graph G = (V,E), or just a layout, is a bijective function
L: Vo {1,2,...,|V]]. For any layout L and vertex u, we define the separation

of uw under L to be
m(u) ={v e V|L(v) < L(u), and for some w € V,L(w) > L(u) and (v,w) € E}
The verter separation of G under L is

vsL(G) = max(fm (u)f)

and the vertex separation of G is

vs(G) = min{vs (G)|L is a linear layout of G}
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Any layout L such that vs  (G) = vs(G) is called optimal.

2.2.2 Searching and search number

A node search on a graph G = (V,E) is a cleaning of the edges of G, performed
according to the following rules. Initially, all the edges are contaminated. Then
they are cleaned by the search in discrete subsequent steps by either placing a
searcher on some vertex, or removing a seacher from some vertex that already had
a searcher on it. An edge becomes clean when both its endpoints have searchers
on them. At any removal of a searcher from a vertex v, if v is on a path p that
connects a clean part of G with a contaminated part and there is no other searcher
on p, then the clean part becomes contaminated again. In other words, recon-
tamination occurs immediately, at any opportunity, and can only be prevented by
the presence of searchers on any path between what has been cleaned and what
is contaminated. The goal of the search is to clean all edges of G with as few
searchers simultaneously used at any moment as possible. The smallest number
of searchers that can perform the cleaning is the node search number of G. Since
we do not introduce any other searching rules, we say “search” and “search num-
ber”, rather than “node search” and “node search number”. We denote the search
number of G by sn(G).

It is obvious that during any search, every vertex must get a searcher at some
moment. [t is much less obvious that every search that can be done with k
searchers, can be done with k searchers so that no vertex gets a searcher more than
once. That was proved by LaPaugh in an article called “Recontamination Does
Not Help to Search a Graph” [LaP93] for edge searching (edge searching is very
similar to node searching). Kirousis and Papadimitriou showed [KP86, Theorem

2.3, pp. 209], using LaPaugh’s result, that the same is true for node searching.
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In that context, recontamination is defined to be the phenomenon where during
a search, an edge that is clean at one moment becomes contaminated later on.
Since recontamination does not help, we consider only searches during which every

vertex gets a searcher exactly once.

2.2.3 A refinement of the definition of search — based on

the fact that recontamination does not help

If }V] =mn, a search S of G is a sequence of 2n moves, two moves for each vertex
— a positive move, which is associated with the placing of a searcher on that
vertex, and a subsequent negative move, which is associated with the removal of
this searcher. For any vertex u, we denote the positive move with ut, and the
negative move with u~. We denote the ordinals of u* and u~ within the search
S by ords(u*) and ords(u~), respectively, or simply ord(u*) and ord(u ), if it is
clear which search we have in mind.

If S is a search on G, we define the reverse of S as the sequence of 2n moves
which is the reverse permutation of S with the positive attributes changed to
negative and vice versa. We denote the reverse of S by S. In Section 4.2 on
page 30 we prove that S is a search.

An example of a graph, a search S, and the reverse S on it:

S=btata gtb dfctc d ftgetf e
S=efffe grf dictec dbtg ata b
Clearly, the number of searchers used by a search S at move number i is equal to

the difference between the positive and the negative moves up to and incuding it.
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2.3 Vertex Separation is Equivalent to Pathwidth

The equality between the pathwidth of a graph and its vertex separation was
shown by Kinnersley [Kin92]. In fact, she showed a deeper connection. Not only
are the two numbers identical, but there is a correspondence between optimal
layouts and path decompositions of minimum width. If G = (V, E) is a graph with
vertex separation k and [V| = n and L is an optimum layout of G, then we can
construct a path decomposition Xj, X3, ..., X, of width at most k by the following
simple rules. Xy ={L ")}, andfor2 <i<n, Xy = (L '(i—-1)U{L'(i)}. The
details of the proof are in [Kin92, Theorem 3.1]. The correspondence between the
two problems allows us to discuss only vertex separation, not pathwidth. Although
the problems are equivalent, we find it easier to present and grasp the ideas when

they are formulated in terms of linear layouts.

2.4 Vertex Separation is Equivalent to Search
Number Minus One

It has been proved that for any graph G, sn(G) = vs(G) + 1 [KP86, Theorem
4.1, pp. 216]. To establish this result the authors show that the order, from left
to right, of the vertices in any layout of separation k corresponds to the order of
the positive moves of some search with k + 1 searchers, and vice versa.

This allows us to make the following definitions. By the layout L of G cor-
responding to a search S we mean the layout of the vertices of G in the order of
their positive moves in S. And by a search S of G corresponding to a layout L
we mean any search of G, such that the order of the positive moves is the or-
der of the vertices under L, and the negative moves are such that the number of

used searchers at any moment, i.e. the difference between positive and negative
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moves, never exceeds vs  (G) + 1. This is achieved by removing searchers as soon
as they are not needed to seal off the dirty from the clean edges. Note that in this
sense a search determines the layout uniquely, while in general there are many
searches corresponding to a layout, because the order of the negative moves is not
completely determined by the order of the positive moves. The following picture

demontrates that: both Sy and S, are searches that correspond to the layout L:

a b
c d L= b,a,g,d,c,f,e
Si=btata gtb d ctcd ffg e f e
S;=btata grb drctd c ftg et e
Suppose that L is a layout of some graph G. A reversal of L is the layout that
corresponds to S, where S is any search corresponding to L. Continuing with

the last example, consider L;, the layout corresponding to S; and L, the layout

corresponding to S,. That is,
L] - e,f,g,d,c,b,a

L2:f)e>gvcvdab>a

Both L; and L, are reversals of L.



Chapter 3

Definitions And Conventions

That Are Specific To This Work

3.1 Trees and Unicyclic Graphs

For any rooted tree T with root v, the body of T is the possibly empty collection
of trees T — .

Let T be an unrooted tree, and p = uj,uy, -+ ,u, be a path in T. If we
remove the edges (uy, uz), (uz,us), ..., (Un_1,un) from T, we get a collection of
n trees Ty, Ty, ..., Ty. They are are called the constituent trees of T relative to p
and are considered to be rooted trees, with u; = root(T;) for 1 <1 < n.

Suppose that G is a unicyclic graph with a cycle s =uj,uy,...,uq, and {u,,
Uiy, ..., Wi} C {ur,uz,...,uq} for some p, such that 2 < p < q. Suppose the
constituent trees rooted at w;,, Wi,, ..., u;, are deleted from U. What remains is
a non-empty set of trees, called the arches of U relative to w;,,w,,...,u;,. For
example, consider the unicyclic graph on Figure 3.1. There are three arches of U
relative to u, v, and w, called Dy, D;, D3. The arches are outlined by dashed

lines.

15
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Figure 3.1: We outline the three arches Dy, D, and D3 relative to u,
v, and w.

3.2 Vertex Separation

Suppose that G is a graph and L is a layout for G. If for some u € G, |n(u)| =
vsL(G), we call u heavy under L, or simply heavy when it is clear which layout we
mean.

Let G = (V,E) be a graph with a layout L. For any u € V and v € m(u), we
say that v contributes to the separation of w.

Let L be a linear layout of G and p be a path in G. We say that a path
contributes to the separation of u if for at least one vertex v € p, v € mp(u).

For any u,v € V such that L{u) < L(v), we say that under L, u is left of v, and
v is right of u. Collectively, “left” and “right” are the two directions. Let w be
the rightmost vertex that is adjacent to uw under L. The vertex right(u) is defined
as follows: if L(w) > L(u), then right(u) is w, and otherwise right(u) is u. Thus,
right(u) is the leftmost vertex on the right side of u, to whose separation u does

not contribute.

Suppose that u,v,w,e V. If L(v) < L(u) < L(w), we say that u is between v



17

and w. If L(v) < L(u) and L(right(u)) < L(w), we say that w is surrounded by
v and w. Notice that in the latter definition, u may potentially coincide with w
when u = right(u).

Throughout this work, we think of a linear layout as a list of vertices, rather
than as a mapping. If G; = (V;, E;) is a proper subgraph of G, then the linear
sublayout, or simply the sublayout, of Gy under L, is the ordering of the vertices
from V; under L. Further, for a vertex u € V, we denote by “L —u” the list L
with u deleted from it, and the other vertices left in the same relative order. For a
set of vertices U C V, we denote by L — U the list L with all vertices in U deleted
from it, and the other vertices remaining in the same relative order.

If L = uj,uy,..., U, then an interval in L is a contiguous, possibly empty

subsequence i, W41, ..., w4 of L.

3.3 Extensibility of layouts and graphs

The following two definitions were proposed, in a similar formulation, by Skodi-
nis [Sko03] under the name “extendable”. Let G = (V,E) be a graph, and L be

layout of G. Let k be a positive integer.

Definition 2 (left-extensible layout). For any u € V, we say that L is left-
extensible with respect to k and u, if all vertices left of W have separation strictly
less than k, and the remaining vertices have separation less than or equal to k.
We denote that by “L is (k)-left(u)-ext”. If k = vsi(G), we say that L is left-

extensible with respect to u, denoted by “L is left(u)-ext”. O

Definition 3 (right-extensible layout). For any u € V, we say that L is right-
extensible with respect to k and u, if all vertices right of and including right(u)

are of separation strictly less than k, and the other vertices are of separation less
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than or equal to k. That is denoted by “L is (k)-right(u)-ezxt”. If k = vsi(G), we

say that L is right-extensible with respect to u, denoted by “L is right(u)-ext”. OJ

Observation 1. If L(u) = 1, then L is left-extensible with respect to w. If L is
(k)-left(u)-ext and L is modified by placing u at the leftmost position and keeping
the relative order of the other vertices, the modified layout is still (k)-left(u)-ext.

O

The second claim is evident, but, if in doubt, consider the vertices to the left
of u in the original L, and observe that their separation may indeed increase by
at most one after u is moved, but the resulting layout still conforms to Defini-
tion 2. Observation 1 allows us to assume without loss of generality that any
left-extensible with respect to u and k layout L starts with u.

Theorem 2 on page 32 implies that there exists a (k)-left(u)-ext layout of G
if and only if there exists a (k)-right(u)-ext layout of G. In other words, the
extensibility property with respect to a vertex is reversible. Therefore, we can

make the following definition.

Definition 4. If L is (k)-left(u)-ext or (k)-right(u)-ext, we say that L is k-
extensible with respect to u, denoted by “L is (k)-(u)-ext”. When k = vs  (G),

we say that L is extensible with respect to u, denoted by “L is (u)-ext”. O

If G has a layout L that is extensible in a certain way, we say that G is
extensible in that way, too. When we say that G is not extensible in a certain

way, we mean that there is no layout of G, extensible in this way.
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3.4 Stretchability With Respect to a Pair of Ver-
tices

Definition 5 (stretchable layout). Let u and v be two vertices from L, not nec-
essarily distinct. Let Ty be the possibly empty interval [L" (N,...,L7(L{u) -1 )]
and I, be the non-empty interval [right(v),...,L"(lVl)]. Let Jy be the possi-
bly empty interval [L"(]), oL LTH(L(v) — 1)] and J, be the non-empty interval
[right(w),...,L7'([V])]. We say that L is k-stretchable with respect to u and v if

at least one of the following holds

e the separation of any vertex in L is at most kK minus the number of intervals

from Iy, T, that it is in;

e the separation of any verter in L is at most k minus the number of intervals

from J1, J> that it is in.

In the former case, we say also that u is associated with the left direction and v

with the right direction, and in the latter case we say the opposite. d

By Theorem 2 on page 32, there is a k-stretchable with respect to u and v
layout for G where u is associated with the left direction and v, with the right
direction, if and only if there is a k-stretchable with respect to u and v layout for
G where v is associated with the left direction and u, with the right direction.
Therefore, when we talk about a k-stretchable graph with respect to two vertices,
we do not associate the vertices with directions, since there exist layouts for either
case.

We denote the fact that G is k-stretchable with respect to u and v by “G is
(k)-{u,v)-stretchable”. Similarly to Observation 1, if L is a k-stretchable with

respect to u and v layout where u is associated with the left direction, we can
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modify L by placing u at the leftmost position and keeping the relative order of

the other vertices — the modified layout is still (k)-(u, v)-stretchable.



Chapter 4

Earlier Results On Vertex

Separation

Our algorithms are stated in terms of vertex separations and linear layouts. There
are several lemmas on separation and extensibility that are used in the justification
of all our algorithms, e.g. the reversibility of layouts and extensible layouts, that
we prove now. Also, we describe the O{n) algorithm of Ellis, Sudborough, and
Turner [EST94], which we call “the EST algorithm”, for the vertex separation of
trees, and its modification [EMO04] that outputs in linear time an optimal layout

as well.

4.1 The EST Algorithm

Their algorithm is based on the following theorem:

Theorem 1 ([EST94], Section 3.1, Theorem 3.1). Let T be a tree and k > 1.
vs(T) < k if and only if for all vertices x in T at most two of the subtrees induced

by x have vertex separation k and all other subtrees have vertex separation < k—1.

g
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The authors of the EST algorithm use the phrase “induced by a vertex” with
the non-traditional meaning of “remaining after the vertex is deleted”. Informally,
it is “at most two”, because in the linear ordering of the vertices there are two
directions relative to each vertex.

The theorem has an important immediate consequence:

Corollary 1 ([EST94], Section 3.1, Corollary 3.1). vs(T) > k if and only if

there exists a vertex which induces > 3 subtrees T' such that vs(T') > k. O

Let T be a rooted tree. By root(T) we denote the root vertex of T. If w € T, by
T[u] we denote the subtree of T rooted at u. Let 1 = root(T ), and wy, up,...,ux €
T,u; #rfor 1 <1i<k. Then “T[r,u;,uy,...,ux” denotes the rooted tree with

root T that remains after the deletion of T[w], T[uw,l, ... Tlu from T. That is,

Thrw,ug, .o wd = (T=Tw)) = Thg) ... — Tlud)

If T is an unrooted tree and u € T, by T[u] we denote the rooted tree, obtained
from T by choosing u to be the root.

The EST algorithm and its analysis use the concept of criticality of a tree. Let
T be a rooted tree of separation at least k with root r. A vertex x € T that may
or may not be the root is k-critical if vs(T) = k and x has two children u, v, such

that vs(T[u]) = vs(T[v]) = k. Because of Theorem 1, it follows immediately that
e for every other child w of x, vs(T[w]) < k, and
e none of T[u] and T[v] can have a k-critical vertex.

A separation k tree T is critical if it has a k-critical vertex. Otherwise, T is non-
critical. Note that criticality is a property of rooted trees. This is illustrated on

Figure 4.1, where choosing a to be the root yields a critical tree, and choosing b
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An unrooted tree T, vs(T) = 2.

T[a] is critical.

T bl is not critical.

Figure 4.1: Criticality is a property of rooted trees.

to be the root yields a non-critical tree. On the Figure, the minimum subtrees of
separation 2 are outlined by dashed lines.

The EST algorithm on trees uses a bottom-up approach, for each vertex u
computing the separation of T[u] from the separations of the subtrees rooted at
children of uw. The final answer is the separation number computed at the root
1. In the progress of the algorithm, each vertex gets a label which describes the
subtree rooted at it. Here we introduce the labels informally; a formal definition
follows. Each label is a non-empty list of elements, where each element is a tuple
of a non-negative integer and a flag that can have two values: “critical” and
“non-critical”. The largest integer in the label of vertex u is equal to the vertex

separation, say k, of T[u].

e If T[u] is not critical, the label of u has only one entry, namely k with flag

“non-critical”.

o Otherwise, T[u] has a k-critical vertex v. Then the first label element is k
with flag “critical” and it corresponds to T[v]; the remainder of the label,
if any, correspond to T[u,v]. Thus, if v = u, the label of u has only one
element, namely k, with flag “critical”. If v # u, the label of 1 contains more

than one element, the first being k with flag “critical” and the remainder
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describing the tree T[u] — T[v] in the same way.

4.1.1 The Modified EST — Optimal Linear Layouts of Trees

The EST algorithm does not construct layouts. The article suggests another
algorithm for the layouts [EST94, Section 3.5], but it runs in time &(nlogn).
Linear time algorithms that compute both the separation number and an optimal
layout were proposed in [Sko03] and [EM04]. Here we discuss briefly the latter
one, which is an extension of the EST algorithm. An additional data structure,
a list of layouts, is maintained. Each label element has a corresponding layout in
the layout list, and each vertex of the tree belongs to exactly one layout from that
list. A vertex u is called singular under a layout L when 7y (u) = {u}. Here is the

formal definition of label from [EST94), plus the definition of layout list:

Definition 6. For any tree T[u], the label A is a list of integers (a;,az,...,ap)
for some p > 0, where a3 > a; > -+ > a,, such that there ezxists a set of vertices

{vi,va, ..., v} in T, such that:

o vs(T[ul) = ay,

o for1 <i<p,vs(Tu,vi,va,...,vil) = ais1,

o for 1 <i<p,v;isan ai-critical verter in Tu,vy,va,...,vi1],

oV, =1,

o The last integer a, has a flag that indicates whether Tlu,vi,...,vp 1] s

a,-critical or not.

We write the said flag with an apostrophe ( ') . For example, if A is (9,6,5)

then subtree associated with element 5 is not 5-critical.
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Definition 7. A layout list £ for Tu], where A = (a3, az,...,a,) s the label, is

a list of layouts (Ly,Ly,...,L,), such that
o for 1 < i< p, L is an optimal layout for T[vi,
o for 1 <i<vp, v is singular in L,

o If Tlu,v,vy,...,vp1l is not critical, then L, is left-extensible, or right-

extensible, or both, with respect to the root u.

Furthermore, each label element a; has a pointer to the corresponding singular

verter v; in Ly, for 1 <i<p. O

4.1.2 Methods for Constructing Tree Layouts

Let T be a tree with v = root(T). Let r have children uy,u,,...,uqy. Call T; the
subtree Tluy), for 1 < i < q. The article [EM04] proposes five methods for the

construction of a layout with certain properties L for T out of layouts of subtrees:

Method 1. Given a layout Li of T; for 1 <1 < q, such that vsy, (T;) < k—1, the
output 1s:

LZT',L],Lz,...,Lq

The resulting layout L is both (k)-left(r)-ext and (k)-right(r)-ext, which follows

immediately from the definitions. The root v is singular in L.

The ordering of the layouts Ly, L, ..., Lg, is not important. The construction

is illustrated on Figure 4.2.

Method 2. Given a (k)-left(uq)-ext layout Ly of Ty and for 2 <1 < q a layout

Li for T; such that vsy (Ti) < k—1, the output is a layout L for T:

L=r115Ls,..., L L
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Figure 4.2: Method 1.

The resulting L is (k)-left(r)-ext, which follows from the definitions. The Toot T is

singular in L.

The construction is illustrated on Figure 4.3.

Figure 4.3: Method 2.

Method 3. Given a (k)-right(uy)-ezt layout Ly of Ty and for 2 <1< q a layout

L; for T; such that vs (T;) < k — 1 the output is a layout L for T:

LZL],u,Lz,L3,...,Lq

The resulting L is (k)-right(r)-ext, which follows from the definitions. The root v

s singular in L.

The construction is illustrated on Figure 4.4.

Method 4. Gwen a (k)-right(uy)-ext layout Ly for Ty, a (k)-left(u,)-ext layout

L, for Ty, and for 3 < i < q a layout Ly for T; such that vsy (T;) < k — 1, the
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Figure 4.4: Method 3.

output is a layout L for T:

L:L],u,L3,...,Lq,L2

L has separation at most k. If vsi,(Ty) = k and vsi,(T;) = k then L is neither
(k)-left(r)-ext nor (k)-right(r)-ext, that is, not extensible with respect to k and .

The properties of L follow from the definitions. The root v is singular in L.

The construction is illustrated on Figure 4.5.

L, T L3 Lq L,

Figure 4.5: Method 4.

Method 5. There is a vertez u # v in T, such that vs(T[u]) = k and we are
given an optimal layout L, of T[ul, such that u is singular in L,. Further, we are
given a layout Ly of T[r,u} of separation at most k — 1. The part of L, that is
strictly to the left of u is called L), and the part that is strictly to the right of u

is called L], i.e. L=1L/,u,L. The output is a layout L for T:

L=L/,uLL"
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L has separation k. Furthermore, if vsy;, = k and vsy» = k then L is not extensible
in any direction with respect to neither v nor w. Vertex u is singular in L, while

T 1s not singular.

The construction is illustrated on Figure 4.6.

L{l u L] L{l’

N /

Figure 4.6: Mustrating Method 5. The root 1 is somewhere in Ly, not
necessarily adjacent to u. In general, there are several connecting edges
between u and the vertices from L]}

4.1.3 Computing Separation and Layout Lists Simultane-

ously

We discuss briefly, without justifications, how separation numbers and layouts of
trees are computed by the modified EST algorithm [EM04]. The computation
starts from the leaves, each leaf is marked as having separation number 0 and an
optimal layout that is just this leaf.

For any non-leaf node u with children vy, v, ..., vq, we are given labels A; of
T{vil, and layout lists L; of T{v], for 1 <1i < q. Recall that each label is a list of
numbers, where each label element is marked as critical or non-critical.

Each label element in A; has a corresponding layout — an element in the layout
list L;.

Suppose the maximum element over all labels is m.

The computation is done by scanning the labels A, Az, ..., A; from smaller
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to larger values, and proceeds according to the number of labels that contain a
particular value k. The algorithm is building a label A of T{u], and a layout list
L of T[u]. When counting how many labels contain k, A must be considered too,
unless A is the only label containing k. In the latter case, no action is taken. Let
A denote the set of labels {A1,A;,...,Aq,A}. Let T* denote the subtree of T[ul
that is obtained by deleting all subtrees that correspond to label elements in A,
A2, ..., Ag, that are strictly greater than k. Thus, at the end of the k™ iteration,
A is the label of T*. Suppose that L* denotes the layout list of T¥, and L is a
variable of type layout. Both the EST and its modification consider the following

six cases.

Case i. There are at least three labels in A that contain value k. Then vs(T¥) is

k+1,and A:= ((k+1)). L is constructed by Method 1 and Lk is set to L.

Case ii. There are precisely two labels in A containing value k, and at least one of
these elements is marked as critical. Then vs(T*) is k+1, and A := ((k+1)").

L is constructed by Method 1 and L* is set to L.

Case iii. There are precisely two labels in A containing value k, and none of
these elements is marked as critical. Then vs(T¥) = k, and A := (k). L is

constructed by Method 4, and L* is set to L.

Case iv. There is exactly one label in Ay, A, ..., Aq containing k, this element is
marked as critical, and A contains k, i.e., vs(T* 1) = k. Then vs(T¥) = k+1,

and A := ((k+1)'). Lis constructed by Method 1 and L* is set to L.

Case v. There is exactly one label in Ay, A, ..., A4 containing k, this element
is marked as critical, and A does not contain k, i.e., vs(T*') < k. Then

vs(T*) =k, and A := (k). A. In this case, none of Methods 1 through 5 is
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invoked. Lk is set to L*.L*}' where L* is the layout associated with the

mentioned one label.

Case vi. There is exactly one label in A;, A, ..., A4 containing k, this element
is marked as non-critical. Then vs(T¥) is k, A := (k/). A (k)-left(u)-ext
layout L~1 and a (k)-right(u)-ext layout L~2 are constructed by Method 2 and

Method 3, respectively, and L¥ is set to {I: , fz}.

After running the EST algorithm we get a label (a4, az,...,a, 1, a,), and a layout
list (Ly,L5,...,L,1,L,). We can obtain a layout L of T of separation a; by
applying Method 5, (p — 1) times [EMO04], scanning the label and layout list from
the bottom to top. Method b inserts L, right after v,_; in L,_;, and so on, until
the obtained layout of T[v,,v;] is inserted in L; right after v;. The repeated

application of Method 5 is called nesting procedure.

4.2 Reversibility of Layouts

Lemma 1. Suppose that G = (V,E) is a connected graph and S is a search on
it. Then'S is a search on G as well. Furthermore, S uses the same number of

searchers as S.

Proof:

By induction on |V!. For |V| =1 the claim holds. Assume that it holds for any
graph of n vertices, n > 2. Consider any connected graph G = (V, E) such that
[Vl =n + 1. Let S be any search on G. Then S uses k searchers for some k,
2 < k < n. Let u be any vertex from V, such that the deletion of u from G yields
a connected graph G;. Let S be obtained from S by deleting both ut and u™. It
is obvious that Sy is a search on G;. By the inductive hypothesis, St is a search

on Gj.
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Assume that S is not a search on G. It is clear that, if S is a search, under both
S and S every edge of G has two searchers at its endpoints at some moment. So,
each edge of G is clean, at some moment, under S. Then the assumption that S is
not a search implies that recontamination occurs under S. Consider ordg(u ). If
every edge incident with u is clean at that moment, then S is a search because Sy
is a valid search. Then, our assumption implies that there exists an edge incident
with u that is contaminated just before the move ordg(u™). Call this edge (u, x),
for some x € G;. Next we examine the three possible placements of ordg(x*) and
ordg(x ™), with respect to ordg(u~). Remember that ordg(x™) < ordg(x™), since

ordg(x") < ords(x™).

e ordg(x™) < ordg(u~). We conclude that adj(x) \ {u} # @, and that for some
vertex z € adj(x), z # u, the edge (x,z) is contaminated under S at the
move ordg(x~). Then the edge (x,z) is contaminated under S, at the move
ordg-(x7). So, there is recontamination under Sy, contrary to the inductive

hypothesis.

e ordg(x*) < ordg(u™) < ordg(x™). Under this relative placement, x has
a searcher on it when the searcher from u is removed. This makes it is

impossible (u,x) to be contaminated just before the move ordg(u™).

e ordg(u) < ordg(x*). This placement of moves under S implies ordg(u*) >
ords(x~). In other words, in S vertex x loses its searcher before u gets a
searcher. So, the edge (u,x) is not cleaned by S, which contradicts the

assumption that S is a search.

Then S is indeed a search of G whenever S is a search. It is easy to see that S

and S use the same number of searchers. O
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Corollary 2. Suppose that G = (V,E) is a connected graph and L is a layout for
it. Suppose that U is a reversal of L. Then vs; (G) < k implies that vsp(G) < k

and vice versa. O

Observation 2. Suppose that G = (V,E) is a connected graph. Suppose that u
and v are two not necessarily distinct vertices from V. Suppose that a and b
are two new vertices that are not from V. Suppose that Gy is the graph Gy =
(VU {a,b},E U {(u,a), (v,b)}).

Then, G has a layout L that is k-stretchable with respect to w and v where u
is assoctated with the left direction and v is associated with the right direction, if

and only if the layout Ly = a,L, b for Gy has separation at most k. O

Theorem 2. Suppose that G = (V,E) is a connected graph. Suppose that w and
v are two not necessarily distinct vertices from V. Then G has a layout that is k-
stretchable with respect to w and v where u is associated with the left direction and
v with the right direction, if and only if G has a layout that is k-stretchable with
respect to w and v where u is asociated with the right direction and v is associated

with the left direction.

Proof:
Suppose that L is a layout that is k-stretchable with respect to u and v where u is
associated with the left direction and v with the right direction. By Observation 1,
assume that L starts with u.

Suppose that a and b are two vertices not from V. Suppose that G; is the
graph Gy = (V U {a,b}, E U {(u, a), (v,b)}). Suppose that L; = a,L,b. Call z
the last vertex in L. By Observation 2 we know that vs;, (Gy) < k. As L starts

with u, we have
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Suppose that S; is a search corresponding to L;. By the result of Kirousis and
Papadimitriou [KP86, Theorem 4.1, pp. 216], we know that S; uses at most k+ 1

searchers. S; has the form

only negative moves

Assume without loss of generality that in Sy the last three moves are b*,z7,b™:

Suppose that L; is the layout for Gy corresponding to S;. By the result in

[KP86] we know that vs;—(Gi) < k. It is clear that L; has the form

I_1=b,z, ......... , @

Suppose that L is a layout for G obtained from T; by deleting the vertices a
and b. Thus,

L,=bLa

Recall that by construction b is adjacent to and only to v, and a is adjacent
to and only to u. Now apply Observation 2 and conclude that L is a k-stretchable
with respect to w and v layout for G, such that v is associated with the left

direction and u is associated with the right direction.

The proof in the other direction can be done completely analogously. O



Chapter 5

The Vertex Separation of

Unicyclic Graphs

5.1 A Classification of Trees

The results in [EST94] suggest the following classification of the rooted trees of a

given separation k into four classes. Suppose that T is a rooted tree of separation k.
e First suppose that T is non-critical.

o If there is no child u of root(T), such that vs(T[u]) = k, we say that T

is type NC, which stands for “non-critical”.

o If there is a child u of root(T), such that vs(T[u]) = k, we say that T
is type N'CB, which stands for “non-critical, buried”. In Lemma 3 we
show that every tree of type NCB must have a unique subtree T; of
type NC. The subtree Ty is the minimum subtree of T of separation
k. That is the motivation for the “buried” part of the name—there is

a minimum subtree of separation k, which is “buried inside” T.

34
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e Now suppose that T is critical, and the k-critical vertex is w. Then u has
two children v and v,, such that vs(T[v{]) = vs(T[vs]) = k. By Theorem 1,

T[vi] and T[va] do not have a k-critical vertex, so they are of type NC or
NCB.
o If u =root(T), we say that T is type C, which stands for “critical”.

o If root(T) is not the k-critical vertex, we say that T is type CB, which

stands for “critical, buried”. O

5.2 Lemmas on the Vertex Separation of Trees
and General Graphs

These are original results that are used in the justification of the algorithm on

unicyclic graphs.

Lemma 2. Suppose that T is a separation k rooted tree with root v that is of type

NC. Then T has a layout that is both (k)-left(r)-ext and (k)-right(r)-ext.

Proof:

The desired layout is constructed by Method 1. 0]

Lemma 3. Let T be a rooted tree with root v, let vs(T) =k > 1, and T be of type
NCB. Then there ezists ezactly one vertex w € T such that vs(T[w]) = k and
Tiw] is of type NC.

Proof:
Label each vertex in T with the separation of the subtree rooted at it. Let D be
the subgraph of T induced by the set of vertices which are labeled by k. D is

non-empty as T and exactly one child of r are in it. Note that every leaf of T is
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labeled by 0. Also note that along the path from r to any leaf of T the major
elements of the labels can not increase. Therefore, D must be connected. So D is
an unrooted tree, and T is a leaf. Note that any vertex in T that has the subtree
rooted at it of separation k and of type NC is a leaf of D different from 7.

We claim that D is a path. If D is not a path, T would be of separation > k.

So D is a path and T is one endvertex of it. And w is the other endvertex of D.

4

Lemma 4. Let T be a rooted tree with root v and vs{T) = k. If T is of type NCB,
then T has an optimal layout L that is (k)-left(v)-ext such that v is singular in it,
and an optimal layout 1" that is (k)-right(v)-ext such that v is singular in it, but

no layout that is both (k)-left(r)-ext and (k)-right(r)-ext.

Proof:

Let the children of v be vi,v,,...,vq. Without loss of generality, let vi be the
child of r such that vs(T[vi]) = k. As T is of type NCB, by Lemma 3 there exists
a unique vertex w such that vs(T[w]) =k and T{w] is of type N'C. Note that w
is in T{v;) and may possibly coincide with vy. Throughout this proof we call “p”

the path between v and w.

e We prove that L’ exists by induction on |p|.

Basis: |p| = 1. Then w coincides with v; and T[vy] is of type NC. By

Lemma 2, the desired layout L’ exists.

Inductive Hypothesis: Assume that for some number t, for all cases

where |p| < t, L’ exists.

Inductive Step: Let |[p| = t + 1. Then in T{w] the path from v; to
w is of length t, so the inductive hypothesis holds and there is an optimal

(k)-left{r)-ext layout of T[vq]. The desired L’ is constructed by Method 2.
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e We prove that L” exists by induction on [p|.

Basis: [p| = 1. Then w coincides with vy and T[vq] is of type NC. By

Lemma 2, the desired layout L" exists.

Inductive hypothesis:  Assume that for some number t, for all cases

where |p| < t, L” exists.

Inductive Step: Let [p| = t+ 1. Then in T[vy] the path from v; to
w is of length t, so the inductive hypothesis holds and there is an optimal

(k)-right(r)-ext layout of T[v¢]. L” is constructed by Method 3.

e Assume there exists an optimal layout L of T that is both (k)-left(r)-ext
and (k)-right(r)-ext. Let L; be the sublayout of T[v;] under L. There exists
a vertex a in T[vy] that has separation k under L;. Note that r does not
contribute to 7 (a). If a is left of T under L, then L is not left-extensible.
Then a must be right of r. Vertex a can not be between r and right(r),
because then T would contribute to the separation of a, making it > k.
And a can not be right of or coinciding with right(r), because then L is not

right-extensible. The assumption has to be false. U

Lemma 5. Let G = (V,E) be a connected graph, vs(G) =k, and k > 1. Let V;,
V2, V3 be a partition of V, and G1, G,, G3 be the subgraphs of G induced by Vi,
V3, V3, respectively, such the Gy and G, are connected, and vs(Gy) = vs(G2) = k.
Let any vertez from V3 be connected to any vertex from Vy by a path that is vertez-
disjoint with V,, and to any vertex from V, by a path that is vertex-disjoint with
Vi. Let L be any optimal layout of G. Then L has exactly one of the following
forms, L' or L":

L'=13, a1, L., o3, L5 (5.1)
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or

L7 =12, o, L7, o, L (5.2)

where
e [ and Ly denote intervals that consist of vertices from Gy only,
e [; and LY denote intervals that consist of vertices from G, only,

e « is the rightmost heavy vertex from Gy in case 5.1, oy is the leftmost heavy
vertex from G, in case 5.1, o) is the rightmost heavy vertezx from G in case

5.2, and o is the rightmost heavy vertex from Gy in case 5.2,

e (applicable to case 5.1 only) L. denotes the interval of L that is between

oy and o,

e (applicable to case 5.2 only) 1. denotes the interval of L that is between

of and of.

Proof:
Let L; be the sublayout of Gy under L and L, be the sublayout of G, under L.
Let vi € Vi be the leftmost vertex in L, and v, € V; be the leftmost vertex in
L,. Without loss of generality, let v; be left of v; under L. By the premises of this
lemma, there is a separation k vertex from V; under L; and there is a separation
k vertex from V; under [;. We call the rightmost such vertex from V;, «j, the
leftmost such vertex from V,, &}, and prove that L has the form L' from case 5.1.
First we prove that o is left of &5. Assume the opposite. There is a path
p from vy to «f, and this path is vertex-disjoint with G,. Under the current
assumptions v; is left of ;. Then the separation of «) must be > k, because
|7, (&) = k and, under L, some vertex from p contributes to the separation of

o additionally.
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Now we show that left of ] there are only vertices from V;. Assume the
opposite. Then there is a vertex w € (V,U V3) left of «]. By the premises of this
lemma, w is connected to o} by a path p that is vertex-disjoint with V;. Then the
separation of o} must be > k, because |m, («])] = k and, under L, some vertex
from p contributes to the separation of «; additionally.

Right of o, there are vertices from V, only. Assume the opposite. Then there
is a vertex z € (V37U V3) right of o). By the premises of this lemma, z is connected
to aj by a path p that is vertex-disjoint with V,. Then the separation of «} must
be > k, because |m, ()] = k and, under L, some vertex from p contributes to
the separation of a; additionally.

Then all the vertices from V3 are between o and «., and L is of the form L’

from case 5.1. O

Lemma 6. If T is a rooted tree of separation k and root v, and T s critical, then
in any optimal layout of T there is a heavy vertex left of v and a heavy vertex

right of, or coinciding with, right(r).

Proof:
Let L be an optimal layout for T. Call u the critical vertex in T and call T; and
T, the two separation k subtrees rooted at children of u. Lemma 5 implies that
L starts with vertices from Ty and finishes with vertices from T,, or vice versa.
Assume L starts with vertices from Ty. Lemma 5 further implies that there is a
heavy vertex o from Ty such that left of it there are only vertices from Ty, and
there is a heavy vertex o from T, such that left of it there are only vertices from
T,. The Lemma also implies that r is between «] and o.

Now observe that since o; has separation k under the sublayout of T,, T cannot
contribute to its separation under L. It follows that o« cannot be between r and

right(r). The desired result follows. O
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Corollary 3. Suppose that T is a rooted tree with root v and vs(T)=k. If T is

critical then T is not extensible with respect to . O

Having in mind the above corollary on one hand and Lemmas 2 and 4 on the
other hand, we see that a rooted tree is extensible if and only if it is not critical.

Thus we get a complete structural characterisation of extensibility on trees.

Lemma 7. Let G be a connected graph of verter separation k > 1. Let Gy, Gz, G3
be connected, pairwise vertex-disjoint subgraphs of G, each one of them of vertez
separation at least k, such that between any two Gi, G; there is a path that is

vertez-disjoint with the third one Gy. Then the vertex separation of G is at least

k+1.

Proof:

Let L be an optimal layout of G, and L; be the sublayout of G; under L, for
i=1,2,3. In each L; there is a vertex u; such that |mr¢, (u;)| < k. Without loss
of generality, let u; be between u; and u3 under L. By the premises, there is a
path between u; and u3 that is vertex-disjoint with the vertices of G,. Therefore,

It (ug)] > k. O

Lemma 8. Let T be an unrooted tree, vs(T) = k. Let w; and u,, be two distinct
vertices in T, and the path between them be p = uqy, Uy, ..., Wy Let Ty, To, ..., Ty
be the constituent trees relative to this path. Let T[w,] be k-critical and vy be the
k-critical vertex in it, and T{u,] be k-critical and v, be the k-critical vertex in it.
Then either precisely one Ti{ui] 1s k-critical, in which case vy = vy, this vertex is
in Ty, and the other consituent trees have separation less than k, or precisely two
distinct Ty, T; have vertex separation k and are of type NCB, in which case vy is

the root of one of Ty, Ty and vy, is the root of the other one.
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Proof:
Case i, vi = v,

For some i, 1 <1 <mn, vi =v, is in T;. Clearly, T; is k-critical within both
Tluq) and Tlu,), and so Ti[w] is k-critical. The fact that the other constituent
trees must be of separation less than k follows from Corollary 1 and the separation
of T being k.

Case ii, vi # v

We prove that v, and v, are vertices from p. First we show that if v; and
vn, are distinct they are in distinct T;, T;. Assume that v; # v,, and both are in
the same T;. Notice that the parent-child order within T; is the same within both
Tiuy) and Tluw,].

If vi and v, have a common ancestor in T; that is distinct from any of them,
then there are four distinct subtrees in T; that have separation k. If one of vq, v,
is an ancestor of the other one, there are 3 distinct subtrees in T; of separation k.
In both assumptions, by Corollary 1, vs(T) > k, which contradicts the premises.

So, vi and vy, are in distinct trees T; and Tj, respectively. Again, note that the
parent-child relations within T; are the same for both Tu;} and T[u,.]. The same
holds for T;. In T[u4] there are two distinct subtrees of separation k, call them
T; and T, rooted at children of v;. At least one of them, say Ty, is a subtree of
Ti. In Tu,l, there are two distinct subtrees of separation k, call them T, and T;,
rooted at children of v,. At least one of them, say T, is a subtree of T;.

We show that vi = root(T;). Assume that v; # root(T;). Then both T; and
T{ are in T;. Then, with respect to the parent of root(T;) and root(Ty), there are
three induced subtrees of separation k, and by Corollary 1 this implies vs(T) > k.
In an analogous way we prove that vy, = root(T;). Furthermore, both T; and Tj

are of type N'CB, as they contain T{ and T, respectively. O
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The following definition is applicable only under the premises of Lemma 8.

Definition 8 (heavy subtrees relative to a path). In Case i of the proof of
Lemma 8, the critical vertez in T;w], namely vi = vn, has two children, such that
the subtrees rooted at them are of separation k. These two subtrees are the heavy
subtrees relative to p. In Case ii of the proof, both w; and u; have a unique child
within Tiw] and T;[wl, respectively, such that the subtree rooted at that child is of

separation k. These two subtrees are the heavy subtrees relative to p in Case ii.

O

Note that the heavy subtrees relative to a path are vertex-disjoint with it.

Lemma 9. Let T be an unrooted tree, and wy, W, be distinct vertices in it. Let the
path between them be p = uq, Uy, ..., U,. Let the constituent trees of T relative to
this path be Ty, Ty, ..., T, Wy = root(T;). Let, for each T, either vs(T;) < k —1
and T; be of any type, or vs(T;) = k and T; be of type NC. Then there ezists
a layout L of T of separation at most k, such that L(uw;) < L(u,), and L is

(k)-(uy, W, )-stretchable.

Proof:

We construct the desired layout. For each constituent tree T; we construct an
optimal layout L;. Furthemore, if vs(T;) = k then we construct L; using Method 1
so that it is both (k)-left(u;)-ext and (k)-right(u;)-ext. Consider the following
layout L for G:

LZL]»LZ)"-)LTI

Consider any vertex z in any L;. If |, (z)] < k then |mp(2)] < k. If @, (z)| = k
then note that L; is both (k)-left(u;)-ext and (k)-right(w;)-ext, therefore in this
case w; € 7, (z) and so |7y, (z)| = |m(z)[. It follows that vsi (T) < k. To see that

L is (k)-(uq, un)-stretchable, consider the properties of Ly and L. d
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Figure 5.1: A diagram U in Lemma 10.

5.3 Lemmas on the Vertex Separation of Uni-
cyclic Graphs
These are original results that are specific for unicyclic graphs.

Lemma 10. Suppose that U is a unicyclic graph and L is a layout for it of
separation k. Suppose that the leftmost vertex under L is & and the rightmost one
18 w. Suppose that o« and w belong to different constituent trees, called Ty and
T,, respectively. Suppose that vy = root(T,) and v = root(T,). Suppose that U’
denotes U minus the bodies of Ty and T,. Suppose that L’ is the sublayout of U’

under L. Then, L' is (k)-(ry, r2)-stretchable.

Proof:

First observe that vs;:(U’) < k. Then call the path from « to 1, py, and call the
path from 1, to w, p,. Because of py, the separation of all vertices from U’ that
are left of vy under L’ is smaller by at least one relative to their separations under
L. Likewise, because of p;, the separation of all vertices right of or coinciding
with right(r2) under L’ is smaller by at least one relative their separations under

L. The situation is illustrated on Figure 5.1.
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Vs S V2
L. '«_‘ .-O

Va o O v,

Figure 5.2: A schema of the relative placement of u;, ..., us in U in
Lemma 11.

The desired result follows by immediate application of the definition of stretch-

able layout. d

Lemma 11. Suppose that U is a unicyclic graph whose cycle has at least five ver-
tices. Suppose that for five cycle vertices wy, uy, ..., us, the respective constituent
trees Tluy], Tlual, ..., Tlus] are of separation at least k and of type NCB, C, or
CB. Thenvs(U) > k+ 2.

Proof:
Let L be any layout for U. For 1 < i < 5, T{uy] has a proper subtree D; of
separation at least k. This follows from the definitions of tree types NCB, C, and
CB. Let L; be the sublayout of D; under L, for 1 <1 < 5. Let v; be a vertex from
D; such that [, (vi)] > k. Without loss of generality, assume that the relative
placement of ui, ..., us in the cycle is as shown in Figure 5.2.

Consider all the possible relative placements of vq, ..., vs, in L. There are 120

possibilities, but it suffices to consider the following cases:

v V2 V3 Vs Vs (5.3)
V1 A/ V3 V2 Vs (54)

V1 Vs V3 vy \ (5.5)
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These cases are sufficient, because one vertex has to be in the middle and the
remaining set of 4 vertices can be partitioned into 2 sets of 2 vertices each in 3
different ways. Without loss of generality, let v3 be in the middle. Our proof
relies on two vertex-disjoint paths, each one having one endpoint left of vz and
the other endpoint right of v3. Therefore, the relative order of the two vertices on
the left of v;, for instance vy and v; in 5.3, is not important for the purposes of
our proof. Likewise for the relative order of the two vertices right of v3. It also
does not matter which group of two vertices is to the left of v3 and which to the
right. For instance, in 5.3, we could have chosen v4 and vs to be left of vz and v,
and v, to be right of vs.

Consider case 5.3. There is a path p; from vy to vs and a path p; from v, to vy,
such that py and p; are vertex-disjoint, and both are disjoint with D3, therefore
no vertex from any of them contributes ot the separation of v3 under L3. Having
in mind that |7, (v3)] > k, we conclude that |mr (v3)] > k + 2.

In cases 5.4 and 5.5, the desired result follows likewise. In both cases, there is
a path p; that is between vy and v, and a path p; between v4 and vs, such that
p1 and p; are vertex-disjoint, and both are disjoint with D3. We conclude that in

both cases, |t (vs3)] > k + 2. O

Lemma 12. Let U be the unicyclic graph containing four constituent trees of
separation (k — 1), each of type NCB, C, or CB. Let L be a separation k layout
for U. Then the leftmost and rightmost vertices in L are in two distinct separation

(k — 1) trees.

Proof

We call the four mentioned trees the heavy trees. We establish that if the leftmost
and the rightmost vertices, say « and w, of L are not both in distinct heavy trees,

then vs  (U) > k + 1.
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Figure 5.3: A diagram of U in Lemma 12. The assumption is that none
of Ty, T3, T3 contains any of « or w.

Suppose only one or neither of o and w is in a heavy tree. Then there are at
least three heavy trees, without loss of generality say T, T,, and T3, containing
neither o« nor w. Let [; be the sub-layout for T; under L, for 1 <1 < 3. Let the
arches of the cycle relative to the roots of Ty, T, and T3 be Dy, D>, and D3. See
Figure 5.3 that shows the structure of U.

Let h; be a vertex in T; distinct from the root, such that |7, (hy)| > k —1, for
1 <1 < 3. Without loss of generality, let h, lie between h; and hz in L. By case
analysis we show that two paths pj, pz, mutually disjoint and each disjoint with
T,, exist which pass over h; in L, and that therefore vs; (U) > k + 1.

Taking symmetry into account, we need to consider only three cases:

® o and w are in the same D;. No matter which D; is that, there is a path
between o and w confined to that Dj, and there is another path between

h; and hg, disjoint with the first one.
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e xis in D; and w is in D;. Then the two paths are one between o and w

through D, 12, and D3, and the other one between h; and hz through Ds.

e isin Dy and w is in D3. Then the two paths are one between « and hjs
through D4, 1, and D3, and the other one between h; and w through Ds.
O

Lemma 13. Let U be the unicyclic graph containing three constituent trees of
separation (k — 1), each of type NCB, C, or CB. Let L be a separation k layout
for U. Let « be the leftmost and w be the rightmost vertex in L. Then at least

one of o and w s in one of the mentioned separation (k — 1) trees.

Proof
Assume the contrary and apply exactly the same reasoning as in the proof of

Lemma 12 to derive a contradiction. O

In Lemma 14, Lemma 15, and Lemma 16, we use the following assumptions. U is
a unicyclic graph and two of the constituent trees T, T; are single vertices 1; and T;
from the cycle. T' and T” are the arches of U relative to m;, vj. The cycle vertices
a and b are the vertices of attachment of r; to T’ and T", respectively. The cycle
vertices ¢ and d are the vertices of attachment of r; to T’ and T”, respectively.
Figure 5.4 shows the general naming convention we will use.

Assuming that all of a, b, c, and d as shown on Figure 5.4 exist and are
distinct, consider the four pairs of vertices from {a, b, c, d}, such that one vertex
is from T’ and the other one is from T”. The two pairs a,b and c,d are called

the same side pairs, and the two pairs a, d and b, c are called the opposite pairs.

Definition 9 (complementary extensibilities in unicyclic graphs). Under

the notation from Figure 5.4, when vs(T') = vs(T"), we say that T' and T" have
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/

Figure 5.4: A diagram of U in Lemmas 14, 15, and 16.

complementary extensibilities if both T' and T" are extensible when rooted at the

vertices from any of the opposite pairs. O

Lemma 14. Under the mentioned assumptions, suppose that vs(T') = vs(T") =
k—1. Suppose that both T' and T" are not extensible when rooted each at a vertex

from a same side pair. Then there is no (k)-(vi,v;)-stretchable layout for U.

Proof:

Recall that not extensible is equivalent to critical for rooted trees. Without loss
of generality, assume that T'[a] and T”[b] are critical and there is a layout L for
U that is (k)-(rj, rj)-stretchable, such that 7 is associated with the left direction
and 15 with the right direction. Assume that L starts with r; and let v be a vertex
not in U.

Construct the unicyclic graph U; by adding v to U, connecting v to and only
to ;. Let Ly be a layout for Uy such that Ly = L,v. Clearly, vs, (U;) < k. Let
L’ be the sublayout of T’ under L and L, and L” be the sublayout of T” under
L and Ly. Since T'[a] is critical, by Lemma 6 there is vertex a; € T', such that
L'(aq;) < L'(a) and |my (a1)] > k — 1. Likewise, there is a vertex b, € T”, such

that L"(b;) < L”(b) and |ny~»(by)] > k — 1. There are six possible placements of
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ai, a, by, b under L:

b, b a a (5.6)
by ar b a (5.7)
by a a b (5.8)
q@ b b a (5.9)
a; by a b (5.10)
a a b, b (5.11)

Recall that under L; the leftmost vertex is r; and the rightmost vertex is v. In
case 5.6, because of the edge (r;, a), r; is in 7ty (a;). However, r; is not in 71/ (ay).
Additionally, a vertex from the path b,...,d,;,v that is not in 71/(q;), is in
mr(a;). Therefore, |7 (a;)] > k + 1. Analogously, in case 5.11, the edge (1, a)
and the path a,...,c,1;,v cause | {b)| > k+ 1.

In cases 5.7 and 5.8, the path by,...,b and the edge (T, a) cause |7 (a;)| >
k 4+ 1. In cases 5.9 and 5.10 path ai,...,a and the edge (7i, a) cause |7 (by)} >

k+1. 4

Lemma 15. Suppose that U has a (k)-(ri,1;)-stretchable layout 1, vs(T') =
vs{T") = k — 1, at least one of T'la] and T'[c] is extensible, and at least one
of T"[b] and T"[d] is extensible. Then T' and T” have complementary extensibil-
1ties.

Proof:

The contrapositive claim of Lemma 14 is that if U has a (k)-(r;, 1j)-stretchable
layout then both T’ and T” cannot be not extensible when rooted each at a vertex
from a same side pair. The remaining possibility is that T’ and T” are extensible

when rooted each at a vertex from an opposite pair. O
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Lemma 16. Suppose that vs(T') = k — 1 and both T'[a] and T'[c] are critical.
Suppose that Ty and T, are the heavy subtrees relative to the path from a to c.
Suppose that L is a (k)-(ri, 15)-stretchable layout for U. Then there are vertices
2y and z; in T', each laying in a distinct tree from Ty and T,, such that, under L,
all the vertices of (T' —Ti) — Ta, all the vertices of T”, and the vertex from 1, T;

that is associated with the right direction, are between z; and z;.

Proof:

Suppose that in L, 1; is associated with the left direction and r; is associated with
the right direction. Suppose that L starts with r; and let v be a vertex not in U.
Construct the unicyclic graph Uy by adding v to U, connecting v to and only to
;. Let Ly be a layout for Uy such that L; = L, v. Clearly, vst, (U;) < k. Consider

the path py =1;,b,...,d, 75, vin Uy:

Call L’ the sublayout of T’ under L and L;. Because of py, vsi/(T') < k. That is,
L’ is optimal.

Apply Lemma 5 on page 38 to T', with Ty as Gy from the Lemma, T, as G;
from the lemma, and (T’ — Ty) — T, as G3 from the lemma, and conclude that [’
has either the form 5.1 or the form 5.2, as defined in Lemma 5. Define z; and z;

to be the following vertices:
e if L’ is of form 5.1, then z; is ] and z; is o;

o if L' is of form 5.2, then z; is &) and z; is «f.
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In any event, L(z;) < L(z2), all the vertices of (T’ — Ty) — T, which includes a

and c, are between z; and z,, and |7/ (z1)] = I (22) =k — 1.

We prove that if any vertex from T” is not between zy and z, then vst, (Uy) > k.

So far we have established the following placement under L;:

I.]:T'i,...,Z],...,a,...,C,...,Z)_,...,V

where a may be right or left of c. We start with two observations:

e T; contributes to the separation of z; under L. But 1r; does not contribute
to the separation of z; under L’ as 1; is not in T'. Therefore, |7, (z1)] > k

because of the contributions of vertices from T; and ;.

e Vertex ¢ is connected to v by the path ¢, 7;,v and no vertex from {c,1;,v}
is in 7/ (z). It follows that |, (z2)] > k, because of the contributions of

vertices from T’ and {c, 1;}.

Assume that there is a vertex x € T” that is left of z; or right of z,, under L.

First assume that x is left of z;:

That x is connected to v by the path x,...,7;,v. This path is vertex-disjoint
with both T’ and r;, and we already established that |7tr, (z1)| > k because of the
contributions of vertices from T’ and ;. It follows that |7t(, (1) > k.

Now assume that x is right of z,:

| N 2 TN « Y S S WU

Note that 7; is connected to x by a path that is vertex-disjoint with both T’ and
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{c, 7). As we already established, vertices from the latter two cause |m, (z2)] > k.
Then |7, (z2)] > k.

So, all vertices of T" are between z; and z,. We prove that if 1; is not between z,
and z; then vsy, (U;) > k. Assume that T is between z, and v. We demontstrated
that |7r, (z2)] > k due to the contribution of vertices from T’ and {c, r;}. The latter
result was proven without considering the relative placement of z; and Ty, so it
holds when 1; is between z; and v. But vertex d, which has to be between z; and
Z3, is connected to T1;, thus additionally contributing at least one to the separation
of z,. Thus |m, (z;)] > k.

If r; is between 1; and zy, a similar argument yields that |m, (z1)] > k. a

Corollary 4. Let vs(T') = k — 1, and both T'[a] and T'[c] be critical. Suppose
that U is (k)-(ri,73)-stretchable. Then in T", relative to the path from b to d,

all constituent trees are either of separation < k — 1, or of separation k — 1 and

type NC.

Proof:

A diagram of U is shown on Figure 5.5.

Figure 5.5: A schema of U for the proof of Corollary 4.
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Suppose that L, U; and L; have the meaning from the proof of Lemma 16. Clearly,
there can be no constituent tree of separation bigger than k — 1 in T”. Assume
that there is a constituent tree in T” whose root, call it 7., has a child such that
the subtree rooted at it, call it T,, is of separation k — 1. Let L, be the sublayout
of Tx under L;. Under L, there is a vertex h € Ty, such that |, (h)| =k — 1. By
Lemma 16, there are z;,z, € T’ such that all the vertices from T” are between z;
and z,. Then there are two vertex-disjoint paths in U, namely p; = 1;,b,...,d,
1;,v and p; = z1,..., 2y, that have one endpoint left of h and the other endpoint

right of h, and these paths are vertex-disjoint with 7t (h). Then |7, (h)| > k.

Corollary 5. Under the premises of Lemma 16, suppose that the two heavy sub-
trees relative to the path from a to c are in the same constituent tree T, that is of
type CB. Suppose T, is the root of Tm, f is the critical verter in Tn[rm], and U*
is W—TIf]. Then the sublayout L* of U* under L is (k — 1)-(ry, 1;)-stretchable.

Figure 5.6: A schema of U in Corollary 5.

Proof:
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A diagram of U is shown on Figure 5.6. Since f € T,, and f # 1, deleting TIf]
from U leaves the cycle intact, i.e., U* is a unicyclic graph.

Suppose that U; and Ly have the meaning from the proof of Lemma 16. Call
U3 the unicyclic graph obtained from U* when v is added. Call L} the sublayout of
U3 under L;. Notice that if vsi- (U7) < k—1, then L* is (k—1)-(ri, 13)-stretchable.
Our goal is to show that vsi: (U7) <k —1.

The vertices of U} are v, 7i, 7j, the vertices from T”, and the vertices from
T' — Tif]. But Imes (v)] = 0 and |m« (13)] = 1, so consider the other mentioned
vertices. By Lemma 16, we know that under L, and thus under Ly, all the vertices
from (T’ — T;) — T, and thus all the vertices from T’ — T[f], all the vertices from
T”, and 1j, are between some z; € Ty and z; € T,. Because of the path from z;
to z; which is disjoint with U3, the separation of any of them under L3 is at most

k—1. a

5.4 The Unicyclic Stretchability Problem

In this section we assume that U is a unicyclic graph such that two distinct cycle
vertices 1; and 1 are of degree two. We give necessary and sufficient conditions for
U to be (k)-(ri,1;)-stretchable. We follow the naming convention of the previous
section: we call T' and T” the arches of the cycle relative to r; and 7, and the
vertex names a, b, ¢, and d are assigned as shown in Figure 5.7, which is identical
to Figure 5.4.

Of course, one (but not both) of T" and T” may be empty, but we consider
the general case when both are non-empty, a # ¢, and b # d. The reader will
see that our results can easily accomodate the special cases of one of T, T” being
empty, etc.

We assume without loss of generality that
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Figure 5.7: A schema of U in Section 5.4.

e vs{T") > vs(T").

e In the case that vs(T') = vs(T"), if one of T’, T” is critical with respect to
one or both of a or c, or b or d, whichever is applicable, and the other one is
not critical with respect to any of a or ¢, or b or d, whichever is applicable,

it is T’ that is the critical tree.

e In the case that vs(T') =vs(T"), if one of T', T" is critical with respect to
both of a or ¢, or b or d, whichever is applicable, and the other one is not
critical with respect to both a or ¢, or b or d, whichever is applicable, it is

T’ that is the critical tree with respect to both vertices.

On the topmost level we consider three cases: vs(T') = k, vs(T’) < k— 1, and

vs(T') =k~ 1.
Case 1: vs(T') =k.

Lemma 17. In this case, no (k)-(ri, 1;)-stretchable layout for U exists.

Proof:
Assume there exists a layout L for U that is (k)-(r;, rj)-stretchable. Without loss
of generality, assume that L starts with r; and is (k)-right(rj)-ext. Call L’ the

sublayout of T’ under L. Then there is a vertex w € T', such that |7/ (w)| = k.
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Now assume that v is a vertex not from U and U; is obtained from U by
adding v and connecting v to and only to r;. It is easy to see that vsi, (U) < k
by the definition of stretchable layout. Call p the path in U; from r; to v that
avoids T'. There has to be a vertex from p that is not in 7/ (w) but is in 7, (w).

Thus, |7, (w)| > k, contrary to the earlier conclusion that vsp, (U;) < k. O
Case 2: vs(T') <k-—1.
Lemma 18. In this case, a (k)-(ri, 15)-stretchable layout for U ezists.

Proof:
Given that L’ is a layout of separation at most k — 2 for T’ and L” is a layout
of separation at most k — 2 for T”, the construction suggested by Figure 5.11 on

page 60 yields a (k)-(ri, 1;)-stretchable layout for U. O

Case 3: vs(T’) = k—1. We consider two subcases: either both T’[a] and T’[c]
are critical, or at least one of them is not critical.

Case 3.1: Both T’[a] and T'[c] are critical. By Lemma 8, applied to T’ with
the path a,...,c, and our knowledge of types of critical trees, we can have three

situations:

e The critical vertices in T'[a] and T’[c] are different. Then there are precisely

two, separation k — 1, constituent trees of type NCB within T'.

e The critical vertex in T'[a] and T’[c] is the same and in T’ there is a single,

separation k — 1, constituent tree, which is of type C.

e The critical vertex in T'[a] and T’[c] is the same and in T’ there is a single,

separation k — 1, constituent tree, which is of type CB.

In the first two possibilities, the critical vertex in T'[a] and in T’[c] is a root of a

constituent tree, 7.e. a vertex from the path a,...,c. In the third possibility, it
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5.8.1: The critical vertices in T’[a] and 5.8.2: The critical vertices in T'[a] and
T'[c] are different. T'[c] are the same.

Figure 5.8: Illustration of Case 3.1.1.

is not from the path a,...,c. Therefore, we treat the first two possibilities in the
same way, and so we classify into Case 3.1.1 and Case 3.1.2 as follows.
Case 3.1.1:  The critical vertex in T'[a] and in T'[c] is in the path a,...,c.

Figure 5.8 shows the two possibilities, covered by this case.

Lemma 19. In this case, there exists a (k)-(ri, 13)-stretchable layout for U if and
only if either vs(T") < k—2 orvs(T") = k—1 and T" does not contain separation

k — 1 constituent trees of type NCB, C, or CB.

Proof:
First assume that U is (k)-(ri, vj)-stretchable. By Corollary 4, all constituent trees

in T" are either of separation < k — 1, or of separation k — 1 and type NC.

In the other direction, assume that vs(T"”) = k — 1 and T” does not contain
separation k — 1 constituent trees of type NCB, C, or CB. We demonstrate a
(k)-(r;, 15)-stretchable layout for U. We consider only the possibility shown on

Figure 5.8.1; the reader will see the solution for the possibility from Figure 5.8.2.
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Let us consider the unicyclic graph from Figure 5.8.1 in more detail — see Fig-

ure 5.9.

Figure 5.9: A detailed view of the unicyclic graph from Figure 5.8.1.

By Lemma 9, there is a (k — 1)-(b, d)-stretchable layout L” for T”. D; cannot
contain constituent trees of separation k — 1 and type different from ANC, so by
Lemma 9 it has a (k — 1)-(x,y)-stretchable layout L,. Both D;[u] and D3[v] are
separation k — 1, type NCB trees, so by Lemma, 4 there is a (k — 1)-right(u)-ext
layout Ly for Dy and a (k — 1)-left(v)-ext layout L3 for D3. Then the layout for

U from Figure 5.10 has separation at most k. a

Case 3.1.2:  The critical vertex in T'[a] and in T'[c] is not in the path q,...,c,
i.e. there is a separation k — 1, type CB constituent tree in T’. Assume the

naming convention of Corollary 5 and Figure 5.6 on page 53.

Figure 5.10: The optimal layout from Lemma 19.
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Lemma 20. In this case, there ezists a (k)-(vi, 15)-stretchable layout for U if and

only if U* is (k — 1)-(vy, 15)-stretchable.

Proof:
If U is (k)-(7i, 15)-stretchable, then by Corollary 5, U* is (k—1)-(v;, 7;)-stretchable.
In the other direction, suppose that L* is a (k — 1)-(ri, 1j)-stretchable layout
for U* where 7; is associated with the left direction and 7 is associated with
the right direction. Without loss of generality, suppose that L* starts with r;;
say that [* = 7;,'. Suppose that L is an optimal layout for T[f], such that
vertex f is singular in it. Say that LT = L}, {, Lf. The following layout L for U is
(k)-(ri, 15)-stretchable:

L=m, L, f, 115

Case 3.2: At most one of T'[a] and T'[c] is critical.

e If none of them is critical and vs(T") = k—1, by the premises, none of T"[b],
T"[d] can be critical, so T’ and T” have layouts that are complementary and

the construction shown on Figure 5.11 yields the desired layout for .

e If none of them is critical and vs(T"”) < k — 1, the said construction yields

the desired layout for U again.
So, assume that one of T’[a] and T'[c] is critical.

Lemma 21. In this case, there exists a (k)-(ri, 15)-stretchable layout for U if and
only if either vs(T") < k—2 or vs(T") =k—1 and T’ and T" have complementary
extensibilities.

Proof:

First assume that vs(T”) <k —2 or vs(T”) =k —1 and T’ and T” have comple-

mentary extensibilities. Further, let us assume that it is T'[c] that is not critical
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and, in case that vs(T”) = k—1, that T”[b] is not critical. Then there is a (k—1)-
-right(c)-ext layout L’ for T' and a (k — 1)-left(b)-ext layout L” for T"”. Then the

layout shown on Figure 5.11 is a (k)-(r;, 1;)-stretchable layout for U.

Figure 5.11: A (k}-(r;, 7j)-stretchable layout for U in Case 2 and Case
3.2 of Lemma, 18.
In the other direction, suppose that L is a (k)-(ri, 1;)-stretchable layout for L.

If vs(T") = k—1, by Lemma 15, T" and T” have complementary extensibilities.

O

5.5 Computing Vertex Separation and Optimal
Layout of Unicyclic Graphs

The unicyclic graph we consider is U, with a cycle ¢ = 11,72,..., T, and con-
stituent tree Ty, Ty, ..., T, where v = root(T;), for T < s < p. The computation
comprises two stages. As a preprocessing, we compute a label and a layout list for
each constituent tree, and the type of each tree. It is straightforward to modify the
algorithm in [EMO04], so that it determines the type of the tree as well. Another
modification of the tree algorithm is necessary: we need the layout lists of the
constituent trees, not necessarily their optimal layouts, so the nesting procedure
is not invoked at the end. Then we remove an edge e of the cycle and obtain

a tree Tyy. We choose e as follows: if there are two or more constituent trees of
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maximum separation, choose e arbitrarily among the cycle edges. Otherwise, :.e.
when there is a unique constituent tree T; of maximum separation, e is chosen
arbitrarily among the two cycle edges that are incident to root(T;).

We apply the modified EST algorithm to Ty, and obtain its separation number
k and a layout list. Since adding one edge to any graph can not increase the vertex
separation by more than one, vs(U) is either k or k+ 1. We propose an algorithm
that takes as input the unicyclic graph with the labeled cycle vertices, and k, and
outputs vs{U), plus an optimal layout of U. Note that deleting different edges
ey, e; of the cycle may lead to trees of different separations k; and k;, where
k1 — k| = 1, so the input k is not uniquely determined by U solely, but by the
choice of e as well.

U is classified according to k and the labels of the constituent trees:

Case i There is exactly one constituent tree of separation k and it is critical.

Case ii There are three or more constituent trees of separation k and none of

them critical.

Case iii There are exactly two constituent trees of separation k and none of them

is critical.
Case iv There is exactly one constituent tree of separation k and it is not critical.

Case v There are no constituent trees of separation k.

There no other possibilities. Note that, by Lemma 7, if one of the constituent trees
were k-critical, and another constituent tree, critical or not, were of separation k,
vs{Ty) would be at least k + 1. In the remainder of the section we analyse each
case.

Also, note that we can construct a separation k layout Ly, for Ty, and this Ly is

a layout for U as well, because U and Ty have the same vertex sets. So, whenever
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we discover that vs(U) = k + 1, i.e. vs(U) = vs(Ty) + 1, it is the case that
vsr, (U) =vsp (Tu) + 1, and so Ly is an optimal layout for U as well. Therefore,

we explain how to construct optimal layout for U only when vs(U) = k.

5.5.1 Case i

Let the constituent critical tree of separation k be T; with root r;, and the k-
critical vertex in it be u. Recall that in this case, the deleted cycle edge in the
preprocessing is incident with ;.

Suppose that r; = u, t.e., T; is type C. Then vs(U) = k, which we prove by
demonstrating a layout of separation k. Let T’ be the tree U —T;. It has to be the
case that vs(T’) < k: if vs(T') = k, then in Ty, 1; is a vertex that induces three
subtrees of separation k, which implies vs(Ty) > k+ 1. Figure 5.12 illustrates the

structure of U. T' and T? are the subtrees of separation k. Let L; be the optimal

Figure 5.12: Case i, when r; = u.

layout of T;, as computed by the preprocessing. As T; is type C, its layout list
has only one list entry, namely L;, and 7; is singular in L;. Let LI*® be the part

of L; that is strictly left of 1, and L78" be the part of L; that is strictly right of
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Tl TZ
Figure 5.13: Case i, when r{ # u.

1;. Compute an optimal layout L’ of T’, using the labels and layout lists of the
constituent trees in T'. Then the following layout of U is of separation k:
L=Lf L, Ly
— = y 1
Suppose that r; # u, i.e., T; is type CB. Let Uy = U — T;[u]. Note that U,

is a unicyclic graph. Figure 5.13 illustrates the structure of U, T' and T2 are the

subtrees of separation k.

® If vs(U;) < k—1, then vs(U) = k. We show that by constructing a layout
of U of separation k. Let Ly be an optimal layout of U;. Let L, be the entry
in the layout list of T; that corresponds to T;[u]. Let L'*® be the part of L,

that is strictly left of u, and L'8" be the part of L, that is strictly right of

u. Then the following layout of U is of separation k:

left ight
L=L"u L, L®
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o If vs(U;) > k, then vs(U) =k + 1 by Lemma 7. O

5.5.2 Case i1

By Lemma 7, vs(U) =k + 1. O

For the remaining three cases, we use the following approach. Either we deduce
immediately that vs(U) =k + 1 or vs(U) = k, or identify a set T of constituent
trees. Then we do the following iteration over a number of pairs of trees from 7
substitute both trees by single vertices 1; and 13, run a procedure that returns “yes”
if the modified U has a (k)-(ri, 1;5)-stretchable layout, and “no” otherwise; in case
of a positive answer, U has separation k, we output an optimal layout and stop,
otherwise we restore U and continue with the iteration. If the iteration finishes

with a negative answer from the procedure, we conclude that vs(U) =k + 1.

5.5.3 Case iii

Let the two constituent trees of separation k be T; and T, with roots T, 1j,
respectively. We substitute the tree T; by a single vertex, the root r;, and we
substitute T; by a single vertex, the root ;. The resulting graph is unicyclic,

which we call U*.

Lemma 22. In this case, U has a layout L of separation k if and only of U* has

a layout L* that is (k)-(1i, 15)-stretchable.

Proof:
Suppose that L* exists. Since none of T, Tj is critical, there is a (k)-right(r;)-

-ext layout L; of T; and a (k)-left(r;)-ext layout L; of T;. Let L* = L* — 7, and
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L; = L — 1. The following layout L of U is of separation k:

I—:I—i)F)E

In the other direction, suppose that U has a layout L of separation k. By Lemma 5,
applied to U with T; as Gy, T; as Gz, and (U —T;) — T; as Gs, it follows that the
leftmost vertex o in L is from one of T;, T;, and the rightmost vertex w in L
is from the other one of T;, T;, Without loss of generality, assume that o € T;
and w € T;. Consider L*, the sublayout of U* under L. By Lemma 10, L* is
(k)-(ri, 15)-stretchable. O

So, in Case iii we test whether U* is (k)-(r;, 1j)-stretchable. If yes, we output
that vs(U) = k, and the proof of Lemma 22 suggests how to construct an optimal

layout for U. If no, vs(U) =k + 1.

5.5.4 Case iv

Let the constituent tree of separation k be T; with root ;. Let the constituent
trees of U of separation k — 1 and type NCB, C, or CB be {T',T2,...,T9}, with
1* =root(T*), for 1 < s < q. Let L; be a (k)-right(r;)-ext layout for T;, let L® be
a (k)-left(r)-ext layout for T®, and let U* denote U minus the bodies of T; and

TS, for 1 <s <q.

o If g =0, vs(U) = k. To see why, apply Lemma 9 to the tree U — T; to
conclude that its separation is < k— 1. Suppose that Lisa layout for U—T;

of separation < k — 1. The layout L = L;, L for U has separation at most k.

e If =1, vs(U) =k. To see why, call T’ and T” the two arches of the cycle

relative to r; and 7', and suppose the naming schema of Figure 5.14 holds.



66

Figure 5.14: The unicyclic U’.

Assume that T’ and T” are non-empty; if that is not the case, it is easy to
see how to modify the following argument. By Lemma 9, T’ has a layout
L’ that is (k — 1)-(a, c)-stretchable and T” has a layout L” that is (k — 1)-
-(b, d)-stretchable. Then the layout shown on Figure 5.15 is a (k)-(r;, 7')-

_stretchable layout L' for U'.

Figure 5.15: The layout Lt

Having L;, L~], and L', we construct a separation k layout for U in a way

completely analogous to Case iii.
Suppose that q = 2.

Lemma 23. In this case, vs(U) = k if and only if there exists a (k)-(r;,7")-
-stretchable layout for U' or a (k)-(vi, 12)-stretchable layout for UZ.

Proof:
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Suppose that the arches relative to 1;, r' and 12 are called Dy, D,, and D3,

and that the names are assigned as suggested by Figure 5.16.

Figure 5.16: The unicyclic graph from Lemma 23.

If there exists a (k)-(1i, r')-stretchable layout for U’ or a (k)-(r;, r%)-stretchable
layout for U2, then a construction completely analogous to Case iii will do
to obtain a separation k layout L for U. It remains to show the implication

in the other direction.

Suppose that L is a separation k layout for U. We first show that either
the leftmost vertex of L, say «, or the rightmost vertex of L, say w, is in
Ti. Assume the contrary — namely, that o« € T; and w ¢ T;. Call L; the
sublayout of G; under L. There is a heavy vertex h in L; by the premises.
Then, under L, this h must have separation more than k because of the path

from « to w, which contradicts our previous assumptions.

Assume that & € T;. The argument till the end of the proof is easily modified

to accomodate the other possibility, namely w € T;.

If we TMor w € T2 the desired result follows from Lemma 10. So, assume
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that w is in some D;. Call 1; the cycle vertex such that the constituent tree
rooted at 1; contains w. Call T and T” the two arches of the cycle relative
to r; and 1;. Call U the unicyclic graph obtained from U be deleting the
bodies of T; and T;. By Lemma 10, we know that the sublayout L of U under

L is (k)-(r;, 15)-stretchable.

Next we show that it can not be the case that vs(D;) = k — 1 for all i.

Assume that all D; have separation k — 1.

o Suppose that 7j is in D,. Observe that both T’ and T" have separation
k — 1, and their extensibilities are not complementary according to
Definition 9. To see that they are not complementary, assume the
naming convention of Figure 5.4 on page 48 with the current my, 1j,
T, and T” corresponding to the ones there. It should be clear that
both T'[c] and T”[d] are (k — 1)-critical and therefore can not have
complementary extensibilities. Then Lemma 14 implies that U cannot
be (k)-(ri, 1;)-stretchable.

o Suppose that r; is in Dy or D3. Then, one of T’ or T” has a vertex z
that lies in T' or in T2, such that z the induces three separation k — 1
trees. It follows that vs(T’) = k or vs(T”) = k, by Theorem 1. Then,

by Lemma 17, U cannot be (k)-(ry, 13)-stretchable.

So, indeed, not all D; can be of separation k— 1. Now we show that neither
T! nor T? can be critical. Assume that at least one of them is critical and,

without loss of generality, assume that is T

o Suppose that 7 lies in Dy or D3. Then, one of T’ or T” has a vertex
z that lies in T, such that z induces three separation k — 1 trees.

It follows that vs(T’) = k or vs(T”) = k, by Theorem 1. Then, by
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Lemma 17, U cannot be (k)-(ri, 1;)-stretchable.

o Suppose that 7; lies in D, and T is type CB. Call f the critical vertex
in T'[+']. Call X the unicyclic graph u— TU[f]. Given that U is (k)-
-(7y, 15)-stretchable, by Corollary 5 it follows that X is (k — 1)-(vi, 1j)-
-stretchable. In X, call T” the arch relative to r; and 7; that contains
T2. But in this arch there is a separation k — 1 constituent, so the
whole T” must be of separation at least k—1. Then Lemma 17 implies

that X cannot be (k — 1)-(ri, 1j)-stretchable.

o Suppose that 7; lies in D, and T' is type C. In X, call T’ the arch rel-
ative to 1; and T that contains T' and T”, the other arch. Call a and
c the vertices from T’ that are adjacent to r; and 1j, respectively. Ap-
ply Corollary 4 and conclude that U cannot be (k)-(ri, mj)-stretchable,
because both T'[a] and T’[c] are (k — 1)-critical, and T” contains a

constituent, namely T”, of separation k — 1 and type not NC.

So, indeed, none of T', T2 can be critical.

Now assume that vs(D;) < k—1. We claim that U? is (k)-(r;, ?)-stretchable.
Call T’ the arch that contains T'. Then T” is D3. As vs(D;) < k —1 and
T! can be of separation less than k — 1 or k — 1 but not critical, it follows
that vs(T') < k — 1. Furthermore, T'[c] can not be (k — 1)-critical as D,
can only contain constituent trees of separation less than k —1 or k — 1 and
type NC. And T” = Djs can be of separation less than k — 1 or k — 1 but
T”[b] and T"[d] cannot be (k — 1)-critical. By the results from Case 3.2 on

page 59, it follows that U? is (k)-(r;, 7°)-stretchable.

By a completely analogous reasoning, assuming that vs(D3) < k— 1 implies

that U' is (k)-(ri, r')-stretchable.
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Finally, assume that vs(D;) < k — 1. We argue that U? is (k)-(1;, r%)-
-stretchable. The proof is analogous to the one for the case when vs(D;) <
k — 1. The difference is that now it is T’[a] that can not be (k — 1)-critical,
while T'[c] can be (k — 1)-critical. But T"[b] and T"{d] cannot be (k — 1)-
critical can not be critical in this case either, so the results from Case 3.2

on page 59 are applicable again.

This concludes the proof of Lemma 23. O

Because of Lemma 23, in case that q = 2 we test whether U' is (k)-(r, r')-
-stretchable or U? is (k)-(r;, r%)-stretchable. If we get a positive answer,
then vs(U) = k and an optimal layout for U is constructed as in Case iii. If

we get negative answers to both tests, we conclude that vs(U) =k + 1.
Suppose that g = 3.

Lemma 24. In this case, vs(U) = k if and only if there exists a (k)-
(14, 11)-stretchable layout for W' or (k)-(ri, v2)-stretchable layout for U? or

(k)-(13, 73)-stretchable layout for U3,

Proof:

If there exists a (k)-(ry, r')-stretchable layout for U' or a (k)-(r;, 72)-stretchable
layout for U? or a (k)-(v;, 13)-stretchable layout for U3, then a construction
completely analogous to Case iii will do obtain a separation k layout L for

U. It remains to show the implication in the other direction.

Call Ty, T', T2, and T3, the heavy trees. Consider any optimal layout L for
U. Call o and w its endvertices. Apply Lemma 12, with the current heavy
trees as the heavy trees there, to conclude that o and w are in different

heavy trees. In the premises of Lemma 12, the four heavy trees are of the
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same separation, while in the current Lemma one of them, namely T;, is of
separation one bigger then the other ones. However, the proof of Lemma 12
remains valid even when one of the heavy trees is of separation one bigger
than the other three, so the current conclusion remains valid. We can show
that one of @ and w must be in T; in a way completely analogous to the
way we showed the analogous claim for g = 3. Without loss of generality,

suppose that @ € T;.

Since w is in T' or in T? or in T3, by Lemma 10 it follows that at least one

some L% is (k)-(ri, v%)-stretchable, for 1 < s < 3. O

Because of Lemma 24, in the case that q = 3 we test whether U' is
(k)-(ry, v")-stretchable or U? is (k)-(r, 7%)-stretchable or U3 is (k)-(ri, m3)-
-stretchable. If we get a positive answer, then vs(U) = k and an optimal
layout for U is constructed as in Case iii. If we get negative answers to both

tests, we conclude that vs(U) =k + 1.

e If q > 4, then, by Lemma 11, vs(U) =k + 1.

5.5.5 Casev

All constituent trees are of separation at most k — 1. There must be at least one
separation k — 1 constituent tree whose type is not NC, otherwise by Lemma 9
the separation of Ty would not be k.

Let the constituent trees of U of separation k — 1 and type NCB, C, or CB
be {T', T2, ..., TY, with * = root(TY), for 1 <1i < t. Let L' be a (k)-left(r!)-ext
or (k)-right(r")-ext, whichever is convenient at the moment of usage, layout for

T% Let UY denote U minus the bodies of T; and TJ, for 1 <1i,j < t, i #3.

e Suppose that t = 1 or t = 2. Then vs(U) = k, by practically the same
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reasoning as in Case iv with ¢ = 0 or q = 1, respectively.
Suppose that t = 3.

Lemma 25. These ezists a separation k layout for U if and only if for some

THTD e {T, T2, T3}, UY s (k)-(rt, v)-stretchable.

Proof:

First, assume that for some THT) ¢ {T'" T2 T3, UY has a (k)-(r,7)-
-stretchable layout L. Using L, LY, and U’ as in Case iii, we can build a

separation k layout L for L.

In the other direction, suppose a separation k layout L for U exists. Suppose
that o and w are the leftmost and the rightmost vertex, respectively, in L.
Apply Lemma 13 to conclude that at least one of & or w must be in one of

T', T2, or T3. Then proceed as in Case iv with q = 2. O
Suppose that t = 4.

Lemma 26. These ezists a separation k layout for U if and only if for some

TLT e TV, T2, T3, T4, UY is (k)-(ri, 1) -stretchable.
Proof:

First, assume that for some T4, T} € {T' T2 T3, T4, UY has a (k)-(r}, 7)-
-stretchable layout L. Using L}, [, and U’ as in Case iii, we can build a

separation k layout L for U.

In the other direction, suppose a separation k layout L for U exists. Suppose
that o and w are the leftmost and the rightmost vertex, respectively, in L.
Apply Lemma 12 to conclude that both & and w must be in distinct trees
from T, T) € {T" T2, T3, T%, UY. Then proceed as in Case iv with q = 3.
O
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e If that @ > 5, then, by Lemma 11, vs(U) =k + 1.

5.6 The Algorithm

5.6.1 The main function

The main function takes as input a unicyclic graph U and returns its vertex

separation and an optimal layout. The function carries out Stage 1, as described at

the beginning of Section 5.5, and then invokes VS-UNicycLic(U, k). We assume

that the vertex separation, the layout list, and the type of each constituent tree,

is recorded during Stage 1.

MaIN-UNicycLic(U: unicyclic graph)

1

© o N O Ut = W

10
11
12
13

For all constituent trees, compute the separation, layout list and type
Choose a cycle edge e as follows
if there is a unique constituent tree of maximum separation
choose e arbitrarily among the edges, incident with its root
else
choose e arbitrarily among the edges of the cycle
Tue— U—e
k — vs(Ty)
Ly « an optimal layout for Ty
if VS-UnicycLic(U, k)
return (k, the layout constructed by Vs-UNICYCLIC)
else

return (k+1, Ly)
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5.6.2 Computing whether the separation is k or k + 1

At the completion of Stage 1, 7.e. line 8, we know that vs(U) € {k,k + 1}. The
function VS-UNICYCLIC takes as input a unicyclic graph U and an integer k,
and returns TRUE or FALSE, indicating whether vs(U) = k or not. The function
summarises the results of Section 5.5. We assume that if it returns TRUE then it
also returns an optimal layout using the constructions from Section 5.5. In the
pseudo-code of the function below, we use the same case-subcase divsion as in
Section 5.5, and the same names.

Note that VS-UNICYCLIC is recursive via the invocation of MAIN-UNICYCLIC
at line 10, which calls VS-UNicYcLIC again. VS-UNICYCLIC does not call itself
directly because it is designed to compute a boolean value, namely whether the
separation is exactly equal to a number, not whether it is at most that number.

At line 10 we need the information whether the separation is at most a given

number.

VS-Unicycric(U: unicyclic graph, k: positive integer)

1 Assume that Ty, Ty, ..., T, are the constituent trees

2 switch

3 case i Exactly one T; has separation k and T; is critical
4 if T; is of type C

5 return TRUE

6 else

7 (x Ty is of type CB *)

8 u < the critical vertex in T;

9 U; « U—T;u]

10 return MAIN-UNicYcLIC(U;) < k —1



11
12
13
14
15
16
17
18
19
20

21
22
23
24
25
26
27
28
29
30
31
32
33

34
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case ii Three or more separation k constituent trees
return FALSE
case iii Exactly two T, T; have separation k
(* T; and T; are not critical *)
11  root(Ty)
13  root(T;)
U* «— U minus the bodies of T; and T;
return IS-UNI-STR(U*, 7y, 15, k)
case iv Exactly one T; has separation k and T; is not critical

T', T2, ..., T9« the separation k — 1 constituent trees of type

NCB, C, or CB

switch
case q=0orq=1
return TRUE
case q=2o0r =3
forj— 1,...,¢
Y« root(T})
W « U minus the bodies of T; and T’
7 « Is-UN-STR(W, 1, ¥, k)
return (z' orz’or ... or z9)
case q > 4
return FALSE
case v There is no separation k constituent tree

T', T2,..., T9« the separation k — 1 constituent trees of type

NCB, C, or CB

switch
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35 casegq=lorgq=2

36 return TRUE

37 case q=3orq=4

38 fori— 1,...,qandj« i+4+1,..., 9
39 ™ root(T})

40 v root(T))

41 Ub « U minus the bodies of Tt and T’
42 zY  Is-UNI-STR(UY, i 1) k)
43 return ( some zJ is TRUE )

44 case q > 5

45 return False

5.6.3 Testing for stretchability

The function Is-UNI-STR takes as input a unicyclic graph U, two cycle vertices
1. and 1; of degree two, and an integer k, and returns boolean TRUE or FALSE,
indicating whether U is k-stretchable with respect to r; and 1;, or not. The
function summarises the results of Section 5.4. We assume that if it returns TRUE,
it also returns a stretchable layout, using the constructions from Section 5.4. In

the pseudo-code of the function below, we use the same case-subcase divsion as

in Section 5.4, and the same names.

We use the names T', T”, a, b, ¢, and d with the same meaning as in Sec-
tion 5.4. Figure 5.17, which is identical to Figure 5.4 on page 48, shows the
assumed structure of U. Also, the assumptions on page 54 about the separations
and criticalities of T and T” hold.

Note that the function Is-UNI-STR is recursive too, but IsS-UNI-STR and VS-

UNICYCLIC are not mutually recursive. That is, once we start testing the stretch-
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Figure 5.17: This figure is identical to Figure 5.4 on page 48.

ability with Is-UNI-STR, the function VS-UNICYCLIC is never invoked again.

Is-UNI-STR(U: unicyclic graph, i, r;: degree 2 cycle vertices, k: integer)

1 switch
2 case vs(T') =k
3 return FALSE

case vs(T') <k —2

5 return TRUE

6 case vs(T') =k — 1

7 if both T'{a] and T’'[c] are critical

8 if T' contains (k — 1)-critical, type CB, constituent tree
9 f « the critical vertex in both T'[a] and T'[c]
10 T[f] « the subtree of T'[a] (or T'[c]) rooted at f
11 u* « U-TIf]
12 return IS-UNI-STR(U*, 7, 15, k— 1)
13 else
14 if T” contains no separation k — 1, type NCB, C, or

CB, constituent trees

15 return TRUE
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16 else

17 return FALSE

18 else (x T'[a] or T’[c] is not critical *)

19 if vs(T") <k-—2

20 return TRUE

21 else (xvs(T") =k —1 %)

22 zy «— T’[a] is not critical and T”{d] is not critical
23 z; « T'[c] is not critical and T”[b] is not critical
24 return (zy or z; )

5.7 Analysis of the Correctness and Time Com-
plexity

The correctness follows immediately from our lemmas in Section 5.4 and Sec-
tion 5.5. Suppose that U is a unicyclic graph, obtained from a tree T by adding
an edge. Suppose that T has n vertices. In Section 3.2 of [EST94], the number of

vertices in the smallest tree of separation k is given by the formula:

J,forallkzl.

Therefore, vs(T) = O(logn). Since vs(U) @ {vs(T),vs(T)+ 1}, it is the case that
vs(U) = O(logn), too.

We already noted that once Is-UNI-STR is called, VS-UNICYCLIC is never
called again. In general, MAIN-UNICYCLIC calls VS-UNIcYCLIC with number k,
which goes into case i and calls MAIN-UNICYCLIC again on a smaller unicyclic,

in its turn it calls VS-UNICYCLIC with number k — 1, efc., until at some moment
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VS-UnicycLiC calls the function Is-UNI-STR that tests stretchability, and it
elther gives an answer or calls itself, but MAIN-UNICYCLIC and VS-UNICYCLIC
are not called any more.

Now consider how much computation is done.

e MAIN-UNICYCLIC does O(n) work, computing the separations and layout

lists of the constituents and then vs(Ty) and Ly, and calls VS-UNICYCLIC;
e VS-UNICYCLIC in its turn does an O(n) amount of work on T'.

This is done s times, say, for some s > 1, such that s < vs(U). When VS-
UNICYCLIC goes into case different from case i, it either answers immediately
(case ii), or calls a number of times Is-UNI-STR. Call this number, ¢, and
observe that ¢ is at most (3) =6, i.e. a constant.

Therefore, the amount of work done by VS-UNICYCLIC when the case is not
case i, is O(n).

Now consider the amount of work in Is-UNI-STR. It does a linear, in terms of
the number of vertices of the unicyclic graph it operates on, thus O(n), amount
of work and either return a TRUE or FALSE, or calls itself on a smaller unicyclic
graph with a number one less. Suppose the number of times IS-UNI-STR calls
itself is some t > 0. Clearly, t < vs(U) —s.

So, overall we have s + ¢ X t recursive invocations, where s + t < vs(U) and
0 <c <6. Sincevs(U) = O(logn), s+cxt = O(logn), and at each invocation we

have O(n) computation. Overall, the time complexity is bounded by O(nlogn).



Chapter 6

Conclusion and Future Work

We spent quite a lot of time and effort in discovering and verifying the presented
algorithm. This may seem strange, having in mind that we solve VERTEX SEP-
ARATION on what is essentially a tree with an extra edge added, and we have a
quick and elegant algorithm for trees. However, it seems to us that adding the
extra edge, i.e. creating the cycle, adds a lot of complexity to the problem.
Currently, we do research on VERTEX SEPARATION on cactus graphs. Infor-
mally, a cactus graph is a collection of unicyclic graphs that are “glued together”
in a tree-like way. The work we did on unicyclic graphs is fundamental to dis-
covering and verifying an algorithm for the more complicated cactus graphs. A
lot of the lemmas that support the unicyclic result have their counterparts in the
case of cactus graphs. The current research gives us a better understanding of the
unicyclic case. Now we believe it is possible to simplify the unicyclic algorithm to
a certain extent. Namely, it may be possible to solve the stretchability problem
not by recursive invocation of the function testing the stretchability but rather by
bottom-up simultaneous examination of the labels of the constituent trees. How-
ever, even if this turns out to be true, testing the stretchability with respect to

several pairs of degree two cycle vertices seems inavoidable.
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