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STRONG COMMUTATIVITY PRESERVING MAPS OF SEMIPRIME RINGS*

Matej Bresar and C. Robert Miers

Abstract. In this paper we characterize maps f : R — R where R is semiprime, f is
additive, and [f(z), f(y)] = [z,y] for all z,y € R. It is shown that f(z) = Az + £(z) where
AMeC, A =1,and £: R — C is additive where C is the extended centroid of R.

1. Introduction and Preliminaries

If Ris aring amap f: R — R is strong commutativity preserving (SCP) on a set
S C Rif[f(z), f(y)] = [z,y]for all 2,y € S. It appears that this notion was first introduced
by Bell and Mason in [3]. In [2] Bell and Daif studied non-trivial endomorphisms and
derivations which are SCP on right ideals in prime or semiprime rings. In general they
showed that the existence of such a map forces commutativity on a large part of the ring
in question. In this note we study maps f : R — R which are merely additive, but SCP
on the entire semiprime ring R. Our main result states that such a map has the form
f(z) = Az 4+ {(z) where A € C, A* =1, and £ : R — C is an additive map from R to its
extended centroid C.

In all that follows R will denote a semiprime ring, @ it Martindale ring of quotients,
and C its extended centroid. If I is an ideal in R then I+ will denote its annihilator.

We will need the following three results:

(A) [4, Corollary 3.2]. Suppose that a;b € R satisfy azb = bzra for all z € R. Then
there exist idempotents €1, €3, €3 € C such that €ie; = 0,1 # j,e1+ e +e3 =1, eqa =0,
€2b = 0, and e3b = Aeza for some invertible A € C.

(B) [4, Theorem 4.1]. If B: R x R — R is a biderivation, then there exist an

idempotent ¢ € C and an element p € C such that (1 — )R C C and eB(z,y) = pelz, y)
for all z,y € R.

* 1991 Mathematics Subject Classification: Primary 16N60

Key words and phrases: Semiprime ring, extended centroid, strong commutativity pre-
serving.

The first author was supported by the Research Couﬁéil of Slovenia. The second
author was supported by NSERC of Canada

1



(C) [1 (Originally), or 4, Corollary 4.2]. If f : R — R is an additive commuting
map, then there exist A € C' and an additive map ¢ : R — C such that f(z) = Az + &(z) A
for all z € R.

2. The Main Result

We begin with a technical lemma.

LEMMA. Let K be an ideal of R generated by all commutators in R. Suppose that
(Aopo — 1)K =0 for some pg, Ao € C. Then there ezists an invertible element A € C such
that (A — Ag)R C C and (A™! — po)R C C. Moreover, if Ay = po, then A = A~1,

Proof. There exists an idempotent € € C such that K+ = eQ N R (¢f. [4]). Define
M €Cby A= X(1—€)+e p=po(l—e)+e Whence (Ag—1) = (Aopo—1)(1—¢) which
yields (Ap—1)(K @ K1) = 0 for (Agpo — 1)K =0 and (1 —€)K+ = 0. Since K@ KL isan
essential ideal of R it follows that Ay — 1 = 0, that is, 4 = A~!. Clearly, Ao = po implies
Ao =p =271

We claim that eR C C. Indeed, there exists an essential ideal E such that ¢eE C R and
hence eE C RNe@ = K+, that is, KeF = 0 which gives eK = 0; thus, [eR, R] = ¢[R,R] =0
which shows that eR C C. Therefore, as A — A\p = (1 — Ag)¢, we see that (A — X)R C C.
Similarly, ( A\;' — po)R = (1 — po)eR C C.

We are now in a position to prove

THEOREM 1. Let R be‘a semiprime ring with extended centroid C. Suppose that
an additive map f : R — R satisfies [f(z), f(y)] = [z,y] for all z,y € R. Then f is of the
form f(z) = Az + £(z) where A € C, X% =1, and ¢ is an additive map of R into C.

Proof. Our first goal is to prove that f is commuting. For z,y € R we have

FW2), Iy, =l = [F(¥2), [f (), F(2)]]
= [F(e), [F (W), FW)N + [fF (), [f (5*), F(2)]]
=) vy’ + (W) [v?, 2]]

= [f(), lv*, ]].
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Thus,
[F(v*), [y, 2l] = [F(y), [y*, 2] for all z,y € R. (1)

In particular, [f(y?), [y, yz]] = [f(v), [¥?, yz]]. But on the other hand,
[F(*), [y yall = [F(62) vly, 2]) = [F (W2, vl 2] + yIF (2, [y, 2],
[F(y)s [, yell = [F (), ylv?, )] = [F (), llv?. =] + wlF (), [v2, 2]).

Comparing both results and using (1) we arrive at

[F(v®), vlly, =] = [f(v), y]ly?, 2] for all z,y € R.

Replacing z by zz and using [y, zz] = [y, z]z + z[y, 2], [v?, zz] = [y?, 2]z + z[y?, 2], we then
get

[F(¥*),y)2y, 2] = [f(), ylzly?, 2] for all z,y,z € R.
Replacing y by f(a) we thus obtain
[ (F(a)?), £(@)] a[f(a), 2] = [f (F(a)), f(@)] ol (a)?, 2],
which can be according to the initial assumption, written in the form
[f(a)z,a]x[f(a),z] = [f(a),a]a:[f(a)z,z] for all z,z,a € R. (2)
Now fix a € R and let us show that [f(a),d] = 0. As a special case of (2) we have
[F(a)?,alalf(a),d] = [f(a),alz[f(a)?, o] for all = € R.

Applying (A) we see that there are mutually orthogonal idempotents €,,€z,¢63 € C
with sum 1 such that € [f(a),a] = 0, e2(f(a)?,a] = 0, e3[f(a)?,a] = ves[f(a),a] for some

invertible v € C. By (2) we thus obtain
[f(a), alz{f(a)?, 2] = (&1 + €2 + €3)[f(a), alz[f(a)?, 2]
= (e2 + &3)[f(a), alz[f(a)?, 2]
= (e + )A(@), alelf(a).



Setting u = veg we thus have [f(a),alz[f(a)? — pf(a),z] = O for all z,z € R. That is,

[f(a)®> — pf(a),R] C I where I = {q € Q | [f(a),a]Rq = 0}. Of course, I is a right ideal of
Q. Now, for any z € R we have

pla, 2] = f(a)la, 2] — [, 2] f(a)
= plf(a), f(2)] = F(a)[f(a), £(2)] = [f(a), f(2)] f(a)
= [pf(a), f(2)] = [f(a)?, f(2)]
= [pf(a) = f(a)?, f(2)],

which shows that

pla, 2] — f(a)a,z] — [a,2]f(a) € I for all z € R.

Replacing z by za it follows that

pla, zla — f(a)la, z]a — [a, zlaf(a) € I.

On the other hand, since I is a right ideal, we have

(ula, 2] - f(a)le, 2] — [a, z]f(a)) a € .

Comparing the last two relations we get [a, z][f(a),a] € I for all z € R. That is,
[f(a), a]R[a, z][f(a),a] = 0 for every z € R. Replacing z by f(a)z and using [a, f(a)z] =
la, f(a)]z + f(a)[a, 2] it follows at once that [f(a),a]R[a; f(a)|R[f(a),a] = 0. Since R is
semiprime it follows that [f(a), a] = 0. Thus we proved that f is commuting.

According to (C) we have f(z) = Moz + &(z), € R, where A\g € C and & is an
additive map of R into C. Therefore, the relation [f(z), f(y)] = [z, y] can be rewritten as
(A2 = 1)[z,y] = 0, which shows that (\2 — 1)K = 0. By the Lemma, there is A € C such
that A\* =1 and (A= A¢)R C C. For any z € R we thus have

J(z) = doz + &o(z) = Az + (Ao = M)z + Lo(2) = Az + {(2),

where {(z) = (A¢ — A)z + £o(z) € C. This proves the theorem.
Assuming that f is onto, even a stronger result can be easily obtained:
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THEOREM 2. Let R be a semiprime ring with eztended centroid C. Suppose that
additive maps f,g : R — R satisfy [f(z),9(y)[= [z,y] for all z,y € R. If f is onto,
then there ezists an invertible element A € C and additive maps €,n : R — C such that
g(z) = Az + €&(z), f(z) = A1z +n(z) for allz € R.

Proof. Define a biadditive map B : R x R — R by B(z,y) = [z,9(y)]. Clearly, B is a
derivation in the first argument. Pick z¢ € R; as f is onto, we have o = f(z;) for some
z1 € R. Thus B(xo,y) = [f(z1),9(y)] = [z1,y]. This shows that B is a derivation in the
second argument, ¢.e., B is a biderivation. By (B) there are ¢, 4 € C, € an idempotent, such
that (1—€)R C C and €[z, g(y)] = ep[z,y] for all z,y € R. Thus, [R, eg(y) — epy] = 0 and so
e9(y) —epy € Cfor all y € R. Whence g(y)— exy = (eg(y) — epy) + (1 —¢)g(y) € C, and so
9(y) = Moy +&o(y) where Ay = e € C, &(y) = g(y) — euy € C. By the initial assumption it
now follows that [z, f(a)] = [f(z), g (f(z))] =0, z € R; that is, f is commuting. Therefore,
f is of the form £(z) = po + 1o(2), o € C, m(x) € C. By [f(z),g(y)] = 23] it now
follows at once that (Agup — 1)K = 0. By the Lemma there is an invertible A € C such
that (A — Ag)R C C, (A7} — po)R C C. Whence

f@) = poz +mo(z) = A7z + (o — A7)z + mo(z) = A7z + (<),
9(z) = Aoz + fo(z) = Az + (Ao — M)z + &o(2) = Az + {(z),

where n(z) = (po — ATH)z + no(z) € C, £(z) = (Mo — Nz + £o(z) € C. The proof is

completed.
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