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Abstract

Parallel manipulators are prone to have force-unconstrained configurations. If the
resultant forces together do not span the system of forces to be applied or sustained,
the manipulator is degenerate and is force unconstrained. Physically, the mobile
platform can have motion even if all the actuated joints are locked, i.e., the manipu-
lator can instantaneously gain one or more degrees of freedom that are unconstrained
by the actuators. Since force-unconstrained configurations are uncontrollable, the
identification and elimination of such configurations become critical.

Two methodologies for identifying the force-unconstrained poses are analyzed.
The first method involves the differentiation of the nonlinear kinematic constraints
of the input and output variables with respect to time. The second method makes
use of the reciprocal screws associated with the actuated joints. Force-unconstrained
poses of planar manipulators are analyzed depending on their actuation:

Non Redundant Planar Parallel Manipulators.- Force-unconstrained poses of non-
redundantly actuated planar parallel manipulators can be mathematically expressed
as a function of the three variables that define the dimensional space of the ma-

nipulator, i.e., the location and orientation of the mobile platform. As a conse-



v

quence, these poses can be plotted as surfaces in the mentioned three dimensional
space, i.e., there are two orders of infinity of force-unconstrained poses. Examples
of force-unconstrained poses of parallel manipulators are presented: 3-RPR, 3-PRR,
and 3-RRR, where the underscore indicates the actuated joint. For the 3-RPR ma-
nipulator, a comparison and discussion between both methodologies is carried out.
For the 3-PRR and 3-RRR manipulators, an efficient technique for identifying their
force-unconstrained poses, based upon having joint displacements as known values,
is presented.

Planar Parallel Manipulators with In-Branch Redundancy.- Force-unconstrained
poses of planar parallel manipulators with actuated joints replacing passive joints
lead to conditions of the joint displacements that have to be satisfied. In particular,
the RRR - 2RRR, PRR - 2PRR, and RRR - 2RRR layouts are analyzed. In addi-
tion, equivalent mechanisms, whose motions describe the path of continuous force-
unconstrained poses, are presented. The force-unconstrained poses of the analyzed
layouts with in-branch redundancy represent curves in the three dimensional space,
i.e., there is one order of infinity of force-unconstrained poses.

Planar Parallel Manipulators with Additional Actuated Branches.- Force-uncon-
strained poses of planar parallel manipulators with the inclusion of actuated branches,
beyond three, lead to a system of multivariable polynomials. Elimination methods
are used to reduce the multivariable polynomials to a single polynomial in terms
of one variable. In particular, Grébner Bases and dialytic elimination methods are
employed. The actuation layouts 4-RPR, 4-PRR, and 4-RRR are analyzed. The force-
unconstrained poses of the analyzed planar parallel manipulators with additional
actuated branches also represent curves in the mentioned three dimensional space,

i.e., there is one order of infinity of force-unconstrained poses.
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List of Nomenclature

The following list provides the nomenclature used in the dissertation. Some symbols

might have been used to denote different quantities in the text. These cases are

noted. Some symbols that are defined in the text have been omitted from this list.

General

Notation used for manipulator layouts.

©w =" o aQ @

Revolute joint.

Prismatic joint.

Helical joint.

Cylindrical joint.

Universal joint.

Planar joint.

Spherical joint.

An underscore indicates an actuated joint, e.g., R.

Indication of the number of branches of a manipulator, e.g., 3-UPS,
where 3 is the number of branches and UPS the sequence of joints.
Connection points of the branches between a base b platform and a

mobile m platform.



Scalars are expressed in italics.

a;, b;, ¢;, etc
b, and by,
ca
d
l;

n
m
Nk
ny
Py

r

qi

St

These elements are often used as coefficients unless indicated.
Location of the base of the i** branch.

Abbreviation for cosine of a, cos(a), or any other angle.
Displacement of a prismatic joint.

Edge of the mobile platform.

Total number of actuated joints in a mampulafor.

Total number of degrees of freedom of a manipulator.

Number of actuated joints in branch k.

Total number of branches.

Pitch of a screw.

Coupler length.

Variable associated with the joint displacements after applying half-
angle substitution.

Abbreviation for sine of a, sin(«), or any other angle.

Variable associated with the orientation of the mobile platform after
applying half-angle substitution.

Wrench intensity.

Angles related to the design of the manipulator, unless indicated.
Twist amplitude.

Joint angles, where j denotes the joint and ¢ the branch.
Eigenvalue.

Link lengths.

Singular value.

Orientation of the mobile platform.



XVill

Vector and screw quantities are denoted in bold.

b; Position vector describing the i** base branch.
i Vector of exerted forces on the end-effector, f ={fz, fy, f-}"-
F Screw quantity, referred to as wrench.
F, Generalized vector of forces, F, = {f', m"}".
l Unit vector defining the direction of a line, I = {l;,1,,l.}".
| Moment of a line _about the origin of a reference frame.
m Vector of exerted moments on the end-effector, m ={m,, m,,m.}".
P, Position vector of point a.
q Vector of joint displacements.
q Vector of joint rates.

q2 and ¢} Vectors containing power products of g.
2 g

Q- Associated eigenvector with A, Q2 = {q3, g3, ... .3 A"}".
T Position vector with respect to a reference frame.
s and s, Unit screw coordinates.

t,t',andt Vectors containing power products of .

T Associated eigenvector with A, T = {t",t"A,... ,t"A"}".

v Vector of linear velocities, v ={v;, vy, v.}".

A% Screw quantity, referred to as twist.

w Associated reciprocal screw.

w Vector of wrench intensities.

X Vector describing the pose (position and orientation) of the end-
effector.

X Vector describing the angular and linear velocities of the end-efector,

% = {@*, ¥ .



Z Joint direction.
$ Screw coordinates.

$,e0 and $,.:s Screw coordinates of a revolute and a prismatic joint, respectively.

0 Null vector.
(A Vector of twist amplitudes.

Q Vector of active , and passive €, joint velocities, Q = {2}, Qz', }r.
;1 Vector of applied torques and forces.

w Vector of angular velocities, w ={wg, wy,w,}".

Matrices are denoted in bold and are contained in square brackets.
[A] and [B] Jacobian matrices.
[D] Diagonal matrix.
[H] Force transformation matrix.
Iand O Identity and null matrices.
[J] Jacobian matrix where [J] = [B]' [A].
K] Equivalent matrix used for the standard eigenvalue problem.

[K;] and [K;] Equivalent matrices used for the generalized eigenvalue problem.

: [R] Rotation matrix describing the orientation of frame j with respect
to frame i.
5 [T Homogeneous transformation matrix of frame j with respect
to frame i.
~l [W] Associated reciprocal screw matrix with respect to {ref}.

(W] The 7** sub-matrix of ™ [W].



8

(V']

Operators
{-f
()

p([T])

Screw matrix with respect to reference frame {ref}.
Square matrix whose entries are polynomials in £.
Non-square matrix whose entries are polynomials in ¢.
The i** coefficient matrix of a polynomial matrix.

Jacobian matrix.

Transpose of a matrix.

Inverse of a matrix.

Markers.

Describing a quantity (vector, screw, or matrix) with respect to
a reference frame.

This left superscript is used to distinguish coefficients.

Refering to the j* joint of the i** branch of an element (angle,
displacement, or magnitude).

Refering to the k™ actuated joint of the i** branch.

A position vector that describes the location of a frame j with

respect to a frame i.

Reference frame, such as {ref} or {cen}.
Ideal.

Operator that extracts the last column from matrix [T].



Function of (-).
Set of polynomials in x.

Homotopy function.
Partial derivative of f(-) with respect to x.

Time derivative of (-).

Determinant of a matrix.

Inner product of vector quantities.

Cross product of vector quantities.

Reciprocal product of screw quantities.

Summation.

Product.

Subset of ().

Member of (-).

Reduction of f by g, with h being the remainder in a
polynomial division.

Leading term of a polynomial.

Leading coefficient, coefficent of the leading term [;(-).
Leading power product of a polynomial.

Least common multiple of monomials.
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Chapter 1

Introduction

1.1 Overview

In this chapter, definitions of the terminology used throughout the dissertation are
presented, as well as a brief introduction of parallel manipulators, force-unconstrained
poses, and redundant actuation. This is followed by a literature review regarding
these topics. Then, the motivation and contributions of this work are presented.

Finally, this chapter ends with a brief summary of the remaining chapters.

1.2 Definitions

Manipulators are mechanical devices composed of links that are connected with joints.
The mobility of a manipulator depends on the degrees of freedom (dof) that it pos-
sesses. That is, the number of independent variables required to specify the posture
of the mechanism. The task space coordinates are referred to as the degrees of free-

dom of the space in which the manipulator is intended to function. For instance,
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a planar manipulator requires three variables, namely two translations along axes
defining a plane and one orientation about the axis normal to the plane. Links can
be either rigid or flexible bodies. In this dissertation however, only rigid links are
considered. Joints are classified accordingly to their type of motion. Joints with one
degree of freedom include: revolute (R), rotation of a link about the axis defined by
the joint; prismatic (P), translation of a link along the joint axis; and helical (H),
translation and rotation of a link along and about the joint axis, similar to a nut
moving on a bolt. Joints with multiple degrees of freedom include: cylindrical (C),
independent translation and rotation of a link along and about the joint axis; uni-
versal (U), two rotations about two different intersecting joint axes; planar (E), two
translations along two different joint axes; and spherical (S), three rotations about

three different intersecting joint axes.

1.3 Parallel Manipulators

1.3.1 Manipulator Classes

According to their topology, manipulators are divided into three classes, serial, par-
allel, and hybrid. Resembling a human arm, serial manipulators are comprised of a
concatenation of links connected by joints. The last link of this serial chain is named
the end-effector. Parallel manipulators are closed-loop chains, where a moving plat-
form is connected to a base platform by several independent serial chains. The mobile
platform represents the end-effector of the manipulator, also known as the payload.
Each independent serial chain will be called a branch. Hybrid manipulators are a

combination of serial and parallel manipulators.
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Parallel manipulators compared to serial manipulators have higher structural stiff-
ness, greater payload accuracy, and higher end-effector accelerations but also have
smaller and less dexterous workspaces and the existence of force-degenerate config-
urations. An extensive comparison between these manipulators can be found in

(Merlet, 2000).

1.3.2 Origins of Parallel Manipulators

The concept of distributing the load on the links by connecting the end-effector to
the ground led to the origin of closed-loop kinematic chains. This was discussed
as early as 1645 by Christopher Wren (Merlet, 2000). The first designs of parallel
manipulators were made in the 1930’s!. However, the manipulator that transformed
the course of mechanisms was introduced by Gough (1956). This mechanism was
conceived for testing tires. Later, Stewart (1965) suggested flight simulators could
be controlled using a parallel manipulator. The proposed mechanism was similar to
the one previously presented by Gough. In this dissertation, this architecture will

be identified as the Stewart-Gough platform.

1.3.3 Applications of Parallel Manipulators

Parallel manipulators have been used in several applications. Merlet (2000) classified

different applications of parallel manipulators as:

e Space and Telescopes.- Projects regarding space research and telescopes require

extreme accuracy. In space, parallel manipulators can be instrumented for

IFor further information about the evolution of parallel manipulators please refer to

http://www.parallemic.org
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testing docking and vibration systems (Merlet, 2000). Another application
in space is for assembling purposes (Smith IIT and Nguyen, 1991). Modern
telescopes based on the Cassegrain optic system require correction of the image
due to aberrations of the atmosphere, structural vibrations, or wind-induced
motions (Carretero et al., 1997). Parallel manipulators are used to correct
such distortions by either moving the secondary mirror (Firmani, 1999) or each

one of the segments of the primary mirror (Smith, 1997).

e Medical.- Due to their accuracy, parallel manipulators have been considered for
delicate applications. Grace et al. (1993) considered the Stewart-Gough plat-
form with a hypodermic needle attached to the mobile platform for ophthalmic
surgery. Wendlandt and Sastry (1994) designed a 3-dof parallel manipulator
that controls endoscopic tools. Lazarevic (1997) proposed a version of the
Stewart-Gough platform for coronary-artery bypass graft surgery. Di Grego-
rio and Parenti-Castelli (2001) proposed a 6-dof mechanism that works as an
external fixation device to reduce long-bone fracture. Li and Payandeh (2002)
optimized the workspace of a spherical parallel manipulator meant to be used

for laparoscopic surgery.

e Industrial.- Recent machine tools have been designed based on parallel manip-
ulators. In particular, modern milling machines are based on parallel architec-
tures. Giddings & Lewis company presented the first milling machine (Variax)
of this type, which was based on the Stewart-Gough platform in 1994 (Mer-
let, 2000). Afterward, other companies such as Ingersoll, Geodetics, Toyoda,
Honda, Okuma and Sena, among others, have built milling machines based on

closed-loop kinematic chain architectures. Other applications of parallel ma-
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nipulators in the machining field are painting (Pollard patented in 1942 the first
industrial parallel manipulator design for car painting, as reported by Miller,
2004), parts handling (Clavel, 1991, developed the Delta robot, a well known
and largely exploited manipulator, and it is commonly used for pick and place
of lightweight objects and assemblies), cutting (Bruzzone et al., 2002, used a
Delta-type architecture for laser-cutting), and welding (Wu et al., 2003, designed
a parallel manipulator for welding inside the International Thermonuclear Ex-
perimental Reactor). More specific applications of parallel manipulators in

industry can be found in (Destefani, 2003).

e Joysticks.- Parallel manipulators can be implemented as joysticks, see for in-
stance the RSI Joystick (Sobejko, 2002). Although their architecture is com-
pact and handy, the disadvantage of having a small workspace constrains an
application that requires a large range of motion. Joysticks based on a parallel
architecture can be used as remote controllers of robots in industrial, medical,

space, and underwater applications.

e Simulators.- Stewart’s picture of having parallel manipulators controlling flight
simulators turned out to be accurate. Several companies currently produce
flight simulators based on the Stewart-Gough platform. CAE, Frasca, NASA,
Kawasaki, and Thales Training & Simulation, stand among the most impor-
tant manufacturers. In addition, other simulators have been produced such as

vehicle, ship, and even equestrian simulators (Merlet, 2000).

e Others.- Devices meant for other applications have been built based on par-
allel manipulator architectures. The European Synchrotron Radiation Facility
(ESRF) designed a fine positioning device (Fajardo and Rey-Bakaikoa, 1995).
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The Vibration, Isolation, Suppression, and Steering System (VISS), a structural

vibrator control device was developed by the US Air Force (Cobb et al., 1999).

This dissertation addresses planar parallel manipulators, which can be used in ap-
plications related to part handling, metal cutting, deburring, and simulation devices
for terrestrial vehicle simulators (Gosselin et al., 1996). Moreover, parallel manipu-
lators can be conceived as the mobile base of a more complex device such as a hybrid
manipulator. An example of a planar parallel manipulator is the Reconfigurable
Planar Parallel Manipulator (RPPM) developed by Fisher et al. (2001 and 2004),

and shown in Figure 1.1.

Figure 1.1: Reconfigurable Planar Parallel Manipulator.
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1.3.4 Kinematic Problems in Parallel Manipulators

The kinematic problems that are faced using serial and parallel manipulators relate
to displacement, velocity, and static force. Each of these problems is divided into

forward and inverse solutions.

e Displacement.- The forward displacement solution is referred to as the problem
of solving the pose (position and orientation, x) of the mobile platform knowing
the joint displacements (q) of all sensed joints. For parallel manipulators, this
problem is more difficult than for serial manipulators because of the existence
of passive (unsensed) joints and multiple solutions. In general, the forward
displacement solution of parallel manipulators is a non-linear problem based on
the loop-closure equations that involve the design variables of the manipulator.
In many cases, this problem is solved using elimination techniques. The inverse
displacement solution deals with the problem of solving for the joint displace-
ments knowing the pose of the mobile platform. For parallel manipulators, this

problem is solved individually for each one of the branches.

e Velocity.- The forward velocity solution is defined as the problem that solves
for the velocities (angular and translational) of the end-effector (%) knowing
the joint rates (q). This is achieved by computing the operator that relates
both x and g, known as the Jacobian. The inverse velocity solution deals with
the problem of solving for the joint rates by knowing a desired velocity of the
end-effector. A velocity degeneracy occurs when the manipulator loses at least
one degree of freedom of motion. In parallel manipulators, this problem occurs

in each branch individually.
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e Static Force.- The forward force solution is defined as the problem that solves for
the forces and moments of the end-effector (F,) by knowing the applied torques
or forces (7), for revolute and prismatic joints respectively. The Jacobian is
once again the operator that relates them. The inverse force solution deals
with the problem of solving for 7 knowing a desired F, of the end-effector. A
force degeneracy occurs when a parallel manipulator is placed in a configuration

where the mobile platform gains at least one degree of freedom of motion.

1.4 Force-Unconstrained Poses

The mechanical design of parallel manipulators deals with different properties such
as the reachable and dexterous workspace, as well as, the rigidity of the manipula-
tor. The workspace of a manipulator is related to the geometrical parameters of
all the rigid elements, i.e., link lengths, shapes of the mobile and fixed platforms,
and joint limits. Ideally, the manipulator should act as a rigid structure when the
actuated joints are locked. However, parallel manipulators are susceptible of having
unconstrained motion, i.e., the mobile platform can have motion even if all actuated
joints are locked. This lack of rigidity is usually caused by two problems: singular
configurations and joint clearances.

Merlet (1989) defined that a singular configuration of a parallel manipulator cor-
responds to a configuration where the manipulator is not rigid, i.e., a force-degenerate
configuration. If the branch resultant forces together do not span the system of forces
to be applied or sustained, the manipulator is degenerate and is force unconstrained.
The manipulator may instantaneously gain one or more unconstrained motion degrees

of freedom.
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Voglewede and Ebert-Uphoff (2002) noticed that small unconstrained motion ex-
ists in all configurations due to the finite clearances of the joints. For actuated joints,
the backlash originating in the actuators can be substantially reduced with the use of
harmonic drives. Nevertheless, passive joints are prone to have such clearance due

to the complexity of their manufacture and assembly within tolerances.

1.5 Redundant Actuation

In serial manipulators all joints are sensed and actuated. If the number of joints ex-
ceeds the number of task space variables the manipulator becomes redundant. In par-
allel manipulators each branch is composed of actuated and passive joints. The term
fully-parallel manipulator is given to those manipulators whose number of branches
is strictly equal to the number of degrees of freedom of the end-effector. Therefore,
each branch of a fully-parallel manipulator contains only one actuator. Generally, the
degrees of freedom of one branch correspond to the degrees of freedom of the end-
effector. Redundancy in parallel manipulators can occur in three different forms:
sensing redundancy, joint redundancy, and actuation redundancy (Nokleby, 2003).
Sensing redundancy is defined as passive joints being measured. Joint redundancy
refers to redundant joints within the branches, i.e., the number of joint degrees of free-
dom of one branch is higher than the motion degrees of freedom of the end-effector.
Actuation redundancy occurs when the number of actuated joints is higher than the
number of degrees of freedom of the end-effector. The latter can be classified in
two groups: in-branch redundant actuation (inclusion of extra actuators within the
branches) and additional branches (inclusion of extra actuated branches). For a

fully-parallel manipulator with additional actuated branches, the number of branches



Chapter 1 - Introduction 10

is greater than the total degrees of freedom of the manipulator.

Merlet (1996a) described that the inclusion of redundant actuators may lead to
improvements in various analyses such as forward kinematics, singular configurations,
and optimal force control and calibration. In order to reduce uncertainty configura-
tions, Notash and Podhorodeski considered over-constrained parallel manipulators by
including either redundant actuation within branch(es) (1994) or redundant branches
(1996). Sobejko (2002) included sensing redundancy in the RSI Joystick allowing
self-calibration and fault-tolerant operation. Nokleby et al. (2005) and Zibil et al.
(2006) demonstrated that the use of redundant actuation within branches significantly

improves the force capabilities of parallel manipulators.

1.6 Literature Review

1.6.1 Parallel Manipulators

Problems related to forward and inverse displacement solutions, singular configura-
tions, dexterous workspace, and optimal design of parallel manipulators have been
studied since the 1980’s.

The Stewart-Gough platform is a 6-dof manipulator, where the two platforms
are connected by six branches. The layout of each branch? is U-P-S. The forward
displacement problem of the Stewart-Gough platform has been analyzed for differ-
ent platform configurations, which depend on the unique locations of the connection
points between the branches and the base and mobile (b-m) platforms. For instance,

the forward displacement problem of the 3-3 layout was formulated by Griffis and

2where the underscore indicates the acuated joint
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Duffy (1989) yielding 8 reflected solution pairs. For the 6-3 layout, Innocenti and
Parenti-Castelli (1990) determined forward displacement solutions in terms of the
roots to a single variable 16" order polynomial based on the three loop-closure equa-
tions of an equivalent spatial mechanism. Similarly, Nanua et al. (1990) identified 16
solutions of this layout. However, these layouts lead to mechanical design problems,
such as collision among the limbs that can reduce the performance of the manipula-
tor. For the 6-6 layout, or the general Stewart-Gough manipulator, Raghavan (1993)
demonstrated with numerical examples that the maximum number of solutions is
40. Husty (1996) determined a 40'* order univariable polynomial that describes all
possible solutions of the general Stewart-Gough platform.

Several studies relate to both optimum design and dexterity of the workspace of
parallel manipulators, such as Fichter (1986), Gosselin (1990a), Pittens and Pod-
horodeski (1993), and Masory and Wang (1995).

Planar Parallel Manipulators

According to the layout of a branch, there are seven possible combinations of planar
parallel manipulators with homogeneous branch layouts: RRR, RPR, PRR, PPR,
RRP, PRP, and RPP, as shown in Figure 1.2.

The inverse displacement problem of planar parallel manipulators is not very
complicated, although it must be considered that for some layouts multiple solutions
exist. For this problem, the location of the centre of the mobile platform as well as
the orientation of the mobile platform with respect to a horizontal line are known.
Thus, the location of the point of connection between each branch and the platform
can be determined based on the geometry of the platform. The solution of the

displacement of each joint is resolved independently for each branch.
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Figure 1.2: Planar Parallel Manipulators with Homogeneous Branch Layouts.
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The forward displacement problem, on the other hand, is much more difficult.
The joint displacement variables are known and the position and orientation of the
mobile platform are yet to be found. For the forward displacement problem of the
3-RPR and 3-RRR, Gosselin et al. (1992) derived a sixth order polynomial, whose
roots represent the possible postures that the manipulator can have for that specific
set of joint displacements. Gosselin and Merlet (1994) made a more detailed analysis
of the forward displacement solution based on the architecture of the manipulator.
Depending on the position of the actuated joint, there are 21 actuation layouts; Merlet
(1996b) identified that the solution of the forward displacement problem of all these
combinations is based on three equivalent basic chains.

Merlet et al. (1998) developed algorithms that determine various workspaces,
namely reachable, inclusive, total orientation, and dextrous, of planar parallel ma-
nipulators. These analyses featured the 3-RPR manipulator. Gosselin and Angeles
(1988) presented an analysis of the optimum kinematic design of the 3-RRR. This

work was based on the symmetry, workspace, and isotropy of the Jacobian matrix.

1.6.2 Force-Unconstrained Poses

Different approaches for analyzing force-unconstrained configurations have been pro-
posed, such as, the identification of the conditions that cause the lines associated
with the actuated joints to be linearly dependent, and the singularity analysis of the
Jacobian matrices. Using the first analysis, Merlet (1989) identified the conditions
of force-unconstrained configurations of the 6-3 Stewart-Gough platform. Collins and
Long (1995) and Notash (1998) identified the conditions that cause two different 6-dof

(joystick-type) manipulators to be force unconstrained. On the other hand, Gosselin
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and Angeles (1990) analyzed singularities in Jacobian matrices resulting from differ-
entiating the nonlinear kinematic constraints of the input and output variables with
respect to time. This analysis is described in detail in Section 2.2.1.

The singularity analysis of the Jacobian matrix has been treated both analytically
and numerically. Analytic methods, based on setting the determinant of the Jacobian
matrix to zero, have been successfully implemented for planar parallel manipulators,
but also for spherical 3-dof parallel manipulators (Sefrioui and Gosselin, 1994), spe-
cial 6-dof manipulators (Tahmasebi and Tsai, 1994), and general 6-dof manipulators
(Mayer St-Onge and Gosselin, 1996). Numerical techniques that predict how close
a pose is from a singularity have been considered. These techniques are generally
defined with indices, such as the condition number (Gosselin, 1990c), quality index,
which involves the numerical value of the Jacobian matrix determinant (Zhang and
Duffy, 1998), and the incorporation of several indices (Voglewede and Ebert-Uphoff,
2004).

Force-Unconstrained Poses of Planar Parallel Manipulators

For planar manipulators, three dimensions of task-space coordinates exist. These
coordinates can be represented by the location (z and y) and orientation (¢) of the
mobile platform.

Sefrioui and Gosselin (1995) identified the singular poses of the 3-RPR layout. For
constant payload orientation, these singularities can be plotted as quadratic curves in
the zy plane. Mohammadi-Daniali et al. (1995) illustrated all possible singularities
that the 3-RRR can have. Gosselin and Wang (1997) reported the singularity loci of
a 3-RRR manipulator with collinear base and mobile platform joints are expressed by

a multivariable polynomial in = and y of degrees 48 and 64, respectively. Bonev and
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Gosselin (2001) reported that, for constant orientation, the singularity loci of every
branch arrangement of the 3-RRR configuration can be represented by curves of
degree 42. Chan and Ebert-Uphoff (2001) determined the manifold of singularities
and showed how unconstrained motions are projected onto it. Bonev (2002) and
Bonev et al. (2003) presented a detailed study of the singular configurations of all
possible actuation configurations of 3-dof planar parallel manipulators using screw

theory.

1.6.3 Redundancy

Collins (1997) proposed a method for choosing redundant actuator locations that pro-
vide singularity-free motions. Pseudoinverse techniques were applied for solving the
inverse of the Jacobian. Zlatanov et al. (1998a) presented a comprehensive classifi-
cation of the singularities of redundant mechanisms. Dasgupta and Mruthyunjaya
(1998) showed that the use of redundant actuation can lead to a reduction or even
an elimination of force singularities. Similarly, O’Brien and Wen (1999) showed
that the use of redundancy improves the manipulability of the original mechanism
by comparing the condition number of non-redundant and redundant manipulators.
Chan (2001) stated that by using a single redundant actuator, the dimension of the

manifold of singularities could be reduced by an order of one.

Redundancy of Planar Parallel Manipulators

Firmani and Podhorodeski (2002 and 2004a) eliminated families of force uncon-
strained configurations by including redundant actuation within one branch. Further,

Firmani and Podhorodeski (2004b and 2005b) investigated the force-unconstrained
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poses of the 4RPR manipulator by analyzing the force-unconstrained poses of two
three-branch assemblies. This analysis leads to two polynomials in three variables
and by means of Grobner Bases a quartic polynomial in terms of two task-space
variables is determined. Similarly, Firmani and Podhorodeski (2005a and 2005c)
identified for the 4-PRR manipulator, the force-unconstrained poses that represent
curves of degree 64 in a three-dimensional space defined by the task-space variables.

Wang and Gosselin (2004) added an extra revolute joint to one branch of the
3-RPR manipulator, i.e., joint redundancy with actuation yielding a RRPR-2RPR
layout. The conditions that make this manipulator force unconstrained were iden-
tified. As a consequence, the singularity loci are reduced to a closed-loop curve.
Ebrahimi et al. (2006) proposed a planar parallel manipulator which contains joint
redundancy in every branch (3-PRRR). Manipulators with joint redundancy may be
efficiently employed for singularity avoidance. That is, the two actuated joints of each

branch can be manipulated in such a way that the condition number is minimized.

1.7 Motivation and Contributions

Closed-loop chains or parallel manipulators have shown interesting qualities over serial
architectures, such as higher structural stiffness, greater payload accuracy, and higher
end-effector accelerations. These advantages have allowed them to be considered for
numerous applications, as described previously in Section 1.3.3. Nevertheless, parallel
manipulators are prone to have force-unconstrained configurations and a smaller and
less dextrous workspace. When a parallel manipulator is force unconstrained, the
mobile platform gains one (or more) degree(s) of freedom of motion, even if all the

actuators are locked. Thus, the manipulator becomes uncontrollable.
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As an initial contribution, the force-unconstrained poses of non-redundant planar
parallel manipulators are identified. In contrast to the results found in the literature,
the formulation carried out in this study leads to much simpler results providing
a better computation efficiency. The force-unconstrained poses of non-redundant
planar parallel manipulators are described by surfaces in a three-dimensional space
defined by the position and orientation of the mobile platform, i.e., there are two
orders of infinity of force-unconstrained poses.

The focus of this dissertation is to improve the capabilities of parallel manipulators
by eliminating families of force-unconstrained poses. Furthermore, the elimination
of force-unconstrained poses increases the dexterity of the manipulator. Thus, the
major contribution of this dissertation is the elimination of force-unconstrained poses
by including redundancy within the device. Two types of redundancy are considered:
redundancy within branches and the inclusion of additional actuated branches.

In the first case, force-unconstrained poses of planar parallel manipulators with
actuated joints replacing passive joints lead to conditions of the joint displacements
that have to be satisfied. Equivalent mechanisms, whose paths represent the force-
unconstrained poses of the manipulators under study, are presented. For the case
of including additional branches, the identification of force-unconstrained poses is,
without any doubt, a difficult challenge based on systems of non-linear equations.
Elimination methods are used to reduce the multivariable polynomials to a single
polynomial in terms of one variable. In particular, Grobner Bases and dialytic
elimination methods are employed. The force-unconstrained poses of redundant
planar parallel manipulators are described by curves in the three-dimensional space
defined by the position and orientation of the mobile platform, i.e., there is one order

of infinity of force-unconstrained poses.
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The methodology employed in this work is based on screw quantities. The use
of kinematic geometry allows a better understanding of the displacements, veloci-
ties, and forces of a manipulator. This is clearly evident in the study of force-
unconstrained poses, where the use of screw quantities provides a clear insight as
to how the forces are acting on the mechanism and why the manipulator becomes
degenerate in some configurations. The traditional time-derivative methodology, on
the other hand, does not provide a clear understanding of the interaction of forces

acting on the mechanism.

1.8 Outline of Dissertation

The following is a brief summary of the remaining chapters of the dissertation.

Chapter 2: Analysis of Force-Unconstrained Poses

Chapter 2 presents methods for identifying force-unconstrained poses of parallel ma-
nipulators. The first method consists of differentiating the loop-closure equations that
describe the kinematic chains of the manipulator. The second method involves the
reciprocal screws associated with the actuated joints. Both methods are compared.

Techniques for identifying force-unconstrained configurations are discussed.

Chapter 3: Force-Unconstrained Poses of Non-Redundant Planar Parallel

Manipulators

Chapter 3 presents the force-unconstrained poses of non-redundant planar parallel
manipulators. This chapter begins with a brief introduction of planar parallel ma-

nipulators and their actuation layouts. The force-unconstrained poses of the 3-RPR,
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3-PRR, and 3-RRR are solved. In particular, for the 3-RPR, a well-studied ma-
nipulator, a comparison is made between the two methodologies described in this
dissertation, namely input and output speed relationship and screw theory. For the
3-PRR and 3-RRR manipulators, an efficient approach to identify force-unconstrained

poses is proposed using screw theory.

Chapter 4: Force-Unconstrained Poses of Redundant Planar Parallel Ma-

nipulators with In-Branch Actuation

Chapter 4 discusses the effect of including a greater number of actuators within the
branches than the total degrees of freedom of the manipulator. In particular, the
force-unconstrained poses of the RRR-2RRR, PRR-2PRR, and RRR-2RRR actuation
layouts are presented. In each case, there are two conditions that cause degenerate
configurations. These conditions are identified and equivalent mechanisms, whose
motions describe the paths of continuous singularities of the planar parallel manip-
ulators, are presented. An analysis of manipulators with further actuation is also

conducted.

Chapter 5: Force-Unconstrained Poses of Redundant Planar Parallel Ma-

nipulators with Additional Branches

Chapter 5 considers the inclusion of an additional actuated branch. The identification
of force-unconstrained poses of the 4-RPR, 4-PRR, and 4-RRR are presented. Each
problem leads to a non-linear system of equations. For the 4-RPR manipulator, the
non-linear systems of equations is solved using Grobner Bases. For the 4-PRR and 4-
RRR manipulators, due to the complexity of their non-linear system of equations, an

exhaustive elimination method based on the Sylvester’s dialytic elimination technique
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is carried out.

Chapter 6: Conclusions and Recommendations for Future Work

Chapter 6 presents the conclusions of the theory and the results obtained in this

dissertation. In addition, this chapter makes recommendations for further research.
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Chapter 2

Analysis of Force-Unconstrained

Poses

2.1 Overview

In this chapter, methods for identifying force-unconstrained poses of parallel manip-
ulators are presented. The first method is based on the input-output speed relation-
ship, i.e., the differentiation of the nonlinear kinematic constraints of the input (joint
displacements) and the output (task space coordinates) variables with respect to time.
Further, a detailed classification of types of singular configurations is described. The
second method makes use of the reciprocal screws associated with the actuated joints.
This method is described at length due to its strong physical interpretation of robot
kinematics. The analogy between both methods is proved. Techniques for iden-
tifying force-unconstrained configurations are presented. The chapter ends with a

discussion of the described methods and techniques.
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2.2 Time Derivative Method

2.2.1 Input-Output Speed Relationship

Parallel manipulators are based on closed-loop kinematic chains. These chains are
characterized by a set of input variables q, which correspond to the displacement
of the n actuated joints, and by a set of m output coordinates x, which define the
position and orientation of the end-effector. According to the number of actuated
joints n and the number of task space coordinates or degrees of freedom of the linkage
m, the following classification can be made: if n = m, which is the general case, the
manipulator is termed exactly constrained, if n > m, the manipulator is overcon-
strained due to the presence of redundant actuators, and if n < m, the manipulator
is underconstrained in which case the manipulator cannot achieve an arbitrary pose.
The relationship between the input and output variables is given by a non-linear

n—dimensional vector equation

fla,x)=0 (2.1)

For an exactly constrained manipulator, Gosselin and Angeles (1990) analyzed
singularities in Jacobian matrices resulting from differentiating the nonlinear kine-
matic constraints of Eq. (2.1), with respect to time. This leads to a relationship of

input q (joint rates) and output x (end-effector velocity) speeds
[A]x=[B]q (2:2)

where

PRI RN I (CKY

are both m x m Jacobian matrices.
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2.2.2 Classification of Singular Configurations

Gosselin and Angeles (1990) reported three different types of singularities for closed-
loop kinematic chains: Type I (instantaneous motion singularity) occurs when [B] is
singular, Type II (force singularity) occurs when [A] is siné;ﬂar, and Type III occurs
when both are singular. If [B] is singular, the mobility of the end-effector is restricted
by additional constraints, i.e., the manipulator loses one or more instantaneous-
motion degrees of freedom. This type of singularity is analogous to the ones present
in serial manipulators. If [A] is singular, the end-effector still has some mobility even
when all actuators are locked, i.e., the manipulator will gain one or more instanta-
neous degrees of freedom.

Tsai (1999) redefined singularities of Type I and Type II as inverse and direct
kinematic singularities, respectively. An inverse kinematic singularity occurs when
infinitesimal motion of the mobile platform along certain directions cannot be accom-
plished and the manipulator can resist forces and moments in some directions even
if the actuated joints are not locked. A direct kinematic singularity happens when
the mobile platform possesses infinitesimal motion in some directions even if the ac-
tuators are completely locked and the manipulator cannot resist forces and moments
in some directions.

Ma and Angeles (1991) defined parallel manipulators that cannot sustain an ar-
bitrary force in a large number of configurations as having architectural singularities.

Based on Eq. (2.2) a unique Jacobian can be formed
a =[x (23)

where [J] = [B|'[A]. Ma and Angeles identified some conditions for when the

Jacobian matrix [J] of special architectures of the Stewart-Gough platform is always
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singular throughout the workspace.
Zlatanov et al. (1994a and 1994b) made a more extended classification of the
singular configurations of parallel manipulators based on the relationship between

output and input speeds

x =[A(q)] (2.4)

where Q = { QZ Qzl) ] . with Q,, Qp, and x being the vectors of active joint ve-
locities, passive joint velocities, and the end-effector’s velocities, respectively. This
relationship leads to two groups of singularities: type R (redundant) and type I (im-
possible).

The singularities of type R are redundant input (RI), redundant output (RO), and
redundant passive motion (RPM). The RI singularities occur when the motion of the
platform along certain directions cannot be achieved while the actuators have motion,
e, %x =0, Q # 0 and Qp # 0; this singularity is equivalent to the instantaneous
motion singularity, i.e., [B] is singular in Eq. (2.2). The RO singularities occur
when the mobile platform has instantaneous motion along some directions while the
actuators are locked, i.e., x # 0, Q, = 0 and Qp # 0; this singularity is equivalent
to the force singularity, i.e., [A] is singular in Eq. (2.2). The RPM singularities
happen when the passive joints allow motion even if the actuated joints and the
mobile platform are locked, i.e., x = 0, Q, = 0 and Qp £ 0.

The singularities of type I are impossible input (II'), impossible output (I0),
and increased instantaneous mobility (IIM). The II singularities occur when an
arbitrary velocity of the joints €, cannot satisfy the velocity equation Eq. (2.4) for
any combination of x and Qp. The IO singularities occur when there is a x for which

Eq. (2.4) cannot be satisfied for any combination of Q). The IIM singularities happen



Chapter 2 - Analysis of Force-Unconstrained Poses 25

when the instantaneous motion is greater than the full-cycle mobility of the kinematic
chain, also referred to as an uncertainty configuration by Hunt (1978); this singularity
is equivalent to the combined singularity, i.e., both [A] and [B] are singular. Thus,
the mobile platform can move instantaneously even if all the actuators are locked; but
also the mobile platform cannot move along certain directions even if all the actuated
joints undergo instantaneous motion.

Zlatanov et al. (1998b) also presented a more detailed classification by considering
the combinations among the types of singularities.

Zlatanov et al. (2002) identified a special type of singularity known as constraint
singularity. This singularity occurs in manipulators with n-dof with n < 6 and the
mobile platform gains instantaneously one degree of freedom motion. This singu-
larity, however, cannot be identified using the velocity relationship, i.e., [A] is not

singular.

2.3 Screw Theory Method

2.3.1 Line Coordinates

A line can be specified by two points, e.g., P, and P,. Mathematically, these points
define position vectors, whose elements are projections on the axes of a reference
frame. Given that the points can be located anywhere on the line, one of the
projections can be chosen freely, yielding only four independent quantities. Similarly,
a line can be defined by a point P, and a direction l= P, — P,. The point can
be placed anywhere on the line and the direction is constrained to be a unit vector,

again yielding four independent parameters.
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2 /

Figure 2.1: Definition of Pliicker Coordinates for a Line in Space.

Pliicker (1868-9) or line coordinates is another way to represent a line in space
(Woo and Freudenstein, 1970). Let I be the unit vector defining the direction of the
line and [, be the moment of the line about the origin of the reference frame, which

is defined as
l,=Px 1 (2.5)

and shown in Figure 2.1. Since ! is a unit vector and the moment [, is orthogonal

to the direction, the following conditions have to be satisfied:

Z+E+E =1 (2.6a)

Iyl =0 (2.6b)

Line coordinates, therefore, only represent four independent quantities.



Chapter 2 - Analysis of Force-Unconstrained Poses 27
2.3.2 Screw Coordinates
Background

The concept of a screw axis was mentioned as early as 1763 by Giulio Mozzi. On
helicoidal motion, there are two movements, one that is a rotation about an axis that
crosses the centre of gravity, and the other is linear and common to all the points
of the body and is parallel to the axis of rotation. Mozzi referred to this axis as
a spontaneous axis of rotation. A more detailed historical overview about Mozzi’s
work is presented in Ceccarelli (2000).

The pioneer on Screw Theory was Robert S. Ball (1900), who created the termi-
nology that is used today. A screw ($) is a line in space having an associated pitch

and is represented as:

s l
$ = = (2.7)
So lo-p; 1

where s and s, are the unit screw coordinates, [ and [, are the Pliicker coordinates
of the line, and p, is the pitch of the screw. The pitch of the screw is a scalar of linear
magnitude defined as “the rectilinear distance through which the nut is translated
parallel to the axis of the screw, while the nut is rotated through the angular unit
of circular measure” (Ball, 1900). Therefore, the pitch is the ratio of the linear
translation to the angular rotation. The pitch of a screw is zero if there is a pure
rotation about the screw axis, while the pitch of the screw is infinite if there is pure

translation along the screw axis.
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Screw Coordinates of the Joints of Spatial Parallel Manipulators

Joints of manipulators can be modelled with screw coordinates as follows:

~

Z
$= (2.8)
I'xz+p, 2
where Z and T are the direction and position vector of a joint with respect to a
reference frame, respectively.
For revolute joints the associated pitch is equal to zero (pure rotation). Therefore,

the above expression can be reduced to

Z
Biey = (2.9)
Ir'XZ
For prismatic joints the associated pitch is equal to infinity (pure translation),
and by normalizing Eq. (2.8) the following screw coordinates result

0
B = (2.10)

N>

Screw Coordinates of the Joints of Planar Parallel Manipulators

Since parallel manipulators are composed of multiple branches, screw coordinates are
labeled *'$;,, where j and i represent the joint and branch respectively and {ref} is
a reference frame, which in further chapters will be referred to as an inertial frame
instantaneously attached to the mobile platform. Thus, the joints of parallel manip-

ulators modelled with screw coordinates with respect to {ref} are

o ""Iiji
g = (2.11)

ref33 refl 5 . refl5 .
( Loo—ji X7 25, TP, ZJi)
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where 'z and ( "T...j X *'2;) are the direction and moment of the 7 joint of

the i branch with respect to {ref}, respectively. Thus, the coordinates of revolute

and prismatic joints can be found from:

refy
Zj;

Revolute  *§;, (2.12)

N

(rrsfl_.’“)f_)ji Xre[ i]])

Prismatic ™$;, = ¢ (2.13)

2.3.3 Twists and Wrenches

Background

Mozzi’'s work was rigorously proved by Michel Chasles (1830), who published the
theorem for the general motion of rigid bodies: “Any displacement of a rigid body
can be effected by a single rotation about a unique axis combined with a unique
translation parallel to that axis” (Roth, 1984). Louis Poinsot (1806) presented the
theorem regarding forces and moments applied on a rigid body: “Any system of forces
(and moments) applied to a rigid body can be uniquely replaced by a single force and
a couple, in such a way that the single force is parallel to the axis of the couple”

(Roth, 1984).

Modelling Twists and Wrenches with Screw Coordinates

Chasles’ and Poinsot’s Theorems can be modelled with screw quantities. The angular
velocity w and the translational velocity v of a point of a moving body may be

represented by three-dimensional vectors that can be assembled into a screw quantity
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V called a twist,

V=a$= (2.14)

where a., is known as the twist amplitude (Ball, 1900) and its magnitude, for a finite-
pitch twist, corresponds to the magnitude of the angular velocity w, so the direction
of the screw s is a unit vector as shown in Eq. (2.7). For an infinite-pitch twist (a
pure translational velocity), a., corresponds to the magnitude of v. The pitch of the
twist is the ratio of the translational velocity to the angular velocity. The pitch of a
twist is zero if there is pure rotational velocity about the screw axis, while the pitch
of the twist is infinite if there is pure translational velocity along the screw axis.

On the other hand, the resultant force f and the moment m acting at a point on

the body can be assembled into a similar screw quantity F called a wrench,

f
F=w$ = (2.15)

m

where w is known as the wrench intensity (Ball, 1900) and its magnitude, for a
finite-pitch wrench, corresponds to the magnitude of the force vector f. For an
infinite-pitch wrench (a pure moment), w corresponds to the magnitude of m. The
pitch of a wrench is the ratio of the moment to the force. A pure force is a wrench
of zero pitch and a pure moment is a wrench of infinite pitch.

In general, the twist and wrench are composed of six elements, i.e., for a twist,
there are three rotations about and three translations along a reference frame; while
for a wrench there are three pure forces along and three moments about a reference
frame. For a manipulator with n — dof, where n < 6, such as planar manipulators,

the same 6 — n coordinates of the joint twists and the output twist will be zero at
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any configuration (Zlatanov et al., 1994c). For planar manipulators, $ is the screw
system of planar motion, which can be spanned by a rotation and two translations.
Therefore, the twist and wrench will have only three non-zero coordinates. The
twist is based on one angular velocity w. and two linear velocities v, and v,, while
the wrench is comprised of two forces f, and f, and one moment m., ie., V =

(W v'} = {w.; vz, v, )" and F = {f7;m"}" = {fs, f,;m.}", respectively.

Reciprocity

To define the concept of reciprocity for revolute and prismatic joints, assume a wrench
acting on a twist. If the line of action of a force crosses the axis of a revolute joint, the
force does not affect the rotation of the joint; i.e., the force cannot exert any moment
about the joint. Therefore, the force is reciprocal to the joint. Also, if the moment
of the wrench is perpendicular to the revolute joint axis, the moment is reciprocal
to the joint. If the line of action of a force is perpendicular to the direction of a
prismatic joint, the force does not affect the translation of the joint. Also a moment,
regardless of its direction, is reciprocal to a prismatic joint. Two screws are said to
be reciprocal if the power developed by the wrench on a twist is zero (Hunt, 1978).

The wrench and twist are reciprocal if their reciprocal product is zero, i.e.,
VeF=w-m+v-f=0 (2.16)

where ® denotes the reciprocal product! between two screws.

'For planar manipulators, the reciprocal product of Eq. (2.16) is defined as:

{wz:,v:::vy} ® {fz:fy':'nlz} =Wz My + Vg - fz‘ + vy - fy =0
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The velocity and static force problems of serial and parallel manipulators using

screw theory are described in Appendix A.

2.3.4 Force-Unconstrained Poses

In this section, the methodology used to identify the force-unconstrained poses of
parallel manipulators is described. The forces that can be applied (sustained) by a
branch can be modelled with associated reciprocal screws. The force exerted by the
k*" actuated joint of the 7** branch is characterized by a screw, Wy, reciprocal to all

joints of the #** branch except for the actuated joint £, i.e.,
$;, ® W, =0, for j # k (2.17)

where $;, denotes the screw coordinates of all joints j # k of the it" branch. In
general, reciprocal screws are composed of six elements; however, for a planar case,
"Wy, will have only three non-zero coordinates.

The force that can be applied by the i** branch is
N
Fi = Zwkiwki (2.18)
k=1

where wy, is the wrench intensity of the k™ actuated joint of the i*" branch and ny is
the number of actuated joints in the i** branch. Notice that n; = 1 for a fully-parallel
manipulator. Assembling the associated reciprocal screws of the actuated joints of

the device in a matrix yields
[W] = [.-- W) (2.19)

fork =1, ... ,ng, and i = 1, ... , ny, where n;, is the number of branches. The

matrix [W] will be referred to as the associated reciprocal screw matrix and allows
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the wrench acting on the mobile platform of the manipulator to be determined by

pol ! — Y F = [W] w (2.20)

m =1

where w is the vector of wrench intensities. If the applied force is given and the

vector of intensities is unknown, inversion of [W] allows w to be found as:
w=[W]'F (2.21)

If [W] is singular, an arbitrary force F cannot be sustained, i.e., the device is force

unconstrained.

2.4 Analogy Between Methods

Under static conditions, the relationship between the torques (revolute joints) or
forces (prismatic joints) applied by the actuated joints and the forces and moments
exerted at the end-effector that describes the equilibrium of the system (Gosselin,

1990b) is given by
B, =0 T (2.22)

where F, is the generalized vector of forces and moments acting at the end-effector
(wrench), T is the vector of actuated torques or forces, and [J] = [B]" [A].

On the other hand, the relationship between the exerted wrench F and the vector
of wrench intensities w, previously defined in Eq. (2.20), can be expressed in terms

of the torques or forces applied by the actuated joints, as shown in Appendix A.3.2,

w = [D] T (2.23)
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where [D] involves the inverse of the reciprocal products of the actuated joints, i.e.,

0
D] = e (2.24)
0
Substituting Eq. (2.23) in Eq.(2.20) yields
F = [W][D]r (2.25)

Since F,= F, Eq. (2.22) and Eq. (2.25) are equivalent, and the following analogy

of the methods prevails

(W] D] = (31" (2.26)

2.5 Mathematical Techniques for Identifying Force-

Unconstrained Poses

2.5.1 Basic Approaches

Mathematically, the manipulator is force unconstrained when matrix [W] (or the
Jacobian matrix [A] using the time derivative method) is singular. This is the reason
why these special configurations are commonly referred to as singularities. There
are three basic approaches to identify force-unconstrained configurations: numerical,

analytical, and geometrical.

2.5.2 Numerical Technique

Numerical techniques predict how close a pose is from a singularity and are generally

defined with indices. In general, the numerical technique if computationally efficient



Chapter 2 - Analysis of Force-Unconstrained Poses 35

can be implemented in real-time applications. For serial manipulators, Yoshikawa
(1990) proposed indices to measure the capability of a manipulator to execute a de-
sired task based on the determinant and the singular values of the Jacobian matrix.
Gosselin (1990c) proposed dexterity indices that are frame invariant using the Jaco-
bian condition number, addressing the problem that the entries of the Jacobian matrix
are components of a different nature (linear and angular velocities), i.e., scaling the
dimensions of the manipulator affects the value of the condition number.

Gosselin (1990b) related the stiffness and the singularities of parallel manipulators
by means of the condition number. Park and Kim (1998) considered adding weighting
matrices resulting in a condition number that is frame invariant; nevertheless, the
weighting matrices have to be chosen in an arbitrary manner (Merlet, 2000). Lee
et al. (1999) introduced the so-called quality index, which is the quotient of the
absolute value of the Jacobian determinant over the maximum value of the Jacobian

determinant for a particular manipulator,

_ Jdet([a))]
det([J],,)

where 0 < A < 1. This method was also considered for redundant manipulators based

(2.27)

on derivations of the Stewart-Gough platform, namely for the 4-4 manipulator (Zhang
and Duffy, 1998), the 8-4 manipulator (Zhang et al., 2000a), and the 8-8 manipulator
(Zhang et al., 2000b), where the numbers represent the attachment layout between
the fixed and mobile platforms. For redundant manipulators the quality index is

given by

_[Jdet (3137
det([3],, 19T,

Voglewede and Ebert-Uphoff (2004) incorporated several measures into a con-

(2.28)

strained optimization problem, resulting in a general eigenvalue problem. The op-
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timization framework involves four measures, namely, minimal eigenvalue, power,
stiffness, and natural frequency. However, the incorporation of all these measures

may not be suitable for real time application.

2.5.3 Analytical Technique

Analytical techniques are based on setting the symbolical solution of the Jacobian
matrix determinant to zero, i.e., forcing [A] or [W] to be singular. Solving for the
determinant is generally a very complicated algebraic process even using symbolic
computation software (Merlet, 2000). Also, another inconvenience may arise with
this technique, finding the roots of the determinant, which can be expressed as a
polynomial. Nevertheless, the resulting polynomial corresponds to all possible force-
unconstrained poses.

This technique has been implemented in parallel manipulators with simple ar-
chitectures, such as planar manipulators, spherical manipulators, and special 6-dof
manipulators. Among works related to planar manipulators, Sefrioui and Gosselin
(1995) and Mohammadi-Daniali et al. (1995) applied the time derivative technique;
Collins and McCarthy (1998) and Husty et al. (1999) projected the kinematic con-
straints into the planar quaternion space to simplify the non-linear terms; and Bonev
et al. (2003) and Firmani and Podhorodeski (2004b) used screw quantities. Sefrioui
and Gosselin (1994) determined the singularity loci of spherical 3-dof parallel ma-
nipulators. Tahmasebi and Tsai (1994) showed the conditions that lead to singular
configurations of a special 6-dof manipulator. Mayer St-Onge and Gosselin (1996)
showed that the singularity loci of the general 6-6 Stewart-Gough platform can be

determined by expanding the determinant by the cofactors of the first row. This
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process is repeated until the cofactors are 3 x 3 matrices and analytical expressions
of their determinants can be obtained.

The analytical technique is definitely computationally expensive but it can be
performed during the design process prior to the construction of the manipulator.
The main advantage of this technique over the numerical approach stands in under-
standing the nature of these singularities: how these singularities may change with
different design specifications, and how these singularities may be affected with the

inclusion of redundancy.

2.5.4 Geometrical Technique

Based on screw theory, an approach to identify singular configurations of parallel
manipulators involving line geometry has been considered. Dandurand (1984) ad-
dressed the problem of rigidity conditions of compound spatial grids by means of line
geometry. This approach is implemented in parallel manipulators by determining if
the associated reciprocal screw matrix is rank deficient. Since the columns of the as-
sociated reciprocal screw matrix consist of Pliicker or line coordinates, the singularity
analysis of parallel manipulators is based on finding geometrical conditions for linear
dependency among these lines. The identification of force-unconstrained configura-
tions is carried out synthetically. A detailed classification of the dependency between
lines was developed by Merlet (1989), and then augmented by Hao and McCarthy
(1998) who included additional subcases. Basically, this classification consists of five
types of linearly dependent lines based on the resulting rank of the Jacobian. A sin-
gularity of type n occurs when one associated reciprocal screw is a linear combination

of at least n other associated reciprocal screws.
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Some of the relevant articles related to the identification of force-unconstrained
configurations in parallel manipulators using Grassmann line geometry follow. Mer-
let (1989) identified the conditions of force-unconstrained configurations of the 6-3
Stewart-Gough platform. Collins and Long (1995) determined all possible line de-
pendencies of a 6-dof joystick formed with three pantograph linkages. Notash (1998)
identified uncertainty configurations of the RSI joystick and, in addition, presented a
detailed analysis of how the different types of singularities can be eliminated by in-
cluding redundant actuation. Ebert-Uphoff et al. (2002) introduced, for manipulators
with three branches and two actuators in each branch, a characteristic tetrahedron,
whose singularity corresponds to the singularity of the manipulator.

For planar parallel manipulators, the conditions that cause the associated recip-

rocal screw matrix to be rank deficient are:

e Type 1 (rank([W]) = 1).- All associated reciprocal screws being collinear. This
type of singularity will occur if and only if the architecture of the manipulator

is such that all associated reciprocal screws can be collinear.

e Type 2 (rank(|W]) = 2).- All associated reciprocal screws intersecting at a
common point (planar pencil). This is the general type of singularity for planar
parallel manipulators, which includes the case when all associated reciprocal

screws are parallel, i.e., intersection at infinity.

Mohammadi-Daniali et al. (1995) described the unconstrained motion, gained by
the manipulator, based on the existence of a planar pencil. If the associated recip-
rocal screws intersect at infinity, the mobile platform can move along the direction
normal to the direction of the associated reciprocal screws, this occurs even if all the

actuators are locked; likewise, a force in the normal direction cannot be sustained
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by the actuators. Whereas, if the reciprocal screws intersect at a common point
other than infinity, the mobile platform can rotate about that point, even if all the
actuators are locked, likewise, a moment applied to the mobile platform cannot be

balanced by the actuators.

2.6 Discussion

In this Chapter, force-unconstrained configurations of parallel manipulators were ana-
lyzed with two methods: time derivative and screw theory. Also, different techniques
that can be adopted to identify these configurations were described. A discussion of
these methods and techniques follows.

With the time derivative method, the differentiation of the non-linear kinematic
constraints may lead to large expressions. However, this method has the advantage
that the Jacobian matrix [A] is a function of the position and orientation of the mobile
platform, which represents the pose of the manipulator. Whereas, with the screw
theory method the entries of the associated reciprocal screw matrix, [W], which are
a function of joint displacements, tend to be compact and sometimes the associated
reciprocal screws can be geometrically identified. However, the problem arises when
the joint displacements are transformed into the task space variables.

The mathematical techniques described in this Chapter can be implemented de-
pending on the singularity analysis approach. Numerical techniques provide the
information of how close a pose of the manipulator is from a singular configuration
making these techniques suitable for real-time applications. Another use for these
techniques could be to identify force-unconstrained poses by setting one of the de-

scribed indices as the objective function of an optimization problem. Whenever the
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index function is minimized, the manipulator is force unconstrained; however, such
analysis would only identify a single pose. These techniques are not appropriate for
the identification of all force-unconstrained poses because they would require a large
number of starting points in the optimization algorithm.

Analytical methods yield a multivariable expression that represents all possible
force-unconstrained poses. The graphical representation of these poses is defined by
a manifold or a set of manifolds in the same dimensional space. These manifolds can
be plotted by assuming all variables but one, so the expression is reduced to a single-
variable polynomial. For instance, the singularity-locus expression of non-redundant
planar parallel manipulators results in a three-variable equation, thus two variables
may be assumed yielding a two-dimensional manifold>. The roots of the single-
variable polynomial will determine the force-unconstrained poses of the manipulator.
If an analytical technique is feasible for a specific manipulator, it can be used as an
important parameter for the design of the manipulator as well as for the design of
the trajectory that the manipulator may follow.

The screw theory method has the advantage of incorporating the geometrical
technique, which provides a geometrical insight allowing a visualization of specific
kinematic conditions that cause the manipulator to be force unconstrained. In this
dissertation, planar parallel manipulators are considered, thus analytical solutions are
feasible.

In the following chapters a study of force-unconstrained configurations for non-

redundant and redundant planar parallel manipulators is presented.

2This analysis is presented in detail in Chapter 3.
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Chapter 3

Force-Unconstrained Poses of
Non-Redundant Planar Parallel

Manipulators

3.1 Overview

In this chapter, the force-unconstrained poses of non-redundant planar parallel ma-
nipulators are presented. First, an introduction of planar parallel manipulators and
possible actuation layouts is described. Then, detailed examples, namely the 3-
RPR, 3-PRR, and 3-RRR manipulators, are presented. Each manipulator problem
contains a literature review, description of the mechanism, Denavit and Hartenberg
parameters, solution of their screws and reciprocal screws, kinematic analysis, and

force-unconstrained poses. The chapter ends with a discussion of the obtained results.
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3.2 Introduction

As mentioned in Section 1.6.1 and illustrated in Figure 1.2, there are seven planar
parallel manipulators with homogeneous layouts of branches. With the same criteria,
the actuation of these manipulators will be considered homogeneous, i.e., the same
joint in all branches will be actuated. This leads to twenty-one possible actuation
layouts. Bonev (2002) and Bonev et al. (2003) analyzed all possible actuation layouts,
which are described in Table 3.1. There are some manipulators that have invalid
actuation schemes as described by Williams IT and Shelley (1997). The Jacobian
matrix of these manipulators is rank deficient at any configuration. The invalid
actuation schemes are branches composed of two prismatic joints and one revolute
joint, with the latter being actuated (Merlet, 1996b). Physically, if all the actuators
are locked, the points of connection between the mobile platform and the branches can
be located at any position on the plane. Since this is true for all three branches, the
platform can translate on the plane yielding uncontrollable degrees of freedom. Such
mechanisms are marked with *. There are also mechanisms that are kinematically
equivalent, i.e., the inversion of the mechanism yields another one (e.g., PRR =
RRP). These mechanisms are marked with . The RRR mechanism is kinematically
equivalent to the RPR mechanism and is marked with °. Thus, the nine mechanisms

in bold are the unique possible actuation layouts.

Table 3.1: Actuation Layouts of Each Branch.

RRR | RPR | RPP* | PRR | PRP | PPR | RRP

RRR° | RPR | RPP | PRR | PRP* | PPR | RRP

RRR | RPR | RPP | PRR | PRP | PPR* | RRP
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The forces applied by each actuated joint of the layouts described in Table 3.1 are
modelled with associated reciprocal screws. Based on the definition of reciprocity
given in Section 2.3.1, the associated reciprocal screws of the actuated joints (joint 1

actuated Wy, and joint 2 actuated Wy, ) are illustrated in Figure 3.1.

Figure 3.1: Representation of the Associated Reciprocal Screws on PPMs.
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Figure 3.1 (cont’d): Representation of the Associated Reciprocal Screws on PPMs.

The associated reciprocal screw matrix [W] for each possible actuation layout are

assembled as follows:

Il

First joint being actuated (W] [ W, W, W, }

Second joint being actuated W] = {W% Wi, Wo, }

A force-unconstrained pose occurs when all associated reciprocal screws intersect

at a common point, also known as planar pencil singularity (Hunt, 1978), i.e., matrix
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[W] is singular. Thus, force-unconstrained poses can be identified by setting to zero
the determinant of [W], i.e., |[W]| = 0.

Among the remaining mechanisms, the ones containing a passive prismatic joint
will not be considered in this dissertation because it would not be reasonable to
include a prismatic joint, which is usually a fairly expensive device, as a passive joint.

This leads to only three mechanisms to be examined: 3-RPR, 3-PRR, and 3-RRR.

3.3 Force-Unconstrained Poses of the 3-RPR PPM

3.3.1 Background

The 3-RPR manipulator may be considered as the planar version of the Stewart-
Gough platform (Dasgupta and Mruthyunjaya, 2000). This device is not very suitable
for industrial applications that required high speeds because of the high inertia due to
the weighty actuators within the mobile linkage (Bonev, 2002). In spite of this, the
3-RPR manipulator is a good reference as an introductory mechanism for the other
manipulators studied in this dissertation, which present a greater challenge.

The forward displacement problem of this manipulator was solved by Gosselin
et al. (1992), who derived a sixth order polynomial whose roots represent all possi-
ble postures of the manipulator for a specific set of joint displacements. Analytical
expressions of the singularity loci of this manipulator were identified by Sefrioui and
Gosselin (1995), yielding two quadratic surfaces in a three-dimensional space defined
by the position (x and y) and orientation (¢) of the mobile platform. For constant
payload orientation, these singularities can be plotted as quadratic curves in the zy

plane as either hyperbolas, parabolas, or ellipses. The derivation of the analyti-
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cal expressions was obtained using the input-output speed relationship of Eq. (2.2).
Collins (1997) and Collins and McCarthy (1998) applied Clifford algebra of the projec-
tive plane yielding a quartic polynomial in the homogeneous coordinates represented
by quaternions. Similarly, Husty et al. (1999) projected the kinematic constraints
into the planar quaternion space and carried out a parametrization of the singularity
surface. Kong and Gosselin (2000) analyzed the singularity loci of this manipulator
with similar platforms resulting in two conditions. The first condition shows that
if the mobile platform is either oriented as or rotated 180° with respect to the fixed
platform, the manipulator will be force unconstrained. The second condition shows
that in any other orientation there will be circles of singularities. Bonev (2002) and
Bonev et al. (2003) identified, besides the force-unconstrained poses, redundant pas-
sive motion (RPM) singularities. These singularities occur when the displacement
of one of the prismatic joints is zero. Thus, the passive revolute joints are collinear
allowing motion even if the actuated joints and the mobile platform are locked. Li
et al. (2006) presented the singularity loci of this manipulator and analyzed, for a
given position, the maximal singularity-free zones, which are represented by cylinders.

In this section, the Denavit and Hartenberg (DH) parameters (Denavit and Harten-
berg, 1955) of each branch are determined using Craig’s convention (Craig, 1987).
Then the time derivative and screw theory methods are applied and subsequently

compared. Finally, an example of force-unconstrained poses is presented.

3.3.2 Denavit and Hartenberg Parameters

The notation of the geometric variables of the manipulator are shown in Figure 3.2.

The DH parameters describing the 3-RPR layout are given in Table 3.2, where j and
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i represent the joint and branch numbers, respectively, and {ref}={3,}. To keep

the DH parameters in a general form [y =0, 3, =0, #, =7, and B3 = ™ — as.

Figure 3.2: Layout of the 3-RPR Planar Paralle] Manipulator.

Table 3.2: DH Parameters of the 3-RPR Manipulator.

J—1|aja|aa | di | 05 J
b | 0] 0|0 |6—2|1
11 _% O 612l 0 21
2,; ’72£ O 0 03i + % 3;
% | o | u|o]| 8 |ref
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The homogeneous transform, §[T], of the i* branch base b; = [bz;, by;]" for

i =1,2,3 with respect to {0} is shown below.

1 0 0 bz

g{_ (@] = | (3.1)
001 0

000 1

3.3.3 Time Derivative Method

The following equations describing the forward displacement solution can be obtained

x = bx;+ dy, cos(6y,) + L cos (61, + b3, + 5;) (3.2a)
y = by +dy,sin (61,) + l;sin (64, + 03, + 3;) (3.2b)
,é = 01,‘ + 93" + /Bi (3.20)

where [, =0, 3, =0, 8, =7, and B35 =7 — a3.
In order to eliminate #,, Eq. (3.2¢c) is substituted in Egs. (3.2a and 3.2b). Then,

6. is eliminated by squaring and adding Egs. (3.2a and 3.2b) together, yielding

dzl = 22+ (3.3a)
d; = (24 lyco8¢ — bzs) + (y + lysin ¢)? (3.3b)
dy, = (z+I3cos(¢+as)—bxs)® + (y+Issin (¢ + as) —bys)®  (3.3¢)

The time derivative of these equations lead to the relationship between the input
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and output speeds [A] x=[B] q, where matrix [A] is described as

T Y 0
2 z — by + lsco y+ lasé Iy (yeo — (z — bxa) sp)
T —bzs+lzc(dp+a3) y—bys+las(d+as) I3((y—bys)c(d+as)—(z—bx3)s(d+as))

(3.4)

where s and c are the sine and cosine of the angles, while matrix [B] is described as

dyy, 0 0
9f(a,x)
[B] = 9q  —2| 0 dy O (3.5)
0 0 d,

Finally, the combined Jacobian [J] that allows solving q = [J]x (inverse velocity

problem) is

1
3] = [B] [A] (3.6)
x il
da, da, 0
= z—bxo+lockd y+lasd la(ycp—(z—bz2)sep)
da, da, da,
z—brz+lzc(d+as) y—byst+izs(p+az) 3((y—bys)c(d+asz)—(z—bzrz)s(d+as))
dag dog dagy

3.3.4 Screw Theory Method

Screw Quantities

For the 3-RPR, the following joint screws written in matrix form per branch result:

“B] = [y, =By 18y, |
1 0 1

= | dysin(f3,) cos(63,)

do, cos (f3,) —sin (fs,)

0 (3.7a)
0
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[ = [, "8, gy, ]

1 0 1
= —dy, sin (f3,) —cos(fs,) O (3.7b)

—dy, cos (03,) — I sin(f3,) —Ila

ref [$3] — [re[$13 ref$23 m'$33]

1 0 1
= —dy, sin (03, — a3) + l3sinag —cos (03, —a3) Ilzsinag (3.7¢)
—dp, cos (03, — a3z) — lscosaz  sin(f3, —a3) —lzcosas

The associated reciprocal screws of the actuated joints are found using the recip-

rocal products of Eq. (2.17) as follows:
Branch1 W, ®$§;, =0, for j #2; yielding
“'Wy, = {cosf3,, —sinfs; 0} (3.8a)
Branch 2 @ Wy, ® §;, =0, for j #2; yielding
"Wy, = {—cosfs,, sinfs,; lsinfs,}" (3.8b)
Branch 3  W,, ® §;, =0, for j #2; yielding

erz = {— COS 03 —(13), Sil’l(93 —03); l3Sin93 3 3.8¢c
3 3 3 3

where the sign given to the first two elements of the associated reciprocal screws
defines the direction of the applied forces, i.e., F; = Wy w,, for i = 1,2,3. Notice
that if wy, > 0 the i** branch will push the mobile platform and when wy. < 0 the i*"

branch will pull the mobile platform.
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Finally, the associated reciprocal screw matrix is assembled

cosfly, —cosf3, —cos(f3, —as3)
“'[W]=| —sinf3, sinfs, sin(fs, — as) (3.9)
0 lo 8111932 l3 sin 933

As mentioned before, if ™' [W] becomes singular, an arbitrary force F cannot be

sustained. This occurs when its determinant is zero, i.e.,

“[W]| = lsin(6s,) (sin(fs,) cos(3, — a3) — cos(3,) sin(fs, — a3))

+l13 sin(f3,) (cos(3,) sin(f3,) — sin(f3,) cos(fs,)) =0 (3.10)

3.3.5 Comparison between Both Methods

The resulting matrix for the screw theory method is written in terms of the joint
angles f3.. In order to express these associated reciprocal screws in terms of the
location and orientation of the platform, the following vector loop equations with

respect to {ref} are employed:

Branch 1

—ds, cos (—f3,) = —zcos¢—ysing (3.11a)

—ds, sin(—03,) = zsing —ycos¢ (3.11b)

By isolating the terms cosfs, and sinf3, from the above equations and substituting

them back in Eq. (3.8a), the following form of "W, results,

1

T
"Wy, :E_{ zcos¢+ysing —xsing+ycoso 0 } (3.12)

2
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Transforming the associated reciprocal screw to a frame {refy} located at 3; but

oriented as {0} yields

: .
“OW;, = 1 [R] W, = 32—{ zy 0 } (3.13)
1
where
cos¢ —sing 0
w' [Rl=| sing cos¢ 0 (3.14)
0 0 1
Branch 2
lo + ds, cos (—03,) = (bxa —z)cos¢p — ysing (3.15a)
dy, sin (—03,) = —(bzy —z)sing —ycosg (3.15b)

By substituting the trigonometric terms of 3, in Eq. (3.8b) the following form of

"W, results

( — (bzy —x)cosp+ysing + b \
"Wy, = d_; T (bzy — ) sin @ + y cos ¢ > (3.16)
\ Iy ((bzy — z) sin ¢ + y cos @)
Transforming to {refy} yields
( z — bxy + lrcos ¢ W
Wi, = P [R] Wi, = 5 y+ bsing SENCRTY
| b (ycos ¢ — (z — bay) sin @) i
Branch 3
leas + doge (s — 03,) = (bzg — ) co + (bys — y) so (3.18a)

saz + do,s (a3 —03,) = — (bzz —z)s¢+ (bys — y) co (3.18b)
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yielding
1
c(03 —a3) = E;— ((bz3 — z) cd + (bys — y) s¢ — Leas) (3.19a)
1
§(03, —a3) = . ((bz3 — z) s¢ — (bys — y) cd + bsas) (3.19b)

The third element of *'Ws, involves the term sin #3, which can be found by mul-
tiplying Egs. (3.18a and 3.18b) by sas and —cas, respectively, and adding them

together, i.e.,

sin s, = di ((bzs — ) 5 (6 + 03) — (bys — ) ¢ (¢ + 3)) (3.20)

substituting Egs. (3.19a, 3.19b, and 3.20) into Eq. (3.8¢c) yields
{ 3

— (bzz — z) cp — (bys — y) s& + Leas
Wy, = — ¢ (bzs — ) s¢ — (bys — y) cd + Lsas 0 (3.21)

I3 ((bzs —x)s(p+ as) — (bys —y) c (P + az))

\ /

and transforming yields

T — brs + e (P + a3)

1

Wy, = i [R] “Wy, = o 4 y —bys + s (¢ + as) >
3

| I3((y — bys) c (¢ + az) — (z — bx3) s (¢ + a3)) :
(3.22)

Finally, the associated reciprocal screw matrix of this manipulator is assembled

as follows:
refp) [W] — refg W?] refp ‘V22 reig W23
i z—bzo+lacd z—bza+lzc(p+as)
d21 d22 d23
= Yy y+losé y—bys+lzs(¢+as) (3_23)
d21 d22 d23

0 lo(ycp—(z—bz2)s¢)  I3((y—bys)c(d+az)—(z—bxs)s(d+asz))
da, day
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Thus, the analogy between the time derivative method and the screw theory

method is satisfied, i.e.,
=0 (W][D] = [J] = ((B]"[A])" (3.24)

where [D] turns out to be a 3 x 3 identity matrix.

wieh O 0 100
— 1 =
0 0  wres 001

3.3.6 Force-Unconstrained Poses

The determinant of the Jacobian (or associated reciprocal screw matrix) leads to an
equation in terms of z, y, and ¢. Assuming values of z and y within the workspace
of the manipulator, and applying half-angle substitution to ¢, i.e.,

2t 1=

sin(¢) = B and cos(¢) = T (3.25a)
where
t = tan (g) (3.25b)
a quartic polynomial in ¢ results,
agt* + a;t® + agt® + azt + a4 =0 (3.26)

where the coefficients a; (for i = 0, ..., 4) are shown in Appendix D.2.

The obtained position of the mobile platform is referred to the origin of {ref}.
However, it can be transformed to the origin of frame {cen}, which is located at the

centre of the platform and oriented as {ref }, as explained in Appendix B.3.
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Ezxzample.-

A numerical example of the force-unconstrained poses of the centre of the plat-
form of the 3-RPR manipulator is presented. Both platforms are equilateral trian-
gles, their sides are 2.5 m for the fixed platform and 1 m for the mobile platform.
The stroke of the prismatic joints are 0 < dy, < 3 m, for i = 1,2,3. The force-
unconstrained poses of the 3-RPR manipulator are plotted in the three-dimensional
space defined by z, y, and ¢; and are shown in Figure 3.3. - The greyscale gradient

visually aids the magnitude of the orientation.

Figure 3.3: Force-Unconstrained Poses of the 3-RPR Manipulator.
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Notice that in the above figure two planes of force-unconstrained poses (at ¢ = 0°
and ¢ = —180°) resulted. This is due to the similarity of the two platforms, i.e.,
the fixed and the mobile platform are similar triangles. Thus, if the mobile platform
is either parallel or rotated 180° with respect to the fixed platform, the associated
reciprocal screws will always intersect at a common point.  Also, for any other
orientation, the locus of singularities show a circular shape. These results corroborate
the previous study made by Kong and Gosselin (2000), and shown in Li et al. (2006).

The RPM singularities were not shown in Figure 3.3. These singularities occur
when the displacement of a prismatic joint is zero. This redundant motion yields
a full-cycle as described by Bonev et al. (2003). Regardless of the orientation of
the mobile platform, the row of the Jacobian matrix involving the branch with the
zero-displacement prismatic joint is a zero row, i.e., the Jacobian matrix is, therefore,
rank deficient. Physically, the mobile platform can rotate freely about the base of the
prismatic joint whose displacement is zero. The RPM singularities represent spirals
in the three-dimensional space. The projection of these spirals leads to circles in the
zy plane. The centre of each circle is located at the branch base of the prismatic
joint with zero displacement and the radius is defined by the distance between this

base and the centre of the mobile platform.
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3.4 Force-Unconstrained Poses of the 3-PRR PPM

3.4.1 Background

The 3-PRR manipulator was first introduced by Gosselin et al. (1996). Each branch
is composed of a prismatic joint fixed to the base, followed by two revolute joints
separated by a link. In order to reduce the inertia of the mechanism, the prismatic
joints are actuated allowing high speed applications. In (Gosselin et al., 1996), the
kinematic analysis of the inverse and forward problems, the input and output speed
Jacobian matrices, and a workspace description were presented.

For a constant payload orientation, Bonev (2002) and Bonev et al. (2003) identified
the singular configurations of this manipulator. The singularity loci are represented
by a 20""-order multivariable polynomial in terms of z and y. However, an exhaustive
process of simplification is required because the resulting equation is expressed in
terms of square roots. The geometric identification of all singular poses requires ¢
to be varied, i.e., 0 < ¢ < 27, making this method computationally expensive.

To the best of the author’s knowledge, no mathematical software can determine a
single symbolic expression for force-unconstrained poses of the 3-PRR in terms of the
variables z, y, and ¢. Nevertheless, if a symbolic expression were to be found, the
force-unconstrained poses could be plotted by assuming two of these variables, i.e.,
there is an order of two infinities (O (00?)) of choices. In this dissertation, to make the
solution more efficient, the two ‘free’ variables are chosen to be joint displacements.

In this section, the force-unconstrained poses of the 3-PRR are identified. First,
the Denavit and Hartenberg parameters of each branch are determined. Second,

screws and associated reciprocal screws are found. Third, the loop-closure equa-
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tions that define the geometry of the manipulator are derived. Fourth, the elimi-
nation process is carried out by properly selecting the ‘free’ variables, and the force-

unconstrained poses are identified.

3.4.2 Denavit and Hartenberg Parameters

The notation of the geometric variables of the manipulator are shown in Figure 3.4.
DH parameters describing the 3-PRR layout are given in Table 3.3, where j and 7
represent the joint and branch numbers, respectively, and {ref} is a reference frame
located at {3;}. To keep the DH parameters in a general form /; = 0, §; = 0,

By, =, and B3 = T — 3.

AL — I > ) 0,
o d 11 r

Figure 3.4: Layout of the 3-PRR Planar Parallel Manipulator.
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Table 3.3: DH Parameters of the 3-PRR Manipulator.

J—llaj1|aj-1|d;[65] J

b; i 0 [dy, | O 1;

1

1; 3T 0 0 |6 | 2
2; 0 P; 0 93,. 3,‘
3; 0 i | 0| B |ref

The homogeneous transform, j [T], of each branch base b; with respect to {0} is

th

shown below, with bz; and by; being the position of the i** base, and 7; the orientation

of the i'* prismatic joint.

cos (y;) —sin(y;) 0 bz,
sin(y;)  cos(y;)) O by
0,[T] = (3:27)
0 0 1 0
0 0 0 1
3.4.3 Screw Quantities
The following joint screws written in a matrix form per branch result:
0 1 |
=118y, 1§y, 85, ] = | sin(ba, +03) pysin(fs) O (3.28a)

cos (03, +03,) pycos(fs,) O

0 1 1
ref [$2] — [ rrf$12 rvf$22 "‘”‘$32 ] . . Sj_rl (022 + 932) _p2 Si‘n 032 O

— COS (922 + 932) —pPo COS 932 — l2 —lg

(1;;.28b)
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ref [$3] _ [,(.;$13 r.»r$23 ,..r$33]

0 1 1
= —sin (923 -+ 033 — (13) —pP3 sin (033 = (13) + l3 sin Q3 l3 sin Q3

—cos (B9, + 03, — a3) —pgcos(fs3, —az) — lgcosaz —lzcosas
(3.28¢)

The associated reciprocal screws of the prismatic actuated joints are found using

reciprocal products of Eq. (2.17) as follows:
Branch1 W, ®$; =0, for j #1; yielding
“'W,, = {cosf3,, —sinfs; 0} (3.29a)
Branch 2 Wy, ®$;, =0, for j #1; yielding
“'Wy, = {—cosfs,, sinfs,; Lsinfs,}" (3.29b)
Branch 3 W, ®$,, =0, for j #1; yielding
“'W, = {—cos (s, — a3), sin(f3, —a3); l3sinfs,}’' (3.29c¢)

Finally, the associated reciprocal screw matrix is assembled

cosfl3, —cosfs, —cos(f3, —as3)
“'[W]=| —sinfs, sinfs, sin(fs, — a3) (3.30)
0 l2 sin 93.2 l3 sin 933

The manipulator is force-unconstrained when the determinant of ' [W] equals

Z€ero, 1.e.,

“[W]| = Ilysin(fs,) (sin(fs,) cos(f3, — a3) — cos(fs, ) sin(f3, — a3))

+l3 sin(f3,) (cos(6s, ) sin(fs,) — sin(63,) cos(f3,)) = 0 (3.31)
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3.4.4 Loop-Closure Equations

The relationship between the joint angles of each branch and the pose (z, y and ¢) of
the mobile platform is defined by the loop-closure equation that describe {ref} with

respect to {0}, i.e.,

x = bx; —dysin(y;) + p;cos(y; + 0a,) + licos(y; + 62, +63,)  (3.32a)
y = by, + dy, cos(y;) + p;sin(y; + 0,) + Lisin(y,; + 02, + 63,) (3.32b)

¢ = 7;+0s +0;5+0; (3.32¢)

where i = 1,2, 3, with bz; and by, representing the position of the bases and ~; the
orientations of the prismatic joints with respect to {0}.

In order to eliminate 65, Eq. (3.32¢) is substituted in Egs. (3.32a and 3.32b).
Then, d;, is eliminated by multiplying Egs. (3.32a and 3.32b) by ¢(v;) and s(7;),

respectively, and adding them together, yielding

filz, y, ¢, 03,) = (y—by: — p;s(¢ — 03, — B;) — lis(¢ — ;) s(:)
+ (z — bz — pic(¢d — 03, — B;) — lic(¢ — 5;)) c(v;) =0

(3.33)

where 6, =0, B, =7, and ;3 = 7 — as.

3.4.5 Force-Unconstrained Poses

There are four equations (Eq.(3.31) and Egs. (3.33), i = 1,2, 3) and six variables (z,
y, ¢, and 65, for i = 1,2,3). It would be desirable to eliminate all #3, and remain
with an expression in terms of the task space variables; however, this elimination
cannot be performed symbolically in a symbolic computation software, such as Maple
or Mathematica, because the simplification process will eventually lead to square

roots whose elimination requires squaring already large equations.
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A more efficient way to solve this problem is to choose the ‘free’ variables to be
two of the third joint angles, for example 63, and f3,, allowing 3, to be computed
with Eq. (3.31). This yields two possible solutions #3, and #3, —7. Both 63, solutions
make the third associated reciprocal screw intersect the common point of the other
two associated reciprocal screws. The 63, values define the orientation of links p;
with respect to the mobile platform.

Now the problem is reduced to assembling the mobile platform and links with
the arrangement of the prismatic joints, fixed to the base, using the loop-closure
equations. The numerical values of #5, are substituted in Eq. (3.33). Half-angle
substitution, as shown in Eq. (3.25a), is applied to ¢, and the loop-closure equations,
Eq. (3.33), become a function of z, y, and ¢, with ¢ being a quadratic variable. These

equations are written in matrix form as

Y, Y. Y, r
@lx=|vy, v, ¥, y | =0 (3.34)

Yo Yoy U | |1
where the elements of [U] are quadratic polynomials in ¢ and constants (as shown in

Appendix D.2), and 0 is a 3 by 1 null vector.

In order to satisfy Eq. (3.34), matrix [¥] has to be singular, i.e., |[¥]| = 0. Since
each element of [V] is a quadratic polynomial in ¢, the determinant of [¥] leads to a
6t"-order polynomial. The roots of this polynomial represent the force-unconstrained

poses of the manipulator, where ¢ is obtained from ¢, and values for z and y are found

from the first two rows of Eq. (3.34), i.e.,

z — wll ?"Z)IQ 'L'blli (3 35)

y le 2‘[)22 1'/}‘23
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thus,

_ wmw% — w22¢13

T = _ w21w13 i wn wza
'(/)uz'bzz - ¢12¢21

i R

and —
= /
w11w22 leT'qu

(3.36)

The resulting position is transformed to the centre of the platform as explained
in Appendix B.3.

Given that there are eight possible solutions of the inverse kinematics (Gosselin
et al., 1996), an identification of the solutions that lead to singular configurations
is carried out. Chablat and Wenger (1998) referred to each arrangement given by
the solutions of the inverse kinematics as working modes. One pose may make two
or more working modes singular. That is, the force-unconstrained configurations of
each working mode is described by a surface or surfaces in the z — y — ¢ space and

whenever these surfaces intersect, two or more solutions of the inverse kinematics are

singular.

Example.-

A numerical example of the force-unconstrained poses of the centre of the platform
of the 3-PRR manipulator is presented. Both platforms are equilateral triangles, their
sides are 2.5 m for the fixed platform and 1 m for the mobile platform. The angle
of the bases are v, = —90°, 7, = 30°, and 3 = 150°, and the link lengths are p; =1
m, for i = 1,2,3. Figure 3.5 illustrates, for each working mode’, surfaces of force-
unconstrained poses in the z — y — ¢ space. Figure 3.6 shows the combination of all

eight configurations. Each plot shows the projections on the zy plane.

'There are up to two solutions for each branch. Each configuration is labeled depending on the

length of the prismatic joint + for longer and - for shorter.
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Configuration (+ + +)

¢ (deg)

Figure 3.5: Force-Unconstrained Poses of the 3-PRR Manipulator.
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Configuration (+ + —)

140 | : - mwz

¢ (deg)

X (m)

Figure 3.5 (cont’d): Force-Unconstrained Poses of the 3-PRR Manipulator.
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Configuration (+ — +)

X (m)

Figure 3.5 (cont’d): Force-Unconstrained Poses of the 3-PRR Manipulator.
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Configuration (— + +)

¢ (deg)

X (m)

Figure 3.5 (cont’d): Force-Unconstrained Poses of the 3-PRR Manipulator.
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Configuration (+ — —)

150

140

¢ (deg)

Figure 3.5 (cont’d): Force-Unconstrained Poses of the 3-PRR Manipulator.
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Configuration (— + —)

150

= < 120

140

¢ (deg)

Figure 3.5 (cont’d): Force-Unconstrained Poses of the 3-PRR Manipulator.
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Configuration (— — +)

150

¢ (deg)

Figure 3.5 (cont’d): Force-Unconstrained Poses of the 3-PRR Manipulator.
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Configuration (— — —)

150

¢ (deg)

Figure 3.5 (cont’d): Force-Unconstrained Poses of the 3-PRR Manipulator.
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All Configurations

15+

Y (m)

-05+

X (m)

Figure 3.6: All Force-Unconstrained Poses of the 3-PRR Manipulator.
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3.5 Force-Unconstrained Poses of the 3-RRR PPM

3.5.1 Background

The 3-RRR manipulator was studied in detail by Gosselin and Angeles (1988). Each
branch is composed of three revolute joints separated by links. To reduce the inertia
of the mechanism, the revolute joints fixed to the bases are considered to be actuated.
Gosselin and Angeles noted that the link lengths should be equal to achieve symmetry
and to maximize the workspace and that there are eight solutions for the inverse
kinematics.

The first attempt to determine the singularity loci of a 3-dof planar manipulator
with revolute joints is attributed to Gosselin and Wang (1997). In the work of
Gosselin and Wang, the singularity loci are represented by a multivariable polynomial
in z and y, whose highest degrees are 48 in z and 64 in y. Nevertheless, this
study was performed to a manipulator with collinear base and mobile platform joints.
Later, Bonev and Gosselin (2001) reported loci of locations that result in the 3-RRR
manipulator being force unconstrained. As a result, the singularity loci of every
branch arrangement or working mode can be represented by curves of degree 42 in
terms of z and y.

The force-unconstrained poses would yield an expression in terms of z, y, and
¢. However, this expression cannot be found symbolically. The identification of
force-unconstrained poses can be accomplished by assuming two joint displacement
variables, i.e., two ‘free’ variables.

In this section, the force-unconstrained poses of the 3-RRR manipulator are iden-

tified as with the process used for the 3-PRR manipulator. First, the DH parameters
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of each branch are determined. Second, screws and associated reciprocal screws are
found. Third, the loop-closure equations that define the geometry of the manipu-
lator are derived. Fourth, the elimination process yielding the identification of the

force-unconstrained poses is carried out for the assumed ‘free’ variables.

3.5.2 Denavit and Hartenberg Parameters

The notation of the geometric variables of the manipulator are shown in Figure 3.7.
DH parameters describing the 3-RRR layout are given in Table 3.4, where j and ¢
represent the joint and branch numbers, respectively, and {ref}={3,}. To keep the

DH parameters in a general form [, =0, 8, =0, 8, = 7, and 5 = 7 — as.

)

=g B o

Figure 3.7: Layout of the 3-RRR Planar Parallel Manipulator.
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Table 3.4: DH Parameters of the 3-RRR Manipulator.

J=1|aj1|aj |dj| 05| J
b; 0 0 0|6, | Li
L, | 0 |pus| 06| 2
2; 0 Pi 0 |0s | 3
3; 0 L | 0| B;|ref

The homogeneous transform, § [T], of each branch base, b; = [bz;, by;]", with

respect to {0} is shown below.

1 0 0 bz

0 1 0 by
[T] = (3.37)

001 O

000 1

3.5.3 Screw Quantities
For the 3-RRR , the following joint screws written in a matrix form per branch result:

ref [$1] — [ re{$ll re-.f$21 rt.'f$3l ]
1 1 i [
. P4 sin (021 + 031) + /M sin (931 ) P1 sin (031) 0 (338&)

pacos (B, +b3,) + py cos (6,) py cos (63,) 0

ref [$2] — [ rc[$12 rc[$22 n:f$32 ]
1 1 1
= —pssin (02, + 03,) — pysin b3, —pysin b, 0 (3.38b)

—ps5 cos (0a, + 03,) — pycosbs, — lo —pycosls, — Iy —Iy
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ref [$3] — [rer$13 ref$23 n.-r$33]

1 1 1

= | P —pgsin(f3, —a3) +l3sinag  [3sinag (3.38¢)

@ —pscos (b3, —a3) —l3cosag —l3cosas

where P = —pgsin (6, + 03, — a3) — pysin (03, — a3) + sinag
Q = —pgcos (0o + 03, — a3) — pscos (03, — a3) — lzcosaz

The associated reciprocal screws of the actuated joints are found using the recip-

rocal products of Eq. (2.17):
Branch1 W, ®$; =0, for j #1; yielding
W, = {cosf3,, —sinfs,; 0} (3.39a)
Branch 2 W, ®$§;, =0, for j #1; yielding
“'W,, = {—cosfs,, sinfs,;lysinfs,}’ (3.39b)
Branch 3 W, ® $;, =0, for j #1; yielding
“'W,, = {—cos (3, — a3), sin(f3, —a3);l3sinfs,}" (3.39¢)

Finally, the associated reciprocal screw matrix is assembled

cosf3, —cosfl3, —cos(f3, —a3)
“'[W]=| —sinfs, sinfs, sin(f3, — a3) (3.40)
0 12 sin 932 l3 sin 033

Matrix *' [W] becomes singular if its determinant is zero, i.e.,

' [W]| = Iysin(fs,) (sin(fs,) cos(f3, — az) — cos(f3,) sin(fs, — a3))

+13sin(f3,) (cos(f3, ) sin(fs,) — sin(f3,) cos(f3,)) =0 (3.41)
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3.5.4 Loop-Closure Equations

The relationship between the joint angles of each branch and the pose (z, y and ¢)
of the mobile platform is defined by the forward kinematics of each branch, which

describes {ref} with respect to {0}, i.e.,

T = bz;+ piygcos(0,) + p;cos(fy, + 02,) + licos(by, + 0o, +03,) (3.42a)

Yy = byz + Pit+3 S‘Hl(gli) + p; sin(91i = 92,.) =+ l,‘ sin(91i + 921. =} 931.) (342b)

d) = 91:‘ + 921‘ + 031‘ + ,6,— (3420)
where 1 = 1, 2, 3.

In order to eliminate #;, and 6., Egs. (3.42a, 3.42b, and 3.42c) are sequentially

substituted and squared, yielding

filz, y, &, 03,) = x*+(=2licos(d — B;) — 2piy3cos(¢p — b3, — B;) — 2bzi)z
+y° + (—2lisin(¢ — B;) — 2piy3sin(¢ — O3, — B;) — 2bys)y
+2l;p; 5 cos(¢ — B;) cos(¢ — 05, — B;) + 2Libz; cos(¢ — 3;)
+2l;p; . gsin(¢ — ;) sin(¢ — O3, — B;) + 2L;by; sin(¢p — 5;)
+2p,.,5bi c0S(§ — B3, — ;) + 2ps. sby; sin(é — B, — B;)

+ba? + byl + 7 + pis — pi (3.43)

forg=1,23

3.5.5 Force-Unconstrained Poses

There are four equations, i.e., Eq.(3.41) and Eqgs. (3.43), and six variables (z, y,
¢, and 63, for i = 1,2,3). Following the same process carried out for the 3-PRR,

the ‘free’ variables are considered to be joint displacements, in particular #3, and
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f3,. Two solutions for f3, are obtained with Eq. (3.41). The resulting values of 5,
constrain the manipulator to be force unconstrained. The pose of the manipulator
is obtained by substituting the values of 03, in Eq. (3.43).

Let Eq.(3.43) be written as

fiz, v, &) =2* +kix+y° +koiy+ks; =0 (3.44)

where the coefficients k;; are shown in Appendix D.2.
Notice that the coefficients of the squared terms of z and y in Eq. (3.44) are
ones. To reduce these quadratic terms, equation fi(z, y, ¢) = 0 is subtracted from

equations fa(z, y, ¢) =0 and f3(z, y, ¢) = 0 as follows:

h](l‘, Y, ¢) = f2($ay7¢)_f](za Y, QD)
= (kig— k1) + (koo — ko) y+ (k32 — ks1)

= (11,111,' —|— al,zy — b] = 0 (345)

h2($7 Y, ¢) = f3(-777y’¢)_f1($v Y, ¢)
= (kig— ki) + (kog — ko) y + (ka3 — k)

= Q21T + a2y — b2 =0 (346)

where a;1 = (k141 — k11), @iz = (k241 — k21), and b; = — (k341 — k31) are func-
tions of ¢, for i = 1,2.
The system of linear equations Egs. (3.45 and 3.46) can be written in matrix

form.

a1y Aai2 £ by

= (3.47)
az1 Q22 Yy ba
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The solution of z and y is determined by inverting the above matrix yielding

by — b by — b
i = a3 201 — 1202 y= a1,102 — A210; (3.48)

(11022 — A1 2021 ay1G22 — A12027

The expressions obtained for z and y are then substituted in f;(z, y, ¢) = 0. It is
important to mention that Gosselin and Merlet (1994) used this elimination technique
to solve the forward kinematics of the 3-RPR manipulator. Half-angle substitution
is applied to ¢ (with ¢ being the corresponding value of ¢) and the denominator is

cleared yielding a polynomial of degree 10 in .
10
) eti=0 (3.49)
i=0

Numerical solutions of z and y are obtained from substituting the corresponding
value of ¢ in Egs. (3.48). The obtained pose is then transformed to frame {cen}, as
described in Appendix B.3.

Example.-

A numerical example of the force-unconstrained poses of the centre of the platform
of the 3-RRR manipulator is presented. Both platforms are equilateral triangles, their
sides are 2.5 m for the fixed platform and 1 m for the mobile platform. The link
lengths are p, = 1 m, for i = 1,... ,6. Figure 3.8 illustrates, for each solution of
the inverse kinematics?, surfaces of force-unconstrained poses in the = — y — ¢ space.
Figure 3.9 shows the combination of all surfaces. Each plot shows the projections on

the zy plane.

2There are up to two solutions for each branch. Each configuration is labeled depending on the

configuration of the elbow, + for elbow-down and - for elbow-up.
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Configuration (+ + +)

15+

Y (m)

05f

-0.5¢

0 05 1 15 2 25
X (m)

Figure 3.8: Force-Unconstrained Poses of the 3-RRR Manipulator.
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Configuration (+ + —)

80 -

60 -

40

20

0

¢ (deg) |
-40 -

-60

-804

0 05 1 15 2 25
X (m)

Figure 3.8 (cont’d): Force-Unconstrained Poses of the 3-RRR Manipulator.
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Configuration (+ — +)

b (deg)

-60
-80

X (m)

Figure 3.8 (cont’d): Force-Unconstrained Poses of the 3-RRR Manipulator.
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Configuration (— + +)

6 (deg)

0 05 1 15 2 25
X (m)

Figure 3.8 (cont’d): Force-Unconstrained Poses of the 3-RRR Manipulator.
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Configuration (+ — —)

80

4] 0.5 1 15 2 25
X (m)

Figure 3.8 (cont’d): Force-Unconstrained Poses of the 3-RRR Manipulator.
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Configuration (— + —)

0 05 1 15 2 25
X (m)

Figure 3.8 (cont’d): Force-Unconstrained Poses of the 3-RRR Manipulator.
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Configuration (— — +)

151

Y (m)

05

05}

L 1

0 05 1 15 2 25
X (m)

Figure 3.8 (cont’d): Force-Unconstrained Poses of the 3-RRR Manipulator.
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100

Configuration (— — —)

75

H 0

5 25

 (deg) _
25

-75

-100

1.5

Y (m)

05}

05+

X (m)

Figure 3.8 (cont’d): Force-Unconstrained Poses of the 3-RRR Manipulator.
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100
All Configurations
75
80
60
: 25
40 -
20
: 0
04
¢ (deg) ,, |
25
-40 <
60
50
-804
-75
-100
2+
1.5
1k
Y (m)
05F
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6 0f5 ; 1:5 é 2.15
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Figure 3.9: All Force-Unconstrained Poses of the 3-RRR Manipulator.
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3.6 Discussion

In this chapter, force-unconstrained poses of the planar parallel manipulators that are
the most feasible for industrial applications were presented. That is, manipulators
that contain passive prismatic joints were excluded, yielding only three mechanisms
to be examined: 3-RPR, 3-PRR, and 3-RRR. The force-unconstrained poses of these
mechanisms were plotted in a three-dimensional space defined by the position and
orientation of the mobile platform, yielding surfaces, or an order of two infinities
(O (0?)), of force-unconstrained poses.

For the 3-RPR manipulator, the time derivative method turned out to be more
appropriate because of the simplicity of the problem. The Jacobian matrix is a
function of the variables that define the pose of the end-effector, i.e., z, y, and ¢.
With the screw theory method, the associated reciprocal screw matrix is a function
of the third joint displacements of each branch and through loop closure equations
the joint displacements were converted into the pose variables. It is important
to mention that the transformations that followed (transformation of the reference
frame) had the single purpose of comparing both methodologies. Nonetheless, the
screw theory method allows a strong perception of the physical representation of
force-unconstrained configurations. Furthermore, if the third joint of each branch
was to be sensed, an efficient formulation for real-time applications would result.

For the 3-PRR and 3-RRR manipulators, the screw theory method was considered.
Primarily, for the physical meaning of the associated reciprocal screws. Secondly, for
the effective and compact method used to identify the force-unconstrained configu-
rations. The proposed methodology allows the identification of force-unconstrained

poses for all working modes, rather than single working modes as in Bonev et al.
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(2003); this aspect may be important if the third joints were sensed, no need to
change parameters in equations. This methodology also allows the implementation
to any design of the manipulators, as opposed to specific architectures as in Gosselin
and Wang (1997). Given that there is O (00?) of force-unconstrained poses, it was
considered to assign numerical values to two of the joint displacement variables. This
consideration allowed the problem to be solved in a more efficient form. For the 3-
PRR manipulator, the problem of identifying force-unconstrained configurations was
reduced from a 20" order polynomial, as described in the literature Bonev (2002) and
Bonev et al. (2003), to a 6 order polynomial. Similarly for the 3-RRR manipulator,
the problem was reduced from a 42" order polynomial, as referred in Bonev and
Gosselin (2001), to a 10** order polynomial.

It is important to mention that the degree of the surfaces of force-unconstrained
poses, for these two manipulators, has not been reduced, i.e., the degree of the surfaces
are still represented by a 20" and a 42™ order polynomials in the position variables
(z and ). With the proposed formulation, the real roots of the 6 and 10" order
polynomials represent the number of assemblies that the mobile platform along with
the second links (p;, for i = 1,2, 3), whose orientation are defined by f3,, can have in
the workspace of the manipulators. Nevertheless, the problem of identifying force-
unconstrained configurations was indeed reduced.

As shown in the results, the surfaces of force-unconstrained poses are not convex.
Thus, each graph was plotted using a large number of points, over a million points
per working mode. To the contrary, the use of a mesh grid would have distorted the

shape of the surfaces.
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Chapter 4

Force-Unconstrained Poses of
Planar Parallel Manipulators with

In-Branch Redundancy

4.1 Overview

This chapter discusses the effect of including a greater number of actuators than
the total degrees of freedom. In particular, the replacement of passive joints for
active joints is considered. Depending on the actuation layout of the manipulator,
there are two conditions that cause degenerate configurations. These conditions are
identified for the following actuation layouts: RRR-2RRR, PRR-2PRR, and RRR-
2RRR, with the first branch of each layout involving in-branch actuation redundancy.
Equivalent mechanisms, whose motions describe the paths of continuous singularities
of the mentioned actuation layouts, are presented. An analysis of manipulators with

further actuation is also conducted.
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4.2 Introduction

The inclusion of redundancy may lead to the elimination of families of force-un-
constrained poses. For instance, to reduce uncertainty configurations, Notash and
Podhorodeski considered over-constrained parallel manipulators by including either
in-branch redundant actuation (1994) or redundant branches (1996). Lee and Kim
(1993) discussed the use of in-branch redundancy to overcome singular configura-
tions. Dasgupta and Mruthyunjaya (1998) defined the static relationship between
the actuator forces F and the desired force T at the end-effector as T = [H| F, where
[H] € R™*" represents the force transformation matrix of a redundant actuation sys-
tem. They demonstrated that the dimension of the singularity manifold (DOSM) of

the device is given by:
DOSM = (m—1) — (n—m) (4.1)

with m < n, where m and n are referred to as the number of degrees of freedom
and the number of actuated joints, respectively. Therefore, it is expected that with
the inclusion of one extra actuator, the dimension of the singularity manifold will be
reduced by an order of one.

For manipulators with redundant actuation, the associated reciprocal screw matrix
is an m X n non-square matrix and thus taking its determinant is not possible.

In order to determine under which conditions the associated reciprocal screw ma-
trix [W] is rank deficient, Singular Value Decomposition (SVD, Golub and Van Loan,
1983) can be applied. Assume that the rank of [W] is r, i.e., r = rank([W]), where
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r < m. Based on SVD, matrix [W] can be decomposed as

r

wi=r| > ° | (4.2)
0 0

where [U] and [V] are m x m and n x n orthogonal matrices, respectively; and
[S;] = diag(oy,09,... ,0,) is a diagonal matrix whose elements are the singular values

of matrix [W]. The rank of [W] can be also determined as follows:
r = rank([W]) = rank([W] [W]") (4.3)

where [W] [W]" is an m x m matrix.

A force-unconstrained pose will occur when r < m, i.e., det([W][W]") = 0. This
approach was mentioned in (Merlet, 1996a).

Liao et al. (2004) developed a more thorough analysis of this approach using the
Jacobian matrix, described in Eq. (2.3), where [J] = [B]* [A]. They presented the

following classification:

1. If det([J]" [J]) = 0, referred to as actuator singularity, where the end-effector
can move even if all the actuators are locked. Thus, the manipulator is force

unconstrained, i.e. matrix [A] is singular (Type II of singularities).

2. If det([J]" [J]) = oo, referred to as end-effector singularity, where the end-
effector loses one or more instantaneous degrees of freedom, i.e., matrix [B] is

singular (Type I of singularities).

3. If trace([J] " [J]) = oo, referred to as complex singularity, i.e., both matrices [A]

and [B] are singular (Type IIT of singularities).
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This approach can be easily implemented numerically (see for instance Voglewede
and Ebert-Uphoff, 2004); however, if this approach was implemented for an analyt-
ical solution, the determinant would lead to a very long expression, which must be
factorized in order to find the conditions that cause the associated reciprocal screw
matrix to be rank deficient.

An alternative solution is obtained by setting the determinant of all unique m xm
(3 x 3 for planar parallel manipulators) sub-matrices to zero. Merlet (1996a) referred
to these minor matrices as the Jacobian matrices of the non-redundant manipulators
that can be extracted from the redundant manipulator. The redundant manipulator
is in a singular configuration if all the extracted manipulators are in a singular config-
uration, i.e., all the associated reciprocal screws must form a planar pencil. Dasgupta
and Mruthyunjaya (1998) described this approach as the intersection of the hypersur-
faces in the m—dimensional task space forming a lower dimensional manifold. This
approach allows finding analytical expressions, or conditions, under which matrix [W]
is rank deficient.

The actuation layouts analyzed in this chapter are RRR-2RRR, PRR-2PRR, and
RRR-2RRR, whose notation implies that the first branch of each layout has two

actuated joints.
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4.3 Force-Unconstrained Poses of the RRR-2RRR

4.3.1 Degeneracy Conditions

The RRR-2RRR manipulator presents an actuation layout where all second joints
are actuated, as well as the first joint of branch 1. Thus, the associated reciprocal
screws of the actuated joints are determined using the reciprocal product equation,
ie., Eq. (2.17).
Branch 1
For joint 1; actuated: Wi, ®8$;, =0, for j #1; yielding
"W, = {cfs,, — s03,; 0}' (4.4a)
For joint 2, actuated: Wy, @8, =0, for j #2; yielding
psc (03, + 62,) + pycbs,
Wy, = —py5 (03, + 02,) — pysbs, (4.4b)

0
Branch 2

For joint 25 actuated: W,, ®8$;, =0, for j #2; yielding
—pPsC (632 + 922) - p2C932
MWQQ - PsS (932 + 922) W+ p23032 (4‘4C)

ly (pss (03, + 02,) + pasbs,)
Branch 3

For joint 23 actuated: W, ® 8, =0, for j #2; yielding
—pgC (635 + 02, — a3) — psc (63, — 3)
"Wy = pgs (03, + 02, — a3) + 35 (03, — a3) (4.4d)

13 (p65 (033 + 023) " p33633)
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The associated reciprocal screw matrix of this actuation layout yields

refl [W] — re['Wll rr»szl r.-fwr)‘z rul"‘xf'23 (4.5)

The sub-matrices of *' [W] are as follows:

W] = i W, Wy, "W, — (4.6a)
CWal = | W, Wa W, | (4.6b)
“[We] = [ Wy, W, W, - (4.6¢)
“ [Wp] = [ Wy, W, "W, - (4.6d)

yielding the determinants:

WAl = —lapysts, (pss (03, + 02,) + pysbs,) (4.7a)

U[Wgll = —lopysba, (95 (B3, + 02,) + ps0s,) (4.7b)

Due to space limitations, the determinants of **[W¢| and ™' [Wp] have been

refl [WA]l —

omitted. Nevertheless, based on the conditions that make I [Wp]| =0,

the determinants of ™ [W¢] and ™' [Wp] will be checked. That is, if [ [W¢]| =

' [Wp]| = 0, the manipulator is force unconstrained.

To have | [W4]| =

! [Wg]| = 0 one of the following conditions must be true:

Condition 1 p5s (03, + 02,) + pysbts, =0
and PeS (033 + 623) * P35933 =0

or Condition 2 sfly, =0

An example of singular poses under these conditions are illustrated in Figure 4.1.
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Figure 4.1: Force-Unconstrained Configurations of the RRR-2RRR Manipulator with
a) Condition 1 and b) Condition 2.

4.3.2 Condition 1

Condition 1 makes the determinants of all the sub-matrices equal to zero. Expressions

“[Wall = [ [Ws]| = "' [Wc]| = [ [Wp]| =0

in terms of z, y, and ¢ that satisfy
can be found. The following loop-closure equations for branches 2 and 3 are consid-
ered.
Branch 2
(31T BT R(T] R2(T]) =p(Q, [T]) = {622,0,0}"
T+ c (psc (03, + 02,) + pachs, +12) + 5¢ (P55 (03, + 02,) + posbs,) (4.8)
= y+358(psc(03, +62,) + pachs, +l2) — cé (pss (03, + 02,) + pas,)
0
where the operator p(x) refers to the extraction of the p vector from the homogeneous
transform
n oa p

[T] =
0001
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With Condition 1 satisfied, Egs. (4.8) are reduced to

z+ C¢ (p5c (032 - 022) + p26032 — 12) = bxs (493.)
Yy + 50 (psc (03, + 02;) + poclls, +12) = 0 (4.9b)
The loop-closure equation of branch 2 is reduced to its minimal expression by dividing

Eq. (4.9b) by Eq. (4.9a)

tang=—2 (4.10)
bry — x

Branch 3
P (81 (T] 31T 2T [T]) =p (3, [T]) = {bxs, bys,0}"
T+ c(@+a3) (pgc (035 + O25) + p3chs, +13) + 5 (¢ + a3) (pgs (035 + O25) + p3ss,)
=9 y+s(o+as)(psc(b3; +02;) + p3chss +13) — (¢ + a3) (pgs (03, + 02,) + p35b3,)
0
(4.11)

For Condition 1 to be true, i.e., pgs (03, + 02,) + p3sfs, = 0, Egs. (4.11) simplify to

T+ ¢ (¢ + a3) (pge (035 + 02;) + p3cls, +13) = brs (4.12a)

Y+ 5(¢+ asz) (pgc (03, + 02,) + pscls, +13) = bys (4.12b)

Dividing Eq. (4.12b) by Eq. (4.12a) yields

b .
tan (¢ + as) = bgz - Z (4.13)

The force-unconstrained poses of this manipulator occur when Eq. (4.10) and Eq.
(4.13) are both satisfied. By solving for y in both equations and setting them equal,
an expression of two unknowns = and ¢ results. Solving for z in terms of ¢ yields

v bzstan (@) — bzstan (¢ + as3) + bys

tan (¢) — tan (¢ + as) 4.14)
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Assume ¢ from 0 to 360° and find the corresponding values of z and y. The

obtained pose is then transformed to frame {cen}, as described in Appendix B.3.

Example.-

An example of the force-unconstrained poses of the RRR - 2RRR manipulator,
with Condition 1, is presented. Both platforms are equilateral triangles, their sides
are 2.5 m for the fixed platform and 1 m for the mobile platform. The link lengths
are p; = 1 m, for : = 1,...,6. The force-unconstrained poses are curves in the
three-dimensional space defined by = — y — ¢ and are shown in Figure 4.2. The grey
curve at the bottom of Figure 4.2 represents the projection of the force-unconstrained

poses onto the horizontal plane.

% (deg)

Figure 4.2: Loci of the Force-Unconstrained Poses of the RRR-2RRR Configuration

with Condition 1.
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The geometric meaning of Condition 1 implies that for the single-actuated branches
the edges of the platform, [, and I3, have to be collinear with the lines generated by
the points w; and b;, for i = 2,3, i.e., the associated reciprocal screws. An equiv-
alent mechanism may be considered as an alternative for analyzing the singularity
loci of Condition 1. This equivalent mechanism is composed of two prismatic joints
connected at w; as shown in Figure 4.3. Thus, the equivalent device is reduced to a
six-bar mechanism and the path followed by the centre of the mobile platform of this

mechanism represents the force-unconstrained poses of the RRR-2RRR manipulator.

Figure 4.3: Equivalent Mechanism of Condition 1 for the RRR-2RRR Layout.
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4.3.3 Condition 2

Condition 2 (s#;, = 0) does not satisfy

e [Wc]l = () nar |re[ [WD” = 0. With

s0y, = 0, | [Wp]| can be reduced, after simplification, to the same expression as
ref [WC“; i.e.’
]re[ [WC]I - H: rcrwh me22 re[W23 :l } (415)
(ps+p1)cBs,  —psc(0s, +02,) — pacls,  —pgc (B3, + 02, — as) — p3c (63, — as)

=|| —(ps+p1)sb3,  pss(0s, +02,) +posts,  pgs (63, + 02, — a3) + p3s (03, — a3)
0 l2 (pss (03, + 02,) + pasts,) 13 (pgs (035 + 02,) + p3sb3,)

Given that 5, can be either 0° or 180°, an alignment of p, and p, yields two
cases: a fully extended arm (65, = 0°) or a folded back arm (2, = 180°), the earlier
being shown in Figure 4.1b. With either of these cases, a 2-dof, seven-bar mechanism
results. However, the path followed by the resulting mechanism does not necessary

represent singular configurations. Next, the two cases are analyzed.

Case 1: 0, =0°

Let 6;, be an assumed variable from 0 to 360°. With #,, and 65, known, an expression

that relates 63, as a function of ¢ is obtained
03, = ¢ — 6y, (4.16)
Also, the position of the platform can be determined as follows:

By = T _ (P4 + p1) cos(61,) (4.17)

Yy (pg + py) sin(6y,)
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The orientation of the platform can be obtained through a substitution process.
That is, the elements of the associated reciprocal screws shown in Eq. (4.15) can be

written in terms of ¢ by means of the loop-closure equations of each branch.

Branch 1
By substituting Eqs. (4.16) and (4.17) in "Wy, i.e., the first column of Eq.(4.15),

the following relationship results:

(4 + p1)cb3, (ps + p1)c(o — 01,) zcg + ysg
Wi, =9 —(ps+pi)sts, (= —(patp)s(o—01) p = —zsd+ycd
0 0 0
(4.18)

Branch 2
The elements of “"Ws, can be obtained using Eqgs. (4.8). Writing Egs. (4.8) in

matrix form yields

ch s¢ psc (03, + 02,) + pycls, _ by —z — lyed (4.19)
s¢ —co pss (03, + 02,) + pasts, —Y—hso
hence,
psc (03, +02,) + pyclls, | | —(z—ba2)chp—ysp—1Lp (4.20)
pss (032 £ 022) L p25032 — (ZL' — bﬂ?z) S¢ =+ yc¢

Therefore, the associated reciprocal screw "W, can be expressed in equivalent forms,
ie.,
—PsC (932 = 022) - ,020932 ('73 - bx?) C(b T ysd) + l2
“Wa, =1 pys (B, +05) +posly, (=9 —(z—bas)sp+ycd ( (421)

l2 (1053 (632 53 922) + ,023932) 12 (_ (z - bz?) 5¢ T ycé)
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Branch 3
The elements of W, are obtained using Eqgs. (4.11). Writing Eqgs. (4.11) in

matrix form yields

c(p+as) s(p+as) ] |:P60(933+923)+P30(933)]

l brs —x — lzc(d+ o) ‘
S (¢ + Q3) —C ((b =+ 03) PeS (033 <t 023) 2 P3s (033)

bys —y —l3s (0 + a3)

(4.22)
Thus,
pec (035 + b2,) + psc(03,) _ H (4.23)
PeS (633 + 023) + P3s (933) U
where
p=—(x—bxz)c(p+as)—(y—bys)s(d+as)—I3
n=—(z—bx3z)s(d+as)+ (y—bys)c(d+as)
yielding the following associated reciprocal screw "W,
—pgC (035 4 02, — a3) — p3c (03, — as) —pc (a3) — ns (as)
W, = pgs (03, + 0, —a3) + pss (03, —3) ¢ =19 nc(es) — ps(as)
l3 (p63 (933 + 023) + p33033) 1377
(4.24)

The new expressions of the associated reciprocal screws are assembled in matrix
form (*'[W¢]). The determinant of this matrix is computed and half-angle substi-

tution is applied to ¢, yielding a 4'*-order polynomial in ¢, i.e.,
(10t4 + a1t3 + (12t2 + a.3t + a4 = 0 (425)

where the coefficients a; are shown in Appendix D.3.1.
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Example.-

An example of the force-unconstrained poses of the RRR - 2RRR manipulator
with Condition 2 is shown in Figure 4.4. Both platforms are equilateral triangles,
their sides are 2.5 m for the fixed platform and 1 m for the mobile platform. The
link lengths of branch 1 are p, = 1.5 m and p;, = 1 m. The links of branches
2 and 3 are considered infinite. This assumption is made to show the closed-loop
force-unconstrained poses. In the case that the link lengths of branches 2 and 3
were similar to the ones of branch 1, ie., p; = pg = 1.5 m and p, = p3 = 1 m, the
force-unconstrained poses would be small segments of the shown curves. The grey
curve at the bottom of Figure 4.4 represents the projection of the force-unconstrained

poses onto the horizontal plane.

150

100

50

¢ (deg) ©
-50

-100.

Figure 4.4: Force-Unconstrained Configurations of the RRR-2RRR Manipulator with
Condition 2 (Case 1).
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Case 2: 6, = 180°

With #,, = 180° , the position of the platform is defined as:

& — py) cos(6y,
o _ } (pa—p1)cos(t,) (4.26)
y (ps — py) sin(61,)
Example.-

The force-unconstrained configurations of the manipulator described in the previ-

ous example are shown in Figure 4.5.
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Figure 4.5: Force-Unconstrained Configurations of the RRR-2RRR Manipulator with
Condition 2 (Case 2).

The circles that appear at ¢ = 0, 180° in Figures 4.4 and 4.5 are due to the fact that
both platforms are similar. This situation has been already addressed for the 3-RPR
manipulator, which could be considered as a kinematically equivalent manipulator

when the length of the prismatic joint of branch 1 is kept constant.
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4.4 Force-Unconstrained Poses of the PRR-2PRR

4.4.1 Degeneracy Conditions

Assume the 3-PRR manipulator with all the prismatic joints actuated, as well as the
second joint of branch 1. The associated reciprocal screws of the second joint of the

first branch is determined using the reciprocal product equation, i.e., Eq. (2.17).
For joint 2; actuated: Wy, ®$;, =0, for j #2; yielding
.
“TWy, = { cos (03, +03,) —sin (03, +605,) 0 } (4.27)

The associated reciprocal screw matrix of the PRR-2PRR is then assembled with

the associated reciprocal screws of the actuated joints. For this configuration,

ref [W] — |: r.frwll m[le rch12 r«:f’\hf13 :| (428)

Thus, "' [W] is divided in four sub-matrices, i.e.:

W Wal = [eow, ww, W, (4.292)
SWal = | W, W =W, | (4.29b)
“Wol = | =W, W, W, | (4.29)
(W] = —,chQI WL, W, | (4.29d)

yielding the following determinants:

“[Wy]| = —lasinfs,sinfy, (4.30a)
“'[Wpg]| = —lI3sinfs,sinfs,, (4.30b)
“[Wc]| = l2sin(f3,) (sin(f3,) cos(f3, — a3) — cos(fs,) sin(fs, — as))

+13sin(f3,) (cos(f3,) sin(fs,) — sin(f3, ) cos(fs,)) (4.30c)
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and
“'[Wp]| = Llasin(fs,) (sin(f3, + b,) cos(f3, — az) — cos(f3, + 02,)sin(f3, — az))
+13sin(fs,) (cos(f3, + 05,) sin(f3,) — sin(fs, + 6,) cos(3,))
(4.30d)
To have [*'[W,]| = |*'[Wp]| = 0 either sf3, and sfl3, or sfly, must equal

zero. That is, one of the two following conditions has to be satisfied for a force-

unconstrained pose to exist:
Condition 1 ~ sfl3, = 0 and sf3, =0
or Condition 2 sty =0
An example of force-unconstrained configurations under these conditions are il-

lustrated in Figure 4.6.

Figure 4.6: Force-Unconstrained Configurations of the PRR-2PRR Manipulator with
a) Condition 1 and b) Condition 2.

Whether

“I[We]| = " [Wp]| = 0, for the above conditions, must be now checked.
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4.4.2 Condition 1

For Condition 1 satisfied, the determinants of all sub-matrices are equal to zero.

Therefore, expressions in terms of z, y, and ¢ that satisfy |/ [W,]| = [/ [Wp]| =
“ [We]| = |[*'[Wp]| = 0, can be found. These expressions are obtained with the
loop-closure equations of branches 2 and 3.
Branch 2:
p(%[T] 2(T] 2T 2(T) =»([T]) = {z,5,0}"
bz — d1,575 + pac (72 + 02,) + lac (5 + b2, + 03,) (4.31)

= dlgcv2 + Pas (72 17 922) =+ 128 (’72 =+ 92‘2 + 932)
0

Since ¢ = v, + 0o, + 03, + 35, where 3, = m, Egs. (4.31) can be rewritten as:

bry — di,57 + pac (@ — O3, — B5) +lac (90— By) = = (4.32a)

d1y,CYo + pas (@ — 03, — Bo) +las (6 —By) = y (4.32b)

In order to eliminate d;,, Eq. (4.32a) is multiplied by ¢, and Eq. (4.32b) is multiplied

by s7,; then the resulting equations are subtracted, yielding
(z —bz2) cvy +ysva — lac (0 — By —72) —pac(¢p— 03, — B2 —72) =0 (4.33)

where 563, = 0 and cf3, = +1.

Branch 3:
p(%[T] [T 2T 2(T]) =p( (T]) ={z,3,0}"
bz — di,573 + pac (73 + O2,) + l3c (73 + 02, + 03,) (4.34)
= bys +dicy3 + p3s (v3 + 02;) + I35 (75 + b2, + 635)

0
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Since ¢ = 6y, + 65, + 03, + 5, where 35 = m — a3, Egs. (4.34) can be simplified

similarly yielding

(z — bxs) vz + (y — bys) s73 — lsc (9 — B3 —v3) — psc (¢ — O3, — B3 —73) =0
(4.35)
where sf3, = 0 and cf3, = £1.

There are four possible combinations of Egs. (4.33 and 4.35) due to cf3;, = £1
and cf3, = +1. Thus, for each combination, Egs. (4.33 and 4.35) lead to a system
of equations in three variables. Geometrically, these equations represent two sets
of surfaces and their intersections would yield curves in the three-dimensional space
defined by z, y, and ¢, i.e., there is one order of infinity O (oc) of force-unconstrained
poses. Assume angle ¢ from 0° to 360°. Since z and y are linear terms in Eqs. (4.33

and 4.35), the following problem results:

S§Ys —CYs T o ay (4 36)

$Y3 —C73 ) Qs

where a, and a, are constants of the already known values, i.e.,

a1 = bxacy, — lae (@ — By — v2) — pac (¢ — 03, — B2 — 72)
ay = bxseys + byssys + lsc (@ — B3 — v3) + psc (9 — O3, — B3 — 73)

Finally, z and y are solved using Gaussian elimination. This analysis is repeated
for each combination of ¢f3, and cf3,. Nevertheless, the configurations when either
cf3, = —1 or cf3, = —1, and even more when cf3, = cfl3, = —1, are not likely to
occur. That is, an assembly of the manipulator when one or both of the links p, are

folded back, for k = 2,3, cannot be achieved.
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Ezxzample.-

A numerical example of the force-unconstrained poses of the PRR - 2PRR ma-
nipulator is presented. Both platforms are equilateral triangles, their sides are 2.5 m
for the fixed platform and 0.5 m for the mobile platform. The link lengths are p, = 1
m, for i = 1,2,3. For this manipulator, only the combination when cf3, = cfl3, =1
leads to force-unconstrained configurations, as illustrated in Figure 4.7. The grey
curve at the bottom of Figure 4.7 is the projection of the force-unconstrained poses

on the horizontal plane.

Figure 4.7: Force-Unconstrained Configurations of the PRR-2PRR Manipulator with
Condition 1.

An equivalent-mechanism-based analysis can be made with Condition 1. For

sf3, = 0 and sf3, = 0, branches 2 and 3 must have their second link collinear to
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the platform edges. This implies that links p, and p; become part of the mobile
platform yielding a six-bar mechanism. Therefore, the prismatic joints d;, and d,,
are connected by a coupler r. There are four combinations of possible mechanisms
depending on the orientation of p, and p;. The six-bar mechanism depicted in Figure
4.8, which is the most likely to occur, shows p, and p; as extensions of the platform.

In this case, the coupler r is determined using cosine law, i.e.,

r* = (l+po)’ + (I3 +p3)" = 2(L+ py) (I + p3) cos (a) (4.37)

= a® 4+ b*> — 2abcos (a3)

Two of the other mechanisms can be formed by folding back one of the links. The
coupler, when p, is folded back, is found with a = (I — p,), while the coupler when
ps is folded back is determined with b = (I3 — p3). The last mechanism requires both

po and ps folded back, i.e., a = (Ia — py) and b= (I3 — p3).

Figure 4.8: Equivalent Mechanism of Condition 1 for the PRR-2PRR Layout.
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4.4.3 Condition 2

Condition 2 (sf,, = 0) does not satisfy I [Wp]| =0. Nevertheless

! [W¢]| = 0 nor

with condition 2 true, [ [Wp]|, which is a function of 65, is reduced to the same

expression as |' [W¢]|, which is the determinant of the non-redundant 3-PRR ma-
nipulator, i.e., Eq. (3.31). Since 65, can be either 0° or 180°, the orientation of link

p; 1s, therefore, perpendicular to the prismatic joint dy,.

Case 1 05, = 180°

With 6,, = 180°, link p, lies in the positive direction of axis y, (vertical), as shown

in Figure 4.6, yielding a seven-bar mechanism. The position of w; = {z,y}" yields

x dll
Y £1
If the length of d;, is assumed, the problem is reduced to finding the orientation
of the platform. With 6, = 180°, Eq. (3.32c) for i = 1, with 3, = 0, is reduced to

¢ =, + 7+ 03,. Thus, an expression of f3, as a function of ¢ results:
03, =¢—7,— (4.39)

Substituting Eq. (4.39) in Eq. (3.31) and applying half-angle substitution, with
t, g2, and g3 being the corresponding variables of ¢, #3,, and #3,, respectively, a

polynomial of the following form results:

g9(t,q2,q3) = (a1t2 + ast + (13)(]%(]3 — ((1.4152 + ast + as)qzq§ ofis (a7t2 + agt + ag)q2q3
+(a10t® + anit + a12)g2 + (a13t* + awst + ai5)g3 = 0

(4.40)

where the coefficients a; are shown in Appendix D.3.2.
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On the other hand, the loop-closure equations of branches! 2 and 3, given in Eq.

(3.33), are written using half-angle substitution, yielding the following polynomials:

(b1t + byt + b3)q2 + (bat® + bst + bg)qa + (brt® + bt +bg) =0 (4.41)

fl(ta QQ) =

fat,q3) = (4.42)

(Cllf2 + cot + C3)q§ + (C4t2 + est + ¢cg)q3 + (C7t2 +cgt+c9) =0

where the coefficients b; and ¢; are shown in Appendix D.3.2.
Thus, a system of three polynomials (g(t,q2,q3) =0, fi(t,q2) = 0, and f5(t,q3) =
0) in three variables (¢, ¢o, and g3) results. As described in Eq. (C.4), applying

Bezout’s number to the polynomial system leads to up to 80 solutions, i.e.,

3
dr = [ di = (5)(4)(4) = 80 (4.43)

This can be reduced using m-homogenization by arranging the variables in three
groups (%, ¢2, q3). The degrees of the three polynomials in the variables of each group

is given in Table 4.1.

Table 4.1: Degrees of the 3-Homogeneous System.

Equation Group j =1 (t) | Group j =2 (¢2) | Group j = 3 (g3)
9(t,q2,q3) =0 2 2 2
fi(t,g2) =0 2 2 0
fa(t,q3) =0 2 0 2

Therefore, the 3-homogeneous Bezout’s number is determined with Eq. (C.5), i.e.,

3

i=1

'With the imposed conditions, the loop-closure equation of branch 1 equals zero.

3
H (Z djiﬂj) = (26, + 285 + 203) (28, +208,) (26, +285) (4.44)
j=1
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yielding H:;:l B; = 243,8,033. Thus, the 3-homogeneous Bezout’s number is 24.
This system of polynomials can be solved using the Sylvester dialytic elimination
method, which is based on a linearization of power products and is described in
Appendix C.6. Let t be the suppressed variable. New linearly independent equations
have to be generated, such that the number of power products matches the number
of equations. In Table 4.2, new equations are generated by multiplying the original
3 equations by terms formed with the non-suppressed variables. The original and

new power products are shown in bold.

Table 4.2: Generation of 13 Linearly Independent Polynomials.

eqi = g(t,q2,93) =0 a\q3qs + a5q2q3 + a4q2qs3 + ajqs + azqs =0
eqz = fi(t,q2) = bia3 + bhge + b3(1) =0
eqs = fa(t,q3) = cha3 + chgs +c3 =0
eds = fi1(t,q2)(q3) =0 biq3qs + bhgoqs + bgs =0
eqs = fo(t,q3)(q2) =0 1 q243 + chaaq3 + g2 =0
eqs = f1(t,¢2)(q3) =0 by q3a3 + bhygaq3 + byq3 =0
eqr = fi(t,q2)(q2g3) =0 biadas + bhg3qs + bygeqs =0
eqs = fa(t,q3)(q203) = chd2q3 + ¢592G3 + ¢3q2q3 = 0
eds = g(t,q2,43)(g2) =0 14393 + ayq5q3 + a3q5q3 + aygs + asgaqs =0
edqio = g(t, 92, 93)(g3) = 0 A} G333 + ahq2G3 + a50203 + @yqaqs + asqs =0
equ = fi(t, q2)(2q3) = 0 bid3q3 + bq3q5 + b3q2q5 =0
equz = fa(t,q3)(g3g3) = 0 cha3a3 + c5g3q3 + 3593 =0
ediz = g(t,92,q3)(9203) =0 | 19303 + arq3q3 + a33q3 + ajg3qs + asqzq3 =0

where a, b}, and ¢, are quadratic polynomials in ¢.

1? 17

There are 13 equations and 13 power products. It is important to mention that
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equation fs(t,q3)(g5) = 0 was not considered because it is linearly dependent on
equations 2 through 6. Although, the above system of equations matched the number
of power products, the final degree of the polynomial in ¢ would be 26. The degree
of the polynomial in ¢ can be reduced to 24. This reduction is expected from the
3-homogeneous Bezout’s number and is achieved by eliminating both eq; and eqs
and by introducing equation f(¢,q3)(¢3) = 0. The equation f5(t,q3)(g3) = 0 is no
longer linearly dependent, allowing its introduction back into the polynomial system.

Therefore, the system of 12 independent polynomials is shown in Table 4.3.

Table 4.3: Generation of 12 Linearly Independent Polynomials.

eq1 = g(t,g2,93) =0 ayq3qs + a4qeq3 + a5q2qs + ajyqy + atqs =0
0 b14543 + byq23 + byqs = 0
0 C19243 + chq2q3 + ¢392 =0

=0 bia3a; + bhgq5 + byai =0
0

chq3q? + chaqs + cha3 =0

eqs = f1(t,92)(q2q3) =0 bia3as + byg3qs + b3qaq3 = 0
eqr = fa(t,q3)(q2q3) = 0 Q243 + ¢5q205 + 3q2q3 = 0
eqs = g(t,q2,¢3)(g2) =0 193q3 + a5q3q3 + a343g3 + 445 + a5gagz = 0
eqg = g(t,92,3)(q3) =0 14303 + ahqaq3 + a3qaq; + ayqaqs + asgs =0
equo = fi(t, ¢2)(q2q3) = 0 bia3a3 + byg3g3 + bygeq; =0
equ = fa(t,q3)(g3g3) = 0 cha3q3 + chq3q3 + c3q593 =0

eqiz = g(t,¢2,43)(02q3) =0 | aig3q3 + aba3q3 + asa3G3 + ajq3qs + abqeq3 =0

Equations 1 through 12 can be written in matrix form. To reduce the number
of arithmetic operations, equations are ordered in a heuristic manner {eq;s, eqs, eqo,

eqi0, €q11, €qr, €dg, €ds, €ds, €qi, eds, s} so the bandwidth of the matrix is reduced.
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Further minimization of the matrix bandwidth can be achieved using a permutation

matrix (Watkins, 1991). Thus, the equations in matrix form are assembled as follows,

where,

p=

o O O o o o o o o o

S O O O e e O 9 QO

o o O

o o o o o o o

o O O O

Qo o o O 9

[¥]p=0
a; 0
by 0
0 aj
0 b
0 0
ay 0
0 0
0 0
a3 ay
by 0
¢
e G

o O o O o o o o o o o©

/
C3

o o o o o

o o o O

o o o o o o o o

and p

(4.

9393
q% q3
73
%
q% g3
%
3203
9293
q2493
q2
g

qs

45)

The elements of matrix V] are quadratic polynomials in ¢t. Although Eq. (4.45)

could have a trivial solution, i.e., vector p containing zero elements, it would not be

a solution to the polynomial system. As a matter of fact, such a trivial solution

was originated as a consequence of eliminating the unit power product from the

polynomial system with 13 equations. A solution of Eq. (4.45) can be attained by

setting the determinant of matrix [¥] equal to zero, yielding a 24""-order polynomial in

t. Nevertheless, a symbolic expression would be difficult to obtain. The coefficients

of the determinant can be expressed numerically, but this would lead to floating point



Chapter 4 - Force-Unconstrained Poses of PPMs with In-Branch Redundancy 117

arithmetic errors once the roots of the determinant are found. As an alternative,
the roots of the polynomial can be obtained as an eigenvalue problem as shown in

Appendix E. Matrix [¥] can be expressed as a matrix polynomial, i.e.,
(] = [Ta]t*+[T4 ]t + [To] (4.46)

where matrices [Us], [¥;], and [¥;] are shown in Appendix D.3.2.
The roots of the determinant are equivalent to the eigenvalues of the following

matrix,

0 I
K] = (4.47)
—[@o] 1 [Wo] —[Wa][T]

where 0 and I are 12 by 12 null and identity matrices, respectively.
The eigenvalues represent the solutions of ¢, which are transformed into ¢ using
half-angle substitution. The pose is then transformed from the position of w;, found

with Eq. (4.62), to the centre of the platform as shown in Eq. (B.17).

Case 2 5, =0°

With 65, =0°, link p,; lies on the negative direction of axis yy. Thus, the position of

wy = {z,y}" is given by

wy = - (4.48)

The analytical process to follow is the same as the one described for Case 1.
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Ezxzample.-

The force unconstrained poses of a PRR-2PRR actuation layout of a manipu-
lator based on the design considered in Section 3.4.2 are determined. The force-
unconstrained poses of Condition 2, Case 1 (the larger curve) and Case 2 (the
smaller curve) are plotted in the 3-dimensional space {z,y,¢} as shown in Figure
4.9. These curves include all four combinations of the prismatic joint inverse kine-
matics (shorter/longer) of branches 2 and 3. The grey loops at the bottom of the

figure represent the projection of the force-unconstrained poses onto the zy plane.

$ (deg)

Figure 4.9: Loci of the Force-Unconstrained Poses of the PRR-2PRR Layout with
Condition 2 (Cases 1 and 2).
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4.5 Force-Unconstrained Poses of the RRR-2RRR

4.5.1 Degeneracy Conditions

This actuation of the 3-RRR manipulator is based on replacing the second joint
(passive) of branch 1 with an actuated joint?. The associated reciprocal screw matrix
of the RRR-2RRR is assembled with the associated reciprocal screws of the actuated
joints. For this configuration:

ref [W] = ,.,.fwll rn!W_Z! rr!W12 rc*le3 (4.49)

Thus, *' [W] is divided into four sub-matrices, i.e.:

CWal = | WL W W, - (4.50a)
“Wal = | oW, W, Wy, _ (4.50D)
“[Wq] = —,dwh W, W, _ (4.50¢)
U Wp) = —MW% W, Wi, - (4.50d)

yielding the determinants:

W4l = —lapysbs,sbs, (4.51a)
“I[Wpg]| = —l3pss03,502, (4.51b)
“[We]| = lasbs,s (03, — 03,) — lasb3,s (03, — O3, + a3) (4.51c¢)
“[Wp]| = (psc(03, + 02,) + picbhs,) sbs, (las (05, — az) — I350s,)

+ (pas (03, + 02,) + py503,) (I3¢b3,503, — l505,c (03, — a3))

(4.51d)

2This work was presented at the 2002 CSME Forum, Firmani and Podhorodeski (2002), and

afterward published in Firmani and Podhorodeski (2004a).
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ref [WA]I =

To have = [Wp]| = 0 either sf3, and sf3, or sfl,, must equal zero,

yielding the following conditions:
Condition 1 sf3, = 0 and sf3, =0
or Condition 2 56y, =0
An example of force-unconstrained configurations under these conditions are il-

lustrated in Figure 4.10.

Figure 4.10: Force-Unconstrained Configurations of the RRR-2RRR Manipulator

with a) Condition 1 and b) Condition 2.

Whether | [W¢]| =

= [Wp]| = 0, for the above conditions, will be now checked.

4.5.2 Condition 1

For Condition 1 satisfied, the determinants of all of the sub-matrices are equal to zero.

“ [Wg]| =

Wy =

Therefore, expressions in terms of z, y, and ¢ that satisfy
[ [W¢]| = | [Wp]| = 0, can be found. These expressions are obtained with the

loop-closure equations of branches 2 and 3.
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Branch 2

p(% [T BT 21T 2(T0) =p (@, [T) = {=.5,0)"

bxo + p56912 + poc (01, + 922) + lac (012 + 62, + 03,) (4 52)

= p5sb1, + pas (01, + 02,) + 125 (61, + 02, + 03,)
0

Since ¢ = 61, + 0, + 03, + B35, where 3, = m, Egs. (4.52) can be rewritten as:

pscb, = z—bxa+ poc(d —bs,) + laco (4.53a)

pssti, = Y+ pas (@ —b3,) + 1250 (4.53b)

In order to express an equation in terms of the platform’s pose, Egs. (4.53a and

4.53b) are squared and added. The resulting expression is simplified yielding

(z — bza)? + y2 + p3 + 1B — p2 + 2pylachs, + 2 (z — bao) (l2 + pochs,) co+

(4.54)
2y (lz + pacls,) 50 =0
where sf3, = 0 and cf3, = £1.
Branch 3
p (%00 BIT BT $(T) =p (@ [T) = {z.4,0)7
bzs + pecbis + p3c (615 + O2;) + l3c (015 + 02, + 03;) (4.55)

= bys + p63913 +p3s (013 + 923) +1I3s (913 + 923 + 933)
0
Since ¢ = 6y, + 65, + 03, + B3, where 33 = m — a3, Egs. (4.55) can be simplified

similarly resulting in the following expression:

(z — bx3)? + (y — bys)® + 2pslachs, + 2 (x — bx3) (I3 + p3chas) c (¢ + a3) + (4.56)

+2(y — bys) (I3 + p3chs,) s (0 +az) +p3 + 3 — pg =0

where sf3, = 0 and cfl3, = *1.
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There are four possible combinations of Eqs. (4.54 and 4.56) due to cf3, = *1
and cf3, = +1. These equations geometrically represent two sets of surfaces. Their
intersections yield four curves in the three-dimensional space defined by z, y, and
¢. The four curves correspond to one order of infinity O (c0) of force-unconstrained
poses of Condition 1 for the RRR - 2RRR actuation configuration.

Assume angle ¢ from 0° to 360°. Thus, Egs. (4.54 and 4.56) can be written as:

P+ +az+ay+az = 0 (4.57a)

24+ b+ by+by = 0 (4.57b)
where the coefficients a; and b;, which are a function of the assumed ¢, are shown in
Appendix D.3.3.

To solve this polynomial system, Eq. (4.57b) is subtracted from Eq. (4.57a),

yielding a linear equation in z and y, i.e.,
(a1 = bl) z + (a2 = b2) Y+ ((1,3 = bg) =0 (458)

Hence, a solution for x is given as follows:

_ (by —az)y+ (b —az)  coy+c3

(a1 —b1) N 1 (4.59)

A second order polynomial in y results by substituting Eq. (4.59) in Eq. (4.57a),

1e.,
(c§ + cf) y2 + (agcf + 2coc3 + alclcQ) Y+ cg + ajcie3 + agcf =0 (4.60)

The roots of this polynomial are then substituted in Eq. (4.59). The obtained
values of z and y are then transformed to the centre of the mobile platform with Eq.

(B.17). This analysis is carried out for all four combinations, though the combination
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when cf3, = cf3, = —1 is not likely to occur. For such combination, both links must

be folded back.

Example.-

The force unconstrained poses of the RRR-2RRR actuation layout with Condition
1 is shown in Figure 4.11. Both platforms are equilateral triangles, their sides are
2.5 m for the fixed platform and 1 m for the mobile platform. The link lengths are
p;=1m,fori=1,...,6. The grey loops at the bottom of the figure represent the

projection of the force-unconstrained poses onto the zy plane.

150 -]
100
50| -
0
¢ (deg)
-50
-100-

-150

Y (m)

Figure 4.11: Loci of the Force-Unconstrained Poses of the RRR-2RRR Layout.

Physically, with Condition 1 true, an equivalent-mechanism-based analysis can

be made. Since sf3, = 0 and sfl3, = 0, branches 2 and 3 have their second link
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collinear to the platform edges I and I3, respectively. Thus, for Condition 1 satisfied,
p, and py and the platform can be thought of as a rigid link. There are four possible
assemblies depending upon the orientation of links p, and p;, as previously discussed
in Section 4.4. For each combination, a coupler of constant length r connects the
joints e; and es.  An example of an equivalent six-bar mechanism (1-dof), also known
as the Stephenson III linkage described by Erdman et al. (2001), is shown in Figure
4.12.

)

1}
b

Figure 4.12: Equivalent Mechanism of Condition 1 for the RRR-2RRR Layout.

4.5.3 Condition 2

' [W¢]| = 0 nor

Condition 2 (sf3, = 0) does not satisfy ' [Wp]| = 0. However,

[ [Wp]| is reduced to the same expression as [' [W(]|, i.e., the determinant of the

non-redundant configuration 3-RRR, Eq. (3.41). Since 65, can be either 0° or 180°,



Chapter 4 - Force-Unconstrained Poses of PPMs with In-Branch Redundancy 125

an alignment of p, and p; occurs with Condition 2 true. Let p, be the link formed

with the alignment of links p, and p,.

Case 1 65, =0°

With 65, = 0°, branch 1 is fully extended, i.e., p,, = p,+p;. That leads to a seven-bar
mechanism with 2-dof. If angle #,, is assumed, the position of w; can be determined
and the problem is reduced to finding the orientation of the mobile platform. Thus,
the orientation of the mobile platform, shown in Eq. (3.42c) for i = 1, with 8, =0

and 6y, = 0, is reduced to ¢ = 0, + 03,. Therefore,
b3, = ¢ — 04, (4.61)
and the position of wy; = {z,y}" is given by

& + p;) cos(6y,
—_— _ (P4 + p1) cos(61,) (4.62)
Y (pg + p1)sin(61,)
Substituting Eq. (4.61) in Eq. (3.41) and applying half-angle substitution, as

shown in Section 4.4.3, yields a polynomial of the form
9(t, @2, q3) = (a1t® + ast + a3)q3q3 + (ast® + ast + ag)q2q3 + (art® + ast + ag)gaqs

+(a10t® + ant + a12)g2 + (a13t® + agat + a15)g3 = 0
(4.63)
where the coefficients a; are shown in Appendix D.3.3.
The loop-closure equations of branches 2 and 3, given in Eq. (3.43) are expressed

using the half-angle substitution variables as:

fi(t,q2) = (byt® + byt + b3)ga + (bat® + bst + bg)qa + (brt> + bt +bg) =0  (4.64)

fa(t,g3) = (c1t® + cot + c3)q3 + (cat® + cst + c6)qs + (crt> + cst +cg) =0 (4.65)
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where the coefficients b; and ¢; are shown in Appendix D.3.3.

The resulting polynomial system is similar to the obtained system for the PRR-
2PRR manipulator, the only difference being the coefficients of the polynomials.
Therefore, the solution of the polynomial system, already presented in Section 4.4.3,
leads to a 24 x 24 matrix [K], shown in Eq. (4.47). The eigenvalues of this matrix
correspond to the solutions of ¢, which are then transformed into ¢’s using half-angle
substitution. Finally, the pose is transformed from the position of w;, found with

Eq. (4.62), to the centre of the platform as shown in Eq. (B.17).

Ezample.-

The force unconstrained poses of a RRR-2RRR actuation layout of a manipula-
tor, based on the design considered in Section 3.5.5, are determined. The force-
unconstrained poses of Condition 2 are plotted in the 3-dimensional space {z,y, ¢}
as shown in Figure 4.13a. These curves include all four combinations of the elbow
configurations (elbows up/down) of branches 2 and 3. The grey curve at the bottom
of Figure 4.13a represents the projection of the force-unconstrained poses onto the
zy plane. With the specified design parameters, there are two planes where the pro-
jected curves possess elements of symmetry. Let u¢ and v¢ be these planes (Figures
4.13b and 4.13c), where the axes u and v are perpendicular and parallel to the base

joints by and b3, respectively.



Chapter 4 - Force-Unconstrained Poses of PPMs with In-Branch Redundancy 127
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Figure 4.13: Loci of the Force-Unconstrained Poses of the RRR-2RRR Layout with
Condition 2 (Case 1).
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Case 2 0, =180°

With 65, =180°, branch 1 is folded back, i.e., p,, = py — p;- If py # p; the resulting
mechanism will contain seven bars and 2-dof. The analysis of force-unconstrained

configurations is carried out in a similar manner as the one presented for Case 1, with

0, = z - (P4 — p1) cos(b1,) (4.66)

Y (py — p1)sin(0y,)

Nevertheless, if py = p; (p,, = 0), point w; will be coincident with the base of
branch 1, yielding a 6-bar mechanism and only 1-dof, i.e., the orientation of the plat-
form. Since, branch 1 can rotate freely regardless to the orientation of the platform,
the associated reciprocal screw of this branch can always intersect the common (inter-
section) point of the associated reciprocal screw of the other two branches. Therefore,
for any pose of the manipulator and any configuration of branches 2 and 3, i.e., either
elbow up or elbow down, there will be an orientation of the folded branch that will

make the manipulator be force unconstrained.

Example.-

Assume the manipulator of the previous section with p;, = p, = p; = 1 and
py = ps = pg = 1.5. The force-unconstrained configurations of this manipulator,
when 65, =180°, are shown in Figure 4.14a. The projected curves onto the zy-plane
are depicted in grey at the bottom of Figure 4.14a. Also, the curves are projected

onto the planes of symmetry u¢ and v¢, as shown in Figures 4.14b and 4.14c.
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Figure 4.14: Loci of the Force-Unconstrained Poses of the RRR-2RRR Layout with

Condition 2 (Case 2).
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4.6 Further Actuation "

For further actuation, the methodology to follow is exactly the same. The number of

sub-matrices A is found as the total number of possible combinations, i.e.,

n!
A=———— form=3 (4.67)

m!(n —m)!

where n represents the number of actuators.
In the case of five actuators, a 3 by 5 associated reciprocal screw matrix will be
divided into 10 sub-matrices and all of their determinants must satisfy the condition
of being equal to zero. Force-unconstrained poses are reduced by one order of infinity,

i.e., for five actuators a finite number of force-unconstrained poses exist.

4.7 Discussion

In this chapter, the force-unconstrained poses of planar parallel manipulators with
in-branch redundant actuation were studied. In particular, the RRR-2RRR, PRR-
2PRR, and RRR-2RRR actuation layouts were presented. The force-unconstrained
poses of these mechanisms were plotted in a three-dimensional space defined by the
position and orientation of the mobile platform, yielding curves of force-unconstrained
poses. That is, there was a reduction in the order of infinity of force-unconstrained
poses from O (00?) for non-redundant planar parallel manipulators to O (co) for pla-
nar parallel manipulators with one additional actuated joint. With further actuation,
the force-unconstrained poses are reduced by one order of infinity for every additional
actuated joint added into the system.

Besides the elimination of families of force-unconstrained poses, another advantage
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of replacing passive joints with actuated joints is the improvement of the manipula-
tor’s accuracy. Passive joints play an important role in the accuracy of a parallel
manipulator due to the complexity of their manufacture and assembly within tol-
erances. Furthermore, since passive joints may be subject to high internal forces,
redundancy offers a better distribution of these forces. However, there are some dis-
advantages to including actuated joints within branches. For instance, the inertia of
the manipulator increases causing a reduction in the characteristics of motion of the
manipulator, such as the acceleration of the end-effector. Also, redundant parallel
manipulators require a robust and reliable control system.

The methodology adopted in this chapter is based on reciprocal screws associated
with the actuated joints. The assembly of the associated reciprocal screw matrix of
any configuration of actuated joints is very simple. Every actuated joint is defined by
an associated reciprocal screw that represents a column of the associated reciprocal
screw matrix.

In all the actuation layouts presented, two of the four determinants turned out
to be very simple allowing an easy identification and visualization of the conditions
that make the manipulator force unconstrained. With Condition 1 true, all the de-
terminants are equal to zero. Also, equivalent mechanisms, whose motion represents
the force-unconstrained poses of the RRR-2RRR, PRR-2PRR, and RRR-2RRR ma-
nipulators, were conceived. These equivalent mechanisms are composed of six bars
and have a mobility of one degree-of-freedom. With Condition 2 true, the remain-
ing two determinants are not equal to zero and turned out to be the determinant of
the non-redundant manipulator. Moreover, this condition constrains one kinematic
variable in two different postures, referred to in the text as cases, yielding seven-bar

mechanisms with a mobility of two degrees-of-freedom. By assuming one variable
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from the kinematically-constrained branch, the position of the mobile platform can
be identified, and by means of the determinant of the non-redundant manipulator
and the loop closure equations of the other two branches, the orientation of the mo-
bile platform is determined. For the RRR-2RRR manipulator, the orientation of
the mobile platform is represented by a 4*"-order polynomial. Meanwhile, for the
PRR-2PRR, and RRR-2RRR manipulators the orientation is described by 24**-order
polynomials.

In Chapter 3, the kinematic equivalence between the 3-RPR and the 3-RRR was
discussed. Assume the first joint of branch 1 of the 3-RPR also actuated. Condition
1 also applies to the RPR-2RPR actuation layout. That is, the associated reciprocal
screws of the first branch intersect at w;, as shown in the representation of the
associated reciprocal screws of the 3-RPR manipulator in Figure 3.1. Nevertheless,
Condition 2 does not occur for this actuation layout because the associated reciprocal

screws of branch 1 cannot be collinear.
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Chapter 5

Force-Unconstrained Poses of

Planar Parallel Manipulators with

Additional Branches

5.1 Overview

The inclusion of an additional actuated branch, beyond the original three, is con-
sidered. The identification of force-unconstrained poses of the 4-RPR, 4-PRR, and
4-RRR manipulators are presented. Each problem leads to a system of multivariable
polynomials. Elimination methods are used to reduce the multivariable polynomials
to a single polynomial in terms of one variable. For the 4-RPR manipulator, the
non-linear system of equations is solved using Grobner Bases. For the 4-PRR and
4-RRR manipulators, due to the complexity of their non-linear systems of equations,
an exhaustive elimination method based on the Sylvester’s dialytic elimination is

employed.
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5.2 Introduction

5.2.1 Non-Redundant Mechanism Decoupling

The inclusion of an additional actuated branch is based on having every branch actu-
ated by a single actuator. For manipulators with redundant actuation, the associated
reciprocal screw matrix is an m X n non-square matrix, where m is the dimension
of the task and n is the number of branches. Thus, taking its determinant is not
possible. A solution, as proposed in Chapter 4, is to find conditions that make the
determinant of all unique m x m sub-matrices equal to zero.

A physical representation of this technique is to decouple the manipulator into A
non-redundant mechanisms (where A has been determined with Eq. (4.67)). When-
ever a set of task space coordinates satisfies each |[W;]| =0, for i = 1, ..., A, the entire
redundant manipulator is force unconstrained. With one degree of redundancy, four

sub-matrices exist, yielding four determinants.

5.2.2 Dependency of Determinants

Nonetheless, there is a dependency among the determinants. For instance, a 3-
dof planar parallel manipulator with one additional actuated branch leads to four
sub-matrices; however, the manipulator is generally force unconstrained if the de-
terminants of two sub-matrices are zero. This dependency can be explained by
the geometric meaning of the associated reciprocal screws. Let us consider a force-
unconstrained pose of the 4-PRR manipulator. Assume the sub-matrix formed with
the first three branches of the manipulator, i.e., [W;] = [ Wi, Wi, Wi, |- If

the manipulator is force unconstrained, its determinant must equal zero. This leads
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to a so-called planar pencil singularity (all three associated reciprocal screws intersect
at a common point), as shown in Figure 5.1a. Now, assume a second sub-matrix, say
(W] = [ Wi, Wi, Wi, |- If its determinant equals zero, the fourth associated
reciprocal screw must intersect the common point of Wy, and Wy,, as illustrated in
Figure 5.1b. Thus, the redundant manipulator is force unconstrained if all associ-
ated reciprocal screws intersect at a common point, Figure 5.1c. That leads to the
following syllogism, if det([W;]) = det([Ws]) = 0, then det([W3]) = det([W,]) =0,
where [W3] = | W, W,, W, J and [Wy| = [ Wi, Wi, W, |- Ingen
eral for every degree of redundancy, one equation, beyond the one from the original

non-redundant manipulator, is not linearly dependent.

Figure 5.1: Dependency of the Submatrices Determinants Illustrated with Associated

Reciprocal Screws.

In spite of the geometric interpretation of the associated reciprocal screws, this

syllogism is just a necessary condition because there are some exceptions; that is,
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there are some singular configurations that satisfy det([W;]|) = det([W5]) = 0 but

not the remaining determinants.

e Collinearity.- When two associated reciprocal screws are collinear. Assume the
case when Wy, and Wy, are collinear (Wy, = Wy,). Let the point where
W, intersects the collinear reciprocal screws be ¢; and the point where Wy,
intersects the collinear reciprocal screws be ¢;. Thus, the determinants of the
sub-matrices satisfy the condition det([W;]) = det([Ws]) = 0. Nevertheless,
the points of intersection ¢, and ¢y will most likely be different points, as shown
in Figure 5.2, implying det([W3]) # 0 and det([W4]) # 0. Therefore, if the
chosen combinations involve both collinear associated reciprocal screws, the
remaining determinants will not likely equal zero. To satisfy this exception, it

is necessary to check if one of the remaining determinants equals zero.

Figure 5.2: Exception when Associated Reciprocal Screws are Collinear.

e Coincidence.- When two passive joints are coincident (or collinear in a spa-
tial manipulator). This special singularity occurs when two passive joints can

have motion but the mobile platform remains fixed. This type of singularity
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was defined as Redundant Passive Motion (RPM) by Zlatanov et al. (1994b).
For instance, for the 3-RPR manipulator, this type of singularity occurs when
the displacement of the prismatic joint of the i branch equals zero, as shown
by Bonev et al. (2003); i.e., the two passive revolute joints of the i branch
will be coincident leading to an uncontrollable motion of the mobile platform.
Mathematically, there are only two linearly independent reciprocal screws. For
the 4-RPR manipulator, the sub-matrices that contain the associated recipro-
cal screw of the i* branch are rank deficient. For example, for the 4RPR
manipulator shown in Figure 5.3, the matrices that contain Wy, are rank de-
ficient; however, sub-matrix [Wy] = | W,, W,, W,, | is not singular, ie.,
the associated reciprocal screws of this sub-matrix does not form a planar pen-
cil. Therefore, it is necessary to check the sub-matrix that does not include the
associated reciprocal screw of the i*® branch. In a real application, this special
singularity would never happen (a prismatic joint provides a natural link off-
set). For the 3-PRR and 3-RRR manipulators, this singularity cannot happen

as long as the links p; are non-zero.

Figure 5.3: Exception when Two Passive Joints are Coincident.
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These exceptions can be treated in a numerical manner. Once a force-unconstrained
pose of the redundant manipulator is computed with two determinants, the obtained
pose is then substituted into the remaining sub-matrices and their condition is veri-
fied.

If the time derivative method is used, an n x m non-square Jacobian matrix results.
If the manipulator is in a force-unconstrained configuration, there is a dependency
among the determinants of the sub-matrices formed with the rows of the Jacobian
matrix. Although this row dependency does not have a clear physical meaning,
the analogy between the Jacobian matrix and the associated reciprocal screw matrix
corroborates such dependency. In conclusion, the number of nonlinearly dependent
determinants is augmented by one, for each additional branch added.

With the time derivative method, the resulting two determinants form a system
of two polynomial equations in three variables (z, y, and ¢). With the screw theory
method, the loop-closure equations, beyond the two determinants, are included in
the polynomial system yielding six equations in seven variables (z, y, ¢, and 03, for
i=1,2,3,4). Thus, one variable is freely chosen. Methods used to solve systems of

polynomial equations are described at length in Appendix C.
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5.3 Force-Unconstrained Poses of the 4-RPR PPM

5.3.1 Analyzed Layout

The 4-RPR manipulator® is an overconstrained parallel manipulator as illustrated in

Figure 5.4.

Figure 5.4: Layout of the 4-RPR Planar Parallel Manipulator.

Based on the 4-RPR manipulator, Husty et al. (2001) showed that a specific geom-
etry of the manipulator platforms can lead to the same forward kinematic solutions

as the original manipulator with just three branches.

I'This work was presented at the 2004 CSME Forum, Firmani and Podhorodeski (2004b), and
afterward published in Firmani and Podhorodeski (2005b).
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For the 3-RPR manipulator, besides the singularity of Type II, when [A] is sin-
gular, there is RPM singularity. With the time derivative method, the row of the
Jacobian matrix [A] that describes the kinematic variables of the degenerate branch
will be a zero row; i.e., the Jacobian matrix is rank deficient. However, for the
4-RPR manipulator, RPM singularities will occur if and only if the sub-matrix that
contains the non-degenerate branches is also singular. That is, forces exerted by the
remaining prismatic joints can constrain the force that is being applied. Geomet-
rically, if the prismatic joint displacement of the degenerate branch equals zero, the
manipulator will be in a singular configuration if and only if the remaining associated
reciprocal screws intersect at a common point (planar pencil). In this section, the
force-unconstrained poses of the 4-RPR manipulator are analyzed. In the following
subsections, the Jacobian matrices are determined and through an elimination tech-
nique, namely Grobner Bases, two determinants of the sub-matrices are employed to

identify the force-unconstrained poses.

5.3.2 Derivation of Equations

The loop-closure equations of the first three branches of the 3-RPR manipulator were

derived in Section 3.3.3. The loop closure equation of the fourth branch is given by

d; = (.’17 + l4C (05 + 04) = b.’L‘4)2 + (y + l4S ((b + 04) = by4)2 (51)

Iy

The time derivative of all four equations leads to the relationship between the
input and output speeds [A] x= [B] q, where [A], the force Jacobian, is a 4 x 3 matrix

and [B], the velocity Jacobian, is a 4 x 4 matrix.
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5.3.3 Force-Unconstrained Poses

Based on the dependency of the Jacobian rows, the determinants of two sub-matrices
being equal to zero is a necessary condition. As Sefrioui and Gosselin (1995) de-
scribed, the determinant of the 3-RPR leads to quadratic terms in =z and y, with
variable ¢ being suppressed. Let Pj.(z,y,¢) = det([J123]) = 0 be the resulting
second order polynomial in z and y of the mechanism denoted by branches 1, 2, and
3; and Pj,,,(z,y,¢) = det([J124]) = 0 be the polynomial of the mechanism denoted

by branches 1, 2, and 4. These polynomials have the following form:

Py, = q12°+ g2y + g3zy + gaz + g5y = 0 (5.2a)

Pjo = hiz®+ hoy’ + hszy + hax + hsy =0 (5.2b)

where the coefficients g; and h;, for i = 1,2,3,4,5, are expressed in terms of ¢, and
shown in Appendix D.4.1.

The solution to the polynomial system leads to an n**-order polynomial in terms
of only two variables, i.e., Qj(z,¢) = 0, where y has already been eliminated. The
degree of polynomial Qz(z,®) can be predicted with Bezout’s number as shown in
Appendix C.3.2. Since the degree of both polynomials. Pj,,, and Pj,,,, is two, the
upper bound degree of the polynomial system is n = 4.

A method for solving non-linear algebraic systems of equations is Grobner Bases
(Buchberger, 1965), which is based on ordering the power products of the initial equa-
tions and creating new equations without generating superfluous power products as
shown in Appendix C.7. By means of Grobner Bases, a 4"*-order polynomial Q,,
in z and a first order polynomial Q,, in y result, where Q, = Qj(z,¢). The sym-

bolic computation of Grobner Bases can be obtained using symbolic algebra software
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packages such as Maple and Mathematica, yielding:

Q. = ma'+pyr’ + pyz’ + pyz =0 (5.3a)
Q, = my+n,=0 (5.3b)
where the coefficients p,, for i = 1,2,3,4, are expressed in terms of ¢, and the

coefficients 7,, for ¢« = 1,2, are expressed in terms of ¢ and z. These coefficients are
shown in Appendix D.4.1.

The roots of Q, correspond to potential x values of force-unconstrained poses,
which are substituted back into Q,, to obtain the corresponding values of y. These
values represent the force-unconstrained poses for the combination of the two chosen
non-redundant mechanisms (1-2-3 and 1-2-4) or decoupled mechanisms. Each pose is
then substituted numerically into the remaining sub-matrices to verify their condition.
Finally, the pose is transformed from the position of w; to the centre of the mobile
platform.

For one non-redundant mechanism, O (0o?) of force-unconstrained poses exist (sur-
faces); while with inclusion of an additional branch, O (oco) of force-unconstrained
poses exist (curves due to the intersection of surfaces). Given that O (o0) of force-
unconstrained poses exists, the orientation of the platform ¢ is assumed for the range,

0° to 360°.

Ezxzample.-

The force-unconstrained poses of the 4-RPR are presented in Figure 5.5, where
lb=1m,l3=09m,ly =028 m, ag = 33.7°, ay = 63.4°. The fixed platform is a
square with 2.5 m per side. The figure shows two closed loops of force-unconstrained

poses. Their projections are depicted in grey in the zy plane.
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(deg)

Figure 5.5: Force-Unconstrained Poses of the 4-RPR PPM with a Trapezoidal Payload

Platform.

It is important to mention that for the two chosen sub-matrices, [J23] and [J24],
RPM singularities appeared when the prismatic joint displacement of either branch
1 or branch 2 was zero. Nevertheless, the sub-matrix that did not involve the branch
with the degenerate prismatic joint was not singular.

The shape of the platform and the arrangement of the bases play an important
role in the nature of the force-unconstrained poses of the manipulator. Therefore,

further investigation on different architectures is required.
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5.4 Force-Unconstrained Poses of the 4-PRR PPM

5.4.1 Analyzed Layout

For the 4-PRR manipulator?, shown in Figure 5.6, screw theory is employed yielding
two non-linearly dependent determinants and four branches, i.e., six equations in
seven variables. In the following subsections, the required equations are derived.
Then through an elimination technique, the singular configurations of the 4-PRR

planar parallel manipulator are identified.

Figure 5.6: Layout of the 4-PRR Planar Parallel Manipulator.

Valasek et al. (2005) developed a prototype based on this layout named Sliding
Star. The design consists of two parallel slides which form the base of this manipu-

lator, two sliders (or prismatic joints) move along one slide and the other two move

*This work was presented at the 2005 CCToMM Forum, Firmani and Podhorodeski (2005a), and
afterward published in Firmani and Podhorodeski (2005¢).
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along the second slide. This architecture was generated by means of maximizing

both stiffness and dynamic values.

5.4.2 Derivation of Equations
The associated reciprocal screw of the actuated joint of the additional branch is
"Wy, = {—cos (03, — aa), sin (03, —aq);lysinfs,}’ (5.4)
yielding the following associated reciprocal screw matrix:
W] = | g, W, W, W, (5.5)

Let the non-redundant mechanisms be composed of branches 1-2-3 and 1-2-4. The
associated reciprocal screw matrices are assembled and their respective determinants
are shown below.

For branches 1-2-3,

['EYWI] — relel n:fW12 re('wl3
cosfls, —cosfs, —cos(f3, —az)
= —sinf3,  sinfs, sin (A3, — a3) (5.6)
0 12 sin 932 13 sin 933
“I[Wy]] = lysin(6s,) (sin(fs,) cos(fs, — a3) — cos(f3, ) sin(fs, — as))

+13sin(f3,) (cos(#3,) sin(#3,) — sin(f3,) cos(f3,)) = 0 (5.7)
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For branches 1-2-4,

[rch2] — ref‘wl1 ref‘v12 re!’\Vl4
cosfl3, —cosls, —cos(fs3, —ay)
= —sinfls, sinfs, sin (03, — a4) (5.8)
0 lysinfs, l4sin O3,
“[Wy]| = l[ysin(f3,) (sin(fs,) cos(f3, — aq) — cos(b3,) sin(fs, — cv))
+14sin(fs,) (cos(f3,) sin(fs,) — sin(f3,) cos(fs,)) =0 (5.9)

The general loop-closure equation found in Eq. (3.33) is also applicable for the

fourth branch; i.e.,

f4(.’13, Y, ¢a 034) =~ (y - by4 o= ,043(¢) - 934 - ﬁ4) - l4S(¢ - 64)) 3(74) T

(z — bz — pyc(d — 03, — By) — lac(d — B4)) c(74) = 0 (5.10)

where 3, = ™ — a4.

5.4.3 Force-Unconstrained Poses

The force-unconstrained poses of the 4-PRR manipulator are defined as the inter-

section among the surfaces of two non-redundant 3-PRR planar parallel manipula-

tors. There are six equations (| [Wg]| = 0 and fi(z, y, ¢, 03,) = 0, &k = 1,2
and « = 1,2,3,4) and seven variables (z, y, ¢, and 03, i = 1,2,3,4); i.e., there is
one ‘free’ variable. The choice of the ‘free’ variable is important because this will
define the total degree of the final polynomial. For example, Bonev et al. (2003)

demonstrated that for a constant payload orientation, i.e., ¢ the ‘free’ variable, the

singular poses of the 3-PRR manipulator are represented by a 20“*-order polynomial.
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By combining two non-redundant mechanisms and by applying Bezout’s number, the
force-unconstrained poses of the 4PRR manipulator would be up to a 400**-order
polynomial. Although this number is an upper bound of the final degree of the
polynomial, it is expected to be considerably large. As an alternative, either = or y
can be chosen as the ‘free’ variable. Either choice would make the final degree even
higher because both of them appear as linear terms in the loop-closure equations.
This leads to the conclusion that one joint displacement, f3,, should be considered.
Since both 63, and 63, appear in only one determinant equation no significant gain
is achieved. The correct choice would be between 03, and fs,. Let 63, be the ‘free’

variable. Thus, a problem of six non-linear equations in six unknowns results:

fi(z, y, ) = 0 Loop-Closure Equation of branch 1
fo(z, y, ¢, 03,) = 0 Loop-Closure Equation of branch 2
fa(z, y, &, 63,) = 0 Loop-Closure Equation of branch 3
falz, y, ¢, 65,) = 0 Loop-Closure Equation of branch 4
g1(03,, 03,) = 0 Determinant of sub-matrix composed by branches 1-2-3

g2(0s,, 03,) = 0 Determinant of sub-matrix composed by branches 1-2-4

The solution of this system of non-linear equations requires an elimination technique.
A summary of the elimination process is now described. First, half-angle substi-
tution is applied to all joint angles f3.. Second, variable z is eliminated using one
loop-closure equation. Third, y is eliminated using another loop-closure equation.
Fourth, variables 63, and 63, are eliminated separately using the determinant equa-
tions, leading to two equations in two unknowns (¢ and #3,). Fifth, half-angle

substitution is applied to ¢. Sixth, more equations are generated to match the num-
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ber of power products. These equations are written in matrix form []t = 0. The
elements of matrix [¥] are a function of #3,, while vector t contains power products
of ¢. Seventh, variable ¢ is eliminated by making matrix [¥] singular, i.e., |[¥]| = 0.
The determinant of [¥] leads to a polynomial whose roots represent solutions of the
force-unconstrained poses. The root finding problem is formulated as an eigenvalue

problem. Eighth, the remaining variables are found through back substitution.
Step 1.- Applying Half-Angle Substitution to 6,

Apply half-angle substitution to the third joint angles, i.e.,

2¢; 1—¢;
nd 03) = ——=
5 and cos(fs,) T4 g

0,
1—+—Qi where ¢; = tan(—23—) (5.11)

Sin(03i ) o=

and where i = 1,2,3. The new variables are substituted back into their respective
equations and the denominators are cleared. For further convenience, the coefficients
of the five power products of equations g; (g2, g3) = 0 and g2(g2, q4) = 0 are collected
(ajr for j=1,2 and k=1, ..,5) and are shown in Appendix D.4.2.

01(q2, @) = 11033 + 0120302 + 0130302 + A1443 + a152 =0 (5.12)

92(q2, q1) = 210405 + A225G> + A23q4G2 + @2.4Gs + A25¢2 =0 (5.13)

Step 2.- Eliminating z
Eliminate variable z by isolating it from equation fi(z, y, ¢) =0, i.e.,

z = —(y—byr—pisin(¢ — b, — §;) — lisin(¢ — 4,)) tan(7,)

+bzy + p; cos(¢p — O3, — B;) + 1y cos(¢ — ;) (5.14)

Substitute = back in equations fy(z, y, ¢, ¢2) = 0, fa(z, y, &, gs) =0, and fu(z, y, 6,

q4) = 0. The new equations, f/(y. ¢, ¢;) = 0 for i = 2,3, 4, are composed of 10 power
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products. The coefficients of the power products are collected (b; ;. for i = 2,3,4 and

k =1,..,10) and are shown in Appendix D.4.2.

iy, 0,4:) = bi,l‘]izy T bi,2Qi2 cos(¢) + b‘i,3qi2 sin(¢) + bi,4Qi2 + b; 5q: cos(9)

+bi 6¢; sin(p) + bi 7 cos(@) + bigsin(¢) + b; gy + bi 10 (5.15)

Step 3.- Eliminating y

Eliminate variable y by isolating it from equation f,(y, ¢, g2) =0, i.e.,

y = (by25 cos(¢) + ba 33 sin(¢) + bz ags + ba5q: cos(¢) + basga sin(¢)

+bs, 7 cos(¢) + bagsin(¢) + ba10)/(—b2,1q5 — bag) (5.16)

Substitute y back into equations f(y, ¢, ¢3) = 0, and f/(y, ¢, g1) = 0. The new
equations, f, (¢, g2, ¢;) = 0 for i = 3,4, are composed of 20 power products. The
coefficients of the power products are collected (¢; for i = 3,4 and k = 1, ..,20) and

are shown in Appendix D.4.2.

£(6, @2 @) = cing3q; cos(9) + ci2g3q; sin(@) + ci3q3: cos(9) + ¢iag59: sin(¢)
+¢i 505 coS(9) + i 6¢5 SIn(P) + ¢i 703G, + i85 + €i9924; cos(0)
+¢i,104247 SIn(0) + ¢;11G2 c08(@) + €122 SIN(0) + €137 cos(¢)
+¢i144; sin(¢) + ¢i 15¢: cos(¢) + ¢i16¢: Sin(¢) + ;17 cos(0)

+Ci188i0(9) + ¢i196; + €420 (5.17)

Step 4 .- Eliminating ¢3 and ¢4

Eliminate variable g3 by isolating it from equation g;(gs, g3) = 0 and substituting

it back into equation f; (¢, g2, g3) = 0. Similarly, eliminate variable g4 by isolating it
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from equation g(gs, q4) = 0 and substituting it back into equation f, (¢, g2, g4) = 0.
These two eliminations are not as simple as the previous ones because the variables
being eliminated are non-linear. In order to eliminate the square roots that appear
after the substitutions, the expressions must be squared. This leads to two new

equations h;(¢, g2) =0, for j =1,2.
Step 5.- Applying Half-Angle Substitution to ¢

Apply half-angle substitution to ¢, i.e.,

2t 1—#

R and cos(9) where t = tan(ﬁ) (5.18)

sin(¢) = = L 5
This yields two expressions of the form h;(t, ¢2) = 0, for j = 1,2. These two
expressions contain 45 power products because ¢, is a variable of degree 8 and t is
a variable of degree 4. The power products are grouped and the coefficients dj,

where r = 5i + k + 1, are collected. Due to space limitations in this dissertation, the

coefficients d;, are not shown.

8 4

hj(t, QQ) = ZZ dj,r q21 t & =0 (519)

1=0 k=0

Step 6.- Generating more Equations
Assemble a 2 x 5 matrix [¥'] by sorting the powers of t. This matrix is generated
with equations hy (¢, g¢2) = 0 and hs(%, g2) = 0 and its entries are 8*"-order polynomials
in gs.

(W] t'=0 (5.20)

Vi Y2 Y3 Y ¥
where [U'] = TR TR T T andt = ¢4 82 o

Vo1 Voo Vo3 Vou U5
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Generate additional equations such that the number of equations matches the
number of power products. Equations h;(t, g2) = 0 and hs(t, g2) = 0 are multiplied
by t, t2, and t3. This leads to an 8 x 8 matrix whose entries are still 8"-order

polynomials in gs.

Yiu Y12 Vi3 Y Y5 0 0 0 &
Vo1 Wap Yoz Yoy Yes 0 0 0 t8
0 ¥y Vg Y3 Ve Y5 00 2
0] t = 0 Uy VYo Yoz Yoy Y5 0 0 & _5 (5.21)

0 Vi Y2 Vi3 Yy Y5 O t°
0 Vo1 o WUoz Yoy Yos O 2
0

0

0
0
0 0 ¥y ¥ Y13 Y Yis t
0 0 g ¥y Vo3 Yoy Vo5 1

Step 7.- Solving for ¢,

Eliminate variable ¢ by making matrix [¥] singular; i.e., this condition makes
Eq. (5.21) valid. Solving |[¥]| = 0 is extremely complicated because each entry of
[T] is an 8*"-order polynomial. Moreover, the resulting determinant will be a 64*"-
order polynomial and the computation of the roots of such a large polynomial may
be susceptible to having floating point arithmetic problems. As an alternative, the
roots of the determinant can be solved as a standard eigenvalue problem (Gohberg
et al., 1982). This method is much more stable and is described in Appendix E.

Matrix [¥] is written as a matrix polynomial,

8

(0] (q2) =) [Wi] g5 (5.22)

=0
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where each entry of [¥;] corresponds to one of the coefficients d;, found in Eq. (5.19).
The idea of this method is to assemble a 64 x 64 matrix [K] with each matrix of

the matrix polynomial in the following form:

[ 0 1 0 o |
0 0 I 0
[K] = : : : : (5.23)
0 0 0 I
| —[Us] 7 [Wo] —[Ws] 7 [Wa] —[We] T [W] - —[Ws] T [¥] |

where 0 and I are 8 x 8 null and identity matrices, respectively.

Matrix [K] is employed to formulate the standard eigenvalue problem as follows:
[K]T =T (5.24)

where A is an eigenvalue which represents a solution of gs, T is the associated eigen-
vector with A of the form T =[¢ t)\ t\2 ... )\ |".
The eigenvalues of matrix [K] correspond precisely to the roots of the 64"-order

polynomial, i.e., all solutions of ¢» for a given value of 63, .
Step 8.- Back Substitution
Compute the poses of the manipulator by substituting back the numerical values
of go. That is, variable ¢ can be determined using Gauss elimination of the problem

A]t=b (5.25)

where [A] is a 7 x 7 matrix formed with the first seven rows and columns of matrix
[U], t is a vector that contains the first seven elements of t, and b is the negative of

the first seven elements of the last column of matrix [¥].
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The already known variables can be transformed to their original angle expressions
by using the half-angle substitution property, i.e., t = ¢ and ¢ = #3,. These
values are substituted into Eq. (5.16) and y is solved. With ¢ and y known, z is
evaluated with Eq. (5.14). Finally, the position is transformed to the centre of the

mobile platform.

Example.-

The singular poses of a 4-PRR with the following characteristics is presented:
Both the fixed and mobile platforms are squares, whose sides are 2 m and 1 m,
respectively. The angle of the bases are v, = 0°, 75 = 90°, v3 = 180°, and v, = 270°
(same configuration as in Figure 5.6). The link lengths are p, = 1m, fori =1,... ,4.
Figure 5.7 illustrates the loci of the single order of force-unconstrained poses of the
platform centre in the x — y — ¢ space. The projection of the curves on the zy plane

is shown onto the plot at the bottom of the figure.
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Figure 5.7: Force-Unconstrained Poses of the 4-PRR Manipulator.
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5.5 Force-Unconstrained Poses of the 4-RRR PPM

5.5.1 Analyzed Layout

The 4-RRR manipulator, shown in Figure 5.8, has been widely analyzed from the

control perspective, see for instance Liu et al. (2001) and Muller (2005).

Figure 5.8: Layout of the 4-RRR Planar Parallel Manipulator.

Voglewede (2004) developed constrained optimization algorithms that numerically
determines the “closeness” of singular configurations for both the 3-RRR and 4-RRR
manipulators. For one working mode, Voglewede presented plots on the z — y plane.
For any location of the 3-RRR manipulator, there is one and only one platform

orientation that makes the manipulator force unconstrained®. For the 4-RRR manip-

3This condition was found for a particular manipulator but it is not always the case as shown in

the results of this dissertation in Figures 3.9.
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ulator, the projection of the singular configurations on the x — y plane leads to curves
of force-unconstrained poses. The results were compared using different formulations
(as presented in Voglewede and Ebert-Uphoff, 2004) and the plots showed some dis-
crepancy on the quality of the curves. Nevertheless, the singularities of every plot
occurred in the same region.

In this section, an analytical method for determining the force-unconstrained poses
of the 4RRR manipulator is presented. First the equations: two non-linearly depen-
dent determinants and four loop closure equations regarding the branches’ kinematics
are derived. Then through exhaustive elimination techniques, the singularity loci of

the 4-RRR planar parallel manipulator are identified.

5.5.2 Derivation of Equations
The associated reciprocal screw of the actuated joint of the additional branch is
"Wy, = {—cos (03, — a4), sin (63, — ayq);lysinbs,}" (5.26)
yielding the following associated reciprocal screw matrix:
W] = [ "W, Wi, W, W, ] (5:27)

Notice that ™' [W] is exactly the same as the one found for the 4-PRR manip-
ulator. Let the non-redundant mechanisms be composed of branches 1-2-3 and

1-2-4. The determinants of [*"W,] = [f"fwll Wy, Wi, ] and [*"W,] =

“'Wyp, W, "Wy, } are shown below:

[“'[Wi]| = [lzsin(f3,) (sin(Bs,) cos(s, — as) — cos(f3,) sin(f3, — az))

+13sin(fs,) (cos(f3,) sin(fs,) — sin(fs, ) cos(f3,)) =0 (5.28)
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“I[Wy]| = Ilysin(fs,) (sin(fs,) cos(f3, — ) — cos(f3,) sin(f3, — as))

+l4sin(63,) (cos(63,) sin(f3,) — sin(f3, ) cos(fs,)) = 0 (5.29)

The general loop-closure equation found in Eq. (3.43) is also applicable for the

fourth branch; i.e.,
filz, y, ¢, 03,) = 2 + y* + (kyisin(6,) + ko cos(63,) + k3 )z
+(ky:sin(fs,) + ks cos(8s,) + kei)y (5.30)
+(k7'1' s'm(03i) =+ k.gyi cos(03i) + kgyi) =)

where k; ; are shown in Appendix D.4.3.

5.5.3 Force-Unconstrained Poses

There are six equations (|[*Wg]| = 0 and fi(z, y, ¢, 03,) = 0, for £ = 1,2 and
i = 1,2,3,4) and seven variables (z, y, ¢, and #3,). This means that there is one
‘free’ variable. Let 03, be the ‘free’ variable; i.e., 03, will be considered as a constant.

Thus, a problem of six non-linear equations in six unknowns results:

filz, y, ) = 0 Loop-Closure Equation of branch 1
fo(z, y, &, 03,) = 0 Loop-Closure Equation of branch 2
fa(z, y, &, 03,) = 0 Loop-Closure Equation of branch 3
falz, y, @, 03,) = 0 Loop-Closure Equation of branch 4
g1(03,, 03,) = 0 Determinant of sub-matrix composed by branches 1-2-3

92(03,, 03,) = 0 Determinant of sub-matrix composed by branches 1-2-4

This problem requires an elimination technique which is based on two similar pro-

cedures to eliminate variables 3, and f3,. A summary of the elimination process
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is now described. First, half-angle substitution is applied to all the angles. Second,
variables z and y are eliminated using the loop-closure equations. Third, variables
03, and 63, are eliminated separately using the determinant equations, leading to
two equations in two unknowns (¢ and f3,). Fourth, more equations are generated
to match the number of power products. These equations are written in matrix
form [¥]qs = 0. The elements of matrix [¥] are a function of ¢, while vector q»
contains power products of fs,. Fifth, variable 3, is eliminated by making matrix
(V] singular, i.e., |[¥]| = 0. The determinant of [¥] leads to a polynomial whose
roots represent solutions of the force-unconstrained poses. The root finding problem
is formulated as an eigenvalue problem. A discussion on numerical stability is pre-
sented, where the accuracy of the eigenvalues is achieved by scaling the dimensions
of the manipulator. Sixth, the remaining variables are computed and unconstrained
optimization techniques are employed to improve the accuracy of the results.

The first three steps involve the elimination of f3, and 6;,. Given that the
elimination procedure is similar, the elimination of f5, is described in detail part a),
while the elimination of @3, is summarized in part b). Coefficients associated with
t/3, have the superscript "/, while the superscript * is related to #3,. Coefficients are
systematically collected for further convenience in the elimination process and some

of them are shown in Appendix D.4.3.

Step 1.- Applying Half-Angle Substitution
a) Apply half-angle substitution to the joint angles, i.e.,

and cos(f3,) = —, where ¢; = tan(—) (5.31)

QQi A
1+ ¢%’ 2

1+¢;

sin(03i) =

and where i = 1,2, 3.
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The new variables are substituted back into their respective equations and the
denominators are cleared. For further convenience, the coefficients of the five power

products of equation g; (g2, g3) = 0 are collected as follows:
91(a2, a3) = Va1g305 + Vacg3q2 + "V asqaqe + Vasgs + Vasg =0 (5.32)

b) For the elimination regarding f3,, half-angle substitution is applied to 63, using
Eq. (5.31) and the power product coefficients of equation g»(gs, q4) = 0 are collected

similarly,
92(q2, q4) = [2]01(]4(13 + ‘27a2q2q2 + Pazqaqs + P asqs + P asqa =0 (5.33)

Coefficients "' ay, for j = 1,2 and k = 1, .., 5 are shown in Appendix D.4.3.

Also, apply half-angle substitution to ¢, i.e.,

2t § —32

sin(@)=13p amd cosld) =15

where t = tan(g) (5.34)

Step 2.- Eliminating = and y
a) Eliminate variables z and y from equations fi(z, y, t) =0, fao(z, y, t, g2) =0,
and f3(z, y, t, g3) = 0. Although two equations are required, one equation is used
to linearize z and y, which appear as quadratic terms in the loop-closure equations
and whose coefficients are one (as seen in Eqgs. (3.43)). Thus new equations are

generated by subtracting the loop-closure equations as follows:
fll (SB, Y, t, q2) = fl (:I," Y, t) - fQ(IL', Y, L, QQ) =0 (535&)
fr(@y,t,q5) = filz,y,t) — fa(z,y,t,q3) =0 (5.35b)

Gosselin and Merlet (1994) used a similar elimination technique to solve the for-

ward kinematics of the 3-RPR manipulator. This elimination technique does not
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generate superfluous roots and the resulting polynomial maintains its canonical form.

These equations can be also written as a system of linear equations:

f1’(1'7y7t7(I2) — III)V11$+(1:IV12y+“'11/13=O (536&)

fo(m,y,tias) = Vwvmz+ vy + vz =0 (5.36b)

where the coefficients of the power products are stored in two row vectors ''b; of
length 27 (shown in Appendix D.4.3), i.e.,
g 2
Wy = Z Z Op 285 (5.37)
h=0 k=0
fori=1,2,j=1,2,3,andr=9(j —1)+3h+ k+1.
Notice that each element ’v;; is composed of nine terms, and the coefficients
stored in vectors b, contain the coefficients of all three *'v;; of one linear equation.
Also, the term g;;; is g2, when ¢ = 1, and g3, when ¢ = 2.

The solution of Egs. (5.36a and 5.36b) is given by

Wy Wy g Myya
= — (5.38)
(L (1) (1 1)
o1 Mg 'y Wyos
yielding
1) (1 1 1 (1)
- Wp19M ey — Vg Myyg 'num;
= : . = — (5.39a)
Hlvlll_lll/22 . {I|V2l(ljul2 (l]den‘
1) YoMz — Y Mres Ynum,
Y : : p— = (5.39b)
Wy Mgy — VvV Mden

Coefficients of the power products involving the numerators ("' num, and "' num,)
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and the denominator ("’den) are collected as follows:

4
Ynumg(t,q,q3) = Z Z Z W, tPgrqs (5.40a)

h=0 k=0 =0
4 2 2

Unumy(t,g,q3) = > D> D> Uny t"ef (5.40b)
h=0 k=0 I=0
4 2 2

Wden(t,qa,q3) = Z Wt thqrqs (5.40c)
h=0 k=0 1=0

where r = 9h+ 3k + [+ 1 and the coefficients are stored in vectors of length 45: 'V
ny, and ’dt. These coefficients are shown in Appendix D.4.3.

Finally, the solutions of “z and "'y, which are function of ¢, ¢, and g¢3, are
substituted back into equation fi("z,"y,t) = 0. After clearing the denominator
the following equation results:

10 4 4
fltga) =) > ) Yethee=0 (5.41)

h=0 k=0 I=0
where r = 25h + 5k + [+ 1 and all coefficients are stored in a vector ''’c whose length
is 275. Due to the large length of this vector, coefficients "¢, are not presented in

this dissertation.
b) For the second procedure (regarding s, or ¢4), equation fy(z, y, t, g1) = 0 is
used instead of f3(z, y, ¢, g3) = 0. This yields a new set of linear equations,

fll(l',y,t,(h) = f1($’y7t) - f2(1',y, t: QQ)
(5.422)

=Pvnr+ vy +Priz3=0

f?:(x.‘y7tv q4) = fl(l',y,t) - f4($vyvta q4)
(5.42b)

=gz + P vey + Pra =0

with the coefficients of the power products stored in two row vectors “'b; of length
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27, i.e.,

2 2

By = Z Z lzv"birthQiﬁQ (5.43)

h=0 k=0
fori=1,2,j=1,2,3,andr=9(j — 1) + 3h+ k+ 1. The term ¢;; is g2, when
1 =1, and ¢4, when i = 2. Notice that the coefficients b, = *'b;.

Solutions of ®z and *'y are obtained as follows:

2 (2 (2 2 (2)

@p — PP res — Pug®uiz  Fnum, (5.44a)
(2)1/11('3)1/22 = (2)]/21[2)1/12 2 den :
(2 2 (2 2) 2)

@y — 'wo1®vis — v ®ves  Pnum, (5.44b)
@y11Pveg — Py Py Pden

The coefficients of the power products involving the numerators (*'num, and
“'num,) and the denominator (*'den) are collected in vectors of length 45: “'n,,
“n, and ®'dt. The resulting solutions of 'z and ¥y are substituted back into
equation f;(“'z,”y,t) = 0. After clearing the denominator, the following equation

results:

10

4
fo(ta20) =) Y Y Pethgig =0 (5.45)

4
h=0 k=0 1=0
where 7 = 25h + 5k + [+ 1 and all *'¢, are stored in a vector *’c whose length is 275.
It is worthy of mention that the elimination of  and y was carried out in such
a way that g3 and ¢4 were not contained in the same equation. This formulation
simplifies further eliminations. Nevertheless, two sets of explicit solutions for z and
y were generated and there will be some cases where 'z # 'z and Wy # ®'y. This is
because of the quadratic nature of z and ¥ in the loop-closure equations. In general,
there are two solutions of z and y that satisfy fi(z, y, ) = 0 and fs(z, y, ¢, 03,) = 0.
One solution satisfies f3(z, y, @, #3,) = 0, but there is no restriction in the above

formulation that the same solution has to satisfy fi(z, y, ¢, #3,) = 0. If it did not,
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the second solution of x and y would satisfy fi(z, y, ¢, #3,) = 0. This situation will

be addressed later when numerical values of  and y are computed.
Step 3.- Eliminating ¢3 and ¢4

a) Eliminate variable g3 by isolating it from equation g:1(g2, ¢3) = 0 and substi-
tuting it back into equation f; (,gs,q3) = 0. This elimination is not simple because
g3 appears as a quadratic variable in g;(go, ¢3) = 0. To perform this elimination, it is
important to write both equations g;(g2, ¢3) = 0 and flu(t, g2, q3) = 0 in a simple form
as single variable polynomials in g3. The resulting simplified polynomials are defined
as g1("'n,q3) = 0 and f; ("', q3) = 0, where 'y and ") are sets of coefficients that

are functions of ¢9, and ¢ and g¢o, respectively. Thus,

91("n,a3) = Vgas + Vmygs + my =0 (5.46)
where V1, = Vasqe, V', = Va1qs + Vazge + Vay, and "V, = Vasge; and
f;,(ll,u“’ Q3) _ mﬂoqg - ”:',Lthg + muzqg 3 r1)#3q3 + (11#4 =0 (5.47)

where "' for s = 4, ..., 0 are multivariable polynomials in ¢ (degree 10) and g (degree
4), whose coefficients were previously stored in vector ¢, and have the following

structure

10

4
=3 S ertteb 549

h=0 k=0

where r = 25h + 5k + s + 1.

These simplified polynomials are a convenient set up for the elimination of ¢3. If
such simplification was not considered, an explosion of terms would have occurred.
Next, g3 is eliminated and '"'n and "' are considered as simple coefficients, after the

elimination their polynomial structures will be restored.
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A solution of g3 is given as

—Mp. 4 /) 2 _ 4p (1) _(1) (1)
i = m £ /O MM _ m+ (5.49)
21, 2tmq

where VX = +/0n] — 40,0,

Substitute Eq. (5.49) into Eq. (5.47) yielding an equation of the following form:
f1(Wn, W, X) = 0. The problem requires the elimination of the square root, '\,
i.e., Y\ must be squared. Let WA = W)A* = ”"7721’ — 4%ne""n,.  Therefore, equation

f1 (M, p, W X) = 0 may be written as follows:

fl’(mn,m#’m/\) — uaéou-Xl+<1}€1m/\3+<1,\€2m)\2+m£3<‘1>)\+u)§4=0

= Mg MAZ L WL MAMY L WE M) G ME M) 4 WE, =(0(550)
where elements "', are a product combination of /x and "'7n. Therefore,
MEDR + LA g, = — (Mg A + Fg) X (5.51)
and squaring both sides yields
Ba(V, Vs, OR) = (VA% + VEDA+VEY" — (Vg VA + VE) VA =0 (552)

Substitute VA = ‘“ni — 4"y n,, yielding

3(1) (1) (1) - 3(1)

(M, V) = O g+ 2 e g g — 2103 ™ g — iy g™ g

2(1) ,2(1) 1),-2(1

=40y g g + e e o + 3 ey @ g

2%)

(1),..2(1) 2(1),, (1)

—2W Mg, M g, W gy — W2y, Mg W i 4+ 802Ny "

7)2“)#1 Hy

(1),.3(1),, (1},,2 (1 (1),-.3(1),,2 (1),,3(1) ., (1) (1) (1)
+ng e pz g My Y — Uy Ny iy e — g

(1),,3(1),, (1)
M Ky "My

(1),.2(1),-2(1) ,, (1) (1),,3(1),, (1),, (1) (1) 42(1) 2, 2(1) ,,2 (1),,4(1),, (1)
M0 M Mo Ha— T M Mg Mgt Mo T2 H T K Mo

(1),.2(1)

sy — nettn Vg

(1)..2(1) (1) (1)

—20n3Mna® O g + VgV, g 1" o

+ gt =0 (5.53)
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It is worth to mention that the resulting equation can be simplified by 25677,
a common factor among the resulting 22 terms of hy('"'n,"'u) = 0. Each term of
hy("'n,"u) = 0 appears as a quartic expression in '“'n, which are functions of ¢,
(degree 2) as shown in Eq. (5.46), and a quadratic in ' g4, which are polynomials in ¢
(degree 10) and g, (degree 4) as shown in Eq. (5.48). If the polynomials of " ui; were
substituted into Eq. (5.53), a bulky equation would result. As an alternative, each
product VYvy = VY, (for I =1,..,15; i =0,...,4; and ¢ = ¢,..,4) that appears

in the terms of Eq. (5.53) are multiplied and the coefficients are collected.

20 8

_ ZZ“'d'r thqgk; for/=1,...15 (5.54)

h=0k=0

where » = 9h+k+1. The coefficients are stored in a matrix "’D of size 189 x 15, i.e.,
OD=[wmq, ®d, ... Wdys ], with Vd; = [”’dll Wdp, - Odp '~ 'This
substitution reduces considerably computation time. The new elements v are

substituted into Eq. (5.53) yielding

(1) (1) _ 1),4(1 1),.3(1) - 2(1) ,.2(1) 1 3(1) (1),,3(1) . (1)
ha(Yn, M) = OnyMuy — M Yo + Uy PnaMus — 20005 ug — Mngin, e

4.3y () 2(1) tlr,U4+2u 2(1) 2’1‘11 — 4
Mo M2 'Th Mo T2 Mo

(1) .2(1)

1),.4(1
n2 M, Vs + VniPus

(1), (1),,3(1) 1) 1) 21 1),.2(1) ,2(1 (1), (1),.2(1
+ oMy Mg — Cng'tn, ng M ur — 295 ny M ug + Pngtnyn,"

)4

2 3 (1),,2 2 2
35" 0y vg — Mgy wg + Mgt mg M org — Mg my My om

(1),.2(1),.2(1) 3(1) (1),.3(1),, (1) (1),,3(1) 1)
+ (

Mo 'y vi2 — 2 ny i + Mimg Umy M uis — Mimgtn Mg

4Mm n4mv & = 0 (5.55)

Finally, the corresponding values of "'n. , Eq. (5.46), and “v;, Eq. (5.54), are
substituted into hq("'n,"'v) = 0 yielding

20 16

h(t,g) =) Y Ve thqs = (5.56)

h=0 k=0
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where r = 17h + k + 1. The coefficients are stored in vector e of length 357.

b) In a similar way, g4 is eliminated with equations f, (¢, g2, ¢4) = 0 and g2(ga, ga) =

0, i.e,

fot,a2,q0) = Ppogs+ P g + P pagi + P psqa+Ppy =0 (5.57)

92(92,q0) = “moqs +Pmqa+ "y =0 (5.58)

Thus, g4, which appears as a quadratic term in g»(¢2, q4) = 0, is solved from

—@p 4 /@ 2_4(21 (2) _{2) ) \
! VO — 490, _ —n; + (5.59)

2(-.'|n0 2(2‘:7]0

Then, ¢4 is substituted into f, (t,g2,q4) = 0 and the square root term, '}, is
eliminated using the method described above, i.e., squaring “’A and substituting

®)* = mni — 4®7,®n,. The resulting equation, ho("*'n,* 1) = 0, is then simplified

by collecting the coefficients of the terms *v; = ' ;"' In a matrix ©'D, i.e.,
20 8
Plggp= Z Z A ther:  for I=1,..,15 (5.60)
h=0 k=0

where r = 9h + k + 1 and the coefficients are stored in a matrix *'D of size 189 x 15,
e, ®D=[Od, Od, ... Ody |, with®@d;=[@gq, &g, ... &g |
Finally, the corresponding values of *'n;, Eq. (5.58), and “v;, Eq. (5.60), are
substituted into hyo(*'n, 1) = 0 yielding

20 16

2(t, q2) Z Z e, %) = (5.61)

h=0 k=0

where r = 17h + k + 1. The coefficients are stored in vector “’e of length 357.
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Step 4 .- Generating More Equations

Assemble a 2 x 17 matrix [¥’'] by sorting the powers of ¢g;. This matrix is generated
with equations h;(t, g2) = 0 and hy(t, g2) = 0, and its entries, 1), ;, are 20%"-order
polynomials in .

16
s

15
45
ia g - 1/)1,17

Va1 VYoo -+ Yair

|
QI
—
wt
(=]
8]
~—

(V'] q5=
q2
1

Generate more equations, such that the number of equations matches the number
of power products. Equations h;(t, ¢2) = 0 and hs(t, g2) = 0 are multiplied by g¢o,
@, ..., ¢3*, and ¢2°. This leads to a 32 x 32 matrix [¥] whose entries are 20""-order

polynomials in .

(Y] =0
¢1,1 Yo v U116 Yiar O 0 5]
qs
7»02,1 Yooy o+ Wayg Y17 O 0 20
D)
0 7~b1,1 ¢1,2 T ¢1,16 wl,l? 0 0 50
‘D)
0 ¢2.1 "/12,2 - ¢2,16 7#”2,17 0 i 0 2 (5.63)
0 : 0 | =0
3
. p)
0 0 Y11 Yo Y116 Y17 O )
qs
0 0 (o 7»/)2,2 Vo6 Yai7 0
| , a2
0 0 Y11 w1,2 Y116 Yia7 1
! 0 0 Yo1 VYoo Va1 Vai7 ] ) )
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Step 5.- Solving for t

A solution to this problem is solving |[¥]| = 0, but taking the determinant of such
a complicated matrix, where every non-zero element is a 20"-order polynomial in ¢,
is not possible. As previously discussed for the 4-PRR manipulator, the eigenvalue
problem should lead to better results.

Matrix [¥] can be written as a matrix polynomial, i.e.,

[2](8) =) []# (5.64)

where each entry of [¥;] corresponds to one of the coefficients 'e and e found in
Egs. (5.56 and 5.61).

The idea of this method is to assemble a 640 x 640 matrix [K] in the following

form:
I 0 I 0 0 I
0 0 I 0
K] = : : : : (5.65)
0 0 0 eints I
| —[%20] 7" [Zo] —[T20] " [T1] —[T20] " [Ta] o —[a0] 7 [Tre] |

where 0 and I are 32 x 32 null and identity matrices, respectively.

Matrix [K] is employed to formulate the standard eigenvalue problem as follows:

K] Q2 = 2\Q: (5.66)

where A is an eigenvalue and Qs is the associated eigenvector with A of the form
Q:=[qs qA -+ @A?’]"
The eigenvalues of matrix [K] correspond precisely to the roots of the 640"-order

polynomial, i.e.;, A =t for a given value of #3,. A proof of this is shown in Appendix E.
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Nonetheless, this method works if and only if matrix [Wy] is well-conditioned. In the
implementation, different values of the design parameters (link lengths, arrangement
of the bases, etc.) were considered but matrix [WUy] turned out to be always ill-
conditioned. ~As an attempt to improve the condition of matrix [¥s], Singular
Value Decomposition (SVD) was considered, A = UXV", (Golub and Van Loan,
1983). That is, SVD was implemented in matrices that contain the coefficients of
polynomial systems of equations, i.e., starting with the original six equations, then
with the resulting four equations after eliminating = and y, and finally with the
remaining two equations h;(t,g2) = 0 and hs(¢,q2) = 0. The idea was to verify
the singular values of these matrices, and whenever a singular value was less than a
predefined threshold, the singular value was set to zero. Finally, the elements of the

matrices were computed as follows:

2
Ai5 = Z Ok Uik Vjk (567)
k=1

In general, this small perturbation improves significantly the accuracy of fur-
ther computations, in particular the elimination of potential catastrophic cancellation
problems (Golub and Van Loan, 1983). Nevertheless, all considered matrices turned
out to be well-conditioned. ~The problem arises when matrix [V] is separated in
numerical matrices with Eq. (5.64) and the resulting U] is always ill-conditioned.

As an alternative, the generalized eigenvalue problem, which is described in Ap-

pendix E.3.2, can be implemented as follows:
A K1) Q=K1 Q2 (5.68)

where A is an eigenvalue which represents a solution of ¢, Q5 is the associated eigen-

vector with A of the form Q2 = [ q, g\ @A? --- @A ]", and matrices [K;]
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and [K5] are defined as

—I o ---0 O I I 0 I 0 0 [
0TI ---0 0 0 0 I 0
K] = [Ka] =
00 ---I 0 0 0 o - I
(00 -0 [Wag] ) i — o] —[T4] —[Tg] .-+ —[¥1g] |

where 0 and I are 32 x 32 null and identity matrices, respectively.

The generalized eigenvalue problem, based on QZ factorization, determines all
640 eigenvalues. These eigenvalues can be either real or complex. The number
of real eigenvalues represents a potential number of force-unconstrained poses for
every assumed f3; angle. The correct number of real eigenvalues, as well as, their
accuracy depend on the precision of the numerical matrices [¥;], which have been
significantly affected by a large number of computations. It was noticed that a very
important element that allows matrices [¥;] to be numerically reliable is the scaling
of the design parameters. The dimensions of the manipulator play a very important
roll on the number and accuracy of the real eigenvalues. For instance, both large
numbers (greater than one) or small numbers (less than 0.1) yielded incoherent results,
while values within this range provided fairly accurate results. This is because, by
setting the design parameters around this range, the coefficients of every term in the
equations turn out to be similar. This assumption reduces relative errors due to the
cancellation of significant digits relevant to the solutions. The inaccuracy increases
when an affected solution is multiplied by large numbers.

In order to check a reliable scale of manipulator dimensions, which would pro-

vide the correct number and accuracy of the real eigenvalues, the aid of a graphical
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representation of equations hy(t,g2) = 0 and hs(t,g2) = 0 was considered. The co-
efficients of these equations, '"e and '*’e, which have been previously determined in
Eqgs. (5.56 and 5.61), have been slightly perturbed through computations. Thus,
the solutions of ¢ and ¢, that satisfy these equations might be considered as an ap-
proximation of the solutions that satisfy the original problem of six equations in six
unknowns. The graphical representation was carried out with a sequence of assumed
values of one variable, say t. The roots of the second variable, g3, were computed
yielding two highly non-linear curves. The number of intersections between these
curves represent the number of solutions of the polynomial system, i.e., the number
of real eigenvalues.

For large manipulator dimensions, the number of real eigenvalues was less than
the number of intersections. The number of solutions did not match because of
the perturbed elements of matrices [¥;] which were extremely large yielding larger
errors in the factorization. For small manipulator dimensions, the number of real
eigenvalues was greater than the number of intersections. Nevertheless, the accuracy
of the eigenvalues was very poor. The elements of matrices [¥;] were so small that for
almost any eigenvalue )\ the generalized eigenvalue problem of Eq. (5.68) was likely
to converge.

In particular, the analysis was performed for a manipulator whose design param-
eters are as follows: both the fixed and the mobile platforms are squares, with the
fixed platform being two-and-a-half times larger than the mobile platform, and all
the links have the same dimensions as the sides of the mobile platform. These ratios
happen to be the ones of the Reconfigurable Planar Parallel Manipulator (RPPM),
shown in Figure 1.1. To determine an optimum scale of the sides of both platforms,

several tests were performed for different values of #3;. It was found that a very
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reliable scale is when the side of the fixed platform equals 0.5 and consequentially
the side of the mobile platform equals 0.2. To check the accuracy of the eigenvalues,
another test was performed. The resulting eigenvalues were compared to solutions
of t found using optimization methods, and the maximum relative error among the
eigenvalues was less than 0.15%. Other manipulator dimensions gave a much larger

relative error.

Step 6.- Back-Substitution

In spite of the fairly good accuracy of the eigenvalues, the associated eigenvectors
turned out to be more sensitive to the compounded numerical errors. Therefore,
solutions for g» could not be extracted from the eigenvectors Qs of Eq. (5.68). For
instance, the maximum relative error for the solutions of ¢ was over 3%. Another
way to solve for gy is with Eq. (5.63). For a given solution of ¢, matrix [¥] can
be evaluated numerically. Thus, a problem of the form Ax = b results, where A
contains any 31 rows and the first 31 columns of matrix [¥], and b is formed with
the negative of the 31 elements of the last column associated with the chosen rows.
Nevertheless, every matrix A turned out to be ill-conditioned and Gauss elimination
could not be performed. As an alternative, a given solution of ¢ is substituted in
equations hi(t,q2) = 0 and hs(t,qs) = 0 yielding two 16'"-order polynomials in gy,
i.e., hi(g2) = 0 and hf(g2) = 0. Thus, the solution of ¢, for a given ¢ occurs when
there is a repeated root in h}(g2) = 0 and hi(g2) = 0. Although, this approach is
not computationally efficient a fairly decent solution of ¢; results. The maximum

relative error for the solutions of g, was less than 1 %.

Solutions for g3 and g4 are determined with Egs. (5.49 and 5.59), respectively.

Two solutions for each variable exist. The solutions of g3 and g4 that better evaluate
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equations f; (, g2, g3) = € and f5 (t, g2, q4) = € are captured, where € ~ 0. In general,
there is a set of solutions of g3 and g4 that leads to € < 1073, while the other set of

solutions leads to a considerably larger e.

The obtained set of solutions, t,qs, g3 and g4, are slightly inaccurate due to the
compounded numerical errors. In order to improve the values of this set of solutions
an optimization algorithm, such as MATLAB’s function fminsearch (2001), is used.
Let the objective function be the Euclidean norm of the four equations involving

tv 2,43 and G4, i'e'a

NI

f(t,q2,q3,q1) = (gl((h, @) + 92(q2,q1)* + ff(t, 42, q3)* + fél(ta q2, Q4)2> (5.69)

yielding an unconstrained minimization problem of the form:

min f(o) (5.70)

o
where ¢ = [t, ¢2, g3, qu].

By assuming the starting point of g as the obtained values of t, ¢s, g3 and g4, the
minimization problem converges quickly to zero after few iterations. Improving a set
of solutions using optimization techniques has been applied in robotics. Manocha and
Canny (1994) proposed using Newton-Raphson iterations to improve the accuracy of
the solutions of the inverse kinematics of a general six revolute-jointed manipulator.
The optimized solutions improve significantly towards the target solutions, although
the coefficients of equations f; (t,q2,q3) = 0 and f, (t,q,qs) = 0 are still a little bit
perturbed.

The optimized values of t, g2, g3 and g4 are then substituted into Eqs. (5.39a and
5.39b) and 'z and "'y are computed. Similarly, the optimized values are substituted

into Egs. (5.44a and 5.44b) and 'z and 'y are evaluated. As mentioned before, due
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to the structure of the elimination technique, there are some cases where Wz # 'z
and "'y # ?'y. Thus, a comparison of the z and y values is carried out and whenever
the values are distinct, the solutions are filtered out.

Finally, a second optimization technique is performed using the original six equa-
tions. Each set of solutions is used as a starting point. The algorithm converges
quickly to zero. This optimization ensures the accuracy of the solutions because the
coefficients of the equations have no numerical problems and the starting point is
very close to the target solution. The collinearity exception is verified by computing

det([W3]), if det([W3]) # 0 the set of solutions is filtered out.

Ezxzample.

The force unconstrained poses of a 4-RRR manipulator with the following char-
acteristics is presented: Both the fixed and mobile platforms are squares, whose sides
are 0.5 m and 0.2 m, respectively. The link lengths are p, =02 m, fori =1,...,8.
In Figure 5.9, the force-unconstrained poses of the centre of the platform are pre-
sented. All 16 solutions of the inverse kinematics are considered in the plots. Figure
5.9a illustrates the loci of the single order of force-unconstrained poses in the z —y—¢
space. Figure 5.9b is a projection of the curves in the zy plane. Figure 5.9¢ is a
projection of the curves in the z — ¢ plane. Due to the symmetry of the manipulator

design, this projection is identical to the projection in the y — ¢ plane.
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Figure 5.9: Force-Uncostrained Poses of the 4-RRR Manipulator.
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Figure 5.9 (cont’d): Force-Uncostrained Poses of the 4-RRR Manipulator.

It was noticed that some expected force-unconstrained poses were not obtained
numerically. This occurred when the associated reciprocal screws intersect at or near
infinity. A small variation of f3; would lead to a rapid change of the intersection
point (planar pencil). On these segments of the curves, finer intervals of #3; allows
finding more poses; however, numerical errors turned out to be larger, yielding no real
solutions. This problem was fixed by interpolating among the obtained solutions and
applying the optimization algorithm to ensure their accuracy.

As a result, four closed loops, all included in Figure 5.9, represent the force-

unconstrained poses of this 4-RRR design.
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5.6 Discussion

In this chapter, force-unconstrained poses of the 4-RPR, 4-PRR, and 4-RRR manip-
ulators were presented. The proposed solution is based on decoupling the redun-
dant manipulators in four non-redundant mechanisms. The redundant manipulator
is force unconstrained when the associated reciprocal screw matrices (sub-matrices
of the redundant manipulator) of all four non-redundant manipulators are singular.
Nevertheless, a dependency among the determinants of the sub-matrices was noticed.
The number of non-linearly dependent determinants required to compute the force-
unconstrained poses of a parallel manipulator with additional actuated branches is
augmented by one for each additional branch added. For example, with the inclusion
of one additional branch, two determinants are linearly independent. However, there
are two exceptions: two associated reciprocal screws collinear and two passive joints
coincident. These exceptions can be treated numerically by checking the condition
of the remaining sub-matrices.

It was found that with the alternative approach, i.e., det([W][W]") = 0, a very
large expression resulted. This yielded five equations in seven variables. However,
two assigned variables would not generally solve the system of equations because a
one-dimensional manifold was expected. This implies that the determinant required
further factorization. Also with this approach, the RPM singularities of the 4-RPR
manipulator were not eliminated despite of having a non-singular sub-matrix. There-
fore, the approach of analyzing all the sub-matrices turned out to be more effective.

The sub-matrix analysis led to polynomial systems of equations. Two elimination
methods were employed to solve the polynomial systems: Grobner bases and dialytic

elimination. The first one is based on ordering the power products of the multivari-
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able polynomials and creating new equations without generating superfluous power
products. Nevertheless, when the system of non-linear equations is more compli-
cated, the computation time tends to increase substantially, and algebraic software
(such as Maple and Mathematica) are unable to compute the ideals. The second
method is based on linearizing power products; i.e., the number of equations must
match the number of power products of the polynomial system.

For the 4-RPR manipulator, the time-derivative method was employed. Two
quadratic polynomials resulted from the determinants of the Jacobian sub-matrices.
Grobner bases were used to solve the polynomial system of equations. The force-
unconstrained poses of the 4-RPR manipulator are represented by a quartic polyno-
mial.

For the 4-PRR manipulator, an elimination technique based on dialytic elimi-
nation was implemented. The method yielded an 8 x 8 matrix [¥] that contains
single-variable polynomials of degree 8 in each non-zero element. The determinant
of [¥] would lead to a 64"-order polynomial. The computation of the roots of such a
large polynomial may be susceptible to having floating point arithmetic problems. In
addition, the computation of the coefficients of the resulting polynomial is required.
As an alternative, the roots of this polynomial were found by formulating the problem
as a standard eigenvalue problem, i.e., [K] T = AT, where matrix [K] is a 64 x 64
coefficient matrix and is formulated by expanding matrix [¥] as a matrix polynomial.
The eigenvalues of [K] correspond precisely to the roots of the mentioned 64"*-order
polynomial. The eigenvalue problem reduces computation time considerably and
makes the problem much more stable. However, it is prone to having erroneous solu-
tions due to defective eigenvalues. The defective eigenvalues of a matrix are caused

by repeated roots of the characteristic polynomial, i.e., the solution has a multiplicity
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greater than one. Distinct eigenvalues yield linearly independent eigenvectors. Re-
peated eigenvalues lead to the same eigenvector and to complete the basis generalized
eigenvectors are required. Thus, a matrix is defective when it has fewer linearly
independent eigenvectors than eigenvalues. Golub and Van Loan (1983) remarked
that defective or nearly defective matrices are not numerically stable. For instance,
small changes in the nearly defective matrix can radically alter its Jordan form and
it can also have a poorly conditioned matrix of eigenvectors in the eigenvalue prob-
lem. It was noticed that these eigenvalues came out as two identical real numbers
(multiplicity of two) but did not correspond to any solution of the problem. As
a result, these defective roots were filtered. The force-unconstrained poses of the
4-PRR manipulator are represented by a 64*"-order polynomial.

For the 4-RRR manipulator, a combination of both dialytic elimination and the
elimination technique used by Gosselin and Merlet (1994) to solve the direct kinemat-
ics of planar parallel manipulators were implemented. The method led to a 32 x 32
matrix [U] that contains single-variable polynomials of degree 20 in each non-zero
element. The determinant of [¥] would yield a 640**-order polynomial and its roots
could be obtained by finding the eigenvalues of a 640 x 640 coefficient matrix, [K],
as proposed for the 4-PRR manipulator. Nevertheless, matrix [K] requires the in-
version of a matrix which turned out to be always ill-conditioned. As an alternative
the problem was solved as a generalized eigenvalue problem, i.e., A [K;] Qo= [K5] Qs.
Due to the large number of computations that were required to find the coefficients
of matrices [K;] and [K], the real eigenvalues were not fully accurate. In the back
substitution process, two stages of optimization algorithms were employed to approx-
imate the results to the precise solutions. In conclusion, a 640"-order polynomial

describes the singularity loci of the 4-RRR manipulator.
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It is important to mention that the lengths of the links and the distance between
bases must be scaled before solving these problems numerically. Both large and small

dimensions may cause significant numerical errors.
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Chapter 6

Conclusions and Recommendations

for Future Work

6.1 Overview

Conclusions describing the overall accomplishments of this dissertation are presented.
This is followed by the conclusions regarding to every chapter. In addition, recom-

mendations for future work will be addressed.

6.2 Conclusions

Overall

Parallel manipulators may reach some configurations where the forces exerted by the
actuators cannot sustain an arbitrary force acting on the mobile platform, i.e., the
manipulator becomes force unconstrained. As a result, the manipulator gains one

or more degree(s) of freedom of motion that are uncontrollable. Therefore, it is
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important to avoid these configurations. The main objectives of this dissertation are
the identification of all the poses (positions and orientations) of the mobile platform
in which the manipulator is force unconstrained and the potential elimination of these
poses by means of including redundant actuation.

The identification of force-unconstrained poses is often referred to in the litera-
ture as identifying the singularity loci of parallel manipulators, as a reference to an
existing singular matrix. In this dissertation, this analysis is carried out for sev-
eral actuation layouts. The considered problems are solved analytically allowing the
force-unconstrained poses to be plotted in a three-dimensional space defined by the
task space variables of the manipulator. These plots represent manifolds of singu-
larities. Based on the analytical nature of this formulation, it is possible to modify
some parameters of the manipulator and compare the singularity loci among different
manipulator designs. Thus, the proposed analysis may be useful to determine the
optimum design of a planar parallel manipulator. Whereas a numerical formulation,
as often considered in the literature, would limit the analysis to a specific pose and
design of the manipulator. For non-redundant manipulators an efficient technique,
based upon having joint displacements as known values, is presented.

Two studies of actuation redundancy were considered: in-branch redundancy and
additional actuated branches. In both studies, the force-unconstrained poses were
reduced by one order of infinity (O (oc0)). This is, for non-redundant manipulators
a two-dimensional manifold of singularities (surfaces) exists; while with the inclusion
of redundancy, it is shown that the singularities are reduced to a one-dimensional
manifold (curves). The in-branch redundancy case offers the same workspace of
the corresponding non-redundant manipulator; however, the addition of an actuator

within the mobile linkage implies an increment of inertia. The inclusion of additional
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actuated branches may reduce the workspace of the manipulator; however, it would
be possible to actuate all the joints attached to the fixed platform maintaining the
inertia of the manipulator to a minimum. Small inertia of the mobile linkage allows
the manipulator to be considered for high speed applications.

Next, conclusions for each chapter will be presented.

Chapter 2: Analysis of Force-Unconstrained Poses

In Chapter 2, force-unconstrained configurations of parallel manipulators were for-
mulated with two methods: time derivative and screw theory. In addition, different
techniques for identifying these configurations were described and discussed. The
time derivative method may seem to be more appropriate, from the algebraic point
of view, because the Jacobian matrix is expressed in terms of the position and orien-
tation of the mobile platform. Whereas with the screw theory method, the entries of
the associated reciprocal screw matrix are a function of joint displacements. Never-
theless, the physical meaning and geometric insight of screw theory allows for a better
understanding of the singularity problem. In particular, for parallel manipulators, a
force-unconstrained pose occurs when all associated reciprocal screws intersect at a
common point (a planar pencil).

When either the Jacobian or the associated reciprocal screw matrix has been
formulated, the identification of the force-unconstrained poses can be carried out
either numerically or analytically. The numerical technique provides the information
of how close a pose of the manipulator is from a singular configuration making this
technique suitable for real-time applications. The analytical technique provides a

mathematical and graphical representation of all singular configurations of a parallel
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manipulator. The identification of all force-unconstrained poses is a crucial parameter

for the manipulator’s design as well as for the trajectory generation design.

Chapter 3: Force-Unconstrained Poses of Non-Redundant Planar Parallel

Manipulators

In Chapter 3, an analysis of the force-unconstrained poses of the planar parallel
manipulators most feasible for real applications, 3-RPR, 3-PRR, and 3-RRR, was
considered. The force-unconstrained poses of these non-redundant manipulators
were plotted in a three-dimensional space defined by the position and orientation
of the mobile platform yielding surfaces, or an order of two infinities (O (00?)) of
force-unconstrained poses.

In the literature, force-unconstrained poses have usually been presented through
equations. In some cases, these poses have been reported for a constant payload
orientation (Bonev et al., 2003). Their representation provides a clear understanding
of the complexity of the curves on the zy plane; however, it does not show the nature
of the surfaces for different payload orientations. The representation of these surfaces
in a three-dimensional space, defined by the position and orientation of the mobile
platform, has rarely been presented. As an example, Kong and Gosselin (2000),
Husty et al. (1999), and Li et al. (2006), showed the singularity loci of the 3-RPR
manipulator.  Attempts to represent the manifold of singularities of the 3-RRR
manipulator have been carried out (see for instance Chan and Ebert-Uphoff, 2001)
yielding a single convex surface. In this dissertation, the force-unconstrained poses of
the 3-PRR and 3-RRR manipulators were presented depending on their working mode

and the combination of all of them. The identification of force-unconstrained poses
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for each working mode is important because for a specific pose, the manipulator can
be force unconstrained for one or two configurations but not for all of them. This
allows a selection of a working mode that might be singularity free for a desired
trajectory.

For each of the eight working modes, the nature of the singularity surfaces is very
complicated, yielding non-convex surfaces. The use of a mesh to facilitate the gener-
ation of the singularity surface would involve points generated through interpolation;
however, such points would not likely be part of the singularity surface. As an al-
ternative, the poses were plotted with a large number of points. The combination of

all working modes shows the association among the surfaces.

Chapter 4: Force-Unconstrained Poses of Planar Parallel Manipulators

with In-Branch Redundancy

In Chapter 4, the inclusion of an extra actuator within the branches was consid-
ered. The force-unconstrained poses of the RRR-2RRR, PRR-2PRR, and RRR-
2RRR actuation layouts, where the first branch contains the redundant actuator,
were presented. The force-unconstrained poses of these mechanisms were plotted in
the three-dimensional space (z — y — ¢) yielding curves of force-unconstrained poses.
Consequently, there was a reduction in the order of infinity of force-unconstrained
poses from O (oo?) for non-redundant planar parallel manipulators to O (oc) for pla-
nar parallel manipulators with one additional actuated joint. With further actuation,
the force-unconstrained poses are reduced by one order of infinity for every additional
actuated joint added into the system.

The methodology employed in this chapter is based on reciprocal screws associated
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with the actuated joints. Since the associated reciprocal screw matrix is a non-square
matrix, taking its determinant is not possible. As an alternative, the associated
reciprocal screw matrix was divided into four square sub-matrices. The manipulator
is force unconstrained if the determinant of all four sub-matrices is equal to zero.

For every actuation layout, two kinematic conditions were identified. Condition
1 occurs when the reciprocal screws associated with the actuated joints of branches
2 and 3 cross through the passive joint of the first branch; i.e., all four associated
reciprocal screws intersect at a common point. The force-unconstrained poses under
this condition can be represented by the path followed by a 1-dof mechanism composed
of six bars. These equivalent mechanisms have the second link of branches 2 and 3
collinear with the respective edge of the mobile platform. Condition 2 occurs when
the associated reciprocal screws of branch 1 are collinear and intersect the common
point (intersection point) of the associated reciprocal screws of branches 2 and 3.
With this condition, the above-mentioned actuation layouts can be considered as 2-
dof seven-bar mechanisms. In addition, a discussion of the RPR-2RPR actuation
layout was presented.

In-branch redundancy implies replacing passive joints with actuated joints. This
leads to an improvement in the stiffness of the manipulator due to the passive joint
clearances. Nonetheless, there is an increment in the linkage inertia and the need for

a reliable control system.
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Chapter 5: Force-Unconstrained Poses of Planar Parallel Manipulators

with Additional Branches

In Chapter 5, the inclusion of an additional actuated branch was considered. The
force-unconstrained poses of the 4-RPR, 4-PRR, and 4-RRR manipulators were pre-
sented yielding curves in the z — y — ¢-dimensional space, i.e., O (o0) of force-
unconstrained poses for planar parallel manipulators with one additional branch exist.

The non-square associated reciprocal screw matrix was divided into four square
sub-matrices. A geometric analysis of the dependency among the determinants of
the sub-matrices was presented. The number of nonlinearly dependent determi-
nants required to compute the force-unconstrained poses of a parallel manipulator
with additional actuated branches is augmented by one for each additional branch
added. With the inclusion of one additional branch, the determinants of two of
the sub-matrices must equal zero. Nonetheless, this is a necessary condition for the
manipulator to be force unconstrained because an exception occurs when the two
sub-matrices contain two associated reciprocal screws that are collinear. This excep-
tion, however, can be treated numerically by checking the condition of the remaining
sub-matrices.

This analysis led to a system of polynomial equations. Elimination methods were
employed. A thorough description of elimination methods is presented in Appendix
C. For the 4-RPR manipulator, Grobner Bases, an elimination method embedded
in algebraic software such as Maple and Mathematica, was primarily used to show
the implementation of the method. Another elimination method could have been
used instead. For the 4-PRR. and 4-RRR manipulators, Maple 7, was not capable of

resolving the polynomial system. As an alternative, a labourious elimination process
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was made yielding two equations in two variables. Dialytic elimination was then
applied resulting in a square matrix whose elements are polynomials in one variable.
To reduce floating-point arithmetic errors, the roots of the polynomial obtained from

the determinant of this matrix, were solved as an eigenvalue problem.

6.3 Recommendations for Future Work

The identification of force-unconstrained poses in parallel manipulators is essential
for their design. With this information, the next step to be considered is path gen-
eration design and architectural design. Path generation design can be implemented
in existing manipulators with the objective of creating singularity-free paths. The
architectural design aims to eliminate, or at least reduce, force-unconstrained poses
within the workspace of the manipulator.

For the studied non-redundant manipulators with general geometry, singular con-
figurations are encountered throughout the workspace. However, special architectures
can be considered to eliminate force-unconstrained configurations. Bonev (2002) re-
ported some of these special architectures.

For planar parallel manipulators with in-branch redundancy, further families of
force-unconstrained poses could be eliminated with the inclusion of more actua-
tors. Theoretically, a finite number of force-unconstrained poses will occur with
the inclusion of two redundant actuators, while the manipulator will be free of force-
unconstrained configurations with the inclusion of three redundant actuators. Based
upon this, it would be interesting to demonstrate this statement with examples.

A similar analysis could be applied to planar parallel manipulators with additional

branches. Nonetheless, the most appealing project that could be made out of planar
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parallel manipulators with additional branches is the modification of the geometric
parameters of the manipulators. As an example, the force-unconstrained poses of
the 4-RPR manipulator, presented in this dissertation, correspond to the manipulator
with a square fixed platform and a trapezoidal mobile platform. This choice was made
to show all the force-unconstrained poses within the workspace. Nevertheless, other
architectural designs were considered. In some cases, the force-unconstrained poses
fell outside the reachable workspace.

Redundantly-actuated parallel manipulators require a reliable control system.
That is, all actuators must be performing simultaneously otherwise the smallest vari-
ance in their displacements may cause severe damage to the manipulator. In order
to develop a control scheme, an efficient dynamic model is also required. Making a
reliable control system with an efficient dynamic model could be implemented on the
Reconfigurable Planar Parallel Manipulator (RPPM), shown in Figure 1.1. This ma-
nipulator is currently equipped with force sensors and a fourth branch will be added
in the near future, as well as a redesigned mobile platform. Therefore, a specific
analysis of potential designs of the updated RPPM should be considered. As a re-
quirement for this analysis, the identification of force-unconstrained poses would be

possible based on the findings of this dissertation.
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Appendix A

Kinematics of Manipulators Using

Screw Theory

A.1 Overview

In this appendix, the velocity and static forces problems of serial and parallel manip-

ulators using screw coordinates are presented.

A.2 Serial Manipulators

A.2.1 Velocity Solutions

Assume a serial manipulator with n joints. From Chasles Theorem, the velocity
of a rigid body, in this case the end-effector of the manipulator, is composed of an
angular velocity w and a translational velocity v. In terms of screw quantities, the

velocity can be considered as the twist about an instantaneous screw axis. Thus,
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the end-effector velocity of the manipulator is the sum of all the twists about all the

joints (Mohamed and Duffy, 1985), i.e.,

v={ " 1= %0, (A1)
j=1

v

where §; are the screw coordinates of joint j, and a is the twist amplitude of joint

j. Written in matrix form yields

V=[$e =[$4 (A.2)
where [$]= [ §, $, --- $. ] is the screw matrix, also referred to as the Jacobian
T

matrix, and o, = [ Qp, 0 } is the vector of twist amplitudes’.

The forward velocity solution of a serial manipulator is defined as the problem
that solves for the end-effector velocity V by knowing the joint rates ¢. This is
achieved, for a serial manipulator, by solving Eq. (A.2).

The inverse velocity solution deals with the problem of solving for the joint rates
by knowing a desired velocity of the end-effector. Assume that the problem is referred
to a six jointed 6-dof manipulator; therefore, the resulting screw matrix [$] is a 6 x 6
square matrix. Thus, the inverse velocity problem can be solved by inverting [$] from

Eq. (A.2),

q=[]"V (A.3)

'For serial manipulators, the twist amplitudes are commonly known as the vector of joint rates
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A.2.2 Static Force Solutions

From Poinsot Theorem regarding forces and moments applied on a rigid body, applied
forces can be modelled as a wrench applied on the end-effector of the manipulator.
The static force problem can be solved using conservation of power; i.e., power in
equals power out.

The power developed by the end-effector wrench on its twist must be equal to
the power of all actuators (wrench intensities?) on the velocity of the joints (twist

amplitudes); i.e.,
T'q=F®V (A.4)

To simplify this expression, the screw coordinates of the wrench are interchanged

to ray-coordinates (Pliicker, 1868-9); i.e.,
F®V=F"V (A.5)
where F/ = {m";f"}". Substituting Eq. (A.2) and Eq. (A.5) in Eq. (A.4) yields
ra=F"[§4 (A6)
This is true for all q; therefore,
7" =F'"[$] (A.7)

Transposing both sides of Eq.(A.7) yields the solution to the inverse static force

problem:

r=[§'F (A8)

2For serial manipulators, the wrench intensities are also referred to as the force/torque vector 7.
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The forward static force solution for a non-redundant serial manipulator, i.e., [$]

is a square matrix, is obtained by inverting the transpose of the screw matrix, i.e.,

F = ()"~ (A.9)

A.3 Parallel Manipulators

A.3.1 Velocity Solutions

Assume a manipulator with n, branches, each branch containing n joints, and n, being
the actuated joints of the i"* branch. Let the platform velocity of the manipulator
at the point where the platform is connected to the i** branch be V. Thus, V can

be expressed as the sum of all the twists about all the joints of the i'* branch; i.e.,

w n
, =Y $;0,, (A.10)
J=1

v

Let Wy be a wrench acting on a screw which is reciprocal to all joints of branch

1 except for joint k&, which is being actuated, i.e.,
$;, ® Wy, =0, for j # k (A.11)

The twist amplitude of the £** joint can be solved by taking the reciprocal product

of both sides of Eq. (A.10) with Wy ; i.e.,

VeW, =) 8, a,, ® Wy, (A.12)

=1

Since $;, ® Wy, = 0 for j # k, the above expression can be simplified as follows:

Ve Wk-‘ = $ka'a'1'k, ® Wki (A13)
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Hence,
e A.14
(628 K $kl~ ® Wk, ( )
where ¢, = a, , with ¢, being the joint rate of the k" actuated joint of the it
branch.

The general solution of the inverse velocity problem is presented next. Let [W] =
[..Wy,..],for k=1, ... ,ng,and i =1, ... , n; i.e., all actuated joints of all branches.
Define a diagonal matrix [D] that contains the inverse of the reciprocal products of

the actuated joints and their associated reciprocal screw quantities; i.e.,

0
[D] = P (A.15)
0
hence,
q=[D][W]"V’ (A.16)

where V' = {v";w"}".
The forward velocity problem of a non-redundantly actuated parallel manipulator,

with [D] [W]" being a square matrix, is found as follows:

V' = ([D][W]")* & (A17)

A.3.2 Static Force Solutions

The wrench F applied by the platform of a parallel manipulator is the sum of the

wrenches applied by each actuated joint of the manipulator. A more detailed analysis
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is shown in Section 2.4.

f ny nE
F= = ZZ Wiwg, = [W] w (A.18)
m i=1 k=1

The force/torque applied by the k' actuated joint of the i"* branch can be mod-

elled as follows:
Tk = Wk, (3, ® Wy,) (A.19)

Therefore, the wrench intensity is

Tk;
W, = —————— A.20
= ($ki ® Wki) ( )
and in matrix form
w = [D] 7 (A.21)

Substituting Eq. (A.21) in Eq. (A.18) yields the solution to the forward velocity

problem, i.e.,
F = [W]|[D|r (A.22)

Finally, the inverse static force problem of a non-redundantly actuated parallel ma-

nipulator, with [W] [D] being a square matrix, is found as follows:

= ([W]D])'F (A.23)

Further details on screw quantities applied on serial and parallel manipulators

may be found in Davidson and Hunt (2004).
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Kinematics of Planar Parallel

Manipulators

B.1 Overview

In this appendix, the inverse displacement problems of the non-redundant planar
parallel manipulators studied in this dissertation are solved. In addition, the trans-
formation of the resulting pose, from the origin of frame {ref} to a frame {cen} located

at the centre of the mobile platform, is presented.

B.2 Inverse Displacement Solution

B.2.1 Mobile Platform Geometry

The inverse displacement solution of manipulators is referred to as the problem of

solving for the three actuated joint displacements by knowing the end-effector’s pose,
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ie.{z y ¢} Ingeneral, the pose is described by a frame attached to the centre
of mass of the mobile platform {cen}. This frame is referred to a global reference
frame {0}, which in this case is located at {1;}. The position of the connecting
points between the mobile platform and the branches, {3;}, with respect to {0} can

be obtained from the geometry of the platform, as shown in Figure B.1.

ol3

Figure B.1: Geometry of the Mobile Platform.

The position of each connecting point {3;} is found as follows:

z, | | @+licos(d+¢) -

Y3, y+ lisin (¢ + 1)
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B.2.2 Inverse Displacement Solution of the 3-RPR PPM

The displacement of the prismatic joint is obtained as follows:

dy, = £/ (@3, — bz;)? + (y3, — by;)? (B.2)

yielding two solutions, though the negative solution may not be relevant in a real
application.

The passive joints ;. and 63, are determined as follows:
6:, = atan2 (ys, — by;, 3, — bx;) (B.3)
and
b3, = ¢ — 01, — B; (B.4)

where 3, =0, 8, =7, and 33 = 7 — a3.

B.2.3 Inverse Displacement Solution of the 3-PRR PPM

The equations that define the forward displacement problem of each branch are:

x3, = bx; — dy, sin(y;) + p; cos(y; + 02,) (B.5a)

7

ys, = by + dy, cos(y;) + p;sin(y; + 02,) (B.5b)

where d;, and 65, are the unknown values.
By squaring and adding both equations, the terms that involve 05, can be elimi-

nated, yielding a second order polynomial in terms of d;; i.e.,

d3, + 2((zs, — bz;) sin(v;) — (s, — byi) cos(v;))dr, + (B.6)

(.'133,- - bl:'i)2 + (y3,‘ - byi)2 - ,012 =0
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There are up to two solutions for each d,,; i.e., the smaller root corresponds to the
shorter configuration of the prismatic joint and the larger root represents the longer
configuration of the prismatic joint.

The passive joints 65, and #3, can be computed as follows:
0y, = atan2(ys, — by; — dy, cos(7;), 3, — bx; — dy, sin(7y;)) — v; (B.7)
and
O3, =@ — Oy, —a;— (B-8)

where 3, =0, B, =7, and B3 = 7™ — a3.
Thus, for the overall manipulator, there are up to eight solutions of the inverse

displacement problem or working modes.

B.2.4 Inverse Displacement Solution of the 3-RRR PPM

The equations that define the forward displacement problem of each branch are:

z3, = bwi+ p;ygcos(fy,) + p;cos(fy, +65,) (B.9a)

ys, = byi+ piyzsin(6y,) + p;sin(fy, + 02,) (B.9b)

where 6,, and 65, are the unknown values.

Squaring and adding both equations yields
(23, — bx:)” + (y3, — bys)® = plis + P} + 2pisap; cos(Ba,) (B.10)

Thus,

(z3, — bx;)® + (ys, — byi)® — p2,s — P2
2p; . 3p;

cos(fy,) = (B.11)
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and
sin(fy,) = £4/1 — cos?(6y,)
Hence, there are two solutions of fs,,

65, = atan2(sin(fs, ), cos(fy,))

222

(B.12)

Using Craig’s solution (Craig, 1987), let the forward displacement equations be writ-

ten as follows:

x3, — bx; = ky, cos(fy,) — ko, sin(6y,)

1

ys, —byi = Ky, sin(0y,) + ko, cos(6y,)
where

ki, = pigs+p;cos(fa,)
ko, = p;sin(6y,)
Hence, the actuated joints 6, and 63, are given by
6, = atan2(ys, — by;, z3, — bx;) — atan2(ks,, k,)
and

93.‘ :¢_911_92:’_ﬁ‘i

where 3, =0, 8, =7, and B3 = T — a3.

All the combinations of 65, lead to up to eight working modes.

(B.13a)

(B.13b)

(B.14a)

(B.14b)

(B.15)

(B.16)
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B.3 Reference Frame Transformation
The obtained numerical value of the mobile platform position (z and y) is referred to

as the origin of {ref}. Nevertheless, it can be transformed to a frame {cen} located

at the centre of the platform and oriented as {ref} with the following homogeneous

transform,
0P0—>('eu :?[ [']:‘]"f Pr(ff—'('vu (B17)
where
B 7 ( 3\
cos(¢) —sin(¢) 0 =z I cos (¢)
sin(¢) cos(¢) 0 1 I sin (¢
2:( [T] = ( ) ( ) ¢ and rc(]?rnf—vreu = ' ( ) >
0 0 10 0
0 0 01 1
L _ . )
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Appendix C

Elimination Methods

C.1 Overview

In this appendix, elimination methods are described. First, kinematic problems that
require elimination methods are presented. Second, a prediction of the number of
possible solutions in a polynomial system of equations is presented. Third, elim-
ination methods are described, namely, numerical methods, continuation method,

dialytic elimination, and Grobner Bases.

C.2 Background

In general, kinematic problems of manipulators involve systems of nonlinear equations
which can be reduced to a single polynomial in one variable. A common problem
in robotics is the inverse kinematics of serial manipulators which leads to multiple
solutions and the complexity of the problem depends on the architecture of the ma-

nipulator. For example, the inverse kinematics of manipulators with a spherical
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group of joints at the wrist can be solved using the wrist partitioned method. An
analytical solution of manipulators with this particular architecture was developed
by Pieper (1969) yielding a 4*-order polynomial in one variable. Nevertheless, when
a manipulator has an arbitrary geometry, such as a link between the joints comprised
in the wrist, the inverse kinematics problem becomes more complex.

Among early works related to the inverse kinematics of six revolute joint' (6R)
manipulators, Pieper (1969) and Roth et al. (1973) appear to be the most significant.
Albala and Angeles (1979) provided a determinant of a 12 x 12 matrix, whose entries
were quadratic polynomials by substituting the tangent of the half-angle of one of
the variables. Duffy and Crane (1980) found a 32 degree polynomial by following
the same substitution. Tsai and Morgan (1985) claimed the existence of at most 16
solutions by using polynomial continuation of eight second-degree equations. Angeles
(1985) applied the Gauss-Newton optimization method to minimize a function, which
is the Euclidean norm of the end-effector between the actual and the desired position.
Gupta and Kazerounian (1985) modified the Newton-Raphson method, which had
been used previously on the governing kinematic equations, in order to make it more
reliable and stable. Later on, Gupta and Singh (1989) reduced the computation
time of the algorithm proposed by Gupta and Kazerounian (1985). Primrose (1986)
confirmed the existence of at most 16 solutions and proved that the remaining 16
solutions found by Duffy and Crane (1980) were complex parts. Kazerounian (1987)
developed an algorithm which is based on the sequential motion of joints.

The first attempts at solving the inverse kinematics of arbitrary geometry of 6R

"Manipulators with six revolute joints are considerd beacause, revolute joints (nonlinear) lead to

more complicated equations than prismatic joints (linear).
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manipulators were based on iterative techniques. However, these techniques have
the weakness of not being efficient for practical applications and also being incapable
of determining all solutions.

Using vector algebra, Lee and Liang (1988a and 1988b) derived a 16" order poly-
nomial for the input-output displacement equation of the general 7R spatial mecha-
nism by applying half-angle substitution. Raghavan and Roth (1989 and 1993) pre-
sented the first method that may be used to calculate the characteristic polynomial
of a 6 R manipulator with general geometry. This was achieved using an elimination
technique based on some implicit relations between the coefficients of independent
loop-closure equations and dialytic elimination. This characteristic polynomial was
obtained from 14 scalar equations. Manocha and Canny (1992 and 1994), and Kohli
and Osvatic (1992 and 1993) successfully reduced the execution time of the Raghavan
and Roth method.

The forward kinematics of parallel manipulators is another example of systems
of nonlinear equations. For the Stewart-Gough platform (6-3 layout), Innocenti
and Parenti-Castelli (1990) determined forward displacement solutions by finding
the roots of a single variable 16" order polynomial based on the three loop-closure
equations of an equivalent spatial mechanism. Similarly, 16 solutions of this layout
were found by Nanua et al. (1990). For the 6-6 layout, or the general Stewart-Gough
manipulator, Raghavan (1993) demonstrated with numerical examples, based on the
continuation method, that the maximum number of solutions is 40. Husty (1996)
determined a 40" order univariable polynomial that describes all possible solutions
of the general Stewart-Gough platform. Although a symbolic solution was obtained,

this procedure seems to be difficult to automate (Merlet, 2004).
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C.3 Polynomials and Number of Solutions

C.3.1 Definitions

A polynomial is an equation whose variable(s) appear in positive integer exponents.

Assume a single variable polynomial, i.e.,
f(z) =aoz" + a1z" ' + ...+ ap 1T+ a, =0 (C.1)

The degree of a single variable polynomial is the largest integer power n, (Fraleigh,
1976). A fundamental theorem of algebra states that in a n'"-order polynomial there
are n roots or solutions.

Now consider a multivariable polynomial, i.e.,
f (z1,22) = agz?z] + a1z7 20 + apz? 'zl 4+ ... +a, =0 (C.2)

where r = (n+1)(m+1) — 1. This polynomial is composed of terms (or monomials)
in z; and z,. Each monomial contains a coefficient a; and a power product z]z4.
The degree of each power product is the sum of its exponents (7 + p). The degree
of a multivariable polynomial is equal to the largest degree of the power products

(n+m).

C.3.2 Bezout’s Theorem

Let a system of n multivariable polynomials in n variables be

fi(z1,22,... ,2a) =0

fg(l'l,ﬂfg’... ,;rn) =0

Pl 21525, « « « ) =10
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The degree of a system of multivariable polynomials is the product of the degrees
of each multivariable polynomial. That is, if d; is the degree of the i"* multivariable

polynomial, the total degree of the system is given by
dr = H d; (C.4)
i=1

Bezout’s Theorem (Tsai, 1999) states that a polynomial system of total degree dr
has at most dp solutions. This number, also known as Bezout’s number, is usually a

loose upper bound on the number of finite solutions.

C.3.3 M-Homogeneous Bezout’s Number

In order to reduce the number of superfluous solutions, Wampler et al. (1990) pro-
posed a formulation to determine the total degree of a multivariable polynomial sys-
tem using multihomogeneous variables. This formulation is based on associating the
variables in groups and transforming each group into a corresponding homogenous set
of variables (Tsai, 1999). The m-homogeneous formulation combines the variables of
a polynomial system into m homogeneous groups. The combination of the variables
in the groups will depend on the occurrence of the variables in the polynomial sys-
tem. Given a set of n polynomials in n variables, as shown in Eq. (C.3), the system
is divided into m groups, say {Z11,... ,Tik }s {Z215- -+ ,Zoko }y - - - {Tm1s- o s Tk |
where k; is the number of variables in group j, with k; + ks + ...+ ky, = n. Then, a
homogeneous variable for each group is introduced, say yo1, Yo2; - - - ; Yom, by substi-
tuting «;; = yij/yo;- Denominators are then cleared. Let 3; for j = 1 to m denote
the m groups of variables. Let the degree of equation 7 with respect to the variables
of group j be dj;. Bezout’s number is computed by summing over j of the product

d;i3; for each m homogeneous equation, resulting in n linear equations in B; with dj;
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as their coefficients. The product of these linear equations leads to a polynomial in

B;, ie.,
m

H ( djzﬂj) = (duf+ ...+ dimBp) (@B + ... + domfr,)
=1

=1
o (du1Br+ - F dumB) (C.5)
Finally, the multihomogenous Bezout’s number is equal to the coefficient of H;"z " ,6’?’

obtained in Eq. (C.5).

Example.-
Assume the following polynomial system (Morgan and Sommese, 1987):
#h =1
T3 =1
This system of two polynomials leads to the intersection of two vertical lines

z; = 1 with a parabola as shown in Figure C.1.

4+

ar

r)

Figure C.1: Two Vertical Lines Intersecting a Parabola.
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Despite Bezout’s number, which is 4, there are only two finite solutions; i.e., (1, z2) =
(1,1) and (zy,22) = (—1,—1).

Separate the variables into two groups {z;} and {z»}; hence, k; =1, ks =1, and
m = 2. A homogenous set of variables is introduced, z; = y;/y3 and zo = y2/vs, and

the denominators are cleared yielding:

¥ = 5

Y1Y2 = Y3Ya

The degrees of the 2-homogenous system (2, because there are two homogeneous

variables) are obtained and tabulated in Table C.1.

Table C.1: Degree of the 2-Homogeneous System.

Equation (7) | Group 1 (j =1) | Group 2 (j = 2)

1 2 0

2 1| 1

Then, Eq. (C.5) is computed yielding

II (Z dﬁﬁj> = (26,) (By + B>) = 21 + 26,3, (C.6)

=1

where the coefficient of H?=1 ﬂfj = 2 represents the 2-homogeneous Bezout’s num-
ber. Therefore, this polynomial system results in, at most, 2 finite solutions. The
reduction in the number of real solutions is due to a reduction in the number of so-
lutions at infinity. It is important to mention that for a general polynomial system
many different forms of grouping variables exist, each one leading to its associated

m-homogeneous number (Raghavan and Roth, 1995).
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The multi-homogeneous Bezout number, which is significantly smaller than the
traditional Bezout’s number, is still a bound for the number of solutions of the homo-
geneous polynomial system. That is, besides potential solutions, the m-homogeneous

Bezout number includes solutions at infinity and extraneous solutions (Tsai, 1999).

C.4 Numerical Methods

Numerical methods are often considered to solve sets of nonlinear equations. Based
on an iterative routine, these methods require an initial guess at a solution and
through an optimization technique “the closest” solution to the initial guess can be
found. Since kinematic problems of manipulators have multiple solutions, more
initial guesses must be carried out to find the remaining solutions, but this does not

guarantee that all solutions will be found.

C.5 Continuation Method

Roth and Freudenstein (1963) developed a numerical method known as the bootstrap
method for solving problems associated with the synthesis of five-bar mechanisms.
This numerical procedure was subsequently improved as the continuation method
(Saaty, 1981). Based on this method, Tsai and Morgan (1985) solved the inverse
kinematics of a general 6R serial manipulator. Raghavan (1993) identified up to
40 solutions for the general Stewart-Gough platform forward kinematics using the
continuation method.

The continuation method is based on incorporating a reasonable initial guess and
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solving for all possible solutions. Assume a set of n polynomials in n variables:

P
iz, 22, ... 20) =0

f2(x1)x21- .- :In) =0

Fx) = { . (C.7)

| Foalm1:855 50« 1) =0
where F(x) = (f1, fa,... , fa) is referred to as the target system.

The continuation method requires the construction of a start system, G(x) = 0.
Any system can be used as a starting system for a given target system as long as it

follows three basic rules:

e All the solutions of the start system must be known.
e All the solutions of the start system must be nonsingular.

e The start system must have the same multihomogeneous structure and degree as
the target system F'(x); i.e., G(x) must have exactly as many regular solutions

as F(x).

A simple start system for a 1-homogeneous transform is

4
g1(z1) = plaf —gf* =0

92(z2) = pPay* — 5> =0

| gnl(@n) =Pirair —gn =0

where d; is the degree of f;; p; and ¢; are random non-zero numbers.
For multihomogeneous systems, it is desired to have a start system with the same

m-homogeneous Bezout’s number. An initial system with an identical polynomial
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structure can be generated by a product of factors, i.e.,
gi(x) = H’lz‘j(ﬂflj,fvzj, e Ty5) =0 (C.9)
j=1

where h;; is a polynomial of degree d,;, and k; denotes the number of variables in the
j™ group.

The idea of the continuation method is based on “small changes in the parameters
of the system of equations result in small changes in the numerical values of the
solutions” (Raghavan and Roth, 1995). That is, if the solution of the start system
(G(x) = 0) is known, solutions of a similar system (F(x)) can be computed by
tracking the solutions of G(x) as its coefficients are gradually modified to those of
F(x) in small increments. This perturbation is carried out by a real parameter t,
called the continuation parameter, which varies from 0 to 1. The relation between
the solutions of the start system and the solutions of the target system is given by a

homotopy function H(x,t) = 0 of the form:
H(x,t) = (1 —t)e¥G(x) + tF(x) (C.10)

where € is a random complex constant.

It is clear, from Eq. (C.10), that at ¢ = 0 the homotopy function equals the
start system, i.e., H(x,0) = G(x) and at ¢ = 1 the homotopy function equals the
target system, i.e., H(x,1) = F(x). Thus, the idea is to vary the continuation
parameter ¢ from 0 to 1 in small increments and to use an optimization iterative
method (Antoniou and Lu, 2002) to obtain the solutions of the deformed polynomials
at each step of the deformation. The solutions from the previous step are used as the
initial guess for the current step. The transition of each solution follows a homotopy

path. Finally, at ¢t = 1 the numerical solutions of H(x, 1) match the solutions of the
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original polynomial system F(x). The term €? is inserted into Eq. (C.10) for two
reasons: existence of complex solutions and elimination of possible singular solutions.
A system of polynomials with real coefficients may have complex solutions. Thus, it
is important to consider a start system such that all the start solutions are complex-
valued. Besides, the factor e changes the roots of the system when ¢ # 1, but it
does not affect the final solution when ¢ = 1. Singular solutions may occur when
using the Newton-Raphson iterative method, i.e., when the Jacobian of H(x,t) is
singular. If the Jacobian of H(x,t) were singular, it would cause a failure in the
Newton-Raphson iterative method and the solutions of F(x) would not be possible
to compute (Raghavan and Roth, 1995). Wampler et al. (1990) commented that in
years of using this method, no randomly chosen € has yielded a singular solution. In

conclusion, the method satisfies the following properties of homotopy (Li, 1997):

e Triviality.- The solutions of G(x) = 0 can be found in closed form.

e Smoothness.- No singularities along the solution of H(x,t) = 0 due to .

o Accessibility.- Every isolated solution of F(x) = 0 is found from a solution of

G(x) =0.
Example.-

Assume the following polynomials:
filz,y) = (6z—-6)*+(2y—1)2—-169=0 (C.11a)
fo(z,y) = (z—1)>*8—y)*+16y> —48y* —256 =0 (C.11b)

where, fi(z,y) = 0 is an ellipse and f>(x,y) = 0 is a complicated cubic polynomial,

as shown in Figure C.2.
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Figure C.2: Example of Two Polynomials Intersecting at Six Points.

According to Bezout’s number, there is a maximum of eight possible solutions.
However, as shown in Figure C.2, there are six real solutions and one pair of complex
solutions.

Assume the following start system:

g(z) = (z+1)(z—-3)=0 (C.12a)
92(y) = -+ —-3)(y+2)=0 (C.12b)
It is clear that the solutions for the start system polynomials are = —1 and =z = 3

for g1(z) =0, and y =1, y = —1, y = 3, and y = —2 for go(x) = 0. Thus, there

are eight combinations among the solutions of the start system: (—1,1), (—1,—1),

?
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(—-1,3), (-1,-2), (3,1), (3,—1), (3,3), and (3,—2). The homotopy function is

generated as follows:

a1(x) fi(z,y)
1

H(z,y,t) = (1 —t)e? ={ (C.13)
92(y) falz,y)
The complex parameter is arbitrarily chosen § = 7/2, i.e., € = i, yielding
hi(z,y,t _
Hg=| MO8 | _g (C.14)
ha(z,y,t)

where

hi(z,y,t) = 92%t — 18zt — 33t + y*t —yt + (2? — 2%t — 22 + 20t — 3+ 3t)i =0
ho(z,y,t) = 642t + y*x?t — 16yt — 128zt — 2y°xt + 32yxt + 163t — 192¢

—16yt — 47y’ + (1 —t) (y* = - Ty’ +y+6)i=0

The continuation parameter (¢) is varied from 0 to 1 with an increment of 0.01.
The MATLAB function fminsearch (MathWorks, 2001) is employed to minimize
H(z,y,t) = 0 at each interval of ¢ for every combination of the solutions. The
results, for At = 0.01 and optimset(‘TolX’,1e — 6,"TolFun’,1e — 12), are shown in

Table C.2.

All six real solutions were obtained; however, the expected pair of complex so-
lutions diverged from its homotopy path and turned out to follow a different path
yielding two repeated real solutions, i.e., solutions 2 and 4, and solutions 6 and 8 are

the repeated roots.
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Table C.2: Solutions of the Polynomial System Using the Continuation Method.

Solution | Initial z¢ | Initial yo | Solution z | Solution y | H(z,y.t) =0
1 -1 1 -1.1666581 | 0.4817119 5.371e-12
2 -1 -1 -1.0803741 | -1.3161476 7.79e-12
3 -1 3 -0.8600698 | 3.8333562 1.618e-11
4 -1 -2 -1.0803741 | -1.3161476 3.10e-12
) 3 1 3.1666581 | 0.4817119 2.57e-12
6 3 -1 3.0803741 | -1.3161476 | 2.603e-11
7 3 3 2.8600698 | 3.8333562 2.02e-12
8 3 -2 3.0803741 | -1.3161476 2.44e-11

C.6 Dialytic Elimination

A well known technique for reduction of polynomial systems is the Sylvester dialytic
elimination method. This method is attributed to Sylvester (1841) and Cayley
(1848). It is based on Sylvester matrices whose entries are either zeroes or coefficients
of polynomials. The method requires the derivation of an equation known as the
eliminant. Salmon (1885) developed various methods to formulate the eliminant.
Roth (1993) modified the dialytic method to make it more suitable for kinematic
problems. This method has been used to find the solutions of the inverse kinematics
of serial manipulators by Lee and Liang (1988a and 1988b) and Raghavan and Roth
(1989 and 1993). Also, Innocenti and Parenti-Castelli (1990) and Nanua et al. (1990)
applied this method to find the solutions of the forward kinematics for the Stewart-

Gough platform (6-3 layout).
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Assume a set of two polynomials in terms of two variables, z and y. The dialytic

elimination method can be summarized in six steps:

1. Suppress one of the variables, say y (consider it as a constant).
2. Linearize the power products of the remaining variable (z).

3. Generate new linear equations, so that the number of power products matches

the number of linear equations, and write these equations in matrix form.

4. Set the determinant of the coefficient matrix to zero and obtain the character-

istic polynomial in terms of the suppressed variable (y).
5. Determine the roots of the polynomial.

6. Substitute the roots of the polynomial and solve the linear system for the re-

maining unknowns.

Steps 4 and 5 can be combined by computing the eigenvalues of the coefficient matrix.
This method can be applied to a relatively small set of variables in the polynomials
because the resulting polynomial can increase its degree exponentially introducing a

large number of superfluous solutions.

Example.-

Assume the same polynomials used in Section C.4,

filz,y) = (6z—6)>+(2y—1)2—-169=0 (C.15a)

folz,y) = (z—1)*8—y)>+16y> —48y* —256 =0 (C.15b)



Appendix C - Elimination Methods 239

which are expanded:

filz,y) =922 — 18z +y* —y—33=0 (C.16a)

fo(z,y) = (y* — 16y + 64) 2% + (—2y? + 32y — 128) = + 16y — 47y*> — 16y — 192 =0

(C.16Db)
Suppress one variable (y) yielding
fl (.’E, y) = 0,101'2 T+ anT + ajp = 0 (Cl?a)
fg(.’l), y) = a20:1:2 + 91T + A9y = 0 (C].7b)
where
a10=29 ap =9y —y—33 an = —2y* + 32y — 128
a;; = —18 asy = y* — 16y + 64 as = 16y — 47y? — 16y — 192
Write Egs.(C.17a) and (C.17b) in matrix form:
a2
a0 a11 a2 . _ 0 (C.18)
Gzp G21 (22 ) 0

Generate more equations such that the number of equations is as many as the
number of power products, which are considered as linear terms. This is carried out

by multiplying both equations of Eq. (C.18) by z, yielding

ayp @ az 0 T

Qon Q21 A92 0 T 3

(C.19)

@0 aix a2 T

o o o O

0
0 agx an ax 1
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Set the determinant of the coefficient matrix, which is a function of y, to zero.

This leads to a polynomial in y of the form:
—16(y* — 161y> + 470y + 608y — 384)* = 0 (C.20)

Due to the nature of the polynomials, there are two solutions of = for each real
solution of y, as shown in Figure C.2. Determine the roots of the polynomial and
substitute them in Eq. (C.16a) to obtain the corresponding two solutions of z for
each solution of . As an alternative, the substitution can be performed using Gauss
elimination, i.e., Eq. (C.18) may be written in the following form Ax = b; however,
due to the nature of the polynomials matrix A turned out to be rank deficient. The

solutions of = and y are presented in Table C.3.

Table C.3: Solutions of the Polynomial System Using the Dialytic Elimination.

Solution | Solution y Solution x

1 158.00108 | 1 + 52.45563i
2 1 — 52.455631
3 3.8333562 2.8600698
4 -0.8600698

-1.3161476 3.0803741

-1.0803741

0.4817119 .| 3.1666581

0 | N | [ O

-1.1666581
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C.7 Grobner Bases

C.7.1 Introduction

Grobner Bases (Buchberger, 1965) is another analytic method based on converting
a set of polynomial equations F(x) = 0 into an equivalent system G(x) = 0, where
G(x) = 0 is structured in a triangular form, analogous to the Gauss elimination
method applied to linear equations. Both sets of polynomials, F(x) =0 and G(x) =

0, are equivalent bases; that is, they generate the same ideal.

C.7.2 Definitions

A polynomial has real coefficients and non-negative integer exponents. A set of
polynomials in n variables is denoted as R[z1, ... ,Z,].

A ring (k[z1,...,z,]) is a set of elements that satisfies basic algebraic proper-
ties of addition and multiplication (binary operations): associative, commutative,

distributive, identity, and inverse; i.e., for a, b, ¢ € k:

at+bek for0 € kthena+0=a
(a+b)+c=a+(b+c) forl€ kthenlxa=axl=a
a+b=b+a for —a € k thena+ (—a) =0
axbek ax(bxc)=(axb)*c

ax(b+c)=axb+axc and (b+c)xa=bxa+cxa

The most common types of rings are integers (Z) and polynomials.
A field (k) is a commutative ring that has an additional property, the multiplica-

tive inverse, i.e., (a *x a=! = 1). Neither integers nor polynomials have this property.
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Examples of fields are complex numbers (C), rational numbers (Q), and real numbers
(R).

The variety, V(fi,...,f.) defined by polynomials {fi,...,fa} € k[z1,... ,Z)
can be expressed as the common roots of a set of polynomials.

An ideal (I) is contained in the set of polynomials, i.e., I C R[z1,... ,zy], if the

following conditions are satisfied:

i) fitfoelforall fi,fael
ii) fhelforall f €andh€k[zy,...,z,]

Therefore, the ideal of a set of polynomials (fi, ..., f,) is defined as

(flv--- vfn) o {Zh1fz l h’i € k[:l?l,... ,iCn],'?: = 1"" 7n} (Czl)
=1

The set {f1,...,fn} is called a generating set, or generator, of the ideal I. The
desired “better” representation of the variety is the desired “better” generating set for
the ideal (fi,..., fn). A “better” generating set for I is called a Grobner Basis for 1
For instance, a matrix that has undergone Gaussian elimination is said to be in row
echelon form and this is the “better” generating set of a linear system of equations

(Adams and Loustaunau, 1994).

Theorem C.1- (Hilbert Basis Theorem). If I is any ideal of the ring k[z1, . .. , Z,),
then there exist polynomials {fi,..., fs} such that I = (fi,..., fs). That is, every

ideal in k[z,,... ,z,] is finitely generated.
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C.7.3 Fundamentals

Lexicographic Order and Terminology

To solve for the roots of a set of polynomials, it is important to specify an order on
the power products. There are many ways to order power products. First, the order
of the variables has to be specified. For instance, if z > y > z, then z is maximal to
y, and similarly z and y are maximal to z.

There are three types of orders, lexicographical order (lex), degree lexicographical
order (deglex), and reverse lexicographical order (degreviez), which are defined as:

lex. - The variable order (z > y) and the power of the variables, e.g.,

l<y<y’<pd<.<z<zy<azy’.<z’<.. (C.22)

deglex. - The degree of the term and in case of a tie lex (say z > y) breaks it, e.g.,
l<y<z<y’<azy<z’<yP<ay<aly<a®<.. (C.23)

degrevlez. - The degree of the term and in case of a tie, for the terms z"1y/22"s <
xhy"2 2" the first coordinates p; and 7, from the right that are different satisfy p; >
n;- That is, the rightmost variable is the least maximal, so a less maximal variable
with a larger power makes the entire power product less than another term with the

same degree, e.g.,

2,1,1) < (1,3,0

r2yz < zy’ ( )< ) (C.24)
M3 > 13

The reason that three variables were considered for this term order is because two

variables would have led to the same order as deglez (Adams and Loustaunau, 1994).

Note that the order in Eq. (C.24) would have been the opposite of the deglez order.
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In a polynomial, the order of the terms is defined in decreasing order in the

maximal variable, e.g.,

f(z,y, 2) = 4x’yz — gzzyzza + 62%y — 3zy?2? + 5%z (C.25)

The leading term [t(f) of a polynomial f is the term that is maximal in the
polynomial. The leading coefficient l¢(f) of the polynomial f is the coefficient of the
leading term in f. The leading power product Ip(f) of f is the power product of
the leading term. Thus, It(f) = le(f)Ilp(f). For the polynomial of Eq. (C.25), the

leading elements are:

t(f) =423yz  le(f)=4  Ip(f) =2%yz (C.26)

My, M3

. , By My K n .
The least common multiple (lem) of monomials z7'z,?x5%... and z,'z*z5®... is

0 T P /
T, Ty224%..., where 7; = max(p_,n.), e.g., the lem (2%y%2%, 23y*2?) = 25y*2%.

Polynomial Division

Assume the set of polynomials described in Section C4 ordered in a lexicographical

order form z > y, with ¢ = f1(z,y) and f = fo(z,y) as follows:

g=922-18z+y’—y—33=0 (C.27a)
f=(y? — 16y + 64) 2% + (—2y* + 32y — 128) = + 16y — 47y? — 16y — 192 =0

(C.27b)

Perform the polynomial division to eliminate the terms that contain variable z,

but first, for convenience through the division process, multiply Eq. (C.27b) by 9,
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which is the leading coefficient in Eq. (C.27a), i.e., lc(g) = 9.

quotient (q)

y? — 16y + 64

922 — 18z + 3% —y — 33 | 9y222 — 144yz? + 57622 — 18y>z + 288yx — 1152z + 14433 — 423y2 — 144y — 1728

9y%z? — 18zy> + y* — 3% — 33y?

—144yz? + 57622 + 288yx — 1152z — y* + 145y% — 390y — 144y — 1728
—144yz? + 288yx — 16y> + 16y2 + 528y

576x2 — 1152z — y* + 161y> — 40692 — 672y — 1728
576z2 — 1152z + 64y2 — 64y — 2112

—y* +161y° — 470y> — 608y + 384

remainder (7)

In the case that there are more than two polynomials, polynomial f can be divided
by multiple polynomials ¢, ... , gm-
In summary, the division was performed by eliminating the leading term of z in

f- This process can be generalized as

_ i)

where h, the remainder at every step, is called a reduction of f by g.

Theorem C.2- Let g be a non-zero polynomial in k[zq,...,z,]. Then for any
f € k[zy,... ,z,)], there exists a quotient, ¢, and remainder, 7, in k[zy,... ,Z,]| such
that
f=q9+r, withr=0 (C.29)
or for more than two polynomials, i.e., {g1,... ,gm} € k[z1.... ,Zn],
f=an+...+gmgm+7r, Withr=20 (C.30)

Clearly, if 7 = 0 then f is related to the ideal of {g1,... ,gm},1.e., f € (g1,--- ,Gm),

as given by the definition of the ideal of a set of polynomials in Eq. (C.21). Ifr #0
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then the chosen {gi, ... , g} implies that f € (g1.... ,gm). Therefore, it is necessary

to find a special generating set for the ideal called a Grébner basis.

Theorem C.3- A polynomial r is called reduced with respect to a set of nonzero
polynomials {g1,...,gm} if 7 =0 or no power product that appears in r is divisible
by any one of the Ip(g;) for ¢« = 1,... ,m. Mathematically, r cannot be reduced
modulo {g;,...,gm} and f is in a normal form modulo {gi,... ,gm}. Thus, Eq.

(C.28) can also be written as
f-nh (C.31)
after the first reduction or
fShrLr o f2r (C.32)

after all possible reductions.

An algorithm to compute multivariable polynomial divisions is presented in Sec-
tion C.7.5.

In the previous example, the leading power product of g is Ip(g) = z?, and the

remainder is
r = —y* + 161y® — 470y> — 608y + 384 (C.33)

Thus, 7 is reduced with respect to g, and f = qg + r, where ¢ = y*> — 16y + 64.
Since the remainder turned out to be an equation in a single variable, it can be

set equal to zero and the roots of y correspond to the solutions of the polynomial

system that would make » = 0. Having r = 0, for any solution of y, f is therefore

related to an ideal of g, i.e., f € (g). Thus, an ideal of the set of polynomials is

(filz,y), falz,y)) = (filz,y),7) (C.34)

= (927 — 18z + y*> — y — 33, —y* + 161y> — 470y> — 608y + 384)
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This trivial solution was achieved because of the nature of the problem. However,
this is not a unique ideal, if the term order was inverted, i.e., y > z, a different ideal

would have resulted. For instance, the remainder after the division polynomial is
r = —159z%y + 318zy + 481y — 9z + 3402 + 362> — 752z — 1215 (C.35)

which cannot reduce modulo {g}, and since r # 0 the chosen generating set does
not yield an ideal of {fi(z,y), fo(z,y)}. This kind of problem turns out to be more
general and will be addressed in the next section.

It is worthy of mention that Eq. (C.33) turns out to be the same equation as
Eq.(C.16a), which was found through the determinant of the coefficient matrix using
the dialytic elimination method. Similarly, the roots of Eq. (C.33) are substituted

in Eq. (C.27a) to find the solutions of z.

C.7.4 Grobner Bases

A set of polynomials is related to a ring k[zi,...,z,], which can perform binary
operations. According to Hilbert Basis Theorem (Theorem C.1), there is a set of
polynomials that generates an ideal of the ring k[z1, ... ,z,]. This set of polynomials,
or Grobner basis, provides the “better” representation of the variety, or the common
roots of the set of polynomials. The following theorems define the existence and

uniqueness of a Grobner basis:

Theorem C.4- A set of non-zero polynomials G = {g1,... ,q:} € k[z1,... ,z,]
is called a Grébner basis for I if and only if for all f € I such that f # 0, there exists
i € {1,...,t} such that Ip(g;) divides Ip(f).
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Theorem C.5- Let G = {¢1,...,9:} be a set of non-zero polynomials of the ring
k[z1,...,z,). Then G is a Grobner basis if and only if for all f € k[zy,... ,z,] the

remainder of the division f by G is unique.

It is important to mention that the uniqueness of a Grobner basis is related to a
specific term order.

One of the problems in the polynomial division is the cancelation of the leading
terms. A very effective method to generate a Grobner basis is through a syzygy
polynomial, better known as S-polynomial. Let 0 # f , g € k[zy,...,2,]. Let
L = lem(lp(f),lp(g)), where lem denotes the least common multiple. Thus, the
S-polynomial is defined as:

L I
0! " i)’

Buchberger (1965) and Buchberger and Winkler (1998) proved that S-polynomials

(C.36)

S(fvg) = It

actually remove all the ambiguity caused by the division algorithm.

Theorem C.6- (Buchberger’s Theorem). Let G = {g1,...,4:} be a set of non-
zero polynomials in k[zi,... ,z,]. Then G is a Grobner basis for the ideal I = (G)
if and only if for all 7 # j,

G
S(girg;) — 0 (C.37)

The strategy for computing Grobner bases is to reduce the S-polynomials. If
a remainder is non-zero, add this remainder to the list of polynomials in the gen-
erating set, and repeat this process until there are enough polynomials to make all
S-polynomials reduce to zero (Adams and Loustaunau, 1994). Buchberger’s algo-

rithm to compute Grobner Bases is presented in Section C.7.5.
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There are two considerations that should be taken into account to have a unique
Grobner basis. This is because two choices have been made arbitrarily. First, the
order in which the polynomials are incorporated, which affects the Algorithm Division.
Second, the random choice of {f, g} € I' in Buchberger’s Algorithm. A proposition
for a Reduced Grobner Bases is presented in Adams and Loustaunau (1994), where

the term order is fixed and reduction process is constrained to follow a specific order.

C.7.5 Algorithms

The following algorithms were extracted from Adams and Loustaunau (1994), and

slightly modified to be consistent with the notation carried out through this Section.

Multivariable Division Algorithm

INPUT: f,g1,...,9m € k[z1,... ;2] with g; #0fori=1,...,m
OUTPUT: qu, ..., g, r such that f = q1g1 + ... + gmgm + 7 and f 25 7
INITIALIZATION: ¢; =0, fori=1,...m,r=0,and h = f
WHILE h # 0 DO

IF there exists 7 such that [p(g;) divides ip(h) THEN

choose i least such that Ip(g;) divides Ip(h)

1t(h)

QG = q; + Tt(g)
1t(h
h:h—ﬁ%%
ELSE
r=r+lt(h)

h=h—it(h)



Appendix C - Elimination Methods 250

Buchberger’s Algorithm for Computing Grobner Bases

INPUT: F = {fiy--- [s} C klzi; - -~ s3] with f; #0fori=1,...,8
OUTPUT: G = {g1, .., 9t}, a Grobner basis for (fi, ..., fs)
INITIALIZATION: G =F, ' ={{fi,f;} | fi # f; € G}
WHILE I" # 0 DO
Choose any {f,g} €T
L= {{fufi}}
S(f,9) <5 h
IF h # 0 THEN
I'=TU{{q,h} |for all ¢ € G}
G=GU{h}
where I' keeps track of the combinations of the generating sets.
Ezxample.-
Assume the set of polynomials described in Section C4 and determine the Grobner

Bases with a term order lex = > y.

=922—-1824+3y2—y—-33=0
fo = (y* — 16y + 64) 22 + (—2y> + 32y — 128) = + 163> — 47y* — 16y — 192 =0

INITIALIZATION: G = {fs, f1}, T = {f2, f1}
First pass through the WHILE Loop

Choose {f, g} = {f2, /1}

I'=T—{f,fi} =0

S(f2, f1) G h, this step is shown in detail as follows.
S-Polynomial, with L = Imc(fo, f1) = 2%y?

.’If2 2 $2 2
S(f2, fL) = ﬁﬁ - ﬁfl =mnla— Grfi=
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= —16yz? + 6422 + 32yz — 128z — Ly* + 133y° — 1302 — 16y — 192
Reduction S(fi, fo) modulo G, with ¢; =0, g» = 0, and h = S(f2, f1)

Iit(h —16yz? -
Q1 =q + l:((fl)) — 0 + 1312 b= -QLGy

h=h-— %fl = S(f1, f2) — "__;Qy(fl)

= 64z% — 128z — fy* + 18143 — 496,22y 192

_ It(h) __ —16 64z2 _ —16 64
h=qtym="2Y+toz="7¥t%

= lh) p _ 64
h=h—gmnh=h—5hH

=—sy'+ 5’ - - Fy+F

h cannot be reduced modulo® G.
Thus, S(fo, f1) <% —3y* + 18Ly3 — 4202 — 00y 4 18 _ p,
Since, h # 0, let f3 = —y* + 161> — 470y* — 608y + 384, which has been scaled
for convenience. Let I' = {{ f1, f3}, {f2, f3}} and G = { f1, fo, f3}-
Second pass through the WHILE Loop
Choose {f,g} ={fs, f1}

U= {{fs, i}: {fs: fo}} = {fs, i} = {f3. fo}
S(f3, f1) e h; this step is shown below:

S-Polynomial, with L = Imc(fs, fo) = z°y*
S(fs, f1) = —161y32? + 470y%z? + 608yz? — 38422 + 2y'z — Ly¥ + 3o° + 5o/
Reduction S(f3, f1) modulo G, with ¢ =0, g3 =0, and h = S(fs3, f1)
After eight loops in the Multivariable Division Algorithm using both gener-
ating set polynomials, f; and f3, the remainder A = 0.
Thus, S(fs, f1) —%0=h

2In this reduction, ga = f> was not used, but the algorithm can choose either polynomial of the

generating set, as long as Ip(g;) divides Ip(h).
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Third pass through the WHILE Loop

Choose {f, g} = {fs, f2}
L= {fs, fa} = {f3, f2} =0
S(fs, f2) S, h; this step is shown below:
S-Polynomial, with L = Imc(fs, f2) = zy*
S(fs, fo) = —145y°z% + 406y%z? + 608yx? — 38422 + 2ytz — 32y°z + 128y%z
—16y° + 47y* + 169° + 192y
Reduction S(f3, fo) modulo G, with g» =0, g3 = 0, and h = S(f3, f2)
After seven loops in the Multivariable Division Algorithm using both gener-
ating set polynomials f, and f3, the remainder h = 0.
Thus, S(fs, f2) =5 0= h
Since h = 0 and I = 0 the WHILE loop stops.

So, the Grobner basis, G = {f1, f2, f3}, is contained in the ideal of the original
set of polynomials, i.e., (fi, f). Notice that f; is the same as the remainder of the
division polynomial Eq. (C.33). Therefore, solutions of y are found with f; and then
substituted in f; to find the corresponding solution of z. One question may arise,
why is G = {f1, fo, f3} not structured in a triangular form like the Gauss elimination
method as stated before? The answer is due to the repeatability of the roots in .

Assume the same problem but now the term and variable order are deglex and

y > x, respectively®’. The polynomials are incorporated in Buchberger’s Algorithm

3 Also, it is important to mention that through the polynomial division, this variable order did

not yield r=0, as shown in Eq. (C.35).
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which yields the following results:

g1 = 81z® — 6487 + 2241362 — 13357442° + 555838z + 666951223 — 18568242
—13180448x — 6743103 =0

go = —429325 + 2575825 — 11840679z + 4719099623 + 29178937z* — 152671178z
—121541301 + 1347520y = 0

In this example, the resulting Grobner basis, G = {g1, g2}, is structured in a
triangular form like the Gauss elimination method; g; is an 8"-order polynomial
in z and go is a linear equation in y. That is, for each solution of z, there is a
corresponding solution of y.

Grobner Bases have been used in kinematics. For instance, Lazard (1992 and

1993) solved the forward displacement problem of the Stewart-Gough platform.
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Coefficients of Equations

D.1 Overview

The coefficients of polynomials, vectors, and matrices, that for space reasons were

not included within the Chapters, are presented in this appendix.

D.2 Coefficients of Non-Redundant Manipulators

3-PRR Manipulator, coefficients of Eq. (3.34):
¥, = ()t + c(r)
¥, = s(1:)t* + s(7,)
b, = (= (pic(B3,) + i) e(—7; + i) — c(v;)bxi — s(7:)byi — pis(03,)s(—7; + ) 2
+ (=2 (pic(03,) + 1) s(—v; + i) + 2p;5(03,)c(—7; + ) t

+p;5(03,)s(—7; + i) + (pic(0s,) + ;) c(—7; + i) — s(v;)by: — c(;)bx;
fort=1,2,3.
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3-RPR Manipulator, coefficients of Eq. (3.26):

ag = —y*brslzcas + yrbrolzsaz — ybrobrslssas + ybralsbyscas — ylabrslzsas
+ylolsbyscas + y?lobxs — yxlobys

a; = —2y*bxslzsaz — 2yzbrslscas — 2ybxalslscas + 2ybxabrslzcas + 2ybralzbyssas
+2ylabzslzcas + 2ylolsbyssas + 2xbxalslysas — 2xlabrslzsas + 2zlalzbyscas
+2yzlabrs — 2ybzalobzs — 22%lobys + 2xbzolobys

ay = —4ybxslslzsag + 2ylobxslysag — 2ylalsbyscas — dxbzalslzcas + 4xlabrslzcas
+dzlsl3byssas

az = —2y?bxzslzsas — 2yxbrslzcas + 2ybzalslzcas + 2ybxabaslzcas + 2ybxslzbyssas
—2ylybxslzcas — 2ylolsbyssas — 2xbxalylssas + 2xlabrslysas — 2zll3byscas
+2yxlobxs — 2ybzolobrs — 23%obys + 22bxolobys

ay = y?baslzcaz — yrbaslzsas + ybrobrslzsas — ybralsbyscas — ylobxslssas

+ylolsbyscas — yPlabas + yalobys

3-RRR Manipulator, coefficients of Eq. (3.44):

ki = —2lic(¢ — B;) — 2pi3¢(P — 03, — B;) — 2bz;
kas = —2Uis(¢ — B;) — 2pip3s(o — O3, — B;) — 2by;
ks; = 2lip;, 3c(¢p — B;)c(d — 03, — B;) + 2lip; 35(d — B;)s(¢ — 03, — B;)+
2:bzic(p — B;) + 2:byis(¢ — B;) + ba? + by? + 12 + pi 3 — pi+
+2p;43bzic(¢ — 03, — B3;) + 2piysbyis(¢ — b3, — B;)
fors =1,2.3.
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D.3 Coefficients of Manipulators with In-Branch

Redundancy

D.3.1 Coefficients of the RRR-2RRR Manipulator

Coefficients of the 4**-order polynomial in Eq. (4.25):

ag = y*labzz — ylzbrabzssas — y?lzbraocas + ylabzabyscas + ylslabyscas — ylabysx
—ylzlobrssas + ylsbroxsas

a1 = —2z%lybys + 2ylobzs + 2ylslobrscas + 2xlysaslzbzs + 2ylslabyssas
—2ylsbzszrcas — 2ylabrocasls — 2v%l3bzosas — 2ylabxsbxy + 2ylzbzabyssas
+2xl3lobyscas — 2xl3lobrssas + 2ylsbrobrscas + 2xlsbzabys

as = 2ylslobrssaz — Aylasaslsbry + Axlzlobrscas — 4xlobracasls — 2ylslabyscas
+4xls3lobyssas

az = 2zl3lobrssas — 2ylslabrscas + 2ylsbrabrscas + 2xlybrobys — 2xl3lobyscas
—2ylobxsbry + 2ylobzsx — 2xlysaslsbzy — 222lobys + 2ylabrocasls
—2ylsbzoxcas + 2ylsbzabyssas — 2ylslabyssas — 2ylsbxasas

ay = y?lsbzacas + ylalabyscas — ylalobrssasz + ylzbrabzzsas — y2lobrs — ylsbzarsas

—ylsbzobyscas + ylobysz
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D.3.2 Coefficients of the PRR-2PRR Manipulator

Coefficients of the determinant of the associated reciprocal screw matrix, Eq. (4.40):

a, = 2l3sy,
ay = 4lzcy,
az = —2l3sv,

aq = 2 (lacy,sas — lasy,cas)
as = —4 (laey,cas + lasy,sas)
ag = 2 (las7y,ca3 — lacy,sas)

a7 = 4 (lacy cas + lasy,sag — l3ey,)

ag = 8 (lacy,sag + l3sy, — lasy,cas)

ag = 4 (Iscy; — beycas — lasy,sas)
a0 = 2 (lasy,cas — laey;sas)

ay; = 4 (lxey,cas + lasy,sas)

a1z = 2 (lacy saz — lasy,cas)

a;3 = —2l3s7,

ayg = —4lzcy,

iz = 2[38’)’1

Coefficients of the loop-closure equation of branch 2, Eq. (4.41):

bi = s72Y + 72T — €Y2bT2 — €Y5la + V2P,

by = 257,ly — 257,p,

b3 = 575y + CYsla + YT — Cyapy — CYabTo

by = 2575p,
bs = 4cyap;
be = —2572p,

by = cYoT — CYapy — CYobTa — CcYola + 5775y

bs = 2575p5 + 2575ls

bg = 7,y + Yo — cybza + cysla + cyops
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Coefficients of the loop-closure equation of branch 3, Eq. (4.42):

258

C1 = S7Y3P35Q3 — SY3lzsas — cyslscas + cyspscas + cysxr — sy3bys + sy3y — cyzbxs

co = 257y3lscas — 2cy3lzsas + 2¢y3p3sa3 — 287y3p3cas

c3 = $Yslasasg + cy3x — ¢y3brs + sy3Yy + cyslscas — cyspscas — sy3p3sag — sy3bys

¢4 = —2cy3p3saz + 25y3p3ca3

s = 45733503 + 4cyzpacas

Cg = —2873p3caz + 2cy3p3sas

cr = —cy3brs — sY3bys + cy3T + 573y — cyslscas — syzlzsaz — sy3p353 — Cyzpzcy

cg = 287Y3p3ca3 — 2¢y3p3Sas — 2¢yslzsas + 25y;lzcas

Cg = CY3pP3CQ3 + SY3P35Q3 + Cyslscas + syslssas + sy3y — sy3bys + ¢y — cysbxs

Elements of the polynomial matrices, Eq. (4.45):
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D.3.3 Coefficients of the RRR-2RRR Manipulator
Condition 1

Coefficients of the polynomials shown in Egs. (4.57a and 4.57b):
a; = —2bzs + 2(ly + pyclbs, )cod
as = 2(la + pycls,)so
a3 = bx2 + p3 + 12 — p? + 2p,lachs, — 2bzo(la + poclhs,)cd

by = —2bzz + 2(l3 + pscbs,)c(d + as)
by = —2bys + 2(Is + pychs,)s(¢ + as)
by = —2bx3(l3 + p3clhz;)c(d + as) — 2bys(ls + pscls,)s(d + as)

+baf + by3 + p3 + 15 — p§ + 2pslschs,

Condition 2

Coefficients of the determinant of the associated reciprocal screw matrix, Eq. (4.63):

a; = —2lgy ag = —2lscazy + 2lasasT ay; = —4lysasy — 4lscasz
ay = —4lzx a7 = 4A(lzz — lheazr — lysazy) ayp = 2lscasy — 2lsasx
az = 213y ag = 8(lgca3y = l3y — 125(131‘) a3z = 2[3’3]

ay = 2lacaszy — 2lssazx  ag = 4(lasasy + lacazr — l3z)  ayg = 4l3z

as = 4dlscasz + dlasasy  ayg = —2lscasy + 2lasasx a5 = —2l3y
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Coefficients of the loop-closure equation of branch 2, Eq. (4.64):
by = bx3 + y? + 12 — 2bzox — p2 — 2lopy — 2p5bxo + 2po + 22 + 2l5bxy — 20T + 3
by = —4pyy + 4loy
by = —2py + Y2 + 2% — p2 + brl — 2bzox + 13 + p3 + 2lox — 2lsp, + 2p,bxs — 2lobas
by = 4poy
bs = 8px — 8pybxs
bs = —4pyy
by = —p2 + 2pobxo — 25T + 2lopy + bx2 + 2obzo — 2oz + p3 + 15 + 22 + y? — 2bzoz
bs = 4pyy + 4oy
by = 2pox + y* + % — p2 + ba2 — 2bxoT + 13 + P2 + 2l + 2l2py — 2pbTy — 2l5bTH

Coefficients of the loop-closure equation of branch 3, Eq. (4.65):

1 =22+ y? + 13 — pi + p2+ by + bas + 2(lsbzscas — lzzcas — lzpscai — psbyssas
—psbzscas + psysas — lzysaz + lsbyssas — l3pysal + psreas — brsz — bysy)

ca = 4((lsbzs — lzx — p3bzs + p3z) sas + (lsy — l3bys — psy + psbys) cas)

c3 = p3+ 13— p3 + 2% + bz + y? + byz + 2(lzzcas — bysy — brsx — l3pysa? — psysas
—l3byssas + lgysas + psbyssaz — lsbrscas + psbrscas — psreasg — l3p3ca§)

¢y = 4(pgycas — psbyscas — psrsas + psbrssas)

cs = 8(pgysas — psbrscas — psbyssas + psreas)

ce = 4(psbyscas — psbrzsas — psycas + pyzsas)

cr =22+ y? + 15 — p + p2 + by + bzl + 2(Isbzscaz — lzzcas + l3psca3 + psbyssas
+psbzscas — psysas — laysas + lsbyssas + l3pysai — pszeaz — brsz — bysy)

cs = 4((lsbzs — l3x + p3brs — psz) sas + (lsy — lsbys + psy — psbys) cas)

co = p3+ 13— pi +y* + by: + 2% + bzl + 2(l3p3sa3 — bysy — bzsz + lzzeaz + pyysaz

—l3byssasz + lzysas — psbyssaz — lsbzscaz — psbrscas + pyzeasz + l3pscal)
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D.4 Coefficients of Redundant Manipulators with

Additional Branches

D.4.1 Coefficients of the 4-RPR Manipulator

Coefficients of the polynomials obtained from the determinants of the sub-matrices.
Coefficients of Eq. (5.2a):
g1 = —labysso
go = —lacdbrs + lsbrococas — lsbraspsas
g3 = lasgbxs + labyscd — I3brasdcas — lsbracosas
g1 = l3lys@®bxscas + lzlasdbascdsas + lobyssdbry — lasd®baslscas — lysdbzalscdsas
—lslasgbyscocas + lslysd byssas
gs = —lasodbxobrs — l3lr_,c¢2bz;;sa3 + lsbzobysspsas — lslacdbyssdsag + lasdbrslzcheas
+l3lgc¢2bygcag - 123¢2b:r2l3sa3 + l3bxobxscdsasz — l3locpbrssocas
+lsbrobzsspcas — lzbrabyscocas
Coefficients of Eq. (5.2b):
hy = —labysso
ho = —laepbxy + lybrochdcay — librospsay
hs = losgbzy + labyscd — lybzospcay — lybxocdsay
hy = l4123¢2ba:4ca4 + lylasdbxschdsay + labysspbrs — l23¢2bxgl4ca4 — laspbxslychdsay
—lylyspbyscocay + l4lgs¢2by4sa4
hs = —los@brobry — l412c¢2bx4sa4 + l4bzobyssdsay — lylocdbysspsay + lasdbralicopeay
Hlalocd®byscay — losd®baslysay + Libzobzacdsay — lylocdbryspeay

+l4bzobzyspcay — libxobyscdeay
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Coeflicients of the fourth-order polynomial Q, in z, Eq. (5.3a):

1y = h3 g5 + g201h3 — gagshihs — 2gshihagy — gihagshs + h3 g + hags hy

ty = 2(gshagshi + g5 hiha + h3 194 + gahshsgr — gahihags — gahagiha) — gahagsha
+g2h3 g1 — hagshsgi — gohsgshi — hsgahags — gohsgshi + hags ha — hshagsg:

ps = 2(gshagsha + gahagahs — gahahags) + hags hn + g5 hi — hagshsgi — hagshsga
—h3hagsgs — g2hsgsha — gahsgshy + gah3 g1 — gahahags + h3 g3

tty = g2gsh? — hagshsgs + hagé ha — gahagshs

Coefficients of the first-order polynomial Q,, in y, Eq. (5.3b):

n, = 2(a3 hihshoas — ash3 ayhsas) — a3 hih? + a3 heayh? — heazal hyhs + h3 aya2
+h§ azasashs — h‘g azagas + a3 hshyhs — a% hshshoas — a% hshoashs — a2h1h§ ag
+ashzh3 asas + h3 azashsas

Ny = (2(aghzhoa? hy + ash3 ashiay — a3 hshihaay — ash? aiheas) — h3 a3 hy — h3 aza?
+hsh? a3 + a3 h3 a; + ashsh3 a? + hZ a2 haa; — a3 h3 azhy — a2 hoazh?)z?
+(2(a3 hoayhshy + ashzashsazhy — a3 hshoaihy — a3 haazhihy — a3 hahihoay
+ash3 aza hy — h3 azajay + ashsh? ajay + ash3 azhiay — ashzhsazhsa,
+a3 hahyhy + ashshoa? hy — ash? aghsas — ash? ajashy) + hi a? as + h3 a2 hsa,
+h3 a2 hzay — h3 a3 ashy — a3 h3 ashy — a3 h3 azhy + a3 h% hsay — axh3 a? hs
—a3 h? hs + a3 h3 ag + a2 h? hoas — h3 a3 hy)z? + (2(axhsasheashy
+h32 azashsay — a3 hshahoay — ashshsashsay) + a3 hihshoay + a3 hyhsashy
+ashsh3 a3 — heaza3 h? — a3 hyhshy — ashyh3 asay — a3 h3 ashy — h3 aza3
+a3 hoaihshg — ash3 ajhsag + h3 a% hsas + a% h§ hsay — h% a§ ashy + ag hghg

2
—agh3 ayashy + h3 ajasay)x
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D.4.2 Coefficients of the 4-PRR Manipulator
Coefficients of power products in step 1, Egs. (5.12 and 5.13):

11 Q12 a13 Q14 Q15

A] =

Q21 Q22 G23 Q24 Q25
a,"l = —2331lj
a; 2 = 2c3,lasa; + 253, lrco;
a;3 = —403111' + 4(231 lgcaj — 4331 lQSCYj
G,,',4 = 233llj

a;5 = —2c3,lasa; — 253, laca;

where s3, = sin(fs, ), c3, = cos(f3,), sa; = sin(e;), and ca; = cos(a;), for ¢ = 1,2

and j = 3,4.
Coefficients of power products in step 2, Eq. (5.15):

bl,l b1,2 b1,3 b1,4 bl,5 b1,6 bl,? bl,8 b1,9 bl,lO
[B] = b2,1 b2,2 b2,3 b2,4 b2,5 b2,6 b2,7 b2,8 b2,9 b2,10

bs1 bss bzz bsa bss bsg b3z bsg bsg b3qg

bix = s(v; —71)

biz = pyc(v;)s(v1 — a1)ss, — (pres, + l)e(v;)e(rn — ea) — (p; — )e(v1)e(y; — o)
biz = —pic(y;)e(y1 — ar)ss, — (prcs, + l)e(v;)s(v — a1) — (p; — L)e(r)s(v; — aj)
bia=—s(7;) ¢ (1) by; + ¢ (7;) 5 (v1) by — (bz; — bar) e (v;) ¢ (1)

bis = —2p;c(71) s(v; — a;)

bis = 2p;c(71) c(v; — @)

biz = prc(v;)s(v1 — a1)ss, — (prcs, + h)e(y;)e(yy — ea) + (p; + L)e(r)e(y; — o)

bis = —prc(v;)e(y1 — a1)ss, — (pycs, +l)e(y;)s(v — a1) + (p; +)e(r1)s(v; — o)
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bio = s, — )
biio = —s (’Yj) c(v1)by; +c (7j) s (71) byr — (bzj — bza) c (’Yj) c(71)

fori=1,2,3and j=12+1.

Coefficients of power products in step 3, Eq. (5.17):

[C] _ €1 G2 -+ €319 C1,20
C21 C22 -+ C219 €220

Cii = —bj1b12 + bj2b11 cii1 = —bjebis
Ci2 = —bj1b13 + b;3b11 cii12 = —bjobis
i3 = bjsbi1 ci,1i3 = —bj1b17 + bj2big
Cia = bjgb1 Cina = —bj1b1g +bj3big
Cis = bjzb11 — bjgbi 2 Ciis = bjsbig
i = —bjob13 + b;gbi1 ci,i6 = bjebig
Ci,7 = —bj1b14 + bjaby Ci,i7 = bj7bi1g — bjob17
Cig — bj,lObl,l = b',9b1,4 GIs == j,9b1,8 =IF bj,Sbl,Q
Cio = —bj1b15 Ciig = —bj1b1 10 + bjabig
cii0 = —bj1bie ¢i20 = bj10b1,9 — bj b1 10

fori=1,2and j =7+ 1.
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D.4.3 Coefficients of the 4-RRR Manipulator

Coefficients of the simplified loop-closure equations, Eq. (5.30):
ki; = —2p;.4sin(¢ — ;)
kai = —2p; 4 cos(¢ — 5;)
ks; = —2l; cos(¢ — ;) — 2bz;
ksi = 2p;, 4 cos(¢ — B;)
ks = —2p; 4sin(¢ — ;)
ke = —2l;sin(¢ — 3;) — 2by;
kr: = —2p; 4byi cos(¢ — B;) + 2p;,4bz;isin(¢ — ;)
ksi = 2p;,4byi sin(¢ — B;) + 2p; 4bxi cos(d — B;) + 2lip; 44
ko; = 2l;by;sin(¢ — B;) + 2libz; cos(¢p — B;)bx; — p? + p2oy + ba? + by? + 12

fori=1,2,3,4

Coefficients of power products in step 1, Egs. (5.32 and 5.33):

‘”’al = —2531 lj

“ag = 2c3,lasa; + 253, laca;

Waz = —4cz,l; + 43, lrca; — 4s3,lysa;
‘<”a4 = 2331lj
Mas = —2c3,lasa; — 2s3,lsca;

fori=1,2and j =17+ 2.
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Coefficients of power products in step 2, Eq. (5.37):

by =[2(ps — psc3, — L2 —bx2), 0, —2(lo+ pscs, +pg+bx2), 4psss,. 8ps,
4psSs,, 2(pscsy, —pg+1la—bxa), 0, 2(la+ pg+ pscs, —bza), 2psss,, 4ps,
2pss3,, 4(lb—pg+pscs), 0, 4(la+pg+pscs), —2p5s3, —4pg, —2ps583,,
(ps — bza — ba)* +p3 —p3—p2, 0, (pg+bxa+1)*+pi—p3—p2, 0, —8pghas,

0, (pg+bza—b)+pt—p3—p2 0, (pg—bws+b) +p}—p}—pi]
and

Wby = [2((p; — I3) caz — psc3, — bxz), —dp;sasz, —2(pscs, + (I3 + p;) caz + bas),
4((p7 — I3) sas + psss,) , 8preas, 4(psss, — (pr+13) sas), 2(pses, +(ls — pr) caz—
bxs), 4p,sas, 2((p; +13) cas + pscs, —bxs), 2(psss, — bys + (p; — I3) sas),
4pcas, 2(psss, — (I3 + p;) sas — bys), 4(pses, + (I3 — p;) cas), 8prsas, 4(pscs,+
(I3 + p7) cas), 2((l3 — p7) sas — pss3, — bys) , —4preas, 2((p; + I3) saz—bys—psss, ),
E+(pr —13)* =2 (py — ls) (byssaz + bxscas) , 4pq (bxssas — byscas), E+(pr+1s) +
2 (p7 +13) (byssaz +bascas), 4(p; — l3) (byscas —bzzsas), —8p,(byssas + brscas),

4 (I3 + p;) (bzzsas — byscas), €+ (p; —l3)> +2(p, — I3) (byssas + bxscas) ,
4p,(byscas — bassas), €+ (pr+13)° —2(py + 1) (byssas + bzscas)]
where § = ba3 + by3 + pi — p3 — 3

For Eq. (5.43); when i = 1, ®'b; = "by; and when i = 2, ®'bs is found by substitut-

ing, from "“bs, subscripts 3 for 4 and also p; for ps.
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Coefficients of the numerator involving the solution for z, Eq. (5.40a):

{7)

ny = [by,10 " b2,19- 210 " b1,10,
“by10 " b2,20- 211 by 19,
“by,10 ba21- b2 12 b1 19,
b1 11 b2,19- " b2,10 " b1 20,

(#)

(i (#) (i
by11 " b220- b2 11 b1 20,
1) (1t 1 i
b1 11 b201- "o 12 " b1 20,
by 12 b2 19- b2 10 by 01,

(2)

b112 b2 20~ ""b211 " b1 21,

=g 19 by 91+ by 12 M bo 2,

- by 13 by 19+ by 10 ' ba20+ " by 13 ba 19 Vb2 10 Vb1 22,

= by 14 b1 19+ " b1,13 M bo 00+ by 10 V bo,23- Vo 11 by 29,

“by,13 ba21- b2 15 by 19+ b1 10 b2,24- g 12 by 99,

- 10" by 03- "ba13 " by 20+ Vby14 P bg 19+ by 11 Vb 99,

- Wbg 14"y 20- " b211 b1 23+ b1 14 Vg 00+ b1 11 b 03,

= bg 15 by 20+ Vb1 14 Vb2o14 by 11 Vb2 24~ Vb 12 by 03,

- Wby 13 by 21- b2 10 b1 24+ "V b1,15 bo 19+ by 12 Vb 20,

=g 14 by 91- o 11 by 24+ b115 Vbo g0+ by 12 Vbo 93,

“b115 " bg21- b 15 Vb1 21- Vo 12 Vb1 24+ Vb1 12 Vb2 24,

-bg 13 by 92+ by 10 V2,95V bo 16 by 19+ V' b1,13 Vo 20+ 1,16 Vb2,19- V210 V1 25,
- by 11 by 25- b 17 by 19+ b10 226+ V' b1,13 Vo 23+ b1 16 Vb2 .20- V214 V1 22,
-bg 18 by 19+ b1 13 b 24+ by 16 bo21- Vb2 15 by 20+ Vb1 10V ba27- Vb2 12 Vb 25,
=1bg 10" b1 26- "V b2,13 Vb1 23+ by 14 b 00+ by 17 Vb2 19- Vb2 16 b1 20+ Vb1 11 Vb2 25,

il (i) (i) i (1) (1) (i) (1) i) (1) (2)
="y 11 by 26+ b1 14V bo 93 o 17 Vb 20+ b1 a7V b2,20- Vb214 by 234 "D 11 Vb2 26,
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- by 12 by 96- " ba15 " by 23- ' b218 b1 20+ b1 11 b2 974 b1 14 Vb2 24+ b1 17 Do 20,
=by 10" by o7+ Vb1 12 " b2 95+ by 15 ' bo 99- o 16 " by 21+ b1,18 Vb2 19- 1V bo,13 b1 24,
- bg 14 " by 94+ by 15 Vb o3+ b1 12 Vb 26+ Vb1 18 b2 20~ o 17 Vb1 21- Vo 11 Vb1 27,
= by 18 b1.21- o 12 by 274 b1 15 Vb2 04+ by 18 Vb 91+ by 12 Vb 97~ Vb2 15 by 24,
- Wby 16 by 2o+ " b1 13 ba 25+ by 16 " b 20- b2 13 'V by 25,
= Vbg 14" by 95- "o 17 by 20+ by 16 Vo 23+ by 13 ' ba 26,
by 16 ' bo2a+ b1 13 Vbao7- b2 15 by 95~ o181 b1 22,
by 17 bg 29+ Vb1,14 Vb2 25~ o 16 by 23- b2 13 by 26,
1,14 b2 26-""ba 17 b1 23+ b1 17 bo23- Vb 14 by 26,
-bg 18 by 23- " ba 15 b1 g6+ b1 17V bo2at+ by 14 Vb 07,
-"by 13" by o7+ " by,15 ' b225+ by 18 b 92V ba 16 ' D1 24,
-by 14 by o7+ b1 15 b2 26+ 0118 VDo 23~ Vb 17 b1 24,
b1,15 b2o7- "o 15 b1 o7- Vb2 18 Vb1 24+ b1 ,18 Vb2 24,
- by 16" b1 25+ b1 ,16 'V b2,25,
“by.16 ' b226-""b2,17 " b1 25,
116 Vba27- " b218 b1 25,
-y 16 " b1,26+ " b1,17 b2 25,
“by17 "ba26- "' b217 "' b1 26,
Dby,17 " ba 27~ " ba18 ' b1 26,
-ba 16 b1 o7+ b1 18 b2 95,
- by 7" by 97+ by 18 o 26,
by 18 " bo 27~ Vo 15 by 27]

fori=1,2.
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Coefficients of the numerator involving the solution for y, Eq. (5.40b):

ny = [y Vbo a9+ oy by g,
-1by 1 ba g0+ b by 10,
-Wby 1 Wbo a1+ "baz by 19,
-Wby o by 19+ b1 b1 20,
-by 9 by o0+ b2 by 20,
-y o ba o1+ b3 " by 20,
Dby 1 Wby 01-""b1 3 ba 19,
-by 3" ba oo+ " bo2 " by 01,
-"by 3" by o1+ " bo3 by 21,
=byq Wby oat by g by 19+ bo 1 by 20 by g Vo 19,
-by g bo g+ by by go- by g bo 20+ bas by 19,
Wbog b1 19+ "oz by 2a- b1 Vbao1-""b11 " bg 04,
Dba1 by 23+ b by 00~ ""br 5 b 19~ " b1 2 ba 22,
-y bg ozt b o by 03- by 5" bo oo+ " bos by 20,
Wby 'by 20+ ba3 Vb1 o3~ "b1 2 bo0a- by 5 bo 0y,
b1 by 24+ "o g Vb1 21- b1 3" bo 29~ ""b1 6 ' b2 10,
Do s by 1- b1 3 Vb oz~ by g boo0+ " bo 2 by 24,
=13 "baogt "oz by 04 b1 g b o1+ bog by o1,
Wby g by 92+ ""bog Vb1 o5~ b1 M boos- by g g 9o+ a7 by 19- by 7 b2 1,
=by 1 Wby gt bo o by st o g by 1g- """ 014 baag- b1 7 bo s+ a5 by 20,
=by 1 Vo o7t bog by 9o+ ""ba 3 by o5- b1 g o 0= by 7 Vo014 o g by 19,
= by2 b 25~ ""b1 gV bg 19+ b by 26+ b2 by 23- by 5V bo 9o+ a7 by 20,

i (1 i) (1) i) i (1) 1) (1) (1) i) (f
-by g "baog-""b12 " boogt ""ba o by 26~ ""b1 5" ba o3+ " bag by 20+ " bos by 03,

269
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i i) i i) (1) i) (i) (i) (i) (i) (i)
b3 by a6+ bog Vb1 23~ "b1g M bo o1+ bag Vb1 o0~ b1 5 M bo2a- 012 b 07,
t i (1) 1 i i) (i {1) i i i i
Wb 7by 214 "boa by 2a-b1g bo 19+ """ba g by o7-"b1 6 bo 92- by 3 by o5,
(i ; (i i (i) i) (i) (i () () (#) i
'bo5 by 24+ "o g by 21- b1 3 boo6- b1 g " bo oot "ban by 97- by 'V b2 23,
i i i) (i (2) i) (7 (4 (i i i) i
Wb 3 by o7- b1 Vb oatbog by 91- by 3 bo a7t "bag by 04~ b1 g b2 21,
Wbo 7'y 29+ "baa Vb1 25~ ""b14 " bo25- " b1 7" ba 29,
Wby 5 by o5+ " bog by 29- by g by 26- " b1 7 " by 03,
(2 (2 i) 1) i) i ' '
'bo6 ' br,as- b1a baar- Vb1 7 bogat bag by 20,
-0by 8 Dbogat bs g by o6 b1 5 b o5+ b7 by 23,
Dba 5 by 26~ "b15 " boogt bag by 23- b1 g by 03,
by g by 26~ "b1,g b 2a- b1 5 " bo o7+ Vbog by 23,
(i)b2’7(i'}b1,24_(')b1’9(i]b2,22+(17b2’4 (‘)b1,27'“Ibl,ﬁhlb2,251
Wby g by 94+ o5 by o7- b1 bo g~ " b1 g " bo 3,
- by g Vbo ozt bag by 94 Vb1 g b 2at " bag by o7,
- 9by 7 Vbg 25+ bo 7" by 25,
- by 7 Vbg 26+ b g by 25,
(')b2,9(i)b1,25'(i)b1,7(i)b2,277
-0by g Vbg 95+ ba 7 by 26,
i (i) i i
-0by g Vbo 26+ bog by 26,
by g by 26- b1 g b2 a7,
-by 9 Wby o5+ bo 7 by 27,
. ) ( .
-by g by g+ bag by 27,
Dbag by27- b1, b 27

for =1, 2.
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Coefficients of the denominators involving the solutions for z and y, Eq. (5.40c):

Bdt = [-Dbyq b0+ Vb1,1 Vb0,
- Wby Wby 10+ by Vb 11,
by,1 Vbg12- Va3 by 10,
- Wby Wby 11+ by Vb0,
-bg o Wby 11+ Vb1 2 Vo1,
by 2 Vbg 12-"bo 3 by 11,
by,3 o 10- a1 Vb1 12,
by,3 " bo11- b2 by 12,
13" ba19- bo g by 12,
by 1 Vb3~ by by 13+ Vb4V bo10- " b2a by 10,
-Wbg g by 13- b5 by 10+ Vb1 Vo 1at b1 gV bo 11,
by 1 Wbo 15+ "b1 g Vbo19- Va3 by 13- bos by 10,
-bg 1 Wby 14~ Vbo g by 114 by s Vbo 10+ 012 M ba 13,
- Wby o by 14- Vbas by 11+ by sV ba 11+ 012 bo 14,
b1 Wbg 15+ by 5 Vbo19- Vbag Vb1 11~ ba3 by 14,
by 3 b 13+ "b1g Vbo10- baa Vb1 12-boy by 15,
W16 o114+ b1 3 bo1a- Voo by 15- " ba s by 12,
- by by12-"bo3 Wby 15+ by gV bg 12+ by 3 by s,
-Wby1 Wby 16-"baa "V by,13+ b4 Vb2 13- 7 by 10+ by 1 b2 16+ 01,7 VDo 10,
- Wby g by 10- " bo 2 by 6~ "bas by 13+ by Vb a7t by g Vb 14+ by 7V bo 1,
-Wba3 Wby 16+ b1 Vbo s+ b17 Vo 1o+ b1 4 bo1s- b2 g by 10- " boe Vb1 13,
-bg g by 1a-""bo 1 by 17+ by s b 13- ba 7 by 11+ by 2 Vo 16+ b1 g b2 10,

_mb2,8";bl,ll"'!b2,5mbl,l4‘(']b2,2Mbl,17+[,"bl,s(']b2,l4+mb1_’2 mb2,17+:"'bl,sme,lly
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- Wby 3 Wby 174+ Vb1 2 Wbg 18+ b1 s Vo 15+ by g Vo 1o-bog Vb1 11- Vbag by 14,
16 bo 13- Vo7 by 124 by g b 10+ Vb1 3 bo 16~ bo 1 by 18- o s b 15,

- by g by 19+ b1 Vbo 11+ by 3V ba 171 by Vb2 14- Vb2 2 by 18-V ba 5 by 15,
- Wby b5+ bz Vbo 18- Vg by 12-bo3 by 18+ Vb1 g Vo 15+ by Vb2,
- Wby 4 by 16+ Vbra Vboa6- P bar Vb1 13+ b1 7V boas,

- Wby g by 13- "bos by 16+ Vbra Vb a7+ by 7 Vbo a4,

Dby 4 Vbo 18+ “b17 Vb 15-bog Vb1 13- " boe by 16,

by 5 Vbg 16~ Vb7 Vb1 14+ Vb1 g Vba 13- Vo4 by 17,

- Wby g by 14~ Vbos by 17+ by s Vb a7+ by g Vb1,

by 57 bg 18+ b1 g by 15- Vbog by 14- Vb by 17,

“by,9 ' b 13- ba7 by 5+ b1 g Vo 16- o by 18,

- Wby g Wby 15+ Vb19 bo1a+ Vb1 Vo 17V bos by 18,

by,g Vb5~ bag by 15~ bog by 18+ b sV ba s,

- by 7 by 16+ b1,7 b2 16,

-Wbyg by 16+ br,7 207,

-bog by 16+ 1,7 b s,

- Wby 7 Wby 17+ by g o 16,

by g "bo17- bog by 17,

by g o 18-""bog by 17,

- Wby 7 by 18+ Vb1 ba 16,

- Wby g by 18+ g Vbaay,

“1byg o 18- bog by 18]

fori=1,2.



Appendix E

Polynomial Eigenvalue Problem

E.1 Overview

In this subsection, a brief introduction of matrix polynomials is presented. This is

followed by the roots of a polynomial matrix solved as an eigenvalue problem.

E.2 Matrix Polynomial

The elimination method has led to a problem of the form:

Ut=0 (E.1)

where U is an m X m matrix, whose elements are polynomials in terms of ¢», and
t is a nontrivial vector, whose elements are of the form ¢!, where i = 0, ..., n, with
n =m — 1. A solution to this problem occurs when matrix ¥ is singular.

A matrix polynomial may be written as:

k
U(g) =) WX (E.2)
1=0
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where W; are m X m numerical matrices defined by the geometrical parameters of
the manipulator, A is the variable of the matrix polynomial (A = ¢»2), and k is the
largest degree of the variable A in the polynomial matrix. For the case of the 4-PRR
manipulator £ = 8 and for the 4-RRR manipulator £ = 20. The aim is to find the

roots of the polynomial equation,
£(A) =|(A)[ =0 (E3)

A matrix polynomial of degree k is said to be monic if ¥;, = I, I being the identity
matrix. Let U, be a non-singular and well-conditioned matrix. As a result, the
inversion of W, does not introduce severe numerical errors. Thus, the following

expression can be written as:
} k
T(A) = T T(N) =) TLTN (E.4)
i=0

where ¥() is a monic matrix polynomial and its determinant has the same roots as
f(A). Let Ao be a root of the polynomial; therefore, ¥()\g) is a singular matrix and
there is at least one non-trivial m x 1 vector in its kernel; i.e.,
k
T(No)t = (Z 0! \1;1.,\;',> t=10 (E.5)
i=0
where t is the nontrivial vector, which contains the variables ¢, and 0 is a m x 1 null
vector.
Further details on matrix polynomials and their properties are given in Gohberg

et al. (1982), and Golub and Van Loan (1983).
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E.3 Eigenvalue Problem

E.3.1 Standard Eigenvalue Problem

In this section, the roots of the monic polynomial are solved as an eigenvalue problem.

Theorem E.1- The roots of the determinant of the monic matrix polynomial

W(A) are equivalent to the eigenvalues of the following matrix:

[ o, L. 0, Om |
0,0, D N (U
K= : : : : (E.6)
0,, 0,, 0,. ] I
78 TR L A 7 A A

with 0,, and I,, being m x m null and identity matrices, respectively. Moreover, the

eigenvectors of K, for a corresponding eigenvalue )\, are of the form:

T

t Xt Aot = A5 (E.7)
where t is the non-trivial vector in the kernel of (), the same as in Eq. (E.5).
Proof: The eigenvalues of K correspond to the roots of the determinant,
|K—sI| =0 (E.8)

Let sp be an eigenvalue of K. As a result, there is a non-trivial vector or eigenvector

T in the kernel of K—syI as follows:
T:[t{ QR (E.9)

where each t; 1s an m x 1 vector.
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The relationship between matrix K and eigenvector T is given by

KT = 5,T
[ 0w Ly 6 = Oy || & | 4|
O O In - Oy t to (E10)
=59
1 Oin On - s Iy tr 1 te 1
U, Uy —U, U T, Ty - 0Ty th te |

The multiplication is carried out for each sub-matrix of K and the following rela-

tions result:

to = spty; t3 = spto; 't tr = Sotr_1 (E.11)

and
—W, Ugty — Uy gty — U, oty — ... — U, U, b = st (E.12)

These relations can be reduced to:

t; =55t for1<i<k (E.13)

and
(U, Uo + 500, Uy + 520, Uy + ... 455710, Uy + s51,)t =0 (E.14)

The proof of Theorem D.1 shows that Eq. (E.14) and Eq. (E.5) are equivalent.
Therefore, s is a solution of ¥(A) =0 and t; is a vector in the kernel of ¥()g). Thus,

every eigenvalue of K corresponds to a root of f().
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E.3.2 Generalized Eigenvalue Problem

Assume that matrix Wy is singular or close to being singular. If so, the inversion
of ¥, cannot be done, and the polynomial matrix can be written as a generalized
eigenvalue problem.

Theorem E.2- The roots of the determinant of the monic matrix polynomial

U(A) are equivalent to the eigenvalues of the of the generalized system:

(K;A-K3)T =0 (E.15)
where
(1. 0, O O | 0, L. O, O |
0, I. 0,, 0, 0,, 0,, i 0,,
K1= KQ—
0,. 0, La' 0 0. O 0, L
| G B -~ O By | By =y By - iy |

with 0,, and I,,, being m x m null and identity matrices, respectively.

Proof: The relationship between K;, Ky, sy and T is given by:

K;sT = K;T
[ Lin Op 0,, Om- i t1 1 i D T 0., 0. 11 t1 [
0,, L. 0,, O, to 0., [} i [ O to
S0 : =
0 Om --- Ln On te s 0n 0, 0, --- I, te s
_Om 0, --- Op \I’k- I tr | _—\Ilo -0, -0y .. —‘I/k~1_ | tr |

(E.16)
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The multiplication is carried out for each sub-matrix yielding the following rela-

tions:
to = sgty; t3 = spta; B tr = Sotr_1 (E.17)
and
Ursoty = —Woty — Wito — ... — Wp_ 1t (E.18)
Inverting ¥, and substituting t; = sf,_ltl, for 1 <1 < k, in the last relation yields
(U W0 + 50U 0 + 30 Wg + ... +sp 1010, + 5808 =0 (E.19)

This proof corroborates that Eq. (E.19) and Eq. (E.5) are equivalent.
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