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ABSTRACT

This dissertation examines the performance of self-tuning adaptive filters in non-
stationary environments and deals with extensions to conventional adaptive filters
that lead to enhanced performance. A number of the available self-tuning adaptive
filters, called doubly adaptive filters for the present purposes, ave critically examined
and three new schemes are proposed. The first and second are based on the normal-
ized 10;).51;-meag-squa‘res (NLMS) adaptive filter, and their formulations are contrived
t¢ minimize the misadjustment in a convergent scenario and random walk scenario,
respectively. The first of these filters, called reduced adaptation state estimation
(RASE), achieves performance near that of the recursive-least squares (RLS) algo-
rithm under known additive noise statistics and moderately correlated input samples.
The development of the second proposed filter introduces the idea of having more

than one adaptive filter applied in parallel to the same input and desired signals.

This concept, called parallel adaptation (PA), is applied in both NLMS and RLS
<ontexts in order to achieve optimal steady-state misadjustment in a random walk

- séenario, Numerous simulation results are presented that support the present analysis

and dernonstrate the effectiveness of the proposed algorithms in a number of different

nonstationary environments.
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Chapter 1

Introduction

1.1 Adaptive Filters
i.1.1 Introduction

An adaptive filter is an adjustable filter equipped with 2 mechanism for the pur-
pose of minimizing mfhex explicitiy or mlphcn:ly, the mean-squared error (MSE) or
the variance of the dll['mcnce between the filter output and some reference (so-called
desired) mgnal "l‘he basic adaptive filter is depicted in Figure 1.1. Finite-duration
impulse Lesponsc‘ (I‘IR) adlustable filters, and in particular transversal-structure fil-
ters are tu,atctu V\’lule other structares have been recommended for adaptive ﬁlters
for various reasons, the object of this thesis is to introduce an approach to the treat-
ment of adaptive filters in nonstationary environ:nents. In consequence, the most
common and simple filter strucﬁufc isTadopted from which the present development
can proceed wit‘hc}tt tmdué clutfer—;

The essence of ah a(iaptive filter is embo;die‘d in the adaptation scheme by which
the adJ ustable filter coefficients are modified: Not sulpusmgly, these methods are gen-
cmlly cumlogous to optlmlzatlon techniques, Spec lﬁgally, Cauchy’s steépest-descent‘
method [1] and l‘;ewton s method (see, e.g., [2]) are represented in common adap-

tive filters. The former technique has an adaptive filter counterpart in the so-called
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Figure 1.1: Adaptive filter

leazt-mean-squares (LMS) algorithm, first introduced by Widrow and Hoff'in 1960 [3].
The latter optimization scheme is perhaps best represented in the adaptive filtering
literature by the so-called recursive-least squares (RLS) algorithm. This schenie, a
simplification of the Kalman filter [4], follows directly from Woodhury’s identity [5).

There are a number of good textbooks providing excellent introductions t¢ the
subject of adaptive filtering [6] [7] [8] [9]. In consequence, the present introduction
mainly concerns itself with the presentation of necessary notation and terminology.

Throughout this work, the attempt is made to examine adaptive fillers in an
application independent manner. Though simulations will necessarily involve an ap-
plicéﬁiéjn'rljlodel and coniments will be made with regard to cerbain practical consider-
ations, the applicability of the algorithms to be discussed will be left to the references
and subsequent research.

Consider, then, an adaptive filter applied to a transversal filter of order N ~ L.
The filter tap weights are denoted by the vector wi. The symbol x iy uged for the

filter input, i.e.,
wp=[w(k—=N+1) 2(k—N+2) - a (k)" (1.1)

where z(k) is the filter input at sample k. The filter input is taken to come from a
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vono-mean random process with variance o2 and for which the probability of || x ||= 0
ie zevo for all £. At every iteration, the output of this filter is given by ¥ = wixy,

where superscript T' denotes transpose. The error signal is given by
a d . | . (1 9
ex = di — yp = X3 (Wr — W) + e, 2)

where d, the desired response, is taken to be thg sum of the output of a nonrecursive
target filter (the Wiener filter) of order N — 1 ‘having tap weights wy and additive
noise € which is assmmod to be stationary, white, Gaussian with unknown variance

ol and lndcnendent of the filter input. This simplification, which is common in the

literature, is equivalent to taking the differences between the Wiener filter outputs

and the desired response to be subsumed in the additive noise. This can be quite a

poor assumption in some itnportant adaptive filter applications, but continues to he
used for the tractability that it affords. Finally, the weight error vector, vi = wi—Wy,

is defined for convenience.

1.1.2 The LMS Algorlthm

Optimization with respect to the mean-squared error is complicated by the fact that
neither the objective function nqp its derivatives with respect to the filter tap weights
are available. The standard LMS solutioq to this probléﬁl, 1s fc use an instentaneous
est;in."m.tc,ol" the gradient of the MSE,’ni‘xmely, VwE(e}) = Vywei = ~2e:x in a
steepest-descent manner [3]. That is, the filter weights are modified at each iteration

by a small step in the opposite direction of this gradient estimate, i.e., -
Wit = Wi + jteesXp (L.3)

where pi, the so-called stepsize or convergence-controlling parameter, is used because

our inability to measure the objective function precludes the use of any line search.
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For standard LMS adaptation, uj is fixed. Vatiants on this include a large number
of LMS-"based algorithms for which the explicit sample dependence is necessary, or
example, the normalized LMS (NLMS) method [10] [{1], in which i = ji/ (7 +x1 %),
will soon be examined, The small constant v is used in pfra‘cl;.i‘c:'ta to avoid division by
zero, but for the present purposes this quantity is assumed to be zero. The quantity ji
is then considered to be the NLMS convergence-controlling pa.mh‘lcter; The advantage
of the NLMS algorithm is that no knowledge of the inpuf statistics is necessary in
order to guarantee convergence under persistent excitation [12]. The term persistent
excitation refers to the property of an input signal that permits the unknown modes of
the adaptive filter to be tested and subsequently modified, providing a unigiie Wicner
filter. If the two-sided spectrum of a signal is nonzero at n points, the si g‘.‘imy'lr i said
to be weakly persistently exciting of order m [13]. 1f an input signal ig not, persisl;qntl y
exciting, there can be no guarantee of convergence (lor a more thorough discussion

of this topic, see [6]).
1.1.3 The RLS Algorithm

The conventional RLS adaptive filter (see, ¢.g., [6]) recursively minimizes the objective

function
k
kg 2
2:'X Ej
=0

where A is the so-called forgetting factor, and
e = dj — Wiy X4

are the a posteriori output errors. This minirnization is accompligshed via the standard
Wiener-Hopf solution [14]

-l

k k

A ! kh—-' /i k-'—‘

Wi = [ DA lij; Yo MNTdixy |
j=0 J=0
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This solution is obtained recursively using the standard RLS jteration

Wews = Wi & Pixier
T = TRTR -+ x',{.'kak
1{. kaka'Pk
a1 = = | Pp = ———— 1.4
Py /\( ET N TP (1.4)

where e, are the previously defined a prior: output errors. While the RLS proéedure
explicitly minimizes a weighted sum of the « posteriori errors, the performance cri-
terion of interest is still the mean-squared @ priori error (MSE), which measures the
adaptive filter’s ability to anticipate a desired behaviour. The matrix P is a scaled

estimate of the inverse of the input covariance matrix, i.e.,
R=E (xx}) .

For the ben¢fit of a unified terminology, the RLS forgetting factor is referred to
as that algorithm’s convergence-controlling parameter. While the choice of A is not
us‘.ua.lly made with convergence in miind, the ability of the RLS algorithm to reconverge
after ‘a sudden change in the statistics of the desired signal depends directly on its
value,

As one might expect from basic optimization theory, the quasi-Newton-like RLS
prqce(lure provides better convergence behaviour than the steepest-descent-like LMS
algorithm. This is especially true in the case when the contours of the objective MSE
are not hyper-spherical {7]. This occurs when the samples of the input signal are

correlated.

1.2 Adaptation State and Adaptation Environ-
inent

The term adaptation state is used to describe the operating staté of an adaptive

filter and consists of the instantaneous weight error vector vi. In practice, however,
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a derivation of a reasonable estimate of this quantity cannot be expecled, é.l.t‘l‘,d 50
one must settle for an estimate of its second order statistics, B(vyvi). Further, the
estimation of this entire matrix is impractical, As a vesult, the reduced adaptation
state to be considered consists of its trace, |

The adaptation environment consists of the statistical p.trohmrtics of the input and
desired signals. While much of the analysis of adaptive filters in the literature is
based upon stationary environments, the application of adaptive filiers is cspecially
advantageous when the environment, is nonstationary, In gencral, environmental non-
stationarities can be categorized according to whether the statistics of the filter inpuf,
the desired response or both change with respect to time, T]u’oughom; this work, the
filter input is taken to be sta:tionary, although this is not necestary for the a.’pplicéw |
bility of the following algorithms. Further, the additive noise is taken to be relatively
stationary by comparison to the desired signal. Models of nonstationarity, in con-
sequence, become models of target filter weight behaviour. Tn the literature, the
first-order Markov model is most common. Moreover, this model is often simplified
to become the random walk model, foliowing [7], in order to improve the tractabiiity
of the problem.

This approach inimédia,tely hag consequences in the analysis of the fwo algorithms
to T considered. For example, the time-dependence of 1 in the NLMS procedure
provides robustness in the presence of unknown or nonstationary input rather than
improvacl»«perforinance in an otherwise nonstationary environment. I'he possibility of
an NLMS filter for which i is time-dependent in an attempt to provide performance
enhancement in desired signal nonstationarities will be considered shestly, Purther,
the RLS #-update and Péué\date equations (1.4) can clearly be decoupled since the

latter is independent of the desired signal. In consequence, the distinction between a
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| steady state with respect to the input and thai with respect to the desired signal is
made. Without qualification, the term steady state denotes the latter since the injub

ig taken to be stationary.
-

1.3 Performance Evaluation

‘As one might expect, the MSE resulting from the application of an adaptive filter can -
never be less than the variance of the additive noise. Of course, this quantity is also
the MSE resulting from the substitution of the adaptive filter by the Wien2r filter, and
is often referred to as the minimum MSE (MMSE). The excess MSIE, in consequence,
is simply the difference between the actual and minimum MSE’s. /]‘,{[oreover, the
misadjustment, one of the most useful quantities by which to gauge tﬁe perfofmance
of an adaptive filter, is simply a normalized excess MSE: the ratio of excess MSE to
MMSE. The learning curve of an adaptive filter is simply the ciurve representing the
expecté(l' misadjustment against time. |

When adaptive filters are applied in unknown stationary environments, the most
meaningfui measures of performance are the time that it takes the adaptation algo-
rithm to converge and the rnisadjustment at corivergence (MAC). Indeed, a trade-off
exists in conventional adaptive filters between these twc performance criteria. In
consequence, the learning curves for conventiona! adaptive filters (neglect’ \g initiai—
ization effects for RLS adaptation) belong qualitatively to the set shown by the solid
lines in Fifgurlc 1.2: either they both converge quickiy and levei off at some high value
of MAC, (Sr they provide good MAC performaﬁce after taking some time to achieve
that ichl

In nonstationaty environments, on the other hand, there is a performance tfa-de-off

between the so-called estimation and lag erroré:, the two components of excess MSE
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Figure 1.2: Adaptive filter learning curves

in the presence of a nonstationarity. In effect, adaptive filters that are designed to
perform well in quickly varying situations perform poorly when their environment is
stationiary and wice versa. The estimation error is a measure of how well the adaptive
filter performs in a stationary environment while the lag ervor measures the ability of
the adaptive filter to respond {o a highly nonstationary environment. The minitmum
mean-éqﬂared—errgi, ‘the sum of these error quantities, can, in principle, be obtained
by tuning the convergence-controlling paraieter of the conventional adaptive filter
(15] [16]. Unfortunately, this procedure is rarely practical. Real nonstationarities-are
unlikely to comply wiﬁh an experimental tuning procedure. On the other hand, even if
an accurdte model of the nonstationarity in question were available, an analytic tuning
method is difficult to obtain and may not be forthcoming, Indeed, such methods
exist only for moét simple and artificial nonstationarities. in particular, the random
walk limit of the first-order Markov model of nonstationarity is the most frequently

examined {15] [16] (17].
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1.4 Doubly Adaptive Filters

The introduction of the term doubly adaptive (DA) filter to refer to adaptive filters
whose convergence-zontrolling parameter is permitted to vary with time is problem-
atic. The difficulty arises due to the fact that this is precisely the description of what
used to be called “adaptive filters.” Indeed, th;a term “filter” (usually meaning a
I(almamtypé*ﬂltexr) was used in the literature of a number of decades ago to refer to
what is presently calied an adaptive ﬁlﬁer. Tor the present, however, the term will be
adopted. ” |

The level at which a doubly adaptive filter adjusts its tap-Weights is termed pri-
mary adaptation. The adjustment of the convergence-controlling parameter of the
prima,ry adaplation process, on thevther hand, is referred to as secondary adaptation.
Further, only certain algoiithms in which secondary adapf;ation involves memory will
be considered. For exarple, the NLMS algorithm itself could be regarded as a doubly
adaptive filter with the secondary adaptation taking the form of | ﬁormalizationg. This
and related algorithms, including thqse due t(; Mikhael, Diniz and their respective
co-workers [18] [19], have no memory :;mssociated with their secondary adaptation and
consequently behave like singly adaptive algorithms in nonstationary environments.
That is, they are robust and predictable, but subject to the same convergence-MAC
performance tradeoff as more conventiona‘l";alg@iﬁl‘iﬁls. As a:‘res‘ult, these methods
will be treated as singly adaptive for the present purposes. Moreover, only those ai-
gorithms whose secondary adaptation is principly data-dependent will be considered.
Tiie convergence-controlling parameters in the algo;f*ithms of [20] and t21] are governed
in a deterministic and semi-deterministic manner respeétively and, in consequence,

algorithms of this type will not be addressed.
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i.5 Outline of Dissertation

The present work is organized as follows: Chapter 2 summarizes current doubly adap-
five filters and their shortcomings. Chapters 3, 4, and 5 present new DA algorithms
based on conventional NLMS and RLS adaptive filters. These schemes govern the
convergence-controlling parameters (jix and A, respectively) of those &),IgOlril,l\;i‘ls in
an attempt to minimize the excess MST in a model environment,.

The first adaptation environment model to be considered is one in which the
desired signal is piecewise stationary. That is, sudden changes in tavget filter are
considered. In this eﬂvii'onment, the attempt is to achieve a learning curve following
the dashed line in Figure 1.2. Indeed, if the convergence-controlling parameier were
governed properly, this curve is clearly obtainable. As will be seen, the RuS adaptive
filter can attain such performance by a number of means, An NLMS-based algorithm
that approximates this learning curve is presented in CJgaﬁter 3. This scheme, involv-

i . [ .
ing an explicit estimate of the trace of the instantaneous weight error covariance, is
called reduced adaptation state estimation (RASE). .

Subsequently, the random walk model of the envitonment is considered. In this
event, the édiiirergence-controlling parameter of the CO[lV(—ﬁ[ItiOI;lilll "a,lgorii;hrr,l, i9 gov
erned so as to “tﬁne,” the algorithm to provide the optimum steady-state misadjust-
ment such that the sum of estimation and laig errors is minimized. Two algorﬂ;h ms
that émpproximately achieve this optimal tracking are presented in Chapters 4 and
5. THesé sch'er”nesbfe’quire additional complexity in the form of independent vr semi-
independent adaptive filters app]ied in parallel to the same signals, In consequence,
they will be termed parallel adaﬁt‘déion (PA); afxd the PA-NLMS and il'r‘:A.Jl{i,LS; a;"lfgo-%
rithms will be based on NLMS and RLS conventional adaptive filters respectively.

In Chapter 6, the performance of the proposed algorithms is compared to that of a |
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number of existing DA methods via a suite of simulations, All aspects of adaptive fi'ter

performance are examined using a number of simulated nonstationary environments.




Chapter 2

Existing Doubly Adaptive Filters

2.1 Introduction

A number of doubly adaptive filters have been proposed in the literature in the last
decade or so. Unfortunately, it is not entirely obvious [rom these papers what their
advantages or shortcomings might be. Indeed, the compatison ol DA algorithms with
conventional adaptive filters or other DA schemes is somewhat problematic due 1o
the fluidity of the various performance evaluation criteria that have been used. Alter
a brief discussion of these difficulties, a qualitative examination of some of the more

recent DA methods will be presented.
2.1.1 Sensitivity to Algorithmic Parameters

Doubly adaptive filters govern the convergence-controlling parameter of the “parent”
adaptive filter on which they are based. Presurmably, this “buning” takes place because
the engineer who designed the filter wanted the convergence-controlling parameter
to be continually optimal for the environment at hand. Tn other words, since thig
engineer could not foresee what value, or sequence of values, would be needed for
the best performance of the adaptive filter, a DA algorithm was selected in order to

~ approximate this best sequence according to some sensible scheme.
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Unfortunately, all doubly adaptive methods also have algorithmic parameters for
which values need to be selected. If the selection of these values is as or more dif-
ficult than the selection of the best sequence of convergence-controlling parameter
values, then there is no advantage to‘us‘ing the DA scheme in the first place. In con-
sequence, it 1s im[‘)or"t’an‘t that DA methods Be introduced with guidelines by which
to choose algorithmic parameters and that some investigation into the sensitivity of
the proposed algorithm to those choices be supplied. Unfortunately, a number of
existing DA rneth;)d's' have been i)resen’ted without any attempt to provide g,such in-
formation. In these cases, the sifrmﬂdtion results thaf are used to dernonstrate the
performance of the given DA method may have involved careful tuning of a number
of parameters. In some‘caées, the success of thq» method was entirely dependéfnt on
this ‘careful tuniné due to a high de‘g’ree}: of sensitivity to parameter values. Unfortu- -
n?n.tely; this tuning procedure is rarely feasible in practice, and so its use gives the DA
algorithm an unfair advantage against conventional schemes for which selection of the
convergence-contr?olling pa;#ame’ter Is usualiy rather straightforward. More often than
not, the choice of DA algorithmic parameters depends on some a priori knowledge of
the adaptation en‘vi‘rbnmen’o.. However, the implications of this necessary knowledge

are sometimes left unpublished.
2.1.2 Sensitivity to Environment

Another difficulty with the comparison between DA methods is their ran"ge“ of sensi-
tivity to the adaptation environment. For example, it is well known that LMS-based
com’entionzﬂ. emlgbgithnls are quite sensitive to the correlatedness of the filter input
samples. Can oné expect the sénsitivit'fy of LMS-based doubly adaptive methods to
this condition to be equivalent to that of their parent a‘l\gotithm?j For some simple DA

methods, it is clear that this is the case. For more involved DA methods, however,
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the answer to this question is less clear. In fact, this issue has not been addvessed in
any of the appropriate references, As shall be demonstrated in the simulatious, there
is often no advantage in the existmg DA procedures for highly coloured input. The
correlatedness of the input signal is just one aspect of the adaptation environment
for whif:h the sensitivity of DA algorithms is both important and unknown:

Due to the latitude available in the specification of a nonstationary envitonment,
an apparent advantage of one adaptive filter over another can be manufactured by
simply choosing to fix those aspects of the environment tr vhich the algorithm of
choice is most sensitive. In this manner, any of the DA algorithms to be considered
seem to deliver performance improvements over their parent flter. In most cases, bthe
performance advantage of the DA method is legitimate. As shall be demonstrafed,
however, there is no real beneﬁt to using some of the existing DA methods over
conventional adaptive filters. Of course, it is just as true thai a given algorithm can
be shown to perform poorly by focusing on those environmental aspects to which that
method is most sensitive. Resisting that temptation, the attempt has been made in
Chapter 6 to provide a reasonably fair comparison between existing and proposed DA

methods.

2.1.3 DA Pérforma,nce Evaluation Difficulties

As has been discussed preiviOUSIy, adaptive filter performance is measured by a number
of criteria: convergence, MAC, tracking and reconvergence. Unfortunately, not all of
these have universally accepted definitions. Only misadjustment at, convergence needs
no clarification.

The term “tracking”, for example, depends on the ‘nbrfn’ﬂ;&iﬁ(ﬂl:tfih)/ to be tracked.
Since the simplest nonstationarities are the most artificial, it comes as no surprise

that researchers cannot agree on how exactly an adaptive filter’s tracking performance
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‘is to be measured.

An éxamination of the term “convergence” reveals another dilemma. Convention-
ally, this term has meant the time it takes the adaptive filter to attain its MAC in
expectation. From Figure 1.2, it is clear that this is most appropriate for conventional
algorithms f(;yr whicfih the learning curve is the sum of constant and exponential terms.
On the other hand, such a definition for convergence is quite inappropriate for the
“optimal” DA filter whose learning .urve is stylized by the dashed line in Figure 1.2,
since MAC, zero in this case, is only achieved asymptotically.

A further difficulty is introduced by the effects of algorithm initializatior. For
c‘onventr.‘.on.ali LMS-based filters, cdnvergence and reconvergence behaviours are iden-
tical. For RLS :anél many DA fiiters, on the other hand, the convergence behaviour
(from & = 0) is much better than the algorithra’s ability to reconverge after a sudden
change in the statistics of the desired signal. In consequence, the distinction is made
between first convergence and initial convergence as follows. The term first conver-
gence denotes all that occurs from /: == 0 until the steady state including iqitializati?n |
effects. Sinée ﬁon.stationary environments are the present concern, little cregiit is |

. given heuc to algorithms with good first convergence proper@ies:. Further, since the
initialization of DA schemés often requires addition parameter selection, the elimi-
nation of first conve1gencc as a pexformance crltenon helps to mlhgatc the problem
discussed in sect,lon 2.1.1. Since the response of an adaptlve filter to a sudden change
in the statistics of the desired signal is to be given greater consideration than first
convergence, the term initial convergence is used to denote the slope of Lhe learning

curve directly after such an occurrence.
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2.2 Existing LMS-based Algorithms
2.2.1 Algorithm of Harris Chabries and Bishop

The variable step (VS) algorithm proposed by Harris Chabries and Bishop in [22] is,
perhaps, the most widely cited of all DA z;lg;orithms. To avoid confusion between this
and other “variable step” algorithms to be considered, this scheme is referred to as
the HCB algorithm. This DA filter is based on rather old stochastic approximation

methods [23]..

Summary

First of all, the HCB scheme maintains & separate convergence-controlling parameter
for each tap-weight of the adaptive filter. In effect, the gy in (1.3) is replaced by a
matrix whose diagonal entries are N;, The sigti changes of the individual components
of the gx'adient estimate are then monitored. If the sign changes in a given number of
consecutive samples, the step-size corresponding to that component is decreased. On
the ot}ier haﬁd, the convergencé-COntrolling parameter for any component is increased
if the Corresponding component of the gradient estimate has the same sign over a
number of consecutive samples. Variants of this idea have been proposed in [24] and

(25].

Critique

Unlike most of the other DA algorithms to be considered, the IICB scheme does not
req;hire any knowledge of its environment to choose values for its various algorithmic
pariamf:ter& While this is a definite point in its favour, the algorithm remains quite
sensitive to these choices. While reasonable recommendations for the values of these

parameters are offered in [22], the applicability of this algorithm ig still limited by its
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sensitivity to them,

The most problematic aspect of this algorithm is the fact that it can be particularly
unrobust in the presence of correlated inputs, in direct contradiction to the conjecture
of Harris et al. [22]. This may he easily demonstrated by the examination of a
limiting case. Consider the first-order (two tap-weights) adaptive transversal filter
whose input samples are highly correlated such that the dominant eigenvector of the
input covariance ‘fnatrix is I —1)7. Further, let the weight error vector at some
sample be in the direction [1 1)7 with some large magnitude. Under these conditions,

the input vector may be expressed as a sum of the input covariance eigenvectors, viz.,

1 1
xk:wl,k[_1]+w2,k[1]-

where Eleyi| > Elzzx|. The individual components of the standard LMS gradient

estimate are then approximately some scaled form of the product #;zs% For a

transversal filter, the sign of x5 1 is expected to be the same between adjacent samples.

The sign of x4, on the other hand, will almost certainly change from sample to

sampl[e. Ip consequence, each component of the gradient estimate will continually be
clmngi»ng sign, resulting in lower values of ui for all . Unfortunately, since v has a
large magnitude, one would prefer the opposite effect to take place. In consequence,

in the presence of highly correlated inputs, the convergence behaviour of the HCB

algorithm applied to a transversal filter is very poof indeed.

Another difficulty with the papers that present the HCB algorithm and its vatiants |
is ﬂle way in which these algoritlllns are compared to the standard LMS adaptive filter
[22] [24] [25]. In all of the simulations in these papers, the convergence-controlling
parameter {or the LMS algorithm is taken to equal the lower limit set for those

of the VS algorithm. This would, of course, be fair if the variable convergence-

controlling parameters would converge to this quantity in a stationary steady state.
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Unfortunately, they do not unless the input samples are highly correlated as shown
above. In fact, with uncorrelateil input s«ﬁnples, the expected value of the variable
convergence-controlling parameters is quite a bit larger than this lower limit, In
consequence, the LMS stationary steady-state misadjustruent is always lower than
that of the variable step algorithms and it comes as no surprise that the variable step
convergence is superior.

The same difficulty occurs toward the upper limit of the convergence-controlling
parameters. The only reason that the variable step algorithm converges quickly is
that these parameters are set to their upper limit initially. In the presence of a sudden
change in the statistics of the desired signal, the reconvergence of the variable step
algorithm is, in fact; worse than that of the basic LMS algorithm providing the same

steddy-stqte misadjustment.

2.2.2 Algorithm of Kwong

Summary

The dual-sign algorithm (DSA) proposed by Kwong in [26] is a simple proto-DA
method that permits the convergence-controlling parameter of the sign-error prirnary

adaptation scheme to take one of two values depending on the magnitude of the error

signal at any given iteration.

Critique

The HCB algorithm considered above is qualitatively between the DSA algorithm and
* the DA methods to follow in that it permits the convergence-contrsiting parameters
to take one of a finite set of values. The DSA scheme, on the other hand, limits its

convergence-controlling parameter to one of two values while subsequently considered
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algorithms permit a continuous variation in their respective convergence-controlling
parameters.

The major advantage of the DSA procedure is its simplicity and (lack of) com-
putational complexity. Its immediate drawback, however, is the necessity to have a
good estimate of the additive noise power, Inileed, to follow the recommendations on
the choice of other algorithmic parameters, it is hecerasary to have some estimate of
the initial adaptation state. These requirements have been sufficiently documented in
[26], but the sensitivity of DSA performance to the estimates of these quantities is a
distinct drawback. In Chapter 3, a new algorithm is developed that also requires such
estimates. It shall be demonstrated, however, that the resulting algorithm is relatively
insensitive to the initial estimate of the adaptdtion state and provides near-optimal

petformance when a reasonable estimate of the additive noise power is available.
2.2.3 Algorithm of Shan and Kailath

The so-called automatic gain control (AGC) algorithm proposed by Shan and Kailath
in [27] has received some attention in the literature. A number of corrections are

documented in [28] and [29].

Suminary

This a.lgoril;ltl‘%m-iS an ad hoc method of reducing the step size when the cross-correlation
between input and error signal is low, and increasing it when this quantity is high.
Unfortunately, the estimate of cross-correlation is not particularly good, resulting in a
nmdnhcatlon of tlm procedure in [30]. A variant of the algorithm found in [30], which
pex[oxmb considerably better than either of its forebears, maintains exponentially
weighted estimates of the quantities tha’g are necessary to calculate the correlation

coeflicient between the error signal and efnich element of the input vector. The average
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of the absolute values of the resulting correlation coeflicient estimates is then used as

the convergence-controlling parameter in a primary NLMS process, In effect,

I N (exy)
Ly = == ~ iy %
N i=1 \/,Ek(c'z)['}k(xf‘?ﬁ

where

Ey(e?) = Asyw Ep-1(€?) + (1 = Asyw)el
Bru(x?) = Ascyw B-1 (x2) 4 (1 = Asyw)x?;

Br(ex;) = Askyw Br—i(exi) + (1 = Askvw)erxy,

This is the method thaf is used in the simulations to examine the behaviour of the
AGC idea, and is referred to as the SKYW algorithm in honor of the original authors.
The computational complexity of this approach is comparable to that of the algorithm

to be proposed in Chapter 4.

Critique

The most problematic aspect of the original automatic gain control algorithm is ity
implicit dependence on the statistics of the additive noise, in spite of the authors’
claims to robustness to that very thing. This dependence is evident \,‘vl\cn considering
what values should be used for the various algorithm parameters. Further, there are
no guidelines given for the choice of algorithm parameters. In fact, the values used in

the varioiis simulations of [27] aie not even reported. The immediate advantages of the

to the normalization of the cross-correlation estimate and that only one algorithmic
parameter, namely, A\sgyw remains. In consequence, the above SKYW algorithm can

be fairly compared to other methods with relative case.




EXISTING ALGORITHMS , 21

Remarkably, the simulation chosen to denionstrate the tracking properties of the
algorithm in [27] actually demdastrates that its reconvergence properties are worse
than that of the NLMS algorithm having the same steady-state misadjustment. In
[30], on the other hand, the variable step size algorithm is more favourably compared
with the standard NLMS adaptive filter. The further modification presented above

results in further perforrlwance improvements for this approach.

2.2.4 Algorithm of Karni and Zeng

In this section, the damped convergence factor (DCF) algorithm proposed by Karni
and Zeng in [31] is briefly treated.

Summary

This algorithm is another ad hoc attempt to reduce the step-size as the norm of the
gradient estimate decreases and wvice versa. In this case, however, an expon~ntial
relation between the gradient estimate magnitude and the convergence-controlling

parameter is maintained.

Critique

Unfortunately, all of the criticisms apprblnrjate for the original AGC algorithm apply |

. I .
equally to the DCI scheme. We might point out, however, that additional difficulties

arise when dealing with a variable step algorithm that is based on a basic LMS rather
than an NLMS ﬁltér. In particular, the upper limit on the convergence-controlling
parameter is based on stability consﬁfaihts. For the NLMS adaptive filter, algb'fithm
stability i‘s a:sstgred for positive‘ Va;lues of convergencé-cbntfolﬁqg parar;leter less than
two although there is no performance advantage in increasing i beyénd: ur;ity. For

the LMS filter, on the other hand, this upper limit depends on the statistics of the
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input signal and no necessary conditions for instability exist, Sufficient conditions
are given in (3Z]. These difficulties have not been addressed sufficiently in [31], As
a result, the application of the DCF algorithm in an unknown environment is too

problematic to warrant further consideration.

2.2.5 Algorithm of Mathews and Xie

In this section, the gradient adaptive step-size (GAS) algorithm proposed by Mathews

and Xie in [33] is treated.

Summary

The GAS method abstracts the LMS idea of using an instantancous gradient ést’n:lmte
one step further: an instantaneous estimate of the gradient of the MSE with respect
to the convergence-controlling parameter is utilized to maintain aa estinate of the
optimal parameter value for use in the primary adaptation process.

Critique

While thisi;ech‘nique is perhaps the most creative of those to be considered, the GAS
scheme does not deliver significant improvement in performance over the LMS filter
on which it is based. While the secondary adaptation mechanism of this algorithm
can succeed in providing the best possible convergence-controlling pararieter in non-
stationary steady-state conditions, its trade-off between convergence and steady-state
performance is worse than that of the standard LMS filter. In other words, if the vari-
ance of the GAS convergence-controlling parameter is within acceptable limits, the

time required for it to converge can be considerable.
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2.2.6 A'lgorithm of KWong and Johnston

In this section, the variable stepsize algorithm proposed by Kwong and Johnston in

[34] is discussed. This algorithm is referred to as the KJ algorithm to avoid contusion.

Summary

The K algorithm simply takes the LMS convergence-controlling parameter to be the
output of a one-pole filter whose inputs are given by e%. If the error signal increases,

so does the value of g and vice versa.

Critique

The paper undér cdnsitj.eration provides a clear demonstration of the power of the
standard independénce assurmptions for the analysis of adaptive filiers. Formulas are
proQided so that the algorithmic parameters can be selected to achieve certain desired
specifications. Unfortunately, these fo‘rm;llas require a priori knowledge of the powers
of the additivé noise and inpﬁt‘ signal. Unfortunately, the KJ method is also quite
' sexixsitive to input correlatedness.

i

2.3 Existing RLS-based Algorithms
2.3:1 Algorithm of Fortescue, Kershenbaum and Ydstie

.The moé“t's*igniﬁc}mf; attempt to govern the forgetting factor of the RLS algorithin toE
enhance RLS i)eﬂi.’ormance is due to Fortesécue, Kérshenbaum and Ydstie in [35] and is
referred to as the FKY falgorithnﬁ. While other RLS-based DA metihods are hinted at_
in the literature, the FKY approach is certainly the most cited. By comparison, the

proposal to extend AGC ideas to RLS primary adaptation in [27] remains untested.
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Summary

The FKY algorithm attempts to keep a measure of the information content of the
filter constant at each sample. The mechanism by which the forgetting factor of the
present sample is chosen depends on a ratio of the present MSE to an estimate of the

additive noise power.

{ ‘ritique

This algorithm was originally conceived to provide greater l?C\in.i}!il‘lGSS in the pres-
ence of impersistently exciting inputs. Its application to n,o:‘usta.l;‘iom.\,ry environments,
however, can be quite successful. The only drawback to the 'KY approach is that an
estimate of ai environmental quantity is required. In Chapter 5, it shall be demon-
strated that such an estimate can be exploited to befter advantage uging a different

criterion for the handling of the variable forgettiug factor.

I

2.4 Summary

i
Withi the nbtq.blej exicel‘)tion- of tahe HCB algorithm, the other DA algorithms ol in-
terest require éonﬁe a p%‘iov;i knowledge of the adaptation environment in the form olj
an estimate of the additive noise power. In the following chapters, three new DA
algorithms are presented. In each case, such information is not explicitly required. If
this estimate exists, however, then each of these forthcoming algorithms can be easily

modified to accommodate this information with improved performance.
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C‘hapter 3

RASE — Toward Optimal
Convergence

3.1 Introduction

This chapter concerns itself with the development of an algorithm that attempts
to govern its convergence-controlling parameter such that the misadjustment in the
subsequ;ent; sample is minimized.

In Figufe 1.2, the learning curve of an imaginary DA algorithm is shown by the
dashed line. The time-constants of each sectioﬁ"o.f this piecewise exponential curve
are inherited from the conventional “parent” algorithm whose learning curves are
provided by the solid lines in the same figure. Whenever the DA method arrives at
a conventional misadjustment bal.;l’iér’, it “shifts gears” — modifying its convergence-
controlling pa.famheter to provide another 3-dB improvement in steady-state misad-
justment. We note that the resulting DA pei‘formance is considerably better than
that of its parent algorithm: the trade-off between convergence and MAC has been
mitigated substantially. ; |

It is quite clear that l.o iﬁlplement such an dlgoritllm would neCess%é;rily require
some knowledge of the adaptation environrﬁent. In order to know when to “shift

gears” one must either have some method by which the arrival at a bariier may be
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ascertained, or have both knowledge of the MMSE and the quantities at which the con-
ventienal barriers occur. The HCB algorithm attempts the former option, while the
other existing DA methods utilize environmental information in order to govern the
convergence-controlling parameter of the primary adaptation process. Unfortunately,
none of these other methods make use of knowledge about where the conventional
performance barriers occur. This chapter will demonstrate how suci knowledge can

be obtained and utilized in a powerful doubly adaptive framework,
et g

3.2 NLMS Preliminaries

In general, the potential for using a conveidional algorithm as the basis for a DA
scheme is directly proportional to the confidence with which one can prediet the per-
formance of that algorithm. In consequence, the performance of the NLMS adaptive
filter is examined in detail. To facilitate the further development of NLMS-based
DA methods in the subsequent chapter, the present analysis is made to he quite
general, Let us consider, then, the nonstationary case in which the target filber
weights vary at each iteration according to a random walk such that wyyy = wy - 2,
where z is a Gaussian vector independent of the additive noise and filter inputs with

E(z2]) = 6oLy, Iy is the N x N identity matrix and

oo L k=]
M0 k£

While the fact that the random walk nonstationarity is an artificial model hag been
discussed in the literature (e.g., [36] [37]), the fractability that it affords permits the
comparison of numerous algorithms in a nonstationary environment, Morcover, an
algorithm that performs well in a random walk scenario, however artificial that may
be, is likely to outperform a conventional algorithm in an arbitrary nonstationary

environment.
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In the case of randomly walking target filter coeficients, then, (1.3) suggests an

NLMS weight error vector update of the form

_ Peixi 3.1
Vigl = Vi + 2k % (3.1)

If we take the inner product of this result with itself, we obtain

;7-262. + 2V%‘Zk — Qﬂekxfzk —_ 2ﬂek(ek — Ek) 39
o L (32
k >k

T T T
VI Vikp = ViVe + 27+

We now take the expected values of both sides of this result in the steady state, i.e.,as

k — oo, such that E(vz;lvkﬂ) = E’(V,Tw) Farther, we simplify the result obtained,

B p(L) =N (1)
(l 2>F(xTx) Tk xTx

in two ways. In particular, we need

namely,

5 ( 1 ) Ll 1
\xTx/ = E(xTx) No?

and A o ‘ ‘

2\

E ():’"—x) ~E () B (;%;) .
The first of these approxix’nati(;ﬁs is valid for moderate to large values of N. The
second, on the other hand. is more problefnatic. An assumption will be made that is
St‘.lﬁi‘c‘ient to justify this slecond approximation. The quantity vy = vixy is taken to
be independent of xj. This is a ‘modiﬁcation of one of the independence assumptions;
common in the literature for the zmalysxs of the standaxd LMS algorithimn (see, for -

example, [38] [6]),' namely, that the welght‘emor vector Vi is mdependen‘ of the mputr

vector x;. If we can, in fact, take vj to beé independent of xk, then an 1ndependcnce -

bgtween v and x develops in the steady state where we have E(v) = 0 as the value ..

of N becomes large relative to the input autocorrelation.

-
B R N
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It is interesting that the invocation of the classical independence ussumptibns
often includes some comment to the effect that “it has been shown to provide valuable
results in the past” rather than arguing its merits on an @ priori basis or appealing to
work infended to establish their validity [39]. Indeed, we apply the present modified
i'n,dependenée assumption on the support of the accuracy with which it allows adaptive
filter performance to be predicted, in keeping with the way in which the original
assumption is handled in the literature.

While éther researchers have examined the dependence of NLMS performance
on the input corrvelatedness (e.g., [40]), ouly the limit having autocorrelation widih
smaller than the filter length is considered. Apart from the support that this limis
gives to the present independence assumption, its consideration is warranted since the
fact that LMS-basec;l adaptive filter afgoritllms perform poorly when input samples
are highly correldteci is widely known. As a result, it is unlikely that these algorithy .
will be épplieci in conditions far from the limit of input uncorrelatedness.

The application of the above pair of approximations gives

2 +-f; 2 q e
E(e?) = g (3.3)

The quantity ¢ is the normalized nonstationarity to additive noise ratio and is defined

as

A Nz a: » 4
e T" NNR £ 101ogyo(q).

€

The corresponding misadjustment, M, is defined, given the accepted com position
of the desired mgnal as E(e?)/a? — 1. Consequently, the misadjustment at conver-
gence, M, is given by

MAC £ M., ”;_"ﬁ/t £ | (3.4)

We note that the quantity ¢ represents a limit on the misadjustment in the non-

stationary situation. The component of the a priori error due to the random walk
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is simply z]x,. The normalized variance of this entirely unpredictable quantity is
simply ¢q. In consequence, we expect that the partial derivative of the steady-state
misadjustment with respect to ¢ will always be greater than unity as is true in the
case of (3.4).

At this point, we have a fairly accurate expression for the steady-state perfor-
mance of the NLMS adaptive filter. Next, we consider that algorithm’s convergence
behaviour in an unknown stationary environment. In [20], Slock suggests the use of a
simplified model for the distribution of the input vector sequence to the adaptive fil-
ter. By maintaining the second-order statistics of the actual inputs, the steady-state
MSE is successfully approximated. A slight modification of his model is as follows.

The covariance matrix, R, of the input vectors, x;, may be written as

E(x;xt) = z r;uu

i=1

whete 77 are the eigenvalues, and u; are the corresponding orthonormal eigenvectors of
R. The simplest possible distribution th;xt demonstrates this second-order behaviour
is now constructed. The vectors x;, are then taken to be independerit and identically
dist;rib;uted ftom a di;crete distribution in which the vectors v/r;Nu; occur with equal
ljkellhoocl Thotigh this dlstnbutlon may be considered far too simple, the results
wluch lollow are worthy of consxdmatlon

Consncler;the ada.ptatgog state embodied in the matrix Sy, £ E(vivl), which is
independent of x; from f)revious assumptions, viz. |

L XX XXt oy xixT ‘
St =F [(I— k) Sk (I — xTx: )] + f*o’E [(x{xﬁﬁ] . (3.5)

Following Slock, the quantities defined by sg; = ufSiu; are examined under the

simplified distribution outlined above. We find that

(2 — i =N\ 2
k1, = [1 - Eﬁ%———#—)] Skati + (-]I—:;) af.
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Now, recalling that for i.i.d. xj the MSE may be written as
N
B(e) = tr (RSg) + 02 = a2 4+ spimi
=]
where tr () denotes trace, we have

/*-LQ

= (3.6)

My = [ - P(—Q-N_—El] M+
From this result, a number of observations can be made. We sec, for example, that
NLMS convergeice is guaranteed for 0 < ji < 2, in keeping with [12]. These limits are
also explicit in the development of (3.3). Turther, the steady state misadjustment,
which may be obtained by letting k — oo, clearly matches (3.4) for ¢ = 0. On ihe
other hand, it is clear that the convergence behaviour provided by the above simplifi-
cations is not evtirely satisfactory (in cdn't‘ra.st with Slock’s model), since there is no
apparent mechanism by which NLMS convergence can degrade in the presence of cor-
related inputs. In order to accotint for this important behaviour without complicating

matters unduly, we modify (3.6) as
Mg = [L = ER(2 —~ B)My, + €i° (3.7)

where ¢, whose nominal value is N~ and is always positive, provides for different con-
vergence behaviour under different input regimes. Note that the MAC performance,
which is independent of the input statistics, is also independent of £. A noisa-free

expression equivalent to (3.7) appears in [40]
3.3 Algorithm Development

At this point, we consider the possibility of continuous “gear-shifting” the NLMS

convergence-controlling parameter in order to minimize the misadjustment in the
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subsequent, sample. Differentiating (3.7) with respect to fi and setting the result to

zero, we find that the best choice of i is given by

e My
P = 1+Mk' (3'8)

We observe, again, that this result is independent of €. Unfortunately, this opti-
mal value depends on knowledge of the adaptation environment. The instantaneous
misadjustment, which is unavailable: to the adaptive filter, represents the reduced
adaptation state of the adaptive iilter. Without an ability to predict the NLMS be-
haviour, no estimate of this quantity could be made. Using the performance model
provided by (3.7), however, we can obtain a reasonable estimate of the instantaneous
misadjustment as follows, We construct the unknown-parameter state estimation

model
Yer1 = Fp(E)ys
E(e;) = hy; f (3.9)
where the vector y consists of

y £ [Ma? o

the transition matrix, Fi(€), is given by

L= ERn(2 - i) ERE
0 1
and the measurement matrix, h, i,éwsimply 1 1] We remark that the adaptive filter
has a readily available measurement of E(e}), namely, e3.
Taking e, to be approximately Gaussian fof moderate to large values of :N , We

deduce the shifted-x? nature of the measurement noise. While this measurement

noise may not be symmetrically distributed, the facts that it is relat . ely white and
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that its mean is zero are sufficient to encourage the use of an extended Kalman filler
for the joint estimation of y and £. TFurther, the knowledge of the underlying noise
distributions and the absence of plant noise also contribute to the confidence with
which we apply this method [41].

Applying the nonlinear extensions to the Kalman filter found in [13], we obtain

the following estimation method:

Firr = o [Fu(é0)ys + giled ~ )]
Piy = Fu(7)PE () + Q — grwngy
gr = Fu(y )f’kﬁT/‘wk
wy = hPhT + u(i). (8.10)

1

. a » . PRPAN Al Ao et . )
The estimator’s state vector, ¥, is given by ¥ = [§7 &7 (the circumflex accent

denoting estimate). We also define h & [h 0],

[0 0]

0 -1, ‘

and ‘ : '
O { PO sy ] ‘

Further, ¢ is a projection facility to ensiive that the state estimates remain roean-

~ A

Fi(£)

>

ingful (i.e., keeping the elements of § positive) [41], Q, with small diagonal entries,
provides for nonstationarities by the common strategy of pseudo plant noise and
u(y) = 2}”,5,5,11;7 = ’2h$'$fT"hT‘ 1s an estimate of the measurement noise variance, -
nally, a one~p£)le filter and lower bound are both imposed on the estimated optimal
instantaneous convergence-controlling parameter using (3.8) to arrive al, a practical
Ji sequence, i.e., |

(1~ A,l)‘./\:ik

fe=Aubx-1 + A
R 1+ Mg
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v,

pk:{ zi g%hzrxise ' (3.11)
The latter bound is intended to both ensure that the adaptation remains alive and
that. the reduced adaptation state remains observable. The values A, = 0.9 and
ji = 0,0198 are recommended, the latter corresponding to a theoretical steady-state
misadjustment of —20dB.

Finally, the EKF estimator needs to be initialized appropriately. To this end,
o = N~L, §o = [ &f'O]T are used, and Py is a diagonal matrix with entries equal
to twice the squares of the corresponding elements of §¥. The algorithm as presented

will be referred to as reduced adaptation state estimation (RASE).

3.4 Practical Considerations

The convergence of the KT has been shown to be dependent on its initialization. In-
tuitively, a recursive estimator that makes use of a linear approximation in a nonlinear
situation will converge if it starts close enough to the desired state. If it is initialized
too far zw)a.y from the global minima it may be susceptible to local minima in the
vicinity of its initial state. Indeed, such is the case with this application of an EKF.
In patticular, the RASE EKF is susceptible to local minima when initial estimates
of the additive noise variance are poor. This represents the greatest limitation of the
present method. As has been noted, however, a number of DA algorithms exist in thé
literature for which suclf an estimate is explicitly or implicitly 1‘equired. If some rea-
sonable a prior knowledge of this quantity exists, the component of Py corresponding
to the additive noise 'poWer‘sh&ul’d' be redticed accordingly. If perfect environmental
knowledge were available, for example, one would use Pg 3, = 0. This would provide
adaptation equivalent to that of a two-component-state RASE-like filter formulated

under the assumption that o? is known.
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When the filter inputs are uncorrelated, a reasonable estimate of the additive noise
power is available, and the environment is stationaty, the performance of RASE using
Q = 0 is excellent. In order to provide for input correlatedness and environmental
nonstationarities, however, we choose the diagonal elements of Q to be positive in
keeping with common pseudo-plant-noise strategies. In particular, ¢ governs the
ability of R.ASE to handle target filter weight nonstationarities and ¢gs allows for input
correlatedness. In principle, positive choices of g2 might be made in order to handle
slow variations in additive noise power. Unfortunately, the sensitivity of the RASI
algorithm to this quantity does not permit much optimism in this regard. Although
a positive Q permits the EKF to track vatiation in the appropriate environmental
quantities, the steady-state perl’orm@c,e is reduced accordingly. As a result, one
would like the diagonal values of Q to be small.

The results of simulations which qualitatively address the sensitivity of RASE per-
formance to its parameter set and provide comparison between the RASI adaptive
filter and other ‘telated algorithms are presented in Chapter 6. Due to the relative
sensitivity of the RASE algorithm to its parameters and initial estimates of its envi-
ronment, it will not be examined in greater detail. 1t is worth mentioning, however,
that the problems RASE has in these regards are comparable to those of the existing
LMS-based ]SA .algvorithm‘s while RASE performance can be significantly better, As
the subsequent chapters shall bear out, DA methods that both perform well and are
largely immune to these problems can be conceived.

bf ‘coursé, the RASE method can be modified by the replacement of the bagic
EKF aﬁs presented here by some other, more reliable, estimator. The EKI' modifica-
tions suggested in [41], for example, have been shown to guarantee EKF convergence

is certain circumstances. The literature on so-called “adaptive” Kalman filtering
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also provides options for enhanced environmental estimation. The partitioned and
multiple-model estimators of, for example, [42] [43] [44] [45] are worthy of investi-
gating for our dimensionally small application. For the present purposes, however,
these possibilities for further research are mentioned in passing. The approach of
the following chapter and especially its application in Chapter 5 seem to carry more

promise than the relatively sensitive RASE method.
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Chapter 4

PA-NLMS — Toward Optimal
Tracking

4.1 Introduction

In this chapter, another approach to the handling of the time variation of the NLMS
convergence-controlling parameter is presented. Instead of oplimizing this quantity
with respect to the misadjustment in the subsequent sample, the optimization is per-
formed to minimize the steady-state misadjustment in a random walk eavironment.
The advantage of this approach is the relative simplicity of estimating the necessary
environmental quantities. The apparent disexdva,.t;.tax,ge is the weight that it gives to

an artificial model of nonstationarity.

4.1.1 Parallel Adaptation

In order to find the best possible NLMS convergence-controlling parameter for steady-
state random walk performance, (3.4) is differentiated with respect to ji. Setting the
right-hand side of this result equal to zero and taking the more meaningful solution
in the resulting quadratic equation, the optimal convergence-controlling parameter,
viz.,

i"(q) = % [ a(q+4) - q] (4.1)
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is obtained. Tor small ¢, i* & /. On the other hand, as ¢ gets large, i* approaches
uniity. This is the value of i which provides fastest NLMS convergence in a stationary
scenario [20). Recalling the quadratic nature of the MSE performance surface with
respect to the weight error vector for a transversal filter, it comes as no surprise that
the fastest convergence occurs for a value of fi midway between convergence limits.
Values of i > 1 in NLMS adaptation result in a poorer convergence and poorer MAC.

[f a reliable estimate of the quantity ¢ were available, optimal steady-state rardom
walk NLMS adaptation would be readily available. Unfortunately, ¢ is practically un-
observable for a single NLMS procedure. The use of two independent NLMS processes
with sufficiently different values of ji running in parallel is therefore proposed. Using
two instances of (3.3) of different fi, the quantity ¢ becomes observable. The explicit
use of this principle will be referred to as parallel adaptation (PA). The application of
this idea, is not, of course, limited to NLMS adaptation. In Chapter 5, for example,
the following development will be applied to RLS procedures. One of many possible
PA algorithms will now be presented.

Consider a variab‘l‘e-ﬂ NLMS primary process and two fixed-ji (one high and one
low) indicator NLMS processes all running in parallel which will be denoted by the
subscripts v, h, and [, respectively. Let us take i, =l and fii = @, 0 < a K L.
The two indicator processes will provide for the estimation of the nonstationarity to
additive noise ratio on which i, will depend.

The natural approach is to solve two instauces of (3.3) for ¢ at each iteration, that

is,
g = G _ 20(C — el = ey
ek eh i — a2 — a)ef,

and exponentially smooth the resulting sequence:

ék = ’\q(jk-—‘l + (1 = Aq’)qk.
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As shall be seen, however, there is a performance advantage and an analysis sim-
) ? &
plification in the independent smoothing of the numerator and denominator of §,

viz.,
i Grj _ Azlrp-1 + (1 = A:)20 [(2 ~ a)efy ~ ‘Hi,k]
k= = : : ,
ek Aeeppmt + (1 — Xe) [e,zhk ~ a2 ~ cv)cf'k_]

where the values of Ac and A. depend on the application, but will, in general, be close

(4.2

to unity.
The instantaneous estimate of the optimal convergence-controlling parameter, jif,

may then be obtained using

o _ ] EG), >0 )
= { 0, otherwise (4.3)

Since a number of nonlinearities are involved it seems prudent to also smooth this

result
Popr = i} = Xufif g + (1= N)jig. (4.4)

The parallel adaptation algorithm using normalized LMS branches (PA-NLMS),
capable of self—tjuning; the value of fi toward the best possible NLMS steady-state
random walk MSE has now been outlined. Before considering how this algorithm will
perform in an unknown stationary adaptation scenario, let us consider the expected

steady-state random walk performance of the PA-NLMS method as given.

4.2 Performance Evaluation
4.2.1 Random Walk Performance

In order fo examme the performance oi any LMS based DA scheme, a number of
snnphfymg assumptions are 1eqmred For the PA NLMS algorithm, iy, is taken to be
mdependent of e; and the filter input. For A, ~ 1, this is a fair supposition since thig

will mean a slow variation of fi. Under this assumption, the MAC for the PA-NLMS
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algorithm becomes

B(f3) + ¢
MACpa- = = 4.5
PA--NLMS 2E(ﬂu) _ E(ﬂt%) ( )

In order to find E(ji,) and E(fi%), it is noted that the sequences gy, become jointly
(laussian as Aj, — 1 by virtue of the central limit theorem. The steady-state-
variances of these sequences may then be obtained under the assumption that the
sequences vy are mutually independent and sufficiently near Gaussian that the
indicator error sequences, ey, are approximately Gaussian. It is clear that any de-
pendence between vy, and v will disappear in the steady state. Further, for i <1,
at least (2 4+ ¢)~! of this MSE will be independent of v. For small values of ¢, which
can be expected in steady-state conditions, this is a significant proportion. One can
expect, therefore, that the v sequences will be sufficiently well-behaved for practical
values of N to render this assumption acceptable. Under these circumstances, the
useful relationg
cov [e?, e?] = 204,
vat [e] = 2(2 + 4)%0?,
var [a(2 — @)e?] = 2(2a + ¢)0?,

can be obtained.

It is easily shown that the steady-state expected values of §, and g, are ¢(1 —a)o?

and (1 — a)o?, respectively. Their variances are given by

408 (1= )1 = A)

cov [§z, §e) = [(1 + a)q2 + 8aq +a(l +a)(2 + oz)]

Al A 8 4 1— /\z .
var [§lde __U%FA__) [(l + a?)¢* + da(l + a)g + 2% (2 + a)]

A 4 4 1_~Ae ’
var [ge] = 'gi(”ﬂ—')‘ [ +2(1 + a)g +2(1 - a) +30?] . (4.6)

The quantity p;, the probability distribution of § in the steady-state, can now be

determined by integrating that of its numerator and denominator over an appropriate
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slice of the §; - §. plane, viz.,

o
pi(4) = /_m [P e Gy ) e, (4.7)
This can be solved explicitly for jointly ‘Gaussian ¢, and ¢, using the identity

(> o
K ]'LI exp(—-u;m) + be — ¢)da =
—0Q

K xp(—c) b m b? o ert | b
e |™ t3 PR VPR A 2/

where, for our purposes, the various paraimeters are given by

4 = §* var (4c) — 24 cov (g, Gc) + var (d:)
2[var ()var (§c) — cov?(ds, 4c)]
b= 2(1 — a)o? g var () - (¢ + q:)(:ov ((iz,ﬁc‘) +A‘ym' (G2)
- var (Gz)var (Ge) — cov3({eqe)
¢ =2(l —a)’s! o var ((iCA) =% s (4, (Ic) + b (4:)
var (G, )var () — cov®(dz, )
1
I( = ot ("sS)
2 fvar (32 vor (7e) — c0v 2(dor 1)

Applying (4.6), one can observe that p; is independent of the additive noise power
P i !

statistics. In consequence, one can expect that the PA-NLMS scheme will be as
insensitive to nonstationary additive noise as the standard NLMS algorithm,

Due to the complexity of ps, we evaluate the expression

./ow [ ()" pi(a)dy (45

for n = 1,2 numerically in order to find E(ji,) and E(ji*). Finally, the first two
moments of i, can be determined from the results of (4.9), under the assumplion

that E(fiji) = E()E(jt), which is valid for A, = 1, as

E(ﬁu) = E(ﬂ)
_ (L= M) B(E®) + 20 B (ji)

B(f2) = T, (4.10)
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Estimate of i°

30 20 -10 0 10 20
NNR, dB

Figure 4.1: Estimates of optimal random walk fi

present analysis (4.1)
— e — = = = ——  PA-NIMS f,
e == previous analysis [15]

This gives us the steady-state PA-NLMS MSE by way of {(4.5).

Figure 4.1 shows the expected steady-state value of fi, versus NNR for typical
choices of PA-NLMS parameters along with the optimal values given by (4.1). Here,
Xe = 0.999, A, = 0.99, A, = 0.975% and @ = 00625 ‘The effects of the discontinuity
of (43) are evident, since as ¢ — 0, the estimate diverges from its desired behaviour,
“that is, B(fty) > i*[B(§)] = /q. For relatively quickly varying scenarios, on the other
hand, F(i,) ~ i*(q). For pilrp‘oses of cérnp&fisorl, the asymptotic result of Widrow
et al. is also shown in Figure 4.1 under the relation N o2u ~ fi [15]. The recent
improvement due to Kwong [46] is indistinguishable from the asymptotic result of
Widrow for reasonable values of N in this practical range of f.

Figure 4.2 helps us examine the effects of the discontinuity of (4.3) in greater

detail by displaying some contours of the stationary (¢ = 0) PA-NLMS MAC surface
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Figure 4.2: Theoretical stationary PA-NLMS performance

for a specific slice of the PA-NLMS parameter space, namely, A, = 0.975 and )\, =
1 —10(1 — A.). Here, the explicit relation between the PA-NLMS parameters and
the stationary MAC is shown. In consequence, some implicit design guidelines are
provided Jassum.‘ln’gl a stationary MAC specification. Further, the sensitivily of the
e

stationary MAC to PA-NLMS parameters is quite low. That is, for a wide range
of parameters, a rather slow and smooth variation in this performance measure is
exhibited. Consequently, one can expect that any necessary tuning of the PA-NLMS
parameters will be minimal.

If the application to be considered were actually a random walk, one would sim-
ply take @ & 0 and Ay =~ 1. In practice, however, such an applicstion cannot
ve expecﬁed,’ and we wish to have acceptable performance in a number of practi-
cal adaptation regimes. Moreover, it is not imnagined that the PA-NLMS algorithm
will successfully self-tune for every nonstationary application, but expect that it will

outperform adaptive filters whose design is predicated on assumptions of stationas-
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ity. In the following sections, the behaviour of the PA-NLMS scheme in an unknown
stationary environment is examined as it interprets this environment as a random

walk.

4.2.2 Performance Analysis, Stationary Adaptation

Since the PA-NLMS algorithm and the preceding analysis are based entirely on
steady-state assumptions, the performance of the algorithm in typical unknown sta-
tionary applications needs to be addressed. Unfortunately, the convergence behaviour
of this algorithm is particularly difficult to analyze, and so a rather less formal exam-
ination of this problem is provided.

In order for the PA-NLMS algorithm to perform satisfactorily in unknown station-
ary applications, it is necessary that a far-from-convergence state be interpreted as a
quickly-varying random walk. Then, as convergence takes place, it is required that
the scheme interprets its environment as a slowly-varying one. It is clear, therefore,
~ that using A, = A, = 1 wiil not do for ur:':nown stationary adaptation. At least one
of these parameters must be reduced in order to allow a change in envir.onmenf to
vegister in a reasonably short length of time. As shall be seen, it is to our advantage
to set A, < A ~ 1. Consider, then, PA-NLMS convergence in the artificial asymp-
totic case in which A — 1 and A, = 0 assuming that any smoothing due to A, can
be subsumed by that of A,. Finally, we will examine the behaviour of F(q) during
noise-free PA-NLMS‘ convergence under the questionable hut qualitatively valuable
assumption that E(4./d.) ~ E(4:)/E(4.). The elimination of addifivé noise from this
analysis is justified since the effect of additive noise is reduced the further an adaptive
filter is from convergence.

Using independence and input-distribution assumptions and a representative filter

initialization, Slock has provided an expression for the NLMS learning curve in the
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noise-free case that is particularly useful for our purposes, namely,
N T AT k
2=y
B =Y |1 - BE=
( k) Z} tl' R ¢
where r;, as defined previously, are the eigenvalues of the input correlation matrix R

[20]. Using this result, one can obtain directly,

B =3 (- ) - (1 )

for A, =0, and ,
N (9 _ (Y)?"W k-1 RN
BGeg) = tr R(1 — A P Gl -<1-———‘--> .
(de) = tr R{1 ) ; { [ trR ] trR
as A\, — 1. Further, when the input samples are relatively uncorrelated, and N is
large, r; < trR for all 4. In consequence, one can approximate each exponential term
by the first order polynomial resulting from their respective Taylor series. Applying

this approximation, we arrive at

~ ((7,, ) N & [1 = kpa(2 — )]
B ~ Faey ™ = 3T = b+ I

where 5 = tr (R?)/tr? R. From this result, a number of observations can be made.

First, the initial value of § is a/[(1 — A)(1 — @)]. More generally, for A, > 0 and

Gejr,—1 = 0, we have, without approximation,

. (1-X)a
PETI =)

Since one would like this quantity to be large, we take A, < A, and are inclined to
increase a. Since the observabivli»t‘y of ¢ depends on a small a, however, this tempta~
tion is resisted. Second, we claim that the time constant of the §x sequence for this
asymptotic case will be approximately 7, = [pa(2 — &)]~'. For uncorrelated inpuf

samples, we have n = 1/N, and 7, = 7, the time constant of tap-weight convergence
ples, U) 3 4y 3 Y g £
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for the low-ji indicator filter. For the more general case, we can expect this conver-
gence to be postponed by a number of samples in the vicinity of (1 - A;)™", and that
convergence of the ji} sequence will be further delayed for about (1 —\,)~" samples.
Note, however, that the convergence of the fi* sequence represents the transition
between the artificial initial interpretation of the convergence regime as a quickly-
varying random walk to the more meaningful interpretation of a steady-state regime
as a slowly-varying random walk. The more important tap-weight convergence, on the
other hand, is difficult to quantify. Since, however, the initial § can be quite large, we
have an initial 4* very near to unity. In consequence, initial tap weight convergence
will be comparable to that of the fastest possible NLMS process. Moreover, we can
be assured that convergence in the mean square will take place since the limitation
of 0 < iy < 1 establishes the convergence condition 2E(f,) > E(f2).

While the performance of the PA-NLMS algorithm with respect to the standard
stationary measures has been shown to be quite satisfactory, its learning curve has
the drawback of many DA sc}‘,lemes, that is, it is significantly different from the well-
behaved component-wise éxponential learning curve of LMS and NLMS"adathive'
filters. In fact, the learning curve of the PA-NLMS algorithm as given approximately
follows that of its high-ji indicator process until such time as its low-f indicator
process nears convergence. At this point, the environmental estimation mechanism
recognizes the stationary condition, and convergence in the mean square proceeds
in a similar manner to the low-fi indicator process. Though this may provide ac-
-::eptzab'l(? adaptation, a simple héuristic modiﬁc@tion can result in significantly better
convergence behaviour in many cirbtlrflsténcgs. 2

Since the final convergence of the PA-NLMS eﬁgorithm depends on the conver-

gence of its slowest indicator filter, we propose to artificially speed up this process by
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“leaking” some of the primary tap-weight vector to the low-ji indicator process, This
may be accomplished by moditying the appropriate indicator update equation from

the standard
ael | X

Wikdr = Wik + x

to

aed Xy

Wigr = (1= () (Wz.k + ——)—{—;—}E—) + (Wb
where ( < 1. Using this ad lioc modification, we have loind that the convergence
behaviour of the PA-NLMS algorithm can be improved without significantly changing
its steady-state performance. A suitable range for ¢ is in the order of 0.25/N.

The classic adz{ptiVe filter trade-olf between convergence and MAC has again been
mitigated. For fixed MAC, the PA-NLMS scheme provides convergence improvement
over the parent NLMS algorithm. The trade-off still persists, however, and is manifest
in the effects of the various PA-NLMS parameters on that algorithm’s performance.
Small values of a, for example, provide low MAC bt slow convergence. The converse
takes place for large values of a. For improvedV convergence, it is also necessary that
not both of A, and A, be too close to unity, so that the estimate of ¢ can vary in
keeping‘ with the operating ,point of the converging filter.

The PA-NLMS algorithm i‘s only initially sensitive to estimates of environmental
quantities. For example, the effects of poor knowledge of the additive noise power
exponentially decay with time constant (1 — A.)~". In the case where confidence
exists in an 1nitial éstim;atq’ of ja stationary noise power, however, theie is no need for
parallel adaptation. Incieed, an estimate of ¢ can come directly frorm (3.3) based on
the current value of ji, i.e.,

2
= Mo + (1= A)7 | = ) - 2]

¢
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T'his approach will not be pursued here. Rather, the success of the PA-NLMS algo-

vithm as a DA scheme in an unknown environment will be examined experimentally

-

in Chapter 6,
To summarize the PA-NLMS algorithm, Figure 4.3 provides a block outline of its

implementation, and a step-by-step summary follows:

! Fixed-High-Tt ¢
Indicator
NLMS Process
Nonstationarity Outi
to Noise Ratio — ptimal-fi
Estimation Estimation
Fixed-Low-Ji
Indicator ‘
NLMS Process I W
T
e « Parameter Loakage e ]
i
X
Variable- i y
d Prima f—
‘ NLMS Process

Pigure 4.3: Block diagram of PA-NLMS adaptation

1. NLMS upcla.tt; (in‘ parallel)
VAVu,k-l‘fl = v’;"u,k + ﬁv,k(xz'x)~1eu,kxk
Wikt = Wak + i (XEX) P epuxy
Wikgr = (1 =€) [Wz,k + ﬂl,k(xz‘x)—lel,kxk]‘ + (Wbt

YPA-NLMS = Y.

2. Obtain g
drde = Merpor + (1= X [(2 - a)edy — el 1]
ek = Aeebet + (1 — Ae) [e}’;,k = a(2- a)e;"’k]

A A ~
Gk == Gr i/ ek
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/
=] F Vi@t -0, @20
b 0, otherwise
= Mty + (1= M)

In Chapter 6, the performance of the PA-NLMS algorithm is demonstrated by
way of simulations. In order to demonstrate the insensitivity of this algorithm to the
initial estimates of the environmental quantitics, we will use ¢z~ = §¢,—1 = 0 in these

experiments.
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Chapter 5

PA-RLS — Toward Optimal
Adaptation

5.1 Introduction

In the vast literature on “adaptive” Kalman filtering there are numerous attempts to
use a number of filters in parallel in order to estimate certain parameters on which the
performance of the filter bank depends. For éxample, the partitioned and multiple-
model methods found in [42] [44] [45] are attempts to achieve optimal performance
in a manner analogous to the parallel adaptation presented in the previous chapter.
While the methods found in these papers and their references are developed more
rigorously, the resulting algorithms are often quite involved. In general, this is due
to the fact that the general Kalman filtering problem depends on a large number of
unknown environmental quantities. For the present adaptive filtering problem, we
found in the previous chapters that performance improvemeht may be forthcoming
by considering only a few select aspects of the environment. Intuitively, this approach
seems justified. If conventional adaptive filters operate without reference to their en-
vironment, then one would expect that modifications to these algorithms that include
reasonable estimates of significant environmental quantities could very well result in

performance improvements.
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In this chapter, a DA extension to the RLS algorithm will be developed, Rather
than simplifying the existing “adaptive” Kalman filters, we will apply the approach of
the previous chapter directly to the RLS algorithm, which is, in itself, a simplification
of the general Kalman filtering problem. To proceed, the existing expressions for
steady-state RLS misadjustment in a random walk scenavio will be examined and
corrected. Subsequently, the PA-RLS algorithm will follow casily from the resulting

expressions.

5.2 RLS Preliminaries

Based on the RLS formulation as given in Chapter 1, the derivation of the steady-gtate
RLS MSE under the random walk environment model proceeds by an examination of

the weight error update using the standard RLS iteration, viz.,

Pixe

Vgt = Vi + 2 — Y TP (5.1)

Taking the expected value of the outer product of this expression with itgelf, we obtain
|

j

N AN me 'kakx%'Pkaﬁ! '
E (viuvE,) = E (vl +021+‘l'}[ - — -
( 41 k+l) ( L) z (/\+X£kak)z

o (kakx,f. vkv‘,{. + V,t,-V/jc ka;{; Pk)

= D.2
A xEPxy (5:2)

Taking the limit as & — oo such that £ (vkﬂv;ﬁ‘,l) = (vkv}f) and dropping the
subscript, we have

Pxx'Pe? |
(A +xTPx)*|

o1+ E [ (5.3)

i e [74] it
o Pxx!vvl + vwisxxTP
M gt :
X4 xTPx

A number of assumptions are now required to simplify this expression. The as-

sumption set that we shall adopt will provide accuracy in a different limiting case

than that used in [16]. In particular, the asymptotic assumption will be modified.
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This agsumption, commonly understood to have A — 1, is more accurately described
as having § £ (1 = M)N — 0. Our approach will be to take N to be sufficiently
large so that this limitation on # may be relaxed. First, however, we take P to be
independent of x, as in [16]. This is certainly valid for independent and identically
distributed input samples. For the case of a transversal filter with correlated input
samples, however, this remains a good assumption in most cases since the RLS win-
dow is, in general, wider than the autocorrelation ot the input sequence. Further, the
independence of v;, and x; is once again assumed as in Chapter 3. The independence

of e and x follows. Finally, we take E(P) = cR™, Following [16], we have,
PR~ c(Iy +T)

where T is a zero-mean perturbation matrix which is assumed to be independent of
x. In [16] and elsewhere (e.g., [47]), ¢ is taken to be its nominal value of g = 1 — X

since Py is the inverse of Ry, and

‘ n
B (Re) = lim }%AJE (xn-sxl_;) = R/(1 = 2.
J=
Unfortunately, this value is known to be a poor approximation for 8 % 0 [48]. We
shall examine the implications of the value of ¢ presently.

We now return to (5.3) and take the {race after pre-multiplying by R. Under the

above assumption set, this gives
NoZo? + ek [(/\ +x7Px) 7| B () = 208 |67v)"]| B[ (2 +x"Px) “] (5.4)

where we introduce {
tr £ [RPxx"P() + x7Px)"?|
T WwE [RPxxTP(A +xTPx)-1] E [(A + xTPx)"1]

so that we can make use of the identity

¥

of = trE,(RPMX P)

)+ xTPx (5:5)
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oo

which is simply the expected steady-state (with respect to the input) RLS P-update

equation. To achieve (5.4), we also require |

E [anTx (/\ + xTPx) _bl] =0

which is not unreasonable considering the above assumptions. We now divide (5.4)

by the minimum MSE (o?). Solving for-the steady-state misadjustment we obtals

M, = 2alv+vB

— (5.6)

where
v 2 cNE [(/\ + XZ‘kak)_']]
and the normalized nonstationarity to noise ratio, ¢, is given by N2o20? /02, as before.
At this point, we simply require reasonable expressions for 4 and v. To this end,

we compare (5.6) with the misadjustment formula found in [16], viz.,

Mo = ‘I/lﬁ_:‘/\ﬁ (57)

Note that the effects of the féurth-order statistics explored in [16] become insignificant
for moderate to large values of N, and they are omitted, TFor the stationary case
(¢ = 0), (5.7) is reasonably accurate. In consequence, we make use of this result,
which occurred previously in [49] [50] and [51], and solve for 4, giving

2

’l/)=m“.

We now examine the possibilities for v. To this end we consider the approximation,

cp (o ) 658)
YEE\V+xPx/) ” AN+ E(xTPyxi) ~ A+eN’ i

o
which is valid for moderate to large values of N. Using the nominal value of ¢ =iy =

1— ), we have v = vy = 3/(A+ ). While this case represents a common assumption,
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the approximation ¢ is known to be significantly less than c for large values of 3. On

the other hand, if we revisit (5.5) under assumptions similar to those above, we have,
.
p=tu o (5 )] - (59)
where p, similar to 1, is defined as
B [RPxxTP(/\ + ScTPx)‘l]
~ tr B (RPxx"P) E [(\ + xTPx)"1]
We now have v = B/p and ¢N = AB/(p — B) from (5.8) and (5.9). The value of

P

p corresponding to the nominal value of ¢ is po = A + . Since we require a value
of ¢ that is larger than the nominal value for large $, however, let us consider an

expression for p of the form

A
Py =A+ (L= 5—)B (.10)
where 0 € Bai < N corresponding to 0 < Mgy < 1. Thus,
B
¢cN =———ou, 5.11
1- ﬂ/ﬂcrit ( )

The value of N/Beu is related to the minimum time constant of the exponential
window that is capable of maintaining a full-rank estimate of R. The linear approx-
itnation in‘.lplicitl. in (5.10) does not, of course, provide the predictive power to claim
that tr I2(P) does not exist for # = ferit, but it does provide a qualitatively valuable
interpretation for the behaviour under consideration. We might expect, for exarﬁplé,
that the value ol B depends on the eigen-structure of R. This implies that while
the convergence properties and estimation misadjustment for the RLS process are in-
dependent of the input eigen-structure, its tracking performance (lag misadjustment)
is not. An increase in S corresponds to an increase in the lag misadjustment. As
we shall see subsequently, this behaviour can be demonstrated via numerical exper-

iments. For the present, however, we will take fBui, = 2 to be a fair approximation.
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This choice has a number of nice properties. First, it is in reasonable agreement
with a rather wide ranme of numerical experiments. Also noteworthy is the direct
comparison it allows with the normalized least-mean-squares (NLMS) algorithm. For
Bt = 2 aud moderate to large values of N, we have p = ¥~ and, consequently,
v &~ b = Pip. Moreover, the NLMS steady-state misadjustment (3.4) is evidently
similar to (5.6) for ¥ ~ ¥. Finally, the minimization of (5.6) is greatly simplified for

5.3 RLS vs. NLMS Performance

At this point, we briefly examine the convergence behaviour of the KLS algorithm.
While the independence of v'x and x is only a good approximation in the steady
state, we may still reasonably take the weight error vector, v, to be independent of the
input when the adaptive filter is far from convergence. In this event, (5.1) becomes

Pixy,

Pixix] .
N+ xIPyx -

Vitt = (I A+ xt Pyxy

)Vk‘l‘zk‘““'

or, equivalently,
Pix; "
A+ x{ Prxi

In consequence, the misadjustment, which is now given by

Vit = AP Prlvy + 2y —

M= tr [RE (vkv}f)] ,
is updated as
Mgt 2 VM + q/N +ppra? /N (65.12)
given that
tr B (RPy1 P7 vivi PE ' Pry) & b I (Rvpv] )
We note, in passing, that for v = =1, expression (5.12) can be solved for the steady-

state misadjustment which becomes equivalent to (5.6) and (5.7). Unfortunately, this
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implies that V3~ 1< Berie < 1, which is far too low. At this point, however, we

v are mofe interested in the apparent time constant for the convergence of the RLS

misadjustment sequernce, viz,,

B
TRLS’— 1_/\2'

As shown in {40], [20] and Chapter 3, the corresponding value for the NLMS algorithm
with uncorrelated inputs is
N
| TNLMS = m

We note that the NLMS time constant cannot become less than N. Indeed, when the
filter inputs are correlated, even this limit cannot be achieved. On the other hand, the
misadjustment time constant of the RLS algorithm is, in principle, limited by unity.
In practice, of coui'se, we require that the windowed input be sufficiently persistently
exciting so that P remains positive definite. In consequence, the reduction of 7 may
.resuil.t in instability due to insufficient excitation. While it is tempting to limit the
value of 7 to N/(1+ A)B.ie, we reiterate that the introduction of By involves a linear
approximation that is not strong enough to limit RLS behaviour. On the other hand,
reduced-7 adaptation provides greater robustness when finite precision arithmetic is
used [52].

We are now in a position to compare the lag and estimation errors for the RLS
and NLMS algorithms in a fair manner by equating their time constant: under the
assumption of uncorrelated inputs, as in [16]. Taking v = ¥ and TnpMs = Tris = T,

we have

and
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e o A .
The resulting estimation misadjustments, namely, M¢, = Ma|=0» Tor the two algo-

rithms are now
Mo 1= /1-Nr-!
co,NLMS — 1 + \/-J-'-:-TV—F:—'-
't __,‘/» — 1
Mims = N ek £ bl (5.13)

L+yT=771

. A L.
The corresponding lag errors, namely, M', = lim,_o My, on the other hand, are

given by
o
Mf)o,NLMS = ‘N T o
M _ oo (Vi ’ (‘;’l.— Vi=r T 5.1
CO,RLS N 1 o \/1_,___7-_:T I +——‘\/]———-“:“;'_“i- B RN
The large-7 and large-N approximations of these equations are
4r -1
(] ~ Il
Mnums ( N 1)
e N
Moo,RLs ~ o
Mloo,NLMS = N
: qr  q 4N .
Mg s F"v‘ N + 5t (6.15)

l o

We ol%)serve that the RLS estimation crror is always betber than thal of the NLMS

algorifthm for equal c‘j(‘)nvergence properties while the NLM$ lag error is superior. For

small values of N /"I" ~2 2, however, these errors become asymptotically equivalent, in

agreement with [16]. It is also interesting that the minimum achievable MSE, requir-
: \'

ing precise tuning of their respective convergence-controlling parameters, is identical

for RLS and NLMS adaptive filters under the above approximations.
5.4 Algorithm Development

In this section, we introduce a new scheme by which to govern the forgetting factor of

the RLS algorithm in a time-variable manner in accordance with the parallel adapta-
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fion (PA) ideas introduced previously. Under the interpretation of the environment
as a random walk, the nonstationarity to noise ratio is estimated. This estimate is
then used to obtain an estimate of the “optimal” forgetting factor. The optimality
attempted here is again with respect to the steady-state misadjustment. To this end,
we substitute 7 for fi in (4.1). The optimal forgetting factor is then obtained by

@@= |at4- Jalat )N - Jala+4) ~q
C@-INAT T g a—Jolg+ DN+ Jala+ ) -

We observe that as ¢ vanishes, A* approaches unity. As ¢ becomes large, on the

(5.16)

M (q)

other hand, A* approaches the valué (N —1)/(N +1). It is interesting to note that
this limit corresponds to that of the estimation-error-equivalent sliding-rectangular-
window RLS prozess [51].

Before wo proceed, it is of interest ta compare the result above with other “op-
timal” forgetting-factor results. In particular, we compare the RLS adaptive iilser
with the optimial Kalman one-step predictor, that is, the Kalman filter that explicitly
minimizes the mean squares a priori error, having precise knowledge of the statistics
of the plant and measurement noises. In a steady-state random walk scenario with
lent to this optimal Kalman filter. This can be easily seen as follows. The standard
Kalman state-covariance (f)) update equation is |

ka;;x;{'f’

l~)k+1 = 13;; e
o? + xPrxg

+ O'EIN.

Matching this equation with RLS P-update in the steady state using the relation
A

pr}
UC

P=LP,

gives
A\o?

Iy = (1- \)EP.,




PA-RLS 58
Finally, for A = 1 (but not necessarily 8 ~ 0), this gives ¢ & BeN. Using the
approximation ¢ = cp, the optimal value for the forgetting factor becomes

Ny=1- Y1 (5.17)
which can also be obtained by finding the minimum of (5.7) under the same agymp-

totic condition. On the other hand, if we permit the linear approximation for p above,

we have

* 1 _ q 4 .2. _> H1Q
M“lzmwchw“ﬂql' (5.18)

We see that as ¢ approaches zero, (5.18) and (5.16) approach (5.17). As ¢ increases,

on the other hand, both of these expressions approach 1 — Bui/N. .

-

1.2p

Approximation to §

08l - -

04} - -

v.’,z"

NNR. dB

Figure 5.1: Estimates of optimal random walk /3

B* = (L= A)N
________ A :(1—-AI)N
e = e =L~ AN

In Figure 5.1, the corresponding values of 8* for these three approximations for

the optimal forgetting factor are compared against NNR graphically. The value of
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Besiv = 2 is used for (5.18). We remark that the difference between (5.16) and (5.18)
is not very significant with respect to the steady-state misadjustment as will be made
clear in the experiments.

We now require an estimate of ¢. Unfortunately, as in the case of PA-NLMS, this
quantity is unobservable for one RLS process. Nevertheless, let us proceed at this
point under the assumption that some a priori knowledge about the additive noise
power in the form of an estimate, say 62, exists. Indeed, the variable-forgetting-factor
algorithm due to Fortescue, Kershenbaum and Ydstie (FKY hereafter) also requires
this knowledge of the additive noise power [35]. In this event, we can estimate the

nonstationarity to noise ratio using
ipr = max {0, Agd + (1= A [(el41 /67 = 1) (2= %) = 4] } - (5.19)

Using (5.16), we can now estimate the optimal forgetting factor for use in the RLS
equations in the next iteration, i.e. Agy1 = N (Grs1).

We now consider the choice of A,. In general, we require a high quality estimator
when ¢ is small so tl'la;i;ﬂtlle misadjustment due to its estimation, which includes the
nonlinearity of (5.19), is minimized. When ¢ is large, however, it is not so essential
that our estimale of ¢ be of high quality since all large estimates of ¢ will result in
roughly equal vaiues of A. With this in mind, we take A, = Ar. While this choice
provides exceptional performance for unknown stationary adaptation and random
walk scenarios, the adaptive filter behaves poorly in another important scenario of
interest, namely, when there is an abrupt change in the target fiiter after a period
of stationarity. In this event, the adaptive filter gets “trapped” in a A\ ~ 1 state.
In order to work around this problem, we use a slightly modified version of (5.16),
namely,

j\l"l(q) = ’\*(Q) - ﬁmin/N (5'20)
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where Buin is a small constant chosen to approximate a stationary steady-state mis-
adjustinent specification. For example, if =30 dB misadjustment were requived, we
would take B = 1072 which permits a roughly 3 dB discrepancy hetween actual
and nominal misadjustments,

In many applications, an a priori estimate of the additive noise power does not
exist. An addition to the above algorithm will be necessary in order to successfully
deal with these scenarios. We propose a reliable, if somewhat expensive, estimator
of the additive noise power: a fixed-forgetting-factor RLS “indicator” process. If the
forgetting factor of this process is sufficiently low, the estimation misadjustment will

dominate under most practical conditions, providing an estimate of the form
&?,k-m = AOgy + (L= AL~ 17i/2)e?!k_,_,
where the subscript ¢ denotes that the respective quantitics are due to the indicalor
process. For the same reasons as discussed for our ¢ estimator, we take A = Ay =
A*(dk)-
The resulting variable forgetting factor RLS procedute will be called PA-RLS by
analogy to the PA-NLMS algorithm described in the previous chapter. The PA-RLS

algorithm is summarized as follows:
1. Initialize primary and indicator RLS processes.

2. Obtain A as
G2k = =100y + (1= M)(L = P /2)e
i = max {0, M1t + (L = Meet) Pt (601 /6%4my = 1) (2= B = B }
N R e et
et @+ N+ St ) =g N
3. RLS update (in parallel):

1 P.xixI Py
Piyi = — | Py — i
TN ( FT N+ X[ Pexy
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p 1 Py, — P, xixi Pis
et = APk~ o
TN TN X P
Wors = Wy Pxpex
T N X Pxy
LAXECIk

Wi it = Wi —
{ k1 ikt N+ X Py

4. Repeat from 2.
5.5 Discussion

The correction for fourth-order statistics found in [16] provides improved estimates of
the steady-state RLS misadjustment quantities for low values of N. It is, of course,
possible to solve for 4 taking into consideration this correction if necessary.

The 'KY algorithm as examined in Chapter 2 was originally intended to provide
greater robustness in the presence of impersistently exciting inputs. In effect, it is
built upon an environmental model that has stationary additive noise, a very slowly
varying desired signal, and nonstationary input. In this environment, as the excita-
tion diminishes, the FKY forgetting factor approaches 1 — fo/N. For the PA-RLS
algorithm, on the other hand, the forgetting factor approaches 1 — fiin/N regardless
of the excitation. In consequence, we expuct that the PA-RLS algorithm will also
provide improved robustness in trh‘e presence of impersistently exciting inputs.

A qualitative look at the behaviour of a fixed-point implementation of the PA-RLS
algorithm is in order. In [52], an expression similar to (5.7) for the errors due to fixed-
point arithmetic has been derived in which the quantization effects of computing the a
priori errors correspond to the additive noise power and those from the computation
of the so-called Kalman gain correspond to the random waik power. Further, the
assumption that ¢ = ¢ is made in that work. Indeed, it has been shown that the finite

precision quantization error system is of the random walk type [53]. We might expect,
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in consequence, that the effects of quantization errors are similar to the effects of
additive noise and random walk target filter fluctuations. In effect, even though there
are four sources of error when the fixed-point RLS algorithm is applied to a random
walk scenario, their dependence on the forgetting factor permits them to be grouped
into two pairs. In consequence, if the PA-RLS algorithm were implemented with
fixed-point arithmetic, while the meanings of the estimated quantities would change,
the effect of approximating the optimal forgetiing lactor would remain, A nd while the
resulting variable-forgetting-factor behaviour may not be exactly optimal, it would
provide improved performance in fixed-point implementation and in nongtationary
environments over a fixed-forgetting-factor algorithm.

The PA-RLS algorithm will still have all of the classical RLS problems with ex-
plosive divergence. For large N and highly correlated inputs, this problem can show
up in even relatively long word-length implementations. To date, a.alysis of the
explosive divergence problem has made the assumption that ¢ = ¢y, and proposed
solutions intred:ice biases into the RLS process [54]. Since these biases are usually at
the least-significant bit level, direct application of the PA-RLS algorithm in stabilized
form is conceivable.

Unfortnnately,k the proposed variable-lotgetting-factor algorithm is impossible to
implement directly in an efficient (so-called fast [55]) manner since the shifting prop-
erties necessary for such a formulation no longer exist when the forgetting factor is
time-variable [56]. Since the optimality considered above is with respect to the steady
state the applicability of the P'A-:RLS scheme in an alternate form, such ag those found
in [57], deserves consideration.

In the following chapler, the performance of the PA-RLS algorithm will be exam-

ined by way of simulations of a number of different nonstationary environments,




63

Chapter 6

Simulations

6.1 Preliminaries

In this chapter, the results of a number of simulations will be presented in order
to test the previous analysis and examine the performance of existing and proposed
algovithms. First, results of experiments measuring the value of ¢ in conventional
RLS adaptation will be presented. The sensitivity of the RASE and PA methods
to their algorithmic parameters will then be investigated. Finally, the comparative
performance between these algorithms and the current DA schemes will be examined
in a variety of nonstationary environments.

In order to facilitate the numerous experiments to follow, we construct a simple
application framework into which all of the subsequent simulations will fit. To this
end, we make use of the construct illustrated in Figure 6.1, often referred to as a
system identification configuration.

In all of the experiments, the additive noise was modeled to be stationary and
white. This immediately gives an unfair advantage to the DA methods over the
conventional algorithms. The cor’rvéhti"onal RLS and NIL.MS adaptive filters are almost
immune to the statistics of a zero-mean and not extremely correlated additive noise.

Of existing DA methods, on the other hand, only the HCB algorithm is immune
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Noise Filter (c) | * | Filter

[

Figure 6.1: A system identification configuration,

to additive noise nonstationarities. It is, however, quite sensitive to additive noise
correlatedness. So as not to bias the results either for or against this algorithm, a
stationary and white additive noise will be adopted.

In accordance with Figure 6.1, the adaptive filter input will be taken to he the
response of a fixed input-colouring filter, C, to white Gaussian noise. In ovder to
simplify the filter specification procedure, we consider the family of even-order (odd-
length) FIR filters denoted by F, having an impulse response given by

(n+1p, 0<n< it
h(n) = w*(+1)"3 (L=n), Ht<nsl-1
0, otherwise

where * € {+,—} and « is chosen such that
o]
S )P = 1.
=00
Filters from this family will be used in the specification of both the input-colouring

filter, C, and plant model, P, in the system identification configuration.
6.2 Measuring cN = tr E(PR)

Simulated measurements of the steady-state value of tr 7 (RP}) for conventional

RLS adaptation will now be presented and compared with the various candidates
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we have for ¢N. For this experiment, there is no need to have a full adaptive filter
configuration. All that is necessary is to apply the RLS P-update equation to the
input vector at each jteration. We will, however, take these input vectors to be
as if they were the input of an adaptive transversal filter, according to (1.1). This
experiment, was performed with two choices of input colouring filters, representing
uncorrelated and correlated input values. The first of these, C, = Fif,, simply passes
its input. The second, C; = Fgy, results in an input covariance eigenvalue ratio of
3.09 % 10% for N = 10 and 3.76 x 10° for N = 100. The ratio of the largest eigenvalue
of R to its smallest is considered to be a rough measure of the correlatedness of the
input signal [6]. For the uncorrelated input case, this measure attains its minimum
of unity. These two input colouring filters are, as a consequence, taken to represent
the two extremes of input correlatedness. We also perform this experiment for both
N =10 and N = 100, so that we may examine the dependence of ¢ on the filter order.
The trace of RP was then averaged over K = 10° steady-state (with respect to the
input) sampleg, and the results are tabulated in Table 6.1. The theoretical values are

c%cﬁnecl as follows: Cy=t 25 /(1 —B/Be) and & &\ [(1 = @).
6.2.1 Discussion

A number of interesting observations can be made from these results. First, we see
that the value of ¢ is not particularly sensitive to the correlatedness of the input
samples. It is also interesting that for N = 10, ¢ increases with input correlatedness
while the converse takes place for the larger N. We would expect, in consequence,
that the lag misadjustment for correlated input values will be much lower than that
for uncorrelated inputs for low values ot N. Of course, the behaviour of ¢ is not
the only important factor in the steady-state misadjustment. The assumption that

v is independent of x appare‘ntly required that N be large relative to the input
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Table 6.1: Estimates of £[tr (RP)).

C| N |E[tr (RP)]| coN | coalNV | &N
C.| 10 3.64 1.50 | 3.75 | 7.29
C,| 10 2.55 1.25 | 2.50 | 3.50
C.| 10 1.73 1.00 )} 1L.67 | 2.00
C.| 10 1.12 0.75 { 1.07 | 1.18
C.| 10 0.65 0.50 | 0.63 | 0.66
C,| 10 0.29 0.25 | 0.28 | 0.28
C. | 100 3.26 1.50 | 3.75 | 6.09
C. | 100 2.36 1.25 | 2.50 | 3.35
C, | 100 1.66 1.00 | 1.67 |2.00
C, ( 100 1.10 0.75 | 1.07 | 1.20
C. | 100 0.66 i |0.50 ] 0.63 |0.67 |
C, | 100 0.29 0.25 | 0.%3 |0.29
C.| 10 4.70 1.50 | 3.75 | 7.29
C.| 10 3.21 1.25 | 2.50 | 3.50
C.|l 10 2.08 1.00 | 1.67 | 2.00
C.| 10 1.29 075 | 1.07 | 1.18
C.| 10 0.72 | 0.50 | 0.63 | 0.66
C.| 10 0.30 0.25 | 0.28 | 0.28
C. | 100 3.15 1.50 { 3.75 | 6.09
C. | 100 2.28 1.25 | 2.50 | 3.35
C. | 100 1.56 1.00 | 1.67 | 2.00
C. | 100 1.03 0.75 | 1.07 | 1.20
C, | 100 0.60 {050 | 0.63 |0.67
C | 100 0.27 0.29

0.25

0.28

B [tr(RP)] = 10-° 1%, tr (RPy)

66
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autocorrelation. For C = C,, this would suggest that the assumption is not valid
for N # 20. In a following experiment, however, we find that the lag misadjustment
is, in fact, lower for correlated inputs, and further that this effect diminishes as the
value of NV increases, as the measurements of ¢V would suggest. We also see that both
co4 and & & ¢y provide reasonable approximations to the behaviour of ¢, especially

for low values of f3.

6.3 Seusitivity Experiments
6.3.1 Introduction

"The present section attempts a modest enquiry into the sensitivity of the RASE and
PA algorithms to those comporiunts of their respective parameters and initializations
that have not, been acceptably addressed in the previous analysis. The need for such
an examination has heen emphasized previously. Rather than providing an compre-
hensive mapping of the algorithm performances with respect to their parameters in
the manner of Figure 4.2, the present experiments will make an effort to »nswer the

following questions:
(a) Is the algorithm reasonably insensitive to a given parameter?
(b) If not, can an acceptable value for said parameter be known a prior:i?

In this manner, the practicality of the algorithm under consideration may be as-
sessed. If an affirmative answer to either of the above questions is forthcoming, we
can expect that the choice of parameters and initialization will not unduly degrade

the performance of the method at hand.




SIMULATIONS 638
6.3.2 RASE Sensitivity

The practicality of the reduced adaptation state estimation algorithm is immedialely
called into question by the relatively large number of parameters needed to gpdcily
its behaviour. Initial estimates of the instantancous misadjustment and the additive
noise power, as well as the three diagonal entries of the pseudo plant noise covariance
Q, are required. To be complete, the pole placement of the ji-smoothing filter and
the lower limit to the convergence-controlling parameter should also be addressed.
In the following simulations, however, these quantities will be fixed at the values
recommended in Chapter 3. In other words, in spite of the answer to question (a),
above, with respect to these last two quantities, the answer to question (b) is taken to
be positive. As a result, this subsection will consider RASI sensitivity to Q-parameter

selection and initialization,

Sensitivity to parameters

Attention will now be given to the sensitivity of RASIE performance to the choices
made for the diagonal elements of Q, the pseudo plant noise covariance. Lo begin,
the ability of the RASE algorithm to respond to a sudden change in desived signal
statistics is considered. Such a change was simulated by having the plant change
from Fy 4 to Fif ., at sample & = 8000. Estimates of the learning curve in thig and
subsequent experiments were acquired by averaging over 50 independesrs trials, These
learning curve estimates were also smoothed, resulting in an apparent anticipation
of the discontinuity and an artificial dip at the end of the experiments, ‘T'he input
samples are uncorrelated, the balance of Q is zevo, and the initial estimate of the
additive noise power is known to be correct.

The results of this experiment are shown in PFigure 6.2. For gy = 0, RASE
P /i 1
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Misadjustment, dB

6 | 4000 8000 12000 16000
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Figure 6.2: RASE sensitivity to ¢i1.
~ RLS: A = 0.99905

e mm— = — RASE:q; =0

—_— e e e s RASE: qu1 = 10—10

i i = o= RASE: gy =10-8

performance is comparable to RLS with a forgetting factor chosen to match the |
steady-state misadjustment. An estimate of the RLS learning curve is also shown
for comparison. For ¢;; = 1071° we see that the RASE reconvergence properties
are enhanced without significant degradation in MAC. As ¢y, increases, however, an
eventual loss in MAC performance is realized while the recouveigence curve matches
first convergence.

The same simulation was used in order to examine the dependence of RASE
performance on the paraxheter ga2. Moreover, an inkling is given of how the RASE
parameters interact by changing both gy; and ¢g9. Perfect initialization was used once
again. The results of this experiment are shown in Figure 6.3. It can be seen thaf the
reconvergence behaviour of the RASE algorithm is much poorer for values of ga2 > 0.

The magnitude of ggp with respect to that of ¢y reflects the a priori expectation
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Figure 6.3: RASE sensitivity to ¢aa.
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that a sudden change in error power is due to a target discontinuity or a increase in
MMSE. For example, if gq2 is relatively large, an additive noise power fluctuation is
preferred over the target discontinuity. On the other hand, if ¢g2 = 0, as shall be the
case in all subsequent simulations, this results in the opposite EKI' hehaviour.

A similar experiment was performed in order to test the sensitivity of RASE
performance to the parameter ¢zz. In this simuiation, however, the input samples are
highly correlated via an input colouring filter of the form Fy;. This results in an input
covariance eigenvalue ratio of 19561. Further, two disconlinuities in the plant occur
at k = 5000 and k& = 9000, the latter having the plant revert to its original F '1.’ "I'he
reason for this modification is that the behaviour of the NLMS algorithm (lep(zrl.as on
the interaction between input correlatedness and adaptation state. 'T'he pair of plant

discontinuities provide a greater range for this phenomenon. The parameter ¢;; took
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the value 10~1° for this simulation and the additive noise power was again taken to
be known.

The results of this experiment are shown in Figure 6.4. It is seen that while modest
improvement is possille by ianeasing the value of ¢33 in the presence pf. correlated
input samples, the RASE algorithm is not partiéularly dependent on the choice of this
parameter. The estimate of an NLMS learning curve with similar MAC performance

is also shown in Figure 6.4 for comparison.

Sensitivity to initialization

As has been suggested in Chapter 3, the performaﬁce of the RASE algorithr depends
heavily on its initialization. In particular, tke initial additive noise power estimate and

the quality assigned to it in the choice of Pp 9y have a significant effect on the behaviour
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of the method. In this section, this dependence will be examined qualitatively by
way of simulations. The same scenario as in the previous subséction was used for
this purpose. Once again, input samples are uncorrelatzd, and Q is zero except for
g1 = 1071%, The initial additive noise power estimate and the corrrsponding initial
state covariance entry were modified from the optimal (a2, 0).

The results of this experiment are found in IMigures 6.5 and 6.6. In the former, we
sec the degradation in RASE performance when &= fol for [ =5 and [ =1/5.

The value of Pg 52 was 107° for these experiments. In Figure 6.6, on the other hand,
52 = o2, but Pg g, takes the values 1072, 10~%, and 107°, It is clear that uncertainty

about the additive noise power reduces the quality of RASE adaptation.
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6.3.3 PA-NLMS Sensitivity

73

In Chapter 4, provision was given to examine the steady-state performance of the

PA-NLMS algorithra with respect to the parameters a, A, A;, and Ay, Tor the

noustationary case, this algorithm was shown to be insensitive to variations in these

parameéters over a typical slice of their parameter space. Since the construction of

figures like Figure 4.2 is reasonably straightforward due to the formulas available in

Chapter 4, this section will consider the manner in which the PA-NLMS algorithm

depends upon the remaining parameter, namely ¢, and its initialization.

Sensitivity to parameters

Using the same simulation that was used previously with uncorrelated input samples,

the convergence behaviour of the PA-NLMS algorithm is tested with respect to its
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Figure 6.7: PA-NLMS sensitivity to (.
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sensitivity to the parameter ¢. The balance of the PA-NLMS parameter sel took on
values a = 0.125, A, = 0.9975, A, = 0.975, and )\, = 0.975, and the initial estimales
of the ¢ compornents were zero. The estimated learning curves due to this algorithm
for four different values of ¢ are provided in Figure 6.7. It is clear thab no significant
degradation in the steady-state misadjustment is incurred by the utilization of ¢ > 0
— even for values exceeding sensible limits. Indeed, there seems to be no penalty for

the improved convergence that results.

Sensitivity to initialization

In the previous section, the sensitivity of the RASE algorithm to the quality of its
initial estimates of environmental quantities was demonstraled. The relative insensi-

tivity of the PA-NLMS scheme to the analogous quantities will now be shown, The
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Figure 6.8: PA-NLMS sensitivity to e and g;0.
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experiment is the same as the previous one, except that the parameter ¢ is fixed
al 0.01 and the values of'(]ﬁo and §,o are permitted to vary. As is evidenced in
Pigure 6.8, which summarizes the results of this experiment, the behaviour of the

PA-NLMS 'a.lgorithn'l is rel,ativély fixed over a considerable range of initializations.

6.3.4 PA-RLS Sensitivity

The sensitivity of the PA-RLS algorithm to the choices of its parameters is now
investigated. It shall be demonstrated that this adaptive filter is particularty robust

toward the values chosen for Biy Buin, and 62,

Sensitivity to parameters

The choice of §; for the PA-RLS algorithm depends on the application. For example,

if a very fast response were requited to sudden changes in the desired signal statis-
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Figure 6.9: PA-RLS sensitivity to ;.
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tics, then a high value of 8; would be used. On the other hand, if the persisience
of the system excitation were in question a more modest choice would be made. In
Figure 6.9, the estimated learning curve for PA-RLS filters lor various values of f;
are shown. The choice of Buin = 0.0015 was made. While a slightly quicker reconver-
gence is available by the use of higher values of f;, in all subsequent simulations this
parameter will be taken to be unity.

The sensitivity of the PA-RLS algorithm to the patameter By is concerned with
the “trapping” that occurs when the forgetting factor approaches unity. T'his effect
is displayed in Figure 6.10. At some threshold 6 x 10~7 < fH < 7 x 10=7, this
trapping vehaviour occurs. Fortunately, the design criteria for this parameter i the
desired steady-state misadjustment, which is unlikely to be in the range of —~60d1.
Taking a moie realistic specification of —30dB, the value 0.0015 will be used for B

in subseqiient experiments,
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Sensitivity to initialization

Having fixed the values of the PA-RLS parameters, the sensitivity of the algorithm
under consideration to initialization was examined. In particular, three values were
chosen for the initial estimate of the MMSE, 62,. Figure 6.11 demonstrates that the

algorithm is acceptably insensitive to this choice
6.3.5 iscussion

We see that the sensitivity of the three proposed adaptive filters to their respective
algorithmic parameters decreases in the order in which they have been treated. The
RASI algorithm, though shown to perform exceptionally well when carefully tuned,
is quite susceptible to poorly chosen parameters or initial environmental estimates.
Since there are no suitable guidelines with which to choose these quantities in a gen-

~eral manner, this algorithm requires further attention before it may be recommended
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for use. The PA-NLMS scheme, though less sensitive to the choices made for its pa-

rameters, still suffers from a relatively large number of parameters. While the method

for predicting PA-NLMS petformance on the basis of the choice of parameters hag

been established, the more valuable converse design rule does not yet exish. That is,

iven a performance specification, it is a matter of frial and error to choose accept-
7 |

able FA-NLMS parameters. Neither of these difficulties apply to the PA-RLS method,

however. Indeed, it has been shown that this algorithm is particularly insensitive to

either of its two parameters, and that the choice of these quantities can be made with

little difficulty.
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6.4 Performance Experiments

6.4.1 Introduction

Ini this section the performance of conventional adaptive filters and selected DA meth-
ods in nonstationary environments will be investigated. The principle difficulty with
this endeavour is the inescapable artificiality of experiments to be performed. The
approach throughout this work has been to try to examine the behaviour of adaptive
filters in an application-independent manner. While this approach has been success-
ful for the consideration of adaptive filters in stationary scenarios, its success in the
presence of environmental nonstationarities is not so clear. There is no assurance,
for example, that an algorithm that performs well in the presence of one kind of
nonstationarity will deliver acceptable performance in another. Indeed, once the en-
vironment is permitted to behave in a nonstationary manner, there are simply too
many variables to take into consideration. In effect, there are too many degrees of
freedom in the specification of the statistics of the filter input, additive noise, and
target filter weights. In order to fairly compare a number of algorithms in a non-
sbationary environment, care must be taken not to choose these statistics to suit a
specific algoritliim. Stice the sensitivities of DA methods to various environmental
statistics are unknown, the best strategy is to test the algorithms under consider-
ation in a number of different situations. In the interest of simplicity, generality
and fairness, the following experiments will involve easily described and simulated
nonstationatities in spite of their artificiality. To be assured of acceptable adapta-
tion performance in a practical nonstationary application, one must carefully model
the nonstationary behaviour of a given application, and simulate this application by
means of this model. Such work, which is considerable in itself, is beyond the scope

of this dissertation.
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The focus of the following simulations will be to investigate the performance of
various DA methods in the presence of target filier weight nonstationaritics. To this
end, three models of target filter will be used. In the first case, the plant will change
suddenly from the lowpass F; ; to the allpass FJ; ., as in the previous simulations. Of
the three plant models to be simulated, only this one represents a practical situation
in some applications. Secondly, the random walk plant model will be considered, The
initial plant specification will be given by ]-‘RL,'I, The random walk simulations will
be primarily for the purpose of testing the predictive power of the analysis in the
previous chapters. Finally, a Markovian nonstationarity will be simulated in order to
examine the performance of the PA methods in a continuously varying scenario that
is sufficiently distinct from the random walk on which those algorithms are based,
Under this nonstationarity, the plant will be modeled as the parallel combination of a
fixed Ff;;, and a time-varying FIR filter whose weights are modeled as the response of
an N-input initially-relaxed one-pole Markov filter to IV independent white zero-mean
(Gaussian sequences. If the pole of the Markov filter were at unity and the variances ol
its inputs were identical, a random walk would result. In order to provide asimulation
that is sufficiently different from a random walk, however, we take the Markov pole
to be at 0.9, and its inputs to have distinct variances. In particular, let us consider
the case in which the Markov filter inputs have variances in proportion to the square
of the corresponding nominal plant filter weight. In effect, cach plant filter weight is

updated at each sample according to

wi,k+1=w1(f) + w?,ﬂl

wffﬂilzo‘gwgz) +wiy
where the weights w{) are the coefficients of the fixed filter, Fny, and the noise #

is zero-mean, temporally and spatially white, and Gaussian having variance o2, By
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analogy to the random walk nonstationarity-to-noise ratio, the corresponding quantity

for this Markov nonstationarity is ¢™ = o202/0?.
6.4.2 Discontinuous Target Filter Simulations

In this section, we examine the performance of a number of doubly adaptive filters
in (;hé presence of a sudden discontinuity in the target filter weights. We will present
the results of these experiments comparing six LMS-based DA algorithms with NLMS
as a henchmark. The results of the same experiment applied to RLS-based methods
will then be given. For the LMS-based algorithms, simulations will be performed
for three input-colouring filters, namely, the lowpass F;, the allpass Fi o, and the
highpass F3 in order to observe the dependence of the various DA methods on the
input correlatedness. This is not necessary for the RLS-based methods since the RLS
algorithm is robust toward this condition. Moreover, in the interest of fairness, the
parameters of these LMS-based algorithms will assume a constant value over the three
different inputs — being “tuned” for best performance when the input is uncorrelated.
Fach of the simulated learning curves in this section represent averages over 200
independent trials.

In Figures 6.12, 6.13, and 6.14, estimates of PA-NLMS and SKYW learning curves
m‘é displayed for the allpass, lowpass and highpass input colouring filter respectively.
These are compared with a benchmark NLMS providing comparable MAC perfor-
mance in each case. These two DA methods have similar computational complexity,
and each perform better than their parent filter for an uncorrelated input signal. For
correlated inputs, however, little or no advantage is offered by the SKYW scheme. For
the PA-NLMS algorithm, the parameters were set as follows: A, = 0.999, X, = 0.99,
Ay = 0.98, a = 0.125, and ¢ = 0.005. The SKYW parameter, Askyw, on the other
hand was given the value 0.99. The benchmark NLMS filter used 7 = 0.077.
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Estimates of the learﬁmg curves 101 fhc RASE and KJ algoni.lnns for the same
three experiments are shown in FlgUleS«G 15, 6.16, and 6.17. The R/\Sl‘/ parameters
were as follows: A, = 0.9, g1 = 1077, (122 =0, ¢as = 107°, and jiiy = 0.0198. The
MMSE was assumed to be known for both of tlhese algorithms. While the quality
of RASE performancé depends on this knowledge, the KJ algorithm requires this
knowledge in order to choose its parameters. In this case, referring to [34], aicy = 0.97 7 o
and gk = 0.001. The plerformanCe of the KJ algorithm is comparable fo that of RASE:
with suboptimal initialization (cf. Figures 6.5 and 6.6) for uncorrelated inputs. In the
case of correlated inputs, ho‘Wéver, f;’hegadvantagé of the KJ algorithm is not ncarly
as significant. The con.Vergence-con.tro'lling parameter of the henchmark N LMS" her
assumed the value i = 0.0198 in th,s case. |

The final two LMS-based DA methods that were tcstcd in this scenario are the «

GAS and HCB algorithms, and the results of those tests are given in Flggte 6.18,

7
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€.19 and 6.2‘0. These methods are based on an LMS rather thanw an NLMS |")‘ll‘l'0,lﬂl'}.
Again, an estimated learning curve for an NLMS filter, with ji = 0,182 for the present,
experiment, is provided. In this case, however, it is infair to suggesh that this bench-
mark i)'rocess provides comparable MAC petformance o hoth DA algorithmg., While
it doés approximate the MAC of the HCB filter, the GAS scheme provides much lower
MAC. Unfertunately, it takes a considerable number of samples to achieve thiy ét;a/tc.

In consequence, the comparison Hetween GAS performance and that of other algo-

rithms ie qualitative at best. It is clear, however, that there is little or no advantage

in the use of these two DA methods over the conventional algorithm for nonstationary

environments and correlated input samples, The parameters of the DA algorithmsg

!

for these simulations were chosen in keeping with the original papers. Although no

guidelines were provided, representative choices of the algorithinic parameters were

i

made for simulation pﬁ‘rposes [33] [22]. Fot hoth :ngorji;}n.tné, fix Was baken j‘;o‘;bc‘

A=
7
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Figure 6.18: HCB and GAS performance - uncorrelated input.
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0.025, which is, for stability reasons, somewhat less than the LMS stability limit
of 2(irR)™" [32]. Tor the GAS scheme, paas = flmax/10 was chosen. The HCB
parameters were assigned the values mg =my =5, anen = 2 and flmin = fimax/1024.
l‘“ilm.ll‘,y,f Iigure 6.21 presents the resulting learning curve estimates of the RLS-
based afl‘;gorihl'nns in the same scenario. The two DA methods and the benchmark
RIS process were tuned to provide —30 dB MAC. This was accomplished by using
a lorgetting fackor of A = 0.9999 for the RLS filter, and choosing fy = 0.002 for
the PKY scheme. One and a quaster dB discrepancy between actial and nominal .
PA-RLS MAC was assumed in ordet to choose fumin = (.0015. Further, B; and Prnax

“were both taken to be unity for the PA-RLS and FKY algorithms respectively.
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6.4.3 Random Walk Simulations

We now consider a siviulated random walk scenario. The simulations from which the
following results were obtained were performed for two reasons. First, it is of interest
to del;errrﬂnc how accurate the predictive formulas for conventional algorithm perfor-
mance in this envitonment are. Second, it is of interest to compare the pérformance
of a number of DA methods in an easily described continuously varying situation.
We would expect, however, that the PA methods would be capable of performing
very well in these experiments. In that respect, these simulations may seem unfairly
weighted towil.rd those methods. As we shall see, the performance of PA-NLMS is
- compatable to that of other LMS«based, DA algorithms.

In testing the accuracy of the expressions that predict the steady-stateﬁ misadjust-

- ment for the conventional adaptation algorithms in a random walk scenario, it is of
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2

9

intefest to con;ider how low N must be before the modified independence assump-
tion thai was necessary to derive these expressions beeomes invalid, In co’nscqu('nw,
random walk experiments were performed for fitters of length N == 5, N = 21, and
N = 10‘1‘. In Figures 6.22 through 6,33, estimates of NLMS and RLS steady-state wig-
adjustment in a simulated random walk scenavio are displayed beside the respective
theoretical curves. Further, the effecis of input correlatedness are illustrated in the

case that it is most significant: high NNR and low 7. The misadjustment measure-

ments under the highpass input-colouring filter C, are given as #’s in the appropriale
‘ ghy g g P

figures. The quantity Bei was taken to have the value two for the theoretical mis-
adjustment given by (5.6). The normalized convergence time iy simply the ratio of

convergence tirne constant to filter length. In Tables 6,2, 6.3, and 6.4, the migadjust-
! b ) ) fl

mentresults for the DA methods ave provided, 'I'he experimentally achieved minimum

misadjustments for the conventional algorithms after careful tuning are also given in
these tables. All measured values represent averages over 10° steady-stale samples,
For the PA-NLMS algovithm, numerically caleulated predictions are also provided ag
theoretical values. These data are not ploftied on the respective figures becanse of the

difficulty with which convergence time is determined for doubly adaptive methods.
6.4.4 Markov Simulations

In this section, the steady-state misadjustment: measurementy for the algorithms un-

der consideration in the preserice of the previously described Markov nonstationar-

ity are presented; For all of the DA methods, algorithmic parumeters are kepb at

the same values as in the previous performance exj;)cnim;’fitél Ifor the conventional

adaptive filters, however, numerous values of convergence-controlling parameter were

3y

3

;yattempted to achieve an estimate of the best-possible performance in this seenario.
The experiment was performed for both N = 5and N = 21, and the results are

| it
iy
i
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Table 6.2: Randoin walk MAC es;imates (dB): N=5.

Algorithm NNR=0 | NNR=--10 | NNR=-20 | NNR=~-100
NLMS (tuned) 2,65 —3.36 —8.84 < -30.00
PA-NLMS (ex.) 2,70 ~2.69 v =T7.66 —13.57
PA-NLMS {th.) 2,09 —4.31 —9.76 —14.65
- SKY'W 5.16 -2.50 —8.74 —13.36

RASE 2,71 —-3.19 —8.16 ~17.587
KJ 11.31 1.74 =7.61 -17.91
GAS 311 | —-3.95 -9,18 ~13.44
HCB 4.96 —0.98 —5.83 —10.76
RLS (tuned) 220 | —4.18 ~9.72 < —30.00
PA-RLS 3.97 —0.64 ~4.15 ~28.99
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Figure 6.26: Random walk MAC performance: N=21; NNR=0 dB.
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SIMULATIONS

Misadjustment, dB

Figure 6.27: Random walk MAC performance:

Misadjustment, dB
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F]g,ure 6.28: Random walk MAQ performance: N“Zl NNR=~2