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ABSTRACT

Networked control systems (NCSs) present many advantages such as easy installation
and maintenance, flexible layouts and structures of components, and efficient alloca-
tion and distribution of resources. Consequently, they find potential applications in
a variety of emerging industrial systems including multi-agent systems, power grids,
tele-operations and cyber-physical systems. The study of NCSs with nonlinear dy-
namics (i.e., nonlinear NCSs) is a very significant yet challenging topic, and it not
only widens application areas of NCSs in practice, but also extends the theoretical
framework of NCSs with linear dynamics (i.e., linear NCSs). Numerous issues are
required to be resolved towards a fully-fledged theory of industrial nonlinear NCS
design. In this dissertation, three important problems of nonlinear NCSs are inves-
tigated: The robust filtering problem, the robust model predictive control (MPC)
problem and the robust distributed MPC problem of large-scale nonlinear systems.
In the robust filtering problem of nonlinear NCSs, the nonlinear system model
is subject to uncertainties and external disturbances, and the measurements suffer
from time delays governed by a Markov process. Utilizing the Lyapunov theory, the
algebraic Hamilton-Jacobi inequality (HJI)-based sufficient conditions are established

for designing the H,, nonlinear filter. Moreover, the developed results are specialized



v

for a special type of nonlinear systems, by presenting the HJI in terms of matrix
inequalities.

For the robust MPC problem of NCSs, three aspects are considered. Firstly, to
reduce the computation and communication load, the networked MPC scheme with
an efficient transmission and compensation strategy is proposed, for constrained non-
linear NCSs with disturbances and two-channel packet dropouts. A novel Lyapunov
function is constructed to ensure the input-to-state practical stability (ISpS) of the
closed-loop system. Secondly, to improve robustness, a networked min-max MPC
scheme are developed, for constrained nonlinear NCSs subject to external distur-
bances, input and state constraints, and network-induced constraints. The ISpS of
the resulting nonlinear NCS is established by constructing a new Lyapunov function.
Finally, to deal with the issue of unavailability of system state, a robust output feed-
back MPC scheme is designed for constrained linear systems subject to periodical
measurement losses and external disturbances. The rigorous feasibility and stability
conditions are established.

For the robust distributed MPC problem of large-scale nonlinear systems, three
steps are taken to conduct the studies. In the first step, the issue of external dis-
turbances is addressed. A robustness constraint is proposed to handle the external
disturbances, based on which a novel robust distributed MPC algorithm is designed.
The conditions for guaranteeing feasibility and stability are established, respectively.
In the second step, the issue of communication delays are dealt with. By designing
the waiting mechanism, a distributed MPC scheme is proposed, and the feasibility
and stability conditions are established. In the third step, the robust distributed
MPC problem for large-scale nonlinear systems subject to control input constraints,
communication delays and external disturbances are studied. A dual-mode robust
distributed MPC strategy is designed to deal with the communication delays and the
external disturbances simultaneously, and the feasibility and the stability conditions

are developed, accordingly.
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Chapter 1

Introduction

1.1 Networked Control Systems

Networked control systems (NCSs) play essential roles in many emerging industrial
applications such as intelligent transportation systems, power grids, water distributed
systems, cyber-physical systems, sensor network systems, tele-operation and haptics
systems, and multi-agent systems. Broadly speaking, the NCSs are referred to as
control systems among which the information (data) is transmitted or shared via
communication networks. So far, the research direction of NCSs can be divided into
three categories [173, 164]: (1) control of communication networks, (2) control over

communication networks, and (3) networked multi-agent systems.

e Control of communication networks [42]: This type of research is mainly
focused on how to design efficient and real-time communication networks, such
as networking protocol design, network congestion management and routing

control.

e Control over communication networks [173, 42]: This type of study is
concerned with the problems on designing feedback control laws an/or filtering
strategies to (adapt to) unreliable communication networks such that the closed-
loop system is stabilized or achieves certain control performance, which is the

focus of the dissertation.

e Networked multi-agent systems [164, 173]: The research effort is devoted
to designing network topologies, distributed control laws and/or filtering strate-

gies to address the changes of network connections and network imperfections,



such that some global control objective can be achieved. This problem is also
investigated in the dissertation. An example of a networked multi-agent system
consisting of eight mobile robots (i.e., agents or subsystems) is demonstrated
in Figure 1.1. In this multi-agent system, the information can be exchanged
among these robots via communication networks to achieve expected global

control and/or filtering objectives.

Communication
network medium

s
&

Figure 1.1: An example of a networked multi-agent system.

In comparison with traditional control systems, NCSs enable spatial distribution
and placement of components through multi-purpose networks, offering many advan-

tages:

e Reducing system cost: In NCSs, all information is transmitted through
shared communication networks, and thus multiple system wirings among sen-
sors, controllers and actuators can be simplified by a simple communication link
or even a wireless communication link. As a result, great amounts of system
wirings are reduced and the power consumption may also be reduced accord-
ingly, resulting in a significant decrease of system cost, especially for large-scale

systems.

¢ Easing installation and maintenance: Due to the communication networks,
the controllers, sensors and actuators can be freely installed in a large space
unlike traditional control systems in which the controllers, sensors and actuators
are generally located together in a limited space. The distributed NCS structure

also facilitates fault detections and isolations. For example, if an NCS does not



work or fails, one can easily isolate the controller, sensor and actuator, test

them one by one, and replace the malfunctioned one conveniently.

e Increasing structural flexibility and facilitating resource allocations:
The communication networks also bring flexibility in optimizing the locations
of controllers, which leads to compact and efficient system design, saving space
and system resources. In addition, the remote connection and flexible structure
between the controller and plant fits particularly well with the requirements of
some special applications such as tele-operation systems, space operation and

control systems, and remote control in nuclear plants.

When taking a look at the other side of the “coin”, however, the deployment
of communication networks also brings unreliability and uncertainty in the control
loop, posing great challenges for NCS design and its applications. To overcome these
obstacles, two types of measures can be taken. On the one hand, the infrastructure
of the communication channels and communication protocols should be improved or
redesigned, which falls within the research on control of networks. On the other hand,
the control methodologies for NCSs should be developed and enhanced to remedy
imperfections induced by the communication networks. It has been reported that
the latter aspect is of significant importance towards building reliable, robust and
effective NCSs, and thus has received tremendous attention during last decade; see,
e.g., the survey papers in [42, 1, 169, 47| and references therein.

The main issues induced by imperfect communication networks are recognized as
three aspects: (1) network-induced time delays; (2) data losses or packet dropouts;

(3) sampling errors and quantization issues.

e Networked-induced delays: Time delays in NCSs are very likely to occur
mainly due to bandwidth limits and network traffic congestions, especially in
large-scale and shared networks. In general, the time delays can be modeled as

deterministic and random ones.

a. Deterministic delays: In this type of delay characterizations, the delays
are further modeled as constant time delays, such as [178, 152] and time-
varying delays, e.g., [106, 48]. To deal with time delays, two types of suf-
ficient conditions for guaranteeing closed-loop system stability have been

proposed. The first type is called delay-independent conditions which are



irrelevant to time-delay characteristics, for example, [98, 38, 49]. In con-
trast, the second type of conditions are named as delay-dependent con-
ditions which are explicitly dependent on delay characteristics; see, e.g.,
[43, 92, 58]. The delay-dependent conditions facilitate the efficient use of

delay information, thus reducing conservatism.

b. Random delays: For the random time delays, three methods of delay mod-
eling are available. In the first case, the occurrence of time delays is char-
acterized as a Bernoulli process [137]. Since the Bernoulli process is only
able to model two random states and it ignores mutual effects of delays
among different time instants, Markov chains have been utilized to model
random delays capturing more information; see, e.g., [108, 53, 141, 140].
The third type of random model of time delays is semi-Markov processes
[10], which are of more general features. Yet, the system analysis and

design become more complicated.

e Packet dropouts: Packet dropout is also called data loss or data missing in the
literature, which is another critical network-induced constraint in NCS design.
The packet dropouts may bring undesired phenomena such as oscillations and
erratic behaviors, and even destabilize the closed-loop system. In a digital
network, it has been reported in [42] that the packet dropouts are mainly caused
by physical link failures, buffer overflowing and long time delays. There are
several different ways of modeling packet dropouts, which are summarized in

the following.

a. Consecutive and constant packet dropouts. This is the simplest way of
modeling packet dropouts, which is suitable for periodical physical link

failures and data errors; see, e.g., [72].

b. Bernoulli-type packet dropouts. In this model, the packet dropouts occur
according to a certain probability 0 < p < 1 and the data is transmitted
successfully with the probability 1 — p. This modeling is able to capture
stochastic properties of the packet dropouts, and is also mathematically
easy to deal with. Thus, it is widely employed in NCSs [47, 157, 175, 142].

¢. Markov chain-type packet dropouts. In this type of packet-dropout mod-
eling, the data missing occurs according to a Markov process, which is

more informative and practical than the Bernoulli-type model; see, e.g.,



140, 177, 54].

d. Arbitrary packet dropouts with bounded occurrence length. This type of
modeling is particularly useful for many practical applications in which
the stochastic model of the packet dropouts is unknown or unavailable,
but the maximum number of packet dropouts can be tested. The work
that utilizes this type of models can be referred to [113, 119, 74, 73].

e Sampling error and quantization: The sampling and quantization error is
generated due to signal transmission and transformation over communication
networks. In NCSs, the control signal to plant is required to be in a continuous-
time format, but the controller is apt to deal with digital signal. Therefore, on
the one hand, to transmit measurement signals from sensor (continuous-time
signals) to controller over networks, the signal must be sampled and encoded
in a digital format before transmission. On the other hand, after the actuator
receives the encoded digital signal from controller, it must be decoded and
converted to a continuous-time format. Since the sampling rates and the word
lengths of a packet are limited, the quantization and sampling errors will be
unavoidable. To analyze stability and further improve control performance, a
lot of results have been developed for dealing with quantization and sampling

errors; see the papers in [37, 167, 172, 149] and references therein.

In addition, there are also some other important issues to deal with towards build-
ing reliable, robust, effective and secure NCSs, such as the fault detection and fault-
tolerant control of NCSs [12], bandwidth allocation [51], network scheduling [76],

real-time control [2], network security [29], and so on.

1.2 Review of Related Literature

This section provides an overview of existing work of NCSs directly related to this
dissertation, including three parts: nonlinear filtering and estimation of NCSs, model
predictive control (MPC) of NCSs and distributed MPC of large-scale systems.

1.2.1 Nonlinear Filtering and Estimation of NCSs

The filtering and estimation problem is one of the most important issues in the area

of systems and control. Filtering can be applied in many problems including output



feedback control, system modeling, and fault-detection and monitoring. The filter-
ing and estimation problem in NCSs has been a very active research area and many
promising results have been reported in the literature. In various network environ-
ments, the filtering and estimation problem of NCSs with linear system dynamics
(i.e., linear NCSs) has been extensively investigated. The readers are referred to the
survey papers in [178, 47, 42|, the theses in [170, 174] and references therein.

In comparison with the filtering and estimation problem of linear NCSs, the prob-
lem of NCSs with nonlinear system dynamics (i.e., nonlinear NCSs) is even more
important and interesting, since the nonlinear filtering design can find more applica-
tions and may theoretically generalize corresponding linear system results as special
cases. However, the design and analysis of nonlinear filters for NCSs is more chal-
lenging because the properties of superposition and homogeneity are, in general, not
valid for nonlinear systems.

In the literature, one way to studying filtering problem of nonlinear NCSs is
based on conventional nonlinear estimation approaches such as Extend Kalman Fil-
ter (EKF) and Unscented Kalman Filter (UKF). In this framework, the disturbances
are modeled as white noises and the algorithms of EKF and/or UKF are redesigned
to accommodate communication constraints induced in NCSs. For example, in [65],
Kulge et al. has proven the stochastic stability of the EKF with intermittent observa-
tions, where the availability of the measurement is modeled as a Bernoulli process and
a two-step EKF has been designed. In [52], the stability of EKF with stochastic non-
linearities and multiple missing measurements is investigated and the upper bound of
the filtering error covariance is established. The stability of UKF with measurement
dropouts is reported in [75].

Another approach to dealing with filtering problem of nonlinear NCSs is the so-
called robust filtering scheme. This scheme has two advantages over EKF or/and
UKF: (1) it can deal with non-Gaussian disturbances without knowing exact mod-
els of disturbances; (2) it highly efficient to handle system parameter uncertainties
and network communication constraints. As a result, the robust nonlinear filtering
scheme has enjoyed great popularity in NCSs and a lot of results have been reported
in studying communication delays, packet dropouts, quantization errors and other
issues.

So far, most of these results are developed for special types of nonlinear NCSs,
in which the treatment of the nonlinear terms can be converted to dealing with

linear terms by utilizing the properties of the involved special nonlinear terms. As a



result, the communication constraints and parameter uncertainties can be efficiently
accommodated by borrowing existing methods from linear NCSs. And the linear
matrix inequalities (LMI) or/and bilinear matrix inequalities (BMI) techniques can
be utilized to design the robust filters.

For example, in [159, 18, 168, 17, 19], the H., filtering problem of nonlinear
NCSs with sector-bounded nonlinearities has been studied and the LMI-based sta-
bility conditions have been developed accordingly. Among them, the communication
delay has been considered in [19, 168]; the packet-dropout issue has been studied
in [18, 168, 17]; the sensor saturation effect has been addressed in [17, 159]. In
(161, 139, 20, 138], the robust H,, filters and estimators of nonlinear NCSs with
randomly occurring nonlinearities have been designed, and the LMI-based sufficient
conditions have been proposed. In these results, the measurement missing problem
is dealt with in [161, 138]; the quantization effect is addressed in [139] and the sensor
saturation problem is considered in [20]. In [135], the robust distributed H, filtering
has been designed for nonlinear sensor networks with polynomial nonlinearities.

In addition, there are a few results studying the robust H., filtering problem of
general nonlinear NCSs without simplifying models. In [136], Shen at el. investigate
the robust H filtering problem of a class of nonlinear NCSs with packet dropouts,
and the nonlinear conditions for guaranteeing stability of the closed-loop system have
been developed. In [137], the H, filtering problem has been investigated for a class of
stochastic nonlinear systems with sensor delays modeled by a Bernoulli process and
the filtering design conditions have been proposed. In [160], the nonlinear filtering
problem is considered in a network environment, where the random packet losses and
the quantization effects are incorporated into the filtering design.

To be more informative, the aforementioned results of filtering design of nonlinear

NCSs are summarized in the following Table 1.1.

‘ Nonlinear form ‘ Time delay ‘ Data loss ‘ Quantization ‘ Saturation ‘
Sector-bounded [19][168] [18][168][17] [17][159]
Randomly occurring [161][138] [139] [20]
Polynomial [135]
[136][160][65]
General [137] 152][75] [160]

Table 1.1: Recent results on filtering of nonlinear NCSs.



1.2.2 MPC-based Control of NCSs

The MPC-based approach to studying NCSs is of appealing features in comparison
with other approaches. Firstly, the MPC strategy can generate a sequence of future
control signals by optimizing a control performance function at each time instant.
The generated future control sequence is particularly effective in compensating for
communication constraints in NCSs such as packet dropouts and delays. Secondly,
the MPC is capable of handling various system constraints including input constraints
and state constraints, which is also desired in many NCS applications. Thirdly, there
have been a lot of applications of MPC in many practical industrial systems [95]
[115] [116]. Thus, the study of MPC for NCSs would facilitate the modification and
advancement of network-based control applications.

In the literature on NCSs, some promising results on MPC have been developed for
addressing different communication constraints. Some of the results are documented
here in terms of linear NCS design and nonlinear NCS design.

For linear NCSs, an early result is reported in [148], where Tang et al. propose a
novel generalized predictive control (GPC) algorithm to design the control packets;
the compensation strategy including the buffer design is developed to address both
the control-to-actuator (C-A) and sensor-to-controller (S-C) delays; the designed al-
gorithm is tested for the control of a dual-axis hydraulic positioning system using an
Ethernet-based communication network. But the closed-loop stability is not analyzed
in [148]. In [162], Wu et al. design an MPC strategy for NCSs with C-A and S-C de-
lays modeled by two independent Markov chains, in which the stability and feasibility
issues have been investigated and the LMI-based conditions have been developed. In
[171], the modified GPC algorithm is designed for NCSs with two-channel Markov
delays and the stability analysis is conducted. The min-max MPC design problem of
wireless sensor networks has been investigated in [13]. In [122], the packetized predic-
tive control problem of stochastic systems over bit-rate limited channels with packet
losses has been investigated, where the dropout is modeled by a Bernoulli process,
but only the C-A packet dropout is considered. In [37], Goodwin et al. investigate
the moving horizon control problem of stochastic NCSs with quantization effects in
one communication channel.

Furthermore, there is another research line worthwhile to mention. In contrast to
the control packets designed by optimizing a control performance function, the control

prediction signal is simply generated by designing an observer or a predictor based



on the system model. In this framework, the disturbances and model uncertainties
can also be easily accounted by designing H., control scheme and the LMI-based
conditions can be developed for guaranteeing closed-loop stability. For example, the
networked predictive controller design problem by considering the random time de-
lays is studied in [79, 80, 153, 154]; both the time delays and packet dropouts are
simultaneously addressed in [78, 163].

In comparison with MPC-based control of linear NCSs, the study of nonlinear
NCSs using MPC scheme is more attractive, yet more challenging due to intrinsic
complexity of nonlinearities. With the help of existing techniques of nonlinear MPC,
some promising results of networked nonlinear MPC have been developed in the
literature. In [114], Polushin et al. develop a model-based approach to studying a class
of nonlinear sampled-data systems and they propose a novel strategy to compensate
for communication delays. Based on the Lyapunov-based MPC (LMPC) scheme,
Munoz de la Pena et al. study the networked state feedback control problem of
nonlinear systems subject to data losses in [100], where the networked controller
works in a sample-and-hold fashion; they further investigate the corresponding output
feedback problem in [102]; the LMPC scheme of nonlinear NCSs with time-varying
measurement delays is reported in [85]. In [120], Quevedo et al. investigate the
discrete-time nonlinear NCSs with disturbances and C-A packet dropouts modeled
by a Bernoulli process, and they prove the closed-loop stability in the sense of input-
to-state stability (ISS). Furthermore, they extend the result [120] for considering the
C-A packet dropouts modeled by a Markov chain in [121, 129]. In [113], Pin et al.
design a unified framework of MPC-based control strategy for discrete-time nonlinear
NCSs, in which the system constraints, the packet dropouts and the time delays
are considered, and the recursive feasibility and regional ISS stability of the closed-
loop system have been analyzed. Most recently, the MPC-based networked control
problem for hybrid systems in presence of packet dropouts is studied and the ISS of
the closed-loop system is established in [87].

For the sake of comparison and discussion, the MPC-based results of NCSs are
classified in Table 1.2.

1.2.3 Distributed MPC of Large-scale Systems

In the framework of using MPC-based approach to studying large-scale systems, there

are three schemes available in the literature, namely, centralized MPC, distributed
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‘ Type of systems ‘ Time delay ‘ Data loss ‘ Quantization ‘
[148][162]
Linear NCSs [171][13] [79][80] [122][78][163] [37]
[153][154][78][163]

[100][102][35][120]

Nonlinear NCSs [114][113] [121][129][113][87]

Table 1.2: Recent results on MPC-based control of NCSs.

MPC and decentralized MPC. The centralized MPC treats the whole large-scale sys-
tem as an ordinary one with high-dimension system states and designs only a central
model predictive controller to regulate it. The techniques for centralized MPC algo-
rithm design are trivial by following the well-developed MPC and this scheme is gen-
erally too computational expensive to be implemented in practice. On the contrary,
the decentralized MPC decouples the whole large-scale system into many indepen-
dent subsystems, and a local MPC algorithm is designed to regulate each subsystem.
The decentralized MPC algorithm design is a direct application of the classical MPC
theory. However, it has been shown [127] that the decentralized MPC only works for
large-scale systems in which the subsystems are weakly coupled; for these with strong
couplings among subsystems, this scheme is likely to lead to an unstable system or
unsatisfactory control performance.

In comparison with those two MPC schemes, the distributed MPC treats the
whole large-scale system as many subsystems and each subsystem is able to commu-
nicate with some other subsystems. A local model predictive controller is designed for
each subsystems, but each local controller can exchange information with some other
subsystems to account for couplings among them. In this way, the distributed MPC
is computationally efficient while achieving comparable control performance to the
centralized MPC. It is worth noting that the distributed MPC is heavily dependent
on communication networks among subsystems. The design of communication strate-
gies is nontrivial, especially for unreliable communication networks, and the system
performance analysis is very challenging.

The last decade has witnessed great progress in distributed MPC addressing many
different issues such as state partitioning, nonlinearities, system constraints, distur-
bances, communication constraints, and so on. In the literature on distributed MPC,
one research direction is to design distributed MPC algorithms for large-scale systems
in which there are strong coupled system dynamics among subsystems.

Along this line, the results on distributed MPC problem of large-scale linear sys-
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tems are reported in [7, 57, 99, 145, 27, 150]. In [7], the authors study the distributed
MPC design problem of large-scale systems with subsystems coupled by system states
and they propose an approach to partitioning system states and designing the com-
munication mechanism. In [57], the min-max distributed MPC design problem of the
same system has been studied. In [99], an optimal partitioning scheme is proposed to
group the subsystems by balancing the open-loop controllability and closed-loop sta-
bility. In [150], Venkat et al. investigate the distributed MPC problem for large-scale
systems with both coupled state and control input; the local model predictive con-
trollers are designed to achieve plant-wide objectives through iterative cooperation
and communications within a sampling interval; the designed algorithm is applied to
the distributed control of a power system. A cooperative distributed MPC scheme
is developed for large-scale systems with input constraints in [145]; the solution is
proven to converge to the plant-wide Pareto optimum. A non-cooperative distributed
MPC algorithm with neighbor-to-neighbor communication is proposed for large-scale
linear systems in [27] where the set invariant theory is utilized to analyze the stability
of the overall system.

The distributed MPC problem of large-scale nonlinear systems has been studied in
(83, 81, 84, 82, 46, 45, 146]. In [83], Liu at el. study the distributed MPC problem of
a nonlinear system using the LMPC scheme, in which the control input is artificially
partitioned into two parts and two local Lyapunov-based model predictive controllers
are designed to generate the whole control input. In [81], they extend the result in
[83] by considering multiple control inputs partitioning, and both the sequential dis-
tributed MPC and iterative distributed MPC schemes are proposed. Furthermore,
by considering the occurrence of asynchronous and delayed measurements, they gen-
eralize the result in [83] for non-iterative scheme in [84] and for iterative scheme in
[82], respectively. Based on these results, the same problem is studied by considering
the noises and data losses in the communication channels among the local controllers
in [45]; the multi-rate distributed LMPC design is further reported in [46]. In [146],
Stewart et al. investigate the distributed MPC problem for nonlinear systems with
both coupled state and input, wherein the distributed MPC algorithm is designed
through distributed gradient projection. In [21], Dunbar designs a distributed MPC
strategy for a class of continuous-time nonlinear systems by proposing a consistency
constraint to guarantee closed-loop stability.

Another research direction is focused on distributed MPC design for large-scale

systems consisting of completely decoupled subsystems (agents) but with coupled
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control objective functions and/or system constraints. These large-scale systems are
particularly useful to model multi-agent systems such as vehicle platoons, multi-
robot systems and even biological systems. Therefore, the design of distributed MPC
scheme for such systems has attracted a lot of attention. Specifically, the results in

this direction can be further divided into two categories.

e Cooperative control of multi-agent systems using distributed MPC.
In [130], Richards et al. have designed a robust distributed MPC scheme for a
group of decoupled linear subsystems subject to disturbances and with coupled
system constraints; the communication strategy among subsystems has been
designed to satisfy the coupling constraints; comparable control performance
has been achieved in comparison with the centralized one. For the systems of
discrete-time nonlinear dynamics with coupled control objective functions, the
distributed MPC algorithm has been designed in [61]; the closed-loop system
stability has been established. In [23], Dunbar and Murray study the vehicle-
formation control problem using distributed receding horizon control (RHC)
for subsystems with continuous-time nonlinear dynamics and a coupled control
objective. In [22], Dunbar further investigates the same problem for a class
of vehicle platoons, and analyzes both the stability and string stability. To
address communication delays among subsystems, Franco et al. study the dis-
tributed MPC problem of a group of discrete-time linear systems among which
the information is subject to constant delays in [32]; they further investigate the
corresponding problem for nonlinear systems in [31]. In these two results, the
delayed information is treated as bounded disturbances and the ISS technique
is utilized to analyze the closed-loop stability, but the external disturbance of

the system is not considered and the communication delays are constant.

e Consensus of multi-agent systems using distributed MPC. In [60], Jo-
hansson et al. study the consensus problem of linear systems with convex input
and state constraints; they design a local MPC algorithm for each agent and
propose a negotiation algorithm for regulating each local controller that com-
putes an optimal consensus point for the overall system. In [63], Keviczky
and Johansson further investigate the convergence properties of the distributed
MPC consensus problem for a class of linear systems with input and state con-
straints. In [28], the consensus problem using MPC strategies is researched for

multi-agent systems with subsystems of single- and double-integrator dynamics;
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the time-varying communication topologies are considered and the stability is

established by using geometric properties of the optimal path.

In summary, the results on distributed MPC of large-scale systems can be classi-
fied in Table 1.3, in which the following abbreviations are adopted: LSCD — Linear
subsystems with coupled dynamics, LSDD — Linear subsystems with decoupled dy-
namics, NSCD — Nonlinear subsystems with coupled dynamics, NSDD — Nonlinear

subsystems with decoupled dynamics.

‘ System type ‘ Disturbance ‘ No disturbance ‘ Delay ‘ Data loss ‘
LSCD [57] [7][99][145][27][150]
LSDD [130] [32][60][63][28] [32]
NSCD [83][81][84][82][46][45] [21][146] [84][82] [45]
NSDD [61][23][22] [31] [31]

Table 1.3: Recent results on distributed MPC of large-scale systems.

1.3 Motivations

It is well known that, in practice, the dynamics of most industrial systems are es-
sentially nonlinear and many nonlinear dynamics cannot be simply characterized by
their linearized ones at operation points, especially in high-performance application
scenarios. Though great progress has been made on NCS design, most of the results
are developed for plant models with linear dynamics; these results of linear NCSs are
generally not valid for nonlinear NCSs due to the fact that the properties of super-
position and homogeneity cannot be directly applied. In the literature, the problem
of nonlinear NCS design has not been fully investigated and the results for general
nonlinear NCSs are scarce, even though they are highly desired in many practical
applications. This motivates the research of the dissertation to focus on nonlinear
NCS design. More specifically, the motivations of the research work are detailed in

three aspects as follows.

e Robust filtering of nonlinear NCSs. Filtering design plays an essential role
in providing state estimate of nonlinear NCSs, which are indispensable to many
NCS problems such as networked output feedback control and fault detection.
Compared to other filtering approaches, the robust H,, filtering method features

three aspects: (1) it is of great efficiency to deal with model uncertainties and
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external disturbances, which are frequently encountered challenges in nonlinear
NCS design; (2) the error dynamic system can achieve guaranteed disturbance
attenuation level and the state estimate is robust against external disturbances;
(3) the filtering system achieves proven stability property with zero external
disturbances. In the literature, the robust filtering of NCSs has spurred sig-
nificant interest, but most of the results reported are for linear systems. Even
in the available results on nonlinear NCSs, almost all of them are developed
exclusively for nonlinear systems of special types of nonlinearities, where the
treatment of nonlinearities can be converted into that of linear systems and
the approaches of linear NCSs can then be applied. The robust filtering prob-
lem of general nonlinear NCSs is still open; the filtering design and analysis of

nonlinear NCSs under various communication networks are left unexplored.

In particular, one of the most critical issues faced in NCS design is communi-
cation delay, which is likely to occur in a stochastic manner in practice. Ac-
cording to NCS experiments in [108, 140], the Markov process can capture the
physical properties of communication delays, matching experimental data of in-
dustrial network delays. In addition, the Markov process is more informative
and efficient in comparison to Bernoulli process and constant model by incor-
porating the relationship among delays in different time instants. Therefore,
the robust filtering design of general nonlinear systems with disturbances and
measurements subject to Markov delays is of theoretical merit and application

importance, and it will be investigated in the first part of the dissertation.

MPC-based control of nonlinear NCSs. The MPC-based control strategy
is one of the most effective approaches to NCSs, since it can actively compensate
for, rather than be passively adapted to communication constraints. In tradi-
tional MPC, a sequence of control inputs is generated by optimizing a control
objective function at each time instant; the first one in the control sequence is
picked up as the current control signal and the others (i.e., the predicted one)
for the future time instants are discarded; this procedure is executed iteratively
for each time instant. In contrast, the network-based MPC will not discard the
predicted control inputs in a control sequence arbitrarily, but make full use of
them for the future time instants whenever control input losses or/and delays
occur over communication networks. In addition, the MPC under network en-

vironments also preserves the advantages of traditional MPC, i.e., capability of
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satisfying constraints and achieving optimal control performance.

These features make MPC a desired solution to NCSs and a lot of results have
been developed for NCSs based on MPC. But most of the results are proposed
for linear systems and the networked MPC design problem of nonlinear systems
under various communication constraints has not been fully investigated. In
particular, the following questions need to be answered: How to design a uni-
fied MPC framework to accommodate all types of communication constraints
simultaneously for nonlinear NCSs? How to design robust MPC algorithms and
efficient compensation strategies to improve control performance? Additionally,
almost all the existing results are reported for designing state feedback MPC
algorithms of NCSs, but the study on how to design output feedback MPC of
NCSs is still not available. Motivated by these facts, the second part of this
dissertation will focus on the design of efficient compensation strategies and
robust MPC algorithms for nonlinear NCSs, and the study of networked output
feedback MPC problem.

Distributed MPC of large-scale nonlinear systems. The development of
network and communication techniques advances the design and implementa-
tion of large-scale and multi-agent systems. The distributed MPC is one of the
most promising control strategies for large-scale systems. It not only inherits
the advantages of traditional MPC in handling system constraints and achieving
suboptimal control performance, but also provides a unique feature with similar
computational efficiency as decentralized MPC while achieving comparable con-
trol performance to centralized MPC. These advantages provided by distributed
MPC is highly desired in practical implementations and have rendered it an ac-
tive topic in the research area of MPC. Though many interesting results have
been reported, most of them are restricted to the design of distributed MPC
strategies for large-scale linear systems and/or systems without disturbances.
Few results have been proposed to design robust distributed MPC of large-
scale nonlinear systems subject to external disturbances which is unavoidable

in practical design and implementation.

On the other hand, the distributed MPC heavily relies on communication net-
works, through which information among subsystems is exchanged to address
their couplings and the desired control performance. However, most of the

current results are developed under the assumption that the communication
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networks are perfectly reliable, which is not valid in many practical large-scale
systems, especially in large-scale wireless networks shared by great amounts
of subsystems. So far, little attention has been paid to the distributed MPC
problem in unreliable communication networks. This motivates the third part
of this dissertation: The investigation of the robust distributed MPC prob-
lem of large-scale nonlinear systems with communication delays and external

disturbances.

1.4 Contributions

The robust filtering and MPC-based control problem of nonlinear NCSs, and the

distributed MPC problem of large-scale nonlinear systems are investigated in the

dissertation. The main contributions of this dissertation are summarized as follows.

e Design robust filters of nonlinear NCSs with measurements subject

to Markov delays. A robust H., filtering design approach is proposed for
a class of general networked nonlinear systems. The proposed approach is ca-
pable of dealing with model uncertainties, disturbances and Markov delays in
measurements simultaneously, which serves an effort towards a unified robust
filtering design framework of industrial networked nonlinear systems. In partic-
ular, the Markov process has been proven to be more effective in characterizing
the physical properties of the real network delays compared to the determin-
istic modeling, which makes the developed results more efficient and practi-
cal than the existing filtering results. Furthermore, in this work, a Markov
mode-dependent algebraic Hamilton-Jacobi inequality (HJI) is developed as a
sufficient condition to designing the robust filter, generalizing the classic alge-
braic HJI for non-networked control systems. The stability conditions of the
filtering system are proposed and the H., performance is analyzed. Finally,
the results are specialized for corresponding networked linear systems and the
bilinear matrix inequality (BMI)-based conditions are derived for designing the

robust linear filter.

Design robust MPC algorithms and efficient compensation strategies
of NCSs. Firstly, an improved MPC strategy is designed for a class of non-
linear systems subject to two-channel packet dropouts, system constraints and

external disturbances. A novel compensation strategy is proposed such that the
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frequencies of the packet transmission can be reduced and the network resources
can be efficiently utilized; a new approach is developed to prove the closed-loop
stability by constructing a novel ISpS-type Lyapunov function. This work pro-

vides a potential solution to efficient MPC-based nonlinear NCS design.

Secondly, a min-max MPC scheme is designed for a class of nonlinear NCSs with
delays, packet dropouts, disturbances and systems constraints. This scheme
can explicitly incorporate the disturbances into the controller design, which im-
proves the robustness and control accuracy of the closed-loop system in compar-
ison with the existing results of NCSs. A novel Lyapunov function is proposed
to establish the ISpS of the resulting closed-loop system. This work offers a

useful tool to improving the robustness of nonlinear NCSs.

Finally, a robust output feedback MPC algorithm is designed for constrained
linear systems with periodical measurement dropouts. More specifically, a novel
observer is first designed such that the estimate error converges to a compact
set even when disturbed by disturbances and measurement dropouts. The net-
worked robust output MPC algorithm is then developed based on the tightening
technique and set-invariant theory; the feasibility of the algorithm and the sta-
bility of the closed-loop system are studied; the convergence sets of the system
state under the designed controller are developed as well. This work is particu-
larly useful for the networked system in which the system state is not directly
measurable, and it takes a first step towards studying quantitative effects of

disturbances and packet dropouts.

Design novel robust distributed MPC of large-scale nonlinear sys-
tems considering disturbances and communication delays. First of all,
a novel distributed MPC scheme is designed for large-scale nonlinear systems
subject to bounded disturbances. A robustness constraint is integrated into the
optimization problem in order to address the effects of external disturbances.
In this framework, the feasibility conditions of the designed algorithm and the
stability conditions of the closed-loop systems are developed, respectively. It is
shown that the stability of the closed-loop system is affected by the sampling
period, the parameters of the robustness constraint and the bounds of distur-
bances. The system state rendered by the designed control law is proven to
converge to a compact set. The contribution of this work mainly lies in the

fact that it not only provides a novel scheme to deal with external disturbances,
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but also lays a foundation for studying large-scale nonlinear systems subject to

communication delays.

Second, a novel distributed MPC scheme of large-scale nonlinear systems with
communication delays but without disturbances is developed. The conditions
that guarantee the feasibility and stability are also developed accordingly. It
is shown that the stability of the closed-loop system is related to the sam-
pling period and the communication delays; the state of the closed-loop system
converges to the equilibrium point. This work provides an effective tool for
addressing communication delays of large-scale nonlinear systems in noiseless

environments.

Finally, based on the aforementioned two pieces of work, the robust distributed
MPC problem of large-scale nonlinear systems subject to bounded disturbances
and communication delays is studied. A robust distributed MPC algorithm,
which can simultaneously accommodate communication delays and external dis-
turbances are developed by designing the robustness constraint and the waiting
mechanism. The sufficient conditions for guaranteeing the feasibility and sta-
bility are developed, respectively. It is shown that the closed-loop stability is
dependent on the sampling period, the bound of the disturbances, the com-
munication delays and the parameters of the robustness constraint; the system
state is stabilized into a convergence set containing zero. This work not only
provides a feasible robust distributed MPC method for practitioners, but also
gives insights into understanding how the disturbances and communication de-

lays affect system stability.

1.5 Organizations of The Dissertation

The remainder of the dissertation is organized as follows. In Chapter 2, the robust
Hoo filtering problem of uncertain nonlinear systems subject to Markov delays is
studied.

The MPC-based control problems of NCSs are presented in Chapter 3, 4 and 5.
In Chapter 3, the results on designing MPC strategy for nonlinear NCSs with two-
channel packet dropouts is presented; in Chapter 4, the min-max MPC problem
of nonlinear NCSs subject to time delays and packet dropouts is investigated; the

design of output feedback model predictive controller of linear constrained NCSs
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with periodical measurement dropouts is reported in Chapter 5.

The distributed MPC problems of large-scale nonlinear systems are studied in
Chapter 6, 7 and 8. Chapter 6 investigates the robust distributed MPC prob-
lem of large-scale nonlinear systems subject to disturbances; Chapter 7 studies the
distributed MPC design problem of large-scale nonlinear systems by considering com-
munication delays; Chapter 8 is concerned with the robust distributed MPC design
for large-scale nonlinear systems subject to both communication delays and external
disturbances.

Finally, in Chapter 9, a summary of the dissertation is presented and the future

research directions are stated.
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Chapter 2

Robust Nonlinear H, Filtering of
NCSs with Measurement Subject
to Markov Delays

2.1 Introduction

In a control system, the system state is the foundation to design a controller. How-
ever, in many practical control systems, the system states may not directly available,
and only the state information (likely coupled with noises) can be measured by sen-
sors. The filtering problem is to design an estimator (i.e., observer) to estimate
the system state by using information from the sensor measurement and the system
model. Like conventional control systems, the filtering problem is also a very im-
portant issue in NCSs. One of the most efficient filtering techniques is the robust
H filtering approach which has demonstrated noticeable advantages in simultane-
ously tackling time delays and model uncertainties. It is found to be robust against
energy-bounded disturbances without knowing exact statistical properties. There are
generally three types of H, filtering design approaches, i.e., the linear matrix in-
equality based method [35, 111, 165, 16], the Riccati based method [158, 112], and
the polynomial based approach [176, 117, 34, 33]. When considering the delay sys-
tems, there are delay-independent filtering design [165, 176], and delay-dependent
design [117, 34, 180, 35] for the purpose of reducing the conservatism. Nevertheless,
all these results mentioned above are for linear systems or special types of nonlin-

ear systems which can be dealt with using the similar design techniques for linear



21

systems.

Due to the intrinsic nonlinear characteristics, the well developed filtering method-
ologies for linear system cannot be directly extended to nonlinear systems. Compared
to the rich literature on linear system filtering, there are only relatively few results
on H filtering of nonlinear systems. Shaked and Berman [134] develop an H. fil-
tering technique for nonlinear stochastic systems based on the linearization method.
Further, the nonlinear filtering for sampled-data systems is studied in [105]. Based
on the HJI, the H., filtering for the continuous-time nonlinear system with an Ito-
type stochastic differential equation model is investigated in [179]. For corresponding
discrete-time nonlinear systems, Berman et al. [5] design an H., controller by solving
an algebraic HJI. Alternatively, the Carleman approximation approach is employed
to deal with the filtering problem for nonlinear stochastic systems in [36]. It is worth
noting that these approaches for the nonlinear filtering problem did not consider the
time delays and model uncertainties.

It is well known that the time delays and model uncertainties are frequently en-
countered in many practical engineering systems. Thus, how to address the time
delays and uncertainties in the nonlinear #H, filtering problem is of both theoretical
and practical merits. However, only few results on this topic are available in the liter-
ature. An H, filtering design for a special type of stochastic nonlinear systems with
state delays is proposed in [166]; the nonlinearity is modeled as a perturbation to the
linear system which is quite special, and the time delay is assumed to be bounded and
time-varying. Based on the algebraic HJI, a nonlinear H,, filtering with time-varying
measurement delays is studied in [137], where the time delay is assumed to satisfy
the Bernoulli distribution, but uncertainties are not considered.

It is practically demanding, yet more challenging, to investigate the H., filter-
ing problem for nonlinear stochastic systems with random delays. On the one hand,
under the deterministic framework, the delay can be modeled as a constant [91]
or a time-varying one [166, 180]. On the other hand, it has been shown that the
time delays occur randomly [107], and it is more desirable to incorporate the delay’s
random properties into the design. One way of modeling the random delays is the
Bernoulli distribution [137]. Yet, the Bernoulli-type delay only takes two possible val-
ues with known probabilities, which may not fully characterize the statistic feature
of delays. Further, it cannot reflect the relationship between delays at different time
instants. Another way of modeling random delays is the finite state Markov chains

method [107, 140, 177]. By summarizing all the discussions above, to the best of au-
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thors’ knowledge, the H., filtering problem for a class of general nonlinear stochastic
systems with model uncertainties and random time delays modeled by Markov chains
has not been investigated, which motives this study.

In this chapter, the nonlinear system under investigation is modeled as a type of
general stochastic nonlinear process. The time delays occurring in measurements are
governed by discrete-time Markov chains with finite states, and the model uncertain-

ties are time-varying but norm-bounded. The main contribution is three-fold:

e Establish a general algebraic HJI for nonlinear stochastic systems with model

uncertainties and random time delays governed by Markov chains.

e Develop a set of sufficient conditions for the nonlinear stochastic filtering system
to achieve the stochastic stability and the prescribed disturbance attenuation

level.

e Develop a set of sufficient conditions expressed in terms of matrix inequalities
for a special class of nonlinear stochastic systems, which can be conveniently

applied to design the H,, filter.

The remainder of this chapter is organized as follows. The problem formulation
and preliminaries are presented in Section 2.2. In Section 2.3, the derivation of the
general algebraic HJI is given first, and the sufficient conditions for guaranteeing the
stochastic stability and the prescribed disturbance attenuation level are presented for
the synthesis of the H, filter. In Section 2.4, the H,, filter design for a special class
of nonlinear stochastic systems is discussed. Simulation studies and comparisons are
illustrated in Section 2.5. The concluding remarks are addressed in Section 2.6.

The notation in this chapter is fairly standard. The superscripts “T” and “—1”
stand for the matrix transposition and the matrix inverse, respectively. R" denotes the
n-dimensional Euclidean space and R™*" stands for n x m-dimensional real matrix.
I is the identity matrix with appropriate dimension and the notation P > 0 means
that P is real symmetric and positive definite. I3]0, 00) refers to the space of square
summable vector sequences over [0, 00). Tr means the trace of a matrix; col{.} is the
operation of stacking vectors or matrices in the column direction. || - || refers to the
Euclidean norm for vectors and the induced 2-norm for matrices. E(-) stands for the

mathematical expectation operator.
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2.2 Problem Formulation and Preliminaries

Consider the following nonlinear stochastic system:

T = p(ar) + Ap(zy) + [d(zr)
+ Ad(xy)] vi, + O(zp)wi + 0(zp)vpw?,
Uk = l(xp) + Al(xy) + 6(xp) v,

2 = p(z), Yk = Uk—a,,

(2.1)

where {z1},-, is the solution to (2.1), with an initial value xo, and vector zj, is R"-
valued; {vy},, is the exogenous disturbance and {wy >0 2 {[(whH)T ()T T Heso is
an ]Rl“—valuegl, independent component, zero-value white-noise sequence, defined on
a probability space (£2, <, P), with covariance E {wkwg} = diag {ry,ra, -+ , 1,15} =
diag {R, R,}, E {w}(w})T} = R and E {w}(wi)"} = R, respectively. In the sequel,
let (€2, 3, {Sk }r>0, P) be a filtered probability space, where {Sy},~, is the family of
sub o-algebras of & generated by {wy},,. Furthermore, 3y is assumed to be the
minimal o-algebras generated by {w; }, <i g_k—l and S is assumed to be some given sub
o-algebra of S, independent of Jy; {v4},, is assumed to be a nonanticipative, R™-
valued, stochastic process defined on (2, %: {S%}k>0, P), which belongs to 3]0, c0) and
satisfies E{ijzo vk ||?} < 00, YN > 0; {2k} ;>0 1s the sequence of state combinations
to be estimated, with z, RP-valued; {7k}, is the sequence of ideal output, with g
R%-valued and {yx},~, is the actual measurement output sequence with y;, R?-valued.
{di})>o 1s the homo_genous discrete-time Markov chain defined on the state-space
N £ _{O, 1,---,d—1} with the one-step transition matrix (m;;),, , and the initial
distribution 7y, where d > 0 is a fixed integer.

For the nonlinear system in (2.1), functions ¢ : R* — R" ¢ : R" — R™™
9:R* — R™ 0 :R* — R™™, p:R* - R, [ : R* = RY, and & : R® — R?™ are
assumed to be time-invariant continuous mappings with initial conditions ¢(0) = 0,
»(0) =0, 8(0) = 0, ¥(0) = 0, p(0) =0, [(0) = 0 and £(0) = 0. It is also assumed
that functions Ay : R" — R", A¢ : R" — R™™ and Al : R® — RY are uncertain
continuous mappings, satisfying the following assumptions: Ap(xy) = Ey(zk)01(zk),
Ap(xy) = ¢(xg)00(zx) and Al(xy,) = Eo(xy)0a(xy). Here functions Fi(xy) € R™ and
Es(xr) € R? are assumed to be known, time-invariant, continuous mappings, and
do(zk), 01(xy),02(x)) € R, are unknown functions, for which it is assumed that there
exist scalar functions such that ||d;(zx)|| < M;(zx) with M;(zg) > 0fori = 0,1,2. The

uncertainties are said to be admissible if they satisfy the above conditions. Define the
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random variable E, (V(X,Y,2)) £ [... V(2,Y,Z)dP,(z), and E,, (V(X,Y,Z)) £

Sy Jane V(@ y, Z)dP,(x)dP,(y), where X, Y, and Z are R™-valued, R™-valued
and R"™-valued random variables defined on (€2, ¥, P) respectively, and the function
is the mapping: V' : R" xR"™ xR"= — R, P, and P, are the probability distributions

of X and Y, respectively.

Remark 2.1. The nonlinear system under investigation in (2.1) has simultane-
ously incorporated both model uncertainties (Ap(xy), Ap(xy) and Al(xy)) and the
measurement time delays. The nonlinear filtering problem was investigated for the
same type of continuous-time nonlinear stochastic system [179] and the correspond-
ing discrete-time case [5], but neither of them considered the uncertainties and time
delays. Further, the Bernoulli-distributed delays were considered in [137]; however,
the uncertainty issue was not addressed. Technically, these aforementioned meth-
ods cannot be directly applied to solve the filtering problem for the system in (2.1).
In fact, the method developed in this chapter needs to build a Markov chain-related
Hamilton-Jacobi inequality, and construct a Markovian mode-dependent positive func-
tion, which will be different from the techniques used in [5, 137, 179]. Moreover, the
results developed for the systems with Markov delays can capture those for systems

with Bernoulli-distributed delays as special cases.

By considering the measurement time delays existing in the nonlinear system

in (2.1), the system states and external disturbances can be augmented as follows:

Ty = col{zl, af | -+ >5Eg_(d_1)} and 7, = col{vl, vt |-+ ,I/kT_(d_l)}, then it follows:
Tep = @(Tk) + Ap(T1) + [6(Tk)
+ AG(Zy)| r + I (Tk)wp, + O(ZTh) i, (2.2)
e = UZ) + AlUZg) + K(Zk) U,
2 = p@k), Yr = Ca Y,
where ¢(1) = col { w(wp)", 2y, -+, T4 0} AG(Tx) = col { Ap(ay)T, 07, -+,
0T}, ¢(z) = diag { ¢(x), 0, ---, 0}, Ag(Fy) = diag { Ad(y), 0, ---, 0 }, H(Z)
= col { 9(z)T, 0T, ---, 0T }, p(zx) = p(a), [(zx) = col { U(x)T, U(xp_y)T, -,
xx-@-1)" }, 0(7) = diag { (), 0, -+, 0 }, Al(Zx) = col {Al(zy)", Al(xy-1)",
oy Al(zg-@-1) ' ) R(3y) = diag { s(w), £(@k-1), s B(@R-@-1) }s Tk = col {7y,

gr y]g_(d_l) }and Cyq, =10, ---,0,1,0,---,0] with i-th block being identity.
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For the augmented system in (2.2), we aim to design a filter of the following form:

{ml = (i) + Glan, di)yn, 23)

ASY

where &, € R represents the filtering states of the stochastic system in (2.2), 2, € R4
is the combination of the estimated states, and the functions p, ¢ and G, all being
smooth functions with appropriate dimensions, are to be designed. By combining
(2.2) and (2.3), and defining X}, = col{Z},Z} }, the filtering system can be readily

derived as
Xpr1 = f(Xi) + Af(Xk) + [9(Xk) + Ag(Xy)]
+ s

XU + W Xg)wi + s(Xp)pw?, (2.4)
Zy = plzr) — p(2r),
where
s(Xx) =col{A(zy)", 07},
F(Xi) =col{@(z1,)", @(dx)" + [G (@, di) Ca, 1(71,)] "},
Af(Xy) =col{ AG(Z1)T, [G(Ek, di) Ca, Al(T)] 7},
9(Xx) =col{d(zx)", [G(&n, di)Ca R(Z1)] "},
Ag(Xy) =col{ Ad ()", 01},
h(X},) =col{d(z)",0"}.

Definition 2.1. [5] The system in (2.4) is said to be ly-gain less than or equal to
v if for all k > 0, all {Ux}g>0 with ZfZOIE{HDin} < 00, and for all admissible
uncertainties, there ezists a positive function = : R™ — Rt with E{=(z0)} < oo for
every xo in an So-measurable random variable set satisfying E{|zo|*} < oo, such
that the following inequality holds: 3% E{||Z[?} < E{Z(w0)} + S5 Y*E{|| 7%}

Remark 2.2. The definition of the ls-gain less than or equal to v property for time-
varying nonlinear stochastic systems was defined in [5] for a control problem. In light
of this, the similar definition to formulate the Ho filtering problem for a class of
time-invariant nonlinear stochastic systems is utilized. In fact, if the system in (2.4)
holds the l-gain less than or equal to v property according to Definition 2.1, then the
following filtering performance can be guaranteed: (1) For a zero-valued exogenous
Uy, the zero-solution of the system in (2.4) is stochastic asymptotically stable in the

sense of mean square; (2) given a zero-initial condition and for all nonzero exogenous
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disturbance vy, the filtering error Z; has a prescribed disturbance attenuation level
k ~ k _
v >0, such that 37 B{[|Z]*} < 32—, vE{llZ %}

N

In what follows, we aim to design the filtering parametric matrix functions ¢, G
and p such that the filtering system in (2.4) guarantees the property of lo-gain less

than or equal to 7.

2.3 Hs Filtering Design

In this section, an HJI for the system in (2.4) is first presented, which guarantees the
l>-gain less than or equal to «y criterion for the studied system; then specific sufficient
conditions rendering the filtering system in (2.4) of the lo-gain less than or equal to
~ property are developed based on the proposed algebraic HJI.

Before proceeding to the filter design, some preliminary results are important to

facilitate the derivations.

Lemma 2.1. Considering the filtering system in (2.4), if there exists a positive real
valued function: V : R™ x N — R satisfying E{V (Xo)} < v?E{||X0||?} for all X,
in an So-measurable random variable set with E{|| Xo||*} < oo, for all admissible

uncertainties, such that

V(X dy) > suppega {|2(X)]* =+ 17|
+ Ewk7dk+1 {V [F (X, 777 dk7wk>7 dk—l—l]}} 7dk € N, (25)

where v > 0 and F(X, 0, dg,wi) = f(X) + Af(X) + [9(X) + Ag(X)] 7 +h(X) w}
+ s(X) 7 W, then the system in (2.4) has the ly-gain less than or equal to y property.
Furthermore, if there are filtering parametric matrix functions ¢, G and p, such that
the system in (2.4) has the la-gain less than or equal to ~y property, for some vy > 0
and for all So-measurable random variable Xy with B{|| Xo|*} < oo, then there exists

a positive function V' satisfying the algebraic HJI in (2.5).

Proof. This proof can be completed by following the similar line of Corollary 1 in [5]

by taking into account the time delay d; and the model uncertainties. O

Remark 2.3. It is worth noting that in Lemma 2.1, an extended algebraic HJI (2.5)
for the filtering system in (2.4) has been established by considering the time delays

dy and uncertainties simultaneously. In fact, Lemma 2.1 reveals that: Satisfying the
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algebraic HJI (2.5) implies achieving the ls-gain less than or equal to v property for
the filtering system in (2.4). This motivates us to seek an appropriate algebraic HJI
(2.5) and a corresponding function V' in order for guaranteeing the ly-gain less than

or equal to v property for the filtering system in (2.4).

Now the following theorem under the standard assumption of &1 (Z;)R(Ty) = [
(see e.g., [56, 137]) is developed.

Theorem 2.1. For the filtering system in (2.4) with a given disturbance attenuation
level v > 0, for all the admissible uncertainties, if there exist two positive scalars «
and B and two sets of positive-definite matrices Q1(r) = QT (r) > 0 and Qu(r) =
QT (r) > 0 for all 7 € N, such that the following conditions hold:

(1+ Mo(zk))*0" (24) Q1 (r) ()

+ R0" (2,)Q1(r)0(z) < o, (2.6)
G (i, 1)Q2(r)G(Ek,7) < BT, a+ B <A, (2.7)
Ty (Zk,7) <0, Do(Zyr) <0, (2.8)
where
éZQ 71-7“]’ Q2( )é ‘_ Q2(])7Tr]a
(@) & (”_MO(“” et @@ oty + 2B

< R E)QuBE 2 ~ FEGu () + 20 a(0)
+ (P 4 (e P EF@ICTIE + 67 (00)Qs ()l
+ Tr(RY20Y (2,) Q1 (r)0(Z4) RY?)

+ (U (00) PET (0001 (D EA(@) + (o 1+ )| () P

Lt r) 220300 = 21 Qalr)in + (= + DIET(0)Qe(r)G i, )
+ @1 (1) Qa(r) (),

Vr € N, then the filtering system in (2.4) achieves the ly-gain less than or equal to 7
property.
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Proof. By Applying the triangle inequality, the following inequality can be obtained:
1Ze]1? < 2()|p(ze)||* +1p(21)]]?). Collectively considering this inequality and (2.8), it
is obtained

D(zg, 2, 7) < Ty(Tp, 1) + To(24,7) < 0,¥r € N, (2.9)

é(%_ﬁ){IIsOT(a:k)Ql(T)(cz_S(xk) + AG(@)) [P + 97 (21)Q2(r) G (ix, )|

+ 177 (@) CF G (@, 1) Qe (r) G (iw, ) CH(@) 1P + I1AGT (24) Qu (r) (@) + Ad(@n)) |
+ AT (2)CF G (@, 1) Q2 (r) G (r, 1) CrR(Z1) 1}

+ @ (@) Qur)@(Tr) — &3 Qo (r)an + |67 (1) Qe (r) G (x, ) I + @) I
— B Qu(r) T + T (24) CF G (&, 7)Qa (1) G (i, 1) Gl () + || 2]

+ AT (2) CF G (&, 1) Qa (1) G (&, 1) G Al (T,

+ Te(RY20 () Qu(r)0 () RY?) + 0" (24)Qa(r) §(an).

On the other hand, in terms of the conditions in (2.6) and (2.7), we have
AZy, &g, ) < (P —a—B) ', Vr € N,

where A(Zy, 25, 7) 2 { 7°1 — [6"(Tx) + AQET(@] Qu(r) [¢(Tx) + A(Ty)] — Ry 0" ()
Q1(r) 0(z) — R () CT GT(in, dy) Qa(r) Glig, dy) Cr r(Ty)} "', To simplify the
expression, define a function as follows:
K(Zg, Tk, )
20" (2 Q1 (r)o(T) + @7 (k) Qu(r) Ad(Tk) + ¢ (1) Qa(r) G(dx) CrF(T,)
+ 1" (2) CF G (21) Qo (r) G (&) Coi(Tr) + A" (Z4)Qu () [6(Th) + A(4)]
+ AT (2) OF G () Qo (r) G (i1, Cr R (T,

By combining A(Zy, &y, r) and K(zy, &k, r), we get
(7, g, 1) < T(Tp, 34,7) <0, Vr €N,

where (I)(Lf’k,i’k, ) £ ( ) Q1( ) (_ ) + K(:L’k,l’k, ) A(i’k,i’k,’/’) KT(i’k,i’k,T) -+
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P (k) Qalr) ¢(ax) + 207 (8) Qa(r) G (k) Oy Uzg) + 1 (xk)CTGT( K)Qa(r) G(21)Cy
l(xk) + APT(z) Qi(r) Ap(@r) + Al (z) CF GM(d) Qa(r) Glax) Cr Al(zy) +
1Z]1* + Te(RY2 97 (&) Qu(r) 9(Zy) RY?) — ZLQ1(r)Tk — &TQo(r)Zy,. Here, we take
a positive-definite function as

V (X, dy,) = 7L Q1 (dp) Ty, + 7 Qo (dy) i, (2.10)

where X = col{z}, 2T} and V : R¥*¥ x N — R*. In terms of the transition
probability of Markov process [131], the right-hand side of (2.5) can be evaluated as

A (Th, &1, 1) E5UDpepn {IZ(X)I* =27
+Ewk,dk+1 {v [F (X7 ﬁ? dk’ wk)? dk-‘rl”dk:T}}

=sup {7 [-AT" (g, &, 7)| 7 + 2K (T, Bg, 1) 0
veER™

+IZXO* + &7 (1) Q1 (r) () + 20" (#£)Qa(r)

x G (&, 1) Col(Tk) + @7 (21)Qa(r)@(Ex) + 1M (24)CF
X G (2, 7)Qa(r) G ik, 1) Col (1)

+ AI"(2)CF G (24, 1) Qa(r) G ik, 7)o Al (T,

+ Tr (Rl/zﬁT(xk) (r) J(z1,) R* )

+AQ" (21) Q1 (r) AG(Ty) } , Vr (2.11)

It is observed that (2.11) is maximized when D = A (T, 21, 7) KT (Zg, 21, 7). There-
fore, A (zy, Tk, dy) can be accordingly maximized as: ® (Zy, &, d) + fEQl(dk)i’k +

igég(dk)ik By @ (Z, T, ), the following can be obtained:

A (Tg, g, di) < T Qu(di) Ty + 2F Qo(dy)
— V(X dy). (2.12)

According to Lemma 2.1, we conclude that the filtering system achieves the [5-gain

less than or equal to v property. The proof is completed. O

Remark 2.4. A closer look into Theorem 2.1 shows: It can be used not only to
verify the stochastic stability in the sense of mean square under zero exogenous dis-
turbance, but also to achieve certain disturbance attenuation for the filtering system.
On one hand, if we choose the Lyapunov function as V (X, dy) defined by (2.10),
then the difference of the Lyapunov function can be calculated as AV (Xy, dy) =
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E(V(Xgat1, dps1| X, di) ) — V(Xg,dr) = O(Zy, 2r, dy) — K(Zg, Tx, di.) M T, Tp, di)
KY(Zy, 2, dr) < 0. Therefore, the filtering system in (2.4) is stochastically sta-
ble under zero exogenous disturbance. On the other hand, if we set X = X and
v = in (2.12), and consider that wy, di, Xy, and 0y are independent, the fol-
lowing holds according to (2.12): ||Z||* — 7* |[l]* < V(Xi,di) — Eupa,, {V]
F(dy, wi, Xk, V), dgt1]| x4 dpm, - Taking expectation operation on both sides of above
inequality gives rise to B(||Z|))=72E([|74]|?) < V (Xi, 1) =EA{V (Xps1, disr) |dy = 7},
Vr € N. Under zero initial conditions, we make a summation to both sides of the
derived inequality, and obtain 3 1 E(||Z:]?) — 72 S E(||7]|?) < 0. Therefore, the

disturbance attenuation level can be guaranteed.

Corollary 2.1. For the system in (2.4) with a prescribed disturbance attenuation
v > 0, for all the admissible uncertainties, if there exist two positive scalars o and
B and two positive-definite matrices Q; = QT > 0 and Qy = QF > 0 for allr € N,
satisfying the following conditions:

(1+ Mo(zr))?0" (T1) Q1 (1)
+ R0 (7)Q10(7) < al,
GT(dr, 1)Q2G ik, 7) < BI, a+f <A,

Fl(i’kﬂ") < 0, fQ(i’k,T) < 0,

where
Fanr) 22O 101(600,5(0) 1 - 71 Qi
i AL PRI o )b+ 7 ) )
+ COEOIE L s EFGICTIE + 200l
IR QIR + (o 1+ )i O
+ (M (3B ()QuE: (1) < 0
Palinr) (DI B ¢ (00)Q:0(51)

— &7 Qi + 2l|p(En) |2 < 0.

then the filtering system in (2.4) achieves the ls-gain less than or equal to v prop-
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erty.

Proof. This proof can be completed by following the similar line of Theorem 2.1 while
summing the total probability of each state in Markov process [131]. O

Remark 2.5. Without incorporating the Markov model information into the positive
function, Corollary 2.1 provides sufficient conditions to guarantee the filtering system
in (2.4) satisfying the ly-gain less than or equal to ~ property. These conditions are
more conservative than those developed in Theorem 2.1. But, it has only 3d+2 matrix

inequalities to solve compared with 4d + 1 in Theorem 2.1.

2.4 A Special Case

Now we consider a special case of the stochastic nonlinear system in (2.1): The
nonlinear terms appear as uncertainties in the state-space model, as shown in the
following;:
Ty = Az + Eixgoy(zg) + [B
+Béo(z1) v + Cwi + Dxpypwsi,
i = Luxy + Eyxpde(zy) + Ky,

Yk = Uk—dy» 2k = Py,

(2.13)

where &;(x;) € R, 6; < m;, m; > 0 is known for i = 0,1,2, and w} and w} are both
one-dimensional white noise, with covariance rq and R, respectively. Note that this
type of system in (2.13) can be employed to model some practical systems, and has
been studied for the control [5] and filtering problems [137, 166], respectively.

For this special nonlinear stochastic system, the filter in (2.3) is accordingly de-

signed as the following linear form:

Brpr = Ady + Gdy)yr, (2.14)
% = Piy. '
Then the system in (2.2) can be simplified as:
T = A%y + EZ61 (7)) + [B
+Bdo(Zr) |k + CTywy, + Digwy, (2.15)

Uk = E[fk + Eggg(fk)fk + Kﬂk,
v = Ca0r, 2= Py,
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where A is a square matrix with [1,1]-th block being A, [i,i — 1]-th block being

I for i = 2 to d and the other blocks being zero, E; = diag{FE,0,---,0}, B =

diag{B,0,---,0}, C = diag{C,0,---,0}, D = diag{D,0,---,0}, L = diag{L,---, L},
By = diag{Ey, Fy, -+, By}, K = diag{K,K,--- K}, P = [P,0,---,0], 6, (%) =

81 (w1), 00 (Z1) = 0o (z1) and 0y (Z1) = 0y (1)

Theorem 2.2. For the filtering system in (2.15), given a prescribed attenuation vy >
0, for all the admissible uncertainties, if there exist two positive scalars a and S and
two sets of positive-definite matrices Q1(r) = QT (r) > 0, Qa(r) = Q¥ (r) > 0,Vr € N,
and a set of real matrices Y (r),¥r € N, such that the following matriz inequalities
hold:

—ﬁ] Y(’f‘) 2

[ *  —Qa(r) ShoargeT 210

—ad  (14+mg)BTQ:(r) VR DTQ:(r)
* —Q1(r) 0 <0, (2.17)

* * —Qu(7)
[ Q) AT AT P
a+ B —~?

5+72—a—5[ 0 0 <0, (2.18)

* * —Q2(r) 0

@(T) ATQl(T’)B ElT‘Ql(T)B
a+ B —~2 0
5(1 4 my)? <0, (2.19)
a+pf—~°
5m1 (1 —+ m0)2

where O(r) = ATQ1(r)A + m2ETQ.(r)Ey + (7526_2071_%5 + Bm3)EFCFCLEy — Qi (r) +
(22— +B+1) LYCFC,L + 2PTP + roCTQy(r)C with Q1(r) £ 2120 Qu(j)my; and

Qs(r) = Z?;é Qg(j)mj,Vr € N, then there exists a linear filter in the form of (2.14)
guaranteeing that: (1) The filtering system is stochastically stable, and (2) the la-gain

less than or equal to v performance is achieved. Furthermore, if the linear filter in
(2.14) takes A = A and P = P, and the matriz inequalities (2.16-2.19) are feasible,
then the designed filter parameter G(r) is given by G(r) = Qa(r) 'Y (r),r € N.

Proof. For the filtering system in (2.15), by Theorem 2.1, the following conditions
hold: o + 8 < 7% GT(r)Qa(r)G(r) — BI < 0, (1 4+ m)?BTQ1(r)B + rDTQ:(r) —
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ol <0, (52— +1) ATQy(r)G(r)GT(r) Qa(r)A +ATQs(r)A —Qs(r) +2PTP < 0,

¥2—a—p

(U22el) ATQu(r)BBTQi(r)A +ATQu(nA +(PHUE)ET Qu(r)BBTQu(r) B +

y2—a—p ¥2—a—p
mEETQU(r) By +(55ty +8m3) EYCTC,Es = Ga(r) +roCTQu(r)C +(52255 + B+
1)LTCTC,.L +2PTP < 0. By applying Schur’s Complement to above inequalities,
(2.16-2.19) can be derived directly. Moreover, by setting A=Aand P = P and
defining Y (r) = GT(r)Q2(r), the solution can be obtained by G(r) = Q3 (r)Y T (r).

This completes the proof. O

Remark 2.6. Theorem 2.2 is built on Theorem 2.1 when the general nonlinearities
[in Eqn. (2.1)] are reduced to a special case: Only the uncertainty terms have the
nonlinear functions [in Eqn. (2.15)]. For this special case, the Hoo filter can be
conveniently designed by solving a set of matrix inequalities. It is noted that the
resulting matrix inequalities are nonlinear, and therefore, we propose to iteratively fix
the variables a and B, and then employ the LMI toolbox at each iteration to search

for the solution. A detailed algorithm description is illustrated in Algorithm 1.

Remark 2.7. Theorem 2.2 establishes the mode-dependent conditions by incorporat-
ing the Markov delay information into V(X,dy) and G(dy,); the derived condition
includes 4d + 1 matriz inequalities. If the designed filtering parameter G and V(X)
are independent of dy, then only d + 4 matriz inequalities are required to be solved.
In this case, the designed filter is called mode-independent. Accordingly, the filter
designed by Theorem 2.2 is called mode-dependent. As the Markov delay information
s mot incorporated, the mode-independent filter will be more conservative than the

mode-dependent filter.

In order to clearly show the procedure of designing the filter (2.14) by using
Theorem 2.2, the algorithm description is presented in Algorithm 1.

2.5 An Illustrative Example

In this section, an inverted pendulum example is presented to demonstrate the effec-
tiveness of the developed approach for the system in (2.15); the corresponding filter
in (2.14) will be designed by solving a set of matrix inequalities as derived. In [5], the
state feedback controller was designed for a single degree-of-freedom inverted pendu-
lum system. Here, we consider the filtering problem for the inverted pendulum system

when it has been stabilized with an appropriately pre-designed controller [5]. The
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Algorithm 1 Filter Design Algorithm Description

1: Input system parameters for the system in (2.15);

2: Set initial values ag € (0,7), So € (0,7), and interval At € (0,7) Partition
interval [, 7] and [By, 7] into N, and Nz intervals by At

3: for i =0to N, do

4: Set a = «y,

5: for 7 =0 to N3 do,

6: Set B = 3;,

7: if o+ 8 <y then

8: Solve (2.16-2.19) using the LMI toolbox,
9: end if

10: if (2.16-2.19) is feasible then

11: Output Y (r), @Q1(r) and Q(r),
12: Evaluate G(r) = Q5 (r)Y™(r),
13: end if

14: end for

15: end for

model of the inverted pendulum system is given by mi*0 —mgl sin(0)+ (s +w)f+ K0 =
u + 215 in [5], where m is the mass and [ is the length of the inverted pendulum, ¢
is the gravitation coefficient, 6 is the inclination angle, and ¢ and k are the spring
coefficient and damping parameter, respectively. w is the white noise for the damp-
ing coefficient, 15 is the external disturbance, and w is the control input that has
been pre-designed as u = k16 + koml26. Two output measurements are y; = 6 + 14
and o = mi26 + %
z = “%Oﬁé. Taking 1 = 0, x5 = m129, and sampling period as T', the system model

+ 1, respectively. The regulated output is described by

can be discretized and realized by the state-space model as follows:

Tig+1 | L1,k
T2 k41 Tk

T
1 ml?

—kT +Tky 1— L5+ Tk
I 0 0 L1,k
Tmgl 0 Tok

[0 0
0 27T

51 (l’k)

0 0 X1,k
w )
0 —VT Tok g

mil2

U1k
+

Vo k
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sn@ik)  The output measurement equation is discretized as

10 0 O
X1k I 1 X1k 52(2%)
01 Tk 0 miZg T2k
10
4 U1k ’
0 1 Vo k

. Due to the delay, the received measurement is y(k) = gx_a,,

where 0y (zp) = =

Yk | _
(e

sin(zg 1)
T2k

where 0y (z) =
where d, is the random time delay governed by a Markov chain. The state d; belongs
to {0,1,2} and its transition probability matrix is given by II = [c0l{0.8,0.5,0.4},
col{0.2,0.4,0.4}, col{0,0.1,0.2}]. Furthermore, the regulated output can be dis-
cretized as z; = 0.1x;, + 0.1x9 . The system parameters are m = 0.5 kg, { = 0.5m,
¢ = 0.25, ky = —49.5, ky = —167.5, sampling period T' = 0.01 s, and x = 0.5 N/m.
The prescribed disturbance attenuation level is set to be v = 0.707. Furthermore, to
avoid obtaining the trivial solution, we require Y (r)Ry > 0, where Ry =[ I I I .
Using Algorithm 1 with v = 0.1 and g = 0.1, the feasible solutions can be obtained:

- 1T
Y (0) = 4.0058 2.3282 —2.7031 1.2642 0.1225 -0.0499
B | L1747 7.0816 2.3124  4.9400 0.0555 0.1779 ’
- 1T
Y(1) = 3.3485 2.3816 —1.9732 1.3315 0.2693 —0.0946
N | 1.5605 7.3215  2.0400 5.0762 0.0181 0.2385 | ’

- T
Y (2) = 2.5211 2.3970 —-0.7846 1.3116 0.6977 —0.2191
B | 1.9231 7.4516 1.6530 5.1220 —0.0865 0.3900 '

The mode-dependent filtering parameters can be designed as follows:

G(0) = [ 0.0003 0.0009 —0.0024 0.0011 —0.0010 0.0001
B | —0.0001 0.0022 0.0007 0.0027 —0.0004 0.0000 ’
G(1) = [ 0.0004 0.0008 —0.0015 0.0008 —0.0003 —0.0000 |
B | —0.0001 0.0022 0.0005 0.0025 —0.0005 0.0002 | ’
G(2) = [ 0.0006  0.0006 —0.0001 0.0005 0.0010 —0.0004 |
B | —0.0001 0.0023 0.0001 0.0025 —0.0008 0.0004 | '
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For the purpose of comparison, using the same parameters, we can also derive the

mode-independent filter. The matrix ¥ can be calculated as

T
v — 2.2055 1.5912 —1.2948 0.8993 0.1431 —0.0495
| 1.0628 4.9386 1.3665 3.4065 0.0117 0.1241 7

and the corresponding mode-independent filtering parameter GG can be derived as

0.0002  0.0005 —0.0010 0.0006 —0.0003 —0.0000
—0.0000 0.0015 0.0002 0.0018 —0.0004 0.0001 |

To illustrate the filtering performances by using the mode-dependent filter as well
as the mode-independent filters, we illustrate the filtering results in Figure 2.1 and

Figure 2.2, respectively. It is observed that:

e Both the mode-dependent and mode-independent filtering systems exhibit ac-
ceptable estimation performance, as shown in Figure 2.1. Both the estimate
errors of the mode-dependent filter and the mode-independent filter converge

to zero gradually, as shown in Figure 2.2.

e The mode-dependent filter results in smaller estimation error compared to the

mode-independent filter.

e The disturbance attenuation levels for the mode-dependent filter and the mode-
independent filter can be accordingly calculated as v; = 0.1005 and v; = 0.1025,

respectively, which are less than the prescribed attenuation level v = 0.707.

Remark 2.8. [t is worth pointing out that the calculated disturbance attenuation
levels are reasonable as they both fall within the prescribed one. The prescribed atten-
uation level is an upper bound of the induced norm for any input vector in the input
vector space with all possible directions. Only when the input vector would be a certain
(unique) direction, the upper bound can be achieved; otherwise, the calculated distur-
bance attenuation level will be less than the prescribed one. In the inverted pendulum
system example, the input vector is chosen from the input vector space almost arbi-
trarily, therefore, the resulting disturbance attenuation level can be any value between

0 and the prescribed .
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comparison of the filtering performance
0.16 T T T
| C—— 2
mode-dependent-zj.
0.14 — — —mode-independent #, |1

Value(z)

0.02

-0.02 : ! .
0 50 100 150 200

Time step(k)

Figure 2.1: Filtering performance comparison.

Comparison of the filtering error
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Figure 2.2: Filtering error.

2.6 Conclusion

In this chapter, the robust H. filtering problem for a class of nonlinear stochastic
systems considering both model uncertainties and random delays modeled by the

Markov chains, has been investigated. The main features of this work are three-fold:

e The general algebraic HJI has been established to facilitate the filter design for

general nonlinear stochastic systems with both model uncertainties and Markov
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delays.

e Sufficient conditions have been derived for the filtering system to achieve stochas-
tic stability in the sense of mean square and satisfy the prescribed disturbance

attenuation level.

e The developed results have also been specialized for a special class of nonlinear

stochastic systems.

Simulation studies and comparisons have been provided to demonstrate the effec-
tiveness of the proposed approach. The results in this chapter add to the growing
literature on the robust filter design for nonlinear stochastic systems with uncertain-

ties and random delays. The main result of this chapter has been published in [71].
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Chapter 3

State Feedback Predictive Control
of Nonlinear NCSs with

Two-Channel Packet Dropouts

3.1 Introduction

Chapter 2 studies the robust filtering problem of nonlinear NCSs. This chapter
focuses the control problem of nonlinear NCSs. So far, most of the available results
on NCSs are focused on systems with linear models (i.e., linear NCSs). Very limited
efforts have been devoted to studying systems of nonlinear dynamics in network en-
vironments (i.e., nonlinear NCSs), although nonlinearity is an inherent attribute of
many practical systems. In the literature on nonlinear NCSs, one way of dealing with
nonlinear NCSs is the so-called emulation approach [147]. Based on the assumption
that the pre-designed nonlinear system without networks is stable, this method al-
lows one first to design the control protocol, and then to use the maximally allowable
transmission interval and the maximally allowable delay to guarantee stability and
system performance [44]. The exploitation of the emulation approach results in a few
exciting consequences for nonlinear NCSs, such as [151, 103, 104, 44].

Another practical and effective method of tackling nonlinear NCSs is the MPC-
based scheme [95]. On the one hand, the development and implementation of the
Ethernet-like networks provide the capability of packing and transmitting data in
the form of large packets [9], which lays a physical foundation for implementing the
MPC-based scheme. On the other hand, the MPC-based scheme is able to pre-
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dict the future control sequences by optimizing a prescribed objective function. By
appropriately picking up the corresponding control input from the future control se-
quences, the communication imperfections such as time delays and data losses can
be well compensated for or significantly mitigated. Motivated by the distinct ad-
vantages of MPC, increasing efforts have been devoted to investigating NCSs using
the MPC-based scheme. The interesting results on linear NCSs can be referred to
(148, 9, 80, 155, 171, 55, 132]. The typical results on nonlinear NCSs are briefly
reviewed here. In [113], the MPC strategy is used to design the control packets and
further to explicitly compensate for time delays for a class of constrained nonlinear
systems; the feasibility and the regional ISS have been established. In [101], by con-
sidering the sensor-to-controller (S-C) and the controller-to-actuator (C-A) packet
dropouts for a class of nonlinear NCSs, the MPC strategy has been utilized to guar-
antee the prescribed control performance and the robust stability. But the state
constraint and input constraint are not considered in [101]. To further exploit the
disturbance features, the ISS of the nonlinear NCSs with packet dropouts has been
established using the MPC strategy in [120], yet only considering the C-A packet
dropouts. Most recently, to make use of the stochastic properties of the network con-
straints, the nonlinear NCSs with packet dropouts modeled by Bernoulli processes
are studied in [118, 122, 128]; the robust nonlinear MPC problem for nonlinear NCSs
with Markovian packet dropouts is investigated in [121].

In this chapter, the predictive control problem of the constrained nonlinear system
subject to both the C-A and S-C packet dropouts is considered in an Ethernet-like
network environment. The MPC strategy is employed to design the control packets,
and a novel packet transmission and compensation strategy is designed to alleviate the
data-loss effects over the two channels based on the TCP-like protocol. Compared to
the existing results in [120, 118, 122, 128, 121], the presented framework facilitates the
incorporation of both the C-A and S-C packet dropouts explicitly into the controller
design.

In this chapter, an efficient framework for designing, and implementing the MPC
is proposed for the nonlinear constrained system subject to both S-C and C-A packet

dropouts. The main contributions of this chapter are two-fold.

e An efficient control packet design and transmission mechanism that can reduce
transmission load is developed. The optimization is carried out only when
new information provided by the S-C packet dropouts and the acknowledgment

packets, is available. Thus, the optimization is not needed for all the time
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instants and the computational load from solving the optimization problem
can be reduced. Furthermore, a transmission mechanism over the C-A channel
is designed such that only necessary control packets are transmitted from the
controller node to the actuator node (and the control packet is not needed
to be transmitted for all the time instants). Such a mechanism can reduce

transmission load for the C-A channel.

e The conditions for guaranteeing the regional ISpS of the resulting nonlinear
NCSs are established. Due to the simultaneous existence of packet dropouts on
the C-A and S-C channels, the optimal objective function cannot be directly
used as an ISpS-type Lyapunov function. We present an auxiliary optimization
problem from which a novel ISpS-type Lyapunov function is constructed to

establish system stability.

The remainder of this chapter is organized as follows. The preliminary results on
characterizing the stability for constrained nonlinear systems and the network model
are presented in Section 3.2. The MPC-based control packet design as well as the
packet transmission and compensation strategy are elucidated in Section 3.3. In Sec-
tion 3.4, the stability of the resulting nonlinear NCSs is investigated and the regional
ISpS is established. Next, an application study is conducted and the simulation re-
sults are provided in Section 3.5. Finally, the conclusions are addressed in Section
3.6.

The following notations are adopted in this chapter. The superscripts “T” and
“—1” stand for the matrix transposition and the matrix inverse, respectively. Z (Zx)
denotes the set of integers (non-negative integers) and R (R-) represents the real
space (non-negative real space). Let ||z|| denote the Euclidean norm of a given
vector z and col{wy,xs, -+ ,x,} denote the column operation as [z, z], -+ zI]T
for column vectors xy, s, -+ ,x,. For any given N bounded discrete-time signals
v = {vo,v1, V9, - ,un}, define the subsequence as Vi, x, = {Vky, Uky 11, > Uk, } With
ki, ks € Z>o; define the truncation as v,_q 2 {vo,v1, V9, -+ ,Vp—1} and the norm as
[V]|oo = supgsg ||ve]|- Given a vector z € R™ and a compact set Q2 C R™, denote the
point-to-set distance as d|z|q = inf{[|¢ — z||,£ € Q}. Given two sets A C B C R",
the difference between the two set is defined as A\ B £ {z|z € A,z ¢ B}.
Given two sets A C R", B C R", the Pontryagin difference set C is denoted as
C=A~B2{xcRz+£&€ A VE € B}. A closed ball centralized at a given point
ro € R™ with a radius of 7 > 0 is denoted as B™(xg,r) = {£ € R"|||é —x|| < r} and the
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shorthand is written as B™(r) when zp = 0. A continuous function a : Ryy — Ryg
is said to be a IC-function, if it is strictly increasing and a(s) > 0 for s > 0 with
a(0) = 0. A continuous function «(.) is said to be a K,-function, if it is a K-
function, and «a(s) — oo as s — 0o0. A continuous function 5 : Rog X Zsg — Ry is
said to be a KL-function, if 5(s, k) is a K-function in s for every given k € Z-(, and
it is strictly decreasing in k with (s, k) — 0 as k — oo. Let Id denote the identity

function, i.e., Id(z) = =.

3.2 Preliminary Results and Modeling

Consider the following discrete-time nonlinear system
xk-{-l - f(xlm Uk,Wk), k S Z>07 Ty = j7 (31>

where x;, € R" is the system state, up € R™ is the control input and w; € R" is the

external disturbance. The system state and the control input are constrained as
x,€X, wu, €U, VkeZs, (3.2)

where X' and U are compact sets such that {0} € & C R™ and {0} C U C R™,
respectively. The external disturbance belongs to a compact set T with {0} C T C
R", and p, £ max,er{||w|/}. For the system in (3.1), denote the nominal system

model as

i‘k-l-l = .]E(xkvuk) = f(iUk,Uk,O), ke ZZOu

where f (0,0) = 0. It is assumed that f(x,u,w) is locally Lipschitz in z and u, such
that

1f (21, un,w) = f(za,us, 0)| < Ly, l21 = 22| + L, Au + p[[w]))

for all z1,29 € X, uj,up € U and w € T, where Ly and Ly, are local Lipschitz
constants, A, 2 max{||u; — us||} and x is a K function. Note that the assumption of
local Lipschitz continuity is to guarantee the existence of the unique solution to the
system in (3.1).

In the sequel, the well established results on the invariant set used in this work
are recalled [6, 77].

Definition 3.1. For the nonlinear system w1 = f(xg,wi) with the uncertainty
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wr € T, if there exists a set  C R™ such that f(zy,wr) € Q for all x € Q and
wr €T, then the set Q) is called a robust positively invariant (RPI) set.

Definition 3.2. For the system in (3.1) subject to the constraints in (3.2) and a set
Q, if there exists an admissible control input ux € U such that f(xy, ux,wy) € Q for
all i € Q and all wx € YT, then the set Q is called a robust control invariant (RCI)

set.

Definition 3.3. Consider the system in (3.1) subject to the constraints in (3.2) and
associated with an RPI set Q). The i-th step robustly stabilizable set X;(€2) is denoted
by all the admissible states which can be steered into the target set €2 not more than

i steps by using an admissible control sequence uy for all wy € T°.

3.2.1 Regional Input-to-State Practical Stability (ISpS)

In order to analyze the stability of the nonlinear NCS under study, the regional input-
to-state practical stability for the discrete-time nonlinear system is first investigated.

The system in (3.1) can be rewritten as
Tr+1 = g(kf,l’k,Wk) < f(l’k,uk,Wk), g =T, (33)

where x;, € R" is the same system state as in (3.1), wx, € R™ is the same external
disturbance and the argument £ in function g represents the time-varying property of
the argument wy, in function f. Denote x(k, Z,wo,—1) as the solution to the system
in (3.3) at time instant k. For the system in (3.3), the definition of the regional ISpS
is recalled [123, 113].

Definition 3.4. Given a compact set Q € R", if it is an RPI set for the system
in (3.3) with w, € Y, and if there exist a KL function 5, a K function v and a

constant ¢ = 0 such that

(K, Z, wo k1)l < max{B([|z]], k), 7(lwp-1ll)} + ¢, (3-4)

Vk € Zso, T € Q, then the system in (3.3) is said to be regional ISpS in §Q.

An effective tool of establishing ISS and ISpS is the comparison function [144, 59].
For the constrained nonlinear systems with two-channel packet dropouts, we recall

the following regional ISpS-type Lyapunov function (a type of comparison function)
(123, 113].
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Definition 3.5. For the system in (3.3), given two compact sets X and €0 with
{0} CX CR™, {0} C QC X and X being an RPI set,

o (C1) if there exists a positive definite function V(.,.) : R" X Z>g — Rsq such
that the following conditions hold:

V(zg, k) = ai(||zg]]) Var € X, (3.5)
V(S(Ik, ]{7) < Oég(HSL’kH) +c3 Vg, € Q, (36)
Vi(@hgr, b+ 1) = Vg, k) — ao([lze]]) +y([lwrll) + c2 Y € X, (3.7)

forallk € Z=y and with ay, as and az being Ko, function, v being K functions,

and co, c3 > 0;

o (C2) if there exist a K function o, a constant co > 0 and a function 5 with

(Id — 7) being K function, and define a compact set
Q2 {zk|V(2n, k) < 0(v(p) + ¢4), Yk € Lo}, (3.8)

such that Q, C Q ~ B"(co) with § = a;' oF, ay = a, 0 a3", ay(s) =

min{as($), ac($)}, a3 = a3+ Id and cs = ¢ + ac(cs),

then the function V(xy, k) is a regional ISpS-type Lyapunov function for the system
in (3.3) with wg € Y.

Similar as in [123, 113], the continuity of the trajectory for the system in (3.3) is
needed for establishing the regional ISpS.

Assumption 3.1. For the system in (3.3), the trajectory x(k,Z,wq 1) is continuous
at T = 0 and wo 1 = 0 with respect to the initial state and the disturbances for all
k € Zg.

Remark 3.1. Assumption 3.1 is a prerequisite for analyzing the solution to the non-
linear system under investigation [64]. This assumption can be gquaranteed as long as

the nonlinear systems satisfy the local Lipschtiz conditions according to Theorem 3.5

in [64).

Theorem 3.1. [123] Suppose that Assumption 3.1 holds. Given a compact set Q
and an RPI set X with {0} C Q@ C X C R" for the system in (3.3), if it admits an
ISpS-type Lyapunov function associated with sets X and ), then the trajectory of the
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system in (3.3) satisfies limy_,o d|z(k, T, wok—1)|a, = 0 and the system in (3.3) is
regional ISpS in X .

3.2.2 Network Model

We consider the Ethernet-like communication networks that are deployed among the
sensor, the controller and the actuator. In this type of networks, the data is trans-
mitted in the form of large time-stamped (TS) packets [148], and the packet dropouts
are apt to occur due to the network traffic congestions and/or physical components
failures. It is assumed that the controller operates at the same sampling rate as the
plant; the perfect synchronization among the sensor, the controller and the actuator
is available, which is used to realize the TS technique. The Transmission Control Pro-
tocol (TCP)-like protocol is adopted for the C-A communication network. Unlike the
User Datagram Protocol (UDP)-like protocol, whenever the smart actuator receives
the data packet, it will send an acknowledgement packet to the controller. In the

detailed NCS configuration depicted in Figure 3.1, the acknowledgement is realized

Buffer 2 | Actuators »60nlinear pla@—» Sensors

A

C-A dropouts S-C dropouts

0
Uy :{uowk ”Nfuk} MPC-
Buffer 1
controller

A

Figure 3.1: Nonlinear NCS configuration.

by the feedback link from the actuator to the controller. It is assumed that this feed-
back connection is reliable and without any packet dropouts and time delays. This
is reasonable in practice. It is observed that 1) the transmission rate of this link is
very low (only when the C-A packet is transmitted successfully, the acknowledgement
packet will be sent); 2) the size of the acknowledge packet is very small (the content
of the acknowledge packet is essentially the boolean variable 1). So the acknowledge

packet is of very light transmission load and requires little bandwidth. In practice,
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on the one hand, it is almost impossible that the packet dropouts occur in such an
idle communication link without any network congestions; on the other hand, it is
quite possible to guarantee the successful transmission of a one-bit boolean signal by
using the hardware technology.

In the NCS configuration described in Figure 3.1, the plant evolves as the discrete-
time dynamics in (3.1) subject to the constraints in (3.2); both the S-C packet dropout
and the C-A packet dropout occur randomly. To describe the packet dropout ef-
fect, we denote the S-C packet dropout process as {7s.(k)}rez., and the C-A packet
dropout process as {7..(k)}rez.,, respectively. More specifically, the random pro-
cess {Tse(k)}rezs, is defined as: If the S-C packet dropout occurs at time instant k,
Tse(k) = 0, otherwise 7,.(k) = 1. Similarly, the C-A dropout process is defined as: If
the C-A packet dropout occurs at time instant k, 7.,(k) = 0, otherwise, 7.,(k) = 1.

It is assumed that the maximum time durations of the consecutive S-C packet
dropout and the consecutive C-A packet dropout are N,. and N,,, respectively. The
maximum length of the consecutive packet dropouts is a measurement of the reliability
of the communication networks, which will be used in the control packet design. The
values of N,. and N, are the network property parameters that can be determined

by experiments.

3.2.3 Buffer Model

Two buffers are deployed in the configuration depicted in Figure 3.1; one is located
in the control node denoted by Buffer 1 and the other is in the actuator node named
Buffer 2. The buffer lengths for Buffer 1 and Buffer 2 are 2N.+1 and N,, respectively,
where N, > N, + N,.. Buffer 1 comprises three parts and their states are denoted
as By, B} and By, respectively. The part of state B is used to store the latest
system state for estimating the future state in case of S-C packet dropouts. The
part of state Bj is utilized to maintain the latest control sequence uf generated from
the MPC controller until the C-A packet dropout information is transmitted back
from the acknowledgment link, i.e., B} = ul. (The acknowledgement information
will determine whether the content of B} is to update Bj or not). The part of state
B is used to synchronize the control inputs as these in Buffer 2, for providing the
actual control inputs of the plant to do state estimate if S-C packet dropout occurs
(i.e., the system state is not available). The operating signal of B{ is governed by

the acknowledgement link (i.e., the information of the C-A packet dropouts) and the
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packet generation signal r(k) which is defined by (3.10). Specifically, the operation
of B can be modeled as: If r(k) = 1&&7.,(k) = 1, then B} = B}; otherwise,
k= co{Bg_1(2), -+, By 1 (Ne), By (1)}

Buffer 2 is used to maintain the latest control input for the plant when there are
packet dropouts occurring. Denote the state of Buffer 2 by Bj. Assume that the
input packet through C-A channel to Buffer 2 is u} at time k£ when there is no packet
dropout. Then the operation of Buffer 2 can be described as: If 7.,(k) = 1, then

» = uy; otherwise, B} = col{ B} _,(2),--- ,Bj_;(N.),B;_;(1)}.

3.3 Predictive Networked Controller Design

In this section, the realization of the networked control strategy is presented. Firstly,
the control packet is designed by the constrained MPC-based algorithm, where both
the state constraint and the input constraint are satisfied. Then an effective control
transmission and compensation mechanism is presented. Finally, an explicit control

law is derived.

3.3.1 Constrained Optimization Problem

In order to compensate for data losses due to the packet dropouts and simultaneously
take into account the input and state constraints, the constrained MPC strategy is

adopted here. For the nonlinear system in (3.1), the cost function at time & is defined

as
Nc.—1
J(uy, vp) = Z L(Zyilk, Wik) + F(Trgnofr), (3.9)
=0
where u;, = COl{Uo\k,Uuk»“' ,UNC—1|k}, Tprivik = f(i"kﬂ'm,uuk) and Tgp = Tp. In

the cost function (3.9), L(Z;, wix) is the stage cost and F(Zy, ;) is the terminal cost.
The control packet is designed by solving the receding horizon optimization problem

as follows.

Problem 3.1. u) £ argmin,, J(uy,x;,) subject to: (1) the state constraint and the
input constraint Tpqp € X, wyp € U, for all i = 0,1,--- N, —1; (2) the terminal
state constraint Ty, € 1y with Qy being a compact set satisfying {0} C Q; C R"; (3)

~

the nominal model Ty i1k = f(Zptipe, wie) for alli =0,1,--- | N.—1, and Ty, = Ty
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Remark 3.2. Although the constrained optimization Problem 3.1 shares the same
form as these in nonlinear constrained MPC' strategies without communication net-
works in [90, 125], two essential differences exist. 1) The initial state Ty, of the
optimization problem is different. The initial state for standard nonlinear MPC' is
always the actual system state xp. But for the networked nonlinear MPC, the initial
state Ty, can be the actual system state xp or the state estimate %) due to the S-C
packet dropouts. 2) The actual control input for the closed-loop system is different.
At time k, the control input of MPC with network-free nonlinear systems takes only
the first element gy of the optimal control sequence ) as the actual control input for
the closed-loop system. But for this study, at time k, any control sequences generated
from time instant k — N., + Ns. to k can be taken, then any element from the first to
the (Neo+ Ns.)-th of these control sequences may be chosen as the actual control input
for the closed-loop nonlinear NCS, which can be seen in (3.11) in the next section.
It is well known that ug, is the best choice for the common MPC' algorithms and
it provides very nice results on feasibility and stability [95]. In this study, since the
actual system state xj and the best control input ugy, cannot be utilized, the resulting
nonlinear system dynamics is more complicated. Therefore, we need establish new

results on feasibility and stability.

3.3.2 Control Packet Generation

In the control node, the control packet is generated by making the available informa-
tion from the S-C packet dropouts and the information of the C-A packet dropouts
provided by the acknowledgement packets. Meanwhile, a very efficient manner will
be designed to produce the control packets, and the optimization Problem 3.1 will
not be carried out for all the time instants. To describe this manner, we denote a
variable r(k) to indicate whether the optimization problem is needed or not. The
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algorithm to determine the indicator r(k) can be described by the following formula:

—_

if 75c(k) = 1,
1 if 1= Teolk) =1, me(k — 1) = 1,1 — (b — 1) = 1,
1if TI_o(1 = Teelk — 1)) = 1, 7ee(k — 2) = LT, (1 — 7ea(k — 1)) = 1,

1if [T 72 (1 = Tee(k —4)) = 1, Tselk — Noe +1) = 1L, T[Y5 711 = mea(k — 0)) = 1,

0 otherwise.

(3.10)
In particular, whenever r(k) = 1, the optimization problem is required to be solved;
the control sequence will be generated and packaged, and the information r(k) = 1
lets B, in Buffer 1 be updated by ug; otherwise, the optimization is not conducted
and the control packet is not generated, and the information r(k) = 0 commands Bj,
in Buffer 1 to be updated from the previous stored control sequence.

It should be pointed out that, at time k, the optimization Problem 3.1 can only
be directly solved if the system state xy is received, i.e., 7s.(k) = 1. But it also needs
to conduct optimization in some situations (i.e., r(k) = 1) while the current system
state is not received. To handle this issue, it needs to estimate the system state based
on the previous system state and control inputs. The latest (previous) system state
has been stored in By in Buffer 1 according to buffer model, and the corresponding
(previous) control input sequence can be found in B, in Buffer 1. Thus, the current
system state can be estimated using the prediction of the nominal system for several

steps.

Remark 3.3. It is worth noting that the above control packet generation approach is
different from the existing results in [113, 120, 148], where the packets are generated
for all the time instants. The principle under this approach is that it is not necessary
to take any action if there is no further information provided (i.e., the measurement
information is not accepted when the plant input has already been exploited by the
predictions in solving the optimization problem, or simply, r(k) = 0). The proposed
control packet generation method offers two benefits: 1) since the constrained opti-
mization dose not require being conducted for all the time instants, the computation
load of the controller can be reduced; 2) the prediction action is not needed when
r(k) = 0, which can further increase the computational efficiency of the controller

node.
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3.3.3 Packet Transmission and Compensation Strategy De-
sign

In this subsection, we are going to design the mechanism for transmitting the designed
packets and implementing the actual control input according to the data losses.

For the control node, an efficient packet transmission method is designed by mak-
ing use of the acknowledgement information of C-A channel and the information of
the S-C packet dropouts. Specifically, the packet transmission operation is carried
out according to the packet generation indicator r(k). Case 1): r(k) = 1. At the
beginning, a newly-generated control packet will be pushed into B) in Buffer 1 and
simultaneously sent out through C-A channel to the actuator node; then once the
successful transmission of the control packet over C-A channel is sent back by the
acknowledgement link, i.e., 7.,(k) = 1, the content of B} will be moved to replace
Bj. Case 2): r(k) = 0. No control packet is pushed into B}, or sent out through C-A
channel. The buffer content By, is shifted.

For the actuator node, if it receives the control packet, then control sequence will
be updated by Buffer 2, and the acknowledgement packet will be sent back to the
control node as 7.,(k) = 1. If the actuator node does not receive the packet, then no
information will be sent, and the control sequence in Buffer 2 is shifted. After the
updated operations, the first element of the control sequence in Buffer 2 will be used

as the actual control input feeding the actuator.

Remark 3.4. It is noted that the proposed control packet transmission mechanism is
physically built on the TCP-like protocols which can provide the information of the C-
A packet dropouts back to the controller node. The detailed control packet transmission
algorithm indicated by r(t) is designed by the principle of providing all the useful
control information using only the necessary transmission load over the C-A channel.
In the existing literature in [120, 101], the control packets are transmitted for all the
time instants without taking into account the information of the C-A packet dropouts
and the S-C packet dropouts simultaneously. These methods actually transmit a lot
of redundant data through the C-A channel, which increases the burden and degrades
the performance of the network. In contrast, the proposed control packet transmission
mechanism only sends all the necessary (new) information to the actuator node. Thus,
it can significantly reduce the transmission load of the C-A channel, and may further

alleviate the packet dropouts or time delays.
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3.3.4 Explicit Control Law and Closed-loop Model

To explicitly describe the actual control input, some variables need to be defined
first. Define {p(j),Vj € Z>o} as an ordered time instant sequence to describe the
events that there are successful transmissions for the C-A channel; define the ordered
time instant sequence {q(l),Vl € Zso} to describe the events {r(k) = 1}; define
mqay = inf; {p(j)lq(l) < p(j) < gl + 1)} with inf(s) = oo; denote the ordered time
instant sequence {my(,), Vi € Z=o} as a subsequence of {my), VIl € Z>,} by deleting
all the elements equal to co. By combining the buffer model, the packet transmission

and compensation mechanism, the actual control input can be derived as

we =y, (k= mawy), Mgy <k < Mg, (3.11)
where uanui) = col{ug‘q(li),u‘l’m(li), e ’u?\/c—1|q(li)}‘ The resulting closed-loop system
is given by

1 = f(xy, ugﬂq(zi)(kj — mq(li)),wk), Mg < k< Mg(l;41)- (3.12)

3.4 Stability Analysis

In this section, the regional ISpS of the nonlinear NCSs rendered by the proposed
MPC strategy will be investigated. Before proving the regional ISpS of the resulting

nonlinear NCSs, some notations and hypotheses are introduced.

Assumption 3.2. The stage cost function L(x,u) is locally Lipschitz in x and u,
i.€., there exist constants 0 < L, < oo and 0 < L, < oo such that for all x1,2, € X

and uy,us € U,
[L(z1,u1) — L@z, u2)|| < L1 — 22| + LuAy,
and L(x,u) is lower bounded by
L(z,u) = ar(||z]]) + pr,

where pr, < 0 and ar is a Ky function.

Assumption 3.3. The terminal cost function F(x) is locally Lipschitz as ||F(x1) —
F(xq)|| < Lp||lz1 — 22|, Vo € X and F(0) = 0. Further, for all x € Qy, there exists
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an auziliary control law Ky(x) € U such that
F(f(w, K;(2))) = F(x) < =L, K;(x),

and f(z, Ky(z)) € Q.

Remark 3.5. Assumption 3.2 and Assumption 3.3 are quite standard for the stage
cost function and the terminal cost function, which have been adopted for the non-
networked nonlinear systems [77, 90, 123] and the nonlinear NCSs [113, 120].

To present Assumption 3.4, let us define a mapping as f/(x, uﬁnq(l_)([() D] =

1])7 w[()ij—l}) £ f(fj_l(xv ufnq(m([o : j_2]>7 w[()ij—?})v llfnq(li)(j—l), W)v Vi=1,2--- y Mgl 1)~
mgq,) and i € Zsg, where wyp,;_1; € 17 and fO(z,u?, ([0:—1]),w) = x.

Mq(l;)
Assumption 3.4. There exists a compact set Ry with {0} C Rx C X, such
that Rx C Xn,(Qf) ~ B"(L%C_lepw) and Rx is an RPI set for the mappings
1 (z, o ([0 ) = 1)) @), Jor all j = 1,2, ;mgq,,) — mgq,) with i € Zzo,
where Xy, () is the N.-step RCI set of the system in (3.1).

Remark 3.6. Assumption 3.4 is to guarantee the feasibility of the proposed con-
strained MPC' algorithm in Ry ; see Proposition 3.1. The similar assumption is made
for the nonlinear NCSs only with the C-A packet dropout in [120] and the nonlinear
systems without networks in [90, 123]. The main difference is that Assumption 3.}
can address both the S-C' packet dropout and the C-A packet dropout simultaneously
using state estimation. In fact, if there is no S-C packet dropout which is the case
in [120] and no state estimation, then q(l) = [. In particular, if at some time in-
stant l, there is a C-A packet dropout p(j) = I, then the control packet 'u,fnq(li) becomes
uf = col{ug, ufy, -+ ,uy, _y}, and the control input (5.11) is given by uy = uj(k—1),
forl <k <p(j+1). As aresult, the mapping f’(z, u;q(li)([o : j—1]), wo.j—1]) becomes
exactly the corresponding mapping in [120], and the same assumption recovers from

Assumption 3.4.

Before proceeding, a constrained minimization problem needs to be stated, based

on which the ISpS-type Lyapunov function candidate can be constructed.
Problem 3.2. Minimize the following function J (&g, w) as
Ne

I (E e, wp) = Z L(Zpyip, wir) + F(Tn1ak),  Tup = T,
=0



53

subject to
ik—i—i\kexa 7;:071727"'7]\70_17
Li’k_ch‘k c Qf, i’k+Nc+1|k € Qf, (313)
Uiy €U, Tpyivie = [ (Trgeips i), 1 =10,1,2,--- | N,

where wy, = col{Uo|k, Utjk, - s UN, |k} -

Proposition 3.1. Suppose Assumption 3.4 and Assumption 3.3 hold. Then Prob-
lem 3.1 is feasible for all vy € Rx and Problem 3.2 is feasible in Rx.

Proof. According to the state estimation algorithm, it can be verified that the state
estimate Zj; belongs to X, (£2f) whenever z; € Rx for all k. Thus, According
to Assumption 3.4, Problem 3.1 is feasible for all ;5 € Rx. For Problem 3.2, for all
state z;, in Xy, (€2f), there exists a sequence of control action uy, steering the predicted
state 4,k into the terminal set 2y according to the definition of Xy, (€2). Define
the control sequence @ = col{ug, K;(Zx4n5)} at time k. Then Gf is a feasible
control sequence for Problem 3.2 in terms of Assumption 3.3. Since zy € Rx implies
xr € Rx € Xn,.(Q2f), Problem 3.2 is feasible in Ry. O

For the simplicity of presenting the stability conditions, the definitions of some

parameters Whlch will be used in the se%lel are given as follows. Define b, £
SN Lot L Ay + (N4 1) Ly + Lp—— Ly Ay — pp, by 2 (MeLe 4+ Lp)(N, +

Nc+2
1)quAu+(N 1) LuBy—prs by 2 (Lpfe—t L, SN 1_LfZ)quAu+(N +2) LA,
Nc+2
and by = (LpllL +L, ZNCH 1_Lf“)quA +(N+2)L,A,. Furthermore, we define
parameters
by 2 by if Ly, #1, A Jbs i Lp #1,
= L

P2
by if Ly, =1, by if Ly =1.

Further, define the function

(LpLyett + 320 Lol ) - p(s) if Ly, #1,
(Lp + (N.+1)L,)s if Ly, = 1.

A

V. (8) =

Assumption 3.5. Suppose that the disturbance set Y is such that the condition C2 in
Definition 3.5 is satisfied with V (xy, k) = L(wg, u) + J (Zrs1p, ), = Qp, ao = ay,
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~

Qa3 = Qp, Y = Yf,, C2 = p1 and c3 = pa, where Ty x = f(Tr, ur) and wj is the optimal

solution to Problem 3.2.

Remark 3.7. This assumption is essentially to impose the condition on the bound of
the disturbance set. That is, if one wants to achieve the regional ISpS, the external
disturbance cannot be too “large”. The similar assumptions have been made for the
robust nonlinear MPC in [123, 113, 90]. In fact, one can always find a small enough
disturbance set to meet this assumption [113, 123].

The regional ISpS of the resulting nonlinear NCSs based on the proposed MPC

control strategy is reported in the following Theorem 3.2.

Theorem 3.2. Suppose that all the Assumptions hold with the compact sets 1y and
X, then the resulting NCSs in (3.12) is regional ISpS in Rx with respect to the distur-
bance wy, € T,Vk € Z=o, and the system trajectory satisfies limy_, o d|z(k, T, wo g—1)|a, =
0, VzZ € Rx.

Proof. According to Proposition 3.1, for all g = = € R,, we can define the optimal

solution to Problem 3.2 as uj;, with the initial state 2, at time &, namely,

u; = arg n}lin{j(fckﬂ‘k, u;)}, subject to (3.13),
where Ty, = f(ay, ug) with w, given by (3.11) and uf = col{ugp, Ui+ s Ut
It follows that the optimal solution to Problem 3.2 with the initial state 24 ojp4; is
u;,, at time k + 1. Based on uj_ ,, we can construct a feasible control sequence
up,, = col{uakﬂ,u’{‘kﬂ, S UN ks K¢ (Zr1N.+2/k41)} for Problem 3.2 with the
initial state T ok41 at time k41. Choose V (x4, k) 2 L(xg, ug) + j(ik+1|k, uj) as the
ISpS-type Lyapunov function candidate at time k£ and define an auxiliary function

V(Tpe1, k+1) 2 L(2pgr, upsr) + j(ik+2|k+1, u;.,). The difference can be evaluated
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as

V(:L’k_H, ]{3 -+ 1) — V(S(Ik, ]{7)
=L(xps1, ups1) + J (Erpopprss Wiy y) — L(@p, ue) — J (Zpsrjp, )

= — L(wg, up) + L(@ps1, w1) — L(Epepapps wgpy)
Ne+1

+ Z L(ik+i\k+1>u:—2|k+l) = L(Zperifr UZ—l\k)
=2

+ L(ZN, skttt Kp(Toyvor2kr1)) + F (TN 4 rt3k41)

— F(ENhr2ks1) + F(@Norkramr) — F(ENArr2k)- (3.14)
Since Tpqn.+2k+1 € €1, it can be obtained that
L(ZN,rhrophrts Kp(@rpnarops1) + F@Narrsps1) = F(@ngrson) < 0. (3.15)

By using the Lipschitz condition, we get

Ne+1
> L@k U appsr) — L(Ersin uf_yy)
=2
Nc+1 i—2 '

<Y (LxL};lu(HwkH) + Loy L} LA, + LuAu> ,
i=2 =0
al . Ly —1

=3 | Lo L, p(lwill) + LmLuAuﬁ + LA, | (Ly, #1). (3.16)
=1 z

Similarly, we have
L(@p41, wrrr) = L(Epprje, ugp) < Lop(llwrl]) + LaAy. (3.17)

The terminal cost can be bounded as

F(ZNqhr2k41) — F(EN4k12/k)

SLp||ZN,rs2lkr1 — TNothr2lk]]
Ne+1
SLe(Ly o) + L Ap—) (s # 1), (3.18)

T

Substituting (3.15)-(3.18) into (3.14) and applying L(zx, ugy,) = ar(||zx[]) + pr result
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in

V(S(Zk_H, k + 1) — V(:L’k, ]{3)
Ne
< —ap(llaxl) + (LrLf + Y Ll ) - plllwl) + b1 (Ly, #1).
i=0
Similarly, we can obtain

Vi(wern, k+1) = Vg, k) < —ap(llzel) + (Le + (Ne + 1) Le) - (u([lwrl)) +b2 - (Ly, = 1),

By the optimality of Problem 3.2, V (2441, k +1) < V (2341, k +1). Consequently, we
have
V(@per, b+ 1) = Vg, k) < —ar(llzel]) + vy, (lwel) + o1, (3.19)

for all x in the feasible set. Next, it is easy to derive that

Ne+1

V(ze, k) = L(@g,uk) + Y L&k ul_y) + F(@reveron) = on(llzil]) + oo (3.20)
=1

Finally, we need to establish the upper bound of V' (zy, k) for all z; € €. To this
end, given the initial state x; at time k, we define an auxiliary control sequence for
Problem 3.2 as

!

uy £ COI{Kf(ik+1|k)> Kf(ik+2|k)> T aKf(fk+Nc+1|k)}a

where i;Lz+j|k = f(i;ﬁj—ukaKf(i’;cﬂ—uk)avj > 2, and i’;c+1\k = f(ax, Ky(zx)). Then

we have

V((L’k, ]{2) IL(SL’k, uk) — L(SL’k, Kf(SL’k)) + j(i’]ﬁ_l‘k, HZ)
— T (@1 W) + T (Eeprppr wy) + Ly, Kp(a))
< Luly + J(Erap up) — J(Ergam, wy) + Vi(a), (3.21)

where Vy(zy) £ J (2415, 0y) + L(2k, Ky(21)). By applying the Lipschitz condition
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again, we have

Nc+1

Z L(ik-i-i\kauak) - L(f;c+i|k> Kf(i;wri\k))

1=1

Ne
< Z(Lﬂcnik-ﬂ'lk - ik-m’\k” + LuAu)

i=1
<ZL ffouA + (Ne+ 1)Ly (Ly, #1),
and
F(ik+NC+2|k) - F(f;c+1vc+2|k) <LF||j7k+NC+2\k - 9:";g+Nc+2|k||a
1— L=+
<Lp— 1. A, (L 1).
P, b (Ly, #1)
Therefore,

T (@t W) = T (Zrsaji w.)
Ne+1
NG NG N N
= Z (Erepitie, Ui) = L(Zppigpr Kp (Trpip)) + F(Erneran) = F(Zy v o)

Nc—i—l _ LNC+2

— L
Z L waqu + (N. + 1)L, A, +LFﬁ

LA, (L, #£1). (322)

On the other hand, since z;, € ¢, then i;c+i+1\k € Qy, foralli =0,1,2,--- , N, + 1.
As a result,

F(@yiap) = F(@rpip) < =L@ pape K@), (3.23)
foralli=0,1,2,---, N,, where :i";f‘k = x. Summing up both sides of (3.23) from 0

to N, gives rise to
Vi) < Flayy) < ap(lax), (3.24)

where ap(s) = Lrs. By plugging (3.22) and (3.24) into (3.21), we get

Ne+2 Nc—i-l

1-
V(xy, k) < ap(|z])+(Le fﬂ” 4 Z _Lf )L, Ayt (Ne42)LyA,  (Ly, #1).
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Analogously, we can obtain

(Ne +2)(Ne +1)
2

V(zg, k) < ap(||leg|)+(Lr(NA2)+ L)Ly Ay+(NA2)L, A, (Ly, =1).

By combining the cases of (L, = 1) and (L, # 1), we have
Vik, k) < ap(flzell) + p2-

Therefore, V(xzy, k) is an ISpS-type Lyapunov function. According to Theorem 3.1,
the resulting nonlinear NCS is ISpS in Ry and all the trajectories starting in Rx

converge to set 2,. The proof is completed. O

Remark 3.8. Unlike the regional ISS established in [113, 120], the regional ISpS is
proven for the resulting nonlinear NCSs. The insight that we resort to the regional
ISpS can be seen from the proof procedure: the joint effects of the C-A packet dropouts
and the S-C' packet dropouts make the actual control input uy be not a function of the
current system state xy. Therefore, the deviation or bias exists for the lower bound

of the stage cost function L(xy,uy), which finally results in the regional ISpS.

Remark 3.9. It is worth noting that a novel approach has been proposed to prove
the regional ISpS for the resulting nonlinear NCSs by accommodating the joint effects
of the C-A packet dropouts and the S-C packet dropouts as well as the compensation
strategy. In the existing results in [120, 113, 77, 90, 123], the regional ISpS or ISS
is generally established by proving that the optimal index performance J(uy,xy) is
the ISpS-type or ISS-type Lyapunov function; see the detailed techniques in the sta-
bility of the MPC approach [95]. However, the communication constraints and the
compensation strateqy prevent us from using the optimal index performance J(u;, xy)
as the ISpS-type Lyapunov function directly. To circumwvent this issue, we first con-
struct the auxiliary Problem 3.2, based on which a novel ISpS-type Lyapunov function
L(zg, ug) + J (&g, ) is proposed and verified. It is worthwhile to point out that
Problem 3.2 is only an auziliary vehicle for the proof of the regional ISpS, and it does
not require being solved when applying the designed network-based MPC' strategy.

3.5 Simulation

In this section, an example is given to verify the proposed MPC compensation strategy

for a network-based control system. We consider the control problem for a cart-and-
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spring system deployed in an Ethernet-like environment, where packet dropouts are
apt to occur. The cart-and-spring system is shown in Figure 3.2, which has been

studied in [123, 89] in the non-network environment. In the cart-and-spring system,

_
pd

e

/ S

~ ¢ 0
A — NN —
o =g ——
= !

2 OO

Figure 3.2: Cart and spring system.

s is the displacement of the carriage from the equilibrium point, where v = 0 and
the external disturbance w = 0. The spring factor is nonlinear, and it is modeled as
k = koe™®, and the damper factor is hy. By setting x1 = s and x5 = §, the dynamic

model of the cart-and-spring system can be derived as [123, 89]

l"l (t) = l’g(t),

(t) = —5e7 10y (8) — Sy (t) + % + %

Further, the nonlinear model with a sampling period 7T, can be discretized as

1’1(1{? + 1) == Il(k) + Tcl’g(k),
2ok + 1) = 2o(k) — TR0 e~ 1 W)z (k) — T, hay (k) + T,4%) 7,20,

The system parameters are given as follows: The spring linear factor is ky = 0.10
N/m; the mass of the carriage is M = 4.5 kg; the damper factor is hy = 1.1 N-s/m
and the sampling period is T, = 0.4 s. The control input is constrained as |u| < 4.5
N and the states are constrained as |zri(k)| < 2.65 m and |z5(k)| < 10.0m/s. Like
the objective function in [123], we choose stage cost function L(z,u) = 0.01zTz +
0.01uTu. The terminal cost function is chosen as the quadratic form F(z) = 2T Px.

By using the proposed method in [11], the terminal cost function is determined as
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Subsequence of S—-C dropouts
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Figure 3.3: Subsequence of the S-C dropouts.

P =10"%x[4.83,2.19;2.19, 2.34]; the terminal set can be chosen as Q; = {z|zT P,z <
1}, where P, = [0.6032,0.2739;0.2739,0.2927] and an auxiliary control law can be
designed as Ky(r) = —Kz with K = [0.9050,2.1179] for the nonlinear NCS. For
the system model, the Lipschitz constants can be determined as: Ly, = 1.9158 and
Ly, = 0.2444 and the bound function is u(s) = 0.2222s. For the cost functions, the
corresponding Lipschitz constants are determined as: L, = 0.2069, L,, = 0.09, p, =0
and L = 1.7265, and the bound functions are: ar(s) = 0.01s* and ar(s) = 1.7265s.
The disturbance bound is estimated to be p, = 0.008.

The stationary operation conditions of the system are ¢ = 0.2 m, z§ = 0 s/m
and u° = 0.0540 N. In the simulation, both the S-C channel and the C-A channel are
subject to random packet dropouts. Both the packet dropouts are generated quite
arbitrarily and may not follow any known statistic distribution or stochastic model.
A sample subsequence of the S-C packet dropout is depicted in Figure 3.3, and the
one for the C-A channel is demonstrated in Figure 3.4.

To verify the effectiveness of proposed MPC strategy, we conduct four sets of com-
parison simulations. Firstly, for the network-based cart-and-spring system subject to
the two-channel packet dropouts described by Figure 3.4 and Figure 3.3, the simu-
lations are carried out by implementing the proposed MPC compensation strategy.
Then, for the same network-based system, the simulations are conducted using the

MPC strategy proposed in [120], where only the C-A packet dropouts are taken into
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Subsequence of C-A dropouts
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Figure 3.4: Subsequence of the C-A dropouts.

account, and the S-C packet dropout is ignored; the control input is applied as wu,
when the S-C packet dropout occurs. Next, under the situation that both the C-A
packet dropout and the S-C packet dropout are not considered, we run the simula-
tions by the standard MPC for the same systems; the control input is also given as
u, in case of the packet dropouts. Finally, for the same cart-and-spring system, we
assume that the system have perfect networks (no packet dropouts and delays for
both two channels). In that situation, the simulations are also conducted using the
standard MPC strategy.

All the simulation results are depicted in Figure 3.5 — Figure 3.7. Specifically,
the controlled displacements of the four cases are shown in Figure 3.5; the velocities
are depicted in Figure 3.6 and the control inputs are presented in Figure 3.7. It can
be seen that: 1) The states controlled by the proposed MPC strategy are stable,
and the constraints of the state and the control input are satisfied; 2) although the
system is subject to the two-channel packet dropouts, the system performance using
the proposed MPC strategy is comparable to the results of the perfect networks; 3)
the system performance of the proposed MPC strategy outperforms the results of
the strategy that only compensates for the C-A channel dropout proposed in [120],
and is much better than the results in which the two-channel packet dropouts are
ignored. These above observations imply that the proposed MPC strategy is valid

and effective.
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Displacement comparisons
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Figure 3.5: Comparisons of displacements.

Velocity comparisons
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Figure 3.6: Comparisons of velocities.

3.6 Conclusion

We have investigated the networked control problem for the constrained nonlinear
systems subject to disturbances and two-channel packet dropouts. The MPC-based
control strategy has been used to design the control packet, and an efficient trans-
mission and compensation mechanism has been designed such that all the necessary

information can be transmitted but with reduced transmission load. To analyze the
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stability of the proposed control method, a generalized characterization of the regional
ISpS has been established. Further, a novel approach has been developed to guaran-
tee the regional ISpS of the resulting nonlinear systems. Finally, the effectiveness of
the proposed control strategy has been verified by a network-based spring-and-cart

system.
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Chapter 4

Min-Max Model Predictive
Control of NCSs with Delays and
Packet Dropouts

4.1 Introduction

In Chapter 3, an MPC-based control strategy is proposed for a class of nonlinear
NCSs to reduce the transmission load of communication networks. The result in
Chapter 3 can only deal with packet dropouts but the communication delays cannot
be accommodated. In addition, the information of disturbances is not fully utilized.
This chapter will design an MPC-based control strategy to handle the communication
delays, packet dropouts and the disturbances. It is well known that the min-max
MPC [133, 95| features the following: (1) It is capable of incorporating the external
disturbance into the optimization problem, and (2) the designed optimal control law is
robust against the worst disturbance. Therefore, the min-max MPC can be employed
to improve the system performance compared to the standard MPC, i.e., receding
horizon open-loop MPC (RHOMPC). In this chapter, the min-max MPC scheme for
the constrained nonlinear NCSs with two-channel packet dropouts and time delays
based on the UDP-like protocol is studied. The main contributions of this work are
two-fold:

e A framework of synthesizing the constrained nonlinear NCSs using the min-max
MPC strategy is proposed. The min-max MPC algorithm is utilized to design

the control packets by incorporating the disturbance into the optimization prob-
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lem. Thus, the system performance can be improved.

e A novel approach is proposed to prove ISpS of the resulting nonlinear NCS. Due
to the joint effects of the packet dropouts and the time delays, as well as the
min-max strategy, the ISS used in [120, 113] cannot be directly applied to this
study, and the optimal value of the performance index for designing the control
packet cannot be used as a Lyapunov function. In this study, we analyze the
ISpS for the resulting nonlinear NCS. By constructing an auxiliary constrained
optimization problem, a novel ISpS-type Lyapunov function is proposed, and

then the corresponding ISpS conditions are established.

The remainder of this chapter is organized as follows. The design objective for
the nonlinear NCSs and the preliminary results for the constrained nonlinear systems
are presented in Section 4.2. In Section 4.3, the min-max MPC-based control packets
are designed and the control compensation strategy is presented. In Section 4.4, the
stability (ISpS) of the resulting nonlinear NCS is analyzed. The simulation results
and the comparison studies are illustrated in Section 4.5. Finally, the conclusions are
made in Section 4.6.

Nomenclature: The superscripts “T” and “—1” stand for the matrix transpose
and the matrix inverse, respectively. The notation Z (Zs() denotes the set of inte-
gers (non-negative integers) and the symbol R (R-) represents the real space (non-
negative real space). The Euclidean norm of a given vector = is denoted by ||z|
and the column operation col{zi,xs, - ,z,} is denoted as [z], 21, - - 2] for
column vectors xq, xa,--- ,x,. For any given N + 1 bounded discrete-time signals
v = {vo,v1, V9, - ,un}, define the subsequence as Vi, x, = {Vk;, Uky 11, > Uk, } With
ki, ks € Z>o; define the truncation as v,_q 2 {vo, 01,0, -+ ,Uk—1} and the norm as
[V]|oo 2 SUPj=o ||vk]l. A continuous function a : Rog — Ry is said to be a K-function,
if it is strictly increasing and a(s) > 0 for s > 0 with a(0) = 0. A continuous function
a(.) is said to be a Ky-function, if it is a C-function, and «(s) — oo as s — co. A
continuous function f : Rog X Zs¢ — R is said to be a ILL-function, if 5(s, k) is a K-
function in s for every given k € Z-, and it is strictly decreasing in k with (s, k) — 0
as k — oo. For two given sets A C R", B C R", the Pontryagin difference set C' is
denoted as C' = A ~ B, which is defined by the set {z € R"|x +y € A,Vy € B}.
A closed ball in n-dimensional space with radius of » > 0, centered at the origin, is
denoted as B"(r).



66

4.2 Problem Formulation and Preliminaries

4.2.1 Problem Formulation

Consider the NCS shown in Fig. 4.1, where both the S-C channel and the C-A
channel are connected via Ethernet-like communication networks. On this type of
communication links, the information can be transmitted in the form of large time-
stamped (TS) packets [148]. The time delays and packet dropouts may occur si-
multaneously over both the S-C channel and C-A channel due to networked traffic
congestions and/or physical components failures especially in unreliable wireless com-
munication networks. At every time instant, there is only one packet sent from the
sensor node to the controller node and only one sent from the controller node to the
actuator node. The maximum number of consecutive packet dropouts is defined by
the maximum number of time instants when packets are consecutively missing. The
maximum time delay is defined as the maximum number of time instants between
the time instant when the packet is sent and that when received. The maximum
number of consecutive packet dropouts and the maximum time delay are bounded
and independent of time instants, which are the network parameters. Specifically,
the maximum numbers of consecutive packet dropouts for the S-C channel and the
C-A channel are Ny, and N,,, respectively. The maximum time delays for the S-C
channel and the C-A channel are T,. and T,,, respectively. The controller operates
with the same sampling rate as the system plant; the perfect synchronization among
the sensor, the controller and the actuator is assumed to be held; the system state

is measurable by the sensor node. The system dynamics is modeled as the following

Actuator Nonlinear Sensor
node Systems node

= o

it )
g Communication networks o=
5 3
(2]

sinodoiqg

F Controller node

Figure 4.1: The setup of the NCS

—
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nonlinear difference equation:
Trr1 = f(zp, uk, W), k€ Lo, 0 =1, (4.1)

where z;, € R" is the system state, up € R™ is the control input and w; € R" is the

external disturbance. The system state and the control input are constrained as
x€X, up €U, Yk €E Zso, (4.2)

where X' and U are compact sets such that {0} € & C R” and {0} C U C R™,
respectively. The external disturbance belongs to a compact set T satisfying {0} C
T C R" with d, £ max,, v ||wr]|. It is assumed that f(.,.,.) is locally Lipschitz such
that

1f (21, 1, w) = f22, w2, 0)|| < Ly, l21 — 2ol + Ly, Au + Ly, [Jw]], (4.3)

for all 1,29 € X, uy,us € U and w € T, where Ly,, Ly, and Ly, are local Lipschitz
constants, A, = max{||u; — usl|}.

The main objectives of this study are summarized as follows.

e To design the controller using the min-max MPC for the system in (4.1) that is
simultaneously subject to the input and state constraints, the two-channel time

delays and packet dropouts, and the external disturbance.

e To establish the ISpS of the resulting constrained nonlinear NCS.

4.2.2 Preliminary Results

To study the stability of the constrained nonlinear system in sequel, we first recall

three well-developed definitions on the robust invariant set which have been reported
in [6, 77].

Definition 4.1. If there exists a compact set Q@ C R™ such that f(zg,wi) € 2 when-
ever zy € Q) for allw, € T and k € Z~o, then the set Q) is said to be a robustly positive
invariant (RPI) set for the system xpi1 = f(xg, wi).

Definition 4.2. For the system in (4.1) subject to the constraints in (4.2) with a
given compact set Q, if there exists an admissible control input u, € U such that
f(zg, ug,wi) € Q for all x € Q and all wy, € T, then the set Q) is said to be a robust
control invariant (RCI) set.
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Definition 4.3. Consider the system in (4.1) subject to the constraints in (4.2) as-
sociated with an RPI set Q. The i-th step robustly stabilizable set in X;(Q2) is denoted
by all the admissible states which can be steered into the target set ) no more than i

steps by using an admissible control sequence uy(x) for all wy; € T°.

For the sake of analyzing the stability of the nonlinear NCS, the results on ISpS
for the discrete-time nonlinear system are revisited in the sequel. The system in (4.1)

can be rewritten as
T+1 = gu(ﬂfk,wk), r0=1, ke Z>07 (4-4)

where x; € R™ is the same system state, wp € R™ is the same external disturbance
and the subscript u represents the time-varying property of the function g,. Denote
x(k,Z,wor—1) as the solution to the system in (4.4) at time instant k. For the system
in (4.4), the definition of ISpS is stated as follows.

Definition 4.4. [144] Given a compact set Q € R", if it is an RPI set for the system
in (4.4) with wy € Y, and if there exist a KL-function B, a K-function v and a

constant ¢ = 0 such that

[(k, Z, wor-1)|| < BIZ], k) +(lwp-nlle) + ¢, (4.5)

Vk € Zso, T € Q, then the system in (4.4) is said to be ISpS in S).

The definition of ISpS in a set in Definition 4.4 is a modification from that in [144]
originally proposed for time-invariant nonlinear systems. The notation of ISpS is a
generalization of the well known ISS [59, 144]. In fact, ISpS will be reduced to ISS
when the constant ¢ = 0. Recently, ISS has been employed to study the stability of
constrained nonlinear systems with network-induced delays in [113] and with packet
dropouts in [120]. The ISpS property will be exploited in this study.

Similar to ISS, an effective tool for studying ISpS is the ISpS-type Lyapunov
function [59, 144]. For the networked constrained nonlinear systems, the following

ISpS-type Lyapunov function will be used.

Definition 4.5. [59, 144] For the system in (4.4) with an RPI set X including the

origin as an interior point, if there exists a positive definite function V(.,.) : R™ X
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Z=o — Ry, for all xy, € X, such that the following conditions hold:

Vi, k) = ar([lzll), (4.6)
Vik, k) < as(llzel]) + e, (4.7)
Vi(wrer, b+ 1) = Vg, k) < —aa(([zil]) +y([[wil) + 2, (4.8)

with oy, as and ag being Koo-functions, v being a K-function, and co, c3 > 0, then

the function V (xy, k) is the ISpS-type Lyapunov function in X for the system in (4.4)
with wy, € Y.

With the aid of the ISpS-type Lyapunov function, a sufficient condition guaran-

teeing ISpS can be established in the following lemma.

Lemma 4.1. [77] Given an RPI set X with {0} C X C R™ for the system in (4.4), if
it admaits an ISpS-type Lyapunov function associated with the set X, then the system

in (4.4) is ISpS in X.

4.3 Networked Controller Design

4.3.1 Control System Structure

In this subsection, the physical structure with the embedded MPC-based control
scheme for the nonlinear NCS is depicted in Fig. 4.2. In this diagram, the actuator
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Figure 4.2: MPC based nonlinear NCS structure
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node consists of the actuators and the actuator buffer. The buffer is used to store the
available newest control command packets. The controller node includes the smart
receiver, the MPC-based controller, the state estimator and the future input buffer.
The smart receiver has a buffer which stores the previously received data. It performs
two simple functions: One is to compare the latest received data with the stored data
and to record the newest state of the system, and the other is to determine that the
newest state is sent either to the controller or to the state estimator (see Fig. 4.3).
The MPC-based controller is to generate the control sequence using the appropriate
min-max MPC algorithm. The state estimator is used for reconstructing the current
state for the MPC-based controller when the current system state is not available.
The future input buffer is introduced to store a number of control sequences that will
be sent to the actuator node over the C-A channel; meanwhile, a series of appropriate

control signals will be sent to the estimator to reconstruct the current state.

Remark 4.1. In [148], a similar control system structure has been adopted for linear
NCSs using the generalized predictive control strategy, and the hardware-based experi-
ment has been successfully conducted. So such a structure is physically realizable and
the further development for nonlinear NCSs [113] is of practical merit. The theoret-
ical analysis of the presented control system structure using the min-max MPC for
nonlinear NCSs subject to the above mentioned constraints has not been reported in

the literature, which motivates this study.

Remark 4.2. [t is worth noting that the communication constraints (i.e., time delays
and packet dropouts) in the S-C channel and the C-A channel have different effects
for the control performance and the min-max MPC design. The communication con-
straints in the S-C channel mainly affect the accuracy of initial system state for the
min-mazx optimization problem, but the imperfections in the C-A channel disturb the
use of the optimal control signal. The communication constraints in the S-C' channel
are relatively easier to handle compared to these in the C-A channel. This is because
the communication constraints in the S-C channel are known to the controller node,
and the measure (state estimation) can be taken to mitigate the effects; but the com-
munication constraints in the C-A channel occur after the generation of the control
signal, and no action can be taken (except the prediction before the occurrence of the
communication constraints). In the present study, we only consider one control unit
among the large-scale NCSs. In general, the communication constraints are also af-

fected by the communication topologies (e.g., the star topology, the line topology) in
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the large-scale NCSs. As a result, the design of the min-max MPC strategy for large-
scale NCSs will be more complicated. For example, the distributed min-max MPC
may need to be designed for each control unit; the prediction horizon of the min-max
MPC of each control unit may be different due to the different maximum time de-
lays and maximum number of consecutive packet dropouts in communication links.
The controller structure design and min-max MPC strategy for large-scale NCSs need

further study in the future.

4.3.2 Min-Max MPC Based Control Packet Design

In the literature, the RHOMPC strategy has been applied to tackle nonlinear NCSs
in [113, 120, 101]. However, the RHOMPC strategy does not consider the external
disturbances when performing optimization, and thus it may not be robust against the
external disturbances, and suffer from conservativeness [95, 133]. Alternatively, the
min-max MPC is able to consider the effect of external disturbances (by calculating
the maximum disturbance at every time instant). In light of this promising feature,
we employ the min-max MPC method to design the control packets. For the nonlinear

system in (4.1) with time delays and packet dropouts, the cost function at time k is
defined as

Nc—1
JNc(uka Ty, wk) = Z L(fkﬂ'\k, ui\k) + F(fmzvc\k)a (4-9)
1=0
where Uz S COI{Uo‘k,UHk, s 7uNc—l|k}7 Wi £ COI{Wo‘k,wl‘k, s ,wNC_l‘k} € TNC,

Thrivie = J(Thaeifs Wilk, Wije) With Ty, = 2 and 2 being the state estimate (see
Fig. 4.3 for more details), and N, is a fixed integer satisfying N, > T., + N,. In the
cost function (4.9), L(Z;x, ux) is the stage cost and F (&, ) is the terminal cost. In
this study, the control sequence is derived by solving the receding horizon min-max

optimization problem as summarized below.

Problem 4.1. Find a pair of optimal control sequence and admissible disturbance
(u), w$?), such that

Jn.(Z1) = min max Jy, (g, Tr, W),
Ug Wi

subject to: (1) the system model Tyyiv1k = f(Zhtijr, Wi, wik) for alli = 0,1, No—
1, and Ty = Tk, (2) the state prediction and input constraints Typyik € X, g €U,
for all w, € T with i =0,1,---,N.—1; (3) the terminal state constraint Ty, € 2,
for all wy, € T with Q, (a known compact set) satisfying {0} C Q, € R™. Here,
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ug = col{u&k, U ’u?\/c—l\k} and W = col{wg‘k,wﬁk, e >W§)vc—1\k}-

Remark 4.3. The length of the prediction horizon for a non-networked nonlinear
system can be set as N, > 0 such that the system performance is satisfactory. But for
the nonlinear NCS in this study, it is required that the length of the prediction horizon
is greater than N, + T, in order for guaranteeing the capability of compensating for
the worst situation when both the worst time delay and the largest consecutive packet

dropout occur simultaneously.

Remark 4.4. It is worth noting that although the procedure of solving the constrained
min-max optimal Problem 4.1 is inspired by the work for non-networked nonlinear
systems in [3, T7], two essential differences exist. Firstly, the initial state in the
Problem 4.1 is &, which may be the actual system state xy or the reconstructed state;
see Figure 4.3. But for non-networked nonlinear systems, the initial state is always
actual system state xy. Secondly, the strategies on how to apply the control inputs
are different. Specifically, the min-mazx MPC strategy for non-networked nonlinear
systems takes the first element of the optimal control sequence ] as the control input.
For nonlinear NCSs, any element of the optimal control sequence uj, may be chosen
as the control input due to the packet dropouts and/or time delays. This makes the

stability analysis of the constrained nonlinear NCS very necessary yet challenging.

4.3.3 Compensation Strategy

In this study, the UDP-like protocol is adopted for the Ethernet-like networks for
both the S-C channel and the C-A channel. Unlike the TCP-like protocol, the UDP-
like protocol does not send the acknowledgement packet when receiving a packet.
For the nonlinear NCS in Figure 4.2, at time instant k, denote the time delay for
the S-C channel as 7,.(k), i.e., the state x;_. () is received by the smart receiver
at time instant k. When there is a packet dropout, 74.(k) = 0o. Since the smart
receiver is able to record the newest available state by comparing the current received
state with the previous stored one, the time delay 7¢.(k) may not be directly used for
describing the actual effect of time delays after the operations of the smart receiver.
For example, at the time instant k, the time delay of the S-C channel is 7,.(k) and
the state xy_r,. () is received. Assume that in the smart receiver, the state zy_r,. (x)+1
has already been received in the time instant £ — 1 and stored. In that situation, the

smart receiver will use the state xj_, ()41 instead of the state x,_, (). Therefore,
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the time delay evaluated by the smart receiver at time k is 75.(k) — 1 rather than
Tse(k). In order to describe the time delay evaluated by the smart receiver, we adopt
the notation of the evaluated time delays used in [148, 113]. Specifically, denote 7y
as the evaluated time delay reported by the smart receiver for the S-C channel at the

time instant k£, which can be determined as:

Tse(K), Ifhk—1—11 <k—71e(k),
Te—1 + 1, Ifk—-1- Thk—1 2 k — Tsc(k‘),

Tk —

and 19 = 0. Similarly, we denote the time delay for the C-A channel as d., (k) (deo(k) =
oo when a packet dropout occurs) and dj, as the evaluated time delay for the received
control sequence of the actuator node. The evaluated time delays 7, and dj satisfy

the following properties: 7, < T + Ny and dj, < T4 + Neg.
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Figure 4.3: The control strategy

In this chapter, we use the same compensation mechanism as [114, 113, 148]
for the nonlinear NCS except that the min-max MPC is designed to generate the
control packet. The min-max MPC based compensation strategy is illustrated in
Figure 4.3. For the sake of completeness, we briefly describe the min-max MPC based
compensation strategy here. The reader may refer to [113, 114] for more details on

the RHOMPC based compensation strategy. At time instant k, the state xy_r, ) is
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received by the smart sensor, based on which the latest state x;_,, can be generated.
On the one hand, if 7, = 0, then the latest state is directly sent to the MPC-
based controller with z; = z;. On the other hand, if 7, # 0, then the latest state
Tp—r, Will be sent to the estimator, which is used to recover the delayed or lost
states. By the nominal model &; 15 = f(@ir, uf(Z;), 0) with the initial state &), =
T_r,, the estimator reconstructs the current state Zj by retrieving the previous
control input sequences {uz_w -+, ul_; } (These control sequences are subsets of the
sequences stored in the “future input buffer”, where the previous control sequences
{u_r._n., -~ ,ul_;} have been stored). Note that the prediction consistency is
assumed to be satisfied, and the readers may refer to [41, 30] for more details. The
reconstructed state Z; will be sent to the MPC-based controller. With the initial
state 5, the min-max MPC controller will generate the optimal control sequence uj,
by solving Problem 4.1. Once the control packet uj is generated, it will be sent to the
actuator node through the C-A channel; at the same time, the control packet will be
pushed into the top of “future input buffer” to discard the last element uj_, _n .
At time instant k, the actuator node receives the control packet uf_ dea (k)" Us-
ing the buffering technique, the newest control packet uj_, will be generated and
stored. For the actuators, the actual control input will be decided and chosen as

uy = uj_, (dy) from the available newest control packet uj_, .

4.4 Stability Analysis

In this section, the stability of the proposed MPC-based nonlinear NCS is investigated
by constructing a novel ISpS-type Lyapunov function. Due to the communication
constraints, the actual control input u, is different from that of the non-networked
nonlinear systems, which makes the stability analysis more challenging. To start, we

assume that the proposed networked min-max MPC algorithm is feasible as follows.

Assumption 4.1. There exists a compact set Rx with {0} C Rx C Xn.(2,) ~
B"(r,), such that it is a RCI set for the mapping f(xy, ux,wy), for all k € Zso and
all w, € T, where r, = ZﬁV:SSJrT“_l LY Lypyd,.

Remark 4.5. Assumption 4.1 is to guarantee the feasibility of the constrained min-
max MPC algorithm in Rx for the nonlinear NCS. For the constrained min-max MPC
of non-networked systems, the region of initial states in the N.-step RCI set Xy, (€2,)

is the feasible set and the feasibility is guaranteed by assuming the existence of an
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auziliary control law in the terminal set [77]. However, since the control input for the
networked system is uy = uj_, (di) and the initial state to Problem 4.1 is &y, which
are different from that of the non-networked systems with w, = u3(0) and initial state

xy [T77], we use the conditions in Assumption 4.1 to guarantee the feasibility.

Similar to the non-networked min-max nonlinear MPC, two assumptions on the

cost functions in (4.9) are required here.

Assumption 4.2. The stage cost function L(x,u) is locally Lipschitz in x and u,
i.e., there exist constants 0 < L, < oo and 0 < L, < oo such that for all x1,z5 € X
and uy,us €U

L(zy,u1) — L(xe,us) < Lyl|zy — xa|| + Ly,

and L(x,u) is lower bounded by
Lz, u) = ar(||zl),

where ay, s a Ko function.

Assumption 4.3. The terminal cost function F(x) with F(0) = 0 is locally Lipschitz
with the constant Lr, Vo € X. Further, for all x € €,, there exists an auziliary control
law K¢(x) € U such that

F(f(x, Ky(2),0)) = F(z) < —L(z, K¢ (2)),

and f(x, K¢(x),0) € Q,.

Remark 4.6. Assumption 4.2 and Assumption 4.3 are fairly standard requirements
on the stage cost function and the terminal cost function. These assumptions have
been adopted for the receding horizon open-loop MPC' of non-networked nonlinear
systems [77, 90, 123] and nonlinear NCSs [113, 120)].

Based on Assumption 4.3, we have the following Lemma 4.2.

Lemma 4.2. If Assumption 4.3 holds, then Yx € Q,, with the same control law
Ky(x), the following relationship holds:

F(f(z, K¢(z),w)) — F(x) < —L(z, K¢(x)) + 0w, (4.10)

where o, = LpLy,d,.
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Proof. According to Assumption 4.3, we have

F(f(x, K y(2),w)) — F()
—F(f(x, Kf(x),w)) — F(f(x, K;(2),0)) + F(f (2, Kf(x),0)) — F(a)
<P(f(x, Ky (x),w)) — F(f(x, Ky(2),0)) = L(, Ky ().

ja)

Since F'(x) is Lipschitz with respect to the constant Lp, it has

1E(f (2, K (), w)) = F(f (2, K (), )| <Lpllf (2, Kp(x),w) = f(z, K (z),0)]
<LFwadw = 0Oy,

where the inequality in (4.3) has been utilized. The result in Lemma 4.2 is readily
obtained. O

Before proceeding to construct the ISpS-type Lyapunov function candidate, an-

other min-max optimization problem is presented.

Problem 4.2. Find the optimal argument (uy,w}) of the following min-max opti-

mization problem as

Ne
Tk A A . A ~ A~
SN (Erg) = min max Y " L(&ppier wie) + F(Epenesa),  Epp = T,
subject to
T €X, wip €T, wi gk €7, t=0,1,2,---, N. — 1,
Tra Nk € Doy Thant1k € Qo, (4.11)
Uik €U, Tipiv1e = f(Trpifr Wi, W), ¢ =0,1,2,--- N,
where w, = col{ug|k, Utjk, - - , UN, |k}, Wk = cO{Wojk, Wik, =+, WN|k} -

Proposition 4.1. Suppose Assumption 4.1 and Assumption 4.3 hold. Then Prob-
lem 4.2 and Problem 4.1 are feasible for all xo € Rx.

Proof. Firstly, we prove Problem 4.1 is feasible for all o € Rx. According to As-
sumption 4.1, for all xg € Rx, one has z;, € Rx for all & > 0. Furthermore, we

are going to show that ||xy — Zx|| < ry,. In terms of the state estimation strategy
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described in Figure 4.3, it has

|2k — Zl| =llze — Zape
=/ (zk—1, Uk, wi) — f(Zp—1jk, U, 0]
<Ly, |vp—1 — Tp—1ll + Ly, do,
=L} lleg—o — Zp—opll + Ly, Ly du + Ly, do,

TE—1

=L ||k, = Ermypill + D LY, Ly de
=0

Since xp—r, = Tp—r e and 7, < Tye + Ny, it has ||z, — T|| < 7. As a result, for
all zp € Ry, one has T € Xy, (€,). That is, Problem 4.1 is feasible. Secondly,
we show that Problem 4.2 is feasible in Rx as follows. For all ;5 € Ry, one has
xr € Rx C Xn.(9,) because of Assumption 4.1. Thus, for all initial state zy,
there exists a pair (uf,wj) driving the state x4y, into the terminal set €2, by N,
steps. Further, by using Assumption 4.3, one can verify that @y = col{w¢,0} and
uy, = col{uy, K;(zr4n. k) } are a possible solution to Problem 4.2. This completes the

proof. O

Remark 4.7. It is noted that Problem 4.2 and Problem 4.1 are different. Problem 4.1
1s used to design the control packet while Problem 4.2 is used for stability analysis.
It is very important to establish the feasibility of Problem 4.2, since the ISpS-type
Lyapunov function will be built on the optimal solution to Problem 4.2, which can be

seen in the sequel.

Now we are in a position to construct an ISpS-type Lyapunov function candidate

as:
V(e k) £ L(zw, ) + Ty, o1 (Zesap),

where Tp1x = f(2k, U, 0). Specifically, V (2, k) can be written as

Net1
Vi(wg, k) = L(iﬂmﬂk)*'f{ﬁn max Z L(Zppije, i) +F (Zhgnot2ik),  Thre = f (T, Ug, 0),
i—1
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subject to

Ik-ﬁ-i‘k EXu W”kET, ch+1|k‘ ET 7':1727 7NC7

ThyNetr1ik € Do, Thi N2k € o,

Uik € u> ik-ﬁ-i-ﬁ-l‘k = f(ik+i\k>ui|k>wi\k)’ =12, >Nc +1,
where u, = col{uij, - - s un, 1k}, Wi = col{wik, " - , W41k}, and the optimal so-
lution is denoted as wj = col{uj,, -, uy i} and wi = col{wjy, -, wi 41}

Firstly, we have the following Lemma 4.3 which gives the lower and upper bounds of
V(zk, k) for all z, € Rx.

Lemma 4.3. Under Assumption 4.1-4.3, the ISpS-type Lyapunov function candidate

1s bounded as
ap(||zx|) < V(zk, k) < o - ap(||zk||) + cu, Yar € Ry, (4.12)

where 0 = max{_—m— J’” 1} ap(s) = Lps, Jp = maxyecxpezsoV(Tk, k), mm =
max, {B"(r) C Q} and co = (Lo on ' S L, + Led o L) )Ly dy +(N. +
2)LyAu+ LpLp, Ay g L+ LoLp, Ay S0 S0 L

Proof. According to Assumption 4.2, we can readily establish the left-hand side in-
equality of (4.12). To derive the upper bound of V' (zy, k), we consider the following
two cases.

Case 1: x;, € €,. In this case, if the control law is chosen as Ky (xy), then Ty, =
f(xy, Kf(xi),0) belonging to €, according to Assumption 4.3. By induction, we have
Thtiv1k € 0 when the control law Ky(Zyi) is applied for all ¢ = 0,1,---, N, + 1.

Therefore, for all z; € €,, we have
F(Zppivan) — F(@rpip) $ —L(Zprips K (Trpar)), (4.13)
where Ty, = @ and Tppipie = f(@Tegipp, Kf(Tegi),0), Vi = 0,1,--- ,N. + 1. By
summing up (4.13) from i = 0 to N. + 1, we get
Net+1

F(Zrin +ok) + Z L(Zhpipes Ky (Tpyap)) < F(a).
=0
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Thus, we further have

Nc+1

V(e k) <V (2, k) = F(Trenrop) — Y L@ Ky (@raan)) + Flan)

1=0

Ne+1
SL(wy, u) — L(zw, Ky(zp)) +  max (Z L(Zppipres ugjy) + F(i"k+Nc+2k)>

wkETNCJrl i—1
Ne+1
— F(ZTrynq2k) — Z L@k, Ky (Tugae)) + F ()
=1

Net1
< max (Z L(Zgpipps wi) — L(@hsipns Kp(Trrar)) + F(Traneralr)

wkETNC+1

(4;14)
—aF(fk+AQ+2m))-+aL(xk,ﬂk)-—_L(xk,l(f(xk))%—l7(rk) (4315)

To proceed, the following two results should be utilized. According to Assumption 4.2-
4.3, the following can be obtained:

F(Zrineror) = F(Tryneroie) SLel|Zeyn.r2k — Tey N2kl

Ne+1
<Lp <quA > L} +Lyd, ZLJ ) (4.16)

j=0 j=0

L(Zky1p uipe) — L(Zrrajps Kp(Trraw)) < LaLg, Do, (4.17)

and

L, win) — L(Zrgipns K (Trgipn)

i—2 i—1
<L, (wadw S+ chszuAu> + LoDy, i > 2. (4.18)
§=0 §=0
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Substituting (4.16), (4.17) and (4.18) into (4.14) results in

Ne+1 i—1 Ne+1 -2

V(tg k) <LuOy+ Lo > Y L4 Ly Ay + LoLyd, > Y LY
=1 j=0 i=2 j=0
Ne+1 ( Ne+1 Ne

+ > Lulu+Lp | LAy Y LG+ wade%> + ap(||zx)-

i=1 j=0 j=0

(4.19)

Case 2: x; € Rx \ Q. In this situation, we use the same idea in [77]. Since
X and U are compact sets, then there exists a upper bound of V(xy, k) such that
V(xg, k) < Jy with 0 < Jyy < oo. For the ball B"(r), there exists the maximum
r such that 7, = max{B"(r) C Q,}. Obviously, for all z; € Rx \ §,, we have
ap(||zk|]) > ap(rm). As a result, it has

Jm

V(S(Zk,]{?) < JM = aF(r )OzF(’f’m) <

Jm

OéF(’/’m)

ap(||z)- (4.20)

By jointly considering (4.19) for z;, € €, and (4.20) for zx € Rx \ €, the result
in (4.12) can be derived. This completes the proof. O

In what follows, the stability result of the nonlinear NCS with the designed min-
max MPC algorithm is presented in Theorem 4.1.

Theorem 4.1. Suppose Assumption 4.1-4.3 hold. Then the function V(xy, k) is the
ISpS-type function for the resulting nonlinear NCS, and further the closed-loop system
s 1SpS for all the initial state in Rx.

Proof. Firstly, Problem 4.2 can also be solved by the dynamic programming ap-

proach [40, 95], i.e., it can be solved recursively as:

J!(x) =min max {L(Ik, w) 4 J5 (f(a, u,w)}

ueU we

subject to f(xg, u,w) € X;_2(,),

where Ji(z) = F(x) with € Q,, Xo(Q0) = Qo, X_1(2,) = Q, and i is from N, + 2
to 1. Then we begin with the calculation of V (zjy1, k) — V(xy, k) as

V(S(Zk_H, k + 1) - V(:L’k, ]{3) = V(S(Zk_H, k + 1) - j;{,c+2(l’k+1) + j]>§10+2(55k+1) - V(S(Ik, ]{7)
(4.21)
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We first evaluate the bound of V(zg41,k + 1) — Ji_o(zs1) in (4.21) as

Vi(wern, b +1) = Jy yo(Ths1)

=L(Tpsfbt1, Uetr) + TN 1 (Teoper1) — min max {L(@psr, uw) + Ty (f (@h11,u,0))

=L(pirfb+1, Unr1) — L(@pi1, Wepr) + Insr (Brsopen) — max Tni1(f (Thg1, Uiy, w))

<Ly,Ay + jEc+1(fk+2\k+1) - j1>:76+1($2+2)a

where we denote x}_ 5 = f(Tpy1, Uf 1, Wiyq)-
To proceed, we need to find the upper bound of jj’;ﬁl(aﬁkﬂ‘k“) — jj”QCJrl(szrz).

Since

jf(fk+Nc+2|k+1) - jf(952+1vc+2)

= min max {L(ZksNer2ihrt, @) + F(Zesnot3her) }

- {Lnelg{l max { L@} N, 400 w) + F(274n,45) }

< Tg%{L(i’HNCMIkHa U7VC+2|k+1) — L(2}4 Not2) Ukt N, v2)
+ F(ZpqNtskr1) — F(Trin.43)}
:L(£k+Nc+2lk+1= “}kvc+2|k+1) - L($Z+Nc+2v U2+Nc+2)

+ max {F(&psnraprr) — F(Trinis)}

Ne¢ N.—1
<L, (L%Cwadw + AL, Y Ly +2Lpdy Y L}x>

=0 =0
Ne+1 Nc
+ LyOy + LpLY ' Ly dy + Lp Ly, Y Ly +2LpLpd, Y L .
=0 =0

Furthermore, we have

i (ETrgNer2—ifk+1) — S (Thyvogos)

= min max {L(@rg Novaiirs, @) + IS (T Noraifhn) §

B rvflelz? wer {L($Z+Nc+2—i’ u) + jz'*(x2+N6+3—i)}
< Tul:lg%({j:(ik—ch—i-B—ilk+l) — I (Thynas-i)}

A * * *
+ L(iEk+Nc+2—i|k+1, uk+Nc+2—i|k+1) - L($k+NC+2—ia uk+Nc+2—z’)'
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Therefore, by induction, it can be obtained that

j;/ +1(5%k+2\k+1) - j;/cﬂ(fchz)

Not1 Ne+1 j—1
<L, Y <LJ Ly dy, + ALy, ZLZ ) +2L,Ly,do Y Y L,

Jj=0 i=0 j=1 i=0

Ne+2 Ne+1
+ (No+2) Ly + L (L}?“wadw + Dl D Ly, 2Ly Y Lia) :

=0 =0

As a result,
V(g kb +1) = Ty go(2rs1)

Ne+1 Net+1 j—1 Ne+1
(L ZL + LpLyt® + 2L, Y > Ly +2Lp Z@)wa

=1 =0

Ne+1 j Ne+2
(L >N Ly +Le Z L ) L, Ny + (No + 3) Ly, (4.22)
7=0 =0

Next, we need to find the upper bound of J}, ,o(zx41) — V (2, k) in (4.21). We have

Jaso(Tri1) = V(ak, k)
=JInr2(Tra1) = Ty o1 (Erere) — Ly, )

= r&lg géax{L(ka, u) + jfvﬁl(ﬂsz)}

— min max{ L(Zxap, w) + Ty, (Enran) } — Dlwe, w)

<L ||Tpg1 — Trgal] + Luldo + Iilg%{j}cﬂ(xzm) — Jn. @pgope) b — Llaw, ).

For i =2 to N.+ 1, we have

j;fc—”?’(zzﬂ) - j;fc—i+2(§7k+i|k)

SL(hsis W) — L(Zrpifres U2+i|k) + Ifg% {jfvc—Hz(IZﬂH) - j]tfc—i+1(ik+i+1\k)} :
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And for i = 1, we get

j*($Z+NC+2) - j*(fk+Nc+2\k)
=minmax { L&}y, 12, u) + F(f (T n,00 @)} = F(@rineizp)
< max {L TroyNetr2s Kp(@hint2)) T F(F (@rpngo Kr(@hgn12) } F(Zh4Not21k)
= {512%( {L(:L"',;+Nc+2, K (@ yn+2)) + F(f (@rgngo K (T n40),w)) — F(IZ+NC+2)}
+ F () nor0) — F(@renat2k)

<Ow + Ll T noy2 = Tos N2l

Ne
<0+ Lp(Lp, D +2Lp,d0) S L5, + LpLY
=0

where Lemma 4.2 has been used. By induction, we get

jEc+1(xZ+2) - j;/c(ikﬂlk)
Ne—1

j
<Ly Y ((quﬁu +2Lg,d0) Y Ly, + L7 Ly, ||wk||>
=0 i=0

Nc
+ N.L,Ay + 0y + Lp ((quAu +2Ly,d,) Y Ly + L%C“HwkH) .

=0

Therefore, J% o(xkt1) — V(zk, k) is upper bounded as
jz*vc+2(xk+1) — V(xk, k)

Ne—1 j
<—aF(ka||)+aw (quA +2wa ( T ZL +LFZL2>

7=0 =0
Ne—1 ‘
+ (N, + 1)Ly A, + <Lfow + L Y LMLy, + LFL;V;“wa) lwrll.  (4.23)
j=0

Finally, by combining (4.22) and (4.23), we have
Viwppa, b+ 1) = Vg, k) < —ap((leel]) + v (llwkl) + e, (4.24)

where Cy £ ((3L + 4LF) ZNC LJ —|—(L +2LF +LFLfZ) LNc-i-l +4L ZNc_l gzo
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2L, Y e S LY )Ly, Ay and Yo(s1) & (L S0 L +LpLye) Ly, - (s1).
According to Lemma 4.3 and (4.24), the function V' (xy, k) is the ISpS-type Lya-

punov function. Therefore, the resulting nonlinear NCS is ISpS by Lemma 4.1. The

proof is completed. O

Remark 4.8. [t is worth noting that for the non-networked systems using the min-
max MPC' strategy, the stability can be established by proving that the optimal value
of the performance index is the Lyapunov function; see, e.q. the asymptotical stability
in [133, 95] for systems without disturbances and ISS for systems subject to distur-
bances in [123, 77]. However, for the nonlinear NCS with the proposed min-max MPC
strategy, the optimal value of the performance index Jy (vx) can not be used as the
Lyapunov function. This is because the actually implemented control input uy may
not be the optimal solution uj, to the constrained optimization Problem 4.1 due to the
packet dropouts and time delays. In this proof, to tackle this problem for establishing
ISpS, we propose a novel way to construct the Lyapunov function. That is, the auz-
iliary constrained optimization Problem 4.2 is first designed, and then the ISpS-type

Lyapunov function is constructed based on the solution of Problem 2.

4.5 Simulation Example

In this section, simulation studies are conducted by applying the proposed networked
min-max MPC strategy to a networked cart-and-spring system. Furthermore, some
comparisons are carried out to demonstrate the improved performance.

The diagram of the networked cart-and-spring system under investigation is demon-
strated in Figure 4.4, which has been studied in [123, 89] by using MPC in a non-
network environment. In the scenario described by Figure 4.4, there are Ethernet-
like networks deployed on both the S-C channel and the C-A channel, where packet
dropouts and time delays occur randomly; the networked min-max MPC-based con-
troller is to be designed. In this networked cart-and-spring system, s is the displace-
ment of the carriage from the equilibrium point. The spring factor is modeled as
k = koe™*, and the damping factor is hy. By setting 7 = s and x5 = §, the dynamic

model of the cart-and-spring system can be derived as [123, 89]

l’l(l{? -+ 1) = Il(]f) + TCSL’Q(]{Z),

2o(k +1) = 2o (k) — TR e~ m1®) g (k) — T,y (k) + 7,48 4 7,280,
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Figure 4.4: Networked cart-and-spring system.

In this study, the mass of the carriage is set to be M = 1.0 kg; the spring linear
factor is ko = 0.33 N/m; the damper factor is hy = 1.1 Ns/m and the sampling
period is T, = 0.1 s. The state and control input constraints are set as |z1(t)| < 2.65
m and |u| < 4.5 N, respectively. The stage cost function is chosen as L(z,u) =
2T Qx + uTQuu, where Q = I, Q, = I. To determine the terminal cost, the approach
in [11] is adopted. Firstly, the nonlinear function is linearized at the operation point
2§ =0 and 2§ = 0. Then a local feedback control is designed as K = [0.7230, 0.8121]
using the LQR method. Finally, the terminal cost can be determined as F'(x) = 2T Pz,
with P = [5.2500, —0.5306; —0.5306, 0.8515]. The terminal set has been chosen as
Q, = {z|zT Pz < 4}. The methods of computing the terminal set can be referred
to [8, 97, 110).

In the simulation, the time delays and the packet dropouts of the S-C channel
and the C-A channel are generated randomly. The maximum time delays of the S-C
channel and the C-A channel are T, = 4 and T, = 3, respectively. The detailed delay
sequences are depicted in Figure 4.5. The maximum numbers of consecutive packet
dropouts of the two channels are Ny, = 3 and N, = 2, respectively. The packet
dropout information is demonstrated in Figure 4.6, where D,. = 1 and D.,, = 1
represent the packet dropout occurring on the S-C channel and the C-A channel,
respectively.

For the purpose of comparison, four groups of simulations have been conducted.

e Test 1: The proposed networked min-max MPC strategy is applied to the

networked cart-and-spring system (in Figure 4.3) subject to two-channel packet
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Figure 4.5: Delay sequences of the S-C and the C-A channels.
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Figure 4.6: Packet dropout sequences of the S-C and the C-A channels.

dropouts and time delays as shown in Figure 4.6 and Figure 4.5. Both the

two-channel packet dropouts and the time delays are well compensated.

e Test 2: The standard min-max MPC strategy is utilized for the same system
setup with perfect networks (i.e., no packet dropouts and no time delays for the

two-channel links).
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e Test 3: The conventional MPC (i.e., RHOMPC) method but with the same
control and compensation strategy proposed in this chapter is applied for the

same system setup.

e Test 4: The standard min-max MPC strategy is directly implemented to the
same system setup, but neither the time delays nor the packet dropouts are

considered and no compensation strategy is taken.

After testing the above four groups of simulations, we summarize the results of Test
1, Test 2, and Test 3 as follows. The control inputs of three different tests are demon-
strated in Figure 4.7, and the two states of the system are illustrated in Figure 4.8
and Figure 4.9, respectively. For Test 4, when applying the standard min-max MPC

without any compensation, both of the system states are divergent.

Control input comparisons
T T T

0.05 \ " 1
Y] a‘\ AR VAN \
O L
-0.051
_ -0af
zZ
=
-0.151
Min—-max MPC for perfect networks
-0.2f Min-max MPC with S-C and C-A compensations
— = = Conventional MPC with S—C and C-A compensations
-0.251 1
_03 Hl -

T[sec]
Figure 4.7: Comparisons of control inputs.

From the simulation results, it can be seen that:

e The nonlinear NCS controlled by the proposed min-max MPC strategy is stable

and all the constraints are satisfied.

e The control performance of the nonlinear NCS using the proposed min-max
MPC method and the compensation strategy is comparable to the performance
of the control system with perfect networks, and it outperforms the results of

the conventional MPC strategy.
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Displacement comparisons
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Figure 4.8: Comparisons of control performance: displacement.

Velocity comparisons
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-05 ! ! !
0
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Figure 4.9: Comparisons of control performance: velocity.

e The proposed compensations strategy is necessary and effective; otherwise, the
nonlinear NCS may diverge due to the packet dropouts and the time delays, as

observed from Test 4.
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4.6 Conclusion

In this chapter, the networked control problem has been investigated for a class of
constrained nonlinear systems simultaneously subject to packet dropouts and time
delays over both the S-C channel and the C-A channel. An effective networked control
framework based on the min-max MPC method has been proposed, which is featuring
the following: 1) It can effectively compensate for mixed networked time delays and
packet dropouts occurring not only on the S-C channel but also on the C-A channel
simultaneously; 2) it takes into account the effects of external disturbances to improve
control performance; and 3) it well handles the state constraints and input constraints.
It has further been proven that the closed-loop nonlinear networked system with the
designed control strategy is ISpS by using a novel approach. In this approach, a
novel ISpS-type Lyapunov function has been presented based on the construction
of an auxiliary constrained min-max optimization problem. The effectiveness of the

proposed control framework has been verified by simulation studies and comparisons.
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Chapter 5

Output Feedback Predictive
Control of NCSs with Intermittent

Measurements

5.1 Introduction

Chapter 3 and 4 focus on the state feedback MPC problems for nonlinear NCSs, and
it is assumed that the system state is measurable, which may not be satisfied in many
practical applications. To remove this assumption, this chapter studies the robust out-
put feedback MPC' design problem for a class of constrained linear systems subject to
periodical measurement packet dropouts and external disturbances. In the literature
on the robust output feedback MPC for constrained linear systems, there are mainly
three approaches, namely, the set-membership approach [4], the approach using par-
tial fixed feedback control laws [15, 68, 24], and the direct approach [93, 94]. Through
these approaches, it has been proven that the system state asymptotically converges
to a compact set given bounded disturbances. However, these methods cannot be
used to design the MPC for systems subject to intermittent measurements. Specif-
ically, when it comes to designing the robust output feedback MPC for constrained
systems subject to measurement losses, several questions shall naturally arise: How
to design the robust output feedback MPC to fulfill the system constraints by ad-
dressing the measurement losses? How to guarantee convergence when measurement
dropouts and (bounded) disturbances co-exist? And how the measurement dropouts

would affect the control performance? These questions will be answered in this work
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considering periodical measurement dropouts.

In this chapter, the framework based on the approach with partial fixed feedback
control law is adopted to design the output feedback MPC algorithm. Instead of
designing an ordinary Luenberger observer, a novel observer is first designed such that
the error dynamic system is asymptotically stable for consecutive packet dropouts,
and the error converges to certain compact set. By treating the error as a bounded
disturbance, we decouple the dynamics of the state estimation system and the error
system. Furthermore, using the augmentation and tightening techniques to handle
constraints while incorporating the measurement losses, we design a novel output
feedback MPC algorithm. These operations raise the feasibility and stability issues,
which have been studied accordingly. The main contributions of this chapter are
two-fold.

e A robust output feedback MPC framework is proposed for the constrained linear
systems subject to periodical measurement dropouts. In particular, an observer
is first designed by considering the measurement dropouts; the dynamic model
of estimation error is then derived, and the error bounds are established; the
tightened sets on input and state are proposed such that the system constraints
can be fulfilled in spite of external disturbances and periodical measurement

losses.

e The theoretical results of the control performance by using the proposed robust
output feedback MPC algorithm are developed. Specifically, the iterative fea-
sibility of the proposed algorithm is guaranteed; the exact convergence bounds
of the system state are established by considering the effects of periodical mea-

surement losses.

The remainder of this chapter is organized as follows. The design objective and
the problem formulation are presented in Section 5.2. In Section 5.3, the networked
observer is designed and the bounds of estimation error are established. In Section
5.4, the issue of tightening the constraints is discussed and the robust output feedback
MPC algorithm is proposed. In Section 5.5, the feasibility of the proposed algorithm
and convergence properties of the closed-loop system states are established. The
simulation results and comparison studies are illustrated in Section 5.6. Finally,
some concluding remarks are addressed in Section 5.7.

Nomenclature: The superscripts “T” and “—1” stand for the matrix transpose

and the matrix inverse, respectively. The notation Z (Z-o) denotes the set of inte-
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gers (non-negative integers) and the symbol R (R-) represents the real space (non-
negative real space). Given two sets X C R" and ) C R", the Minkowski set
addition is denoted by X ® Y £ {r +y| r € X,y € Y}, and the P-difference X
minus ) is denoted by X ~ Y £ {z € R?| 2z +y € &,V y € V}. Given a sequence
of sets {X; C R"} witha < i < bi € Z, a < band a € Z,b € Z, we define
@?:a X, 2 X, & - @A, Given a set X C R and a real matrix M with compat-
ible dimension, we denote MX by MX = {Mx| x € X}. For n sets Xy, Xy, ---,
X, the Cartesian product X x X3 x --- X X, is denoted as col{Xy, X, -+, X, } or

X
2
written as ~|. Given a vector v € R™ and a set X C R", we write {v} & X
X,
as v & X. Given two numbers m € Z>o and b € Z-y — 0, we denote m modulo n
by mod (2). For a sequence of column vectors v; € R™! with ¢ = 0,1,---,m, we
denote col{vy, vy, -+ , v} = [T, 03, - vL]T,

5.2 Problem Formulation

Consider the following dynamical system:
Tpy1 = Az + Bug + Dwy, (51)

where x;, € R" is the state vector, u;, € R™ is the control input and w; € R™ is the

external disturbance. The system state and the control input are constrained as
r, € X CR" u, ed CR™ Vk € Z>y, (5.2)

and the external disturbance wj; belongs to a set W C R™, where X', U and W are
compact sets including origin as an interior point. The output measurement is given
by

yr = Cop + Euy, (5.3)

where y, € R™ is the sensor output and v, € R™ is the sensor noise, being bounded
in a compact set )V C R™ with origin as an interior point. There is a communica-
tion network deployed between the controller and the sensor. The communication

link is subject to periodically consecutive measurement dropouts. The length of



93

each dropout event is equal to one unit (time instant), and there are T}; consecutive
dropouts occurring between any two adjoining successful transmissions, where T} is a
fixed integer with 0 < T, < oo. That is, the measurement is only received at the time
instant k = n(Ty + 1), where n = 0,1,---. This configuration of the control system

under investigation is depicted in Figure 5.1.

Actuator Plant Sensor
| | >
U
. —_——_—— —I
I Yk | Periodical
Controller | dropouts |<_

Figure 5.1: System setup.

For the dynamical systems in (5.1) and (5.3), we have the following standard

assumption.
Assumption 5.1. The triple (A, B,C) is stabilizable and observable.

The objective of this study is to design a robust output feedback model predictive
controller in the form of
i1 = 9(Z, Y,
ug = K(Zg),

such that 1) the input and state constraints in (5.2) are satisfied; 2) the system state
in (5.1) approaches to a compact set (depending on T}), for all disturbances wy € W
and v, € V. Here 2}, is the state estimate and y,; is the available measurement shown

in Figure 5.1.

Remark 5.1. Due to the presence of the persistent disturbances vy and wy, it is not
possible to design a controller to achieve the asymptotic requlation, i.e., limy_, o xr = 0
[93, 14], even though there is no measurement dropout. The achievable result of ro-
bust output feedback MPC' for a non-networked system is to requlate the system state
towards a compact set which contains zero as an interior point, and further to make
the compact set as small as possible; see, e.g., [93, 15]. In this study, considering the
measurement losses and persistent disturbances, we aim to drive the system state to-
wards some compact sets, which contain zero and are as small as possible, by designing

a novel robust output feedback model predictive controller.
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Before proceeding, we recall some standard definitions of system with disturbance

bounded by compact set [6, 66, 93], which will be used in the sequel.

Definition 5.1. A set P is said to be a positively invariant set for the system xp 1 =
f(xy) with the constraint X, if P C X and f(xx) € P, for all x € P. A set P is
said to be a robust positively invariant set for the system xpy1 = f(Tg, wr) with the
constraints X and W, if P C X and f(zy,wi) € X, for all xp € X and wy, € W.

Definition 5.2. For the system xp11 = f(xg, wr) and yr, = g(zx, vg) with constraints
W, V and Y, the maximal output admissible set is defined as all the initial states
which assure all the constraints to be met, i.e., the set {xg € R"| y € Y,V wy €
W v €V, k € Zso}-

5.3 Observer Design and Estimation Error Analy-
sis

To design the output feedback model predictive controller, the system state should
be estimated. In this section, the observer for the system in (5.1) with the unreliable
measurement y, is first designed, and then the error dynamics between the system in

(5.1) and the designed observer is analyzed.

5.3.1 Observer Design

In order to describe the networked observer, we denote the time instants when the
network transmission is successful as 7;, ¢ = 0,1,---. It is observed that 7,1 — 7; =

T, + 1. The observer of the control system in Figure 5.1 is designed as follows.

ipar = Afy + Bug + L(k — y}),
1 i k (U yk) if k=m7,1=0,1,---,
. (5.4)

Tpr1 = ATy + Buy, if m<k<mi,2=0,1,---.
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A A~ . .
Define e, = 2, — 2, and the error dynamics can be derived as

-2
€ri+l = Al_leri-l—l + Z AijTrH—l—j? 2< [ < Td + ]-7 (55)
=0
Cripi+1 = q)LeTiJrl + LEU‘M'H + DwTi+1
Ty—1

= (I)LATdeTZ._H + q)L Z AjDCUTH_Td_j + LEUTZ.+1 + Dwﬂ'-i-l’ (56)

=0

where &, £ A+ LC. To regulate the system error towards some compact sets, we
need to design the observer gain L such that the error dynamics is stable under zero
disturbances. The existence of the observer gain L is guaranteed by the following

Proposition 5.1.

Proposition 5.1. There exists an observer gain L such that the matriz ®; A% is
stable.

Remark 5.2. The design of the observer gain L in this work is different from that of
the Luenberger observer. The gain L of the Luenberger observer is normally designed
such that A+ LC is stable. Since the measurement output is subject to data losses in
a network environment, a more stringent condition should be imposed on the gain L.

Therefore, it requires designing the gain L such that ®; A% is stable.

5.3.2 Bounds of Estimation Error
By defining W, £ @ﬁ:ol A'DW and W, = &, Wr,,1 & LEV & DW, we can write the
error dynamics in (5.5) and (5.6) as

eTi-i-l = Al_leTi-i-l + (DTi—I—l—17 @Ti—l—l—l € le 2 < l < Td + 17 (57>

T — —
Crigi+l = LA Yerp1 + Writryr1,  Wrgrye1 € We. (58)

For the error system in (5.7) and (5.8), the system state will not necessarily converge
to zero due to the persistent external disturbance {w.4;}. In fact, we have the

following lemma to characterize the convergence bounds of the error dynamics.

Lemma 5.1. For the error system in (5.7) and (5.8), there exists a robust positively
invariant set & such that if e;,.1 € &, then e. 41 € € and e, € ATIE D W,_4,
2<I<Ty+1,Vi=0,1,---.
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Proof. Since ®; AT is stable, and W, is a compact set, there exists a robust positively
invariant set £ for the error system in (5.8) such that e, ., € £ whenever e, € €
according to [6, 66, 93]. Further, e, € AT EBW,_1, 2 <1 < Ty+1 can be derived
from (5.7). O

Remark 5.3. The robust positively invariant set £ serves as the nominal equilibrium
point for the error dynamics in (5.8). Therefore, it is desirable that the set £ can
be determined as small as possible. The numerical methods to calculate the minimal
robust positively invariant set € can be referred to [109, 125, 126]. For simplicity,
we assume that the initial error is in the invariant set in Lemma 5.1. In fact, even
though the initial state e, 11 is given arbitrarily (not in the invariant set), the state
€r,+1 will converge to the compact set @2 ,(PrAT) W, as i — oo [126, 94], and the

similar results can be developed readily.

Remark 5.4. It is worth noting that Lemma 5.1 also provides the state bounds of the
designed observer in (5.4). That is, whenever the initial state of the observer is given
as g € xo @ &, the observer state is bounded as Tr,4+1 € x,11 ® E at time instant 7,
and 3,41 € 1101 D (ATIE D W,_1) at time instants 7, + 1 for 2 <1 < Ty + 1.

5.4 Robust Output Feedback MPC Design

In this section, the state feedback MPC algorithm is first revisited for a nominal
system without disturbances and data losses. Then based on the state feedback
MPC, the tightened constraints are proposed to fulfill the required constraints by
accommodating the effects of disturbances and measurement losses. Finally, a new

robust output feedback MPC algorithm is designed.

5.4.1 Nominal State Feedback MPC

Before designing the robust model predictive control algorithm for the system in (5.1)
with constraints (5.2) and the measurement y;, let us first recall the state feedback

MPC algorithm for the corresponding nominal system with measurable system state:
Tpr1 = ATy + Buy, (5.9)

where the state and input are constrained as z;, € X and u, € U, respectively. For

the system in (5.9), we assume that F' is a gain of the state feedback control such
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that A + BF is stable (such a gain F' can always be designed because (A, B) is
stabilizable). We further define ®p = A+ BF and C = (&4, Gy » Gy -
Given a positive-definite matrix ¥, a constrained minimization problem associated

with the system in (5.9) can be defined as follows.

Problem 5.1. min J(C}) = CFVC}, subject to: (1) Tpyik = CrTpprici T+ BChgicip, 1 2
L Zipe = Tr; (2) Upgie = Flxqipp + Crgippr @ = 07 (3) Tpqape € X, @ 2 0; (4)
Uk+ilk € Uu, 1 >0y (5) Ctilk = 0,2 > N.

For Problem 5.1, we denote the optimal solution as C;. Now the state feedback
MPC algorithm for the system in (5.9) can be readily described in Algorithm 2.

Algorithm 2 State feedback MPC algorithm
1: procedure GET-CONTROL(Zy)
2 Calculate C} by solving Problem 5.1,
3: U = F:Z’k+éz|k,
4: end procedure

It is noted that the state feedback MPC algorithm described in Algorithm 2 has
been employed in [67, 14]. Different from the direct MPC approach [95, 96|, in Al-
gorithm 2, the state feedback F'zj is partly incorporated into the control input for
the optimization, and an extra term ¢ is added to increase the degree of freedom of
the constrained optimization problem. Algorithm 2 is reported to be more compu-
tationally efficient but without compromising the control performance in comparison
with the standard one, thus we will adopt the framework in Algorithm 2 to develop
the robust output feedback MPC algorithm. The results of the same framework on
output feedback MPC for systems without dropouts can be referred to [68, 86, 15].

5.4.2 Constraints Tightening

Due to the joint effects of the estimation error, the disturbances and the data losses,
the state and input constraints of the system in (5.1) cannot be fulfilled even though
the state and input constraints of the nominal system are satisfied. Thus, in what
follows, we are going to tighten the state and input constraints of the nominal system
by incorporating the bounds of the estimation error and disturbances, and the features
of data losses, such that the corresponding constraints of the system in (5.1) can be
satisfied. This tightening procedure of the constraints will be carried out by two

parts.
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Firstly, we will adjust the constraints from prediction horizon i = 0 to N — 1.
We start by tightening the state and input constraints of the nominal system of the
observer in (5.4). By regarding the estimation error as a disturbance, the nominal
system for the observer in (5.4) can be derived, which has the same form as (5.9).
In order to describe the effects of the disturbance vy and the estimation error e, we

define a new disturbance sequence as

LCey— LEv if k=7,i=01---,
dy = (5.10)
0, if T <k <Ti1,0=0,1,---.

Two associated compact sets are also defined as D = —LCE & (—LE)V and Dy =
Ik —71)(—LCE) & (—LE)V, where 6(t) is the indicator function, i.e., 6(t) = 1 if
t=0;0(t) =0ift+#0. It can be seen that d € Dy C D. By considering the new

disturbance for the nominal system of the observer, we have

i—1

ik+i‘k = jk'ﬁ‘l‘k + Z Q%dk'i‘i—l—j? L= O> 1a U aN - ]-> (511)
j=0
i—1 ‘
Qi = Upaf + F Y Oy, i=0,1,-+ N —1. (5.12)
j=0

The state and input constraints from horizon ¢ = 0 to N — 1 can be tightened in the

following lemma.

Lemma 5.2. Suppose that eg € £ and that the measurement data is transmitted

successfully at the time instant k = 0. If the following constraints are fulfilled as

Tpein € X, 1=0,1,-++ ,N—1,
Uprip € Uy, i=0,1,--- N—1,

then x4k € X and upqip €U, for alli=0,1,-- ,N—1, where X} £ X ~ &L ~ R},
E =E(flk+1), U =U ~ FRL, R, = @;_:10 &) Dyyio1-j, the compact set € is
defined as

gécol{ E AEoW, - ATa€ dWr, }7



and f(n) is defined as

f(n) =

mod <#>, if mod (Td’jrl) #0,
Tq+1, if  mod <

where n is a positive integer.

Proof. According to (5.11) and (5.12), it can be obtained that:

i1
— & J
Th+ilk = Thtilk + Ckti T E Qpdrgi-1-j,
Jj=0
i1
_ J
Uppilk = Uppip + F E Prdyyi—1-;-
Jj=0

99

(5.13)

(5.14)

Since ey € £ and there is no dropout at the time instant 0, we have e;y; € &; according

to Lemma 5.1. By assumption, it has Ty, € X}.. Therefore, according to (5.13), we

have

—(X~E~RODE DR, C A,

Similarly, by applying @xix € U, to (5.14) we can obtain
Upris EUL B FR), = U ~ FR}) & FR), CU.

The proof is completed.

O

Secondly, we are going to tighten the terminal constraints (i.e., constraints for

i > N). In order to make use of the periodical characteristics of the newly constructed

disturbance dj, we augment the system state when ¢ > N as follows. Define

Tl N+(n—1)Ty4|k Uk N+(n—1)Ty|k

S Tkt N+(n—1)Ty+1|k N Uk+N+(n—1)Ty+1k
Xk,n = . s Uk,n = . 5

Tl N (n—1)Ty+Tylk Uk N+(n—1)Ty+Tylk
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F 0 0 0 [ Z,Tioq?%dkwﬂn—l)nwd—j
A |0 F 00 S Dol N () Tyt Tt 1
- y Wkn — . ’
0 0 0 :
| 0 0 0 F | i erio OLdiy N (n—1)Ty42Ti—j |
ot 0 0 0
_ 0o oLt o 0
Op = r
0 0o . 0
0 0 0 ot

Then the state prediction and the control input for ¢ > N can be rewritten as:

Xk,n—l—l = i)FXk,n -+ ka,n > 1, (515)
U = FXpyn > 1, (5.16)

where ka S @k,n with

Tq J
D20 PrDri Nt (n- )Tyt Ty—j
Ty J
_ | DL PDr Nt (-1 Tu 1
Dk,n -

Ta &I
@j:o (I)FDk-l—N-l—(n—l)Td-l-?Td—j

Since the new disturbance dy occurs with the period of T; + 1 according to the
definition of Dy, it can be obtained that Z_Dk,l = ... = @k,n = 1_)]4;7714_1 =---n=>1
and ,Dk,l is a compact set. As a result, ka € @M,Vn > 1. To this end, we are in the

position to tighten the terminal set in the following lemma.

Lemma 5.3. There exists a sequence of compact sets Oy such that, if XHN“C €O ~
Ry, then Thtilk € X and upiq, € U, for all i > N, where

) "X, €X ~Dp1~E
Op £ Xyt Rl o TR Vn=20,1,---,ng, 7,
F(I)nXk,l eU ~ F'Dk’l
X U T4 Nk RY
¥ X y 2 > Th+N+1]k _ RN+
R I 7 I I TR T

X u Ty N+ Tylk
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and nj is a finite integer.

Proof. The terminal constraints x4, € X and uy, € U from i > N are amount to
imposing the constraints for the equations in (5.15) and (5.16) subject to the following
constraints:

Xpn€X~E Uppeld, n>1. (5.17)

Since @ is stable and (®p, F) is observable, then according to [66, 6], there exists a
finitely determined integer n; such that the terminal set {an : an eX ~E, Ukn S
U,¥n > 0} can be equivalently computed by the maximum output admissible set Oy.
On the other hand, it can be derived that

N+i-1
i‘k+N+i|k = jk-ﬁ-N-ﬁ-i\k + Z (I)%'dk-i-N-H’—l—jv 1= 07 17 e 7Td7 (518)
=0
Nyi-1
Uy Nk = Ug+N4ijk + F Z ShdiyNyioi—j, 1 =10,1,--- Ty, (5.19)
=0

Since XHN“C € O, ~ Ry, we have Xk,l € (Op ~ Ri) ® R € Oy in terms of (5.18)
and (5.19). Finally, because the maximum output admissible set Oy is a robust
positively invariant set for the system in (5.16)-(5.15) subject to the constraints (5.17),
X'M € Oy, implies that the terminal constraints x4, € X and uy1, € U are fulfilled,
for all s > N. O

Remark 5.5. It is worth noting that the tightened results in Lemma 5.2 and 5.3
generalize the results in [14, 15] by specifically taking into account periodical packet
dropouts, and can capture these results as special cases. In fact, the results in Lemma
5.2 and 5.3 reduce to these in [14, 15] in case of Ty = 0, i.e., no measurement loss

OCCcurs.

5.4.3 Robust Output Feedback MPC Algorithm

Based on the tightened constraints derived in Lemma 5.2 and Lemma 5.3, a new

constrained minimization problem can be designed as follows.

Problem 5.2. min J(C}) = CHVCy, subject to: (1) Tigilk = PrTppic e+ BCigizifk, © =
0,1,--- N =1, Zppp = Ti; (2) Uhgit = FThpipp + Chgipy ¢ = 0,1,--- N = 1;
(3) Tpwip € Xj, i = 0,1+ N —1; (4) iy € Ui, i = 0,1, N —1; (5)
Xk njk € O ~ Ry



102

By Defining the optimal solution to Problem 5.2 as C} = [CZW e ,CZ+N_1|k]T, we
have the following new robust output feedback MPC Algorithm 3 for the system in
(5.1).

Algorithm 3 Robust output feedback MPC algorithm
1: procedure GET-OUTPUT-CONTROL(Y},,Zk—1)
2 Derive &, from the observer in (5.4),

3 Assign T = Ty,

4: fori=0to N —-1do

5: Calculate X}, U},
6

7

8

end for

Calculate Oy, Ry,

Obtain C} by solving Problem 5.2,
9: Assign uy, = F1y, + Cl:|k'
10: end procedure

5.5 Feasibility and Stability Analysis

In this section, the feasibility of the proposed algorithm is first studied; then the sta-
bility of the resulting closed-loop system is investigated and the convergence bounds

of the system state are established.

5.5.1 Feasibility Analysis

Feasibility of the proposed control algorithm is an important issue to facilitate its
practical application. The essential idea of the iterative feasibility lies in that, if an
algorithm is feasible for the first step, it will be feasible for the following steps. For
the feasibility of Algorithm 3, we essentially require the feasibility of Problem 5.2,

which is provided in Theorem 5.1.

Theorem 5.1. Assume that the constrained optimization Problem 5.2 is feasible at
k= 0. Then it is feasible for all k > 0.

Proof. The proof is derived by mathematical induction. First, the optimization Prob-
lem 5.2 is feasible at time & = 0 according to the assumption. Second, without loss
of generality, we assume that Problem 5.2 is feasible at time k£ > 0, and the op-

timal solution to Problem 5.2 is C¢, where C9 £ [Ci|k702+1\kv e ,c‘jv_”k]T. Define
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Crp1 2 [CZ+1\k’Cz+2|k> e ,c?v_”k,O]T. It can be verified that Cy.; is a possible so-
lution to Problem 5.2 at time k + 1 such that the input constraint and the state

constraint can be fulfilled. By plugging Cj1 into Problem 5.2, we can obtain

Thrilprr = T + P ' di, (5.20)

Since Ty € X = X ~ & ~ R}, according to the relationship in (5.20), the

following can be derived

Trrijer1 EXL @ O ' Dy
=(X ~ & ~R,) ® P 'Dy,

1—1
= [X ~ &~ (@ (I)%Dkﬂ'—l—j)
=0

i—2

- . -

CA ~ 511+1 ~ (@ (I)%Dkﬂ—l—j) = Xlz+1'
=0

& Ol ' Dy

For the input constraint, from (5.21), we have

Uprifk1 EUL B Fo'7'Dy,
=(U ~ FR}) ® FO; ' Dy

i—1
U ~ (F@Q%Dk—l—i—l—j)

J=0

® FO'Dy,

i—1 i—1
CU ~ FRY = U}

Therefore, the input constraint and the state constraint can be satisfied if Cjyp is
applied to Problem 5.2 at time k + 1, i.e., Problem 5.2 is feasible at time k + 1. By

induction, the algorithm in Problem 5.2 is iteratively feasible. U

5.5.2 Stability Analysis

In this subsection, the stability of the closed-loop system rendered by the designed
robust model predictive controller is studied by the Lyapunov stability theory, and
the convergence property of the system state is investigated. The theoretical results

are summarized in the following theorem.
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Theorem 5.2. For the system in (5.1) with the constraints in (5.2), if the control
mput is given as u = FIy + i where Ty is the observer state in (5.4) and ik
15 the optimal solution to Problem 5.2, then the system state asymptotically and pe-
riodically converges to Ty + 1 compact sets, i.e., the state sequences {T(x—1)(1,+1)+1}>
{w—vym)+2} 5 {@r@41) } will converge to Ty + 1 different compact sets, respec-

tively, where k =1,2,---

Proof. Take the Lyapunov function candidate as V (#,) = C¢TOCY?, and an auxiliary
function V(Zp41) = C’kTH@C'kH, where © is a positive definite matrix with appro-
priate dimension. According to the definitions of C} and Chs1, it can be derived
that

V(i‘k-i-l) — V(Q%k) Ck‘k@ckvf < 0.
Because of the optimality, we have V(Z41) = V(241). Consequently, it has
V(@k41) = V(2k) < Ck\k@CkUc

Since V(&) is bounded, we further have
—o00 < V(o0) — Zcﬂ] ;< (5.22)

By applying the property of the convergent sequence for (5.22), we have limy_, ., 02|Tk
@CZ\k =0, i.e., limg_, CZ\k =0.

In what follows, we will analyze the convergence property of the system state by
analyzing the observer system and applying this result. To this end, we first define

the following symbols to augment the dynamics of the predicted state as follows:

T(k—1)(Ty+1)+1 T(k—1)(Ty+1)+1

T(h—1)(Ty+1)+2

SL’(k—l)('Td+1)+2 Y= | 7

X, =

T(Ty+1) Tk(Ty+1)
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Tis o T
22720 COhm ) (Tt ) =1 (=) T+ 1) 41—

Ta o0
G, — | %0 @i @y

I TR
L =0 “k(Tq+1)—jlk(Ta+1)—j i

—LC€k(Td+1)+1 - LEUk(Td+1)+1 D
Qp(—LCOek141)+1 — LEVL(T,41)41) ¢rD
1 (= LCexry41)+1 — LEVKT,41)11) 1 'D
i O (—LCek 1y, 1)11 — LEVG 1)1y 41)41) ] i ® D 1

By applying the optimal control input w;, = Fiy + ¢}, to the observer in (5.4) and

rearranging the equations, we have
Vi1 =PV +Cp + Vi, k> 1, (5.23)

where V;, € V. Since ®p is stable and limy_,oo C, = 0, the closed-loop system is
asymptotically stable without disturbances. Further, according to (5.23), it can be
obtained that

Y, = (@F)k_lyi + @: k—1—j T @: k—1—j-

Since ®p is stable, it can be derived that the compact set lim,_, oo @;:02 é%f} can be

uniquely determined according to [14, 15]. Without loss of generality, we define

k—2 '
lim @%TJ = gd-

k—o0
=0

Further, we have lim,,_, Z?;g é;ék_l_j = 0 because of limy,_,, cz| x = 0. Therefore,

k—o0
As a result, the system state will converge as limy_,oo X = limp_,0o Vi ®E = E4 B E.
Since (f% is a diagonal matrix and the set V is the Cartesian product of T;+1 compact
sets, the set &, is also the Cartesian product of T;+ 1 compacts. In addition, we know

that the set £ is the Cartesian product of T, + 1 compacts. Thus, the convergence set
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&, ® & is also the Cartesian product of T; + 1 compact sets. As a result, the system

state converges to (disjoint) Ty + 1 compact sets periodically. O

Remark 5.6. Note that the set lim,,_, @?;g @%T} can be approximately calculated

by using some finitely determined integer and some constant according to [125, 126].

In fact, if we assume that the finitely determined integer is n, and the constant is 0 <

b < 1, then the system state will periodically converge to Ty+1 compact sets. That is,
Y Y 9

{2011y} converges to B () D] @ E(1), {wg-1ym42)41} converges to

BB (DL ®pDISE(2), -+, and {x (3,11} converges to BB} (P T) P D)@

E(Ty+1), fork=1,2,---.

5.6 Simulations and Comparison Studies

In this section, the simulation studies of the proposed robust output feedback MPC
strategy are carried out to verify the developed theoretical results. The proposed
algorithm is first tested for a 1-D system and 2-D system, respectively. Then the

simulation results are demonstrated and discussed.

5.6.1 Example 1

The dynamical system is described as:
LTpa1 = 1.5$k + ur + Wi,

where x, € R is the system state, up € R is the control input and the process
disturbance wy € R is bounded as —0.01 < w; < 0.01. The sensor measurement is
expressed as:

Yr = 27 + 0.8vg,

where the measurement disturbance is bounded as —0.01 < v, < 0.01. Suppose that
a wireless communication link is deployed between the controller and the sensor, and
the communication link is subject to data losses with a dropout period 7; = 3. For
this control system, the state is required to be constrained as —1 < x; < 1 and the
control input is constrained as —1 < u; < 1. In order to implement the proposed
output feedback MPC algorithm, the observer in (5.4) is first designed. Here, the
observer gain is designed as L = —0.8. As a result, &, = —0.1. It can be verified
that ®;AT¢ = —0.3375 which is stable. Thus, L = —0.8 fulfills the requirement of
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the observer with packet dropouts. In the simulation, the process disturbance wy, is
realized by a uniformly distributed process bounded in [—0.01, 0.01]; the measurement
noise vy is also generated by a uniform distributed process bounded in [—0.01, 0.01];
the initial value of the state is chosen as o = 1.0 and the value of the observer state
is o = 1.1. For the MPC, the prediction horizon is determined as N = 5 and the

auxiliary feedback gain is set to be F' = —1.

Results Analysis

After applying the proposed output feedback MPC Algorithm 2 using the simulation
setup as described above, simulation results are demonstrated below. The error dy-
namics described in (5.8) and (5.7), and its bounds calculated by the compact sets in

Lemma 5.1 are demonstrated in Figure 5.2.

estimation error and its bounds: dropouts with period 3

0.15r

0.1r

0.05-

-0.05f

estimation error

-0.1F

-0.15f

estimation error
= = = error bounds
7 I

~0.2 \ \ \ \ \ )
0 10 20 30 40 50 60 70 80
steps[n]

Figure 5.2: Observer error and its bounds.

The control input rendered by up = Fiy + i 18 shown in Figure 5.3, and the
system state as well as the estimated state (by the observer) are illustrated in Fig-
ure 5.4.

e From Figure 5.2, it can be seen that the error has been well bounded by an
upper bound and a lower bound. These bounds are periodically calculated
by the compact-set sequence {£, AE ® Wy, A2E & W, A3E © Wi} according to

Lemma 5.1. This observation verifies the results in Lemma 5.1.
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control input: dropouts with period 3
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Figure 5.3: Control input.

e From the derived control input in Figure 5.3, it can be observed that the control

input satisfies the control constraints.

e In Figure 5.4, the state bounds are calculated based on Theorem 5.2. From
this figure, it can be seen that: 1) the system state fulfills the pre-specified
state constraints; 2) the observer designed in (5.4) can effectively estimate the
system state in spite of the lost measurement and disturbances; 3) the system
state converges towards the theoretical compact sets which can be determined
by Theorem 5.2.

In summary, the proposed robust output feedback MPC is feasible and the closed-
loop system is stable with the system state periodically converging to the compact

sets.

Comparison Study

In order to analyze the effects of packet dropouts to the closed-loop system, the
comparison studies have been conducted on evaluating control performance of two

groups of simulations, i.e., Group A and Group B.

e Group A: The proposed robust output feedback Algorithm 2 is implemented

for the above described system setup.
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system state and its estimation: dropouts with period 3
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Figure 5.4: Systems state and its bounds.

comparisons of estimation errors
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Figure 5.5: Estimation errors and their bounds.

e Group B: The standard output feedback MPC algorithm (i.e., the proposed
Algorithm 2 with T; = 0) is applied for the same system setup but without

measurement dropouts (i.e., perfect network is assumed here).

The estimation errors and their bounds are illustrated in Figure 5.5. The control
inputs and system states of both cases are shown in Figure 5.6 and 5.7, respectively.

By inspecting the simulation results, we have the following observations.
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comparisons of control inputs
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Figure 5.6: Comparisons of control inputs.
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Figure 5.7: Comparisons of state bounds.

e From Figure 5.5, it can be seen that: 1) both the estimation errors in Group
A and Group B are bounded by their corresponding error bounds; 2) both the
lower error bound and the upper one in Group B are determined by a fixed
value, while the corresponding error bounds in Group A vary according to the
results of Lemma 5.1 (i.e., the values of bounds change with the period 4). This

is caused by the occurrences of the periodical consistent packet dropouts with
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Ty = 3; 3) the error bounds in Group B are more stringent than those in Group
A, and the estimation error in Group A violates the error bounds in Group B.
This implies that the packet dropouts increase the estimation errors due to the

incomplete measurement information.

e From Figure 5.6, it can be observed that both the control inputs for both
simulations satisfy the input constraints, but the control input in Group A
shows more fluctuation than that in Group B, which is also contributed by

packet dropouts.

e Similarly, by inspecting Figure 5.7, we can see that: 1) the error bounds of the
system state in Group B are fixed for all the time. On the contrary, in Group
A they vary according to the results described in Theorem 5.2; 2) the system
state in Group A goes beyond the convergence region determined in Group B;
3) the convergence bounds of the system state in Group A are larger compared
to those in Group B. These three different aspects also are caused by the packet

dropouts which degrade the system performance.

To summarize, the packet dropouts enlarge the estimation error, make greater
uncertainties of the convergence region for the system state, and require more control

efforts for achieving the same system performance.

5.6.2 Example 2

To further verify the proposed results, we consider a 2-D system and its parameters

11 1 10

are given as follows: A = , B = , D= ,C:[l 1],and
0 1 1 01

= 1. The disturbances are bounded as [|wi||c < 0.1, and ||vg]|c < 0.05. The

<
< 72 < 3, and the control input

system state is bounded as —50 < 3 < 3 and —50
is bounded as —3 < u; < 3. Note that the similar example has been used in [93, 125]
for system without packet dropouts. The consecutive dropout length is T;; = 2. The
observer gain L is designed as L = col{—1.08, —0.22} according to Proposition 5.1,
and the feedback control gain is F' = [—1, —1]. The prediction horizon for the MPC
is chosen as N = 4.

By executing Algorithm 2 using the MATLAB program, the simulation results
are reported as follows. The control input is demonstrated in Figure 5.8; the estimate

error trajectory and its convergence sets are depicted in Figure 5.9 and the state
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trajectory and its convergence sets are shown in Figure 5.10. Figure 5.8 implies the
designed algorithm is feasible. From Figure 5.9, we can see that the error trajectory
periodically converges to three sets, which verifies the results in Lemma 5.1. Through
Figure 5.10, it can be seen that the state trajectory also periodically converges to
three sets as stated in Theorem 5.2. However, by inspecting Figure 5.9 and 5.10 2, we
observe that the error and state trajectories actually converges to smaller sets than
the theoretical calculated sets, which means that the calculation of the theoretical
sets may be a little conservative. Hence it deserves further research to calculate less

conservative convergence sets.

Control signal

2 T T

-2 1 1 1 1 1 1 1 1
8 10 12 14 16 18
k[step]

Figure 5.8: Control signal.

5.7 Conclusion

In this chapter, the robust output feedback MPC problem has been investigated for
a class of networked constrained linear systems subject to periodical measurement

packet dropouts and disturbances. A new design of the robust output feedback MPC

!The error trajectory sequence at k = 3(n — 1) + 1 converges to the set E(1); the error trajectory
sequence at k = 3(n—1)+2 converges to the set E(2); the error trajectory sequence at k = 3(n—1)+3
converges to the set E(3),n=1,2,---.

2The state trajectory sequence at k = 3(n-1)+1 converges to the set X (1); the state trajectory
sequence at k = 3(n—1)+2 converges to the set X (2); the state trajectory sequence at k = 3(n—1)+3
converges to the set X(3),n=1,2,---.
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Error trajectory and its convergence set
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Figure 5.9: Error trajectory and its convergence sets.

State trajectory and its convergence set
2 T T T T T T

Csetxi

Figure 5.10: State trajectory and its convergence sets.

that simultaneously considers the following aspects has been designed: 1) the state
and input constraints, 2) the bounded external disturbances, and 3) the periodical
packet dropouts. In particular, the networked observer subject to the packet dropouts
has first been designed and the bounds of estimation errors have been established;
the networked robust output feedback MPC algorithm has been proposed by using
the tightened technique. It has been shown that the proposed robust output feedback
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MPC algorithm is feasible and that the closed-loop system state asymptotically and

periodically converges to some compact sets.
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Chapter 6

Robust Distributed MPC of

Large-scale Nonlinear Systems

6.1 Introduction

6.1.1 Background and Motivation

In Chapter3, 4 and 5, the MPC problems are studied for single nonlinear systems
with communication networks. With the development of the network technologies and
the advancement of modern industrial systems, the control of large-scale and complex
systems is an urgent demand. As one emerging research direction of MPC, the MPC-
based control problem of large-scale systems or multi-agent systems has been spurring
increasing interest recently. There are two traditional schemes of the MPC design of
large-scale systems. One approach is the centralized MPC scheme[156, 50]. It aims
to control the entire large-scale system by using only one central controller. The
centralized design is capable of achieving desired control performance provided that
the controller has enough computing power as theoretically desired. However, such a
computational requirement cannot be met in most of practical applications, especially
when the number of subsystems is very large.

On the contrary, there is another approach called the decentralized MPC scheme
[127, 124] that features the computational efficiency. It decouples the large-scale sys-
tem into subsystems (agents) by ignoring interactions, and then assigns an indepen-
dent controller to each subsystem. The ignorance of coupled effects among subsystems
may result in unsatisfactory control performance or even destroy the stability.

To overcome the drawbacks of the centralized MPC and the decentralized MPC,
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increasing attention has been devoted to investigating the distributed MPC. With the
similar controller structure as the decentralized MPC, the distributed MPC assigns
each subsystem a controller, but the interactions among coupled subsystems are in-
corporated into each controller design based on the communication links among these
subsystems. As a result, the distributed MPC could achieve comparable control per-
formance as the centralized scheme, yet with less computational complexity, thanks
to the decentralized structure.

In the literature on distributed MPC, some promising results have been reported

for large-scale linear systems, nonlinear systems, and their applications.

e Distributed MPC for large-scale linear systems. In [57, 7, 99|, the dis-
tributed MPC problem is studied for unconstrained coupled linear subsystems,
where the coupled terms are treated as bounded disturbances. In [145], a non-
convex optimizer is proposed to design the distributed MPC for unconstrained
linear dynamics. The authors in [88] tackle the distributed MPC problem for

constrained linear subsystems based on the cooperative game theory.

e Distributed MPC for large-scale nonlinear systems. The researchers
develop a distributed MPC strategy to handle continuous-time decoupled non-
linear subsystems with coupled objective functions in [23]. Further, the discrete-
time case is discussed in [61]. Furthermore, the author in [21] extends the re-
sults in [23] for coupled nonlinear subsystems using the consistency constraint.
By considering the coupled term as a bounded disturbance, the authors in [31]
study the distributed MPC problem for discrete-time decoupled nonlinear agent
systems with delayed information exchange. The work in [146] generalizes the
result in [145] for the nonlinear counterpart. In addition, some practical de-
signs are also researched. For instance, a terminal penalty distributed MPC
[150] is designed for the power system automatic generation control. In [22],
the distributed MPC problem is investigated for a vehicle platoon. Note that
these aforementioned results are developed under the assumption that the exact

system models are available.

In practice, however, the system model is inevitably subject to disturbances.
Therefore, it is of paramount importance to investigate the robust MPC design consid-
ering external disturbances. Yet, few results have been reported for robust distributed
MPC. In [130], the robust distributed MPC problem is investigated for decoupled lin-

ear subsystems subject to external disturbances and coupled input constraints. In
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[83], the robust distributed MPC is designed for a class of nonlinear systems with
two coupled inputs and disturbances, based on the existence of the control Lyapunov
function. Furthermore, the authors in [81] propose a sequential distributed MPC
to extend the result in [83], and they further develop an iterative distributed MPC

framework for affine nonlinear systems subject to communication constraints in [82].

6.1.2 Main Contribution

To explicitly deal with external disturbances, this chapter focuses on the robust
distributed MPC design for general continuous-time decoupled nonlinear subsystems
subject to external disturbances and control input constraints. The coupling among
subsystems is raised by the collective control objective.

It has been pointed out in [39] that, the conventional MPC may not be robust
against external disturbances, and the closed-loop system might be destabilized even
for small perturbations. In order to design a distributed MPC framework which
will be robust against the external disturbances, a novel strategy called robustness
constraint has been proposed in this study. The main contributions of this chapter

are mainly three-fold.

(1) A novel robust distributed MPC algorithm has been developed for the decou-
pled nonlinear subsystems subject to external disturbances and control input
constraints. The novelty lies in that the robustness constraint which contains
the conventional terminal constraint is designed in the robust distributed MPC.
Due to the robustness constraint, the robust distributed MPC algorithm is ca-
pable of handling the bounded external disturbances and stabilizing the overall

large-scale system.

(2) The feasibility of the robust distributed MPC algorithm has been rigorously an-
alyzed. By iteratively ensuring the control input constraint and the robustness
constraint in the each optimization problem for the corresponding subsystem,
the feasibility of the robust distributed MPC algorithm is proven. It is shown
that, the conditions of ensuring the feasibility explicitly depend on the bound

of external disturbances and the sampling period.

(3) The robust stability conditions have been established for the overall large-scale
system. Based on Lyapunov theory, it is shown that, the stability conditions of

the overall large-scale system is related to the bound of external disturbances,
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the sampling period and the cooperation weights. The bounds of these three
factors for guaranteeing the robust stability are developed. The overall large-
scale system is proven to converge to an invariant set under the established

conditions.

6.1.3 Organization and Notations

The rest of this chapter is organized as follows: The formulation of the robust dis-
tributed MPC scheme is presented in Section 6.2. The constrained optimization
problem and the robust distributed MPC are proposed in Section 6.3. In Section 6.4,
the feasibility of the robust distributed MPC is analyzed and the conditions for guar-
anteeing the feasibility are established. The stability analysis is reported in Section
6.5. The simulation studies are provided in Section 6.6. Finally, the conclusions are
summarized in Section 6.7.

The notations used in this chapter are fairly standard. The superscripts “T” and
“—1” represent the matrix transposition and the matrix inverse, respectively. The
symbol R represents the real space. Given a column vector x and a matrix P with
appropriate dimensions, denote ||z|| as the Euclidean norm of = and ||z||p £ V2T Pz
as the P-weighted norm of z, respectively. For a given matrix @, @ > 0 (Q > 0)
means that the matrix @) is positive definite (semi-positive definite); the eigenvalue

of matrix ) is denoted as A\(Q); the maximum eigenvalue of matrix @ is denoted

as A(Q) and the minimum one is denoted as A(Q)). The notation col{zy,zs, -+, 2,}
stands for the column operation as [z, 23, - -+ , 21 |T for column vectors x1, zo, -+ - , 2,,.

Given two sets A C B C R", the difference between the two sets is defined as
A\ B = {z|x € A,x ¢ B}.

6.2 Problem Formulation

Consider a large-scale dynamical nonlinear system consisting of M agents denoted as
{A;;i=1,2,---  M}. The model of each agent A; is described as:

where z;(t) € R" is the system state of agent A;, u;(t) € R™ is the control input and

w;(t) € R™ is the external disturbance. Here, the control input u;(¢) is constrained by
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the following compact set

with {0} € U;. The external disturbance is assumed to be bounded in a compact set
W; € R"™ and the bound is defined as p; £ SUD,,,(new; lwi(t)]l-

The communication topology of the multi-agent system is characterized as a
weighted directed graph G £ {A,&, R}, where A = {A;,i = 1,2,---, M} repre-
sents all the nodes (agents), £ C A x A is the collection of all directed edges between
two connected agents, and R = {r;;} is the weighted matrix characterizing the co-
operation weights between two connections, where ¢ = 1,--- , M and j = 1,--- M.
For each agent A;, its neighbors are defined as the agents from which it can receive
information, and the indices of its neighbors are denoted as A;. In R, r;; > 0 if
J € Ni; otherwise r;; = 0. To focus on the design of robust distributed MPC strategy,
it is assumed that the graph G is fixed and connected, and hence, each agent has at
least one neighbor; a similar assumption has also been made in [23, 21, 31].

For the M-agent system, the state vector of the overall system is denoted by
x(t) = col{z(t), zo(t), - ,xp(t)} and the state vector of all the neighbors of agent
A; is denoted by x_;(t) = col{x, (t),z,(t), -}, for all jx € N;. Similarly, the overall
control input is characterized as u(t) = col{uy(t), ua(t), - ,un(t)} and the control
input constraint U is the Cartesian product U; x --- x Uy;. The disturbance of the
overall system is denoted by w(t) = col{w; (t), wa(t), - - ,wa(t)} and the bound of the
disturbance set W is the Cartesian product W x --- x W,,. Based on the notations

above, the overall nonlinear system can be described as
() = fxt), u(t)) +w(t), 2(0) = zo, 120, (6.1)

where f(x(t),u(t)) = COI{ fl(xl(t)vul(t))u B fM(xM<t>7uM(t))} and Lo = COI{ 'r(l)v
.-+, 2%, }. The nominal system can be represented as

z(t) = f(z(t), u(t)), t=0.
For the system in (6.1), the following standard assumption is made [11, 23, 21]:

Assumption 6.1. (a) The function f : R"™ x R™M — R™™ has continuous second
derivative and satisfies f(0,0) = 0; (b) the system has a unique, absolutely con-
tinuous solution for any initial condition xq, any piecewise right-continuous control

u: [0,00) = U, and any disturbance realization w : [0, 00] — W.
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The described multi-agent nonlinear system model under study (with the corre-
sponding communication topology) can be used to characterize many practical sys-
tems such as team-vehicle systems [31], a group of robots [23, 62], and large-scale
chemical processes[127]. For these systems, based on the communication topology, it
is of great practical interest to investigate how to design the control and fulfill pre-
scribed cooperative tasks while preserving the optimal performance. The following

control objective function has been widely adopted [31, 23, 130]

te+T
J((ss 1), (s 1) = / V(s )13 + las: )%

tg

M
+ )0 rgllEi(site) — 25(s; te)llB, ds + 12t + T 1) |13,
i=0 jeN;

where Z(tg;tr) = z(ty), tp with & = 0,1,---, is the sampling time instant, 7" is
the prediction horizon, Z(s;t), tp < s < tx + T, stands for the predicted nominal
system trajectory from time ty to t, + T, u(s;tx), tp < s < ty + T, represents the
predicted control trajectory from ¢ to t, + 7T, @ = diag(Q1, -+, Q) with Q; > 0,
R = diag(Ry,- -+, Ry) with R; > 0 and P = diag(Py,---, Py) with P, > 0, i =
1,2, , M.

The robust centralized cooperative MPC strategy at every sampling time ¢, can

be designed by solving the following constrained optimization problem:

Problem 6.1.
U (s;ty) =arg r(nin) J(z(s;tg), u(s;ty)), subject to:
u(s;ty
ﬂ(S;tk) ceU t, <s<tp+ 1T,
T(s;te) = f(@(s;te), als; b))ty < s <tp+T
T(ty + T tx) € 9,

where §) is the terminal set and Z(ty; ty) = x(tx).

The centralized cooperative MPC strategy suffers the computational complex-
ity, whereas the decentralized MPC may result in poor control performance. The
distributed MPC strategy, capable of improving both issues as mention above, is
adopted in this study. Some promising distributed MPC methods have been pro-

posed in [23, 21, 61, 31] for nonlinear systems; however, they do not consider the
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external disturbances. Motivated by this fact, in this work, we aim to design a new
robust distributed MPC' strategy to stabilize the M-agent system with subsystems
being subject to bounded external disturbances.

In general, the design of conventional or distributed MPC schemes needs a local
state feedback law within the terminal set [95, 21]. To describe such a state feedback
law, consider the linearized system of each agent A; at origin, which can be derived
as &;(t) = Aix(t) + Bju;(t) + wi(t), where A; = 0f;/0x(0,0), B = 0f;/0u(0,0). The

nominal linearized system is

Like the conventional MPC [95, 11] and the nominal distributed MPC in [23, 61], this

study uses the similar assumption for the nominal linearized systems.

Assumption 6.2. For the linearized system in (6.2) of every agent A;, there exists
a state feedback control law u;(t) = K;z;(t), such that the closed-loop system is stable,
i.e., AZC e Az —+ BZKZ 1s stable.

6.3 Robust Distributed MPC

In this section, we first present the setup of the robust distributed MPC. Further, a
new constrained optimization problem associated with each agent is formulated, and

a novel robust distributed MPC algorithm is proposed.

6.3.1 Setup of Robust Distributed MPC

For the overall system, it is assumed that each agent has the same sampling period
0, and the synchronization is ensured, i.e., every agent is able to measure the system
state of itself, receive information from its neighbors and apply the control signal at
the same time instants ¢, k = 0,1, - - -, where ty,1 = t; +9. Furthermore, every agent
communicates with its neighbors and exchanges necessary information according to
the communication topology through reliable communication links (i.e., no data losses
or delays).

To calculate the centralized control objective function J(Z(s;tx), 4(s; tx)) by using

a distributed manner, we consider the following control objective function of each
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agent A;, i =1,---, M:

tp+T
Ji(i(ss b)), @i sy t), —i(si te)) = / (s ) 15, + [la(s: te) I,

12
+ ) rigllE(site) — 25(s; )15, ds + @tk + T ),
JEN;

where T is the control horizon with T° > 4§, u;(s;t;) is the control trajectory to be
optimized; Z;(s; tx) is the predicted nominal state trajectory of agent A4;, and can be

generated by the nominal model
Zi(sitk) = fili(site), tisite), &altes te) = alt),

and Z;(tx + T'; tx) is the terminal nominal state of agent A;. However, in practice, the
predicted nominal state trajectories of the neighbors, i.e., Z;(s;tx), s € [t, ty + 1] are
not available for the agent A; at time ¢,. To circumvent this problem, an alternative

control objective function is proposed for each agent A; as:

totT
Ji(i(s;tn), wi(s; te), 22,(s3tx)) = / 125 (55 ta) 15, + 1 (s; )|,

7%
+ > rillEils; te) — 25 (s t) G, ds + [13:(te + T ta) I,
JEN;
where i?(s; tr), j € N; is the assumed state trajectory for the neighbor j of agent A;

which evolves according to the following differential equation:
Li’?(S; tk) = fj(i?(s; tk), TA/J?(S; tk)), i";(tk; tk) = Li’;(tk7 tk—l)-

Here, 17(s;t)) denotes the optimal predicted nominal state trajectory and @§(s; )
is the assumed control trajectory, which will be elaborated in Problem 6.2 in this
section. The similar control objective function has been adopted in [31, 23, 21, 61]
for nonlinear multi-agent systems without incorporating the effect from external dis-
turbances.

Before proceeding to the design of the constrained optimization problem, we need
to design the terminal set which will play an instrumental role in analyzing the feasi-
bility, stability and robustness of the MPC algorithm. The main idea of determining

the terminal set has been reported in [97, 11]. By considering the nominal system of
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each agent A;, i =1,--- M:
i’l(t) = fl(i’l(t>, Ul(t)), subject to: Ul(t) € L[Z,t 2 O, (63)

we have the following Lemma 6.1.

Lemma 6.1. Suppose that Assumption 6.2 holds for each agent A;. For the system
in (6.3), there exist a constant €; > 0 and a matriz P; > 0, such that: (1) The
set Qi(e;) = {7;(t) : Vi(zi(t)) < €2} is a control invariant set with the control law
u;i(t) = K;zi(t), i.e., any initial state z;,(0) € Q;(g;) implies T;(t) € Qi(e;), and
wi(t) = K;z;(t) € Uy, Yt > 0; (2) for any T;(t) € Qi(e;), the inequality Vi(T;(t)) <
—l|lzi(®)[[3); holds, where Vi(z:(t)) = |z:(t)||},, K; is a state feedback control gain
satisfying Assumption 6.2 and QF = Q; + K R K.

Proof. The proof can be derived by following the similar lines as in [97, 11, 21]. Thus,
it is omitted here. H

6.3.2 Robust Distributed MPC Algorithm

For the distributed setup, a new constrained optimization problem associated with

each agent A; is designed as follows.

Problem 6.2.
u;(s;ty) =arg Ir(lin) Ji(Zi(s;t), wi(s;tr), %,(s;ty)), subject to:
ﬁi t;tk
Bi(sitn) = fi(@i(s;t0), Ui(s;t0)), s € [ty tn + T
29 (sitx) = [3(29 (s tx), 05 (s: k), s € [ta, by + T
ﬂi(s; tk) eEU;, s e [tk,tk + T]

TO(Z‘
||Ii'z'(5; tk)HPi < qfia s € [tk + 0, + T]> (6-4)

where j € N;, a; € (0,1) is a design parameter, €; is the constant determined in
Lemma 6.1, Z;(ty; ty) = x;(t), and i?(tk;tk) = i;f(tk;tk_l). The assumed state tra-

jectory for the neighbor j of agent A; is generated using the following mechanism:

wi(sitp—1), if s € [te,tp—1 + T

'&?(S;tk) = . '
Kjx?(s; tk), Zf S € [tk—l + Tt + T]

(6.5)
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Remark 6.1. The novelty of Problem 6.2 lies in the robustness constraint in (6.4),
compared to the optimization problems in the existing distributed MPC schemes [23,
21, 61]. The roles of the robustness constraint in (6.4) are two-fold: (1) It serves as
the terminal constraint as in the conventional MPCs and the distributed MPCs when
s =ty + T, e, T;(ty + T;tx) € Q(aue;), which is central to analyze the stability
of the overall system; (2) it provides a monotonically decreasing boundary to confine
the predicted nominal state trajectory during [ty + 0, tx, + T]. This generates a control

signal providing robustness for the distributed MPC.

With the aid of Problem 6.2, the implementation of the distributed controller
associated with each agent 4; can be briefly described as follows. At time t;, the
controller of each agent (.4;) samples the state x;(t;) and receives the assumed state
trajectories from its neighbors via the communication links. Then the controller solves
Problem 6.2 to generate u*(s;ty) for s € [tg, tx +T]. Also, it generates the assumed
state trajectory 2%(s;t4+1) for next optimization horizon from ¢4y to ty41 + 7 and
sends the result to its neighbors.

It is observed from Lemma 6.1 that, if the state of the agent A; enters the terminal
set €2;(g;), the state feedback control law wu;(t) = K;z;(t) can stabilize the nominal
system and guarantee robustness for the actual system. To make use of this property
and to reduce the computational complexity, we propose to apply the switched control
strategy, which is also called dual-mode MPC strategy [97, 95, 21]. That is, for each
agent A;, when the system state is outside the terminal set €;(e;), the control input
signal is applied according to the solution of Problem 6.2; when the system state
enters the terminal set €2;(g;), the stabilizing state feedback law w;(t) = K;z;(t) is then
applied. When considering the existence of external disturbances, it is worthwhile to
mention that the actual system state z;(s;x), s € (tg, tx + J) is not available during
the sampling period. So we use 7 (s; ;) to determine whether the actual system state
is in the terminal set €;(g;) or not. Before establishing the testing criterion, we make

the following assumption.

Assumption 6.3. [21] For each agent A;, the system dynamics satisfies the following

condition:
| fi(wy,u) = fil@z,u)||p, < Lillz1 — 22|, (6.6)

where L; is a constant.
By using Assumption 6.3, the following claim can be used as a criterion to test

the actual system state.
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Claim 6.1. For each agent A;, suppose that Assumption 6.3 holds. For any s €
[tk i+ 11, if

127 (s t)ll, < &5 = A(B? ) pals — )70, (6.7)

then x;(s;tx) € ().

The proof of Clatm 6.1 can be derived by applying Lemma 6.2 in the next section.

According to Claim 6.1, the control input and assumed control trajectory for each
1

p, > i — MP?)pi(s —ty)eit=t%)  for

agent A; are determined as follows: If ||ZF(s;ty)
any s € [tg,tx + 0], then take the control input as u;(s;tx) = Uf(s;tx) and generate
the assumed control trajectory $(s;tr11) as in (6.5). Otherwise determine the first
time instant t? € [ty, tx + 0] such that

N[

125 (t7: ti) | ey < &0 = AP ) palt? — ) ),

then take

ur(s;te), or s € |tg, 7],
wlsity = . (6.8)
Kz (s;ty), for s € [t t, + ),

and design the assumed control trajectory as:
(55 ten) = IGE (sitk), s € [teg, trar + 711, (6.9)

where T¥(s;ty,), s € [t2, tpy1+T), is determined by the differential equation z¥(s;ty) =
fi(Z5 (s ty), Kizh(s;ty)), with initial state T(t0;ty) = 27 (t%tx). In this case, the
assumed state trajectory will be 2%(s;tpy1) = TF(s;tr), 5 € [test, ther + T).

By integrating Problem 6.2 with the dual-mode mechanism and the state testing
criterion, we propose the robust distributed MPC' algorithm. In this study, we refer
the novel control strategy as robust dual-mode distributed MPC which is detailed in
Algorithm 4.

6.4 Feasibility Analysis

In this section, the feasibility of the robust dual-mode distributed MPC' algorithm is
analyzed and the conditions of ensuring the feasibility are established. The main
tools employed to prove the feasibility are the triangle inequality and the Gronwall-

Bellman inequality. The sketch of proving the feasibility is as follows: The iterative
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Algorithm 4 Robust dual-mode distributed MPC
0

Require: Sampling period d; control horizon 7'; initial state z;; bound of disturbance
pi; assumed state trajectories of neighbors x?(t), t €0,T], j € N;; constant &;;
parameter «; € (0,1); index k = 0.

Ensure: z;(to) = 2} and 9(s; o) = 29, s € [0,T].

1: while The accuracy is not satisfactory do
2: Sample system state x(tx);

3: Receive neighbors’ assumed state trajectories 2% (s;ty), j € N, s € [ty te + T
4: Solve Problem 6.2 to generate @} (s;tx) and Z;(s;tx), s € [tr, tx + T,

5: if (6.7) holds then

6: Generate the control input u(s;tx), s € [tr, tx + J] as (6.8);

7 Design the assumed control input u¢(s;tx+1), $ € [tet1, ter1 + 1] as (6.9);
8: else

9: Generate the control input as w;(s;tx) = 4} (s;tx), s € [tr, tx + 0;

10: Design the assumed control input 4¢(s; tx41), $ € [tkt1, ter1+7] asin (6.5);
11: end if

12: Generate the assumed state trajectory 2(s;tx+1), S € [ter1, terr + 1.

13: Send the assumed state trajectory to its neighbors;

14: Apply the control input u;(s;ty), s € [tg, tx + 0];
15: k=k+1.
16: end while

feasibility for the overall agent system will be proven by the iterative feasibility of
Problem 6.2 for each agent, which will be achieved by following two steps. Firstly,
the condition is established to guarantee the terminal constraint satisfaction (as a part
of the robustness constraint). Secondly, the control input constraint and the robustness

constraint are proven to be satisfied under appropriate conditions.

6.4.1 Initial Feasibility and Feasible Control Candidate

In order to prove the iterative feasibility by the induction principle, Problem 6.2
needs to be feasible at the initial time instant ty (i.e., there exists a control trajectory
driving the initial state into the terminal set while satisfying all the constraints).
This requirement can be fulfilled by choosing an appropriate prediction horizon (T).
Like the conventional MPC [97] and nominal distributed MPC' [21], the following

assumption is made with regard to the prediction horizon.

Assumption 6.4. For the overall agent system {A;, 1 =1,--- M}, at time ty =0,
with the initial state xy, assume that there exists a prediction horizon T > 0 such that

Problem 6.2 associated with each agent A; has a solution.
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Similar to the conventional MPC, for each agent A; with a given prediction horizon
T, all the initial state 29 for which Problem 6.2 has a solution, is called the feasible
set. For each agent A;, the feasible set is denoted as Z;.

By following the line of the induction principle, for each agent A;, if Problem 6.2
15 feasible at time ty, then it is needed to find a feasible control trajectory at time ty.
This will be achieved by first constructing an appropriate control trajectory candidate
which should be then proven a qualified feasible control trajectory. The feasible control

trajectory candidate U;(s;txr1) at time txy1 is constructed as follows:

uy(s;t), if s € [tper,te + T,
KZ’[Z’Z’(S; tk+1), Zf S € [tk + T, tk+1 + T]

Wi(s;tht1) =

And the feasible state trajectory candidate will be generated as:

Ti(sitier) = Fi(@i(Sithen), iS5 th11)), 8 € [tegrs topr + 11,

where the initial state is given by T;(tgy1;tks1) = xi(tgr1). The method of generating
the feasible control trajectory candidate is similar as [97] for conventional MPC and
as [23, 21] for nominal distributed MPC. However, when considering the effect of
external disturbances, the generated state trajectory candidate will not be matched to
the predicted system trajectory. And therefore, the feasibility analysis will be different
and more challenging compared to [23, 61]. In the sequel, we shall develop conditions
under which the feasible control trajectory candidate at time ty,q1 is indeed a feasible

solution to Problem 6.2.

6.4.2 Feasibility of the Terminal Constraint

In order to establish the feasibility of the terminal constraint, a lemma, characterizing
the deviation between the actual state trajectory x;(s;ty) and the predicted nominal

state trajectory ;(s;ty), is first presented.

Lemma 6.2. Suppose that Assumption 6.3 holds, then for each agent A;, the actual

state trajectory and the predicted nominal one satisfy the following:

— 1
HLL’Z'<8; tk) — L%Z(S; tk) P, < )\(PZ2 )pZ(S — tk)eLi(s_tk), S &€ [tk, tk + T] (610)
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Proof. Consider the Pi-weighted norm of x;(s;ty) — 2} (s;tx), s € [tk, tx + T as

s t) — 7 (s; k)

Py

ﬂmmm+/ﬁmvmmmmm+wmmw
tr
—wwww—/ﬁ@wmmmmmwm
12

< [ hatmtllndr + [ lrit, i:(7.00) ~ £ ), 65 )ndr,
tr tr

where the triangle inequality is used in obtaining the last step. Applying (6.6) and

considering the bound of the disturbance in the above inequality result in

s t) — 27 (55 1)

_ 1 s
p, < pils —t)AN(P?) + Li/ |zi(s;te) — 27 (s5t) || pdT.
tg

By using Gronwall-Bellman inequality, we get (6.10). This completes the proof. [

Based on Lemma 6.2, the following Lemma 6.3 provides the conditions such that
the terminal state of the feasible state trajectory candidate can satisfy the terminal
constraint in (6.4), i.e., Z;(tgr1 + T tpr1) € Qaue;).

Lemma 6.3. For each agent A;, suppose that: Assumption 6.1, 6.2, and 6.3 hold;
Problem 6.2 is feasible at time ty; @;(s;tgs1) is applied at time ty 1. Given the

disturbance bound with p; < p}, if the sampling period satisfies

AP
A(@7)

(1 — Oéi)éi
PieLiTS\(PZ%) |

—2 Ina; <0< (6.11)

then the terminal state satisfies the terminal constraint as T;(txs1+1;try1) € Qaue;),
where p} is defined as p} = —AQ)(1 — a;)e;/[2A(PY2)N(P) el In o).

Proof. By considering the deviation between Z(s; ty) and Z;(s; txy1) for s € [tgi1, tp+
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T, we have

| Zi (85 thar) — 27 (83 tr)

=lzi(thsritir) + [ fil@(Titi), 47 (73 5))dr
tht+1

— & (thrste) — [ fil@ (T te), 07 (s; k) )dT

th+1

<wi(trrn) — 25 (Ergas )

P;

Py

H+a/ 164073 trs) — 25 (s t2) |

th+1
where the triangle inequality and the inequality in (6.6) have been used. According

1
to Lemma 6.2, we readily have |lz;(t;1) — 25 (tea1; te) || p, < AN(P?)pideli. Therefore,

we get
_ 1 _ s B o
1Z:(s3 t1) — @5 (s ta) | e < A(P?)pide™ + Ly / 12:(7; ta) — @5 (75 84) || AT

tet1

In light of Gronwall-Bellman inequality, we have the following

— 1
P, < AM(P?)pdelidellits—tirn)), (6.12)

|Zi(s5 thar) — 27 (55 tr)

Plugging s = t;, + T into (6.12) results in ||Z;(tx + T tes1) — TF (6 + T te)|| o, <
-1
A(P?)p;6eliT. By considering |2} (tx +T'; tx) || p, < aie; and the constraint in (6.4), we
_ 1 _
get ||Zi(tr + Titesr)|lp, < MP2)piderT + aue;. Since 0 < (1 — ay)e;/(pseX T N(PXD)),

we obtain the following

Zi (t + T3 i)

n<en (6.13)

That is, Z;(ty + T;tpe1) € Qi(g;). Note that the feasible state trajectory candi-
date is given by ii(s;tk+1) = [i(Zi(s;tpa1), KiZTi(s;tgen)), for s € [ty + T, tper + T1.

According to Lemma 6.1, the following holds: V;(Z;(s;tr11)) < —||:ii(s;tk+1)||é: <

%Vi(@(s; tiy1)), where s € [ty + T, tx1 + T]. By applying the comparison prin-

ciple [64], we can derive

QD)

Vi(#i(si tesn)) < Vi@t + T tin))e 300 O ¢ 2675y 70,
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Remark 6.2. [t is worth noting that Lemma 6.3 plays an important role in analyzing
both feasibility and stability. In the following analysis, the result T;(tpy1 + T tps1) €
Q;(azei) will be used to prove the satisfaction of the robustness constraint in (6.4);
the intermediate result in (6.13) will be applied to prove the fulfillment of the control

mput constraint.

Remark 6.3. The upper bound of § is determined when s € [tii1,tx + T]. In this
interval, due to the external disturbances, T;(s;tpi1) actually deviates away from
Zi(s;try1) as time evolves. Thus, in order to guarantee that T;(ty + T;txy1) does
not go too “far away” from the predicted state trajectory, the sampling period 6 can-
not be too “large”. The lower bound of § is determined when s € [t + T, txr1 + 1.
In this interval, the feasible state trajectory candidate T;(s;tg11) begins to converge
towards the origin from the terminal set Q;(g;). Thus, the sampling period 6 should
not be too “small” such that T;(txs1 + T tks1) has enough time to enter the terminal

set.

6.4.3 Feasibility of the Robust Dual-mode Distributed MPC

Based on the feasibility of the terminal constraint, we develop sufficient conditions to
render the robustness constraint in (6.4) being satisfied. This result is summarized

in the following Lemma 6.4.

Lemma 6.4. For each agent A;, assume that: Assumption 6.1, 6.2 and 6.3 hold;
Problem 6.2 is feasible at time ty,; the control trajectory w;(s;tks1), S € [that, ther +
T] is applied at time t,1. Given the constant a; with 1 > a; > 1/2 and \(P;)/A(Q}) <
—a;T/(2Inqy), and the disturbance bound with p; < min{pl, p?}, if the sampling
period satisfies (6.11) and also the following:

(1—0a)T <6 <min{T, ¢}, (6.15)

& 2M(P) 1, AQ) o
where ¢; = SR In oA (B

pi = &if [TelTAPP?)].

L then the robustness constraint in (6.4) is satisfied. Here,

Proof. Since T;(s;tg11), S € [tgs1,tre1 + T] depends on the value of the sampling
period, the proof is derived by considering two cases. In the first case, the sampling
period 0 is relatively small such that ty + 7T € [tg1 + d, tgr1 + 1. In the second case,
the sampling period ¢ is relatively large so that tx1 + 3 € [ty + T, txr1 + T).
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Case I (1 — )T <6 <T/2. In this case, ty11 +0 < tp + 7T <ty +7T. Let
us first consider Z;(s;tr41) within [tx41 + 0,1 + T]. On the one hand, according to
by < [82(53 1) |+ A(P2) pideldebtstusn),

(6.12) in Lemma 6.3, we have ||Z;(s; tx41)

Since Problem 6.2 is feasible at time t;, it can be obtamed that || (s;tk)|lp, <
Tae; /(s — tg). Thus,
T 1“1 1 —
(s i)l < 20+ APE)pideh Sel o), (6.16)
S J—

On the other hand, according to (6.11), we can derive SA(P2?)pie™T < (1 — ay)e;.

Since 6 < T/2 and 1 > «o; > 1/2, it follows T2 > (1 — o;)e;. As a result, the

1

following holds: SA(P?)p;elideli(T=0) < % It can be seen that the above inequality
-1

implies SA(P?)pseridelils—ti) —OTaiei _ for g [tk+1 + 6,tx + T]. Therefore,

(s—tr)(s—tri1)
-1
we can obtain A(P;?)pelidelits—ten) 4 Taci T‘ml ,for s € [tpy1 + 6,6 + 7). In

s—t S—lr4
terms of (6.16), we get ||Z;(s;tpr1)|lp, < :T_ff—;z, s 6 [tke1 + O, tx + T). Next, let
us move on to consider the time interval [ty + T, tx41 + 7. Define three functions
Di(s) £ e=X@e—t=D/CAED, To(s) £ Taag/(s — typn), 5 € [t + Tt + T], AT(E) =
o TeAQDYCAP) _t T 465 ¢ € [0,8]. Since 6 > (1 — ay)e;, we have AL(0) > 0.
Because of the upper bounds in (6.15), it can be shown that AI'(¢) is decreasing for

t € [0,0]. Therefore, AI'(t) > 0 for ¢ € [0,6]. On the other hand, we have

I7(s) = Li(s), s €[ty + T b1 + T
_ S AT(1)
(4T — 6)eA@)Y/AF)

>0,t€|0,6].

Thus, I'i(s) < T9(s), s € [ty + T, t1 +T]. Furthermore, according to Lemma 6.3, we
get T;(ty + T tr1) € Qile;), and (6.14) holds. Therefore, ||Z;(s; tks1)]|p, < Ti(s)e; <
I9(s)e; = STCZ“E@ for s € [ti, + T, tjs1 + 1.

Case II: T/2 < 6 < o;T. In this case, ty + T < tgr1 + 0 < tryq + T According
to Lemma 6.3, ii(tk + T;tpr1) € Qi(e;). Thus, the feasible state trajectory candidate

always satisfies (6.14) for s € [ty41 + 9, tpr1 + T, i€,

A(Q
<€€ ZA(P)(S tk T)

1% (5 tera) |l p (6.17)

Since 0 < o1, Ti(tgs1 +9) < T9(tgr1 + ). Similarly, by virtue of the lower bound in
(6.11), we get I';(tgs1+71) < I'¢(tg+1+7). By following the same line of Case I, it can
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be obtained that I';(s) < I'9(s), s € [tks1, tk+1 + 1. By combing the above inequality
with the inequality in (6.17), we have ||%;(s; tps1)|lp, < 22 5 € [thi1, tey1 + 7). By

s—lg41

summarizing Case I and Case II, the proof is completed. O

Based on Lemma 6.2-6.4, the feasibility result of the robust dual-mode distributed
MPC algorithm for the overall agent system is presented in the following Theorem
6.1.

Theorem 6.1. For the overall agent system {A;,1 = 1,--- M}, suppose that As-
sumption 6.1-6.4 hold. Given the constant oy, i = 1--- M, satisfying 1 > o; > 1/2
and c; = @ and the disturbance bounds with p; < p,t= 1,---, M, if the sampling pe-
riod satisfies max; {0;} < & < min; {4}, then the robust dual-mode distributed MPC
algorithm (Algorithm 4) is feasible in the set Z = Z; x --- x Zy;. Here,

_— A(P)
b; —max{(l — )T, _2A(Qf) théz} )

A . (1 — Oéi)Ei
éi = min {OéiT, W; gi} 5

A . 1 2
p, = min {min{p}, p7}},

_ —2X\(P;))
a éj:rg%%M {max {1 - aj, W lna]}} :

Proof. The proof is conducted by the induction principle. First, according to As-

sumption 6.4 there exists a feasible control input for the overall agent system for
r9 € Z at time ty. Second, assume that the robust distributed MPC algorithm 4
is feasible at time t,, kK > 0. Third, it needs to prove the robust distributed MPC

algorithm 4 is feasible at time #;.

1) Since the sampling period is set as max; {6;} < ¢ < min; {d;} for the overall
agent system, Lemma 6.2-6.4 hold for all the agents simultaneously. As a
result, by applying Lemma 6.4 for all the agents, the robustness constraint of

the overall agent system is satisfied at time ;4.

2) Since U*(s;ty) € Uy X -+ X Uy, we have U(s;tpy1) € Uy X -+ X Uy, for s €
[tk+1,tx + T]. By applying the result in (6.13) for all the agents, we have
Tty + Titryr) € Q(e1) X -+ x Qur(epn). According to Lemma 6.1, it can
be obtained that w(s;txy1) = [K1, -+, Kyp]Z(s;tgy1) € Uy X -+ X Uy for s €
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[tk + T, tg1 +T]. Thus, a(s;tks1), S € [trs1, ter1 + T satisfies the control input

constraint at time ;. for the overall agent system.

By induction, for any initial state in Z, the robust dual-mode distributed MPC
algorithm (Algorithm 4) is feasible for all £ > 0. The proof is completed. O

Remark 6.4. In Theorem 6.1, the bounds are imposed on «; and p; to prevent the
sampling period interval [max; {&} ,min; {d;}] from being an empty set. Accordingly,
for each agent system A;, the external disturbance should be bounded as p; < p, n

order to preserve the feasibility.

6.5 Stability Analysis

This section presents the stability conditions under which the overall agent system
is stabilized. The scrutiny on the robust stability is divided into two steps. In the
first step, when the system state is outside the terminal set, the optimal control
objective function will be proven to be an appropriate Lyapunov function under
certain conditions. In the second step, when the system state enters the terminal
set, the local Lyapunov function in Lemma 6.1 will be used and the robust stability
will be proven.

Let us start by considering that the system state is outside the terminal set.
Before proving that the optimal control objective function is qualified as a Lyapunov
function, three propositions are established, which will facilitate the derivations. The
first one is to establish the upper bound on the deviation between the feasible state

trajectory and the optimal nominal state trajectory during the time interval [¢41, {5+
7).

Proposition 6.1. For the overall agent system {A;, 1 = 1,--- M}, if Assumption

6.3 holds and the sampling period is chosen by satisfying § < min;{(1— a;)[A(P>?)]™!
gip; te BT G} for all agents, then for each agent A;, Li’“:T 1Z:(s; tes) 15, — 125 (55 )13,
ds < N (Qy, P)e?(1—a;) (T—0)(1—c;) +2Tc; In L], where \(Q;, P;) & MNQ2®)/A(PP?).

Proof. Since ||Z;(s;tk+1)]l0, < MQi, Pi) ||Zi(s;tk+1)||p, and that the result in (6.12)

holds, we have

123 (55 trrn) @i + 1127 (s )l @i SA(Qi, P Zi(s5 trrn) Lo 4 1125 (55 20) | ]
— 1
SNQi, B) | A(B? ) pidet ettt 1ot (si ) |1 |
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s € [tis1, tx+T]. Plugging the robustness constraint in (6.4) into the above inequality

gives rise to

TO(Z'
S — tk '

— 1
1Z:(s3 i) llou + 125 (s: 1) llor < MQi P) [ AP ) pidet@etbitteet) 42

On the other hand, by applying the result in (6.12), we have ||Z;(s; tx1) =27 (s k) |lg, <
-1

MQi, P)|Zi(s;3teyr) — 25 (s t1) || o, < MP?)pideridellits=tee1)) - According to the trian-

gle inequality, we get

totT
/ 15(s5 tas)|

2, — (s trr) 3,ds

tet+1
tp+T
< / [HZZ'Z(S; tk—i—l)”Qi + ||£Z’Z(S7 tk-}-l)HQlHHfz(S; tk+1) - ji(s; tk-i-l)HQi]dS
tet+1
RN /D3 To;
<>\(Q17PZ)/ )\(PZ-Q)piéeLi‘Se(Li(s—tkH)) {)\(Piz )piéeLi(Se(Li(S—tk+l)) 49 ; ds
th+1 s — 1y
t+T _ 1 B 1 Ta
M@, P) / A(P?)pibe™ ™ [A(Pf)piéeLiT + z—t} ds
tet1 S — Uk

<>\2(Qi7 3)522(1 — Oéi) |:(T — 5)(1 — Oéi) + 2,1_104Z In §:| ,

where the inequality A(P*%)6 < (1 — a;)eip; *e %7 has been utilized in the last step.
The proof is completed. O

In the second proposition, the upper bound on the deviation between the feasible
state trajectory of each agent A; and its neighbor’s assumed state trajectory during
[tk + T, tg1 + T is established.

Proposition 6.2. For the overall agent system {A;, i = 1,---, M}, suppose that:
Assumption 6.1, 6.2, 6.3 are satisfied; Problem 6.2 is feasible at time t;; the feasible
control trajectory u;(s; txy1) s applied at time ty,1 for each agent. Given the constant
o; with 1 > a; 2 & and the disturbance bound satisfying p; < p,, if the sampling period
satisfies the condition in (6.11) simultaneously for all the agents, then the following
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relationship holds:

tpy1+T 9
/ 1i(s: thn) — 253 tas) 1%, ds
trt1

<(T-9) [A(@M)(l + 12006+ M@y, P Fose,
+ 0 [MQij, Py)ei + A Qy, P )aJEJ]’

where j € N;.

Proof. By calculating fti’“:;T |Zi(s;te+1)|lo,,ds and using the result in (6.12), we get

totT
[ It

. ds

totT
ouds <A@y, P) / 13405 )

tht1 tht1
o To;
<>\(Qij, Pi) / )\(PZ? )pi(SeLi5e(Li(s_tk+l)) 4+ =" s,
b1 s —t

By taking the maximum value in interval [t,1, tx + T'] and applying (6.11), we obtain

t+T B t+1T 1 LT TO[Z'
[ Insitinloyds <XQuP) [ APHpstT + 2 Ltds
trt1 tet1
T
ST ONQu Pz |- a) + 3a] . (619

Next, since %(s; thy1) = 25(s;t1), 8 € [trga, tr + T, we get

te+T tp+T
/ 1890 ) g ds <A(Qy. Py) / 18 (55 )|, ds
trt1 tet1

W+ Toye, Toe:
<>\(Qz’j,Pj)/ —ds < (T = 0)MQy5, Pj)—.
t

o1 S — tk )
(6.19)

Furthermore, due to Z;(s; tx11) € Q;(aue;), for s € [ty + T, tyy1 + T], Lemma 6.3 can
be applied. As a result,

ter1+7T
/t 124051 th) o ds < A(Qij, P)erd (6.20)

kT

By virtue of the generation mechanism of the assumed state trajectory in (6.5) and
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(6.9), we obtain

ter1+T
[ ittt llo,ds < MQu Basesd (6.21)
tpe+T

Finally, by applying the triangle inequality, we derive

ter1+7T
/ 13 (3 thsn) — 25 (53 ti0) 13, ds

th+1
top1+T )
< / 13051 tesn)llay + 1225 ) gy, 2ds
th+1
tpe+T
<[ UnGsitinlo, + 1t ds
tet1
tpr1+T ;
[ s o, + 1 (sstusllg, s
tp+T

By substituting (6.18)—(6.21) into the above inequality, the result can be readily
derived. The proof is completed. O

The third proposition provides the lower bound of the term f::“ 127 (5 te) |5, ds,

when the system state of A; is outside the terminal set.

Proposition 6.3. For the overall agent system {A;, i = 1,---, M}, suppose that
Assumption 6.3 holds and the sampling period satisfies

5 < min{(1 - o) (A(PP?)] ey te b7

for all the agents. If the robust dual-mode distributed MPC' algorithm (Algorithm 4)
is applied and the system state x;(s;ty) & Qi(e;) for s € [tg, ti + 0], then the following
holds for each agent A;: ftl:““ 127 (s te) |5, ds > 5%\((%)) ale?.

Proof. According to Lemma 6.2, it can be obtained that ||z} (s; tx)||p, = ||zi(s; tk)|| 2, —
MP2)pi(s — tp)elit=%) for all s € [ty,t, + T). Since z;(s;tr) & Qu(e;), we get
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N|=

125 (s5ta) lp, > i = A(P

i

tet1 A A Ql tet1 .
/ 6 (s: 1) 2, ds > 29 g / 13 (s )1
tr tg

)pi(s — tg,)el57%) - As a result, we have

A(P)
AQ; S ph )

where the condition A\(P??)d < (1 — a;)eip; ‘e 57T has been used. The proof is
completed. O

Based on these three propositions, the optimal control objective function will be
proven to be qualified as a Lyapunov function under appropriate conditions. Using
this Lyapunov function, it can be shown that the system state which is outside the
terminal set will enter the terminal set in finite time. These results are summarized

in the following Lemma 6.5.

Lemma 6.5. For the overall multi-agent system {A;;i = 1,---, M}, with initial
state xy € Z, suppose that: Assumption 6.1-6.3 hold; the constant «; is given as
1> a; > max{1/2,a}; the disturbance bound satisfies p; < p.. If the sampling period

is designed as 6 = pT', and the cooperation weight r;; is taken such that

AQs)

Z TijEij < (1 — ﬁ, — CZ)pTOéZ2€Z2 = s (622)
JEN; )\(Pi)
where B;, (; are constants with B; + ¢; € (0,1), p € (0,1) satisfies
(1-p)(1—a)?—20;(1 — ;) Inp+ (1 — )X\ 2(Q;, B) < AQi)A(F) (6.23)
pT o} CAMPINQ)
T <p< 8T (6.24)

foralli=1,..., M, simultaneously, and Z;; is defined as

Eij épT[)\(Qij, Pz)gz + )\(Qi]'o‘j‘c:j)]2
+ (1= p)TINQij, P)(1 — i + p~Nei + AMQij, Py)p 'y,

then the system state of each agent A; with the initial state 29 € Z\ Q;(g;) will enter

the terminal set ;(g;) in finite time.
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Proof. For each agent A; with the feasible control input at time #;, 1, we will calculate

the upper bound of an auxiliary term A(J;) defined as
A(Ji) EJi(Fi (s tran), Wil s; tern), T24(85 ter1)) — Tl (s50), 07 (55 1), 22,5(s3 k),

where Z%,(s;tk+1), S € [tkt1,tks1 + T, is the feasible assumed state trajectory of
the neighbors of agent 4;, which is equal to 2% ,(s; ;1) according to the generation
mechanism for the assumed state trajectory in Algorithm 4. By splitting the interval

of integral in A(J;), we obtain

o, 1aa(s; thralli, — 127 (s ) lG, — 1147 (55 th) I, ds

tk—l—T
A() = / 1:(5: tesn)|

tet1

tpt1+T
4 / 1a(s5 ).+ (s s s
totT

tet1 . ) . )
= [ s, + s ) ds
ty
+ || % (tpyr + T tk+1)||?9i — |27 (tr + T tk)”?%
tp1+T )
4 / > rillFsstin) — 85051t |13, ds
tet1 ]GM
tp+T
_ / S il (s: 1) — @ (s 1) 12, d.
b JEN;

In the right-hand side the above equation, we first consider the term

tp+T
/ 1:(5: tesn)|

tet+1

R, — 127 (s t) G, — 115 (s ta) I, ds.

0, T 11@i(s; tega)|
Since u;(s;trr1) = @l (s;ty), for s € [tgs1, tx + 1], we have

tp+T
/ 1 (3 e 1B, + (s ten R, — 125 (s3t)llG, — (137 (s ti) [, ds

tet1
te+T
_ / (s i) I3, — 125 (s )13, ds.

tht1

For the term [/ 1" [|Z:(s; tgs )|

o, Tl (s; trer) |5, ds, since @;(s; try1) = KiZi(s; tryr),
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s € [tk + T, tepr + T, we get

ter1+7T

tpr1+7T ) )
L Nt teanl, + NGt s = [ s
tutT to+T

2
Qi-‘ds‘

According to Lemma 6.3, we have Z;(s;tr41) € Qi(gi), s € [ty + T, tgy1 + T). From

Lemma 6.1, it can be obtain that

tp1+T 5
/ 173t 13, + 1(s; tosn) 12 ds
t

kt+T
[ Mt

<@tk + T ter) |5, — 12 (Ersr + T o) |7,
<& (b + Ts te) |3, — 12 (e + T o) |5,
<(1—ad)e?

By collectively considering the terms in A(J;), we have

th+1
2 @2 (s bl ds — / 1855 )13, + N1 (s: 6) %, ds

tg

te+T
A(J) < / 5(s5 tas)|

tet+1

tpt1+T ~ N
+ / rigl|Zi(s; tern) — 25 (85 et llg,, ds-
JEN; k1

Furthermore, by using the results of Proposition 6.1-6.3, we obtain
Q)
A(F)

+ E Tij=ij

JEN;

A(J;) < pTa2e? + X2(Qy, P)[(1 — p)(1 — a;)* — 204(1 — ;) In p] T2

where the condition § = pT" has been used. By applying the conditions in (6.22) and

(6.23), we get A(J;) < —Q%\((%)) pTa2e? & —¢;. According to the sub-optimality of the

feasible control input at time t;,, it can be obtained that

Ji(27 (83 thgr), U5 (83 tegn), 225(83 thgn)) — Ji(Z] (55 t), 0 (83 tk), 22,5(55 1))

By applying the same arguments as in [21, 97] and using (6.25), it can be concluded
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that the system state of each agent A; with the initial state z¥ € Z;\ ;(e;) will enter
the terminal set €2;(¢;) in finite time. The proof is completed. O

Remark 6.5. It is worth noting that the roles of the two constants §; and (; are
different. From conditions in (6.22) and (6.23), it can be seen that the constant
B; is related with the design of the sampling period and the cooperation weights. In
fact, an appropriate 5; should be chosen by considering a tradeoff between the design
of the cooperation weight and the sampling period. A smaller B; will result in a
larger cooperation weight, which is better for cooperation. However, according to the
condition in (6.23), the smaller 5; will lead to a narrower range of the sampling period,
which may violate the condition in (6.24). The constant (; affects the cooperation
weight and the convergence performance. By observing (6.22), it can be seen that a
larger ¢; will produce a smaller cooperation weight, which weakens the cooperation.
But a larger (; may speed up the convergence of the system state from outside to the
terminal set, according to (6.25). In addition, there is a coupling between (; and f;
due to 0 < (; + B; < 1. By comprehensively considering these effects from (; and B; ,
we, first of all, need to determine the constant B; because the stability depends on the

non-pathological sampling period range which is determined by ;.

Based on Lemma 6.5, the main result on the robust stability of the overall multi-

agent system (6.1) using Algorithm 4, is presented in the following Theorem 6.2.

Theorem 6.2. For the multi-agent system in (6.1) using Algorithm 4 with the initial
state xg € Z, suppose that Assumption 6.1-6.4 hold, and that the constant «; is
designed as 1 > a; > max{1/2,a}, i1 =1,--- , M. Given the prediction horizon T, if
(a) the sampling period is designed as § = pT, where p € (0,1) satisfies (6.23) and
(6.24) simultaneously for all i = 1,--- ,M; (b) the cooperation weight r;; satisfies

(6.22); (c) the disturbance bound satisfies p; < p™™> < p., where pP™* £ Li2@Qies
— 2A(P2)A(F;)
and 3, € (0,1); then the system state will converge to the set Qi(\/B1e1) X -+ x

(v Brem).-

Proof. According to the proposed robust dual-mode distributed MPC Algorithm 4,
we consider two cases in the following proof.

Case I: For each agent A;, the state is in the terminal set i.e., z;(t) € Q;(e;).
First, let us prove that the system state of each agent A; will enter QZ(\/EEZ) in
finite time when z;(t) € Qi(s;) \ Qi(v/Ble:). According to Algorithm 4 for each agent
A;, the control input will be switched to the state feedback control w;(t) = K;z;(t)
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when z;(t) € Q;(g;). In particular, in case of z;(t) € Q;(g;)\Qi(ne;) with n € (\/5;, 1),

by considering the Lyapunov function V;(z;(¢)) for each agent A;, we have

i (0)Qwi(t) + 2x; (t) Pwi(t)

@)
LS

Vizi(t) = —

8

1 1
b, T 201P7 2127 |[[lews ()]

Since z;(t) € Q;(g;) \ Q2(neg;) and p; < piP**, we get

A7)
P 0. (6.26)

Vi(zi(t) < (=0 + 57) ;
Based on (6.26), using the same arguments in [21, 97], it can be obtained that the
state of each agent A; will enter Q;(y/Be;) in finite time.

Second, let us prove that the set Q;(+/B.e;) is a robust invariant set for the agent
A; when the state feedback u;(t) = K;z;(t) is applied, i.e., z;(tg) € Q,(\/EEZ) implies
z;(t) € Qi(v/Bies), ¥t > to. This can be proven by contradiction as in[143]. Assume
that z;(to) € Q(\/Be;) does not imply z;(t) € Qi(v/Blei), t = to. That is, for z;(ty) €
Qi(\/Blei), there exist t > to and some & > 0 such that e? > Vj(z;(t)) > fie? +&. Let
t=inf{t >ty : Vi(z;(t)) > Bie? + &}. Then z(t) € Qi(e;) \ Qi(v/Ble;i). By following
the same procedure as deriving (6.26), we have V;(z;(7))|r— < —€i%\(§§; <0. As a
result, it can be inferred that V;(x;(t')) > Vi(zi(t)) = B;e? + &, for some t € (g, 1).
This contradicts the minimality of ¢£. Thus, we have proven that the set QZ(\/ﬁTe,) is

a robust invariant set for the agent A;.

By summarizing the above results, it has been proven that the state of each agent
A; will converge to the set Q;(\/Ble;), for all z;(t) € Qy(e;).

Case II: For each agent A;, the state is outside the terminal set, i.e., x;(t) €
Z; \ Qi(g;). In this case, according to Lemma 6.5, the state z;(t) will enter the
terminal set €2;(g;) in finite time. Furthermore, in terms of the discussion of Case I,
it is concluded that the state z;(t) will converge to the set Q;(1/Ble;).

By summarizing the results in Case I and Case 11, we complete the proof. O

6.6 Simulation Studies

In this section, in order to verify the developed theoretical results, we demonstrate

the design procedure by applying the proposed robust distributed MPC scheme to a
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multi-agent system consisting of three nonlinear cart-damper-spring subsystems.

The system model of each cart-damper-spring system A;, ¢ = 1,2, 3, is given as

dio(t) = _%6—mi1(t)xil (t) — J\};[_llxﬂ(t) + ui(f) + w;}t)’

where x;; is the displacement of the cart, x;y is its velocity, k; is the linear spring
factor, h; is the damper factor, M; is the mass of the cart, w;(t) is the control force
and w;(t) is the external disturbance. Such a system model has been used in [89] for
a single nonlinear system using the conventional MPC. For simplicity, each agent A;,
i = 1,2, 3, has the same system parameters which are given as h; = 1.1 Ns/s; M; =
1.5kg; k; = 0.25N/m and the control force is required to be bounded as w;(t) € [-2, 2].
The communication links are as follows: Agent A; is able to receive information from
agents Ay and Aj; agent A, is able to receive information from agents A; and As;
agent Ajs is able to receive information from agents A; and As.

The control objective is to design the robust dual-mode distributed model pre-
dictive controllers for the three-agent system according to Algorithm 4. For each
agent, the parameters of the distributed control objective function are the same. In
what follows, let us determine these parameters according to the developed theoretical
results. Set Q; = I, R; = 0.1 and Q;; = 0.11, j € N;. The local state feedback control
gain is given by K; = [—4.2291, —4.7221]. According to Lemma 6.1, the matrix P;
is determined as P; = [4.5619, —2.2731; —2.2731,2.4026] and the terminal set level is
g; = 0.31. The parameter «; is set as a; = 0.98 which satisfies the requirements in
Theorem 6.1 and in Theorem 6.2, where the lower bound & is calculated as 0.0303.
The prediction horizon is designed as T' = 0.4s. By solving conditions in (6.23) and
(6.24), the interval of the sampling period is determined as [0.1212,0.1658]. Thus,
we set 0 = 0.16s, which satisfies the conditions in Theorem 6.1 and Theorem 6.2.
The constants 3; and (; are given as 0.9 and 0.001, respectively. The parameters
r; and =;; are designed as r;; = 0.0038 and Z;; = 0.1281, j € N, which meet the
requirements in (6.22). The bound of the disturbance is set as p; = 0.005 which is
less than the theoretical disturbance bound p. = 0.0068 according to Theorem 6.1
and Theorem 6.2. The parameter f3; is calculated as 3; = 0.3351.

Base on these designed parameters, the robust dual-mode distributed MPC Al-
gorithm 4 is executed by using MATLAB. The simulation results are as follows.

The displacements and velocities of the three-agent system are illustrated in Figure
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7.3 and Figure 6.2, respectively. The control inputs are demonstrated in Figure 7.5.

Closed-loop response of state 1
0.2 ‘ ‘ : :

—#— Agent 1
0.15 —»— Agent 2
Agent 3
0.1} 4

I

0.05f ~ ‘ : : 4 .

-0.05f 4

x,[m]

-0.1+ 4

—0.154 . ! ! . 4

-0.2 4

-0.25f 1

0 05 1 15 2 25 3 35 4
tfs]

Figure 6.1: Control performance for the displacements of three agents.

Closed-loop response of state 2

—#— Agent 1
0.4 —»— Agent 2 |
Agent 3
0.3f B

02t ~ ‘ : : 4 .

0.1 4

xz[m/s]
o

-0.1} 4

-0.2F . . . . . 4

-0.3+ 4

-0.4H 4

-0.5
0

0.5 1 15 2 25 3 35 4
t[s]

Figure 6.2: Control performance of the velocities of three agents.

From Figure 6.1 and 6.2, it can be seen that the robust dual-mode distributed
MPC algorithm robustly stabilizes the three-agent system. Figure 6.3 reveals that
the control input constraints are satisfied and the designed Algorithm 4 is feasible.

Furthermore, to verify Theorem 6.2, we demonstrate the trajectory of each agent
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Control input

—#— Agent 1

15k : : : —— Agent 2| |
' Agent 3

u[N]

2 i i i i i i i

t[s]

Figure 6.3: Control inputs of three agents.

and its convergence set in Figure 6.4 1, 6.5 2 and 6.63, respectively. By observing these
figures, it can be seen that each agent system is robustly stabilized and converges to

the theoretical convergence set.

6.7 Conclusion

In this chapter, we have investigated the robust distributed MPC problem for a group
of decoupled constrained nonlinear agent systems with external disturbances. By
introducing a robustness constraint, we design a novel robust dual-mode distributed
MPC algorithm which can deal with bounded external disturbances. Based on the
triangle inequality and the Gronwall-Bellman inequality, it has been proved that the
feasibility of the robust dual-mode distributed MPC algorithm can be guaranteed if
the sampling period is appropriately chosen according to the established condition and
the external disturbances are bounded by some critical values. Furthermore, it has
been shown that, the overall agent system can be stabilized into a robustly invariant

set, provided that the sampling period, the disturbances and the cooperation weights

IThe blue line represents the trajectory of agent A; which is derived by the simulation and the
area of the light green ellipsoid is the convergent set calculated according to Theorem 6.2.

2The blue line represents the trajectory of agent A, which is derived by the simulation and the
area of the light green ellipsoid is the convergent set calculated according to Theorem 6.2.

3The blue line represents the trajectory of agent Az which is derived by the simulation and the
area of the light green ellipsoid is the convergent set calculated according to Theorem 6.2.
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System trajectory of agent 1
05r :

[ Convergence set
Trajectory
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Figure 6.4: Trajectory of agent A; and its convergence set.

System trajectory of agent 2
02r :

[ Convergence set
Trajectory
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Figure 6.5: Trajectory of agent A, and its convergence set.

satisfy the designed conditions.

Interesting future work will concern the following aspects: (1) The distributed
MPC relies heavily on communications among subsystems. In practice, the commu-
nication networks may not be reliable, so the design of a robust distributed MPC
considering communication constraints is to be pursued. (2) In this study, only the

information on the bound of disturbances is used, but the distribution and statistical
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System trajectory of agent 3
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Figure 6.6: Trajectory of agent A3 and its convergence set.

information of disturbances is not incorporated into the analysis. Therefore, it is
desirable to develop a stochastic distributed MPC to incorporate the statistical prop-
erties of the disturbances. (3) This study is focused on the large-scale system with
decoupled subsystems. An extension can be made by tackling large-scale systems

with coupled subsystems. These topics require further investigation.
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Chapter 7

Distributed MPC of Large-scale
Nonlinear Systems with

Communication Delays

7.1 Introduction

Chapter 6 designs a novel distributed MPC algorithm to deal with the external
disturbances by implicitly assuming that the communication networks are perfectly
reliable. But this assumption may not hold in practice. The hardware constraints
and/or network congestions are apt to induce communication imperfections such as
time delays, especially when the communication networks shared by large-scale sys-
tems. The communication delays, resulting in delayed information exchange among
subsystems, may inhibit the use of the existing distributed MPC strategies and ren-
der the results invalid. This motivates this chapter to consider communication delays
when designing the distributed MPC for large-scale systems.

It is worthwhile to note that the distributed MPC problem for a class of decoupled
discrete-time nonlinear systems with delayed system state has been investigated in
[31], where the delayed information is dealt with by bounded disturbances. Unlike
the work in [31], this chapter will investigate the distributed MPC problem for a
class of decoupled continuous-time nonlinear systems, by explicitly incorporating the
communication delays into the MPC design and rigorously analyzing its effect to
the system performance. In addition, the communication delays considered in this

chapter can be time-varying. To focus the attention to the issue of communication
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delays, the external disturbances will not be considered in this chapter, but they will
be further dealt with in next chapter. The main contributions of this chapter are
two-fold:

e A robust distributed MPC scheme is designed. Based on the robustness con-
straint [70], and by proposing the waiting mechanism, a novel distributed MPC
strategy is designed such that it can deal with bounded time-varying commu-

nication delays.

e The feasibility and stability analysis are conducted. In particular, the iterative
feasibility of the proposed scheme is proved and the sufficient conditions for
guaranteeing the closed-loop system stability are developed. We show that,
the stability of the overall closed-loop systems is related to the upper bound of
the communication delays, the sampling period and the cooperation weights.
We believe that these results not only provide a rigorous tool for theoretical
analysis, but also facilitate the design of distributed MPC with communication

delays.

The rest of this chapter is organized as follows. In Section 7.2, the design problem
is formulated and the preliminary assumption is presented. The delay-involved dis-
tributed MPC strategy is designed in Section 7.3. In Section 7.4, the feasibility and
stability are analyzed. The theoretical result is verified in Section 7.5. Finally, the
conclusion remarks are presented in Section 7.6.

The following notations will be used throughout the chapter. The real space is
denoted by the symbol R and the collection of the integers 1,---, M, is represented
as {M}. Given a matrix S, the transpose and inverse (if invertible) are denoted as
ST and S™', respectively. For a column vector v, the notation ||v|| stands for the
Euclidean norm and ||v||s £ vvTSv represents the S-weighted norm with respect
to the matrix S. For a given matrix S, by S > 0 (S > 0) it means that the ma-
trix S is positive definite (semi-positive definite); the notation A(S) stands for the
eigenvalues of the matrix S; the maximum eigenvalue is denoted as A(S) and the

T T T

minimum one is denoted as A(S). The column operation [v{, vy, ,v

, U, |7 18 written

as col{vy, vy, - -+ , v, } for column vectors vy, vy, - - -, v,. Given two sets Ay C A; C R",
the difference between the two sets is defined as A; \ Ay 2 {z]|z € A, 2 ¢ Ay},
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7.2 Problem Formulation and Preliminaries

Consider the large-scale nonlinear system that comprises M subsystems:

where i € {M}, is the subsystem index; z;(t) € R™ is the subsystem state; u;(t) € R™
is the control input; f; : R” x R™ — R" is a twice continuously differentiable function
with f;(0,0) = 0. Due to the actuator saturation, for each subsystem i, the control
input u;(t) is constrained in a compact set U; including the origin as an interior point.
Assume that for any z? € R” and any piecewise continuous control input w;(t) € U;,
the differential equation in (7.1) has an unique solution. The overall agent system

can be characterized as:
i(t) = f(x(t),u(t)) t=0,2(0)= =, (7.2)

where z(t) = col{xy(t), - ,zp(t)}, w(t) = col{ui(t), - ,up(t)}, o = col{a?,
et and fx(t),u(t)) = col{ filai(t), ur(t), -, far(wnr (t), une(t))}

Suppose that each subsystem ¢ can receive information from its neighboring sub-
systems (neighbors) whose indices are denoted by N; with N; C {M} and N; # 0.
The cooperation among the subsystems is achieved by designing the cooperation
weights and the control objective function in (7.4). The cooperation weights from the
subsystem ¢ to its neighbors are designated as r;; > 0, where j € N;. Note that the
described large-scale system associated with the communication topology/structure
has been used for modeling many systems such as a group of vehicles [130], a team
of robots [23, 31] and power generation systems [150].

In the existing frameworks of the distributed MPC [23, 31, 61], it is implicitly
assumed that all the information can be transmitted successfully among the subsys-
tems during the sampling period. In this study, we consider a more practical scenario.
That is, for each subsystem, the information transmitted from its neighbors to itself
will be subject to time-varying communication delays. The objective of this chap-
ter is to design a distributed MPC strategy which explicitly takes into account the
communication delays.

In what follows, some well-developed results are recalled. Consider the linearized
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dynamics of each subsystem i:

where Az = (9f, ([L’Z’, ul)/ax, |(070) and Bz = af,(x,, ul)/0u2|(070)

Assumption 7.1. [21, 11, 23] For the system in (7.3), there exists a state feedback
control law u;(t) = K;x;(t) such that the closed-loop system &;(t) = ASz;(t) is stable,
where AS £ A; + K;B;.

Lemma 7.1. [97, 11, 21, 70] Suppose that Assumption 7.1 is satisfied. For the
subsystem in (7.1) with two matrices R; > 0 and Q; > 0, there exist a constant
g; > 0, a stable state feedback control gain K; and a matriz P; > 0 such that: (1)
The set Qi(e;) = {i(t) : Vi(ws(t)) < €2} is an invariant set for the system ;(t) =
filzi(t), Kizi(t)); (2) for any x;(t) € Qi(e;), the control input constraint is satisfied
as ui(t) = K;xi(t) € Uy and it has Vi(x:(t)) < —||a(t)] 297 Here, Vi(x;(t)) = ||lz:(¢)||3,
and QF = Q; + KI' R K.

7.3 Distributed MPC with Communication Delays

In this section, the modeling of the communication delays and a waiting mechanism
are first presented. Then the constrained optimization problem and the delayed-
involved distributed MPC scheme are proposed.

In order to describe the communication delays, let us first divide the time domain
by the time instants t, K = 0,1---. Assume that at the time instant t;, all the sub-
systems generate the control signals simultaneously and send their state information
to the subsystems that are connected to them. At the time t; + 0, each subsystem
measures its system state, where ¢ is the sampling period. There are communication
delays occurred for the transmitted information among the communication networks.
As a result, each subsystem may not be able to receive its neighbors’ information at
the time t; + 0.

For each subsystem 4, the communication delay of the transmitted information
from its neighbor j to it, is denoted by T]ij at time instant ¢;, and it is assumed that
T]ij < 7. Due to the communication delays, the information from the neighbor j will
be received at t; + 0 + 7,0 by the subsystem i. Define 77 = max;cp; {7)’} and #i as

the time instant when the subsystem i receives all the information from its neighbors.
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It can be seen that ¢;_ ; = t; + 6 + 7;. Furthermore, define 7, = max;c(yn{7;} and
the time instant ¢;,; that is used to synchronize all the subsystems, is determined as
tkr1 =t +0+ 7. Note that the subsystem i could generate the control signal at time
fi .1 on its own, since it has already received all the information from its neighbors and
sampled the system state. However, in order to keep the overall system synchronized,
it will not generate the new control signal until the time ¢;,; when all the subsystems
receive their neighbors’ information and the overall system can generate the new
control signals simultaneously. This strategy on dealing with communication delays

is referred to as the waiting mechanism. See an example in Figure 7.1 for more details
1

tk tk+1
System clock I ‘ -
zi
5 tk+1
Agent 1 I | } } >
i
. 7,
Neighbor [; }L‘—k‘
iy
. T,”
Neighbor I, }L‘L‘
iy
. T
Neighbor I } g | T |
i
! 5 tk+l
Agent J I } >
Jh |
. T |
Neighbor J, } g & |

Figure 7.1: Example of applying the control actions according to the communication
delays

For each subsystem ¢ at time instant t;, the cooperative control objective function

'In this example, there are two subsystems. One is the subsystem ¢ with three neighbors i1, is
and i3, and the other is the subsystem j with one neighbor j;. At time ¢y, the overall system is
synchronized and the optimal control inputs are applied for the subsystem ¢ and j, and the assumed
state information begins being transmitted from their neighbors to the subsystems ¢ and j. The
system states are measured at time instant t; + d. For the subsystem i, the time delays from its
neighbors to itself are T,iil, T]iiz and 7’;:3, respectively. Since T,iil < T,i” < T,ii?’, it has T]i = T]ii?’ and
all the neighbors’ information has been received at time ¢}, 1 =t+ 0+ 7. For the subsystem j, the
time delay from its neighbor to itself is T]zjl. So fiﬂ =t +0+ le =t +0+ Tijl. Since T,z > 71,
the synchronized time of the subsystem ¢ and j will be at tp4+1 =t +d + lejl, and the subsystems
1 and j will generate and apply the new control signals at the time t51.
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is defined as:

totT
Ji( (s th), Walss t), 22, (53 t)) = / 125 (55 1)1, + 1 (s; )|,

7%
+ ) rillE(site) — 25 (s t0) 15, ds
JEN;

+ 12t + Tt I3, (7.4)

where Z;(s;t;,) is the state trajectory governed by ;(s;ty) = fi(Zi(s:ty), Gi(s;te));
t;(s;ty) is the control trajectory to be designed; 29(s;tx), j € N, are the assumed
state trajectories of the neighbors of the subsystem ¢, which will be specified in Prob-
lem P;; the matrices P, (); and R; are determined by satisfying Lemma 7.1; @Q;; > 0,
J € N; are the given cooperation matrices; r;;,7 € N; are the cooperation weights
to be designed; T is the prediction horizon satisfying T" > 6 + 7. Note that the
similar control objective function has been used in many works, such as [23, 31, 61],
to achieve cooperation. However, there are two differences for the control objective
function in (7.4) because of the communication delays. In general, the prediction
horizon is required as 7" > ¢ and the relationship 5,1 — ¢, = 6 holds. But in this
study, it is required that T > 6 + 7 and we have t; 1 — t. = 0 + 7%.

For each subsystem ¢ at time tj, the control trajectory is generated by solving the

following optimization problem:

Problem P; : G} (s;tx) =arg min J;(Z;(s;t), Gi(s; tr), T—i(s; tx)), subject to:

0 (s5tk)

Ti(s;te) = fi(@i(s;th), wi(s;te)), s € [t tr + T)

:f:?(s;tk) = fi(25(s;tk), 05 (s;tk)), s € [tr, tx + T

wi(s;ty) € Ui, s € [te, t + T

|Zi(s;te)||lp, < sT——a;kEi’ s € [ty + 6, tp + 1. (7.5)
Here, 4§(s;ty), j € N;, is the assumed control trajectory, 2%(s;tx) is called the as-
sumed state trajectory for the neighboring subsystem 7, ﬂ;(s; t1) is the optimal control
trajectory, &} (s;tx) is the optimal state trajectory, the parameter a; (1 > a; > 0) is a
constant used to adjust the robustness constraint in (7.5), €; is the parameter of the

terminal set which can be determined from Lemma 7.1.

It is noted that the robustness constraint (7.5) in Problem P; has been used to
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deal with the effect of the external disturbance in [70]. In this study, this robustness
constraint is adopted to render the state trajectory bounded by a decreasing function,
enhancing the stability of the closed-loop system, so that it is capable of tolerating
the communication delays.

For each subsystem ¢ at time t;, the assumed state trajectory to be used at time
tis is generated by 2%(s;tep) = fi(29(8: tprr), 04(s;tes1)), 8 € [trets tosr + T, with
T (tg1;the1) = @5 (tgs1, ty). The assumed control trajectory G¢(s;tg,1) is generated
similarly as in [23, 21, 31]:

a ay(s;tr), if setiprte+ 7T
i (85 thy) = ) _ ! (7.6)
Kixf(s; tk+1), if se [tk + T, tk+1 + T]

Here, we also employ the so-called dual-mode MPC scheme for each subsystem 1
(97, 21, 70]. Specifically, the control signal is generated by solving Problem P; when
the state of the subsystem 4 is not in the terminal set ;(e;); the control signal is
switched to the state feedback control law w;(t) = K;z;(t) when the state is in the
terminal set.

By integrating the control signal generation mechanism, the generation of the
assumed state trajectories, and the dual-mode MPC mechanism, the delay-involved
distributed MPC scheme can be described as follows:

Step 1 For each subsystem 7, at time #;, if the state is in the terminal set €;(;), go
to Step 5; otherwise, generate the optimal control trajectory uf(s;tg), s €
[tk, tx + T'] by solving the optimization problem P;; generate the assumed state

trajectory 2¢(s;tg+1), S € [trt1, tks1 + 1 and send it out.

Step 2 During the time interval [ty, t,+3d+77], apply the control input @} (s; t;); measure
its state at time t; + 0 and receive all the assumed states of its neighbors at
time ¢ + 0 + 7.

Step 3 During the time interval [t;, + & + 7/, ¢x + 0 + 73], still apply the control input
uf(s;tr); at time 41, synchronize the subsystem ¢ according to the system

clock.
Step 4 Repeat Step 1 to Step 3.

Step 5 Generate the control input as w;(s;t;) = K;x;(s;t;) and the assumed state

trajectory &7(s;trt1) as x;(s;tpq1) by @i(s;tes1) = fil@wi(s;terr), Kixi(s;thtr))
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and send the assumed state trajectory out.

Remark 7.1. It is worthwhile to note that all the subsystems are likely to become
asynchronous due to the communication delays, so they need to be synchronized at
each time ty as in Step 3. This is different from the scheme in [70, 23, 61] where
all the subsystems only need to be synchronized at the initial time instant and will
be automatically synchronized in the following time instants. In addition, the delay-
involved MPC scheme amounts to the classic MPC' scheme with time-varying sampling
periods if a sampling period 0, is re-defined as &, = § + 7, (this is because tj 1 —t), =
d + 1 and Ty, is time-varying). Therefore, the feasibility and stability analysis of the

distributed MPC with communication delays is more challenging, yet necessary.

7.4 Analysis

In this section, we first study the iterative feasibility problem for the delay-involved
distributed MPC scheme. Then the stability of the closed-loop system is analyzed.
Accordingly, the stability conditions including the bound of the communication delays

are established.

7.4.1 Feasibility Analysis

In order to prove the iterative feasibility of the delay-involved distributed MPC

scheme, an assumption for the initial feasibility is made.

Assumption 7.2. For each subsystem i, given the prediction horizon T > 6 + T,
there exists a feasible solution to Problem P; for some initial state 0 and the initial

assumed state trajectories x;(s;tg) = 0, where j € N; and s € [to, t1].

It is noted that Assumption 7.2 is fairly standard. The similar assumption has
been made in [23, 21, 61] for the distributed MPC. For each subsystem ¢ with the
given prediction horizon 7', we denote the set consisting of all the initial states in
which Problem P; admits a feasible solution as the feasible set Z;. The feasible set

for the overall system is defined as Z £ Z;--- x --- Zy,.

Theorem 7.1. For the system in (7.2), suppose that Assumption 7.1 and 7.2 hold
for each subsystem. Then the proposed delay-involved distributed MPC scheme is
iteratively feasible in the feasible set Z.
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Proof. The proof is derived by induction. Firstly, according to Assumption 7.2, the
constrained optimization problem P; associated with each subsystem ¢ is feasible at
time to for any 29 € Z;. Second, we assume that the constrained optimization problem
P; is feasible at time t;, k > 1, for each subsystem i. Third, we need to prove that
there exists a feasible solution to Problem P; at time ¢;,, base on the optimal solution
at time ;. Similar to [97, 23, 21], for each subsystem i at time t;, 1, we choose the

conventional feasible solution (control trajectory) candidate as

~ ay(s;te), if s€ [tpyr,tn+ T,
Ui (83 th+1) = } ‘ (7.7)
Kil'i(S; tk+1), if se [tk + T, tk+1 + T]

where Z;(s;t;41) is the system state trajectory generated by the feasible control tra-
jectory candidate w;(s;tg11). In what follows, we shall prove that the candidate

U;i(S;tk1), S € [the1, ter1 + T is indeed a feasible solution at time #j..

S1) The control input constraint is satisfied. Since @ (s;t;) is the optimal solution
to Problem P; at time ty, it can be seen that @;(s; tx1) € U; for s € [tgy1, t+T7.
According to the robustness constraint in (7.5) and Z;(tx + T;tr1) = Z5(tr +
T;tr), one has &7 (tp + T;tx) € Qi(g;). Therefore, in terms of Lemma 7.1, we
have @;(s;tr41) = KiZi(s;tgr1) € U; for s € [ty + T, tpr1 + T]. That is, the
control trajectory candidate @;(s;tgy1), S € [ter1, ter1 + T, satisfies the control

input constraint.

S2) The robustness constraint in (7.5) is satisfied. Firstly, we derive an upper
bound of the feasible state candidate Z;(s;tg+1), s € [tk + 71, tg+1+71)]. Since the
state feedback control law K;Z;(s;t,y1) is applied during this interval, we have
Vi(Zi(s; 1)) < —[|Zi(s; tera)]
by applying the comparison principle [64], we can obtain

&+ according to Lemma 7.1. Similar to [70, 21],

|Zi(s; trsr)|lp, < Fi(s), s € [te + T, toyr + T, (7.8)

where Fi(s) £ e~ M@=t =T)/2AF)) - Second, we complete the proof by

discussing three cases.

— Case l: 0+71 < T < 20+7,. In thissituation, one has tp 1 < tp+71 < tr1+
. According to (7.8), we have ||Z;(s; tit1)||lp, < Fi(s) < Tougi /(s — thsr),
S € [tk+1 + 5, trr1 + T]
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— Case II: 20 + 17, < T < 20 + 7 + T21- In this case, one has t; 1 + 6 <
t+T < tip1+0+Tp1. For s € [ty +0,t,+ T, we have ||Z;(s; tpt1)||p, =
|25 (s;ti)llp, < Tayei/(s—tr) < Taye;/(s—tgy). Fors € [t + T, tp1+T],

p, < Fi(s) < Tauei/(s —tg41) in terms of (7.8

we can obtain ||Z;(s; tg11) ).

— Case IlIl: 204+74+7541 < T < TH7+6. In this case, one has tg 1 +0+7k11 <
ty + T <ty 1 +T. The similar result of Case II can be applied to derive
1Zi(s5 tir1) I, < Teviei/(s — tiy), 8 € [ther + 0, tgpr + 17

By summarizing S1) and S2), we have shown that the robustness constraint and the
control input constraint are satisfied at time ty1, i.e., G;(s;tg41), S € [tor1, toerr + 717,

is a feasible solution to Problem P;. The proof is completed. O

7.4.2 Stability Analysis and Delay Bounds

In order to prove the stability of the overall system, we first present an important

result in the following lemma.

Lemma 7.2. For the overall system in (7.2) by implementing the delay-involved dis-
tributed MPC scheme, suppose that Assumption 7.1 and 7.2 hold. For each subsystem
i, if the system state x;(s;tx) € Z; \ (&), s € [ty, tkr1], then the following holds:

AJi(z; (s;ty)) < — (0 + Tk)%\((il)) £
tk—i-ZT ) T2
+ ]§ Tij /tk+1 (MQij, Pr)aiei + MQij, Pj)aej] mds
+ (6 + 1) D riNQy Paiei + MQuys P)ae, ],

JEN;

where

AJ; (@} (s3tr)) 2Ti(2F (8 tegr), @5 (85 trr1), 2%5(5 tegr)
— Ji( @] (s5t), 5 (8 tk), 225 (s5 1))

Proof. Let us start by considering AJ;(x?(s;ty,)), which is defined by J;(Z;(s; tps1),
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i(S5th1), T (85 th1)) —Ji(25 (s5tk), Uf(s;te), 2%, (s;tk)). Specifically, we have
AJi(z3(s;t;))

ter1+71 ) )
:/ 12i(s; Lo )0, + @i (s; te) I, + 735 Z |2 (s tht1)
tpe+T ]EM

totT
— @5(s;try) |5, ds + / 1 (55 ter )15, + N (ss thga) I,

tet1

i ) Fa(si trn) — (53t I, ds

JEN;
to+T
- / 125 (5t 1B, + 185 (s i)l 7, + 7y > 1127 (s5tk) — 25 (s: )18, ds
tet1 JEN;
K 2 . 2 . . 2
- / 125 (st &, + 15 (s ) 3 + a5 > N85 (5 t) — 25(s; ta) 15, ds
bk JeN;

1% (tss + Tt — lloF (6 + Tsta) |13

According to the feasible control trajectory in (7.7), one has @f(s;tx) = @;(s;tri1)
and Z;(s;tpy1) = Zf(s;tx) for s € [tgsr,tx + T). By plugging these results into
AJi(z*(s;ty,)), we obtain

AJ(wi (s th))

tp1+T
</ 1Z:(55 tra) G, + NT(s; thn) | R ds + |Za(thn + T tes) |7,
tt+T

top1+T
et Tl [ s ten) — (st ds
tk+1 JGM

th+1 ) )
- [ Il + s ) s
tg

Since Z;(ty + Titpr1) = T (tp + T5tr) € Qui(e;) and @;(s;tes1) = K;Zi(s;tger), for
s € [tr 4+ T,tpsr + T], Lemma 7.1 can be utilized. As a result, [|Z;(s;tr41)][3,
s i), < —Vil@i(5 o). Thus,

5 top1+T
AJi(@;(s:tk)) </ rig Y E(ss ter) — 25 (sitren) 8, ds
tk+1 JGM

tpi1 ) )
- / 132 (s: )2, + it (s ) 2, ds.

ty
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Due to z;(s;t;) € Z; \ Q4(g:), s € [tg, trs+1], it can be obtained

tp1+T
AT (s ) <ry 3 / 1753 trsn)llay + 1132(s: tsr) | g, s
Tt

JjeEN;
Q) ,

((5 + 7 k)
In terms of the satisfaction of the robustness constraint in (7.5), one gets

- Tao;
1Zi(s3 tra)ll Qi < MQus P Zals3 trn) s < M@y Bi) - — s € et +T7.
(7.10)
Analogously, one has

Qi S MQij, P)INET (s: k)| p, < MQij, Fy) T_t €j; 5 € [te, te + 1.

(7.11)
In addition, since Z;(ty + Titpy1) = Tf(tx + Titr) € Q(aue;) and G(s;tgyr) =
K;%;(s;tg41) is applied for s € [t + T, tg1 + T, it can be obtained

15 (55 te41)

1Z: (3 trvr) @iy < MQijy Po)|Zi(s3 tra) | o, < MQujs Pi) ey s € [t + T, trgr + T7.
(7.12)
Using the same line of reasoning as (7.12), for s € [ty + T, tx41 + T, we have
125 (53 tr) @i, < MQij Bi)125 (85 tes) |, < M@, Fy)eyie, (7.13)

By substituting (7.11)-(7.13) into (7.9) and applying AJi(z7(s; 1)) < AJ; (2 (s; 1)),

the result in Lemma 7.2 can be obtained. This completes the proof. O

Based on Lemma 7.2, the stability result is summarized in the following Theorem
7.2.

Theorem 7.2. For the overall system in (7.2) with initial state xo € Z, suppose
that Assumption 7.1 and 7.2 hold and the delay-involved distributed MPC' scheme is
used. Then the state of the overall system is stabilized to the equilibrium point, if the

communication delays are bounded as

by + /b = 302
no< it Vi s i1, M, (7.14)
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the parameter b; is designed as b; € (1,4/3) and the sampling period is designed as

5 | = /A — 30T (b + /4bi — 307)T

2 — 1)  2(b—1) ’

i=1,,M,

where by = 37 Tiglhiou + Agejer tagl?, A £ MQiy, Po)VAR)(A@Qi) 7%, Aij £
MQij, P) VAP)(AMQ)) ™% and j € N;.

Proof. Consider each subsystem i, i € M. If 20 € Q;(g;), then the state feedback con-
trol law w;(t) = K;x;(t) will be used because of the dual-mode mechanism. According
to Lemma 7.1, one has V;(z;(t)) < —||zi(t)]

state of the subsystem i converges to zero. If 2 € Z; \ Q;(g;), the control signal will

é*. By the Lyapunov theory, the system

be generated by solving Problem P;. In particular, if & > 0, 2} (s;tx) € Z;\ Qi(e;) for

S € [tk, tgr1), the result in Lemma 7.2 holds. As a result, we have

AJi(zf(s;tr)) < — (0 + Tk)%\((gl)) &
IO Plave. PVt 1
+j€ZNi7’w[)‘(vaR)0‘zng+A(QvaJ)O‘ﬁJT] [5—1-7% T}
+ (6 +7%) Y i [MQig, P)aies + MQig, Pr)aej],
JEN;

Substituting the delay bound (7.14) into the above inequality, one gets AJ;(x(s;tx))
< 0. By using the same argument in [97], it can be obtained that the subsystem state
will enter the terminal state in some time ¢; < oo, i.e., 27 (t;) € Q;(g;). According to
the dual-mode mechanism, the state feedback signal u;(t) = K;x;(t) will be applied
for all ¢+ > t;. Therefore, the system state of the subsystem 4 will converge to zero.

The proof is completed. 0

Remark 7.2. From the proof of Theorem 7.2, it can be observed that the system
state will first enter the terminal set under the control signal generated by solving
optimization problem. Then it will be driven into the origin by the state feedback
control signal. Theorem 7.2 provides sufficient conditions for ensuring stability, and
it reals that the stability of the closed-loop system s affected by the bound of the
communication delays, the sampling period and the parameter b; which is determined

by the cooperation weights.
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7.5 Simulation

In order to test the proposed distributed MPC scheme and verify the theoretical

result, the simulation studies are conducted in this section.

7.5.1 System Setup

The system to be tested is a mechanical system consisting of three cart-damper-
spring subsystems. For each cart-damper-spring subsystem ¢, ¢ = 1,2, 3, the system

dynamics is described as follows:

@1 (1) = win(),

Fialt) = —ge ™ O (1) — Baio(t) + 402,

where x;1(t) is the displacement of the cart, x; 2(t) denotes its velocity, £ = 0.25N/m
is the spring factor, M. = 1.5kg is the mass of the cart, hy = 0.25 N.s/m is the
damper factor and wu;(t) is the control input. Note that the same model has been
used in [124] for testing the classic MPC and in [70] for the robust distributed MPC
without communication delays. In the overall system, each subsystem is connected
with its neighbors according to the following communication links: the neighboring
indices for the subsystem 1,2,3 are N} = {2,3}, My = {1,3} and N3 = {1,2},
respectively.

In designing the distributed MPC, the matrices @); = I, R; = 0.1 and Q;; = 0.11,
where i = 1,2,3 and j € N;. The matrix P; is designed as P, = [4.5619, —2.2731;
—2.2731,2.4026] and the level set value ¢; of the terminal set is determined as e; = 0.31
using the approaches in [11, 97]; the shrinkage rates of the terminal set are c; = 0.9,
a1 = 0.8 and «a; = 0.85, respectively. The cooperation weights are designed as ri5 =
0.7032, r13 = 0.7032, r9; = 0.7343, ro3 = 0.7343, r3; = 0.6957 and r3s = 0.6957. The
prediction horizon is 7' = 2sec. The constants b;, i = 1, 2, 3 are determined as b; = 1.3,
by = 1.28 and b3 = 1.25, respectively. It can be seen that the cooperation weights
satisfy the condition in Theorem 7.2. The sampling period is designed as d = 0.8sec,
which is in the bound [0.7226,1.2774] determined in Theorem 7.2. Furthermore, in
terms of Theorem 7.2, the bound of communication delays is determined as 7 =
1.2774 — 6 = 0.4774sec.

The initial states of each subsystem are given as z{ = [0.6, —0.2], 2§ = [-0.6, 0.2]

and 2 = [—0.2,—0.2], respectively. The communication delays are generated ran-
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domly with the specified bound 7 < 0.4sec, which satisfies Theorem 7.2. The delays

occurring for subsystems are illustrated in Figure 7.2.

Communication delays at each sampling time

0.5 T T T T T T
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Figure 7.2: Delays of each subsystem and delays for overall system.
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Figure 7.3: Displacements of the closed-loop system.
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Velocities
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Figure 7.4: Velocities of the closed-loop system.
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Figure 7.5: Control inputs of the overall system.

7.5.2 Simulation Results

By applying the proposed delay-involved distributed MPC to the multi-agent system
consisting of three cart-damper-spring subsystems, the displacements and velocities
are illustrated in Figure 7.3 and Figure 7.4, respectively. The control input is depicted
in Figure 7.5. From Figure 7.3 and 7.4, it can be seen that the system state converges

to zero, which verifies Theorem 7.2. By observing the control inputs in Figure 7.5, it
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reveals that the control input constraints are satisfied and the proposed distributed
MPC scheme is feasible.

7.6 Conclusion

In this work, a distributed MPC scheme has been proposed for large-scale decoupled
nonlinear systems by addressing the communication delays. By employing the ro-
bustness constraint and waiting mechanism, the proposed distributed MPC scheme
is capable of dealing with bounded communication delays. The iterative feasibility of
the proposed scheme is proven and the stability conditions including the delay bounds
and the design of the cooperation weights are developed. These conditions provide
a useful criterion for practitioners to design distributed MPC strategy of large-scale

nonlinear systems.
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Chapter 8

Robust Distributed MPC of

Large-Scale Nonlinear Systems:
Handling Communication Delays

and Disturbances

8.1 Introduction

In previous two chapters, two issues, i.e., external disturbances and communication
delays, are dealt with separately. It is well recognized that the design of the dis-
tributed MPC strategy for practical large-scale systems is apt to encounter the two
main issues simultaneously. This chapter will further research by considering a more
practical case: Large-scale nonlinear systems simultaneously subject to bounded dis-
turbances and communication delays. Due to the co-existence of communication
delays and external disturbances, the system state used as an initial value for the
optimization problem is not available. Thus, the system state trajectory needs to
be estimated when communication delays occur, and a new robust distributed MPC
scheme needs to be designed accordingly. The novel robust distributed MPC also
necessitates the investigation of the feasibility and stability issues, especially by con-
sidering the co-effect of communication delays and external disturbances. Extensions
to jointly consider communication delays and external disturbances in distributed
MPC design bring essential technical difficulties which are resolved in this chapter.

The main contributions of this study are three-fold.
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e A dual-mode robust distributed MPC strategy, being capable of handling the
communication delays and external disturbances simultaneously, is proposed. In
order to address the co-effect of the communication delays and external distur-
bances, the robustness constraint [70, 69] is incorporated into the optimization
problem. In addition, a post-predicted state trajectory (which is defined in
(8.11)) is generated when communication delays occur, and the post-prediction

state is designed as the initial system state for the optimization Problem 8.1.

e The feasibility of the proposed robust distributed MPC is analyzed and the
feasible conditions are developed. We show that the iterative feasibility of the
distributed MPC is related to the bounds of the disturbances, the sampling
period and the upper bound of the communication delays, given the initial
feasibility. The specific bounds of these parameters on ensuring the feasibility,

are proposed.

e The robust stability of the closed-loop large-scale system is established and the
sufficient conditions on ensuring the robust stability are developed. We show
that, the stability of the closed-loop system is affected by the upper bounds of
the disturbances, the sampling period, the upper bound of the communication
delays and the minimum eigenvalues of the cooperation matrices. Under the
developed conditions, the large-scale system can be stabilized into a robustly

invariant set.

It is believed that the developed results not only give insights into understanding how
the disturbances and communication delays affect the control performance, but also
provide a feasible robust distributed MPC approach for practitioners.

The rest of this chapter is organized as follows. The notations used in the chapter
will be presented at the end of this section, and the problem formulation and some
preliminary results are given in Section 8.2. In Section 8.3, the new optimization
problem and the robust dual-mode distributed MPC are designed. The feasibility
analysis is presented in Section 8.4 and the stability analysis is developed in Section
8.5. In Section 8.6, a simulation study is reported and the concluding remarks are
summarized in Section 8.7.

The notations used in this chapter are as follows. The symbol N represents the
set of all positive integers; the symbol M is defined as the collection {1,2,--- M},
M € N, and R" stands for the n-dimensional real space. The subscript “T” and
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“—1” denote the transpose and the inverse operation of a matrix, respectively. Given
a matrix P, P > 0 (P > 0) means the matrix is positive definite (positive semi-
definite). The 2-norm of a given column vector v is denoted by ||v|| and the P-weighted
norm is defined as ||[v]|p £ VuTPuv, where P is a given matrix with appropriate
dimension. Given two matrices Q; and Qo, A\(Q;) and A\(Q;) represent the maximum

and minimum of the absolute values of the eigenvalues for the matrix (J;; the notation

MQ1, Q) is defined as A(Q1, Q2) = A(Q1)/A(Q2), where A\(Q3) # 0.

8.2 Problem Statement and Preliminaries

Consider the distributed MPC problem for a large-scale nonlinear system in which

each subsystem (agent) A;, i € M, is described as:

@i(t) = filwi(t), wi(t)) + wi(t), (8.1)

where z;(t) € R" is the system state, u;(t) € R™ is the control input, w;(t) € R
is the external disturbance. For each agent A;, the control input is constrained as
u;(t) € Uy C R™, where U; is a compact set which contains the origin as an interior
point. w;(t) belongs to a compact set W; and is bounded as p; = SUD,, (1w, [|wi(t) ]l

The nominal system of the system in (8.1) can be characterized as:
2i(t) = fi(@i(t), wi(t)). (82)

By defining z(t) = col(z1(t), -, zm (1)), u(t) = col(uy(t), -+ ,upn(t)), w(t) = col(w(t),
wnm(t)), flr,u) = col(fi(zy,ui(t)), -+, fu(@ar, un)), U = Uy X --- X Uy and
W =W, x --- X Wy, the large-scale nonlinear system can be characterized as:

#(t) = f(x(t), u(t)) + w(t), (8.3)

where u(t) € U and w(t) € W.

In the large-scale system, each agent A; is able to communicate with some agents
according to their physical distances. The neighbors of the agent A; are defined as
the agents from which it can receive information. The indices for the neighbors of
agent A; is denoted as N; and the concatenated state vector of neighbors of the agent
A; is denoted as x_;(t). There are time delays of the transmitted information among

the communication links deployed in each agent and its neighbors. The system states
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of the large-scale system in (8.3) are coupled in the objective (or cost) function. The
objective of this chapter is to design a robust distributed MPC scheme for the large-
scale system in (8.3) subject to communication delays and external disturbances, such
that the overall system is robustly stabilized.

Before proceeding, some standard assumptions associated with the system dy-

namics are made. The same assumptions have been made in [23, 21, 70, 69].

Assumption 8.1. For each agent A;, i € M, with the system dynamics in (8.1),
assume that: (a) f;(0,0) =0 and f; : R* x R™ — R™ is a twice continuously differen-
tiable function, and has a Lipschitz constant l; with respect to the first argument; (b)
for any initial value x;(0) € R™, piecewise right-continuous control input u;(t) € U;
and external disturbance w;(t) € Wi, t > 0, the differential equation admits a unique

solution.

In terms of Assumption 8.1, the nominal system in (8.2) can be linearized at (0, 0)

and the linearized system can be derived as:

where Az = 8]‘}/8@\(0,0) and Bz = 8f2/8ul|(070)

Assumption 8.2. The linearized system in (8.4) is controllable, i.e., there exists a
state feedback control law u;(t) = K;%;(t) such that A; = A; + B;K; is stable.

In addition, we recall a well-developed result of the classical MPC (such as [11, 97])

on computing the terminal set, which will be used for feasibility and stability analysis.

Lemma 8.1. For the system in (8.2), suppose that Assumption 8.1 and 8.2 hold.
There exist a constant €; > 0 and a matriz P; > 0, such that, when z;(t) € Q;(&;),

(1) Vi(z;(t)) is a Lyapunov function to the system x;(t) = fi(7;(t), K;7;(t)), in
particular, Vi(Z;(t)) < —[|Z:(t)||% holds;

(2) ui(t) = K;z;(t) € U;, i.e., the control input constraint is satisfied.

Here, Vi(z;(t)) £ ||z:(t)||%,, the terminal set is defined as Qi(g;) = {Z;(t) : Vi(Z:(t)) <
€2}, Qr = Q; + KI'R,K;, where K; is a given stable state feedback gain, and the

parameters QQ; > 0 and R; > 0 are two given matrices with appropriate dimensions.
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8.3 Robust Dual-mode Distributed MPC with De-
lays

In this section, the mechanism to deal with the communication delays is first intro-
duced. Then the constrained optimization problem is proposed to generate control
inputs. Finally, the robust distributed MPC scheme is designed to address the com-

munication delays and external disturbances.

8.3.1 Communication Delays and Optimization Problem

For the large-scale system in (8.3), let us define the sequence {t;},k € N as the
time instants that all the agents are synchronized and the control signals are applied.
At each time instant ty, each agent also sends its state information to the agents
connected to it by the communication networks. At time instants {t; + 0}, k € N,
each agent samples its system state, where the constant > 0 is called the sampling
period. There is information delayed in the communication links, so each agent may
not receive the information from its neighbors during the time interval [ty,t; + ).
For each agent ¢, the communication delay of the transmitted information from its
neighbor A;, j € N, is denoted by T]gi at time instant t,. Specifically, T]zi can be
determined as follows: If the agent A; receives the information from its neighbor A,
within the time interval [tg, t; 4 0], then Tgi = 0; otherwise, Tgi is equal to the length
of the time period between t; 4+ and the time instant when the agent A; receives the
information from its neighbor A;. Define 7§ £ max;cy: {77'}, which is the maximum
delay for agent A,’s neighbors, i.e., at time t;,+7;, agent A; receives all the information
from its neighbors. But the agent A; will not solve the optimization problem to
generate a new control signal until all the other agents receive their information.
This strategy is used to facilitate synchronizing the overall agent system. Define
Tr = max;e {77}, which is the maximum delay for the overall agent system, i.e., at
time ty + 7%, all the agents receive their information. Assume that 7, < 7, where 7 is a
positive constant. Since all the information is available for the overall system at time
instants {tx+J+7 }, all the agents are synchronized to solve the optimization problems
to generate the control signals at such time instants. We thus set t,.1 =t + 0 + 7%.

For each agent A;, we design an optimization problem as follows:

Problem 8.1. Minimize the objective function J;(Z;(s;tx), Gi(s;tx), 2%,(s;tx)) with
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respect to U;(s;ty), and subject to:

S

(83tk) =fi(@i(s;th), wi(s; ), s € [t te + T,
29(sit) =f;(29(si ), 4255 1)), j € Niys € [ty ty + T,
ﬂi(S;tk) Eui,S € [tk,tk +T],

~ TO(Z'
123 (s e )|l p, oo E [te + 0, + T, (8.5)

Ti(te; te) =7 (te; temr +0), 25 (tes te) = T (tr; trn),

where Z;(s;ty) is called the predicted nominal system trajectory, which is generated
by the control trajectory u;(s;tx), U$(s;ty) is called the assumed control trajectory of
the neighbor A; of agent A;, which is used to produce the assumed state trajectory
2%(s;tg). T > 6 + 7 is the optimization horizon; 1 > a; > 0 is called the constraint

shrinkage rate. Here, the objective function is defined as

thtT
Tl ). st 2 (sit)) = [ (st + (i)l
7%
+ 3 s ) — 5 (s 1) 13, ds
JEN;
¥l + o0l 5.6

where T ,(s;t1) is the collection of the assumed states of agent A;’s neighbors, Q; > 0
and P; > 0 are the parameters designed according to Lemma 8.1, QQ;; > 0 is called the

cooperation matrix.

In Problem 8.1, the optimal solution is denoted as @} (s;y), s € [tx, tx + T, and

the assumed control trajectory af(s; ;) is generated as follows [23, 97]:

ar(sity_), if SE€[tptpa+T
ui(s;ty) = (5i-1) et 1] (8.7)
Kill:"?(s;tk), if se [tk—l + T, tk+T].

The post-predicted state trajectory is evolved as follows:
P (s;te +0) = filal (st +0), 4 (s5tx)), s € [te + 0, tx + T, (8.8)

where a? (tp + 0;tp +0) = x;(tx + 9). For each agent A;, the control input is applied
as u(t) = ﬂ:(t, tk) fort € [tk, tk+1].
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Remark 8.1. [t is noted that, the constraint in (8.5) is the robustness constraint
which has been proposed in [69, 70]. This constraint is used to constrain the system
state trajectory by following an upper and a lower bound in order for providing stability
margins, so that the effects of the communication delays and disturbances can be well
addressed. Furthermore, unlike the delay-free distributed MPC in [23, 21, 70, 61], the
initial system state for Problem 8.1 is the post-predicted state a¥ (tg; tx—1+0) at time ty.
It is the best choice by considering the collective effects of the communication delays
and disturbances. This is because the actual state xz;(ty) cannot be used due to the
communication delays, and the post-predicted state x¥(ty;tp_1 + 0) is closer to z;(ty)

compared to the distance between x;(ty) and T}(ty;tx_1) owing to the disturbances.

8.3.2 Dual-mode Distributed MPC Strategy

Like robust MPC schemes in [97, 21, 70], we also adopt the dual-mode MPC mech-
anism to robustly stabilize the overall agent system. That is, the control generation
strategy is different according to two phases. In the first phase, when the system
state is out of the terminal set, i.e., x(t) ¢ Q(¢), where Q(g) = {z; x --- X x)y €
R"™M|Vy(21) < e1,-+, Vir(ap) < e}, the control input is taken from the optimal
control trajectory by solving Problem 8.1. Specifically, for each agent A; at time
instant t, the control input is applied as w;(s;t;) = ul(s;tx), s € [tk, tg+1]. In the
second phase, when the system state enters the terminal set, i.e., z(t) € Q(¢), the
control input is applied by the nominal control law as derived in Lemma 8.1. In

particular, for each agent A;, the control input is designed as
wi(s;ty) = Ki@i(s;ty), s € [te, teer), (8.9)

where ;(s;t;) is generated as @;(s;ty) = fi(Zi(s:ty), Kids(s;t)) with &;(te;ts) =
The specific robust dual-mode distributed MPC strategy with communication de-

lays and disturbances is described by the following two stages.

Stage I x(ty) € Q(e),k=0,1,--- k. — 1

I.1 For each agent A;, i € M, at time t, its neighbors’ assumed state trajectories
x9(s;t), j € Ni are received; the post-predicted system state xf(tx;tr—1) is

calculated; the control input u}(s; ) is generated by solving Problem 8.1 and
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applied to the actuator; the assumed state trajectory 2%(s;t;) is generated and

sent through the communication networks.
1.2 For each agent A;, i € M, at time t; + J, the system state is measured.
[.3 The overall system is synchronized at time t; + 0 + 7. Go to the step I.1.
Stage II: z(tx) € Q(e), k = ke, ke + 1, -

I1.1 Foreach agent A;, i € M, at time instant t, the system state x;(¢;) is measured;

the control input as in (8.9) is generated and applied to the actuator for [t, tx41).

8.4 Feasibility Analysis

In this section, the iterative feasibility of the robust distributed MPC scheme is
analyzed using the induction principle, and the sufficient conditions on ensuring the
feasibility are developed. First of all, a feasible solution candidate is constructed and
an assumption is made to render the distributed MPC scheme feasible at the initial
time instant. Second, some auxiliary results are developed to facilitate the derivations
for the last subsection. Finally, the conditions are proposed to guarantee that the
feasible solution candidate is indeed a feasible solution, and the induction principle

is applied to prove the feasibility.

8.4.1 Feasible Control Trajectory and Initial Feasibility

In order to prove the iterative feasibility, we need to construct a feasible control
trajectory (i.e., a feasible solution to Problem 8.1) at time ¢, based on the optimal
control trajectory at time t;. The feasible control trajectory at time #;,; is denoted

as U;(s; tyy1) for each agent A;, and it is designed as follows:

wr(s;ty), if sé&ltp,t+T),
(53 tesr) = (532 i, i -] (8.10)
Kii’i(s; tk+1), if se [tk + T, thr1 + T],

where Z;(s;tg41), S € [ter1, ter1+7T] is the feasible state trajectory, which is generated
as:
Ti(sither) = [i(@i(Sithmr), Ui(Sithr)), 8 € [tosrs torr + T,

with i’i(tk—l—l; tk+1) = S(Z?(tlﬁ_l; tk + 5)
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Remark 8.2. Note that the way of generating the feasible control trajectory is similar
to [23, 21, 70, 69, 31], but the dynamics of the feasible control trajectory and state
trajectory used in this study are different. In [23, 21, 70, 69], the initial value for
generating the feasible state trajectory is precisely the system state x;(txy1). But
the initial value in present study is the post-predicted state af(txi1;t + 0) due to
the communication delays, which make the analysis essentially different and more

challenging.

Before utilizing the induction principle, it is required that the distributed MPC
scheme is feasible at the initial time instant. The initial feasibility problem or the
calculation of initial feasible set is a difficult problem (even for classic nonlinear MPC
algorithms), which deserves further study. Like some existing MPC schemes in [23,
21, 69, 70|, we make an assumption on the initial feasibility and focus on the main

topic.
Assumption 8.3. For each agent A;, i € M, given the prediction horizon T, the

initial system state x;(to) and the initial assumed trajectories x5(s;tg), s € [to, to+1T7,

j € N, there exists a solution to the optimization Problem 8.1 at time tg.

8.4.2 Auxiliary Results

In order to prove that the designed feasible control trajectory is indeed feasible, we
need to show that it fulfills the control input constraint and the resultant feasible
state trajectory satisfies the robustness constraint. Further, several results related to
xi(s;ty), @5 (s;tr), ¥ (s;t, + 0) and Z;(s;tr1) are developed. These results also play
instrumental roles in the stability analysis. Firstly, an upper bound of the distance

between x;(s; tx) and at(s; ¢, + 0) are developed.

Lemma 8.2. For each agent A;, i € M, with the system dynamics in (8.1), if
Assumption 8.1 holds, then the following holds:

s (55 ) — 2P (515 + 0)||p, < (5 —te — ) A/ MNP psei ™79 s € [ty + 6, tpyq]. (8.11)

Proof. According to the generation of z¥(s;tx + d) in (8.8), we get

B =@ty + 63 tk) + filwi(ts i), 47 (8 te)) + wi(ts ti)dt
tr+0

i (s5th) — (85t + )

— af (g + 65t +0) — fi(@f(t; i +0), 4 (t; ) )dt|| p,.
tk+5
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By using a¥ (¢ + ;) + 0) = x;(tx; tx) and applying the triangle inequality, we have

(5 ) — 27 (st + )|, <|| wi(t; ) dt| p,
oo

s [0, st

k+0
— filwi (£ bk + 0), 47 (4 1)) || p.dit.

In terms of Assumption 8.1, the following can be obtained

li(s3te) — 27 (s1te + 0)[[p, <(s =t — 0)\/MBP)pi

+zi/ s (t: 1) — 22(t: 1 + 0)) | p .
t

k+6
Finally, the result in (8.11) follows by using the Gronwall-Bellman inequality. O

Based on Lemma 8.2, an upper bound of the distance between z;(s;t;) and

T (s;ty) is developed in the following lemma.

Lemma 8.3. For each agent A;, i € M, with the system dynamics in (8.1), if

Assumption 8.1 holds, then the distance between x;(s;t) and &} (s;tx) are bounded as

i3 th) — @7 (55 L)

P, < [Tk_lelﬂk*l + (S — tk)] X(H)pieli(s_tk), S € [tk, tk+1]. (812)

Proof.

i3 th) — 27 (s; 1)

ty
- [ A, i)l
tg

< ( tkvtk> 5 (s te)|lp + (s — t) \/ P;)pi

where the conditions in Assumption 8.1 and the triangle inequality have been applied
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in the last step. According to Lemma 8.2, we have

lwis; t) = &5 (53 t) e, < Timaf AP i ™ + (5 — t)\/ A(P)pi

Ll / ool ) — 2508 60) | .
ti

By applying the Gronwall-Bellman inequality, the result in Lemma 8.3 follows. [

Inspecting the generation of the feasible control trajectory in (8.10), it can be seen
that the feasible control trajectory u}(s;tx41) will fulfill the control input constraint
for s € [ty + T, tgr1 + T, if the feasible state is in the terminal set at ¢, + 7" according
to Lemma 8.1. With the help of Lemma 8.2 and Lemma 8.3, the sufficient condition

that guarantees Z;(tx, + T';tr41) € Q4(g;), is presented in the following theorem.

Theorem 8.1. For each agent A;, i € M, suppose that Assumption 8.1 is satisfied.
Given the prediction horizon T, the sampling period 0 and the disturbance bound
pi < (1 —y)ei/ (W MNP)delT), if the communication delays are bounded as

\/ AP pilme ™ T 4 (rp_qe 1 + 6 + 1)) < (1 — ay)es, (8.13)
then i’l(tk + T7 tk+1) S Ql(ﬁl)

Proof. According to Problem 8.1, we have that (¢, + T t) € Q;(a;e;). To proceed,

we consider the distance between ;(s; tx41) and &7 (s;t)) as:

1Zi (55 trr1) — 27 (s:te)|| Py 8 € [trars tr + T,

S

=12 (tht1; thrr) + fi(@i(t; trgr), Uilts tpqr) )dt
trt1

— & (erite) — | Si(@7 (G ), 45 (8 k) dt] |

tkt+1

< Zi(teg1s thrr) — ziltesn) | p + |2i(trgr) — 25 (kg te) || 2,

[t tn) - a6t nde
tet+1

where the triangle inequality has been used in the last step. In terms of Lemma 8.2,

we get || % (tey1stesr) — Ti(tir)||lp, < T/ A(Py)picti™. By using Lemma 8.3, it can

be obtained that ||z;(tg11) — 2 (tess; te)|| B, < [Teo1€1 4 (8 + 1) A/ A (B) pscli 7).
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Substituting these two results into the above inequality gives rise to

1Z:(s; torr) — 25 (s tw)|| Py s € [trns te + T,
STi/ AP pie'™ 4 111 4 (8 4+ )|y / AN(Py) pi 0T

o / G40t trsn) — 22(E: )| .

tet1

By applying the Gronwall-Bellman inequality, we get

|Zi(s;tesr) — Z5 (s;te) |y S € [trsr, te + T,

< S\(Pz)pz [Tkeli(s—tk+1+7'k) + (Tk_lel“—k*l +6+ Tk) 6li(5+5+7'k—tk+1)] . (814)
Plugging s = t; + T into (8.14) gives

|Zi(the + Ty togr) — 25 (b + T )

Py

SV AP pilme T 4 (1™t 6 4 )] T,

By using & (tx + T;5tx) € Qi(cue;) and the condition in (8.13), it can be obtained
1Zi(te + T thir)

p, < g;. The proof is completed. O

Remark 8.3. [t is noted that the requirement imposed on the disturbance bound in
Theorem 8.1 provides a necessary condition for satisfying (8.13). That is, only for
such bounded disturbances, the condition in (8.13) can possibly be satisfied with some

communication delays, and Z;(ty, + T;tr41) can be driven to the terminal set £;(g;).

Remark 8.4. Theorem 8.1 indicates that, both the communication delays T,_1 and
T cannot be too large in order to steer the feasible state into the terminal set at
ty + 1. The insights into such a requirement on T,_1 and T, are in two aspects.
On the one hand, due to the external disturbance, the larger 1._1, the further the
post-predicted state x¥ (tg;tr—1 + 0) will deviate away from the system state x;(ty).
This results in a larger error in the initial value &} (ty;ty) for generating the optimal
state trajectory since &} (tg; tr) = ¥ (ty;te—1 + 0). Both the larger error in the initial
value T} (tg;ty) and the larger T, may cause an increased distance between x;(ty.1) and
i (tks1; tr). On the other hand, the larger 1, will also increase the distance between
P (tpr1;t + 0) and z;(tgy1) due to the external disturbance. That is, the distance

between T;(txs1;try1) and x;(tgr1) will be increased. Therefore, the distance between
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Ti(ths1; thr1) and xf(tisr;tx) will be affected both by 1,1 and 7. In summary, the
larger T,—1 and/or T, will enlarge the distance between T;(ty + T;try1) and xf(ty +
T ty), which may result in T;(t, + T;tr1) & Qi(e;). Thus, the condition in (8.13)
should be satisfied.

In particular, if the communication delays are uniform with respect to the time
instants, i.e., 7, = 711, £ € N, then an upper bound of the communication delays can
be derived as 7, < min;egay{7;}, where 7; is the solution to the following equation:
(1 — Oéi)éi

A(P) pi

,T_i[eli(T—(S) + eliT + eliﬂ] — o 5€liT.

Finally, we develop a sufficient condition which renders Z;(txy1;tx) € Qi(ue;).

This result will be used to prove that the robustness constraint is fulfilled.

Lemma 8.4. For each agent A;, i € M, suppose that Assumption 8.1 and 8.2 hold,

92(Q7)
)\(P

is bounded as p; < (1 — a;)ei/ (W MP;)6ekT). If the communication delay satisfies the
condition in (8.13), then Z;(ty41 —I— Titri1) € Qi(eue;).

that the sampling pemod is deszgned asT > o6 >

In «;, and that the disturbance

Proof. According to Theorem 8.1, we have Z;(t, + T tg11) € §2(g;). Since the feasible
control trajectory is given as u;(s;tpr1) = K;Zi(s;tpy1), s € [tp + T, try1 + T, the

result in Lemma 8.1 can be used. In particular, we have

Vi(Zi(sitie)) = — (Fi(8: trs1)) " Qi Ei(s:ter ), 8 € [t + Tty + T,

AR
< - S\(Pi)‘/;(xi(37tk+1))-

By applying the comparison principle [64], it can be obtained that

A(Qf) s—tp =T

||Zl~3'i(8; tk-i—l)”Pi <ge MNP)oo2 ,S € [tk + T tey1 + T] (815)

>\(Q ) Tp+6

Substituting s = tx1 + 7 into (8.15) results in ||Z;(txr1 + T terr)|| o, < €€ NP 2
Since 7, = 0 and § = —2M(Q7)/A(P) In;, we get ||7;(tpy1 + T tk+1)||pl < a4e;. The
proof is completed. O

Remark 8.5. Since &;(tx + T;tpr1) € Q4(g;), and the feasible control input is applied

as U;(8;tpr1) = KiZi(s;tpyn), Ti(s;ter1) converges toward ;(aue;) as time involves.
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But it needs enough time to drive the feasible state to enter the set ;(cue;). That is,

the sampling period should be lower bounded as in Lemma 8.4.

8.4.3 Delay Bound for Guaranteeing Feasibility

To verify that the designed feasible control trajectory is indeed feasible at time ty,1,
it suffices to show that the generated feasible state trajectory satisfies the robustness
constraint. In the following lemma, it is shown that if the sampling period is designed
appropriately, and the communication delays are bounded by a given value, then the

generated feasible state trajectory satisfies the robustness constraint.

Lemma 8.5. For each agent A;, i € M, suppose that Assumption 8.1 and 8.2 hold,
and that the optimal control trajectory f(s;tx), s € [tx, tx + T exists at time ty. If

the sampling period is designed as

AQ)) AP, ( 2A(P)
Xﬁwm%}<5<3@9m<ﬂ@ﬁﬁﬁ’ (816)

max {(1 —a;)T, -2

the disturbance is bounded as p; < (1 — a;)e;/(\/AN(P)6e"T), and the communication
delay satisfies (8.13) as well as the following condition:

2M\(P) 2M\(P)
mg&@ﬂm<MQHM)_& (8.17)

then the designed feasible state trajectory satisfies the robustness constraint at time
b1, b6, [|Ti(ss tern) || < Teuigi /(s — thsa), s € [ter + 6, b + T

Proof. The proof is derived from discussing two cases with respect to the value of
25 + 7 I8

e Case I: The sampling period and the communication delays satisfy the condi-
tions in Lemma 8.5, and 20 + 7, > T. In this situation, ¢ + 71 < tpy1 + 0 <
tiy1 + 1. According to Lemma 8.4, it can be obtained that ||Z;(s;tr+1)||p, <

_ Q) s—ty=T
gie PP 2 s € [tger + 0tk + T]. Based on this, let us define a func-
A(Q?) s—t,—T
: _ Taiei T oON(P:
tion F(s) = s T Eie )2 s € [ty + O,tgyr + T). By chang-
AOQF
()~ o) (t+26+m =T

ing variable t = s — t)4, + d, we get F(t) = {+9)

) , where

A@Q)) o
G(t) = Tae™m =T 4 5 and t e (0,7 — §]. It can be shown that the

function G(t) monotonically decreases for t € [0, i(@P)) In ( 3(23(;)11 ) +T—20—7).
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Therefore, it also monotonically decreases for t € [0,7 — 6] due to 7, <
23)(\83)) In (A(zé\(fT)a) — ¢. Furthermore, it can be verified that G(T — §) > 0
because of the upper bounds of § in (8.16). Thus, we have G(t) > 0 for
t € [0,T7 — 6], which implies F'(s) > 0 for s € [tx41 + 6,41 + T]. As a result,
1Zi(ss tesn)ll P < 55255

S—tky1
is satisfied.

, S € [tgs1 + 6, tgr1 + T, i.e., the robustness constraint

e Case II: The sampling period and the communication delays satisfy the pro-
posed conditions, but 0 < 20 + 7, < 7. This results in that t,,; + ¢ <
tr + T < trp1 +T. We divide the interval [ty 1 + d,txy1 + T] into two subin-
tervals [tpy1 + d,tx + T and [ty + T, tx41 + T to conduct the proof. When
$ € [tg1 + 0, tx + T, according to (8.14) in Theorem 8.1, we have

1Z:(s3 tiesn) e, <IEF (5580l + Af AP pi [ P

+ (Tk—1el”’“*1 +6+ Tk) 6li(s+5+7’“_tk“)] )

Based on this result, to show the robustness constraint is satisfied, for all s €

[tk+1 + 6, tx + T, it suffices to prove the following:

\/ AP p; [Tkeli(s_t’““JrT’“) + (Tk—16l”’“*1 + 6+ Tk) el"(5+6+7’“_t’“+1)}
TO(Z'EZ'((S + Tk)

h (5 = tht1)(s — tr)

, S € [tk+1 + 0,1, + T] (818)

Since 6 > (1 — ;)T the right-hand side of (8.18) can be bounded as

Touei(0 + ) S 0+ T
(S—tk+1)(8—tk)/T—5—7‘k

e = (1 — Oz,')e?,', s e [tk+1 + 0, + T].

In terms of (8.13) in Theorem 8.1, it can be shown that (8.18) holds. Therefore,
the feasible state trajectory satisfies the robustness constraint for s € [tgy1 +

J,tx+T]. Next, we consider the feasible state trajectory when s € [ty + T, tx 1+
CA@)) s—t3=T
P; < €i€ 2P 2 S €

T]. According to Lemma 8.4, we have ||Z;(s;tg41)
[tk + Tty 1+T]. By following the similar line of Case I, it can be obtained that

A(Qz) s—t,—T

ge 2E) T 2 K ST_‘;‘—;H, for s € [ty + T, txs1 + T). Therefore, ||Z;(s;tri1)||p, <
ST_?—:H as well, for s € [ty + T, txr1 + 7).

By summarizing Case I and Case II, we show that the designed feasible state
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trajectory satisfies the robustness constraint. This completes the proof. O

Remark 8.6. [t is worth noting that if the communication delays are uniform with

respect to the time instants, a specific bound of the communication delays of each

agent A;, can be derived as 7" £ min{7;, ?E(QP)) In (g(zq/;\(fT)a) —0},ie M.

In Lemma 8.5, we have developed conditions (i.e., the sampling period and the
bound of communication delays) for rendering the feasible state trajectory satisfy-
ing the robustness constraint for each agent individually. But in order to establish
the feasibility for the distributed MPC of the overall system, these conditions are
required to be satisfied simultaneously. Furthermore, we also need to prove that the
designed feasible control trajectory satisfies the control input constraint. By con-
sidering these aspects, the result on ensuring the feasibility of the distributed MPC

scheme is presented in the following theorem.

Theorem 8.2. For the overall agent system in (8.3) with the designed distributed
MPC, suppose that Assumption 8.1, 8.2 and 8.3 hold for each agent A;, i € M. If

the disturbance is bounded as p; < (1 — ay)ei/(V/A(P;)d€“T) and the communications

delay is uniform and bounded as 7, < minge {7}, where
J; = max {(1 —a;)T, —2%\((%)) In oz,} ,
5, 2220) ( 27(F) ) ,
AQ7) AQ7)T o

then the designed distributed MPC' scheme is iteratively feasible.

Proof. The proof is developed by the induction principle. According to Assumption
8.3, there exist optimal control trajectories to all the agents A;, 1 € M, at time
t = ty. Assume that there exist optimal control trajectories for all the agents at
time t = t;, k € N,k > 0 and take the control trajectory as (8.10) at time tp
for each agent A;. In what follows, we shall prove that the designed feasible control
trajectory is feasible for each agent A;. Let us first prove that it satisfies the control
input constraint. Due to 4} (s;tx) € U;, s € [tgs1,tr + T and (8.10), for each agent
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A;, we get @;(S;tkr1) € Ui, s € [trsr, tr + T]. Furthermore, because of (8.19) and
7 < min;epm {7}, Theorem 8.1 holds for all the agents simultaneously. For each
agent A;, we have Z;(ty + T;tr41) € Qi(;). Thus, Lemma 8.1 can be applied, which
implies @;(s;tgy1) € Us, s € [t + T, tgr1+T). That is, the control input constraints are
satisfied for all the agents. Next, let us prove that the feasible state trajectories fulfill
the robustness constraints at time t; 1. Since the sampling period is designed as (8.19)
and the communication delays satisfy 7, < min;eap{7/"}, the result of Lemma 8.5 is
valid for all the agents simultaneously. As a result, all the designed feasible state
trajectories satisfy the robustness constraints at time ¢;,,. Therefore, the control
trajectory in (8.10) is feasible at time ¢, as desired. By the induction principle, we
conclude that the designed distributed MPC scheme is iteratively feasible. O

8.5 Stability Analysis

This section develops sufficient conditions that guarantee the system state of the
overall closed-loop system is stabilized into a robustly invariant set. According to
the dual-mode strategy, the derivation has been divided into two steps. In the first
step, it is shown that the system state will enter the terminal set in finite time
if the parameters are appropriately designed, and the communication delays and
disturbances are small enough. In the second step, the system state that is in the
terminal set, will be proven to converge to the robustly invariant set.

Firstly, let us develop the conditions that will render the system state of the overall
system entering the terminal set. Further, an upper bound of the difference between
the optimal objective functions at two adjacent steps is developed in the following

lemma.

Lemma 8.6. For the overall system in (8.3), suppose that Assumption 8.1, 8.2 and
8.3 hold. If the sampling period is designed as (8.19), the disturbance is bounded as
pi < (1—ay)ei /(W MNP)6e4T) and the communication delay is bounded as in Theorem
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8.2, then for each agent A;, i € M, the following holds:

J(27 (83 trgr), U5 (83 thgr), 225 (85 tpgr)) — J (27 (83 tk), 05 (55 t5), 22 5(53 te))
trt1
<= [ et ds + Qi P) [T~ 3 = m)A26.m)
tr

AT 1

+2TO[Z€ZAZ(5, Tk> In 5 + o

T
5 TJ +(T—6-7)) [A(Qij, P)A:(5, ) +

JEN;
+(L—al)ef + > (6 + )AL,
JEN;
where N;(8,7,) = \/)\(P)p (e T 4 (7peli™ + 6 + 7)el ), Nij = AN(Qij, Pi)aie; +
NQij, Py)age; and Mg = M Qi P)ei + MQuj, Py) e
Proof. In order to calculate an upper bound of J(&7(s;tx11), @7 (8; tey1), 25(s;th11))

—J (2 (s5tn), 45 (55 k), T (s tk)), we first evaluate J(%(s; tri1), Uils; the1), T5(8;tes1))
—J(zf(s;t), ul(s;t), T j(s;tk)). That is,

J(Zi(83 tor1), Wil S5t ), 25 (85 tirn)) — J (&7 (85 8k), 47 (3 8k, 27 (53 E))

tpr1+T
I/ 12 (s tera) 1, + Naa(s; teg) 7, + Z 1Z:(s; tryn) — 25 (55 thsn) 13, ds

tht+1 JEN;
tp+T
A% 2 ~ % 2 o ~a 2
—/ 125 (s b1, + 15 (s ) 3 + D 1187 (55 88) — 2(s5 ) 13, ds
b JEN;
F i (tegr + Tty 15 — 1125 (0 + T ) |13, (8.20)

Next, we divide the terms in (8.20) into four parts and consider them part by part.
The first part to be considered is A} £ t”T 1Z5(s; ter1) 15, + [18s(s; tegr) |5, ds —

o (s ) 1B, + 11 (53 1) 13, ds. Since ui(s, thyr) = @ (sity), for s € [tegr, tr+1T,
we have

tp+T
A= 1 st

tht1

— 114 (s: 1) [, ds

Q. 127 (s; )|

Qi[ ‘%i(s;tk+1)| Qi]ds’

te+ T
</ 1Z: (85 than) — &7 (55 tk) |

lkt1

According to (8.14) in Theorem 8.1 and because of the uniform delay, it can be
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obtained

1 Zi(s5 thr1) — 27 (83 te) | Qis 8 € [tryrstr + T

<MQi, P)\/ A (Py)p; [Tkeli(s_tk+1+7—k) + (Tkelﬁk + 0+ 1) eli(s+5+7k_tk+1)] .

Due to the triangle inequality and the robustness constraint, we get

123 (3 trsn) s + 1125 (53 )l @iy 8 € [, ti + T
3 2T e,
<A@, Bi) {\/ A(P)p; [rpelemtnt™) o (eli™ 4§ 4 1)) el otmtie)] ats } :
s — Uk
Therefore, we can obtain
1 2 2 T
Tk

The second part to be dealt with is A? = ti’j;rT | (85 tha)|

&, + 11i(s; tegr) |7, ds +
Zi(ths stern) |le — |27 (T stk)|| B Since wi(s;tpr1) = KiTi(s;tey1), s
1Zi(ters + Tster) e — 25 (6, + T5tp)l3,- S (sitis1) = KiZi(sitpe1), s €
[t + T, tg1 + t], it can be obtained

top1+T
A} = / 1Z4(55 trp ) 1gr ds + (% (trgr + T ta) 5, — 127 (G + T ta) |13,
ot T

According to Theorem 8.1, we get Z;(s;tx + 1) € Q;(¢;). Thus, the results in Lemma
8.1 hold, i.e., ||Z;(s; trs1) |5y < ~Vi(Zi(s;trr1)), 8 € [tk + Ty trs + 1] As a result,

A7 < NZi(te + Ty tesa) [, — 1125 (6 + Tyt [, < (1 — of)ef (8.22)

Let us resume to consider the third part
3 A tepr+T 2
are [T S asiten) - st [, ds
trt1 ,YENZ
. By using the triangle inequality, we have

5 tpr1+7T B X )
A7 < Z/ i (ss ter) ll@is + 125 (s3 trra) @i, 17 ds. (8.23)

JEN; VT
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According to (8.14), we get

TO(Z'EZ'

12i(85 tir1) @i, < MQigs ) | Ni(6, 7)) + € [thyr, tr + T

S—tk

By applying Lemma 8.4, we have

1Zi(8; tern) @iy < MQijy i)y s € [te + T thya +T1.

Furthermore, due to the robustness constraint, it can be obtained

Qi SMQij, Py)||125 (s te) |
Taje;

<)‘(Q2]a -)S tk

Hi’?(s;tk+1)| .S € [tprr, tr + T

With the help of Lemma 8.1, it can be obtained [|25(s; tr11)[lq,;, < MQij, Pj)a;ée;, for
s € [ty + T, tgr1 + t]. Plugging the above results into (8.23) yields

JEN;

4T
JEN; k

For the last part, we have

tet1 ) ) tet1 )

/ 125 (s te )1, + 1143 (55 20) [, ds = / 127 (53 &)1, ds. (8.25)
tr tg

Finally, by substituting (8.21), (8.22), (8.24) and (8.25) into (8.20) and applying the

fact that J(;(s;tr), 05 (s;trs1), 25(strr1)) < J(Ti(85thesn), Wi S;trrn), T5(s5 then)),

the result in Lemma 8.6 is obtained. This completes the proof. O

Lemma 8.6 reveals an upper bound of the decrease on the optimal objective func-
tion from t to tg41, for each agent A;. But in order to analyze the trajectory of the
overall system, we need construct a control Lyapunov function for the whole system.
Based on the optimal objective function of each agent, we define a new overall ob-
jective function as J(2*(s;ty), 0*(s;t)) = Zﬁ\io Ji(zF(s5tn), wl(s;te), 2%,(s;tk)). We
will prove J(2*(s; tx), *(s;t;)) is qualified as a control Lyapunov function if the some
conditions are satisfied. As a result, the system state will enter the terminal set in
finite time if they are not in the terminal set. These results are summarized in the

following theorem.
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Theorem 8.3. For the overall system in (8.3), suppose that Assumption 8.1, 8.2 and
8.8 hold for each agent A;. Given three sets of constants a; € (0,1), 8; € (0,1) and

€ (0,1), with 8; +~; € (0,1) and i € M, and the initial system state is out of the
terminal set, i.e., xo & Qe), if (1) the sampling period is designed as:

T < § < min{o, .
%%{maX{ész}} <6< ?61}&1{52}’ (8.26)

where T; is the positive solution to the following equation: [%\((%)) (1 — @;)%? +
S MDA (P (1 — )2l T? — [szwl( (@)AHP))2 (1 — ay)?e + M(1 —
o?)e?|T; — QTzz (A (Q]) ( 5)) (1 —aj)es =0, Vi € M; (2) the disturbance is

bounded as p; < (1 —ay)e;/(\V/ANP;)6€"T); (3) the communication delay is bounded as

< 8.27

T S W7, 7ij, (8.27)

where 7 satisfies the inequality equation \/A(P;)p;e O+ (Fei + § + 7)) < ayey,
Vi € M; (4) the cooperation matrices Qij, Vi € M, j € N; are designed such that the

following inequalities hold:

(T—6-7)) {A(QU, Py) A (0, 7) + ”’ ] Z (6 + 7) A
JEN;
;i% >) (6 -+ m)(1— ay)23, ) € M, (8.28)

then the system state will enter the terminal set in finite time.

<5

Proof. According to Lemma 8.6, we have
J(@* (85 the1), W5 (85thqn)) — J(27 (5 81), 07 (5 1))

M tet1 )
-3 / 132 (s t0) |, ds
i=1 Ytk

M

+ Z )\2(Qi, PZ) |:(T -0 — Tk)A?((;, Tk) + QTOQ&AZ((;, Tk) In 5 IT :| + (1 - Oé?)€?
i k

+ Z { T 0 — Tk ]g/\:/—. {A(QZ]’PZ)AZ((;’ Tk) iJ . :| Z 5—|—Tk )\2 } .

Since x(s;t;) € Q(e), then there exists at least one agent whose state trajectory is not
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in its terminal set. Without loss of generality, denote such an agent as A;, 7' € M
). According to Lemma 8.3 and the triangle

Then it can be obtained z;/(s; t;) & /(g5
inequality, we obtain:

I (55l > 25 = (rie™ 46+ 72) /APy oyl

Therefore, we arrives at

J(@* (85 the1), (85 thqn)) — J(27 (5 81), 07 (5 tr))
— (0 + Tk)M [8] (T i’k 4§+ Tk) 5\( )p]/ef (6”’“)} 2
AP)

M
+ Z )\2(Qi’ P) [(T - — Tk)Af(é, ) + 2T ;e i (6, 1) In e

{A(Qij,a)Ai(a,Tk) A“T} + > (6 + )N }

+7
JEN;

|+ 1- o

+Z{T S—m) )

JEN;
On the one hand, by exploiting the conditions § > max{7;} and 7, > 0, one can

obtain

M
> N(Qi, P) [(T — 6 — 1) (1 — ;)% + 2T (1 — o)e?
0+ 7

i=1
A(Qy) ~ y
<By X(ij) (0 4 73)(1 — Oéj/)2€§/,Vj e M.

On the other hand, according to (8.13), we get A;(0, 1) < (1 — ay)e

Therefore, it follows

;. In addition,

In 6+T < 6+7'

+ Bj i((%) 0+ 71)(1 — ay)’es
M

+;{<T—5—Tk>Z[A(Qij,B)( a;)e; + m] + > (6 +7) Az}
i= JEN; JEN;

Since the communication delay is bounded as (8.27) and the cooperation matrices are
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designed to make (8.28) hold, we obtain

J(Z*(s5th41), 0 (85 ths1)) — J(T7(s5tk), 0" (55 k)

<= (1= 1= B+ 3

(1 - dj/)2€?/.
By applying the same argument in [97], it can be shown that the system state will

enter the terminal set in finite time. O

Remark 8.7. It is noted that, Theorem 8.3 imposes several conditions in order to
drive the system state into the terminal set. Most of these conditions have been used
for guaranteeing the feasibility (in Theorem 8.2). There are also two newly-imposed
conditions. The lower bound T; in (8.26) imposed on the sampling period is used to
account for the effect of individual objective function to the overall objective function.
That s, in order that the overall optimal control objective function is decreased, the
sampling period should not be too small. The cooperation matrices need to be designed
as (8.28), because the couplings among agents cannot be too strong in order for making

the overall optimal control objective function decrease.

Remark 8.8. [t is worthwhile to point out that the three sets of constants &;, B; and
v; affect different parameters. In particular, &; affects the bound of the communication
delays. The larger &; allows a larger bound of the communication delays. [(; affects
T;, i.e., the lower bound of the sampling period. The larger B; results in a smaller
T;, which might enlarge the design range of the sampling period. ~; affects the design
of the cooperation matrices. The larger ~; might allow the larger eigenvalues of the

cooperation matrices, which is beneficial for the cooperation.

According to the dual-mode strategy, once the system state enters the terminal
set, the control input will be switched to (8.9). Under this control input, we show that
the overall system state will be stabilized into a robustly invariant set if the external
disturbances are not too large. The detailed results are reported in the following

theorem.

Theorem 8.4. For the overall system in (8.3), suppose that Assumption 8.1, 8.2 and
8.3 hold, and that the conditions on the sampling period, the communication delays

and the cooperation matrices are satisfied as Theorem 8.3. For each agent A;, i € M,
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if the disturbance is bounded as

AR _
(1 —e 2xF) )ﬁlc":‘Z (1 — Oéi)é?i

AWVP)del? 7 (\/X(P;)dekT)elid

p; = min

then the overall system state will be stabilized into the robustly invariant set Q1 (B1e1) x
- X Qur(Buen), where B; € (0,1).

Proof. According to Theorem 8.3, the system state will enter the terminal set in finite
time. In terms of the dual-mode strategy, the control input will be applied as (8.9)
for each agent A; when the system state enters the terminal set. Without loss of
generality, we denote such a time instant as t;_. To prove the result, we next need
to prove that, for each agent A;, i € M, the system state will be stabilized into the
robustly invariant set ;(3;¢;) under the control input as (8.9). To that end, two facts
should be proved: (1) The system state converges to €;(8;s;); (2) the set €;(Big;) is
robustly invariant for the agent A;.

Let us first prove that the system state of the agent A; converges to the set
Q;(Be:). By taking the Lyapunov function as V(z;(s; ) = ||zi(ts)||3., 5 € [tk, trsa]

for the agent A;, we have

Vi(wi(s;tes1)) — Vizi(s; tr))
= [llzi(ter- )l 2, — Nzt 2] Ui () Lo, + [l (x| 2]

<H@®Hm03+MvBM%M—WNwHMWﬁHDH+WMQHL
where the result
(s k) — @i(s;t) || o, < ANV P)pi(s — tr)e i) s € [ty thya] (8.29)

has been used. By following the similar line of deriving (8.15), we get

R R MA@ (s—ty)
l@s(tinss i), < it t)llme ™ 500 (8.30)
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Therefore, we obtain

Vi(wi(sitisn)) — Vi(wi(s; te))
AQ))8

< | (72 = Dllza(tn) | p + MV P)pide | (i) | p + i (e)lln] . (8:31)

Suppose that ;(t;) never converges to ;(Big;), i.e., ||zi(ty)|lp, > Bici for k > k..
Without loss of generality, it can be written that ||z;(t)||p, = Biei + h(ty), where
h(tx) > 0 and limy_, A(tg) # 0, for k > k.. Thus, according to (8.31), we get

AQF)8

Vi(wi(s; ter1)) — Vilwi(s; ) < —2(1 — € 200 ) Bieg;hty,).

Since limy_,o h(ty) # 0, it is easy to obtain that limg . V;(zi(s;tx)) = —oo. This
contradicts the fact that 0 < V;(z;(s;t;)) < oo, for k > k.. Therefore, the state x;(;)
will converge to the set Q;(5;;).

Second, we will prove that the set QZ(BZ@) is robustly invariant for the agent A,.
That is, if z;(ty) € Qu(Bie;), then z;(t) € Q(Bie;), for all t > t;,. By using (8.31), it
can be obtained that

i () |5, = 11 (b)) N1,
QD)3

A(Q?)‘S _ _a\wg )9 N
< [ (50— )jjestt)n + A(ﬁi)piaelﬁ] [(a S 4 1) (8, + wfmelié] |

where the results in (8.29) and (8.30) are utilized. That is,

,  _Meps )
5, <& AP

P;

| (i)
AQ))8

+ 27T AP pide | (a0 le, + (AVPIpde?) . (832

@i (1)

Plugging ||z;(tx)||p, < Big; into (8.32) results in ||2;(tyr1)]|3, < Be?. Thus, z(ty) €
Q(Bie;) implies x;(tpy1) € Qi(Big;) for all k > k.. Furthermore, according to (8.29),

we have

2 (s;te) | o <||Ei(s5 )| o+ AV Po)pi(s — te) i) s € [ty thia]
N
Klzi(te) | pe” ZET + N\ Py)pide'®. (8.33)

From (8.33), it can be verified that ||a;(s;t)||p, < Bicis 8 € [th, trra), if [|2:(te)||p, <
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Big; for all k > k.. Therefore, z;(t;) € Q(Bie;) implies z;(t) € Q;(Big;) for t > ty.
That is, the set Q;(B;g;) is robustly invariant. The proof is completed. O

8.6 Simulation Studies

In this section, the distributed control of a group of mechanical systems is utilized to

verify the proposed theoretical results.

8.6.1 System Model

Consider three identical nonlinear spring-damping-cart systems. FEach system A;,

1=1,2,3, is described as follows:

(1) = — e 1Oz (1) — sy (1) + 542 + wilt),
where x%(t) and z}(t) are system states, representing the displacement and velocity
of the cart, respectively, w;(t) is the control input, standing for the control force,
which is constrained as —3N < u;(t) < 3N, w;(t) is the external disturbance. The
parameters are given as follows: M, = 1.8kg, kK = 1.2N/m, hy = 0.25Ns/m. This
mechanical system has been used to test nonlinear MPC schemes in many studies
such as [89, 124, 69, 70].

For the overall system, the indices of the neighbors of A; are N} = {2, 3}; similarly,
Ny = {1,3} and N3 = {1,2}. In the objective function (8.6) of each agent A;, the
matrices 1 = Q2 = Q3 = diag(1,1) and Ry = Ry = Rz = 0.1. The prediction
horizon T' = 0.2sec. The state feedback gain in Assumption 8.2 is given as K; = Ky =
K3 = [-4.2291,—4.8551]. In Lemma 8.1, the matrices are designed as P, = P, =
Py = [5.0511, —2.2731; —2.2731, 2.4586]. According to the methods in [11, 97, 95], the

terminal set levels can be calculated as ¢ = ¢ = ¢35 = 0.50.

8.6.2 Theoretical Bounds of Parameters

The constraint shrinkage rates are given as a; = as = a3z = 0.99. The constants in
Theorem 8.3 are given as follows: a1 = as = az = 0.01, f; = B = B3 = 0.9 and
7 =7 =73 = 0.09. The constants in Theorem 8.4 are given as 3, = B = 33 = 0.2.

Firstly, according to Theorem 8.2, the bounds of the sampling period to guarantee
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the feasibility are calculated as 6 > 0.063 and 6 < 0.28. The upper bound of the
communication delays is calculated as 7, < 0.0303. The external disturbance bounds
are evaluated as p; = ps = p3 = 0.004, respectively. Second, in terms of (8.26) in
Theorem 8.3, the bounds of the sampling for guaranteeing the stability is calculated
as 0 > 0.2398 and 6 < 0.28. The upper bound of the communication delay is still
T < 0.0384. In Theorem 8.4, the external disturbance bounds are determined as

P1 = P2 = P3 = 0.0033.

8.6.3 Simulation Results

In order to ensure the feasibility and stability, we choose the following design param-
eters. The sampling period is designed as § = 0.24sec, 7, = 0.02sec, and the external
disturbances are generated as three independent and uniformly distributed stochastic
processed confined between [—0.003,0.003]. Note these parameters satisfy Theorem
8.1 - 8.4. The cooperation matrices are designed as Q12 = Q13 = [0.2,0.5;0,0.1364],
Qa1 = Q23 = [0.2,0.5;0,0.1364] and Q3 = Q32 = [0.2,0.5;0,0.1364]. It can be
verified that they satisfy (8.28) in Theorem 8.3.

Trajectory of the state X

0.2 . T
\ Agent 1
0.L5 |7 Agent 2 ||
B = = = Agent 3
0.1
0.05
—_ or
£
i
> -0.05}
_01 L
-0.15f
_02 L
-0.25 -
0 1 2 3 4 5 6 7 8

t[s]
Figure 8.1: The trajectories of the displacements.

By executing the robust distributed MPC algorithm with the designed parameters,
the simulation results are as follows. The trajectories of three displacements are
presented in Figure 8.1; the trajectories of the velocities are depicted in Figure 8.2

and the control inputs are illustrated in Figure 8.3. From Figure 8.1 and Figure 8.2,
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Trajectory of the state X,

0.15 T
Agent 1
----- Agent 2
0.1 = = = Agent 3 [
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E
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-0.1F l‘ 4
\,\
_015 - . N N N -
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Figure 8.2: The trajectories of the velocities.

Control input

3 T
Agent 1
----- Agent 2
2 = = = Agent 3| |
l -
Z ol - A
= 0 I‘;J_-u
_l ' -
_2 4
-3 i i i i i i i
0 1 2 3 4 5 6 7 8

t[s]

Figure 8.3: The control inputs.

it can be seen that the system state of the three subsystems converges in a robustly
invariant set. Figure 8.3 implies that the distributed MPC is feasible and the control

input constraints are satisfied.
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8.7 Conclusion

This chapter studies the robust distributed MPC problem for a group of nonlin-
ear systems subject to communication delays and external disturbances. By using
the robustness constraint, the novel dual-model robust distributed MPC strategy is
designed for simultaneously addressing the communication delays and external dis-
turbances. The feasibility of the designed distributed MPC and the stability of the
overall closed-loop system are analyzed. The conditions on ensuring the feasibility
and robust stability are developed. It is shown that (1) the feasibility can be guar-
anteed if the external disturbances and communication delays are small enough, and
the sampling period is appropriately designed; (2) the system state converges to a
robustly invariant set, if the external disturbances and communication delays are
bounded by given values, and the sampling period and the cooperation matrices are

designed properly.
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Chapter 9

Conclusions and Future Work

9.1 Conclusions

In the dissertation, three important issues in nonlinear NCSs have been addressed,
namely, the robust filtering problem, the robust MPC problem, and the distributed
MPC problem of large-scale nonlinear systems.

The robust filtering problem of uncertain nonlinear NCSs has been studied in
Chapter 2, where the model uncertainties, external disturbances and measurement
time delays modeled by a Markov process have been considered. The robust H.,
nonlinear filter has been designed for such systems and the filtering performance has
been analyzed. It is shown that the resulting filtering system is stochastic stable in
the sense of mean square and achieves the prescribed disturbance attenuation level,
if the Markov-chain dependent HJI is satisfied.

The robust MPC problem of NCSs has been explored in Chapter 3, 4 and 5,
focusing on three different aspects. In Chapter 3, the nonlinear NCS with input
and state constraints, external disturbances and two-channel packet dropouts has
been studied. The robust networked MPC scheme has been proposed to reduce the
communication load by designing an efficient compensation strategy. A novel Lya-
punov function has been designed to prove the ISpS of the closed-loop system. In
Chapter 4, the nonlinear NCS investigated is subject to input and state constraints,
external disturbances, and two-channel packet dropouts as well as time delays. To
improve the robustness and control performance, a networked min-max MPC strat-
egy has been developed by incorporating the characteristics of disturbances into the

optimization problem design. The ISpS of the closed-loop system is established by
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constructing a new ISpS-Lyapunov function. In Chapter 5, to deal with the issue
that the system state is not directly measurable, the robust output feedback MPC
problem of NCSs has been investigated. The system is linear but subject to input
and state constraints, intermittent measurement dropouts and external disturbances.
A novel networked output feedback MPC algorithm has been designed by augment-
ing and tightening the constraints. The stability and feasibility conditions have been
established, and the system state is regulated into some convergence sets.

The distributed MPC problem of large-scale nonlinear systems has been dealt
with in Chapter 6, 7 and 8 step by step. Chapter 6 has focused on subsys-
tems with input constraints and external disturbances, but without considering the
communication delays among them. The robustness constraint is invented to handle
the external disturbances, and the novel robust distributed MPC algorithm has been
designed for such systems. Sufficient conditions have been developed to guarantee
the feasibility of the proposed algorithm and the stability of the closed-loop system.
Chapter 7 has studied subsystems subject to input constraints and communication
delays, but without disturbances. The delay-involved distributed MPC algorithm has
been developed by designing a waiting mechanism. The corresponding feasibility and
stability issues have been thoroughly investigated. Based on the results in Chapter
6 and 7, Chapter 8 has designed the robust distributed MPC algorithm of large-
scale systems subject to input constraints, external disturbances and communication
delays. The feasibility and stability properties have been established: If the bounds
of the disturbances and communication delays are small enough and the sampling pe-
riod is chosen appropriately, then the feasibility can be established; if, in addition to
these conditions, the minimum eigenvalues of the cooperation matrices are designed

properly, the system state is stabilized into a robustly invariant set.

9.2 Future Work

Since NCSs are emerging and vibrant research area spawning a lot of challenging
topics, there are many interesting issues deserving studies in the future. Here, three
potential future directions most closely related with this dissertation are suggested

as follows.

e Distributed nonlinear filtering of NCSs. In the dissertation, a robust H,

filter is designed for a class of nonlinear NCSs. But it may not be applicable
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for large-scale nonlinear systems and/or multi-agent systems which finds many
applications in modern industrial systems. This is because, in such large-scale
systems, a filtering center is generally not available due to distributed system
structures and/or limited computation resources. Thus, a robust distributed fil-
tering scheme needs to be designed such that the system state can be estimated.
The distributed filter can generally be synthesized by designing local filters of
subsystems and the information exchange strategy. Note that the quality of
information exchange among subsystems, being essential to make the states of
distributed filters converge to an equilibrium point or reach a consensus point,
is dependent on communication networks. In practice, however, it is likely that
the communication networks are not always reliable, especially in wireless net-
works shared by a large number of subsystems. Therefore, the robust filtering
problems of large-scale nonlinear systems subject to communication constraints
such as time delays, packet dropouts and quantization errors is of great practical

interest, which deserves further study.

Robust output feedback MPC of nonlinear NCSs. A robust output feed-
back MPC algorithm has been proposed for a class of NCSs in this dissertation.
However, the designed MPC algorithm is only valid for linear systems with mea-
surements subject to periodical dropouts. There are still many important issues
needed to be considered in practice. For example, most of the industrial control
systems are essentially nonlinear; the measurements are likely to be subject to
random time delays and/or packet dropouts. Hence, there is much work to be
done towards a robust output feedback MPC approach to nonlinear NCSs that
are able to deal with different types of communication constraints. It is worth
noting that the separation principle is generally not valid even for designing
MPC of linear systems, thus the design of output MPC of nonlinear NCSs is
a very challenging topic which needs much effort. One tentative solution to
this problem consists of two parts: Firstly, a nonlinear networked observer is
required to be designed for estimating the system state when the measurements
are subject to communication constraints. Secondly, treating the estimation
error as an extra disturbance, a nonlinear robust state feedback MPC strategy

can be designed based on the state estimation.

Distributed moving horizon estimation (MHE) of large-scale nonlin-

ear systems. The distributed MHE problem has not been studied in this
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dissertation. In comparison with other nonlinear estimation approaches, the
distributed MHE offers two desired features for practical applications: (1) it
is able to achieve optimal system state estimation even for nonlinear systems
subject to unknown disturbances; (2) it is very efficient to deal with system
constraints by incorporating the constraint information into system state esti-
mation, and the estimation accuracy might be improved. These two features
make the distributed MHE a desired choice in many industrial systems such as
sensor networks [26] and process control systems [25]. To design an applicable
distributed MHE algorithm for large-scale industrial nonlinear systems, several
issues need to be investigated. For example, how to design the local MHEs and
their communication topologies and information exchange schemes such that
the distributed MHE can estimate system state or achieve a consensus esti-
mation? How to design a robust distributed MHE considering communication
constraints including time delays, packet dropouts and quantization errors si-
multaneously? In addition, the study of the stability and convergence properties
of the distributed MHE under different network topologies and communication

constraints is also a worthwhile yet challenging topic.
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