
Moment Method in Rarefied Gas Dynamics: Applications to Heat Transfer in Solids and

Gas-Surface Interactions

by

Alireza Mohammadzadeh

B.Sc., University of Tehran, 2009

M.Sc., Ferdowsi University of Mashhad, 2012

A Dissertation Submitted in Partial Fulfillment of the

Requirements for the Degree of

DOCTOR OF PHILOSOPHY

in the Department of Mechanical Engineering

Alireza Mohammadzadeh, 2016

University of Victoria

All rights reserved. This dissertation may not be reproduced in whole or in part, by

photocopying or other means, without the permission of the author.



ii

Moment Method in Rarefied Gas Dynamics: Applications to Heat Transfer in Solids and

Gas-Surface Interactions

by

Alireza Mohammadzadeh

B.Sc., University of Tehran, 2009

M.Sc., Ferdowsi University of Mashhad, 2012

Supervisory Committee

Dr. Henning Struchtrup, Supervisor

(Department of Mechanical Engineering)

Dr. Peter Oshkai, Departmental Member

(Department of Mechanical Engineering)

Dr. Reuven Gordon, Outside Member

(Department of Electrical Engineering)



iii

Supervisory Committee

Dr. Henning Struchtrup, Supervisor

(Department of Mechanical Engineering)

Dr. Peter Oshkai, Departmental Member

(Department of Mechanical Engineering)

Dr. Reuven Gordon, Outside Member

(Department of Electrical Engineering)

ABSTRACT

It is well established that rarefied flows cannot be properly described by traditional

hydrodynamics, namely the Navier-Stokes equations for gas flows, and the Fourier’s law

for heat transfer. Considering the significant advancement in miniaturization of electronic

devices, where dimensions become comparable with the mean free path of the flow, the

study of rarefied flows is extremely important. This dissertation includes two main parts.

First, we look into the heat transport in solids when the mean free path for phonons

are comparable with the length scale of the flow. A set of macroscopic moment equations

for heat transport in solids are derived to extend the validity of Fourier’s law beyond

the hydrodynamics regime. These equations are derived such that they remain valid

at room temperature, where the MEMS devices usually work. The system of moment

equations for heat transport is then employed to model the thermal grating experiment,

recently conducted on a silicon wafer. It turns out that at room temperature, where the

experiment was conducted, phonons with high mean free path significantly contribute to

the heat transport. These low frequency phonons are not considered in the classical theory,

which leads to failure of the Fourier’s law in describing the thermal grating experiment.

In contrast, the system of moment equations successfully predict the deviation from the

classical theory in the experiment, and suggest the importance of considering both low

and high frequency phonons at room temperature to capture the experimental results.
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In the second part of this study, we look into the gas-surface interactions for con-

ventional gas dynamics when the gas flow is rarefied. An extension to the well-known

Maxwell boundary conditions for gas-surface interactions are obtained by considering ve-

locity dependency in the reflection kernel from the surface. This extension improves the

Maxwell boundary conditions by providing an extra free parameter that can be fitted

to the experimental data for thermal transpiration effect in non-equilibrium flows. The

velocity dependent Maxwell boundary conditions are derived for the Direct Simulation

Monte Carlo (DSMC) method and the regularized 13-moment (R13) equations for con-

ventional gas dynamics. Then, a thermal cavity is considered to test and study the effect

of these boundary conditions on the flow formation in the slip and early transition regime.

It turns out that using velocity dependent boundary conditions allows us to change the

size and direction of the thermal transpiration force, which leads to marked changes in

the balance of transpiration forces and thermal stresses in the flow.
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Chapter 1

Introduction

As a result of recent technological advances of micro- and nano-machining and fabrica-

tion, the miniaturization of mechanical and electrical devices has become an important

focus of interest [41]. This rapid development of micro/nano electro mechanical systems

(MEMS/NEMS) requires a deeper understanding of the flow characteristics and heat

transfer mechanisms at micro/nano scales.

One important area of research in nano-technology is the study of heat transport.

The tiny size of modern electronic systems combined with their relative large heat fluxes

can lead to huge changes in temperature. Therefore, we need accurate models for heat

transfer that guarantee an effective long-lasting thermal design of modern micro/nano

scale systems [70].

The heat transfer in solids can be studied and described using the phonon model.

Phonons are the particle representative of the energy waves, that are generated due to

vibration of atoms around their mean position on the crystal lattice [42]. Using the

phonon gas model, the energy transport inside a solid can be treated analogous to the

transport processes in gases [17, 20].

Gas flows at micro scale can exhibit very different behavior than macro scale. Effects

that are negligible at macro scales can dominate at micro and nano scales. For exam-

ple, the characteristic length of a flow can become small enough that surface effects at

interfaces dominate over the bulk properties of the flow, and lead to a breakdown at the

classical laws of continuum mechanics.

Despite the differences between the heat transfer in solids, and the conventional gas

flows at interfaces, they can both be modeled using the transport process of rarefied gas

dynamics.

When the mean free path λ, i.e., the average distance that a particle travels between
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successive collisions becomes comparable with the characteristic length of the flow domain

L, the flow exhibits rarefaction effects. This includes development of the Knudsen layer

in which the gas undergoes velocity slip and temperature jump at the surface [10], as well

as the appearance of the second sound effect that transfers heat in solids [28].

The degrees of rarefaction in a gas is characterized by the Knudsen number, Kn,

which is the ratio of the mean free path to the characteristic length of the flow domain,

Kn =
λ

L
. Based on the value of the Knudsen number, the gas flow can be classified

into four regimes, namely, hydrodynamic flow regime (for Kn ≲ 0.001), slip flow regime(for 0.001 ≲ Kn ≲ 0.1), transition regime (for 0.1 ≲ Kn ≲ 10), and free molecule flow regime(for Kn ≳ 10) [41].
The classical Navier-Stokes equations for gas flows and the Fourier’s law for heat

transfer are only valid in the hydrodynamic regime, where the deviation from equilibrium

state is very small, i.e., Kn ≪ 1 [41]. In order to properly describe the rarefied flow

outside the hydrodynamic regime, we need an extended form of macroscopic equations

that are easy to solve, and can indeed capture rarefaction effects.

In this dissertation we look into the rarefied flows, and use the moment method as a

tool to derive extended macroscopic models for this regime. This dissertation includes

two main parts.

First, we look into the heat transfer problem in solids when the size of the flow is small

enough, that the classical theory for heat transfer is not valid anymore. In this part, we

extend a macroscopic model beyond the continuum regime to model heat transport in the

crystal lattice.

In the second part, we look into the gas-surface interactions for conventional gas-

dynamics in rarefied flows. In this part, we propose an extension to the classical Maxwell

boundary conditions to provide a more general boundary model for thermally driven

rarefied flows.

Despite the differences between solids and gases, we look into the unconventional

phenomena that appear due to rarefaction effects in both systems, and use the moment

method to identify and describe them.

This dissertation follows the paper-based format, where each chapter is already pub-

lished or ready for submission as a journal article.
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1.1 Heat transport in solids

In the first part of this dissertation we derive a macroscopic model for heat transport

beyond the hydrodynamic regime. This part includes chapters 2 and 3.

1.1.1 Phonons and energy transport

Atoms are fixed in a crystal lattice, and hold their average positions by the attrac-

tive/repulsive intermolecular forces. These forces can be Lennard-Jones potential, ionic

bonds, covalent bonds or metallic bonds [42, 75]. The energy is transported in solids when

atoms vibrate around their mean positions on the crystal lattice. The particle representa-

tive of the resulting energy wave due to these vibrations is called phonon. Phonons have

energy and momentum; they can interact among themselves and with other particles,

including photons, electrons, and crystal boundaries. They can also interact with crystal

impurities and dislocations and lose momentum [42]. The thermal properties of the crys-

tal, such as temperature and heat flux can be obtained by taking appropriate averages of

microscopic properties of the phonon gas. In order to describe phonons, one can use the

classical approach or employ the quantum mechanics to study the phonon transport.

In the classical approach, the crystal is modeled by a chain of particles that are con-

nected to each other by ideal springs. Using Hooke’s law to derive the equation of motion

for atoms in the crystal, gives the general solution as the superposition of plane harmonic

waves. In order to describe the energy transfer [42], these waves should be localized as

packets of waves, which are called phonons in the classical theory. The classical theory of

phonons, however, is limited in capturing some features of phonons, including interaction

of lattice waves and the thermal expansion [42].

The important properties from quantum mechanics allow phonons to be localized

as particles instead of waves. In the phonon model the crystal is replaced by a box

containing the gas of phonons, such that the energy transport can be treated analogous

to the transport processes in gases [17, 20]. The eigen-vibration of the lattice with the

frequency ω and the wave vector k in the crystal corresponds to phonons with the energy

h̷ω and the momentum h̷k, where h̷ is Planck’s constant. The dispersion relation ω (k)
determines the relationship between the frequency and the wave vector, which follows from

the quantum mechanics equation of motion for atoms in the crystal [42]. This relation

is periodic in nature, with a full period equal to the Brillouin zone. Phonons travel with

the group velocity, c =
∂ω

∂k
.

In the phonon model, we distinguish between the optical phonons and the acoustic
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phonons. The optical phonons only appear at high frequencies, when the smallest unit

cell in the crystal has more than one atom. Optical phonons can be neglected in single

element crystal, and at moderate temperatures [42]. The acoustic phonons, however, have

all range of frequencies, and polarize into 2 transversals and 1 longitudinal modes.

We distinguish two types of phonon interactions, Normal and Resistive processes. In

the Normal process, phonons conserve both energy and momentum, while in the Resistive

process only the energy remains conserved.

These two types of interactions lead to three different modes of heat transfer is solids.

The diffusive heat transfer happens when Resistive phonon-phonon interactions are the

dominant process in the flow. In this regime, energy waves are damped in a very short

length, and the Fourier’s law governs the heat transfer process [42]. The second mode takes

place when the Normal processes are the dominant phonon-phonon interactions, which

leads to a wave like energy transport known as the second sound [19, 28]. The third mode

happens when the energy is transported via ballistic phonons [31],i.e., phonons that travel

inside the crystal without any interactions.

Fourier’s law only considers the diffusive heat transfer, and cannot provide agreement

with the experimental data when the other two mechanisms are also playing a role in the

energy transfer.

1.1.2 Phonon transport

Microscopic approach

The phonon-Boltzmann equation describes the transport of phonons in the crystal lattice

[64]. This equation relates the time evolution of the phonon distribution function to

phonon convection and collisions with other phonons, as well as other particles. While

the phonon-Boltzmann equation is valid for all degrees of rarefaction, its direct solution,

due to the complexity in the phase-space dimension as well as the non-linearity in the

collision term, is a formidable task [13].

Due to the complexity of the collision term in this equation, the well-known Callaway

model [9] was proposed to provide an approximation for the collision term. In this model,

the collision is described as a process that relaxes the distribution function of phonons to

the appropriate equilibrium state for the collision type, with the relaxation time τ that

needs to be provided.

Many different relaxation time models have been proposed to express the collision

process. The well-known Klemens’s model [43] considers a quadratic dependency of the
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Resistive relaxation time on the frequency of phonons, τR (ω) ∼ 1

ω2 in the bulk of a pure

crystal. This model provides good agreement with the experimental results for the thermal

conductivity of the crystal at low and relatively high temperatures [43]. However, the

model was originally obtained for low-frequency phonons, i.e., at low temperatures. More

recently, by using the ab initio approach [100], it was seen that at higher frequencies (room

temperature) the dependency of the Resistive relaxation time on the frequency becomes

stronger, and is better modeled by τR (ω) ∼ 1

ω4 .

Macroscopic approach

Macroscopic approaches provide an alternative to describe the energy transport, using

macroscopic properties of the crystal. In the classical theory, the Fourier’s law relates

the heat flux to the gradient of the energy in the crystal. When the mean free path for

the Resistive process is very smaller than the length scale of the flow, i.e., KnR ≪ 1, by

performing Chapman-Enskog expansion [12] on the phonon-Boltzmann equation equipped

with Callaway model, one can obtain Fourier law as the heat flux equation. Fourier law

provides an explicit expression for the thermal conductivity, that can be determined by

experimental measurements. However, since the second sound and ballistic phonons are

not included in Fourier law, it cannot provide satisfactory results when diffusion does not

dominate the heat transport process [22, 49, 15].

Another approach to derive a macroscopic model from the phonon-Boltzmann equa-

tion is using the well-known Grad’s moment method [26]. In this method, macroscopic

moments are defined using moments of the distribution function for phonons. Then, the

transport equations for these macroscopic moments are derived by taking integral mo-

ments of the phonon-Boltzmann equation. The degrees of rarefaction, characterized by

the Knudsen number, determines the required number of macroscopic transport equa-

tions in this approach. The system of Grad’s moment equations are then closed using the

distribution function, by relating higher order fluxes to the macroscopic moments [26].

Considering that we neglect the effect of electrons and their contributions to heat

transfer in this study, the resulting system of equations will only predict the process of

heat transfer in materials with no or very small population of free electrons. This means

that the resulting equations are capable of predicting heat transfer in non-conductors as

well as semi-conductors [103]. In metals, the contribution of electrons to heat transfer

dominates, and must be addressed and considered in the governing equations.
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1.1.3 Earlier Studies

For relatively low temperatures, the dispersion relation can be approximated as a linear

relation, where the frequency of phonons is related to the wavevector by the constant

Debye speed [42]. Debye speed is an appropriate average in the 3 polarizations for phonons

[42]. Using Debye speed assumption, and considering relatively low temperatures, the

equilibrium distribution function becomes zero towards the boundaries of the Brillouin

zone. This provides an opportunity to expand the boundaries of integrations to infinity,

when deriving macroscopic models from microscopic properties of phonons [61]. However,

the validity of these assumptions are dependent on the working temperature of the system.

One can show that for Silicon, Debye assumptions are only valid for temperatures less

than T < 65 K [61].

In earlier studies, Struchtrup and co-workers [19, 24] proposed a simple macroscopic

model for phonon transport in solids. They employed Debye assumption and considered

constant relaxation time in Callaway model to derive a system of macroscopic equations.

These two assumptions led to fast access to a system of moment equations that, in prin-

ciple, could describe the phonon transport process, but in practice, could not provide

good agreement with the experimental data. More specifically, this system of moments

could not predict the rarefaction effects at the corresponding Knudsen number that was

experimentally observed at the room temperature. The discrepancy was attributed to the

simplifying assumptions employed in deriving the macroscopic equations.

1.1.4 Thermal grating experiment

Recently Johnson and his co-workers [38] used the laser-induced transient thermal grat-

ing technique to study the effect of length scale on the heat transfer regime. In this

experiment, two recurring short laser pulses were crossed on a specimen to generate an

interference pattern with period L, which was altered by changing the angle between the

beams. As the laser beam was absorbed by the specimen, a periodic thermal profile was

generated on the silicon wafer, and the decay of this temperature grating by thermal

transport was monitored via diffraction of a probe laser beam.

In the experiment they used a 400nm thick silicon wafer with 400×400µm
2
freestanding

area to ensure that the heat transport is one-dimensional. The above-band-gap photons

were absorbed in the silicon membrane, which led to excitation of hot carriers. As the hot

carriers relaxed to the bottom of the conduction band, the energy was transferred to the

lattice and absorbed by the specimen [25]. Although the measurements were performed
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in the ambient air, the effect of thermal conductivity of air on the thermal grating decay

in the membrane was negligible [38].

The pump laser pulses were detected with a continuous prob beam. The increased

temperature in the silicon wafer induced changes in the transmittance, which led to a

time-dependent diffraction of the continuous prob beam. In the experiment, they used

optical heterodyne detection, where the diffracted signal was superposed with a reference

beam to increase the signal level [53]. The signal and the reference beam were then

directed to a detector, and the output was recorded on a oscilloscope.

The optical fields of the probe and the reference beams incident on the sample, were

approximated as plane waves [89]. By assuming that the temperature grating is very

small, Johnson et al. [89] showed that the intensity of the interference is determined by

the amplitude of the temperature grating. The details of their calculations and employed

optics assumptions are not shown in here and can be found in Ref. [89]. Johnson et al.

reported the decay curve for the intensity of the signal, which is directly proportional to

the decay of grating temperature.

In the thermal grating experiment the influence of electrons were also considered.

The excitation of electrons, due to absorbing the laser beam, and their transport in the

wafer which led to a diffraction pattern in the continuous wave probe beam was addressed

when interpreting the results. Fortunately, the diffusion coefficient for ambipolar carriers

in silicon is an order of magnitude larger than the thermal diffusivity [50]. Therefore,

Johnson and his co-workers observed that the electronic and thermal relaxation were

well separated in the time domain [38]. They observed that, first, the carrier grating

completely relaxed due to the carrier diffusion, and then the thermal grating started to

diffuse. For a typical experiment, the decay time for carriers was in the order of 1.7ns

while for the thermal grating this value was around 26ns.

The text-book mean free path for silicon is λ = 43nm. Considering that in semicon-

ductors heat is mostly transported by phonons, the ratio of phonons mean free path λ and

the length scale of the flow L determines the regime of this energy transfer, i.e, diffusive

or ballistic. At low temperatures most phonons have rather large mean free path, which

leads to ballistic phonon transport in that temperature range. At room temperature, the

mean free path for most phonons are in the range of nanometers, therefore, one does not

expect deviation from the diffusion equations when the length scale is significantly larger

than nanometers.

However, theoretical and experimental studies [40] have suggested the role of phonons,

with rather large mean free path, at room temperature. Researchers proposed to revise



8

the effective mean free path for silicon at room temperature to 260−300nm to account for

phonons with large mean free path [14]. One study shows that phonons with mean free

path exceeding than 1µm have an almost 40% contribution to the thermal conductivity

in silicon at the room temperature [35].

The thermal grating experiment motivated us to start again from the basis, and re-

consider the assumptions to derive a macroscopic model that is also accurate at room

temperature.

1.1.5 Methodology

In this contribution, we follow Grad’s moment method and define macroscopic moments

using a polynomial of frequency and wavevector of phonons. We consider a quadratic

dispersion relation to accurately describe the dependency of frequency on wavevector

at room temperature [67]. Moreover, the Brillouin zone is considered to be a sphere

with finite radius, which depends on the working temperature of the system [42]. Most

importantly, the dependency of relaxation time on frequency is considered in Callaway

model, to account for phonon interactions at low and high frequencies [100]. The resulting

system of equations extend the validity of diffusion equation further in to the rarefaction

regime. By following Grad’s method [26], we obtain boundary conditions for macroscopic

moments. The free parameters in our macroscopic model are fixed using experimental

data for specific heat and thermal conductivity. The resulting system of equations are

used to study the heat transfer problem in a few simple geometries including the thermal

grating experiment [38]. Good agreement with the experimental data is observed, that

suggests the importance of considering frequency dependency in both relaxation times

and the group velocity for phonons at room temperature.

Compared to other macroscopic models that were proposed to replace Fourier’s law

[19, 24, 31], the current system of equations is derived under less limiting assumptions.

The employed simplifications used in earlier models where only valid at low temperatures,

or when the frequency of R and N -processes have certain ratios. In deriving current

moment equations , however, we do not put any limitation on this frequency, and these

collisions are being treated independently.

The moment method provides a clear relation between the microscopic properties of

phonons and macroscopic moments. Properties in the microscopic model can be altered,

and the resulting effects will be observed in the macroscopic equations.

Moreover, the current system of equations provide a lot of freedom in the choice of
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relaxation time model. Different models for R and N -processes can be selected, and

resulting matrices of production term can be compared.

In order to capture rarefaction effects by moment equations, we need to consider many

macroscopic moments. Therefore, the resulting system of equations at the current form

is large; it is hard to use this system for solving two and three dimensional heat transfer

problems.

The resulting system of equations is a set of linear partial differential equations that can

be solved in different geometries. This system of moments has the corresponding terms

to describe the Knudsen layer is capable of capturing higher order rarefaction (higher

than Fourier’s order) effects, and gives a better approximation to the non-equilibrium

phenomena than the classical theory.

Considering that the theories and measurements to obtain the mean free path of

materials were classically done at low temperature ranges, and the phonons characteristics

are different at higher temperatures, the system of moment equations can be used at room

temperature to model the energy transport, and revise the mean free path.

1.2 Gas-Surface interactions in conventional gas dy-

namics

In the second part of this thesis we focus on conventional gas dynamics, and propose and

evaluate a general boundary model for gas-surface interaction in rarefied flows. This part

includes chapters 4, 5 and 6.

1.2.1 Rarefaction in gas flows

At sufficiently small Knudsen number classical hydrodynamics prevails. In this regime

the slip velocity and temperature jump at the surface is small enough, that the gas at

the boundary assumes velocity and temperature of the wall, and the classical constitutive

relations for shear stress and heat flux are valid [77, 81]. In this limit of Knudsen number,

the shear stress is only related to the gradient of velocity, i.e., Stokes’ law, and the heat

flux is only related to the gradient of temperature, i.e., Fourier’s law. In this regime, the

conservation equations for mass density, velocity and energy are closed using the Stokes

and Fourier’s law to provide a macroscopic model when the deviation from equilibrium is

very small.
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Rarefaction leads to deviation from this behavior, so that the Knudsen layer appears

and the gas experiences velocity slip and temperature jump at the wall [10, 77, 81]. In

the bulk of the flow, the shear stress is caused not only by the gradient of the velocity,

but also by the gradient of the heat flux, known as thermal stress [77, 81]. A particularly

interesting rarefaction boundary effect is transpiration flow (also known as thermal creep

flow), [77, 72, 46, 68] where velocity slip is induced by a temperature gradient in the wall,

i.e., the gas is forced into motion at the boundary. Based on this effect, small amounts of

gas can be moved in Knudsen pumps [2].

The employed macroscopic model for the rarefaction regime should be complex enough

to properly describe and capture these effects.

1.2.2 Gas-Surface interactions

While the microscopic interaction between gas particles and a solid boundary is a compli-

cated affair, it is common in kinetic theory of gases to use simplified microscopic gas-wall

interaction models. In the well-known Maxwell model [51] the particles hitting the surface

are assumed to either thermalized with the wall, or perform specular reflection. In ther-

malization, the gas exchanges momentum and energy with the wall, while in the specular

reflection only the normal momentum of the particle is inverted. The Maxwell model

provides one single accommodation coefficient that is used to change the strength of the

temperature jump and velocity slip [10].

Macroscopically, the interaction between gas molecules and solid walls manifests itself

in temperature jump and velocity slip at the gas-surface boundary [81, 48, 11]. According

to the measurements, the accommodation coefficients that describe the velocity slip and

temperature jump are different, which shows the shortcoming of the Maxwell model to

fully describe experiments [72].

Experiments with thermal beams show that the beam is scattered into a plume-like

structure around the line of specular reflection [10, 36]. The structure of the reflected

beam becomes particularly important when scattered particles are free to move for a long

distance inside the bulk gas, i.e., rarefied flows. This plume-like structure is described

and captured by Cercignani-Lampis (CL) model [11, 48], where the shape of the reflec-

tion plume strongly depends on the values of the normal and tangential accommodation

coefficients, αn and αt. Although the CL model can be fitted to slip velocity and temper-

ature jump, it does not provide sufficient flexibility to be fitted to the data for thermal

transpiration coefficient [72].
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For moderate Knudsen numbers, i.e., in the transition flow regime, the particles re-

flected from the surface travel a rather short distance before their first inter-molecular

collision. In this regime the exact shape of the reflection plume is not required to ex-

press boundary conditions, but an appropriate approximation can model the gas-surface

interaction. This motivated us to study the gas-surface interactions in early transition

regime, and propose a model that is simpler than CL and can be fitted to the thermal

transpiration coefficient.

1.2.3 Velocity dependent Maxwell model

The velocity dependent Maxwell (VDM) model presents a modification to the Maxwell’s

boundary conditions by including the corresponding term for isotropic scattering, as well

as the dependency of microscopic accommodation coefficients on the microscopic impact

velocity [83]. The isotropic scattering part of the reflection kernel accounts for those

interactions that gas particles adiabatically exchange tangential momentum with the sur-

face. This happens when the gas particle hitting the wall is considerably lighter than

the surface particle [57]. In the VDM boundary conditions, a particle colliding with the

surface is either thermalized, specularly reflected, or scattered in an arbitrary direction,

where the probabilities for the different processes depend on the impact velocity. The

model provides wide flexibility for the choice of the velocity dependent accommodation

coefficients. We assume that the gas-wall interaction can be described as a thermally

activated process, where particles with higher velocities are more likely to be specularly

reflected or isotropically scattered from the surface, while particles with smaller velocity

are more likely to be thermalized.

The VDM model is used to derive microscopic and macroscopic boundary conditions,

and solve a thermally driven flow in the rarefaction regime.

1.2.4 Modeling rarefied gas flows

In this part, we use both microscopic and macroscopic approaches to model rarefied

flows. Traditionally microscopic approaches provides high accuracy results at the expanse

of large computational overheads. Macroscopic approaches, on the other hand, are more

efficient in computational costs, but have limited validity in the rarefaction regime.
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Microscopic approach

Considering the associated problems with the direct solution of the Boltzmann equation,

particle methods provide an alternative to the direct solution of this equation. This

includes deterministic approaches (like molecular dynamics) [54] to track each individual

particle in the gas, or using statistical approaches (like DSMC) [5] to cloud a group of

particles and study their behavior.

Employing the stochastic assumptions in the DSMC method compared to the deter-

ministic nature of molecular dynamics significantly reduces the computational costs [5, 6].

The DSMC method used in this study follows the scheme proposed by Bird [5]. In this

method the gas is modeled by using many independent simulating particles, where each

particle is representative of a large number of gas molecules. The simulating particles

move with different microscopic speed and collide; however, the motion and collision of

the particles are assumed to be decoupled. The time step ∆t is chosen as a fraction of

mean collision time to ensure pure motion in the elapsed movement time [5]. In order

to use the DSMC for flow simulation, the flow field must be divided into computational

cells. The size of each cell should be small enough to result in small changes in thermo-

dynamic properties across each cell. The cells provide geometric boundaries and volumes

required for sampling the macroscopic properties. They are also used as a unit where

only molecules located within the same cell at a given time are allowed for collision. The

cells are then divided into sub-cells in each direction to facilitate the selection of collision

pairs. In each time step particles perform a deterministic movement followed by stochas-

tic collision. In the end, the macroscopic thermodynamic properties are sampled from

molecular properties within each cell. The DSMC solutions are proved to converge to the

solution of the Boltzmann equation in the limit of infinite simulating particles in each

computation cell [97].

The DSMC method is a very powerful numerical tool, which can simulate very com-

plicated process including polyatomic gases, dense gases, and chemical reactions [5, 6].

Although the DSMC method has been improved significantly over the past decade, it

still suffers from expensive computational overheads. At small flow velocities the ratio

of statistical noises, inherited by the nature of the DSMC, to the average speed of the

flow becomes large, which increases the required computational overheads to get a con-

verged solution [34]. More recently a variance-reduction formulation has been proposed

to improve the traditional DSMC scheme, when the average velocity is small [33]. In this

method, the stochastic particle description is only solved for the deviation from a nearby
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equilibrium, that leads to significant speed up compared to standard DSMC. In addition

to the rather large computational costs in this particle method, due to its microscopic

nature, the DSMC cannot provide further information regarding the causes of predicted

rarefaction effects.

Macroscopic approach

In contrast to the microscopic methods, macroscopic equations can pinpoint the corre-

sponding terms responsible for rarefaction effects. In the theory of macroscopic methods

the behavior of a gas is described through physical quantities such as mass density, tem-

perature, velocity, heat flux, stress tensor, and so on. In Grad’s moment method for con-

ventional gas dynamics [26], the Boltzmann equation is multiplied by the polynomial of

velocities and is integrated over the velocity space. Grad’s moment system, however, due

to hyperbolicity predicts un-physical sub-shocks for Mach number Ma ≳ 1.65. Struchtrup

and Torrilhon [85, 81] combined elements of Chapman-Enskog expansion [12] method and

Grad’s moment method to obtain a system of equations that is valid up to the third order

of Knudsen number, and presented regularized 13-moment (R13) equations. The R13

equations are always stable [80] and give smooth shock structures for all Mach numbers.

Furthermore, the linear R13 equations are accompanied by an H-theorem [86], and are

equipped with a complete set of boundary conditions [93].

1.2.5 Methodology

In the second part of this thesis, we employ the VDM reflection model [83] to account for

the effect of impacting velocities of particles hitting the surface in the reflection kernel.

The corresponding boundary conditions for the DSMC are obtained by sampling the

velocities of particles reflecting from the surface using this distribution function. The

corresponding boundary equations for the R13 are derived by using the reflection kernel

in the boundary condition theory for moments. We employ microscopic and macroscopic

models to study the flow formation in a square cavity when the top and bottom walls

are at different temperatures. The VDM model provides three parameters that can fit to

the slip velocity, temperature jump and thermal transpiration data. This model provides

an opportunity to change the size and direction of the thermal transpiration force at

the wall, which changes the balance of the thermal forces in the rarefied flow. We use

the DSMC results to validate our macroscopic solutions, and use the R13 results to

interpret the rarefaction effects exhibited by the flow. The R13 equations by benefiting
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from the Knudsen layer terms [81], can successfully resolve the interplays between the

boundary and the bulk, and provide good agreement with the DSMC solution at much

lower computational costs up to early transition regime.

In order to fix the free parameters in the VDM model, we require experimental results

for slip velocity, temperature jump and thermal transpiration. In our study, we look at

the most extreme cases for these coefficients to test the flexibility of our reflection model,

and magnify the interplays between bulk effects and Knudsen layer effects.

1.3 Original Contributions

This dissertation follows the paper-based format, and is based on five papers, that four

of them are already published and one is ready for submission as a journal article.
1

In chapter 2 we use the moment method to derive a system of macroscopic equations

for phonon transport from the phonon-Boltzmann equation. Then, using a simple model

for phonon-surface interaction, the macroscopic boundary equations for this system are

derived and presented. The free parameters in the system of equations are fixed using

experimental values for specific heat and thermal conductivity. The system of moment

equations are then solved in two simple one-dimensional geometries to study the heat

transfer problem. This chapter is published in the journal of Continuum Mechanics and

Thermodynamics [61].

In chapter 3 the presented system of equations are used to model the thermal grating

experiment. Considering the two-dimensional nature of this experiment, we propose an

intuitive approach to explicitly express the effect of boundaries in the governing equa-

tions, and analytically solve a modified form of one-dimensional equations to model the

experiment. This chapter is ready for submission as a journal article.

In chapter 4 we use an isotropic scattering kernel to model the adiabatic surfaces using

the DSMC method and R13 equations. We observe and report the viscous slip heating

phenomenon, a second order rarefaction boundary effect in the vicinity of the adiabatic

surfaces. This higher order effect is due to intermolecular collisions in the adjacent DSMC

cell to the surface, which is captured by the R13 equations and interpreted as the prod-

uct of slip velocity and shear stress at the boundaries. This Chapter is published in

International Journal of Thermal Science [57].

In chapter 5 we use the velocity dependent Maxwell model to derive microscopic

1
The author of this dissertation also contributed in publishing Ref. [68].
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boundary conditions for the DSMC method. Then, we model a thermal cavity, where

the temperature gradient at walls are the driving forces of the rarefied flow, and study

the capability of the model to change the size of the transpiration force. We observe and

report the possibility of the inverted thermal transpiration force that could potentially

drive the flow from hot-to-cold. This chapter is published in International Journal of

Heat and Mass Transfer [60].

In chapter 6 we use the velocity dependent Maxwell boundary conditions to study the

complicated interplay between the thermal stress in the bulk and the thermal transpiration

at the boundaries. We use the DSMC as well as three macroscopic models with different

complexity to systematically identify and relate the flow patterns to the macroscopic

rarefaction terms. This chapter is published in Physics of Fluids [56].

1.4 Outline

The contents of this dissertation are divided into two parts with five chapters. In Part

I, which includes two chapters, we focus on the derivation and solution of macroscopic

transport equations for phonon gasses. In Part II, which includes three chapters, we study

an extended model of gas-surface interactions for conventional gas dynamics.

Part I: MACROSCOPIC TRANSPORT EQUATIONS FOR PHONON GASSES

In chapter 2 we start from the kinetic theory of phonons, and propose a dispersion

relation that fits to the experimental data for the specific heat. Then, we look into the

Callaway model for the collision term in the Phonon-Boltzmann equation, and propose re-

laxation times that are valid at room temperature. In Sec. 2.3 we define a general form of

macroscopic moments, and obtain their corresponding macroscopic transport equations.

The resulting system of moment equations is then closed by obtaining the Grad-type dis-

tribution function for phonons. In Sec. 2.4 we use a phonon-surface interaction model,

and derive boundary conditions for the system of moment equations. The final form of

moment equations accompanied with their boundary conditions are presented in Sec. 2.5.

Then, we use the order of magnitude method to obtain the thermal diffusivity for the

system of moments, and fix the free parameter in Callaway model to fit the thermal

diffusivity to the experimental data. In Sec. 2.6 the system of moment equations are ana-

lytically solved in two simple geometries, and the results are compared with the classical

solutions. This chapter ends with our conclusion in Sec. 2.7.

In chapter 3 we use the system of moments presented in chapter 2 to model the ther-

mal grating experiment as a two-dimensional Poiseuille flow of phonons. First, we solve
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the system of equations for the case of steady state one-dimensional Poiseuille flow, where

there is an energy gradient along the flow direction. Then, using this solution in each

cross section of the two-dimensional flow, we analytically solve the modified equations to

model the thermal grating experiment. The solution is then compared with the experi-

mental data, and the importance of considering a frequency dependent relaxation time in

Callaway model is pointed out.

Part II: VELOCITY DEPENDENT MAXWELL MODEL FOR CONVENTIONAL

GAS DYNAMICS

In chapter 4 we use the isotropic scattering kernel to model adiabatic surfaces by the

DSMC as well as the R13 equations. In Sec. 4.3 we study the dynamics of gas-surface

interactions, when a light gas particle collides with a heavy surface particle. Then, using

the isotropic scattering kernel we obtain the velocities of particles reflecting from an

adiabatic wall in the DSMC method. The corresponding boundary equations for the

adiabatic surface in the R13 equations are then derived in Sec. 4.3.4. The DSMC method

and the R13 equations are used to model a lid-driven cavity with three adiabatic walls in

Sec. 4.4. The viscous slip heating, a rarefaction effect which is the product of slip velocity

and shear stress at the boundaries, is predicted by the DSMC method, and captured by

the R13 equations and discussed in Sec. 4.4.5. This chapter ends with our conclusion in

Sec. 4.5.

In chapter 5 the velocity dependent Maxwell boundary conditions are presented and

used to obtain appropriate boundary conditions for the DSMC method. The three pos-

sible considered scenarios when a particle collides with the surface are studied, and the

criteria for each reflection type is discussed in Sec. 5.3.1. Then, these boundary conditions

are implemented in the DSMC, and used to model a thermal cavity in Sec. 5.4.2. The

capability of the velocity dependent Maxwell boundary conditions to change the size of

the thermal transpiration force is shown, and the potential for the inverted transpiration

flow is discussed in Sec. 5.4.3. This Chapter ends with our conclusion in Sec. 5.5.

In chapter 6 we use the microscopic and macroscopic approaches to study a thermal

driven flow in a square cavity. The transport equations for the R13, slow non-isothermal

flow (SNIF) and Navier Stokes Fourier (NSF) are presented, and their corresponding

boundary equations for the velocity dependent Maxwell model are derived in Sec. 6.3.4.

Then, microscopic and macroscopic equations are solved and compared in a thermal cavity

geometry. Using macroscopic methods, the interplay between the thermal transpiration

at the boundaries and the thermal stress in the bulk is discussed, and the corresponding

terms for this rarefaction effect is identified in Sec. 6.4.3. This chapter ends with our
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conclusion in Sec. 6.5.

The dissertation ends with our final conclusion and recommendations given in chapter

7.
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Chapter 2

A Moment Model for Phonon

Transport at Room Temperature

Abstract: Heat transfer in solids is modeled by deriving the macroscopic equations for

phonon transport from the phonon-Boltzmann equation. In these equations, the Callaway

model with frequency dependent relaxation time is considered to describe the Resistive

and Normal processes in the phonon interactions. Also, the Brillouin zone is considered

to be a sphere, its diameter depends on the temperature of the system. A simple model

to describe phonon interaction with crystal boundary is employed to obtain macroscopic

boundary conditions, where the reflection kernel is the superposition of diffusive reflection,

specular reflection and isotropic scattering. Macroscopic moments are defined using a

polynomial of the frequency and wave vector of phonons. As an example, a system of

moment equations, consisting of 3 directional and 7 frequency moments, i.e., 63 moments

in total, is used to study one-dimensional heat transfer, as well as Poiseuille flow of

phonons. Our results show the importance of frequency dependency in relaxation times

and macroscopic moments to predict rarefaction effects. Good agreement with data reported

in the literature is obtained.

A. Mohammadzadeh and H. Struchtrup. A moment model for phonon transport at room tempera-
ture. Continuum Mech. Therm. (2016) 28 pages (First Online DOI: 10.1007/s00161-016-0525-y)
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2.1 Introduction

Miniaturization of devices in the last 50 years has attracted the attention of many re-

searchers [41]. The rapid development of micro/nano electro mechanical systems (MEMS/NEMS)

requires a deeper understanding of the flow characteristics and heat transfer mechanisms

at micro/nano scales. Effects that are negligible at macro scales can dominate at mi-

cro and nano scales. For example, the characteristic length of a flow can become small

enough that surface effects at interfaces dominate over the bulk properties of the flow,

and subsequently lead to a breakdown at the classical laws of continuum mechanics.

The Knudsen number [5] is defined as the ratio of the mean free path (λ) to the

characteristic length of flow (L), Kn =
λ

L
, and indicates the degrees of rarefaction. The

classical assumptions in continuum mechanics [5] start to break down as Kn becomes

larger than 0.001.

One important area of research in nano-technology is the study of heat transport. The

tiny size of modern electronic systems combined with the relative large power of lasers

can lead to huge changes in temperature. Therefore, we need accurate models for heat

transfer that guarantee an effective long-lasting thermal design of modern micro/nano

scale systems [70].

Heat transport in solids is due to the exchange of energy between the particles that

vibrate on the crystal lattice, with respect to their mean position [42, 75]. These vibrations

lead to an energy wave inside the solid, that can be quantized into particles, known as

phonons. The macroscopic properties of a crystal, such as temperature, internal energy

and heat flux can be obtained by taking suitable averages of phonons properties, such as

energy and momentum [42].

Phonons can interact among themselves, and with other particles, including photons,

electrons and crystal boundaries. In phonon-phonon collisions, phonons always conserve

energy, but can lose momentum [42]. The interactions in which phonons conserve both

energy and momentum are called Normal processes. The phonon processes in which the

momentum does not remain conserved are called Resistive processes [42, 75].

Based on the magnitude of the Knudsen numbers for Resistive and Normal processes,

we distinguish three modes of heat transfer in solids:

The diffusive heat transfer, that dominates the heat transfer mechanisms when the

mean free path for Resistive processes is much smaller than the characteristic length

of the flow, λR ≪ L. In this mode, phonons mainly undergo interactions that do
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not conserve momentum, as a results, the energy waves are damped in a very short

length. In this regime the Fourier law governs the heat transfer process [42].

The second mechanism happens when the mean free path for the Resistive process

is much larger than the characteristic length of the flow λR ≫ L, while the mean

free path for the Normal process is smaller or comparable with the characteristic

length of the flow, λN ≲ L. In this regime, Normal processes by conserving the

phonon momentum dominates the heat transfer mechanism, and leads to a wave

like energy transport known as second sound [19, 28].

The energy can also be transported in solids via ballistic phonons [31]. In this

regime the mean free path for Resistive and Normal process are both larger than

the characteristic length of the flow, i.e., λR, λN > L . In this Knudsen flow, phonons

travel inside the crystal without any interactions.

In general, the energy transport in solids is a combination of the above mechanisms.

Depending on the temperature range and the crystal properties, each of the above trans-

port regimes can dominate.

The phonon-Boltzmann equation, first formulated by Peierls [64], describes the trans-

port of phonons in the crystal lattice. This equation relates the time evolution of the

phonon distribution function to phonon convection and collisions with other phonons, as

well as other particles. While the phonon-Boltzmann equation is valid for all degrees of

rarefaction, its direct solution, due to the complexity in the phase-space dimension as well

as the non-linearity in the collision term, is a formidable task [13].

As an alternative to the direct solution, one can use discrete particle methods to track

each individual phonon in the crystal, and use the deterministic approach (a branch of

molecular dynamics) to study the phonon transport [54]. Another approach, known as

direct simulation Monte Carlo (DSMC), is using statistical assumptions to group a cloud

of phonons, and study their behavior [5]. Employing the stochastic assumptions in the

DSMC method compared to the deterministic nature of molecular dynamics significantly

reduces the computational costs. However, DSMC still suffers from expensive computa-

tional overheads [58]. More recently, a variance-reduction formulation has been proposed

to improve the traditional Monte Carlo method, when the temperature difference is small

[65]. In this method, the stochastic particle description is only solved for the devia-

tion from a nearby equilibrium, that leads to significant speed up compared to standard

DSMC. Peraud and Hadjiconstantinou [66] also showed that in the case where the gov-

erning deviational formulation for solving phonon-Boltzmann equation can be linearized,
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additional speed up will be obtained,which provides a suitable algorithm for using DSMC

in three-dimensional geometries.

Due to the complexity of the collision term in the phonon-Boltzmann equation, the

well-known Callaway model [9] was proposed to provide an approximation for this term.

In this model, the collision is described as a process that relaxes the distribution function

of phonons to the appropriate equilibrium state for collision type, with the relaxation

time τ that needs to be provided.

When the mean free path for the Resistive process is very smaller than the length

scale of the flow, i.e., KnR ≪ 1, by performing the Chapman-Enskog expansion [12] on

the phonon-Boltzmann equation equipped with the Callaway model, one can obtain the

Fourier law as the heat flux equation. The Fourier law provides an explicit expression for

the heat conductivity, which can be determined by experimental measurements. However,

since the second sound and ballistic phonons are not included in the Fourier law, it cannot

provide satisfactory results when diffusion does not dominate the heat transport process

[22, 49, 15, 39].

By considering certain ratios between Resistive and Normal relaxation times, re-

searchers derived macroscopic equations to extend the validity of classical hydrodynamics

beyond the Fourier regime. Guyer and Krumhansl [31, 29, 30] solved the linearized form

of the phonon-Boltzmann equation in terms of eigenvectors of the Normal process when

the ratio of Resistive and Normal processes are very small or very large. They showed

that this condition leads to the Fourier law in the former, while a set of equations that can

capture the second sound was obtained in the latter. Although these equations predicted

the second sound effect, they were only valid at low temperature where the employed

assumptions held.

Another approach to obtain a system of macroscopic equations with extended validity

beyond the Fourier’s regime is using higher order moments of the distribution function.

This method, known as moment method, has been successful in rarefied gas dynamics, and

shown to be capable of predicting and explaining the flow behavior up to mid-transition

regime (Kn ≲ 0.5). In the seminal work of Grad, a generic form of macroscopic moments

was considered, and a set of transport equations were derived by taking integral moments

of the Boltzmann equation [26, 18]. This approach provides an infinite number of transport

equations for macroscopic moments, where in theory, its solution is equivalent to the

solution of Boltzmann equation. However, in order to make this system of infinite number

of equations practical, we need to truncate it at some point. Using Grad-type distribution

function to provide closure for the system of moments is a common approach; however,
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this closure brings approximation to the system [26, 81]. In this method, the Knudsen

number determines degrees of rarefaction in the flow, and subsequently, the required

extra terms and equations to capture non-equilibrium. A big advantage of accessing to

macroscopic equations compared to particle methods is the opportunity to relate non-

equilibrium phenomena to macroscopic terms. These macroscopic terms in the system

of moments can be simply switched on and off so that we study their effect to help us

explain the non-equilibrium phenomena. So far, we had a great success in capturing and

explaining thermal driven flows by system of moments in rarefied gas dynamics [68, 56, 69].

Struchtrup and co-workers [19, 24] followed Grad’s moments method, and presented

a simple model for the phonon transport in solids. Although this model described the

interplay between Normal and Resistive processes, and included the second sound and

ballistic phonon effects, due to its simplifying assumptions it could not provide good

agreement with experimental data. The main simplifications considered in their model

were (a) linear dispersion relation between phonon energy and momentum, (b) extension

of the Brillouin zone to infinity, and (c) considering a constant relaxation time for the

Callaway model. These simplifications provided fast access to a system of moments that

could describe the rarefied phonon gas in principle, but fail to give accurate results at

room temperature.

By aiming to access to a system of moments that can indeed capture the phonon trans-

port at room temperature, we replace the simplifying assumptions employed in Ref. [24]

with a more realistic model. We consider a quadratic dispersion relation to accurately

describe the dependency of frequency on wavevector at room temperature. Moreover,

the Brillouin zone is considered to be a sphere with finite radius, which depends on the

working temperature of the system. Most importantly, the dependency of relaxation time

on frequency is considered in the Callaway model, to account for phonon interactions at

low and high frequencies.

Macroscopic moments are defined using a polynomial of frequency and wavevector of

phonons. Using the aforementioned assumptions, the resulting transport equations for

macroscopic moments are derived, and presented. The finite size of Brillouin zone as well

as the frequency dependency in relaxation time makes the derivation of the transport

equations more complicated compared to Ref. [24]. In particular, providing a closed form

of integration at room temperature becomes a formidable task, and most integrations

have to be numerically calculated.

In order to describe the phonon-surface interactions, we used an extension to the

boundary condition model presented in Ref. [24]. In this model, three types of interactions
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are considered: thermalization, specular reflection and isotropic scattering. Based on the

proportions of these three types, the free parameters in the reflection model can be altered

to fit to the experimental data.

In order to fix the free parameters in our model, we use the experimental data for

specific heat and thermal conductivity. We use the specific heat to fix the dispersion

relation, and then by employing this relation, we use the thermal conductivity to fix

the relaxation time in the production term. Then, the resulting equations are used to

analytically solve the heat transfer problem in two simple geometries.

As the first application we model the thermal grating experiment [38], considering

infinite width for the silicon specimen to neglect the effects of boundary conditions. This

assumption leads to a one-dimensional flow problem, that can be solved using eigenvalue-

eigenvector analysis. We compare the predicted results of our system with the reported

data in Ref. [38]. The results show the importance of considering low frequency phonons

as well as high frequency phonons in the relaxation time model, to get a good agreement

with the reported data in Ref. [38]. Then, we use the system of moments to solve Poiseuille

flow of phonons in a heat conductor with adiabatic boundaries. In this problem, the effect

of boundary conditions on the heat transfer is studied. Moreover, we show the deviation

of our results from the Fourier’s solution, and discuss the role of relaxation time model

on this deviation.

The remainder of the paper is organized as follows: In Sec. 2.2 we recall the kinetic

theory of phonons, and introduce the dispersion relation as well as the specific heat.

Then we do a quick review on the Callaway model, and introduce the relaxation times

considered in this study. Macroscopic moments are presented in Sec. 2.3, and the system

of moment equations are derived from the phonon-Boltzmann equation. This system is

then closed using the Grad distribution function in Sec. 2.3.2. The details of phonon-

boundary interactions are presented in Sec. 2.4. Then, the closed system of moment

equations as well as their boundary conditions, and the thermal conductivity predicted

by this system is presented in Sec. 2.5. In Sec. 2.6 the system of moments are used in

two simple geometries to solve heat transfer problems. The paper closes with conclusion

is Sec. 2.7.
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2.2 Phonons

2.2.1 Phonon model

The energy is transported in solids when atoms vibrate around their mean positions on

the crystal lattice. The particle representative of the resulting energy wave due to these

vibrations is called phonon. Phonons have energy and momentum; they can interact

among themselves and with other particles, including photons, electrons, and crystal

boundaries. They can also interact with crystal impurities and dislocations and lose

momentum [42]. The thermal properties of the crystal, such as temperature and heat flux

can be obtained by taking appropriate averages of microscopic properties of the phonon

gas.

In the phonon model the crystal is replaced by a box containing the gas of phonons,

such that the energy transport can be treated analogous to the transport processes in gases

[17, 20]. The eigen-vibration of the lattice with the frequency ω and the wave vector k

in the crystal corresponds to phonons with the energy h̷ω and the momentum h̷k, where

h̷ is Planck’s constant. The dispersion relation ω (k) determines the relationship between

the frequency and the wave vector, which follows from the quantum mechanics equation

of motion for atoms in the crystal [42]. This relation is periodic in nature, with a full

period equal to the Brillouin zone. Phonons travel with the group velocity, c =
∂ω

∂k
.

In contrast to the transport process for gas molecules, phonons do not follow the law

of number conservation; they can be created or destroyed during interactions. The energy,

on the other hand, is always conserved in the phonon-phonon interaction [64],

h̷ω
′

+ h̷ω
′′

= h̷ω
′′′

or h̷ω
′

= h̷ω
′′

+ h̷ω
′′′

.

In this process two phonons with frequencies ω
′

and ω
′′

interact, and create a phonon

with the frequency ω
′′′

, or a phonon with frequency ω
′

splits into two phonons with fre-

quencies ω
′′

and ω
′′′

. Phonon momentum is generally not conserved, but obeys

h̷k
′

+ h̷k
′′

= h̷k
′′′

+ h̷G or h̷k
′

= h̷k
′′

+ h̷k
′′′

+ h̷G ,

where G is the reciprocal lattice vector. The phonon momentum is conserved when

the reciprocal lattice vector is zero. This interaction is called Normal process. If the

interaction between phonons leads to a momentum vector outside the Brillouin zone, the

non-zero reciprocal vector G brings back the momentum vector to the Brillouin zone.
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This type of process is called Umklapp (flip over). The phonons can also interact with

the lattice imperfections and boundaries, and lose momentum while conserving energy.

All processes that do not conserve momentum are called Resistive processes [42, 75].

We distinguish two different types of phonons: optical phonons and acoustic phonons.

Optical phonons appear in crystals with more than one atom in the smallest unit cell, and

only have high frequencies. Therefore, they can be neglected in single element crystals,

and at moderate temperatures range [42]. Acoustic phonons, on the other hand, can

have very low to high frequencies. Acoustic phonons have 3 polarizations, 2 transversals

and 1 longitudinal. In the current study we only consider acoustic phonons, and group

their three polarizations into a single mode with a single velocity and single deformation

potential [17].

2.2.2 Kinetic theory of phonons

In kinetic theory, the state of the phonon gas is described by the distribution function,

f (x,k, t), defined such that the number of phonons in a phase space element, dkdx at

time t is given by

dN = f (x,k, t) dkdx .

Here, x is the three-dimensional space vector. The phonon-Boltzmann equation reads

[19, 64]
∂f

∂t
+ ci

∂f

∂xi

= SR (f ) + SN (f ) , (2.1)

where ci =
∂ω

∂ki
is the group velocity of phonons, and S (f ) is the collision operator including

the Resistive SR (f ) and the Normal process SN (f ).
Moments of the distribution function provide the macroscopic properties of phonon

system. The energy density, energy flux and momentum density in the phonon gas are

obtained as

e (t,x) = ∫
BZ

h̷ωf (x,k, t) dk (2.2a)

qi (t,x) = ∫
BZ

h̷ωcif (x,k, t) dk (2.2b)

pi (t,x) = ∫
BZ

h̷kif (x,k, t) dk (2.2c)

where BZ denotes the Brillouin zone of the lattice. We assume that the dispersion
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relation only depends on the absolute value of the wave vector. This assumption leads to

a spherical Brillouin zone [42] with the boundaries of

−
π
a ≤ ki ≤

π
a , (2.3)

where a is the lattice spacing.

Phonons are Bose particles [42], and their entropy density reads

s = −kB ∫
BZ

(f ln (fy ) − y (1 + f

y ) ln (1 + f

y )) dk , (2.4)

where kB is the Boltzmann’s constant, and y =
3

8π3 is the density of states [42]. Note that

the factor 3 in this constant is related to the 3 phonon polarizations, with 2 branches for

transversal and 1 branch for longitudinal modes. In the equilibrium state, phonons follow

the Bose distribution function [42],

fE =
y

exp ( h̵ω

kBT
) − 1

. (2.5)

2.2.3 Dispersion relation and specific heat

In order to relate the microscopic properties of phonons to the macroscopic properties

of lattice, we need to express the dependency of frequency on the wave vector. We use

an isotropic quadratic function, as suggested in Ref. [67], to approximate the dispersion

relation as

ω (k) = v1k+v2k
2
, (2.6)

where v1 and v2 are constants. The group velocity is obtained by

ci =
∂ω

∂ki
= (v1 + 2v2k)ni , (2.7)

where

ni =
ki

k
,

is the phonon direction vector.

Specific heat is obtained by taking the temperature derivative of the energy moment
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Figure 2.1: Specific heat for Silicon predicted with the quadratic dispersion relation.

in equilibrium, where f is the Bose distribution function

C =
∂e

∂T
=

∂
⎛⎜⎝∫
BZ

h̷ωfEdk
⎞⎟⎠

∂T
. (2.8)

We set v1 to the Debye speed c0, and choose v2 such that we get the best fit to the

experimental values for specific heat at room temperature. The Debye speed c0 is defined

as
1

c3
0

=
1

3

3

∑
i=1

1

c3
i

,

which is an appropriate average in the 3 polarizations for phonons [42]. Using literature

[42] to set c0 = 5883 m

s
, we choose v2 = −1.0103 × 10

−10 m
2

s
to fit to the experimental

values for specific heat. Figure 2.1 shows the variation of specific heat with temperature

obtained from the considered model, compared with the experimental data in Ref. [42].

The deviation that occurs around T ≃ 100 K is due to the value of v2 employed in the

dispersion relation, that we chose to, specifically, fit to the values around room temper-

ature. Note that we can extend the comparison to higher temperatures, however, in the

current study we are interested in the room temperature comparison.
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2.2.4 Callaway model

We use the Callaway model [9] to describe the production term in the phonon-Boltzmann

equation. This model is analogous to the BGK model in the kinetic theory of classical

gases [4]. In this model, the phonon distribution function, f relaxes to the reference

distribution functions, fR and fN , with the relaxation times τR and τN for the Resistive

(R) and Normal (N) processes, respectively. The idea behind this model comes from

the concept of maximum entropy at the equilibrium state. All phonon interactions are

supposed to increase entropy, and drive the distribution function toward the equilibrium

state corresponding to their type of interactions. The relaxation time relates to the phonon

mean free path, and shows the rate of this increase in the flow. The Callaway model reads

S(f ) = −
1

τR(ω) (f − fR) − 1

τN (ω) (f − fN ) . (2.9)

The equilibrium distributions fR and fN , must be chosen to satisfy the conservation

conditions for energy and momentum. In all R-processes the energy is conserved, hence

∫
BZ

h̵ω

τR(ω) (f − fR)dk = 0 , (2.10)

and in all N -processes both energy and momentum are conserved,

∫
BZ

h̵ω

τN (ω) (f − fN )dk = 0 and ∫
BZ

h̵ki

τN (ω) (f − fN )dk = 0 . (2.11)

In order to obtain the appropriate expressions for the equilibrium distributions fR and

fN , we maximize the entropy density Eq. (2.4), under the constraints of Eq. (2.10) and

Eq. (2.11), respectively. This leads to

fR =
y

e
h̵ω

kB
γ
− 1

and fN =
y

e
( h̵ω
kB

γ
′

+
ξj h̵kj

kB
)
− 1

, (2.12)

where γ, γ
′

and ξj are the Lagrange multipliers. We assume that the phonon gas is not

very far from the local equilibrium, so that the above distribution functions deviate only

slightly from the local equilibrium distribution functions. This allows us to linearize these
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distribution function in Lagrange multipliers to get

fR = fE +
∂fR

∂γ
∣E (γ − γE) , (2.13)

fN = fE +
∂fN

∂γ
′
∣E (γ ′

− γ
′

E) + ∂fN

∂ξj
∣E (ξj − ξj,E) .

Note that by comparing Eq. (2.12) with the Bose distribution function, we have

γE = γ
′

E =
1

T
and ξj,E = 0 .

The relaxation times in the Callaway model plays a very important role in predicting

the phonon transport characteristics. The relaxation time for the R-processes reads [55]

1

τR (ω) = 1

τU (ω) + 1

τB (ω) + 1

τX (ω) ,
where τU denotes the relaxation time for the Umklapp processes, τB denotes the relax-

ation time for the phonon-boundary interaction, and τX takes the effects of impurities into

account. The effects of phonon-surface interactions will be considered in the boundary

condition model in Sec. 2.4. Moreover, we consider a pure crystal without any imperfec-

tion, i.e., 1

τX (ω) = 0.

For the relaxation time in the Umklapp processes we use the results reported in

Ref. [100]. Ward and Broido [100] employed the first principle approach to obtain the

relaxation times, and observed that at low frequency τU ∝
1

ω2 , while at high frequencies

this dependency is stronger, τU ∝
1

ω4 .

Considering that at low frequency this relation is in accordance with the well-known

Klemens’s expression [43, 55]

τU (ω) = 1

BUT exp (−D

T
) 1

ω2
, (2.14)

with BU = 1.73 × 10
−19 s

K
and D = 137.39K, we used Eq. (2.14) for the relaxation time at

low frequency in U -processes.

Considering that the relaxation time has a stronger frequency dependency at higher

frequencies [100], we employed a similar expression to the well-known Eq. (2.14), but

with larger powers of frequencies to express the relaxation time at higher frequencies. We
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considered that the relaxation time follows

τU (ω) = ⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

BUT exp(−D

T
) 1

ω2 , ω ≤ ωC

1

SUT exp(−D

T
) 1

ω4 , ω ≥ ωC

, (2.15)

where ωC is the cross-over frequency. Here, SU is chosen such that we observe a continuous

relaxation time at ωC ,

SU =
BU

ω2
C

.

The cross-over frequency, ωC , is then chosen to fit to the experimental data for thermal

conductivity.

For the N -process we follow Ref. [37], and assume that the relaxation time is approx-

imated as

τN (ω) = 1

BNTω
2
, (2.16)

where BN can be used to adjust to the experimental data.

2.3 System of moments

2.3.1 Moment equations

Following Grad’s moment method [26], we derive a set of macroscopic transport equations

that can approximate the phonon-Boltzmann equation. For this means, we define the

general macroscopic moment

u
α
<i1,..in>

= ∫
BZ

ω
α
n<i1...nin>f (x,k, t) dk , (2.17)

to relate the phonon properties to the macroscopic properties of the crystal. The indices

in the angular brackets denotes the trace-free and symmetric part of the tensor. Our

moment definition contains the powers of frequencies ω
α
with α = 0, 1, 2, ..., and the wave

vector in the form of direction vectors, n<i1..in> =
k<i1...in>

kn
.

Following Eq. (2.17), the energy density is obtained by

e (x, t)
h̷

= u
1
0 (x, t) .

The energy density flux and the momentum density of phonons will be related to the
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vectorial moments u
α
i , by using the constitutive relations in the sequel.

In order to get a hierarchy of balance equations for the moments, we multiply the

phonon-Boltzmann equation with the generic term

Υ
α
i1,..in

= ω
α
ni1...nin , (2.18)

and perform an integration over the k-space in the Brillouin zone. This leads to a system

of moment equations of the generic form

∂u
α
i1,..in

∂t
+

∂F
α
i1,..ininp

∂xnp

= P
α
i1,..in

, (2.19)

with the fluxes

F
α
i1,..in in+1

= ∫
BZ

cin+1
ω
α
ni1...ninfdk ,

and the productions

P
α
i1,..in

= ∫
BZ

ω
α
ni1...ninS (f ) dk .

For the scalar moments u
α
0 , we separate the equilibrium part from the non-equilibrium

part, and define

v
α
0 = u

α
0 − u

α

0∣E . (2.20)

Here, the equilibrium part of the scalar moment is defined as

u
α

0∣E = ∫
BZ

ω
α
fEdk .

Note that F
α
i1,..in

has been defined as a rank n tensor. It is helpful in the further

calculation to decouple the trace and trace-free parts of tensors, and indicate the trace-

free tensor by angled brackets around the indices. For example, for the second order

tensor we can write

F
α
ij = F

α
<ij> +

1

3
F

α
0 δij ,

where δij is the Kronecker delta function. Using similar tensorial calculation [81], we can

decouple the trace and trace-free parts of a rank n tensor. Therefore, the hierarchy of
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moment equations, using the trace-free symmetrical tensors, can be written as

∂u
1
0

∂t
+
∂F

1
i

∂xi

= 0 , (2.21)

∂v
α
0

∂t
−

∂u
α

0∣E
∂u1

0

∂F
1
i

∂xi

+
∂F

α
i

∂xi

= P
α
0 α ≥ 0,≠ 1 ,

∂u
α
i

∂t
+

∂F
α
<ij>

∂xj

+
1

3

∂F
α
0

∂xi

= P
α
i ,

∂u
α
<ij>

∂t
+

∂F
α
<ijp>

∂xp

+
2

5

∂F
α
<i

∂xj>

= P
α
<ij> ,

∂u
α
<i1i2...in>

∂t
+

∂F
α
<i1i2...inin+1>

∂xn+1

+
n

2n + 1

∂F
α
<i1i2...in−1

∂xin>

= P
α
<i1i2...in>

n > 2 .

Note that based on the definition of moments, we have ui1i2...inkk = ui1i2...in . Moreover, α

is the number of frequency powers in the non-equilibrium moments. The first equation

in this hierarchy is the conservation of energy, where production term is zero in the right

hand side.

2.3.2 Closure for system of moments

Taking moments of the phonon-Boltzmann equation generates a large system, consist-

ing of an infinite number of balance equations (2.21). This system includes flux terms

F
α
<i1i2...inin+1>

, as well as production terms P
α
<i1i2...in>

, that need to be determined to get

a closed system of equations. The solution to this closure problem in kinetic theory,

was first proposed by Grad [26], and then extended to the phonon kinetic theory in Ref.

[19, 24]. Since flux and production terms are expressed through the distribution function,

the closure problem is solved when we find the distribution function, that indeed depends

on the moments. For this means, we follow the Grad’s [26] idea to express the distribution

function as a function of moments in Appendix A. Here, we present the final result as

fG = fE +
a
3

32π
∑
η,m
≠E

(2m + 1)!!
m!

Φ
η
X

η+1

M [uη

<j1,..jm>
− u

η

<j1,..jm>E

ω
η

M

]n<j1...njm> , (2.22)

where ωM =
2c0

a
is the reference frequency, and XM =

h̵ωM

kBT
is the non-dimensional inverse

of temperature. For the detailed derivation of the distribution function, as well as the

expressions for Φ
η
see Appendix A.
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Flux terms

Using the Grad distribution function, we can determine the fluxes as functions of moments.

The fluxes have the general form

F
α
<i1i2...inin+1>

= ∫
BZ

cin+1
ω
α
n<i1...nin>

fGdk . (2.23)

Substituting Eq. (2.22), and rearranging the equations gives

F
α
<i1i2..in>

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c0ω
α
M

⎛⎜⎜⎜⎜⎝A
α
E

u
α
0∣E
ωα
M

+

nF∑
η=0
≠1

A
α,η

0

v
η

0

ω
η

M

⎞⎟⎟⎟⎟⎠ , n = 0

c0ω
α
M (nF∑

η=0

A
α,η
n

u
η

<i1,..in>

ω
η

M

) , n ≠ 0

, (2.24)

The detailed derivation of this relation, as well as the expressions for A
α,η
n and A

α
E can be

found in Appendix B.

Production terms

Similar to the flux terms, we use the Grad distribution function to express the production

terms as functions of moments. The production terms have the general form

P
α
<i1i2..in>

= ∫
BZ

ω
α
n<i1...nin>

S(fG)dk , (2.25)

where S (fG) is obtained by using the Callaway model in Eq. (2.9). It is worth noting that

by using the moment method R and N -processes can be treated completely independently

P
α
<i1i2...in>

= P
α
<i1i2...in>,R

+ P
α
<i1i2...in>,N

. (2.26)

Resistive process Considering the conservation of energy in the R-process Eq. (2.10),

and expressing fR as a function of the non-equilibrium moments, we obtain the production

moments for R-processes as

P
α
<i1i2...in>,R

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−
ω
α
M

τ0
R

nF∑
η=0
≠1

J
α,η

0,R

v
η

0

ω
η

M

n = 0

−
ω
α
M

τ0
R

nF∑
η=0

J
α,η

n,R

u
η

<i1,..in>

ω
η

M

n ≠ 0

, (2.27)
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Here, τ
0
R is the reference relaxation time for R-process that depends on the crystal, and

will be discussed in the sequel. Note that we have J
1,η

0,R
= 0, which implies zero production

in the case of energy moment, i.e., n = 0 and α = 1. The detailed derivation of the above

production matrix, as well as the expression for J
α,η

n,R
can be found in Appendix C.

Normal process Using Eq. (2.11), we express fN as a function of non-equilibrium

moments, and obtain the N -production moment as

P
α
<i1i2...in>,N

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
ω
α
M

τ0
N

nF∑
η=0
≠1

J
α,η

0,N

v
η

0

ω
η

M

n = 0

−
ω
α
M

τ0
N

nF∑
η=0

J
α,η

1,N

u
η

i

ω
η

M

n = 1

−
ω
α
M

τ0
N

nF∑
η=0

J
α,η

n,N

u
η

<i1i2...in>

ω
η

M

n > 1

. (2.28)

Here, τ
0
N is the reference relaxation time for N -process that also depends on the crystal,

and will be discussed in the sequel. The detailed derivation of the above production

matrix and an expression for J
α,η

n,N
can be found in Appendix D.

2.4 Boundary conditions

So far, we have derived the system of moments equations, and provided expressions for the

flux and production terms to it. In this section we will derive the appropriate boundary

conditions for this system of equations.

2.4.1 Microscopic model for the phonon-Boltzmann equation

In order to describe the phonon-surface interactions we need a microscopic boundary

condition that can be used to solve the phonon-Boltzmann equations. Later, this mi-

croscopic model will be utilized to obtain the macroscopic boundary conditions for the

moment equations.

We use a phonon-surface model similar to the Maxwell boundary condition in classi-

cal theory [51], where the reflection kernel is a superposition of the kernels for diffusive

reflection and specular reflection.

For phonons, we consider three possible scenarios when colliding with the surface

[24, 83] :
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Thermalization: This process occurs when the impacting phonon with the surface is

absorbed at the wall, and new phonons are emitted from the surface to the gas. The

generated phonons will leave the surface at the equilibrium Bose distribution (2.5),

with the temperature of the surface. In this process, impacting phonons exchange

energy and momentum with the surface, which subsequently leads to an energy

transfer across the crystal boundary.

Specular reflection: In this process the energy and tangential momentum of the

impacting phonons with the surface remain conserved, and only their normal mo-

mentums become inverted. This interaction does not lead to any energy transfer,

or drag (like) forces across the crystal boundary.

Isotropic scattering: This process accounts for the adiabatic interactions, while

phonons transfer tangential momentum to the surface. The incoming phonons are

reflected in a random direction, while keeping their impacting energy. This process

is in analogy to the collision of a light gas particle to the heavy surface particle for

classical gasses [57].

In order to describe the phonon-surface behavior we need the distribution function in

an infinitesimal neighborhood of the wall, that we write as

f = { f
∗ (x,k, t) , niνi ≥ 0

f (x,k, t) , niνi ≤ 0
. (2.29)

Here, νi is the surface normal unit vector, and ni =
ki

k
is the unit phonon direction vector.

The distribution function for phonons leaving the surface (niνi ≥ 0) is expressed by f
∗
,

and is described by the reflection model.

We define β as the portion of phonons that are scattered or specularly reflected from

the wall. Noting that the number of phonons are conserved in these two process, we assume

that γ of them are specularly reflected, and (1 − γ) are isotropically scattered. Moreover,

α is the relative amount of thermalized phonons. Thus, the distribution function for the

particles leaving the surface reads

f
∗

= αfE (Ts, k) + βγf (ki − 2kjνjνi) + β
(1 − γ)

π
1
c ∫

nkνk<0

c (−nkνk) f (kj) dΩ . (2.30)

Here, the first term in the right hand side denotes the thermalized phonons, which will be

emitted with the equilibrium distribution function at the wall temperature, Ts. The second
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term describes the specular reflection of phonons, in which only the normal momentum

will be inverted. The isotropic scattering of phonons, where phonons are reflected with a

random angle, is described in the third term of Eq. (2.30).

This relation must also hold in the equilibrium state, when both incoming and outgoing

particles follow the equilibrium distribution fE at T = Ts. Substituting this condition in

Eq. (2.30) gives

α = (1 − β) .

Therefore, based on the crystal properties, this model for boundary condition introduces

β and γ as the free parameters to fit to experimental data.

2.4.2 Boundary conditions for moments

To obtain the macroscopic boundary conditions for moments, we follow the ideas of Grad

as outlined in [26, 93]. In this method, first we assume that the phonon distribution

function can be approximated with the Grad distribution Eq. (2.22), and set f = fG.

Then, we require the continuity of certain normal fluxes over an infinitessimal surface

element, that by using Eq. (2.29) gives

∫ ΥAnkνkfdk =∫ ΥAnkνkfGdk (2.31)

where ΥA is the polynomial of the frequency and the direction vector, that we already

defined in Eq. (2.18). Following this method we obtain relations between the macroscopic

moments and the wall properties, which shall be used as the boundary conditions for the

macroscopic moments. Since f and fG agree for the incident particles, the above relation

simplifies to

∫
niνi>0

ω
α
ni1...ninnkνkf

∗

dk =∫
niνi>0

ω
α
ni1...ninnkνkfGdk . (2.32)

In order to perform the directional integration on the half space, it is best to use the

normal-tangential frame with respect to the surface, where the phonon direction vector

can be expressed as nk = {τA, ν}k. In this frame, the normal and tangential components

to the surface can be written as

ν = nkνk = cos θ and τA = {sin θ cosφ, sin θ sinφ}A
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Using this notation, Eq. (2.32) simplifies to

∫
ν>0

ω
α
τA1

...τAr
ν
n−r+1

f
∗

dk =∫
ν>0

ω
α
τA1

...τAr
ν
n−r+1

fGdk , (2.33)

where r ≤ n. Grad [26] observed that in order to get a meaningful set of boundary

conditions ΥA must be even in the normal component of the directional vectors, hence

n− r must be even. Performing the integration in Eq. (2.32) leads to the general relation

for the boundary conditions

32π

a3Xα+1
M

(1 − β) (∫
BZ

X
α (fE − fE (Ts))G (X) dX) ξms δ{B1...Bs}

− β (1 − γ)∑
n

µ
α
(uα

<ν1...νn>
− u

α

<ν1...νn>∣E)
ωα
M

ξ
m
s δ{B1...Bs} = ∑

n

n

∑
r=0

(2n + 1)!!(n − r)!r! (γβσn+m
r+s − ξ

n+m
r+s )

(uα
<A1...Arν1...νn−r>

− u
α
<A1...Arν1...νn−r>∣E)

ωα
M

δ{A1...ArB1...Bs} (2.34)

Here, X =
h̵ω

kBT
is the non-dimensional frequency. Moreover, the capital indices refer to

the tangential, ν refers to the normal directions with respect to the surface, and δ{B1...Bs}
is the generalized tangential unit tensor. Note that the above boundary conditions are an

extension to the simplified form of boundary equations presented in Ref. [24]. Details for

derivation of this relation can be found in Appendix E and F .

2.5 Closed system of moment equations and bound-

ary conditions

2.5.1 Macroscopic equations

Substituting the description for the flux term Eq. (2.24), as well as the production terms

Eqs. (2.27) and (2.28), provides a closed system of equations that can be solved to describe

the thermal behavior of the crystal. We introduce the non-dimensional moments, time

and space as

U
α
<i1i2...in>

=

u
α
<i1,..in>

ωα
M

, t̂ =
tc0
L

, x̂ =
x

L
, (2.35)

where L is the length scale of the system. Based on the desired accuracy, we can use a spe-

cific number of transport equations for the direction and frequency. In the current study
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we employ three directional moments (uα
0 , u

α
i , u

α
<ij>). As a required condition, we will

show that further increase in the number of directional moments, i.e., u
α
<ijk>, u

α
<ijkl>..., will

not cause any noticeable change in the solution. Considering three directional moments

will lead to a set of 9 × nF macroscopic equations, where nF is the number of considered

powers of frequency. By considering a small deviation from the equilibrium state, we can

linearize the convection term in the non-equilibrium moments, and write Eq. (2.21) as

∂U
1
0

∂t̂
+

nF

∑
η=0

A
1,η

1

∂U
η

i

∂x̂i

= 0 , (2.36)

∂V
α
0

∂t̂
+

nF

∑
η=0

(Aα,η

1 −

∂U
α

0∣E
∂U1

0

A
1,η

1 ) ∂Uη

i

∂x̂i

= −
1

KnR

nF

∑
η=0
≠1

J
α,η

0 V
η

0 α ≥ 0,≠ 1 ,

∂U
α
i

∂t̂
+

nF

∑
η=0

A
α,η

2

∂U
η

<ij>

∂x̂j

+
1

3

nF

∑
η=0
≠1

A
α,η

0

∂V
η

0

∂x̂i

+
1

3

∂ (Aα
EU

α

0∣E)
∂U1

0

∂U
1
0

∂x̂i

= −
1

KnR

nF

∑
η=0

J
α,η

1 U
η

i ,

∂U
α
<ij>

∂t̂
+
2

5

nF

∑
η=0

A
α,η

1

∂U
η

<i

∂x̂j>

= −
1

KnR

nF

∑
η=0

J
α,η

2 U
η

<ij> .

Here, α is the number of frequency powers in the non-equilibrium moment, which can be

up to nF . Moreover,

J
α,η
n = J

α,η

n,R +
KnR

KnN

J
α,η

n,N ,

and

KnR =
c0τ

0
R

L
and KnN =

c0τ
0
N

L
,

are the reference Knudsen numbers for the R and N -processes. The temperature and

heat flux implicitly appear in the moments equations, and will be discussed in details in

the sequel.

The boundary conditions for this system, are obtained from Eq. (2.34) as

U
α
ν = −

(1 − β)
2 (β + 1)∆T

TS

Y
α (T )U1

0 −
(1 − β)
2 (β + 1)V α

0 −
15

16

(1 − β)(β + 1)Uα
<νν> α ≥ 0,≠ 1 , (2.37)

U
α
<A1ν>

= −
3

8

(1 − γβ)(γβ + 1)Uα
A1

α ≥ 0,≠ 1 .

Here, we linearized the first term of Eq. (2.34) in the temperature difference ∆T = TS −T ,
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to get

Y
α (T ) =

∫
BZ

X
α+1

exp(X)G(X)(exp(X)−1)2 dX

Xα−1
M

∫
BZ

XG(X)
exp(X)−1dX

.

The first equation in the system of moments (2.36) represents the transport equation

for the energy moment, with no production on the right hand side, and will be discussed

in the next section. The transport equations for the non-equilibrium scalar moments and

vectorial moments are shown in the second and third equations (2.36).

The vectorial moments will be related to the phonon momentum using the constitutive

relations. The transport equations for the vectorial moments include second-rank tensorial

moments U
η

<ij>
, that can be related to the phonon stress. Dreyer and Struchtrup [19]

showed that using the system of moment including the phonon stress can successfully

express the second sound in the crystal. Therefore, the system of moments (2.36) are

expected to include the corresponding terms for the second sound.

2.5.2 Energy, temperature and heat flux

The energy moment U
1
0 appearing in the system of equations (2.36) varies with tempera-

ture as

U
1
0 =

4πk
4
By

h̵4c3
0
ωM

(∫
BZ

X
2
MXG (X)

exp (X) − 1
dX)T 4

.

Note that in the above equation X and XM are also a function of temperature. In

the case of linear dispersion relation with infinite Brillouin zone, i.e., Debye assumptions

[42], this relation simplifies to

U
1
0∣D =

4π
5
k
4
By

15h̵4c3
0
ωM

T
4
.

However, this assumption is only valid at low temperatures. Variation of the energy

moment relative to the Debye energy moment with respect to the temperature is shown

in Fig. 2.2. It is observed that at room temperature the energy moment deviates from

the Debye energy moment, which reiterates the limitation of the Debye assumptions.

Another look into Eq. (2.36) shows that energy flux appears as a summation over the
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Figure 2.2: Variation of the energy moment relative to the Debye energy moment with
respect to the temperature for Silicon
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vectorial moments

Qi =

nF

∑
η=0

A
1,η

1 U
η

i . (2.38)

Note that the non-dimensional heat flux Qi, relates to the dimensional heat flux qi as

Qi =
qi

co (h̵ωM ) .
We use Eq. (2.38) to obtain the energy flux as a function of energy gradient, and derive

the thermal diffusivity.

2.5.3 Thermal diffusivity and thermal conductivity

The thermal diffusivity, κ relates the heat flux to the gradient of energy as

qi = −κ
∂u

1
0

∂xi

. (2.39)

Equation (2.36)-3 shows the dependency of the vectorial moments on the gradient of

energy moment, that will be used to obtain the thermal diffusivity. Considering that

Fourier’s law Eq. (2.39), is valid in the first order of Kn, we perform a Chapman-Enskog

(CE) expansion [12] on the system of moments, to identify the first order terms contribut-

ing to the Fourier’s heat flux.

We expand the non-equilibrium moments in the smallness parameter KnR as

V
α
0 = V

α
0,0 +KnRV

α
0,1 +O (Kn

2
R) , (2.40)

U
α
i = U

α
i,0 +KnRU

α
i,1 +O (Kn

2
R) ,

U
α
<ij> = U

α
<ij>,0 +KnRU

α
<ij>,1 +O (Kn

2
R) .

Then, we substitute this description in the system of moments. For example, Eq. (2.36)-2

reads

∂ (V α
0,0 +KnRV

α
0,1 +O (Kn

2
R))

∂t̂
+

nF

∑
η=0

(Aα,η

1 −

dU
α

0∣E
dU1

0

A
1,η

1 ) ∂ (Uη

i,0
+KnRU

η

i,1
+O (Kn

2
R))

∂x̂i

=

−

nF

∑
η=0

1

KnR

J
α,η

0 (V η

0,0 +KnRV
η

0,1 +O (Kn
2
R)) .
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Collecting the powers of Kn
−1
R in the system of moments gives

V
α
0,0 = U

α
i,0 = U

α
<ij>,0 = 0 ,

that implies non of the above moments have zeroth order contributions. Applying the CE

expansion to (2.36)-3 with the updated form of (2.40), and collecting the contribution of

order Kn
0
R gives

1

3

∂ (Aα
EU

α

0∣E)
∂U1

0

∂U
1
0

∂x̂i

= −
1

KnR

nF

∑
η=0

J
α,η

1 U
η

i,1. (2.41)

Using the description of energy flux from (2.38), and the first order contribution of

the vectorial moments (2.41), the thermal diffusivity can be written as

κ = κ
0

nF

∑
η,γ=0

A
1,η

1

⎛⎜⎝(J−1
1 )ηγ ∂ (Aγ

E
U

γ

0∣E)
∂U1

0

⎞⎟⎠ (2.42)

where

κ
0
=
1

3
τ
0
Rc

2
0 ,

is the reference thermal diffusivity, obtained by considering a constant relaxation time at

the reference temperature.

Equation (2.42) shows that the thermal diffusivity predicted by the system of moments

is a correction to the reference value, due to the frequency dependency in the relaxation

time, i.e., the contribution of the production term J
ηγ

1
. It has been shown in Ref. [37]

that the correction resulting from the Normal scattering process can be disregarded in

the case of Silicon. Therefore, in order to adjust our relaxation time we assume that we

only have R-process in our system, and neglect the N -process contribution.

Figure 2.3 shows the variation of the thermal conductivity with the temperature.

Thermal conductivity, κ is related to the thermal diffusivity as

κ = κρC ,

where ρ is the mass density of the solid, and C is the specific heat obtained in Eq. (2.8).

We considered 6 powers of frequency in our system, i.e., nF = 6. In order to fit to

the experimental data for thermal conductivity, we chose the cross-over between the two

relaxation times in Eq. (2.15) to occur at 0.3 of the length of Brillouin zone, i.e.,
h̵ωC
kBT

BZ

= 0.3. Note that since BZ in this expression also depends on the temperature, the
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Figure 2.3: Variation of the thermal conductivity with the temperature for Silicon, line:
system of moments, dots: experimental data in Ref. [42]
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Figure 2.4: Variation of the relative change in the thermal conductivity with the number
of considered frequency powers.

considered value for the cross-over frequency does not vary with the working temperature.

The predicted results from the system of moments are in very good agreement with the

experimental values for the Silicon. We could extend the comparison of the thermal

conductivity to larger temperatures, however, we are interested in the room temperature

comparison in the current study.

The effect of increasing the number of frequency powers on the thermal conductivity

is depicted in Fig. 2.4. Here we show the relative changes in the thermal conductivity

φnF
=

»»»»»κnF
−κnF −1

»»»»»
κnF

with successive increase in the number of considered frequencies, nF at

T = 300K. We observed that the predicted results for thermal conductivity do not change

noticeably by increasing the number of frequency powers to more than 6. Thus, we set

nF = 6 for the following results in this study.

2.6 Analytical solution in simple geometries

The system of moment equations (2.36) equipped with the boundary conditions (2.37)

are a set of linear partial differential equations that can be analytically solved in simple

geometries. First we study the behavior of one-dimensional wave obtained by system of

moments, and then we investigate the one-dimensional Poiseuille flow for the phonon gas.
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2.6.1 1-D Heat conduction with periodic initial condition

As the first application we look into the decay of energy amplitude with time in a one-

dimensional body with periodic initial conditions such as Fig. 2.5 . Johnson et al. [38] ex-

perimentally studied this problem by interfering two laser beams, and exposing a wafer to

the diffraction pattern. In this experiment, a sinusoidal energy pattern was initialized in

a thin silicon wafer at room temperature, and the thermal decay was measured to deter-

mine a wavelength dependency of the damping coefficient. They observed that at room

temperature, the thermal transport in Silicon significantly deviates from the diffusion

model already at micron distances. More specifically, they showed that low frequency

phonons, with rather large mean free paths that cannot be described by the diffusion

model, significantly contribute to the heat transfer at micron distances.

Maznev et al. [52] investigated this problem by proposing a model in which the

high-frequency phonons are described by the thermal diffusion equation, while the low-

frequency phonons are described by the phonon-Boltzmann equation. They reported good

agreement with the experimental data.

We use the moment method to predict the damping behavior as a function of the

grating’s wavelength, and compare it with the data reported in Ref. [52]. Due to the

periodic nature of this problem, we do not need to use boundary conditions at both ends

of the specimen, and will study the flow behavior in the bulk.

The depth of wafer used in Ref. [38] was much smaller than its length and width,

such that the sinusoidal pattern remains homogenous throughout the entire specimen.

Moreover, Johnson et al. used wafers with different thickness to study the effect of thick-

ness (boundary conditions) on the heat flow. For simple analysis, we only consider a
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one-dimensional flow with infinite thickness to neglect effects of boundaries. Then, we

validate our numerical results with the reported data in Ref. [38] for the infinite thickness.

System of moment solution

In one-dimension, we can write the linear system (2.36) as

∂UA

∂t
+ AAB

∂UB

∂x
= −CABUB , (2.43)

where AAB and CAB correspond to the variable vector

U = {U1
0 , V

α
0 , U

α
i , U

α
<ij>} α = 0, 1, ..., nF .

Here, α is the number of frequency powers in the non-equilibrium moment, which can be

up to nF . Considering the periodic nature of the problem, we make the harmonic wave

ansatz

UA (x, t) = ŨA exp (i (̥x − Ωt)) ,

where ŨA is the complex amplitude, ̥ and Ω are, respectively, wavenumber and frequency

of the harmonic wave. By inserting this relation in Eq. (2.43) we get the algebraic equation

(iΩδAB − i̥AAB + CAB)UB = 0 ,

that only has non-trivial solutions when the determinant of the matrix inside the paren-

thesis becomes zero. This will lead to an eigenvalue problem, where Ω is the vector of

eigenvalues for the matrix of ̥AAB+ iCAB. For each eigenvalue there is a specific solution

to the wave ansatz. By considering that only the energy moment was initially non-zero

and equal to E exp (i̥x), the general solution can be obtained by adding all individual

solutions together to form

UA (x, t) = E∑
B

QABQ
−1
B1 exp (i (̥x − ΩBt)) . (2.44)

Here, QAB is the matrix of eigenvectors. We use our MATHEMATICA code to obtain

the solution for the above expression. Note that the solution can be generated for an

arbitrary number of moments, by simply expanding the dimensions of UA, AAB and CAB.
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Fourier’s law solution

The linearized heat equation in one-dimension reads

∂U
1
0

∂t
− κ

∂
2
U

1
0

∂x2
= 0 .

Using the wave ansatz leads to a quadratic relation between the frequency and the

wavenumber

Ω = −iκ̥
2
,

that is the case when diffusion is the dominant energy transfer mechanism. Using the

Fourier law to solve the one-dimensional heat conduction problem gives

U
1
0 = E exp (−κ̥2

t) cos (̥x) . (2.45)

This equation shows that the Fourier law predicts a pure exponential decay for the

energy moment by time. This exponential decay depends on the thermal diffusivity and

the initial wavevector.

Results and discussion

Johnson et al. [38] conducted the thermal decay experiment on 15 transient gradient

periods ranging from 2.4 to 25µm, and reported that within the whole range of grating

periods the thermal decay remains exponential.

First, we use the system of moments to investigate if the energy moment follows

an exponential decay. For this means, first we assume that the energy moment follows

an exponential function such as Eq. (2.45), however, the coefficient in the exponential

argument is not necessarily the thermal diffusivity κ. Then, we consider t1 and t2 as two

arbitrary times during the decay, and plot − log
U

1

0

E
as a function of ̥

2
t in this period.

This curve is compared with the predicted results from Eq. (2.44) for different values of

grating period in Fig. 2.6.

For t1 and t2 we obtained the required time that the predicted energy by the system of

moments drops to 80% and 20% of its initial value, respectively. We observed that as long

as the grating period remains larger than 0.5µm, the decay follows a pure exponential

curve, which is in accordance with the reported results in Ref. [38]. Moreover, it is observed

that by increasing the grating length, the solution of system of moments approaches the

Fourier’s law solution, which is depicted by the red line.
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Considering that the decay curve remains exponential for L > 0.5µm, we define the

decay parameter

Γ (̥2) = ln (U1

0 (0,t1)
U1

0
(0,t2))

t2 − t1
. (2.46)

Note that as long as we have an exponential decay, the choice of t1 and t2 are arbitrary, and

will not change the value of the decay parameter. For the Fourier law we have ΓF = κ̥
2
,

that shows a quadratic decay with the wavenumber.

Figure 2.7 shows the decay parameter Γ relative to the bulk Fourier decay as a function

of the grating period for the moment solutions and the reported data in Ref. [38]. Johnson

et al. [38] employed an effective thermal conductivity model, that takes into account the

diffusion and ballistic transport of phonons, to report the energy decay when boundary

scattering is not present.

For our numerical results we employed three forms of relaxation times: the cross-

over relaxation time model Eq. (2.15) depicted by the black curve, Klemens model Eq.

(2.14) depicted by the blue curve, and the constant relaxation time model as shown by

the red curve. Although all employed relaxation time models predict the exact thermal

conductivity (first order contribution) at this temperature, this figure demonstrates their

short-coming in capturing higher order non-equilibrium phenomenon, and suggests the

importance of employing appropriate relaxation times in the Callaway model.

We adjusted the free parameter in the relaxation time for the N-process Eq. (2.16),

to get the best agreement with reported data. It is seen that at larger grating period

the decay parameter approaches to unity, which shows the domination of diffusion in

the heat transport mechanisms. It is observed that employing the appropriate relaxation

time in the system of moments provides very good agreement with the reported results

in Ref. [38].

In order to ensure the independency of the solution on the number of moments, we

increase the number of directional moments nD, and compared the relative deviation

from the most accurate solution. Figure 2.8-a shows the variation of ΦnD
=

»»»»»ΓnD
−ΓS

»»»»»
ΓnD

with

the number of considered directional moments, where ΓS is the solution of our largest

systems with nF = nD = 7. The comparison is conducted for 3 grating periods, L = 1.5µm

(square), L = 2.5µm (circle) and L = 10µm (triangle). It is observed that by considering

3 directional moments, the relative deviation from the solution of large system will be

around 1%, and the solution is more or less converged. This system, that includes second

rank tensorial moment, is rather simple for our analytical calculation, and will be used in
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Figure 2.7: Variation of the decay parameter relative to the bulk Fourier decay with the
grating period, green: reported data in Ref. [38], black: cross-over model, blue: Klemens
model, red: constant relaxation time model
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Figure 2.8: a) Relative changes in thermal decay parameter with the successive increase
in the number of directional moments for L = 1.5µm (squar), L = 2.5µm (circle) and L =

10µm (triangle). b) Energy decay for grating periods of L = 2.3 to 18µm, corresponding
to the reported results in Ref. [38].

the sequel.

Figure 2.8-b shows the energy decay traces for grating periods from 3.2 to 18µm. This

figure corresponds to the experimental results of Fig. 2 in Ref. [38]. It is seen that the

thermal decay becomes slower at larger grating period. At larger grating period, it takes

longer for heat to move from the peak to the null.

Note that in the experimental results of Ref. [38] the scattering of the phonons at

the boundaries reduces the thermal conductivity (thickness effects). However, for our

simple analytical calculation we assumed that the silicon specimen is wide enough that

the boundary conditions do not play a role in the solution. The obtained results from

the system of moments in Fig. 2.8-b are qualitatively similar to the experimental data of

Fig. 2 in Ref. [38].

2.6.2 1-D Poiseuille flow of phonons

As another application we use the system of moments to solve one-dimensional Poiseuille

flow of phonons in a heat conductor of thickness 2L, as depicted in Fig. 2.9. We assume

that there is a constant energy gradient of
∂U

1

0

∂x
along the x-direction inside a semi-infinite

silicon specimen, with adiabatic boundaries at y = ±L. This problem is analogous to the

one-dimensional pressure driven flow in fluid dynamics, where the pressure gradient in

the fluid is replaced by energy gradients inside the solid.

As the first step to solve Poiseuille flow, we replace one of the vectorial moments
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Figure 2.9: One-dimensional Poiseuille flow
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with the energy flux Qi, to have an explicit relation for energy flux in our equations. By

this change of variable, providing the solution becomes more straightforward. Using the

description for energy flux from Eq. (2.38) we replace U
1
i as

U
1
i =

1

A
1,1

1

Qi −

nF

∑
η=0
η≠1

A
1,η

1

A
1,1

1

U
η

i . (2.47)

By considering the steady state condition, where all moments except for energy have

zero gradient in x-direction, we can decouple Eq. (2.36) to get

∂Qy

∂ŷ
= 0 , (2.48)

nF

∑
η=0

A
α,η

2

∂U
η
<xy>

∂ŷ
+
1

3

∂ (Aα
EU

α

0∣E)
∂U1

0

∂U
1
0

∂x̂
= −

1

KnR

J
α,1

1

A
1,1

1

Qx −
1

KnR

nF

∑
η=0
η≠1

(Jα,η

1 − J
α,1

1

A
1,η

1

A
1,1

1

)Uη
x ,

1

5

A
α,1

1

A
1,1

1

∂Qx

∂ŷ
+
1

5

nF

∑
η=0
η≠1

(Aα,η

1 −

A
α,1

1

A
1,1

1

A
1,η

1 ) ∂Uη
x

∂ŷ
= −

1

KnR

nF

∑
η=0

J
α,η

2 U
η
<xy> ,

where KnR =
c0τ

0

R

2L
, and α is the frequency power in the non-equilibrium moment, which is

considered to be up to nF . The corresponding boundary conditions for this problem are

obtained from Eq. (2.37)

U
α
<xy> = −

3

8

(1 − γβ)(γβ + 1)Uα
x . (2.49)

Note that by substituting Eq. (2.47) in the above relation, we can obtain the boundary

condition for the energy flux moment.

We derive an expression for U
β
<xy> from Eq. (2.48)-3 as

U
β
<xy> = −

1

5
KnR

nF

∑
γ=0

nF

∑
η=0

(J−1
2 )β,γ F γ,η

Ũ
η
x

where

F
γ,η

=

A
γ,1

1

A
1,1

1

δ
1
η + (Aγ,η

1 −

A
γ,1

1

A
1,1

1

A
1,η

1 ) ,

and Ũ
η
x is the vector of vectorial moments, with the energy flux Qx on its second row,

i.e., for η = 1. Moreover, we can obtain the contribution of Fourier-like energy flux from
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Eq. (2.48)-2, and define

R
α
x = −

1

3
KnR

nF

∑
η=0

(B−1)α,η ∂ (Aη

E
U

η

0∣E)
∂U1

0

∂U
1
0

∂x̂
, (2.50)

where

B
α,η

=

J
α,1

1

A
1,1

1

δ
1
η + (Jα,η

1 − J
α,1

1

A
1,η

1

A
1,1

1

) .

Note that we have the Fourier law for R
1
x, where we can see the relation between the

energy flux and energy gradient.

In order to get a compact form of the governing equations, we subtract the Fourier-like

contribution of the fluxes Eq. (2.50), from the vectorial moments, and define the variable

vector

Z
α
x = {U0

x −R
0
x, Qx −R

1
x, ..., U

nF

x −R
nF

x }α .

Noting that the energy moment only has a gradient in the x-direction, the system of

moments in (2.48) simplifies to an eigenvalue problem as

Z
α
x =

1

5
Kn

2
R

nF

∑
η=0

M
α,η ∂

2
Z

η
x

∂ŷ2
, (2.51)

where

M
α,η

= ∑
ε,β,γ

(H−1)α,ε Aε,β

2 (J−1
2 )β,γ F γ,η

.

Solving Eq. (2.51) gives the energy flux as

Qx = QF

⎛⎜⎝1 −∑
γ

V
1,γ
C

γ
cosh ( ŷ

KnR

√
5

λγ )⎞⎟⎠ , (2.52)

where V
α,γ

is the matrix of eigenvectors, and λ
γ
are the eigenvalues of M

α,η
, that depends

on the considered relaxation time, dispersion relation and the number of frequency powers.

Moreover, C
γ
are the constants of integration that need be found from the boundary

equation (2.49), and QF is the Fourier’s heat flux

QF = −
1

3
KnR

nF

∑
η,γ

A
1,η

1

⎛⎜⎝(J−1
1 )ηγ ∂ (Aγ

E
U

γ

0∣E)
∂U1

0

⎞⎟⎠ ∂U
1
0

∂x̂
.
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Figure 2.10: Heat flux predicted by the system of moments relative to the Fourier’s heat
flux for the Poiseuille flow of phonons at KnR = KnN = 0.2, β = 1 and γ = 0.5. a)
Constant relaxation time model for nF = 2, 3, 5, 6, 7. b) Cross-over relaxation time model
for nF = 2, 3, 5, 6, 7.

The system of moments gives a Knudsen layer correction to the Fourier solution.

Figure 2.10 shows the changes in the heat flux due to the increasing number of considered

frequency moments nF for two models of relaxation time. In the case of constant relaxation

time, the production matrix is diagonal, and increasing the number of frequency powers

does not change the solution of the system. In this case, the deviation from the Fourier

solution is mainly observed in the vicinity of the crystal boundaries.

By considering the frequency dependency in relaxation time we need sufficient number

of frequency moments to get a converged solution. By employing 2 frequency powers, i.e.,

the red line, the rarefaction effects are mainly observed at the boundaries. As we increase

nF , the deviation from the Fourier’s solution is also predicted in the bulk of the phonon

gas, and the solution will be more or less the same for nF = 5, 6, 7.

The effect of Knudsen number on the energy flux is depicted in Fig. 2.11-a. As the

Knudsen number decreases the energy flux approaches to the plug flow solution, that is

predicted by the Fourier law. Increasing rarefaction effects leads to a deviation from the

Fourier’s solution first at the boundaries, and then in the entire flow field.

Figure 2.11-b shows the effect of changing the relative portion of specularly reflected

and isotropically scattered phonons on the energy flux. The plug flow solution is obtained

when the reflection is purely specular γ = 1, which means that boundaries do not have any

influence on the bulk. Increasing the portion of isotropically scattered phonons imposes a

drag on the gas at the crystal boundary, which leads to Knudsen layer development, and

emerging the rarefaction effects in the flow field.
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Figure 2.11: Heat flux predicted by the system of moments relative to the Fourier’s heat
flux for the Poiseuille flow of phonons. a) Effect of the Knudsen number KnR = KnN =

0.0001 − 0.3, β = 1 and γ = 0.5. b) Effect of γ on the solution γ = 0, 0.25, 0.5, 0.75, 1 and
KnR = KnN = 0.2
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2.7 Conclusion

We presented a set of macroscopic equations for phonon transport to describe the thermal

properties of a crystal. We employed a quadratic dispersion relation in the finite Brillouin

zone to express the dependency of frequency on the wave vector. The collision term in the

right hand side of the phonon-Boltzmann equation is described by the Callaway model,

where the relaxation time is depending on the frequency of phonons. Using this model,

we proposed macroscopic moments that depend on the powers of frequency, and the

polynomial of phonon’s direction vector. Then, the transport equations for macroscopic

moments are obtained from the phonon-Boltzmann equation. The closure to this system

of equations is provided using the Grad distribution function.

We used the Grad method to provide boundary conditions for the system of moments.

We considered three types of microscopic interactions between phonons and crystal bound-

aries: thermalization, specular reflection and isotropic scattering. The reflection kernel in

the proposed boundary model is considered to be the superposition of kernels for these

microscopic interaction types.

In order to validate the system of moments, we studied the thermal decay in a one-

dimensional body with periodic initial condition. This problem was experimentally stud-

ied in Ref. [38]. We observed that the thermal decay deviates from the heat equation

already at micron level. We employed different relaxation times in the Callaway model,

and observed that by accounting for both low frequency and high frequency phonons in

the relaxation time model, we get a good agreement with the reported data in Ref. [38].

As we employed different relaxation time models, we observed that although they all agree

in predicting the thermal conductivity (first order rarefaction effect), not all of them can

predict the thermal decay curve (higher order rarefaction effect).

As the second application, we solved the one-dimensional Poiseuille flow of phonons

in a crystal with adiabatic surface. We observed that in this case, the system of moments

predict a Knudsen layer correction to the Fourier’s solution.

This study confirms the main role of frequency dependent relaxation time in predicting

non-equilbrium heat transport in solids. By comparing our results with the reported data

in Ref. [38], we get a validation that the current form of moment equations is capable

of capturing the deviation from equilibrium state properly. We now aim to employ the

boundary conditions to solve the two-dimensional flow of phonon gas to investigate the

effect of thickness on the heat transport in the silicon specimen.



58

Acknowledgement

This research was supported by the Natural Sciences and Engineering Research Council

(NSERC).



59

Chapter 3

Temperature Relaxation in Laser

Induced Thermal Gratings Described

by Phonon Hydrodynamics

Abstract: We use phonon hydrodynamics to describe recent experiments on decay of

thermal gratings in thin crystals [PRL 110, 025901 (2013)]. The system of moment equa-

tions for phonon transport are solved by considering that the crystal thickness H is much

smaller than the grating length L. This allows to derive a one-dimensional set of equations

for the signal decay, which has boundary drag (phonon- Poiseuille flow) incorporated. By

considering a collision model that takes into account both low and high frequency phonons,

we capture the experimental results. This quantitative agreement shows capabilities of mo-

ment method in capturing non-equilibrium in phonon transport.

To be submitted to Physical Review Letters
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Recently, Johnson et al. observed non-Fourier heat transfer in the relaxation of tem-

perature in a sinusoidally heated thin silicon membrane [38]. Specifically, they exposed a

400nm thick membrane to two crossed laser beams, whose interference pattern lead to an

initial sinusoidal temperature grating with wavelengths between 3.2µm and 25µm. Due to

heat transfer processes by phonons, the amplitude of the grating decays over time on the

scale of tens or hundreds of nanoseconds. Assuming exponential decay, they determined a

wavelength dependent decay parameter for the membrane, which for smaller wavelength

deviates markedly from that given by the classical description of heat transfer by Fourier’s

law.

The text-book mean free path for silicon is λ = 43nm. Considering that in semicon-

ductors heat is mostly transported by phonons, the ratio of phonon mean free path λ and

the length scale of the flow L determines the regime of this energy transfer, i.e, diffusive

or ballistic. At low temperatures most phonons have rather large mean free path, which

leads to ballistic phonon transport. At room temperature, the mean free path for most

phonons are in the range of nanometers, therefore, one does not expect deviation from

the diffusion equation when the length scale is significantly larger than nanometers.

However, theoretical and experimental studies [40] have suggested that phonons with

rather large mean free path play an important role at room temperature. Researchers

proposed to revise the effective mean free path for silicon at room temperature to 260 −

300nm to account for phonons with large mean free path [14]. One study shows that

phonons with mean free path exceeding than 1µm have an almost 40% contribution to

the thermal conductivity in silicon at the room temperature [35].

For a mean free path of 200nm (say), the Knudsen numbers for the grated heating

experiment–defined as mean free path over characteristic length–are below 0.1, and the

Knudsen number for phonon flow through the membrane of thickness 400nm is about 0.5.

From the given values of the Knudsen number one can explain the measured deviation

from Fourier’s law by the combined influence of membrane thickness and grating period.

Johnson et al. explain the observation through phonon kinetic theory, specifically through

the large differences between actual phonon mean free paths, as compared to the average;

phonons with large mean free paths contribute significantly to heat transfer.

In this contribution, we ask whether the experimental findings can be described by

phonon hydrodynamics, that is theories that extend the macroscopic description of heat

transfer in solids to Knudsen numbers where Fourier’s law is not valid anymore. This

approach goes back to the seminal works by Guyer and Krumhansl [30, 31], who developed

their equations to successfully describe heat pulse experiments, see [19] for a review of
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the experiments and various theories for their description.

We recently proposed a system of macroscopic moment equations with the correspond-

ing boundary conditions to model phonon transport at moderate Knudsen number [61].

In this system the phonon velocity is not constant and varies with the phonon frequency.

Also, relaxation times (for R and N -processes) are assumed to be functions of phonon

frequency to properly model the relaxation process at low and high temperatures.

In the current study, we model the thermal grating experiment [38] as a transient

Poiseuille flow of phonons. In this flow, the boundary drag of phonons leads to a reduction

in the energy transfer and has to be considered in the equations. Our solutions of the

moment system are in good agreement with the findings in the thermal grating experiment

[38].

In our system of moment equations for phonon transport, non-dimensional macro-

scopic moments are defined as [61]

U
α
<i1..in>

= ∫
BZ

ω
α

ωα
M

n<i1...nin>f (x,k, t) dk . (3.1)

Here, indices in angular brackets denote the trace-free and symmetric part of the tensor,

ω
α
is the α-th power of phonon frequency, ωM is the reference frequency, n<i1...nin> =

k<i1...in>

kn
is the direction tensor of phonons, f (x,k, t) is the phonon distribution function,

k is the wavevector and BZ denotes the Brillouin zone, which depends on the working

temperature of the system. Following Eq. (3.1), the energy density is obtained by

e (x, t)
h̷ωM

= U
1
0 (x, t) .

The energy density flux and the momentum density of phonons are related to the vectorial

moments U
α
i , by using the constitutive relations [61].

The balance equations for macroscopic moments are derived from the Callaway [9]

model of phonon kinetic theory. We assumed frequency dependency in relaxation times

and proposed ”cross-over” model for U -processes [100, 61]

τU (ω) = ⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

BUT exp(−D

T
) 1

ω2 , ω ≤ ωC

1

SUT exp(−D

T
) 1

ω4 , ω ≥ ωC

,

to distinguish interactions of phonons at low and high frequencies, also we considered



62

[100, 61]

τN (ω) = 1

BNTω
2
,

for N -processes. Here T is the working temperature of the system, and BU ,SU ,D,BN

and ωC are constants, please see Refs. [43, 55, 61] for the corresponding values of these

constants.

The system of moment equations containing upto the second order tensorial moments

reads

∂U
1
0

∂t̂
+
∂Qi

∂x̂i

= 0 , (3.2)

∂V
α
0

∂t̂
+

nF

∑
η=0

Ã
αη

1

∂U
η

i

∂x̂i

= −
1

KnR

nF

∑
η=0
≠1

J
αη

0 V
η

0 α ≥ 0,≠ 1 ,

∂U
α
i

∂t̂
+

nF

∑
η=0

A
αη

2

∂U
η

<ij>

∂x̂j

+
1

3

nF

∑
η=0
≠1

A
αη

0

∂V
η

0

∂x̂i

+
1

3
Ã

α

E

∂U
1
0

∂x̂i

= −
1

KnR

nF

∑
η=0

J
αη

1 U
η

i ,

∂U
α
<ij>

∂t̂
+
2

5

nF

∑
η=0

A
αη

1

∂U
η

<i

∂x̂j>

= −
1

KnR

nF

∑
η=0

J
αη

2 U
η

<ij> .

Here, the first equations is the energy balance, with zero production in the right hand

side. The second equation denotes the balance of non-equilibrium scalar moments, i.e.,

V
α
0 . The balance of vectorial, i.e, U

α
i , and tensorial moments, i.e., U

α
<ij> are denoted in

the third and fourth equations. The matrices of fluxes, i.e., A
αη
n and Ã

αη

n , and the matrix

of productions, i.e., J
αη
n depend on the working temperature as well as the dispersion

relation. The matrix of productions also depends on the relaxation times considered for

the Callaway model. Please see Ref. [61] for a detailed description of these matrices. Note

that the heat flux appearing in (3.2)-1 is a summation over vectorial moments

Qi =

nF

∑
η=0

A
1,η

1 U
η

i . (3.3)

In the transport equations KnR =
τRcD

H
appears in the right hand-side of equations, due to

using non-dimensional time t̂ = cDt

H
and non-dimensional space x̂ =

x

H
, where thicknessH is

the reference length scale. Also α is the frequency power in the non-equilibrium moments,

which is considered to be up to nF , i.e., maximum number of frequency moments.

In order to model the thermal grating experiment [38], we consider that the crystal of
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length L and thickness H is very thin (H
L
≪ 1), and has adiabatic boundaries at

y

H
= ±

1

2
.

Note that, although the measurements in the experiment were done in the ambient air, the

effect of the thermal conductivity of air on the thermal grating decay in the membrane was

negligible [38]. Energy transport in the crystal is along the x-coordinate, the y-coordinate

is for thickness, and there is no variation along the z-coordinate.

Before studying the relaxation of the initial thermal grating, we look into the case of

steady state phonon-Poiseuille flow. Considering that the crystal thickness is much smaller

than the thermal grating length, the flow quickly approaches to the steady state condition

at each cross section of the membrane. We consider that the crystal is subjected to a

uniform energy gradient
∂U

1

0

∂x̂
, and other moments only have a gradient across the crystal,

i. e., y-direction. Using these assumptions, the system of equations in (3.2) decouple, and

gives

∂Qy

∂ŷ
= 0 , (3.4)

nF

∑
η=0

A
αη

2

∂U
η
<xy>

∂ŷ
+
1

3
Ã

α
E

∂U
1
0

∂x̂
= −

1

KnR

nF

∑
η=0

J
αη

1 U
η
x ,

1

5

nF

∑
η=0

A
αη

1

∂U
η
x

∂ŷ
= −

1

KnR

nF

∑
η=0

J
αη

2 U
η
<xy> .

The adiabatic boundary conditions read [61]

U
α
y (±1

2
) = 0 , (3.5)

U
α
<xy> (±12) = −

3

8
χU

α
x (∓1

2
) ,

which are no-penetration normal to the flow direction, and slip condition for the tangential

phonon momentum with χ as the slip coefficient. The solution to this system is obtained

by eigenvalue-eigenvector analysis as

U
α
x =

nF

∑
η=0

V
αη
C

η
cosh (√ 5

λη

ŷ

KnR

) − 1

3
KnR

nF

∑
η=0

(J−1
1 )αη Ãη

E

∂U
1
0

∂x̂
, (3.6)

where α is the frequency power in the non-equilibrium moment which is considered to

be up to nF . Moreover, V
αη

and λ
η
are, respectively, the matrix of eigenvectors and the
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vector of eigenvalues for

M
αη

=

nF

∑
ε,β,γ=0

(J−1
2 )αε Aεβ

1 (J−1
1 )βγ Aγη

2 ,

and C
η
are the constants of integration that must be obtained from the boundary equa-

tions (3.5). We used MATHEMATICA to evaluate all matrices, eigenvalues and eigen-

vectors. Equation (3.6) shows that the vectorial moments are not constant across the

crystal.

Now we consider the relaxation of a sinusoidally heated thin crystal in time to model

the thermal grating experiment [38]. In this experiment, only the cross sectional average

of the temperature (or energy) is measured. We integrate the system of moments (3.2)

across the crystal to find equations for the cross sectional averages of the variables, defined

as

U
α

<i1...in>
=

1

2

∫
−

1

2

U
α
<i1...in>

dŷ .

After integration, and use of adiabaticity at boundaries, U
α
y (±1

2
) = 0, the boundary

values for U
a
x (±1

2
) appear explicitly in the balance equation for vectorial moments, which

require to be evaluated. When variation of energy moment–and energy gradient–are on

the length scale L that is large compared to the thickness H of the crystal, the time

variation of the energy gradient
∂U

1

0

∂x̂
is slow compared with the time required for the

phonon flow to approach the Poiseuille flow solution (3.6) locally at each cross section.

By inserting the Poiseuille flow solution (3.6) for U
α
x (±1

2
), that appeared due to using slip

boundary conditions we get

1

2

∫
−

1

2

(nF

∑
γ=0

A
αγ

2

∂U
γ
xy

∂ŷ
(±1

2
)) dŷ = −

1

4
χ

nF

∑
η

µ
αη
Ã

η

E

∂U
1
0

∂x̂
, (3.7)

with

µ
αη

= KnR

nF

∑
γ=0

A
αγ

2 (J−1
1 )γη

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 +

∑
ε,β

A
αε
2 V

εβ
C

β
cosh (√ 5

4λβ

1

KnR
)

−
1

3
KnR

nF∑
η,γ=0

A
αγ

2
(J−1

1
)γη Ãη

E

∂U1

0

∂x̂

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3.8)

This leads to appearance of µ
αη
, as the effect of boundary drag, explicitly in the balance
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of vectorial moments. The governing equations read

∂U
1

0

∂t̂
+
∂Qx

∂x̂
= 0 , (3.9)

∂V
α

0

∂t̂
+

nF

∑
η=0

Ã
αη

1

∂U
η

x

∂x̂
= −
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KnR

nF

∑
η=0
≠1

J
αη

0 V
η

0 α ≥ 0,≠ 1 ,

∂U
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x
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+

nF
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αη

2 (2
3

∂U
η
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∂x̂
−
1

3

∂U
η
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∂x̂
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3
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≠1

A
αη

0

∂V
η

0

∂x̂
+
1

3
(Ãα

E −
3
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η=0

µ
αη
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η

E) ∂U1
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KnR

nF

∑
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1 U
η

x ,
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<xx>
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+
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15

nF
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η=0
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αη

1

∂U
η

x

∂x̂
= −

1

KnR

nF

∑
η=0

J
αη

2 U
η

<xx> ,

∂U
α

<yy>

∂t̂
−

2

15

nF

∑
η=0
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αη

1

∂U
η

x

∂x̂
= −

1

KnR

nF

∑
η=0

J
αη

2 U
η

<yy> .

Before solving the system of equations above, we find the Fourier’s, i.e., first-order,

solution of the system of moments. Considering our constitutive equation (3.3) for heat

flux, we need to obtain the first-order contribution of vectorial moments. We use the

order of magnitude method and perform a Chapman-Enskog expansion with the smallness

parameter KnR, on the system of moments (3.9) to identify the level of contribution of

each moment. Please see Ref. [61] for a more detailed description of this method applied

to the moment system. In the balance equation for the vectorial moments Eq. (3.9)-3, the

underlined terms survive in the first order expansion, and the Fourier’s heat flux follows

Qx̂,F = −κF

∂U
1

0

∂x̂
, (3.10)

where κF is the non-dimensional thermal diffusivity which depends on the relaxation time,

dispersion relation and the boundary effect

κF =
1

3
KnR

nF

∑
α,β=0

A
1,α

1 (J−1
1 )αβ Ãβ

E −
1

4
KnRχ

nF

∑
α,β,η=0

A
1,α

1 (J−1
1 )αβ µβη

Ã
η

E . (3.11)

Note that the first term in Eq. (3.11) is the bulk effect, and the second term shows the

effect of boundary drag on the thermal diffusivity.
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Now, in order to solve the system of transport equations (3.9), we assume that initially

all moments except for energy are zero. The energy moment follows the sinusoidal form

U
1

0 (0, x̂) = exp (iΥ̂x̂) ,

where Υ̂ is the non-dimensional wave number of the initial disturbance. We consider the

wave ansatz

UA (x̂, t̂) = exp (i (̥̂x̂ − Ω̂t̂)) , (3.12)

where ̥̂ is the non-dimensional wave number which relates to the wave number reported

in the experiment ̥ by ̥̂ = ̥H, and Ω̂ is the non-dimensional frequency of the harmonic

wave. Inserting this ansatz in Eq. (3.9) leads to an eigenvalue-eigenvector problem that

can be solved as explained in Ref. [61].

For comparison we consider the solution of the same problem using Fourier’s law

(3.10), which yields the solution

U
1

0,F (x̂, t̂) = exp (−κF ̥̂2
t̂) cos (̥̂x̂) ,

This relation shows that Fourier’s law predicts that the energy amplitude decays expo-

nentially with the time constant κF ̥̂2
.

For a given point at the peak of initial energy wave, the amplitude of energy moment

will decay in time due to transfer of energy in the crystal. Johnson et al. [38] reported

that this trend follows an exponential decay for the measured grating periods in the

experiment. We also validated this claim in Ref. [61] for those reported grating periods,

when the effect of boundaries is not considered. In order to make quantitative comparisons

with the experiment, we define the decay parameter

Γ (̥2) = ln (U1

0(0,t1)
U

1

0(0,t2))
t2 − t1

that measures the decay of energy moment between two given times. Note that as long

as we have an exponential decay, the choice of t1 and t2 are arbitrary, and will not change

the value of the decay parameter.

First, we investigate the convergence of the decay parameter by increasing the number

of frequency moments nF . We consider nF = 4,5,6,7,8 and compare the variation of

Γ by wavenumber in Fig. 3.1. It is seen that the solution converges by considering 6
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Figure 3.1: Decay parameter as a function of frequency moments, {Red,Gray Green,
Orange, Black} correspond to nF = {4, 5, 6, 7, 8}. Other parameters for this case: H =

400nm and χ =
5

6

frequency moments. We observed that the required number of frequency moments to get

a converged solution is very dependent on the complexity of the relaxation time model. In

case of constant i.e., frequency-independent, relaxation times we get a converged solution

by considering only 2 frequency moments.

Following [38], we consider 10 transient grating periods from 3.2µm to 18µm, and plot

the decay of energy in Fig. 3.2. The crystal thickness is set to H = 400nm and the slip

coefficient χ in Eqns. (3.9) serves as the free parameter to get a fit to the experimental

data.

By considering a frequency dependent relaxation time, the phonon-Boltzmann equa-

tion has many characteristic times. Therefore, phonon populations of different frequencies

will approach equilibrium at different rates, and the observed energy decay is an average

of many different decay curves. From Fig. 3.2 we can see that the thermal decay becomes

slower as the grating period increases: it takes longer for heat to move from grating peak

to nulls. We used the same color codes as in the experiment to make the comparison

simpler. It is worth noting that the moment solution of the phonon-Boltzmann equa-

tion shows an initial layer, which is due to the initial ballistic flight of the newly created

phonons.

Johnson et al. reported that the thermal decay rate significantly deviates from the

quadratic variation with wavenumber (i.e., Fourier solution) when grating period becomes
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Figure 3.2: Decay of energy amplitude over time for transient grating period from 3.2µm
to 18µm. Shorter waves are damped more strongly. Other parameters are H = 400nm,
χ =
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Figure 3.3: Variation of decay parameter with wavenumber in the thermal grating exper-
iment. Green dots: experimental results [38], Dashed line: Fourier’s solution, Solid line:
Moment equations with the cross-over model, Other parameters are H = 400nm, χ =

5

6

smaller than L = 10µm [38]. Now we aim to compare the decay rate for our model with

the decay curve reported in the experiment. In our system of moment equations, the only

free parameter at this point is the slip coefficient χ. We set H = 400nm and fix the slip

coefficient χ =
5

6
to fit to one of the reported experimental thermal grating coefficient,

when L = 3.5µm. Now all parameters are fixed, and the moment equations are supposed

to predict the thermal grating coefficient at other grating lengths, as depicted in Fig. 3.3.

The behavior of the grating curve at other grating lengths agrees with the reported values

in the experiment, and the deviation from the classical solution is well captured by the

moment equations.
2

Note that by using a few different relaxation models (see Ref. [61]), we observed that

it is essential to use the appropriate model for low and high frequency phonons to capture

the behavior reported in the experiment.

In Fig. 3.4 we look at the ratio of effective thermal diffusivity of wafer to the standard

thermal diffusivity of bulk silicon, and compare it with the reported experimental data.

Note that due to boundary drag, this ratio is always less than unity. Figure 3.4 demon-

strates the variation of effective thermal diffusivity with the thermal grating length. In

2
Although the deviation from the diffusion solution is also observed when the boundary effect is not

considered (infinite thickness), we observed that by using the slip coefficient we can fit to the experimental
measurements. In fact, increasing the slip coefficient shifts the tail of the decay curve downwards. We
used χ =

5

6
to get the best fit to the reported values.
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Figure 3.4: The ratio of the effective thermal diffusivity of the silicon wafer to the
bulk diffusivity of silicon as a function of grating length. Green dots: Experi-
mental results [38], Membrane thickness: {300, 400, 500, 700, 1000}nm corresponds to
{red,black,gray,blue,brown}

accordance with our results in Fig. 3.3, we observe a drastic change in the behavior when

grating length becomes less than 10µm. Figure 3.4 shows that increasing the thickness

of the membrane leads to less influence of boundaries on the phonon transport. Our

results when considering H = 400nm are compared with the experimental data reported

by Johnson et al. [38].

Originally, phonon hydrodynamics was derived for the description of heat transfer at

rather low temperatures, e.g., as they are encountered in heat pulse experiments [19]. At

low temperatures, most phonons have low energies, dispersion is weak, and the assumption

that all phonons travel at the same (Debye-) speed is acceptable. These assumptions are

not valid at higher temperatures.

Our study confirms the importance of choosing appropriate relaxation times in the

Callaway model. Considering a constant relaxation time for systems of moments sig-

nificantly simplifies the equations [23]; however, by performing this simplification some

important features of transport equations are neglected. The relaxation time at room-

temperature has to be frequency dependent, and proper models have to be considered at

low and high frequencies. The textbook (average) value for the mean free path, obtained

from the thermal diffusivity, is relevant only for small Knudsen numbers. For processes

at not so small Knudsen numbers, variation of mean free path with frequency must be

considered in any working model.
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Over the past few years we have had good success in using the moment method

to extend the validity of macroscopic equations up to early transition regime [84, 88].

This study shows that, similar to gas dynamics, the extension of macroscopic equations

beyond the continuum regime for phonon transport using the moment method is promising

[61, 23]. While efficient particle methods for simulation of phonon transport are available

[65], macroscopic models like moment systems [19, 84, 61], offer an elegant alternative to

provide fast and sufficiently accurate simulations when the Knudsen number is not too

large.

The presented system of moment equations for phonon transport are valid at room

temperature. However, considering their large size, solving this system is rather cumber-

some. The next step will be using the order of magnitude method [85] to identify the

order of contribution of each individual moment, to condense the current system into a

smaller set of equations.
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Chapter 4

DSMC and R13 Modeling of the

Adiabatic Surface

Abstract: Adiabatic wall boundary conditions for rarefied gas flows are described with

the isotropic scattering model. An appropriate sampling technique for the direct simulation

Monte Carlo (DSMC) method is presented, and the corresponding macroscopic boundary

equations for the regularized 13-moment system (R13) are obtained. DSMC simulation of

a lid driven cavity shows slip at the wall, which, as a viscous effect, creates heat that enters

the gas while there is no heat flux in the wall. Analysis with the macroscopic equations

and their boundary conditions reveals that this heat flux is due to viscous slip heating, and

is the product of slip velocity and shear stress at the adiabatic surface. DSMC simulations

of the driven cavity with adiabatic walls are compared to R13 simulations, which both show

this non-linear effect in good agreement for Kn < 0.3.

Published in International Journal of Thermal Sciences 101 (2016), 9–23
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4.1 Introduction

Significant reduction in size of electro mechanical systems extends the demands for model-

ing and interpreting the flow behavior of gasses to micro scales. As the mean free path λ,

i. e., the average distance that a molecule travels between collisions becomes comparable

with the flow length scale, L, the theoretical assumption in the conventional constitutive

relations, i.e., the laws of Navier-Stokes and Fourier, lose their validity. The Knudsen

number, which is the ratio of the mean free path to the characteristic length of the flow

domain, Kn =
λ

L
, is the main indicator of the degree of rarefaction in gases.

The Boltzmann equation describes the behavior of a gas flow at every degree of rarefac-

tion [10]. However, due to the six dimensional phase space and the complexity associated

with the molecular collision term, solving the Boltzmann equation is challenging, and

numerically expensive. Some researchers propose to solve kinetic model equations using

deterministic numerical schemes [74, 95]. These model equations have the same main

characteristics as the Boltzmann equation, but avoid some of the complexity arising due

to to the collision term.

Another method to approximate solutions of the Boltzmann equation, is to derive a set

of macroscopic transport equations which can describe the flow behavior to various degrees

of accuracy. The Grad moment method [26] extends the set of conventional hydrodynamic

variables, such as, density, temperature, and velocity, by introducing stress, heat flux,

and other higher moments. However, due to the hyperbolic nature, the Grad moment

equations exhibit un-physical subshocks [101, 92].

The regularized 13 moments (R13) equations are derived by combining elements of

the Grad and Chapman-Enskog methods, utilizing the concept of order of magnitude in

the Knudsen number [82, 88]. As a result, the R13 equations are stable [85], accurate

up to the third order in terms of Knudsen number, and benefit from a complete set of

boundary conditions [86, 93].

Alternatively, the Boltzmann equation can be solved by stochastic schemes, commonly

known as direct simulation Monte Carlo (DSMC) methods. The DSMC method, first

proposed by Bird [5], converges to the Boltzmann equation in the limit of infinite number

of simulating particles in each computational cell [97]. It is a statistical method where

simulating particles travel and collide with each other and solid surfaces.

According to Maxwell’s original paper [51], when the surfaces are microscopically rough

and the incident molecules are performing multiple scattering, or are momentarily trapped

or absorbed on the surface, we can expect the surface to behave as a diffusive reflector.
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However, it is well known from experiments on molecular beams that diffusive reflection

typically does not occur, beams are reflected in plumes that center on the reflection

direction [10, 36]. To at least have some element of the plume, Maxwell amended his

model by the possibility for specular reflection.

As listed in [5], the diffusive reflection law should be critically reviewed when one or

more of the following factors are present:

The ratio of the molecular weight of the gas to the surface molecules is small in

comparison with unity.

Or the translational energy of the molecules relative to the surface is larger than

several electron volts.

A smooth metal surface that has been outgassed through exposure to high vacuum

and high temperature.

In the current study, we are modelling a rarefied gas of light atoms enclosed in a cavity

with heavy surface molecules. In the collision, the (light) gas particle has little change

of absolute kinetic energy, while its collision angle depends on the detailed microscopic

geometry of collision with the (heavy) surface atom. The conventional assumptions for

the diffuse surface cannot be employed here. At such a surface, particles thermalize with

the wall, and leave in a Maxwell distribution– that is accompanied by marked exchanged

between gas particle and the wall. The Maxwell model would allow the description of

non-diffusive collisions only by accounting for more specular reflections. However, spec-

ular reflection are not expected, since the surface is never flat-on the microscopic level.

Moreover, specularly reflecting walls exchange neither energy nor momentum, hence there

is no shear force on the gas.

Modeling the reflecting particle from walls with defined temperature is straightfor-

ward [5]; however, in the case of an adiabatic surface, assigning a velocity to the reflect-

ing particle from a wall with unknown temperature becomes non-trivial. Researchers

have proposed methods to implement adiabatic boundary conditions for DSMC. Wang et

al. [99, 98] introduced the inverse temperature sampling method to model the heat flux

at the wall, and demonstrated that this method can correctly specify the heat flux at the

surface. More recently, Akhlaghi et al. [1] proposed an iterative technique to impose the

heat flux boundary condition in DSMC. In their method, an estimate to the wall tem-

perature is initially made. Then as the solution evolves in time, the wall temperature is

modified according to the predicted heat flux associated with the assumed temperature.
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They showed that using the Maxwell model and adjusting the wall temperature itera-

tively, one can make the energy flux through a surface vanish, i.e., model an adiabatic

Maxwell surface. Tzeng et al. [94], proposed a microscopic method to model the adiabatic

surface. In this model the magnitude of the velocity vector for particles colliding with the

adiabatic surface is kept constant before and after collision, while the normal component

of the velocity is reversed. Then, the two other planar components are obtained by using

a single random number, such that the magnitude of velocity vector remains unchanged in

the collision. Although this microscopic treatment leads to zero energy transfer through

the surface, the use of normal velocity reversal in this model seems not necessary true for

the particles colliding with a rough wall.

In the current study the isotropic scattering kernel [44] is utilized to model the adi-

abatic surface in the DSMC and R13 equations. In this method the no energy transfer

condition is directly imposed on each particle colliding with the adiabatic surface. This

method is expected to be fast and more accurate in convergence of the DSMC solution

compared to the iterative schemes. The appropriate sampling technique in the DSMC

method is presented, and the corresponding boundary equations for the R13 equations are

derived. Then we briefly discuss the steps required to model an adiabatic Maxwell surface

using the macroscopic approach, and show the agreement between the macroscopic bound-

ary conditions obtained from the adiabatic Maxwell model, and the isotropic scattering

model for the R13 equations. Using the obtained boundary conditions, the DSMC and

R13 equations are utilized to model a partly adiabatic cavity in the rarefaction regime.

The DSMC results show that the heat flux profile has a component normal to the adia-

batic surface. This heat generated is well captured by the R13 equations, which allows

us to interpret it as the viscous slip heating in the boundary of the adiabatic surface.

Indeed, the heat flow into the gas is the product of shear stress and slip velocity.

The remainder of the paper is organized as follows. The solution methods utilized in

this study are introduced in Section 4.2. In Section 4.3 the boundary condition to model

an adiabatic surface using the isotropic scattering kernel is described, then in Sec. 4.3.3

the microscopic approach for modeling the adiabatic surface in DSMC is introduced. The

associated macroscopic boundary conditions for the R13 equations are derived in Section

4.3.4. The adiabatic Maxwell surface is presented in Sec. 4.3.5, and the appropriate wall

temperature is introduced. Afterwards, in Section 4.4 the proposed boundary conditions

are utilized to perform a microscopic and macroscopic modeling of the partly adiabatic lid

driven cavity, and the obtained results are discussed. The paper ends with our conclusions

in Section 4.5.



76

4.2 Governing equation and method of solution

4.2.1 Distribution function and Boltzmann equation

In kinetic theory a gas is described by the density distribution function f (t, xi, ci) such
that fdxdc denotes the number of particles in the phase space element dxdc at time t.

The Boltzmann equation describes the evolution of the density distribution function in

phase space (x, c) by accounting for the translational motion and collisions of the particles

in the gas, as
∂f

∂t
+ ck

∂f

∂xk

+Gk

∂f

∂ck
= S (f, f ) , (4.1)

where Gk is the external force acting on the gas. The term S (f, f ) is the collision operator

that describes the change of the distribution function due to interaction between particles.

Macroscopic quantities such as mass density ρ, velocity vi, temperature T , shear stress

σij and heat flux qi are moments of the distribution function, obtained by integration over

velocity space c,

ρ = m∫ fdc , vi =
m
ρ ∫ cifdc , 3RT =

m
ρ ∫ C

2
fdc , (4.2)

σij = m∫ C<iCj>fdc , 2qi = m∫ CiC
2
fdc .

Here, m is the mass of particle, R is the specific gas constant and Ci = ci − vi is the

peculiar velocity of the gas particles.

A rarefied gas is well described by the Boltzmann equation for all Knudsen num-

bers. However, the Boltzmann equation is difficult to solve deterministically due to six

dimensional phase space description, as well as the non-linearity in the collision term.

4.2.2 DSMC method (Microscopic method)

The DSMC method is a statistical method, based on the kinetic theory of dilute gases,

to model rarefied gas flows [5]. In this method, many independent simulating particles

are used to model gaseous flows, where each particle represents a large number of real

gas molecules. In the DSMC method the simulating particles are allowed to move and

collide; however, the motion and collision of the particles are assumed to be decoupled.

The time step is chosen as a fraction of the mean collision time to ensure pure motion

in the elapsed movement time. In order to implement DSMC, the flow domain must be



77

divided into computational cells. The cell size is chosen small enough to ensure small

changes in the thermodynamic properties of the flow across each cell. To satisfy the

cell size limitation in the current study, the mesh size in both directions of the square

domain is chosen as 0.1λ. Within each cell, the macroscopic thermodynamic properties

are sampled from molecular properties. Moreover, in each time step, only the particles

within a computational cell are allowed to perform collisions. For the sake of accuracy,

the cells are divided into sub-cells to facilitate the selection of collision pairs. The no-

time-counter (NTC) method is used to chose the collision pairs in each computational cell,

therefore the computational time is proportional to the number of the simulating particles

[5]. Later on, in this paper, we will compare DSMC results with extended macroscopic

R13 equations, which are more conventional for Maxwell molecules. Therefore, in the

current study, the code of Roohi and co-workers [71, 16, 59, 58, 62] is modified to model

Maxwell molecules in a cavity with adiabatic and diabatic walls. The fluid is argon as a

Maxwell gas, with m = 6.63× 10
−26

kg and a reference viscosity of µ0 = 1.9549× 10
−5
Pa ⋅ s.

In order to relate the particle diameter, d, to the reference viscosity we used the relation

[5]

d
2
=
5 (α + 1) (α + 2) √mkT0/π
4α (5 − 2ω) (7 − 2ω)µ0

.

Here, k and m are, respectively, the Boltzmann constant and the molecular mass for the

gas, and T0 is the reference temperature. In order to model Maxwell molecules we set

α = 2.13986 and ω = 1 [5]. Following [5], the Knudsen number is obtained as

Knb =
1

L

1√
2πd2n0

,

where n0 is the reference number density. Another definition of the Knudsen number is

based on the viscosity [81]

Kn =
µ0

ρ0
√
RT0L

≅ 1.27Knb . (4.3)

Here, ρ0 is the reference density. This definition of the Knudsen number, Kn, is related to

Bird’s definition of Knudsen number, Knb, for the Maxwell molecules as above. To avoid

confusion, all results presented in this article are given in terms of the Knudsen number

Kn in Eq. (4.3). The DSMC simulation starts with 32 particles located in each cell. As

the flow reaches the steady state, the molecular properties are sampled over a large period

of time to reduce the statistical scattering. In addition, a filtering post processor is used
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to minimize the scattering in the predicted results of thermodynamic properties. In this

filtering, the sampled macroscopic properties, F , in cell N are averaged over a pattern of

its neighboring cells, see [59],

F̃(N ) =
FN +

I=Nn∑
I=1

FI

Nn + 1
.

4.2.3 R13/NSF equations (Macroscopic models)

The detailed derivation of the R13 equations from the Boltzmann equation can be found

in [85, 69]; here we only present the final equations. Both macroscopic models consist of

the conservation laws for mass, momentum, and energy,

Dρ

Dt
+ ρ

∂vk

∂xk

= 0 , (4.4a)

ρ
Dvi
Dt

+
∂p

∂xi

+
∂σik

∂xk

= ρGi , (4.4b)

3

2
ρ
Dθ

Dt
+ (p δij + σij) ∂vi

∂xj

+
∂qk

∂xk

= 0 . (4.4c)

Here, the pressure p obeys the ideal gases law, p = ρRT = ρθ. Closure of the con-

servation laws (4.4a−4.4c) requires specification of the stress tensor, σik, and the heat

flux vector, qk, as constitutive equations. In classical hydrodynamics, the NSF equa-

tions provide these constitutive relations from the laws of Fourier heat transfer and the

Navier-Stokes relation for the stress, as

qi = −
15

4
µ
∂θ

∂xi

, σij = −2µ
∂v⟨i
∂xj⟩ . (4.5)

The indices inside angular brackets denote the symmetric trace-free part of tensors [81].

In extended hydrodynamics theory, however, stress and heat–flux follow full balance

equations as [27, 47, 81]

Dσij

Dt
+
4

5

∂q⟨i
∂xj⟩ + σij

∂vk

∂xk

+ 2σk⟨i∂vj⟩
∂xk

+

∂mijk

∂xk

= −2ρθ
∂v⟨i
∂xj⟩ −

ρθ

µ σij , (4.6)
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Dqi

Dt
+
5

2
σik

∂θ

∂xk

−
θσik

ρ

∂ρ

∂xk

−
σik

ρ
∂σkl

∂xl

+ θ
∂σik

∂xk

+
7

5
(qk ∂vi

∂xk

+ qi
∂vk

∂xk

)
+
2

5
qk
∂vk

∂xi

+
1

6

∂∆

∂xi

+
1

2

∂Rik

∂xk

+mijk

∂vj

∂xk

= −
5

2
ρθ

∂θ

∂xi

− Pr
ρθ

µ qi , (4.7)

where Pr is the Prandtl number, which is 2

3
for Maxwell molecules, and close to 2

3
for other

molecule types. The coefficients (4
5
, 1, 2, ...,Pr) are valid for Maxwell molecules. Some

of the coefficients change with the molecule types more significantly (up to 20%). The

R13 equations for other molecule types were derived in [88], where the method is outlined

and coefficients are given for hard sphere molecules. Also for other molecule types, the

R13 equations are of third order of accuracy in terms of Knudsen number. Here we are

more interested in the modelling of the adiabatic surface, and used the R13 equations

in their most convenient form, which is for Maxwell molecules. The modelling of the

adiabatic surface can be extended to all molecule types. In Eqs. (4.6,4.7) the higher

moments mijk, ∆, Rij , appear as unknown fluxes. Grad’s original closure in [26] gives

∆ = Rij = mijk = 0, while in the R13 equations these quantities are obtained as [69, 93]

∆ = 5
σklσkl

ρ +
56

5

qkqk
p − 12µ (θ∂ (qk/p)

∂xk

) ,

Rij =
20

7

σk⟨iσj⟩k
ρ +

192

75

q⟨iqj⟩
p −

24

5
µ (θ∂ (q⟨i/p)

∂xj⟩ ) , (4.8)

mijk =
20

15

q⟨iσjk⟩
p − 2µ (θ∂ (σ⟨ij/p)

∂xk⟩ ) .

A Chapman-Enskog expansion of equations (4.6) and (4.7) shows that the R13 equa-

tions are of third order accuracy in the Knudsen number [85, 81].

4.3 Boundary conditions

The boundary conditions describe the interaction between the gas molecules and the

surface. In kinetic theory this is done by prescribing the velocity probability density of

the molecules after hitting the wall. Since the actual microscopic interaction between

gas particles and a solid boundary is quite complicated, it is common to use simplified

models. Many gas-surface interaction models have been proposed [10]. The Maxwell

accommodation model is the one most widely used as the boundary condition for the

Boltzmann equation [77, 10, 81] and in DSMC simulations [5], which assumes particles
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Figure 4.1: Gas and rough surface interaction at the molecular level, a) Collision of a
light gas particle with a heavy surface particle, b) Dynamics of collision on the relative
velocities plane when mα

mβ
≪ 1.

are either thermalized with the surface or specularly reflected.

4.3.1 Dynamics of gas-surface interaction

When the surface is microscopically rough and the mass ratio of gas particle and surface

particle is close to unity, the gas particles might be trapped and perform multiple collisions

with the surface to thermalize with the wall [5]. In this case the surface is behaving as a

diffusive reflector. However, when the mass ratio of gas and surface particle is not close

to unity, the assumption of the diffusive reflection must be critically reviewed [5].

Figure 4.1-a shows a light gas particle of mass mα and velocity c
′

α colliding with a

heavy surface particle of mass mβ and velocity c
′

β. Using the dynamics of collision [47] to

obtain the post collision velocities, cα and cβ , we have

cα = c
′

α + 2
mβ

mα +mβ
K

βα (Kβα
.g

′
βα) ,

cβ = c
′

β − 2
mα

mα +mβ
K

βα (Kβα
.g

′
βα) .

Here, K
βa

is the apsidal vector, defined as [47]

K
βα

=
g

′
βα

− g
βα

∣g′βα
− gβα∣ .
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The relative velocities before and after collision are

g
′
βα

= c
′

β − c
′

α and g
βα

= cβ − cα .

Since there is a large difference between the masses, mα ≪ mβ, we have

mα

mα +mβ
= ε ,

mβ

mα +mβ
= 1 − ε ,

where ε ≪ 1. Assuming that the surface is stationary, the average velocity of the surface

particle is zero c
′

β
= 0. Therefore, in average, the relative velocity before collision is

g
′
βα

= −c
′

α. The post collision velocity of the light particle simplifies to

cα = (I − 2 (1 − ε)Kβα
K

βα) ⋅ c′

α , (4.9)

where I is the unit tensor. In order to obtain the magnitude of post collision velocity of

the light particle, we multiply both sides of Eq. (4.9) with cα to get

∣cα∣2 = [δjk + 4 (ε2 − ε)Kβα

j K
βα

k
] c′j αc′k α . (4.10)

Note that in Eq. (4.10), we used K
βα

i
K

βα

i
= 1. By assuming a very small value for ε

we have ∣cα∣ ≃ »»»»»»c′

α

»»»»»» .
Therefore, as a result of the collision between a very light gas particle and a heavy

wall particle, the light gas particle will be reflected with almost the same kinetic energy,

which subsequently leads to very small thermal accommodation. Thomas [91] reported

that the thermal accommodation coefficient becomes significantly less than unity, when

the mass ratio of gas particle and surface particle in the experiment is small. The momen-

tum exchange between the gas and surface leads to a different reflection direction for the

gas particle, which is dependent on the detailed microscopic geometry of collision with

the surface. Figure 4.1-b demonstrates the collision between two particles in the plane

of the relative velocities with the apsidal vector K. For a rough surface as in Fig. 4.1-a,

it is expected that the reflected particle has no preferred direction. All possible reflec-

tion directions will have the same likelihood, that is the direction will be isotropically

distributed.



82

4.3.2 Adiabatic surface model (isotropic scattering)

The adiabatic boundary condition implies no-energy-transfer through the surface, where

energy is conserved for each individual particle. The total transport of energy through a

wall with the normal in n-direction, as seen in the rest frame of the wall, can be written

as

Un = m∫ c
W
n

(cW )2
2

fdc = qn + σtnVt + Vn (12ρV2
+
5

2
ρRT ) ,

where c
W
i = ci − v

W
i is the particle velocity in the rest frame of the wall, and Vt = vt − v

W
t

is the tangential slip velocity. At a non-accumulating, adiabatic surface at rest we have

v
W
i = vn = en = 0, therefore,

qn = −Vtσtn . (4.11)

From Eq. (4.11) we can see that, while the overall energy flux vanishes, there is a non-

convective heat flux qn, which transfers the heat of slip friction, −Vtσtn, into the gas. We

denote this effect as viscous slip heating ; A detailed discussion will follow in the sequel.

We are interested in adiabatic surfaces with friction. These cannot be described by

the pure specular Maxwell model, where an adiabatic wall is necessarily frictionless. An

adiabatic surface can be modeled utilizing the fully diffusive Maxwell surface, if the wall

temperature is adjusted in each surface element so that the macroscopic heat flux follows

from Eq. (4.11). This model, however, requires an iterative scheme to modify the micro-

scopic boundary conditions in the DSMC method. In the macroscopic method, on the

other hand, this process is rather straightforward and we will be further discussed in Sec.

4.3.5.

We now turn our attention to processes where the particles leaving the surface are

isotropically reflected while the magnitude of their velocities is that of the incoming par-

ticle. Thus, the collision with the surface does not change the kinetic energy of the

individual particle, so that the surface is adiabatic in the rest frame of the wall. Some

particles exchange momentum with the wall so that there is friction on the surface [44, 83].

Accordingly, the phase density of the particles in an infinitesimal neighborhood of the

wall is

f̄ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
f
∗(cWi , xi, t), c

W
k nk ≥ 0

f (cWi , xi, t) c
W
k nk ≤ 0.

(4.12)

Here, f
∗
in (4.12) denotes the phase density of particles leaving the wall (c

W
k nk ≥ 0). The

function f
∗
must be chosen such that the wall does not accumulate particles, it must be
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isotropic in velocity, i.e.,

f
∗(cWi , xi, t) = f

∗(∣cW ∣, xi, t). (4.13)

It is convenient to introduce spherical coordinates {∣cW ∣, ϑ, φ} for the velocity space, i.e.,

with the direction vector ξi,

c
W
i = ∣cW ∣ξi = ∣cW ∣ {sinϑ cosφ, sinϑ sinφ, cosϑ}

i
,

where ∣cW ∣ ∈ [0, ∞], ϑ ∈ [0, π], φ ∈ [0, 2π], and dΩ = sinϑdϑdφ. Writing the conser-

vation of the normal number flux of the gas to the wall with the assumption of isotropic

distribution function, Eq.(4.13), gives

f
∗(∣cW ∣) = ∫π

π/2 ∫ 2π0 cknkf sinϑdφdϑ

∫π
π/2 ∫ 2π0 cknk sinϑdφdϑ

. (4.14)

4.3.3 Microscopic boundary conditions for adiabatic surface in

DSMC

In order to implement a boundary condition in the DSMC method, the velocity vector for

a reflected particle is obtained by sampling from a specific distribution function. In other

words, at first the distribution function for the reflecting particle is specified, and then

the velocity vector is obtained by sampling from the corresponding distribution function

In the DSMC method changes in the total energy of a particle due to the collision with

a solid surface determines the amount of energy that flows through the wall. Monatomic

particles only have translational energy. Therefore, implementing the adiabatic boundary

condition on a surface is equivalent to requiring an equal amount of translational energy

before and after collision with a solid surface. For a particle colliding with a surface, the

translational energy before collision is

U
′

=
1

2
m(c′2x + c

′
2
y + c

′
2
z ) = 1

2
mc

′
2
,

where m is the particle mass, and the apostrophe denotes the molecular state before

the collision. As a particle reflects from the adiabatic surface, the velocity vector must

have the same magnitude, but different direction. Assuming that the particles have the

isotropic probability for scattering in all directions, the scattering kernel P (c′

→ c) for a
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particle reflecting from a surface with the normal in the y−direction is [44]

P (c′

→ c) = 1

πc3
cyδ (c′ − c) .

Here, c is the particle velocity vector after collision with the surface. Sampling requires the

cumulative probabilities, which are best defined based on spherical coordinates {c, θ, φ}
so that

P (c′

→ c) dc =
1

πc3
c cosφδ (c′ − c) c2dc sinφdφdθ = [δ (c′ − c) dc] [ 1

2π
dθ] [2 cosφ sinφdφ] .

(4.15)

The delta function indicates that the absolute velocity of the leaving particle is determin-

istic, c = c
′
. However, the direction of the leaving particle is subject to the process of

random isotropic scattering. By considering the the cumulative probabilities

Fθ =

Θ

∫
0

1

2π
dθ , Fφ =

Φ

∫
0

2 cosφ sinφdφ .

Here, Θ,Φ are the angles for the particles leaving. The integrals for the cumulative

probabilities Fθ, Fφ can be solved analytically to give

Θ = 2πFθ , (4.16)

Φ = arcsin(√Fφ) (4.17)

By converting back to Cartesian coordinates, and noting that cos(arcsin(x)) = √
1 − x2,

the velocity of the randomly scattered particle is

cx = c
′√
Fφ cos(2πFθ) , (4.18)

cy = c
′√
1 − Fφ ,

cz = c
′√
Fφ sin(2πFθ) .

Using this method, particles hitting the surface are reflected into arbitrary directions

while carrying the same translational energy as before the collision.

It is also worth noting that by following the same methodology we can model an

adiabatic moving surface in DSMC. The observer on the wall frame, which moves with
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the velocity of VW , measures the incoming particle’s velocity as

c
′W

= c
′

−VW .

The components of the reflecting velocity vector, still in the rest frame of the wall, are

obtained as

c
W
x = c

′W
√
Fφ cos(2πFθ) ,

c
W
y = c

′W
√
1 − Fφ ,

c
W
z = c

′W
√
Fφ sin(2πFθ) .

Finally, the velocity of the reflecting particle in the rest frame is c = c
W

+VW .

4.3.4 Macroscopic boundary conditions for adiabatic surface in

R13/NSF equations

To find the macroscopic boundary conditions, we follow the method outlined in [26, 93].

We consider the continuity of normal fluxes over an infinitesimal surface area element

which gives

m∫ ΨAc
W
k nk f dc

W
= m∫ ΨAc

W
k nk f̄ dc

W
, (4.19)

where ΨA are polynomials of the particle velocity, c
W
i . Integrating (4.19) yields relations

between the moments in the gas and the wall properties (θW , v
W
i ) that serve as boundary

conditions for the moments.

To perform the integrations in Eq. (4.19), the velocity distribution function f and the

appropriate velocity functions ΨA are required. For the R13 system, the phase density in

the gas is approximated by a Grad-type distribution that reads [81]

fR13 = fM (1 + Φ) , (4.20)

where fM denotes the local Maxwellian and

Φ = (1
8
−

C
2

12θ
+

C
4

120θ2
) ∆

ρθ2
+

CiCj

2ρθ2
σij−

1

ρθ2
(1 − C

2

5θ
)Cjqj+

CiCjCk

6ρθ3
mijk−

1

4ρθ3
(1 − C

2

7θ
)CiCjRij .

Here, Ck = c
W
k − (vk − v

W
k ) is the peculiar velocity (i.e., the velocity in the rest frame of
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the gas), with Cknk = c
W
k nk.

Grad observed that, in order to get meaningful boundary conditions, the velocity

functions ΨA must be even in the normal component of the particle velocity c
W
k nk [26].

For example, if we consider a surface with the normal in y−direction (y = x2), we take

ΨA = {1, Cx, C
2
, CyCy, CxCx, C

2
Cx} , (4.21)

which correspond to the fluxes

m∫ ΨAc
W
k nk fdc = {ρvy, σxy, qy,myyy,mxxy, Rxy} . (4.22)

Using the isotropic distribution function for the reflecting particles, Eq. (4.12), and

performing the integrations for Eq. (4.19), we obtain the boundary conditions

vy = 0 , (4.23)

σxy =

√
2

πθ
(−1

2
mxyy −

1

5
qx − PVx)ny ,

qy = −σxyVx ,

Rxy = 11θσxy +

√
2

πθ
(36θVx (P −

2

3
ρθ −

3

8
σyy +

1

112

Ryy

θ
) + 5θmxyy)ny ,

mxxy = −
1

10
σxyVx +

√
2

πθ
(3
2
V

2
x (P −

1

2
ρθ) − θ (σxx −

1

4
σyy) − 1

14
Rxx +

1

56
Ryy)ny ,

myyy =
1

5
σxyVx +

√
2

πθ
(−V2

x (P −
1

2
ρθ) − 3

28
Ryy −

3

2
θσyy)ny .

Here, Vx = vx−v
W
x is the slip velocity and P = ρθ+ 1

2
σyy−

1

120

∆

θ
−

1

28

Ryy

θ
. The integrals of

fR13 over the solid angle, as required in Eq. (4.14), cannot be solved algebraically, hence

we expanded fR13 in the non-equilibrium quantities {Vi, σij , qi, . . .} to second order. Note

that this is not a linearization in the orders of Knudsen number, but in the deviation

from equilibrium state. For small lid velocity, as considered here, this deviation is small,

hence, it should be sufficient to only consider up to the second order.

From the boundary conditions we can see that, while the isotropically scattering wall is

adiabatic, the normal heat flux qy does not vanish. Indeed, as we expected from Eq. (4.11),

slip friction creates heat that must go into the gas.

The corresponding slip boundary conditions for the NSF equations can be obtained

from the boundary conditions for the R13 equations (4.23) by considering the first order
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terms in Knudsen number, as [87]

vy = 0 , (4.24)

σ
NSF
xy = −

√
2

πθ
(ρθVx +

1

5
q
NSF
x )ny ,

q
NSF
y = 0 .

Note that, since the viscous slip heating is of second order in terms of the Knudsen

number, it does not show in the NSF limit, hence qy = 0 at the wall.
2

4.3.5 Adiabatic Maxwell surface

Another method for modeling the adiabatic surface is based on the Maxwell boundary

conditions. Adiabatic boundaries are achieved by adjusting the local wall temperature

such that the energy flux vanishes. The particles reflecting from the wall follow the

Maxwell distribution,

fW =
ρ
W

m
√
2πθW

3
exp (− ∣ck − v

W
k ∣2

2θW
) , (4.25)

where θ
W

and v
W
k being the known temperature and velocity of the surface [10]. Moreover,

ρ
W

must be obtained such that particles do not accumulate at the wall.

Considering the frame of reference in which the wall is at rest, the microscopic velocity

of the gas particle is c
W
k = ck − v

W
k and the velocity distribution function f̄ of the gas in

an infinitesimal neighborhood of the wall is given by

f̄ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
fW , c

W
k nk ≥ 0

f (cWi , xi, t), c
W
k nk ≤ 0,

(4.26)

where f (cWk , xk, t) is the velocity distribution function in the gas.

Inserting the distribution function (4.20) and performing the integration in equation

2
The viscous slip heating effect, as predicted by the energy balance and reported by other researchers

[32], will also appear in the boundary equations for the NSF if we include terms up to the second order
of accuracy in Knudsen number. Since the bulk equations in the NSF are first order accurate in Knudsen
number, for consistency, we only considered terms up to the first order at the boundary, which does not
include viscous slip heating.
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(4.19) for the Maxwell model Eq. (4.26) leads to the wall-boundary conditions [93]

vy = 0 , (4.27)
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Here, T = T − TW denotes the temperature jump. In order to obtain the adiabatic

boundary condition from the Maxwell boundary equations, we have to adjust the heat

flux to mimic the no energy transfer condition, Eq.(4.11), and set qy = −Vxσxy, to account

for the viscous slip heating. The temperature jump corresponding to the adiabatic fully

diffusive Maxwell surface is obtained from (4.27)3 as

T = T − TW = −
1

4

θσyy
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−
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30
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56

Ryy

P
+
1

4
V

2
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4

mxyyVx

P
−

1

10

qxVx

P
. (4.28)

By substituting the corresponding wall temperature, TW , into the Maxwell boundary

conditions for the diffusive wall (4.27), we obtain the same boundary conditions for the

isotropically scattering adiabatic surface, Eq. (4.23).

The above calculation shows that whether we adjust the temperature of the surface to

get adibaticity at the wall, or use the isotropic scattering kernel to obtain the correspond-

ing macroscopic boundary condition, the results, at least on the level of R13 equations,

are the same. Both models lead to the adiabatic surface. However, adjusting the temper-

ature in the microscopic DSMC model leads to an iterative scheme. The wall temperature

should be modified for each iteration so that the final temperature distribution on the

wall can mimic the no-energy-transfer from the surface. On the other hand, if we use the

isotropic scattering kernel, there is no need to prescribe the temperature, and the wall

temperature will be obtained accordingly.

We also note that the proposed method of modeling the adiabaticity using the isotropic

scattering kernel is more consistent with the underlying physics of light gas particles
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interacting with heavy surface particles outlined in Sec. 4.3 A. The adiabatic Maxwell

surface is a well-working model, however, the complexity in nature of this wall, i.e.,

adjusting the temperature of each individual surface element, seems rather unphysical.

4.4 Results and discussion

4.4.1 Micro lid driven cavity

We consider the partly adiabatic two-dimensional lid driven micro cavity, depicted in

Fig. 4.2-a and compare the DSMC, R13 and NSF results in rarefaction regime. All walls

except for the driven lid are assumed to be adiabatic; the top wall is fully diffusive and

isothermal at T = 273K. The corresponding boundary conditions for a fully diffusive

surface in DSMC and R13 equations are well studied and can be found in [68]. This

geometry serves as a test for the implementation of the adiabatic boundary conditions

(4.18) for DSMC and (4.23) for R13 equations. The top lid velocity is UWall = 50 ms
−1
and

computation are for Knudsen numbers Kn = 0.05, 0.1, 0.3. The side length of the cavity

walls is fixed at L = 1µm and rarefaction occurs due to the reduction of the pressure in

the cavity.

Figure 4.2-b shows the heat flux variation for the DSMC results along the four walls

of cavity when UWall = 50ms
−1
and Kn = 0.05. The heat flux of the monatomic rarefied

flow through the walls is obtained by

q
′′

=
B ×m

2 ×N × t

N

∑
i=1

[(c′2x + c
′
2
y + c

′
2
z )i − (c2x + c

2
y + c

2
z)i]

Ai

.

Here, B is the number of real gas molecules represented by each DSMC particle, N is

the number of particle-surface collisions taking place in the process of sampling, t is the

elapsed time in the sampling, and A is the area of the cell through which the particle

transfer energy to the surface.

Figure 4.2-b demonstrates that the adiabatic boundary condition Eq. (4.18), for DSMC

indeed guarantees the full adiabaticity on the fixed walls. This is not so in Refs. [99, 1],

where adiabaticity is implemented by an iterative scheme that sets the local boundary

temperature such that the local heat flux into the wall vanishes; as a result, one observes

oscillation of heat flux on the walls. We emphasize that by following the methodology in

the current study, as one sets a surface to be adiabatic by isotropic scattering, there is no
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Figure 4.2: a) Adiabatic cavity geometry, b) Heat flux through the walls of cavity at
UWall = 50ms

−1
, Kn = 0.05
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need to prescribe any temperature for the wall. We also note that the iterative schemes

are less exact, and more time consuming. To us, the modelling of an adiabatic surface by

isotropic scattering appear more natural.

4.4.2 Grid dependency

In order to perform the grid dependency test for DSMC, we use three grids composed of

100×100, 200×200 and 300×300 cells, and compare the heat flux profile along the driven

lid when UWall = 100 ms
−1
and Kn = 0.1. Figure 4.3-a demonstrates that the results

for 200 × 200 and 300 × 300 are numerically equivalent, while the 100 × 100 grid gives

insufficient results; therefore we used 200 × 200 grid cells for the following results.

To determine an appropriate mesh size for the R13 solution, a grid dependency test

was conducted as well. Since solving the macroscopic transport equations takes con-

siderable less amount of time than the DSMC approach, various meshes of size N =

40, 50, 100, 200, 400 were tested. For these cases the relative percentage changes in the

net heat flux along the driven lid was monitored as the grid was refined successively. The

results are plotted in Fig. 4.3-b. It is evident from Fig. 4.3-b that the relative percentage

change in the net heat flux between two successive grid sizes is less then 0.2% as the

grid is refined beyond 100 × 100. Therefore, for the following R13 results the grid with

100 × 100 cells is used.

It is also worth noting that a typical simulation with the R13 equations (as well as

NSF) with a grid size of 100 × 100 takes about 20 minutes on a single quad core desktop

PC. Whereas, depending on the flow parameters and the value of the Knudsen number,

the corresponding DSMC simulation takes up to 70 hours of the computational time.

4.4.3 Velocity profile

Figure 4.4 shows the velocity components on the two centerlines of the cavity for Uwall =

50 ms
−1

in the rarefied regime. For the small Knudsen number (Kn = 0.05) the three

approaches– DSMC, R13 and NSF equations predict the same results for the velocity.

As the Knudsen number increases we observe a deviation in the results of the continuum

approaches from the molecular method; however, the predicted results of the R13 method

are in better agreement with DSMC data, as compared to NSF.

A closer look into Fig. 4.4-c shows that the largest deviation in the predicted velocity

by R13 from the DSMC solution takes place in the Knudsen layer at the side walls.

Note that in this rarefaction regime the Knudsen layer almost covers the entire flow
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Figure 4.3: Grid dependency study test: a) vertical heat flux along the driven lid for
DSMC method at Kn = 0.1, b) variation of relative percentage changes in the net heat
flux by number of grid points along the driven lid for R13 solution at Kn = 0.1
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field. The R13 equations, by benefiting from the Knudsen layer terms, can provide an

approximation to the Knudsen layer, however, in the presence of large non-equilibrium

effects this approximation becomes less accurate. The NSF equations, on the other hand,

do not include the Knudsen layer terms at all and their results deviates from the DSMC

solution, almost in the entire domain in Fig. 4.4-c.

4.4.4 Temperature profile

Variation of the flow temperature on the centerlines of the cavity with Uwall = 50 ms
−1

are depicted in Fig. 4.5. This figure illustrates that up to Kn = 0.1, the R13 equation

can accurately predict the temperature variation along the two centerlines. As Knudsen

number increases, the R13 equations slightly underpredict the flow temperature (less than

1%) in close vicinity of the left adiabatic wall. As shown in Fig. 4.5, the flow temperature

increases and decreases near the right and left walls, respectively. As the rarefied flow

approaches the right wall it undergoes a compression which subsequently increases the

flow temperature. The R13 equations can capture the increase and decrease of the flow

temperature close to the side walls with a slight difference in the temperature magnitude

in the non-equilibrium regime.

4.4.5 Heat flux; Viscous slip heating

Heat lines

Figure 4.6 shows the heat flux streamlines inside the cavity for the three approaches when

Kn = 0.05. Similar to the case of a cavity with isothermal wall [59], the unconventional

“cold-to-hot” heat transfer is observed. By using the macroscopic equations, Rana et

al. [69] showed that this so called anti-Fourier heat flux is due to domination of the

non-dimensional shear stress gradient over the temperature gradient. For a more detailed

description of this rarefaction effect see [69].

A closer look into the DSMC and R13 shows that the associated curved structures of

the heat flux lines are properly captured by the continuum method. Most interestingly,

the DSMC and R13 results show heat apparently leaving the adiabatic surface while this

effect is not observed in NSF. This heat is not coming from the walls, but created in the

slip layer by friction.

In fact, the particles in the cell adjacent to the adiabatic surfaces collide with each

other (and not the surface), which subsequently leads to viscous heat generation in the
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boundary cells. This heat cannot escape into the adiabatic wall; consequently, it will be

directed towards the gas. Figure 4.6-a demonstrates that the R13 equations also predicts

the viscous heat generation in the boundary due to rarefaction. In fact, Eq. (4.23) shows

that the normal component of the heat flux in the proximity of the adiabatic surface

boundary condition is a product of the slip velocity and the shear stress on the boundary,

qy = −σxyVx.

Comparison of the heat lines for the R13 and DSMC results also shows the appearance

of a heat flux vortex in the bottom left and a heat source in the top left side of the cavity.

Figure 4.7 shows the heat flux profile along the two horizontal lines passing through

the centre of bottom vortex, Y /L = 0.42 and the top source at Y /L = 0.95 for R13

results. The maximum value of heat flux in the entire domain (qmax = 0.0187) is used

to non-dimensionalize the heat flux components. Figure 4.7-a demonstrates that the

absolute value of the heat flux vector becomes zero at the center of the bottom vortex,

which consequently leads to circulation of the heat lines around it. Note that the DSMC

solution for heat flux lines in this region suffers markedly from large noises. Figure 4.7-b

illustrates that the heat source on the top left corner appears due to the very small value

of absolute heat flux in this region.
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Heat flux along the centerlines

Comparison of the heat flux profiles along the two centerlines of the cavity is depicted in

Fig. 4.8. This figure illustrates that the R13 equations can accurately predict the values

of heat flux along the two centerlines in the adiabatic cavity. In addition, Fig. 4.8 shows

that increasing the rarefaction effects, i.e., larger Knudsen number, enlarges the heat flux

magnitude predicted by the NSF equations notably; however, the heat flux magnitude

predicted by the R13 method is not significantly increased over the Knudsen regime. The

small increment of the vertical heat flux over the horizontal centerlines for R13 results

can be due to small increment role of the Knudsen layer as well as the third order terms

in the heat flux governing equation, Eq. (4.7).

4.4.6 Shear stress

Shear stress distribution

Figure 4.9 shows the shear stress distribution overlaid on the velocity streamlines when

Kn = 0.05 for the three methods of solution. The shear stress is nondimensionlized

with respect to σo = ρ0RT0. The R13 equations can accurately predict the shear stress

distribution inside the cavity; however, NSF predict that the shear stress contours are

generated at the top two corners.

Shear stress on the driven lid

In order to investigate the accuracy of the employed methods in more detail, we illustrate

the shear stress profile along the driven lid in Fig. 4.10. The R13 equations provide very

accurate results for the magnitude of the shear stress in the vicinity of driven lid. As the

lid velocity increases, the shear stress in the flow field enlarges. A closer look into Fig. 4.10

shows that the value of the shear stress predicted by R13 is in maximum deviation from

the DSMC results around the two top corners of the cavity where the flow undergoes

sudden changes. Therefore, in this region the local Knudsen number is significantly larger

than the global Knudsen number, which indeed limits the accuracy of the shear stress

equation close to the top corners.

Drag coefficient

Although the R13 equations do not fully predict the accurate local values, they describe

the overall behavior of the flow rather well. Therefore, we were encouraged to determine



99

X/L

q
y
/q

0

0 0.2 0.4 0.6 0.8 1
-0.008

-0.006

-0.004

-0.002

0

0.002

0.004

0.006

0.008

DSMC

R13

NSF

c)

a)
X/L

q
y
/q

0

0 0.2 0.4 0.6 0.8 1
-0.0015

-0.001

-0.0005

0

0.0005

0.001

0.0015

0.002

DSMC

R13

NSF

q
x

/q
0

Y
/L

-0.008 -0.006 -0.004 -0.002 0 0.002 0.004
0

0.2

0.4

0.6

0.8

1

DSMC

R13

NSF

Y
/L

q
x
/q

0

-0.025 -0.02 -0.015 -0.01 -0.005 0 0.005
0

0.2

0.4

0.6

0.8

1

DSMC

R13

NSF

f)

X/L

q
y
/q

0

0 0.2 0.4 0.6 0.8 1
-0.003

-0.002

-0.001

0

0.001

0.002

0.003

0.004

DSMC

R13

NSF

b) e

d)

q
x
/q

0

Y
/L

-0.012 -0.008 -0.004 0 0.004
0

0.2

0.4

0.6

0.8

1

DSMC

R13

NSF

)

Kn=0.3 Kn=0.3

b Kn=0.1 Kn=0.1

Kn=0.05Kn=0.05

Figure 4.8: Heat flux over the centerlines of the cavity, a&d) Kn=0.05, b&e) Kn=0.1,
c&f) Kn=0.3



100

/axy a0

/axy a0

/axy a0

a)

b)

c)

R13

DSMC

NSF

Figure 4.9: Velocity streamlines and shear stress contour for UWall = 50 ms
−1

and Kn =

0.05, a)R13, b)DSMC, c)NSF



101

X/L

σ
x
y

/
σ

0

0 0.2 0.4 0.6 0.8 1
0.02

0.03

0.04

0.05

0.06

0.07

DSMC

R13

NSF

a)

X/L

σ
x
y

/
σ

0

0 0.2 0.4 0.6 0.8 1
0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

DSMC

R13

NSF

b)

X/L

σ
x
y

/
σ

0

0 0.2 0.4 0.6 0.8 1
0.02

0.04

0.06

0.08

0.1

0.12

DSMC

R13

NSF

c)

Kn=0.05

Kn=0.1

Kn=0.3

Figure 4.10: Comparison of shear stress along the driven lid of the cavity: a)Kn = 0.05,
b)Kn = 0.1, c)Kn = 0.3



102

Figure 4.11: Comparison of the drag coefficient obtained from the three methods

the R13 drag coefficient and compare it with the DSMC results. The drag coefficient on

the driven lid is obtained by

CD =

∫L
0
σxydx

σ0L

Figure 4.11 shows the variation of the drag coefficient with the Knudsen number. Com-

parison of the R13 results with the DSMC data demonstrates that the R13 equations can

accurately predict the drag coefficient up to Kn = 0.3. This figure is a good indicator of

the capabilities in the R13 equations when predicting the global flow behaviors.

4.4.7 Cavity with specular reflecting walls

Another method to model the adiabaticity of the surface is to use the specular reflection

kernel. In this method, the process of particle surface collision guaranties no-energy-

transfer through the wall, however, the gas undergoes a perfect slip condition at the

surface. Figure 4.12 shows the DSMC results for the lid driven cavity with 3 specular

walls. The top driven lid is assumed to be a diffusive reflector at T = 273K.

Figure 4.12-a shows the heat lines overlaid on the temperature distribution. Compared

to Fig. 4.6-b, a similar range of temperature is predicted inside the domain. However, the

heat lines are completely different. More interestingly, the shear stress distribution, Fig.
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Figure 4.12: Flow formation predicted by DSMC inside a lid driven cavity with three
specular walls and diffusive driven lid, UW = 50 m

s
, Kn = 0.05. a) Heat flux streamlines

overlaid on the temperature distribution, b) Velocity streamlines overlaid on the shear
stress distribution.
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4.12-b, shows a rather large shear stress close to the top lid, while the rarefied flow in the

rest of the domain exhibits small shear stress. The perfect slip condition on the wall leads

to a very small shear stress distribution inside the flow field. Since the assumption of the

perfectly smooth surface at the microscopic level, specular reflection, is not realistic, such

modelling of adiabaticity is not of our interest.

4.5 Conclusion

In the current study microscopic and macroscopic models are employed to model adiabatic

surfaces. When a gas with light particles interacts with a rough surface of heavy particles,

the gas-surface interaction can be considered adiabatic, and the reflecting particles have

no preference in the reflection direction (isotropic scattering). In the DSMC method the

isotropic scattering kernel is utilized to ensure the no-energy-transfer condition on each

particle colliding with the adiabatic surface. The corresponding macroscopic boundary

equations for the isotropic scattering distribution functions are obtained for the R13

equations. By taking into account the second order nonlinearity in the normal heat flux

to an adiabatic surface, the viscous slip heating effect appears. The generation of heat

due to intermolecular collision in the adjacent cell to the adiabatic surface (microscopic

approach) can be well captured, and interpreted, by the product of the slip velocity and

the shear stress on the adiabatic wall (macroscopic approach). The viscous slip heating

that occurs at all slip boundaries can be more clearly identified in the case of adiabatic

surface. Comparison of the solution for temperature, shear stress and heat flux profiles

obtained from R13 and DSMC methods demonstrates the capability of the R13 equations

in predicting the flow behaviors upto Kn = 0.3.

To be more general, the reflection of a particle from a surface can be modeled as a

superposition of the diffusive reflection, specular reflection and isotropic scattering [83].

Therefore, using a general reflection kernel for the particle based method, which can model

the three possible scenarios, seems to be essential.
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Chapter 5

Velocity Dependent Maxwell

Boundary Conditions in DSMC

Abstract: Recently Struchtrup [Phys. Fluids 25, 112001 (2013)] proposed an ex-

tension to the original Maxwell boundary conditions for the Boltzmann equation which

introduces velocity dependent accommodation coefficients. These boundary conditions are

implemented into the direct simulation Monte Carlo (DSMC) method. The effect of the

velocity dependent Maxwell (VDM) boundary conditions on thermal transpiration phe-

nomena is studied for two-dimensional micro-cavities. Variation of the three microscopic

parameters provided by the VDM boundary condition yields changes in slip velocity, tem-

perature jump and the thermal transpiration effect. The results indicate that the strength

of thermal transpiration can change and, depending on the values of the coefficients, the

rarefied flow can be driven from warmer toward colder regions.

Published in International Journal of Heat and Mass Transfer 87 (2015), 151160
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5.1 Introduction

The interactions between gas particles and a solid surface are complex. It is unlikely

that a general mathematical model be developed that can adequately describe the gas–

surface interactions for different combinations of gases and surfaces at all conditions.

However, by using microscopic simulation methods, such as direct simulation Monte Carlo

(DSMC) [5] and molecular dynamics (MD) [54], better understanding of the interaction

can be obtained. This knowledge helps in developing phenomenological models which can

provide better fit to the experimental data.

Experiments with molecular beams show that the beam is scattered into a plume-like

structure around the line of specular reflection [10, 36]. The structure of the reflected

beam becomes particularly important when scattered particles are free to move for a

long distance inside the bulk gas. The Knudsen number, Kn, is defined as the ratio

between the mean free path of the gas particles and the flow characteristic length scale,

Kn =
λ

L
. Special attention should be given to the reflection kernel when the Knudsen

number becomes large.

This plume-like structure is described and captured by the Cercignani-Lampis (CL)

model [11, 48], where the shape of the reflection plume strongly depends on the values

of the normal and tangential accommodation coefficients, αn and αt. In this model, the

collision outcome depends on the velocity of impacting particle with the surface. Although

the CL model can be fitted to slip velocity and temperature jump, it does not provide

sufficient flexibility to be fitted to the data for thermal transpiration coefficient [72].

For moderate Knudsen numbers, i.e., in the transition flow regime, the particles re-

flected from the surface travel a rather short distance before their first inter-molecular

collision. In this regime the exact shape of the reflection plume is not required to ex-

press boundary conditions, but an appropriate approximation can deliver the chemistry

of gas-surface interaction. This provides room for a simpler model than CL, which can

be fitted to the thermal transpiration coefficient. The original Maxwell accommodation

model [51], due to its simplicity, cannot predict different accommodation coefficients for

the slip velocity and temperature jump.

Epstein [21] considered the effect of impact velocity on the reflection kernel, and

proposed an extension to the Maxwell model. In this model the degree of thermal accom-

modation is determined based on the impact energy of the colliding particle.

Recently, Struchtrup [83] added the isotropic scattering kernel to the Maxwell’s bound-

ary condition to also account for nearly adiabatic surface with friction [57]. Also this
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model, by considering the impact velocity of the particles, allows to incorporate velocity

dependent accommodation coefficients into the microscopic description. In the velocity

dependent Maxwell (VDM) boundary condition, a particle colliding with the surface is

either thermalized, specularly reflected, or scattered in an arbitrary direction, where the

probabilities for the different processes depend on the impact velocity. The model pro-

vides wide flexibility for the choice of the velocity dependent accommodation coefficients.

A particular model was suggested in Ref. [83], based on the assumption that the gas-

wall interaction can be described as a thermally activated process, where particles with

higher velocities are more likely to be specularly reflected or isotropically scattered from

the surface, while particles with smaller velocity are more likely to be thermalized. The

corresponding macroscopic boundary conditions for slip velocity and temperature jump

were obtained from the first order Chapman-Enskog expansion.

Thermally-driven flows inside a two-dimensional enclosure have been studied in the

literature [68, 96]. Vargas et al. [96] examined the effect of Knudsen number, surface

temperature gradient and the geometry aspect ratio on the flow formation inside a micro

cavity. They observed that the interplay between thermal transpiration and the viscous

stresses in the boundary determines the direction of tangential velocity close to the wall.

They also reported that close to the continuum regime thermal transpiration dominates,

and the gas flows from colder to warmer regions.

The importance of boundary conditions in the thermal-driven flows has also attracted

the attention of other researchers [8, 78]. Cai [8] used the Maxwell boundary condition to

study the flow formation inside a cavity subjected to a temperature profile on the wall. He

considered two cases of continuum and free molecular regimes to see the effect of Knudsen

number on the rarefied flow. Kosuge et al. [46] used the Maxwell and the CL model to

study the steady flow between parallel plates with sinusoidal temperature distribution at

large Knudsen numbers. They demonstrated that considering the CL model leads to a

steady flow between the plates, whereas for the Maxwell-type model the gas remains at

rest.

In the current study, the velocity vector for particles reflecting from the surface is de-

rived, and the required steps to implement the VDM boundary conditions into a DSMC

solver are presented. To study the effects of thermal transpiration, rarefied flows in-

side a two-dimensional thermal cavity with temperature gradient along the surface are

considered. The effects of the three independent coefficients incorporated in the VDM

boundary conditions on the vortex formation, and strengthening or weakening of the

rarefaction effects are studied. The results indicate that, in contrast to the CL model,
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the VDM boundary condition provides opportunity for fitting to experimental data for

transpiration flow.

The remainder of the paper is organized as follows. A short description of the DSMC

method employed in this study is presented in Sec. 5.2. The general reflection kernel for

the VDM boundary conditions is rephrased in section 5.3.1; then the reflecting velocity

for use in the DSMC method is obtained and presented. The geometry considered in

this study is presented in Sec. 5.4.1, and the boundary conditions are tested in a micro

cavity to ensure the persistency of the Maxwell distribution function. Afterward, the flow

formation inside a micro cavity with temperature gradient is studied in Sec. 5.4.2. A brief

description of the thermal transpiration flow is presented, and the possibility of inverse

transpiration flow is discussed in section 5.4.3. We shortly mention the hydrodynamic

boundary equations for the VDM model, and use the Grad equations to explain the flow

formation. The DSMC solution for the thermal cavity in larger rarefaction regime is

presented in Sec. 5.4.4. The paper ends with our conclusions in section 5.5.

5.2 DSMC Method

The DSMC method is a numerical tool to solve the Boltzmann equation by using the

statistical simulation of molecular processes based on the kinetic theory of dilute gases [5].

In this method, many independent simulating particles are used to model gaseous flows,

where each particle represents a large number of real gas molecules. For the current study,

we modified our DSMC solver [59, 58, 62, 68, 57] by implementing the VDM boundary

condition. In this code, the selection of collision pairs is based on the no-time-counter

(NTC) method, therefore the computational time is proportional to the number of the

simulating particles [5]. The fluid is argon as a Maxwell molecule with m = 6.63× 10
−26

kg

and the reference viscosity of µ0 = 1.9549 × 10
−5
Pa.s. The Knudsen number is defined as

[81]

Kn =
µ0

ρ0
√
RT0L

. (5.1)

Here, ρ0 is the reference density, and L indicates the characteristic length of the flow.

The DSMC simulation starts with 32 particles located in each cell. As the flow reaches the

steady state, the molecular properties are sampled over a large period of time to reduce

the statistical scattering. In addition, a filtering post processor is used to minimize the

scattering in the thermodynamic properties. In this filtering, the sampled macroscopic
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properties, F , in cell N are averaged over a pattern of its neighboring cells [59]

F̃(N ) =
FN +

I=Nn∑
I=1

FI

Nn + 1
.

5.3 VDM boundary conditions

5.3.1 Reflection kernel

The reflection kernel for the generalized Maxwell model can be written as a superposition

of diffuse reflection, specular reflection, and isotropic scattering [83],

P (c′

→ c) = Θ (c′) ∣cn∣ f0Θ (c)
∫

cn>0

∣cn∣ f0Θ (c) dc + (1 −Θ (c′))×
[γδ (c′k − ck + 2njcjnk) + (1 − γ) 1π ∣cn∣

c
′3
δ (c′ − c)] . (5.2)

Here, c
′

k and ck denote velocities of incoming and outgoing particles, respectively, c
′
and

c are the respective absolute values, and cn = cknk is the contribution normal to the

wall. The velocity dependent accommodation coefficient Θ (c′) is the probability that an

incoming particle will be diffusively reflected, and the coefficient γ is introduced so that

γ (1 −Θ (c′)) is the probability that a particle will be specularly reflected.

Many meaningful models for the coefficients Θ (c) and γ can be developed [21]. In the

following we use the model suggested in Ref. [83], where γ = const, and thermalization is

assumed as a thermally activated process,

Θ (c′) = Θ0 exp
⎛⎜⎝
ε − αm

2
c
′
2

kTW

⎞⎟⎠ . (5.3)

Here, the dimensionless coefficient α is a measure for the strength of the activation, where

α = 0 as a case without activation, corresponds to the original Maxwell model with fully

diffusive walls. Moreover, ǫ considers the effect of energy bounce on the reflected particle,

and Θ0 is a constant depending on the wall structure. Note that these coefficients can be

varied so that the results fit to the experimental data. In the following we assume that

Θ0 = 1 and ǫ = 0 unless otherwise mentioned. In Eq. (5.2), f0 = 2β
√
πfM/ρ is the reduced
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Maxwell distribution in the rest frame, which with the above notation can be written as,

with β =

√
m

2kT
,

f0 =
2
πβ

4
exp (−β2

c
2) .

The probability function, Eq. (5.3), varies between 0 and 1, and depends on the

velocity c
′
of the particle colliding with the surface. To determine whether the particle is

diffusively reflected or scattered, a random number, R1 ∈ [0, 1] is drawn, such that the

particle undergoes a diffuse reflection if R1 < Θ (c′). If, however, R1 > Θ (c′), a second

random number R2 ∈ [0, 1] is drawn, and the scattering is specular for R2 < γ, and

isotropic for R2 > γ. For each of these cases, the reflection kernel is selected according to

the following rules:

5.3.2 Diffusive reflection, R1 < Θ (c′)
The first term of Eq. (5.2) determines the velocity of a diffusively reflecting particle, i.e.,

the reflection kernel is

PD (c′

→ c) = ∣cn∣ f0Θ (c)
∫

cn>0

∣cn∣ f0Θ (c) dc .

To proceed, we consider the particle velocity in cylindrical coordinates, so that c →{cn, cr, θ} and dc = crdcndcrdθ. For the implementation into DSMC we need the cumula-

tive probability that a particle leaves with a velocity below {Vn, Vr,Ω}, defined as

FnFrFΩ = ∫
Vn

0

∫
Vr

0

∫
Ω

0

PD (c′

→ c) crdcndcrdθ . (5.4)

Here, Fn, Fr and FΩ are the cumulative probabilities for the velocity vector in cylindrical

coordinates. Making f0 and Θ (c) explicit, and performing all integrations, we find at first

FnFrFΩ =

2 ∫Vn

0
β
2
cn exp (− (1 + α) β2

c
2
n) dcn

2 ∫∞
0
β2cn exp (− (1 + α) β2c2n) dcn

2 ∫Vr

0
β
2
cr exp (− (1 + α) β2

c
2
r) dcr

2 ∫∞
0
β2cr exp (− (1 + α) β2c2r) dcr

∫Ω
0

dθ

2π

∫ 2π
0

dθ

2π

.

(5.5)

The above integrals can be calculated analytically, and Eq. (5.4) simplifies to

Fn = 1 − exp (− (1 + α) β2
V

2
n ) ,

Fr = 1 − exp (− (1 + α) β2
V

2
r ) ,

FΩ =
Ω

2π
.
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Solving the above equations for the three upper limits of integral gives

Vn =
1√

1 + α

1

β

√
− ln (1 − Fn) ,

Vr =
1√

1 + α

1

β

√
− ln (1 − Fr) ,

Ω = 2πFΩ.

By converting back to the Cartesian coordinates for a surface with normal in y−direction,

the reflecting velocities are obtained as

cx =
1√

1 + α

1

β

√
− ln (1 − Fr) cos (2πFΩ) , (5.6)

cy =
1√

1 + α

1

β

√
− ln (1 − Fn) ,

cz =
1√

1 + α

1

β

√
− ln (1 − Fr) sin (2πFΩ) .

The cumulative probabilities are uniformly distributed in [0, 1]. The velocity of the ther-

malized particle is determined by drawing three random numbers for {Fn, Fr, FΩ}, and
computing the velocity from the above.

Compared to the corresponding expressions for the standard Maxwell boundary con-

ditions, the VDM boundary condition contains the factor 1√
1+α

that is due to the velocity

dependence of the accommodation coefficient Θ (c′). Assuming α = 0 gives the conven-

tional Maxwell boundary conditions for the diffusive wall [5].

5.3.3 Specular reflection, R1 > Θ (c′) and R2 < γ

A particle is specularly reflected if R1 > Θ (c′) and R2 < γ. The reflection kernel

PSp (c′

→ c) = δ (c′k − ck + 2njcjnk) ,

describes the deterministic specular reflection of the particle, with the after-collision ve-

locity

cx = c
′

x , cy = −c
′

y , cz = c
′

z .
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5.3.4 Isotropic scattering, R1 > Θ (c′) and R2 > γ

Isotropic scattering occurs when R1 < Θ (c′)and R2 > γ, and the corresponding reflection

kernel is

PSc (c′

→ c) = 1
π

∣cn∣
c
′3
δ (c′ − c) .

By using spherical coordinates, {c, θ, φ} we can write

P (c′

→ c) dc =
1

πc
′3
c cosφδ (c′ − c) c2dc sinφdφdθ = [δ (c′ − c) dc] [ 1

2π
dθ] [2 cosφ sinφdφ] .

The delta function indicates that the absolute velocity of the leaving particle is deter-

ministic, c = c
′
. However, the direction of the leaving particle is subjected to the process

of random scattering, and as before we consider the cumulative probabilities

Fθ =

Θ

∫
0

1

2π
dθ , Fφ =

Φ

∫
0

2 cos (φ) sin (φ) dφ ,

The integrals for the cumulative probabilities Fθ, Fφ can be solved analytically to give

Θ = 2πFθ , Φ = arcsin(√Fφ) (5.7)

By converting back the velocity components to the Cartesian coordinates, and noting

that cos(arcsin(x)) = √
1 − x2, the velocity of the scattered particle is

cx = c
′√
Fφ cos(2πFθ) , (5.8)

cy = c
′√
1 − Fφ ,

cz = c
′√
Fφ sin(2πFθ) .

The cumulative probabilities are uniformly distributed in [0, 1]. The velocity of the

isotropically scattered particle is determined by drawing two random numbers for {Fφ, Fθ},
and computing the velocity from the above.
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5.4 Results and discussion

5.4.1 Persistency of Maxwell distribution in micro-cavity

We consider a square micro-cavity as depicted in Fig. 5.1-a. The temperature of the wall

in the micro-cavity, T , varies along the x and y-directions as indicated. We are interested

in transpiration flow, where the driving force for the flow in the cavity is the temperature

gradient along the surfaces.

In the DSMC method particles are initially distributed according to the Maxwellian

distribution function [5]. In this section we ensure that in a system without perturbation

the Maxwell distribution persists, when particles collide with the VDM boundary condi-

tion and reflect back to the flow. For this test, the rarefied flow in the micro-cavity is

left to itself, and the microscopic velocity distribution function as well as the macroscopic

velocity profile are obtained. The wall temperatures in the micro-cavity are prescribed as

TB = TL = TT = TR = 300 K .

The coefficients for the VDM boundary conditions assumed in this test are

ε = 0, α = 0.5, γ = 0.7 Θ0 = 1 .

Figure 5.1-b demonstrates the normalized horizontal velocity distribution function for

a computational cell in the top left corner of the cavity. It is observed that the distribu-

tion obtained from the DSMC simulation agrees with the local Maxwellian distribution,

obtained from the local values for density, velocity and temperature. The horizontal

macroscopic velocity distribution inside the cavity in Fig. 5.1-c shows that the persis-

tency of the Maxwellian distribution is well guaranteed by the implementation of this

new set of boundary conditions.

5.4.2 Micro-cavity

The flow formation inside the micro-cavity is considered for the case where the tempera-

ture of the side walls varies linearly, specifically we set

TB = 600 K TT = 300 K TL (y) = TR (y) = TB (1 + y

L
) .

Figure 5.2 shows the effect of the coefficients Θ0, α and γ on the velocity streamlines
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Figure 5.1: Persistency of the Maxwell distribution in micro-cavity, a) cavity geometry,
b) normalized microscopic horizontal velocity distribution function, c) macroscopic hori-
zontal velocity distribution in the micro-cavity.

and the temperature distribution inside the cavity.

The left column in Fig. 5.2 shows the DSMC results when the reflection kernel does

not depend on the velocity of impacting particle, α = 0. The right column, on the other

hand, shows the flow formation when dependency of the reflection on the impact velocity

is considered, α ≠ 0.

Starting from the fully diffusive surface, Fig. 5.2-a we observe that the tangential com-

ponent of the velocity vector close to the vertical wall is downward: thermal transpiration

pushes the rarefied flow towards the bottom (i.e., the warmer) side of the cavity.

Considering the impact velocity on the reflection kernel using the VDM boundary

condition, decreases the magnitude of the vertical velocity close to the vertical walls. As

we increase α and γ, an additional vortex which drives the rarefied flow toward the upper

(i.e., colder) side of the cavity appears (Figs. 5.2-e,f). In other words, sufficiently large

values of α and γ in the VDM boundary condition lead to a decreased strength of the

thermal transpiration phenomenon, and the appearance of warm-to-cold vortices.

In order to confirm the effect of impact velocity on the formation of the secondary

vortex, we performed the simulation when the reflection kernel does not depend on the

impact velocity α = 0, but contains diffusive, specular and isotropic scattering. In order

to have a comparable setting we adjust Θ0 such that it is the average probability for

a diffusive reflection, defined as Θ̄ = ∫
cn<0

Θ (c) cnfMdc/ ∫
cn<0

cnfMdc which gives Θ̄ =(1 + α)−2. For comparison with the case for α = 0.2, we hence chose Θ0 = 0.7, and perform

the simulation for two values of γ. As depicted in Fig. 5.2-b,c, the secondary vortex does

not appear when the reflection kernel is independent of the impact velocity. This figure
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indicates that, in the case of VDM boundary condition, the dependency of the reflection

kernel on the impact velocity is required to weaken/increase the strength of the thermal

transpiration effect.

Smaller transpiration effects in the VDM boundary condition allows other non-equilibrium

phenomena, such as thermal stresses, to play a more important role in determining the

flow direction close to the surface. The reversed direction of velocity close to the surface

also suggests the possibility of reversed transpiration flow, where the rarefied flow is driven

from warm to cold; this will be discussed in greater detail in Sec. 5.4.3.

Comparing the temperature distributions inside the cavity shows that the VDM bound-

ary condition leads to smaller temperature gradients inside the cavity. Since not all par-

ticles are forced to thermalize with the surface after collision, the wall information will

not be completely transferred to the flow field, so that the temperature jump is larger,

which leads to smaller maximum, and larger minimum temperature inside the cavity.

Figure 5.3 shows the rarefied flow properties along the vertical line X

L
= 0.95, which

lies inside the Knudsen layer of the right wall. The VDM boundary condition allows some

particles to reflect back to the flow without exchanging momentum, or energy, with the

surface, which subsequently decreases the shear stress along the wall. It is also seen that

the effect of changing γ on the tangential velocity is quite different for standard Maxwell

and the VDM boundary condition. In the case of standard Maxwell boundary condition,

the tangential velocity is not much dependent on γ. As α and γ increases, the shear

stress and the vertical velocity become smaller in magnitude, see Figs. 5.3-a,b, and the

velocity changes sign when the small vortex close to the right wall appears. Figure 5.3-c

shows smaller gradient of temperature for the new reflection kernel, which appears to be

unaffected by the coefficients in the VDM model.

5.4.3 Forward and inverted transpiration flow

Thermal transpiration takes place when two particles coming from the cold (smaller ther-

mal velocity) and warm (higher thermal velocity) regions exchange momentum with the

surface at the same location. Figure 5.4 shows an schematic of the particle-surface inter-

action for the two types of boundary conditions.

The left figure shows the collisions for the classical Maxwell boundary model, where the

accommodation is independent of impact velocity. Since the collision kernel is isotropic,

the average reflection velocities for the particle colliding with the wall is perpendicular to

the wall, as indicated by the dashed vectors. Therefore, in average, the complete tangential
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Figure 5.2: Velocity streamlines overlaid on the temperature distribution, Kn = 0.1, ε = 0.
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Figure 5.3: The effect of Θ0, α and γ coefficient on the flow properties along X

L
= 0.95 for

Kn = 0.1, ε = 0.

momentum of an incoming particle is transferred to the wall. Since the particle coming

from the warmer region has a higher impact velocity, it can induce a greater force on

the wall, so that the net force on the wall points toward the colder region, see FW in

Fig. 5.4-a. As a reaction, the wall drives the rarefied flow toward the warmer region by

imposing a shear force on the flow, FG. Consequently, the gas moves in the direction of

the wall temperature gradient.

In the VDM boundary condition, as shown in the right figure, a particle with higher

velocity c
′
relative to the surface has a higher chance, γ (1 −Θ (c′)), to be specularly re-

flected, which implies no exchange of tangential momentum. Accordingly, a larger number

of slower particles–coming from the colder region–transmit their tangential momentum to

the wall, compared to a smaller number of fast particles–coming from the warmer region.

As α increases, larger number of particles with high impact velocity skip the thermal-

ization process with the surface, and reflect back to the bulk without any momentum

exchange. For relatively large values of α and γ, the colder particles will transfer more

tangential momentum than the warmer particles, which results in a net force on the wall

toward the warmer region. That is, the force FW changes its sign as compared to the stan-

dard transpiration flow, see Fig. 5.4-b. This leads to the movement of the gas relative

to the wall, from warm to cold. It is also worth noting that the magnitude of shear force

on flow, FG, becomes smaller since less momentum is transferred due to more specular

reflections.

While the above argument shows the theoretical possibility of inverted transpiration
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flow, it is not clear that the occurrence of the secondary vortices in the VDM model can

actually be attributed to this effect. In order to examine the transpiration phenomena

on the microscopic level, we used DSMC results to compare the tangential momentum

that particles exchange with the right wall of the micro-cavity. We keep the thermal

configuration of the cavity as in Sec. 5.4.2, and define the tangential momentum exchange

between a particle and the surface as

Mj = m(c′t − ct)j .
Here, c

′

t and ct are the tangential velocities before and after collision with the surface

element j, and the overbar indicates the time average of the microscopic quantity. Par-

ticles with positive tangential impact velocity, c
′

t > 0, come from a warmer region (they

move upward), i.e., they have larger thermal velocity, and exchange the momentum M
H
j

with the surface. Particles with negative tangential impact velocity, c
′

t < 0 come from the

colder region (they move downward) and exchange the momentum M
C
j with the surface.

Figure 5.5 shows the variation of exchanged momentum for the VDM boundary condi-

tion along the surface. The tangential momenta are non-dimensionalized with respect to

M
0
= m

√
2 k

m
TB.

As the coefficients α and γ increase, we observe a decrease in the exchanged momentum

from both, colder and warmer particles. This result is in accordance with the reduction of

shear stress inside the Knudsen layer in Fig. 5.3-a . However, the decrease in the warmer

momentum exchange, M
H
j is larger than the decrease in colder exchange M

C
j . For larger

α and γ, the warmer particles have a higher chance to be specularly reflected, which

implies that no tangential momentum is exchanged with the surface. The total momentum

exchange, obtained from adding the two sources of tangential momentum, determines the

direction of thermal transpiration force. It is observed that increasing the coefficients in

the VDM boundary conditions can reduce the strength of the thermal transpiration effect,

and in an extreme case, Fig. 5.5-c, lead to a small reversed transpiration force.

Figure 5.5-b shows that for the case of Fig. 5.2-f where an inverted velocity at the wall

is observed, the momentum transfer–and thus the transpiration force–still has the same

direction as for the fully diffusive surface, but it is much weaker. Blow-ups of the total

momentum exchange are inserted in Fig. 5.5 for a detailed comparison. Hence, we must

conclude that in this case the inverted tangential velocity at the wall cannot be attributed

to the inversion of the transpiration force, but most likely results from a much weaker

transpiration force at the boundary, which subsequently leads to domination of thermal
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Figure 5.5: Variation of the tangential momentum exchange on particle-surface level along
the right wall for Kn = 0.1, ε = 0 and Θ0 = 1.

stresses in the bulk.

In the original paper [83], the tangential velocity on the boundary is obtained utilizing

the first order Chapman-Enskog expansion. Using Bird’s notation for the shear stress [5],

the tangential velocity was written as

Vt√
k

m
TW

=
2 − χ

χ

√
π

2

σnt

p −
ω

5

qt

p
√

k

m
TW

. (5.9)

Here, Vt is the tangential velocity at the boundary, χ is the momentum accommoda-

tion coefficient, p is the pressure and ω is the coefficient for the strength of the thermal

transpiration effect. We can see that the interplay between the shear stress σnt and the

tangential heat flux, qt determines the direction of the tangential velocity close to the

surface. Choosing an appropriate set of α and γ in the VDM boundary condition enables

us to reduce the influence of thermal transpiration, so that the shear stress dominates in

determining the direction of the flow.

The shear stress, in the presence of small velocity and rather large thermal gradient in

the flow field, is mainly influenced by the thermal stresses. Using the Grad equations [81]

the shear stress in the bulk can be approximated as

σtn = σ
(1)
tn + σ

(2)
tn , (5.10)

where the superscript shows the order in Knudsen number. Following Grad equations

for the Maxwell molecule, and linearizing the shear stress in moments (small Knudsen
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number), we can write

σ
(1)
tn = 2µ

∂V<t

∂xn>

, (5.11)

σ
(2)
tn =

4

5

µ

p

∂q<t

∂xn>

.

Grad description for the shear stress shows that the thermal stresses are one order in

Knudsen number higher than the viscous stresses. This means that thermal stresses will

become important when the rarefaction is large (high Knudsen number regime); or when

we are dealing with a flow at low velocity gradient and rather large heat flux gradient.

In order to confirm the role of thermal stresses in our thermal cavity flow, we used the

DSMC result to obtain the shear stress in the first and second order, Eq. 5.11, along the

horizontal centerline of the cavity. Figure 5.6 shows the total stress, σxy as well as the

viscous σ
(1)
xy and thermal stresses σ

(2)
xy for two choices of boundary condition coefficients.

The solid line indicates the variation of the total stress in the horizontal centerline of the

cavity. Note that the description of the shear stress in Eq. (5.10) is only valid in the bulk

of the flow. When dealing with the Knudsen layer (in the vicinity of the walls) higher

order moments can play a role and dominate in determining the shear stress.

For the fully diffusive surface, Fig. 5.6-a, the shear stress starts from a positive value

close to the left wall and becomes negative as we pass the center of the cavity. The flow in

this case is mainly driven by the boundaries, i.e., thermal transpiration. The tangential

transpiration force accelerates the flow in the vicinity of the surface, which subsequently

leads to appearance of the largest value of the shear stress at the wall. For the fully

diffusive surface the total shear stress, σxy follows the trend of first order viscous stress

σ
(1)
xy in the bulk of the flow, i.e., outside of the Knudsen layer (X

L
∈ [0.2, 0.8]). A quick

look at Fig. 5.3-b shows that the rarefied flow gets to its maximum velocity for the case

of fully diffusive surface, and slows down for the VDM boundary conditions. This means

that the viscous stress can take over the thermal stress, and dominate in determining the

total stress for the fully diffusive surface. Figure 5.6-a also shows that the value of thermal

stress in this case is very small, and rather close to zero in the main bulk of the flow. In

this case it is safe to say that the thermal stresses do not play a big role in determining

the shear stress. The imposed disturbance from the boundaries, coming from the thermal

transpiration, is damped via the viscous stresses.

In the second case, Fig. 5.6-b, the total shear stress profile is different than what

we observed for the fully diffusive surface, and changes sign multiple times along the
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Figure 5.6: Variation of shear stress component along the horizontal centerline of the
cavity, a) Fully diffusive surface: α = 0,Θ0 = 1 b) Θ0 = 1 α = 0.2 γ = 0.9
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horizontal centerline. Interestingly, the shear stress is one order of magnitude smaller

in this case. Keeping in mind that the main source of disturbance in the flow field is

the temperature gradient on the wall, the VDM boundary condition permits rather large

number of particles to reflect back to the bulk without being influenced by the surface,

i.e., specular reflection. In addition, the shear stress does not follow the trend of the

velocity gradient, but rather has the same trend as the thermal stresses. Small values of

the velocity, compared to the rather large values of the temperature gradient, in the flow

field leads to domination of the thermal stresses in determining the total shear stress.

This figure confirms the role of the thermal stresses in the secondary vortices appears in

Fig. 5.2-e.

It is also interesting to note that the very small values of the shear stress (close to

zero) in this case implies that there is a balance between the thermal stresses and the

viscous stress, σ
(1)
tn = −σ

(2)
tn . In a way, existence of rather large thermal gradient in the

flow field drives the flow, and as a reaction, the viscous stresses damp the rarefied flow

movement.

Above, we used the equations that are only valid for evaluating the bulk of the flow.

As said above, we believe that in the cases of Fig. 5.2-e,f the main driving force for the

flow pattern are thermal stresses in the bulk–the secondary vortices most likely appear to

bridge between the temperature driven bulk flow, and the boundaries.

5.4.4 Effect of Knudsen number

Following the discussion about the interplay between the first and second order of shear

stress, and the capability of the VDM boundary conditions to manipulate their strength,

we studied the effect of Knudsen number on the flow formation in the thermal cavity.

To have a comparable set, we chose Kn = 1 and consider the same values of α and γ

as in Sec. 5.4.2. Figure 5.7 shows the temperature distribution overlaid on the velocity

streamlines inside the cavity. As was expected, rarefied flow experiences rather smaller

temperature gradients in higher Knudsen regime, which is attributed to the larger tem-

perature jump at this Knudsen number.

More interestingly, the vortex formation is different from what we observed at Kn =

0.1. Even for the fully diffusive surface, the secondary vortex in the vicinity of the side

walls appears, and drives the flow from warm-to-cold. At this Knudsen number the

Knudsen layer covers the entire cavity, and large rarefaction effects inside the domain

leads to a large secondary vortex in the flow field. As we increase α the primary vortex,
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Figure 5.7: Temperature distribution overlaid on the velocity streamlines at Kn = 1 and
ε = 0

corresponding to the thermal transpiration, decreases in size and get pushed to the top

corners of the cavity.

Figure 5.8 shows the flow properties in the vicinity of the right wall along X

L
= 0.95. It

is seen that the vertical velocity close to the wall is changing sign for all choices of α and γ,

which is in accordance with the appearance of primary and secondary vortices in Fig. 5.7 .

More interestingly, the larger positive value of the vertical velocity, i.e., warm-to-cold flow

at Kn = 1 implies the rarefaction nature of the secondary vortex. The temperature profile

close to the surface remains unchanged with respect to the corresponding coefficients in

the VDM boundary conditions.
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Figure 5.8: The effect of α and γ on the flow properties along X

L
= 0.95 for Kn = 1, ε = 0.
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5.5 Conclusions

Velocity dependent Maxwell (VDM) boundary conditions are used in DSMC method to

study the thermal transpiration effect. The flow formation inside a micro-cavity with the

temperature gradient on the surface is studied. Thermal transpiration phenomena drives

the rarefied flow from colder region toward the warmer region for the fully diffusive surface.

However, as the reflection kernel becomes dependent on the velocity of colliding particle to

the surface, thermal transpiration becomes smaller in value. Particles with larger velocity

(coming from the warm region) reflect back to the flow without being thermalized with

the surface, while the slower particle (coming from the colder region) thermalize with

the surface. As a result, using the VDM boundary condition, we can decrease/increase

the strength of the thermal transpiration effect. This argument theoretically suggest the

possibility of appearance of reversed thermal transpiration effect which drives the rarefied

flow from warmer toward colder region. We observed the appearance of warm-to-cold

vortices for certain choices of corresponding coefficients in the VDM boundary condition,

and used DSMC to investigate their nature. Our study attributes the emerging warm-to-

cold vortices to the thermal stresses in the bulk of the flow. In fact, the VDM boundary

condition weakens the thermal transpiration effect, and subsequently permits the thermal

stresses to dominate in determining the direction of the rarefied flow.

In classical hydrodynamics, transpiration flow is described by incorporating the wall

temperature gradient as a driving force into the slip boundary condition. The DSMC

simulations in the current study, show the inverted flow direction only at the boundary,

while large vortices appear in the bulk. This flow behavior, most likely, is due to thermal

stresses in the bulk, which cannot be described in classical hydrodynamics. Therefore,

kinetic theory methods, like DSMC, direct numerical simulation[63], or advanced moment

methods [90] must be used for the description, and understanding, of these flows. The

VDM model is flexible, and can be incorporated in any of these advanced methods.

We note the lack of reliable experimental data that would be needed to fit the coeffi-

cients of the model.
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Chapter 6

Thermal Stress vs. Thermal

Transpiration: A Competition in

Thermally Driven Cavity Flows

Abstract: The velocity dependent Maxwell (VDM) model for the boundary condition

of a rarefied gas, recently presented by Struchtrup [Phys. Fluids 25, 112001 (2013)], pro-

vides the opportunity to control the strength of the thermal transpiration force at a wall

with temperature gradient. Molecular simulations of a heated cavity with varying parame-

ters show intricate flow patterns for weak, or inverted transpiration force. Microscopic and

macroscopic transport equations for rarefied gases are solved to study the flow patterns,

and identify the main driving forces for the flow. It turns out that the patterns arise from

a competition between thermal transpiration force at the boundary, and thermal stresses

in the bulk.

Published in Physics of Fluids 27 (2015), 112001
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6.1 Introduction

The behavior of rarefied gases differs from the predictions of classical hydrodynamics in

many ways [10, 12, 77, 5, 81]. When the Knudsen number Kn = λ/L, defined as the ratio

of mean free path λ and macroscopic relevant length scale L, is sufficiently small, clas-

sical hydrodynamics prevails, with well known effects such as stresses caused by velocity

gradients, as expressed in the Navier-Stokes law, and heat flux caused by temperature

gradients, as expressed in Fourier’s law. When, however, the Knudsen number becomes

larger, so-called rarefaction effects influence the flow, such as heat flux not driven by a

temperature gradient, but by gradients of stresses, and thermal stresses caused not by

velocity gradients, but by gradients of heat flux [45, 7, 102, 69].

Moreover, also the interaction between gas and solid boundaries depends on the de-

gree of rarefaction. In classical hydrodynamics, one commonly assumes no-slip-no-jump

boundary conditions, where the gas at the wall assumes velocity and temperature of the

wall. Rarefaction leads to deviation of this behavior, so that the gas experiences velocity

slip and temperature jump at the wall [10, 77, 81]. A particularly interesting boundary

effect is transpiration flow (also known as thermal creep flow), [77, 73, 46, 68] where

velocity slip is induced by a temperature gradient in the wall, i.e., the gas is forced into

motion at the boundary. Based on this effect, small amounts of gas can be moved in

Knudsen pumps[2]. The interplay between the thermal stress and the thermal transpi-

ration, and their contribution to the slip velocity has been studied using the asymptotic

theory [76, 79, 3].

A rarefied gas may be subjected to two different thermal forces: (a) a transpiration

force due to a temperature gradient in the wall, (b) thermal stresses, due to temperature

gradients in the bulk of the gas. These two forces might be acting in the same direction,

hence amplifying each other, or they might be acting against each other. In the following,

we will examine both cases, based on a recently presented microscopic model for wall

boundary conditions that allows to control the strength and direction of transpiration

flow[83]. Specifically, we shall consider a gas confined in a closed cavity with temper-

ature gradients in the walls that induce transpiration flow, and simultaneously cause a

temperature profile in the bulk that induces thermal stresses. Simulations are performed

with the direct simulation Monte Carlo method, which provides a microscopic solution,

and with various macroscopic models, such as Navier-Stokes-Fourier equations, and the

regularized 13 moment (R13) equations.

The direct simulation Monte Carlo method (DSMC) is a particle based microscopic
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method for solving the Boltzmann equation [5, 97, 33]. While it provides accurate solu-

tions, it is numerically costly, but it does not give further insight into the observations.

The DSMC method allows to determine macroscopic quantities such as temperature, ve-

locity, stress and heat flux, but it is, e.g., unable to distinguish between frictional and

thermal contributions to stress.

Macroscopic methods derive equations directly for the macroscopic quantities, and

relations between, e.g., stress and gradients of velocity and heat flux are directly present

in the equations. As will be demonstrated below, this allows a deeper understanding and

analysis of the observed flow patterns, i.e., between cause and effect.

Three different macroscopic models will be used for simulation and discussion: (a)

the Navier-Stokes-Fourier (NSF) equations of classical hydrodynamics[10, 12, 77, 5, 81];

(b) equations for slow non-isothermal flow (SNIF) which add thermal stresses to NSF[45,

7, 82]; (c) the regularized 13 moment equations (R13) which give a further extension to

hydrodynamics incl. coupling between temperature, velocity, stress and heat flux in the

bulk, as well as a reasonable approximation to the Knudsen layers at walls[81, 85, 87, 88,

93].

The three sets of equations can be found as approximations of the Boltzmann equation,

based on suitable expansions in the Knudsen and Mach numbers. The NSF equations arise

as the first order approximation in Kn, the SNIF equations are a reduced second order

approximation in Kn for small Mach numbers, and the R13 equations are a full third

order approximation in Kn for arbitrary Mach numbers.

The jump and slip boundary conditions for the macroscopic sets are derived from the

boundary condition for the Boltzmann equation with the reflection kernel for velocity

dependent accommodation model (VDM) presented in Ref. [83], which allows to influence

the strength and direction of the transpiration force. This reflection kernel is a general-

ization of Maxwell’s accommodation model[51] with velocity dependent accommodation

coefficients. Although the Cercignani-Lampis-Lord model [11, 48] improved the simplic-

ity in the original Maxwell model, by providing two different coefficients to fit to the slip

velocity and temperature jump, it does not allow to vary the strength of the transpiration

force [72]. The VDM model, on the other hand, provides sufficient flexibility to be fitted

to the data for thermal transpiration coefficient.

In Ref. [60] the VDM boundary condition has been incorporated in the DSMC method,

and was used to simulate the flow formation in a cavity with temperature gradient on

the surface in the early transition regime. While using the Maxwell fully diffusive surface

resulted in only two large transpiration vortices in the flow field, we observed that certain
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sets of coefficients in the VDM boundary conditions can lead to appearance of secondary

vortices in front of the walls. However, with only a DSMC solution at hand, we could

only speculate on the origin of the observed flow patterns as being an interplay between

thermal stresses and transpiration forces.

In the current study we employ the VDM model to obtain the macroscopic bound-

ary equations for the NSF, SNIF and R13 equations, which simplify to the conventional

boundary conditions for the Maxwell model in the case of vanishing velocity dependency

on the reflection kernel. Then, we use the DSMC, R13, SNIF and NSF equations to study

the flow formation inside a cavity with temperature gradient on the surface. Analysis of

the results obtained from the macroscopic equations allows us to understand the flow pat-

terns from the interplay between transpiration forces and thermal stresses. In particular

it becomes clear that for inverted transpiration force the narrow vortex in the Knudsen

layer at the wall is driven by the transpiration force while the larger vortex in the bulk

is driven by thermal stresses. NSF cannot describe this behavior, since it cannot account

for thermal stresses, and SNIF cannot describe vortex at the wall, since it cannot describe

Knudsen layer effects. The R13 equations give a good approximation to the DSMC results

and allow to analyze the flow pattern as the result of the competition between thermal

stresses and transpiration flow. The VDM boundary conditions permits manipulating the

strength of the thermal transpiration process, which subsequently provides a room for the

thermal stresses to play a bigger role in determining the flow formation. Although the

flow is in the mid-slip regime, our simulation reveals that the Knudsen layer terms are

required to accurately model the DSMC results with a set of macroscopic equations.

6.2 Microscopic description

6.2.1 Distribution function and Boltzmann equation

In kinetic theory the state of a monatomic gas is described by the distribution function,

f (t, xi, ci), defined such that the number of particles in a phase space element dxdc at

time t is given by fdxdc, where ck is the particle velocity, and xi is the location in space.

The Boltzmann equation relates the time evolution of the distribution function to the

translation and collision of the particles in the gas as [12, 10]

∂f

∂t
+ ck

∂f

∂xk

= S (f, f ) , (6.1)
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where we ignored external body forces, and S (f, f ) is the collision term.

Macroscopic properties of the gas are moments of the distribution function. In par-

ticular, mass density ρ, velocity vi, temperature T , shear stress σij and heat flux qi are

given by

ρ = m∫ fdc , vi =
m
ρ ∫ cifdc , 3RT =

m
ρ ∫ C

2
fdc ,

σij = m∫ C⟨iCj⟩fdc , 2qi = m∫ CiC
2
fdc , (6.2)

where the integration is performed over the velocity space c and m denotes the mass of a

particle, R is the specific gas constant and Ci = ci − vi is the peculiar velocity of the gas

particles.

6.2.2 Boundary conditions

In order to describe the gas-surface behavior we need the distribution function at an

infinitesimal neighborhood of the wall, which in the rest frame of the wall reads

f̄ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
f
∗(ci, xi, t), c

W
k nk ≥ 0

f (ci, xi, t), c
W
k nk ≤ 0.

(6.3)

Here, the phase density of particles leaving the wall (c
W
k nk ≥ 0) is expressed through the

reflection kernel P as

f
∗

=
1∣cn∣ ∫cWn <0

f (c′k)P (c′k → ck) ∣c′n∣ dc′ . (6.4)

In the velocity dependent Maxwell boundary condition, the reflection kernel is a super-

position of diffusive reflection, specular reflection and isotropic scattering, [83]

P (c′

→ c) = Θ (c′) ∣cn∣ exp (−mc
2

2kT
)Θ (c)

∫
cn>0

∣cn∣ exp (−mc2

2kT
)Θ (c) dc + (1 −Θ (c′))

[γδ (c′k − ck + 2njcjnk) + (1 − γ) 1π ∣cn∣
c
′3
δ (c′ − c)] . (6.5)

Here, the particles colliding with and being reflected from the surface have the velocities

c
′

k and ck, respectively. The normal component of the velocity to the surface is denoted
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by cn = cknk, and c is the absolute value of the particle velocity. The velocity dependent

accommodation coefficient Θ (c′) is the probability that a colliding particle will have a

thermalizing collision. Moreover, (1 −Θ (c′)) γ is the probability that the incoming particle

will be specularly reflected.

Many meaningful models for the coefficients Θ (c′) and γ can be developed[21]. We

follow the model suggested in Ref. [83], where γ = const and the thermalization is assumed

as a thermally activated process

Θ (c′) = Θ0 exp
⎛⎜⎝
ε − αm

2
c
′
2

kTW

⎞⎟⎠ = Θ0 (TW ) exp ⎛⎜⎝
−αm

2
c
′
2

kTW

⎞⎟⎠ . (6.6)

In this relation the strength of the activation process is denoted by the non-dimensional

coefficient α. Moreover, ǫ considers the effect of energy bounce on the reflected particle,

and Θ0 is a constant depending on the wall structure. This model reduces to the original

Maxwell model, when there is no activation process and no energy bounce, i.e., for α = ǫ =

0. The three independent coefficients in the VDM model, i.e., α, γ and Θ = Θ0 exp ( ε

kTW
),

can be used to fit to the experimental results[83]. In the current study, we set Θ = 1, and

explore the influence of the coefficients α and γ.

6.2.3 DSMC Method

The DSMC method is a statistical particle method for the solution of the Boltzmann

equation; each simulating particle represents a large number of real gas molecules [5].

Due to its statistical nature, the DSMC method requires large computational overhead,

especially when the average flow velocity is small, but the results are highly accurate.

We have presented an implementation of the VDM boundary conditions for DSMC in

Ref. [60], where we also studied the influence of the boundary coefficients α and γ on

the flow pattern in a heated cavity. The flow patterns observed and discussed there are

the same as those discussed below, albeit for different Knudsen numbers. In Ref. [60] we

tried to explain the observation by means of macroscopic quantities, in particular thermal

stresses, but the arguments were not conclusive. Therefore, we now proceed by solving

the the problem with various sets of macroscopic transport equations, which will allow us

to understand the flow details better.
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6.3 Macroscopic transport equations

The macroscopic description of rarefied flows requires models that go beyond the Navier-

Stokes-Fourier (NSF) equations of classical hydrodynamics. In recent years we have had

good success with describing rarefied flows at moderate Knudsen numbers by the R13

equations, which we will use here as well. We also will consider the NSF equations with

jump and slip boundary conditions, and an extension of the latter which includes thermal

stresses and is appropriate for slow non-isothermal flows (SNIF).

All models are based on the conservation laws for mass, momentum, and energy, but

use different equations for stress σij and heat flux qi. The conservation laws read

Dρ

Dt
+ ρ

∂vk

∂xk

= 0 ,

ρ
Dvi
Dt

+
∂p

∂xi

+
∂σik

∂xk

= 0 , (6.7)

3

2
ρ
Dθ

Dt
+ (p δij + σij) ∂vi

∂xj

+
∂qk

∂xk

= 0 ,

where D

Dt
=

∂

∂t
+ vk

∂

∂xk
is the convective derivative, p = ρRT = ρθ is the pressure obeying

the ideal gases law, and θ = RT is the temperature in units of specific energy.

6.3.1 R13 equations

In the R13 equations, stress σij and heat flux qk are considered as flow variables with

their own balance equations, which read for Maxwell molecules [85, 84, 81, 69],

Dσij

Dt
+
4

5

∂q⟨i
∂xj⟩ + σij

∂vk

∂xk

+ 2σk⟨i∂vj⟩
∂xk

+

∂mijk

∂xk

= −
ρθ

µ (2µ ∂v⟨i
∂xj⟩ + σij) , (6.8)

Dqi

Dt
+
5

2
σik

∂θ

∂xk

−
θσik

ρ

∂ρ

∂xk

−
σik

ρ
∂σkl

∂xl

+ θ
∂σik

∂xk

+
7

5
(qk ∂vi

∂xk

+ qi
∂vk

∂xk

)
+
2

5
qk
∂vk

∂xi

+
1

6

∂∆

∂xi

+
1

2

∂Rik

∂xk

+mijk

∂vj

∂xk

= −
2

3

ρθ

µ (15
4
µ
∂θ

∂xi

+ qi) . (6.9)

Indices inside angular brackets denote the symmetric trace-free part of tensors,[81]. The

coefficients (4
5
, 1, 2, ...) are valid for the Maxwell molecules. The R13 equations for other
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molecule types were derived in Ref. [88], where the method is outlined and coefficients are

given for hard sphere molecules. Here, we are interested in comparing the thermal stress

and thermal transpiration, and used the R13 equations in their most convenient form,

which is for Maxwell molecules. In the equations above, µ = µ0
θ

θ0
is the shear viscosity

with µ0 is viscosity at a reference temperature θ0. The underlined terms in the equations

will be discussed in subsequent sections. The balance equations (6.8, 6.9) contain the

higher moments mijk, ∆, Rij which are given by the constitutive equations[69]

∆ = 5
σklσkl

ρ +
56

5

qkqk
p − 12µ (θ∂ (qk/p)

∂xk

) ,

Rij =
20

7

σk⟨iσj⟩k
ρ +

192

75

q⟨iqj⟩
p −

24

5
µ (θ∂ (q⟨i/p)

∂xj⟩ ) , (6.10)

mijk =
20

15

q⟨iσjk⟩
p − 2µ (θ∂ (σ⟨ij/p)

∂xk⟩ ) .

The R13 equations are an extension of the well-known 13 moment equations of Grad[26],

where these higher order moments vanish, Rij = mijk=∆ = 0. These higher order terms

are obtained by the regularization technique in the R13 set, and the analysis of the

R13 equations show that these contributions are directly linked to the occurrence of

Knudsen layers. By means of the Chapman-Enskog expansion it can be shown that the

R13 equations are of third order accuracy in terms of the Knudsen number[85, 81]. We

point out that over the years our work produced subtle changes in the above constitutive

equations; the form presented above was derived in Ref. [69] based on the requirement

that the full non-linear and linearized forms of the R13 equations require the same set of

boundary equations.

6.3.2 SNIF equations

The equations for slow non-isothermal flow can be obtained from a reduction of the R13

equations which considers Knudsen number and Mach number as scaling parameters. This

scaling is appropriate for small velocity with rather large temperature gradients[7], where

the Knudsen number has the same order as the Mach number [82]. After the scaling, only

the single and double underlined terms in the R13 equations (6.8, 6.9) remain, so that
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stress and heat flux are given by [82]

σij = −2µ
∂v⟨i
∂xj⟩ −

4

5

µ

p

∂q⟨i
∂xj⟩ = −2µ

∂v⟨i
∂xj⟩ +

3µ
2

p [ ∂
2
θ

∂x⟨i∂xj⟩ +
1

θ

∂θ

∂x⟨i
∂θ

∂xj⟩ ] , (6.11)

qi = −
15

4
µ
∂θ

∂xi

. (6.12)

Here, the heat flux (6.12) is given by Fourier’s law, while the stress differs from NSF. The

first term in the right hand side of Eq. (6.11) is the viscous stress, i.e., the Navier-Stokes

relation, and the second term describes the thermal stress.

6.3.3 NSF equations

For the laws of classical hydrodynamics, only first order terms in the Knudsen number are

considered, while the Mach number is not restricted[12, 81]. In this scaling, the thermal

stresses are not considered, and stress and heat flux are given by the single-underlined

terms in (6.8, 6.9), i.e., the Navier-Stokes relation and Fourier’s law,

σij = −2µ
∂v⟨i
∂xj⟩ , qi = −

15

4
µ
∂θ

∂xi

. (6.13)

6.3.4 Macroscopic boundary conditions

For the solution of boundary value problems with the macroscopic models (R13, SNIF,

NSF) we require macroscopic boundary conditions that must be derived from the mi-

croscopic boundary condition, Eq. (6.3). For this we follow the method outlined in

Refs. [26, 93]. Considering the continuity of the normal flux of a microscopic property ΨA

over an infinitesimal surface element δA, gives (as seen from the rest frame of the wall)

m∫ ΨAcknk f dcδA = m∫ ΨAcknk f̄ dcδA , (6.14)

where ΨA are suitable polynomials of the particle velocity, ci. Performing the integration

in the above equation provides a relation between the wall properties (θW , v
W
i ) and the

moments in the gas, that serve as the boundary conditions for moments.

The integration in Eq. (6.14) requires an expression of the distribution function f

in terms of the variables, which for the R13 system is a Grad-type distribution of the

form[81]

fR13 = fM (1 + Φ) . (6.15)
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Here, fM =
ρ/m√
2πθ

3 exp [−C
2

2θ
] denotes the local Maxwellian, and

Φ = (1
8
−

C
2

12θ
+

C
4

120θ2
) ∆

ρθ2
+

C⟨iCj⟩
2ρθ2

σij −
1

ρθ2
(1 − C

2

5θ
)Cjqj

+

C⟨iCjCk⟩
6ρθ3

mijk −
1

4ρθ3
(1 − C

2

7θ
)C⟨iCj⟩Rij .

Note that in the rest frame of the wall the peculiar velocities are given by Ck = ck − Vi,

where Vi = vk − v
W
k is the slip velocity.

The appropriate velocity functions ΨA in Eq. (6.14) are chosen based on Grad’s

observation[26], that meaningful boundary conditions are obtained when the velocity func-

tion ΨA is even in the normal component of the particle velocity cknk. The appropriate

functions for the R13 equations are, for a wall with the normal in the y-direction[93],

ΨA = {1, Cx, C
2
, CyCy, CxCx, C

2
Cx} . (6.16)

R13 boundary equations

Using Eq. (6.15) for the distribution function, and performing the integration in Eq. (6.14)

for the corresponding VDM distribution function leads to a complete set of jump and slip

boundary conditions for the R13 equations. The dependence of the wall kernel (6.5) on

velocity leads to a coupling of boundary conditions. For instance, the two boundary

conditions for ΨAcn = Cxcy and ΨAcn = C
2
Cxcy both contain the shear stress σxy and

the higher moment Rxy. In order to have unique boundary conditions for σxy also for the

reduced models, we de-coupled the two conditions such that we have separate boundary

conditions for σxy and Rxy. In the same manner, we had to de-couple the boundary

conditions for qy and myyy. After decoupling, the boundary conditions can be written as
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(with T = θ − θw)

Vy = 0 , (6.17)

σxy =

√
2

πθ
(−λ(1,1)pVx −

1

5
λ(1,2)qx − 1

2
λ(1,3)mxyy)ny ,

qy =

√
2

πθ
(−λ(2,1) (2pT +

1

2
θσyy) − 1

15
λ(2,2)∆ −

5

28
λ(2,3)Ryy)ny ,

Rxy =

√
2

πθ
(λ(3,1)pθVx −

11

5
λ(3,2)θqx − 1

2
λ(3,3)θmxyy)ny ,

mxxy =

√
2

πθ
(− 1

14
λ̂(4,1)Rxx −

1

14
λ(4,2)Ryy − λ(4,3)θσxx +

1

5
λ(4,4)θσyy −

1

5
λ(4,5)pT −

1

150
λ(4,6)∆)ny ,

myyy =

√
2

πθ
(2
5
λ(5,1)pT −

7

5
λ(5,2)θσyy +

1

75
λ(5,3)∆ −

1

14
λ(5,4)Ryy)ny .

The above boundary conditions are linearized in the non-equilibrium quantities{Vx, T , σij , qi,∆, Rij ,mijk}. This assumption can lead to a small deviation from the DSMC

results, when modeling strong non-equilibrium in the Knudsen layer. The nonlinear form

of the boundary condition, due to the dependency of the reflection kernel on the particle

velocity, becomes very complicated, and is not discussed in here. The coefficients λ(i,j)
depend on the details of the wall collision kernel. For the standard Maxwell model,

where α = ǫ = 0 and Θ = const is the accommodation coefficient, we have λ(i,j) = Θ

2−Θ

and λ̂(4,1) = 0; this agrees with the boundary conditions for the R13 equations given in

Refs. [93, 84].

In Ref. [83] boundary conditions for NSF where determined from the VDM model

and a reduced distribution function, for which ∆ = Rij = mijk = 0. While the boundary

conditions for σxy and qy in Ref. [83] have the same form as above, the corresponding

coefficients differ slightly from those computed here, since the coupling to other boundary

conditions (for Rxy or myyy) was not included.

The expressions for the λ(i,j) as functions of the parameters α and γ are tedious, and

their details are not presented. Instead, we show the variations of the corresponding

coefficients for the boundary conditions of shear stress and heat flux, which describe

velocity slip and temperature jump.

The first row of Fig. 6.1 shows the coefficients λ(1,1), λ(1,2) and λ(1,3) that determine slip

effects. The strength and direction of thermal transpiration flow is determined by the

ratio λ(1,2)/λ(1,1), which for the classical Maxwell model is always positive. For the VDM

model, however, for certain values of α and γ this ratio can become rather small, or even
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V Ý1,1Þ
V Ý1,2Þ V Ý1,3Þ

Figure 6.1: Variation of the VDM coefficients λ(i,j) in the boundary conditions (6.17).
First row: coefficients for shear stress as functions of α and γ; Second row: coefficients
for heat flux as functions of α.

negative, such indicating that the transpiration force can be small, or even inverted. This

possibility was already pointed out in Ref. [83].

The second row of Fig. 6.1 shows the coefficients for the normal heat flux boundary

condition, λ(2,1), λ(2,2) and λ(2,3), which depend only on α, but not on γ, since for both,

specular reflection and isotropic scattering, the energy transfer remains zero.

SNIF/NSF boundary conditions

For the SNIF and NSF equations, only the boundary conditions for normal velocity, shear

stress and normal heat flux are required, which are obtained from Eq. (6.17) by removing
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all contributions of higher moments, so that

Vy = 0 ,

σxy =

√
2

πθ
(−λ(1,1)pVx −

1

5
λ(1,2)qx)ny , (6.18)

qy =

√
2

πθ
(−2λ(2,1)pT −

1

2
λ(2,1)θσyy)ny .

Note that the coefficients λ(i,j) are the same as above, which implies the possibility of

inverted transpiration flow also for the SNIF and NSF equations.

6.4 Results and discussion

6.4.1 Geometry and methods of solution

In the current study, we consider a square micro-cavity as depicted in Fig. 6.2. We are

interested to study the interplay between thermal transpiration and thermal stress. We

consider a problem that is governed by temperature effects, with no mechanical driving

forces. For this means we consider a cavity with fixed temperatures at bottom and top,

and linear variation of the temperature along the side walls,

TB = 600 K TT = 300 K TL (y) = TR (y) = TB (1 + y

L
) .

All boundaries of the cavity are at rest, so that the temperature gradients along the wall

and inside the flow field are the sole driving forces for the rarefied flow field.

For all simulations, we consider argon (R = 208 J

kgK
) as Maxwell molecules with an

initial equilibrium state at T0 = 273 K, µ0 = 1.955 × 10
−5
Pa s in a quadratic cavity of side

length L = 1µm. The initial density ρ0 is set such that the initial Knudsen number is

Kn0 =
µ0

ρ0
√
θ0L

= 0.04; for an average temperature T̄ =
1

2
(TB + TT ) = 450K this corresponds

to the Knudsen number Kn = Kn0

√
T̄

T0

= 0.051. These values are sufficiently small so that

one will expect good results from all three macroscopic models.

We solve the R13, SNIF and NSF equations with the method presented in Ref. [69]

and use the DSMC code discussed in Ref. [60].
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Figure 6.2: Geometry and prescribed wall temperatures for the cavity.
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6.4.2 Standard thermalizing surface (Thermal transpiration flow)

First we consider the standard Maxwell surface for which α = 0, Θ0 = 1. With these

parameters, we have the coefficients λ(1,1) = λ(1,2) = 1, hence their ratio λ(1,2)/λ(1,1) = 1 is

positive, and we expect standard transpiration force at the wall.

Thermal transpiration is a boundary effect that occurs when gas particles coming from

warmer and colder regions of the flow hit the wall at the same surface element. Particles

coming from the warmer region are faster, and thus induce larger tangential forces on the

surface compared to particles from the colder region, which are slower. As a reaction, the

wall is pushed towards the colder region, or, when the wall is at rest, the rarefied gas is

driven from cold to warm, which is observed here.

We compare the exact solution from DSMC with solutions for the macroscopic models

in Fig. 6.3, which shows the velocity streamlines overlaid on the temperature distribution

inside the cavity with fully diffusive surface. Microscopic and macroscopic methods exhibit

two primary vortices in the flow field which push the flow from cold to warm at the side

walls.

Microscopic method and the three macroscopic methods give rather similar tempera-

ture profiles in the cavity. We note that the temperature profiles only have small curvature,

which implies that the thermal stresses, as expressed by the term 4

5

∂q⟨i
∂xj⟩ in R13, Eq. (6.8)

and in SNIF, Eq. (6.11), will be relatively small. Hence, in this case, the thermal stresses

play only a minor role, and thus NSF, which cannot describe thermal stresses, gives rather

similar results for the flow fields.

A detailed look into the temperature lines in Fig. 6.3 shows an almost symmetrical

distribution with respect to the horizontal centerline. Considering that we have a flow

in the vertical direction, one would expect that the isothermal lines be influenced by the

direction of the flow, and stray away from the symmetrical distribution. However, the

small values of velocity (small convection effect), in comparison to the large value of tem-

perature ratio (large conduction effect), causes the temperature lines not be significantly

influenced. As a result we can observe that isothermal lines are rather symmetrical in the

domain.

Figure 6.4 compares the flow properties along the horizontal centerline of the cavity,

i.e., at
y

L
= 0.5. Figure 6.4 shows that the three macroscopic methods predict the flow

velocity in the bulk of the gas, in the interval x

L
∈ [0.1, 0.9], in good agreement to the

DSMC simulation. However, in the proximity of the wall, i.e., in the Knudsen layer, only

the R13 equations capture the wall vortex velocity. It is the presence of the Knudsen
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Figure 6.3: Velocity streamlines overlaid on the temperature distribution for fully diffusive
surface: α = 0,Θ0 = 1 at Kn0 = 0.04
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layer terms, Rij , mijk and ∆ , in the R13 equations that leads to a better agreement with

the DSMC solution in the proximity of the surface.

Figure 6.4-b shows that the NSF and SNIF equations slightly overpredict the tem-

perature of the gas. Moreover, the small increase in the temperature inside the Knudsen

layer is only captured by the R13 equations. The variation of shear stress along the cen-

terline is depicted in Fig. 6.4-c. The difference in the predicted shear stress by the SNIF

equations, and the agreement between the NSF results and the DSMC data, implies the

main role of the viscous stresses in the case of cavity with the Maxwell surface, while

thermal stresses are slightly overemphasized in SNIF. The agreement between between

the R13 and DSMC in predicting normal heat flux, particularly in the Knudsen layer, is

shown in Fig. 6.4-d.

6.4.3 Surface with inverted transpiration force

Thermal transpiration-Thermal stress flow

Next we employ the VDM boundary conditions, and consider α = 0.2, γ = 0.9 and Θ0 = 1.

With these parameters, we have the coefficients λ(1,1) = 0.4613 and λ(1,2) = −0.0294, hence

their ratio λ(1,2)/λ(1,1) = −0.0637 is negative, and we expect inverted transpiration force at

the wall. Note that this ratio also reflects the strength of the transpiration force, which

therefore has far smaller magnitude here than in the previous case, where it is 16 times

larger.

Inverted transpiration flow occurs when most of the faster gas particles coming from

the warmer region are specularly reflected, so that they do not exchange tangential mo-

mentum with the surface, while most of the the slower particles coming form the colder

region are thermalized or isotropically scattered, and hence transmit momentum to the

surface. As a reaction, the wall is pushed towards the warmer region, or, when the wall

is at rest, the rarefied gas is driven from warm to cold[60]. While it is unlikely that this

behavior can be found in existing materials, it can be properly modeled and analyzed in

the realm of kinetic theory. For us, it provides an interesting configuration that highlights

the strength and weaknesses of the models under consideration.

Figure 6.5 shows the velocity streamlines overlaid on the temperature distribution for

this case. The DSMC method (Fig. 6.5-a) predicts two sets of counter rotating vortices:

Two primary vortices that drive the flow from cold to warm in the bulk of the flow, and

two small vortices in the Knudsen layers that rotate from warm to cold. The temperature

contours show more curvature than before, so that thermal stress contributions can be
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Figure 6.4: Rarefied flow properties along horizontal centerline of the cavity for fully
diffusive surface, α = 0,Θ0 = 1 at Kn0 = 0.04. a) Vertical velocity, b) Temperature, c)
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Figure 6.5: Velocity streamlines overlaid on the temperature distribution for the VDM
boundary conditions, α = 0.2, γ = 0.9 and Θ0 = 1 at Kn0 = 0.04.

expected to play a more prominent role.

We now use the macroscopic models to interpret the DSMC result. The R13 equations

(Fig. 6.5-b) predict the same set of vortices as DSMC, and show good agreement with

the DSMC results. The SNIF (Fig. 6.5-c) and NSF (Fig. 6.5-d) equations, however, both

fail to predict these vortices in the flow field, with the SNIF result showing only two

cold-to-warm (primary) vortices, and NSF predicting only two warm-to-cold (secondary)

vortices.

The NSF equations do not account for thermal stresses, so that the only driving force

for the flow is the—inverted (and small)!—transpiration force at the wall. Accordingly,

the NSF equations predict the inversion of the thermal transpiration to drive the flow
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from warm to cold.

The SNIF equations, on the other hand, account for thermal stress in the bulk, as well

as for the—small (and inverted)!—transpiration force at the wall. While the transpiration

force tries to push the gas at the wall from warm to cold, the thermal stresses push in

the opposite direction. Since the ratio λ(1,2)/λ(1,1) is rather small, the transpiration force

is weak, and the thermal stresses prevail, so that the gas at the wall moves from cold to

warm.

The R13 equations describe a larger number of rarefactions effects, in particular they

reasonably reproduce Knudsen layers at the wall. With this, they can reproduce the

behavior of the gas as predicted by the DSMC simulation.

Comparing all models, the following picture emerges: the observed flow pattern is

the result of competition between the thermal transpiration at the boundary and the

thermal stresses in the bulk, which are both due to the thermal profile induced by the

wall temperatures. In the presence of the standard Maxwell boundary condition the

thermal transpiration at the wall amplifies the thermal stress in the bulk, and drive the

flow from cold-to-warm. That leads to appearance of two large vortices as in Fig. 6.3.

These vortices are mainly induced by the thermal transpiration force (first order effect in

Knudsen number) and can be captured by all the macroscopic methods.

However, if we change the magnitude and direction of the thermal transpiration force

at the boundary, so that it acts against the thermal stress, we can, more clearly, observe

the interplay between these two force. Figure 6.5 shows the weak inverted transpiration

force at the boundary that can only move a small amount of the gas close to the wall.

This force does not suffice to overcome the thermal stresses in the bulk; as a result we

observe two types of vortices in this problem. A narrow transpiration driven vortex at

the wall, and the wider thermal stress driven vortex in the bulk.

Note that thermal stress can also play a role at the boundary, and lead to so-called

”thermal stress slip flow”, in Ref. [76] . However, in the current study, by accessing to

different macroscopic methods, we can identify the source for each emerging vortices.

Predicting the warm-to-cold vortex in the vicinity of the wall, by both NSF and R13

equations suggests that this vortex must be due to the (inverted) thermal transpiration

effect.

For more insight into the capability of the different models, Fig. 6.6 shows the flow

properties along the horizontal centerline of the cavity. DSMC, R13 and SNIF have a

good agreement to DSMC for the vertical velocity vy in the bulk of the gas. Considering

that thermal stress is included in the the SNIF but not the NSF equations, the deviation
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of the NSF results from the DSMC data shows the main role of the thermal stresses in

this case. The deviation between SNIF and R13 results for the vertical velocity is large

in the Knudsen layer, where the boundary effects dominate the flow behavior.

The temperature variation along the centerline is shown in Fig. 6.6-b. It is seen that

the relative deviation of the three macroscopic models from the DSMC result is small,
TDSMC−TR13

TB−TT
< 0.01. This deviation can be attributed to the linearization of the boundary

conditions, and rather large temperature ratio between the bottom and top walls.

The variation of the shear stress along the horizontal centerline is depicted in Fig. 6.6-

c, where good agreement between DSMC and R13 results is evident. NSF and SNIF

equations, however, show marked deviations, which are a further reflection of their in-

ability to describe the flow field. The variation of vertical heat flux along the horizontal

centerline is shown in Fig. 6.6-d. The effect of Knudsen layer that leads to reduction of

the heat flux in the proximity of the surface is only captured by the R13 equations.

It is worth noting that the scale of velocity in Fig. 6.6 suggests that modeling this flow

with DSMC is extremely difficult, and time consuming. For the sake of comparison with

macroscopic methods (specially NSF), we were restricted on the magnitude of Knudsen

number. Moreover, increasing the temperature ratio TB

TT
to more than 2 is not recom-

mended for the macroscopic methods, due to the employed linearization in deriving R13

equations and boundary conditions. The resulting small velocity from considered temper-

ature ratio leads to appearance of statistical noises in our DSMC results. By performing

a statistical error study, we found that the noise to signal ratio for the raw DSMC results

of Fig. 6.5-a is approximately 10%. Also, we used a macroscopic filtering post-processor,

as explained in Ref. [60], to extract the macroscopic moments from the raw DSMC re-

sults. This, will reduces the remaining noises in the DSMC solution to some degrees, and

gives rather acceptable results. This problem, is a good example for the importance of

employing accurate macroscopic equations for modeling low speed microflows.

Thermal stress flow

Next, we consider the case where thermal stress (almost) takes over the entire flow field,

and drives the rarefied flow. For this means, we decrease the Knudsen number to Kn =

0.02, and the temperature ratio to TB

TT
= 1.5, while keeping the same coefficients in the

VDM boundary condition as before. The velocity streamlines overlaid on temperature

distributions are depicted in Fig. 6.7. In here, the width of Knudsen layer, where the

(inverted) transpiration force tries to move the flow from warm-to-cold becomes smaller.
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Figure 6.7: Velocity streamlines overlaid on the temperature distribution for the VDM
boundary conditions when TB

TT
= 1.5, α = 0.2, γ = 0.9 and Θ0 = 1 at Kn0 = 0.02.

Similar to the previous case, neither the NSF nor the SNIF equations can resolve the

interplay between the two thermal forces, and they both fail to predict the flow pattern.

The R13 and DSMC methods, however, predict two dominant thermal stress vortices

in the bulk, as well as two small transpiration vortices in the vicinity of bottom corners.

The smaller thermal gradient on the wall as well as smaller width of Knudsen layer pushes

the transpiration vortices to the vicinity of bottom corners.

The flow properties along the horizontal centerline of the cavity is shown in Fig. 6.8.

Due to the smaller temperature ratio in this case, the linearization technique employed

in R13 equations remains more accurate, and the results have better agreement with the

DSMC solution. Note that by decreasing the Knudsen number and temperature ratio, we
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weaken the driving forces in the thermal cavity. This is observed in the smaller magnitude

of the velocity in Fig. 6.8-a. As a result, we can see that the temperature, shear stress

and heat flux profiles become more flat, and approach to the case of thermal cavity with

pure conduction.

6.5 Conclusion

Thermally driven flows are driven by the thermal transpiration force at the boundary, and

the thermal stresses in the bulk. The Maxwell boundary model with velocity dependent

accommodation coefficient allows to change the size and direction of the thermal tran-

spiration force, which leads to marked changes in the balance of transpiration force and

thermal stresses. The simulation of the thermally driven cavity shows that macroscopic

methods are extremely useful tools for the interpretation of rarefied flows.

The transpiration force can be introduced into the jump and slip boundary conditions

for classical hydrodynamics (NSF equations). However, since the NSF equations do not

describe thermal stresses at all, they fail in the description of flows which are dominated

by thermal stresses, and their interplay with a transpiration force. The equations for slow

non-isothermal flow (SNIF) add the description of thermal stresses to classical hydrody-

namics, and hence fare somewhat better. However, they fail for the flow considered here,

since they can only describe the behavior in the bulk, but cannot resolve the flow field

in the Knudsen layer in front of the wall. The regularized 13 moment equations (R13)

account for a larger number of rarefaction effects, and give a good approximation to the

flow even in the Knudsen layer, hence they can provide a reasonably accurate description

of all aspects of the flow.

While the DSMC method, and other microscopic methods to solve the Boltzmann

equation, are highly accurate, they consume large numerical resources and time, and

they cannot provide clear interpretations of the results. Macroscopic methods generally

can only provide approximations to the exact microscopic solutions, but they are much

cheaper, and faster, to solve. Moreover, since the equations relate macroscopic quantities

with clear meaning, macroscopic models are rather helpful for the interpretation of flows.

The presented simulations indicate that it is best to use macroscopic models that can

(reasonably) capture all rarefaction effects, e.g., the R13 equations, rather than models

that describe only selected effects.
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1.5, α = 0.2, γ = 0.9 and Θ0 = 1 at Kn0 = 0.02. a) Vertical velocity, b) Temperature, c)
Shear stress, d) Vertical heat flux.
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Chapter 7

Conclusions

In this dissertation we looked into the phonon transport in solids, as well as the gas-surface

interactions in conventional gas dynamics. We focused on the rarefaction regime, where

the classical theory break down, and used the moment method as a tool to derive extend

macroscopic equations for this regime.

7.1 Phonon transport

7.1.1 Achievements

In the first part of this study we used the moment method to derive macroscopic sets of

equations that describe phonon transport in the crystal lattice at room temperature. The

quadratic dispersion relation is employed to express dependency of frequency on wavevec-

tor of phonons at room temperature. The Brillouin zone is considered to be a sphere with

a temperature dependent radius, and the relaxation time in Callaway model is considered

to be frequency dependent to extend the validity of our model to room temperature. The

resulting system of equations are then closed using Grad closure method.

We used Grad method to provide boundary conditions for the system of moments. We

considered three types of microscopic interactions between phonons and crystal bound-

aries: thermalization, specular reflection and isotropic scattering. The reflection kernel in

the proposed boundary model is considered to be the superposition of kernels for these

microscopic interaction types.

This system of equations were then analytically solved in a few simple geometries, and

the deviation in their solutions from the classical theory were discussed. Employing the

moment equations to describe the heat transport, we obtained good agreement with the



154

reported data in the thermal grating experiment. We showed the importance of relaxation

time model in predicting phonon characteristics, and capturing rarefaction effects at room

temperature. By employing different relaxation time models, we observed that although

they all give the same thermal conductivity (first order rarefaction effect), not all of

them can predict the thermal decay curve (higher order rarefaction effect) reported in the

thermal grating experiment.

The relaxation time at room temperature not only has to be frequency dependent, but

also must distinguish between low and high frequency phonons. We observed that the

text-book value for phonon mean free path in silicon is out-dated and this value should

be reconsidered when modeling heat transfer at room-temperature.

Our results confirm that, similar to gas dynamics, the extension of macroscopic equa-

tions beyond the continuum regime for phonon transport, using the moment method, is

promising. While efficient particle methods for simulation of phonon transport are also

available, macroscopic models provide fast and sufficiently accurate simulations when

Knudsen number is not too large.

7.1.2 Recommendations and future work

Free parameters in the model

Considering that in this work we proposed a mathematical model with the aim of pre-

dicting the results in the thermal grating experiment, it is helpful to mention the degrees

of freedom in our model to clarify how we can use the system of moments in similar

experiments.

The first two free parameters are related to the dispersion relation. They are used to

fit to the experimental values for specific heat at the desired temperature range. Note that

this is before defining macroscopic moments, or deriving moments equations. Considering

that the specific heat is an equilibrium quantity, these parameters are chosen by using

the equilibrium distribution function for phonons. After parameters are fixed, such that

the phonon model can properly predict the specific heat on that temperature range, they

will not be altered in the sub-sequel work.

The second free parameter is related to the relaxation time for the R-processes. After

deriving the set of macroscopic balance equations, we relate the first order contribution

of the heat flux to the energy gradient, using the thermal diffusivity. The value of the

cross over frequency ωC in the relaxation time model is fixed such that we get the correct

thermal diffusivity at the desired temperature range. Note that, since N -processes do not



155

play a role in changing the thermal conductivity, their contributions are neglected at this

point. Now the value for ωC is fixed, and will not change throughout the modeling.

At this point we have a system of macroscopic moment equations that is fitted to the

specific heat (zero’s order effect) and the thermal conductivity (first order effect). Now

we use this system in modeling the experiment to capture the higher order effects.

Modeling the thermal grating experiment with the system of moments, without con-

sidering the boundary effects (infinite thickness) also shows deviation from the diffusion

solution. Meaning that, the system of equations predict higher order effects that, indeed,

lead to deviation from Fourier’s solution when the grating length is at micron scale.

In the thermal grating experiment the boundary plays an important role in reducing

the heat transfer due to the scattering of phonons at the walls. This effect is addressed

by using the slip parameter incorporated in the boundary model. This coefficient is the

next free parameter that can be altered to fit to the reported experimental results. It

is important to note that using the slip coefficient in this stage comes very simple and

natural. We did not have to change any fundamental value or coefficient in the model

to get a good prediction of the experiment, which shows the capability of the model in

expressing heat transport process.

Considering that in the thermal grating experiment, the decay parameters for a range

of grating lengths were reported, we only chose one grating length and used the slip

coefficient to fit our thermal decay to the experimental corresponding value. At this point

all parameters were fixed and the model was expected to predict the thermal decay in

other grating lengths. We observed that the model provided good agreement with the

experimental values for other grating lengths.

We observed that in the thermal grating experiment changing the corresponding value

for the relaxation time in N -processes does not play a notable role in the thermal decay

curve. Therefore, we used the corresponding value reported in the literature to fix it.

Recommendations

The presented system of moment equations for phonon transport are valid at room

temperature. However, considering their large size, solving this system in a two-

dimensional geometry is rather complicated. The next step would be using the

order of magnitude method to identify the order of contribution of each individual

moment, to condense the current system into a smaller set of equations. One should

aim for an extended form of Guyer-Krumhansl equations [29], with the extended



156

validity at the room temperature. It is expected that the coefficient in this condensed

form of equations depend on the working temperature of the system.

It is worth noting that the author of this dissertation has studied the derivation

of a regularized form of moment equations for phonon transport using the order of

magnitude method. Indeed, we obtained the extended form of Guyer-Krumhansl

equations, with the temperature dependent coefficients. However, we observed that

by increasing the number of frequency moments, the values of these coefficients do

not converge. More specifically, the convergence is very dependent on the form of

relaxation times considered in the model, and by considering the ”cross-over” model

we lose this convergence. The reasons for this behavior are unclear at present, and

demand further research.

The current form of moment equations are linear. It is worth looking into the effect

of non-linearity in the solution, and compare the non-linear results with the decay

curve in the thermal grating experiment.

A two-dimensional numerical scheme can be developed to solve the current form of

equations. In this dissertation we only used analytical schemes to solve the one-

dimensional form of moment equations for phonons. Considering that we observed

interesting rarefaction effects in two-dimensional geometries in conventional gas dy-

namics, it is encouraged to look into the two-dimensional heat transport problems.

Considering the DSMC results for phonon transport in the literature, a comparison

with the DSMC results in a simple two-dimensional geometry should be performed.

Similar to conventional gas-dynamics the DSMC and moment equations can inform

each other to validate the macroscopic solution and interpret the microscopic results.

7.2 Gas-Surface interactions in conventional gas dy-

namics

7.2.1 Achievements

In the second part of this study we considered velocity dependency in the reflection kernel

for gas-surface interactions in conventional gas dynamics, and used the Direct Simulation

Monte Carlo (DSMC) method and the regularized 13-moment (R13) equations to study
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thermally driven flows, i.e., flows that are driven by the thermal transpiration force at

the boundary, and the thermal stress in the bulk. These two rarefaction effects are not

predicted by the classical (Navier-Stokes-Fourier) equations.

Thermal transpiration is a first order boundary effect that happens in the Knudsen

layer, where the larger impacting velocities of particles coming from the hotter region

compared to particles coming from the colder region of the rarefied flow, impose a net

drag on the surface towards the colder region. This leads to the motion of rarefied flow

toward the hotter region. Although the classical hydrodynamics does not predict this

rarefaction effect, it can be introduced into the jump and slip boundary conditions to

extend the application of these equations to the slip regime.

Thermal stress is a second order effect in the bulk of the rarefied flow, and the R13

equations describe it as the gradient of the heat flux vector that contributes to the shear

stress. Thermal stress can be added to the classical hydrodynamics to form the slow non-

isothermal flow (SNIF) equations, which are expected to provide a better approximation

for thermally driven flows.

We use the DSMC method as well as the NSF, SNIF and R13 equations to model

a thermal cavity, and observed good agreement between the DSMC and R13 solutions.

The SNIF equations, however, failed to predict the flow patterns in this study. Although

SNIF equations can provide a better description in the bulk, they cannot resolve the

flow field in the Knudsen layer in front of the wall. Our simulations showed that the

DSMC method and R13 equations can inform each other. We can validate the results of

the macroscopic equations by comparison to the DSMC simulations, and then, in turn,

interpret the DSMC results in terms of macroscopic quantities.

By using isotropic scattering kernel to model a cavity with three adiabatic surfaces, we

observed viscous slip heating effect. This second order rarefaction effect is the generation

of heat due to intermolecular collisions in the adjacent cell to the adiabatic surface (ob-

served by the DSMC approach), which is well captured, and interpreted, by the product

of the slip velocity and the shear stress on the adiabatic wall (interpreted by the R13

equations).

7.2.2 Recommendations and future work

Using experimental values for the gas-surface interactions, the free parameters in

the velocity dependent Maxwell boundary conditions can be fixed, depending on

the type of the gas and surface.
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Appendix A

Distribution Function

Maximizing the entropy density function for phonons under the constraint of our moment

definition Eq. (2.17), leads to

fG =
y

exp ( h̵

kB

nF∑
β=0

nD∑
m=0

Λ
β

<i1...im>
ωβn<i1...nim>) − 1

, (A.1)

where Λ
β

<i1...im>
are the Lagrange multipliers. Comparing this form with the equilibrium

distribution function, Eq. (2.5), suggests that in equilibrium, i.e., m = 0 and β = 1, all Λ

are zero, except for

Λ
1
=

1

T
,

Now we separate the equilibrium part from the non-equilibrium contribution, and define

λ
β

<i1...im>
= Λ

β

<i1...im>
−

1

T
δ
0
mδ

1
β ,

that leads to λ
1
= 0 in the equilibrium. By considering a small deviation from the equi-

librium state, we can linearize the distribution function in the non-equilibrium Lagrange

multipliers to obtain

fG = fE −

y exp( h̵ω

kBT
)

(exp( h̵ω

kBT
) − 1)2

nF

∑
β=0

nD

∑
m=0

(λβ

<i1...im>
( h̵ω
kBT

)βn<i1...nim>) .
The unknown λ

β

<i1...im>
are determined as functions of the moments, by substituting this

This Appendix is related to Chapter 2 Sec. 2.3.2.
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distribution function into Eq. (2.17), and performing the integration over the Brillouin

zone. For this means, first we switch to the spherical coordinates with dk = dkdΩ, where

Ω as the solid angel, and define the density of states g (ω) as
g(ω) = k

2 dk

dω
, (A.2)

to only deal with the frequency in our system of equations. Moreover, we introduce

non-dimensional functions

X =
h̵ω

kBT
and G(X) = c

3
0

ω2
M

g(ω), (A.3)

where c0 is the Debye velocity, and ωM is the reference frequency

ωM =
2c0
a .

By introducing the matrix Iαβ as

Iαβ = ∫
BZ

X
α+β

exp (X)G (X)(exp (X) − 1)2 dX ,

and the frequency function

Φ
η
=

exp(X)(exp(X) − 1)2 ∑
β

X
β
I
−1
βη ,

we obtain the Grad distribution function as in Eq. (2.22).
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Appendix B

Flux term

By substituting the distribution function in Eq. (2.23), we get

F
α
<i1i2..in>

= c0

⎛⎜⎜⎜⎜⎜⎝
∫
BZ

B(X)Xα
G(X)

exp(X)−1 dX

∫
BZ

XαG(X)
exp(X)−1dX

u
α

0∣Eδ0n +

nF

∑
η=0
≠E

⎛⎜⎝∫
BZ

B (X)Xα
Φ

η
X

η−α

M G(X)dX⎞⎟⎠ (uη

<i1,..in>
− u

η

<i1,..in>∣E)
⎞⎟⎟⎟⎟⎟⎠ ,

where the first term only has contribution to the scalar flux term, n = 0. By separating

the above relation for the two cases of scalar, and non-scalar flux terms we get Eq. (2.24)

with

A
α
E =

∫
BZ

B(X)Xα
G(X)

exp(X)−1 dX

∫
BZ

XαG(X)
exp(X)−1dX

and A
α,η
np

= X
η−α

M ∫
BZ

B (X)Xα
Φ

η
G(X)dX .

Note that B (X) is the non-dimensional group velocity

B (X) = 1
c0

∂ω

∂k
.

This Appendix is related to Chapter 2 Sec. 2.3.2.
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Appendix C

R-process production term

By considering a small deviation from the equilibrium state we express the distribution

function for R-process as

fR = fE − y
X exp (X)(exp (X) − 1)2 (γRT − 1) . (C.1)

Using the distribution function Eq. (2.22), and solving Eq. (2.10) for γR, to express this

deviation as a function of moments gives

γR =
1

T

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 −

a
3

32πy

nF∑
η=0,
≠E

X
η+1

M
∫
BZ

XΦ
η
G(X)

ΨR(X) dX

∫
BZ

X2 exp(X)G(X)
ΨR(X)(exp(X)−1)2dX

v
η

0

ω
η

M

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (C.2)

Here, ΨR is the non-dimensional relaxation time for R-process

ΨR (X) = τR (kBT

h̵
X)

τ 0
R

.

This Appendix is related to Chapter 2 Sec. 2.3.2.
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Using Eq. (C.1) to obtain the R-production moment in Eq. (2.25) we get Eq. (2.27) with

J
α,η

0,R = X
η−α

M

⎛⎜⎜⎜⎜⎜⎝∫BZ

X
α
Φ

η

ΨR (X)G (X) dX −

∫
BZ

XΦ
η
G(X)

ΨR(X) dX

∫
BZ

X2 exp(X)G(X)
ΨR(X)(exp(X)−1)2dX

∫
BZ

X
α+1

exp (X)G (X)
ΨR (X) (exp (X) − 1)2dX

⎞⎟⎟⎟⎟⎟⎠ ,

J
α,η

n,R = X
η−α

M ∫
BZ

X
α
Φ

η

ΨR (X)G (X) dX .
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Appendix D

N-Process production term

Similar to the R-process, first we assume a small deviation from the equilibrium state

to express fN as

fN = fE − y ( X exp (X)(exp (X) − 1)2 (γNT − 1) + exp (X) √B (X)G (X)(exp (X) − 1)2 h̵ωM

kBc0
ξjnj) .

Then we solve Eq. (2.11) for γN and ξi to get

γN =
1

T

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 −

a
3

32πy

nF∑
η=0,
≠E

X
η+1

M
∫
BZ

XΦ
η
G(X)

ΨN (X) dX

∫
BZ

X2 exp(X)G(X)
ΨN (X)(exp(X)−1)2dX

v
η

0

ω
η

M

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (D.1)

and

ξi = −
3a

4

64π

kB

h̵y
∑
η

∫
√
B(X)Φη

X
η+1

M
G(X) 32

ΨN (X) dX

∫ B(X) exp(X)G(X)2dX
ΨN (X)(exp(X)−1)2

u
η

i

ω
η

M

.

Here, ΨN is the non-dimensional relaxation time for N -process

ΨN (X) = τN (kBT

h̵
X)

τ 0
N

.

This Appendix is related to Chapter 2 Sec. 2.3.2.
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By accessing to the distribution function for the N -process, we can obtain the production

moments in Eq. (2.28) with

J
α,η

0,N = X
η−α

M

⎛⎜⎜⎜⎜⎜⎝∫BZ

X
α
Φ

η

ΨN (X)G (X) dX −

∫
BZ

XΦ
η
G(X)

ΨN (X) dX

∫
BZ

X2 exp(X)G(X)
ΨN (X)(exp(X)−1)2dX

∫
BZ

X
α+1

exp (X)G (X)(exp (X) − 1)2ΨN (X)dX
⎞⎟⎟⎟⎟⎟⎠ ,

J
α,η

1,N = X
η−α

M

⎛⎜⎜⎜⎜⎜⎜⎝∫BZ

X
α
Φ

η

ΨN (X)G (X) dX −

∫
BZ

√
B(X)Φη

G(X) 32
ΨN (X) dX

∫
BZ

exp(X)B(X)G(X)2
ΨN (X)(exp(X)−1)2dX

∫
BZ

X
α
√
B (X) exp (X)G (X) 32(exp (X) − 1)2 ΨN (X) dX

⎞⎟⎟⎟⎟⎟⎟⎠
J
α,η

n,N = X
η−α

M ∫
BZ

X
α
Φ

η

ΨN (X)G (X) dX .
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Appendix E

Distribution function for the

isotropic scattering

As mentioned in 2.4.1, for this type of interaction the impacting phonon with the

surface is reflected in a random direction

fSc =
1
πc ∫

nkνk<0

c (−nkνk) fGdΩ
Using Grad distribution function in the above relation, and further simplification gives

fSc = fE −
a
3

32π
∑
η,m

(2m + 1)!!
m!

Φ
η
X

η+1

M (uη

<j1,..jm>
− u

η

<j1,..jm>∣E
ω
η

M

)∫
kiνi<0

nj1...njmnkνkdΩ (E.1)

Note that here we use the direction vector with trace to simplify the integration over the

half space. Without losing the generality, we consider a surface with the normal in the

z-direction, so that the normal unit vector to the surface reads νi = {0, 0, 1}i. Moreover,

we use the normal-tangential framework with respect to the surface, where the direction

vector can be written as ni = {ν, τA}i with ν = niνi = cos θ and τA = {sin θ cosφ, sin θ sinφ}.
Using this notation we can express the tensorial moments with normal and tangential

components. For example the second order tensor u<ij> can be written as

u
α
<ij> = [ u

α
<AB> u

α
<Aν>

u
α
<Bν> u

α
<νν>

]
ij

This Appendix is related to Chapter 2 Sec. 2.4.2.
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where the capital indices, A and B denote the tangential directions. Note that the trace-

free condition reads u
α
<AA> + u

α
<νν> = 0. Following the same method, the higher order

tensors can be expressed as

(uη

<j1,..jm>
− u

η

<j1,..jm>∣E
ω
η

M

)nj1...njm =

m

∑
r=0

m!

r! (m − r)!
(uη

<A1...Arν...ν>
− u

η

<A1...Arν...ν>∣E
ω
η

M

) τA1
...τAr

ν
m−r

Using this relation in Eq. (E.1) we can get

fSc = fE −
a
3

32π2
∑
η,m

(2m + 1)!!
m!

Φ
η
X

η+1

M

m

∑
r=0

m!

r! (m − r)!
(uη

<A1...Arν...ν>
− u

η

<A1...Arν...ν>∣E
ω
η

M

)∫
ν<0

τA1
...τAr

ν
m−r+1

dΩ .

The integral only has non-zero value for even numbers of r, which can be written as

−
1
π ∫

ν<0

τA1
...τAr

ν
m−r+1

dΩ = { σ
m
r δ{A1..Ar} r even

0 r odd
(E.2)

here δ{A1..Ar} is the generalized tangential unit tensor, that has (r − 1)!! terms. For example

δ{AB} = δAB and δ{ABCD} = δABδCD + δACδBD + δADδBC .

By taking the traces from Eq. (E.2), we obtain

σ
m
r = (−1)m−r

Γ (1 + m−r

2
)Γ (1 + r

2
)

r!!Γ (2 + m

2
) ,

where Γ is the Gamma function. Using the tensorial calculation, we simplify the product

of the tonsorial moments with the unit tangential tensors as

(uη

<A1...Arν...ν>
− u

η

<A1...Arν...ν>∣E
ω
η

M

) δ{A1..Ar} = (r − 1)!! (−1) r2 (uη
<v...ν> − u

η

<v...ν>∣E
ω
η

M

)
∣m

. (E.3)

Here, the subscript m denotes the moment with m indices. The distribution function for
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the isotropic scattering can now be written as

fSc = fE +
a
3

32π
∑
η,m

Φ
η
X

η+1

M µ
m (uη

<v...ν> − u
η

<v...ν>∣E
ω
η

M

)
∣m

, (E.4)

where

µ
m
=

m

∑
r=0

r even

(−1)m−
r

2

(r − 1)!!
r!!

(2m + 1)!! ( r
2
)!

r! (m − r)! Γ (1 + m−r

2
)

Γ (2 + m

2
) .

Equation (E.4) relates the distribution function for the particles that isotropically scat-

tered from the surface to the normal components of the non-equilibrium moments.
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Appendix F

Obtaining Eq. (2.34)

Starting from Eq. (E.2), first we need to substitute the Grad distribution function. In

here, the directional integration has a different sign compared to Eq. (E.2),

−
1
π ∫

ν>0

τA1
...τAr

ν
m−r+1

dΩ = { ξ
m
r δ{A1..Ar} r even

0 r odd

where ξ
m
r = ∣σm

r ∣. The right hand side Eq. (2.33) can be written as

∫
ν>0

ω
α
τB1

...τBs
ν
m−s+1

fGdk =
8πω

α
M

a3Xα+1
M

(∫
BZ

X
α
fEG (X) dX) ξms δ{B1...Bs}

+
1

4
∑
n

n

∑
r=0

(2n + 1)!!
r! (n − r)!ξn+mr+s (uα

<A1...Arν1...νn−r>
− u

α
<A1...Arν1...νn−r>∣E) δ{A1...ArB1...Bs} .

The contribution for the diffusive particles on the left hand side of Eq. (2.33) can be

written as

(1 − β)∫
ν>0

ω
α
τB1

...τBs
ν
m−s+1

fE (Ts) dk =
8πω

α
M

a3Xα+1
M

(1 − β) (∫
BZ

X
α
fE (Ts)G (X) dX) ξms δ{B1...Bs} .

This Appendix is related to Chapter 2.
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For the specularly reflected particles we have

βγ ∫
ν>0

ω
α
τB1

...τBs
ν
m−s+1

fSdk =βγ ( 8πω
α
M

a3Xα+1
M

(∫
BZ

X
α
fEG (X) dX) σm

s δ{B1...Bs}

+
1

4
∑
n

n

∑
r=0

(2n + 1)!!
r! (n − r)!σn+m

r+s (uα
<A1...Arν1...νn−r>

− u
α
<A1...Arν1...νn−r>∣E) δ{A1...ArB1...Bs}) ,

and for the isotropic scattering, by using Eq. (E.4) we get

β (1 − γ)∫
ν>0

ω
α
τB1

...τBs
ν
m−s+1

fScdk = β (1 − γ) ( 8πω
α
M

a3Xα+1
M

(∫
BZ

X
α
fEG (X) dX) + 1

4
∑
n

µ
α (uα

<ν1...νn>
− u

α
<ν1...νn>∣E)) ξms δ{B1...Bs} .

Substituting these relations in Eq. (2.33), we obtain Eq. (2.34).
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[44] T. Klinc and I.Kuščer. Slip coefficients for general gas surface interaction. Phys.

Fluids, 15:10118, 1972.

[45] M. N. Kogan, V. S. Galkin, and O. G. Fridlender. Stresses produced in gases by

temperature and concentration inhomogeneities, New types of free convection. Sov.

Phys. Usp., 19:420–428, 1976.

[46] S. Kosuge, K. Aoki, S. Takata, R. Hattori, and D. Sakai. Steady flows of a highly

rarefied gas induced by nonuniform wall temperature. Phys. Fluid, 23:030603, 2011.

[47] G. M. Kremer. An introduction to the Boltzmann equation and transport processes

in gases. Springer, 2010.

[48] R. G. Lord. Some extensions to the Cercignani–Lampis gas–surface scattering ker-

nel. Phys. Fluids A, 3:706–710, 1991.

[49] A. Majumdar. Microscale energy transport in solids. Taylor and Francis, Washing-

ton DC, 1998.

[50] AA. Majumdar. Microscale heat conduction in dielectric thin films. ASME. J. Heat

Transfer, 115:7–16, 1993.

[51] J. C. Maxwell. On stresses in rarefied gases arising from inequalities of temperature.

Philos. Trans. R. Soc. London, 170:231–256, 1879.



174

[52] A. A. Maznev, J. A. Johnson, and K. A. Nelson. Onset of nondiffusive phonon

transport in transient thermal grating decay. Phys. Rev. B, 84:195206, 2011.

[53] A. A. Maznev, K. A. Nelson, and J. A. Rogers. Optical heterodyne detection of

laser-induced gratings. Opt. Lett., 23:1319–1321, 1998.

[54] E. Meiburg. Comparison of the molecular dynamics method and the direct simu-

lation technique for flows around simple geometries. Phys. Fluids, 29:3107–3113,

1986.

[55] N. Mingo, L. Yang, D. Li, and A. Majumdar. Predicting the thermal conductivity

of si and ge nanowires. Nano Letters, 3:1713 –1716, 2003.

[56] A. Mohammadzadeh, A. Rana, and H. Struchtrup. Thermal stress vs. thermal tran-

spiration: A competition in thermally driven cavity flows. Phys. Fluids, 27:112001,

2015.

[57] A. Mohammadzadeh, A.S. Rana, and H. Struchtrup. DSMC and R13 modeling of

the adiabatic surface. Int. J. Thermal Sciences, 101:9–23, 2016.

[58] A. Mohammadzadeh, E. Roohi, and H. Niazmand. A parallel DSMC investigation

of monatomic/diatomic gas flow in micro/nano cavity. Numer. Heat Tr. A, 63, 2013.

[59] A. Mohammadzadeh, E. Roohi, H. Niazmand, S. Stefanov, and R.S. Myong. Ther-

mal and second-law analysis of a micro- or nano-cavity using direct-simulation

Monte Carlo. Phys. Rev. E, 85:056310, 2012.

[60] A. Mohammadzadeh and H. Struchtrup. Velocity dependent Maxwell boundary

conditions in DSMC. Int. J. Heat Mass Transfer, 87:151–160, 2015.

[61] A. Mohammadzadeh and H. Struchtrup. A moment model for phonon transport at

room temperature. Continuum Mech. Therm., First Online Doi:10.1007/s00161-

016-0525-y, page 28, 2016.

[62] H. Niazmand, A. Mohammadzadeh, and E. Roohi. Predicting continuum breakdown

of rarefied micro/nano flows using entropy and entropy generation analysis. Int. J.

Mod. Phys. C, 24:1350029–1350029, 2013.

[63] T. Ohwada, Y. Sone, and K. Aoki. Numerical analysis of the Poiseuille and ther-

mal transpiration flows between two parallel plates on the basis of the Boltzmann

equation for hardsphere molecules. Phys. Fluids A, 1:2042, 1989.



175

[64] R. Peierls. Zur kinetischen theorie der wärmeleitung in kristallen. Annalen der

physik, pages 1055–1101, 1929.
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