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ABSTRACT

An important characteristic of influenza A is its ability to escape host immunity
through antigenic drift. A novel influenza A strain that causes a pandemic confers
full immunity to infected individuals, yet because of antigenic drift, these individu-
als have decreased immunity to drifted strains. We compute the required decrease
in immunity so that a recurrence is possible. Models for influenza A must make
assumptions on the host contact structure on which the disease spreads. By comput-
ing the reproduction number, we show that the classical random mixing assumption
predicts an unrealistically large decrease of immunity before a recurrence is possible.
We improve over the classical random mixing assumption by incorporating a contact
network structure. A complication of contact networks is correlations induced by the
initial pandemic. Thus, we provide a novel analytic derivation of such correlations
and show that contact networks may require a dramatically smaller drop in immu-
nity before recurrence. Hence, the key new insight is that on contact networks the
establishment of a new strain is possible for much higher immunity levels of pre-
viously infected individuals than predicted by the commonly used random mixing
assumption. This suggests that stable contacts like classmates, coworkers and family

members are a crucial path for the spread of influenza in human population.
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Chapter 1
Introduction

Seasonal influenza is an acute viral infection that is highly infectious and circulates
worldwide. It is commonly referred to as ‘the flu’. There are three main types (A,
B, C) of seasonal influenza viruses, however, types A and B are most responsible for
outbreaks and pandemics in humans. Influenza A viruses are further classified by
subtypes according to the combination of two surface proteins, haemagglutinin (HA)
and neuraminidase (NA). The subtypes of influenza A virus currently in circulation
are A(H3N2) and A(HIN1)pdm09 [2]. Influenza spreads readily among individuals
via infectious droplets dispersed by sneezing, coughing or conversation [13]. Influenza
poses a significant social and economic burden; annually, the global number of cases
may be in the order of a billion, resulting in 250,000-500,000 deaths [1]. Furthermore,
the high morbidity rate gives rise to a high loss of economic productivity due to
worker absenteeism [2].

The topic of this thesis the influenza type A virus. An important feature of this
virus is its relative fast-scaled evolution. In fact, significant evolution is thought to
occur in the time-scale of a couple of years [9, 16]. This is important for public
health considerations since although an individual infected with a particular strain
recovers with complete protection one season, the virus may evolve to re-infect the
same individual in following influenza seasons. The evolution responsible for this
takes place as a modification to antigenic surface HA and NA proteins [7]. These
modifications prevent specialized host antibodies from detecting the virus; effectively
allowing the virus to re-infect a host with full acquired immunity to the previous form
of the virus. [9, 32].

There a two generally accepted mechanisms for the modification of antigenic HA

and NA proteins. The first is commonly referred to as antigenic shift, and is a



sudden, and dramatic change caused by combination and re-assortment of genetic
material from distinct and co-circulating influenza strains. Shifts, although relatively
rare and random events, are of high concern since they often give rise to large scale
pandemics [9]. Such examples include the notorious 1918 Spanish flu that resulted in
an estimated 20-50 million deaths world-wide [33], and more recently, the 2009 HIN1
pandemic [2].

The second mechanism is referred to as antigenic drift; a more subtle mechanism
acting by way of frequent, point mutations at the antigenic sites of the virus; allowing
the strain to drift away from recognition by the host’s immune system. These point
mutations are thought to occur while replicating, and while some mutations may be
neutral in that they do not affect the binding from host antibodies to the proteins,
others may negatively affect such binding. When this type of mutation happens, a
natural selection process leads to its survival and establishment among the human
population [9].

The two-fold evolutionary process gives way to a two-fold epidemiological phe-
nomenon in which first, a novel and highly virulent influenza subtype emerges as a
result of antigenic shift, causes a pandemic, and through antigenic drift remains as
a re-curring seasonal subtype until challenged by a novel subtype [5]. In fact, at
the time of writing this thesis, all circulating influenza viruses are drift products of
previous pandemic influenza strains [2, 9]. Figure 1.1 gives a graphical representation
of the aforementioned phenomenon.

Developing models for the spread and evolution of Influenza A has been a rich
topic for mathematical epidemiology and ecology. Generally, the goal has been to test
and develop control measures for influenza epidemics and to fundamentally capture
many of the characteristics associated with influenza A. Such characteristics include
but are not limited to seasonality, coexistence or replacement of subtypes and the
coupled drifting and immunity dynamics. Most of these models have built upon the
fundamental Kermack-McKendrick SIR compartmental (or ‘box’) model [20]. An
early example is done by Pease in 1987 [31]. This model made the assumption that
a dominant virus strain is present every season. Furthermore, it simplified the evolu-
tionary process of influenza A by assuming that influenza variants may be ordered on
a one dimensional axis and that a constant antigenic drift moved the current strain
along the axis. The model exhibited damped oscillations with periods of approxi-
mately the right interval of time between epidemics caused by the same influenza

subtype [3]. By coupling evolutionary dynamics with epidemiological ones, some



Influenza A pandemics and introduced subtypes

H1N1
(Swine Flu) i@
H3N2 * : Pandemic event
(Hong Kong
Flu)
H2N2
(Asian Flu) i@
H1N1
(Spanis_ I
Flu)

%9

7 7
9 9
% K % ®

%

Figure 1.1: Pandemics have resulted from new subtypes following antigenic shift events. Following
the pandemic, the subtypes may remain as drifted variants that cause seasonal epidemics. In the last
hundred years, the pandemic events that have occurred and introduced seasonal subtypes include:
1918 Spanish flu, 1957 Asian flu (H2N2), 1968 Hong Kong flu (H3N2), and the 2009 Swine flu
(HIN1pmd09). Variants of the 1968 H3N2 and 2009 HIN1 pandemic remain in circulation today as
seasonal strains.

models do not make the constant antigenic drift assumption. For example, Boni et
al. [6] studied the interplay between epidemic sizes and population immunity. While
a larger epidemic increases the rate of antigenic drift, it also gives partial immunity to
a larger fraction of individuals the virus must overcome the following year. Results in
[6] strengthened the case for mass vaccination as it protects the population through
classical herd immunity and reduced the rate of antigenic drift season to season. In
addition, they showed that a disease with a fast evolution rate will always be able to
invade susceptible populations.

As mentioned, other models have considered the dynamics involved when mul-
tiple influenza strains are simultaneously present. These models, exhibit complex
behaviour and they inherently require demographic considerations such as birth and
deaths for the long-term co-existence of multiple strains [4]. In addition [5] investi-
gates conditions where replacement or co-existence occurs at the introduction of a
novel pandemic subtype.

The models discussed above have not only provided important insights into the

spread of influenza A, but have also provided a mathematical framework on which



to further study other hypotheses. However, an assumption common to the models
discussed and many others is that of a randomly mixing population. Most of the
models just discussed make the assumption of random mixing; where as the name
suggests, individuals in a population are randomly mixing. This assumption is dis-
cussed more in depth in Chapter 2. Here it suffices to say that this assumption may
not be appropriate for modelling influenza. In fact, most interactions an infectious
individual has could occur within a fixed set of contacts. We are effectively describing
a social network. From this point of view, a disease such as influenza A is transmitted
only if two individuals are contacts.

There has been a rapidly growing body of evidence that suggests that in the real
social network, disease dynamics may differ significantly from those made by the
random and proportionate mixing assumptions [11, 15, 24, 30]. Specifically, there
are differences in values of epidemiological interest for infectious diseases such as the
final size, or Ry, the basic reproduction number (see Chapter 2). Motivated by the
difference between random mixing and network models, the goal of this paper is to
explore how incorporating a structure that mimics a real social network may invoke
further insight in the context of influenza A. Specifically, we study the amount of
influenza drift necessary for a novel pandemic subtype to become seasonal on a contact
network-type structure and compare these results to the classical random mixing
assumption. This leads to our key new insight: on a social network, considerably
less antigenic evolution may be required for the endemic establishment of a novel

pandemic subtype.

1.1 The biological assumptions

In this thesis we use the framework provided by Andreasen in [3]|, where the time
scale within and between influenza seasons are separated. Furthermore as in [3], we
assume that there is a dominant strain responsible for the majority of infections in
each influenza season. Effectively, this means that individuals infected during the
pandemic wave develop complete immunity for the remainder of the pandemic event
but, due to antigenic drift, will only have partial immunity to the drifted strain in the
following season. This means that antigenic drift results in an increase in susceptibility
among recovered individuals but does not change infectivity or the infectious period.
Therefore, for the remainder of this thesis, we use antigenic drift, an increase in

susceptibility, and a drop in immunity interchangeably.



In our models we do not incorporate demographic effects due to the difference in
time scales. Furthermore, since the number of influenza induced deaths is a small
fraction of those infected [33], deaths due to influenza A are ignored.

Finally, in this thesis, ‘first wave’ and ‘pandemic event’ are used interchangeably
as well as the ‘second wave’ or ‘recurrence event.” We note that in literature, authors
sometimes refer to the first and second wave to describe inter-pandemic spikes-usually
a few months apart; this is not to be confused with our usage here where the second

wave only occurs a period of time after the pandemic event has fully ran its course.

1.2 Thesis structure

Chapter 2 provides a background on basic mathematical epidemiological theory in-
cluding a review of classical epidemiological STR models and modern contact network
STR models. Chapters 3 and 4 contain the bulk of the novel work. Specifically, Chap-
ter 3 builds upon the results of Chapter 2 to model the pandemic and first return of
the pandemic subtype using random mixing models. Furthermore, basic reproduc-
tion numbers for the second wave (RE)Q)) are compared as a function of the amount of
antigenic drift between the pandemic and first return of the same subtype. Chapter 4
is structured just as Chapter 3, except that we assume a contact network type popu-
lation structure. Finally, a discussion of the significance and limitations of the results

of Chapters 3 and 4 are provided in Chapter 5, followed by concluding remarks.



Chapter 2

A background on mathematical

epidemiology theory

Before the main results in Chapter 3 and 4, we provide a brief introduction to mathe-
matical epidemiology theory. Since the thesis mainly deals with ordinary differential
equations (ODE) models, we limit the introduction to the classical random mixing
and network ODE models. We also opt to present the material in the most illuminat-
ing way for Chapter 3 and 4 as possible. For a more in depth review of mathematical

epidemiology, [8] is an excellent resource.

2.1 Classical compartmental disease models

The goal of infectious disease models is usually to track the number of individuals
infected by some disease. Thus, a natural model formulation is to divide a population
into compartments based on their disease status or a characteristic relevant to the
dynamics for the disease in question. The transfer of individuals between compart-
ments will be based on the disease and assumptions on the rate of movements of
individuals between compartments. All the models we focus on will be such that the
size of the compartments are differentiable with respect to time. Thus, the transfer of
individuals between compartments can be written as a system of ordinary differential
equations (ODEs).

Implicit in the models given in this section is the random mixing assumption. This
is the assumption that individuals within a compartment are indistinguishable, and

that if two compartments have nonzero interaction rates, then any individual from one



compartment may interact with any individual in the other compartment. In other
words, any infectious individual may transmit the disease to any given susceptible

individual.

2.1.1 The Kermack and McKendrick SIR model

The first compartmental disease models were introduced in a 1927 paper by Kermack
and McKendrick [20]. The simplest of these models is the well studied SIR model de-
scribing the flow between the fraction of susceptible (.5), infectious (1), and recovered

individuals (R).

S' = —jBSI (2.1)
I' = BSI —~I (2.2)
R =~I (2.3)

Here § and ~ are the transmission and recovery rates, respectively. Note that by
ignoring demographic effects, S 4+ I + R = 1. Typical initial conditions where there

are a few infectious individuals to begin with are:

S(0) ~ 1 (2.4)
1(0) ~ 0 (2.5)
R(0)=0 (2.6)

For the remainder of the thesis, we refer to this model as the ‘homogeneous’ STR
model. Before presenting some analytical results, we introduce another more general

random mixing model.

2.1.2 Multigroup model

If the underlying population is not homogeneous, then incorporating heterogeneities
has been found to be important [18, 30]. Instead of initially lumping the entire
population into a single susceptible compartment, the number of compartments is
increased to reflect this heterogeneity. The generalized STR multigroup model with

demographics ‘switched off” and M distinct subpopulations is constructed following



the framework in [18]:

M
Sp=—kSk > Brely (2.7)
=1
M
I = kS Brels — il (2.8)
=1
R, = yly, for k=0,1,2, ... M (2.9)

Here, i, is the per capita transmission rate from an infectious member in population
7 to one in population k. Furthermore, 7, represents the recovery rate for a member
of population k.

For the purposes of this thesis, the heterogeneity occurs only in the average number
of contacts per unit time. Thus the model has compartments { Sk, Iy, Ry} for k ranging
from one to the maximum rate of contacts, M per unit time. Note that in this thesis
we use X, € {Sk, I, Ry} to refer to both the compartment and fraction of individuals
belonging to this compartment. Furthermore, we assume that there is a fixed number
of individuals in each contact class and that transmission rates are proportional the
number of contacts per unit time. Thus py = S + Ix + R gives the fraction of all
individuals with & contacts. For an individual in Sy, a proportion (> jl;/ > jp;) of
the k contacts per unit time lead to disease transmission, and the rate leaving Sy is
thus BkSp(D>_ 4L/ > jp;). The proportion (D jl;/> jp;) comes from the fact that
in a well mixed population, the probability of encountering an individual that makes
on average a higher number of contacts is higher than one with a lesser amount of
contacts. That is to say, the probability of randomly encountering an individual is
proportionate to not only their density, but also the number of contacts they in turn

make. Analogous to the SIS model in [30], the SIR model is given by the system:

M
(1
S = —BkSk# (2.10)
26:1 Cpy
M
(1
I, = 51@# — I, (2.11)
¢=1*tDe

' =y, for k=0,1,2,..,M (2.12)



along with initial conditions

S(0) ~ py (2.13)
1:(0) ~ pr — Sk(0) (2.14)
R, =0 (2.15)

Since this is a closed system, the population is constant and ), Sk + I + R = 1.

2.2 Basic reproduction number R,

The basic reproduction number Ry is an important epidemiological value defined
as the expected number of new infections caused by a single infectious individual
introduced into a completely susceptible population. If Ry < 1, then on average, a
single infected individual will not spread the disease to others and the disease will die
out without a significant increase in newly infectious individuals. If Rg > 1, the first
few infectious individuals will on average infect one or more individuals so that the
disease initially propagates resulting in an outbreak.

For the homogeneous SIR model, the expression for Ry is very well known.
Theorem 1. [§] For the homogeneous SIR model given in Section 2.1.1, Ry = %

To see why this should be true, note that with the introduction of a few infectious
individuals, an epidemic will only occur if BS I —~I > 0, or equivalently, if BS > 7.
Recalling that S(0) ~ 1 and simplifying gives the required result.

For more complicated ODE models, Rg is rigorously defined as the spectral ra-
dius of the next generation matrix (NGM) evaluated at the disease free equilibrium
(DFE)[36]. For example, in the homogeneous STR model, S =1, I =0, R =0 is the
DFE. We now state the following fundamental theorem that applies to most disease
models of ODEs.

Theorem 2. [36] Assuming a standard epidemiological disease that satisfies condi-
tions in [30], Ry is the spectral radius of the NGM evaluated at the DFE. Furthermore
the DFE is locally asymptotically stable when Ry < 1 and unstable when Ry > 1.

We direct the interested reader to [36] for the proof, instead we illustrate its appli-
cation for the multigroup STR model. First, we turn our attention to compartments
that involve infectious individuals, namely {I;, I5..., I, }. We rewrite equation 2.11
as

i =F -V
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where F; represents terms resulting from new infections, namely F; = Bksk% and
14

V; captures terms involving disease progression including recovery. Thus, V; = vI;.

Next, we take partial derivatives with respect to {Iy, I5..., Is} and evaluate at the
DFE:

_Bp1 Bp1 BMpy
> £pe > e T X dpe
B2p2 B2%ps B2Mpo
7 7 c 7
F: Z.W Z.Pl E.P/z ’ V:'YIMXM
BMpyn  B2Mpy BM3py
> e Slpe T Yo fpe

Finally, FV~! gives the NGM. Note that rank(FV ') = 1 since rank(F) = 1 and so

the spectral radius is equal to the sum of diagonal entries.

Theorem 3. [14] For the multigroup SIR with contact heterogeneity described in
Section 2.1.2,

vk oy

RO = B kp B (V?gk] + <k>)

This shows how for the multigroup model with heterogeneity in the number of con-
tacts, R(()l) is related to the variance and expected value for the number of contacts

per unit time, as observed in [14].

2.3 Final size relations

We've established that if Rél) > 1, then the introduction of a few infectious indi-
viduals will result in an epidemic, and the progression of individuals through disease
states is often described by a system of non-linear ODEs. Thus, epidemiologically
important parameters such as the final size (i.e., the fraction of individuals that con-
tract influenza A in the first wave) would require formidable computational power.
However, as we show next, it is often possible to derive final size equation(s), whose

solution(s) determine the final size and other parameters of interest for an epidemic.
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2.3.1 Final size for the homogeneous SR model

We begin by calculating a well-known expression for the final size given by the ho-

mogeneous STR model.

Theorem 4. [8] For the homogeneous SIR with Rg > 1, the final size of the epidemic
is given by 1 — Sy, where Sy, is the unique solution in [0,1) to

S = e Ro(1=5x) (2.16)
Moreover, if Rg < 1 then Sy = 1 is the only solution in [0, 1]; corresponding to the

case there is no epidemic.

We provide a brief calculation to illustrate the process for arriving at Theorem 4.

Begin by dividing equation 2.1 by S, integrating both sides from 0 to co
In(Se) = n(80) =~ [ 51
0

In(Sx) = —gR[O using 2.3 and S(0) =~ 1

In(Se) = —g(R(oo)) from R(0) =0

Finally, using relations Ry, = 1 — S and Theorem 1 gives (2.16). Note that Sy, =1
is always a solution corresponding to the case that there is no epidemic. To illustrate
the utility of a final size-type equation, suppose that at the beginning of an outbreak
it is estimated that Rg ~ 2, then estimating the total number of individuals that
will be infected is equivalent to finding the unique point of intersection between [0, 1)

2(1=2)  Thus, an important epidemiological

for the functions f(z) = z and g(x) = e~
quantity was calculated without the need to numerically solve a non-linear system of
ODEs. As shown in Figure 2.1 (a), S =~ 0.2032 is the non-trivial solution. Thus,
the homogeneous STR model predicts that approximately 79.68% of the population
will be infected. If however, Ry < 1 then S, = 1 is the only solution in [0,1] as
illustrated by Figure 2.1 (b). Of course, this corresponds to the scenario where there

is no epidemic.

2.3.2 Final size for multigroup S7R model

It is also possible to derive the final size for the multigroup SR model given by

(2.10)-(2.15). For convenience, we express the distribution of individuals in contact
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Figure 2.1: The two possible geometric regimes for the intersection of
g(x) = e Ro(=2) and f(x) = zin [0,1]. S. is equal to the value for the smallest point of intersection
in [0,1]. In Figure 2.1 (a) Ro = 2, while for Figure 2.1 (b) Ry = 0.8.

rate classes using a probability generating function (PGF)

M
) =) _pat
k=1

where p; is as defined in Section 2.1.2. Note that a PGF is a convenient way of

encoding a probability distribution since for example, for the the mean (k),

M
k)= kpp=
k=1

Theorem 5. For the multigroup model given by (2.10)-(2.15) See = ¥(0), where

0 is smallest solution in [0, 1] to the equation
_ s 0o W' (0c)
0o = exp{—fy 1- ) } (2.17)

Proof. The equation for Sj, is linear in Sy, and so the solution has general form Sy (t) =
Sk(0) exp {— fo ﬁk Ze w dt} Defining

t) = exp{— /ﬁ%ﬁjl’; (2.18)

gives

Sk(t) = S1(0)0(t)"

Thus, to obtain the final size of each compartment it is sufficient to calculate
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lim; . 0; = 6. Integrating (2.12) gives

e 1 1 1 L
/0 Jidt = ~Ri(00) = ~ (i = Si(00) = ~pu(1 — 85)

Substituting into (2.18) and simplifying gives the result. Finally a concavity and
monoticity argument omitted here shows that (2.17) has at most two roots in [0,1],
with one of them always equal to 1. Furthermore, it can be shown that the second

root only appears when Ry > 1. O

We note that this result is also provided in [21].

2.4 Background: network models

2.4.1 Configuration Model networks

Fixed contact networks are graphs in which nodes and edges represent individuals
and contacts among individuals, respectively. Determining exact contact networks
for a large population is not a feasible task, however, network statistics such as size
and degree probability distributions may be determined; see, for example, [34]. With
the degree probability distribution, networks can be generated via the 1995 Molley
and Reed algorithm [29]. A very brief description of the algorithm is as follows.
Assign to each node in a collection of edgeless nodes, a degree drawn from a given
degree probability distribution. For the degree drawn, attach this number of half
edges or ‘stubs’ to each node. Then choose two stubs uniformly and connect them to
make an edge. We note that the sum of total degrees may not be even and/or loops
may be possible in this construction; degrees may be re-drawn to fix the parity and
loops are eliminated. Networks produced by this algorithm are generally referred to
as Configuration Model (CM) networks and have the prescribed degree distribution,
negligible clustering and negligible degree correlations. It is important to note that
following a random edge from any given node, the probability of arriving at a node
of a given degree is not only proportional to the density of such nodes in the network
but also to the degree (i.e., densities being equal, it is more likely to arrive at higher
degree nodes than lower degree nodes). This is in fact consistent with the real-world
phenomenon where ‘your friends have more friends than you do’ [17]. Deterministic
models of SIS and SIR type disease spread on CM networks have been developed; see,
for example, [15, 24, 37, 29, 25]. Most of these models were derived from seemingly
different vantage points, differ in complexity, and differ in the physical quantities they
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track during an epidemic, however they are intrinsically related and in some cases
equivalent; see for example, [19, 26, 35]. It is important to keep in mind that for all
of the models just discussed, nodes or individuals undergo changes only in labelling,
that is, individuals change in status as it relates to the disease states, however, the
underlying contact network is assumed to stay fixed throughout the entire process.
For the remainder of this chapter, we assume that a Configuration Model network

is given and it has a degree distribution with PGF:

U(x) = Z pezt

2.5 Pairwise SIR Model

The first model we introduce is the pairwise STR model [19]. This was a natural
extension of an SIS model first introduced by Eames and Keeling in [15].

Let B be the transmission rate across an edge and v be the recovery rate for an
infectious node. Denote Sy as the fraction of nodes in the network that are of degree k
and susceptible. These nodes stop belonging to S, when transmission occurs across an
edge. The rate at which this happens is 5[S,I] where as the notation suggests, [S!]
is the fraction of edges leaving a node in Sj and leading to an infectious neighbour of
any degree (i.e., > ;[Skf;] ). There is an inherent order assigned when writing [Sy/]
versus [/Sy] however, the number of edges in both classes are the same and thus only

the dynamics for one is required. Therefore,

d
25— sl (219

The dynamical equation for the [SiI;] compartment is now required. Consider an
edge in [Sk1;]. It leaves [S)I;] when either

1. the infectious node in I; transmits along the edge to Sy; or
2. the node in I; recovers; or
3. another neighbour of the S; node is infectious and transmits to the Sy node.

Furthermore, an edge in [S;S;] enters [Si/;] when transmission occurs through an-
other neighbour of the node in S;. The need to consider neighbours outside of the

[SI;] pair requires the use of triples [SyS;I] and [I;S;I]. Thus, writing the evolution
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equation for [SyI;] in the order described gives
d
21 Skdi] = =BlSklj] = [Sklj] = BlL;Skl] + BlSwS;1]

The evolution equation for [S;S;] is arrived at in a similar fashion to give

d
Z1568)) = ~B([Sk5;1] + [S;5¢1))

Although we have written the dynamical equations for the pairs used in this model,
these depend on triples. Thus a full model would provide the dynamics for triples,
that would in turn depend on quadruples; obviously dimensionality and complexity
of such a model would grow rapidly. Instead, a closure scheme that estimates the

number of triples in terms of pairs is used [19]. If X; and Y}, are disease state classes,

the triple closure scheme used is

X;Ye][YeI)(k — 1)
kY

Utilizing these in the equations involving triples above, gives the full system given in

[19]:

(2.20)

[LSk][SkL;](k — 1)

d [SkS;IS;11(G—1)

GlSkE] = —plsr] + pl pPBEZL i) o)
55— - (S0 1) US55~ D) 02)
e =tsur] - g (SR =) (2.23)

%Sk = —B[SKI] (2.24)

Assuming that initial infectious contacts are uniformly distributed among all degree

classes, the initial conditions are as follows:

0 — L;(0) _ P
[Sk1;](0) = kSk(O)w,(D) kpr(1 >¢’(1) (2.25)

) _ ij(O) . _ )2 jpj
[5k5;](0) = £Sk(0) o) kpr(1 —m) ) (2.26)
[SkR;](0) =0 2.27)
Sk(0) = pe(1 — ), (2.28)

where 0 < m < 1, is the probability a given node is infectious at time 0.
The pairwise model has been accepted as a flexible framework and good starting

point for modeling infectious processes on a network. However, the number of equa-
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tions scale up proportionally to N2, where N is the highest degree of the network;
making analytical work difficult and numerical results computationally expensive.

Thus, we turn to the low dimensional yet, powerful edge based compartmental model
(EBCM) for STR-type diseases on a network.

2.6 Edge Based Compartmental Models

2.6.1 Introduction

In 2008, Volz [37] introduced the edge-based compartmental model (EBCM) to de-
scribe ST R dynamics on a configuration model random network. This was a non-linear
system of differential equations that did not scale up with the highest degree found
in the network and it numerically performed well against full stochastic simulations.
In a 2011 paper by Miller [25] a simpler system composed of a single ODE equa-
tion and equivalent to the Volz model was introduced.Furthermore, as proven in [26]
and in Appendix A, the EBCM and SIR pairwise models turn out to be equivalent
under mild assumptions on the initial conditions. In this section we introduce the

Miller-Volz model as presented in [25].

2.6.2 Derivation

The probability that an individual with & contacts remains susceptible by time ¢ is the
probability that the disease has not been transmitted across any of its k edges. We
define 0(t) as the probability that there has not been infectious transmission across an
edge towards the given individual by time ¢. Recall that a random network generated
by the configuration model has negligible clustering and therefore transmission across
edges are independent events so that the probability a degree k£ node is susceptible
at time ¢ is 0.

We define ¢ as the fraction of edges leading to a susceptible node and also con-

nected to an infectious node at time t. Note that these edges are also in . Thus,

d
0 =00 (2.29)

The dynamical equations for ¢ are required. We let h(t) be the probability the
node reached following a 6 edge (out of the S node) has not been infected at time t.

A node reached by following a 6 edge is in S; with probability qffzji)Qj ~1. Note that
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0 is raised to the power j — 1 to account for the fact that transmission cannot occur

across the followed 6 edge. Summing over j gives

Mo =y *”:;f; (2.30)
(o)
= 50 (2.31)

The rate at which edges enter ¢, is equal in magnitude to the rate at which
neighbors reached by following a 6 edge become infectious. Thus, ¢ is increased at a
rate —%h(t). The equation for ¢ is then,

d d
Eéf) =—(B+7)¢— Eh(t)

The equations for ¢ can now be written as

To= (840~ Lht) (2.32)
v(0),,

()0 (2.33)
_ ¥"(9)

= —(5+7)¢+5W¢ (2.34)

The equation for %¢ can be integrated using (2.29) and initial conditions #(0) ~ 1,
¢(0) =~ 0 giving

v'(9)
¥'(1)

The dynamical equations for § and ¢ drive the dynamics of the system, however

o(t) = (1+ %)(e —1) - +1 (2.35)

since the variable of interest are the number of susceptible and infectious individuals

we augment these equations with

S=> put" =(0) (2.36)
k
I=1-S—R (2.37)
dR
o= —~T (2.38)

For SIR disease dynamics on a Configuration Model random network, the basic
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reproduction number for the first wave is given by [24, 25, 29, 37]

(B \ ¥
®=(55) (2:39)

is referred

The term ﬂ% is the probability for transmission before recovery, and ﬁl,/((ll))
to as the average excess degree. i.e., the degree of a node found by following a
random edge minus one for the edge being followed. Thus, the product gives the

average number of new neighbours infected by an individual reached via an edge.

2.6.3 Final size equation

Just like there is the simple final size equation for the homogeneous STR model as
given by Theorem 4, it is possible to derive a simple relation that describes the final
size of a SIR epidemic on a Configuration Model network. From (2.36), it follows that
calculating the final size reduces to the problem of finding the final state 6., € (0,1)
for 6. Solving the equilibrium condition for (2.29) or equivalently, solving ¢(t) = 0

using (2.35) leads to the equilibrium condition for 6,

7 B V' (0)
em_6+7+(6+7)ﬂMD (2:40)

Heuristically, following an edge from a randomly selected susceptible node, it
remains in 6 by time ¢ if the neighbour node reached did not have a transmission
event across it while it was infectious. The probability of a transmission event before
recovery is ﬁ% Let h(t) be the probability the neighbour node is susceptible given
that we have followed an edge leaving a susceptible node. Note that this A(t) is as
in (2.31). It follows that 1 — h(t) is the probability the neighbour node has been

infectious at some point in the past and we can write

s
t) =1~ 5 (1= h(t)

Taking the limit as ¢ — oo gives the required result.
Finally, using (2.40), the final size of the epidemic is given by

1—S0=1—U(0)
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2.6.4 Equivalence with STR pairwise model

In [26], it is shown that if the initially infectious individuals are uniformly chosen
among all degree classes, for example as described by (2.25)-(2.28), then the SIR
pairwise model and STR edge based compartmental basic SIR model are equivalent.

For completeness, we provide a proof in Appendix A.
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Chapter 3

Random mixing models for the

recurrence of influenza A

3.1 Introduction

In Chapter 1 we discussed the observed phenomenon of seasonal establishment fol-
lowing an initial pandemic due to a novel influenza A subtype. Since this is a well
documented epidemiological pattern for influenza, it is worthwhile to develop math-
ematical models that predict this phenomenon. In this chapter we establish that
random mixing models predict relatively high levels of antigenic drift is required for

a recurrence of influenza A.

3.2 Homogeneous model

3.2.1 First wave dynamics

The first wave is described by the classic Kermack-McKendrick STR model given by
equations (2.1)-(2.3) along with initial conditions (2.4)-(2.6). As discussed in chapter
2, the first wave basic reproduction number R((]l) is given by the ratio g Furthermore,

the fraction that escaped the pandemic Sy is the solution in (0, 1) to equation (2.16).

3.2.2 Second wave dynamics

For the second wave caused by the drifted pandemic subtype, individuals recovered

from the first wave are partially susceptible to the drifted strain with susceptibility
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o € [0,1]. Of course, the values 0 = 0 and o = 1 correspond to no and full suscepti-
bility, respectively. The fraction of these individuals is denoted by A, and the initial
conditions are A(0) = 1 — Sy, S(0) = Sy, I(0) =~ 0, R(0) = 0. The SAIR dynamics

are given by the equations

S = —pBSI

A = —cBAI

I' = (BS 4+ oBAI —~I
R =~I

The reproduction number for the second wave is RE)Q) = g(S (0) + 0 A(0)), which may

be reformulated using R(()l) = % as
R =RV +oRP(1 = S) (3.1)

where S is given numerically by (2.16). This expression for R(()Q) depends linearly
on .

For example, if R(()l) = 2, then RéQ) > 1 for ¢ > 0.37 (i.e., an outbreak is possible
for susceptibility greater than 0.37). This gives susceptibility threshold, or ~ 0.37.
Thus, in order for a recurrence to be possible, the virus must undergo significant
antigenic drift before it may cause another epidemic. This is larger than the observed
value of o7 ~ 0.25 for influenza A(H3N2) [23]; see also [22].

3.3 Multigroup SIR model

Now we model the first wave and second using a multigroup type approach as in-
troduced in Section 2.1.2. Let py denote the proportion of individuals with k& daily
contacts, and for convenience we use the probability generating function (PGF) for-
malism, U(z) = Y, pra® to represent the probability distribution for the rate of

contacts.

3.3.1 First wave dynamics

The equations which describe the first wave are given by (2.10)-(2.12) with initial
conditions (2.13)-(2.15). Theorem 3 gives an equation for 72(()1) and Theorem 5 pro-
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vides an expression for the final size that can be solved numerically. The final state

is then used to the parametrize the second wave SAIR multigroup model.

3.3.2 Second wave dynamics

We extend the first wave model in a straightforward manner to include the individuals
who were infected and recovered in the pandemic wave while keeping their hetero-
geneity in contact rates. We denote the fraction of degree k individuals that were

previously infected as Ay, and define o as before.

/ ZE gl@
S, = —BkS,=——
3 B SN

Al = —oBkA, %f Zﬁ
L

, (I
Il = Bk(c Ay + S@%Z 5292 — I,
0

R, = I, for k=0,1,2,...,. M

The initial conditions are Sy(0) ~ prd% , A,(0) = pr(1 — 0%, I(0) ~ 0, R(0) = 0.

The next generation matrix approach gives

@ _ B2 ((0Ak(0)
o= v (k

+ Sk(0))k?)
)

This can be rewritten in terms of 6, as

B plo(L = 0%) + 0% )pik?

RO _
’ (k)

(3.2)

where 6, is found by solving (2.17). Thus, once again, R(()z) is linearly dependent on
o. Before presenting the numerical results for this chapter we highlight the special
cases when R(()l) is very large and small. When 72(()1) — 00, Theorem 4 and Theorem
5 predict that S, — 0. Thus, (3.1) and (3.2) show that R(()z) — 07261). Therefore,
increasing Rél) leads to a smaller o7 value. For R((]l) — 17, S, = 1so R(()Q) — Rél)
regardless of o.

The threshold value o for the multigroup model is found numerically for a given PGF

U(z) and fixed R(()l). For all simulations in this section, we choose a time scale so that
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~v = 1, and parametrize commonly used distributions so that average excess degree is
3, 5 and 10 (or equivalently, % = 4,6, 11 respectively; see Appendix D). Notice that
this means that 8 must be specified by the desired value of 7281). Figure 3.1 shows
how introducing heterogeneity in contact rates decreases the susceptibility threshold.
However, such decrease is modest; for example, at R(()l) = 2 (approximately the value
of Ry for the 1918 Spanish flu pandemic [27]), the multigroup model equipped with
a power law distribution for contact rates predicts that or = 0.33 while for the
homogeneous model, or ~ 0.37. Finally, we have found numerically that as %
increases, the multigroup lines approach the homogeneous mixing line as shown by
Figure 3.1

Furthermore, to illustrate that these results are not only valid for R(()l) = 2, we
provide Figure 3.2 to show how values for the susceptibility threshold (o7) change for
a range of R(()l) values. Although increasing Rél) results in lower op values, all the
multigroup and homogeneous models decrease at around the same rate.

Thus, in this chapter we have shown that the random mixing assumption requires
relatively high levels of antigenic drift that do not seem to reflect estimated values
22, 23], where antigenic evolution in the time scale of a few years has been modest
(o7 ~ 0.25) [23]. This suggests that random mixing models may be unsuitable
for modelling pandemic influenza, and we turn our attention to contact network

structures.
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Figure 3.1: In Figure 3.1 (a) we plot RE]Q) vs. 0. Modest decreases in op occur when heterogeneity

is included using multigroup models. For these results, Rél) = 2 and a timescale is chosen so

that v = 1. In Figure 3.1 (b), we have enlarged the plots in Figure 2.1 (a) around the threshold

Rgf) = 1. For all distributions considered, the multigroup model slightly decreases or. For a

complete description of the probability distributions considered see Appendix D.
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Chapter 4

Modelling two waves of influenza A

with a contact network model

4.1 Introduction & first wave dynamics

In chapter 3 we determined that for random mixing models high levels of antigenic
drift are required for the return of influenza A following a pandemic. Thus, in this
chapter we compare these results to those when influenza A spreads on a contact
network. For the first wave dynamics, we assume the network is a Configuration
Model network with degree PGF W(z) = 3", prz* and employ the pairwise STR model
given by equations (2.21)-(2.24) and initial conditions (2.25)-(2.28). As discussed in

Chapter 2, the first wave basic reproduction number is given by

= (:25) (28

The final size of the pandemic is given by R, = 1—¥(f,) where 6., is found by solving

equation (2.40). However, the final size for the pandemic wave does not provide the
complete network configuration. Specifically, pair-type correlations induced by the

disease dynamics need to be incorporated.

4.2 The final state of the first wave

In the homogeneous mixing case, only the final state for the variables S (S) in the

homogeneous (multigroup) model respectively are required for the second wave model.
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In Chapter 2, we supplied the final state for Sy nodes, however there is no known
expression for the final state at the level of pairs.

Recall that the pairwise STR model simplifies to the Miller model under the initial
conditions (2.25)-(2.27). To derive the complete final state of the system we begin

with the conservation of mass equations:

[NkN;] =[SkSs](t) + [Ski](t) + [ S;](t) + [Ik15](t) + [SkR;j](t) + [ReS5](t) + [T Rs](t)+
+ [Ri15](t) + [ReRy](2)

Since we are only concerned with state of the variables at the end of the first epi-
demic when there are no infectious individuals remaining and thus no pairs involving

infectious nodes. The conservation of mass equations in the limit simplify to
[NiNj|(00) = [SkSjl(00) + [SkR;](00) + [RyS;](00) + [RyR;](o0)

The fraction of [N, NN;] pairs is determined from the Configuration Model framework.

Specifically,

1 (kp) ;)

Furthermore, Appendix A gives an expression for [S;S;|(t) in terms of § and other

known parameters. Specifically,

(kpr)(GPi) prrj—2
SkS;)(t) = —=L50 4.3
515,16 = 2 (4.3
where 6 is given by (2.29). Furthermore, we will need the following results from
Appendix A;

0 = e P Jo Prisdr

and
0, = 0,

for any ¢, k. Thus, we will drop the subscript and simply use #. Note that since 6.,
can easily be determined by using (2.40), [S,S;](c0) follows. Note that if we had
[SkR;](00) in terms of 6, and other known parameters, then by the conservation
of mass equation, we have [R;R](c0) (since [S;Ry](oco) follows immediately from
[SkR;](00) by symmetry). This idea is illustrated by the flow diagram given in Figure
4.1.
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Figure 4.1: The possible transitions for the pair [XY;]. As the first wave dies out or equivalently,
as t — 00, the only compartments remaining are those where X, Y € {S, R}. An expression for each

of these four compartments in terms of 6, is derived in Section 2.1.2.

Our starting point to obtain [SiR;](00) is the differential equation for [Si/;] given
by (2.21) and initial condition (2.25). Defining Pys, := [jgj], and substituting into
(2.21) gives

CISL] = 8154851 Pas, (G — 1)~ (S + ) — BPys, [T (k — 1)

multiplying by an integrating factor and simplifying yields

d

d ([Sk‘ ] fot ((,8+'Y)+6P]\Sk(k71))d7'> — ﬁ[SkS]]P[‘S(j o 1)6‘[‘5 ((5+’Y)+,3PI‘Sk(kfl))dT
t j

which is integrated and simplified to yield

(/ Bl Sk PI‘S (a)(5 — 1)9—(k—1)(a)6(ﬁ+v)ada> gF—1=t(B+7)
+ [SL](0)8" et (4.4)

( / 5( Pkpﬂk(J —<k1>>9( a)**- 2) P]S].(a)e(5+'y)a9(a)(kl)da> fF e A+

+ [SkL)(0)8" e o) (4.5)
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-

At this point we leave the current expression for [S;/;|(¢) and turn to
calculate [SyR;|(t). Recall that

SISR() = 1[SkT,] — BISkR:) Pys, (s — 1)

multiplying out by an integrating factor gives

d

E <[SkRj](t)€f0t BPI|Sk(k—1)) — ’Y[Sklj]efot BPI\Sk (k:—l) — 'Y[Sklj]e_(k_l)

Integrating,
k)i = ([ [5u](r0- 4 Diryar ) 00
Substituting (4.6) gives
5] = o280 ([ e rar ) o0

where

Fi(r) = < /0 ' —d% (0(ay ™) # M + c[SkIj](O))

T d )
= (/ - (0(a)’ ™) e tda + (1 — W)) by substituting initial conditions (2.25).
o da

The groundwork has now been set to extract an expression for [S;R;](co)
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Proposition 1.

[SiRy)(c0) = ( ﬁlv) ((kp’“(gjpj)) (1—651) o

Proof. From the calculations above let
G; = Fje" ¥ 50 that
G;. = F](e*(ﬂﬂ)t —(B+ V)F’jef(ﬁﬂ)t

Noting that
, o d

Tt
and after integration and substitution

t t d ) t
/G’.dt:/ ——(e(t)“)dt—/ (B4 7) Fje~ gy
o’ o dt 0
Letting t — oo gives

Gyfo0) = G0) = =0yl = (54 [ Ee

0

(Q(t)j—l) B+t

0=1-60-1—(B+7) / Fje= iy (4.8)
0
To see why the left hand side is essentially zero requires a bit of work. First note

that G;(0) ~ 0 follows immediately from the fact that F;(0) ~ 0 for small enough
7. To see why Gj(o0) = 0, we must consider two cases; I is positive, thus F} either
converges to some value or diverges to positive infinity. In the first case it easily
follows that

lim G; =0

t—o00

In the second case, we apply L’Hopital’s rule, which gives

dF;
: 1 e
Jim G = Jim, (B + ~)eBrt (4.9)
—a (0
= lim —4—"—~ 4.10
BTG )
d
= 0 given by (2.29) (since E@(t) —0ast— o)
From (4.8) we now have that
11—t >
20 — / Fje= Bt gt (4.11)
(B+7) 0

By substituting (4.11) into (4.7) gives

siml(oo) = (PPUEL) (et )
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Proposition 2.

Retto0) = 2 (1= () (1 ook 41— o)) - oi?)

B+
Proof. [RyR;)(00) = [NpN;](00) — [SkR;](00) — [ReS;](00) — [SkSj](00). The Config-
uration model assumption gives that [NyN;| = kf;f“(”;J thus, substituting the result
from Proposition 1 gives the required result. O]

The result of this section is summarized in Table 4.1.

Limiting Values | How to compute
Sk( ) 0%
Ax(o0) pi(l = )
5/5:) (<) e
151 R4] (00) (75 ) monls =
]k " - _ _ - -
(R, By () e (11— (55) [(1= 00+ (1= 048] — 04972

Table 4.1: Novel expressions for the final state of the network SIR pairwise model. They are given

in terms of 0, and degree distribution parameters.

4.3 Second wave network SAIR model

With the full final state for the first wave system, we are ready for the second wave
SAIR network model. At the start of the second wave, the recovered individuals
in Ry, are susceptible to re-infection again; we label these individuals as A;. The
susceptibility of these individuals is reduced by a factor ¢ € [0,1]. Individuals in
Sk remain in Si. Figure 4.2 shows the possible state class transitions. From the
final state of the first wave the second wave variables have initial conditions (with no
disease present) Sy, (0) = ppf*. , Ax(0) = pr(1 — 6%).

Next, we derive the SAIR network model analogously to the model derived in [25].
The probability that an individual initially in Sy remains susceptible by time ¢, is the
probability that the disease has not been transmitted across any of its k edges. We
define 0g, as the probability that the disease has not been transmitted across an edge

that leads to an Si node at time t. A random network generated by the Configuration
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Figure 4.2: State class transitions for degree k nodes in the dynamics for the second wave. Here
Sj denotes the fraction of degree k nodes that escaped infection in the first wave and have not been
infected in the second wave. Ay is the fraction of degree k nodes that were infected and recovered
in the first wave but have not been infected in the second wave.

Model has negligible clustering, thus edges are independent and the probability that
a node in Sy is susceptible at time ¢ is 6 . Define 64, in a similar fashion and thus
the probability an individual in A; remains susceptible by time ¢ is Hfgk. We define
®s,, @4, as the fraction of edges leading to a S;, Ax node and also connected to an

infectious node at time ¢. Note that these edges are also in g, and 04, , respectively.

Hence,
d
d
EQAk == —UﬂCbAk (414)

The dynamical equations for ¢g,, ¢4, are required. We let hg, be the probability the
node reached following a g, edge (out of the Si node) has not been infected at time t.
Whether or not the neighbour reached is infectious or not depends on its degree and
class (whether it is in A or S to begin with). The proportion of edges in 5, that lead to

anode in S} is equal to the proportion of edges leading to a node in S; at the beginning
[SkS51(c0)
A kSk

S;, 9%;1. The power j — 1 comes from the fact the fact that transmission cannot

of the second wave, multiplied by the probability that the node remains in

be from the neighbour in Sj. Similarly, the node reached is in A; with probability
Btle)gi ! Define Ps,js,(0) := S50 and Py, s, (0) = B0 where Table 4.1
provides these limit values. Finally, summing over the possible degrees gives the total
fraction of edges leading a non-infectious neighbour as
i—1 i—1
hSk - Z(PAﬂSk (0)934] + stlsk (0)6’?97 )
J
Futhermore, we define
i—1 i—1
ha, = (Paja, (000" + Ps;j4,(0)6% )
J
analogously. For convenience, Table 4.2 summarizes these calculations. In addition,
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Appendix C provides some consistency checks for these correlations. The rate at
which edges enter ¢g, , is equal in magnitude to the rate at which neighbors reached
by following a g, edge become infectious. Thus, ¢g, is increased at a rate —%hsk (t).
Furthermore, edges in ¢g, leave when transmission occurs across the edge or when
the infected node recovers. Since the dynamics for ¢4, are similar, the equations for

¢s, and ¢4, may now be written as

d d
E(bsk = _<5 + 7)¢Sk - _hsk

dt
and
d d
%QSAIC = _(06 + 7)¢Ak - %h’Ak
Thus,
d . .
705 = ~(B+Mds, + Y (1 = 1)(08Pays, (0)9{4;2¢Aj + BPs;s, (0)9js;2¢sj) (4.15)
j
d ) )
0a, = (0B + )5, + Y (7 = 1)(08Pa, 4, (004 04, + BPs,14,(0)05 " 0s,) (4.16)

J

with initial conditions:

1 (4.17)
0 (4.18)

Q

We remark that these initial conditions may be interpreted as uniformity in the
distribution of initial nodes infected among all network nodes. Note that Py, s, (0)
and Ps;|s, (0) do not depend on k (See Table 4.2), therefore, the equations for ¢g, are
identical for every k. Thus we drop the subscript & on Py,s,(0), Ps, s, (0), ¢s,. The
basic reproductive number for this system can be computed as the spectral radius of

the next generation matrix [36]. That is
R(Q) _ -1
o =p(FV™) (4.19)

where we order the variables associated with disease states as {¢a,, da,,.-Pa,, s}
from (4.16) and (4.15). Thus, the F and V! matrices are (n + 1) x (n + 1) with

1 1 1
V_lzdz'ag( s , )
o+~ o+~ B+



and
0 08Paya,(0) ... (n—=1)08P4,4,(0) B3;(j —1)Ps;4,(0)
0 0BPaya,(0) ... (n—1)0BPs,4,(0) B ;(5 —1)Ps;4,(0)
F=10 0B8Paas(0) ... (n—1)08Pa,a,(0) B> (5 —1)Ps;a5(0)
0 O'ﬂPAﬂs(O) cee (n - 1)O-BPA,1|S(O> ﬁz](] - 1)PS]\S(0)
Hence FV~!is
0 85 Paa(0) o (n =155 Pa,a,(0) 3, 5550 — 1)Psy1a, (0)
0 S55-Paya,(0) oo (n=1)555Paa,(0) X, 59 (7 — 1)Ps;(a,(0)
0 285 Pasas(0) +o (n=1)785Paa(0) 32, 55 (5 — 1) Ps; 14, (0)
0 Z-Pas(0) ... (n—1)755Pas(0) X, 555 — 1)Ps;15(0)
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with the conditional probabilities given in Table 4.2. Note that from this matrix, R(()Q)

is a function of o.

Second wave | How to compute

Pnl® | () S

P, 5,(0) ) )

Paia0) |t (1 (55) [0 - 08105 + (1= 0o )] — 0572)
Ps,15,(0) G%z{fj

Table 4.2: The correlations induced by first wave dynamics are summarized here. Px |y, may

be interpreted as the probability a neighbour of a Y}, node is in X;. Appendix C provides a few

consistency checks

for this table.

4.4 A simplification for the network SAIR model

If the correlations induced by the first wave are ignored then the SAIR model simplifies

because at the beginning of the second wave the distribution of neighbours for any




35

node is proportional on their density and degree. Specifically,

PSj|Ak (0> = PSj‘Sk (0) = ]5]((10)) (420)
Pa;ia,(0) = P15, (0) = 14,(0) (4.21)

Pr(1)

The independence from subscript k£ along with uniformity in initial conditions lead

to a system of four differential equations that describes the second wave dynamics.

d
—0s = —Bos (4.22)
%QA = —0P¢a (4.23)

L5 = ~(B+ )5+ > ! ”,‘1 (55,000 205 + oA 00 %02) (424
U

d , .
04 =—(0B+7)9s + Z U 1) (55 (0)05 205 + 0BAO0)F 26,)  (4.25)

The next generation matrix (FV 1) is rank one and the R = trace(FV ). Thus,
for this simplified model,

() S () 2

4.5 Numerical results and key new insights

Thus far we have constructed the framework to model the first wave and second
wave for a novel influenza strain for all infectious contact structures assumptions
considered in this thesis. The fundamental question we are seeking to answer in
this thesis is what effect if any does population structure have in the establishment
of a pandemic subtype. In other words, once the pandemic wave is extinguished,
and values for Rél) are estimated, how much antigenic drift is necessary before a
recurrence is possible. The complicated expressions for R(()Q) require a numerical
approach. As in chapter 3, we fix R(()l) at 2, and choose a timescale so that v =
1 to plot ’RéQ) versus o (note that once a distribution is set the models are fully

and uniquely parametrized). Furthermore, we consider three distribution families
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among all models: Poisson, discrete exponential and truncated power law. Note that
for multigroup models, the distribution relates to the contact rates among distinct
individuals, while for the contact network models, it relates to the total number of
contacts an individual has. Figure 4.3 shows that for lower average excess degrees,
R(()z) for network models increases non-linearly while the random mixing models show
a linear increase. This indicates that a recurrence is possible on contact networks
at much lower levels of antigenic drift in the time period between the pandemic
and the next influenza season. This effect can be dramatic; for example as Figure
4.3 indicates, for networks with average excess degree equal to 3, network models
require about 1/4 to 1/2 less antigenic drift for a recurrence than the multigroup and
homogeneous models. Of course, in practice, Rél) is an estimate with varying degrees
of accuracy, thus Figure 4.4 shows the plots of or versus for Rél) in the range of [1.5,
2.5]. Recall that op is the threshold value for o so that R(()Q) = 1; i.e., a recurrence
is possible. Furthermore, Figure 4.4 suggests that the susceptibility to a recurrence
event for network models holds true for a range of Rél) values and in fact tends to
increase linearly as R[()l) increases. In other words, on a contact network following the
initial pandemic, a smaller amount of antigenic drift may be necessary for the first
recurrence of the pandemic subtype. Furthermore, from the numerics, the spread
among or values models narrows as the average excess degree is increased. This
indicates that the contact structure becomes less relevant for predicting a recurrence
for networks with large average excess degrees. This appears to be consistent with
the result in Appendix A of [25] where it is shown that as the number of contacts
every individual has is increased, the dynamics for homogeneous and edge based STR
compartmental models converge. Since increasing the average excess degree increases
the expected number of contacts, a convergence to the homogeneous model line is to

be expected. We summarize how the computations are done in Table 4.3.

Model RV R

Homogeneous Theorem 1 equation (3.1)

Multigroup Theorem 3 equation (3.2)

Network equation (4.1) || spectral radius problem (see eqn. (4.19))
Simplified network | equation (4.1) || equation (4.26)

Table 4.3
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Figure 4.3: As in Figure 3.1 of Chapter 3, Ré2) is plotted against susceptibility (¢). Here, Rél) =2

and a timescale has been chosen so that v = 1. For network models and and a degree distribution

with a low average excess degree, R

(2)
0

increases non-linearly with o; this leads to Rg > 1 at

significantly lower levels of ¢ when compared to random mixing models. As the average excess

degree increases (down a column), all models approach the values for the homogeneous STR model.

Note that the network and simplified network show good agreement
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Figure 4.4: As in Figure 3.2 of Chapter 3, we plot the susceptibility threshold (or) versus. 72(()1).

Here, we include the network models along with the random mixing models.

In general, or is

lower for network models than the random mixing models for a wide range of R(()l) values. The gap

. . . . . 1 .
increases with either increasing R(() ) or lowering the average excess degree.
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Chapter 5

Discussion and Conclusion

5.1 Discussion

Infectious disease modellers are often faced with the challenge of deciding which fea-
tures to include and which to exclude in formulating a model. If too many simplifying
assumptions are made, then the model might fail to produce accurate results repre-
senting reality. On the other hand, including too many features and the model might
become intractable and any meaningful insight may be too difficult to extract. Such
insight might include optimal control strategies; see, for example, [12, 18] or funda-
mental biological and ecological results; see, for example, [10, 31].

In this thesis we have shown that host population structure is an important feature
to include in influenza models with implications for both control and evolutionary the-
ory of influenza A. Specifically, for contact networks with a low average excess degree,
a variant of a particular pandemic influenza A subtype is able to cause a recurrence
following modest levels of antigenic drift. This is a result not expected from random
mixing models even when heterogeneity in the number of contacts among individuals
is considered. In fact, we showed that the linear dependence between R(()z) and sus-
ceptibility requires an unrealistically large amount of antigenic drift for a recurrence
of a novel influenza strain to be possible. From this result, a natural question arises:
in biological terms, what causes the dramatic difference in o7 between network and
random mixing models? Although at this point we do not have a satisfactory answer,

we can immediately dismiss some hypotheses. These are:

e The correlations induced by the first wave are the main reason why a recurrence

is possible at lower levels of susceptibility. Thus, the breaking and forming of
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contacts between the first and second wave will do away with this effect.

e For equal R(()l) values, network models tend to have a smaller final size when
compared to random mixing models. With a smaller fraction of the population
infected during the first wave, it immediately follows that less susceptibility is
required for a recurrence. Thus, once the models are calibrated so that the final

sizes are equal, the effect will diminish.

From our study of the simplified network model, the reader may immediately rule
out the first one. Recall that the simplified model assumes that a complete rewiring
occurs between the pandemic and second wave. Based on the curves for Figure 4.4,
the breaking and forming of contacts in the time after the pandemic and before the
second wave begins results in an earlier recurrence for a network with the truncated
power law degree distribution.

The second hypothesis is also readily dismissed since it has been shown that for
equal R(()l) values, STR epidemics on a network with a Poisson degree distribution
satisfes the same final size equation as the homogeneous model [8]. As Figure 4.4
shows, even for a network with a Poisson degree distribution, the reduction in or
from the homogeneous or multigroup model can be large. Furthermore, we note
that the correlations induced by the first wave dynamics seem to be related to the
complexities involved with modelling STS dynamics on contact networks. Specifically,
the case for correlations occurring between recovered and susceptible individuals at
the end of and epidemic suggests that the correlations may also emerge during the
SIS dynamics.

Finally we note that the curves in Figures 4.3 and 4.4 for the simplified and full
network model quantitatively and qualitatively agree well. Thus, this suggests that
the simplified network model may be used to study a season-to-season mapping of
influenza A as done in [6].

There are however some caveats to consider. First, the modelling framework
requires a large population size and a dominant pandemic subtype for the pandemic
event. This is in fact the case for New York State in the 2009 HIN1 pandemic,
where a single viral lineage was responsible for the majority of confirmed cases [28].
However, in cases where there is no clear dominant strain in the pandemic wave,
then this network model framework may not be applicable, or a more homogeneous
subpopulation must be considered. Furthermore, our framework assumes negligible

clustering and thus in a population that is highly clustered this approach may not
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be directly applicable. However, clustering and other effects may be incorporated
into network models using, for example, the techniques in [19]. Finally, although
not explicitly used in the derivation for the second wave SAIR network model in
Chapter 4, it requires triple closure approximations as shown in Appendix B. There
is no rigorous justification for these closures and they are possibly responsible for non
perfect agreement between 7?,(()1) and R((JQ) when o =1 as shown in Figure 4.3 for the

truncated power law distributions with average excess degree 3.

5.2 Conclusion

The purpose of this thesis was to explore how incorporating realistic contact network
structures into influenza models may add to our biological and epidemiological under-
standing for influenza A. Towards this goal we developed a framework that allowed
direct comparison between classical random mixing models and network models. Fur-
thermore, for the development of the analytical second wave SAIR network model, we
extracted novel correlations induced by the first wave dynamics and also considered a
simpler network model with no correlations. Our analysis revealed that generally, for
network models recurrence may occur at modest antigenic drift levels while random
mixing models predict otherwise. This contributes the growing body of evidence that
suggest incorporating contact network structures into disease models is important.
Specifically, here we found that relatively fixed pool of contacts such as family mem-
bers, classmates, and co-workers among whom the spread of influenza is restricted,

may be crucial for the spread of influenza in human populations.
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Appendix A

From full pairwise SIR to EBCM
SIR model

In Chapter 2, we presented a derivation for the Miller model from first principles.
Here we show how under the right initial conditions, the full pairwise STR leads to
the Miller model [26]. These results are well documented however, we provide them
here for completeness. Bridging the two models yields some new results for the final
state of the pairwise model.

Recall that the full pairwise SIR model is fully described by the equations (2.21)-
(2.24) and initial conditions (2.25)-(2.28). Note that these initial conditions represent
the scenario where initially infectious individuals are selected at random from the
population. As shown next, this assumption is key in arriving at the Miller model.

Define higher order variables from the first wave dynamical variables. For node

classes, {Sk, S;}, let
[SKS;]
= Al

This variable may be interpreted as the proportion of edges arriving at a susceptible

Ps,s;

node of degree k, given that the edge starts at a susceptible node of degree j.. We
define Ps,|gr;, Prys;; Pr,|r, similarly. The dynamical equations for Ps, s, are now
derived using (2.22) and (2.24).

d
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Equation (A.2) is linear in Ps,|s; and the solution is given by
t
PSk|Sj = PSk|Sj (0)6_6 fO((k_l)PI‘Sk_P”Sj)dt (A'S)

Let
0, = e B o Pris,at (A.4)

to simplify equation (A.3)
PSk\Sj = ng‘gj (0)9,’;719;1 (A5)

Note that 60, requires the dynamic variable Ppg, Thus, we derive the dynamical

equation for Pg, as follows.

Prs, = kS, (A.6)
d B %[Sklj] [Skl;]  d
aPIﬂSk - k‘Sk o /{Z(Sk)2 (%Sk>
_ _ﬁ[il;{j] n 5[Sk3£ [ij].(j -1 B[]jsk][SkIKQk -1 7[Skfj] B [Skfj]QiSk
K (kSk)(15;) k(Sk) kSy  k(Sy)?dt
= —BPps, + BPs;s,Pris;(j — 1) — BPrs, Pris, (k — 1) — vPps, + kﬁpfj\sk
= —BPs, + BPs;s,Prs; (7 — 1) — vPr,s, + 5P12j|5k
Since
d d
d—tP”Sk = Z d_tPI”S’C then,
d

Jp s = —BPrs, + > " BPs;s,Prs;( — 1)) — vPrs, + BPs, (A7)
j

Substituting (A.5) into equation (A.7) gives

Plis, = —(B+7)Prs, + 0" Y BPs5,(0)07 " Pys, (j — 1) + BP]js, (A.8)

J
At this point we make the following observations: the dynamical equations for
Pys,, Pris, are identical and thus if Pg s, (0) = Ps,is,(0) and Pps, (0) = Ppis,(0), it
follows that Py, (t) = Prs,(t) for all t. Recall that the initial assumptions made

earlier along with the Configuration Model framework guarantee these initial condi-
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tions. Therefore, 0, = 6, from definition (A.4) and we drop the subscript k from
Ps;is,., Pris,, 0 in future use. In particular, note that equations (A.5), (A.4), (A.8)

become

= 6—5f0t Prisdr (Ag)
Ps,s(t) = Ps,s,(0)0" (A.10)

and
Pls=—(B+)Pys+07")_ B(j — 1)Ps;s(0)0" " Prs + P} g (A.11)

J

respectively, We divert briefly to point out a direct result that will be of particular
use to us. Taking (A.1), (A.10) combined with the fact Sj, = pp60"* [25], gives

kpi,) (jp;)0F 2
(1)

[SKS;](t) = ( (A.12)
Since 6., is numerically simple to calculate, it follows that the final state [SyS;](c0)
is straightforward to calculate as well. Continuing with the derivation of the Miller
model, we define the new variable ¢ := 0P g. The choice of this notation is appro-
priate for as we show next, it is equivalent to the ¢ that appears in [25]. Computing

the derivative for ¢ gives

¢' =0 Prs + 0P s (A.13)
Substituting (A.1), (A.11), (A.9) along with (2.25)-(2.28) into (A.14) and some sim-
plification gives

b "(6)
¢ = (ﬁ+7)¢+5w,<1)¢ (A.14)

Thus we have recovered the equations for # and ¢ found in [25]. However, 6 and ¢ are

meaningless unless they can be used to recover epidemiological quantities of interest
such as S. Using (2.19) and (A.8), yields the ODE

Sy = —kBSkPns, = —kBSkPps (A.15)

This ODE is linear in Sy, thus solving it and substituting (A.9) gives Sy = S.(0)6*.
Finally, using (2.25) and summing over k gives S = > pi0* = () as required.
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From full pairwise SAIR to EBCM

SAIR model

The system up to the level of triples is:

d

T[S = —BISe]]
%[Ak] = —oB[A]]
%[gkgj] = —B([ISS;] + [SkS;1])
%[AkAj] = —oB ([TAA] + [AA;T])
LIS = B ([IeA,] + 0[S, 1)
CISL] = B (SeT) + [ISeL,]) + B (0[SiA,T) + [S45,T)) ~ 7[Si1)]
d

%[Akfj] = B([ArS;I] + oA A;I]) — 0B ([Aly] + [T Axl;]) — v[ArLj]
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Applying the standard triple closure scheme (2.20) gives

Stsus) =~ (LHEINED | BSNSIG 1) B9

Lian - - (LIAAE=) | BATATG=DY

Ligun) - -5 (BRISAI=D | SATAII=0) g

1801 == (3 + st - p(e - 1) (LRLADD) (B.11)
B —1) (a [S’“ﬂ[ﬂf“jﬂ " [Skiﬂggsjl])

%[Akfj] — (0B +)[AxLy] — 0Bk — 1) (%) + (B.12)

We proceed to deriving the equations for (4.16) and (4.13). The work for (4.15)
and (4.14) follow analogously. Letting

[Sk1]
P, = B.13
I|Sk kSk ( )
[A;Sk]
Pyg = B.14
Ails = g, (B.14)
gives
Pliis, = BPaj1s,Pris, — 08Pays,(j — 1)
Solving yields
Pas, (1) = Pajs, (0)e” o Prisiire=0U=1 [y Priaydr (B.15)
= P15, (0)05, 0% (B.16)

where



t
A = e_BfD PI‘Sde

Os

HA —of3 fot Pria, dr

k:ze

Summing (B.11) over j gives

[SkI]" = — (B +)[SkI] — Prs, [SkI](k — 1)+
BZ (Pria, [SkA;]1(G — 1) + Prs, [SkS;](G — 1))

Using (B.13) gives

s, = — (B+7)Prs, — Bpﬁsk(k - 1)+
B (P, Payis,(j = 1) + Pris, Ps,js,(j — 1)) + kBPfg,

J

PI/\Sk == (ﬁ —i_fY)F)HS;C +BZ (PI|A]-PAJ-\S,€(]' — 1) + PI\SjPS]-|Sk(j — 1)) -+

J

ﬁpﬁsk

Now we define the variable
¢s, = 03, Prs,

so that

¢s, = Us, Pris,
¢f§k = H/SkP]‘Sk + GSKPI/LS}C

47

(B.19)

(B.20)

(B.21)
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= — P 05, + 05, (= (B + ) Prs,+ (B.25)

BOs, Z (Pra,Payis, (7 — 1) + Pys, Psyjs,(7 — 1)) + BPjs,

J

= — (B+7)0s, Prs, + BYs, Z (Pria, Payis, (7 — 1) + Prs, Psys. (G — 1)) (B.27)

J

== 05, (B+7)+ (B.28)
B Z (PAj\Sk (O)QEL{J-_Q)PI\AJ‘QA;‘ (j—1)+ PSj|Sk (O)Qg_Q)PIISjQSj (J— 1))
J

where we have used (B.16). Substituting (B.23) gives

= —¢Sk (ﬁ + ’)/) + Z (PAJ"Sk (0)91(‘{;_2)¢Aj (] — 1) + st|sk (O)Qg_mqgsj (] — 1)) <B29)

as required. Finally note that

d
05, = —BPys,05, (B.30)

dt

To show that
S(t) =Y Sk(0)65 + > Ag(0)65,

a similar calculation as done in Appendix A is applied.
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Appendix C

Correlation consistency checks

We show that at the end of the pandemic, the proportion of neighbours of an Sy node

that are in class A or S sums to one. That is,
Proposition 3. Zj Ppys, =1 - Pgis

Proof. Using Table 4.2,
Sevs=(735) (o) (- %6)
(D)) (25
N K@ (71/3 " ﬁivw‘;?;)ﬂ B 9151?’71)>

Invoking the final size equation satisfied by 6., gives

V(0o )
0,V'(1)
=1-Pgs
[
Proposition 4. Pg,|5, = 9%;5” <1

Proof. Recall that 6., satisfies the equation

T B wl(ew)
9°°_7+5+<5+7) (©1)
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and from (C.1),

Since and v is monotonically increasing, 6., > + P

v Iof V' (515)
b2 5T (5+7) (1)

Expanding out

0 Y 5 D1 il kpg ket
>
°°_7+5+<6+7>¢’() (ﬁ+7);¢’(1 (wﬁ)

Finally, noting that p(l) <1 gives

9“(#6) ﬁl)*(ﬂiv) TN <5+v>§;ﬁ’f (wﬁ)k_l

and the result follows. O
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Appendix D

Probability distributions

information

In this thesis we focused on three commonly used discrete probability distribution
families. They are Poisson, discrete exponential, and truncated power law. Table D.2
gives the general expression for the probability mass function (PMF) and Table D.1
provides a brief summary on the specific parameterizations used. It is important to
note that they are chosen to illustrate possible susceptibility threshold (o7) values
but are not based on any evidence related to influenza A contact networks or rates
of contact. Furthermore, many other distribution families were not considered. For
more specific studies, an appropriate probability distribution and parametrization
thereof should be utilized.

Distribution family | PMF

Poisson(\) f(k) =
Discrete exponential(a) | f(k) = (1 —e 1/“) k/a
F(k) = k172 o kxd/40

Ak —k

Trunc. power law (¢, d)

Table D.1: The distribution is specified by family type and specific shape parameters. f(a) =
prob(k = a).
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Distribution type E[k] | Var[k] % Avg. excess \/g[”‘?
degree

Poisson(3) 3.0 3.0 4.0 | 3.0 0.58
Poisson(5) 5.0 | 5.0 6.0 | 5.0 0.45
Poisson(10) 10 10 11 |10 0.32
Discrete exp.(2.0) 1.5 |38 4.0 | 3.0 1.3
Discrete exp.(3.0) 25 |87 6.0 | 5.0 1.2
Discrete exp.(5.6) 5.1 |30 11 |10 1.1
Trunc. power law(0.74,5.5) | 1.9 | 4.0 4.0 | 3.0 1.0
Trunc. power law(0.66,3.2) | 2.3 | 8.5 6.0 | 5.0 1.3
Trunc. power law(0.55,0.50) | 3.2 | 25 11 |10 1.5

Table D.2: The specific parameterizations and summary statistics are provided here. For the

numerics, the distributions were capped at k& = 40.
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Figure D.1: Figure D.1 (a) illustrates the PMF f(k) vs. k for each distribution type based on

average excess degree. Figure D.1 (b) shows the tail end of the distributions.
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