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Abstracts

Finite Difference Time Domain (FDTD) method is a numerical analysis technique used in
computational electromagnetics. Since it was proposed in 1966, FDTD method has become
the fastest growing and the most popular method compared to other numerical solutions.
Nowadays, using finite difference time domain method to model stationary object has been
well established, there are several commercial and open-source FDTD solutions available
on the market, which are excellent at modeling immobile devices. But little research has
been performed to study the modeling of dynamic movements such as vibration and
oscillation, which can be especially useful for studying deformations caused by forces like
radiation pressure to better understand interactions between matter and electromagnetic
waves. In this project, a two-dimensional FDTD model with an oscillating cylindrical rod
was proposed and implemented. Using this model, the Raman scattering effect caused by
an oscillation device was successfully observed. And a further investigation about the
enhancement of Raman scattering when the incident frequency is near a whisper gallery
mode resonance was performed. A minimal resonance shift caused by the oscillatory

motion was also observed.
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1. Introduction

Since Maxwell established the governing equations for electromagnetic fields in 1873,
electromagnetic theory and related researches have been over a hundred years. At present,
the theory of electromagnetism has been widely applied in various fields like radio
propagation, optical communication, antenna design, optical imaging, spectroscopy and so
on. Propagation of electromagnetic fields in real environments can be very complicated,
such as scattering from microscopic structures, radiation of complex antennas, propagation
in waveguides, etc. With so many different applications, generalized computational models
become increasingly important to give more insights on experiments and to verify
experimental data with simulations. Many meaningful numerical solutions to Maxwell's
equations have been proposed such as method of moments (MOM)), finite element method
(FEM), and finite difference time domain method (FDTD) etc., of which FDTD is
becoming the fastest growing and the most popular method in use today. Nowadays signal
scattering from a stationary object can be well simulated using FDTD method. As interests
grow in understanding how matter interacts with electromagnetic waves, the analysis of
the electromagnetic field around dynamic bodies also has received great interests. But few
studies have used FDTD methods to study the modeling of dynamic motion such as
vibration and oscillation, which can be especially useful for microscopic deformations
caused by forces like radiation pressure.

The purpose of this project is to develop a model to simulate two-dimensional harmonic
oscillation with finite difference time domain method, a custom FDTD program was
implemented since no commercially available FDTD solvers provide tools to integrate the
necessary modifications required for this task. This report is organized as follows: First, a

review of literature that incorporates dynamic systems with numerical models is presented



in Section 2. In Section 3, a compressive review of FDTD method and its formulation is
discussed, the corresponding code will be available in the appendix. Next in Section 4, a
brief introduction of Raman scattering effect which is the main phenomenon could be
observed with an oscillating object was presented. The methodology to incorporate an
oscillating cylinder in our FDTD algorithm is also outlined. Then in Section 5, some
simulation results based on the developed model are presented. And finally, Section 6 will

be devoted to concluding remarks and a discussion of future works.



2. Background Literature

Although there is no conclusive numerical model yet, radiation pressure is widely
considered to be the connection between electromagnetic and mechanical systems. A
simulative experiment done by Max Waddell and Kenneth Chau [1] tried to incorporate
different sets of electrodynamic postulates to model radiation pressure. In their research,
they implemented electromagnetic and mechanical systems separately with FDTD to
simulate the electromagnetic fields, then compute power, energy, stress, and momentum
from the results based on different postulates and use them to simulate the kinetic moment
with Newtonian dynamics. However, in their simulations, they assume that
electromagnetic wave causes negligible displacement of the material, so the mechanical
system was reduced to a center of mass analysis. This would not be a valid assumption for
small particles and molecules since they will be oscillating under electromagnetic radiation.
As demonstrated by Mihiretie, in their experiments [2,3] they observe ellipsoidal dielectric
particles with higher refractive indices compared to the surrounding fluid, trapped around
the laser beam and constantly vibrating, rotating, and oscillating. But despite observing the
rotation and oscillation, their simulative analysis also only considers the spatial vibration
and ignore the other two.

The reason they ignore oscillations is due in part to the fact that there are currently no
established methods to model vibrating and oscillating object with electromagnetic fields.
A few pieces of literature exist with oscillation been implemented in simulation techniques
other than FDTD method, but these implementations have some major compromises. As a
time-domain method, FDTD is inherently a better and more intuitive way to handle

dynamic systems. To incorporate complex motion, such as oscillation, we first need to look



back to the evolution of modeling dynamic objects with finite difference time domain
method.

It starts with modeling time-varying medium using FDTD method, the term time-varying
means the property of the medium can be altered as a function of time independent of the
electromagnetic field values. The theoretical studies of time-varying medium often found
that the solutions of Maxwell’s equations are extremely difficult to obtain in analytical
forms, and the solutions obtained can only be applied to idealized problems. Taylor, Lam
and Shumpert [4] were the first to prove this can be solved by FDTD method. In particular,
they used FDTD algorithm to exam the electromagnetic pulse scattered from a cylindrical
rod inside a cylindrical waveguide, the conductivity of the cylindrical rod was assumed to
be linearly increasing as a function of time, but the permittivity was kept constant.
Harfoush [5] applied FDTD solutions to analyzes electromagnetic wave penetrated and
scattered from a material with its conductivity time-varying sinusoidaly. Comparisons of
the FDTD solutions to their analytical results were excellent. Liu [6] have presented
literature dedicated to investigating the stability of FDTD method for modeling time-
varying permittivity by comparing the simulation results with previous results obtained
using theoretical approaches in other works. One simulation was done for plane wave
interaction with a dielectric slab that has sinusoidal time-varying permittivity, and the other
was for a microstrip patch antenna on a substrate with a sinusoidal time-varying
permittivity. The stability of the FDTD solution in their case proved to be very promising.
The author also mentioned that by changing the permittivity sufficiently slowly with
respect to the frequency of the incoming wave, the permittivity variation can be considered

time-invariant, and the result becomes more accurate.



After proving that the problem of time-varying properties can be solved using finite
difference time domain method, several numerical implantations have been proposed to
model uniform translational motions with the FDTD method. The first time FDTD was
ever used in modeling electromagnetic wave scattered by moving object was done by the
research group of Allen Taflove. In their paper [7], Harfoush introduced a numerical
approach to deal with the electromagnetic wave scattering properties for moving or
vibrating objects. The movement of the object was realized by relativistic boundary
condition. However, the relativistic boundary condition was only adopted for perfect
conducting mirrors, that is objects only receding the incident wave without transmission or
refraction. Also, the vibration in his paper was merely two translational motion in opposite
directions since the mirror was not deformed. The author also mentioned that by
considering a sufficiently small velocity, the ratio between the object’s velocity and speed
of light v/c could then be ignored. Thus, the formulation of the relativistic boundary
condition became a total reflection function with the field reflected by the boundaries being
doubled. Which indicate that the boundary condition is not as important in low velocities
as in high-speed scenarios.

Recently Inman et al. [8] reported a method to realize a constant speed movement by using
dielectric approximation and intermedia-step field movement. On the forward-boundary of
the moving object, dielectric coefficients are modified at each step until they possess the
properties of an inside cell. Likewise, on the back-boundary cell, they are modified until
they become free space properties. After the coefficients are modified, the fields inside and
outside the boundary are split in two as total-field and object-field. The total-field outside

the boundary is a summation of the background field without the object’s present and the



object-field that was assumed as a portion of the field that exists only within the moving
object. The ratio of the object-field versus the total-fields was assumed to be governed by
the permittivity of the medium. Then the object-field was also considered to be spatially
shifted, therefore, a correction term was calculated with a Lagrange approximation in the
direction of the movement, however, this correction term is only feasible for objects
moving in one direction. And won’t be necessary at all if the movement is sufficiently slow
compared to the speed of the light, renders the shift insignificant. Inman’s method relied
heavily on precomputed lookup tables since the entire coefficient approximation and
Lagrange approximation was precomputed which can be easily done in one-dimensional
cases and two-dimensional cases with only one directional movement but become
dramatically more difficult to generalize for off-axis translational motion or vibrations in
two dimensions.

A more recent technique proposed by Hiroshi Iwamatsu [9] combines Lorentz
transformations with FDTD method was dedicated to analyzing interactions with high
velocities close to the speed of light. The moving devices were modeled on a secondary
sub-grid and can be considered static in perspective of the sub-grid, but the sub-grid was
moving relative to the main grid. Since the object is stationary in the perspective of its own
grid, regular FDTD simulations can be performed separately in each grid, then the fields
need to be interpolated between two grids with Lorentz transformations. Considering two
set of grids need to be simulated at the same time, this approach is incredibly
computationally demanding compared to normal FDTD algorithms.

In general, these are the three main methods for molding moving bodies with the FDTD

method currently proposed. But the interests of these methods were mainly focused on



high-speed moving bodies, and most of the techniques could not be transferred to model
vibration and oscillation. Currently, there is no meaningful literature tried to incorporate
vibration and oscillation with FDTD methods alone. Although few attempts have been
made to simulate them with other numerical methods.

Murray [10] introduce an analytical theory to calculate the polarizability of oscillating
nanoparticles. The vibrational motion was described by spherical harmonic functions.
Since his entire method was built on a Spherical coordinate system with no time domain
element, it would be difficult to adopt itin FDTD. The author also states that “FDTD cannot
handle very small changes in the object since it must use a coarse grid of spatial points”
which touches on one major drawback of the technique, that is small shapes are difficult to
be accurately represented by rectangular grids. This can be solved by either a higher
resolution or alternative grid systems like hexagonal grids or curvilinear grids, etc.
However, either increasing the resolution or using alternative grid systems will also result
in requiring considerably more computational resources. It is worth noting that Murray also
points out the permittivity of the ellipsoid in his method needs to be smoothed. But different
to Inman’s approach by smooth the permittivity only on the boundary over time, he
smoothed the permittivity over a short distance near the surface, which alters the effective
radius of the nanoparticle. A drawback that can be easily avoided with time domain
methods.

To understand how waves scattered from metal nanoparticles respond to vibrations, Ahmed
used FDTD calculations only for the optical response in his paper [11]. The structural
changes were modeled by solving the Navier equation with the continuity of stress and

displacement at the boundary using the finite element method. In their case, the vibration



of a two-dimensional nanowire was molded by a cylindrical nanorod with fixed width. The
deformation was done by changing the length of the rod, which somehow represents an
oscillation ellipse. But since the width is fixed, the vibration is essentially two translational
motion in opposite directions, similar to what Harfoush did with his mirror vibrations. The
boundary condition was not addressed at all in this paper, however, the vibrational speed
described in the paper was considerably slow compared to the speed of light. Thus, giving
us more reason to believe that the boundary condition may not be as important for
simulations with ultra-slow velocities.

Methods to incorporate vibrations were also implemented in cavity optomechanical
crystals analysis by research groups of Vahala and Painter in recent years. As showcased
by Eichenfield [12], they use a Finite element method to compute both electromagnetic
and mechanical systems, the mechanical displacement profile is defined to describe the
perpendicular displacements of volume elements. Optical and mechanical mode volumes
are defined by electric field and mechanical displacement profile to gauge the strength of
light-matter interactions. Then vibrations were introduced via a variable effective length
coefficient calculated by optical, mechanical mode volumes and electric field values, based
on a first-order perturbation theory of Maxwell’s equations that was described in [13]. This
approach is an elegant way to incorporate deformation, but also has its own limitations.
For example, the perturbation theory only possesses the first-order accuracy and usually

does not handle nonlinear effects well.



3. Finite Difference Time Domain Method

This section presents a review and formulation of the finite difference time domain
methods as well as formulations of different techniques relate to the FDTD that is used in
this project, including perfectly matched layer boundary conditions, Courant-Friedrichs-
Lewy stability conditions, Gaussian pulses, plane wave excitations and total-
field/scattered-field techniques, etc.

3.1. Maxwell’s Equations

In general, electric and magnetic fields can be represented by vector quantities that have
both magnitude and direction. The behavior of electric and magnetic fields generated by
electric charges or a flow of electric current are governed by physical laws known as

Maxwell’s equations which can be expressed in a set of partial differential equations as:

Gauss’s law: VeD=p (3.1)
VsB=0 (3.2)
- 0B
Faraday’s law: VxE= X (3.3)
- oD -
Ampere’s law: VxH = E+J (3.4)

Where D is electric flux density, p is electric charge density, Bis magnetic flux density,
E is electric field intensity, His magnetic field intensity, andfis electric current density.

The response between D and E, aswell as B and H are specified through constitutive

relations, for linear materials, they are:
D= [8] E= & [gr] E (3.5)

B=[u]H =, [, ]H (36)
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Where [£] is the permittivity of the material that equals to free-space permittivity constant
g, multiply by the relative permittivity tensor [e,]. Similarly, the permeability of the

material [u] is the product of free-space permeability py,and relative permeability [, ].

Electric current density J can be estimated with conductivity [a] through Ohm’s law:
J=[c]E (3.7)

In linear, non-dispersive materials, Maxwell’s equations can be represented with only

electric and magnetic fields as:

- ¢H
VxE =t ]2 (38)
VxH :go[gr]%zﬂa]ﬁ (3.9)

3.2. Yee’s Algorithm

In 1966 Kane S. Yee [14] proposed the Finite Difference Time Domain algorithm which
is a numerical solution of Maxwell’s equations. By applying a set of central-difference
approximations, the spatial and temporal derivatives appearing in Maxwell’s equations can

be estimated with second-order accuracy. Consider a function f, its Taylor-series

expansions at points x, + g are:
5 5., 1(5Y 1(s5Y
f[x0+5j=f(xo)+5f (x0)+§(5j f(z)(x0)+§[5j £ (x)+.... (3.10)

) S e e (Y c@ (9 @
f(xo 2j—f(xo) 2f(xo)+2!(2Jf (%) 3![2)f (%)+... (3.11)

Subtracting (3.11) from (3.10) then divided by § yields:
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31 2

f(x°+(25)_ f [Xf’_gj () (QT £0) (3 )+ (3.12)

Therefore, the left-hand side of the equation equals to the derivative of f at x, plus 0(62).
Provided § is sufficiently small, a reasonable second-order approximation for an arbitrary

point x, could be given by:
f(xo+g]— f (xo—gj
~ (3.13)

Note that the approximation is not sampled at x,, but at its neighboring positions x, + 6 /2

instead. To accommodate this, Yee also proposed a simple yet elegant rectangular grid
scheme that staggers the electric and magnetic fields both spatially and temporally. This
scheme now known as Yee grid has proven to be very robust and become the core of
modern FDTD algorithms.
3.3. Yee Grid
Consider a three-dimensional rectangular grid, each grid cell has the length of Ax, Ay and
Az along each axis, and a time difference of At to its adjacent cells. A notation f/*(n)
can express any cell in the grid with:

(i, i, k)=(i-Ax, j-Ay, k-Az) (3.14)
And: n=(n-At) (3.15)

Within this grid system, vector components of the electric field are projected parallel to the
edge of the cells and are sampled at the center of each edge. Vector components of the

magnetic field are projected normal to the faces of the cell and are sampled at the center of

each face as illustrated in Figure.la. Note that each E component and its surrounding H
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components have a half spatial difference as well as a half temporal difference, vice versa,

each H component with its surrounding E components also has a half spatial and temporal

differences demonstrated in Figure.1lb-Figure.lc.

a. 3D Yee grid b. 2D Yee grid TM mode ¢. 2D Yee grid TE mode
<
I—x < |
Fx Lk ' | ik
o A y ' RS
T ' - /_./' i :—pr‘ 1 ; L .--.ﬁ.i— ___________
T e e
! | Bz [ , z k
: | ! R ) L By Y 4,E1 ,,,,,,,,,
5 ! ik i 1 +IR
| « |  Hx - Fx

Figure 1. a. standard 3-D Yee cell with perspective of the spatial locations ofﬁ and H components. b. 2-D Yee cells in
transverse-magnetic (TM) mode with perspective of positions between Ez component and H components. c. 2-D Yee cells
in transverse-electric (TE) mode with perspective of positions between Hz component and E components.

3.4 Update Equation for V x Eand VxH
This grid system works perfectly with our central-difference approximations and provides
essential pieces for formulating the curl operations in Maxwell's equations which can be

expressed as:

_ oE oE
vxE [ % )AH[aEX_aEijJr y B )5 (3.16)
oy oz 0z O ox oy
- oH oH
Vs h - oH, odH, )A(JF[GHX_aHijJr y oH, 5 (3.17)
oy oz oz OX OX oy

For purpose of this project, the formulations will be reduced to two-dimensional TM mode
via assuming partial derivatives of fields with respect to z detention equal to zero. And
only preserve the z component of the electric field, x and y components of the magnetic

field. The simulative results of the TM and TE mode have proven to be identical. Also CE,
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and CE, is denoted as the curl of E in x, y directions, CH, as the curl of H in z direction.

Using spatial central-difference approximations for each derivative in the curl operations,

for point (i, j) at time t the vector expansion of the curl operations becomes:

_oE, &, _EM()-E’(Y)

CE,’ (t) P N -0 (3.18)
o OB O, o EM(H)-E’(1)
CEy"(t):E— & =0" v (3.19)
N HY () —HM (1) HY () -H (¢
CH;J(t)I 6Xy _a:yx — y ( )AX y ( )_ X ( )Ay X ( ) (320)
Note that CE-’ exists at the same spatial position as H>’ which is located at E-/*/2, same

goes for CE,’ exists at E,"/*/ and CH,’ locate at the same position as H,’~*/ and

HEY%7 such being the case, x, in Eq. (3.12) correspond to j + 1/2 i+ 1/2,i —1/2,
j—1/2 in Eq. (3.18-3.19) respectively.

Before proceeding to the right side of Maxwell’s equations in Eqg. (3.8-3.9), the boundary
conditions should be discussed first, since after implementing loss into the boundary, some
artificial property will be added that changes the formulation.

3.5 Absorbing Boundary Conditions and Perfectly Matched Layer (PML)
When running FDTD simulations, a boundary must be artificially added that will terminate
the grid via effectively absorbing any electromagnetic field that travels beyond the problem
domain. Such a boundary is referred to as the absorbing boundary condition (ABC).
Traditional ABC methods are extremely computationally demanding and still reflect a

noticeable amount of energy back to the computational domain [15]. The 90s saw the

emergence of absorbing media ABCs, including some powerful methods as Berenger’s
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original perfectly matched layer (PML) [16] and later a more efficient and more popular
uniaxial PML (UPML) [17] [18]. The property of the PML region is selected such that
waves incident upon the PML region do not reflect at the interface, meanwhile
exponentially decaying inside the PML region.

The PML region is considered to be composed of an anisotropic material that has complex

diagonal permittivity and permeability tensors in the form of:

g+ 0 0
Jo
0w+t 0 =[ﬂr]=M (3.21)
Jo 0
0 0 pu+2
L Jo |
£,+2% 0 0
jo
oy €]
0 £ +—— 0 |=[e]="— (3.22)
Jo &g
0 0 &+
L Jo |

Where &y, Hyyz Oxy. are properties exclusive to the PML region. The loss is
incorporated by a fictitious conductivity mimicking loss caused by real conductivity. In
order to incorporate loss without introducing additional reflection from the change of

impedance, the impedance of the PML required to be matched to free space:

7 = \/Z = \/E (3.23)
&g &

Which implies that [e,] = [u,], thus our diagonal tensors in Eq. (3.21-3.32) can be

expressed in the same form as:
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a 0 o0
[S]:M:M: 0 b O (3.24)
Hy & 0 0 ¢

In their paper Sacks et al. [18] showcase that the refraction and reflection can be
manipulated through the choice of a, b and c. Consider the problem of a wave entering the
PML in z direction represented in Figure.2, according to [19] the Snell’s law for diagonally

anisotropic media can be expressed in the form:

sing, =sin 6. (3.25)
sin@, =+/bcsing, (3.26)

Reflection coefficients for the TM and TE modes 7, and ry in Fresnel equations can be

written as:

= Vacos, —+b cosq, (3.27)
\/gcos@i + \/Bcosé’t

_ \/Bcoset —\/50056'i (3.28)

r. =
" \/acosé'i +«/Bcosé’t

PML region z

Figure 2. Reflection and refraction represented when wave inter PML
interface on a z plane, 0; is the angle of incident wave, 8, is the angle of
reflection, 8, is the angle of refraction.
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By imposing the condition bc = 1, the refraction will be removed by forcing 6; = 6,,
cos 6; and cos 6, can also be canceled out, which indicates the reflection will no longer be
a function of incident and transmission angles. By further imposing the condition a = b,
both reflection coefficients must be zero. This property is completely independent of the
incidence angle, polarization or incident frequency. Therefore, for any wave traveling in z
direction, our PML tensor should have a = b = ¢!, which makes the PML property

uniaxial anisotropic. And the diagonal tensor [S] in z direction can be written as:

s, 0 O
[S,]=]0 s, O (3.29)
0 0 st

Similar to wave entering in the z direction, for waves traveling in x and y directions
should have a™* =b =c and a = b~ = ¢ respectively. Combining three x,y,z

directional tensors into a single tensor quantity results in:

s’s,s, 0 0
[S]= [sx][sy][sz] = 0 ss's, 0 (3.30)
0 0 555

Where s, , = 1 + 0y, ,/jwey, Which is the most popular choices for implementing loss
in many PML implementations. It’s important to note that since s, ,, , only have physical
properties inside the PML region, [S] should be an identity tensor in normal computational

domain i.e. g, , = 0 outside the PML region, meanwhile gradually increased within the

PML. The common method to achieve this is polynomial grading as:

Oy (M) = O ey (gjm (3.31)
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Where n is the depth within the PML region, d is the total depth of PML, g,,,, IS a
maximum conductivity when n = d . For many FDTD simulations, m = 3~4 has found
to be optimal, and an optimal choice for maximum conductivity can be expressed as [15]
[17]:

m+1

Ogpt ~ m (3.32)

3.6 Update Equation with PML
The general time-harmonic form of Faraday’s and Ampere’s law in Eq. (3.8-3.9) can be

written as:

—

VxE(w)=-jo[u]H (») (3.33)
VxH(o)= jo[¢]E(0)+[c]E(w) (3.34)

To avoid computational errors caused by the high order of magnitude difference between

electric and magnetic fields, Taflove [15] introduced a normalization of the magnetic field:

H= [fon (3.35)
o

Our new Maxwell’s equations with normalized magnetic fields and PML tensor

incorporated in becomes:

VxE(0) =—ja)[‘:—f][s] H () (3.36)
VxH ()= jw[?][S]E(a))Jr[a]nOE(a)) (3.37)

Then the two-dimensional TM mode vector expansions of Eq. (3.36-3.37) are:

oE
GEZ (0))_ y(a)) :_ja)ﬂxx S;lSyHX(CU) (338)
oy oz Co
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0 (0) ©E,(0) . n 3
P CzysxsylHy(a)) (3.39)

6Hy(a))_6HX(a))__ &4
ax ay _J CO XYy T~z

(@)+0,,mE, () (3.40)

After replacing s, ,, , with 1 + o, ,, ,/jwe, and denotes CE,., CE,, as the curl of Einx, y

direction and CH,, as the curl of H in z direction, these equations become:

-1
. M o o
CE, (0)=—jo=*| 1+-2— | |1+—— |H ,
(@)=-Jo Co ! jos, ( " ja)EoJ () (341
H o, |
CE, (@)= -jo 2 1+-2 |l 1+— | H
J(0)=-jo . - e, [ - ngo} , (@) (3.42)

CHZ(C‘))ZUO zz z(

[1+ i ](u i jEz(w) (3.43)

Jog, Joe,

They can then be reformed into:

. o o,C

joH, (0)+—H, (0)=-—2-CE, (0)-—°—CE, (® (3.44)
( ) 80 ( ) /uxx ( ) Ja)goﬂxx ( )

. C Co

joH ®)=—-——CE, (w)-———CE (3.45)
(@) 21, (0) = 20-CE () - 27 CE, o)

o, +o o0 o
j E +——2YE —E “E =¢,CH 3.46
Ja)gzz 2(0)) 50 z(a)) Ja)é‘o ( ) 50 2(0)) 0 z(w) ( )

These equations can be transformed from frequency domain into time domain functions

with a reverse Fourier transform as:

oH, (t) o, C
Oy (1)=—% ek (t CE, (1)dt 3.47
ot & ( ) Hyx ( ) 80:uxxJ;J ( ) ( )

Cyo,
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o C Coo
+—H, (t)=-—-CE, (t)-—= [CE,( 3.48
U a1y soﬂyyi (3.48)

gzz(t)aEz (t)+(o-x+o-ijz (t) ( ) (t) Ox y IE (t dt =c,CH, ( ) (3.49)

ot &

Note that &,,(t) and o,,(t) in Eq. (3.49) are functions of time because our simulations
involve oscillating devices that have time-varying properties, the details will be illustrated
in Section 4.3.

Recall that in the Yee grid, there is a half temporal difference between the electric and

magnetic fields. For instance, E components at time t have their corresponding H

components sampled attime t — At/2 and t + At/2 , thus H components at time t should
be estimated by averaging the values of t — At/2 and t 4+ At/2. Let’s specify that in Eq.
(3.47-3.49), the curl of E exists at time ¢ and the curl of H exists at t + At/2, that were
previously calculated through spatial approximations in Eq. (3.18-3.20). Then apply
temporal central-difference approximations for derivatives in Eq. (3.47-3.49) and estimate

integrals with summations yields:

i3 ) o)
il -~ CE, (1) - 2% S CE, (T)

At & 2 Hyx " Eolyw -0
(3.50)
o (1), (18] (2 (1) o
+ & -5 CE, 0 ZC
At 2 2 Hyy Eolyy T-0
(3.51)
&, (t+At)+¢, (1) Ez(t+At)—EZ(t)+aX+O'y Ez(t+At)+Ez(t)+azz(t+At)+0'U(t)E 0
2 At & 2 2¢, ’
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+0'XO'yAt{E (t+At)+E ZE () }_COCH (H%j (3.52)

&
By examining the above equations, it is evident that future field components H, (t +
At/2), H,(t + At/2) and E,(t + At) can be calculated with current field components and

known variables, thus the update equation for them can be derived as:

j (;_UJH (t—Aztj S ce (1)~ 9S4y e (1)

2
Hx(t+£ = % Ho Cobo 10 (3.53)
2 1 o,
7+7
(At 250j
(Alt ;j y(t—At)—C‘)CE _SOAS e (1)
Hy(t+ﬂj= %o Ay Follyy T0 (3.54)
2 1 o,
—+
(At 25())
&, (t+At)+¢5,(t) o,+0, o,(t+At)+0,(t) o0,At E,(0)+
2At 2¢, 2¢, 4g; |
E,(t+At)=
&, (t+At)+¢, (1) L OxtOy O (t+At)+o,, (1) .\ o,0,At
2At 2¢, 2¢, 4t
o,0,At J
c,CH, (t)- gg > E,(T)
o T=0 (3.55)

To further simplify our FDTD algorithm formulation, the non-time varying terms are

collected as coefficients:

1 o 1 o
mHx0 =| —+—~ mHx1=| ———~ |/ mHx0
At 2g, At 2g,
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MHX2 = 2 / mHx0 mHx3 = %A ko
:uxx goﬂxx
mHy0 = i+ I mHyl = 1_9 / mHyO
At 2g, At 2g,
C
mHy2 = —-/mHy0 mHy3:C°U—yAt/mHy0
Hyy Eollyy
o,+o, o,0At o,0,At
mEzl= R mEz2 =——
2¢g, 4g; &

Since they are primarily comprised of constants and parameters that do not change once
set, it would be much more computationally efficient to precompute them beforehand, store
them as a lookup table that can be easily accessible during the simulation. The new update

equation becomes:

t

H, (t +%) =mHxIH, [t —%) —mHx2CE, (t)-mHx3) CE, (T) (3.56)
T=0

At At t
Hy|t+= |=mHylH, | t-= —mHyzcEy(t)—mHysTZ;)CEy(T) (3.57)
(822 (t+At)+2,(t) o, (t+At)+o,(t) _mEzlJ £, (0)+...
E, (t+At)= 2At 26,
’ gzz(t+At)+gzZ(t)+azz(t+At)+au(t)+mEZl
2At 2¢,

c,CH, (t +A2tj— mEz2)"" E,(T)

(3.58)

With update equations for all components in Faraday’s law and Ampere’s law, an FDTD
simulation process can be illustrated in Figure.3 which forms the foundation of our

simulations.
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Figure 3. Flowchart of FDTD simulation in a 2-D TM mode

3.7 Other Conditions for FDTD Simulations

For our spatial and temporal estimations, it’s important that a sufficiently small & for
central-difference approximations was chosen, it has been verified that at least ten cells per
wavelength are necessary to ensure an acceptable accuracy for spatial approximations,
although a higher resolution may be needed for more complex devices. Once a spatial size
has been chosen, the temporal difference needs to be determined by the Courant-Friedrichs-

Lewy stability condition [20]:

-1
1 1 1
At<|c + + 3.59
L (J\/Ax2 Ay? A7 J (3:59)
A common choice for At to ensure stability and accuracy on any grid design is given as:

_ min(Ax, Ay, A7)
2¢,

At

(3.60)

This expression also has the benefit that fields will travel exactly one grid cell in two time-

steps in free space.
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3.8 Source Excitations
There are different types of source signals suited for different purposes, two are used in
this project, Gaussian pulse and sinusoidal continuous excitation. A Gaussian function can

be expressed as:

g(t)=e * (3.61)

Where t, is the temporal delay and t,, is the half-width of the Gaussian function. Typically,
to IS chosen to be greater than 4t,, to avoid the simulation start inside the pulse. As for the
choice of t,, the Gaussian pulse has the characteristic of simulating a board range of
frequencies tops at 1/ wt,, < frnax < 2/7t,,, thus for a maximum frequency, a half-width
could be chosen ast,, = 0.5/ 4, in this range.

A sinusoidal source as a function of time can be written as sin(2mft), however, it cannot
be turned on instantaneously, rather be turned on with a smoothing function at the
beginning, in our case a half Gaussian pulse. This can be achieved by creating a regular

Gaussian pulse same as Eq. (3.61) and replace the value for t > t, with ones:

g(t)sin(2z ft) 0<t<t,
= f
s(t) { 1xsin(27 ft) s t, (3.62)

Where t, should not only be the peak of the Gaussian but also one of the peaks the sine
function. This can be accomplished by choosing a small integer number n and set t, =
(4n + 1)/4f.

3.9 Total-field/Scattered-field Formulation

For problems that employ a plane wave excitation, directly modelling the source would be

a substantial computational burden since it must exist far beyond the problem domain for
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the wave fronts being parallel when they reach the devices. Thus, a method for injecting
already paralleled waves directly into the problem domain is required. The most opportune
one was proposed in [21], now commonly referred to as the total-field/scattered-field
(TF/SF) formulation, assumes that the actual physical total electric and magnetic fields
Ewtal and ﬁtoml can be split into:

(3.63)
(3.64)

Where the incident-fields E;,,. and Hi, are fields propagating through the problem domain

without any interaction with simulated devices. The scattered-fields Emt and Fiscat are
fields initially unknown and only affected by wave scattered by simulated devices. In
reality, the boundary between the total-field and scattered field serves as an absorbing
boundary condition that only absorbs excitation waves.

Figure.4 illustrates the total-field and scattered-field in the Yee grid. Consider the positions
that have j = j, where the scattered-field components E, and H,, are located. Recall that
the curl of E on x direction exists at the same spatial location as H, which reside in the

total-field, to compute the CE,"C"“’ with our spatial approximations in Eq. (3.18), we need

the corresponding E, at (i, j,) and (i, j, + 1). However, EYo  does not exist because

ztotal
(i,jo) 1s located inside the scattered-field, therefore, (,‘E,igj0 cannot be directly calculated.
Yet, since

Eivjo — Eivjo + Eivjo

x,total X, scat x,inc

(3.65)

CE,?"0 can still be calculated with:
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i, jo+l i Jo ijo+tl _ i\ Jo i i, oL n ”
CEMb = ;,tlot;IA_yEzl,tJotal _ E, tta (EAz,;cat + Ez,inc) _ E;,tlot;IA;Ezl,icat ~ Eij;c (366

Note that the first two terms are equivalent to Eq. (3.18), which means CEf;'j0 can be
computed normally without considering the TF/SF condition then subtract the incident
terms at j = j,:

. . Elb
CE)'(vJo — CE)'(v o |Eq.(3.l8) _ __zinc (367)
Ay

Similarly, CHZi‘j0 located in the scattered-field can be calculated with H, located at (i, j, +
1/2) inside the total-field and Eq. (3.20) as:

i+1/2, ] Hi_llz’j (Hi,jg+l/2 _ Hi,jo—l/Z _Hi,_j0+1/2
i scat ! ly,scat X, total X,scat x,inc

CH"b = y.S —

z

AX Ay

i, jo+1/2
_ CH;JO |Eq.(3.20) n Hx,inc (368)
Ay

Now consider the situation on the opposite side where j = j;. To compute CE,"C"'l_1 and
CHZi'j1 requires E, in the scattered-field (i,j,) and H, in the total-field (i,j; — 1/2).
Similar to j = j,, (,‘E,ic'jl_1 and CHZi'j1 can be computed normally then add or subtract the

incident term at the boundary as:

N . =
CE!}t = CEM 1 [F319) +A—y (3.69)
i,jj+1/2
CHYE —onik (o) M (3.70)
Ay

Fori =iy, EZiO'j in the scattered-field is required to calculate CE;,"'] , and CHZi°'j can be

computed with H°**?/in the total-field as:
P y
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Figure 4. Field components in the 2-D TM mode grid at the boundaries of the total-field and
scattered-field regions for plane wave exaction. Note the total-field is the region bounded
by dashed lines. And regions outside are scattered-field.

cEbi = Q‘f;i;‘lA— B Ejan’c (3.71)
X X

o H i0+l/2,j H ig-1/2,j H i, J+U2 H ig, j=1/ H io+1/2,]
Jtotal , , , :
CH ;0,1 — y,tota y,scat _ X,scat Xx,scat y,inc (372)
AX Ay AX

They also can be calculated by computing our CE;,O'j and CHZiO'j normally with Eq. (3.19-

3.20) without considering TF/SF condition then correct with incident terms at i = i,.

. o El.J
o] _ i, ] |Eq.(3.19) z,inc
CEy ! —CEy J | +F (373)
R Ho2/2]
CHJ = CHbI [Fa(320) __yine (3.74)
AX

Ati=1i, EZil'j in the scattered-field is required to compute CE;}_” , CHZil’j can be

computed with Hf,fl/ %7 in the total-field:
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- . ElL]

CEI = oo B39 _ Erne 3.75
y y | AX ( )
B B H Y2

CH;pJ :CHZ'M |Eq.(3.20) fymne (3.76)

AX

Together, these corrections properly separate the total-field and scattered-field for our two-
dimensional TM mode grid, note that different placements of the TF/SF boundary will
result in slightly different formulations. After implementing these corrections, a numerical
plane wave can be generated in the total-field region propagating through the total-field
region and being perfectly absorbed once hit the TF/SF boundary. By positioning the
incident plane right next to a boundary, fields propagate toward that boundary will be
absorbed immediately, thus appear as a plane wave propagating in the opposite direction.
In addition, the boundaries between total-field and scattered-field are transparent to all
outgoing scattered waves, permitting them to pass without reflection or refraction.

3.10 Correction Terms for TF/SF

The crucial part of the TF/SF formulation is the correction terms. As previously defined,
the incident-field is the source signal propagating through problem domain without
interacting with simulated devices. One way of doing this is to simulate an identical
secondary grid alongside our main grid with nothing except PML. In this project, the plane
wave source is defined as propagating along y axis. For the interface where j = j,, since a
plane wave only changes in the direction of its propagation, and this interface is normto y
axis, all the incident terms on this interface will have the same value, the same also goes to
the interface where j = j;. As for interface where i = i, and i = i;, because the incident
wave does not interact with anything, their value should be changing identically, only one

of them need to be computed. Since the incident wave propagates in y direction, there are
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no x component contributes to our H field, therefore, our secondary grid can be reduced to

a one-dimensional grid that can reuse our existing formulations.
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4. FDTD with an Oscillating Object

In this section, a brief introduction of Raman scattering effect is outlined. And then a
detailed description of the methodology used to incorporate an oscillating cylinder in our
FDTD algorithm will be given.
4.1 Raman Effect
When light incident on a small system, most of it will be scattered without any change in
frequency. This is called Rayleigh Scattering after physicist Lord Rayleigh. A fraction of
the scattering is inelastic and referred to as Raman scattering. Such scattering with a change
in frequency was discovered by C.V. Raman in 1928 [22]. A detailed description of the
effect could be found in [23], but to summarize:
When Light is incident onto a system, it induces a dipole moment p, which can be
described as:

p=a-E 4.1)
Where a is the polarizability of the system, E is the electric field of the incident signal
traveling at frequency f with an amplitude of EO, for a sinusoidal signal it can be given
by:

E =E,sin(27ft) (4.2)
A vibrating system with frequency f,, will change the polarizability of itself, resulting in
the polarizability oscillating at f,,:

a=a,+ fsin(2zf,t) 4.3)
Where a, is the polarizability in equilibrium configuration, and g is the variation of
polarizability associated with system’s vibration. Combine Eq. (4.1-4.3), the induced

dipole becomes:
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p = a,Eysin(27 ft)+ BE, sin(27 ft)sin (27 f,t) (4.4)
Appling the trigonometric relations sin(A) sin(B) = [cos(A — B) — cos(A + B)]/2 it

becomes:
p=a,Eysin(2x ft)+%,8|§o {cos[2n(f —f,)t]—cos[ 27 (f + fv)t]} (4.5)

This indicates the oscillating dipole will not only radiate light at frequency f but also
radiate light weakly at f + f,and f — f, which give rise to Raman scattering. f — f,, is
called the Stokes frequency shift, f + f,, is referred to as the Anti-Stokes frequency shift.
To mimic this effect, an oscillating cylinder will be modeled for our FDTD simulation in
the next section.

4.2 Implementing Oscillating Device

In FDTD simulations, devices within the problem domain are defined by specifying
permittivity, permeability and conductivity values of each grid that represent the devices.
For most materials, permeability is set to free-space since the material is not magnetizable,
thus permeability will not be discussed further outside the FDTD formulations. To realize
changes of a device’s profile, only need to change the permittivity and conductivity values
of the grid. An oscillating cylindrical rod in a two-dimensional grid can be represented with
a circle that oscillates into ellipses. Consider an ellipse equation in a two-dimensional

coordinate system, the area within it could be expressed as:

2 2 2 2
(X_Z(o) +(y—2yo) <1 o (X‘i‘o) +(y‘2’°) <1 (46)
a b b a

Where (x,, y,) is the center of the ellipse, a and b are its major and minor axes for which
we define a > b. And once a = b is satisfied, this function will also represent a circle. By

oscillating the value of a and b periodically, the device can be modeled with periodic
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oscillation. Given an oscillation frequency f, , the period would be p = f,*, then this
period needs to be divided into four fractions.

For the first quarter, that is, any time t that satisfies the condition of 0 <t mod p < p/4,
our device should gradually transform from a circle with radius r = aTJ’b to an ellipse as a

function of time:

of)-%)_ U=%) (.7)
(r+Adt')”  (r-Adt)

Where t' = t mod % is a periodic time-step, Ad is a small variation in length that equals

to 4d,,, 4. /P, and d,, 4, 1S @ maximum deformation, thus have the relations:

3

for  tmodp=P P 2P 48
P=y5 P (4.8)

r+Adt'=a

r—Adt'=b
For the second quarter that has p/4 < t mod p < p/2, our device should transform from
the ellipse back to its equilibrium form with a function:

(X_X0)2 N (y_VO)Z <1
(a-Adt')’  (b+Adt')’

(4.9)

o(t)=

In the third quarter that has p/2 < t mod p < 3p/4, the device deforms into ellipse same

as in the first section but in the opposite direction:

o= X=%)_, =¥%) (4.10)
(r—Adt')"  (r+Adt)

And at last, the device returns to its equilibrium in the fourth quarter period:

o(t)= (=) + (y=%) S<1 (4.12)
(b+Adt')” (a—adt')
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These formulations could be implemented numerically by creating two matrixes X,Y
representing the coordinate system, each row of X is a full copy of all x coordinates, i.e.
X(i,:)=ifori=1, 2, 3... and each column of Y contains the copy of all y coordinates
Y(:,j) =j . Then by applying these formulations, the logic operator <= which correspond
to less than equal will return a logical matrix with coordinates (i, j) outside the devices
marked as false and those within the device mark as true. Since true and false are stored as
one and zero in computer memory, the coordination information contained in this matrix
can be straightforwardly turned into permittivity and conductivity matrixes as:

g (1) =(e.—6,)0(t)+¢, o(t)=(o,—0,,)0(t)+0,, (4.12)
Where O is the logical matrix previously mentioned, and every note in the grid that
represents our device has a relative permittivity of €., and conductivity of o, , yet other
positions have relative permittivity €,, and conductivity a,, which were set to one and
zero to represent frees pace in this project.
4.3 Update Equation with Time-varying Property
By oscillating our device, these properties become time-varying instead of constant
compared to Yee’s formulation and most common FDTD algorithms. An independently
time-varying permittivity and conductivity can be written as:

[2]= oz (1) [o]=o(t) (4.13)

Replace the terms in Eq. (3.9) result in:

VxH =g, (t)—+0o(t)E (4.14)
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Recall that the curl of magnetic field exists at the same temporal position as magnetic field
that has a half temporal difference with electric field, hence for the curl of H at given time

t its corresponding E field and electric properties should exist at t + A/2, therefore:

At o [HAztj At At
CH(t)=gs |t+— |——"Z+o|t+— |E[ t+— (4.15)
2 ot 2 2
Same as the electric field, the permittivity and conductivity at time t + A/2 also can be
estimated by averaging the values at t and t 4+ At . Thus, after applying temporal

approximation for our electric field on z direction, the formulation becomes:

CHz(t) =2, &, (t+At2)+gzz (t) E, (t+AAtz— E, (t) N oft +At2)+a(t) E, (t+At2)+ E, (t)

(4.16)
Which will result in our Eqg. (3.52) formulation once perfectly matched layer is
incorporated.
However, there will be a drawback in achieving oscillation by changing the grid properties.
Abrupt alteration in the state of the medium will affect the characteristics of fields exist
within this medium. Specifically, this happens on the boundary of our device that changes
its relative permittivity when it expands or contracts.
4.4 Transitional-layer
To address the boundary problem, an additional transition-layer was implemented on the
boundary of our device, aiming at drastically smoothening the variation of permittivity, so
the change of permittivity becomes slow enough to be considered as time-invariant. Recall
the formulation of our oscillation in Eq. (4.7-4.11), since these formulations exist on a grid

system, all the variables should be integers except Ad which equals to 4d,,,,,/p, the ellipse
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would only change once per Ad~! time-steps when Ad -t’ reaches an integer. By
anticipating how the ellipse would change next time, the Ad~! time-steps can be utilized
to integrate linearly increasing or decreasing functions to make permittivity alterations
much smoother during the simulation. Consider our formulation of the first periodical
section Eq. (4.7), after Ad~! time-steps the function becomes:

(x=%)’ N (Y=Yo)
(r+Adt'+1)°  (r—adt'-1)’

O(t+ ad™)= <1 (4.17)

Where the oscillation is expanding in x direction and contracting in y direction,

subtracting O(t + Ad~Y) by O (t) yields a matrix with coordinate information of changes

between two time-steps. As illustrated in Figure.5, points in area E would be zero indicate
invariant, points in A and B would have a value of one indicate expansion, and points inside
C and D have a value of negative one indicates contraction. Note that Figure.5 is not an
accurate representation, A, B, C, D would be a thin layer of grids that have the thickness

of one grid. The permittivity change in respect of time can be characterized as a function:

Figure 5. Representation of ellipse oscillating during first
quarter of the period. A, B are expanding, C, D are
contracting.
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t mod Ad™
Ep (t):T(‘ng_Srl) (418)

Our permittivity function with transition-layer build-in then becomes:
& (1)=(0-2,)0(t)+ ., +2, (1) O(t+ Ad™)-O(t) ] (4.19)
With a relatively slow oscillation compared to the incident frequency and a reasonable

oscillation amplitude, the relative permittivity variation can be effectively stretch to at least

-3 orders of magnitude per time-step without noticeable stability issues.
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5. Results

With the system described in previous sections, several simulations were designed to
validate if the system is working as expected and giving us some insight on how the
electromagnetic fields react to an oscillating device. The geometry of the simulation was
set up as in Figure.6. An oscillating device is located in the middle of the grid and
surrounded by the TF/SF boundaries, the device is inside the total-field and an observation
point is located in the scattered field perpendicular to the y axis. A sinusoidal plane wave
source was incident next to the boundary in the total-field, so the incident wave will only
travel in'y + direction. The oscillatory motion will start after the continuous wave filled the
problem domain. Fields passing through the observation point will be recorded during the
simulation, so the spectrum of the field can be obtained using Fourier transform after the
system reaches a steady state. By changing the parameters of the system such as the
incident frequency, diameter of the device, etc., how the fields interact with different

configurations will be studied.

Comutaional
Domain

_____ PML
Boundary

TFISF
Boundary

Incident
— Position

@ Observation
Position

Figure 6. Schematic of the simulation setup, the computational domain is represented by the most outside solid line,
area between the solid line and the blue dash line is 10 cells deep PML. Total-field/Scattered-field boundaries are
surrounding the oscillating device in the middle. And the incident position next to the Total-field/Scattered field
boundary.
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5.1 Raman Sidebands

In these simulations, the goal is to test whether the Raman sidebands can be observed with
our implementation, a device was simulated with the diameter of 3 micrometers and a
refractive index of 1.9 to be representative of common materials. The oscillation amplitude
i.e. the max deformation was set to be 10% of the radius and the mechanical frequency was
setto 20 terahertz in order to balance between a smooth transition of the permittivity during
oscillation and a reasonable simulation run time being required to bring the system to a
steady state. Two different incident wavelengths were considered, the first one is 500nm
chosen within the wavelength of visible light, the second frequency has a slightly larger

wavelength than the diameter of our device. As shown in Figure.7-8, noticeable sidebands
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Figure 7. Spectrum of the Raman scattering observed with the incident frequency of 600Thz, and oscillation frequency
set as 20THz, Stokes shift appeared at 580Thz and anti-Stokes at 620 THz.
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can be observed with both incident wavelengths that are in line with our expedition of the
Raman effect. Figure.7-8 shows that in both cases anti-Stokes shifts are noticeably stronger
than and Stokes shift, which is also to be anticipated by Raman scattering. But we did not
expect the difference between the intensity was amplified by increasing the wavelength.
However, this may not be the characteristic of Raman scattering, but the enhancement of

Raman scattering caused by whisper gallery mode resonance.
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Figure 22. Spectrum of the Raman scattering observed with the incident frequency of 100Thz, and oscillation
frequency set as 20THz, Stokes shift appeared at 80Thz and anti-Stokes at 120 THz.

5.2 Whispering-gallery Mode Resonance
Whispering-gallery mode (WGM) resonance occurs when an incident electromagnetic
field becomes trapped near the inner surface of a structure due to total internal reflection.

This process produces an evanescent electromagnetic field that results in an enhancement
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of the local electric field intensity at certain “hot spots” near the surface. A few
experimental studies have observed that WGM resonance can greatly enhance the intensity
of Raman scattering [25, 26]. To better observe the enhancement effect by WGM resonance
in an oscillating system, the following simulations are designed. Using the same schematic,
we first locate the resonant frequencies of the structure by performing an initial simulation
with a dipole Gaussian pulse excited next to the device without any oscillation. The
wavelength injected by the source was set at 400nm, so it can comfortably cover the
wavelength of visible light between 430nm to 770nm. An observation point was set right
next to the device to capture the fields trapped near the surface. The resonant frequencies
of the structure can be found by taking the Fourier transform of the field at the observation
point over time. After choosing a resonance to study, multiple simulations were conducted
with different incident frequencies that cover the resonance peak and observe the responses
of the Raman scattering intensity.

5.3 Raman Shift near WGM Resonance

A different set of parameters for the device was chosen to further test our model, the
configuration has a 1 micrometer diameter and a permittivity of 2.25. The stationary WGM
resonances of this device are shown in Figure.9, the second resonance was chosen since a
significant portion of the first resonance peak is outside the wavelength range of visible
light. However, the resonances will be changed during the oscillation since deformation
will slightly affect the optical property of the device. The exact resonance change cannot

be directly predicted, but the range of resonance could be roughly estimated.
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Figure 9. Spectrum of electric field resonance of the structure obtained with a dipole excitation, the WGM resonance
wavelengths are around 431.93nm, 480.8nm, 542.6nm, 623.8nm, 734nm.

Recall that the device previously designed has three ultimate forms, an equilibrium circle,

an ellipse expands in X direction and contract in y direction in between the first and

second quarter periods formulated by the first equation in Eq. (4.6), another ellipse
deformed in the opposite direction between the third and last quarter periods formulated
by the second equation in Eg. (4.6). Using the same procedure mentioned previously, the
stationary WGM resonances of the device in its ellipse forms can also be obtained.
Figure.10 shows these three resonances around the same wavelength peak selected earlier.
The resonance wavelength of the equilibrium is round 480.9nm, the ellipse expands in X

direction have a resonance shifted round 481.25nm, and the ellipse expands in y direction

have a resonance shifted to 481.35nm. The overall shape of the resonance curves is roughly
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the same, and the shift of the resonance wavelength is minuscule compared to the overall

coverage of the peaks.
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Figure 10. Spectrum of the device in three different deformed states, solid line is the equilibrium in both Eq. (4.7) and
Eq. (4.10) which resonate at around 480.9nm the dashed line is the described by Eq. (4.9) have a resonance at round
481.25nm, the dotted line represents the resonance described by Eq. (4.11) have a resonance around 481.35nm

The real resonance of the oscillating device should be somewhere in between the

equilibrium resonance at 480.9nm and its furthest shift at 481.35nm. To investigate this,

multiple simulations were run at different incident wavelengths between 476nm and 484nm

with an increment of 1nm below the half maximum of the equilibrium resonance peak and

a finer increment of 0.5nm during 479.5nm - 480.5nm and 481.5nm - 482.5nm, then the

smallest increment of 0.1nm between 480.5nm and 481.5nm. By doing this we not only

are able to cover the majority of the resonance in order to observe the enhancement effect
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but also have a better resolution at the top to locate the shifted resonance. The oscillation
frequency was chosen to be 15 terahertz to ensure that the Raman shift would not
inadvertently interact with any resonance and reside in frequencies that are relatively
steady in-between resonances. Therefore, the responses from the field were only caused by
the differences in incident frequency.

The results of our FDTD simulations are shown in Figure.11, comparisons have been made
between the normalized Raman shift intensity and two WGM resonances mentioned
previously, the equilibrium circle and the maximum ellipse expands in y direction. As we
can observe, the response of the Raman shift intensity is greatly enhanced when incident
wavelengths are near the resonance, the enhancement also approximately follows the

trajectory of the WGM resonance curve. The Raman shift intensity peaked at 481.1nm

+ Raman shift intensity
Original resonance
a) b) oo Max resonance shift

™
T

Normalized Intensity
IS

475 480 485 480 480.5 481 481.5 482
Wavelength (nm)

Figure 11. a) Overall spectrum of the Raman shift intensity obtained by multiple simulations compared to the resonance
of the device in equilibrium position. b) Visualization of the shift of resonance in detail, the Raman shift intensity peaked
at 481.1nm compared to the resonance in equilibrium position at 480.9nm and the maximum possible resonance shift
at 481.35nm.
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which indicate the oscillatory motion causes the WGM resonance shifted to around
481.1nm as predicted between 480.9nm and 481.35nm. However, this shift is so tiny and
unnoticeable that can be easily overlooked. The Raman shift intensity at the original
resonance peak position of 480.9nm still has over 98% of the enhancement compared to
the maximum value at 481.1nm. One can easily perceive 480.9nm as the resonance peak if

they are not deliberately looking for this shift.
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6. Conclusions and Future Work

This project studied the problem of using the finite difference time domain method to
simulate the electromagnetic response of oscillating structures. An algorithm was proposed
and implemented to model a two-dimensional cylindrical rod with microscopic oscillation
to explore the scattering of electromagnetic waves. The boundaryh of the oscillating device
was addressed with a transitional permittivity variation between displacements. This
implementation was verified through simulations and observation of the Raman effect
occurs when electromagnetic wave scattering from an oscillating object.

In Section 5.1, the sidebands of Raman effect were successfully observed and both Stokes
frequency shift and anti-Stokes frequency shift are within the expectations of Raman effect.
Then in Section 5.3, by running multiple simulations with gradually increasing incident
wavelengths, the Raman scattering enhancement effect was further explored, that is when
the incident wave is close to Whispering-gallery mode resonances which are inherent in a
cylindrical device. As observed, the enhancement roughly follows the trajectory of the
WGM resonance curve. In addition, a resonance shift caused by the oscillatory motion of
the device was predicted to have a wavelength between the resonance of the device in its
equilibrium form and the resonance of the device with maximum deformation. This shift,
which is tiny and can be easily neglected was also successfully observed.

Hopefully, the work performed in this project provides a basis for future understanding of
interactions between dynamic objects and electromagnetic waves. However, there are still
many issues need to be further studied. Such as, it would be interesting to know how the
shift in resonance will be affected by changing the properties of the oscillation such as the
amplitude or frequency, and how will the field react to materials other than dielectrics. The

program implemented in this project can be extended into three dimensions, and more
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complex form of vibration or oscillation can be implemented and studied. At last, instead
of forcing the device to oscillate, we can integrate Newtonian dynamics into the system

and model oscillations excited by electromagnetic waves.
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Appendix

The FDTD code developed during the project will be documented in this section.
Comments will be provided to explain the meaning of different variables in the context of
our FDTD formulation. A portion of the code will be omitted since they are not essential
to the formulation, such as define the common units, coefficients, parameter of the problem
domain, collecting field data and visualization etc.

1. Pre-loop Computation

%%Source configuration

This section defines the extraction source function described in section
3.8. Ez_src is the final product contain the field information of the
source at any time during the simulation. t_prop is the time it would
take for wave travel through the problem domain. STEPS 1is the total
timesteps before the simulation ends. freq is the incident frequency. tw
is the halfwidth of the Gaussian pulse, t0 is the temporal delay described
in Eq-(3.61). Gt is the smoothing function defined as half of a normal
Gaussian function described in Eq.(3.62)

%%Gaussian source
tw = 0.5/freq;

t0 = 5*tw;

t_prop = dy*Ny/cO;

STEPS = ceil((2*t0+20*t_prop)/dt);
t max = (0:STEPS-1)*dt;

Ez_src = exp(-((t_max-t0)/tw) ."2);

% Sinusoidal source
t0=(4*3+1)/4/Freq;
tw=t0/3;
ta=(0:STEPS-1)*dt;
Gt=exp(-((ta-t0)/tw) ."2);
tl=round(t0/dt);
Gt(tl:end)=1;
t_prop=dy*Ny/c0/dt;

STEPS = ceill((2*t0+100*t_prop)/dt);
t max = (0:STEPS-1)*dt;
Ez src = Gt(T)*sin(2*pi*freq* t_max *dt);

%%PML coefficient configuration

This section defines coefficients of the perfectly matched layer described
in section 3.5 and 3.6, a 2-x grid technique is used to provide a smoother
result. Nx,Ny define the size of our problem domain. Sigmax and sigx,sigy

correspond to o, - and o,,,- 1In EQ.(3.32). PML_size() was defined as
the length of the PML in four directions.

Nx2 = 2*Nx;

Ny2 = 2*Ny;

sigmax=4/150/pi/dx;

sigx = zeros(Nx2,Ny2);
sigy = zeros(Nx2,Ny2);
X =1 : 2*PML_size(1)



49

nx = 2*PML_size(1) - x + 1;

sigx(nx,:) = (sigmax)*(x/2/PML_size(1))"3;
end

for x = 1 :© 2*PML_size(2)

nx = Nx2 - 2*PML_size(2) + X;

sigx(nx,:) = (sigmax)*(x/2/PML_size(2))"3;
end

for y =1 : 2*PML_size(3)

ny = 2*PML_size(3) -y + 1;

sigy(:,ny) = (sigmax)*(y/2/PML_size(3))"3;
end

for y =1 : 2*PML_size(4)

ny = Ny2 - 2*PML_size(4) + y;

sigy(:,ny) = (sigmax)*(y/2/PML_size(4))"3;
end

% Compute update coefficient for updating H,, H,,E, in Eq.(3.56-3.58)
sigHx = sigx(1:2:Nx2,2:2:Ny2);
sigHy = sigy(1:2:Nx2,2:2:Ny2);

mHx0 = (1/dt) + sigHy/(2*e0);

mHx1 = ((1/dt) - sigHy/(2*e0))./mHx0;
mHx2 = c0./URxX./mHx0;

mHx3 = (cO0*dt/e0) * sigHx./URxx ./ mHxO;
%HY

SigHx = sigx(2:2:Nx2,1:2:Ny2);

sigHy = sigy(2:2:Nx2,1:2:Ny2);

mHyO = (1/dt) + sigHx/(2*e0);

mHyl = ((1/dt) - sigHx/(2*e0))./mHy0;
mHy2 = c0./URyy./mHyO0;

mHy3 = (cO*dt/e0) * sigHy./URyy ./ mHyO;
WEZ

SIgEX = sigx(1:2:Nx2,1:2:Ny2);

SigEy = sigy(1:2:Nx2,1:2:Ny2);

mEzl = (sigEx + sigEy)/(2*e0) + sigEx.*sigEy*(dt/4/e0"2);
mEz2 = (dt/e0™2)*sigDx.*sigDy;

2. FDTD Loop
This section contains the update equations for our FDTD simulation, the process is in a

loop that will end when the maximum time-steps STEP is reached.

for T = 1:STEPS
%ERzz and SGzz is the Time-varying permittivity and conductivity matrix
described iIn Eq. (4.12). ERzz_1 and ERzz_1 store the permittivity and
conductivity from previous timestep used in Eq. (3.58). Oscillation()is
the implementation of our oscillatory motion which will be expanded in
next section. Ez_inc is the Ez component of our secondary grid that was
required to calculate correction terms for our TF/SF formulation in
section 3.10, any Tfield component with a postfix of “_inc” is the
component of the secondary grid. The secondary field are updated alongside
with the main grid.

ERzz_1 = ERzz;

SGzz_1 = SGzz;
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[ERzz,0BJ,SGzz]=
Oscillation(Nx,Ny,T,o_period,radius,o_amplitude,x0,y0,erl,er2);
Ez_inc(y_src-1) = Ez_src;
%Spatial approximation to update the curl of E in x direction CEx for
all grids in problem domain using Eq.(3.18)
for y = 1 : Ny-1
for x = 1 1 Nx
CEx(X,y) = (Ez(x,y+1) - Ez(X,y))/dy;
end

CEx_inc(y) = (Ez_inc(y+1l) - Ez_inc(y))/dy;
end
for x = 1 1 Nx
CEX(X,Ny) = (Ez(x,1) - Ez(X,Ny))/dy;
end
CEx_inc(Ny) = - Ez_inc(Ny)/dy;
%Spatial approximation to update the curl of E in y direction CEy
across the grids in problem domain using Eq-(3.19)
for x = 1 - Nx-1
for y =1 - Ny

CEy(x,y) = - (Ez(x+1,y) - Ez(X,y))/dx;
end
end
for y =1 - Ny
CEy(Nx,y) = - (Ez(1,y) - Ez(Nx,y))/dx;
end

%Correction for CEx and CEy on the TF/SF boundary described in
Eq.(3.67,3.69,3.73,3.75).
CEx(x_src,y_src)=CEx(x_src,y_src)- Ez_inc(y_src)/dy;
CEx(x_src,P_incD)=CEx(x_src, P_incD)+ Ez_inc(P_incD+1)/dy;
for y =y src+l - P_incD
CEy(P_incL-1,y) = CEy(P_incL-1,y) + Ez_inc(y)/dx;
CEy(P_incR,y) = CEy(P_incR,y) - Ez_inc(y)/dx;
end

%Update the Integration Terms SumCEx, SumCEy, SumCEx_inc for curl of E
that is needed in for updating Hx and Hy.
SumCEx SumCEx + CEXx;
SumCEy = SumCEy + CEy;
SumCEx_inc = SumCEx_inc + CEx_inc;
%Temporal approximations to update Hx and Hy using update equations in
Eq.(3.56-3.57)
Hx = mHx1.*Hx - mHx2_.*CEx - mHx3.*SumCEx;
Hy = mHyl.*Hy - mHy2_.*CEy - mHy3.*SumCEy;
Hx_inc = mHx1(P_incL,:).*Hx_inc - mHx2(P_incL,:).*CEx_inc -
mHx3(P_incL, 1) .*SumCEx_inc;
%Spatial approximation to update the curl of H in z direction CHz for
grids in problem domain using Eq.(3.20)
CHz(1,1) = (Hy(1,1) - Hy(Nx,1))/dx - (Hx(1,1) - Hx(1,Ny))/dy;
CHz_inc(1) =-(Hx_inc(1) - Hx_inc(Ny))/dy;
for x = 2 1 Nx
CHz(x,1) = (Hy(X,1) - Hy(x-1,1))/dx - (Hx(x,1) -
Hx(x,Ny))/dy;
end

for y =2 - Ny

CHz(1,y) = (Hy(d,y) - Hy(Nx,y))/dx - (Hx(1l,y) - Hx(1,y-
1))7dy;

CHz_inc(y) =-(Hx_inc(y) - Hx_inc(y-1))/dy;
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for x = 2 : Nx
CHz(x,y) = (Hy(x,y) - Hy(x-1,y))/dx - (Hx(X,y) -
Hx(X,y-1))/dy;
end
end
%Correction for CHz on the TF/SF boundary described in
Eq.(3.68,3.70,3.72,3.74).
CHz(x_src,y src) = CHz(x_src,y_src) + Hx_ inc(y_src)/dy;
CHz(x_src,P_incD+1) = CHz(x_src,P_incD+1) - Hx_inc(P_incD)/dy;
%Temporal approximations to update Ez using update equations in
Eq.(3.58)
ERzz 1=ERzz 1/2+ERzz/2;
SGzz 1=SGzz_ 1/2+SGzz/2;
Ez = (ERzz_1/dt-SGzz_1/e0-mEz1).*Ez + c0.*CHz - mEz2.*SumEz;
Ez = Ez./(ERzz1/dt+SGzz_1/e0+mEzl);
Ez inc = (ERzz_1(P_incL,:)./dt-SGzz_1(P_incL,:)/e0-
mEz1(P_incL,:)).*Ez_inc + c0.*CHz_inc-mEz2(P_incL,:).*SumEz_inc;
Ez_inc =
Ez_inc./(ERzz1(P_incL, :)/dt+SGzz_1(P_incL, :)/e0+mEz1(P_incL,:));
end

3. Oscillation Function
This section presents the implementation of the oscillation function described in Section

4.2 and 4.3.

%The function receives the parameters Nx Ny which is the size of the grid,
timestep T, oscillation period p, radius r, oscillation displacement d,
the center position of device (x0,y0), relative permittivity of
surrounding media erl, relative permittivity of the device er2 and the
conductivity of the device sg. Then output the permittivity and
conductivity matrices of the device ERzz and SGzz at given timestep. A
third matrix OBJ which correspond to O0(t) in Eq-(4.7-4.11) is also
returned to the main program, but it is only used for visualization
purpose. a and b correspond to the major and minor axis of the ellipse,d_ab
correspond to Ad in ellipse formulations and dp correspond to p/4d,,., In
our transitional layer formulation.

function [ERzz,0BJ,SGzz]=Oscillation(Nx,Ny,T,p,r,d,x0,y0,erl,er2,sg)

[v.x] = meshgrid(1:Ny,1:Nx);

a=r+d;

b=r-d;

d_ab=d/p*4;

dp=p/4/d;

i1=mod(T,p);

if i<p/4
J=mod(T,p/4);
0BJ = sqrt(((x-x0).7"2/(r+d_ab*j)"2) + ((y-y0)."2/(r-
d_ab*j)"2))<1;
OBJ_1 = sqrt(((x-x0).72/(r+d_ab*j+1)"2) + ((y-y0)."2/(r-
d_ab*j-1)"2))<1;

elseif i<p/2
J=mod(T,p/4);



end

OBJ = sqrt(((x-x0).72/(a-d_ab*j)"2) + ((y-

y0) .~2/(b+d_ab*j)"2))<=1;

0BJ_1 = sgrt(((x-x0).72/(a-d_ab*j-1)"2) + ((y-
y0) .~2/(b+d_ab*j+1)"2))<1;

elseif i<3*p/4

J=mod(T,p/4);

OBJ = sqrt(((x-x0)."2/(r-d_ab*j)"2) + ((y-

y0) ."2/(r+d_ab*j)"2))<1;

OBJ 1 = sgrt(((x-x0)."2/(r-d_ab*j-1)"2) + ((y-
y0) .~2/(r+d_ab*j+1)"2))<1;

else
J=mod(T,p/4);
OBJ = sgrt(((x-x0).72/(b+d_ab*j)"2) + ((y-y0)."2/(a-
d_ab*j)"2))<1;
OBJ_1 = sqrt(((x-x0) .72/ (b+d_ab*j+1)"2) + ((y-y0)."2/(a-
d_ab*j-1)"2))<1;

end

OBJ =1.*0BJ;

OBJ_1=1.*0BJ_1;

SGzz = OBJ.*sg;

ERzz = (er2-erl).*OBJ+erl;
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