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1. Introduction

Let R; be an arbitrary ring and R, be a prime ring of characteristic
not 2. A classical result of Herstein states that every surjective Jordan ho-
momorphism ¢ : Ry — Ry (that is, a surjective additive map satisfying
¢(x?) = ¢(z)?* for every @ € Ry) is either a homomorphism or an antihomo-
surjective additive maps preserving n'* powers. Following Herstein we call
such maps n-Jordan maps. Herstein showed that an n-Jordan map ¢ from a
unital ring Ry onto a prime ring R, whose characteristic is 0 or larger than
n is of the form ¢(x) = F6(z) where 6 is a homomorphism or an antihomo-

morphism and f is an (n — 1)-st root of unity lying in the center of Ry (see

1



[4, Theorem K] or [5, Theorem 3.2]). The proof is rather short and rests
heavily on the presence of a unit element (see its outline below). In fact, the
unit element appears implicitly even in the conclusion of the theorem. The
goal of this paper is to extend this theorem to non-unital rings and thereby
confirm Herstein’s conjecture [4, p. 341].

Let us fix the notation. Throughout, R; and R, will be rings with centers
Zy and Zj, respectively. We assume that R, is prime. By C3 we denote the
extended centroid of Ry, and by F, we denote the field of fractions of Z,.
Of course, Z5 C F, C Cy. By ¢ we denote an n-Jordan map of Ry onto R,

where n > 3. Thus, ¢ i1s an additive map satisfying

Bla") = 9()"

for every x € R;. We also assume that the characteristic of Ry is 0 or larger
than 2m(m + 1) with m = 4n — 8. This, of course, is a technical assumption
caused by our techniques, which could almost certainly be improved if not
removed.

In particular, since the characteristic of Ry is 0 or larger than n, a lin-

earization of ¢(z™) = ¢(z)" gives
Y b () Tamy) = D ¢ (2e@) P (Ta(m)
TFESn WESn
for all @1, --,z, € Ry. Setting
{ulv T 7“11} — Z Ur(1) """ Un(n)
7r€5n
we thus have

gb({‘vlv o a‘rn}) = {¢)(‘11)7 o 'aql)(l’.ﬂ,)} .

Let us sketch Herstein’s proof in the unital case. Assume that R; contains
1, set @ = ¢(1) and note that a™ = o. Letting z; =z, 29 = - =a, =1
in the relation above one obtains easily that o € Z3, and hence a is an

(n — 1)-st root of unity. But then, letting

T =T, Ty =Y, Tg = =Ty =1



one arrives at ¢(zy + yz) = a2 (f(z)d(y) + #(y)é(z)), which means that
the map 6(z) = @™ ?¢(z) is a Jordan homomorphism of R; onto R;. But
then 6 is a homomorphism or an antihomomorphism.

There does not seem to be a natural way of using this method in the
non-unital case. However, if R, has a nontrivial center something similar
can be done. In fact, Killam [6, Theorem| has previously verified Herstein’s
conjecture in this situation. In Section 2 we present an alternate solution in
a special case of this situation. Namely, we show that if ¢ is bijective, Ry is
prime and Z; # {0} and Z; # {0}, then ¢ has the form ¢(z) = $6(z) where
6 i1s a homomorphism or an antihomomorphism of R; into Ry F, and 8 € F
satisfies A"~1 = 1 (Theorem 2.2).

In Section 3 we show that ¢ must be of the same form (however, with
C, playing the role of F,) also in the case when ¢ is bijective and Ry is
not a PI ring (Theorem 3.10). The proof of this theorem depends on a
characterization of commuting traces of biadditive maps [3].

Using the results of Sections 2 and 3 we can conclude that ¢ has the form
as in Theorem 3.10 whenever R; is prime and ¢ is bijective. Namely, by
this theorem we may assume that R, is a PI ring. But then Z; # {0} [8,
Theorem 2|. We claim that then Z; is nontrivial, too. If R; is a PI ring, this
is true for the same reason. If R; is not a PI ring, then Theorem 3.10 can
be applied to the map ¢~ : Ry — R;. Thus, ¢~ 1(z) = yi(x) where 7 lies
in C1, the extended centroid of Ry, and v : R, — R;C} is a homomorphism
or an antihomomorphism. But then it follows at once that ¢~1(Z,;) C Z;,
showing that Z; # {0}.

It remains, therefore, to treat the case when the kernel of ¢ is nontrivial.
This is done in Section 4. We introduce the concept an n-ideal of a ring
(this extends the concept of a Jordan ideal) and show that under rather mild
assumptions any nonzero n-ideal contains a nonzero ideal (Theorem 4.7).
Applying this we prove that the kernel of ¢ is a prime ideal of R; (Theorem
4.9). This makes it possible for us to obtain a definitive result about the
form of ¢. Namely, ¢ induces a bijective n-Jordan map ¢ of the prime ring

R; /K, where K is the kernel of ¢, onto the prime ring Ry. Thus, there is
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g € Cy and a homomorphism or an antihomomorphism g - Ri/K — RyCy

such that
Bt =1 and ¢(z) = B4(z) for all z € Ry /K.

Letting v : Ry — Ry /K denote the natural homomorphism of R; onto Ry /K,
we then have

¢(z) = dv(z) = B(Av)(z) forall z € R;.

Noting that § = v is a homomorphism or an antihomomorphism of Ry into
R,Cy we have ¢(x) = f6(z), z € R;.
Thus, Theorem 2.2, Theorem 3.10, and Theorem 4.9 together result in

the following theorem, which is the main object of this paper.

Main Theorem. Let n > 3 and let ¢ be an n-Jordan map of Ry onto
Ry, where Ry s an arbitrary ring and Ry 1s a prime ring of characteristic
0 or larger than 2m(m + 1) with m = 4n — 8. Then there emists € Co,
the eztended centroid of Ry, such that ™! = 1 and a homomorphism or an

antihomomorphism 6 : Ry — RyCy such that ¢(z) = fO(z), = € R;.

2. The Case with Nontrivial Centers

Throughout this section we assume, in addition to the general assump-

tions made in Section 1, that R; is also a prime ring and that ¢ is a bijection.
Lemma 2.1. If Zy # 0, then ¢(Z1) C Z,.
Proof. Pick ¢ € Z;. We have
{C$17 Lo, In} - {$17 CTo, T3, -, :Un}

and so



for all z; € Ry. We may choose ¢(z3) =--- = ¢(z,) to be a nonzero element

co in Z5. Therefore we have

n!
= cg 72 p(cz1)p(z2) + d(z2)p(cz1)
L (2.1)

— §(a1)(czz) — $(ca2)(a1)) =0.
Since char. Ry, > n and ¢y # 0 we conclude from (2.1) that
$(cz1)¢(z2) + ¢(z2)d(cz1) — $(71)d(cms) — $(cz2)d(e1) = 0. (2.2)

Setting u = ¢(z1), y = ¢(z2) (whence ¢(cz1) = ¢ (cp™ () and §(cz,) =
o (cqﬁ"l(y)) we may rewrite (2.2) as

¢ (™ (w) y +yé (67 (w) —ud (cd™(y) — b (e (¥))u=0. (2.3)

Without loss of generality we may assume that Ry is noncommutative. In
view of (2.3) the map f : Ry — R, given by f(u) = ¢ (c¢™(u)) satisfies
the conditions of [1, Corollary 4.10], and so there exists A(¢) € C; such that
¢ (ep1(u)) = A(c)u, u € Rs. In other words (setting z = ¢~ *(u))

d(cz) = A(c) é(z) xz € Ry. (2.4)
We shall show that a = ¢(¢) € Z,. We have

n! ¢(cn~—1x) = ¢{C, TG .’E} = {CL, RRCE ¢(.’E)}

2.5
=(n—1)! (a" " ¢(z) +a" 24(z)a+ -+ ¢(z)a™ ). (%)
On the other hand from (2.4) we have
ng(c"'z) =nMc")d(z). (2.6)
Comparing (2.5) and (2.6) we obtain
a" Tty +a"Pyat - tya" T =py  pely, (2.7)
where g = n A(c®™!). In particular
na®" = pa, e, a"= %a. (2.8)

5



Multiplying (2.7) first on the left and then from the right by a we get (using

(2.8))

pay = a™y +a" ya+ - + aya™ "t

= -Say +a" lya+--- +aya™?

2.
o n—1 . n—1 n ( 9)
pya=a" “ya+---+aya + ya

Ti—

1 PO 1 'LL
=a" ‘ya+---+ aya” l—l—;ya.

Comparing both relations in (2.9) we conclude that

(n;1> pla,yl =0

for all y € R;. Thus a € Z3 unless o = 0. But if g = 0 then from (2.8) we
see that a™ = 0. In this case ¢(¢™) = 0 which implies that ¢® = 0 and in turn
that ¢ = 0 and hence a = 0 € Z,. We have thereby proved that ¢(Z;) C Z,.

Theorem 2.2. Let ¢ be an n-Jordan isomorphism (n > 3) of Ry onto
Ry, where Ry, Ry are prime rings with Zy # 0, Zy # 0, and char. Ry > n.
Then there ezists B € Fy such that f*~' = 1 and o« homomorphism or
antihomomorphism 6 : Ry — RyCy such that ¢(z) = B6(z), z € R;.

Proof. Let ¢ € Z; and z € R;. By Lemma 2.1 we then have
n! ¢(Cn~1w) = ¢{C, TGy III} = {¢(C)’ Ty ¢(C), QS(J})}

= nl §(c)" " ¢()

(2.10)
nl¢(c"?2?) = ¢{c,- -, ¢c,3,2} = {¢(c)," -, #(c), ¢(z), ¢(z)}
=nl¢(c)"2¢(z)?.
Thus

$(c"tz) = ¢(c)" "t é(z) .

c€ Z1, = € Ry. (2.11)

#(c™2?) = g{e)"2o(2)?
Now fix 0 # ¢ € Z;. Then from (2.11) we have »
é (C(n-—l)(n—2)z2> —¢ ((cn—Q)n—1x2) = ¢(c" )" g(2?)

(2.12)

é (C(n—l)(n——2)$2) = ¢ (") 222) = ¢(c")""2g(z)?.
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From (2.12) we see that

$(z?) = ag(z)?, 0#a=¢( )2 [g(c" )" € B

It follows at once that the map 6 : Ry — Ry F; given by 0(z) = aé(z) is a
Jordan homomorphism whose image is aR5. It is then clear from the proof of
Herstein’s theorem [5, Theorem 3.1] that we may conclude that 8 is either a
homomorphism or an antihomomorphism (for details the reader may consult
Killam’s paper [6, Lemma 10]). Thus ¢(z) = B6(z), 8 = o~ € F,. Since
R, is prime we may choose ¢ € R; such that ¢(z)™ # 0. Now from

¢(z") = B6(z") = pb()" = ¢(z)" = " 6(<)"

we conclude that ™! = 1 and the proof is complete. [

3. The Non-PI Case

We begin this section by establishing some general results of a combi-
natorial nature for an arbitrary ring R which involve the n-ary composition
{z1,22,---,T,}. These will appear as Lemmas 3.1-3.5 and will be instru-

mental in the proof of Lemma 3.6.
Lemma 3.1.

{z7‘r7"')z7y}:(n_1)! Z mPqu’ x,yER
ptg=n-—1

Lemma 3.2.

{IE,(E,"',CE,Z,’U)} =

(n—2)! Z (z'zzlwa® + zFwal z2t) r,z,w € R.
it k=n—2

Proof. Fix an 1,7,k position (schematically — z — w —;—) For each
i j

such there is a reverse position — v — =z —). In each of the above
J 1



positions there are exactly (n — 2)! arrangements of the z’s, and the lemma

is thereby proved. §
Lemma 3.3.

{u,---,u,v, {uv"'7u7r}}:

(n—1!(n—-2)! Z (wvud PPrytF uk+pruq+jvui) u,v, 7 € R.

itj+k=n—2

Ptrg=n-—1
Proof. Setting w = {u,---,u,r} and using Lemma 3.2 we have
{u,~--,u,v,{u,---,u,r}} = {U,"',U,’U,’UJ}

= (n —2)! Z (wvul wu* + vFwulvu?)
it jtk=n—2

which in turn equals (applying Lemma 3.1 to w)

(n—1)!(n —2)! Z (uoud TPrudtF 4y FHPrytiyyt)

i+jt+k=n—2
ptg=n—1

{u,---,u,{u,---,u,v,r}}=

(n—1)(n—2)! Z (WPt vl rufte 4 P HRpydpyitl)

it jbh=n—2
ptg=n—1
u,v, T € R.
Proof. Setting w = {u,---,u,v,r} and using Lemma 3.1 we have
{ua”'vua{uv"'auav7r}} = {'U,,"',’U,,’LU} = (n_ 1)' Z uf wul

pHg=n—1

(n—1l(n —2)! Z w? (uoulru® + uFrufvut) ul
i+j+k=n—1
ptg=n—2
=(n—1l(n—2)! Z (up+ivujruk+q + up+krujvui+q) .

i jhk=n—1
ptg=n-2



Lemma 3.5.
{a:,---,a:,:cz,{x,---,:c,y}}
:{1"7"'7:6,{1:,"'7177‘7:2)?!}} Z,yER.
Proof. The result follows immediately by replacing u by z, v by z?2, and
r by y in Lemmas 3.3 and 3.4. [

For the remainder of this section we shall assume that ¢ is an n-Jordan
isomorphism (n > 3) of R; onto Rz, where R;, R, are prime rings,
char. R, = 0 or is larger than 2m(m + 1), m = 4n — 8, and R, is not
PI.

Lemma 3.6. If z € Ry is such that ¢(z) is not algebraic over Cy of
degree < m, then [¢($2),¢(x)] € Zy.

Proof. Let z,y € R; and set u = é(z), v = ¢(z?), r = ¢(y). Applying ¢

to Lemma 3.5 we have

{u,---,u,v,{u,---,u,r}}={u,---,u,{u,---,u,v,r}}.

Now, by subtracting the result of Lemma 3.4 from that of Lemma 3.3, we

see that
(n—1){(n —2)! Z (w'[o, uP) u? ruf* e 4 uFFPrudul, ofu’) =0,

that is (in view of [7, Theorem 5]),

Z (ui[v,u‘”]u" Q@ uFt? 4 u*tP Uj[qu]“i) =0. (3.1)
i+j+k=n—2 “ “
pHg=n—1

We may assume that k+ ¢ < 2n — 3 since otherwise we would have k = n—2,
g =n — 1 whence p = 0. Likewise we may assume that k¥ +p < 2n — 3. By
assumption 1,u,u?, -+, u?™* are Cs-independent. We claim that the left-
hand “coefficient” of the term () ® u?™™* in (3.1) is just [v,u]. Indeed,
from k 4+ ¢ = 2n — 4 we see that either k=n—3andg=n—-lork=n—-2
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and g =n—2. But k =n—-3,¢=n—1 forces p = 0. Hence we are left
with £k =n — 2, ¢ = n — 2 which forces 7 = 7 = 0 and p = 1, and the claim
is established. From properties of the tensor product we may then conclude

that [v,u] lies in the Cs-span of 1,u,---,u?""* and we write
[v,u] = Xo + Aru + -+ + Agp_gu?™ ™ Ai € Cs. (3.2)
In particular [v,u] commutes with u, with the result that
[v,uP] = puP~ v, u].
Setting k 4+ ¢ = 2n — 3 — £ we have
L=2n—-3—-k—gq=Mn-2-k)+(n—q)=(C+Jj)+p.

We now write (3.1) as

2n—3
Z zout o, u] @ u?™ 374 4 Zukﬂ’ ® u[ul,v]u =0 (3.3)
£=1

where z; is a suitable element in the prime field of C. At this point we are
only interested in determining z; when £ = 2n — 3. In this case we have
p=n—landi+j=n-2,7=0,1,---,n — 2 and so we conclude that

Zon—3 = (n — 1)2. From tensor product considerations it follows that
(n—1)2u®""*[v,u] € sp {1, u, -, utm Y

whence

w4, u] € sp {1,u,- -, u*" 7} (3.4)

since char. R > n — 1. Multiplication of (3.2) by u?"™* yields
w2 o u] = Aout T4 w4 A TR (3.5)
Comparing (3.4) and (3.5) we have

AOUZn—4‘+‘A1u2n—3_%_..+.A2n_4u4n—8 c ﬂp{l,u,---,u2"_4}.
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Since u is not algebraic of degree < 4n — 8 it follows that
A1 :/\2:"':)‘271.—4:0,

whence
[¢(2*), $(2)] = [v,u]l = Xo € Z;
and the proof is complete. § |

Lemma 3.7. Let s € N such that s < m. Then for every u € Ry there
ezists v € Ry such that none of the elements r, r +u, v + 2u, r + 3u are

algebraic of degree < s over Cs.

Proof. Suppose the lemma is not true, i.e., for every r € R, at least one

of the elements r, r 4+ u, r + 2u, r 4+ 3u is algebraic of degree < s. Then R,
satisfies the GPI

3
H Sst1 (Zryr, or(z + ku) yz, -+, zx(z + ku)’yx) = 0.
k=0

Here u is fixed, the variables z, =, v, £ = 0,1,2,3 are free, and S,

denotes the standard identity in s 4+ 1 variables. Rewriting this polynomial
2s(s+1)
as ., Tj, where each T; is homogeneous in z of degree 7, we see (using the
1=0

assumption that char. R > 2m(m+1) that R, satisfies each T;. In particular

R, satisfies The(g41) which is a PI, a contradiction to our assumption that

R, is not PI.

Lemma 3.8.

[¢($2),¢($)] € Zy for all z € R;.

Proof. Pick any ¢ € R;. By Lemma 3.7 (with s = m) there exists
r = ¢(y) € Ry such that for each £k =0,1,2,3, r + ké(z) = ¢é(y + kz) is not

algebraic of degree < m = 4n — 8. Therefore by Lemma 3.6 we have

[¢ ((y+k2)?), d(y+ka)] € Z2, k=0,1,2,3. (3.6)
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Writing (3.6) in the form ag + ka; + k%az + k3a3 € Z; it follows easily that
a; =0,1=0,1,2,3. In particular a3 = [¢(z?), ¢(z)] € Z,.

Lemma 3.9. There exist A € Cy and maps o, : Ry — Cs, a additive,
such that

#(z?) = A é(z)? + a(z) ¢(z) + B(z) for all z € Ry.

Proof. By Lemma 3.8 we have [¢(z?), ¢(z)] € Z3, ¢ € Ry, which may

be rewritten as

[‘15 ((¢m1(’!/))2) ) y] € Z, for all y € R,.

By [2, Theorem 2] we get [¢ (71(y)?), y] =0for all y € R,. Since Ry does
not satisfy the standard identity S, we may then invoke [3, Theorem 1] to

conclude that there exist A € C; and maps u,v : Ry — Cs, p additive, such
that

$ (67 (W)") =2 +uWy +1(¥),  y€Rs
In other words ¢(z?) = A ¢(z)? + p(¢(z)) ¢(z) + v (é(z)) for all z € R;.
With o = p¢ and f = ¢ the proof is complete. §

Theorem 3.10. Let ¢ be an n-Jordan isomorphism (n > 3) of Ry onto
R,, where Ry, Ry are prime rings, char. Ry = 0 or i3 larger than 2m(m+1),
m = 4n — 8, and Ry is not P1. Then there exists § € Cy such that f7*1 =1

and a homomorphism or antthomormorphism 6 : Ry — RyCy such that

#(z) = B0(z), =z € R;.

Proof. We have ¢(z%) = A¢(2)? + az) ¢(z) + B(z), with X, a, 8 as
according to Lemma 3.9. We first claim that A # 0. Suppose A = 0, z.e.
¢(z?) = a(z)d(z) + B(z). Linearizing, we then have

$lzy +yz) — az)d(y) —aly)d(z) €C2, =,y €

We make the subclaim that ¢(z*) lies in sp {#(z), 1} for every k£ > 1. For
k = 2 this is certainly true. Now suppose it is true for k. As

2¢(z"*1) — a(2)é(z") — a(c*)¢(x)
= ¢(z*z + 2z*) — a(z)¢(z*) — a(z*)¢(z) € Cs,
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it follows that ¢(z*+1) € sp {¢(z), 1}. The subclaim is thereby established.
In particular ¢(z)"* = ¢(z™) € sp{¢(z), 1} for all z € R;. As ¢(z) is an
arbitrary element of R, this implies that R, is PI, contrary to assumption,

and therefore our claim is verified.

We now define 6 : Ry — R3C5 + C; by the rule

6(x) = A d(z) + “—(z””l 2 € Ry. (3.7)

Clearly 0 is additive and it is straightforward to verify that
e(z) = 6(z?) — 6(z)?
lies in C3. Linearizing, we then have
0(zy +yz) — 0(z)8(y) — 0(y)d(z) € C2, =,y € Ru.
In particular, 20(z®) — 0(z)60(2?) — 6(z2)60(z) € Cy, i.e.,
20(z®) — 0(z) (6(z)? + e(z)) — (8(z)® + e(z)) O(z) € Cs, i.e.,
6(3:)6(13) S Cg, z € R;.

Thus for each ¢ € R; either ¢(z) = 0 or 8(z) € Ca. We claim that either
e(z) = 0 for all £ € Ry or 6(z) € C, for all z € Ry. If not there exist
z,y € Ry such that e(z) # 0, 8(z) € Cy and €(y) = 0, 0(y) ¢ Cy. From
the definition of € and the additivity of 8 it is straightforward to show that
e(z+y)+e(z—y) = 2e(z)+2¢e(y) = 2¢(x) # 0. Therefore either e(z+y) # 0 or
e(z —y) # 0. On the other hand 8(z +y) = 6(z) £ 6(y) ¢ C2, a contradiction
is reached, and our claim is established. If 6(z) € C, for all z € Ry it
follows from (3.7) that ¢(z) € C; for all z € R;. Thus R, is commutative, in
contradiction to Ry being not PI, and so we must conclude that e(z) = 0 for

all z € Ry, t.e., 0 is a Jordan homomorphism. In particular 8(z") = §(z)"
for all z € R;. Therefore

roay + 28 2y gemy 4 22D
= 4" = (262) + 22) (55)
e D e . ST
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Since Ry is not a PI ring it contains elements that are not algebraic of degree
< n. It follows from (3.8) that A™ = A and accordingly, since A # 0, that
A1 =1. Also (3.8) shows that for every z € R, either a(z) = 0 or ¢(z) is
algebraic of degree < n—1. Suppose that, for some z € R;, ¢(z) is algebraic
of degree < n—1. By Lemma 3.7 (with s = n—1) there exists r = ¢(y) € Ra
such that neither r nor r 4 ¢(z) is algebraic of degree < n — 1. Therefore
a(y) =0 and a(z +y) = 0. Since « is additive we see that a(z) = 0, and so
we have shown that a(z) = 0 for all z € R;. Thus we have §(z) = A ¢(z),
A""1 =1, where 9 is a Jordan homomorphism of R; into R,C, whose image
is AR;. As we have noted earlier (in the proof of Theorem 2.2) this suffices
to conclude (in view of [6, Lemma 10]) that 6 is either a homomorphism or
an antihomomorphism. Setting f = A™! we have "' = 1, ¢(z) = 6(z),
z € R; and the proof is complete. [

4. n-Rings and the General Case

The results of the preceding two sections (Theorem 2.2 and Theorem 3.10)
essentially yield the Main Theorem in the special case that ¢ is an n-Jordan
isomorphism from a prime ring R, onto a prime ring R;. In order to reduce
the general case (i.e., ¢ is an n-Jordan homomorphism of an arbitrary ring
R; onto a prime ring Ry) to the above special case, the key result needed is
that ker(¢) is a prime ideal of Ry (Theorem 4.9). This will therefore be our
goal in the present section and will in fact result as a corollary to a general
analysis of n-rings (which we hope may be of independent interest in its own
right).

We begin by defining an n-ring to be a set R with an addition z 4+ y and

an n-ary operation {z1,z3, -, Zy} such that
(i) R,+ is an abelian group,

(i1) {,---, } is symmetric, i.e.

{Zo,,Togy " Za, } = {T1,22, - ,2p} forall z; € R, 0 € S,.
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(iii) {,---, } is n-additive, i.e., for i =1,2,---,n

{z1, -+, zic1, ¥i+ 2, Tig1, . Ta}
= {121,' *t oy Li—1y Yiy Tig1," ,xn}
+ {mla"'7zi—17 24, mi—}-l)"'vzn}

for all z;,y;, 2 € R.
An additive subgroup U of R will be called an n-ideal if

{xh'"vxi—la u’$i+1,"'7mn} eU

for all z; € R, u € U. For us the important example of an n-ring is formed
by replacing the ordinary multiplication of an associative ring R by the

operation

{1:173327"'1371}: § : To1yTogy " s Toy,
oES,

the n-ary operation already used in Section 1. Clearly any ideal of R is an n-
ideal. A 2-ideal is just a Jordan ideal of R, and in this situation Herstein has
proved definitive results concerning the relationship between Jordan ideals
and ordinary ideals. Most of our efforts in this section will be to develop
an analogous theory relating n-ideals to ideals. For the following series of

lemmas (Lemmas 4.1-4.6) R will denote an arbitrary ring and U an n-ideal
of R.

Lemma 4.1. Forz € R,uc U

(n—1)! (zu ' fugu™ 2+ +u™1z) € UL

Proof. The conclusion follows immediately from the observation that for

each £k =0,1,---,n—1, uFzu""1~% appears exactly (n — 1)! times in

{x7u7"'7u}e U. l

Replacement of z by zu in Lemma 4.1 yields
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Lemma 4.2. Forz € R,ue U

(n—1)! (zu” +uzu™ ' + -+ " zu) € U.

Lemma 4.3. Forz € R,ueU

(n— !z, u"] € U.

Proof.
(n—1)[z,u"] = (n —1)! ([x,u]un_l
+ ufz, u]u "2 4 -+ u"’l[m,u]> eU
by Lemma 4.1 (with [z, u] playing the role of z). §

For n = 2 we recall the following result due to Herstein [5, Theorem 1.1].

Lemma 4.4. Forn=2,uecU

4Ru?R C U.

Proof. First we note that
2(zu’® — u’z) = 2([z, u]u + u[z,u]) € U.

Then from 2u? € U we have 2(zu? + u?z) € U. Combining these remarks
we see that 4zu® € U. It follows that 4zu?y + y(4zu?) € U where z,y € R.
Thus 4zu?y € U and the proof is complete. J

Lemma 4.5. Forn>3,z€ R,ueU

nlzu® €U and nlu™z € U.

Proof. Since U is an n-ideal we see first of all that {z,u?,u,---,u} € U.

Expanding we write
n
Z k... n—k
aru-zTU e, ay € Z,
k=0
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and proceed to determine ai. For £k = 0 or £k = n it is easy to see that

ag = ap = (n—1)L. For k =1 (or k = n—1) we ask in how many ways does

uzu™"1 appear, and a counting argument shows this to be (n — 2)(n — 2)!

ways. For 1 < k < n—1 we consider u¥zu™"* and note that two cases arise:

(a) u® is the product of u?, u,---,u and u™ % is the product of u,u,---,u.
N—— N et

k-2 n—k
A counting argument shows that u* may be chosen in (Z:g)(k —1)! ways

and for each of these ways u™* may be chosen in (n — k)! ways. The

total number of ways is therefore (3~2)(k — 1)!(n — k)! = (n — 2)i(k — 1).

(b) uF is the product of u,u,---,u and u™~* is the product of u?,u,---,u. A
A ———
k
counting argument shows that u* may be chosen in (";2)16! ways and for

each of these ways u™~* may be chosen in (n — k — 1)! ways. The total

number of ways is therefore
(n;2>k!(n—k—l)!:(n—2)!(n—k—1).
Adding the results of (a) and (b) we see that
(=2 k-1 +(n-2)(n—k—-1)=(n—2)(n—2).
Putting the preceding calculations together we have
{z,v®,u,--,u} = (n — D(zu" + upz) + (n — 2)(n — 2)!
e —r
n=—2 (4.1)
S(uzu™ e u ) € UL
Rearrangement of (4.1) yields

(n—Dlzu” +[(n—1)! —(n —2)(n — 2)N]u"z
(4.2)
+(n—=2)(n—-2)! [u"z +u" tou+ - +uzu] €U
Making use of (n — 1)! — (n — 2)(n — 2)! = (n — 2)! and multiplying (4.2)
by n — 1 we see that
(n—=1(n-zu"+(n—-Du"z+ (n—2)(n —1)!
(4.3)
Jutz 4 Fuzu e U
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whence by Lemma, 4.2

(n—1)(n—-zu +(n—1u"z € U. (4.4)

By Lemma 4.3 we have
(n—Dlzu™ —(n—1)lu"z € U. (4.5)
Addition of (4.4) and (4.5) gives us
nlzu™ € U. (4.6)

By symmetry n!u™z € U and the proof is complete. [

Lemma 4.6. Forn>3,ucU

(n):Ru™M"V RCU.

Proof. Let z,y € R, u € U. Since n!u™ € U we see that

n!{mu”,y,u",---,u"} eU. (4.7)
N e’

n—2
In the expansion of (4.7) we note by Lemma 4.5 that all summands ending

or beginning with u™ lie in U. Using a counting argument we conclude that

nl(n — 2)!zu™*~Yy € U. In particular (n!)?Ru*» VR CU. |

Our next result generalizes Herstein’s result (Lemma 4.4) and may be of

independent interest.

Theorem 4.7. Let n > 1 be given and let R be a semiprime ring of
characteristic > n(n —1). If U # 0 is an n-ideal of R then there ezists k,
1<k <n(n—1) such that 0 # (n))2Ru*R C U for some u € U (hence every

nonzero n-ideal of R contains a nonzero ideal of R).

Proof. We consider first the case when n = 2. By Lemma 4.4, 4Ru?R C U
for all u € U. Suppose 4Ru?R = 0 for all u € U. Thus Ru?R = 0 whence
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u? = 0 for all v € U. Linearizing, we have uv + vu = 0 for all u,» € U. In

particular

u(uz + zu) + (uz + zu)u = 2uzu = 0

for all u € U, z € R, a contradiction to the semiprimeness of R.
By Lemma 4.6 there is a least positive integer £ < n(n — 1) such that
(n!)2Ru*R C U for all u € U. Suppose (n!)2RufR = 0 for all u € U, and

hence Ru*R = 0 for all u € U. Since R is semiprime we conclude
uF =0 for all u € U. (4.8)
We note that k > 1 since U # 0. Linearization of (4.8) produces
{u1,uq,-+,ur} = 0 for all u; € U. (4.9)

In particular we see from (4.9) that

{ua"',u7 ’U} :Oa
N —’
k—1
where
_ k-2, k=1, . k-1
v={u, v* %z, u* 'z, u*z} (4.10)
ntZ

forallue U, z € R.

In any summand s of v the factor u can only appear either (i) at the end
of s or (ii) directly in front of the factor u*~%z.

In (i) the factor u*~2z must appear at the beginning of s (since otherwise
any summand in (4.10) involving s will be 0). Therefore the totality of
summands of v of the form (i) is (n — 2)!(u*~22)(u*~1z)"~2u. Consequently
the totality of summands of (4.10) involving summands of v of type (i) is

(k — D)i(n — 2) u(u*22)(u*1z) "2y ub 2

(4.11)
= (k — 1){(n — 2)(uFLz)r"1yr-1,

The totality of summands of v of type (ii) is clearly
(n—1)(n-— 2)!(uk_1:1:)"—1
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and consequently the totality of summands in (4.10) involving summands of

v of type (ii) is
(k — 1)}(n — 1)(n — 2)N(u*"tg)*"1ub-1, (4.12)

Adding the results of (4.11) and (4.12) we see that

0:{u7"'7u’ 'U}
(4.13)
= n(k — 1)!(n — 2)!(u*e)* " 1uF 1,

Since char. R > n(n — 1) we conclude from (4.13) that
(uF1z)" =0 forallu e U, z € R.

Thus u*~! R is a nil right ideal of bounded degree < n. Since R is semiprime
it follows that u*~! = 0 for all ¥ € U [5, Lemma 1.1]. But this is in

contradiction to the minimality of ¥ and so the proof is complete. |

We now define an n-ring R to be n-prime if for any n-ideals

Ul,UZ,"‘,Un, {U]_,U2,"‘,Un} =0 implies U,' =10

for some :. Accordingly, we define an n-ideal U to be an n-prime ideal of R

in case R/U is an n-prime ring,.

Lemma 4.8. If R i3 a prime ring of characteristic >n(n-1) then R 1s

n-prime.

Proof. Suppose to the contrary that {Uy, Us,--,U,} = 0 where 0 # U is
an n-ideal, 2 = 1,2,---,n. By Theorem 4.7 each U; contains an ideal J; # 0.
Setting J = (n] J; we have {J,J,---,J} = 0 where J # 0. In particular
nlz™ = {:c,:c,zzl,:c} = ( for all z € J, whence z" = 0 for all z € J. Thus J

is nil of bounded degree n, a contradiction to the semiprimeness of R. [

We are now ready to apply the results of this section to n-Jordan maps.

Clearly any n-Jordan map preserves the n-ary product {z1,z2, -+, Z,}.
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Theorem 4.9. Let ¢ be an n-Jordan map of Ry onto Ry, where Ry 15
an arbitrary ring and Ry 1s a prime ring of characteristic > n(n —1). Then

ker(¢) is a prime ideal of R;.

Proof. We set K = ker(¢) and let S be the set of all ideals of R; contained
in K. § is nonempty since {0} € §. By Zorn’s Lemma S has a maximal
member J. We note that if J' is also a maximal member of S then J-+J' C K,
which shows that J = J' 1s unique.

We claim first that J is a semiprime ideal. If not suppose U is an ideal of
R, properly containing J and such that U* C J. We know by the maximality
of J that U K. Then

{U,URy,---,R{}CU*CJCK. (4.14)

But the n-ring R/K is n-isomorphic to the n-ring Ry. By Lemma 4.8 R,
is an n-prime ring, and hence K is an n-prime ideal of R. From (4.14) we
obtain the contradiction that U C K, and so we must conclude that J is a
semiprime ideal of R;.

We next claim that J is in fact a prime ideal of Ry. If not, suppose U,V
are i1deals of Rjproperly containing J and such that UV C J. Again we
note by the maximality of J that U € K and V € K. We also remark that
VU C J since (VU)?* C J and J is a semiprime ideal of Ry. Thus

{lfvvvlea”'aRl} QCTV+VUQ JQK,

a contradiction since K is an n-prime ideal. Therefore J is a prime ideal of
R;.

We are now in the situation where R;/J is a prime ring and K/J is an
n-ideal of R;/J with the property that K/J contains no nonzero ideals of
R;/J. We claim that char. R;/J > n(n — 1). Suppose to the contrary that
mz € J for some 0 < m < n(n—1) and 2 € J. Since J C K we have
mz € K and so z € K since R;/K is n-isomorphic to R, and hence of

characteristic > n(n —1). Thus the set I, = {r € Ry | mr € J} is an ideal of

contained in K, and we have a contradicti ince I, properly contair
R t 1 in K, and we have a contradiction since [, properly contains
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J. Therefore char. Ry/J > n(n—1). The conditions of Theorem 4.7 (applied
to the semiprime ring R;/.J) are now satisfled and so we may conclude that
if K/J # 0 then K/J contains a nonzero ideal of R;/J. In other words,
there is an ideal of Ry properly containing J and which is contained in K,
a contradiction to the maximality of J. We must therefore conclude that

K/J=0,1e K =Jisaprime ideal of Ry. }

With three key results now in place (Theorem 2.2, Theorem 3.10, and
Theorem 4.9) we now refer the reader back to Section 1 for the proof of the

Main Theorem.
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