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Abstract—Quantum walks (QWs) are the quantum analogue to classical ran-
dom walks. I provide background and motivation for quantum walk algorithms and
their applications. I present new visualizations for one-, two-, and three-dimensional
quantum walks and explain how the visualizations can help teach quantum concepts
such as superposition and interference. I contribute the Quantum Walk Visualization
(QWalkVis) application for visualizing quantum walks. Users can select the dimen-
sions, number of states, and number of steps in the walk, and generate probabilistic
plots on-the-fly. Users are able to view the probabilities for each step of the walk
one by one. QWalkVis aims to aid students in learning about quantum walks and
foundational quantum concepts through interactive exploration. I present use cases of
QWalkVis for both education and research purposes. I also propose a new application
of quantum walks for creating noise distributions. Noise distributions are essential

for noise sampling used in differential privacy, and help keep query data private.
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Chapter 1
Introduction

Early on in my quantum computing journey, I came across quantum walks. Quantum
walks immediately captivated my attention as they possess the quintessential parts of
quantum theory in a single, relatively simple algorithm. Briefly summarized, quantum
walks feature a walker moving around a given structure, for example walking along a
line or a grid. The walker is also equipped with a coin that dictates the direction the
walker will move when taking their next step. For example, a walker on a horizontal
line will flip a two-sided coin to determine whether to take a step right or left. The
walker continues to flip the coin and take a step iteratively until some stopping criteria
are met.

Although that description may not initially sound all that exciting, what makes
quantum walks so interesting, is particularly the quantum behaviour of the walk.
For example, a quantum walk on a line allows for the coin to ‘land’ with both sides
facing up, and the walker then takes a step both left and right at the same time.
This phenomenon is called superposition and is one of the key concepts of quantum
physics. Quantum walks also demonstrate interference, another key concept which is
described in |[Chapter 2|

Additionally, quantum walks concisely illustrate the issue of measurement in quan-
tum computing. Namely, quantum systems are unobservable while an experiment is
being carried out upon them. Although quantum particles can exist in superposi-
tions of multiple states (e.g., a quantum walker can exist in two locations at the same
time), when observed the particle must ‘choose’ exactly one discrete state to be in
(e.g., the quantum walker must ‘choose’ only one of the two locations to be in). Such
a choice is in actuality not a choice at all, and which location the walker will be in

when observed is drawn from a probability distribution and ultimately truly random.



In terms of quantum walks, a quantum walker may take many steps and end up in
multiple positions, but upon measurement only one of those positions will be observed
with some probability. Thus, often when utilizing quantum walk algorithms, one aims
to increase the probability of measuring a desired position.

After my continued study of quantum walks, I believe quantum walk algorithms
are not only fascinating, but have the potential to make excellent educational material.
Quantum walks can allow one to introduce paramount quantum concepts such as
superposition, interference, and measurement in a concise algorithm. The concept of
a walker tossing a coin and taking steps in a position space is not only universally
simple to explain but also easy to visualize. As a result, the main goal for this
thesis was to create educational materials centered around quantum walks to aid
in the teaching of foundational quantum concepts. These materials are interactive,
require little prerequisites, and inspire potential students to pursue learning more
about quantum computing; essentially, the primary goal of these materials is to act
as a ‘foot in the door’ for learning about quantum.

To meet that goal, I created the Quantum Walks Visualization (QWalkVis) ap-
plication, which is the main contribution of this thesis. QWalkVis is a single page
website application that creates novel visualizations of quantum walks on-the-fly. It
allows the user to enter parameters for a quantum walk such as how many steps
the walker should take, and whether the walk should take place on a line, grid, or
cube. After entering the parameters, plots of the walker’s probability distribution are
made, and the user can examine the probability distributions at each step of the walk
(cf. Fig. [L.1)).

QWalkVis creates visualizations that are different from existing quantum walk
visualizations available on the internet. Other visualizers typically create a line graph
of the final probability distribution after all steps in the walk are taken [98] [§, 52,
83, [6]. Although it is possible to create such visualizations for each individual step
of the walk, it is difficult to create line graphs for two- or three-dimensional walks.
Comparatively, QWalkVis creates visualizations for one-, two-, and three-dimensional
walks. QWalkVis also creates visualizations that are ‘position-centric’; the structure
that the walker is moving on is drawn instead of only the charted probabilities. In
order to show the probabilities, each position is coloured according to a colourbar
(cf. Fig. [1.2)).

Because QWalkVis is a web application, users require no programming knowledge

to explore foundational quantum concepts. However, those who are interested in the
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Figure 1.1: The walker begins at a single position with 100% probability in (a). After
taking a step in all four directions, the walker is in four positions each with 25%
probability in (b). The colour bar maps the probabilities to a colour gradient.
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Figure 1.2: The colour of each position denotes the probability of the walker being at
that position upon measurement. The colour bar maps the probabilities to a colour
gradient.

programmatic implementation of quantum walks can view the code on GitHubl] or
the review pseudocode in [Chapter 3 The quantum walk algorithm implementation
presented in this thesis differs from the implementations found in literature, as dis-
cussed in [Chapter 3] Other implementations are usually hardware based and require
specialized equipment to recreate. Those that are not hardware based are quite com-
plex and not well suited to beginners of quantum computing. The implementation
offered in this thesis and used in QWalkVis is a new simplified and relatively generic

quantum walk algorithm that only requires a quantum universal gate set; that is, it

https://github.com/addie43110/qwalk-visualizations



is completely hardware agnostic.

QWalkVis can be used both as an educational tool or for researching quantum
walks. For those interested in teaching introductory level quantum computing using
quantum walks and QWalkVis, a sample lecture and educational suggestions are
provided in [Chapter 5]

Sometimes it is helpful to see applications of quantum walks for students to better
understand their functionality. A new application for quantum walks as a subroutine
is suggested in [Chapter 6 which advocates the use of quantum walks in differential
privacy. Not only can this application help increase privacy in datasets, but it also

serves as an example of the vast potential of quantum walks.

1.1 Thesis Outline

introduces terminology, background for quantum computing and quantum
walks, and quantum walk applications. discusses the design and implemen-
tation of quantum walks. describes existing quantum walk visualizations
and QWalkVis, with use cases for QWalkVis and additional educational material,

such as lecture slides and written notes, covered in [Chapter 5l |Chapter 6| gives an

example of using quantum walks for noise sampling in privacy settings. Because
quantum measurement is truly random, and randomness is imperative for privacy,
quantum algorithms can be used improve the privacy of datasets. outlines

conclusions, limitations, and future work.



Chapter 2

Background

2.1 Prerequisites

The following sections briefly detail necessary terminology for the remainder of this
thesis. The reader is assumed to have basic familiarity with linear algebra and graph

theory as described in computer science or discrete mathematics.

2.2 Kets, Superposition, and Interference

Classical (day-to-day) computers use binary digits, or bits, to store information, which
can take on the value of either 0 or 1. Quantum computers instead use quantum bits,
or qubits, which can be the states |0), |1), or any superposition of the two. The |0)
state is analogous to the 0 bit, while the |1) state is analogous to the 1 bit. The |
and ) symbols are a part of Bra-Ket notation (also called Dirac notation) [32], where

(] is called a bra and represents a row-vector, and |z) is called a ket and represents
1 0
a column-vector. Thus |0) and |1) are column vectors: |0) = [O] and [1) = [1 .

A superposition (cf. Fig. of the two refers to any linear combination of the |0)

and |1) basis states where the combination must also be of unit length. Thus, it is
a

50

Note that the choice of naming the quantum state ‘[))’ is an arbitrary albeit common

written as [¢)) = «|0) + B|1) with |a|? + |3]*> = 1. Written as a vector, [¢)) =

preference.
In a superposition, o and [ can take on any complex values and are referred to

as amplitudes. As a result, when manipulating multiple quantum states with the



(b) The frog splits itself into a super-
position of four frogs, which occupy
(a) A frog begins at a single lilypad. four lilypads.

Figure 2.1: A frog crosses a series of lilypads quantumly using superposition.

same basis, the ‘a’s and ‘#’s can be added or subtracted, resulting in what is called
constructive and destructive interference, respectively. A classic visual demonstration
of interference uses two waves travelling toward each other (cf. Fig. [2.2]). Another

visualization can be made with frogs sitting on adjacent lilypads (cf. Fig. [2.3]).

(ONSTeVCTIVE
IWTeRFERENCE —/ — T+t _ N\ = _/L

DESTRUCT(VE

+ =
INTERFERENCE — W T —

Figure 2.2: Constructive and destructive interference shown by two waves. In con-
structive interference, the amplitudes of each individual wave sum to create a larger
wave; in destructive interference, the amplitudes subtract out to eliminate all waves.

For example, consider |¢0) = a1|0)+51|1) and |p) = az|0)+52|1), with aq, as, 81, Be

0. Then [¢) + [¢) = (1 + a2)|0) + (B + B2)[1) = ;:gz

added, this is an example of constructive interference. If one was subtracted from the

. Since [¢) and |p) are

other, it would be an example of destructive interference.
The o and f values of a quantum state [¢)) give the amplitudes of the |0) and |1)
terms respectively. The square of these values (i.e., |a|? and |3|*) represent probabili-

ties. However, the values of o and  themselves cannot be extracted from a quantum



Figure 2.3: Constructive interference shown in the top two lines of frogs, where two
positive (+) frogs jump onto the same lilypad or two negative (-) frogs jump onto the
same lilypad. In there event of one positive and one negative frog jumping on the
same lilypad, they both fall off, showing destructive interference.

state. In order to extract information from a quantum state, one must perform mea-
surement, during which the superposition is collapsed and a bit is read out with
probability proportional to each amplitude squared. For example, when measuring
the qubit [¢) = £]0) + \/75]1% there is a (3)? = 0.25 or 25% chance to read the bit 0
and a (‘/73)2 = 0.75 or 75% chance to read the bit 1. In summary, the measuring of a
qubit gives a random result in accordance with the qubit’s probability distribution,
and a qubit must be measured in order to extract any information from it.
Multiple qubits states are constructed by applying the tensor product. For exam-
ple, constructing a two-qubit state from |¢1) = |0) and |g2) = |1) can be written as
lq1g2) = 10) ® [1). |0) ®]1) is further simplified in Dirac notation to |01). When using
an abstract number of qubits, the letter n is often chosen. For example, one might
refer to an ‘n-qubit circuit’ or ‘register with n qubits’. To represent n qubits of the
same state, the shorthand [¢)®" is often used, which means that there are n qubits

all in the state |¢)).



2.3 Quantum Gates

In order to manipulate quantum states, quantum gates (or unitaries) are used. Since
quantum states are vectors, it makes sense that quantum gates are matrices. In order
to preserve the unit length requirement of quantum state vectors, quantum gates
must be unitary matrices. Many quantum gates are also Hermitian matrices and
serve as their own conjugate transpose, meaning that applying such a gate twice in a
row results in no change to the state.

Basic gates include the Pauli gates (X, Y, and Z), the Hadamard gate (H), and
various controlled gates such as the controlled-NOT (C'X) and Toffoli gate. Table
below summarizes selected basic gates in matrix form; the Toffoli gate is not written

since its matrix is large.

Table 2.1: Common quantum gates

[Gate (U) | Matrix | 7o) U[) |
x ) ) 0
Y (Z.) _OZJ i|1) —i)0)
z 0 0) -
o5 L =500 +1) | =) = 500 - )

The controlled-NOT gate is a two-qubit gate and must be applied to two qubits.
One qubit is denoted the control and the other is the target. In this thesis, the control
can be assumed to be the leftmost qubit unless otherwise stated. When the control is
set to |1), an X gate (also called a NOT gate) is applied to the target. If the control
is set to |0), nothing is applied to the target.

Table 2.2: The controlled-NOT gate

| Gate (U) | Matrix [ U]00) | U[01) | U[10) | U[11) |

1 000
01 00

X 0 0 o 1l | ooy | jony |y | o)
0010

The Toffoli gate is a variant of the C X gate with multiple controls. All controls



must be set to |1) in order for the X gate to be applied to a single target. For
example, consider a four-qubit Toffoli gate applied to |¢1g2¢3q4) where ¢1, go, and g3
are controls and ¢y is the target qubit. If |¢1¢2¢3q4) = [1110), then applying the Toffoli
gate will result in ¢4 changing from |0) to |1), resulting in the final state |1111). If
|q1g293q4) = |1011), then applying the Toffoli gate will result in no change, since ¢ is
a control that is not set to |1).

Other controlled gates operate similarly. In most programming languages that
suppose quantum circuit construction, custom gates can be controlled as well. How-
ever, within all multi-controlled gates, the target qubit(s) cannot include any control
qubit(s).

2.4 Famous Quantum Algorithms

There are many quantum algorithms that are widely accepted, but only the ones
tangentially related to quantum walks are discussed here.

Grover’s search [39] is a quantum algorithm to search an unstructured search
space. Consider N distinct elements which are not sorted and in any random order.
One of those elements is the target. It would classically take O(N) time in the best
case to find the target element, since upon looking at each element one-by-one, the
target element could be the very last element you look at. Grover’s search achieves
a polynomial speedup from the classical algorithm by finding the target in O(v/N)
time. The Qiskit textbook offers more information on Grover’s search algorithm and
how it works [25].

The quantum phase estimation algorithm [56, 92] is another well-known subroutine
with many applications. Phase estimation is able to extract the phase of a quantum

state using the quantum fourier transform [26].

2.5 Additional Resources for Getting Started

There are many existing paper and online resources for self-learning quantum com-
puting. A popular textbook, Quantum Computation and Quantum Information by
Nielsen and Chuang [77], comprehensively covers quantum computation from linear-
algebraic notation to famous quantum algorithms. A popular online resource is the
Qiskit textbook [25], which teaches quantum concepts through the lens of program-

ming in Python. There exist many more resources such as Xanadu’s PennyLane
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learning pages [106] and Quantum Codebook [3], Google’s Cirq manual [30], and
IBM’s Quantum Composer tutorial [45]. Advice and resources for learning quantum
computing specifically at the university level can also be found [105, 40], as well as
courses and workshops aimed specifically for high school students [88, [11]. Books
for learning quantum computing include Quantum Computing for Everyone [16] and
Dancing with Qubits [96].

2.6 Oracles

The use of oracles has proven to be beneficial to many areas of classical research. For
example, an oracle for pattern matching called the factor oracle [4] has applications
from machine learning [13], to data compression [62], to genomics [5]. Oracles are also
used in software testing [80, 85 [95], complexity theory [17, [43], linear optimization
[68], and cryptography [20]. In the most generic case, an oracle is a black-box function
(i.e., its implementation and logic are unknown to the user) that returns a yes or no
answer when given some input. In practice, oracles are often used to identify if an
element is a desired element or target in a given search space. For example, consider
a domain of positive integers where only a subset, S, of integers are desired, with
S C Z*. One could ask an oracle ‘Is 6 one of the desired integers?’ and the oracle
would respond yes if 6 € S and no otherwise.

In that sense, the input to an oracle is an educated guess, and the output is the
correctness of the submitted guess. Thus, the oracle knows all answers to the problem
before one submits a guess. When sharing the concept of oracles with students, I
often encounter the following observation, ‘If I must program the oracle, and the
oracle already knows all the answers, then I must know all the answers already. Does
that not mean the problem must already be solved? Why are we trying to solve it
again?’

To some extent, this observation is true. If the goal is to implement the oracle,
then one must have a solution to the problem the oracle answers. However, oracles
are still of great use for two main reasons. Firstly, sometimes the goal is simply
to implement the oracle itself. Secondly, oracles are usually only a stepping stone
in a larger algorithm. In the first case, attempting to implement the oracle means
attempting to solve a problem whose solutions will help others. The second case nat-
urally inserts itself here; once one has access to the solution of a smaller problem, they

can build solutions to progressively larger problems. Often the smaller problem that
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the oracle deals with, while important, does not represent the goal of the algorithm
that employs the oracle. As a trivial example, consider an oracle which answers the
question ‘Is it raining?’. The answer of that oracle is essential when evaluating other
questions such as ‘Should I bring an umbrella with me?” or ‘What are the current
visibility conditions (for driving)?’.

It can be said that programmers use a variant of the oracle when writing condi-
tional branching. Consider the following pseudocode (cf. Fig. [2.4).

if (x > 10)
foo ()
else
bar ()

=W N =

Figure 2.4: Common conditional branching in programming can be viewed as a basic
oracle.

Here, we compare an integer variable x to see if it is larger than 10. If x > 10
is True, we execute function foo(). Otherwise, bar() will be executed. Here, the >
10 part of the condition can be viewed as a white-box oracle. We submit the input x
and receive an answer of either True or False.

This example illustrates a common use case of oracles where the user does not
know the exact value of the input. Perhaps it is important that the value of x stay
hidden for privacy or, more likely, it simply does not matter what x is as long as it is
larger than 10.

Another point this example highlights is the fact that oracles often do not compare
input against a list of predetermined answers, but rather check that the input meets
a set of criteria. A common fallacy is to think the oracle magically, instantaneously
knows all the correct answers. For example, a student learning about oracles might
think that an oracle that determines if an integer is prime or not must have access
to a list of all possible prime numbers. More likely, such an oracle would repeatedly
try to divide its input by other integers in order to determine if its input is prime. In
terms of the example in the pseudocode, the oracle does not have a list of all integers

larger than 10, but instead checks that x meets the criteria of being larger than 10.
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2.7 Classical Random Walks

As classical random walks provide much of the same structure and terminology used
by quantum walks, a brief introduction is included here to familiarize the reader with
concepts that will be built upon when discussing quantum walks.

Consider a walker on a connected graph G = (V, E'), where V is the set of vertices
and F is the set of edges. The walker initially stands at vertex v € V. With each
step, the walker may move to an adjacent vertex w (with edge {v,w} € E). If there
are m adjacent vertices to a vertex v, the walker rolls a fair m-sided die to determine
which vertex they will step to next. In this scenario, there is a probability of % that
the walker steps to any single adjacent vertex w.

The edges incident to v may have different weights. Let A be the adjacency matrix
of G where A;; represents the weight of edge {7, j}. In the event where certain edges

incident to v are weighted more than others, the probability that the walker steps

Avw

weV Avw

A key concept of random walks is the hitting time, which is the expected number

from v to w becomes p,, = =

of steps required to reach vertex j starting at vertex ¢. The hitting time can be

calculated through the recursive definition

L4+ pen Picheg i # ]
0 ifi=j
where N is the set of all neighbours of vertex ¢ and p;;, is the probability of walking
along edge {i, k} [107].

2.7.1 Applications of Random Walks

The PageRank [78] algorithm, designed for use on the World Wide Web, ranks web-
pages relative to each other. For example, a webpage receives a high ranking when
there exist many other webpages which contain links to it. Since webpages can be
represented using vertices and hyperlinks represented by directed edges, the prob-
lem domain can be modeled as a directed graph (called the webgraph). The rank of
each webpage corresponds to the probability distribution of a random walk on the
webgraph [107].

Random walks with reset can be used as a type of randomized search algorithm

wherein a random walk is carried out on a search space but with some probability
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r the walker may ‘reset’ (for example, to the initial position) at any step during the
walk. Randomized search algorithms often operate using two types of moves: short-
range and long-range [69]. The walker searches for the target during short-range
moves and jumps to relatively distant sections of the search space during long-range
moves after some predetermined time. The ‘reset’ can be seen as a long-range move
that is desirable when the walker has not found the target in their current area of the
search space. In this case it intuitively makes more sense for the walker to search a
different space than to continue taking short-range steps.

Random walk algorithms can also be used for image segmentation [36]. Given a
small number of predefined labels (seeds), the hitting times (or similarly, probabilities)
are calculated for a walker starting at any given pixel to reach each one of the initial
seeds. Segments are formed based on which seed has the shortest hitting time. The

walker is biased so that they will avoid sudden changes in intensity (i.e., borders).

2.8 Quantum Walks

There are two main types of quantum walks: continuous time quantum walks and
discrete time quantum walks [98]. The difference between the two lies in the ‘step’
operation. In discrete time quantum walks, the walker iteratively tosses a coin and
takes a step at specific (usually equal) time intervals. Continuous time quantum
walks use a Hamiltonion to instead ‘evolve’ the state over time (i.e., the walker may
apply the evolution Hamiltonion at any time). For the remainder of this report, any
mention of ‘quantum walks’ refers to discrete time quantum walks unless otherwise

specified.

2.9 Discrete Time Quantum Walks

Like classical random walks, quantum walks can be carried out on a graph G = (V, F).
More generally, however, they may be carried out on any Hilbert space H = HP @ HT,
where HP represents the direction space and H represents the position space. HP
is also commonly referred to as coin space (and denoted HC) as it represents the
walker tossing a coin to determine in which direction they will take their next step.
HP represents all possible positions or states the walker could be in and is analogous

to the set of vertices V' if the walker is walking on a graph.
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Like classical random walks, if standing at position ¢ the walker may cross an edge
e;; from position ¢ to position j with some weight w;;. Quantum walks also follow the
same methodology as classical random walks wherein the walker first tosses a coin
to determine direction and then takes a step at each iteration. The tossing of the
coin is represented by a coin operator, written as C, that acts on H?. For example,
consider we start with some arbitrary initial direction |0), where |0) represents the
direction left, and |1) represents right. The coin operator is then applied and yields,
for example, C'|0) = |1). This means that on the next step, the walker will move to
the right.

The shift operator, S, acts on H” and represents the walker taking a step. Contin-
uing the example from above, given that the outcome of the coin operator is |1), and
given an initial position of |000), S|000) = |001) (where position |001) lies directly to
the right of |000)).

The entire walk can therefore be written as a unitary operation U = S - C' where
C' denotes the coin operator and S denotes the shift operator (note that the coin
operator is applied first).

Quantum walks differ in that they can make use of quantum phenomena, namely
superposition and interference. Thus, the quantum walker may begin in any superpo-
sition of positions, the coin operator may return any superposition of directions, and
the walker may consequentially take a step in multiple directions. As a brief example,
consider the Hadamard coin, a coin that lands in a superposition of both ‘heads’ and
‘tails’ and can be implemented using the Hadamard gate. A walker on a line starting
at position |p) = |0) therefore takes a step to end up in the position %ﬂ—l) +(1)), a
result of having taken a step both left and right at the same time. Certain coins (such
as the Hadamard coin) introduce both positive and negative phases. These opposing
phases can destructively interfere with each other, creating unique and sometimes
unexpected interference patterns (cf. Fig. 4.1)).

In fact, choosing the coin operator is of great importance for a quantum walk
as it can significantly affect both the hitting time and interference pattern, leading
to different probabilities of reading specific positions at measurement. In a quantum
walk search algorithm defined by Ambainis et al. [0, [10], the time complexities of using
a ‘moving’ coin versus ‘flip-flop’ coin are compared [I0]. The moving coin S,, does
not change the direction at each step; if the coin landed on direction d in the previous
step, it will again land on d. The flip-flop coin Sy, ‘flip-flops’ between two directions:
left and right or up and down. Using S, results in a running time of Q(NV) for the
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walk search algorithm, given N positions arranged in a v/N by v/N torus. Using S £
on the same torus results in an O(v/Nlog N) time search algorithm. The S in S,
and Sy; represents the shift operator which is defined as S : |i) @ |z) — |7 (7)) ® |z),
where i € 1,...,d, 7 is a permutation of directions, and Z is connected to x by an edge
labelled i on z’s side [I0]. By this definition, the coin operator is equivalent to the

permutation 7.

Smt|=)®z,y) =|=) @z +1y) Stri =) @ |z, y) = [«) @ |z + 1,y)
<) ® |z, y) = [«) @[z —1Ly) <) @ |7,y) = =) @ |z —1,9)
M @z,y) =) @z,y+1) M @lz,y) =)@ z,y+1)
b @lr,y) =)@ z,y—1) D)@ z,y) =)@ z,y — 1)

Through the difference between running times using S, compared to Sy, it is
clear that selection of the coin operator can affect the efficiency of the walk. However,
there is also an advantage to using discrete time quantum walks (with a coin register)
instead of continuous time walks. Classically, continuous random walks correspond
to a relaxation on the requirement for steps to be taken at discrete intervals; the
walker instead waits for some time ¢ before taking the next step, with ¢ drawn from a
continuous distribution. Ambainis et al. show an example of an application of ‘spatial

search’ where a discrete time quantum walk outperforms a continuous time random
walk [10].

2.9.1 Literature Review on Quantum Walks

‘Spatial search’ is in fact a strong example of the quantum speedup that can poten-
tially be achieved through quantum walks [I5] [10} [64]. Spatial search, like Grover’s
search algorithm, aims to find a marked element from a number of unsorted elements.
The difference between spatial search and Grover’s search lies in the structure of the
search space; whereas Grover’s search is assumed to operate on a completely unstruc-
tured search space, the elements in spatial search are structured, commonly in a grid
or graph. If we consider a search on N elements organized in a v/N by VN grid,
although Grover’s search is known to run in O(v/N) time, the algorithm does not take
into account the fact that the walker may have to move v/ N elements between oracle
queries in the worst case, causing the overall runtime to take O(v/N - v/N) = O(N)
time and thereby losing the quantum speedup [23], [10]. Since the walker in walk algo-
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rithms may only move to adjacent vertices, querying two consecutive elements which
are v/ N elements apart never occurs.

Another example applies a quantum walk algorithm to two perfect binary trees
both with height n which share identical leaves (cf. Fig. [22]. Whereas any
classical random walk requires O(2") steps to traverse the graph from the vertex
labelled ‘entrance’ to the vertex labelled ‘exit’, one can traverse the graph in O(n)
time using quantum walks [22]. If the ‘exit’ vertex is the target (i.e., the goal is to
measure the ‘exit’ position with high probability), Childs et al. give a continuous

quantum walk algorithm that will measure the target with certain probability in
O(n?) time.

SHARED LEAvEs

START
PosiTion

TAR@@

Figure 2.5: Two perfect binary trees each with height n sharing leaves [22].

2.9.2 Quantum Walks and Decoherence

When applying quantum walk algorithms to large systems of qubits, examining ex-
perimental data of quantum walks can provide valuable insights into the decoherence
process. Alberti et al. [2] analyze an atom moving along a one-dimensional optical
lattice and infer the amount of spin and spatial decoherence that takes place at each
step of the walk. By comparing such information to existing decoherence models, the

primary physical mechanisms by which the decoherence is taking place can also be
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inferred.

Kendon et al. [54] prove numerically that permitting a small amount of decoher-
ence can improve the ‘desired’ effects of coined quantum walks; namely, it can result
in faster mixing time for walks on a cycle and faster hitting time for walks on a

hypercube.

2.9.3 Quantum Walks on Trees

Although quantum walks are typically carried out on lines, grids, and hypercubes,
other structures can be used. Quantum walks on binary trees, for example, open up
a different area of applications. One such application uses quantum walks for game
theory and reinforcement learning [76, [101]. Since binary trees can be used to repre-
sent decision trees (NAND trees) for simple 2-player games, an efficient evaluation of
the tree via a quantum walk can identify the best moves a player should take in order
to maximize their chance of winning. Mullor et al. [76] show that a quantum walk
algorithm for evaluating NAND trees can explore twice as deep as classical algorithms
in the same time. Beyond 2-player games, the same binary tree evaluation can be
used in reinforcement learning, where an agent must choose an option from a set of
possibilities presented to it in order to fulfill some task. In reinforcement learning,
the ‘best’ option will be the one for which the agent receives the biggest reward.
Experimental data using heralded single photons as quantum walkers on central-
random glued binary trees (cf. Fig. shows the hitting efficiency of quantum walk-
ers from start position to target. When compared to classical random walks, it is
shown that the quantum walkers experience improved hitting efficiency as the tree’s
branching rate increases from 2 to 5 [91]. That is, the more branches there are in
the tree, the greater the speedup quantum walks have over their classical counterpart

with respect to the time it takes to find the target.

2.9.4 Quantum Walks for Image Segmentation

Just as classical random walks can be used for image segmentation, quantum walks are
also able to identify the different components of images. A continuous time quantum
walk algorithm is able to identify image segments with approximately 90% accuracy
compared to manual segmentation methods [60]. It is proposed that with future
work to limit the number of seeds or automatically select seeds, the accuracy can be

improved further. However, the algorithm has yet to be translated into a universal
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Figure 2.6: An example of central-random glued binary trees. Here, two binary trees
each with seven vertices are glued at the leaves via the thick red lines. The leaves are
not glued in any order, which is why it is called randomly glued.

quantum gate set so that it can be run on real quantum machines. Accurate image
segmentation is important in medicine, where components of computed topography
(CT) and magnetic resonance imaging (MRI) scans must be identified to diagnose

and treat patients [90].

2.9.5 Other Applications

Quantum walk algorithms have also been suggested as having potential with respect to
the following topics (among others): element distinctness [7, (63 47], quantum random
access memory (qQRAM) [12], webpage ranking [100], image segmentation [60], NP-
Hard problems [65] 28| [71l, [67], encryption [66], and universal quantum computation
21, 53].
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Chapter 3

Quantum Walk Implementations

3.1 (General Motivation for a New Quantum Walk
Algorithm

Quantum walks have been successfully implemented for many different applications
[91], 102], [04) [76, 86]. However, implementations are often at the hardware level,
such as [01]; for example, the walker is implemented using an atom, photon, or
other quantum particle which moves in an optical circuit [73, 100] or microwave
cavity [87]. As a result, these implementations are hardware specific. Although
the mathematics and physics outlining the general behaviour of the quantum walk
experiment is usually detailed in each article, those whose background lies in computer
science (or related field, but not physics) may find it difficult to translate the equations
used into a quantum circuit, a description which computer scientists might find more
intuitive. Some may wish to replicate the experiment using the quantum computing
universal gate set (Pauli gates, controlled gates, and phase gates) so that the quantum
walk algorithm becomes hardware agnostic and can be run on any quantum machine
without requiring the user to intimately understand how the machine works.

Other implementations ([102] 94}, [76], 86]) are shown through circuit diagrams but
the circuits are quite long and complex, requiring rotation gates that beginners may

find challenging.
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3.2 My Motivation

The desire to create a hardware agnostic, generic version of a quantum walk algorithm
using the universal gate set lead to the creation of the following algorithms. As
described above, it was difficult to find existing quantum circuits for implementing
quantum walks using high level quantum gates that were also simple enough for
someone new to quantum computing. From the circuits found ([102, 94| [76] 86,
103]), many were already decomposed into rotation gates and were very long [70],
were circuits for a specific variant of a quantum walk [86], or otherwise complex and
required an involved background in quantum walks and quantum computing research
[T03]. A simple, high-level algorithm for a generic quantum walk would fill this gap.
Furthermore, since it would be high-level, it could be shorter than other circuits and,
as a result, easier to understand. Lastly, a generic quantum walk algorithm with only
the true basics of a quantum walk (coin and shift operator) would provide a boiler
plate algorithm that anyone studying quantum walks could adjust to suit their own
specific use case. Thus, the algorithms provided in the following sections attempt to
fit exactly this mould of being simple, generic, and hardware agnostic. The Qiskit
library was selected due to its widespread popularity. However, one can replicate
the algorithms presented here in any programming language that supports quantum

circuit building through the universal gate set (e.g., Q#, Cirq, PennyLane).

3.3 Methodology and Challenges

Approaching the creation of the generic quantum walk algorithm from a computer
science angle, I decided to break up the walk algorithm into multiple subroutines.
Initially, the two primary subroutines appear to be the coin operator and the shift
operator; the coin operator determines the direction of the walker, and the shift
operator prompts the walker to take a step in the direction given by the coin operator.
Thus, two quantum registers are identified, Qg and Qpos, Where Qg;, holds the qubits
that represent all possible directions and @),,s holds the qubits that represent all
possible positions. For example, a quantum walk on a one-dimensional line allows for
only two directions the walker can move in: either left or right. In that case, Qg
is a single qubit, since a single qubit is a linear combination of two basis states, and
those two basis states represent the two possible directions. ), works similarly, only

enumerating the possible positions the walker instead of the direction.
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3.3.1 Coin Operator

For the coin operator, we initially choose the Hadamard gate. It is easy to implement
as a Hadamard gate is simply added to each qubit in the Qg register (also known
as the Hadamard transform).

To implement other coins, one needs a different gate or set of gates. Changing
the coin operator can be done without affecting the rest of the algorithm, and thus
demonstrates low coupling — when components of a system operate independently

of each other, often desired in software development [50)].

3.3.2 Shift Operator

The shift operator requires the walker to take a step in the direction dictated by
the coin operator. It is more difficult to implement than the coin operator as it
requires knowledge of the structure the walker is moving on. For example, consider
the state |010) where the leftmost |0) represents (g and the rightmost |10) represents
(Qpos- Moreover, suppose that |0) has been mapped to the direction right. This state
indicates that the walker at position |01) should move to the ‘right’ after the shift
operator is applied. But which state is to the right of position |01)? What if there
is no state to the right of that position? What if there are multiple states to the
right? And lastly, how is ‘to the right’ even defined? For example, if we take a simple
connected graph as the structure that the walker walks upon, any two vertices can
be moved in space such that one lies to the right of the other (cf. Fig. .

o090 0690

(a) Vertex A is to the (b) Vertex B is the to
left of vertex B. left of vertex A.

Figure 3.1: A graph G with two vertices, V' = {A, B}, can be drawn two different
ways.

As a result, a walk on a uniform structure that has a clear mapping of directions
was quickly identified as being the easiest to implement. Lines and grids have a
one-to-one mapping from g, basis states to number of available directions. More
concretely, a walker on a line can move two directions (left or right) which can be

represented using a single qubit. A walker on a grid can move four directions (left,
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right, up, or down) which can be represented using two qubits. We do not allow
the walker to move diagonally. Precisely because of the efficient and simple mapping
between direction space and qubits, lines and grids are popular structures in the
quantum walks literature [10, O8] 103} [70], and thus are beneficial for those studying
quantum walks to understand.

The next obstacle comes from the finitude of lines and grids; what should happen
when the walker reaches the end of a line or border of a grid? Although bounded
quantum walks exist [98], it is more popular for quantum walks to take place on
repeating structures, such as cycles and toruses [58, 55]. These structures allow the
walker to ‘walk off” one side of the space and reappear on the opposite side; when
visualized in their entirety, these structures ‘wrap-around’. Unbounded quantum
walks are thus not only popular in literature but also simpler to implement, as one
can use a similar circuit to a classical adder or subtractor without the carry. For
example, suppose a walker moves along a cycle with only two states, |0) and |1).
If the walker starts in position |1), then moving left or right should result in the
walker arriving at position |0) (cf. Fig. [3.2), which can be achieved by incrementing

or decrementing the binary value 1 without using a carry bit.

1 1

Step 1 Step 2

-050 -0.25 000 025 050 075 100 125 150 -050 -0.25 000 025 050 075 100 125 150

(a) The walker starts in (b) After taking one step to
position [1) (the white the right, the walker appears
square) with probability on the left side of the line at
p=1. position |0) with probability

p=1.

Figure 3.2: A walker stands at initial position |1) as shown in (a). After taking a step
only to the right, the walker arrives at position |0) as seen in (b). This demonstrates
the ‘wrap-around’ effect programmed into our quantum walk implementations. As a
result, a quantum walk on a line is actually a walk on a cycle.

Since incrementing and decrementing are integral to adjusting the position of
the walker, the shift operator is further split into subroutines: incrementer and decre-

menter. When walking on a cycle, one could map the direction |0) to counterclockwise
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and |1) to clockwise. If all positions are numbered from 0 to n, then taking a step
counterclockwise can be achieved by simply decrementing the value of the current
position. Taking a step clockwise means incrementing the value instead.

Incrementing an n-qubit register can be achieved using the following circuit (cf. Fig.|3.3)).

qo —

g1 —

gz —

qs —t———— X —

Figure 3.3: A four qubit incrementer circuit. To accommodate n qubits, additional
multi-controlled X gates are added to the left. If the n — 1 least significant digits are
all |1), the most significant digit must be flipped. For example, incrementing |0111)
results in [1000). Incremeneting |1111) results in |0000) due to torus-like functionality.
In both cases, the most significant digit must be flipped. Using recursion, this logic
is applied to smaller and smaller subsets of the qubits, until the subset contains only
the least significant qubit, which must always be flipped.

Decrementing an n-qubit register can be achieved implementing the incrementer

circuit in reverse (cf. Fig. |3.4)).

do —

a1

qz

gs — X —

Figure 3.4: A four qubit decrementer circuit. To accomodate n qubits, additional
multi-controlled X gates are added to the right.

Note that if the input qubits are in superposition, every term in the superposition
is either incremented or decremented at once.

However, when walking on a grid or torus, one must consider precisely which
qubits in @)pes to increment and decrement in order to match the direction given by

Qair- Which qubits are incremented or decremented relies on both the numbering
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of the positions and the mapping of directions. In a torus, there are four directions
in which the walker can move: up, down, right, and left. Assignment of the four
directions is arbitrary and works with any one-to-one mapping. Suppose we create

the following directional mapping;:

|00) | right
|01) | down
|10) | left
1) | wp

and we label positions in incrementing order from |0)®™ to |1)®™ (where n is the
number of qubits in Q)ps), starting at the leftmost upper corner and increasing left to
right and up to down. Thus, for sixteen positions arranged in a 4x4 torus (cf. Fig. [3.5),

positions would be labelled in the following order:

0000) | [0001) | [0010) | |0011)
10100) | [0101) | [0110) | [0111)
11000) | [1001) | [1010) | |1011)
11100) | |1101) | [1110) | [1111)

Figure 3.5: A torus with 16 positions.

Since our position space is a torus, taking a step down from position |1111) results
in the walker moving to position [0011). Similarly, moving to the right of [1111) results
in the walker reaching position |1100).
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It can now be seen that the direction in which the walker steps results in the

following increments and decrements.

Direction | Increment /Decrement Qubits
RIGHT increment rightmost two qubits
DOWN increment leftmost two qubits
LEFT decrement rightmost two qubits

UP decrement leftmost two qubits

To try to find a generalization for the number of qubits to be incremented and
decremented, we first observe the following specific torus in table form, with a width
w = 4 and height h = 8. We observe that walking horizontally results in an incre-
ment or decrement of the rightmost \/w qubits, while walking vertically changes the
leftmost v/ qubits. Note that as a result, both w and h must be powers of two.

100000) | [00001) | [00010) | |00011)
100100) | |00101) | [00110) | [00111)
101000) | [01001) | [01010) | [01011)
01100) | [01101) | [01110) | [01111)
110000) | |10001) | [10010) | [10011)
110100) | |10101) | [10110) | [10111)
111000) | |11001) | [11010) | [11011)
111100) | 11101} | [11110) | |11111)

Thus, with all the parts required, the entire shift operator can be constructed.
First, X gates are applied to act as conditionals which identify the value of Qg .
For example, if Qg = |10), an X gate is applied to the rightmost qubit, changing
the value from [10) to |11). Note that if the original state of Qg does not include
|10) in its superposition, the resulting superposition after applying the X gate cannot
include |11). Thus, applying an X gate to the second qubit will result in |11) if and
only if the original state was |10).

This concept is extremely useful and can be used as an analogue to conditional
branching in classical programming. Once a |1)®™ state is obtained, it can be used as
a control for a multi-controlled gate. Furthermore, by adjusting which qubits have X
gates applied to them, one can ensure that the controlled gate will only act upon its
target if the X gates perfectly align with the |0) qubits in a predetermined original

state. If and only if the original state is valid, then a gate is applied to some target.
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A possible concern is that by adding X gates to a state, we change it. However,
one can easily revert back to the original state by adding a second X gate to each
initial X gate. The second X gates are added after the controlled gate is applied,
changing the affected qubits back to their initial state (cf. Fig. .

|0)
|0)
|0)
|0)
10) U

Figure 3.6: A quantum oracle circuit. If the top four qubits are in state |0), then the
multi-controlled X gate applies the X gate to the bottommost qubit. At the end of
the circuit, the top four qubits are returned to their original state by adding a second
X gate to each of them.

The final shift operator changes depending on the number of directions and posi-

tions in the quantum walk (cf. Fig. |3.743.8).

g3l — X X — —
q3l, —0 -_0 -
31, — 12— -

Udec Uinc
31; —2 ——2 -
q3ly ——3 _3 -

Figure 3.7: Shift operator subcircuit for quantum walks in one dimension. Qg; =
¢31p and Qpos = [g311,¢312,¢313,¢314). Gates U, and Uj,, represent decrementer
and incrementer circuits respectively. Note that (),,s will be decremented only if
Qair = 10), and incremented only if Qg = |1).

3.3.3 A Complete Quantum Walk Algorithm

The coin and shift operators are the only two operators necessary to implement a full

quantum walk. The full algorithm is broken up into two main sections: initialization
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33— X —9— X — X —»— X

g33; = X —0— X ——— X X

q33: 0 0o —

q333 1 1 —_—

q334 2 2 —

q33s 3 3 —_—

q336 0 0

q337 1 1

q333 2 2

q339 3 3

Figure 3.8: Shift operator subcircuit for quantum walks in two dimensions. Qg;, =
¢31p and Quos = [¢311,¢31s,¢315,¢314]. Gates Uge. and Usy. represent decrementer
and incrementer circuits respectively.

and iterations. During the initialization phase, Qg and Qs are initialized.

An initialization of (),,s represents the initial position of the walker. For example,
perhaps the walker begins in a corner, or perhaps they begin already in a superposition
of positions.

The initialization of @4, is slightly more difficult to perceive, as the coin operator
is run immediately after and will, as a result, immediately change the initial value
of Qi (if the coin is not the identity matrix). However, one common example deals
with a quantum walk on a line. Since the walker moves only in one dimension, @)z,
is a single qubit. If Q4 is initialized to |0) and the coin is the Hadamard gate, then
after applying the coin operator for the first time, (4, becomes |+). If Qg were
initialized to |1) instead, the result after applying the coin operator for the first time
would be |—).

After the initialization phase comes the main part of the walk: the steps. Each
step the walker takes is comprised of one application of the coin operator to determine
the direction, followed by one application of the shift operator to take a step in said

direction. As a result, taking multiple steps can be easily implemented with a for-loop.
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Although entire optional, a final measurement of any subset of qubits can be

performed at the end of the walk, after all steps are taken.

Walks on Hypercubes

Quantum walks on lines, cycles, lattices, and toruses are the easiest to implement
due to the reasons outlined above: namely, that the number of directions in these
structures are a power of two. However, walks on hypercubes are also often of interest
[841, 57, 99], 49], 29]. Hypercubes pose a slight challenge as they do not guarantee that
the number of directions the walker can move in is a power of two.

Take, for instance, a standard cube in three dimensions. Given three axes, the
number of directions of movement is six. However, six is not a power of two. Three
qubits are required to represent six directions but they offer eight possible values,
meaning there are two extra values which must be dealt with. The two extra values
can be mapped to any of the already mapped directions (up, down, left, right, forward,
or backward), but doing so causes an increased probability to travel in those two extra

directions. For example, consider the following mapping.

|000) up
|001) down
010) | left
|011) right
|100) | forward
|101) | backward
110) | left
|111) up

The probability of taking a step down, right, forward, or backward is each %, while
the probability of taking a step up or left is each }1.

The two extra values can also be mapped to self loops such that the walker does
not move from their current position. As can be seen, the designation of the two extra
values is arbitrary and skews the theoretical probabilities of the walk. The problem
can be fixed in two ways: either the two extra values enable the walker to take a
step in all (six) base directions with even probability, or one finds a different way to
represent directions that does not rely on the power of two domain that qubits offer.

We leave this as future work.
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3.4 Quantum Walks for Searching

The coin and shift operators outlined in the previous sections can be used to create
a generic quantum walk. However, sometimes it is desirable to not merely traverse a
space quantumly, but to search and identify a target within that space. This is where
turning a generic quantum walk into a search algorithm can be of use.

In order to identify a target element, a third operator must be introduced alongside
the coin and shift operators: the oracle. The oracle will identify any target position(s),
for example, by setting an ancilla qubit to |0) if the input is not a target, and |1) if
the input is a target (cf. Fig. . Using the output of an oracle and determining
what kind of output the oracle should have is based on preference and use case. In
this thesis, I will use ancilla qubits to implement oracles as they provide a simple and

generic solution.

positiong — X —op— X —

position,

anc

Figure 3.9: An example of a boolean oracle. Let the target position be |01). We
assume the ancilla qubit starts in state |0). Then the ancilla only changes to |1) if
and only if the position qubits are in state |01).

Therefore, in addition to the Q4 and @Q)pes registers, another qubit is added and
labelled @gn. (for ancilla qubit). The oracle takes as input the current position of
the walker and sets ¢,,. as output. The oracle itself is positioned within the for-loop
which represents the walker iteratively taking steps. The oracle should be the first
operation applied at each iteration. Refer to Fig. for a short comic on how the
oracle works during a quantum walk.

However, a challenge arises when setting q,. iteratively. Suppose the walker is
lucky and begins at a target position. The oracle is applied and will set gu,. to |1).
The coin operator is then applied, followed by the shift operator. Assuming the walker
moves to a new position, ¢u,. will incorrectly remain set to |1) in the new position.
Instead, ¢une should be |1) only when the walker is at a target position, and should
the walker leave a target position, ¢u,. should return to |0).

Instinctively, it is tempting to think a simple X gate could solve this issue. After

the walker takes a step, an X gate could be applied to return gu,. to |0). However,
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Figure 3.10: The dark circles on the ground represent positions that the walker can
step to. Every time the walker takes a step, they ask the oracle if their new position
is a target state. The oracle replies by setting the ancilla to either |0) or |1), where
|0) means it is not a target state, and |1) means it is a target state. In this comic,
the ancilla is represented by a light which remains off if it is not a target state, and
which lights up with red light if it is a target state.

suppose the walker begins at a non-target position and g,,. is initially set to |0).
After applying the oracle, gun. will remain as |0) since the walker is in a non-target
position. Applying an X gate after the walker takes a step will result in ¢,,. becoming
|1), which is likely incorrect if the walker’s new position is also a non-target state,
since |1) indicates a target position.

Following this path, one might try to correct the behaviour by changing the X gate
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into a controlled X gate; then only if ¢, = |1) will the X gate be applied. However,
that would mean ¢,,. would be both the control and target, and when using controlled
gates recall that the target qubit(s) cannot include any control qubit(s).

For our generic quantum walk, a simple solution of swapping out ‘used’ ancilla
qubits was put into place. After each step of the walk, the current ancilla qubit is
swapped with a qubit set to |0). Thus, for a quantum walk with ¢ steps, a total of ¢

ancilla qubits must be prepared.

3.4.1 Ensuring Measurement of the Target

With the ancilla qubits in place, the next goal is to measure the target state with
reasonably high probability. While it is possible for quantum walks to search N el-
ements in O(v/N) time [I0, 108] (compared to the O(N) time required classically),
the algorithms that achieve that time complexity may be difficult to understand for
beginners. Quantum walk search algorithms often make use of quantum subroutines
(Grover’s search and quantum phase estimation), and the walks are typically edge-
centric instead of vertex-centric as one may intuitively imagine; random walks and
other quantum walks feature the walker resting at vertices instead of on edges. It is
also difficult to visualize quantum walk search algorithms due to the nature of am-
plitude amplification, the use of edges, and the size of the graph required to simulate

multiple iterations of the walk.

Sticky Walk

Inspired by the concept of ‘hit-boxes’ as described in [9] and the self-loops added to
graphs in [104] (cf. Fig.[3.11)), I introduce a new quantum search walk algorithm called
‘sticky walk’. Here, the walker ‘sticks’ to the discovered target(s) and does not leave
upon further iterations of the walk. Sticky walk requires the use of an auxiliary qubit,
which marks target states at the beginning of each iteration and which is reset at the
end of each iteration by swapping to a ‘fresh’ qubit as described in [Appendix 3.4l
Algorithm [1] outlines sticky walk in pseudocode.
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(a) Random walk with probability (b) Random walk with probability
of staying at a target p = 0. of staying at a target increased to
p = 0.5.

Figure 3.11: Consider a random walk denoted by a series of white and red boxes.
White boxes represent the walker in a non-target state; red boxes represent the walker
in a target state. In (a), the walker begins in a non-target state and after three steps,
enters a target state. The walker then leaves the target state and never enters another
target state for the remainder of the walk. In (b), a self-loop is added to all target
states, which increases the probability of staying in a target state from p = 0 to
p = 0.5. As a result, we can expect the walker to stay in a target state on average for
twice as long. Increasing the number of self-loops in target states will further increase
the probability of the walker remaining at target states.

Algorithm 1 Sticky walk algorithm pseudocode
procedure STICKYWALK(G = (V, E))

1:

2 Qpos < [initial walker position]
3 Qair < [initial coin superposition]
4 Qane < |0)

5: for numIterations do
6 Gane < |0)

7 markTargets(qunc, ¢pos)

8 applyCoinOperator(qq;,)

9 X (danc)

10: applyControlledShiftOperator (gunc, ¢pos: qair)
11: end for

12: m <— measure(qy,;)

13: return m

14: end procedure

First, all targets are marked using an oracle (line 7) such that gu,. is set to |1) on
target positions and to |0) otherwise. Next, the coin operator is applied (line 8) to put
Jair into any desired superposition. A controlled shift operator is then applied (line
10), where only non-target states are allowed to shift to new positions. Target states
are not shifted, which means that once a target state is discovered by the walker,

the walker is not able to leave that state. After sufficient number of iterations, the
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position qubits are measured (line 12) and the result returned (line 13).

The efficacy of sticky walk relies heavily on the coin operator. Walks that cover
a large portion of the search space perform best as the walker is likely to reach (and
stick to) the target regardless of initial position. The running time of sticky walk

relies on both the coin chosen and the desired probability of measuring a target state.

3.5 Open Source Code

Code for two-dimensional and three-dimensional quantum walks can be found at
the URL: https://github.com/addie43110/qwalk-visualizations. The code is
written in a Jupyter notebook so users can walk through each step of the various
quantum walks and examine each subroutine individually. For those familiar with
Jupyter notebook and Python, running the code is very easy. Additionally, each code
block in the notebook can be modified and run multiple times, allowing the user to
test out their assumptions and check the output to see if the two align.

However, for those with little to no programming background or who are unfa-
miliar with Jupyter notebook or Python, the notebook can be difficult to set up as
it requires multiple imports and the setting up of a programming environment. Fur-
thermore, looking at the code requires knowledge of basic programming in order to
understand things such as variable declaration, types, and conditionals, which are
necessary concepts to understand the quantum walk algorithms as a whole. Thus, we
created the website application QWalkVis (cf. so that one can visualize

and run quantum walks with zero programming knowledge required.


https://github.com/addie43110/qwalk-visualizations
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Chapter 4
Quantum Walk Visualizations

As a student for several years, I have almost always found visualizations immensely
helpful, particularly in lectures full of dense mathematical notation. Even a quick
diagram or brief sketch often helped me understand, for example, how an algorithm
might traverse a higher-dimensional domain or what was happening to a curve when
multiplied by a constant. As someone who has taught consistently for many years
as well, I have noticed students perking up when I am able to equate a verbal or
mathematical definition to a visualization. For example, I often use the trick of
the Venn diagram visualization to describe the basics of set theory, namely union,
intersection, and complement. While I can only speak to my own experiences, |
believe that good visualizations (alongside many other solid teaching practices) can
be of great help and, at the very least, cause no harm when used alongside already
established educational material such as lecture slides and textbooks (pending their

correctness and complete separation from any harmful biases).

4.1 Use of Visualizations in Education

Visualizations and media such as images, videos, animations, and interactive games
have become increasingly accessible as the technology assisting research (e.g., micro-
scopes or simulation software) has continued to advance. Biology is one area that has
benefited from using visualizations as a core part of its education culture as many
foundational biological processes occur at the sub-microscopic level [48]. Earth sci-
entists can use animations to display what might take thousands of years to play out

in mere seconds. Physics simulations abate not only curiosity for how a brick might
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slide on a friction-less surface, but provide educators with a visual representation of
the underlying mathematics explained in class.

Visualizations are regarded by many as helpful in education which can be seen in
the abundance of illustrations in textbooks, in some cases comprising more than 50%
of the material within [48]. Some even predicted that the onset of radio and tele-
vision would solve many educational problems [27], [42], and the ‘Picture Superiority
Effect’ is a documented phenomenon that claims there exists a recognition advantage
for imagery over word stimuli [14]. However, visualizations alone will not result in
efficient, holistic understanding that is often desired. Poorly designed illustrations,
illustrations with too much information, and visualizations designed with no specific
goal can prevent the learner from being able to hone in on the specific concepts and
explanations required to learn an idea fully [82]. Well-constructed visualizations with
meaningful associated text have the potential to help learners with recall [14], and can
therefore act as an aid in the learning process alongside other forms of both passive
and active learning.

It is important to discuss accessibility of visualizations as well. It has been sug-
gested through personal account that people with autism may ‘think in pictures’ [37]
— visual mental constructs replacing the verbal processes that neurotypical adults rely
on for typically verbal tasks such as serial recall [61]. Including a visual representa-
tion of an idea in addition to a verbal or written explanation could potentially assist
those who prefer to use visual models as they may find it easier to encode in mem-
ory. Visualizations and animations may also cost less to produce than an in-person
demonstration, for example the website Quantum Flytrap that allows students free
access to a virtual photonics laboratory [34] and run their own experiments, which
may otherwise cost hundreds to thousands of dollars to access. Images and animations
may also optionally include noise, closed captioning, alternative text, and heightened

contrast allowing students to adjust such options to fit their needs.

4.2 Existing Quantum Walk Visualizations

Understanding both the mathematical notation of quantum walks and connecting
the mathematics to the visualizations are both important when it comes to fully
comprehending quantum walks. In addition, the visual representations may help
beginners who do not (yet) have sufficient background in mathematics, physics, or

computer science. Although there are many visualizations of probability distributions



36

created by quantum walks [8, 98, B3, 52, 6] (cf. Fig. [4.1)), attempts to visualize the
walker moving ‘quantumly’ through space are fairly scarce. One method of visualizing
classical random walks is using the quincunz (also known as Galton’s quincunx or
Galton’s board), where marbles are funnelled and then dropped through a vertical
series of equidistant nails, resulting in a Gaussian distribution-type pile at the bottom
of the device [5I) 19, 83] (cf. Fig. [4.2). The marbles represent different walkers and
the nails outline different paths the walker could take. Furthermore, when a marble
reaches a nail, it is random as to whether the marble will fall to the left or to the

right, demonstrating the randomness of the path the walker takes.

0.12 -
0.10 -
0.08 -
0.06 -
0.04 -
0.02 - \

0.00 -

0 50 100 150 200 250

-

Figure 4.1: The probability distribution of a quantum walk on a line using a
Hadamard coin after taking 100 steps. The x-axis enumerates the positions on the
line with left-most position 0 and right-most position 250. The y-axis shows the prob-
ability of the walker being in a given position. The walker starts at initial position
125 and takes steps both left and right 100 times. The highest probability occurs
approximately at position 200, where the walker has a probability of > 12% of being
at that position after taking 100 steps.

A digitalized version of the quincunx could offer an interactive playground for
learners to adjust parameters of the walk and witness the effects. For example, the
learner could slide the funnel left and right to change the initial starting position
of the walker. Rows of nails could be added or removed to simulate the number of
steps the walker takes. Start and stop buttons could allow the learner to pause the

simulation at any point and inspect the current state. A three dimensional version of
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the quincunx could even be constructed such that when the marbles reach the bottom
of the device a two dimensional distribution is formed. Each marble could make a
copy of itself when it reaches a nail. One copy of the marble would fall to the left,
the other to the right, representing the concept of superposition.

A different version of the quantum quincunx has already been proposed and uses
a single atom traversing through a microwave cavity to demonstrate a quantum walk
on a circle [87]. However, it does not demonstrate walks on higher dimensions and
requires access to specialized equipment.

Although the quincunx could be modified and digitized to visualize quantum
walks, it may still cause confusion for the learner trying to map concepts between
the device and random walks. For example, a learner may not understand why the
marbles are being funnelled in the first place; they are funnelled because the walker
starts at a single location before deciding to step right or left. Learners may also not
understand what the use of multiple marbles suggests; multiple marbles can be used
to represent multiple different walkers. Even when the marbles start at the same
initial location, they make bounce on different nails, demonstrating the randomness
of the walk. The full lines of 12 and 13 nails in the first few rows may suggest that
it is somehow possible for the marbles to reach the outer left and right sides of the
device in only a few steps which is in reality impossible if the marbles are dropped
in the middle of the first row. Walks on two- and three-dimensional spaces are also
significantly more difficult to visualize using the quincunx.

As mentioned above, the quincunx itself is usually written as a visualization for
classical random walks. There is little in literature and educational material for pos-
sible visualizations for quantum walks. Popular online websites for learning quantum
computing such as the Qiskit Textbook [25] and Xanadu Quantum Codebook [3] do
not offer visualizations for quantum walks aside from circuit diagrams and distribu-
tion results.

An excellent online website [81] allows users to view an animation of the quincunx
working in real time. The probability that each ball bounces to the left or right of
the current peg can be adjusted using a slider. At the bottom, possible final positions
(separated by vertical bars in Fig. keep tally of the number of balls that have
landed in each position.

Such an animation tool is an excellent starting place for visualizing classical ran-
dom walks. However, it does not discuss quantum walks or quantum theory. One

could create their own version of a ‘quantum quincunx’, where each ball can exist
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Figure 4.2: Galton’s quincunx. The path of each marble is equivalent to the steps
taken in a classical random walk. The resulting pile of marbles at the bottom follows
the Gaussian distribution.

in a superposition of positions (travel both left and right of the current peg at each
bounce). One could also use a colourbar similar to the one in QWalkVis to colour
the balls according to their respective probability in the superposition.

Resources specifically for quantum walk visualization include Wolfram Alpha’s
Quantum Random Walk [44], Cirq’s Jupyter Notebook for generating quantum walks
[24], and Hiperwalk [38]. All three resources visualize the probability distribution
created by running a quantum walk on a certain number of qubits and with a cer-
tain number of steps. This differs from QWalkVis, which visualizes the positions
themselves as a grid or cube, where each square or cube is coloured according to the
probability that the walker is in that position at a given step. Furthermore, such
resources only create one visualization which shows the probability distribution after
the entire quantum walk is run; QWalkVis creates multiple graphs which show the
walker moving through space, which states the walker is in at each step, and the
interference patterns created by the walker. Lastly, these resources require the user
to have pre-existing programming knowledge to create the visualizations; QWalkVis

aims to eliminate that requirement.
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4.3 Quantum Walk Visualization Web Application

The quantum walk visualization web application is a website application written in
Javascript and Python. The React [72] Javascript framework was used to write the
front end components, while the back end uses Python’s Flask [79]. The probabilites
for each walk are calculated using Qiskit’s statevector simulator. The link to the
front end Github repository is here. The link to the back end Github repository is
here. The application was developed with help from fellow students Samantha Norrie,

Austin Hawkins-Seagram, and José Ossorio.

4.3.1 Description

The quantum walk visualization application is a single page web application. It
consists of three main parts: a landing page (with contact information and resources),
an instructions page, and the visualization component. The instructions page offers a
brief explanation of the quantum walks along with links to other resources for learning
classical and quantum walks. It also provides brief instructions for how to use the
visualization component.

The visualization component itself is comprised of two sub-components: the graph
display which plots the desired quantum walk and the options panel (cf. Fig.

where the user can choose from the following options:

e dimension: the user can select using radio buttons whether the walk should

take place in one, two, or three dimensions. That is, on a line, grid, or cube.

e number of states: the user can enter through text input the total number of

states the walk should be carried out on, essentially defining the search space.

e number of steps: the user can enter through text input the number of steps the
walker should take

It should be noted that all inputs are sanitized and validated and appropriate error
messages are shown in real time to the user if an invalid input is entered (cf. Fig. .
Upon submitting the options through a form, a request is sent to the back end with
the desired parameters. A plot of the positions the walker is in and associated prob-
abilities is made for each step of the walk including a step zero, which is before the

walker has taken a single step.


https://github.com/addie43110/qwalk-app
https://github.com/addie43110/qwalk-app-backend
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Type: @ Line Grid Cube
“ Number of States:

* Number of steps:

Load Quantum Walk

Figure 4.3: The options component where users can select the dimension of the search
space, the number of states, and the number of steps the walker takes.

* Number of States: | 9

If line is selected, number of states must be a
power of 2

Figure 4.4: Real time validation of user input.

The plots for different steps of the walk are accessed through a slider, allowing the
user to jump to and compare different stages of the walk. Probabilities are shown on

a normalized colourbar to the right of each plot.

4.3.2 Methodology

QWalkVis was created with the following goals in mind: to showcase quantum walks
through novel visualizations, to be interactive, and to provide resources for further
study of quantum walks. As such, QWalkVis was built to be quite simple, focusing
on the base visualizer with the option to add additional features at a later date.
Keeping with simplicity, a single page web application was determined to be the
easiest to build and also most responsive. The React framework was chosen as it

is adept at creating responsive single page applications. For the backend, existing
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quantum walk algorithms were already implemented in Qiskit (Python), so it made

sense to choose Python-native Flask for ease of portability.

4.3.3 Limitations and Future Work

Currently, QWalkVis does not exhibit measurement results, since it uses a statevector
simulator to determine each position’s probabilty. However, it would be possible to
run each quantum walk on a simulator or real quantum backend and plot the results
from a single or multiple shots.

As the probabilities for each step of the walk are created using simulators, walks
with large values for the number of steps and states can take multiple minutes to load.
Furthermore, there is a limit to the number of qubits supported by the simulator which
scales with the amount of memory allocated to the process. On a personal computer
with eight gigabytes of random access memory (RAM) and eight cores running on
default settings, the limit is approximately 42 qubits. Since the visualizations show
the probability that the walker is at a given position, a real quantum computer cannot
be used to show intermediate state probabilities, although it would be possible to show
the end measurement result. Lastly, when walking in a cube, the walker can step in
a total of six directions: left and right, up and down, and backward and forward.
Since six is not a power of two however, when representing the number of possible
directions in binary there remain two extra ‘directions’. In the application, those
two extra directions have been mapped to left and right again, resulting in higher
probabilities for the walker to step left or right. A note was made in the instructions
panel to inform the user of this phenomenon.

All walks regardless of the dimension operate on a torus. That is, if the walker
walks off of one side of the graph, they will reappear on the other side. The torus was
chosen due to its ease of implementation using Qiskit. An alternative version of the
walk is to refuse the walker to walk off of any side of the graph. For example, a walker
at the leftmost position of a non-infinite line will remain in the same position when
told to take a step to the left. Such an implementation can be added with multiple
Toffoli gates and, depending on the implementation, additional qubits.

It is important to note that the application requires the length of each side to be
a power of two. More explicitly, a walk on a line requires the number of states to be
a power of two. A walk on a grid requires the square root of the number of states

to be a power of two, and a walk on a cube requires the cube root of the number of
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states to be a power of two. Again, this was done for ease of implementation. The
minimum input validation required for implementation using qubits is the following:

the number of states must be a power of two and

e if a walk on a grid, the number of states must be a perfect square

e if a walk on a cube, the number of states must be a perfect cube

Lastly, lines, grids, and cubes were chosen as they are highly symmetrical and
regular spaces. The walks simulated in the application could also be carried out on
any k-regular graph with the requirement that k is a power of two and the number of
vertices is also a power of two. For non-regular graphs, quantum walks become much
more difficult to implement as the coin operator requires knowledge of the number of
neighbours |u| each vertex has and must create a superposition of exactly |u| states,
which is exceedingly difficult to do when |u| is not a power of two. (If |u| is a power of
two, the Hadamard transform can achieve this). Once such a transform is possible to
implement in Qiskit, the shift implementation can easily be altered to allow quantum

walks on non-regular graphs.
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Chapter 5

Quantum Walks and QWalkVis for

Education

Although QWalkVis can be used in many different ways and with different goals, a
few use cases are outlined in this chapter regarding its envisioned usage.

QWalkVis is primarily intended to be used as a supplementary tool alongside
more detailed instruction for teaching students about foundational quantum theory
and quantum walks. Although a brief description of quantum walks and resources
for quantum walks and quantum theory are given on the website, QWalkVis explains
neither the linear algebra nor Dirac notation behind what the user witnesses in the
produced plots. It is therefore recommended that QWalkVis be explored alongside
lecture notes or textbooks which can explain to the user the underlying quantum
theory of the quantum walks.

However, if the intent is merely to generate interest about quantum computing and
not understand the mathematics behind it, QWalkVis can be used as a standalone
application. Its interactive design and the visualizations it generates can be used
to attract attention. Furthermore, since it is a website application, it requires no
knowledge of programming nor quantum theory in order to adjust the parameters
and explore changes in the resulting plots. As a result, users from any background
may find it intriguing to explore QWalkVis and make their own conjectures as to how
the plots are produced and what they mean.

Lastly, an expanded version of QWalkVis with added parameters (i.e., number
of walkers, starting location, and coin operator) can serve as a tool not only for
education, but also research. As mentioned in [Chapter 4] it can be difficult to find
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visualizations for quantum walks. QWalkVis allows researchers to create their own
plots for custom walks on lines, grids, or cubes. Those plots can then be used in
presentations or merely as a means for the researcher themselves to visualize and

understand the patterns that arise from large or complex quantum walks.

5.1 Education

The main intended use case of QWalkVis is to be used as a supplementary tool
alongside more formal and detailed instruction. One such example is usage in a
university course setting. Suppose for the next few examples that a lecturer is teaching

a course titled ‘Introduction to Quantum Computing’.

5.1.1 Live Demonstration

The strength of these visualizations lies in the fact that linear algebra does not need to
be discussed in order for students to become acquainted with basic quantum theory.
Although linear algebra should be discussed at some point in order to understand
the material deeply, initially removing that mathematical barrier may help students
from all backgrounds to create their own high-level understanding before delving into
details.

During the first or second lecture of the semester, the lecturer can use QWalkVis
as a live demonstration in order to generate interest about quantum computing,
while also describing at a high level the concepts of superposition, interference, and
measurement. In this use case, the lecturer will first give a brief introduction to
classical random walks. Consider the following quotes as examples for what the

lecturer could say.

“Consider a person that merely flips a coin every time they come to a fork
in the road. If the coin lands heads, the walker goes right. If the coin
lands tails, the walker goes left. This is the idea behind classical random

walks.”

Explaining Superposition

The lecturer can then go on to introduce quantum walks and the notion of superpo-

sition.
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“Quantum walks follow the same idea as classical random walks, except
quantum walks can use what is called superposition. Superposition means
that the coin can land both heads and tails up at the same time, and the
walker can travel both left and right. That is, the coin and walker can

exist in multiple states at the same time.”

While such an explanation is certainly simplified, it quickly gets across the main
point of superposition, which is that a quantum state exists in a superposition of
discrete states. More detailed explanations of amplitudes and probabilities will follow
in subsequent lectures. Furthermore, using simplified language on the first or second
lecture will help retain students who may be intimidated by jargon or mathematics.
Lastly, the statement that a coin could land both heads and tails up at the same
time is quite preposterous to anyone new to quantum, and therefore should generate
excitement for the topic.

The lecturer can then use QWalkVis to provide a visualization of superposition
by plotting a quantum walk on a line with n positions and at least one step. Before
the walker takes a step, the walker is located at a single position on the line (with

100% probability, although that may or may not be discussed on the first lecture)

(cf. Fig. [p.1).

Figure 5.1: A quantum walk on a line with 8 positions. Before taking any steps, the
walker is in the initial position with probability 1.

The coin is then tossed and will land both heads and tails up at the same time.
This outcome prompts the walker to take a step both left and right at the same time.
Since the walk occurs on a cycle, the walker taking a step to the left appears on
the far rightmost position. The resulting plot on QWalkVis shows the walker now

in two positions, thereby providing a visualization for the concept of superposition

(cf. Fig. [.2).
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Figure 5.2: A quantum walk on a line with 8 positions. After taking a step, the
walker ends up in a superposition of two positions, each with probability 0.5.

Explaining Interference

The lecturer can then produce plots of any quantum walk with at least two steps to
demonstrate the concept of constructive interference. However, a walk on a line is
recommended, as it is the simplest with fewest possible directions.

For example, consider a quantum walk on a line with 16 states and two steps.
After the first step, the walker will be in a superposition of two states (cf. Fig. .

0.5

0.0

Figure 5.3: A quantum walk on a line with 16 positions. After taking a step, the
walker ends up in a superposition of two positions, each with probability 0.5.

Since the walker is now in two states with equal probability, a student may guess
that the walker will continue to be in multiple states all with equal probability. The
student may then suggest that after taking yet another step, the quantum walker
will now be a superposition of three distinct positions, each with equal probability
p = 0.33. However, what is witnessed is quite different as not all positions in the
superposition have the same probability (cf. Fig. [5.4).

The lecturer can explain the fallacy by referring to the states in step 1, where
the walker is in a superposition of two positions. On the next step, the walker will
take a step in both directions: left, and right. This means each state in Fig. is

succeeded by its two neighbouring states in the subsequent plot (in the same way
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Figure 5.4: A quantum walk on a line with 16 positions. After taking two steps, the
walker ends up in a superposition of three positions, two of which have probability
p1 = 0.25 while the leftmost position has a probability of ps = 0.5.

that the initial singular position of the walker ‘split up’ into the two states seen in
Fig. . Since each position in step 1 has a probability of 0.5, taking a step in two
directions will result in the neighbouring two positions each having a probability of
% = 0.25. However, both positions have position 0 as a neighbour, and thus in step
2, position 0 will have a total sum probability of 0.25 + 0.25 = 0.5. This sum of
probabilities is exactly constructive interference.

Although this explanation requires an understanding of probabilities, a simpler
explanation can be given. Without discussing exact probabilities, one can show that
the two positions in step 1 have position 0 in common as a neighbour. Thus, when
the walker takes a step in all directions, one ‘step’ will land on position 2, one on

position 14, and two on position 0. The can be drawn using arrows as in Fig. [5.5]

¥\ ¥ Step 1 A

oo
ciowm

0 2 4 6 8 10 12 14

Figure 5.5: The red arrows show the successor states after taking another step. Notice
that there are two arrows pointing to position 0. We can use this intuition to explain
that position 0’s resulting probability will be twice as large as position 2 and position
14, which only have one arrow pointing to them each.
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Explaining Measurement

Measurement is the means of extracting information from a quantum circuit. It is
often thought of as ‘dequantumization’ as it takes the final state of a quantum circuit
and returns only classical information. In terms of a quantum walk, the walker is
likely to be in a superposition of multiple positions at the time of measurement.
Thus, measurement will return one position at random drawn from the probability
distribution given by the amplitudes in the superposition. This is also referred to as
‘collapsing the superposition’.

However, such an explanation is loaded with technical terms and does not give a
visualization or concrete example. Using QWalkVis, a lecturer can bring up a plot
of a quantum walker in superposition (cf. Fig. . Since measurement outcomes
are entirely dependent on probability distribution, it is highly recommended that

discussions of measurement take place only after probabilities have been introduced.

Step 2

0.250

0.125

0.000
2.5

3.0

35
-05 00 05 10 15 20 25 30 35

Figure 5.6: A quantum walk on a torus with 16 positions. The plot shows the
probability distribution after the walker has taken two steps. The initial position of
the walker was the top-left square (the white square).

Using the plot, the lecturer can explain that after measurement, the walker can
exist in only one discrete position; that is, the walker can no longer exist in super-
position. Further simplified for younger students, the walker being in superposition
is akin to not truly knowing where the walker is. However, we have some educated
guesses of where the walker could be (the orange and white positions), and how likely
the walker is to be in any of those positions. Measurement is then akin to formally
finding out where the walker actually is.

The black positions have a probability of zero, meaning there is no chance that
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the walker could exist on a black positions. Thus, it is not possible to measure a
black position. The white position has the highest probability out of all the positions
on the grid, and thus is the most likely position that the walker is in. However, it
is important to remember that one cannot know where the walker is until they look;

put another way, measurement outcomes are truly random.

5.1.2 Student-led Exploration

Alternative to a live demonstration, an educator may choose to let students explore
QWalkVis with no guidance at first, and later check the understanding of the students
after a certain allotted time period. Such an approach benefits students who learn
best by ‘doing’; students who are eager to solve problems by themselves.

The exploration session is suggested to take place further into the semester, or
after basic Dirac notation has already been introduced. This allows students to al-
ready have the toolkit required for understanding quantum walks (Hadamard gate,
controlled gates, etc.) but provides the challenge of working out the different com-
ponents needed for a quantum walk themselves. For example, students may quickly
identify that the walker travels via superposition in all directions. A student who
knows of the Hadamard gate may suspect that it is likely used in the underlying
algorithm, yet simply applying the Hadamard gate to all qubits will not yield the
correct result that the quantum walk shows. This creates a nice problem that is dif-
ficult but within reach of the student’s capabilities. The exploration session can also
take place at the beginning of the semester, but it may be more difficult for novice
students (particularly those in high school or younger) to grasp what is occurring.
Thus, students may lose interest more quickly.

An exploration session is also recommended at events where time with users is
limited. For example, QWalkVis could be set up on computer(s) at a conference,
and attendees can come by and explore the application on their own. This offers a
talking point for the host(s) to engage in conversations with attendees, and to provide

explanations if the attendees are interested.

5.1.3 Additional Educational Materials

Please refer to [Appendix A| and [Appendix B for lecture slides on introducing the

foundations of quantum computing and quantum walks.
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5.2 Research

As further elaborated in [Chapter 7, QWalkVis is still in development, and there are
many additions that are being considered. Although the current version of QWalkVis
can be used in research to generate visualizations of quantum walks on lines, grids,
or cubes, future versions of QWalkVis will aid researchers even more. The addition
of allowing parameters such as initial position, number of walkers, and coin operator
to be changed will allow for highly customized quantum walks visualizations to be
produced.

Since the walker can only exist in a superposition of all odd or all even states,
the maximum number of distinct positions in the superposition is %, where N is the
total number of positions. For example, a quantum walk on a line with eight total
positions means the walker could be in a maximum of four positions at any given
time. As such, for walks where NV is large, it can be exceedingly difficult to calculate
the amplitudes for each state in the superposition by hand. QWalkVis can alleviate
researchers from having to do manual calculations as it lists the probabilities of each
position in the colourbar of each plot. From the probabilities, the amplitudes can be
calculated although the phase factor may be lost.

Since the code is open source, anyone can customize the walks to their own specific

needs, provided they have sufficient background in programming in Python using
Qiskit.
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Chapter 6

Quantum Walk Noise Distributions

6.1 Motivation

This section explores one application of quantum walks to help prevent data breaches
by using an approach called differential privacy [33} 31].

Privacy is a growing concern as the amount of data collected from personal devices
continues to increase [74]. In particular, medical data is often highly sensitive and, as
a result, finding ways to effectively prevent breaches or reduce impact after a breach
has already occurred is of great interest [46, 97, 1], 59, [75, [35].

Briefly summarized, differential privacy stems from the belief that privacy cannot
be maintained without the injection of noise. It should be noted that few people (if
any) require access to an entire dataset. Consequentially, instead of publishing entire
datasets, users should be allowed to query datasets using aggregate queries that offer
general information about a subset of the dataset. For example, ‘how many people
are above the age of 507’ is an aggregate query. The intention of aggregate queries
is to eliminate the querying of any one specific individual to extract that individual’s
information. It is okay to know that there is one person in the dataset with attribute
Z, but we should not know who that person is. However, when query results are
accurate, it can be easy to reconstruct the dataset or a subset of the dataset. For
example, consider a person A queries ‘how many people have x (illness/disease)’ on
a dataset and finds the answer to be 10. Suppose another person B enters their data
into the dataset, and that A knows who B is. A then queries the same question and
finds the answer to now be 11. If it is likely that no other records in the dataset have
changed, A concludes that B has x.
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The solution that differential privacy offers is to always return noisy results. For
example, if 100 people in a dataset have z, the query could return any number in a
nearby range, such as [95,105]. In fact, the true amount of noise injected is often drawn
from a distribution, such as the Gaussian or Laplace distributions. The distributions
must be adjusted such that not too much nor too little noise is added. Too much
noise can render the query result meaningless to those who require accurate results for
research purposes, while too little noise results in a higher probability for a successful
reconstruction attack.

Since noise is drawn from a distribution using a random variable, the strength
of privacy is directly linked to the randomness of the variable drawn. If the noise
is not sampled randomly but instead uses pseudo randomness (wherein a predefined
sequence is made to appear random), an attacker could replicate the sequence and
remove the injected noise. Thus, only true randomness should be used in privacy
contexts to minimize the chance of a privacy breach [I§].

Unfortunately, sources of true randomness are difficult to create. Many companies
and individuals in the 1900s attempted to create sources of randomness, inspired by
shuffling of cards, coin tossing, and die rolling, but the resulting randomness tables
were often found to have strange biases toward certain numbers [41].

Quantum mechanics states by the uncertainty principle that measuring a quan-
tum particle in superposition yields a truly random result. Thus, through quantum
computers, quantum computing can be used as a true source of randomness.

With that in mind, my goal is to create a superposition of states that forms a
common distribution. I choose to implement the Gaussian distribution using quantum
walks as it can be created using classical random walks, which seems to be a good
starting point. Then, upon measurement, the superposition will collapse and return

a state at random drawn from the Gaussian distribution.

6.2 Notes on Implementation

While quantum walks can be carried out on any graph-like structure, only quantum
walks on a line are examined in this section. The application envisioned — noise
sampling for additive mechanisms — returns a single (noisy) real number; it therefore
does not make sense to add more dimensions to the walk. However, multidimensional
noise sampling can be done with higher dimension quantum walks if desired.

The states on a line are labeled from 0 (at the farthest left point) to n (at the
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farthest right point), where n is a power of two. It should be noted that either all even
or all odd positions will have a probability of zero dependent on the number of steps
the walker takes, assuming the walker begins in only one position (or a superposition
of all even or all odd positions). If the walker takes an even number of steps, only
even positions will have non-zero probabilities (similarly for odd number of steps).
Such functionality must be taken into account when enlisting quantum walks for
noise sampling. For this reason, the appropriate even or odd positions (all with zero
probability of measurement) have been omitted in Figs. and

6.3 Procedure

Please refer to which gives an overview of methodology in the form of
lecture slides. These slides provide a high level background on the domain of differ-
ential privacy and highlight the challenges encountered when building the quantum
walk algorithm for noise sampling.

The quantum walk implementation is largely the same as discussed in [Chapter 3|
Each walk uses a coin operator and a shift operator, and iterates tossing the coin and
taking a step for the number of steps desired. Only one qubit is required to represent
Jair Since a quantum walk on a line has only two directions. |0) is mapped to the
direction ‘left’, while |1) maps to ‘right’. The initial starting position is set to  given
a total of n positions (when n = 2¢ d € Z*). For ease of notation, the qg;, register

will be denoted with subscript d, and the g,,s register with subscript p.

6.3.1 Hadamard Walk

The Hadamard walk is a basic walk in which the coin operator C' = H (where H is the
Hadamard gate). The Hadamard gate introduces equal-amplitude superposition, so
when it is applied to the direction qubit, it sets the direction to be a superposition of
both left and right. It may be tempting to conclude that if we are travelling both left
and right equally, we should achieve the Gaussian distribution as a classical random
walk would. However, due to destructive interference introduced by the Hadamard
coin, the distribution we see is as in Fig. . Because H|0) = \%(|O) + |1)) and
H|1) = %5(!0> — |1)), repeated applications of the Hadamard coin results in both

negative and positive terms of the same state, causing such states to sum to 0.
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6.3.2 Gaussian Distribution Walk

Since only H|1) introduces negative terms, we can eliminate destructive interference
if we never apply the Hadamard coin to |1). In order to achieve that, we must take
the output of applying the Hadamard coin once H|0) = \%OO) + |1)) and change it
back to |0). Applying a second Hadamard gate will bring us back from the super-
positional state to |0) but only when remaining part of the state (i.e., |pos)) is the
same. Unfortunately, we cannot assume that this will always be the case.

For example, consider even the first step of the walk with four total positions
starting at |10). The initial state is [0)q ® |10),. We apply the Hadamard coin
qair to yield \%(\O) + |1))q ® |10),. After the shift operator is applied, we obtain
\%(|0>d ®101), + |1)¢4 ® |11),). Note that the position qubits are not the same state;
thus, applying another Hadamard gate will not bring the direction qubit back to |0)
but instead introduce a negative term when applied to [1) (eq. (6.1)) below. Here,
H, represents applying the H gate upon ¢4, only.

Hal = (10)a  01), + [1)a ©]11),)

= %(|0>d ® [01), + [1)4 ® |01),
+10)a @ [11), — [1)a @ [11),) (6.1)

Another solution is to keep the |1) direction terms, but remove the negative phase
added by the Hadamard gate. The Pauli Z gate can be used to multiply a phase
by —1 so long as the qubit is set to |1) when the gate is applied. As a refresher
from [Chapter 2 in Dirac notation, Z|1) = —|1), while Z|0) = |0). However, we
cannot apply the Z gate directly to the direction qubit as it would multiply all |1)
terms by —1, causing the initially negative phases to become positive at the cost of
making the initially positive phases become negative (eq. ) The Z gate would
therefore require a controlled application where the control necessitates knowledge of
which terms were |1) before the Hadamard gate was applied to them (on the previous
iteration). More explicitly, if g4, was |1) before the Hadamard gate was applied,
only then should one apply the controlled Z gate to reverse the negative |1) term
introduced. Thus, the original values of g4, would have to be stored somewhere or

copied, but it is known in quantum mechanics that states cannot be cloned due to



5}

the no-cloning theorem [109], making this a very difficult task.

25004 101}, + [1)a @ J01),
+ 10} |10, (14 [11),))
= S (I0ha @ o), — [1)a 01},

+10)a @ [11)p + [1)a ® [11);) (62)

Instead, auxilliary qubits were used as a solution to eliminate destructive inter-
ference. In each iteration of the walk after the Hadamard gate was applied to the
air, the resulting qubit in superposition was swapped with a qubit set to |0). This
is the same solution as discussed in quantum walks search algorithm implementation
in (Chapter 3. The effect is that no negative phases can be introduced because each
qubit has no more than one Hadamard gate applied to it; the cost is the walk now
has added linear space complexity O(t) where t is the number of steps. The Gaussian
distribution can be created for nearly any mean and standard deviation with limita-
tion only due to the current size of accessible quantum computers (cf. Fig. [6.1)). To
change the mean, the initial position of the walker is changed. To adjust the standard
deviation, the number of steps is changed, where more steps result in higher standard
deviation. Multiple walkers can be added to create customizable distibutions with
‘multiple means’ (cf. Fig. [6.2)).
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Figure 6.1: The Gaussian distribution created by a quantum walk with 2° positions
and 15 steps.
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Figure 6.2: A Gaussian distribution with two walkers using 2° positions and 10 steps.

6.3.3 Equal Distribution

A useful distribution is the equal distribution, wherein each element has an equal
probability of being selected at random. The equal distribution is perhaps the easi-
est distribution to create using quantum computing since the Hadamard gate serves
exactly that purpose. Creating the equal distribution using a quantum walk requires

no steps to be taken and thus can be performed in O(1) time (cf. Fig. [6.3)).
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Figure 6.3: The equal distribution on 2° positions.
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Chapter 7

Conclusions and Future Work

7.1 Contributions

Although the full potential of quantum walks is still being explored, quantum walks
algorithms appear to be a promising vein of research with applications in search al-
gorithms [23], [10], decoherence [2], reinforcement learning [76], [I0T], encryption [66],
image segmentation [60], and many other fields. However, implementations of quan-
tum walks in 2023 are mostly carried out at the hardware level [91), [73, 100, 87]. As a
result, specialized physical equipment is required to replicate such implementations,
and the algorithms therefore may be difficult to translate into the quantum universal
gate set algorithms.

High level algorithms for one-, two-, and three-dimensional quantum walks are
presented in [Chapter 3 with code publicly available via a GitHub repository whose
link is accessible in[Chapter 4] These algorithms are specifically designed to be simple
and employ only basic quantum gates: X, Z, Hadamard, and Toffoli gates, allowing
beginners in quantum computing to more easily understand how each component
works. Since only basic quantum gates are used, the code can be run on any backend
which accepts the universal gate set.

Novel quantum walk visualizations can be plotted using the QWalkVis website ap-
plication as outlined in These visualizations plot not only the probability
associated with each position the walker is in, but also the shape of the walk itself in
one-, two-, and three-dimensional space. Since the plots are generated through fields
and buttons on a website, no knowledge of programming is necessary to make them.

Lesson plans and materials for teaching superposition, interference, and measure-
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ment using quantum walks are presented in [Chapter 5 With the QWalkVis tool,
it is easy to create custom visualizations for superposition and interference that can
help visual learners to learn those concepts. The visualizations can also be used in
research or to generate interest ‘at-a-glance’ for quantum walks.

Lastly, a specific potential application for quantum walks is discussed in
[ter 6 Adding noise via additive mechanisms in order to preserve privacy in data
relies on true randomness. Since measurement in quantum mechanics is a source of
true randomness, using a quantum algorithm could be of great benefit. A modified
version of the quantum walk algorithm is capable of creating a Gaussian distribution
which, when measured, will collapse to a random single discrete state according to
the Gaussian distribution. If the distribution is mapped to a chosen amount of noise,

the quantum walk algorithm acts as a quantum additive mechanism.

7.2 Future Work

7.2.1 Walks on Other Spaces

The quantum walk implementations in this thesis are currently only for walks that
take place on lines, grids, or cubes. Other shapes, especially spaces that are not
necessarily symmetrical, such as graphs, cannot be traversed with the shift operator
introduced in [Chapter 3] Shapes whose dimensions cannot be represented efficiently
in binary also cannot be traversed using this shift operator, as the operator takes
advantage of properties specific to the binary numbering system.

Graph algorithms are of great interest as many computing problems can be trans-
lated into graph problems (e.g., independent set, vertex cover, minimum and max-
imum flow networks). Thus, a quantum walk algorithm that could traverse any
arbitrary graph is highly sought after. There exist quantum walk algorithms which
operate on complete graphs [29], but when vertices in a graph are permitted to have
varying degrees, complex coin and shift operators are required.

On non-complete graphs, mapping of directions must be amended, since up, down,
left, and right can be arbitrarily chosen for any graph. Furthermore, one can ‘drag’
vertices and order them in any fashion, so any edge can be drawn in any way and
along any axis. To solve this, all edges ideally would be labelled, and an additional
function o(e,v) created, where e is an edge, v is a vertex, and o(e,v) returns the

endpoint of edge e that is not v (the ‘other’ endpoint).
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The coin operator would also need to identify all adjacent edges, adj(v), of a given
vertex, v, and then construct an equal superposition from adj(v). When |adj(v)]| is
not a power of two, this becomes more challenging using qubits, although there exist
algorithms that can create superpositions when |adj(v)| not only is not a power of
two, but also an odd number [93, [89).

The shift operator would then take in a superposition of positions and edges and
take a step along each edge. Since different vertices will have different adjacent edges,

the shift operator need somehow be able to map each edge to its adjacent vertex.

7.2.2 Quantum Walks Visualizations and QWalkVis

Much can be added to the visualizations of the quantum walks themselves. By adding
more customizable parameters to QWalkVis, different visualizations can be created.
For example, it could be optional to scale the probabilities on the colourbar. The
initial starting position of the walk could be selected freely. The number of walkers
could also be increased or decreased. Walking off of one side and appearing back on
the other (torus functionality) could be optional.

It may be best to start with a survey, however. Both researchers and those new
to quantum walks could be asked what features they would like to see added to
QWalkVis.

It should also be noted that since QWalkVis is open source and available on

GitHub, anyone can download and change the code to fit their own needs.

7.2.3 Visualizations in Quantum Computing

In general, more visualizations in quantum computing would provide more content
for visual learners. Famous algorithms such as Grover’s algorithm (amplitude ampli-
fication in particular) could benefit from more diverse visualizations beyond circuit
diagrams. New diagrams for representing qubits, superposition, entanglement, and
many more concepts may provide more points of view and considerations for both

new and established learners.
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Motivation

Motivation: grid search

Consider N elements arranged in an n x n grid,n?= N.

Motivation: grid search

Grover's algorithm solves this problem in O(sqrt(N))
queries.

But! Requires . .
O(sqrt(N)) moves gz’;\?ll time is
between each query! )!

o Solution: Quantum walks

(§

A

.

A

i |

Problem definition

Quantum Walks can be used as a search algorithm.

_—_— —

- * + This begs the question, why not just use Grover's search? @

Motivation: grid search

At each step, we can query the current cell or move to
an adjacent cell.

(§

Motivation: grid search

Conclusion: Quantum walks are good when dealing
with a structured search space.
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“Sometimes, we have a search space,
where after testing an item, it is faster to
test a neighboring item than an
arbitrary item.”
=—A. Ambainis

A, Ambaini, “Quantum search algorthms,” ACM SIGACT Nows, pp. 22-35, 2004. [Onine], Avalabl:
Quanium search

Other (Possible) Applications

Image segmentation

user picks seed
locations

walks performed on
each pixel to see
which seed is closest

&G

Other (Possible) Applications

pages are more
important when they
have multiple pages
pointing to them
web represented as a
graph

probability
distribution of
random walks

A

(§

.

A

i |

_—_———————————————

Other (Possible) Applications

Quantum Walks can be used for image segmentation

Classical random walks
are currently being used
for image segmentation.

(A

.
(S
Other (Possible) Applications
Quantum Walks can be used for RageRank.
Classical random walks
are currently being used
for PageRank.
* : + @
+ [
| (S
Other (Possible) Applications
Privacy: noise distributions and noise sampling.
Quantum measurement
is one of the very few
natural sources of true
randomness.
. S




Other (Possible) Applications

Privacy: noise distributions and noise sampling.

True randomness is very
difficult to find!

Currently, most
applications use
pseudorandomness.

1 36001 15

Other (Possible) Applications

Privacy: noise distributions and noise sampling.

Pseudorandomness:
good enough?
Name Age Address Medical condition
Max Mustermann 58 123 Musterstrale X
Mahmoud Ibrahim 23 123 Mahrousa St X

Other (Possible) Applications

Name Age Address Medical condition
Max Mustermann 58 123 Musterstrale X
Mahmoud Ibrahim 23 123 Mahrousa St X

Reconstruction attack: If we receive highly accurate
answers, we can use linear programming to

reconstruct databases. @
O L Solution? Differential privacy. §

)7
@

.

A

i |

Other (Possible) Applications

Privacy: noise distributions and noise sampling.

Pseudorandomness:
- good enough?

—__—————

Other (Possible) Applications

Conclusion: most people do not need access to
individual records.

Name Age Address

Max Mustermann 58 123 Musterstrale X

Mahmoud Ibrahim 23 123 Mahrousa St X

. Aggregate data is just as useful and much more safe.

. But: can easily solve accurate aggregate data!

Medical condition

(A

A
S

Other (Possible) Applications

Differential privacy purposefully returns inaccurate
data.

"

The amount of
inaccuracy (noise) is
usually drawn from a
distribution.

08 64202406810

Quantum walks can be
used to create noise
distributions!

9)
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How do quantum walks work?

The Solution: Random walk

Flip the coin to decide which direction you go.
e heads=goleft
o tails=goright

The Solution: Quantum walk

Now imagine both you and the coin can exist in
superposition!

You will need two Hilbert
spaces:
coin space (direction)
position space

and two operators:
coin operator
shift operator

(§

A

.

A

i |

_—_— —

The Problem

Consider you are in a new city and trying to find your
way home. You are completely lost. You have a coin.

The Solution: Quantum walk

Now imagine both you and the coin can exist in
superposition!

Classical random walk

. . 1
1« Cisthe"coin operator" ;
! o coincanbe LorR 2
: o Sisthe "shift operator” ;
i Z
1

o move LorRbased on
coin




« Cisthe "coin operator”
o coincanbe|0>or|[1>ora
superposition of both

o Sisthe "shift operator"
o move LorRbased on
« Canexistin a superposition !
of positions

1
1
1
1
coin !
1
1
P

Walk on a Grid (Torus)

Probabilities

020, 2

Walk on a Grid (Torus)

0256

o127 913 o130

oms 0120 0116

Quantum walk

Now we have defined a way to move around the line
using quantum notation.

Let's visualize it!

Walk on a Grid (Torus)

0269
0248 a0 0248
024
0
s
Zo016
g
&
0.08
0.00
=~ S o =
IS S S S
. 8 5 & N

Walk on a Grid (Torus)

0092 0092 009

S 5 8§ 5 & 5 § 5
s § 5§ § § § 5 35
§ § 8 8 5 7




p>>>5>>>3
Walk on a Grid (Torus) L

0157
0.16
0134
0125 0126 0123
§o12 oo 0107
3
< 0.08
: Mods
0.04
Not super L
0.0 o © ~ ~ o S useful, but
* s § § § § § 5§ 5 shows us how it &
S 8 5 7
works! S

Searching

Searching

« idea: once we reach the target state, we stay there. « with one walker (classically):

Searching quantumly

Searching

o thistook 10 steps. o Let'sstartin one state, but go in all four directions
at each step.

. . . (é{nce this is a random algorithm, the worst case running time is &,@ . . . o &1@
+ technically infinity, although probability approaches 1as number of _— + —_—
\ \
+ steps approach infinity.) f@ ‘\ . f\@\




Searching quantumly

o Let's start in one state, but go in all four directions
at each step.

Searching quantumly

o Let'sstartin one state, but go in all four directions
at each step.

Searching quantumly

« Maybe you can convince yourself that these two
states simply repeat over and over again!

)

A

~—

>

a

.

A

i |

_—_— —

Searching quantumly

Let's start in one state, but go in all four directions
at each step.

(A

* +
| (S
Searching quantumly
o Let'sstartin one state, but go in all four directions
at each step.
- ¢ X + N \
| «
Searching quantumly
« We took 4-5 steps.
o the same number of steps is required no matter where
you start.
* . + *




Searching quantumly

« What's the probability of measuring the target?

Searching quantumly: downward walk

« New idea: find a walk that covers a significant
portion of the graph.

Searching quantumly: downward walk

« How about just moving downwards?

Walk on a Grid (Torus)

0157

Probabilities

Pretty bad....

01,_—,1
0111
200,
20z,
1101
1111

%00,
%03,

Searching quantumly: downward walk

« How about just moving downwards?

Searching quantumly: downwaord walk

« How about just moving downwards?




_
Searching quantumly: downward walk

a1 3

Searching quantumly: downward walk

« How about just moving downwards? « How about just moving downwards?

% Searching quantumly: downward walk g Searching quantumly: downward walk
-r' « This covers exactly 1/n of the graph (given an n*n -r'

rid) « Idea: use superposition to cover more area
g perp
o Takesn steps

| (IR (S

3 Searching quantumly: downward walk 3 Searching quantumly: downward walk

o Idea: use superposition to cover more area o Idea: use superposition to cover more area

)7
uH
)

7
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Searching quantumly: downward walk

Searching quantumly: downward walk

a1 3

o Idea: use superposition to cover more area « Idea: use superposition to cover more area

_'i ; Searching quantumly: downward walk 3 Searching quantumly: stoir walk
v « Innsteps,we are guaranteed to measure the target v New idea: find Ik th 1 q £
AT e Ve o New idea: find a walk that covers a large portion o
¢ Better! e,
But for large

values of n, it's
worse...

E Searching quantumly: stair walk

e Asimple one is "stair walk". e Asimple one is "stair walk".

Searching quantumly: stair walk

A




Searching quantumly: stair walk

« Asimple one is "stair walk".

Searching quantumly: stair walk

o Asimple one is "stair walk".

Searching quantumly: stair walk

e Asimple one is "stair walk".

)///ﬁ

)
u

a1 3

")

Searching quantumly: stair walk

o Asimple one is "stair walk".

Searching quantumly: stair walk

o Asimple one is "stair walk".

_—_— —

Searching quantumly: stair walk

e Asimple one is "stair walk".




Searching quantumly: stair walk

« Asimple one is "stair walk".

Searching quantumly: stair walk

o Idea: use a superposition of states to cover more
ground

Searching quantumly: stair walk

« Idea: use a superposition of states to cover more
ground
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Searching quantumly: stair walk

e Asimple one is "stair walk".
o Stair walk covers exactly 50% of the graph with N/2
steps. (N = n*n = number of elements)

| (§

Searching quantumly: stair walk

« Idea: use a superposition of states to cover more
ground

- S

Searching quantumly: stair walk

o Idea: use a superposition of states to cover more
ground

All states
move
downward, but
resulting
superposition
is the same!




Searching quantumly: stair walk

« Idea: use a superposition of states to cover more
ground

Searching quantumly: stair walk

o Idea: use a superposition of states to cover more
ground

Searching quantumly: stair walk

« Idea: use a superposition of states to cover more
ground
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Searching quantumly: stair walk

« Idea: use a superposition of states to cover more
ground

All states
move
downward, but
resulting
superposition
is the same!
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Searching quantumly: stair walk

« Idea: use a superposition of states to cover more
ground

Searching quantumly: stair walk

o Idea: use a superposition of states to cover more
ground




Searching quantumly: stair walk

« Idea: use a superposition of states to cover more
ground

Searching quantumly: stair walk

o Idea: use a superposition of states to cover more
ground

Searching quantumly: stair walk

« Idea: use a superposition of states to cover more
ground

A

2

>

7N

a1 3

A

_—_— —

Searching quantumly: stair walk

« Idea: use a superposition of states to cover more
ground
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Searching quantumly: stair walk

« Idea: use a superposition of states to cover more
ground

Searching quantumly: stair walk

o Idea: use a superposition of states to cover more
ground




Searching quantumly: stair walk

o There is a 50% chance of measuring the target after N/2

steps!
o unfortunately, this is actually no better than classical... :(

However, you might
not have to take all
N/2 steps depending
on the size and
dimensions of the
graph...

4+
¢ if you have ideas, join me in my research!
‘

Szedgedy Quantum Woalks

« Szedgedy walks are walks on a graph's edges
o Adouble-cover graph is constructed from the original
graph

Grover's amplitude
amplifcation process is
used to select the edges
adjacent to target
vertices

Coined quantum walk search

o First,we need a new coin
« Previous coin was Hadamard coin
« Now we will use "Grover's coin"

-1 7 3
1 22 2
H— — 1 1 eo| 7™ 7 1 0 |
211 -1 : :
. 2 % 2 _1q

.

A

i |

_—_— —

Quantum Walk with Grovers

A new idea: walking on edges

Coined quantum walk search

However, Szedgedy walks are equivalent to coined walks
We will construct our own quantum walk search

k,

(A
(§

Coined quantum walk search

Grover's diffuser is the coin
It puts states into superposition similar to the
Hadamard coin, but not equally

100

Probability (%)

o0, )
2
o, )
700
70, .
70 .
22 |

%,
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Coined quantum walk search = Coined quantum walk search
|
o We must modify the coin operation U=SC
« How do we apply the walk? « Given state [d)®|pos), apply the following to |d):
o -l if|pos)is a target state
U _ SC o Grover's coin, if [pos) is a non-target state
Phase Phase
Hadamard =~ Oracle/ Shift Y L Hadamard =~ Oracle/ Shift .M -
Transform Grover operator easure & Transform Grover operator easure &
. coin . coin
- . 4+ §\ * R + %
: f"/\“ N I g — §

7

(S

Image segmentation

« We can also create the Gaussian distribution!

0200

We can let all pixels
walk at once!

0175
0150
0125
0100

0075

0050

= Coined quantum walk search = Noise distributions
4
|4 | 4
« We must also modify the shift operation U = SC
« We will only look at hypercube search spaces o Let'stake alook at the Hadamard distribution.
« Given state |d)®|pos), flip the d" bit in the pos bitstring
012
010 ‘l
008 H‘
Phase o "\
Hadamard Oracle / Shift 3 004 L
Transform Groyer operator gy e & 002 f . /‘W ‘w &
. N coin & L . - J W ~— VI | x
+ _— \ | + 0 50 100 150 200 20 p-\\ \
Noise distributions Other (Possible) Applications
__| |
14 14
L4 |

Lo — &«@ S
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Teaching other people about quantum walks! :.
Current States

o 035 . . .

1 s Visualization

2 - software

: ] Demo
020 "

4 Options
015

.

6

7

S+ THANKSI . 7€

Questions? Ideas? Feedback?

addie@uvic.ca %

CREDITS: This presentation template was created
by Slidesgo, including icons by Flaticon,and
infographics & images by Freepik
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B Sample Lecture Slides for Implementing Quan-
tum Walks

Implementing Quantum
Walks 1n Qiskit

Addie Jordon
2022




Required Components

e anoracle

o we will use a Boolean oracle (ie. ancilla)

e the Shift operator (S)

o anincrementer / decrementer

e the Coin operator (C)

Shift operator: moving right

e toprow
o 0000 ->0001,
o 0001->0010
o 0010->0011
o 0011->0000
e second row
o 0100->0101
o 0101->0110
o 0110->0111
o 0111->0100
e etc

Shift operator: moving right

e toprow
o 0000 ->0001,
o 0001->0010
o 0010->0011
o 0011->0000

e second row
o 0100->0101
o 0101->0110
o 0110->0111
o 0111->0100

e etc

On a 4x4 2-dimensional
lattice, moving right
amounts to
incrementing the
rightmost 2 qubits!

Shift operator: moving left

e toprow
o 0000->0011
o 0001 ->0000
o 0010 ->0001
o 0011->0010
e second row
o 0100->0111
o 0101->0100
o 0110->0101
o 0111->0110

Shift operator: moving left

e toprow
o 0000->0011
o 0001 ->0000
o 0010->0001
o 0011->0010

e second row
o 0100->0111
o 0101->0100
o 0110->0101
o 0111->0110

e etc

On a 4x4 2-dimensional
lattice, moving left
amounts to
decrementing the
rightmost 2 qubits!

Shift operator: moving up

e left column
o 0000 ->1100
o 0100 ->0000
o 1000->0100
o 1100 ->1000

e second column
o 0001->1101
o 0101->0001
o 1001->0101
o 1101->1001

e etc




Shift operator: moving up Shift operator: moving down

e left column e left column

o 0000 ->1100 o 0000 ->0100
o 0100 ->0000 Moving up amounts to o 0100->1000
o 1000->0100 decrementing the o 1000->1100
o 1100->1000 leftmost 2 qubits! o 1100->0000

e second column
o 0001->1101
o 0101 ->0001
o 1001->0101
o 1101->1001
e etc

e second column
o 0001->0101
o 0101->1001
o 1001->1101
o 1101->0001

Shift operator: moving down

e left column
0000 -> 0100

(o]
o - -

o oooo oo Write the Shift

o 1100 -> 0000 leftmost 2 qubits! i i .
® second column operator in Qiskit

o 0001->0101

o 0101->1001

o 1001->1101

o 1101->0001
e etc

Oracle Oracle

% %

q We will use an ancilla qubit to mark the q o Let's say the target is 1010

target state o How do we make sure only 1010 is marked?
o note: for this walk, we will not change the e We might be tempted to do this
q q
2 phase of the target 2 o but this would mark also 1111,1110, and 1011

o thus, we will not use Phase Kickback
G G

Qans Qans X




Oracle

e Let's say the targetis 1010
o How do we make sure only 1010 is marked?
e |dea: make sure the 0's are 0's by adding
X gates!

—{x}—
o control on all position qubits
.
]

Write the Oracle in
Qiskit

Applying the shift

%
a, e We will only shift if we are not in the
Shift target state
q o we will use the ancilla to control the Shift
2 operator
3

Gans

Put it all together
in Qiskit
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C Sample Lecture Slides for Quantum Walks for
Noise Sampling

T @

Quantum Walks for
Noise Sampling
<<}

Addie Jordon, CSC 588A Fall 2022

=



Idea: use quantum walks to create probability
+ distributions
£ o ="
g
‘ .

e 75341357891

Using quantum walks

to create noise r - - -
Mackay TD, Bartlett SD, Stephenson LT, Sanders BC./Quantum walks in higher dimensions. Journal of Physics A: Mathematical and

distributions General. 2002 Mar 15;35(12):2745.
R. Zhang; R./Yang; J. Guo, €=W. Sun, Y~C. Liu, H. Zhou, P- Xu; Z. Xie; Y-X. Gong, and S=N. Zhu;, “Arbitrary coherent distributions in
a programmable quantum walk,” Physical Review Research, vol.[4, no. 2, pi023042, 2022

Review: Quantum Walks Project Proposal

+
<+

S o Implementation Noise Distributions
Classical random walks Quantum walks I will implement quantum walks on a line I will look at creating the Gaussian
and possibly on a lattice in Python using mechanism and something akin to the
Qiskit. exponential mechanism.

*—o oo o—e 00 + Timeline
‘\ Given that my research is in implementing

quantum walks, I have existing code which I
can modify to serve for noise sampling.

+ +

)
/» / ////
+ NSV Sl |
Which probability What are the challenges
distributions can I in creating probability o [
create using QWs? distributions MO tl ‘ ’ atl O n

quantumly?

Is it easier to create Can I create intuitive
symmetric or graphics to display my
findings?

asymmetric

Questions to answer...

+

distributions? Quantum as a source of
<(% randomness




Additive Mechanisms @at do they have in commg}??
+

Gaussian (Normal) 4 Exponential
: 1. Probability 2. Randomness!
po) = ——=*e"
fesn Ve ¢ ° exp e Ll D I /ZALI With some probability, a noisy Even with a probability

number is chosen. distribution, the end result (ie.
picking of the number) should be
"_7< This requires... completely random.

0 + +
+ +

True randomness < +

@, A=

Sources of randomness?
Cryptology (+ Privacy)

+
Is it even needed? w SFimae et oo il ettas,
the requirement for truly
For the most part, random numbers is higher. T dhes
pseudo-randomness is wrowing c!
I picking objects from a hat

Sources of true randomness are extremely difficult to
find.

fiitene 4s q shuffling playing cards
Additive mechanisms

. 5 . All resulted in biases such as an unusual number of 5s
Differential privacy needs truly

h and 6s.
random numbers as long as it
uses additive mechanisms! ‘J\}
S. L. Garfinkel and P. Leclerc, “Rand concerns when deploying differential privacy,” in Proceedings of the 19th %
Workshop on Privacy in the Electronic Society, 2020, pp. 73-86. o @ What can we use for
Bosley C, Dodis Y. Does privacy require true randomness?. InTheory of Cryptography Conference 2007 Feb 21 (pp. 1-20), randomness????
Springer, Berlin, Heidelberg

Idea: use quantum walks to create probability

+ LS
distributions
+

<<}>
Quantum is random

The idea behind quantum computing is that
quantum bits can be both 0 and 1 at the same time...

0.3
(b) I Theo.
[

Mackay TD, Bartlett SD, Stej
General. 2002 Mar 15;;
R. Zhang; R./Yang; J. Guo; W Sun; Y~C. Liu; H. Zhou, P. Xu; Z. Xie; Y=X. Gong; and S-N. Zhu; “Arbitrary coherent distributions in
a programmable quantum walk,” Physical Review Research, vol. 4, no. 2, p.023042, 2022

hsnmn LT, Sanders BC. Quantum walks in higher dimensions. Journal of Physics A: Mathematical and




Tasks

«e

Hadamard walk

Take the Hadamard walk
and plot its distribution

Completed and to-do c

Tasks

Tasks

«@ + @

Hadamard walk Hadamard walk Equal dist*

Take the Hadamard walk m Take the Hadamard walk m Plot equal distribution

and plot its distribution and plot its distribution

Gaussian / Normal Gaussian / Normal
dist dist
Force Hadamard walk Force Hadamard walk
into Gaussian into Gaussian

o distribution O distribution

Tasks Tasks

«@ <+ @

0.200
012 rm } 0175
010 0.150
Gaussian / Normal 0125
Hadamard walk . dist
0.100
Take the Hadamard walk 0.06 Force Hadamard walk
and plot its distribution into Gaussian 0.075
0.04 e N
distribution —_—
002
0.025
2.00 0.000

<(>> 0 50 100 150 200 250 + 0 5 10 15 20 =



Tasks

fasks + «@ +

175 00325
0.150
5 00320
Gaussian / Normal | o125
3 .
dist 0100 Equal dist 00315
Bonus: Add multiple Plot the equal 0.0310
walkers to simulate 0075 distribution
custom distribution 0050 00305
— 0.0300
0.000

Quantum development

Ancilla qubits +
— @
in order to get the Gaussian O

distribution, direction has As qubits get used, they cannot be

to be "reset" . reset back to their original state.
" S o ‘ \ Solution? Make backups.
actual "resetting" of qubits

breaks unitary properties of
quantum mechanics, so
ancilla qubits were used to
avoid this

Technical issues
+ +

Quantum development Quantum computers

Setupand runy

Ancilla qubits + Quantum computers +
Q C ‘ are... bad.

5 by A As qubits get used, they cannot be limited number of qubits
to be "reset . reset back to their original state. choice between simulator

and real quantum computer

in order to get the Gaussian
distribution, direction has

m . . ’ \ Solution? Make backups.
actual "resetting" of qubits .

breaks unitary properties of g B .
Y prop simulator is just a classical
quantum mechanics, so .
computer - long time

ancilla qubits were used to
o quantum computer offers no
avoid this

<4 Problem: now number of qubits required 4 4 insights for research
(size complexity) scales linearly with alsl‘;_qu“e noisy, limited
number of iterations. ‘I\>> qubits, or expensive




Quantum computers

Quantum computers +
are... bad.

limited number of qubits
choice between simulator
and real quantum computer

simulator is just a classical
computer - long time
quantum computer offers no
insights for research

also quite noisy, limited
qubits, or expensive

Parity problem

Walk positions +
either all even or all odd

easiest solution - only use
either an even or odd
number of steps
downside: the number of
qubits used to represent
position is not efficient

D)

O simutator_e

Quantum computers +
a are... bad.

limited number of qubits
choice between simulator
and real quantum computer

imulator

Online

simulator is just a classical
computer - long time
quantum computer offers no
insights for research

also quite noisy, limited
qubits, or expensive

Online

1 +

<+

This can make mapping the
domain difficult.

b I Theo.
© e
80.2
o
0.1
0.0

975311367 911
X

+ Jupyter notebook

Quantum computers

Hadamard Walk, 8 qubits, 100 steps

Time for quantum walk to run (s): 70.869145154953
Time for statevectors(s) to be produced (s): 29.460327863693237
Total time (s): 100.32947301864624

Normal / Gaussian, 5 qubits, 15 steps

Time for quantum walk to run (s): 1.5705878734588623
Time for statevectors(s) to be produced (s): 78.75355911254883
Total time (s): 80.32414698600769

Normal / Gaussian 2 walkers, 5 qubits, 15 steps

Time for quantum walk to run (s): 1.1304597854614258
Time for statevectors(s) to be produced (s): 80.11094808578491
Total time (s): 81.24140787124634
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D Links to Quantum Walk Github Repositories

e https://github.com/addie43110/qwalk-visualizations contains Jupyter note-
books for rendering two- and three-dimensional visualizations for Quantum

Walks.

e https://github.com/addie43110/qwalk-app contains the code for the front
end of the QWalkVis website application.

e https://github.com/addie43110/qwalk-app-backend contains the code for
the back end of the QWalkVis website application.

e https://github.com/addie43110/qw-noise-sampling/blob/main/Quantumy
20Walks%20Distributions’%20for%s20Noise’20Sampling. ipynb contains a Jupyter

notebook for creating distributions for noise sampling using quantum walks.


https://github.com/addie43110/qwalk-visualizations
https://github.com/addie43110/qwalk-app
https://github.com/addie43110/qwalk-app-backend
https://github.com/addie43110/qw-noise-sampling/blob/main/Quantum%20Walks%20Distributions%20for%20Noise%20Sampling.ipynb
https://github.com/addie43110/qw-noise-sampling/blob/main/Quantum%20Walks%20Distributions%20for%20Noise%20Sampling.ipynb
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