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ABSTRACT

The consistency of fundamental constants is assumed in the Standard Model. How-

ever, new physics theories allow them to be dynamical. Different tests can be made at

various epochs of the universe. In particular, current bounds at the time of emission

of the Cosmic Microwave Background (CMB) permit variations up to 1% of their

present values. A change of this order can produce an accumulation of tritium which

would later decay and modify the ionization history of the Universe by up to O(0.1%).

This Tritium Decay Scenario (TDS) can modify the CMB to an observable level and

thus provides a new probe of Varying Fundamental Constants (VFC). We analyze

the WMAP 7-year and SPT data with respect to the TDS and find no evidence for

VFC. The data disfavors a portion of the parameter space at 95% Confidence Level

(CL). We forecast the sensitivity of Planck to the TDS and find that a larger range

of parameters can be excluded at 3σ CL.
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Chapter 1

Introduction

All theories in physics have defining constants, telling us either the strength of the

interactions or the scale at which they become relevant. Basic examples are quantum

mechanics, where the Planck constant h dictates the level at which quantum effects set

in, or special relativity, which is required over classical mechanics for velocities near

the speed of light c. Instinctively, these constants have been taken to be constant

in time and space, hence their name. This is in part due to simplicity (scientists

always start with the easiest hypothesis) and the apparent consistency over the years,

decades, or centuries even, at ever-increasing precision until the present time.

A rigorous physicist might say that it is part of the scientific method to verify the

consistency of fundamental constants and that alone would be enough to motivate

the search of Varying Fundamental Constants (VFC). Realistically, the experimental

precision will never be infinite and one looses interest at a reasonable point. The recent

research effort in VFC [1, 4] is rather due to the potential window on extensions of

the Standard Model (SM) or even the ultimate physics theory, with string theory

as a candidate. Many of these theories allow dynamical fundamental constants, and

thus observing the evolution of a SM constant would help us determine the correct

extension of our current view of Nature.

The study of cosmology is a great tool to investigate the variation of fundamental

constant. The Big Bang theory as been successful at predicting the correct abun-

dances1 of light nuclei and the existence of a Cosmic Microwave Background (CMB)

of photons [1]. It therefore constitutes a strong theoretical basis, with a plethora of

fundamental constants incorporated in the microphysics.

1Except for 7Li, which observations are 4-5σ lower than predicted [5] and could be an indication
of new physics [6].
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The CMB is a fossil radiation, emitted when the Universe became transparent.

It was first predicted by Gamow [7] indirectly when he used the Hot Big Bang as

a means of creating nuclei heavier than 1H and then estimated by Alpher and Her-

man [8] to ∼ 5 K. The isotropic radiation was first famously observed by Penzias and

Wilson [9] and its blackbody spectrum was measured with astonishing precision by

the COsmic Background Explorer (COBE) satellite [10]. A perfectly homogeneous

universe does not allow the genesis of structures through gravitational collapse and

small anisotropies of the order ∆T/T ≃ 10−5 were first observed by COBE [11]. The

Wilkinson Microwave Anisotropy Probe (WMAP), in conjunction with SPT2 [12],

ACT3 [13], ACBAR4 [14], CBI5 [15], VSA6 [16] and BOOMERANG7 [17], refined

the measurements of the temperature fluctuations (see figure 1.1) which allowed the

extraction cosmological parameters [18].

Figure 1.1: Temperature anisotropies in the CMB observed by WMAP. Credit
NASA/WMAP Science Team.

The anisotropy power spectra, both in temperature and polarization, are rich

sources of information about the Universe. Their characteristic shape of peaks and

troughs (see figure 5.1 for the temperature spectrum) are dependent to various de-

2South Pole Telescope
3Atacama Cosmology Telescope
4Arcminute Cosmology Bolometer Array Receiver
5Cosmic Background Imaginer
6Very Small Array
7Balloon Observations Of Millimetric Extragalactic Radiation ANd Geophysics
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grees on many parameters. With the current data, a model of the Universe (dubbed

ΛCDM) dominated by dark energy and cold dark matter with a nearly scale-invariant

spectrum of primordial fluctuations has been established on a strong footing. With

the new generation of CMB experiments such as the Planck satellite [19], we are now

in an era of precision cosmology. The forecast on the data shows that it will set tighter

constraints on the cosmological parameters and detail the ionization history, in ad-

dition to the possibility of probing inflation physics or deviations from the standard

ΛCDM model [19].

In light of this potent cosmological data, we investigate a novel probe of VFC in

relation with the CMB. We specifically concentrate on variations of nuclear parame-

ters as there was no previous understanding that the CMB could be sensitive to VFC

in the nuclear sector. The allowed variation of constants by present observations can

induce a modification in the excess energy Q of the reaction T → 3He + e− + ν̄e in

such a way that the stable element in the reaction becomes the tritium atom and the

reaction is reversed. The primordial abundance of 3He is then accumulated into T

until Q > 0. If the sign of Q changes after recombination, the emitted electron in

the disintegration of T can partially reionize the Universe which in turn modifies the

CMB signal. The Tritium Decay Scenario (TDS) can therefore potentially detect or

constraint the evolution of fundamental constants.

The remaining of the thesis is structured as follows.

Chapter 2 is a short review of standard Cosmology, reviewing basic concepts that

will be used in the other chapters.

Chapter 3 starts with the motivations behind VFC and its current observational

status. We then introduce and discuss the relevance of the Tritium Decay

Scenario with respect to the other probes.

Chapter 4 is devoted to the thermal history of the Universe, with a thorough de-

scription of its modifications arising from the TDS.

Chapter 5 discusses the CMB and its relation with the background cosmology. We

investigate the effects of the modified ionization history.

Chapter 6 is focused on the detectability of the TDS, where CMB data is used to

impose constraints on the parameter space. A forecast on the Planck data is

also included.
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Chapter 7 summarizes our findings and concludes our discussion of the TDS.
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Chapter 2

Cosmology Primer

Before we embark into the analysis of varying constants, we review some basic con-

cepts and equations that will be used in other chapters. This will alleviate and

smoothen the discussion throughout the Thesis.

2.1 General Relativity

The theory of General Relativity is a geometric interpretation of gravity that pre-

serves Lorentz symmetry. Early after its formulation in 1916 by Albert Einstein,

it successfully passed rigorous experimental tests, notably the deviation of light ob-

served by Eddington during a solar eclipse [20]. Its physical implications are entirely

encoded in the Einstein equations (see for e.g. [21])

Rµν −
1

2
Rgµν = 8πGTµν , (2.1)

where G is Newton’s constant. The left-hand side corresponds to the geometry of

space, which strictly depends on the line element

ds2 = gµνdx
µdxν , (2.2)

from which we can extract the metric gµν of the background. The Ricci tensor Rµν

and the Ricci scalar R are defined by

Rµν = ∂αΓ
α
µν − ∂νΓ

α
µα + ΓαβαΓ

β
µν − ΓαβνΓ

β
µα (2.3)

R = gµνRµν (2.4)
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with the Christoffel symbols given by

Γλµν =
gλσ

2
(∂µgνσ + ∂νgσµ − ∂σgµν) (2.5)

The right-hand side of 2.1 is sourced by the stress-energy tensor Tµν , which describes

the energy constituents filling the universe. For a perfect isotropic fluid, the general

form is

T µν = (ρ+ p)UµUν + pgµν , (2.6)

where ρ is the energy density, p the pressure and Uµ = dxu

dτ
is the four-velocity, with

proper time τ . The Einstein equations therefore relate the content of a spacetime

with its geometry.

2.2 Friedmann Equations

We know from Hubble that the universe is expanding. Assuming spatial isotropy

and homogeneity, one can study a smoothly expanding universe with the Robertson-

Walker metric

ds2 = −dt2 + a2(t)

[

dr2

1− κr2
+ r2dΩ2

]

. (2.7)

The scale factor a represents the relative physical distance. The coordinates ~r are

comoving with the expansion, meaning that objects fixed on the comoving grid at

a distance d now were separated by a(t)d at time t. This implies the normalization

a0 ≡ a(tnow) = 1, where the subscript 0 will denote the present time throughout this

Thesis. The curvature parameter κ quantifies the behaviour of parallel lines. If κ < 0

the distance between two locally parallel lines will diverge at infinity and the universe

is said to be open. Conversely, if they converge the universe is closed and κ > 0.

Present observations suggest our universe is very nearly flat [22], and for simplicity

we will assume κ = 0 for the remainder of this manuscript.

The evolution of the scale factor is embedded in Einstein equations, and its reduced

form is known as the Friedmann equations

H2 =
8πG

3
ρ (2.8)

ä

a
= −4πG

3
(ρ+ 3p), (2.9)
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where we have defined the Hubble parameter H = ȧ
a
. If the universe is filled with

different types of energy, ρ =
∑

i

ρi. In the standard ΛCDM cosmology, all types of

energy follow the equation of state pi = wiρi, where wi is constant and defines the

type of energy. The three standard form of energy are matter (wm = 0), radiation

(wr =
1
3
) and vacuum (wΛ = −1). The time-dependence of each ρi is found through

the conservation of Tµν which implies

ρi = ρi0a
−3(1+wi). (2.10)

We therefore have a closed system of equations to track the evolution of the scale

factor and the energy densities. We show in figure 2.1 the fractional amount of

energy density Ωi =
ρi
ρtot

as a function of the scale factor, clearly demonstrating that

the universe is dominated by different types of energy at different epochs.

 0
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Figure 2.1: Evolution of the cosmic energy distribution.

2.3 Cosmological Distances and Time

There are many different ways we can parametrize the cosmological evolution. The

scale factor a dictates the evolution of energy densities and tells us the relative sep-

aration between objects on the comoving grid. We can map the size of the universe

to the physical time by integrating 2.8

t =

∫ a

0

da
√

8πG
3
a2ρ

, (2.11)
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where we have taken a(0) = 0. Recalling the normalization a0 = 1, it is convenient

to define another variable z

a =
1

1 + z
. (2.12)

When light travels through spacetime, its wavelength is redshifted as space expands

by λobs
λ(a)

= 1
a
. The fractional change is ∆λ

λemit
= z and for this reason we call z the

redshift.

Another useful quantity is the maximal distance a photon could have traveled in

a given time, therefore defining the size of the light-cone of a past event. In terms of

comoving coordinates, we defined the conformal time from the Big Bang

η =

∫ t

0

dt′

a(t′)
. (2.13)

As the universe expands, wavelengths are stretched and the temperature scales lin-

early with the scale factor. We can thus specify any cosmological epoch by the

radiation temperature

T (z) = (1 + z)T0, (2.14)

where T0 = 2.726 K, the present-day temperature of the radiation relic.
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Chapter 3

Dynamical Fundamental Constants

The idea of Varying Fundamental Constants (VFC) was first suggested by Dirac in

1937 [23]. He noticed that characteristic dimensionless numbers such as the ratio

between the electrostatic and gravitational force between an electron and a proton

Fem
Fg

=
e2

Gmpme
≃ 2× 1039 (3.1)

or the ratio of the Hubble radius over the classical radius of the electron

rH
re

=
cH−1

0

e2m−1
e c−2

≃ 5× 1040 (3.2)

lie in the same range of orders of magnitude. He postulated that this numerical

coincidence had a deeper meaning, summarized in his own words [24]

Any two of the very large dimensionless numbers occurring in Nature are

connected by a simple mathematical relation, in which the coefficients are

of the order of magnitude unity.

Since the Hubble rate evolves in time (see 2.8), it would imply that constants involved

in either 3.1 or 3.2 change through the different epochs of the universe.

This numerological source of VFC was not based on very scientific grounds, but the

concept was nonetheless introduced in the academic literature. Nowadays, VFC are

seen as a possible window on New Physics and constitutes a complete research field,

both theoretical and experimental. In this chapter, we review these advancements to

justify and introduce a new probe of VFC.
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3.1 Theories with varying constants

Although we are only interested in a phenomenological study of VFC, it is important

to briefly review some theoretical work that justifies its physical realizations.

The first implementation of VFC in a field-theory framework was done by Jor-

dan [25], where he considered G to be a dynamical field. The idea was extended

by Brans and Dicke [26] and then generalized into scalar-tensor theories of gravity.

The idea is that gravity is not only mediated by a spin-2 graviton, but also by a

scalar field that couples universally to matter fields [1]. This coupling can affect par-

ticle physics, notably induce a time-evolution of the fine-structure constant through

quantum effects [27].

Alternatively, it was shown by Bekenstein [28] that the electromagnetic sector

of the Standard Model can be modified to incorporate a dynamical evolution of the

fine-structure constant. He noticed that radiation cannot source a variation in αem.

Rather, its temporal evolution is driven by the baryon energy density and is thus rel-

evant on cosmic scales. The model has more recently been generalized with couplings

to the currently dominating energy densities, dark matter and dark energy, allowing

greater variations in αem [29].

A general feature of string theory is the presence of the dilaton, a scalar field.

According to this candidate description of quantum gravity, the values of different

couplings and masses in the standard model are derived from the vacuum expectation

value of the dilatons [30], which could change on cosmological scales, provided that

the dilaton remains nearly massless.

These three examples certainly do not form an exhaustive list of theoretical frame-

works of VFC. Instead, they are meant to demonstrate that there are many ways to

incorporate VFC in the current picture of particle physics and cosmology. An ex-

perimental proof of VFC would then guide us in the determination of the correct

extension of the Standard Model.

The variation of Standard Model constants is generically driven by a new dynam-

ical field. In this thesis, we neglect the effects of the field stress-energy tensor on the

cosmology, and only consider the implications of the induced VFC.
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3.2 Current constraints

Ideally, knowing the evolution function of the fundamental constants through all

redshifts would give us maximal information about the VFC. However, since their

evolution is only detectable indirectly in different physical processes with various

sensitivity, we can only hope to patch enough measurements to track the evolution

over the different cosmological epochs.

We briefly review the known physical systems that provide constraints starting

from present bounds going back in time, summarized with their order of magnitude

constraint in table 3.1 (for recent reviews, see for e.g. [1, 4]).

Atomic clocks allow present-day constraints by comparing the frequency of ultra-

stable oscillators in different elements. For example, the SI second is defined by

the cesium hyperfine transition [31] which can be compared with the magnesium

fine structure transition to probe the variation of α [32].

The Oklo phenomenon corresponds to an uranium mine that had natural nuclear

reactors that operated approximately 2 billion years ago in the town of Oklo,

Gabon. It left peculiar distributions of some isotopes around the mine, from

which we can extract information about the reaction rates and learn about the

fundamental constants at the time [33].

Meteorite dating can be used to look at the concentrations of long-lived radioactive

elements, affected by α- or β-decay. The integrated decay rate can be found,

thus constraining the evolution of αem [34].

Quasar Spectra offer another possibility of observing the variation of fundamental

constants. By looking at the chromatic effects not accounted by redshift in the

absorption lines, one can constrain their evolution [35].

Stellar physics provides rigid bounds by requiring the proper abundance of carbon

produced through nucleosynthesis in the stellar cores [36, 37].

The 21 cm absorption line from ground state hyperfine splitting of neutral hydrogen

in the IGM probes the universe at different redshifts during the dark ages. Its

details can potentially map the evolution of fundamental constants through a

large range of redshifts [38].
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The CMB is a picture of the universe when it became neutral. Changes in αem and

me mostly affect the recombination process, which modifies the optical depth.

The effect is large enough to limit the variations of constants at this epoch [39].

Big Bang Nucleosynthesis (BBN) is the name given to the system of nuclear re-

actions through which the light elements are created in the early universe. The

final abundances are dominantly sensitive to the mass difference between the

proton and the neutron in addition to the deuteron binding energy, which can

be related to fundamental constants [40].

Redshift System Observable Constraint Order [10X ]
Now Atomic clock frequency change −17∗

0.14 Oklo phenomenon isotopic ratio -7
0.43 Meteorite dating isotopic ratio -7
0.2-4 Quasar spectra atomic spectra -5
15 Stellar physics element abundances -3

30-100 21 cm Tb/TCMB -3
1000 CMB ∆T/T -2
108 BBN light element abundance -2

Table 3.1: Summary of the different probes of variation of fundamental constants.
The constraint order is the order of magnitude of the allowed fractional difference
∣

∣

αz−α
α

∣

∣ between the redshift z and now. ∗ Atomic clocks bounds are on the yearly
fractional change,

∣

∣

α̇
α

∣

∣ < 10−17yr−1. Data from [1].

3.2.1 Detection controversy

It is important to point that all measurements are consistent with no change in funda-

mental constants, except limits from quasar absorption lines. Webb et al. claimed a

detection of smaller αem at 4.7σ [41] using data from HIRES (HIgh Resolution Echelle

Spectrometer) on the Keck telescope. The same authors, with a larger collaboration,

analyzed the data from ESO Very Large Telescope (VLT) and noticed the opposite

feature, a larger αem [42]. Since Keck/HIRES and VLT observe different portions of

the sky, they claimed a spatial dipole variation of αem, significant at the 4.2σ level [42].

In Ref. [43], the authors analyzed the data accuracy of Keck/HIRES and argue that

it is difficult to claim a variation of fundamental constants. Ref. [44] reanalyzed the

updated dataset from both Keck and VLT telescopes, mentioning that they could
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not find any systematic effect that would account for the spatial dipole variation of

αem. Finally, Ref. [45] recently demonstrated through a Bayesian reanalysis that,

with our current theoretical and observational knowledge, no definitive conclusions

can be reached and more independent data is required to settle the debate.

3.2.2 CMB constraints

The temperature anisotropies in the CMB (see chapter 5 for an overview of the CMB

physics) are an artifact of the primordial quantum density fluctuations, which are the

seeds for the gravitation collapse and creation of celestial bodies. The perturbations

in the photon energy distribution are sourced by the Compton coupling with the

ionized matter and the redshifting (blueshifting) when the photon comes out of an

under-densed (over-densed) gravitational potential well.

The evolution of the temperature fluctuations is described by the Boltzmann equa-

tion 5.9. The Compton interaction is proportional to the differential optical depth

κ̇

κ̇ = XeneσT , (3.3)

where Xe is the ionized fraction of matter, ne the electron number density and σT

the Thomson cross section. The effect of varying αem or me on the anisotropies is

dominated by the change it induces in κ̇ [39]. Factoring out the dilution from space

expansion, the electron number density is fixed. The effect on σT is easily seen by

writing out its definition

σT =
8π

3

α2
em

m2
e

. (3.4)

The evolution of Xe is solved through a system of differential equations described

in section 4.2.1, following the rates of recombination and ionization. Qualitatively,

increasing αem augments the binding energies, which yields a faster and earlier re-

combination of the medium [46].

This probe of VC has been investigated by many authors, with increasing precision

and updated datasets [47, 48, 49, 50, 51, 52, 53]. We would like to point out that

in all analyses, the authors simply varied αem in all its occurrences in the numerical

codes and did not consider new physics affecting the recombination process.
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3.3 A Novel Effect

We propose a new mechanism triggered by VFC that has non-negligible implica-

tions in the recombination of the cosmic medium and the CMB. As will be explained

in section 4.1, light elements are formed in the early Universe and the final abun-

dances are the result of a network of nuclear reactions. In particular, Tritium (T)

decays into Helium-3 (3He). According to the SM, this decay happens very quickly

(τ1/2 = 12.32 years) on cosmological timescales and T is entirely depleted at recom-

bination (∼ 300000 years later). The interesting feature is the excess energy Q of the

reaction

Q = mT −m3He+ −me = 18.59 keV (3.5)

where the neutrino mass is negligible. It is notably small compared to the mass of

the parent atom.
Q

mT

∼ 6.7× 10−6 (3.6)

We can therefore expect that fundamental constants involved in mT and m3He can

have sizable effects on the excess energy. The new probe of VFC can be stated as

If the VFC influences Q in such a way that it is negative, the primor-

dial 3He decays into the stable tritium. At some point, Q must become

positive and reach its SM value. If the transition happens around the last-

scattering surface, the belated beta decay of the accumulated tritium then

injects energy in the cosmic medium through kinetic electrons, altering the

recombination process and partially reionizing the Universe.

Multiple fundamental constants influence the value of Q. Keeping the current

observational status in mind, we highlight some of them that can realistically give

rise to the Tritium Decay Scenario (TDS).

3.3.1 Variation in αem

We can estimate the required variation in the fine-structure constant to obtain Q < 0.

In general, the mass of an atom with A nucleons and Z protons is given by

m(A,Z) = Zmp + (A− Z)mn + Zme + Es + Eem, (3.7)
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where Es and Eem are respectively the strong and electromagnetic contributions to

the binding energy. A semi-empirical approximation of the binding energy is given

by the Bethe-Weiszäcker formula [54], from which we can extract the nuclear Eem

term [1]

Eem = 98.25
Z(Z − 1)

A
1
3

αem MeV. (3.8)

Moreover, the nucleons are made of quarks which are charged under electromagnetism.

Their masses therefore have an implicit dependence on αem. Concretely, we can be

expand their mass at lowest order in chiral perturbation theory as [55]

m(p,n) = A + b(u,d)mu + b(d,u)md +B(p,n)αem, (3.9)

where A is the pure QCD contribution and b(u,d) are the quarks’ quadratic expectation

values in the proton bq = 〈p|q̄q|p〉. The electromagnetic self-energy contribution as

been theoretically calculated in the context of n/p mass difference [56]

(Bp −Bn)αem = 1.30± 0.50 MeV. (3.10)

Neglecting the effect of the strong force between the nucleons, we can write the nuclear

part of the excess energy as

Qnuc = mnuc
T −mnuc

3He = (bd − bu)(mu −md)− 314.4αem MeV. (3.11)

The TDS can therefore be achieved with an increase of

∆αem

αem
≃ 10−2, (3.12)

a variation at the same order of the current constraints.

3.3.2 Variation in masses

Another possibility is a change in the mass of the nucleons and the electron. Although

not fundamental (see eq. 3.9), we consider nucleon masses as the varying parameters.

Using 3.7, we write Q as

Q = mn −mp + E3He+ − ET −me + δEnuc, (3.13)
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where Ex is the binding energy of the orbiting electron and δEnuc the difference

between the two nuclear binding energies. The electromagnetic binding energy is

given by the standard E = meα2Z2

2
and is negligibly small compared to the rest

masses. The expression then reduces to

Q = mn −mp −me +∆Enuc. (3.14)

The required independent variations are therefore

∆(mn −mp)

mn −mp
≃ −0.015

∆me

me
≃ 0.04. (3.15)

We show as an example of joint variations the contour lines of the excess energy

when the nucleon masses and the fine-structure constant are both allowed to vary in

figure 3.1. The shaded region marks the parameter space where tritium is stable and

Q < 0.

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

-3 -2.5 -2 -1.5 -1 -0.5  0  0.5  1  1.5

1
0

2
∆

α
/α

10
2
∆(mn - mp)/mn - mp

-50

-30

-10

  0

 10

QSM

30 40 60 80
-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

-3 -2.5 -2 -1.5 -1 -0.5  0  0.5  1  1.5

1
0

2
∆

α
/α

10
2
∆(mn - mp)/mn - mp

-50

-30

-10

  0

 10

QSM

30 40 60 80

Figure 3.1: Contour lines of Q in keV for a variation in the nucleon masses and the
fine-structure constant. The shaded region allows a negative Q.

3.4 Modeling the variation

Having justified the possible realization of TDS through different varying constants

channels, we can quantify the impact of a time-varying Q in the tritium decays.



17

3.4.1 Tritium → Helium-3

In the Standard Model, tritium T naturally decays into 3He through beta decay with

and half-life of t 1
2
= 12.32 years. The Feynman diagram of the reaction is shown in

figure 3.2. We generalize (see appendix A for details) the decay rate Γ to a variable

excess energy Q

ΓT→He(Q) =
(GFVud)

2

2π3
(g2v + 3g2a)

∫ me+Q

me

dE F (2, E)E
√

E2 −m2
e(Q+me − E)2,

(3.16)

where the integral is over E, the outgoing electron energy that we have approximated

to be non-relativistic. F (2, E) is the Coulomb correction factor [57] that incorporates

the electromagnetic interaction between the 3He+ and the electron. The Fermi con-

stant GF = 1.16637(~c)310−5 GeV−2 and CKM matrix element Vud = 0.97425 are

set at their respective Standard model values [3]. By the Conserved Vector Current

hypothesis, we set the vector coupling gv = 1. The axial coupling ga = 1.239 is found

numerically by equating the left-hand side of 3.16 for Q = Qsm = 18.59 keV with the

Standard Model decay rate Γ = 1.783 nHz. It is close to ga from the β-decay of free

neutrons.

T 3He

e−

e

W

T3He

e−
e

W

Figure 3.2: Feynman diagrams of the reactions T ⇄ 3He.

The non-trivial nature of F (2, Z) (see A.11) makes it difficult to find an analytic

solution to 3.16 and we have to settle with a numerical solution. We found that it

could be well-fitted with a polynomial of the form

ΓT→He(Q) = aQ3 + bQ4 + cQ5 + dQ6 + eQ7, (3.17)

where the coefficient values are given in table 3.2 and Q is in eV. The numerical and

fitted solutions are shown in figure 3.3 and differ by at most 1.6% for small Q where

F (2, E) has a greater impact. For Q > 10 keV, they differ by O(0.001%).
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a b c d e
Γ(Q) 1.4169× 10−22 1.1489× 10−26 −3.9029× 10−31 1.1909× 10−35 −1.6235× 10−40

K(Q) 0.2559 9.0211× 10−6 −7.8795× 10−10 3.6221× 10−14 −6.5085× 10−19

Table 3.2: Fitting parameters of the curves in figure 3.3 modeled as 3.17 and 3.18 for
respectively the decay rate of tritium Γ and the average kinetic energy of the ejected
electron K.
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Figure 3.3: Tritium decay rate and average kinetic energy of the electron emitted as
a function of the excess energy Q in eV.

The decay has three products and since m3He ≫ me,ν , we can take the rest frame

of the decaying tritium to be same as the 3He product. Then, all the kinetic energy

will be distributed between the electron and the neutrino. The energy distribution of

the electron is given by the integrand in 3.16 and the average kinetic energy of the

electron Ke is given by

Ke(Q) =

∫ me+Q

me
dE F (2, E)E2

√

E2 −m2
e(Q+me −E)2

∫ me+Q

me
dE F (2, E)E

√

E2 −m2
e(Q+me −E)2

−me. (3.18)

The numerical solution and fit with the polynomial

Ke(Q) = aQ+ bQ2 + cQ3 + dQ4 + eQ5 (3.19)

are shown in figure 3.3 and the coefficients listed in table 3.2. The polynomial differs

by 3% or less for small Q and for Q > 10 keV they agree at the 0.05% level.
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3.4.2 Helium-3 → Tritium

For completeness, we derive (see A.2) the rate of the 3He to T decay shown in fig-

ure 3.2. The process happens through the electron capture of one of the orbiting

electrons and we find

ΓHe→T(Q̃) =
3 · 10.572

8π2

G2
FV

2
ud

αc
Q̃2(g2v + 3g2a)

MHz

fm2 , (3.20)

where we assumed the initial T, electron and final 3He to be at rest. We stress the fact

that this reaction is only possible for negative Q-values with respect to the opposite

reaction. We rename Q̃ = −Q > 0 to make a clear distinction between the two cases.

This decay rate corresponds to a lifetime of

τHe→T(Q̃) = 2.05× 105 yr

(

10 keV

Q̃

)2

. (3.21)

3.4.3 Time evolution of Q

To model the evolution of Q, we take the simplest polynomial that smoothly tran-

sitions from 0 to Qsm with vanishing first and second derivatives at those points.

Writing the time-dependence in redshift z, we have two free parameters, the redshift

z0 at which Q becomes positive and the timescale ∆z of the transition to Qsm. The

evolution of the excess energy is then given by

Q(z) = Qsm ×











0 z ≥ z0

10
(

z0−z
∆z

)3 − 15
(

z0−z
∆z

)4
+ 6

(

z0−z
∆z

)5
0 < z0−z

∆z
< 1

1 z0 − z ≥ ∆z

(3.22)

and is shown in figure 3.4. The requirement of vanishing first and second derivatives

at the transition endpoints becomes helpful in the numerical computation of the

cosmological anisotropy spectra. Realistically, we need Q < 0 at earlier times to

convert the primordial 3He into T. In practice, the period where Q is negative does

not have other phenomenological effects and the observables only depend on positive

Q, provided that all primordial 3He has decayed into T before the transitional epoch

z0. Our model 3.22 serves as an ansatz in our phenomenological study. A dynamical

model of VFC is needed to derive a more specific expression for Q(z), but our ansatz

should provide enough information to test the detectability of the TDS.
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Figure 3.4: Time-evolution model of the excess energy Q in tritium beta-decay
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Chapter 4

Thermal History of the Universe

The universe evolves in time; the planets, stars and galaxies formed through grav-

itational collapse and their chemical composition is the result of chains of multiple

reactions. In fact, there are many specific epochs where the composition of the uni-

verse changed and the outcome of each transition serves as the initial conditions for

the following one, thus influencing the present visible universe.

In this chapter, we review the different phases of the Universe and thoroughly

quantify the effects of the TDS in this thermal history.

In its earliest moments, the universe is very hot and dense. The scattering rates

between the particles are much larger than the expansion rate, thus enforcing chem-

ical equilibrium. As the temperature cools down, the efficiency of certain processes

is lowered and particle distributions are altered. Starting at experimentally tested

energies to argue with a certain confidence, we highlight the most relevant transitions.

When the universe is about 10−10 second old, the temperature falls under 1 TeV

and approaches the Higgs field vacuum expectation value of 246 GeV. As the energy

drops under 100 GeV, the weak interaction strength is significantly reduced and its

force carriers, the Z and W± bosons gain mass through electroweak symmetry break-

ing. The cross section is still large enough to keep the neutrinos in thermal equilibrium

until 1 second has passed and the ambient temperature is around 1 MeV. [58]

Meanwhile, free quarks start to combine and form the first baryons at a tem-

perature of 100 MeV, corresponding to 10−4 second. It is worth noting that this

temperature is significantly lower than the rest mass energy of ∼ 1 GeV. At earlier

times, the high-energy tail of the photon distribution is significant enough to de-

stroy any baryons because of the high ratio of photon-to-baryon (∼ 1010). Neutrons

and protons are kept in equilibrium through the weak force until the temperature is
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around 1 MeV. [59] Up until this stage, there are no direct observational probes of

the hot Universe until the temperature reaches a few MeV.

4.1 Big Bang Nucleosynthesis

Eventually, the free protons and neutrons join through the strong force to form light

elements, a process called Big Bang Nucleosynsthesis (BBN). The main product is
4He since its binding energy of ∼ 28 MeV corresponds to the local maximum for the

light elements in the distribution of binding energies. The final abundances depend

on the relative number of neutrons to protons prior to nucleosynthesis. The relevant

weak interactions between the free neutrons and protons are

n+ νe ⇄ p+ e− , n + e+ ⇄ p+ ν̄e. (4.1)

The interaction rates become smaller than the expansion rate at Tfreeze ≃ 0.84 MeV

and the neutron fraction freezes out to Xn ≡ nn

nn+np
≃ 0.158. At this point, the

allowed neutron decay

n→ p+ e− + ν̄e (4.2)

had been irrelevant since the neutron lifetime if τn ≃ 886 s ≫ tfreeze ∼ O(1) s.

However, BBN starts when t ∼ 250 s and thus the neutron fraction is reduces to

Xn ≃ 0.12. Since 4He is the local maximum in binding energy for the light ele-

ments, it corresponds to the lowest energy state and therefore its abundance will be

maximized. Nearly all neutrons will end up in 4He, yielding a relative abundance by

mass of

Yp ≡
m4Hen4He

mbnb
= 2Xn ≃ 0.25, (4.3)

since n4He ≃ nn

2
and nb = nn+np. Only traces of other light elements are synthesized.

To obtain the exact abundances, one needs to solve the Boltzmann equation (see

Appendix B) for each species of nuclei. In theory, all nuclei should be included and

one would need to solve a large system of coupled differential equations. In practice,

elements heavier than 7Li can be neglected and the relevant reactions are shown in

figure 4.1. This simplification is allowed because the lightest element having a larger

binding energy than 4He is carbon 12C, synthesized through the reaction

4H + 4He + 4He → 12C, (4.4)
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Figure 4.1: Main reactions in BBN. Each line is labeled by the reactants. DD1
corresponds to D +D →3 He+ n and DD2 to D +D → T + p. Inspired by [2].

which is highly suppressed due to the low number density of the reactants, thus

dwarfing the 3-body cross section. The heavier elements will be created in stars,

where the density formed by gravitational collapse become high enough to allow 4.4

at a decent rate.

This system has been solved numerically in ref. [60] and is shown in figure 4.2a. It

is standard to state the abundance of 4He as Yp, the mass fraction relative to the total

mass of baryons. Its actual relative number density by nuclei is fHe ≡ n4He

nH
= Yp

4−Yp
≃

0.07. All other species abundances are quoted as their relative number density to the

hydrogen nuclei. BBN has only one free parameter ηB = nB

nγ
, which is determined by

the WMAP satellite. In particular, with a baryon to photon ratio of ηB = 6.2×10−10

from WMAP5 [61], the abundance of 3He and T are

3He

H

∣

∣

∣

∣

p

= 1.00× 10−5,
T

H

∣

∣

∣

∣

p

= 7.8× 10−8. (4.5)

4.1.1 The Tritium Decay Scenario in BBN

Ultimately, we want to analyze the effects of the TDS on the CMB radiation. Since the

Universe is opaque at the BBN epoch, the outcome of the primordial nucleosynthesis

serves as initial conditions on CMB physics. Therefore, for the TDS to be viable,

we must verify that it does not spoil BBN. We consider the three variation channels

proposed in section 3.3.

The fundamental constants enter everywhere in the network of differential equa-
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tions governing the nuclear reactions and tracking the effects precisely is only possible

numerically. We can however look at the initial conditions, namely neutron-proton

ratio before deuterium starts to form. Since they are in equilibrium prior their freeze-

out, we can estimate the behaviour with

n

p

∣

∣

∣

∣

f

≃ e
−

Qnp
Tf , (4.6)

where Qnp = mn−mp and Tf is set to match the correct freeze-out fraction. Including

the neutron decay, the 4He mass abundance is then approximately

Yp ∼ 2
1

1 + e
Qnp
Tf

e−
tN
τn , (4.7)
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where tN is the nucleosynthesis starting cosmic time and τn the neutron lifetime. We

can linearize the variation effects of these 4 parameters to get

∆Yp
Yp

≃ 0.3

(

−∆Qnp

Qnp
+

∆Tf
Tf

− ∆tN
tN

+
∆τn
τn

)

. (4.8)

It is important to point out that these parameters have inter-dependencies, for ex-

ample the lifetime of the neutron can be written as [62]

τ−1
n =

1 + 3g2A
120π3

G2
Fm

5
e

[

√

q2 − 1(2q4 − 9q2 − 8) + 15q ln
(

q +
√

q2 − 1
)]

(4.9)

where q = Qnp/me, so that

∆τn
τn

≃ −1.5
∆me

me
+ 6.5

∆Qnp

Qnp
. (4.10)

The linearized variation in Tf further depends on me and Qnp, while tN is mostly

affected by the deuterium nuclear binding energy BD [63]. Ref. [62] analyzed the

impact of independently varying {Qnp, τn, BD, me}. Their consequences on the final

abundances are shown in figure 4.2b which yields the constraints from the 4He data

at 2σ [1]

−8.2× 10−2 .
∆τn
τn

. 6× 10−2

−4× 10−2 .
∆Qnp

Qnp
. 2.7× 10−2 (4.11)

−7.5× 10−2 .
∆Bd

Bd
. 6.5× 10−2.

These bounds are valid for independent variations, meaning that the authors held τn

fixed for individual variations in Qnp and me.

Variation from mn −mp

By definition, mn −mp = Qnp and our estimate from section 3.3.2 for required vari-

ation to allow the TDS of ∆Qnp/Qnp ≃ 0.015 satisfies these constraints. From 4.10,

the induced variation in the neutron lifetime ∆τn/τn ≃ 0.1 is slightly larger than the

limits, but it could be counter-balanced by a deviation in me. We can also notice that

neglecting Tf , 4.8 tells us that Qnp and τn act in opposite direction, so the constraints
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could potentially reconcile for a variation in Qnp only.

Variation from me

There are no quoted bounds in 4.11 for a simple variation ofme with other parameters

fixed; its most important effect is through τn. We find that the needed ∆τn/τn ≃
−0.06 is allowed and thus the TDS is viable through an independent variation of me.

Variation from αem

The effect of the fine-structure constant on BBN is more subtle and complex. In

addition to the 4 basics parameters, it also affects all reaction rates. The authors of

ref. [64] argued that

−8.9 × 10−2 <
∆αem

αem
< 1.6× 10−2, (4.12)

in agreement with ref. [65].

While these bounds do not forbid the TDS, we cannot consider the TDS solely

with the variation of αem as many studies (see section 3.2.2) have shown it has a strong

impact on the CMB physics. In this work, we do not consider any other effect than

the TDS and thus a variation in the excess energy of tritium decays is not applicable

to our analysis.

Timescale considerations

The T⇄ 3He interactions we are considering in the TDS arise from weak interactions.

We saw that such interactions become inefficient under 1 MeV and BBN starts after

the freeze out of proton-neutron freeze out. Therefore, any weak interaction T ⇄ 3He

is subdominant in BBN and can safely be neglected in the network of nuclear reactions

(figure 4.1). For example, the SM decay T → 3He has a lifetime of ∼12 years, which

is much longer than the BBN timescale and is disregarded in BBN. Similarly, the

reaction 3He → T through electron capture allowed for negative Q in the TDS will

not be efficient for free electrons. The accumulation of tritium will start after helium

recombination, where the proximity of the orbiting electron enhances the reaction

cross-section.
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4.2 Ionization History

4.2.1 Recombination

Once the light nuclei have been created, the universe has to cool down to an eV-

scale temperature, roughly 300 000 years later, to form electrically neutral atoms. At

this point, it is a good approximation to consider only hydrogen and 4He, since all

other nuclei add up to less than 1 part in 10−4. The relevant binding energies B for

recombination are therefore

B4He+ = 54.4 eV, B4He = 24.6 eV, BH = 13.6 eV. (4.13)

Because of the hierarchy in binding energies, the full recombination process is divided

into 3 stages, recombination of the doubly ionized then singly ionized 4He, ending with

hydrogen.

The Saha equation B.9 can be used for He

nenHei+1

nHei
=
n
(0)
e n

(0)

Hei+1

n
(0)

Hei

, (4.14)

where i = {0, 1} represents the ionized number of He and photons have been taken

at equilibrium nγ = n
(0)
γ . The ionized fractions of helium are defined as XHe++ =

n(He++)/nHe and XHe+ = n(He+)/nHe, where the denominator nHe is the total num-

ber of helium nuclei. Using the definition for the number densities n and n(0) (see B.5

and B.6), we can rewrite 4.14 as [66]

neXHei+1

XHei
=

2gi+1

gi

(

mekBTb
2π~2

)
3
2

e
−B

Hei
kBTb , (4.15)

where i = {0, 1}, XHe = 1 −XHe+ − XHe++ and the degeneracy factors are g0,1 = 1,

g2 = 2.

For hydrogen, the high number of energetic photons emitted distorts the thermal

spectrum of radiation and the system can no longer be taken at equilibrium. One

therefore has to use the full Boltzmann equation B.8

a−3d(nea
3)

dt
= 〈σv〉

{

nH
n
(0)
e n

(0)
p

n
(0)
H

− n2
e

}

. (4.16)
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When thermal equilibrium is reached, excited states are almost completely depleted

n2P

n1S

=
g2P
g1S

e−
3
4

BH
T < 10−10 for T < 5000 K, (4.17)

the neutralization of a particular atom is therefore only complete when it lies in

the ground state. In calculating the cross section included in 4.16, we consider only

cascading recombination, meaning that the hydrogen atom is produced in an excited

state and then decays to the 1S ground state. A direct recombination to the ground

state emits a 13.6 eV photon that ionizes another hydrogen, resulting in no net change.

The Lyman-α transition 2P → 1S also does not yield a significant increase in n1S

because the Lα photon excites another hydrogen atom to the 2P state. The most

efficient reaction is through the 2S → 1S transition, which is forbidden with 1 photon

due to angular momentum conservation (see for eg. [67] and the selection rules). The

decay is allowed in second order perturbation through the 2-photon decay at a much

slower rate.

Γ2S→1S ≃ 8.23 s−1 ≪ Γ2P→1S ≃ 4× 108 s−1 (4.18)

Evaluating the equilibrium number densities with B.6 and defining the ionized hy-

drogen fraction XH ≡ ne

ne+nH
, we get [66]

dXH

dt
= Cr

{

(1−XH)β −X2
Hnbα

(2)
}

, (4.19)

where the baryon number density nb = np+nH refers to the number hydrogen nuclei

and

β = α(2)

(

meTb
2π

)
3
2

e
−BH
Tb α(2) = 〈σv〉 (4.20)

Cr =
Γα + Γ2S→1S

Γα + Γ2S→1S + β(2)
Γα =

8πȧ

aλ3αn1S

(4.21)

β(2) = βe
να
Tb (4.22)

β corresponds to the ionization rate and α(2) to the recombination rate through 2γ

decays from the 2S state or when the Lα photon is redshifted out of the resonance

line before it excites another hydrogen. Cr is a the correction factor accounting for

the ionization of excited states before they decay.

While the universe becomes neutral, the Thomson scattering rate, keeping the



29

baryons1 in thermal equilibrium with radiation, decreases rapidly and the matter

temperature Tb separates from the photon temperature Tγ . Therefore, Tb has to be

tracked independently with [68]

dTb
dt

= −2
ȧ

a
Tb −

8σTaRT
4
γ

3mec

Xe

1 + fHe +Xe

(Tb − Tγ), (4.23)

where aR =
π2k4B
15c3~3

is the radiation constant and σT the Thomson cross section.

This treatment of recombination is an effective three-level atom model pioneered

by Peebles [69] in 1968. Nowadays, with modern computers, it is easy to solve multi-

level recombination and incorporate a careful treatment with the photon bath. Seager

et al. [68] found that these additional effects could be accounted for by simply adding

a fudge factor and a correction function to the recombination rate of 4.19. Their

code, Recfast, numerically solves for the ionized fraction and temperature. The

result using WMAP-7 best-fit parameters [22] is shown in figure 4.3. The plotted

value is the total ionized fraction Xe = XH + fHeXHe which exceeds 1 when He is

ionized.
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Figure 4.3: Ionized fraction and temperature as a function of redshift in the fiducial
ΛCDM cosmology.

1In cosmology, baryons is a misnomer for matter, which includes the electrons, a lepton.
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4.2.2 Reionization

Once the first galaxies form, the universe undergoes a complete reionization. There

are multiple experimental observations justifying this phenomenon. For example,

throughout the cosmic evolution, energetic photons are eventually redshifted to the

Lα resonance corresponding to the transition between the ground and first excited

states of neutral hydrogen. In a neutral universe, these photons should be absorbed

and a ”Gunn-Peterson trough” is observed in the photon spectra. However, these

absorption lines are not as strong for low redshifts, suggesting an ionized cosmic

medium [70]. Similarly, the detected [22] increasing in the large-angle polarization

anisotropy of the CMB motivates the late-time reionization (see section 5.3.6). These

evidences explain the increase of Xe at z ≃ 10 in figure 4.3.

4.3 Implementing delayed Tritium Decays by in-

jecting energetic electrons

The tritium decays induced by varying constant (see section 3.4) can significantly

alter the ionization history of the Universe. The effect of energy injection in the

universe has already been investigated in the context of decaying or annihilating dark

matter [71, 72, 73, 74, 75, 76, 77]. The scenario here is different in the sense that

particles are not decaying from pre-recombination times with lifetimes long enough to

add ionizing energy in the recombination process, but rather starts at some specific

time, when Q(t) becomes positive, with a time-varying decay rate.

The common technique in the literature to phenomenological analyze the injection

of energy in the cosmic medium is through the on-the-spot approximation [73]. The

effect is decomposed in two stages, where firstly the energetic particle is thermalized

and then the extra energy is assumed to locally interact with the cosmic medium,

instantaneously altering the thermal composition of the universe. The task is therefore

to determine the cooling channels and accordingly examine how they influence the

cosmic fluid.

4.3.1 Energy deposition of electrons

When non-relativistic electrons are inserted in the IGM, their kinetic energy is dis-

tributed to the gas through three types of interactions : collisional ionization of H,
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He and He+, collisional excitations of the same three elements and Coulomb colli-

sions with thermal electrons [78]. Relativistic electrons are dominantly thermalized

through inverse Compton scattering with the photons [73], but this process is negli-

gible for the tritium decay scenario as the maximal average kinetic energy is ∼ 6 keV

(see section 3.4.1).

The distribution of energy between the seven channels is a statistical process

weighted by the cross section of each interaction and the abundance of each particle.

Monte Carlo simulations [79, 78, 80] have been done to estimate the fraction of energy

deposited into ionizations, excitations and heat. The results found in ref. [78] are

shown in figure 4.4. They used the assumptions that n(He)= 0.1n(H) and that H and

He both have the same ionized fraction. Qualitatively, the fraction of energy that

goes into heat should go to 1 has xe → 1 since there are no more neutral elements to

ionize or excite. Consequently, they fit equations of the form

y = C[1− (1− xa)b] or y = C(1− xa)b (4.24)

depending on its behaviour at xe = 1. The value of the fitting parameters of each

curve in figure 4.4 are given in table 4.1. The analytic curves are only valid for

E0 > 100 eV and the error is the largest for the heating fraction at about ∼ 2%.

For smaller primary energy, the curves have the same shapes, with the heat fraction

being more dominant.
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Figure 4.4: Energy fraction deposited in heat, ionization (φ) and excitation (E) of H
and He as a function of the ionized fraction of the gas.
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C a b

Heat 0.9971 0.2663 1.3163
φ (H) 0.3908 0.4092 1.7592
φ (He) 0.0554 0.4614 1.6660
E (H) 0.4766 0.2735 1.5221
E (He) 0.0246 0.4049 1.6594

Table 4.1: Fitting parameters of the curves in figure 4.4 modeled as equation 4.24 to
heat, ionization (φ) and excitation (E) energies.

4.3.2 Partial Reionization through Tritium Decays

To quantify the cosmological effect of the three cooling mechanisms, we adapt the

prescription of ref. [72] to a time-varying decay rate. The modified ionization history is

calculated by inserting new terms in the differential equations governing the ionized

fraction of hydrogen, helium-4 and matter temperature (see 4.19 and 4.23). The

number of particle of species i being ionized during by |dN | electrons injected in the

cosmic medium is given by

dni =
χiEavg
Bi

|dN |, (4.25)

where Bi is the ionizing energy (13.6 eV for hydrogen), Eavg the average kinetic

energy of the electrons and χi the fraction of energy that is used to ionized this

particular species (found in section 4.3.1). The number of injected electrons is found

by generalizing the equation for decaying particle with a time-varying decay rate.

dN = −Γ(t)N(0)e−
∫ t
0 Γ(t′)dt′dt (4.26)

Dividing by the total number of number of hydrogen nuclei, we find the change in

ionized fraction of species i as a function of redshift

dX[H,He]

dz

∣

∣

∣

∣

TDS

=
−1

H(z)(1 + z)
χi(z)

Eavg(z)

B[H,He]

Γ(z)
YT

A[H,He]

e
−

∫ t
t0

Γ(t′)dt′
, (4.27)

where the first fraction comes from the change of variable dt
dz
, YT = NT (0)

nb
is the initial

fractional amount of tritium, A[H,He] = {1, fHe} for {H, He} to correct for the proper

denominator in the definition of XHe and t0 the cosmic time at which the tritium

decay starts.

We initially assume negative Q so that the 3He fraction from BBN (see figure 4.2a)

all decayed into tritium and take YT = 10−5. More precisely, using the lifetime of 3He
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as a function of Q̃ = −Q from 3.21 and that there is ∼ 3× 105 years between the full

recombination of He and the CMB emission time, 3He will be mostly depleted if we

have

Q(He recombination) . −15 keV. (4.28)

Moreover, the fraction of energy that is dissipated through excitations increases

the ionized fraction. Indeed, photoionization is more effective for excited electrons

and thus yields the extra term [72, 81]

dXH

dz

∣

∣

∣

∣

TDS,n=2

=
−1

H(1 + z)
(1− Cr)χα(z)

Eavg(z)

E2
Γ(z)YT e

−
∫ t
t0

Γ(t′)dt′
, (4.29)

where Cr is the correction factor from 4.21, χα the fraction of energy that goes into

H excitations to n = 2 and E2 = 10.2 eV the energy required per excitation. We

assume that all excitations are to the first excited state and the (1−Cr) factor gives

the probability an n = 2 electron is ionized before decaying to the ground state. The

true scenario lies somewhere between this optimistic approximation and no treatment

of these excitations as excitations can happen between different energy levels [76]. A

more precise study would require a full radiative transfer calculation.

Since the universe is mostly comprised of monoatomic molecules, we know from

classical thermodynamics that the kinetic energy of each particles is Ekin = 3
2
kBT [82].

Therefore, the change in matter temperature is given by

dTb
dz

=
−1

H(z)(1 + z)

2

3kB

χh(z)Eavg(z)

1 +Xe + fHe
Γ(z)YT e

−
∫ t
t0

Γ(t′)dt′
, (4.30)

where χh is the fraction of energy that goes into heat.

We insert these extra terms in the corresponding differential equations ofRecfast

and solved for the modified histories, keeping z0 and ∆z from our Q(z) ansatz 3.22

as free parameters. Three examples are shown in figure 4.5 for timescales shorter

than the Standard Model half-life of tritium. The instantaneous extra ionization is

maximized at ∆Xe ≃ 10−3 for all three, but the residual fraction is lower for larger z0

since recombination is still efficient. For z0 & 1000, most energy goes into heat since

the universe is already ionized. For large z0, we also observe a spike in the temperature

difference. This due to the strong coupling with radiation, any deviation from the

radiation temperature is quickly drawn back from the (Tb − Tγ) term in 4.23.

A variation of Q through a change in me will have higher order effects on the
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Figure 4.5: Ionized fraction and temperature as a function of redshift for T decays
starting at z0 = 800, 600 and 200 with ∆z = 10−4. The difference with the fiducial
cosmology is also shown.

ionization history. In particular, the Thomson cross section

σT =
8π

3

~
2

m2
ec

2
α2
em, (4.31)

will be slightly modified for a ∆me and should be considered for a more precise

treatment.

4.4 Visibility of the Past

The photons we detect today contain information about the medium they last scat-

tered with. Had the cosmic medium discontinuously changed from opaque to trans-

parent, the photons would give us a perfect picture of the universe at that exact

moment. However, the continuous decrease of the ionized fraction over a redshift

range of ∆z ∼ 300 and the non-zero residual fraction mean that some photons re-
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scatter through Thomson scattering between the present day and z ≃ 1000. The

observed image is therefore an integrated story of the universe.

Quantitatively, the probability of a photon to scatter in an interval ∆t is ∆t
τT
, where

τT = (σTne)
−1 = (σTXent)

−1 is the mean free time for Thomson scattering and is

assumed to be constant during the time interval. Then, the probability a photon last

scattered around time t and traveled freely to t0 is [2]

P (t+∆t) =
∆t

τT(t)

(

1− ∆t

τT(t−∆t)

)

· · ·
(

1− ∆t

τT(t0)

)

. (4.32)

Taking the ∆t→ 0 limit, we get the visibility function g(z)

g(z) =
dκ

dz
e−κ(z), (4.33)

where we defined the optical depth κ(z)

κ(z) =

∫ z

0

dz′

HτT(z′)
(4.34)

and H is the Hubble rate at z. The visibility function tells us the distribution of

last scattering epochs of the CMB photons. In figure 4.6, it is shown for a standard

cosmology and different values of the T decay scenario. We notice that the enhanced

residual ionized fraction from T decay augments the visibility of the so-called dark

ages, between z ∼ 800 and reionization, while reducing the signal from the peak by

∼ 1%.

4.5 Matter temperature sensitivity

In the following chapters, we will discuss the detectability of the TDS in the CMB

information. We will see that it depends on the visibility function and therefore

the ionization history. The matter temperature Tb has only the indirect effect of

influencing Xe through the differential equations.

Another cosmological probe, the 21 cm line between the hyperfine splitting of the

hydrogen ground state is directly sensitive to the matter temperature [83]. The effects

of energy injection from dark matter decays have already been studied [84, 85], which

is analogous to the TDS. Qualitatively, the increased matter temperature in the

TDS should damp the differential brightness temperature in the absorption region
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Figure 4.6: Visibility function as a function of redshift for T decays starting at z0 =
800, 600 and 200 with ∆z = 10−4. The unsigned difference with the fiducial cosmology
is also shown; before z0, g(z) < gSM(z), and once the T decay is turned on, g(z) >
gSM(z).

30 ≤ z ≤ 300 which could provide additional sensitivity to the scenario and

complement the CMB constraints.

4.6 Energy injection in the photon bath

The blackbody photon distribution of the CMB photons has been measured very

precisely by the COBE satellite [10]. Energy injection in the Universe can potentially

alter the photon distribution and is constrained by the data. In the TDS, the maximal

energy is released for small ∆z. In this case, we can estimate the deposited energy

per photon as

ETDS/γ = Ke(QSM)
nT
nγ

= Ke(QSM)YTηB ∼ 10 keV 10−510−10 (4.35)

∼ 10−12 eV per photon, (4.36)

which is very small and show not impact the radiation spectrum.
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Chapter 5

Cosmic Microwave Background

The Cosmic Microwave Background (CMB) is the earliest luminous signal detectable.

It gives us a (blurred1) snapshot of the universe when it became transparent, around

300000 years after the Big Bang. It contains information about the constituents and

primordial fluctuations that ultimately evolved into our present universe.

We briefly review the theoretical framework of the CMB and how we can ex-

tract useful information about the early state of the universe. We then discuss the

implications of the tritium decay scenario on this primitive light.

5.1 Perturbations in the Universe

The small deviations in the CMB temperature shown in figure 1.1 (of order 10−5 with

respect to base temperature [86]) suggest the perturbations sourcing these deviations

are tiny. For this reason, we can properly follow their evolution to linear order. Any

quadratic term will thus be very small and can be safely neglected.

The inhomogeneities in the universe force the metric to deviate from a smooth

background. The metric perturbations are influenced by all types of particles, while

the electrons interact with photons and protons through Compton and Coulomb

scattering. To determine the present distribution of photons, we therefore need to

solve simultaneously for all components, accounting for their couplings between each

other. We here discuss the origin and general features of the perturbations. (See for

eg. [66] for the full set of equations.)

1The image is weighted over time by the visibility function shown in figure 4.6.
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5.1.1 Metric Perturbations

The information on the curvature of spacetime in entirely encoded in the rank-2 tensor

metric gµν . One can add three types of perturbations, namely scalar, vector or tensor

perturbations. The SV T Decomposition Theorem [58] tells us that they decouple and

evolve independently. For simplicity, we only consider scalar perturbations. Vector

deviations are always irrelevant as they quickly decay with expansion [87] and the ratio

of tensor to scalar perturbations is bounded to r < 0.36 by present observations [3].

The main contribution thus comes from scalar perturbations.

In the conformal longitudinal gauge, the smooth Robertson-Walker metric (equa-

tion 2.7) with flat geometry (κ = 0) is modified to [66]

ds2 = a2(η)
{

−(1 + 2ψ)dη2 + (1− 2φ)dxidxi
}

, (5.1)

where the perturbations are parametrized by two scalar potentials ψ, φ≪ 1 and η is

the conformal time. There are other possible choices of gauge such as the commonly

used synchronous gauge. Ultimately they yield the same physics, so the choice is

a matter of preference and simplicity. The advantages of the longitudinal gauge are

that the metric is diagonal, thus simplify the algebra, and the scalar perturbations are

directly related to the gauge-invariant Bardeen potentials [88] (φ = −ΦH , ψ = ΦA).

These scalar potentials are sourced by changes in the energy density filling space-

time. Their evolution can be tracked by solving the linearly perturbed version of

Einstein equations 2.1.

5.1.2 Particle Distribution Fluctuations

In conjunction with the metric perturbations, each type of particles have a slightly

modified phase-space distribution. The evolution is guided by the unintegrated Boltz-

mann equation

df

dt
=
∂f

∂t
+

dxi

dt

∂f

∂xi
+

dp

dt

∂f

∂p
+

dp̂i

dt

∂f

∂p̂i
= C[f ], (5.2)

including the relevant collision terms C[f ] for the interacting species. The unper-

turbed phase-space distribution f0 only depends on the total momentum p = |~p|
of the particles whereas perturbations can spoil homogeneity and isotropy. We can

therefore expand the distribution f with new variables quantifying the perturbations
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in each species.

Non-relativistic particles

Dark matter perturbations have to be treated in a specific way since their statistical

distribution f0 is unknown. We can observe their total number density and velocity,

which are related to the phase-space distribution with

ndm =

∫

d3p

(2π)3
fdm (5.3)

vi =
1

ndm

∫

d3p

(2π)3
fdm

pp̂i

E
. (5.4)

We therefore define the dark matter perturbation δ as [66]

ndm = n
(0)
dm [1 + δ(~x, t)] (5.5)

and integrate 5.2 in Fourier space to find

δ̇ + ikv = −3φ̇, (5.6)

where the overdot represent the derivative with respect to the conformal time (˙≡ ∂
∂η
).

The velocity term v is a first order perturbation since it has a directional dependence.

Integrating 5.2 with respect to the first moment in p instead yields

v̇ +
ȧ

a
v = −ikψ. (5.7)

In general, the nth integrated moment of the Boltzmann equation will always depend

on the (n + 1)th moment. However, since dark matter is cold, high moments are

negligible at linear order and all the dark matter distribution is fully determined by

δ and v [59].

Similarly, since baryons are also non-relativistic, their higher moments are irrele-

vant and their evolution can be parametrized by δb and vb. Their evolution equations

are similar to dark matters ones, with the addition of the Coulomb interaction term.
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Relativistic Particles

For Standard Model particles which we know the statistics (the form of f0), we can

explicitly evaluate 5.2 and get the full information to follow the distribution during

the cosmic evolution. For example, we can write for photons

f(~x, p, p̂, t) =

[

exp

{

p

T (t)[1 + Θ(~x, p̂, t)]

}

− 1

]−1

, (5.8)

since it is a boson. We have identified the perturbation in the photon bath tempera-

ture Θ = δT
T

in a specific direction p̂ around the mean temperature T . Including the

Compton interaction with the electrons, equation 5.2 for photons reduces to linear

order to [89]

Θ̇ + ikµΘ = φ̇− ikµψ + κ̇

(

−Θ+Θ0 + iµvb +
1

2
P2(µ)Π

)

, (5.9)

Π = Θ2 +ΘP2 +ΘP0, (5.10)

where we have switch again to Fourier k-space and κ is the optical depth defined

in 4.34. We also defined the temperature monopole Θ0 and quadrupole Θ2 through

the lth multipole moment definition

Θl ≡
1

(−i)l
∫ 1

−1

dµ

2
Pl(µ)Θ(µ), (5.11)

with the Legendre polynomial Pl and µ ≡ ~k·p̂
k
, the cosine angle between the wavenum-

ber ~k and photon direction p̂. Finally, the Compton amplitude involved in C[f ] has a

polarization dependence, thus inducing polarization perturbations ΘP to the photon

spectrum through scatterings with electrons [90]. The Boltzmann evolution equation

for polarization is given by [89]

Θ̇P + ikµΘP = κ̇

(

−ΘP +
1

2
(1−P2(µ))Π

)

. (5.12)

Massless neutrinos can be treated in the same way, neglecting the interaction in

the parenthesis of 5.9.
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5.1.3 Initial Conditions

The formulas for the perturbation variables in the distribution of dark matter, pho-

tons, baryons and neutrinos, together with the metric perturbations form a complete

set of coupled differential equations that can be evolved in time. It might seem that

there is freedom to choose initial conditions for each variable, thus allowing much

arbitrariness in the large number of input parameters. However, in the early-time

limit, where terms like the optical depth κ̇ are vanishingly small, all variables can

conveniently be related to ψ [59]. Therefore, the only choice in initial conditions lies

in the ψ spectrum and fixes the evolution of all other perturbations.

5.2 Power Spectra

The generation of fluctuations is a stochastic process, of which we only have one

realization, our universe. The exact value of a variable X cannot be predicted and

we have to resort to expectation values. Since we are considering random variations

around the mean value, the expectation value vanishes 〈X〉 = 0. However, we can

extract the spread in variations through the variance and define the power spectrum

PX of the scalar variable X

〈

X(~k, t0)X
∗(~k′, t0)

〉

= (2π)3δ(~k − ~k′)PX(k). (5.13)

The brackets 〈·〉 represent a statistical and ensemble average over the distribution of

random initial conditions. Statistical isotropy and homogeneity imply that different

wavevector ~k are uncorrelated and PX only depends on k = |~k|.

5.2.1 Initial Spectrum

We eventually want to compute the power spectra of different cosmological scenario

and compare them to observations. The definition 5.13 includes an average over initial

conditions allowed by a given model. The primordial perturbations come from quan-

tum fluctuations enhanced to macroscopic scales by inflation. The simplest versions

of inflation, with a single-field slow-roll scalar inflaton, predict a nearly scale-invariant

spectrum [58]. The fluctuations are gaussian, adiabatic and we assume a primordial
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spectrum for curvature perturbations ψ of the form

〈

ψ(~k)ψ∗(~k′)
〉

= (2π)3Pψ(k)δ(~k − ~k′) = (2π)3
ASk

ns−1

k3
δ(~k − ~k′), (5.14)

where we have defined the spectral index ns and the amplitude AS of scalar metric

perturbations. A scale-invariant spectrum implies ns = 1. Currently, the 7-year

WMAP data suggests ns = 0.963 ± 0.014 with As = 2.42 × 10−9 normalized at

k = 0.002 Mpc−1 [22].

5.2.2 Decomposition of temperature fluctuations

The photons we receive on Earth come from all directions, hence their temperature is

a function defined on S2. It therefore makes sense to decompose the anisotropy into

spherical harmonics
∆T

T
( ~x0, ~n, t0) =

∑

l,m

alm( ~x0)Ylm(~n). (5.15)

The vector ~x0 corresponds to our vantage point of view and can be removed by a

simple redefinition of the monopole term a00. The dipole terms a1m are affected

by our local peculiar velocity around the solar system and the centre of galaxy, its

information is thus not instructive on cosmological parameters. The temperature

angular power spectrum Cl is defined as

〈alma∗lm〉 = δll′δmm′Cl. (5.16)

In a homogeneous and isotropic universe, the axis from which we define the spherical

coordinates is irrelevant, and thus Cl’s are independent of m.

With these definitions, we can use the orthogonality of the Ylm to evaluate the

variance of temperature fluctuations

〈

∆T

T
(~n)

∆T

T
(~n′)

〉

=
1

4π

∑

l

(2l + 1)ClPl(µ), (5.17)

where µ = ~n ·~n′. The temperature anisotropies are therefore completely parametrized

by the Cl coefficients.
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5.2.3 Theoretical Prediction of the Cl’s

To relate the observations with our theoretical framework, we need to evaluate ∆T
T

= Θ

at the present time for each multipole Θl, which can then be related to the power

spectrum Cl. If we integrate 5.9 for each multipole moment, we get an infinite hierar-

chy of coupled equations since each lth moment depends on the (l+ 1)th. We saw for

dark matter that the quadrupole and higher moments can be disregarded because it is

cold; photons are however relativistic and we cannot afford neglecting them. Instead,

we can formally integrate 5.9 over the past light-cone and get a computationally

tractable solution of the form [89]

Θ(k) =

∫ τ0

0

dτeikµ(τ−τ0)ST (k, τ) (5.18)

ST (k, τ) = g

(

Θ0 + ψ − v̇b
k

− Π

4
− 3Π̈

4k2

)

(5.19)

+ e−κ(φ̇+ ψ̇)− ġ

(

vb
k

+
3Π̇

4k2

)

− 3g̈Π

4k2
.

Then, the temperature source term ST depends on the perturbation variables, the

optical depth κ and visibility function g introduced in 4.33. The monopole Θ0 and

quadrupole Θ2 can be evaluated to arbitrary precision with an appropriate truncation

scheme in the hierarchy.

The geometric dependence is solely incorporated in the exponential multiplying

the source function and the temperature anisotropy moments can be written as

Θl(k, τ0) =

∫ τ0

0

ST (k, τ)jl[k(τ0 − τ)]dτ, (5.20)

where jl is the Bessel function of order l. Thus, we can evaluate the expectation value

of the variance of the temperature fluctuations to find the theoretical prediction of

the Cl’s

Cl =
2

π

∫

dk k2Pψ(k)Θ
2
l (k, τ), (5.21)

where Pψ is the primordial spectrum.
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5.2.4 Polarization correlations

We previously stated without justification through equation 5.12 that the complete

Boltzmann evolution equation for the temperature perturbation Θ requires the si-

multaneous evolution of some polarization fluctuation ΘP . At first sight, it might

feel unnatural to incorporate such a term. After all, the high degree of isotropy and

homogeneity of the Universe before recombination should produce an unpolarized

photon bath. Its significance was first realized in 1968 by Rees [91].

Unlike the temperature perturbations, the polarization fluctuations are second

order with respect to the primordial metric fluctuations. More precisely, partial po-

larization arises from Thomson scattering between radiation and a free electron. An

unpolarized radiation plane wave becomes linearly polarized at a cos2 θ percentage,

when the angle between the incoming and outgoing radiation wave vector is θ [92].

Therefore, right-angle scattering produces fully polarized light. In an isotropic Uni-

verse, the symmetry of the photon bath cancels the local production of polarization.

However, a net polarization is generated in an anisotropic Universe with a quadrupole

moment in the temperature distribution [59].

Due to its oscillatory vector nature, linear polarization is a spin-2 object and some

special care is needed for a correct expansion in spherical harmonics (see for eg. [92]).

One can use spin-weighted [93] or tensor [94] spherical harmonics to expand the Stokes

parameters representing the polarization. They can then be conveniently expressed

in scalar representation through parity-invariant E-type or the pseudo-scalar B-type

polarization, an obvious analogy to the classical electric and magnetic field as they

respectively share the same curl and gradient-free properties.

In this thesis, we only consider E-mode polarization. Gradient-free B-mode po-

larization has not been observed yet due to its weak signal. Scalar metric pertur-

bation only produce E-mode polarization and consequently an observable correlation

in B-mode polarization would dominantly arise from tensor perturbation (gravity

waves) [95]. In fact, looking for B-mode polarization is the primary means for a

tensor perturbation detection and would provide deep information on the potential

sourcing inflation [95], although some E-mode is transformed into B-mode through

gravitational lensing [96].

The source term representing the E-mode polarization is [89]

SlE(k, τ) =
3

4

gΠ

k2(τ0 − τ)2

√

(l + 2)!

(l − 2)!
, (5.22)
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where the square root term is needed for proper normalization of the tensor har-

monics. We can therefore generalize the temperature correlation power spectrum in

equation 5.21 to

CXY
l =

2

π

∫

dk k2Pψ(k)Θ
X
l Θ

Y
l , (5.23)

ΘX
l (k, τ0) =

∫ τ0

0

SX(k, τ)jl[k(τ0 − τ)]dτ, (5.24)

where X, Y can be temperature T , E or B mode polarization. Cross correlations

such as CTE
l are allowed and provide other observables with valuable information. To

lighten the nomenclature, we will only write CX
l ≡ CXX

l , when we are not referring

to cross correlations.

5.3 Anisotropies in the Sky

The temperature power spectrum has been observed with increasing precision in the

past decade. In figure 5.1, we show the results from the 7-year data set of the

WMAP satellite. The red curve corresponds to the theoretical predictions from 5.21

with best-fit parameters.

Figure 5.1: Temperature anisotropy from 7-year WMAP with cosmic variance in blue.
Credit NASA/WMAP Science Team.

Although there are a few marginal data points at low l values, the agreement is
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quite spectacular, confirming our understanding of cosmological perturbations. Here

we review the physics behind the general features of the curve.

5.3.1 Cosmic Variance

Before we discuss the shape of the anisotropy spectrum, it is important to mention

a word on the uncertainty of the measurements. Returning to our definition of the

temperature inhomogeneity power spectrum Cl in 5.17, we can write it as

CT
l =

1

4π

∫

d2n̂ d2n̂′ Pl(µ)

〈

∆T

T
(n̂)

∆T

T
(n̂′)

〉

, (5.25)

where we explicitly wrote the integration over all directions. However, experimentally

we are fixed at one vantage point and cannot average over positions. What we actually

observe is one realization of the expectation value [97]

Cobs
l =

1

4π

∫

d2n̂ d2n̂′ Pl(µ)
∆T

T
(n̂)

∆T

T
(n̂′). (5.26)

The difference is known as the cosmic variance and is an intrinsic uncertainty that

cannot be escaped in any CMB experiment. For each l, we can however average over

m and larger l have more m measurements, thus reducing our uncertainty. Quanti-

tatively, the cosmic variance is given by

∆Cl
Cl

=

√

√

√

√

〈

(

Cl − Cobs
l

Cl

)2
〉

=

√

2

2l + 1
(5.27)

and is shown is shaded blue in figure 5.1.

5.3.2 Large Scale

The large scale structure of the CMB is formed by perturbation wavevectors larger

that the horizon at recombination. The horizon size at recombination is about θ ∼ 1

of separation in the sky, or equivalently l ∼ 200 in spherical moments. By large scale,

we therefore mean that we are looking at the behaviour of the small angular moments

l ≪ 200.

These fluctuations were not in causal contact at recombination and therefore did

not evolve much since inflation. It is the clearest information we have on inflation
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and is mostly influenced by Pψ rather than the evolution terms Θ(k, τ). Our choice

of nearly flat primordial spectrum Pψ = ASk
n−1 predicts an almost flat plateau

proportional to l(l + 1) with the slope determined by the spectral index.

Information on the large scale or small angular moment is difficult to extract as

its significance is greatly reduced by the poor statistics inherent from the cosmic

variance.

5.3.3 Acoustic Peaks

The most obvious feature in the Cl’s is the oscillatory shape of the curve. Physically,

the peaks arise from the oscillation between overdensed and underdensed states in

the baryon-photon fluid, sourced by gravitational collapse and pressure.

Metric perturbations ψ are generated during the inflationary phase. The wave-

length of each fluctuation Fourier mode eventually becomes larger that the Hubble

radius H−1 and ψ stops evolving as it corresponds to acausal distances. Then, at

horizon re-entry ψ sources density fluctuations δ which is affected by gravity and

pressure [58]

δ̈ − c2s∇2δ = Fg[ψ], (5.28)

where cs speed of sound and Fg gravitational source term. If we approximate recom-

bination to be instantaneous, then we observe in the CMB the phase of the oscilla-

tion 5.28 at recombination. Since the wavelengths re-enter the horizon at different

times, we observe a coherent addition of all wavelengths, resulting in the peaks and

troughs shown in figure 5.1.

5.3.4 Small Scale

The small scale anisotropy are represented by the large l behaviour of the power

spectrum. The dominant Fourier modes have entered the horizon much before re-

combination and consequently had time to evolve.

The damping observed in the acoustic peaks arises from the photon collisions

before decoupling. The interactions partially thermalize the plasma, which results

in a diffusion damping, or Silk damping, of the small scale anisotropies [98]. If

we consider the noninstanteneous recombination, there are extra collisions with the

remaining free electrons, which increases the damping scale.

The photons carry information about their last scattering position, and we effec-
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tively observe a weighted average over a scale ∆ηr, the effective duration of recom-

bination (or width of the visibility function, see figure 4.6). Then, inhomogeneities

with scales smaller than ∆ηr are suppressed, resulting in an additional damping on

the tail of the Cl’s [2].

5.3.5 Polarization signal

The E-mode polarization anisotropy was first observed [99] by the DASI telescope in

2002. In the following years, multiple experiments aimed at measured the polarization

multipole moments and their results are shown in figure 5.2.

Figure 5.2: E-mode polarization anisotropy measurements from different experiments.
Taken from [3].

Polarization gives us a cleaner view of the last scattering surface than the tem-

perature signal. This is simply because the polarization of a photon does not change

while free streaming, as opposed to its energy which is affected by the time-variation

of the potentials and other effects. This is easily seen in the source functions, where

SE (5.22) is proportional to the visibility function and ST (5.19) has extra terms.

With their information put together, we are able to disentangle last scattering ef-

fects to other cosmological evolution ingredients, thus breaking degeneracies between

parameters that were hard to extract with temperature alone.
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5.3.6 Full reionization at low redshifts

As mentioned in section 4.2.2, the lack of Gunn-Peterson troughs in the Lyman-α

spectrum suggests a completely ionized IGM at z ∼ 6. Independently, the CMB po-

larization confirms the late reionization of the Universe although present data suggest

a redshift of 10.5 [22].

Additional scatterings at low redshifts wash out the temperature correlations

within the angular scale in the sky of the light-cone at the interaction time. Mathe-

matically, this means that the observed power spectrum will be [2]

CT−obs
l =

{

CT
l l ≪ lreio,

e−µreioCT
l l ≫ lreio,

(5.29)

where µreio is the optical depth due to reionization only and CT
l is the signal without

reionization. For standard reionization, this damping is in almost perfect degeneracy

with AS, the amplitude of the scalar metric perturbation. Since the angular scale of

a reionization at z ∼ 10 corresponds to lreio ∼ 10, the data in the range l < lreio is

dominated by cosmic variance and the two effects cannot be discriminated.

As previously mentioned, the polarization signal relates directly to the last scat-

tering of the photons and gives a better picture of the ionization history through the

visibility function. The increased ionized fraction at late times augments the Thom-

son collisions which induces polarization. Therefore, an extra peak centered at lreio

should be observed in the polarization power spectra, with an amplitude proportional

to the fraction of rescattered photons 1− e−µreio and the temperature quadrupole at

that redshift [2]. In figure 5.3, we show the temperature-polarization cross-correlation

from WMAP that clearly corroborates the low redshift reionization.

5.4 Tritium Decay Scenario Effects

With a good understanding of the physics of the ΛCDM cosmic microwave back-

ground, we can look at the implications of the TDS and understand the correlation

spectra differences with the standard cosmological scenario.
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Figure 5.3: Temperature polarization cross-correlation measurements from WMAP
7-year data. Credit NASA/WMAP Science Team.

5.4.1 Temperature spectrum

The thermal physics of the TDS is comparable to the late-time reionization from the

first generation of stars, with a different redshift and final ionized fraction. We can

therefore expect the TT spectrum to be modified in a similar way to equation 5.29,

with the characteristic angular moment approximated by

lTDS ≃ π

∆θTDS
≃ πΩ0.09

m

√
zTDS, (5.30)

where was have used a fitting formula from [2] for ∆θ.

To quickly scan this effect through the entire zTDS-∆z space, we calculated the

optical depth µTDS due to the TDS partial reionization and show the damping factor

e−µTDS in figure 5.4. As expected, short timescales in ∆z yield greater damping,

maximized for all ∆z . 10−3, which corresponds to timescales shorter than the SM

lifetime of tritium. The damping reaches its largest value of∼ 3% around zTDS ∼ 600.

For early zTDS, recombination is still efficient and diminishes the freeze-out ionized

fraction, thus reducing the CTT
l damping factor. For small zTDS, the residual ionized

fraction is maximal, but it is integrated over a smaller redshift range and therefore

results a reduced damping.

The theoretical CMB anisotropy power spectra can be obtained through equa-
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Figure 5.4: Damping factor of the high l tail of the CT
l arising from the TDS. A

dotted line corresponding to a factor of 1% is shown to guide the eye.

tion 5.21 by numerically integrating the large system of evolution equations. A vari-

ety of publicly available computer programs are designed to efficiently find the Cl’s

for any reasonable input parameters. We modified the most recent one on the mar-

ket, Class [100] (the Cosmic Linear Anisotropy System Solver), to incorporate the

TDS. In figure 5.5, we show CT
l for 4 different redshift with ∆z = 10−4. The high-l

tail behaviour is exactly as expected, with a damping of 1− 3%.

An oscillatory feature appears for large zTDS. This slight shift of the peak positions

is a signature of a modified recombination redshift. Partial reionization appears near

the maximum of the visibility function which is broadened towards lower redshifts (see

figure 4.6). This effectively changes the angular scale of recombination and displaces

the position of the acoustic peaks in the spectrum.

5.4.2 Polarization spectrum

Following our intuition from the full reionization from the first galaxies, we expect

a rise in the polarization correlations on the large scale. In particular, the increase

should start around our derived characteristic angular moment lTDS and plateau for

l < lTDS. Moreover, the signal for earlier times is still partially washed out by the

extra Coulomb collisions and the tail should behave with the same damping as in the

temperature spectrum.

To better observe the effect of the TDS partial reionization, we show in figure 5.6

the EE polarization spectrum, for a universe with the ΛCDM parameters without the
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Figure 5.5: Temperature auto-correlation spectrum for four values of zTDS and ∆z =
10−4. Vertical lines correspond to the characteristic angular moments lTDS for each
zTDS.

full reionization at z ∼ 10. As predicted, we observe a stronger polarization signal

from large angular scales than lTDS. In particular, for smaller values of zTDS, the

residual ionized fraction is larger and the rise of the CE
l is larger.

Finally, we show the CE
l including the late-time reionization in figure 5.7. We

observe the small increase, except that the TDS effect is diluted by the full reionization

for l . lreio. This reionization is typically modeled as a hyperbolic tangent function.

As it reaches the full ionized fraction, the TDS xe asymptotically converges to the

same value and the ∆CE
l → 0 for small l.

5.4.3 Degeneracy with late-time reionization

Although the TDS and the late-time reionization have the same sort of implications

on the spectra, we notice that the characteristic angular moment lTDS sets a clear

distinction between the two effects. For a fixed damping factor, the TDS signal

becomes harder to distinguish as zTDS → zreio. However, this was already expected
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Figure 5.6: Polarization auto-correlation spectrum without full reionization for three
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without the late-time reionization since the TDS optical depth is becomes small as

z decreases for z . 200. Therefore, the region of parameter space that would be

degenerate with late-reionization a priori has a faint signal and CMB experiments

are insensitive to it.

The physics of late-reionization is still unknown and its cosmological modeling can

take multiple forms. We will see in chapter 6 that the region of parameter space that

can be probed with the CMB experiments does not encompass late-time reionization

redshifts. Therefore, we expect the TDS sensitivity to be unaffected by the late-time

reionization modeling.

5.4.4 Spatial variation of Q

The example of theoretical frameworks mentioned in section 3.1 also allow a spatial

variation of constants which can have different effects on the CMB. For example, a

spatial variation of αem primarily diminishes the amplitude of the peaks and troughs
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Figure 5.7: Polarization auto-correlation spectrum for three values of zTDS and ∆z =
10−4. Vertical lines correspond to the characteristic angular moments lTDS for each
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in the power spectra, in addition of generator BB polarization and higher order spec-

tra [46]. In our case, a spatial variation of zTDS across the sky would act as a patchy

reionization which can slightly modify the large l information [101] and potentially

be further constrained than our homogeneous model.
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Chapter 6

Detectability, Present Constraints

and Forecast

With the modified CMB anisotropies in hand, we need to compare the effects with

experimental data to determine the detectability of the TDS and impose constraints

on the parameters of the scenario. We use the code MontePython [102], which

scans the parameter space through Monte Carlo Markov Chains with a Metropolis-

Hastings algorithm (see for eg. [103]) and compares the points with the experimental

data of our choice to obtain the posterior Probability Distribution Function (PDF).

The strategy behind the parameter extraction fromMontePython uses a Bayesian

framework (see [104] for a review of Bayes statistics in cosmology). An effective chi-

square for each set of experimental data is defined through

χ2
eff ∝ −2 lnL(θ|data), (6.1)

where L(θ|data) is the likelihood of a theory with parameters θ to the experimental

results. For a given set of experimental data, χ2
eff permits a comparison of different

points in the parameter space and the definition of meaningful bounds on the allowed

region.

In the following sections, we choose to sample a cosmology with 6 varying ΛCDM

parameters {ωb, ωcdm, ns, As, h, zreio}, in addition to our two TDS free parameters

{zTDS,∆z}. We assume flat priors on all parameters and restrict the TDS parameter
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space to

30 ≤zTDS ≤ 1200,

10−5 ≤ ∆z ≤ 103, (6.2)

∆z ≤ zTDS.

The range of zTDS and the upper bound on ∆z are selected to test only regions that

are potentially observable (i.e. the change in the anisotropy spectra is more than

1 part in 1000). The lower bound on ∆z is set where the asymptotic behaviour

of instantaneous change in Q as been reached and ∆z ≤ zTDS is needed for the

requirement Q(now) = QSM.

6.1 Detectability from WMAP and SPT

Firstly, we compare the TDS power spectra with the available anisotropy spectra data.

We use the joint observations from the WMAP 7-year analysis [105] and the SPT [12]

which together cover the TT spectrum to l = 3000. The WMAP7 polarization dataset

only comprises the TE spectrum for moments up to l = 1200. Since we are using two

complementary sets of data, the total effective chi-square is the sum of the individual

ones

χ2
tot−eff = χ2

WMAP−eff + χ2
SPT−eff . (6.3)

The results in shown in figure 6.1, in the form a triangle plot, where each 2D sub-

plot shows the PDF marginalized over all other parameters. The 1D subplots show

the PDF of that single parameter, again marginalized over all other variables. The

last three parameters are nuisance parameters that are used in the SPT likelihood

to remove foreground systematics. Following the guidelines from the SPT collabo-

ration [12], gaussian priors have been assigned to each of them. The results for the

ΛCDM parameters are summarized in table 6.1 and are agreement with the values

from the SPT collaboration (see table 3 in ref. [12]).

100 ωb ωcdm ns 10+9As h zreio
WMAP7+SPT 2.231+0.042

−0.044 0.1119+0.0047
−0.0051 0.9627+0.011

−0.011 2.454+0.099
−0.11 0.7082+0.021

−0.023 10.36+1.2
−1.2

Planck 2.331+0.014

−0.015 0.1179+0.0013

−0.0013 0.957+0.0037

−0.0037 2.432+0.039

−0.038 0.7138+0.0059

−0.006 11.39+0.39

−0.42

Table 6.1: Constraints on the ΛCDM parameters marginalized over the TDS param-
eters.
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Figure 6.1: Triangle plot of the TDS compared to the WMAP7 and SPT datasets.
The contour lines show the 68%, 95% and 99.7% confidence levels. The last three
parameters are nuisance variables included in the SPT likelihood.

The TDS parameters are strongly correlated and we focus our attention on the 2D

PDF between zTDS and ∆z rather than their individual 1D PDF. Since the posterior

is not gaussian, the MCMC algorithm is not as efficient in exploring the PDF and

renders a noisier plot. Fortunately, the support of the PDF is connected and the

Metropolis-Hastings algorithm guaranties a correct estimate of the PDF [103]. We

show the 1-sigma and 2-sigma confidence levels (CL) as the red curves in figure 6.2,
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where we have taken the innermost shell on each sigma level to show conservative

limits. We see that the highest likelihood lies around the regions where zTDS < 200,

zTDS > 900 or ∆z > 10, which all tend to the same phenomenology as the ΛCDM

cosmology. Without strongly ruling out some parameter space, we find that the

combined WMAP7 and SPT datasets have the resolution to disfavor the parameters

yielding a large damping of Cl tail (see figure 5.4) at the 2-σ confidence level.
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Figure 6.2: Contours of confidence level on the TDS parameters. The blue regions
(from dark to pale) correspond to 68%, 95% and 99.7% CL on the Planck forecast
and the red curves are the 68% and 95% CL using the WMAP7 + SPT data. The
black curve shows the 1% damping factor from figure 5.4.

6.2 Forecast for Planck

The Planck satellite collaboration is set to publish their first set of data in early

2013. Until we can confront extensions of the ΛCDM to their results, we can at least

forecast the detectability of our model by generating a set of mock data that emulates

the design performance of the instruments.

The idea [106] is to add an experimental noise contribution nlm to the multipole

moments

aXlm = sXlm + nXlm, (6.4)

where slm is the CMB signal contribution. For an experiment with known sensitivity
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and beam width, the noise power spectrum can be modeled as

NXX′

l ≡
〈

nX∗

lm n
X′

lm

〉

= δXX′θ2fwhmσ
2
X exp

[

l(l + 1)
θ2fwhm

8 ln 2

]

, (6.5)

with the full width half maximum of the gaussian beam θfwhm and the root mean

square of instrumental noise σX . One can then generate artificial data with the

appropriate noise characteristics.

We consider the three best high frequency channels listed in the Planck Scientific

Programme [19] and produce a set of synthetic data around a fiducial cosmology with

the best-fit parameters from WMAP7 using MontePython. The resulting triangle

plot is shown in figure 6.3 and the contour lines of the zTDS −∆z 2D PDF are drawn

in shades of blue in figure 6.2.

We find that Planck has a much better ability to set constraints on the TDS pa-

rameters. In particular, a large portion of the parameter space (for 300 . zTDS . 850

and ∆z . 1) can be rejected at 99.7% CL. A quick comparison of the CL and damping

factor contour lines in figure 6.2 illustrates the limiting factors in the sensitivity to

the TDS. We find the high values of zTDS for the same damping factor are experimen-

tally easier to constrain. Some CL contour lines are outside the 1% damping marker

for high zTDS and their equivalent for low zTDS are well inside. This shows that the

experiments are not only sensitive to the amount of CMB anisotropies information

loss in the extra Coulomb collisions due to the TDS partial reionization, but also to

the redshift at which the energy is injected in the IGM. A low zTDS corresponds to

a small characteristic angular moment lTDS, which has a weaker statistically weight

due to cosmic variance and consequently is harder to probe experimentally.

A comparison of the 1D PDF forecast for Planck to the PDF from WMAP7 +

SPT is shown in figure 6.4. The sensitivity of Planck in clearly noticeable, even on

the TDS parameters. The middle valley in zTDS is significantly deeper and wider,

while the PDF of ∆z falls off more rapidly as it decreases.
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Figure 6.3: Triangle plot of the TDS forecast on Planck-like emulated data. The
contour lines show the 68%, 95% and 99.7% confidence levels.
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Figure 6.4: 1D PDF of the cosmological parameters from WMAP7 + SPT (red) and
forecast for Planck (black).
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Chapter 7

Conclusions

An experimental observation of the variation of a fundamental constant would provide

valuable information on the possible extensions of the Standard Model. On the other

hand, rigorous tests of their constancy over time and space can also constrain new

physics. A large class of probes at different cosmological epochs have already been

studied in the literature, all of which are consistent with no variation to various

degrees of precision. In particular, the present constraints at the CMB emission are

of the O(1%) and come from studies that neglected new physics in the nuclear sector

of the recombination process.

We investigate in new probe of VFC, where the ionization history of the Universe

is modified through the emission of electrons arising from the beta decay of tritium.

The TDS can be realized if the Q-value of the reaction is initially negative, which

happens through the variation of a combination of constants and is viable under the

present bounds.

We model the variation of Q with two parameters, the transitional epoch zTDS

and the timescale of the transition ∆z. We found that the ionization history is more

strongly modified for zTDS centered at 600 with a damping of the tail of the Cl of the

order of 3% and a significant rise in the low l polarization signal.

We confront the TDS with CMB data from WMAP 7-year analysis and the SPT.

The results show no sign of deviations from the ΛCDM cosmology, with maximal

likelihood for no modification in the power spectra. The present data can already

constrain a region of TDS parameter space at 2σ CL. We forecast the sensibility of

Planck and find that it will probe a larger section of the parameter space, potentially

ruling out a significant region at the 3σ CL. In the excluded region, the limits cor-

respond to constraints on the nucleon and electron masses shown in figure 7.1. The
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dark blue section is excluded if we consider a TDS starting at Q = −15 keV just

before zTDS (recall from eq. 4.28 that we need this Q-value at He recombination for a

full accumulation of T) and the pale region is excluded for a TDS starting at Q = 0

keV.
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Figure 7.1: Contour lines of Q in keV for a variation in the nucleon and electron
masses. The shaded region allows is excluded from the TDS and CMB data around
z ∼ 600 for fast transition ∆z → 0 if we assume a Q = −15 keV (dark) or Q = 0 keV
(pale) at zTDS.

In light of this project, we see that changes (that are allowed under present con-

straints) in the nuclear sector of the recombination process can alter the cosmology

to a detectable level. With the ever-increasing precision in observational data, the

TDS provides an extra probe of VFC which should be considered in the full battery

of VFC cosmological tests.
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Appendix A

Decay Rates

We give more details on the derivation of the decay rates with variable excess energy

presented in section 3.4.

A.1 Tritium → Helium-3

This decay happens via beta decay through the reaction T → 3He + e− + ν̄, shown

in figure 3.2. Our derivation is based on ref. [107]. Assuming the mass of the W

boson is much greater than the momentum transferred and a vertex factor of the

form Vudγ
µ(gv − gaγ

5) between T, He and W, the decay rate is given by

dΓ = 16G2
FV

2
udF (2, Ee)

(2π)4δ(4)(pT − pHe − pe − pν)

16ETEHeEeEν

d3pHe

(2π)3
d3pe

(2π)3
d3pν

(2π)3
× (A.1)

×
[

(gv + ga)
2(pT · pν)(pHe · pe) + (gv − ga)

2(pT · pe)(pHe · pν) (A.2)

+(g2a − g2v)mTmHe(pe · pν)
]

(A.3)

= F (2, Ee)
G2
FV

2
ud

(2π)5
d3pe

ETEe

{

pTσpeρ
[

(gv + ga)
2(AHe,ν)

σρ + (gv − ga)
2ησρηαβ(AHe,ν)

αβ
]

(A.4)

+peσ(g
2
a − g2v)mTmHe(Bν)

σ
}

, (A.5)
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where in the second equality we have only explicitly kept the integral over the outgoing

electron and defined

(AHe,ν)
σρ ≡

∫

d3pHed
3pν

EHeEν
δ(4)(Z − pHe − pν)p

σ
Hep

ρ
ν (A.6)

=
Cησρ

3

[

(pHe · pν)−
(Z · pHe)(Z · pν)

Z2

]

(A.7)

− CZσZρ

3Z2

[

(pHe · pν)−
4(Z · pHe)(Z · pν)

Z2

]

, (A.8)

(Bν)
σ ≡

∫

d3pHed
3pν

EHeEν
δ(4)(Z − pHe − pν)p

σ
ν (A.9)

=
Z · pν
Z2

CZσ (A.10)

F (Z,E) = 2(1 + γ)
|Γ(γ + iαZ E

p
)|2

[Γ(2γ + 1)]2
(2p

√

5

3
R)2(γ−1)eπαZ

E
p , (A.11)

with γ =
√

1− (αZ)2. The integrals A and B where found by contracting with

Zσ ≡ (pT−pE)σ and ησρ and F (Z,E) is the Coulomb correction factor [57] accounting

for the attraction of the emitted electrons with the nucleus. The resulting terms

depend only on the integral

C ≡
∫

d3pHed
3pν

EHeEν
δ(4)(Z − pHe − pν) =

4πmT

Z2
(Emax

e −Ee), (A.12)

where Emax
e = 1

2mT
(m2

T+m
2
e−m2

He) is the maximal relativistic energy of the outgoing

electron, found with the 4-momenta relationship (pT−pe)2 = (pHe+pν)
2 in the tritium

rest frame. Putting all of this together and using the approximations

mT

mHe

≃ 1 Emax
e ≪ mT (A.13)

and rewriting d3pe in terms of dEe, we find

dΓ

dEe
=

(GFVud)
2

2π3
F (2, Ee)(g

2
v + 3g2a)Eepe(E

max
e − Ee)

2 (A.14)

Finally, we assume that the kinetic energy of the electron is much smaller than its

rest mass (Q ≪ me) and use the nonrelativistic approximation Emax
e = me + Q to
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find the decay rate of tritium.

ΓT→He(Q) =
(GFVud)

2

2π3
(g2v + 3g2a)

∫ me+Q

me

dE F (2, E)E
√

E2 −m2
e(Q +me − E)2

(A.15)

This is equation 3.16 used in the text and agrees with both refs. [107] and [108] in the

case of massless neutrinos. Using the known values of Q = 18.59 keV, the half-life of

tritium 12.32 years and the helium-3 radius of R = 9.885× 10−6 keV−1 [109], we find

ga = 1.239. (A.16)

In ref. [107], the authors obtain a value of ga = 1.247. We note that ga may also

change as a result of VFC. However, from A.15 we see that its effect is much smaller

than a variation of Q and can be safely neglected.

A.2 Helium-3 → Tritium

The decay of helium-3 into tritium is possible (energy constraints permitting) through

electron capture. Using the same vertex forms as above, we find a spin-averaged

amplitude of

〈|M|2〉 = 8G2
FV

2
ud

[

(gv + ga)
2(pT · pν)(pHe · pe) + (gv − ga)

2(pT · pe)(pHe · pν) (A.17)

+(g2a − g2v)mTmHe(pe · pν)
]

. (A.18)

We take the approximation that the electron and helium-3 are at rest and neglect

the recoil of tritium. Then the only particle with kinetic energy is the neutrino with

4-momentum

pν = (Q̃, Q̃, 0, 0), (A.19)

because all excess energy goes in the neutrino in this approximation. We name the

excess energy of this reaction Q̃ > 0, to distinguish the sign with the excess energy

in the opposite reaction (Q̃ = −Q). The spin-averaged amplitude is then

〈|M|2〉 = 8G2
FV

2
udmTmHemeQ̃(g

2
v + 3g2a). (A.20)
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The differential cross section is

dσ

dΩ
=

1

(8π)2
〈|M|2〉

(Ee + EHe)2
|pf |
|pi|

(A.21)

=
G2
FV

2
ud

8π2

mTmHemeQ̃
2(g2v + 3g2a)

(me +mHe)2mev
, (A.22)

where we took the final 3-momentum to be Q̃ and initial to be mev. The cross section

is then

σ =
G2
FV

2
ud

2π

mTmHeQ̃
2(g2v + 3g2a)

(me +mHe)2v
(A.23)

The decay rate is given by

Γ = vσ|Ψ(0)|2 = G2
FV

2
ud

8π2
Q̃2(g2v + 3g2a)|Ψ(0)|2, (A.24)

where we again assumed mT ∼ mHe. The probability of finding one of the two

electrons at the centre |Ψ(0)|2 = 〈δ(3)(−→r1 ) + δ(3)(−→r2 )〉 cannot be done analytically.

However, high precision experiments measuring the charge radius of atoms use the

finite radius corrections to energy levels to relate energy shifts with the charge radius

by [110]

∆Enuc =
2πZe2r2c

3
|Ψ(0)|2. (A.25)

|Ψ(0)|2 has therefore been calculated numerically to high accuracy in the context of

these experiments and ref. [110] found a value of

|Ψ(0)|2 = 3 · 10.572
4παc

MHz

fm2 , (A.26)

for the ground state of helium. We find our final expression for the decay rate

ΓHe→T(Q̃) =
3 · 10.572

8π2

G2
FV

2
ud

αc
Q̃2(g2v + 3g2a)

MHz

fm2 (A.27)

or equivalently a lifetime of

τHe→T(Q̃) = 2.05× 105 yr

(

10 keV

Q̃

)2

. (A.28)
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Appendix B

The Boltzmann equation

The Boltzmann equation tells us the abundance rate of change of a particular species

when we know its creation and annihilation mechanisms. It simply corresponds to

the rate of production of the species minus the rate of elimination, integrated over the

possible momenta. If we consider the abundance of species 1, which interacts with

species 2, 3 and 4 via the reversible reaction 1 + 2 ↔ 3 + 4, the Boltzmann equation

is [59]

a−3d(n1a
3)

dt
=

4
∏

i=1

(
∫

d3pi
(2π)32Ei

)

(2π)4δ4(p1 + p2 − p3 − p4)|M|2×

× {f3f4(1± f1)(1± f2)− f1f2(1± f3)(1± f4)} .
(B.1)

The left-hand side means that we are considering the rate of change of the number

of particles of species 1 in a comoving volume, where a is the FRW scale factor.

On the right-hand side, we have the integrals over all momenta of the species. The

2E factor comes from the fact that we really had to integrate of the 4-momenta,

but since E2 = p2 + m2, the integral over E is trivial using the delta function

δ(E2 − p2 − m2) = δ(E −
√

p2 +m2)/2E and we get the corresponding factor in

the denominator. The amplitude M squared is the probability of interaction, as a

function of the incoming and outgoing momenta. The creation rate is also propor-

tional to the number of particle of species 3 and 4, and annihilation proportional to

the density of species 1 and 2. This is represented by the terms fi in the curly bracket,

where fi is the Bose-Einstein or Fermi-Dirac distribution, depending on the nature of

each species. The (1± fi) terms correspond to Bose enhancement or Pauli blocking,
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the + sign for the former and − the latter. They account for the fact that fermions

don’t want to be in the same state and bosons do, hence changing the probability

of creating a particle in a specific state. Had the reaction not been reversible, the

amplitude squared for each direction would have been multiplied to the corresponding

creation or elimination factor in the bracket.

At high energies, which is the case in early universe, the distribution function

simplifies

f ≡ 1

e
E−µ
T ± 1

E−µ≫T−−−−−→ e
µ
T e

−E
T (B.2)

1± f −−−−−→ 1 (B.3)

and so the bracket term in equation B.1 reduces to

f3f4(1± f1)(1± f2)− f1f2(1± f3)(1± f4) −→ e
−(E1+E2)

T

(

e
µ3+µ4

T − e
µ1+µ2

T

)

. (B.4)

The only free parameters at a given temperature on the left-hand side of equa-

tion B.1 are the chemical potentials µi which represent how much away from equilib-

rium the number of particle of species i is. If we consider the Boltzmann equation

for each species in the reaction, we have a system of integro-differential equations,

which we can solve to find µi(T ). It is more natural to solve for the number density

ni, which is related to the chemical potential by the relation

ni ≡ gi

∫

d3p

(2π)3
fi = gie

µi
T

∫

d3p

(2π)3
e

−Ei
T , (B.5)

where gi is the number of degrees of freedom of the particle at a given energy. We

made use of the approximation from equation B.2 in the last equality. We can express

the chemical potential in a more compact way using the equilibrium value (µi = 0)

of the number density

n
(0)
i ≡ gi

∫

d3p

(2π)3
e

−Ei
T =

{

gi
(

miT
2π

)
2
3 e

−mi
T mi ≫ T

gi
T 3

π2 mi ≪ T.
(B.6)

Defining the thermally averaged cross section

〈σv〉 ≡ 1

n
(0)
1 n

(0)
2

4
∏

i=1

(
∫

d3pi
(2π)32Ei

)

e
−(E1+E2)

T (2π)4δ4 (p1 + p2 − p3 − p4) |M|2, (B.7)
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the Boltzmann equation becomes

a−3d (n1a
3)

dt
= n

(0)
1 n

(0)
2 〈σv〉

{

n3n4

n
(0)
3 n

(0)
4

− n1n2

n
(0)
1 n

(0)
2

}

. (B.8)

In particular, when species 1 is in equilibrium, the left-hand side is 0 and we get the

Saha equation

n3n4

n1n2
=
n
(0)
3 n

(0)
4

n
(0)
1 n

(0)
2

, (B.9)

where the number densities are given by equations B.5 and B.6.
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