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ABSTRACT
A number of linear and bilinear generating functions, and
connection formulas, are proved for gq-Jacobi polynomials and for
various g-orthogonal polynomials associated with them.
Relationships between different g—extensions of the classical

Gegenbauer (or ultraspherical) polynomials are also studied

systematically.
1. INTRODUCTION AND NOTATIONS
For real or complex q, |q]| < 1, put
® .
(1.1) (M), = 1 (1-rg’)

J=0
and let (A;q)“ be defined by

(Asa),
(1.2) (Ajq), = ————

Hooadha,

for arbitrary parameters A and u, so that

1, if n = 0,

(1.3) (A3a) =

{(1—A)(1—Aq)-~'(1~Aqn—l), vn € {1,2,3,...}.

Then a generalized basic (or q—) hypergeometric function is defined by (cf.

(19, Chapter 3]; see also [8])



(1.4) $ q, 2

= E (-1) (l-r+s)n q(l—r+s)n(n~1)/2 (0‘1’ ERRL . Q)n S

(ﬁ1,~--,ﬁs;q)n (q;q)n ’
n=90

where (and throughout this paper) we find it to be convenient to write
(1~5) (Al""’hk;q)y = (Al;Q)y cer (Ak;Q)yy

and, for convergence of the infinite series in (1.4),

[a] <1 and |2| < % when r s,

or
max{|q|, |z[} <1 whem r==8+1,
provided that no zeros appear in the denominator.
In a series of memoirs on expansions of certain infinite products,
L.J. Rogers ([15], [16], [17]) introduced the continuous q-Hermite
polynomials Hn(x{q) and the continuous g-ultraspherical polynomials

Cn(x;u]q), which are given explicitly by

1

)

k=0

n 2 ml .
(1.6) Hn(cos o|q) [ ]cos(n—Zk)e = 2 [ ]el(n-Zk)e’
k k

where

n] (a;9) R
Kl CIEVNCHE) ek



denotes the q-binomial coefficient, and

W) )

(q;q)k(q;q)n—k

(1.7) Cn(cos 8;v|a) = cos(n-2k)e

n - .
_ 2 (VaQ)k(VaQ)n___k ei(n_zk)g
- (a;9), (a;9) .
k=0 k n—k
In fact, Rogers applied his results involving these polynomials to prove
the celebrated Rogers—Ramanujan identities. The definition (1.7) provides
a gq-extension of the following well-known representation for the classical

Gegenbauer (or ultraspherical) polynomials (see, e.g., [14, p. 283,

Equation (37)]):

n

(1.8) ¢” (cos 8) = E
k=0

@), ),

*TW cos(n-2k)o,

where (/‘s)n = r(A+n)/Ir(A) in terms of Gamma functions.
The polynomials Cﬁ(x) are a subclass of the classical Jacobi
polynomials and have the following important hypergeometric representations

{14, p. 279, Equation (15); p. 280, Equation (19)]:

-n, Zvin;
(2v)
v - n 1 -x
(1.9) Cal®) = 7= ol |2
vis;

and



(1.10) ¢ (x) = 7;!51 (2x)™ _F

(see also Gasper (11, p. 1066}).
In terms of the little g-Jacobi polynomials defined by (cf. [12,
p. 29] and [3, p. 11, Equation (3.1)])

-n n+l
(aq;q)n a , afg

S 4 X
(o), 271 4
agq;

(1.11) pga’p)(x;q) =

a gq-extension of the definition (1.9) may be provided by

WDy MR

(v/asq) n

On the other hand, using the big g-Jacobi polynomials defined by (cf. [4,

p. 47, Equation (3.28)])

n

(aq,-860q/7; q)
(a’p) . 3 = L L
(1.12) P (%;%,8:q) = (q,‘Q§Q)n Laq]

-n n+l
qQ , ofq T, oxq/v;
'3‘i>2 a, qf.
agq, —8aq/v;

a gq-extension of the definition (1.9) is given by



2
(q,v ;Q)n

1

(1.13) C”(x;q) —— n
(wa,~v/a;q)

2 -n 2 n
(v ;q)n n q ', va, xq;

W‘Q 3%s _ _q,q,

w/q, -u/q;
which is, in fact, a g-extension of (1.10) as well (see Section 2).
relation for the g-ultraspherical polynomials (1.7)
was proven by Askey and Ismail [5]. The orthogonality relations for the
little as well as big g-Jacobi polynomials were proven by Andrews and Askey
({3, p. 13, Theorem 9] and [4, p. 48, Equation (3.30)], respectively), and
their results can be suitably specialized to deduce the orthogonality
relations for the aforementioned q-Gegenbauer polynomials stemming from
(1.9) and (1.10). The object of the present paper is to derive several

further properties (such as linear and bilinear generating functions,

connection formulas, et cetera) for the big gq-Jacobi polynomials (1.12) and
for various q-orthogonal polynomials associated with them.

It may be of interest to remark in passing that, since [4, p. 49,

Equation (3.36)]
(1.14) P;d"s)(x;l,o:q) = (-" Pr‘f’“)(—x;o,l:q)

. (*l)n qn(n—-l)/Z

(ﬁ:d) .
- (__q;q)n Pn (x;q),

and since [c¢f. Equation (1.13)]



(1.15) £ (x]2) = (g5 vlimo{ua/w“ /a0 |

where ([1, p. 60, Equation (6.5)]; see also [8, p. 196, Equation

(5.6.3.3)])

n/2] (a;9)
(1.16) fn(xlq) = 2 (_1)k qk(k""l) 55 n Xl’l_2k,
k=0 (e75a7) (a59) o

our results will apply also to the little g-Jacobi polynomials (1.11), and
to the g-Hermite polynomials (1.16) considered, for example, by Al-Salam

and Carlitz [1].

2. GENERATING FUNCTIONS FOR gq—GEGENBAUER POLYNOMIALS
We begin by showing that the definition (1.13) is equivalent to the
following g-extension of (1.10) considered in the literature (cf. [8

3

p. 208, Equation (5.9.1.9)}):

(2.1) ¢t (x;a) =

Indeed, on writing the 3¢2 series in (1.13) in the reverse order, we find

that



(vz;qz)n(xq;q)n
(59)

(2.2) cz(x;q) = (-1)B q—n(n+1)/2

q—n, U—l q(l—2n)/2’ _v~1 q(l*Zn)/Z;
1
" 3% Y
-2 1-2n -n
v q y 4 /%3
Now transform this last 3®2 series by means of a known result [13,

p. 957, Equation (3.1)]

a’ b’ —b; ] (Z;q)oo _ a, aq; 2 2
(2-3) 3¢'2 b qd, "Z] = —(m; 2@1 9 qQ, zZ |,

) 8 b“q;

and (2.2) leads us to the representation (2.1).
Another q-hypergeometric representation for Cz(x;q) would follow if
we transform the Zél series occurring in (2.1) by appealing to the

formula [22, p. 370, Equation (3)]

Bh ] (eraemia, a, b, c;
(2-4) 4 4, T & . P q, ]
271 .. ab (e,e/ab,q)°° 372 abg/e, 0;
]
a or b or c¢= q—N (N =0,1,2,...),
and we thus have
- 1- 2,2
(uz'q) ( ) 2 q n; q n’ v /(X Q); 2
v _ ' *n n(n-1)/ 2
(2.5) C (xiq) = (@, q 335 a, q

vzq, 0;



or, equivalently,

» @, ¥ q7;
(2.6) cl(x;q) = 2 X" & qz, {Uq } ,

which follows readily from (2.5) when we apply a particular case (a=g=0)

of Sears’s transformation [18, p. 167, Equation (8.3)]

(2.7) 4%3

[a, b, c, d; ] (g/c,g/d,eg/ab,eg/abed;q)
9, 4

e, g, h; (g,8/cd, eg/abc, eg/abd;q) |

e/a, e/b, ¢, d;
. dq, 4},
473
e, cdg/g, cdq/h;
¢ or d-= q“N (N =0,1,2,...) and egh = abcdgq.

These last representations (2.5) and (2.6) are q-extensions of a familiar

expression for the classical Gegenbauer polynomials [14, p. 280, Equation

(20)].
Next we turn to the derivation of the following generating functions

for gq-Gegenbauer polynomials:

22

o o, L, Gxta) BoAL XA 20
5 C (i)t = g o q,
2 n (xt;q)°° 33 q

vzq, Axt, Axtq;

(2.8)

nop W),

which, for a = vz, immediately yields



. 9 y2 x2q2.
(¥"xt;q) ! ! 2,2
(2.9) Attt = e s e
n’ (xt;q) 272 g |’
=0 ® 2 2
n= vxt, voxtq;
(2.10) } c” (x;q) . = 1 P qz, vt s
n %5 q) (xt;q)m 171 q
=0 n
" voq;
which is an obvious special case of (2.8) when A = 0
o (waw, N
(2.11) > g gy
M SLCRFLCHE VN
"V/X'\/as 0; X3 _
= % 9, xt| & q, vtJal,
v/ u/g;

which is independent of the generating function (2.8).
To prove the generating function (2.8), we make use of the
representation (2.6) and change the order of summation. On evaluating the

inner sum by means of the g-binomial theorem:

a0 (Azig),

(2.12) (a59) z (z5q)

(la] <1, [z] < D),
n=0

we arrive at the right-hand side of (2.8). Formula (2.11), on the other
hand, can be proven by applying the 3§2 representation (1.13). Indeed,

on transforming the 3§2 series by means of (2.7) with a = 0, the



10.

left-hand side of (2.11) becomes

o _ -n -1 (1-2n)/2
(—U/xvh;q)n 4 .vd » X

n
o, &Y

3

s 5
925 a4 wvq “f,

=0 -1 (1-2n)/2
n Xq( n)/ :

v/q, —u
which, on simplification, yields the right-hand side of (2.11).

Formulas (2.8) to (2.11) provide g—extensions of various known
generating functions for the classical Gegenbauer polynomials (see, e.g.,
[14, Chapter 17]; see also [6, p. 20, Equation (4.3); p. 21, Equation
(4.6)]1). Formula (2.11), in particular, is a g-extension of Bateman’s
generating function [14, p. 280, Equation (18)].

Lastly, we prove the following gq-extension of a formula due to

Feldheim [9, p. 128, Equation (33¢)]:

2 —
, ha), o W) ee),
(2.13) Cn(x;q) = - —
COLHE VR oy R C HE D G 2V T D
2 k-1
k _—
- (eq) Péfg“ 4 /“)(x:#,V/Jh:q)-
Denoting, for convenience, the right-hand side of (2.13) by S, and making

use of the definition (1.12), we have
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.. (:f;q)n % (v/p/a; @) (pa; Q)

(W(—“q)n L (q;q)k(q;q)n_k

n-k k -ntk
H q

-n+k 2 n
q » ¥ qQ , XKq;
¢ 34’2 d, q
Ha, —uJ/q;
Wha). D /e (paia)
N 5 -k R g yn—k q—k
(—‘\”aaq}n k_:o (an)n_k(QﬂQ)k
- 2n .
Q , VYV g, Xq;
. 34'2 d; q

Ha, -v/q;

2, n 2 n . .
) CIT VS 2 (w"a’,xq;q) (v/psa;a) (-1)d = g3 /2

(V’\/(_].; q)n J=0 (q’_v‘\/a; q)j(q; q)n—j

1+ -n+j
pa- Y, g Y

° 2‘§1 q, M
-1 (3-2n+2j)/2
w q( nt+Zj)/ :

“lq(l—ZJ')/Z .

Now sum the 2@1 series by the q-Gauss theorem [19, p. 97, Equation

(3.3.2.6)] and simplify the resulting expression to get the left—hand side

of (2.13) via the representation (1.13).
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3. A BILINEAR GENERATING FUNCTION FOR THE BIG q-JACOBI POLYNOMIALS

0
Associated with a bounded complex sequence {R } , we prove the
n=0

following bilinear generating function for the big q-Jacobi polynomials

defined by (1.12):

o 14

(v/%,%/y;q) ,(-x/6,-y/6;q)
(-1 ) Y e T e
, 1 g (193D p (s a50) “eHm) 2
¢ ,m=0
o 2 2 .
(apa,—ap6q” /v, -ap6q /v,qrq,—q,q)n
) } (aq, f9,~7/6,~7/6,-6aq/7,~6aq/7;q) (apa;a),
n=0
n oo Q te
) pr(xa,ﬂ)(x;v,s:q)pr(la,ﬁ)(y;q,s:q)L-i_z__} E n+e:;n+2 ’
a) 5 (9,984 1a),

which, for Qn = (A,y;q)n, would yield a gq-extension of Feldheim’s result
for the classical Jacobi polynomials (cf. [10, p. 464, Equation (3.3)]; see
also [21, p. 168, Problem 14(iii)]).

To prove the bilinear generating function (3.1), we set

a=asq, b=4v/y, c=aq, d=-/6, e =4v/x, and f = —v/5

in a known result [23, p. 945, Equation (3.1)], and make use of (2.7) with

a » ». In view of the definition (1.12), we thus find that



13.

(3.2) Pr(la”s) (x;v,ﬁzq)PI(]a’p)(y;v,fS:q)

. n
) (“’/5;"”/5’pq’;‘)n qn(n+5)/2 [_ 9‘*2432?:]
(aq,-aB86q"/v,-apsq /ﬁr;q)n ¥

2 (q_n,aﬁqml;q)“m('Y/x,'Y/y;q)e(—X/é,—y/é;q)m [};Zr n
z| 1

(=1/8,-7/8;4) o, (a,0959) , (a0, 5950)

¢,m>0

Now employing the formula (3.2) in the case r = 2 of another known result
[20, p. 316, Equation (1.10)], we get (3.1).
Some consequences of the bilinear generating function (3.1) are worthy

of note. First of all, since [cf. Equation (1.14)]

n qn(n—l)/Z
(-a5q)

(3.3) lim {Pr(la’p) (x;'v,—-l:q)} = (=)

(%A (x;),
v+ 0

our result (3.1) for ¥+ - 0, 8 = -1, and

2 = (AMusa), (n =0,1,2,...),

woronma § T o o o e o S N
wuuld CULLEOPpOIIL L0 d

nown bilinear formula for the little gq-Jacobi
polynomials [24, p. 99, Equation (1.1)]. Furthermore, in view of (1.13),

(3.1) for



yields the following bilinear generating function for the q—Gegenbauer

polynomials CZ(x; q):

-+ Pl —-. _ - _ — \ _ e
(3.4) 2 (v/qu,V/YJq,q)e( xJ/q/v, y«/q/v,q)m o xyta o
(-1,-1;q),, (q,v/q;9),(q,uv/q;q) ¢m| 3
¢,m=0 > T et P PRe N "Hm
(g2 fa g - n
_ ? n v, . v, . t/q
- E L1202 2 o Cn("’q)cn(y’@[s]
n=0 (Tl,~1,¥ ,V ,V q ;94 n LU
o0 14
ﬂn+€ t
2 ( UZ n+l, ) :
om0 (BYTd i),
which, for szn = (-—1,~1;q)n, reduces to the elegant form (cf. [7, p. 168,
Corollary 6}):
v/x/a, v/yJa; e ~xJq/v, ~y/a/v;
(3.5) 2%1 T L Lt
v
v/ v/q)
2 (a2, %4 9) ~q", - -1
_ ] 4 3 n s ] u . v . —E{—
= z 55 5 o® a, tiC€ (q)C (via) |57 -
~ (W v e iq) 2 n+l, v
n=0 n vq -

14.

Lastly, in view of the limit relationship (1.15), we replace x, vy,

and t in (3.5) by

vx/Ja,

vy/Ja,

and wvtJ/g,
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respectively, and let v 4 0. We thus obtain the bilinear generating

function:

0

(3.6) £ (x|Of (v]a) -

n [l/x, 1/y;
n=0

t _
(a?ajn = 9% q, th],

0;

which may be looked upon as a g—analogue of Mehler’s formula for the

4. CONNECTION FORMULAS
In this section we first prove the following connection formula for

the big g—Jacobi polynomials:

(A, ) e (a,8)
Ay . . — oy, B . .
(4.1) P (x;v,8u/B:q) = } Ak o2k (%;v,6:q),
k=0
where the (connection) coefficients An x are given by
3
(Ha,—pra/8;q) (-q,aBq;q)_ ., (Apg;q),
(4.2) A - n n-2k 2n-2k

n,k  (-q,Auq;9) (959), (Ma,~pra/s; Q) o (089 Do sk

-2k 2n-2k+1 —2k+1 -2k+1
2k q s AHG n ’ pqn s ”pyqn /5;

51°F 2k(2k-n-1

2n-dk+2 —ok+1 2kl
apg“" , pa" , —pq" /5;
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Multiplying each member of (4.1) by

(xq/7,-xq/8;q)
oo P(q
(axq/v,—-pxq/6;q)  m

’p)(x;v,é:q) dqx,

and integrating both sides of the resulting equation from -6 to v, if

we apply the known orthogonality relation [4, p. 48, Equation (3.30)], we

readily find that

v (%q/v,-xq/8;9)

— (A, 1) . .
(4.3) An,k hn—Zk = J_ﬁ (axq/v,—pxq/&;q)w P (x3v,8u/B:q)
. ngéﬁ)(x;v,s:q) dqx,
where
_ (1-aBq) (aq, Bq,-08q/7,-p74/6;q)
(4.4) b - 4(18)D qn(n 1)/2 5o n
(1-apq )(q,—q,—q,aﬁq;q)n
and
vé(l—q)(q,apqz.-V/S,—S/v;q)°°
(4.5) |

) (v+6) (aq, pa,-a6a/7,-pv9/6;q)
Now transform the 3§2 series representing the gq-Jacobi polynomials

Péh’“)(x;v,éu/p=q)
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by appealing to (2.7) [with a=0] twice, and we thus find from (4.3) that

(2.6) A - (Ha,-pra/s;a) (aq,~ada/v;q) o, [_ Q_JH[ZM]H—Zk
: n,k (g,-q59) (9,-a59) o, paj o
- +1 ~2k , -n+2 ~2k+ .
¢ @haa™ e, e TE (@ apg gy » 5 e
(Ha,-pra/8i9), (q59), 2 (aq,-a89/7;q) ; (@a); H@aAa),
£=0 J=0 J

where, for convenience,

v (xq/v,~xq/6;q)

(4.7) I(a,p) = j_é (e paTE )

The value of this last integral in (4.7) is known to be the constant
4 given by (4.5), as already observed by Andrews and Askey [4, p. 47,

Equation (3.27)]. Consequently, (4.6) becomes

(#q.—pvq/S;q)n(*q,apq;q)n_Zk(apqz;q)2n_4k

n
- |- 2a] @
nk o (a4,-99), (e, -A19/65q) o (aBa5Q)y 40 «p

(4.8) A

q

n —-n n+l,
q—n—(n—Zk) (n~2k+1)/2 (q s A9, ‘p'VQ/5MI4q ) q)e 4

Z (o Rmal e s (¢;9),
=0 (apq , PVQ/va‘lq’q)e
-n+2k n—2k+1,
q k] aﬁq 3
Zél qs q
e+2

afq 3
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Summing this Zél series by a q-extension of the familiar Chu—Vandermonde
theorem [19, p. 97, Equation (3.3.2.7)], and simplifying the resulting
expression, we are led eventually to the second member of (4.2).

We now consider some special or limiting cases of the connection
formula (4.1). Indeed, in view of the limit relationship (3.3), (4.1) with

v +0, 250, and 6 = -1 yields the following connection formula for the

little gq-Jacobi polynomials:

[n/2]
(4.9) pﬁA’“)(pX/y;q) = z Iﬁnk pgféﬁ)(X;q),
k=0

where

(M @) (apgi @) o (MDA g o0

.10 B =
(4.10) nk T (MG, (kD) (BT D5y (304

-2k 2n-2k+1 n—2k+1

q » Auq y B4 H

-2k k(6k-6n-1

- B q( n)géz q, qj-

2n—4k+2 n—-2k+1
afq s MQ H

Formula (4.9) differs markedly from a connection formula given earlier by
Andrews and Askey [3, p. 14, Theorem 10].
Next we replace gach of the parameters A, y, and v in (4.1) and

(4.2) by p/vq, set
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and make use of the relationship (1.13) between g-Gegenbauer polynomials
and the big gq-Jacobi polynomials. Summing the resulting 4§3 series in

(4.2) by a g—extension of Watson’s theorem [2, p. 333, Theorem 1], we thus

obtain

/2] 122 252y wPnkidd), [F
(4.11) (x:q) = n-k L L T
: n' 4 E (102) 2 4By (dd) q n-2k ¥ 4>
=0 RACIE T NN C -

which is, of course, equivalent to the following well-known result due to

Rogers (cf. [16]; see also [5] and [6]):

[n/2] (l"vqm—2k)(Ix;q)n_k(.e-l/r»';q)k k
(4.12) Calxinla) = } (I-V)(vq;q)n_k(q;q)k v cn—Zk(X;y‘q)'
k=0
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