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Abstract: We extended the classical Bernoulli and Euler numbers and polynomials to introduce the

Laguerre-type Bernoulli and Euler numbers and related fractional polynomials. The case of fractional

Bernoulli and Euler polynomials and numbers has already been considered in a previous paper of

which this article is a further generalization. Furthermore, we exploited the Laguerre-type fractional

exponentials to define a generalized form of the classical Laplace transform. We show some examples

of these generalized mathematical entities, which were derived using the computer algebra system

Mathematica© (latest v. 14.0).

Keywords: Bernoulli numbers and polynomials; Euler numbers and polynomials; Laguerre-type

exponential functions; generating functions; generalized Laplace transform

MSC: 11B83; 33C99; 33C10; 34A30; 44A10

1. Introduction

The purpose of this paper is to introduce a different version of the Bernoulli and Euler
numbers and polynomials, related to the Laguerre-type exponentials.

The consideration of generalized forms of polynomials and classical numbers has
received much attention in recent years, as can be seen in the [1–5]. This has often been
achieved by exploiting the generating functions [6–8].

One recent field has involved the extension of such entities to the case of fractional
numbers or polynomials in relation to the fractional derivative and its applications (see [9]
and the references therein).

In a recent article [10], using the fractional exponential function and the generating
function of the classical Bernoulli and Euler numbers and polynomials, we have introduced
the fractional index case of these well-known entities. Their definition is shortly reported
in Section 3.

It is worth noting that a similar construction can be achieved by exploiting different
exponential functions. Examples of such exponentials are shown in Section 2, where the
definition of true exponentials with respect to suitable differential operators is highlighted.

The Laguerre-type exponentials

e1(x) :=
∞

∑
k=0

xk

(k!)2
, en(x) :=

∞

∑
k=0

xk

(k!)n+1
,

where n is a positive integer, are recalled in Section 4. These functions have been considered
in several articles (see, e.g., [11,12]), where it has been shown that these functions are related
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to a differential isomorphism acting onto the space Ax of the analytic functions, of the real
(or complex) variable x, preserving differential identities at a higher level of differentiation.
This allows us to introduce a symmetry, into the space Ax, in which to a classical special
function, it is possible to associate the Laguerre-type one, and since this can be repeated for
each level of Laguerre-type exponentials, the construction can be iterated as many times as
we need.

Since in the above-cited article [10] we have considered the fractional exponential func-
tion, we first extend to the fractional case the Laguerre-type exponentials by considering
the expansions

eα,1(x) :=
∞

∑
k=0

xkα

[Γ(kα + 1)]2
, eα,n(x) :=

∞

∑
k=0

xkα

[Γ(kα + 1)]n+1
.

Then, the construction of the Laguerre-type Bernoulli and Euler numbers and polynomials,
starting from their generating functions in which the classical exponential is replaced by its
Laguerre-type version, can be obtained in both cases, namely exploiting the Laguerre-type
exponentials or their fractional Laguerre-type versions.

This is examined in Section 5, where we limit ourselves to consider only the first-order
Laguerre-type derivative since the used technique is always the same, and only different
numbers or functions are obtained. Furthermore, as the numbers and functions of the
fractional case tend to the corresponding ordinary ones in the limit α → 1, we will consider
tables of the fractional case for special values of the parameter α, including α = 1.

Lastly, in Sections 5 and 6, exploiting the Laguerre-type exponentials and their recipro-
cals, obtained using an extension of the Blissard problem, a generalized form of the Laplace
transform is shown.

Some examples of the newly introduced entities are shown in Appendix A (for the
Bernoulli case) and Appendix B (for the Euler case) at the end of this article, obtained by
the third author using the computer algebra system Mathematica©.

2. Exponential Functions

It is quite obvious to point out that the definition of the exponential function ex is
strictly connected with the derivative operator Dx = d/dx as it is an eigenfunction of this
operator, satisfying

Dxeαx = αeαx , ∀α ∈ C. (1)

According to this property, and using the McLaurin expansion, the Euler constant follows
as the sum of the series: e = ∑

∞
k=0

1
k! .

Then, using an operator Dx, different from Dx, it is possible to introduce the definition.

Definition 1. ϕ(x) is called a true exponential function if the following eigenvalue property
is satisfied:

Dx ϕ(αx) = αϕ(αx) , ∀α ∈ C. (2)

In the forthcoming subsections, we show some possible operators and true exponential
functions of this type.

2.1. The Fractional Exponential Function

An example of such operators is given, for any real number α > 0, by the fractional
derivative Dα

x , defined by the Euler equation, falling as a special case, in the definition of a
fractional derivative introduced by Caputo:
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Dα
x xn =











Γ(n + 1)

Γ(n + 1 − α)
xn−α , if n > ⌈α⌉ − 1 ,

0 , if n = 0, 1, . . . , ⌈α⌉ − 1 ,

(3)

where n ≥ 0 and ⌈α⌉ denote the ceiling function (the smallest integer greater than or equal
to α).

If c is a constant, then Dα
xc = 0.

We recall that the Caputo derivative is defined as follows [13]:

Dα
a+ f (x) =



















1

Γ(m − α)

∫ x

a

f (m)(τ)

(x − τ)α−m+1
dτ , where m = ⌈α⌉ , if α /∈ N

f (α)(x), if α ∈ N ,

and reduces to the above Equation (3) when a = 0 and f (x) = xn.
The fractional exponential function (depending on the parameter α) defined by

Exp
α
(t) = 1 +

tα

Γ(α + 1)
+

t2α

Γ(2α + 1)
+ · · ·+ tnα

Γ(nα + 1)
+ . . . , (4)

is an eigenfunction of the operator Dα
x since

Dα
xExp

α
(xt) = tα Exp

α
(xt) . (5)

For any α, 0 < α < 1, an analog of the Euler constant for the fractional exponential
function is

Eα =
∞

∑
n=0

1

Γ(nα + 1)
. (6)

Remark 1. Note that the pseudo-exponential functions introduced in [14], and those connected to
the Mittag-Leffler function [15], do not satisfy the eigenvalue property of the classical exponential,
so they cannot be considered as true exponentials in the sense we consider here.

In [10], we have exploited the fractional exponential function (4) in order to introduce
fractional index versions of fractional Bernoulli and Euler numbers and polynomials.

Remark 2. Note that what we call fractional Bernoulli and Euler polynomials are actually functions
and not polynomials in the strict sense, but since they are combinations of monomials with fractional
powers, it seems more appropriate for us to retain the name polynomials, as shorthand for fractional
power polynomials. This terminology is used in what follows.

2.2. Fractional Index Bernoulli Numbers and Polynomials

We introduced the following definitions:

1. For the fractional index numbers Bα,k, where α is a fractional number,

xα

Exp
α
(x)− 1

=
∞

∑
k=0

Bα,k
xkα

Γ(kα + 1)
; (7)

2. For the fractional index polynomials Bα,k(z),

xαExp
α
(x z)

Exp
α
(x)− 1

=
∞

∑
k=0

Bα,k(z)
xkα

Γ(kα + 1)
. (8)
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Then, we have found the result (see [10]).

Theorem 1. The Bernoulli numbers with fractional indices Bα,k can be sequentially computed by
solving the triangular system

Bα,0 = Γ(α + 1) ,

n

∑
k=1

Bα,(n−k)

Γ(kα + 1) Γ((n − k)α + 1)
= 0 , ∀n ≥ 1 .

(9)

2.3. Fractional Index Bernoulli Polynomials

Starting from (8), we have found the following (see [10]).

Theorem 2. The fractional index Bernoulli polynomials Bα,n(z) can be sequentially constructed by
solving the triangular system

Bα,0(z) = Γ(α + 1) ,

n

∑
k=0

Bα,(n−k)(z) Γ(nα + 1)

Γ((k + 1)α + 1) Γ((n − k)α + 1)
= znα , ∀n ≥ 1 .

(10)

2.4. Fractional Index Euler Numbers and Polynomials

In a similar way, we have the definitions:

3. For the fractional index Euler numbers Eα,k,

2 Exp
α
(x)

Exp
α
(2x) + 1

=
∞

∑
k=0

Eα,k
xkα

Γ(kα + 1)
; (11)

4. For the fractional index Euler polynomials Eα,k(z),

2 Exp
α
(x z)

Exp
α
(2x) + 1

=
∞

∑
k=0

Eα,k(z)
xkα

Γ(kα + 1)
. (12)

In [10], we have proven the results.

Theorem 3. The Euler numbers with fractional indices Eα,k can be sequentially computed by
solving the triangular system

Eα,0 = 1 ,

Eα,n +
n

∑
k=0

2kα Γ(nα + 1) Eα,n−k

Γ(kα + 1) Γ((n − k)α + 1)
= 2 .

(13)

Theorem 4. The fractional index Euler polynomials Eα,n(z) can be sequentially constructed by
solving the triangular system

Eα,0(z) = 1 ,

1

2

[

Eα,n(z) +
n

∑
k=0

2(n−k)αΓ(nα + 1) Eα,k(z)

Γ((n − k)α + 1) Γ(kα + 1)

]

= znα .
(14)

3. The Laguerre-Type Exponential Functions

Other examples of differential operators that gave rise to exponential functions are
given by the Laguerre-type derivatives recalled in [11] and were studied with some appli-
cations in [12].
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Starting from the first-order case, we recall that the operator DL := DxxDx = Dx + x D2
x

introduces a linear differential isomorphism acting on the space of the analytic functions of
the variable x, which creates a parallel structure within this space. This allows us to easily
derive differentiation properties.

The relevant exponential function is given by

e1(x) :=
∞

∑
k=0

xk

(k!)2
= C0(−x), (15)

where C0(x) is the Tricomi function of order zero, satisfying the eigenvalue property

DLe1(ax) = ae1(ax) , ∀a ∈ C. (16)

Iterating the Laguerre derivative, an endless cycle of construction at higher levels of
differentiation occurs, showcasing a great cycle that sometimes appears within mathemati-
cal structures.

The nth-order Laguerre-type exponential is defined as

en(x) :=
∞

∑
k=0

xk

(k!)n+1
. (17)

It is an eigenfunction of the operator

DnL := Dx · · · DxDxD = D
(

xD + x2D2 + · · ·+ xnDn
)

=
S(n + 1, 1)D + S(n + 1, 2)xD2 + · · ·+ S(n + 1, n + 1)xnDn+1 ,

(18)

where S(n, k) denotes Stirling numbers of the second kind.
For every integer n, the function (17) is an exponential function since it satisfies the

eigenvalue property

DnL en(ax) = aen(ax) . (19)

The corresponding Euler constants are given by the sum of the series

en :=
∞

∑
k=0

1

(k!)n+1
. (20)

Further information can be found in the article cited above [12].

Remark 3. For completeness, we recall that the operators DL = DxD and their iterates as
DnL = DxDxDx · · · DxD can be considered as particular cases of the hyper-Bessel differential
operators when α0 = α1 = · · · = αn = 1 (the special case considered in operational calculus by
Ditkin and Prudnikov [16]). In general, the Bessel-type differential operators of arbitrary order
n were introduced by Dimovski in 1966 [17] and were later called, by Kiryakova, hyper-Bessel
operators because they are closely related to their eigenfunctions, called hyper-Bessel by Delerue [18]
in 1953. These operators were studied in 1994 by Kiryakova in her book ([19], Ch. 3).

The Fractional Laguerre-Type Exponential Functions

Combining the results in the preceding sections, we can also consider the fractional
Laguerre-type exponential function

eα,1(x) :=
∞

∑
k=0

xkα

[Γ(kα + 1)]2
, (21)
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which is an eigenfunction of the operator Dα
L := Dα

x xαDα
x since

Dα
x xαDα

xeα,1(tx) = tαeα,1(tx) , (22)

and in general,

eα,n(x) :=
∞

∑
k=0

xkα

[Γ(kα + 1)]n+1
, (23)

for which the operator Dα
nL := Dα

x xα · · · Dα
x xαDα

x xαDα
x (n + 1 fractional derivatives) is

such that

Dα
nLeα,n(tx) = tαeα,n(tx) . (24)

In what follows, we exploit the first-order Laguerre-type exponential function (21)
in order to introduce the Laguerre-type Bernoulli and Euler numbers and polynomials.
Of course, these new entities could be considered even in the general case of the nth-order
Laguerre-type exponentials (23), but this will not be considered here since the technique is
the same and the relevant formulas are much more complicated.

4. First-Order Laguerre-Type Bernoulli and Euler Numbers and Polynomials

Since we considered only the first-order case, we will call these numbers simply
Laguerre-type Bernoulli and Euler numbers (and the following Laguerre-type Bernoulli
and Euler polynomials).

Using their generating functions, we now introduce the following definitions.

The Laguerre-type Bernoulli numbers and polynomials

1. For the ordinary Laguerre-type Bernoulli numbers LBk,

x

e1(x)− 1
=

∞

∑
k=0

LBk
xk

[k!]2
; (25)

2. For the ordinary Laguerre-type Bernoulli polynomials LBk(z),

xe1(x z)

e1(x)− 1
=

∞

∑
k=0

LBk(z)
xk

[k!]2
. (26)

The fractional Laguerre-type Bernoulli numbers and polynomials

3. For the fractional Laguerre-type Bernoulli numbers LBα,k, where α is a fractional
number,

xα

eα,1(x)− 1
=

∞

∑
k=0

LBα,k
xkα

[Γ(kα + 1)]2
; (27)

4. For the fractional index Laguerre-type Bernoulli polynomials LBα,k(z),

xαeα,1(x z)

eα,1(x)− 1
=

∞

∑
k=0

LBα,k(z)
xkα

[Γ(kα + 1)]2
. (28)

The Laguerre-type Euler numbers and polynomials

5. For the ordinary Laguerre-type Euler numbers LEk,

2 e1(x)

e1(2x) + 1
=

∞

∑
k=0

LEk
xk

[k!]2
; (29)
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6. For the ordinary Laguerre-type Euler polynomials LEk(z),

2 e1(x z)

e1(2x) + 1
=

∞

∑
k=0

LEk(z)
xk

[k!]2
. (30)

The fractional Laguerre-type Euler numbers and polynomials

7. For the fractional Laguerre-type Euler numbers LEα,k, where α is a fractional number

2 eα,1(x)

eα,1(2x) + 1
=

∞

∑
k=0

LEα,k
xkα

[Γ(kα + 1)]2
; (31)

8. For the fractional index Laguerre-type Euler polynomials LEα,k(z),

2 eα,1(x z)

eα,1(2x) + 1
=

∞

∑
k=0

LEα,k(z)
xkα

[Γ(kα + 1)]2
. (32)

5. The Reciprocal of the Fractional Laguerre-Type Exponential Function

We consider the function eα,1(a; t), where the symbol a ≡ {an} denotes the sequence
of coefficients, according to the position

eα,1(a; t) = 1 + a1
tα

[Γ(α + 1)]2
+ a2

t2α

[Γ(2α + 1)]2
+ · · ·+ an

tnα

[Γ(nα + 1)]2
+ . . . . (33)

The equation

1

eα,1(a; t)
= b0 + b1

tα

[Γ(α + 1)]2
+ b2

t2α

[Γ(2α + 1)]2
+ · · ·+ bn

tnα

[Γ(nα + 1)]2
+ . . . (34)

in terms of the unknown sequence b ≡ {bn} can be solved using Bell’s polynomials.

General Result

In the literature, there exists the following general result [20].
Consider the sequences a := {ak} = (a0, a1, a2, a3, . . . ), and b := {bk} = (b0, b1, b2, b3,

. . . ). Using the umbral formalism (that is, letting ak ≡ ak and bk ≡ bk), the solution of
the equation

1
∞

∑
n=0

antnα

[Γ(nα + 1)]2

=
∞

∑
n=0

bntnα

[Γ(nα + 1)]2
, i.e. eα,1(a; t) eα,1(b; t) = 1 ,

according to the Faà di Bruno formula, is given by

bn =
[Γ(nα + 1)]2

n!

n

∑
k=0

(−1)k k! a
−(k+1)
0 ·

·Bn,k

(

1!a1

[Γ(α + 1)]2
,

2!a2

[Γ(2α + 1)]2
, . . . ,

(n − k + 1)!an−k+1

[Γ((n − k + 1)α + 1)]2

)

, (∀ n ≥ 0),

where Bn,k are partial Bell polynomials [20,21].
In our case, we have a0 = 1, and we have to consider the reciprocal of Equation (33), i.e.,

1

1 + a1
tα

[Γ(α+1)]2
+ a2

t2α

[Γ(2α+1)]2
+ a3

t3α

[Γ(3α+1)]2
+ . . .

(t ≥ 0) .

Then, according to the above general result, we find
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1
∞

∑
n=0

antnα

[Γ(nα + 1)]2

=
∞

∑
n=0

bntnα

[Γ(nα + 1)]2
=

∞

∑
n=0

tnα

n!

n

∑
k=0

(−1)k k! Bn,k

(

1!a1

[Γ(α + 1)]2
,

2!a2

[Γ(2α + 1)]2
, . . . ,

(n − k + 1)!an−k+1

[Γ((n − k + 1)α + 1)]2

)

.

(35)

Therefore, for α = 1/2 and an = 1/(n + 1), the first few values of the bn coefficients
are found to be

b0 = 1

b1 = −1

2
,

b2 = −1

3
+

4

π2
,

b3 =
1

2
− 9

2π2
,

b4 =
11

45
+

64

π4
− 80

9π2
,

b5 = −49

64
− 225

2π4
+

75

4π2
,

b6 = − 29

105
+

2304

π6
− 448

π4
+

5476

225π2
.

6. Laguerre-Type Fractional-Order Laplace Transforms

Using the above definition of the reciprocal of the fractional Laguerre-type exponential
function, we can introduce a fractional-order Laguerre-type Laplace transform by setting

L1
Lα( f ) :=

∫ ∞

0
f (t) [eα,1(st)]−1 dt = L1

Fα(s) =

∫ ∞

0
f (t)

[

∞

∑
n=0

(st)nα

n!

n

∑
k=0

(−1)k k! Bn,k

(

1!

[Γ(α + 1)]2
, . . . ,

(n − k + 1)!

[Γ((n − k + 1)α + 1)]2

)

]

dt.

(36)

In what follows, we make a comparison among the Laguerre-type Laplace transform of
the assigned functions and the fractional order Laguerre-type Laplace transforms of order
α = 1/2 and α = 3/2.

As shown in the obtained results, in all cases, the graphs of the modulus and argument
of the Laguerre-type Laplace transform lie between the corresponding graphs of the two
considered fractional order Laguerre-type Laplace transforms. This provides graphical
evidence of the monotonicity property satisfied by the fractional order Laguerre-type
Laplace transforms.

Lastly, we write for completeness the general form of the Laguerre-type fractional-
order Laplace transforms, using the m-th order Laguerre-type exponentials, which is
written as

LmLα( f ) :=
∫ ∞

0
f (t) [eα,m(st)]−1 dt = LmFα(s) =

∫ ∞

0
f (t)

[

∞

∑
n=0

(st)nα

n!

n

∑
k=0

(−1)k k! Bn,k

(

1!

[Γ(α + 1)]m+1
, . . . ,

(n − k + 1)!

[Γ((n − k + 1)α + 1)]m+1

)

]

dt.

(37)
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7. Numerical Examples

7.1. Example 1

Consider the fractional Laguerre-type Laplace transforms LF1/2, LF3/2 of the Bessel
function J0(2

√
t) compared with the Laguerre-type LT LF = F1 of the same function.

The case of the modulus, assuming s = σ + 5i, is depicted in Figure 1, and the case of the
argument, is shown in Figure 2. The case of the modulus, assuming s = 5 + i ω, is shown
in Figure 3, and the case of the argument is shown in Figure 4.

Figure 1. Comparing the fractional Laguerre-type LTs LF1/2, LF1, LF3/2 of the function

J0(2
√

t)— the case of the modulus, assuming s = σ + 5i.

Figure 2. Comparing the fractional Laguerre-type LTs LF1/2, LF1, LF3/2 of the function J0(2
√

t)—the

case of the argument, assuming s = σ + 5i.

Figure 3. Comparing the fractional Laguerre-type LTs LF1/2, LF1, LF3/2 of the function J0(2
√

t)—the

case of the modulus, assuming s = 5 + i ω.
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Figure 4. Comparing the fractional Laguerre-type LTs LF1/2, LF1, LF3/2 of the function J0(2
√

t)—the

case of the argument, assuming s = 5 + i ω.

7.2. Example 2

Consider the fractional Laguerre-type Laplace transforms LF1/2, LF3/2 of the function
exp(−t2) compared with the Laguerre-type LT F = LF1 of the same function. The case of
the modulus, assuming s = σ + i, is depicted in Figure 5, and the case of the argument is
shown in Figure 6. The case of the modulus, assuming s = 1 + i ω, is shown in Figure 7,
and the case of the argument is shown in Figure 8.

Figure 5. Comparing the fractional Laguerre-type LTs LF1/2, LF1, LF3/2 of the function exp(−t2)—the

case of the modulus, assuming s = σ + i.

Figure 6. Comparing the fractional Laguerre-type LTs LF1/2, LF1, LF3/2 of the function exp(−t2)—the

case of the argument, assuming s = σ + i.
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Figure 7. Comparing the fractional Laguerre-type LTs LF1/2, LF1, LF3/2 of the function exp(−t2)—the

case of the modulus, assuming s = 1 + i ω.

Figure 8. Comparing the fractional Laguerre-type LTs LF1/2, LF1, LF3/2 of the function exp(−t2)—the

case of the argument, assuming s = 1 + i ω.

8. Conclusions

We have shown that using the Laguerre-type exponentials and their fractional versions,
it is possible to define the Laguerre-type fractional forms of the classical Bernoulli and
Euler numbers and polynomials. The reciprocal of these Laguerre-type exponentials can
also be used in order to generalize the ordinary Laplace transform.

All these extensions show further applications of the Laguerre-type derivatives, which
introduce, within the space of analytic functions, a differential isomorphism producing
the possibility of finding new identities. This means that all differential equations can be
reproduced at different levels of differentiation, maintaining their formal structure, a sort
of invariance of differential identities with respect to their Laguerre-type versions. Some
applications of this technique have been shown in Ref. [12] and will be further exploited in
subsequent articles.

In this paper, we have shown numerical values of the newly considered entities
and examples of the relevant Laguerre-type Laplace transforms computed by using the
computer algebra system Mathematica©.
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Appendix A. Examples of Laguerre-Type Fractional First-Order Bernoulli Numbers and

Fractional Polynomials

The first few values of the Laguerre-type fractional first-order Bernoulli numbers for
α = 1/2 are reported in Figure A1.

Figure A1. Laguerre-type Bernoulli numbers LB1/2,k for 0 ≤ k ≤ 10.

The Laguerre-type fractional first-order Bernoulli numbers for α = 0.2, 0.4, 0.6, 0.8 and
0 ≤ k ≤ 10 are shown in Figure A2.

Figure A2. Sequences of Laguerre-type Bernoulli numbers LBα,k with fractional indices α = 0.2,

0.4, 0.6, 0.8 for 0 ≤ k ≤ 10.

A set of the Laguerre-type fractional Bernoulli numbers LBα,k is shown in Figure A3.



Mathematics 2024, 12, 381 13 of 16

Figure A3. Table of the fractional index Laguerre-type Bernoulli numbers LBα,k.

The first few values of the Laguerre-type fractional Bernoulli fractional polynomials

LB1/2,k(z) are reported in Figure A4.

Figure A4. Fractional index Laguerre-type Bernoulli polynomials LB1/2,k(z).
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Appendix B. Examples of Laguerre-Type Fractional First-Order Euler Numbers and

Fractional Polynomials

The first few values of the Laguerre-type fractional first-order Euler numbers for
α = 1/2 are reported in Figure A5.

Figure A5. Laguerre-type Euler numbers LE1/2,k for 0 ≤ k ≤ 8.

The Laguerre-type fractional first-order Euler numbers for α = 0.2, 0.4, 0.6, 0.8 and
0 ≤ k ≤ 10 are shown in Figure A6.

Figure A6. Sequences of Laguerre-type Euler numbers LEα,k with fractional indices α = 0.2, 0.4, 0.6, 0.8

for 0 ≤ k ≤ 10.

A set of the Laguerre-type fractional Euler numbers LEα,k is shown in Figure A7.
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Figure A7. Table of the fractional index Laguerre-type Euler numbers LEα,k.

The first few values of the Laguerre-type fractional Euler fractional polynomials

LE1/2,k(z) are reported in Figure A8.

Figure A8. Fractional index Laguerre-type Euler polynomials LE1/2,k(z).
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