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Abstract: We extended the classical Bernoulli and Euler numbers and polynomials to introduce the
Laguerre-type Bernoulli and Euler numbers and related fractional polynomials. The case of fractional
Bernoulli and Euler polynomials and numbers has already been considered in a previous paper of
which this article is a further generalization. Furthermore, we exploited the Laguerre-type fractional
exponentials to define a generalized form of the classical Laplace transform. We show some examples
of these generalized mathematical entities, which were derived using the computer algebra system
Mathematica®© (latest v. 14.0).

Keywords: Bernoulli numbers and polynomials; Euler numbers and polynomials; Laguerre-type
exponential functions; generating functions; generalized Laplace transform

MSC: 11B83; 33C99; 33C10; 34A30; 44A10

1. Introduction

The purpose of this paper is to introduce a different version of the Bernoulli and Euler
numbers and polynomials, related to the Laguerre-type exponentials.

The consideration of generalized forms of polynomials and classical numbers has
received much attention in recent years, as can be seen in the [1-5]. This has often been
achieved by exploiting the generating functions [6-8].

One recent field has involved the extension of such entities to the case of fractional
numbers or polynomials in relation to the fractional derivative and its applications (see [9]
and the references therein).

In a recent article [10], using the fractional exponential function and the generating
function of the classical Bernoulli and Euler numbers and polynomials, we have introduced
the fractional index case of these well-known entities. Their definition is shortly reported
in Section 3.

It is worth noting that a similar construction can be achieved by exploiting different
exponential functions. Examples of such exponentials are shown in Section 2, where the
definition of true exponentials with respect to suitable differential operators is highlighted.

The Laguerre-type exponentials

(] Xk © xk
e1(x) == kgo ek en(x) == kgoW,

where 7 is a positive integer, are recalled in Section 4. These functions have been considered
in several articles (see, e.g., [11,12]), where it has been shown that these functions are related
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to a differential isomorphism acting onto the space Ay of the analytic functions, of the real
(or complex) variable x, preserving differential identities at a higher level of differentiation.
This allows us to introduce a symmetry, into the space Ay, in which to a classical special
function, it is possible to associate the Laguerre-type one, and since this can be repeated for
each level of Laguerre-type exponentials, the construction can be iterated as many times as
we need.

Since in the above-cited article [10] we have considered the fractional exponential func-
tion, we first extend to the fractional case the Laguerre-type exponentials by considering
the expansions

- ke & xka
eq1(x) .—kgom/ ean(X) '_IEJW‘

Then, the construction of the Laguerre-type Bernoulli and Euler numbers and polynomials,
starting from their generating functions in which the classical exponential is replaced by its
Laguerre-type version, can be obtained in both cases, namely exploiting the Laguerre-type
exponentials or their fractional Laguerre-type versions.

This is examined in Section 5, where we limit ourselves to consider only the first-order
Laguerre-type derivative since the used technique is always the same, and only different
numbers or functions are obtained. Furthermore, as the numbers and functions of the
fractional case tend to the corresponding ordinary ones in the limit # — 1, we will consider
tables of the fractional case for special values of the parameter «, including & = 1.

Lastly, in Sections 5 and 6, exploiting the Laguerre-type exponentials and their recipro-
cals, obtained using an extension of the Blissard problem, a generalized form of the Laplace
transform is shown.

Some examples of the newly introduced entities are shown in Appendix A (for the
Bernoulli case) and Appendix B (for the Euler case) at the end of this article, obtained by
the third author using the computer algebra system Mathematica®©.

2. Exponential Functions

It is quite obvious to point out that the definition of the exponential function e* is
strictly connected with the derivative operator Dy = d/dx as it is an eigenfunction of this
operator, satisfying

Dye™ = ae™, Va e C. (1)

According to this property, and using the McLaurin expansion, the Euler constant follows
as the sum of the series: e = Y ;7 %

Then, using an operator Dy, different from Dy, it is possible to introduce the definition.

Definition 1. ¢(x) is called a true exponential function if the following eigenvalue property
is satisfied:

Dyp(ax) = ap(ax), VYa e C. ()

In the forthcoming subsections, we show some possible operators and true exponential
functions of this type.

2.1. The Fractional Exponential Function

An example of such operators is given, for any real number a > 0, by the fractional
derivative Df, defined by the Euler equation, falling as a special case, in the definition of a
fractional derivative introduced by Caputo:
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Mx”*“, if n>Jfa]—1,
Dgxn _ F(Tl +1- D() (3)

0, if n=0,1,...,[a] -1,

where n > 0 and foﬂ denote the ceiling function (the smallest integer greater than or equal
to «).

If ¢ is a constant, then D§c = 0.

We recall that the Caputo derivative is defined as follows [13]:

! F_ M@ dr h m i
— pogn , where =[a], if a¢N
Dy f(x) =4 b &=t

fW(x), if aeN,

and reduces to the above Equation (3) when a = 0 and f(x) = x".
The fractional exponential function (depending on the parameter &) defined by

o 120 pna
Exp,(t) =1 e+ ..., 4
Pl =1 ey Yt T T @
is an eigenfunction of the operator Df since
DYExp, (xt) = t* Exp, (xt). (5)

For any #, 0 < a < 1, an analog of the Euler constant for the fractional exponential
function is

ke 1
5 = —_— 6
N ngb I'(na+1) ©)
Remark 1. Note that the pseudo-exponential functions introduced in [14], and those connected to
the Mittag-Leffler function [15], do not satisfy the eigenvalue property of the classical exponential,
so they cannot be considered as true exponentials in the sense we consider here.

In [10], we have exploited the fractional exponential function (4) in order to introduce
fractional index versions of fractional Bernoulli and Euler numbers and polynomials.

Remark 2. Note that what we call fractional Bernoulli and Euler polynomials are actually functions
and not polynomials in the strict sense, but since they are combinations of monomials with fractional
powers, it seems more appropriate for us to retain the name polynomials, as shorthand for fractional
power polynomials. This terminology is used in what follows.

2.2. Fractional Index Bernoulli Numbers and Polynomials

We introduced the following definitions:

1. For the fractional index numbers B, i, where « is a fractional number,

A 0 B ke .
Exp,(x) -1 kgo """r(ka +1)7 @
2. For the fractional index polynomials B, x(z),
x“Exp,(xz) & xka
Exp,(x)—1 k;)B“"‘(Z) [(ka+1) " ®)
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Then, we have found the result (see [10]).

Theorem 1. The Bernoulli numbers with fractional indices B,  can be sequentially computed by
solving the triangular system

Byo=T(a+1),
©)

i Ba(nt) =0, Vn>1
~ T(ka +1)T((n —k)a +1) ’ -

2.3. Fractional Index Bernoulli Polynomials

Starting from (8), we have found the following (see [10]).

Theorem 2. The fractional index Bernoulli polynomials By ,(z) can be sequentially constructed by
solving the triangular system

th,O(Z) = F(‘X + 1) ’

n wp@Ta+1) (10)
E k+1 +1)1“((n—k)1x+1)_z ’ '

2.4. Fractional Index Euler Numbers and Polynomials
In a similar way, we have the definitions:

3.  For the fractional index Euler numbers E, k,

2Exp, (x) > xke
2Py 2 11
Exp, (2x) + 1 k;) “KT (ka4 1)’ ()
4. For the fractional index Euler polynomials E, x(z),
2Exp,(xz) > xka
_— —_— 12
Exp,(2x) +1 Z Fka +1) " (12)

In [10], we have proven the results.

Theorem 3. The Euler numbers with fractional indices E,  can be sequentially computed by
solving the triangular system

Ea,O - 1/

B i 2T(na+1)Egpr (13)
Y= (ke +1)T((n—k)a+1)

Theorem 4. The fractional index Euler polynomials E, ,(z) can be sequentially constructed by
solving the triangular system

EIX,O(Z) = 1/
1 n o= k)"‘l’(n(x—l—l)E K (z) " (14)
5 | Ean(z +Z et DT(ka+1)|  °

3. The Laguerre-Type Exponential Functions

Other examples of differential operators that gave rise to exponential functions are
given by the Laguerre-type derivatives recalled in [11] and were studied with some appli-
cations in [12].
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Starting from the first-order case, we recall that the operator Dy, := DyxDy = Dy + x D;
introduces a linear differential isomorphism acting on the space of the analytic functions of
the variable x, which creates a parallel structure within this space. This allows us to easily
derive differentiation properties.

The relevant exponential function is given by

o) xk
e1(x) =) —— = Co(—x), (15)
k=0 (k!)

(k
where Cy(x) is the Tricomi function of order zero, satisfying the eigenvalue property
Dyeq(ax) = aey(ax), Vae C. (16)

Iterating the Laguerre derivative, an endless cycle of construction at higher levels of
differentiation occurs, showcasing a great cycle that sometimes appears within mathemati-
cal structures.

The nth-order Laguerre-type exponential is defined as

) xk
en(x) := k;') W (17)
It is an eigenfunction of the operator
Dy := Dx---DxDxD = D(xD + x?D*+ - - - + x"D") = (18)

Sn+1,1)D+S(n+1,2)xD>+---+S(n+1,n+1)x"D"*1,

where S(1, k) denotes Stirling numbers of the second kind.
For every integer 7, the function (17) is an exponential function since it satisfies the
eigenvalue property

Dy en(ax) = ae,(ax). (19)

The corresponding Euler constants are given by the sum of the series

= 1
en =y, ——0. (20)
" B
Further information can be found in the article cited above [12].
Remark 3. For completeness, we recall that the operators D = DxD and their iterates as
Dy1 = DxDxDx - - - DxD can be considered as particular cases of the hyper-Bessel differential
operators when oy = ay = -+ - = a, = 1 (the special case considered in operational calculus by

Ditkin and Prudnikov [16]). In general, the Bessel-type differential operators of arbitrary order
n were introduced by Dimovski in 1966 [17] and were later called, by Kiryakova, hyper-Bessel
operators because they are closely related to their eigenfunctions, called hyper-Bessel by Delerue [18]
in 1953. These operators were studied in 1994 by Kiryakova in her book ([19], Ch. 3).

The Fractional Laguerre-Type Exponential Functions

Combining the results in the preceding sections, we can also consider the fractional
Laguerre-type exponential function

ko

eq,1(x) 1= kgé) NCEE (21)
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which is an eigenfunction of the operator D} := D{x*Df since
Dix*Dieq 1 (tx) = t*ey 1 (tx), (22)
and in general,
0 ke
e —_—, 23
wn kZE) (ko + 1)1 (@3)
for which the operator D%, := Dix"---Dix*Dix*D% (n + 1 fractional derivatives) is
such that
D%y eqn(tx) = teqn(tx). (24)

In what follows, we exploit the first-order Laguerre-type exponential function (21)
in order to introduce the Laguerre-type Bernoulli and Euler numbers and polynomials.
Of course, these new entities could be considered even in the general case of the nth-order
Laguerre-type exponentials (23), but this will not be considered here since the technique is
the same and the relevant formulas are much more complicated.

4. First-Order Laguerre-Type Bernoulli and Euler Numbers and Polynomials

Since we considered only the first-order case, we will call these numbers simply
Laguerre-type Bernoulli and Euler numbers (and the following Laguerre-type Bernoulli
and Euler polynomials).

Using their generating functions, we now introduce the following definitions.

The Laguerre-type Bernoulli numbers and polynomials

1. For the ordinary Laguerre-type Bernoulli numbers j By,
0 k
x x
a1 5t @

2. For the ordinary Laguerre-type Bernoulli polynomials j Bi(z),

xk
xep(xz)
B ( 26
a1 Z LBi(z ik (26)
The fractional Laguerre-type Bernoulli numbers and polynomials
3. For the fractional Laguerre-type Bernoulli numbers ; B, ;, where « is a fractional
number,
ke
— = 27
T B T @
4. For the fractional index Laguerre-type Bernoulli polynomials 1 B, x(z),
x%ey1(xz) & xka
— = Byk(2) =75 - 28
ex1(x) —1 IEE)L xk(2) [[(ka +1)]2 (28)
The Laguerre-type Euler numbers and polynomials
5. For the ordinary Laguerre-type Euler numbers | E,
2e1(x) > xk
e )y 2
e1(2x) +1 L B [k1)2’ @9)

k=0
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6.  For the ordinary Laguerre-type Euler polynomials | Ex(z),
2e1(xz) = xk
— E —. 30
The fractional Laguerre-type Euler numbers and polynomials
7. For the fractional Laguerre-type Euler numbers | E, i, where « is a fractional number
2 €y, 1 kzx
—_— 1
ea,1(2x ZL “k T (ke +1)] (31)
8. For the fractional index Laguerre-type Euler polynomials 1 E, ;(z),
2¢e,1(x2) xke
— E —_—— 32
ex1(2x) +1 ZL wk(z [ (ka +1))? (32)

5. The Reciprocal of the Fractional Laguerre-Type Exponential Function

We consider the function e, 1 (a; t), where the symbol a = {a,,} denotes the sequence
of coefficients, according to the position

« 12 g
Ea,l(ﬂ;t) =1+m [F(“ +1)]2 +ap [F(2“+ 1)]2 4+ ... +u”m +o (33)
The equation
1 “ F2u e
eqq(a;t) =bo+ b ICESNE + by T2 112 4 +bnm +... (34)

in terms of the unknown sequence b = {b, } can be solved using Bell’s polynomials.

General Result

In the literature, there exists the following general result [20].
Consider the sequences a := {ay} = (ag,a1,az,a3,...),and b := {by} = (bo, by, by, b3,
..). Using the umbral formalism (that is, letting a; = ak and by = bX), the solution of
the equation

1 00 b}’ltl’llX .
= T Z‘b Ta 12’ ie. exp(@t) e q(bst) =1,
n=
7;) [T(na+1)]2

according to the Faa di Bruno formula, is given by

_ [P(na+ 1)) & (k+1)
by = T Z( ) k'a +

1lay 2la, (71 —k+ 1)!an7k
R (e T ereay SO (e = ey AL

where B, ; are partial Bell polynomials [20,21].
In our case, we have 4y = 1, and we have to consider the reciprocal of Equation (33), i.e.,

1

(t>0).

#3u

® 20
T+ [r(atﬂ)]z +a [F(chJrl)]z T O3 TG T

Then, according to the above general result, we find
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1 b
i ant™ - = T(na+1))2
=0 [[(na+1)]2 (35)

i \ 1la 2la (n—k+1)la,_
I e ey O ey

Therefore, fora = 1/2 and a, = 1/(n + 1), the first few values of the b, coefficients
are found to be

by =1

1
b*_fr
1 2

1 4
bi_f 7
2 3+7T2

1 9
bs=5-52"
by — L 64 80
YT T AT 92
b 0225 75
5T T6a 2mt T am2’
) 29 2304 448 5476
c= —

105 ' 76 g4 22572

6. Laguerre-Type Fractional-Order Laplace Transforms

Using the above definition of the reciprocal of the fractional Laguerre-type exponential
function, we can introduce a fractional-order Laguerre-type Laplace transform by setting

LEalf) = [ R0 leaa (s8] 7t = 1, Fals) =

0 ) (St)mx n 1! (n—k—i—l)!
/Of(t)L;) n! Z(_l)kk!Bn,k([r(a+1)]2""’[r((n—k+1)oc+1)]2>]dt'

k=0
In what follows, we make a comparison among the Laguerre-type Laplace transform of
the assigned functions and the fractional order Laguerre-type Laplace transforms of order
«=1/2and o =3/2.

As shown in the obtained results, in all cases, the graphs of the modulus and argument
of the Laguerre-type Laplace transform lie between the corresponding graphs of the two
considered fractional order Laguerre-type Laplace transforms. This provides graphical
evidence of the monotonicity property satisfied by the fractional order Laguerre-type
Laplace transforms.

Lastly, we write for completeness the general form of the Laguerre-type fractional-
order Laplace transforms, using the m-th order Laguerre-type exponentials, which is
written as

(36)

L alf) = [0 fewm(st)] 7 dt = 1, Fuls) =

(n—k+1)! )1#

st)" & 1 v
i LV B (e e e
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7. Numerical Examples
7.1. Example 1

Consider the fractional Laguerre-type Laplace transforms 17 /5, 1..F3,7 of the Bessel
function Jo(2v/t) compared with the Laguerre-type LT | F = JF; of the same function.
The case of the modulus, assuming s = ¢ + 5i, is depicted in Figure 1, and the case of the
argument, is shown in Figure 2. The case of the modulus, assuming s = 5 + i w, is shown
in Figure 3, and the case of the argument is shown in Figure 4.

0.20
0.15
= = = |, Fia(o+5i)l
0.10 \ I, F1(o+50)]
\ . I, Fan(a+5i)|
N\
0.05 ~
~
-~ ~ -
0.00 i il
20 40 60 80 100

Figure 1. Comparing the fractional Laguerre-type LIs Fj,y, .F1,1F3/2 of the function
Jo(2V/t)— the case of the modulus, assuming s = o + 5i.

-0.1
-0.2 s

-03 / — = - argle Fra(o+50)

/ arg{,, F1(o+5i)}
-04 / arg(,, Fa(0+5i)}

_05 1
—06 !

20 40 60 80 100
a

Figure 2. Comparing the fractional Laguerre-type LTs [ F} /o, 1.F1, L F3/7 of the function Jo(2v/t)—the
case of the argument, assuming s = o + 5i.

0.25
0.20
0.15 -
== = |, Fia(5+iw)|
™~ L, F1(5+iw)|
0.10 AN o
/ o I Faa(S+w)l
/7 \
0.05 7’ S
— b - * =~ -
0.00
-60 -40 -20 0 20 40 60

Figure 3. Comparing the fractional Laguerre-type LTs [ F} /2, 1.F1, L 37 of the function Jo(2+/t)—the
case of the modulus, assuming s =5 +iw.
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0.0 — = - arg{,, Fip(5+iw)}
arg{,, F1(5+iw)}
-0.5 \ arg{, Fap(5+iw)}

-60 -40 -20 0 20 40 60

Figure 4. Comparing the fractional Laguerre-type LTs [ F} /2, 1.F1, L F3/7 of the function Jo(2v/t)—the
case of the argument, assuming s = 5 + i w.

7.2. Example 2

Consider the fractional Laguerre-type Laplace transforms . F7 /5, 1. F3/7 of the function
exp(—1?) compared with the Laguerre-type LT F = | F; of the same function. The case of
the modulus, assuming s = ¢ + i, is depicted in Figure 5, and the case of the argument is
shown in Figure 6. The case of the modulus, assuming s = 1 + i w, is shown in Figure 7,
and the case of the argument is shown in Figure 8.

0.30
0.25

0.20

= = - I, Fia(a+]

0.15 I, Fa(o+i)]

010\ Ie,Fan(a+)]

0.05 ~

0.00
20 40 60 80 100

Figure 5. Comparing the fractional Laguerre-type LTs | F} /o, 1. F1, L. F3,2 of the function exp(—t?)—the
case of the modulus, assuming s = o +i.

-0.02
-0.04
-0.06
-0.08 = = - arg{i, Fia(o+i)}
0.0 / arg{,, Fi(o+}
e / argl,, Fap(o+i)}

=012 §

-0.14

20 40 60 80 100

Figure 6. Comparing the fractional Laguerre-type LTs | F; /5, 171, L F3,2 of the function exp(—#?)—the
case of the argument, assuming s = ¢ + i.
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0.7
0.6
0.5

04 — - L Fr(tio)]
0.3 / \ It Fr(14iw)]
/ \ I, Fan(1+iw)|

0.2 / \

Figure 7. Comparing the fractional Laguerre-type LTs | 7 /5, 1 F1, .F3,2 of the function exp(—#?)—the
case of the modulus, assuming s =1 +iw.

Y
\
1.0
\
0.5
\
0.0 \ — — - argl Fyp(1+iw)
\ arg{y, Fy(1+iw)}
-05 \ arg{, Fap(1+iw)}
N
-1.0 N
A
. '
-1.5 .
-30 -20 -10 0 10 20 30

Figure 8. Comparing the fractional Laguerre-type LTs [ 7 /5, 1F1, 1.F3/2 of the function exp(—tz)—the
case of the argument, assuming s = 1 + i w.

8. Conclusions

We have shown that using the Laguerre-type exponentials and their fractional versions,
it is possible to define the Laguerre-type fractional forms of the classical Bernoulli and
Euler numbers and polynomials. The reciprocal of these Laguerre-type exponentials can
also be used in order to generalize the ordinary Laplace transform.

All these extensions show further applications of the Laguerre-type derivatives, which
introduce, within the space of analytic functions, a differential isomorphism producing
the possibility of finding new identities. This means that all differential equations can be
reproduced at different levels of differentiation, maintaining their formal structure, a sort
of invariance of differential identities with respect to their Laguerre-type versions. Some
applications of this technique have been shown in Ref. [12] and will be further exploited in
subsequent articles.

In this paper, we have shown numerical values of the newly considered entities
and examples of the relevant Laguerre-type Laplace transforms computed by using the
computer algebra system Mathematica®©.
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Appendix A. Examples of Laguerre-Type Fractional First-Order Bernoulli Numbers and
Fractional Polynomials

The first few values of the Laguerre-type fractional first-order Bernoulli numbers for
= 1/2 are reported in Figure A1.

N

B: =-—
L .0 )
7T3
B: =— —
ST
s 7(3
LB} =t —
2% 9 64
7 (-92+9 %)
LB1 =
2’ 4096
25671 57 n°
14:7— +
2°" 2025 96 256
7® (44224 + 75 7 (-148 + 9 1%) )
LB1 .=
2® 786 432
2713671 45717 11x° 97
B = "

2* 99225 19200 256 4096
7® (-305461696 + 441 71> (325744 + 675 71 (-68 +371%) ) )

1B o=
2’ 1358954 496

218890245 9727037 941x° 2977  9n°
H 22325625 635040 1920 512 4096

7® (320770368512 + 225 5 (- 1089244928 + 1323 5> (199072 + 75 71 (-260+9 7)) ) )
LBl 241591910400

5185601536 1 511345159 71° 3383785n° 47647n" 225n° 225x%t
R 972504225 : 38102400 508032 : 36864 2048 : 65536

Figure Al. Laguerre-type Bernoulli numbers | By /5 for 0 < k < 10.

The Laguerre-type fractional first-order Bernoulli numbers for « = 0.2,0.4,0.6,0.8 and
0 < k <10 are shown in Figure A2.

LBo.2,0=0.843034 LBo.4,0=0.787237 LBo.s,0=0.79837 \Bo.5,0=0.867476
LBo.2,1=-0.761079 \Bo.4,1=-0.562418 \Bo.s,1=-0.419184 LBo.5,1=-0.319395
LBo.2,2=0.0602827 \Bo.4,2=0.119564 LBo.s,2=0. 143879 LBo.s,2=0. 146344
LBo.2,3=0.0415215 \Bo.4,3=0.0424666 LBo.s,3=-0.00145996 LBo.s,3=-0.0618663
\Bo.2,4=0.0261019 LBo.4,4=-0.00180359 \Bo.s,4=-0.034349 LBo.s,4=-0.00193884
1Bo.2,5=0.0140814 1Bo.s,5=-0.0163987 LBo.s,5=0.00457052 LBo.s,5=0.0648545
LBo.2,6=0.00531646 \Bo.4,6=-0.0102322 LBo.s,6=0.0309876 LBo.s,6=-0.10911
LBo.2,7=-0.000469608 LBo.4,7=0.00381348 1Bo.s,7=-0.0123209 (Bo.5,7=0.0206612
LBo.2,5=0.0036569 LBo.4,5=0.012409 1Bo.c,5=-0.0576747 1Bo.5,5=0.537441
LBo.2,0=-0.00471035 LBo.4,0=0.00732876 1Bo.s,0=0.0477632 (Bo.g,0=-1.96528
1Bo.2,10=-0.00416126 1Bo.4,10=-0.0087206 Bo.6,10=0.181364 1Bo.s,10~1.56549

Figure A2. Sequences of Laguerre-type Bernoulli numbers 1 B, ; with fractional indices & = 0.2,
0.4,0.6,0.8 for 0 < k < 10.

A set of the Laguerre-type fractional Bernoulli numbers ; B, x is shown in Figure A3.
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LBk k=0 k=1 k=2 k=3 k=4

a=0.2 0.843034... —-0.761079... 0.060283...  0.041522...  0.026102...

a=0.4 0.787237... —0.562418... 0.119564...  0.042467... —0.001804...

a=0.6 0.798370... —0.419184... 0.143879.. —0.001460... —0.034349...

a=0.8 0.867476... —0.319395... 0.146344.. —0.061866... —0.001939...

a=1.0 1.000000...  —0.250000...  0.138889...  —0.125000...  0.154444...

Figure A3. Table of the fractional index Laguerre-type Bernoulli numbers 1 B, k.

The first few values of the Laguerre-type fractional Bernoulli fractional polynomials

1B1/2k(2) are reported in Figure A4.

5 n
z)=—
L :,0( ) 7

1
LB1 1(z):——77(712—16 \/;)
2’ 64

3

Ve 1
LBIZ(Z)=—+—N(—4—9 z+9z)
2 64 36
—9n5+4n3(23+36 z—36z)+1024n(—1+z)\/;
LB1 ,(2)=
2 4096
L 1 256 1
B (Z)=——+— 7 (-5-6 z+62)+n[ +— (234z-162-162"2+92?)
2 256 96 2025 36
1
By (2)z— (—20257r7+65536n(—l+z) Nz (-16+92z2) -
2 2359296

900 n° (—37736 z +362) ~1927° (691+75 (30 z —232—1623/2+922)))

LB: 6(2)=
977 1 27136 6914z 256z 232z¥2 16257
+ b (71179\/;+92)+7r - - + + -z -
4096 256 99225 300 225 9 25

7 (4571 + 300 (37 z —302—1623/2+922))

19200

1
B1 (Z)s
2? 1358954496

23

4

(—893025719—1190700717 (717712 z +122) +4194304 7 (-1+2) Z (424+92 (-40+92)) -

7056 1° (20359 +900 (44 Nz -37z-16 23’2+922)) -

64 13 (~4772839+5292 (;1+ ﬁ) Nz (457l+1807 Z - 2193 z - 468 23/% + 300 zz)))

Figure A4. Fractional index Laguerre-type Bernoulli polynomials 1By /5 x(z).
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Appendix B. Examples of Laguerre-Type Fractional First-Order Euler Numbers and
Fractional Polynomials

The first few values of the Laguerre-type fractional first-order Euler numbers for

« = 1/2 are reported in Figure A5.

LE:’Q-l
1
LE1 l717 —_—
2? _\/E
8-8 +/2
LE; T 5
1 9(72+ '\/E)
LEs 3,5(_1o+\/5)_ -

256 (-1+ \/5) 64(—1+3 ﬁ)

LEr =-1- .
- it 9 2
LEIS:L(228“19\5)7450(-%\5)+25(-14+3ﬁ)
2% 128 = =
18432 (-1++2) 1024 (-1+2+2] 8 (36174680 2
LE§’6:67 n® ' 4 - 225 2

49 (—518400 (72+ ﬁ) + 7200 (—18+5 ﬁ) 7 (124+609 ﬁ) n“)

3

1
Er = — (4040— 12779 «/2) +
512 576 n®

LEx g=— 31+ ———
2’ 11025 7

1411200 (73+5 ﬁ) 72 - 294 (l603+96 N2 n*+ (43271 - 18365 ﬁ) )

512 (—50803200 (71+ ﬁ) +

Figure A5. Laguerre-type Euler numbers  Eq/; for 0 < k < 8.

The Laguerre-type fractional first-order Euler numbers for & = 0.2,0.4,0.6,0.8 and

0 < k <10 are shown in Figure A6.

LEo.2,0=1. LEo.4,0=1. LEo.6,0=1. LEo.s,0=1.
1Eo.2,1=0.425651 LEo.4,1=0.340246 LEo.6,120.242142 LEo.5,1=0.129449
1Eo.2,,~0.0694483 (Eo.4,2=-0.184762 L Eo.6,2=-0.498206 LEo.5,,=-0.821788
LEo.2,3=-0.143665 LEo.4,3=-0.458549 (Eo.6,3=-0.452782 LEo.5,3=0.963643
LEo.2,4=-0.244102 Eo.4,4=-0.267725 LEe.6,4=1.50158 LEe.5,4=5.1334
LEe.2,5=-0.247917 LEo.4,5=0.479429 LEo.6,52.62412 LEo.8,5=-40.429
LEo.2,6=-0.170415 1Eo.4,621.29637 LEo.6,6=-12.4234 LEo.8,6=13.4821
Eo.2,7=-0.033849 LEo.4,7=0.596329 LEe.6,7=-34.3072 LEo.5,7=2578.13
Eo.2,3=0.128122 LEo.4,5=-3.68634 LEo.6,8=208.346 LEe.5,6=-22813.4
1Eo.2,0=0.269354 (Eo.4,0=-9.43384 LEo.6,0=826.97 LEe.5,0=-168892.
1Eo.2,10=0.334973 LEo.4,10~-0.00135782 Eo.6,10=-6021.41 LEe.8,10=6.98957 x 10°

Figure A6. Sequences of Laguerre-type Euler numbers 1 E,, ; with fractional indices & = 0.2,0.4,0.6,0.8

for 0 < k < 10.

A set of the Laguerre-type fractional Euler numbers | E,  is shown in Figure A7.
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LE(r,k k=0 k=1 k=2 k=3 k=4

a=0.2 1.000000...  0.425651... 0.069448.. —0.143665... —0.244102...

a=0.4 1.000000...  0.340246... —0.184762... -0.458549... -0.267725...

a=0.6 1.000000...  0.242142... -0.498206... -0.452782... 1.501580...

a=0.8 1.000000... ~ 0.129449... -0.821788... 0.963643...  5.133400...

a=1.0 1.000000...  0.000000... —1.000000... 6.000000... —31.000000...

Figure A7. Table of the fractional index Laguerre-type Euler numbers 1 E, x.

The first few values of the Laguerre-type fractional Euler fractional polynomials
LE1/2k(2) are reported in Figure A8.

LE1’0<Z):]‘
2
1
LExl<z>:—\/_+x/?
27 2
8-842 4z
LEr ,(z)=-1+ ————F——+2Z
30 2
1 9(V2-2+2 9z
(Ex 4 (2)== (542 -94z) - | )— v 22
2’ 4 2 442
256(71+\/5\/;) 32 (11710\/5\/—7924 2z3/2)
By (2)=2- —————————— + (-4 +Z) Z-
2’ i 9 2
450(\/—-2\/2) 25(-12 24+22+/z+9 22—823/2)
LEls(Z):‘ - +
2’ bt 42

1
S (—456 A2 +900 /Z + 1000 A2 z - 800 z%/2 - 225 /2 22 + 128 z5’2)
128

LE

;,6(2)=

18432(-1+ﬁﬁ) 256(13—12\/5\/;—92+4\/523/2)
-4 - +(-6+2) (-3+2) z- -

7® it

8 (-4258 +4104 A2 A/z +9900 z - 4000 /2 z3/2 - 2025 22 + 576 /2 25’2)

225 2

Figure A8. Fractional index Laguerre-type Euler polynomials | Eq / ¢ (z).
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