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I I 

ABSTRACT 

Then- Venn diagram is a collect10n of simple closed curves m the plane, mtersectmg 

only at porn ts The curves divide the plane mto zn open connected regions Further , 

each reg10n must contam a umque set of mtenors of the curves A region's weight 

is the number of curves that contam it A monotone Venn diagram with n curves 

has the property that every reg10n with weight k, where 1 < k < n, is adJacent to 

at least one reg10n with weight k - 1 and at least one region with weight k + 1 

An n-Venn diagram can be mterpreted as a planar graph m which the mtersect10n 

pomts of the curves are the vertices We show that each monotone Venn diagram 

has at least (ln~zJ) vertices and that this bound can be attamed for all n > 1 For 

general Venn diagrams, the number of vertices is at least f 2:~i2 l Examples are 

given that demonstrate that this bound can be attained for 1 < n :::; 7 

Exammers 

Dr F Ruskey, Supervisor (Department of Computer Science) 

Dr Grunbaum, Exter Exammer (Department of Mathematics, Umversity of 
Washmgton) 
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CHAPTER 1 

Introduction 

There has been a renewed mterest m Venn diagrams m the last few years Recent 

surveys have been written by Ruskey [13] and Ch1lakamarn et al [3] In this 

thesis, we tackle a natural problem that has not received attention What 1s the 

least number of mtersect1ons, also called vertices, m a Venn diagram of n curves? 

The maximum number of vertices on a Venn diagram occurs when the diagram 1s 

Venn Diagram with 3 curves and 6 vertices Venn Diagram with 3 curves and 3 vertices 

Figure 1 1 Example of a simple and a non-simple 3-Venn diagram 
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simple, meanmg that each mtersection mvolves 2 curves The mmimum number of 

vertices depends on whether the diagram is monotone or non-monotone We give 

detailed descnptions of these types of diagrams m Chapter 3 

In Figure 1 1, we see the classic simple Venn diagram of 3 curves and 6 ver­

tices The Venn diagram next to it is also constructed of 3 curves, but has only 

3 vertices This second diagram has the mmimum number of vertices among all 

Venn diagrams of 3 curves , a complete hstmg of these may be found m Chilaka­

marn, Hamburger, and Pippert [3] We show that this 1s the mm1mum value m 

Theorem 3 1 m Chapter 3 

We give some relevant graph theory defimtions, particularly relatmg to planar 

graphs, m the remamder of this chapter In Chapter 2, we discuss operations specific 

to Venn diagrams that are used m some of our construction techmques Chapter 3 

provides proof for the lower bound of the number of vertices for both monotone 

and general Venn diagrams Smee the upper bounds are more difficult, they are 

discussed m two separate chapters 

In Chapter 4, we show that the upper bound of (Ln~lJ) vertices for monotone 

Venn diagrams is attamable for all n > 1 This is demonstrated, usmg a specific 

and recursively constructed set of diagrams The number of vertices turns out to 

mvolve the famous Catalan numbers 

Chapter 5 demonstrates the mmimum vertex diagrams for general Venn dia­

grams when 4 ::; n S 7 and presents a heuristic method that may extend a mmimum 

n-Venn diagram mto a mmimum (n+ 1 )-Venn diagram Fmdmg a mmimum vertex 

Venn diagram for n > 7 remams an open problem Chapter 6 discusses conclusions 
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1.1 Venn Diagrams and Graphs 

Venn diagrams were named for and mtroduced m 1880 by John Venn We use 

Grunbaum's defimt10ns for Venn diagrams [9] 

1.1.1 Venn Diagrams 

A simple closed curve m the plane is a non-self-mtersectmg curve, which, by a 

continuous transformation of the plane, is identical to a circle This transforma­

t10n is achieved when we stretch or shrmk all or parts of the plane, without teanng, 

twistmg or pastmg 1t to itself [10] 

An n- Venn diagram m the plane is a collection of simple closed curves C = 

C,, C2, , Cn, such that each of the zn sets X1 n X2 n n Xn is a nonempty and 

connected reg10n, where each Xi is either the bounded mtenor or the unbounded 

exterior of Ci This mtersect10n can be umquely identified by a subset of 1, 2, , n, 

mdicatmg the subset of the mdices of the curves whose mtenors are mcluded m 

the mtersect10n Pairs of curves are assumed to mtersect only at a fimte number of 

pomts, meanmg that mtersect10ns occur at pomts and not curve segments 

We say that two Venn diagrams are isomorphic if, by contmuous transforma­

tion of the plane, one of them can be changed mto the other or its mirror image [13] 

A simple closed curve is convex if any two mtenor pomts can be JOmed by 

an mtenor lme segment A Venn diagram is convex if its curves are all convex A 

potentially convex Venn diagram is 1Somorphic to a convex Venn diagram Thus, 

a potentially convex Venn diagram's curves are not necessarily convex 
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1.1.2 Graphs 

A graph G with r vertices and m edges consists of a vertex set V ( G) = {V1, , Vr} 

and an edge set E(G) = {e1, , em}, where each edge is an unordered pair of 

vertices [16] For any edge e = {u , v}, it is said to be incident with the vertices u 

and v, and these vertices are adJacent to each other [8] 

A graph His a subgraph of G if V (H ) ~ V (G) and E(H) ~ E(G) A subgraph 

induced by a set of vertices V(H ) ~ V(G ) contams every edge of G m V (H ) A 

neighbourhood of vertex v E V ( G) is the set of all vertices m G that are adjacent 

to V [16] 

1.1.3 The Venn Diagram as a Plane Graph 

A planar graph can be drawn m the plane with edges, or curves, mtersectmg only 

at vertices [8] A Venn diagram V is a planar graph whose vertices, called Venn 

vertices, are the mtersections of the curves, and whose edges are the lme segments 

connectmg these vertices A planar graph embedded m the plane is called a plane 

graph The actual drawmg V of the Venn diagram is a plane graph The plane graph 

Vis often called the Venn diagram, without causmg confusion 

The labelled edges of V are of the form C1 (v,w), where there is a segment 

on curve Ci with mtersection pomts v and w, and no mtersection pomts between 

them on C1 Each face, mcludmg the outer mfimte face, is called a region when 

referrmg to V Each region m the Venn diagram has associated with it a unique 

subset of 1, 2, , n, and a weight The weight is the number of curves that contam 

the region and is equal to the cardmahty of its representative subset 

An x, y walk on a graph G 1s a sequence x = Vo, e1, V1, e2, et , Vt = y, of 

vertices and edges of G, startmg at vertex Vo and endmg at Vt mvolvmg t edges 
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e1 = {Xi- 1, Xi}, where 1 :'.S l :'.S t [8] When x = 1J on the walk, t > 1, and no vertices 

between x and 1J are repeated, it is called a cycle 

A Hamilton cycle on a graph G, is a cycle mvolvmg all vertices of G We say 

G is Hamiltonian 1f there exists such a cycle on G 

A facial cycle of a region on Vis the cycle taken around the reg10n m clockwise 

order, recordmg the edges and vertices bordering the reg10n Note that m a Venn 

diagram, each edge borders exactly 2 regions whose weights differ by exactly 1 

Each of the vertices of this edge are found on facial cycles of both reg10ns 

1.1.4 The Dual Graph 

Every plane graph has a umque dual graph, which is also a plane graph [8] We 

specifically refer to the dual graph D (V ), of the Venn diagram V The dual graph is 

constructed by placmg a vertex withm each reg10n of the Venn diagram For each 

edge of V, a dual graph edge is drawn which connects the dual vertices withm the 

two adJacent reg10ns Note that each of the dual vertices corresponds to a face 

m V, and each of the Venn vertices corresponds to a face m D (V ) We identify 

each of the dual vertices by the same subset and weight as the associated region on 

V We define the directed dual graph, D (V ), by imposmg a d1rect10n on each edge 

that moves from the vertex of larger weight to the vertex of smaller weight [13] 

1.1.5 The Radual Graph 

The vertex set of the radual graph R(V ) consists of the umon of the vertex sets of 

V and D(V) [12] The edge set of R(V ) consists of all edges m D (V ) together with 

edges between each dual vertex and the followmg specified Venn vertices In the 

radual graph, a dual vertex d is adJacent to a Venn vertex v if v is on the face of V 



V D(V ) 
Circle verhce• with black edges Square vertices with red edges 

R(V ) 
Square and circle vert1ceo 
with red and green edges 

Figure 1 2 The plane graph, the dual graph, and the radual graph 
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contammg d Note that the edges mc1dent with d m R(V) are alternately mc1dent 

with Venn vertices and dual vertices as we circle around d m a fixed direction 

Figure 1 2 illustrates the dual and radual graph construct10ns 

1.2 Monotone and Non-monotone Venn Diagrams 

We make a distmct1on between monotone and non-monotone Venn diagrams Fol­

lowmg (13), we define a diagram to be monotone if and only if the directed Venn 

graph D(V) has a umque sink (a vertex with no out-gomg edges) and a umque 

source ( a vertex with no mcommg edges) An equivalent defimtion of a monotone 

Venn diagram is that each vertex with weight O < k < n m the dual graph is 

adJacent to a vertex with weight k - 1 and a vertex with weight k + 1 Note that 

a monotone Venn diagram 1s only 1Somorph1c to another monotone Venn diagram 

Of course, all Venn diagrams that do not have this property are non-monotone 

It is not always easily apparent whether a Venn diagram is monotone or not 

The two Venn diagrams m Figure 1 1 are both monotone The general constructions 
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of Edwards [6] [7] are monotone The "necklace property» mentioned m Edwards [5] 

is a consequence of monotomcity In contrast, the origmal general constructions of 

Venn [15] are non-monotone 

In Chapter 3, we prove that regions with the same weight form cycles, con­

nected by shared vertices, withm the monotone Venn diagram These cycles look 

like strings of connected beads when the regions are coloured accordmg to their 

weights On the radual graph, this translates to a cycle of alternatmg Venn vertices 

and dual vertices, where all dual vertices have equal weight 

The geometric condition of convexity is equivalent to the purely combmatorial 

condition of monotomcity We show, m the followmg lemma, that every convex 

Venn diagram is monotone The proof that every monotone Venn diagram is convex 

is provided m [ 1] 

Lemma 1 1 Every convex Venn diagram is a monotone Venn diagram 

Proof Observe that a simple closed curve C is convex if and only if every lme 

segment Jommg an exterior pomt and an mterior pomt of C mtersects C exactly 

once On a convex n-Venn diagram V, consider two pomts v and w, m the regions 

of weight O and n respectively Because v is exterior to all the curves and w is 

mterior to all the curves, a lme segment L Jommg v and w intersects each of the n 

curves at exactly one pomt 

Without loss of generality, we can position L so it does not mtersect any of 

the fimte number of vertices of V Because v can be anywhere m the mfimte region 

around V, L can also be chosen to mtersect any region Consider such a region R 

with weight k, where 1 < k < n As we traverse the segment vw, we leave a region 

with weight k - 1 Just prior to crossing a curve mto R As we cross a curve to exit 

R, we enter a region with weight k + 1 Thus V is monotone □ 
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CHAPTER 2 

Operations on Venn Diagrams 

Often we wish to alter an ex1stmg plane graph of the Venn diagram while mam­

tammg the Venn diagram properties of the graph The operat10ns discussed below 

construct new Venn diagrams from ex1stmg Venn diagrams 

2.1 Extending an n-Venn diagram 

Both Venn [15] and Edwards [6] [7] demonstrate methods for constructmg Venn 

diagrams for all values of n However, given any Venn diagram Vn of n curves, we 

can extend 1t to produce an (n + 1)-Venn diagram by mtroducmg a smtable simple 

curve which bisects each of the ongmal regions [2] This curve may cross an edge 

or vertex of V n no more than once 

It 1s easy to see that 1f the dual graph D (V n) 1s Ham1ltoman, this cycle may 

be used as the new curve that extends Vn to Vn+l The dual graph of Figure 1 2 

1s a 3-cube and thus contams a Hamilton cycle However, the dual graph 1s not 

always Ham1ltoman For example, the dual graph of the mm1mum vertex 3-Venn 

diagram shown m Figure 2 l(a) does not contam a Hamilton cycle 

When the dual graph 1s not Harmltoman, we look to the radual graph for 



. _ .. 
/ ... ... __ __ ,. \ 

/ -- ■-- \ 
I \ 

I 
I 
I 
I 
I 
\ • t / 

' ' ,✓✓ 
' I , ...... _____ . _____ _ 

(a) No Hamilto n cycle on t he 
dual graph 

I 

(b ) Hamilton cycle on the 
radual graph used ilJI 

a suitable c urve 

\ 

I 
I 
I 
I 
I 
I 

I 
I 

(c) No n-H amilton cycle on the 
radual graph ueed as 
a suitable curve 

Figure 2 1 Extending the mmimum vertex 3-Venn to a 4-Venn diagram 
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a suitable curve Chilakamarn, Hamburger, and Pippert [2) proved that a Venn 

diagram can be extended if and only if there is a cycle on the radual graph that 

visits all dual vertices They also proved that the radual graph of a Venn diagram is 

Hamiltonian Figure 2 l(b) demonstrates that this cycle can be used as the suitable 

curve However, ( c) demonstrates that a suitable curve need not encounter every 

Venn vertex 

A reducible Venn diagram retams Venn diagram properties when one of its 

curves is removed A necessary requirement of the curve C that is removed from a 

reducible n-Venn diagram is that, on a cycle of all its edges, exactly 2n- l vertices 

are encountered A number less than this indicates that C does not bisect the 2n-l 

regions necessary ma Venn diagram with one less curve When none of the curves 

of an n-Venn diagram encounter zn-l vertices on a cycle of its edges, the Venn 

diagram is irreducible 
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Figure 2 2 An example of a pnme 3-Venn diagram 

2.2 Compression and Separation of Vertices 

Compression of Venn vertices combines two vertices mto one, while separation 

separates a smgle vertex mto two These are special cases of the graph theory oper­

ations called contraction and sphttmg [16] Repeatedly applying these operations 

allows us to alter an existing n-Venn diagram to an n-Venn diagram with a different 

number of vertices 

It is possible for a Venn diagram to be prime In other words, Venn diagrams 

do exist whose vertices cannot be separated or compressed Figure 2 2 illustrates 

the only pnme 3-Venn diagram m Chtlakamarn, Hamburger, and Pippert's hstmg 

The other 13 can all be separated and/ or compressed to form another diagram m 

the hstmg 
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Iruhally one vertex Step 1 two vertices Step 2 three vertices 

Figure 2 3 Separating a Venn vertex twice to create 3 vertices 

2.2.1 Con1pressio11 

We can compress 2 adJacent vertices v and w on a Venn diagram 1f they share 

exactly one common curve Ci This is done by removmg the edge Ci (vw) and then 

mendmg the curve Ci by mergmg v and w The process reduces the number of 

vertices by one, while mamtammg the Venn diagram properties All curves remam 

simple and closed and no reg10ns have been altered 

2.2.2 Separation 

For a vertex v with deg (v) = t, a vertex traversal is the circular hstmg T = 

C1 , C2 , , Ct of the curve segments mcident to v, identified ma clockwise rotation 

around the vertex Note that this hstmg contams each mcident curve exactly twice 

We say that v is separable if and only rl there exist mtegers t and J and subhstmgs 

of T, A = Ci, Ci+ 1, , C1- 1 and B = C1, CJ+ 1, , Ci- 1, that have exactly one curve 

m common Moreover, A and B both hst more than two curves 

We separate v on this common curve C mto 2 vertices whose traversals are A 

and B, and msert a new segment of C between them Figure 2 3 shows a vertex which 

can be separated twice m any order Compression is demonstrated by reversmg the 
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sequence of steps 

An mterestmg use for vertex separation 1s to mcrease the number of vertices 

on a curve C to z n-l This allows us, m some cases, to reduce an 1rreduc1ble Venn 

diagram 
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CHAPTER 3 

The Lower Bound on the Number 

of Vertices 

In this chapter, we prove some properties of general Venn diagrams and monotone 

Venn diagrams We also determme the lower bound on the number of vertices m 

each of these 

3.1 A Lower Bound for General Venn Diagrams 

Let Mln(n) be the least number of vertices of a Venn diagram of n curves 

Theorem 3 1 If n > 1, then 

r
2n 21 

Mln(n) 2 n- l 

Proof Consider an-Venn diagram V, with vertex set W Let f, v, and e denote 

the number of faces, vertices and edges of V We denote the degree of vertex w as 

deg(w) By defimt10n, for w E W, deg (w) is no more than 2n Smee every edge 



is incident to exactly 2 vertices, 

2nv 2 L deg (w) = 2e 
wEW 

Usmg Euler's theorem [16] for planar graphs e = f + v - 2 [8], 

and 

nv 2: 2n + v - 2, 

2n.- 2 
v > -­

- n-1 

14 

□ 

3.2 A Lower Bound for Monotone Venn Diagrams 

The following lemmas deal with general plane graphs, illustrating that each dual 

vertex m the radual graph is bordered by a specific cycle The lemmas are used to 

prove the lower bound for monotone Venn diagrams 

Lemma 3 2 The degree of a dual vertex d in the radual graph is equal to 

twice the number of edges on the facial cycle of the region containing d in the 

original plane graph 

Proof Consider P, D (P), and R(P), a plane graph, its dual graph, and its radual 

graph, respectively Let d be a dual vertex withm face F of P There are an equal 

number of edges and vertices on the facial cycle of F Each vertex Vi on this cycle is 

adjacent to d by defimt10n of R(P) Each edge on the facial cycle of F corresponds 

to an edge between d and another dual vertex di m reg10n S of P Therefore d is 

adjacent to the total number of vertices and edges on f's facial cycle □ 
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Lemma 3 3 The subgraph of the radual graph R(P) induced by the neighbour­

hood of a dual vertex d is an alternating cycle of dual vertices and vertices of 

the plane graph P 

Proof Choose any 2 consecutive (ma small circle around d) vertices v and w that 

are adJacent to d m R(P ) Without loss of generality, let v be a vertex of P and w 

a dual vertex m the region S of P Then v is also contamed on the facial cycle of S 

and therefore is adJacent to w □ 

An mterestmg property of monotone Venn diagrams is that they can be peeled 

For an n-Venn diagram V and and mteger k 2 1, the k-peeled subgraph Vk of V 

is obtamed by first removmg all edges that border two regions m V of weights less 

than k, and then removmg all isolated vertices 

Lemma 3 4 A k-peeled subgraph Vk of a monotone n- Venn V contains every 

original region whose weight is at least k, and no bounded regions with a weight 

less than k 

Proof (by mduction on k) 

Base Case Note that V1 is the same as V 

Inductive Step For k 2 1, assume the statement is true Consider Vk, the k­

peeled graph of a monotone n-Venn diagram V, and its ongmal dual graph D (V ) 

Each dual vertex with weight k is connected to at least one dual vertex with 

weight k - 1, by the defimt10n of a monotone Venn diagram By the mduction 

hypothesis, each dual vertex with weight k 1s contamed m a closed region of Vk, 

while each weight k - 1 dual vertex is located m the unbounded region of Vk By 

definition of the dual graph, there 1s an edge m the Venn diagram that corresponds 
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to each dual graph edge between two dual vertices with weights of k- 1 and k The 

removal of each of these Venn edges, peels Vk and opens each reg10n with weight k 

to the outer unbounded reg10n 

None of the reg10ns with weight greater than k are affected No reg10n with 

weight k is left bounded m the peeled graph Therefore the statement is true for 

D 

Usmg the same steps as m the construct10n of the radual graph of an n-Venn 

diagram, we construct the radual graph of a k-peeled graph of a monotone n-Venn 

diagram Note that if we remove the dual vertex associated with the unbounded re­

g10n, we have a subgraph of the radual graph associated with the ongmal monotone 

n-Venn diagram 

Theorem 3 5 For any radual graph R(V ) of a monotone n- Venn diagram V, 

and any O < k < n, there is a cycle of size 2(~) in R(V), consisting of alter­

nating Venn vertices and dual vertices with weight k 

Proof Consider Vk, the k-peeled graph of an n-Venn diagram V By Lemma 3 4, 

there are no reg10ns with weight k- 1 withm Vk Therefore, all weight k- 1 reg10ns 

of V are part of the unbounded region m Vk Smee all the weight k reg10ns m Vk 

must share an edge with reg10ns with weight k- 1, there are (~) outer edges on Vk 

Now consider the radual graph, R(V k) Let d be the dual vertex m R(Vk) of 

the unbounded reg10n m Vk By Lemma 3 2, deg(d) = 2(~) , and by Lemma 3 3, 

the vertices adjacent to d form a cycle which alternates between Venn vertices and 

dual vertices with weight k Smee neither d nor any of its edges are mvolved, this 
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cycle is contamed m the subgraph of R(V) D 

Let Mn be the mmimum number of vertices m a monotone Venn diagram 

We show that Mn = (Ln/lJ) We obtam the lower bound of Mn from the number 

of (n/ 2)-subsets of {l, 2, , n } The upper bound is the same and is proven m the 

next chapter 

Theorem 3 6 If n > 1, then 

Proof By Theorem 3 5, there exists a cycle on the radual graph of a monotone 

n-Venn of size 2(~) , where k = ln/ 2J Smee this cycle alternates between dual 

vertices and Venn vertices, 

D 
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CHAPTER 4 

The Upper Bound for Monotone 

Venn Diagrams 

In this chapter, we show how to construct a monotone n-Venn diagram with (Ln~lJ) 
vertices, thereby provmg that Mn :S (Ln~lJ) 

4.1 A Straightened Venn Diagram (SVD) 

Suppose Vis an n-Venn diagram with a vertex v such that deg(v) = 2n Let v 

have a vertex traversal such that it is possible to split it mto two copies where each 

copy is adJacent to n distmct curves Imagme pullmg the two copies of v apart, 

honzontially stretchmg the rest of the curves so one of the curves C becomes a 

straight lme segment Each of the curves and the mtersections are stretched but 

not broken, and do not change their ongmal relationships The resultmg diagram 

represents a Venn diagram with n simple curve segments, begmnmg and endmg at 

the two copies of v The exterior region is now represented by the area above the 

curves and the mtenor region is represented by the region below the curves We 

call this diagram a straightened representation of V 
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The left Venn diagram in Figure 1 1 cannot be represented in this way because 

none of the vertices has the required degree However, the nght diagram in the same 

figure can be straightened by splitting any one of the 3 vertices, and choosing any 

one of the 3 curves as the straight line segment 

Defimt10n 4 1 We define an n-Straightened Venn Diagram, (n-SVD) as a 

straightened representation of an n- Venn diagram V n , with the following prop­

erties 

1 The curve Cn is a horizontal line segment, beginning and ending on the 

two copies of the vertex v1, named vf and vf 

2 All vertices of V n lie on Cn and are numbered vf, Vz, R 
, Vm, V1 

3 There are exactly n vertices with degree 2n, including v 1 and v 2 

4 Any vertical line drawn through Cn, which does not pass through a vertex, 

intersects each curve exactly once 

5 All non-adJacent vertices on Cn are the endpoints of exactly O or 2 edges 

Note that this diagram becomes a Venn diagram 1f we Join the two copies of v1 and 

make Cn a circle 

Lemma 4 2 Any SVD represents a monotone Venn diagram 

Proof By defimtion, the SVD represents a Venn diagram It follows from Prop­

erty 4 that the vertical line can be seen as a path through the directed dual graph, 

starting in the lower region, and ending in the upper □ 

Lemma 4 3 The number of curves intersecting at a vertex of an n -SVD has 

the same parity as n. 
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Proof (by mduction on vk) 

Let hk be the number of curves mtersectmg at a vertex vk Note that h k = 

deg(vk)/ 2 Also, smce an SVD is monotone, h k is the number of edges from vt to 

vk, for all i where 1 ::; i < k ::; n 

Base Case By Property 3 of Defimt10n 4 1, h 1 = n 

Inductive Step Assume the statement is true for all vk, where k 2: 1 

Let the number of edges from Vk to Vk+ 1 be c Let the number of edges from 

vk to v1, where l > k + 1, be d Let the number of edges from v1 to V k+ ,, where 

J < k, be g Then hk = c + d, and h k+ 1 = c + g By Property 5 of Defimt10n 4 1, d 

and g are even Then by the mduction hypothesis, c must have the same panty as 

n Therefore, h k+ 1 has the same panty as n □ 

An illustrat10n of the followmg proof can be found m Figure 4 1, for the case 

n=4 

Theorem 4 4 An n-SVD can be extended to an (n + 1 )-SVD 

Proof Let sVn be an SVD, with m vertices Divide the plane mto m sect10ns 

P1, P2 , , Pm, each sect10n delimited by two vertical lmes through two consecutive 

vertices on s V n 

Step 1 We draw a new curve Cn+, begmnmg at vy, and endmg on v~ In each 

Pt, we move up to the highest region that has not been prev10usly visited, and 

sweep downwards as far as possible through all non-v1S1ted reg10ns, crossmg curves 

as necessary We exit each Pt through the bordering vertex, and contmue m this 

manner until we reach v~ Smee we move Cn+ 1 through all 2n reg10ns, at the end 

of this step, we have a representation of a monotone Venn diagram which has been 

cut at v1 
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( a ) The diagram V 4 

(b ) The new curve moving through V 4 

( c) Compression of vertices along the new curve 

( d) St r aighten t he new curve to get Vs 

Figure 4 1 Constructmg Vs from V4 

Step 2 The curve Cn+ 1, while m Pt, mtersects O :S:: r :S:: n distmct curves on its 

downward sweep before it exits through the right vertex For r ~ 2, we can apply 

the compression operation, described m Chapter 2, r - 1 trmes and create exactly 

one vertex from the previous r vertices Thls operation, performed s1rmlarly m each 

sect10n, reduces the number of newly created vertices to no more than 2m 

Step 3 We straighten Cn+ 1 

The new diagram is an ( n + 1 )-SVD because of the followmg 

1 The curve Cn+l is the straightened horizontal lme segment, begmmng and 
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endmg on the two halves of v1 

2 Smee Cn+l passes through all existmg vertices and creates the only new ones, 

all vertices he on Cn+ 1, and are numbered vt = wr, W2, 

where t :S 2m 

,wt,wf = vf, 

3 The curve Cn+ 1 crosses all existmg curves m one downward sweep m the first 

section of Vn between vt and v2, and these new vertices are compressed to 

form one vertex of degree 2(n + 1) After that, Cn+l does not venture mto 

the upper or lower regions agam, and therefore we cannot produce another 

compression mvolvmg all the curves Cn+l passes through all existmg vertices 

on s V n , so any vertices that had degree 2n, now have degree 2 ( n + 1 ) The 

total number of vertices havmg degree 2(n + 1) is n + 1 

4 Smee Cn+ 1 1s a straight lme, it can be mtersected by a vertical lme exactly 

once The curves of s V n continue to move left to nght m the new diagram 

5 If vertices u and w are non-adJacent m s V n, then there are zero or two edges 

mcident to both If the number is two, then Cn+ 1 has already v1S1ted the 

regions above and below these edges, before passmg through u In either 

case, Cn+ 1 does not alter the number of edges incident to u and w 

If the vertices are adjacent m s Vn, then pnor to passmg through u, Cn+ 1 has 

either v1S1ted the regions above and below the outermost edges, or it has not 

If 1t has not, then Cn+l crosses all the edges, and u and w share no edges 

m the new diagram If 1t has, then Cn+ 1 does not cross the upper and lower 

edges, and u and v, if they are no longer adjacent, are the endpomts of exactly 

two edges 

□ 
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4.1.1 A Specific Set of SVDs 

If we use the same construct10n described m the proof of Theorem 4 4, for all values 

of n, we create a set of SVDs that has very mterestmg properties When discussmg 

SVDs from now on, we specifically refer to this set 

The constructions for the first two diagrams are descnbed below 

1 For n = 1, the curve C, is a horizontal lme segment which divides the plane 

mto an upper and lower reg10n 

2 For n = 2, the curve C2 starts at C1 's leftmost pomt, moves up to the upper 

reg10n, crosses C1 mto the lower reg10n and stops at C2's rightmost pomt No 

compress10n is necessary and C2 becomes the new straight lme segment 

4.2 Properties of SVDs 

4.2.1 Structural Properties 

Let s V n be a straightened n-Venn diagram, constructed as described m the prev10us 

sect10n Let Vt be a vertex on s V n that has degree 2n, and let v1 be the next vertex 

to the right of vt, which also has degree 2n We will call the port10n of s V n which 

is con tamed between these 2 vertices a football, Ft , where k is an mdex number of 

the football, as we count from left to right By Defimtion 4 1, 1 ::; k ::; n 

Each football has a boundary, which consists of the edges that border the 

outer and mner region A boundary edge is sometimes referred to as the upper or 

lower boundary edge 

Note that due to the method of construct10n, Cn sphts Ff - 1 mto Ff and F2 
For k > 1, Cn does not cross a boundary m F~- , These two facts mean that the 
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\ • d 
n. = 5 ) n = 6 

Figure 4 2 The First 6 Straightened Venn Diagrams 
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Lemma 4 5 The topological structure of Ft , where 1 S k S n, is covered by 

one of the following statements 

1 When 1 S k S 2, it is a collection of n labelled edges 

2 When 3 S k S n - 1, it is a boundary containing f f -2 Fr.:=}, as illustrated 

in Figure 4 3 

3 When k = n it is a boundary containing ff-2 

Proof (by mduction on n) 

See Figure 4 2 for the base cases of n = 2 and n = 3 

Inductive Step Assume the lemma is true for ff- 1 

en passes through all curves m f f - 1
, from the upper to lower region, After 

compression and straightenmg en, we produce ff and F2, divided by the only new 

vertex Thus statement 1 1s proven 

Assume the lemma is true for f r -=:-,1 and consider 3 S k S n - 1 When 

constructmg Ft from f ~-=:-1
1

, en does not cross the boundary, smce k > 2 For 

k = 3, the action of addmg en to fz-1 creates a smgle vertex compressmg n - 3 

labelled edges When en is straightened, the structure withm the newly mdexed 

fR"s boundary is identical to ff- 2f~- 2 

Fork > 3, by the mduchon hypothesis, f~-=:-1
1 's boundary contams ff- 3 

For the special case of k = n, the boundary does not cont am f ~.:=-1, and for simplicity, 

this is assumed m all future statements concernmg Ft When en is added to create 

f r from f ~_=-~, its action mside the boundary follows the same pattern as en_2 does 

m ff- 3 f ~_=-J , when creatmg sVn- 2 from sVn- 3 The modified f f - 3 f n- 3 m 
k- 2 
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Figure 4 3 The Topological Structure of F~ 

sVn- 3 becomes Ff- 2 Ft :-f, m sVn- 2 The modified Ft: ], re-indexed as Fk m sVn, 

contains Ff-2 F~.=} Thus statements 2 and 3 are proven D 

4.2.2 Curve Properties 

Another property of these straightened Venn diagrams is that withm each football, 

the curve segment of C1 has a predictable placement It 1s clear from the construc­

tion that the curve segments m ff are the edges ordered Cn, , C, and the curve 

segments m FJ are ordered Cn- 1 , , C,, Cn 

Lemma 4 6 For 2 :::; k :::; n, the cu.rve segment of CJ m ~ is described by one 

of the following statements 

1 When 1 :::; J < n - k + 1, the segment is the same as its placement m 

P.- 2 Fn- 2 
1 k.- 1 

2 When J = n - k + 1, the segment is the upper boundary 

3 When J = n- k + 2, the segment is the lower boundary 
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4 When n - k + 2 < J < n, the segment replaces the segment of CJ_2 in 

Fn- 2 Fn- 2 
1 k - 1 

Proof 

Note that for simplicity, when k = n, we assume that references to F1-2 

not mclude Fr .=-f 

Fn- 2 do 
k - 1 

When J = n, CJ is the straight lme segment It is the upper boundary of F1, 

the lower boundary of FJ, and clearly replaces Cn- l m all of fr 
For k = 2, the curves are Cn- 1, , C 1, Cn, from upper to lower boundary, so 

1, 2 and 3 are proven, and 4 is not applicable 

For k > 2 and J < n, we use mduct10n on n See Figure 4 2 for the base cases 

of n = 2 and n = 3 

Inductive Step Assume the statement is true for any CJ 1Il Fr - 1 

Smee n - k + 1 = n - 1 - (k - 1) + 1, and n - k + 2 = n - 1 - (k - 1) + 2, 

we use the mduction hypothesis to claim that boundaries of Fr .=-1
1 remam the same 

boundaries when Fk is created Thus statements 2 and 3 are true for all n 

For non-boundary values of J, we mvoke the mduction hypothesis to claim that 

CJ 1Il Fr .=-,1 is either the same as its placement, or is replacmg CJ- 2, 1Il Ff - 3 

Cn acts on Fr .=-1
1 m the same manner as Cn-2 acts on Ff - 3 F~.=-i , creatmg Fr or 

Ff - 2 Fr.=? respectively So CJ 1Il Fk is either still the same as its placement, or is 

still replacmg CJ-2, m Ff - 2 Fr.=-f Thus statements 1 and 4 are true for all n □ 

4.3 Counting the Vertices 

We have determmed m the proof of Theorem 4 4 that the number of vertices of 

s V n is no more than twice the number of vertices of s V n - l In order to precisely 
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determme the number of vertices, we need to subtract the number of times that Cn 

passes through 2 existmg vertices m sVn- 1, without crossmg an edge 

4.3.1 Singleton Crossings 

For n > 2, we say sVn has a singleton crossing whenever it has a vertex of degree 

4 Dunng the construction of sVn+l, as Cn+l exits this vertex, entermg section P1 , 

it confines itself withm the 2 curves and does not create a new vertex before exitmg 

P 1 See the square vertices of Figure 4 1 (a) 

Lemma 4 7 If a singleton crossing occurs on sYn, then n is even 

Proof A smgleton crossmg means that 2 curves cross at one vertex By Lemma 4 3, 

n must be even □ 

Let 5(n, k ) be the number of smgleton crossmgs withm the football Fk For 

clanty, we define 5 ( 2, 1 ) = 0, and 5 ( 2, 2) = 1 We define 5 ( n ) to be the total number 

of smgleton crossmgs on an n-SVD 

Lemma 4 8 The number 5(n, k ) is positive if and only if n is even and n / 2 < 

k ~n 

Proof (by mduction on n) 

Obviously k ~ n, so we deal specifically with n / 2 < k 

Base Case For n = 2, 5 (2,2) = 1, and 5 (2, 1) = 0 

Inductive Step Suppose it is true for n - 2 and consider Fk 

Suppose 5 (n, k) > 0 We know that n is even (by Lemma 4 7) Let f ~- 2 be a 

football contamed withm the boundary of~, such that 5 (n - 2, i) > 0 Then 

1 ~ i ~ k - 1 (by Lemma 4 5) , 
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and 

n - 2 
l > -

2
- (by the mduct10n hypothesis) 

Therefore 

n / 2 - 1 < 1 :S k - 1 =} n / 2 < k 

Suppose n is even and n / 2 < k :S n By Lemma 4 5, Fr contams Ff-2 

withm its boundary Smee k - 1 > n / 2 - 1, by the mduction hypothesis, F~_:="f must 

have a smgleton crossmg Therefore , S(n, k) > 0 D 

We now present three httle corollaries concernmg S(n , k) 

Corollary 4 9 S(n , n ) = S(n , n - 1) 

Proof By Lemma 4 5, we know that the unlabelled ~ - , is identical to the unla-

belled F~ 

Corollary 4 10 S ( n , n / 2 + 1 ) = 1 

Proof (by induction on n) 

Base Case 

S(2,2) = 1 

Inductive Step Suppose it is true for S(n - 2, n / 2) Then 

S(n, n / 2 + 1) 

n / 2 

L S(n -2, 1) (by Lemma 4 5) 
1= 1 

n / 2- 1 

L S(n - 2,i)+ S(n- 2,n / 2) 
1= 1 

0 + 1 = 1 (by Lemma 4 8 and the mduction hypothesis) 

D 

D 



Corollary 4 11 

Proof 

S(n, k) 

S(n, k) = S(n, k- 1) + S(n - 2, k - 1) 

k-1 

L S(n -2, l) (by Lemma 4 5) 
l= l 

k-2 

L S(n- 2,l) + S(n-2,k - 1) 
l = l 

S ( n, k - 1 ) + S ( n - 2, k - 1 ) 
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D 

We define T(n, k) to be the number of well-formed parentheses stnngs of 

length 2n, which begm with exactly k left parentheses The followmg recurrence 

relation for T(n, k) 1s proven by Ruskey [14] 

T(n, 2) 1f k = 1 

T ( n, k) = T ( n, k + 1) + T ( n - 1, k - 1) 1f 1 < k < n 

1f k=n 

An explicit formula for T (n, k) 1s given below 

k (2n- k) 
T(n, k) = 2n- k n - k 

We use T(n, k) to demonstrate a relat10nsh1p between S(n ) and C(n), the nth 

Catalan number The Catalan numbers are a famous set of numbers, which count 

many objects They are named for Eugene Catalan (1814-1894), a Belgian math­

ematician who used them ongmally to count the number of ways to parenthesize 

the express10n X1X2X3 Xn [8] Some other objects the n th Catalan number counts 

are 

• the number of bmary trees of n nodes, 



• the number of ways to triangulate a polygon, and 

• the number of ways to permute n consecutive mtegers, usmg a stack [8] 

The Catalans satisfy the followmg recurrence relation, with C(O) = 1 

n - 1 

C(n) = L C(k)C(n - k) 
k=O 

Two explicit values for C(n) are given below 

n 

.L_T(n,1-) 
l = l 

Lemma 4 12 For an even integer n > 1, 

S(n, k) = T(n/ 2, n- k + 1) 

Proof (by mduct10n on k) 

Base Case 

S(n, n / 2 + 1) = 1 = T (n/ 2, n / 2) 

Inductive Step Assume the statement is true for all values less than k 

And 

S(n, k) S(n, k- 1) + S(n- 2, k-1) (by Corollary 4 11) 

T(n/ 2,n-k+2) + T(n / 2-1,n-k) 

T(n/ 2,n-k+l) 

S(n, n) = S(n, n- 1) = T(n/ 2,2) = T(n / 2, 1) 
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Substitutmg the value mto the explicit formula for T (n, k), we have 

n - k + l( k-1 ) 
S(n, k) = k- 1 k- n / 2 - 1 
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□ 

Corollary 4 13 For n = 2m, the number of singleton crossings S(n) on sVn, 

is C(m) 

Proof 

m 

C(m) L_ T(m, 1) (by the explicit formula) 
1.= l 

n 

L_ S(n,J) (by Lemma 4 12) 
J= m + l 

S(n) 

4.3.2 Subtracting the Singleton Crossing from 2Mn 

□ 

We know from the proof of Theorem 4 4 and the previous section, that 1f s Vn has 

Mn vertices, then sYn+l has 2Mn - S(n ) vertices 

Theorem 414 

Proof Theorem 3 6 showed that Mn~ (n]i) We proceed by mduction on n 

Base Cases Observe that M2 = 2 and M 3 = 3, by Figure 4 2 

Inductive Step Let n = 2m, and assume that for all k < n, 
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Then for n, which is even, 

Mn < 2Mn- 1 - S(n - 1) = 2Mn- 1 

2 (2m-1) 
m-1 

2(2m-1)' 
-

(m- l)'m' 
2m(2m-1) 1 

-
m(m-1) 1m' 
2ml 

-
m'm' 

- (2:) 
= (l n~2J) 

And for n + 1, which is odd, 

Mn+l < 2Mn - S(n) = 2Mn - C(m) 

2 (2m) _ 1 (2m) 
m m+l m 

2(m+l)-1(2m) 
m+l m 

(2m + 1 )(2m)' 
(m+ l)m1m 1 

(2m+ 1) 1 

(m+ l )'m' 

(2m: 1) 

(ln~2J) 
D 



CHAPTER 5 

The Upper Bound for 

Non-monotone Venn Diagrams 
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At present, no proof exists for the minimum number of vertices on general Venn 

diagrams for n > 1 The conJecture is that the value is I 2nn_=-1
2 l Clearly, if this is 

true, then the Venn diagram must be a non-monotone Venn diagram 

Venn diagrams with this number of vertices are discovered for 4, 5, 6, and 7 

curves Figure 5 1 shows a mmimum 4-Venn discovered by Peter Hamburger and 

Frank Ruskey [11] Figures 5 2 and 5 3 are new diagrams which are successively 

extended from the mmimum 4-Venn 

Figure 5 4 is a polar symmetric mmimum 7-Venn diagram, discovered m a 

computer search by Stirlmg Chow and Ruskey [4] Note that each vertex m the 

7-Venn has the maximum degree, every curve passes through every vertex The 

diagram is symmetric m the sense that each curve of the diagram can be obtamed 

by rotatmg a given curve, see the highlighted one m Figure 5 4, by a multiple of 

2rr./ 7 about some pomt on the plane This discovery inspires the conJecture that 

mmimum vertex n-Venn diagrams exist for all numbers n We leave this as an open 
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Figure 5 1 A 4-Venn diagram with 5 vertices 

problem 

5.1 A Heuristic Approach to Extending Minimum 

Vertex Venn Diagrams 

Several mirumum Venn diagrams for n = 3, 4, 5, and 6 have been constructed by 

findmg a suitable cycle on the radual graph of the smaller mmimum Venn diagram 

This cycle, after compress10ns are apphed, yields a mmimum Venn extens10n It was 

hoped that the methods used would illustrate patterns that predict the format10n 

for larger values of n, but that has not been the case However, the steps provide a 

method to discover all mimmum vertex Venn diagrams that can be extended from 

existmg Venn diagrams 

Not all mmimum vertex Venn diagrams are reducible, even when vertices are 
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Figure 5 2 A 5-Venn diagram with 8 vertices 

expanded For example, the 7-Venn m Figure 5 4 is not reducible and therefore 

cannot be produced usmg this method It can be expanded to a diagram with 

up to 49 vertices, which is much lower than the 64 vertices that one curve must 

mtersect m order to reduce this diagram 

The steps reqmred to produce a Illlillmum n-Venn from an ( n - 1 )-Venn are 

listed below The goal is to arrange a cycle on the radual graph that mcludes each 

dual vertex and allows for maximum compression After compressions, the number 
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of new vertices does not exceed the difference between Mln(n) and Mln(n - 1) 

Each step must be completed before the next, and the desired diagram is not 

guaranteed 

1 Calculate the possible degrees of each vertex on the n- Venn Except m 

cases where (2n-2)/ (n- 1) is an mteger, there can be more than one candidate 

for the degree sequence For example, a mmnnum 4-Venn has 4 vertices whose 

degrees are all 8 and one whose degree is 6 However, a mmimum 5-Venn can 

have 6 or 7 vertices whose degrees are all 10, dependmg on whether the sth 

vertex has degree 6 or 8 

2 Find the candidates for compression There are 2 types 

( a) The new vertex If a lme segment can cross k consecutive distmct Venn 

curves as it moves from one dual vertex to another, it is possible to 

compress these new vertices to a vertex of degree 2(k + 1) The number 

k is determmed by the required degree of the new vertex In cases where 

(2n - 2) / (n - 1) is an mteger, then k = n - 1 for each new vertex 

(b) The existing vertex that does not have degree 2(n- 1) We can assume 

the new curve will travel through all existmg vertices This was the case 

m each of the diagrams found usmg this method Without compression, 

an existmg vertex that does not have full degree can only mcrease its 

degree by 2 on the new diagram In some cases, this may not be enough 

If a lme segment can be drawn from an existmg vertex v, through t 

consecutive dual vertices, while crossmg distmct curves that are not part 

of v's traversal, then v can mcrease its degree by 2t + 2 m the n -Venn 

diagram 
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3 Fmd a non-mterfermg set of paths We need to find a set of paths m the 

dual graph which correspond to the candidates for compress10n described m 

the previous step A proper set of these paths must not cross each other, and 

the number of them must satisfy the degree sequence reqmrement 

4 Fmd a cycle We connect all the paths by a cycle on the radual graph that 

must 

( a) v1S1t each ISolated dual vertex exactly once The paths contam the non­

ISolated dual vertices, so all dual vertices are on the cycle 

(b) connect the ISolated dual vertices to Venn vertices only This guarantees 

that no more new vertices are created 

5 Draw the curve and compress the vertices If the prev10us steps were suc­

cessful, then the cycle is the smtable curve that creates the new n-Venn dia­

gram Vertex compress10n is applied to sect10ns of the curve that correspond 

to the chosen set of paths 

5.2 An Example: Extending the Minimum 4-Venn 

Diagram 

We demonstrate the heuristic with an example extendmg the mmimum 4-Venn 

diagram of Figure 5 1 mto a mmimum 5-Venn diagram Figure 5 5 shows all the 

paths which allow us to compress 4 vertices mto one on the new diagram Dependmg 

on the desired vertex degrees m the new diagram, paths of length two or three may 

also qualify The square vertex can also be Jomed to a path that crosses the black 

outer curve as illustrated by the thmner path 



39 

A computer program was used to hst the possible combmations of non-mter­

fermg paths These hsts do not necessarily qualify because a cycle cannot be guar­

anteed to exist For example, Figure 5 6 shows a combmat10n of non-mterfermg 

paths which do not produce the reqmred cycle The two square dual vertices are 

only adJacent to two Venn vertices, yet at least three are reqmred to avoid V1Sitmg 

any vertex more than once m the cycle 

Figure 5 7 shows a cycle that, after compress10n, yields a desired mmimum 

5-Venn diagram with 7 vertices of degree 10 and one of degree 6 When we com­

press along the thick lmes of Figure 5 7, we produce a mimmum 5-Venn which is 

1Somorphic to the diagram m Figure 5 8 
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Figure 5 4 A 7-Venn diagram with 21 vertices 
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Figure 5 6 A set of paths that cannot be connected to form a cycle 
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Figure 5 7 A suitable cycle connecting a set of paths 
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Figure 5 8 The new mmrmum vertex 5-Venn diagram 
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CHAPTER 6 

Conclusion 

Venn diagrams are an mterestmg set of diagrams, useful m set and combmatonal 

theory In this thesis, we have mcorporated that study mto geometry and graph 

theory to establish the mmimum number of mtersections of the Venn curves 

We found it expedient to divide the diagrams mto two distmct classifications, 

those that are monotone and those that are not The mmimum number of mter­

sections depends on this classification Discussion of the properties of monotone 

Venn diagrams mcluded the equivalence of potentially convex and monotone Venn 

diagrams Any potentially convex diagram can now be easily identified, it will have 

all its same-weight regions lmked together m cycles 

There are many different Venn diagrams and many more ways to draw them 

Some constructions exist [6] [7] [15], but most focus on the shapes of the curves No 

construction exists that focusses on mmimizmg the number of mtersections In this 

dissertation, we successfully developed a recursively constructed set of monotone 

Venn diagrams, called SVDs A key element m countmg the number of vertices of 

these diagrams was the number of smgleton crossmgs on an n-SVD When n is odd, 

the number of smgleton crossmgs is 0, and when n 1s even, the number of these 
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crossmgs is the same as the Catalan number for n / 2 Subtractmg the number of 

smgleton crossmgs from twice the vertices of an ( n - 1 )-SVD produced the desired 

result of (ln/2J) 
Constructmg non-monotone mmimum vertex Venn diagrams is more difficult 

Presently the only methods mvolve an heuristic and exhaustive searches Neither 

method solves this problem efficiently We expect the conJecture that the mmimum 

number of mtersections is I 2:_::-,2 l will be solved by the combmat10n of combmatoncs, 

graph theory and geometry 
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