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Abstract

In this dissertation, we study certain types of linear mappings on trianguiar

algebras. Triangular algebras are algebras whose elements can be written in

(%)

where a € A, b € B, m € M and where A, B are algebras and .\/ is a bimod-

the form of 2 x 2 matrices

ule. Many widely studied algebras, such as upper triangular matrix algebras
and nest algebras, can be viewed as triangular algebras. This dissertation is
divided into five chapters. The first chapter is a general account of the ba-
sics of triangular algebras, including the unitization of nonunital triangular
algebras and the structure of the centre of triangular algebras. as well as a
brief introduction to some well-known examples of triangular algebras.

In Chapter 2, we study the general structure of derivations on triangular
algebras and obtain some results on the first cohomology groups of triangular
algebras. The first cohomology group of an algebra is the quotient space of
the space of all derivations over the space of all inner derivations. and it is
always a main tool in the research of derivations. In addition, we consider
the problem of automatic continuity of derivations in the last section of this
chapter.

In Chapter 3, we consider sufficient conditions on a triangular algebra
so that every Lie derivation is a sum of a derivation and a linear map whose

image lies in the centre of the triangular algebra.



In Chapter 4, we consider sufficient conditions for every commuting map
on a triangular algebra to be a sum of a map of the form r — ar and a map
whose image lies in the centre of the triangular algebra.

In the final chapter, we are concerned with the automorphisms of tri-
angular algebras. The study of automorphism is a most important way to
understand the underlying structure of an aigebra. We deduce some results
on the Skolem-Noether groups. or the outer automorphism groups. of tri-
angular algebras and apply those results to generalize some known results

about automorphisms on a triangular matrix algebras.
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Chapter 1

Basics of Triangular Algebras

1.1 Introduction

In this dissertation. we consider linear operators on a class of algebras of the

4 W
I — *
4_( B).

where 4 and B are algebras and ) is a nonzero (d.B)-bimodule. Such

form

algebras will be called triangular algebras. Many widely studied algebras.
including upper triangular matrix algebras. block triangular matrix algebras.
nest algebras. semi-nest algebras. and triangular Banach algebras. may be
viewed as triangular algebras.

In this dissertation. we study certain linear operators on triangular al-
gebras. Specifically, derivations. Lie derivations. commuting maps and auto-

morphisms. Our results are then applied to the concrete triangular algebras
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mentioned in the previous paragraph.
In this chapter. we discuss general properties of triangular algebras and

give several useful examples.

1.2 Definitions

Throughout the dissertation. R is always a commutative ring with unity. We
shall denote the unity of R by 1. The unity of an algebra A will be denoted
by 1, or simply 1 when no confusion is likely to arise.

Suppose that 4. B are R-algebras and M is a nonzero (A. B)-bimodule.

Consider the set

m

Tri(4. M. B) = {(a b) e € AbeB.me .\[}.

We can define the matrix-like addition and matrix-like multiplication on

Tri(A. M. B) as below:

ap M\  [a ma\ _ [ap+a m+ms

by T ba - b, + by )
ap my\ {ax me\ _ (aia: aymy + maby

by by ) bib2 '

[t is straightforward to verify that Tri(A. M, B) is an algebra under such

and

addition and multiplication. For convenience. Tri(A4. .}, B) may be simply

written as {
ricien as B/

Definition 1.2.1 An R-algebra A is called a triangular algebra if there exist
R-algebras A, B and nonzero (A. B)-bimodule M such that 2 is isomorphic

to Tri(.A. M, B) under matrix-like addition and matrix-like multiplication.
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Definition 1.2.2 Let A = Tri(4, .M, B) be a triangular algebra. We define

three projections w4 : A — 4. 75 : A = B and 7y, : A — M as follows. For

a m
any r = . we set

b

malr) =a. wp(r)=0b and my(r)=m.

a O
Moreover, for any a € A and b € B. we use a & b to denote

b

Example 1.2.3 The algebra T,(R) of n x n upper triangular matrices over

R. may be viewed as a triangular algebra when n > L. In general. if n > k. we

Tn—k(R) Rn—k.k
have T,,(R) = . where R*~%* is the space of (n — k) x k

Tx(R)
matrices over R.

The above example demonstrates that the choice of A. B and ) in the

definition of triangular algebras is not unique.

Example 1.2.4 Let 4 be any R-algebra. The algebra T>(4) of 2 x 2 upper
triangular matrices over A is a triangular algebra. indeed it is naturally

isomorphic to Tri(4. 4. 4).

Example 1.2.5 Let A=B = :t.a € R ) and M =T5(R). then
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Tri(A. M. B) is a triangular algebra. This algebra serves as a counterexample

in Chapter 3 and Chapter 4.

We now identify which R-algebras are triangular algebras. For an unital

algebra, we have the following result.

Proposition 1.2.6 1 unital algebra A is « triangular algebra if and only if

there exists an idempotent e € U such that (1 — e)Ue = 0 but eA(L —€) # 0.

Proof. To prove the "if" part. assume that (L—e)Ue = 0 and eA(1—¢€) # 0 for

eAe e?(l —e)
an idempotent e € 4. Then A = . More precisely.

(1 —e)A(l —e)
the map

ere exr(l —e)
(l=e)x(l —e)
is an isomorphism from A onto Tri(eAe.eA(L —e). (1 — e} A(1 —e)).

To prove the converse, assume that U is a triangular algebra Tri(A. M. B)

d m

for some A.M.B. Write 1 = . We claim that e = a’ © 0 is the
bl
desired idempotent.

Since 12 = 1, we get (a’)*> = a’ and hence e is an idempotent.
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That (1 — e)e = 0 follows from

for arbitrarva € 4.b€ B.m € M.

Finally, for anv m € M. we have

0 m a 0 0 m 0
e (1-¢) =
0 0 0 b
0 a'mb
\ 0
(a’ m’ 0m a m'
\ o 0 b
0 m
= 1 1
0 m
0
Thus e?A(1 —¢e) #0. |

Note that e2A(1 —e) = 0 implies e(1 — e) = 0 or e®> = e. Therefore the

condition of e being an idempotent can be omitted.
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1.3 Unitization

Consider an algebra 4. The unitization of A. denoted by A Vv R1, is the

AVRl={a+7vl:a€ 4. v€R}

[f A has a unit. then A vV Rl is A itself. Otherwise, the expression a + ~1
is treated as a formal expression with the usual addition and multiplication.

e.g. (ar +v1)(a2 + %2l) = (a2 + 102 + way) + 17l

Proposition 1.3.1

AVRI M AVR1 VW A M
VRI = VvV RIL

BVRI B BVvRI

In particular, if A (resp. B) is unital. then the unitization of Tri(A. M. B)

is Tri(4, M. BV RIL1) (resp. Tri(A v R1. M. B)).

Proof. The result follows from
a+al m a+(a—-3)L m a m

= +J1= +al.
b+ 31 b b+ (3 —a)l

In most cases, we will assume that A and B are both unital. The previous

proposition allows us to extend some results to the case where either A or
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-

B is unital. Note that if neither 4 nor B is unital then the unitization of

Tri(4. M. B) is not of the form in the proposition. indeed we have

(.-1 Y4
vV R1
\ B
a—+t m
= ﬁ rae AbeB.melM.teR
b+t

1.4 The Centre

Consider an algebra 4. The centre of 4. denoted by Z(A). is the set

{a€ A:ar =raforall r € A}

It is straightforward to verify that Z(AV Rl) = Z(4) vRI.
The structure of the centre of triangular algebras is given in the next

theorem.

Theorem 1.4.1 Suppose both A and B are unital. The centre of A =

Tri(A. M. B) is given by

ZQ) ={a®b:am =mb for all m € M.a € Z(4).b e Z(B)}.
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Proof. Suppose a € Z(4). b € Z(B) and am = mb for all m € M. Then for

!

a m
all € 2. we have
bl
a 0 a m ad’ am
b b bt
ada mb
b'b
d m a 0
b \ b
Hence a& b € Z(2A).
a m
Conversely. if € Z(A). we have
b
a m' 1 0 a m’\
0
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and so m' = 0. Since

0 am _/aO 0 m
0 ) \ 0 0
_ (Om a 0
) 0 b/
(o mb
) 0

then am = mb for any m € M. Now
ad b = (a2 b)(d 2V) =(d 2V a3b)=da2 Vb

therefore ad’ = da’a and bb' = b'b for any @’ € A and ¥ € B. and hence
a € Z(A) and b € Z(B). [ ]

Next. we recall the definition of faithful modules.

Definition 1.4.2 [38. p.174] A left (respectively right) A-module M is said
to be faithful if « = 0 is the only element in A satisfving a.\/ = 0 (respectively

Ma = 0).
We now define the term faithful for bimodules.

Definition 1.4.3 An (. B)-bimodule M is called a faithful bimodule if it

is both a faithful left 4-module and a faithful right B-module.
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Theorem 1.4.4 If A.B are unital and M is faithful. then the centre of

A = Tri(A, M. B) is given by

ZW ={asb:am=mb forallme M.a € A.b€ B}.

Furthermore. 74(Z()) C Z(A) and 7g(Z(A)) C Z(B). and there erists a
untque algebra isomorphism 7 from 7, (Z(A)) to xg(Z(A)) such that am =

mt(a) for every m € M.

Proof. By Theorem 1.4.1. we have

Z(U)={asb:am=mbforallme M.a € Z(4).b € Z(B)}.

Thus 74(Z(A)) € Z(A4) and 75(Z(A)) C Z(B).

Suppose am = mb for every m € VM. then for any ¢’ € 4 we have

(aa’ = a'a)m = a(a’'m) — d'(am) = (d'm)b—a'(mb) =0 Vme M

hence aa’ — d’'a = 0 as M is a faithful left A-module. Therefore a € Z(4)
and similarly we have b € Z(B). Asaresult ag b € Z(2).

Next we show that there exists a unique mapping  : ~4(Z(%)) —
mg(Z(A)) satisfving am = m7(a) for all a € 4 and m € M.

For any a € 74(Z(2)), there exists b € 7(Z(A)) such that a®b € Z(Y).

Suppose there exists another b satisfving a © b € Z(). then we have mb =
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am = mb for all m € M and hence b = ' as M is faithful. Therefore the
map 7 exists and is unique.

[t remains to prove that 7 is an algebra isomorphism.

If 7(a) = 0 then am = 0 for everv m € M and thus ¢ = 0. Therefore r
is injective. That 7 is surjective follows from the definition of 75(Z(A)). For

any a.a’ € 74(Z()) and r € R. we have

(raym = r(am) = r(mr(a)) = m(rr(a)).

(@ +a')m = m(r(a) + 7(a')).
and
(aa')m = a(a'm) = (a'm)7(a) = d'(m7(a)) = m7(a)7(a’).

thus 7(ra) = rr(a). 7(a + d’') = 7(a) + 7(d’) and 7(ad’) = 7(a)7(a’). proving

that 7 is an algebra isomorphism. |

Corollary 1.4.5 Suppose A = Tri(A. M. B) with faithful M. If Z(A) =

R].A (O’I' Z(B) = R].B) then Z(Ql) = le

Proof. Suppose Z(A) = R1. By Theorem 1.4.4, if a 6 € Z(A) then
a=rly € Rl and mb=am = m(rlg), thus b = rlg as M is faithful. Now

a ® b =rlq, proving that Z(2) = Rla. |
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Corollary 1.4.6 [f A is unital then Z(Tri(4. 4. 1)) = {aGa:a € Z(A)}.

Proof. Since A is unital, Tri(A. 4. 1) satisfies the condition in Theorem [.4.4.

-~

Indeed if ¢ € A and wrn = 0 for all m € A, then ¢« = ¢ -1 = 0. Simiiariy
ma = 0 for all m € A implies that a = 0. This proves that A is a faithful

(4. A)-bimodule. The condition that am = mb for all m € A implies ¢« = b

by taking m = 1. Thus Z(Tri(4. 4. 4)) ={aSe:a € Z(4)}. [ |

Corollary 1.4.7 Consider the triangular algebra in Ezample [.2.3, i.e.

A=B= :t.ae€R and M =T(R).

Then Z(Tri(4. M. B)) =RL1.

Proof. As in the proof of the previous corollary, we first establish that every
element in the centre is of the form r & r with £ € 4. The condition that

rm = mx for every m € T>(R) implies r € RI1. |

The simplicity of the structure of the centre for Tri(.A. M. B) with faithful

M will be useful in establishing some results in later chapters.
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1.5 Matrix Algebras

Let S be a fixed unital R-algebra. Denote by S¥! the space of k x [ matrices

s .1 11
¢ nLL Ly

AN

over a unital ring S. The standard basis of S¥ i3 {£,, : 1 J

7A
IN
VAN

where Ej; is the matrix with a 1 at the (i.j)-entry and 0 elsewhere. By a
matric alyebra we mean a subalgebra of M,(S) = S™".

The three most commonly used matrix algebras are the n x n full matrix
algebras 1/, (S). the n x n diagonal matrix algebras D, (S). and the n x n
upper triangular matrix algebras T,,(S).

A generalization of upper triangular matrix algebras is the upper block

triangular matrix algebras.

Definition 1.5.1 Let n,..... ng be positive integers. The upper block tri-
angular algebra T(n,..... ni)(S) is the algebra consisting of elements of the

form (aij)i<ij<n Where a;j is a n; x nj matrix over S if i < j and a;; =0 if

1> ).
When £ = 1. we have T(n,)(S) = S™*t, When n; =---=n; = 1. we
have T'(1,....1)(S) is just the upper triangular matrix algebra Ty (S).

In the following result. we will consider when a block triangular matrix

algebra is a triangular algebra.
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Theorem 1.5.2 (a) M, (S) is a triangular algebra if and only if S is a tri-

angular algebra.

(b) Suppose k > 1. Let 1 <[ < k-1. 4 =T(n,....u)(S) and B =
{ k :

T(ngsy.....nx)(S) and M be the space of (ZFL nj) X (Zj:l«:—l. n)-) matrices

over S. then T(n,..... ne)(S) = Tri(A. M. B) is a triangular matriz algebra

with faithful M.

Proof. (a) Assume S is a triangular algebra. By Proposition 1.2.6. there
exists an idempotent e € S such that eS(1 —¢) = 0 and (1 — e)Se # 0.
Therefore 1/, (S) is a triangular algebra since e, is an idempotent in M, (S)

such that el, M, (S)(1 —e)l, = 0 and (L — e)[, M, (S)el, # 0. Indeed if
M) M(IT)

S = Tri(A.I1. ) then M, (S) is isomorphic to under the
M (Y)
isomorphism
dij Dij (dij) (Pij)
(6} =
5ij (84)

To illustrate, when n = 2. we have
( (du Pu\ /drz Plz\ ( dyy dp (Pu P12

o > Su) \ 512/ B dy dxn KP’ZL Pzz/

dy; P‘.n\ /dfzz P22 (Su 312\

W) L)) o o) )
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Conversely we assume that S is not a triangular algebra. Suppose )/, (S)
is a triangular algebra, then by Proposition 1.2.6, there exists an idempotent
0 # £ = (ei;) € M,(S) satisfying (/ — E).YE =0 for every X' € M,(S) and

EM,(S)(1 = E) #0. In particular. if we take X = sE},, then we have
eikseﬂ =0 lfl#k (l.l)
ExkS€jL = IJ€j. (].2)
When { = & =1[ = j. we get exser = Sexr. Hence (1 — epr)Serr = 0.
and by Proposition 1.2.6. exxS(L — exx) = 0 as S is not a triangular algebra.
Therefore ey = expser = sexr and we have ey € Z(S).

If £ # [, then by (1.1). we get eey = 0. Interchanging & and [. we get

exieq = 0. By (1.2). we have egrer = ex. Since ex, € Z(S). we have

€t = excert = exerk = 0.

By (1.2), we have e)jexr = exr and exre;) = eg;. Since exx € Z(S). we get

€kk = €L1€kk = €rk€LL = €11~

Therefore £ = e, [ € Z(S)I. As a result EM,(S)(L — E) =0, a contradic-
tion.

(b) Straightforward. [ |
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The following two results are related to the centre of matrix algebras

over S.

Proposition 1.5.3 Suppuse A = Tri{ A, M. B) is ¢ mairic algebra with faiih-
ful M. [fSI C U and Z(A) = Z(S)[4 (or Z(B) = Z(S)Ig) then Z(AU) =

Z(S)I.

Proof. Suppose Z(A) = Z(S)!. By Theorem 1.4.4. If a ® b € Z(A). then (i)
a € Z(A) = Z(S)I and thus a = s/ for some s € Z(S) and (ii) am = mb for
all m € M and thus mb = am = m(sI) for all m € M. and hence b = s/ as
M is faithful. As a result. Z(U) C Z(S)/. The reverse inclusion is trivial as

Srca. |

Theorem 1.5.4 Consider the block triangular matric algebra

We have Z(U) = Z(S)I.

Proof. Take E in the centre of A. If £ = 1, then A = M,(S). It is well

known [48, Ex 1.9] that the centre of M, (S) is Z(S){. If k£ > L. then
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SI C A = Tri(My,, (S). M. B) for some faithful M and Z(M,,(S)) = Z(S)]
and thus Z(2A) = Z(S)I by Proposition 1.5.3. |
The next result is about a generating set of the block triangular matrix

algebras over S = R.

Proposition 1.5.5 The algebra of T(ny,.... ni)(R) is the linear span of all

the idempotents it contains. [n particular. the same is true for M,(R) and

T.(R).
Proof. Clearly the set of idempotents
{(Ei:1<i<n}U{E;+Ej:i#jand E; €T(n,..... ng)(R)}

generates 1 (n;..... ni)(R). Indeed the subspace generated by these idem-

potents includes every matrix unit Ej; that belongs to the algebra. [ |

1.6 Nest Algebras

In this section, we give a brief introduction to one of the most well-studied
infinite dimensional triangular algebras: nest algebras. \We refer the reader

to [22] for the general theory of nest algebras.
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Consider a complex Hilbert space H. A nest is a set N of closed sub-

spaces of H satisfyving the following four conditions:

(1) 0,.He N:

(2) If N, Vo € NV then either N C N> or V, C Vy;

(3) If {.Vj}jes SNV then (;.,.V; € V-

(4) If {.Vj}jes C AV then the norm closure of the linear span of |, .V; also
lies in V.

[f N = {0.H} then N is called a trivial nest. otherwise it is called a
non-trivial nest. A nest N is said to be continuous if. for every .V € V. we
have inf{M € NV : NV C M} =.V.

We use B(H) to denote the space of all bounded linear operators over

H.
Definition 1.6.1 The nest algebra associated with N is the set
TN) = {T € B(H): T(N) C NV for all ¥ € N'}.

i.e. the algebra of all bounded linear operators leaving every subspace in NV

invariant.

If AV is trivial then T(N) = B(H).
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is a nest and the associated nest algebra T(,V) is the algebra of operators

whose matrix representation with respect to {e;} is upper triangular.

Example 1.6.3 If H is of finite dimension. then nest algebras are just al-
gebras of upper block triangular matrices. Indeed if .V is a nest on a finite
dimensional space and if 0 C .V; C --- C Ny = H are the subspaces in the
nest, then we may choose an orthonormal basis e;..... e, for H such that
{er..... €n,} is a basis for .V,. The matrix representation of operators in
T (V) with respect to this basis is the upper block triangular matrix algebra

T(ny,ny—ny..... ng — nge-1)(C).

Example 1.6.4 [22. Example 2.4] Let H = £*[0. 1] with Lebesque measure.
Foreach t € [0.1], let H, = {f € £*[0.1] : f(x) =0 a.e. fort < .r < 1}. then
{H,:0 <t <1} is a continuous nest. This nest is known as the Volterra

nest.

We recall the following standard results for further use.

Lemma 1.6.5 [22, Chapter 2] If V € N\ {0,H} and E is the orthonormal

projection onto N. Then EN and (1 — E)N are nests in the Hilbert spaces
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FH and (1 - E)H respectively, and T(EN) = ET(N)E and T((L=E)N) =

(L= EYT(N). Furthermore

, T(EN) ETWM\)(1-E)
'T('/\/ )=
T(1= E))

Lemma 1.6.6 [22, Corollary 19.5] Z(T(N)) = Cl.

Lemma 1.6.7 [53. Proposition 2.6] Every element of the nest algebra of u

continuous nest is a sum of two commutators ry — yr.

1.7 Triangular Banach Algebras

By a triangular Banach algebra. we mean a Banach algebra 2 which is also a
triangular algebra. i.e.. there exists an idempotent A such that eA(1 —e) =0
but (1 — e)Ae # 0. Many of the frequently investigated nonself-adjoint
operator algebras. e.g.. nest algebras, are indeed triangular Banach algebras.
Two more examples are given below.

The first is the join of two operator algebras introduced by Gilfeather

and Smith [27]. They investigated the cohomology groups of such algebras.

Definition 1.7.1 [27] Consider two Hilbert spaces H and K. Let A and B

be two norm closed unital subalgebras of B(H) and B(K). The join of 4
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and B is defined by

1 B(K.H)
A#B =

B

where B(A'". H) is the space of all bounded linear operator from A" to H. The
norm on A#B is the operator norm where A#B is viewed as a subalgebra

of B(H & K) in the obvious way.

The next example is a certain finite dimensional perturbation of a nest al-
gebra defined by Deguang [23] and is related to the concept of semi-triangular

operators studied by Larson and Wogen [47].

Definition 1.7.2 [23] Consider a Hilbert space H. A subalgebra A of B(H)
is said to be a semi-nest algebra if

(i) A is reflexive. i.e.
A={T € BH): PTP=TP forany P € Lat(A)}

where Lat(2) is the set of projections P satisfving PAP = AP for every
A €%, i.e. projections on the invariant subspaces of U: and

(i) There exists a projection P € AN Lat(A) such that PAP is a nest algebra
on PH and dim(I — P)H < x.

A semi-nest algebra 2 is a triangular Banach algebra if PA(1 — P) #0 .
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1.7: Triangular Banach Algebras

In the remainder of this section. we describe how to construct a triangular

a m
Banach algebra from given Banach algebras 4. B and a bimodule

b

M. First consider a triangular Banach % al

and M = (1 —e)Ue. Then - and B are Banach algebras and M is a Banach
space and A = Tri(.1. M. B). We observe that A and B are closed algebras
of A and M may Abe viewed as an (4. B)-bimodule. The submultiplicity
condition of the norm on A implies that {ambl| < lla||||m]||||bl} for every
a€d.be Band me M.

Conversely if we start with Banach algebras (A.|-|[.) and (B.||-||s) and
an (A. B)-bimodule which is also a Banach space with norm || - ||, satisfving
llambl|sr < |la||allml|sellblls. @ triangular Banach algebra A = Tri(4. M. B)
with norm given by

a m

= lalla + [Imllsr + |6l 5

b
T

This is how triangular Banach algebras were defined in [26]. We use the term
slightly more generally as the norm may be different than the one given above.
However all norms that make Tri(d. M. B) a triangular Banach algebra are

equivalent as the following proposition shows.
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Proposition 1.7.3 Let (Tri(A. M. B).|| - ||) be a triangular Banach algebra.

Then || -|| and || - ||r are equivalent norms.
Proof. Consider the identity map

id : (Tri(A. M. B). || - ||7) = (Tri(A. M. B). || - ).

We have

a m a 0 0 m 00

IN
+
t

= llalla +1lmllar + 0l B
a m

b

T

The first equality holds as we identify A. B and M as Banach subspaces
of Tri(4.M.B). Thus id is a bounded linear bijective map between two
Banach spaces. By the inverse mapping Theorem [18. Section 12.3]. id~! is

also bounded. Thus the two norms are equivalent. [ |

Consider a Banach algebra S. Then 3M,(S) may be identified in the
obvious way with M,(C)®S. Starting with any algebra norm on M, (C), we
may take one of the tensor norms on M, (C). for example the projective tensor

norm [7, Section 4.2]. Indeed all norms of }M,(C) @ S that are compatible
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with the norm on S (in the sense that |le;; ® s|| = ||s]| for any s € S and
every matrix unit e;;) are easily seen to be equivalent. The topology induced
by any such norm is the product topology on S when M, (S) is identified
in the obvious way with S°. One such norm is
Hahciseall = D Naglls.
1<ij<n
This norm may also be defined on A ® S for any subalgebra A of 1/, e.g.

T,.(C) or D,(C).



Chapter 2

Derivations

2.1 Introduction

In this chapter. we study derivations on triangular algebras. Derivations have
been extensively studied in ring theory and in Banach algebra theory. One
may refer to [15. 17, 24, 26. 27. 30] for certain known results about derivations
on triangular algebras. First we recall the definitions of derivations and inner
derivations. The concept of a derivations may be viewed as a generalization
of the differentiation operator on function spaces. The Leibnitz equation

(fg) = fg’ + f'g is taken as the defining property.

Definition 2.1.1 Consider an R-algebra 4. An R-linear map J on A is



2.1: Introduction 26

called a derivation if it satisfies

d(aad’) = d(a)a’ + ad(a’) for every a.a' € A.

Definition 2.1.2 Consider an algebra 4 and a fixed element a € 4. we
define a map 4, by

do(r) = ar — ra.

It is straightforward to verifv that d, is indeed a derivation. A derivation

which can be written as ¢, for some a € A is said to be inner. The R-linear

space of all inner derivations on A is denoted by Innder(4).

We give a general description of derivations on triangular algebras in the
next section. and discuss automatic continuity of derivations on triangular
Banach algebras in the last section. For the rest of the chapters. our main

focus is the first cohomology group. which is defined below.

Definition 2.1.3 [38. p.373] The first cohomology group of an algebra 4 is
defined to be H'(A) = Der(4)/Innder(4). Here Der(Ad) and Innder(-)

are considered groups under addition.

We have the following two propositions for general algebras. The first

proposition describes the effect of unitization on the space of derivations.



[AV]
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2.1: Introduction

Proposition 2.1.4 Der(AV RI1) is isomorphic to Der(4) and Innder(4AV

R1) is isomorphic to Innder(A). Consequently H'(4Vv RI1) = H'(4).

Proof. Define o : Der(AV R1) — Der(4) bv o(d)(a) = d(a) for any a € A.
We claim that o is an isomorphism.

That ¢ is a homorphism, i.e.
o(dy + d2) = o(d)) + o(d)

is obvious.
Note that for any 0 € Der(A Vv R1). we have o(1) = d(1)1 + 1d(1) and

thus d(1) = 0. Therefore if o(d) = 0 then for any a +~1 € AV RI1.
d(a+ ~1) =d(a) = o(d)(a) =0.

Hence ¢ = 0 and o is injective.

For any 6§ € Der(4). define § on AV RI by §(a + ~1) = d(a). It is
straightforward to verify that J is a derivation on 4 vV R1 and o(d) = 4.
Hence o is surjective.

It is obvious that ¢(d;+,1) = d; for any r € A. hence o is also an

isomorphism from [nnder(AV Rl) onto [nnder(4). |

The next proposition describes the effect of taking direct sums on the

space of derivations.
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Proposition 2.1.5 If A, and 4, are unital algebras. then Der(d, & 4,) =
Der(A,) & Der(4s) and Innder(d, & 4») = Innder(d,) & Innder(4,).

Consequently H'(4, ® A2) = HY(4,) & H}(4,)

Proof. If dy € Der(A,) and dy € Der(4,). we define a derivation ®(d,.d») on
A1 8 Ay by the equation ®(d,, ds)(z&y) = di(r)Dda(y). It is straightforward
to verifv that this is indeed a derivation. We show that the mapping d,&d> —
®(d,. d>) is an isomorphism from Der(A;)& Der(4,) onto Der(A,24,). Itis
obvious that & is additive and injective. To prove that it is surjective. suppose
that ¢ is a derivation on A; = Ay, let d0(w.b) = (fi(a) + f2(b). gi(a) + g2(b)).

First we prove that fo = 0 and g, = 0. Now
0 = 4d((a.0)(0.b))
= (0(a.0))(0.b) + (a.0)(5(0.b))
= (fi(a).91(a))(0.5) + (a.0)(f2(b). g2(b))
= (af2(b). g1(a)b).
and thus afs(b) = 0 and g,(a)b = O for alla € 4, and b € 4y. As a
result. f>» = 0 and g; = 0 as required. Thus é(xr S y) = fi(x) S g2(y). It

is now obvious that f; and g, are derivations and ¢ = ®(f;,g>). Note that

Oray = P(0z,dy), so Innder(4, & 4) = Innder(4,) & Innder(4,). [ |
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2.2 Structure of Derivations

In the rest of this chapter, all algebras are unital. The first theorem is a

known result {sce [26}).
Theorem 2.2.1 [26] A linear map ¢ over U = Tri(A. M. B) is a derivation
if and only if it can be written as

a m pila) an —nb+ f(m)

where n € M and
(i) pa is a dervation on A. f(am) = pala)m +af(m): and

(ii) pg is a derivation of B. f(mb) = mpg(b) + f(m)b.

Proof. Suppose 9 is a derivation on . Write J as

a m pa(@) +qp(b) + ki(m)  ri(a) = ra2(b) + f(m)

b pa(b) + qala) + ka(m)
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I n
Let d(1®0) = . Wehave i=0and j =0 as
J
\
[ n ) )
= §(180)=4((L20)(150))
J

= §(la0)(180)+(150)(1s0)

2L n

0

We have ri(a) =an and ¢4 =0 as

pala) ry(a) . i
Had0)=5(e30)(120))

qa(a)
Has0){120)+(a&0)o(lS0)

pala) ry(a) 10 a 0
= +
q4(a) 0 0

\ 0

n
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That ro(b) = nb and gg = 0 follows

0 = S((1D0)0b) =(L&0)5(0b) +5(150)(0S b)
(1 0\ (o =it} {0 =) [0 o

\ 0 pa(b) 0 b

qa(b) nb— ra(b)

\ 0

Next we have &, = 0 and k» = 0 since

~(0rn\ (10

W\ o)\ o)
((0 mw (l O\ 0 m} (1O
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and

ki(m)  f(m)

ka(m)

\ /

We have just shown

1 O\ 0 m
=0
0 0
A\ / \ / 7/
1 0 (O m 10 0 m
= 9 + 0
\ 0 0 0
(O n 0 m 1 0 ky(m)  f(m)
= +
\ 0 0 0 ka(m)

(kl(m) flm)

\ 0

that ¢ is of the required form. That py and pg are

derivations follows from

palad’) aa'n — nbtf

pe(bb’)
= J(ad ©bb) =d(ab)(d' BY)+(aSb)d(d )
(pA(a) an — nb a o0 a 0} [pa(d) d'n—nt
= +
LY AN b

(

pa(a)a’ +ap,(a’)

\ pe(b)t’ + bpp (V)

aa'n — nbb’

pa(b)
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Finally f(am) = pi(a)m + af(m) as

(0 f(am)) _ 6((a O\ 0 m
0 n) 0

. —

\ / \\
. (a 0 0 m a 0] 0 m
= + 0

\ of\ o0 \ 0 0
(p_.{(a) an 0 m a 0 0 f(m)
\ 0 0 0 0
(O palaym +af(m)
\ o)

A similar calculation shows that f(mb) = mpg(b) + f(m)b.

Conversely suppose ¢ is of the form

|a m pala) an —nb+ f(m)
d =

b ps(b)
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with (i) and (ii) satisfied, then

(am a m

\ b b

(aa' am' +mb

\ by
Alad’) aa'n — nbb' + f(am’ + mb')
pa(bd)
( a)a’ +ap.y(a’) F

pe(b)t + bpp(¥)
where F = aa'n + pi(a)m’ + af(m') — nbb' + mpg(V') + f(m)¥/

( ) an—nb+ f(m) a m

pa(b) b

pald) a'n—nb + f(m)

+
b pa(b’)
a m a m a m a m'
= 9 -+ 0
b b b b
and so J is a derivation. [ ]

In the case that M is faithful, we have the following two results. The

next result differs from Theorem 2.2.1 only in as much as the maps p4 and
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pp are not assumed to be derivations. This becomes part of the conclusion

rather than the hypothesis.
Corollary 2.2.2 4 linear map & over A = Tri({A M. B), where M is faith-
ful. is a derivation if and only if it can be written as

a m pala) an—nb+ f(m)
b ps(b)
where n € M and
(i) flam) = pala)m + af(m): and

(ii) f(mb) = mpp(b) + f(m)b.
Proof. Suppose (i) is satisfied. Then

flad’'m) = pa(ad’)m + aa' f(m).
Also

flad'm) = pa(a)a'm +af(a'm)
= pa(a)a'm + ap.(a’)m + aa’ f(m)
and so p4(ad’)m = pa(a)a’'m + ap(a’)m for any m € M. As M is faithful.

we get p,(aad’) = p4(a)a’ +apa(a’) and so p,4 is a derivation on 4. Similarly

pp is a derivation on B. The result now follows from Theorem 2.2.1. [ |
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Proposition 2.2.3 Consider a triangular algebra A = Tri(A. M. B) with

faithful M. 4 derivation § on U, written in the form

a m pala) an—nbh+ f(m)

b pa(b)
is uniquely determined by n € M and f : M — M. Furthermore d is inner

if and only if f(m) = agm — mby for some fired ay € A and by € B.

Proof. Suppose there is another derivation J, of the form

S la m pi(a) an—=nb+ f(m)
a1 =
b p2(b)
By Corollary 2.2.2(i) and (ii), we have

pale)m = f(am) —af(m) = pi(a)m

mpg(b) = f(mb) — f(m)b= mpa(b)

which imply that py = p, and pg = p» as M is faithful. Hence d, = d.

) R Qg n
If 0 = 4. for some : = . then

b

0 m 0 agm — mby

0 0
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and f(m) = apm — mby as desired.

Conversely. suppose f(m) = agm — mby. For any n € M. the unique

Qg n
derivation determined by f and n is d.. where =z = . |

bo

The next lemma is concerned with inner derivations. We first recall the

definition of endomorphisms.

Definition 2.2.4 An R-linear map ¢ on an (4, B)-bimodule ) is called an
(A. B)-endomorphism if

o(amb) = ao(m)b
for all m € M. a € A. and b € B. The space of all (A. B)-endomorphisms of

M is denoted by End(M).

Lemma 2.2.5 Consider a derivation ¢ on Tri(A. M. B). written as
a m pala) an—nb+ f(m)

b ps(b)

If py and pg are inner. then f(m) = o(m)+rm — my where o is an (4. B)-
endomorphism on M. r € A. y € B. If, in addition. M is faithful. then the

converse is also true.
Proof. Suppose p4 = d; and pg = d,. Then by Theorem 2.2.1. we have

flam) =d.(a)m + af(m) = (za — ar)m +af(m)
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and thus
flam) = z(am) = a(f(m) — rm).
Similarly

fimb) + (mbyy = (f(m) + my)b.

As a result, we have

flamb) — r(amb) + (amb)y = af(mb) — a(xmb) + (amb)y
= a(f(mb) + (mb)y) — armb
= a(f(m)+ my)b—axmb

= a(f(m) —zxm + my)b

Hence the map o(m) = f(m) — zm + my is an endomorphism.
Conversely. suppose M is faithful and f(m) = o(m)+xm — my for some

endomorphism ¢. By Theorem 2.2.1 again. we have

olam) +xam —amy = f(am)
= palaym +af(m)
= pila)m +a(o(m) +rm — my)

pa(a)m + o(am) + azm — amy.
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Thus

ram = py(a)m + arm.

Since M is faithful. we have ra = p.(a) + ar. or equivalently py = 9;.

Similarly pg = J,. ]

2.3 The Main Theorem

[n this section. we will prove a theorem about the cohomology groups of
certain triangular algebras. First we recall certain definitions and facts in

group theory. see [29. Chapter 1.1B].

Definition 2.3.1 Given two groups G and H and a group homomorphism
0:G — Aut(H). where Aut(H) is the group of automorphisms of A. Then
the semidirect product of G and H. denoted by G x4 H. is the group with

underlying set G x H together with the product

(9. h)(g1-h1) = (9g1. h8(g)(h1))
forg.g1 € Gand h.h, € H.

Definition 2.3.2 Consider three groups H.G. G and group homomorphisms
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j:H = G.p:G — G. The sequence
{1} H3G5G - {1}

is called a short ezact sequence if Ker(j) = {1}. Im(p) = G and Ker(p) =
Im(j).
[f there exists a group homomorphism ¢ : G — G such that pq = idg.

the identity map on G. then the sequence is said to be split.
Lemma 2.3.3 [29. Section 1.1.5.] Consider the split short ezact sequence
(I}1-HLG2G - {1}

with ¢ : G = G satisfying pg = idg. Then j(H) is normal in G. G =
J(H)q(G) = q(G)j(H). j(H)Nq(G) = {1}. and every § € G has unique
factorizations in the form j(h)q(g) and q(g")j(R').

Furthermore. if we define 6 : G — Aut(H) by

(0(9))(h) = J~ alg)i(h)alg™")).

then 8 is a group homomorphism and G = G x4 H.
In particular. if G is an abelian group. then 8 is trivial (i.e. 8(g) = idy

for all g € G) and so G is just the Cartesian product group G x H.
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Consider an additive group A" with normal subgroup G. the equivalence
class k + G will be denoted by [k].
Now we are ready to proceed. Note that the first cohomology groups are

abelian groups.

Lemma 2.3.4 The map 4 : HY(A) — H'(4) given by

Fa([0]) = [740]4]

is a well-defined group homomorphism.

Proof. Suppose dy,d> € Der() satisty [0,] = [d»]. Then d, = d. + J, for
g My
some : = € A. Write
bo
a m Pf-\(“) an; — ;b + fi(m)
d; =

b P's(b)
for i = 1.2. Then p}, = d,, + p% and hence [74d,]4] = [p4] = [pi] = [Fad2]4].
Therefore the map 74 is well-defined. It is straightforward to verify that 74

is a group homomorphism. |

We consider a map on )/ defined by

Tan(m) =am —mb forall m € M,
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for fixed a € 4 and b € B. It is straightforward to verify that 7., is an

(4, B)-endomorphism if a € Z(4) and b € Z(B).

Definition 2.3.5 An inner endomorphism of an (A, B)-bimodule \/ is an
(A, B)-endomorphism which can be expressed as 7, for some a € Z(.4) and
b € Z(B). The space of all inner endomorphisms is denoted by InnEnd()M).

We denote by OQutEnd(M) the quotient space End(M)/InnEnd()M).

We have our first main theorem.

Theorem 2.3.6 Let A = Tri(A. M. B). Define a map h : End(M) —

Der(2) by
a m 0 f(m)

=
>
[

b 0
We have

(i) The map ® : OutEnd(M) — HY () defined by

e({f]) = [R(N]

1s injective.
(i1) If for every derivation 0 on . we have pg = wgd|g is inner whenever

pa = wa0|. is inner. then

0 — OutEnd(M) > H' (%) 3 #,(H'(2)) = 0 (2.1)
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is a short eract sequence. where the map 7, is defined by 74([0]) = [7.0]4]-

Proof. (i) First we show that ® is well defined. Suppose [f] = [g] then
f(m)—=g(m) =am—mb for some a € Z(4) and b € Z(B). Then h(f —g) =
dacp € InnDer ().

Second we show that @ is injective. Suppose [h(f)] = 0. Then h(f) is

Qy n

inner. i.e. h(f) = 4. for some : = € A. Hence
bo
0 f(m) dup(@) an — nb + agm — mby
0 by (D)

and therefore ay € Z(A4). by € Z(B). n =0 (by takinga =1.6=0.m =0)
and f = 74,5, € InnEnd(M). ie. [f] ={0].

(ii) Suppose for every derivation J. we have pg is inner whenever p, is inner.
We claim that Ker(7,) = Im(®) and then (ii) follows. To verifv the claim.
suppose 74([d]) = 0. Thus [74(d.4)] is inner. i.e.. p4 = 740|4 is inner. By
assumption, pp is also inner. \rite py = J; and pg = J,. By Lemma 2.2.5.
we have f(m) = g(m) + rm — my for some endomorphism g on M. Hence
we have

a m dz(a) an — nb+ g(m) +zxm —my

b dy(b)
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I n
and thus § = d. + h(g). where z = . Therefore [J] = ®([g]) and we

y
have Rer(#4) C Im(®). The reverse inclusion is obvious since the (1.1)-

entry of A(f) = 0. and so 74(P(f)) = Ta([r(f)]) =0. | |

Remark. (1) The above Theorem implies that QutEnd()M) can be
identified with a subgroup of A!().
(2) Under the hypothesis of Theorem 2.3.6(ii). we can identify the group
H'Y(A)/OutEnd(M) with the subgroup #4(H*(U)) of H'(4) by the funda-
mental theorem of group isomorphisms [38. p.60]. [n particular. if we have

that QutEnd(M) = 0. then 7, is an embedding of H!(2) into H'(A).

Corollary 2.3.7 [26] Let %A = Tri(4.M.B). If B has trivial first coho-
mology group. then HY(A)/OQutEnd(M) can be identified as a subgroup of

HY(A).

Proof. Since every derivation on B is inner. the condition of Theorem 2.3.6(ii)

is satisfied. The result follows from Remark (2).

Corollary 2.3.8 [26] If both A and B have trivial first cohomology groups

then H'(Tri(4. M, B)) = OutEnd(M).
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Proof. By Corollary 2.3.7, HY(A)/OutEnd()M) is the trivial group and hence

HM() = OutEnd()M). N

2.4 Matrix Algebras

In this section. we apply the previous results to matrix algebras. We use S
to denote an algebra over R. We will find the first cohomology groups of

some triangular algebras in M, (S).

Proposition 2.4.1 Consider a derivation d on S. it induces ¢ derivation d
on any matric algebra SI, C A C M,(S) by (i((zij) = (d(ay;)). Furthermore

the map [d| — [d] is an embedding of H'(S) into H' ().

Proof. Let X' = (xy;). Y = (y;;) € A Then

d(-\'}’) = (d(z'Elkykl))i:l.....n:_]:l.....n
k=1
= (Z J:tkd(ykl) + Z d(Iik)Uik)i::l,....n:jzl....,n
k=1 k=1
= Xd(Y)+d(X)Y

Hence d is a derivation over 2.
The map D : [d] — [d] is well-defined since if d = d,. then d = d,;. To

prove that D is injective, assume that [d] = 0, i.e. d is inner. So d = d,
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where a = (a;;) € A. Then
d(s)I =d(sI) = a(s]) - sa

and d{s) = a;,s — sa¢;, by comparing the {L.1}-catry. Hence d is inner and
the map D is injective. |

This derivation d of 2 is called the induced derivation by d.

The following result. when restricted to A = T,(S) or A = M,(S). is
known [42]. Also see [LT. 36].
Theorem 2.4.2 Consider a block triangular matriz algebra

A=T(ny..... m)(S).

Then the map D : HY(S) — H'() given by D([d]) = [d] is a group isomor-
phism. or equivalently every derivation of U is a sum of an inner derivation
and an induced derivation.
Proof. We prove the statement by induction on &. When & = 1. U = M, (S)
and the statement is true by [42], and we denote the group isomorphism D
by D, in this case for further use.

Suppose the statement holds for & < Ak;. Now assume that & = &y.

Note that A = Tri(4d. M, B) where 4 = 1, (S). M = S™"2¥=% and
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We claim that. with the same notation as in Theorem 2.3.6.
® rri T4 - L
0 — QutEnd(M) = HY(YA) =2 7 (HY () = 0

is a short exact sequence and D : H(S) — H'(2) is an isomorphism.

We first prove that the sequence is short exact. By Theorem 2.3.6. it
suffices to show that pg = 7gd|p is inner whenever py = 74d|4 is inner. To
this end. assume that py = J, for some «¢ = (ap,) € 4 and let e;; € M to
be the matrix with a 1 at the (i.j)-entry and 0 elsewhere. We have. using

Corollary 2.2.2.

enps(sl)) = fleus)— flen)s = f(sey) = flew)s
= palsly)en +sflen) = flew)s

= (sa—as)e; +sfley) — flen)s.

where [ = Zj":l n; — ny. By the induction hypothesis. pg = d; + d for some

3 € B and an induced derivation d. and hence. by considering the (1.1)-entrv

of e;1pg(sl;). we have
Jiis — sdyy +d(s) = say; — a5+ sc—cs
where c is the (1.1)-entry of f(e;;). Therefore

d(s) = J—C~011—311 (s).
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As a result, pg is inner.
Next we show that QutEnd(}M) = 0. For any endomorphism g of M.
we have

glew) = g(FrienEy) = Fuglen)Ey = 3eyy

for some J € S and
gleij) = g(Fien Eyj) = Figlen) Ey = Jey;.

where {F,,} and {E,.} are standard matrix units of 4 and B respectively.
Thus g(m) = m(J3I) and so g € InnEnd(M).

Finally. by Remark (2) of Theorem 2.3.6. 7, is an embedding of H'(2)
into H'(A). Recall that the mapping D, : [d] — [(i] defines a group isomor-

phism from H'(S) onto H'(A4). For any derivation d on S. we have
A(D(d)) = #a(ld]) = [d] = Dy([d))

and hence 74D = D,. Therefore D is a group isomorphism. The claim is

proved and the theorem follows. |
Before stating the next theorem, we introduce an R-space of upper block

triangular matrices over S.

Definition 2.4.3 T(n,,.... ng;my,...,my)(S) is the R-space consisting of



2.4: Matrix Algebras 19

all (3°;_, ni) x (25:1 mj) matrices of the form (1;;) where M/ is a n; x m;

matrices over Sif i < j and M;; =0if i > j.

Lemma 2.4.4 Lt M = T{n,..... TEgliTi e e e Sy, Suppusc thut A C
Mi(S) and B C Mi(S). wherek=n;+---+n, and!l =my +---+ m,. are
matriz algebras. If AM C M and MB C M under usual matric multiplica-

tions as module multiplications. then M is a faithful bimodule.

Proof. Let E;; be the standard matrix units in M. Suppose that a € A
satisfies a.\/ = 0. then the j-th column of « is the [-th column of aE =0
and thus a = 0. Similarly if b € B satisfies Vb = 0. then the i-th row of b is

the first column of E;b = 0 and thus b = 0. n

Recall that Dy (S) is algebra of & x & diagonal matrices over S. The next

theorem is proved in [26] in the case A ={ and M = M(S) or Ti(S).

Theorem 2.4.5 Let A = D(S). B = Di(S) and M be the space of up-
per block triangular matrices T(ny,....npimy..... m,)(S), where ny +--- +

no=~kand m +---+ m, = l. Then HY(Tri(4. ). B)) is isomorphic to

(Z(S)dimM—k—H-L) X HL(S).

Proof. We let g;;'s, hj;'s and Ej;'s be the standard bases for Di(S). Di(S)

and S*¥{ respectively. Let % = Tri(4, M. B).
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We claim that
0 — OutEnd(M) > HY () I3 # (H'(A)) = HY(S) = 0
i> a split short exact sequence and the map D : H*(S) — H*(%) defined by
D([d]) = [cf] satisfies 74D = idgs). It would then follow (by Theorem 2.3.3)
that HY(2) = OutEnd(M) x H(S).

By Proposition 2.1.5. a derivation d on Dy (S) can be written as

k

k
d(z ajhjj) = Zdj(aj)hjj'
J=1

)=l

where d;’s are derivations on S. We write d = (d,.....d).

Let d be a derivation of Tri(.4. M, B) of the form

a m pala) f(m)-+an —nb

b ps(b)

Let py = (dy..... 0¢) and pg = (dy.....d;). Take Ej; € M and by Theo-
rem 2.2.1. we have
di(s)Ey; = Eipp(shyj)
= [f(Eijshjj) — f(Eij)shy;
= [f(sEy) = f(Eij)sh;;
= palsle)Eij + sf(Eij) — f(Eij)shy;

= Jg(S)Eij + Sf(Eij) - f(Eij)Shjj’



2.4: Matrix Algebras 31

Thus, by considering the (i. j)-entry, we have

where ¢ is the (i, j)-entry of f(Ej;). Hence [d;] = [0;]. Using the fact that

the matrices E);..... Eu.Ey..... Eyq are all in M. it follows that

== (6 =[] = - = [d].

As a result. [p4] = [di]lx and [pg] = [d]];. Therefore 74(H'(A)) = HY(S)
and p,4 is inner if and only if pg is inner. The claim then follows from
Theorem 2.3.6(ii) and Lemma 2.3.3.

[t remains to show that QutEnd(M) = Z(S)4mM-k={=1  To this end.
we take f € End(M). Let E;; € M. then f(E;) = guf(Eij)hj;j = oy Ej and
it is easily decuced that o;; € Z(S). Set o;; = 0if Ej; € M. It is straightfor-
ward to verify that the map ©(f) = (w;) defines a group isomorphism from

E'nd(M) onto the additive group T (n,..... nemy,....me)(Z(S)). which is

isomorphic to Z(S)4mM,

Consider an inner endomorphism 7,5 of M. where a = (a;;) € Z(4) =
Di(Z(S)) and b = (b;;) € Z(B) = Di(Z(S)). Since Top = Ta—bylh—byl- WE

may assume by = 0. Let ©(r,) = (cij). For Ej; € M. we have ¢;;E; =



(W]}
(V)
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Tab(Eij) = (aii — bj;) E}j and hence ¢;; = a;; — b;;. Therefore

a;; = Cyy and bjj = ap — Cj =y = Cyye

As a result O(7,,) is uniquely determined by the &k + [ — 1 elements at the

first row and last column. i.e.. ¢;;..... ClUsCy e v e s ¢y Hence

OutEnd(M)

I
i
~

..... ngmy.....m)(Z(S))/0(InnEnd(M))

— Z(S)dim.\l/z(s)k?l_L

Z(S)‘“""”‘k—l-:—;,.

Now using Theorem 2.3.3. we have H}(A) = Z(S)4mM-k=l~1 x H1(S). W
As a corollary to our last theorem. we recover two results from [26]. They

were proved in [26] for S = C.

Corollary 2.4.6

Corollary 2.4.7

Di(S) Mi(S
g | D) M) = Mi(S)/Z(S)%! x H\(S).

Dy(S)
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The last result in this section is concerned with a finite-dimensional ana-

logue of semi-nest algebras.

Theorem 2.4.8 Consider a matriz uigedpra A = Tri(A. M, B). where A 1s
a matric algebra containing Di(S). B C Mi(S) is a block triangular matriz
algebra and M is a faithful left A-module generated by the matric units in it.

Then H' () is a subgroup of H'(4).
Proof. We claim that
0 = OutEnd(M) > HY () 33 #,(H'(2)) — 0

is a short exact sequence and OQutEnd(M) = 0. Hence the result follows
from Remark 2 of Theorem 2.3.6(ii).

To show that it is a short exact sequence. by Theorem 2.3.6(ii). it suffices
to show that for every derivation ¢ on 2, if p4y = 740], is inner then so is

ps = wgd|g. To prove this. assume that ¢ on A is of the form

a m pala) an —nb+ f(m)

b pa(b)
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as in Theorem 2.2.1 and assume that py = d, for some a = (a,g) € 4. Take

E;; € M. by Theorem 2.2.1, we have

ELJPB('SIk) = J (
= pa(s)Ey; + sf(Eyj) = f(Ey)s

= (as —sa)Eyj + sf(Ey;) = f(Ey)s.

By Theorem 2.4.2. pg = d3 + d for some 3 € B and induced derivation d.
Therefore. by considering the (i. j)-entry. we have that d is inner and thus
pg is also inner.

It remains to show that QutEnd(M) = 0. Consider g € End(M). Let
{e;;} and {fi;} be the standard bases of - and B respectively. Consider
1 < r < (. If there does not exist an s such that E,, € M then set a, = 0.

Otherwise let s be the smallest integer such that E.; € M. We have

9(Ers) = glerrErsgss) = €rrg(Ers) fos = ar Eps.

For s < j and E,; € M, we have g(E;;) = g(Ews)fsj = a-Erj. Therefore
g(m) = am where a = Y_ a,e,5. To prove that g is inner. we shall show that

a€Z(A). Leta€ A and m € M. Then

aam = ag(m) = g(am) = aam.
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Since this is true for all m € M and M is faithful. we get aae = aa for every

a€ A ie acZ(4)

2.5 Triangular Banach Algebras

In chis section. we give sufficient conditions on triangular Banach algebras 2
so that every derivation is continuous. Questions similar to this for Banach
algebras and operator algebras have attracted quite a bit of attention. see
[15. 20. 21. 22, 24, 26. 31. 63]. First we state a classical theorem on nest

algebras.
Theorem 2.5.1 [13] All derivations of nest algebras are continuous and in-
ner.

We have the following finite dimensional analogue of Theorem 2.5.1.
Theorem 2.5.2 Let A be a block triangular matric algebra over a Banach
algebra S. Then every derivation of A is continuous if and only if every
derivation of S is continuous.

Proof. For any derivation 4 on 2. § = 4. + d for some induced derivation d

by Theorem 2.4.2. Since ¢ is continuous if and only if d is continuous. we
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have any derivation of % is continuous if and only if any derivation of S is

continuous. |

The next theorem gives a sufficient conditions that everyv derivation be

continuous.

Theorem 2.5.3 Consider a Banach algebra % = Tri(A. M. B). Suppose
every endomorphism of M is continuous (in particular. this is the case when
End(M) = InnEnd(M)). and that any one of the following conditions hold:
(i) every dertvation of A is continuous:

(ii) there exists a positive integer C such that
lall < Csup{llami] : m € M. ||m|| = 1}

for every a € A.
and assume that B satisfies one of the conditions (i). (ii) above. Then every

derivation of U is continuous.

Proof. Consider a derivation ¢ of 4. By Theorem 2.2.1. § = 4. + 0 for

0 n .la m pi(a) f(m) o
= and ¢ = . Since inner derivations

0 b pa(b)

are continuous, we have that J is continuous if and only if § is. So we can

t2

assume 0 = J. If every derivation of - is continuous. then p, is continuous.



it
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If |la|| < Csup{|lam|| : m € M, |jm|| = 1}, then, by Theorem 2.2.1 again,

Ipal@)m|| =1f(am) — af(m)|] < 2{|f|lllallllmi].

we have ||pa(a)|| < 2C||fllllal| and therefore p, is also continuous. Similarly

pg is continuous and the result follows. [

We apply the above theorems in the following two corollaries. The first
corollary is concerned with the join of two operator algebras. Recall that
given two Hilbert spaces H and A", the map r®y" € B(Ah.H), where r € H

and y € K. is defined by (x @ y*)(z) = (z.y) <.

Corollary 2.5.4 Suppose that A C M, (C) is a matric algebra and B is a
nest algebra associated to a finite nest over a Hilbert space H. Then every

derivation on the join A#B is continuous.

Proof. First note that the inequality in Condition (ii) of Theorem 2.5.3
is an equality with C = 1 for both 4 and B. It remains to show that
everv endomorphism of M is continuous. Suppose that B = T (V) where
0=.N, C.V,--- C Vi = H are the closed subspaces in V. Let y be a unit
vector in Vg & Ni_,. By [22. Lemma 2.8]. the map r ® y* € B for every

re H.
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Consider f € End(M). Define A\ € M,(C) by \u = f(u® y")y for
v € C*. We claim that f(m) = Am for all m € M and thus f is continuous.

Take m € M. We have. for everv r € H.
flm)r = fm)(z Dy )y = f(mrdy" )y = \mz.

Hence f(m) = Am and the result follows. [ ]

The following corollary is concerned with the algebra discussed in The-

orem 2.4.3.

Corollary 2.5.5 Let A = D(S). B = Di(S) and M be the space of upper
block triangular matrices T(n,..... Ne:my..... me)(S). where ny+-+-+n, =k
and my +---+m, = 1. Then every derivation of U is continuous if and only

if every derivation of S is continuous.

Proof. First assume that every derivation of S is continuous. By Proposi-

tion 2.1.3. a derivation d on A = Dy(S) can be written as
k k
d>_ajhy;) =Y di(a;)hy;
j=1 j=t
and hence d is continuous. Similarly every derivation on B is continuous.

Therefore by Theorem 2.5.3. it suffices to show that every endomorphism on

M is continuous. From the proof of Theorem 2.1.5, every g € End(M) can
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be written as g(m) = am for some a € T(ny.,...,ny;my.....m)(Z(S)) and
thus g is continuous.

Conversely, suppose that every derivation of A is continuous. Let d be
derivation on S. then the induced derivation d on U is continuous and thus

d is continuous. |
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Chapter 3

Lie Derivations

3.1 Introduction

Recall that an algebra A4 is also a Lie algebra with Lie product defined as
[a.b] = ab—ba. In this chapter. we will classify those algebras of which every

Lie derivation is “almost™ a derivation, i.e.. a proper derivation.

Definition 3.1.1 An R-linear map L on an algebra 4 is said to be a Lie

derivation if
L([a.a']) = [L(a).a] + [a. L(a")] forall a.d’ € A.

Lie derivations, as well as other Lie maps (e.g. Lie isomorphisms and

commuting maps, have been active research subjects for a long time. One of
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the earliest results on Lie derivations of associative rings is in Martindale [34].
who proved that a Lie derivation of certain primitive rings is always a sum of
a derivation and an additive mapping from the ring into the centre of a larger
ring. Similar results are in [8. 44. 66]. Miers [60] considered von Neumann
algebras and showed that every Lie derivation is the sum of a derivation
and a linear map with image lies in the centre of the algebra. Johnson [39]
considered the same problem on certain Banach algebras called symmetrically
amenable. This motivates the definition of proper Lie derivations. given in

[39).

Definition 3.1.2 A Lie derivation of an algebra . is said to be proper if it
is a sum of a derivation of A and a linear map whose image lies in the centre

of A. Otherwise the Lie derivation is said to be improper.

We shall start with the following known simple observations.

Lemma 3.1.3 The sum of a derivation ¢ of an algebra A and a linear map
h: A — Z(A) is a Lie derwation if and only if h([a.d')) = 0 for every

a,a’ € 4.

Proof. It is straightforward to verify that every derivation is a Lie derivation

and also that any linear combination of Lie derivations is a Lie derivation.
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In view of this, it is enough to consider only the map h. Since h(4) C Z(A).
we have [h(a).a'] =0 for everv a.a’. Thus h is a Lie derivation if and only if

h(la.a']) = 0. ]

Lemma 3.1.4 A Lie derivation L on a unital algebra satisfies L(1) € Z(A).

Proof. This follows from

0=L([l.a]) = [L(1).a] +[L. L(a)] =[L(1).q]

for every a € A. [ |

The objective of this chapter is to establish sufficient conditions that all
Lie derivations of Tri(. M. B) are proper. First of all. we have two easy
propositions for general algebras. The first proposition is concerned with the

unitization of an algebra.

Proposition 3.1.5 Let A be an algebra without unity and A v R1 be the
unitization of A. Then A has no improper Lie derivation if and only if

AV RI1 has no improper Lie derivation.

Proof. Let j: A - AVRland 7 : AVRIL — A be the natural inclusion and

projection, i.e.. j(a) = a and 7(a +v1) = a.
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Assume that A has no improper Lie derivation. Let L be a Lie derivation
of A Vv RI1. It is easy to verifv that #Lj is a Lie derivation on 4. Thus
wLj is a proper Lie derivation and can be written as § + i where J is a
derivation of A and A maps into Z(4). Define h.6: AVRL - AVRI by
fz(a+71) = L(a)=9d(a)+~L(1) and o:(a-%-";'l) =Jd(a). Wehave L = d+h. The
map J is easily seen to be a derivation. Also L(a) — d(a) = (7Lj)(a) — d(a)
belongs to the centre of 4 and L(1) belongs to the centre of A vV Rl by the
previous lemma. Therefore A(4) € Z(4 VvV R1).

Conversely. suppose A V R1 has no improper Lie derivation. Let L bea
Lie derivation on . Define a Lie derivation L of AVRL by L{u+~1) = L(a).

Then L = ¢ + h since L is a proper Lie derivation. Note that d(1) = 0. thus
7dJ is a derivation on A and therefore L =xdj+mhjas required. [ |
The next proposition is concerned with the direct product of two alge-

bras.

Proposition 3.1.6 4, and A, have no improper Lie derivations if and only

if 41 & Ay has no improper Lie derivation.
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Proof. Suppose L is a Lie derivation of 4, & 4,. Write L(a.b) = (L,(a) +

71(b), L2(b) + 72(a)). Since

0= Lila. M 00 = (la. 7z (M [z2(a) ),

7

we have 7; maps into Z(4;). and

(Wg[b[‘bg],l,g[bl,b;)]) = L(O l_b[b_)]) = (0 [bl.L-]_(b-g)] + [[.g(bl).bg]).

thus we have L; is a Lie derivation of 4; for i = 1.2.

Assume that 4; and 4, have no improper Lie derivations. Let L be a
Lie derivation of 4,2 4,. By the above argument and the fact that every Lie
derivation of 4; is a proper Lie derivation. we have L, = ¢, + h, for i = 1.2.
Let d(a.b) = (d1(a).02(b)) and h(a.b) = (hi(a) + 7 (). ha(b) + 7wa(a)). then
L =4d + h and we are done.

Conversely, suppose 4; $ A, has no improper Lie derivation. We need
to show that A, (and similarly 4,) has no improper Lie derivation also.

Let L; be a Lie derivation of ;. Define a Lie derivation of 4, & A, by

L{a.b)

(L1(a).0). As L is a proper Lie derivation. we have L = § + h with

d{a,0) = (d1(a).ha(a)) and h(a.0) = (hi(a), —ha(a)). It is straightforward
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to verify that J; is a derivation on A, and that h)(a) € Z(4,). Evidently

L, = é, + h, as required. [ |

3.2 Structure of Lie Derivations

We will consider only unital algebras in the rest of this chapter.

Proposition 3.2.1 A linear map L on A = Tri(A. M. B) is a Lie derivation

L if and only if L is of the form

@ m galu) + hp(b) an —nb+ f(m)
b ha(a) + gg(b)
where n € M. and gy : 4 = 4. gg: B - B. hy : A = Z(B) with
hi(la.d']) = 0. hg : B — Z(A) with hg([b.4']) =0. f: M — M are linear
maps satisfying
(i) ga is a Lie derivation on A, f(am) = gi(a)m — mhy(a) +af(m) and

(ii) gp s a Lie derivation on B. f(mb) = mgg(b) — hg(b)m + f(m)b.

Proof. Suppose L is a Lie derivation on 2. Write L as

, e m) | gala) +he(d) +ki(m) ri(a) = ra(b) + f(m)

b g8(b) + ha(a) + k2(m)
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Let 0 =

AT 1

= [L0©b).190]+[0&b L(1S0)]

hg(b) —ra(b)
] g8(b)
(0 f'-g(b) - nb

\ 0

10

0

a O t n

0 J
00 i n
b J
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That k; = 0 and k&, = 0 follow from

ky(m)  f(m)
ka(m)

, ,

0 m

0

—_—

10 0 m
= |L
0 0
i n 0 m
= +
J 0
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Condition (i) and A 4( = 0 follow from
[a.d']
)
a'|
\ ‘/
= L(fa.d]® ([e0.d 0])

= [L(e&0).d 80| +[as0.L(d S0)

gala) an N gala’)

ha(a)

-

[94(a).d'] + [a.ga(a")] [e.d]n

0
and
0 flam)
0
0 am
= L
0
a 0 0 m
= L
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a 0 0 m a 0
= |L . +

OJ(
[ [T
S

galw)  un 0 m a
h(a) 0 J l

(O gala)ym — mhy(a) +af(m)

\ 0

Similarly Condition (ii) and hg([b.t']) = 0 follow from

hp([b.6']) —n[b.b'] )
g([b.V']

= L(0S[bb])
= L({08b08V))

= [L(02b).08V]+[0eb LOSY)]

hg(b) —nb hg(t) —n¥
= 0ab| + |ba0.
gs(b) gp(b")
(0 —n[b.b']

\ [g8(6). U]+ [b. g5 (¥)]
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and

\ /

/0 bm
= L

\ 0

( 0 m 00
= L

\ b

0 m 00 0
= |L . +
0 b

0 f(m) 00

= . +

0 b

(O mgp(b) — hg(bym + f(m)b

\ 0

m

0

0 m

0

L

00

b

hg(b)

—-nb

gs(b)
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Finally we have

0 = L([ag0.08b))

I

LiaS V). U@b+as0.L(LSDb)]

gala) an 0 0 a 0 hg(b) —nb

ha(a) b 0 g8(b)

la. hp(b)] Y

[ha(a). b]
Therefore [a. hg(b)] = 0 and [h4(a).b] = 0. Since a and b are arbitary. we
conclude that h4(A) C Z(B) and hg(B) C Z(A).

Conversely. suppose L is of the form

a m gala) + hg(b) an —nb+ f(m)
L =

b hala) + gg(b)

with Conditions (i) and (ii) holding. Ve have
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)

/ /

([a. ] am’' —m'b—ad'm+mb

\ .

ga(la.d']) [a.a'ln—n[b.¥]+ flam' — m'b — a’'m + mb)

gs([b.b'])
and
a m a m a m a m
L + L
b b b b

! 7’

gala) + hg(b) an—nb+ f(m) a m

hala) + gs(b) g

L
e m) (@ hsw) an—nt + o)
7 ha(@) + ga(b)
_ loa(@).] + o 0200 T
\ l98(6)-8] + (b. g5 (5]

(g,l([a. a']) T

\ QB(W- b])
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where

T = [a.d]n—-n[b.V]
+g4{a)ym’ — m'hq(a) +af(m’) = m'gg(b) + hglb)ym’ — f(m')b
—ga(dYm + mhy(d') —d f(m) + mgg(t)) + hg(tYm — fF(m)¥'

= [a.d|n = nb.b]+ flam' — m'b—a'm + mb).

Hence L is a Lie derivation. |

In the case that M is faithful. we will show in the next result that the
conditions h4(fa.d’]) = 0 and hg([b.0']) = 0 can be omitted as they are

automatically satisfied.

Corollary 3.2.2 i linear map L on A = Tri(A. M. B) with faithful M is a

Lie derivation if and only if L is of the form

a m gala) + hg(b) an — nb+ f(m)
b ha(a) + gs(b)
wheren € M. andgy: A > A.9gg: B—- B, hy: 4 — Z(B), hg: B—>
Z(4). f: M — M are linear maps satisfying
(1) g4 is a Lie derivation on A. f(am) = ga(a)m — mhy(a) +af(m) and

(ii) gg is a Lie derivation on B, f(mb) = mgg(b) — hg(b)ym + f(m)b.
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Proof. The “only if’ part follows from Proposition 3.2.1. To prove the
converse. it suffices to show that h,([a.d’]) = 0 and hg([b.V']) =0.

Now. using condition (i). we have

f(la.dlm) = ga(la.a])m — mhy([a.d']) + [a.a]f(m)
fla.d)m) = f(aa'm) — f(a'am)
= (gala)d'm — a'mhy(a) +af(a'm))
—(9a(d)am —amh (a') + d' f(am))
= (gala)a'm — a'mh(a)
+aga(a’)m — amh,(a') + ad' f(m))
~(ga(a)am — amh (")
+a'ga(a)im — a'mhy(a) + d'af(m))
= ([gala).a]+ [a.ga(@))m + [a.a'] f(m)
= ga(fe.dDm +[a.a']f(m)
as g, is a Lie derivation. Hence mh([a.a]) = 0 for all m € [ and then

ha([a.a’]) = 0 as M is a faithful right B module. Similarly. using condition

(ii), we have hg([b.b']) = 0 and the result follows. [ |
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Recall from Theorem 1.4.4 that when M is faithful, then the centre of

Tri(4, M. B) is
Z(Tri(A. M. B))={a@b:am =mb for all m e M}.
This leads to a relatively simple criteria for a Lie derivation to be proper.

Theorem 3.2.3 Given a triangular algebra A = Tri(A. M. B) with faith-
ful M. A Lie derivation is proper if and only if v 4L(B) C 74(Z()) and
TgLl(A) C m5(Z(A)) where A and B are identified as subalgebras of A. That
is to say that a Lie derivation L on ‘%A given by
a m gala) + hg(b) an —nb+ f(m)

b ha(a) + gp(b)
is proper if and only if h1(A) C 75(Z(A)) and hg(B) C 74(Z(A)).
Proof. Suppose that L is proper and is written as d+h. where d is a derivation
and A(A) C Z(A). By Corollary 2.2.2.

a m pala) ang = nob + fo(m)

b pa(b)
with fo(am) = pa(a)m + afy(m) and f(mb) = mpg(b) + fo(m)b. whereas by

the structure of Z().

a m ii(a) + ix(m) + i3(b) 0

h =
b Ji(a) + j2(m) + js(b)
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Since L = J + h, we have ng = n (by taking a = 1. b = 0 and m = 0).
fo=fta=0.j2=0.:3 =hg, j1 =hy g1 =pa+i and gg = pg + J3.

Hence

and

hp(b) = i3(b) = ma(h ( ) € ma(Z(A)).
) C 7

Conversely. suppose that h( Z()) and hg(B) C 74(Z(A)).
Recall the unique group isomorphism 7 from 7(Z(2)) to 7g(Z(A)) in The-

orem 1.4.4 and define

a m gala) = 77 tha(a) an —nb+ f(m)
d =
b gs(b) — Thg(b)
and
a m 77 hy(a) + hg(b) 0
h =
b hi(a) + Thg(b)
a m
That h € Z() is easy to verify. Now by Proposition 3.2.2, we have
b

flam) = g4(a)m — mhy(a) + af(m) = (ga(a) — 77 ha(a))m +af(m
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and similarly

We now show that the triangular algebra in Example 1.2.5 has an im-

proper Lie derivation.

)

t a
Example 3.2.4 Let A =B = :t.a € R ) and M/ = T;(R). The
t
map
( t a r y \ 0 h 20 \
t ot L 0 £z
—}
s b 0 a

\ )\ 0 )

is a Lie derivation on A = Tri( 4. M. B) but is not a sum of a derivation and

a mapping into the centre.

Proof. That L is a Lie derivation can be checked by direct verification. By

Corollary 1.4.7. Z(2) = R1. so 74(Z(2)) = R1 and 7g(Z(A)) = R1. Since

t a 0 a

h4 ¢ mp(Z()). we have hy(4) € 75(Z(2)) and thus L
t 0

is not the sum of a derivation and a mapping into the centre by Theorem 3.2.3.
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3.3 The Main Theorem

In this section. we will find sufficient conditions on a triangular algebra
Tri{ 4, M., B) with faithful M so that every Lie derivation is proper. The key
idea is that. under those conditions. the maps hy and hg in Theorem 3.2.2

always satisfy A = A7 (7g(Z(A))) and B = hg'(74(Z(A))).

First of all, we have two preliminary results.

Lemma 3.3.1 Let g : 4 — A be a Lie derivation. h : A — Z(B) and
f: M — M be linear maps such that f(am) = g(a)m — mh(a) + af(m) for
anya € A.m € M. DefineG: AxA = A by Gr.y) = g(xy)—xgly)—g(L)y.
We have

(i) G(r.y) =Gly. x):

(ii) G(x,y)m = mh(zy) — cmh(y) — ymh(r). for any r.y € 4. m € M:

(iii) Let F(t) = Y., r;t’ be a polynomial in R[t]. Foranyr € A. there exists
w(zr) € A such that w(xr)m = mh(F(r)) — F'(x)mh(x) for every m € M.

where F'(t) = 2§=ljrkt1‘1 is the derivative of F.
Proof. As g is a Lie derivation, we have

G(r.y) - Gy.x) = g(zy)—xg(y) — 9(z)y — g(yx) + yg(x) + g(y)x

= glz.y] - [z.9(y)] = [9(z).y] = 0.
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Thus (i) follows. By the equation f(am) = g(a)m — mh(a) + af(m) from

Corollary 2.2.1. we have

flxym) = f(z(ym))
= g(r)ym — ymh(x) +rf(ym)

= g(x)ym — ymh(r) + r(g(y)m — mh(y) + yf(m)).

By comparing the two equalities. we have (ii).

To prove (iii). it suffice to show. for A = 1.2..... that
k
(Z FG (e ))m = mh(eFY = (k + Dcfmha(r).
=1

Take y = r in (ii) and then G(z.r)m = mh(r?) — 2rmh(r). thus it is true

for & = 1. Now suppose it is true for some k. therefore

k+1 k
(Z Gz Y )m = G(r.xk+l)rn+x21k‘iG(x. ')
=1 =1

= (mh(**) = zmh(FY) - T imh(z)) +
£(mh(£*h) = (k + 1)2*mh(z))

= mh(z*7?) - (k + 2)2* 'mh(2).
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Proposition 3.3.2 Consider a Lie derivation L on A = Tri(A. M. B) with

faithful M. Write L in the form

a m gala) + hg(b) an —nb+ f(m)

=~
i

b hala) + gs(b)
Let V" = {a € A : hyla) € 75(Z(A))}. Then V" is an R-subalgebra of A
satisfying the following seven conditions:
(i) V" contains all the commutators [x.y| for r.y € A:
(ii) Suppose b € A and F(t) is a polynomial in Rt]. If F'(b) = 0 then
Fb) el
(tit) Suppose b € A and F(t) is a polynomial in R[t]. If F(b) € V" and F'(b)
is invertible. then b€ 1":
(iv) V" contains all the idempotents in A (in particular 1 € V7):
(v) V7 contains all the elements of the form xP. where r € A and p > 0 is the
characteristic of A:
(vi){a€A:at eV} T
(vii) If b € A is invertible with b € V" for some positive integer k then

kbel.

Proof. Let 7 be the algebra isomorphism from 7 4(Z(U)) to 75(Z(2)) defined

in Lemma 1.4.1. Recall that r € V', i.e. ha(r) € 75(Z(2)). if and only if
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there exists a € 4 such that mh4(zr) =am forall m € M.

Obviously 1 is a R-submodule of . By the Lemma 3.3.1(ii). if r.y € V~
then we have

mha(zry) = G(r.y)m+rmha(y) + ymha(r)
= (G(r.y) + 77 ha(y) + y7 ) m

for all m € M. Thus ry € 1" and thus 1V is a subalgebra.

For any r.y € A. we have hy([z.y]) = 0 by Proposition 3.2.1. Hence
[ty el

Consider b € A and F(t) € Rit]. If F'{b) = 0. then by Lemma 3.3.1(iii).
there exists w(b) € A such that

w(b)m = mh 4(F(b)).
Thus F(b) € V.
Consider b € A and F(t) € R[t]. If F(b) € V" and F'(b) is invertible.
then by Lemma 3.3.1(iii). we have
F'(b)~'w(b)m = F'(b)~'mh(F(b)) — mh(b)
= F'(b)"'v " h(F(b))m — mh(b)
and thus b€ 1" as

mh(b) = F'(b)"(r"Lh(F (b)) - w(b))m.



3.3: The Main Theorem 32

Take an idempotent e of 4. Consider F(t) = 3t — 2t € R[t]. Since
F'(e) =0, by (ii). we have e = F(e) € 1". In particular 1 € 1".

Take b € A. Consider F(t) = t? € R[t]. Since F'(t) = 0. by (ii). we have
w=Fb)el.

For any a € A with a=! € 1", we have

G(a.a”HYym = mh(l) — amh(a™") — e~ mh(a).

As 1 e V. that @ € V" follows from

mh(a) = (G(a.a”t) = 77th(1) = a*77Ha Y ))m.

For any invertible element b € A with 6 € V". Put F(¢t) = tf in

Lemma 3.3.1(iii). we have

w(b)m = mh(F(b)) — F'(bymhy(b) = mh(b*) — kb*=Ymh 4 (b).

and hence kb € V" as
mh 4 (kb) = b*~F(w(b) — r=th (b)) m. |
Next. we state and prove the main theorem in this section.

Theorem 3.3.3 Every Lie derivation of A = Tri(A. M. B) with faithful M

is proper if the following two conditions hold:
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(I) Z(B) = wg(Z()). or there erists a.a’ € A so that [a.d’] is invertible. or
that A is generated as an algebra by the commutators and the idempotents
(or. more generally, that there is no proper subalgebra of A satisfying (i)-{vii)
in Lemma 3.3.2):

(II) Z(A) = 74(Z(X)). or there erists b.b' € B so that [b.b'] is invertible. or
that B is generated as an algebra by the commutators and the idempotents
(or, more generally, that there is no proper subalgebra of B satisfying (i)-(vii)

in Lemma 3.3.2).

Proof. Consider a Lie derivation on 2 in the form

a m ga(a) + hg(b) an —nb+ f(m)
b hala) + gB(b)
We have to show that it is a sum of a derivation and a mapping into the centre.
By Theorem 3.2.3. this is equivalent to showing that h4(A4) C 75(Z(A)) and
hg(B) C m4(Z(A)). We claim that if Condition (I) holds. then hy(A) C
w(Z(2)).

Suppose Z(B) = 7g(Z(2)). The result follows since h (4) C Z(B) by

Suppose there exists z. y € A such that [z. y]~! exists. Note that for any
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a € 4, m € M. we have
[a.G(xr.y)lm = a(G(z.y))m — G(zr.y)(am)
= u{mh(ry) — rmhy(y) — ymh (L))
—(amhy(zry) — ramh(y) — yamh 4(x))
= [r.almha(y) + [y.a]mha(x).

By taking a = y. we get

mha(y) = [r.y] e ylmha(y)
= [r.y]" (. yImhaly) + [y. ylmha(2))

= [z.y] 7 y. Gle. y)]m
thus y € h_]‘(rrg(Z(Ql))). For any a € 4. we have

mhy(a) = [r.y] e ylmha(e)

.yl Y ([a. z]mh 4 (y) = [z. G(a. y)|m)

= [z.y]"Ya. 2] haly) = [z. G(a.y)])m.

Hence h,(a) € wg(Z(A)) by Lemma 3 and the result follows.
Suppose that there is no proper subalgebra of A satisfving (i)-(vii) in

Lemma 3.3.2. By Proposition 3.3.2. V" = h7'(75(Z(2))) is a subalgebra of
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A satisfving (i)—(vii). Thus we have A = h7'(7p(Z(2))) and the claim is
proved.
By svmmetry, we have hg(B) C 7.4(Z()) if Condition (II) holds. This

ends the proof of the theorem. |

Remark. It is a fact that if 4 is a simple ring not of characteristic 2.
or if 4 is a von Neumann algebra which has no central abelian summands.

then A is generated as an algebra by its commutators (see [34. 61]).

Corollary 3.3.4 If Z(4) = Rl. Z(B) = Rl and M s faithful. then every

Lie derivation of A = Tri(d. M. B) is proper.

Proof. By Corollary 1.4.5. Z(A) = R1. Therefore Z(A) = 7.(Z(A)) and

Z(B) = mg(Z(2)). The result follows from Theorem 3.3.3. [ |

Corollary 3.3.5 If Z(4d) = Rl and A is generated as an algebra by com-
mutators and idempotents, and M is faithful. then every Lie derivation of

A = Tri(A. M. B) is proper.

Proof. As A is generated by commutators and idempotents. Condition (I) in
Theorem 3.3.3 holds. By Corollary 1.4.5. Z(2) = R1, thus Z(4) = 7,(Z())

and Condition (II) holds. Hence the result follows. |
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Corollary 3.3.6 If A = Rl and M is faithful then every Lie derivation of

A = Tri(4. M. B) is proper.

Proof. It is a dircct conscquence of Corollary 3.3.5 as A Is generated by {1}.

Corollary 3.3.7 If Z(A) = Rl and there exists r.y € A such that [r.y] is
invertible and M is faithful. then every Lie derivation of A = Tri(A. M. B)

is proper.

Proof. Condition (I) in Theorem 3.3.3 holds as there exists r.y € 4 such

that [x.y] is invertible. Condition (II) holds as Z(4) = 74 (Z()). [ |

Corollary 3.3.8 Let S be an R-alyebra. If A C Mi(S) and B C M(S)
are matriz algebras such that Z(A) = Z(S);.. Z(B) = Z(S)[. and M is
subspace of SF' which is a faithful bimodule. then every Lie derivation of

Tri(A4. M. B) is proper.

Proof. By Theorem 1.5.3. Z() = Z(S)I¢+;- Then. by Theorem 3.3.3. every

Lie derivation of U is proper. |
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3.4 Full Matrix Algebras at the corner

It is unknown whether every Lie derivation on S™" is proper even when

S = R. However, we have the following result.

Corollary 3.4.1 If A = 1M, (R) and M is faithful. then every Lie derivation

of Tri(A. M. B) is proper.

Proof. This is a consequence of Corollary 3.3.5 since Z(4) = R1 by Propo-
sition 1.5.4 and 1 is generated by commutators and idempotents by Propo-
sition 1.3.3. ]

Next. we give an infinite dimensional generalization of Corollary 3.4.1.

Corollary 3.4.2 If A = B(H). the algebra of bounded operators on a com-
plex Hilbert space H. B is any algebru. and M is a faithful bimodule. then

every Lie derivation of Tri(A. M. B) is proper.

Proof. Note that H is isomorphic to H & H and that A is isomorphic to

10 0 1 01

My(4d). As Z(4) = C1 and which is
0 -1 0 10

invertible in A. the result follows from Corollary 3.3.7.
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3.5 Triangular Matrix Algebras

Corollary 3.5.1 Given a block triangular algebraq = T(n,. ..., n)(S) with
k> 1. Fvery Lic derivation of W is of the formm d + S, + k. where

induced derivation from S. d. is the inner derivation defined by =. and h is

linear functional which annihilates the cornmutators.

Proof. 1t follows from Theorem 1.3.2 and Corollary 3.3.8 that every Lie

derivation is proper. By Theorem 2.4.2. every derivation is of the form d +9..
Hence we have the result. |
Corollary 3.5.2 If A = T(n;..... i )(R). B is any unital algebra and M

is faithful. then Tri(A. M. B) has no improper Lie dertvation.

Proof. By Proposition 1.5.2, Z(4) = R1 and by Proposition 1.5.4, 4 is

generated by idempotents. so the results follows Corollary 3.3.5. [ |

3.6 Nest Algebras

The following is an analogue to Corollary 3.4.2.
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Corollary 3.6.1 Every Lie derivation of nest algebras is of the form r
ar — xa + h(x)l where a is a fired element in the nest algebra and h is a

linear functional annihilating the commutators.

Proof. First we show that every Lie derivation of a nest algebra is proper. If
N is a trivial nest. i.e. V = {0. H}. then T(N) = B(H) is a von Neumann

algebra and it has no improper Lie derivation by Mier's result [60]. If .V is

4V
not trivial, then we have 7(\V) = where 4. B are nest algebras

B
as in Lemma 1.6.5. and that Z(4) = R1l. Z(B) = Rl by Lemma 1.6.6.

Thus every Lie derivation 7(V) is proper by Corollary 3.3.4. Finally. by
Proposition 1.6.6. every derivation on a nest algebra is inner. The proof is

completed. |

Corollary 3.6.2 Every Lie derivation on the nest algebra of a continuous

nest is an inner derivation.

Proof. By Corollary 3.6.1. every derivation is of the form J, + h where h
annihilates commutators. By Lemma 1.6.7. every element of the nest algebra
of a continuous nest is a sum of two commutators. Therefore 4 = 0 and every

derivation is an inner derivation. [ |

The following result is an analogue to Corollary 3.5.2.
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Corollary 3.6.3 If A is nest algebra of a continuous nest. B is any algebra

and M is faithful. then every Lie derivation of Tri(A. M, B) is proper.

Proof. Since Z{4) = C1 by Lenuna 1.6.6 and 4 is generated by commutators

by Lemma 1.6.7, the result follows Corollary 3.3.3. |

3.7 Triangular Banach Algebras

We have the following theorem about continuous Lie derivations of triangular
Banach algebras. This differs from Theorem 3.3.3 ouly in as much as the
condition on the algebras being generated by special elements is interpreted
in a topological sense. We say that a Banach algebra A is the topologically
closed algebra generated by a subset S if U is the smallest closed subalgebra

containing S.

Theorem 3.7.1 Given a triangular Banach algebra A = Tri(A. M. B). Sup-
pose that M s faithful. If A satisfies

(I) Z(B) = 75(Z(A)) or A is the topologically closed algebra generated by
commutators and idempotents: and

(II) Z(4) = 74(Z(~)) or B is the topologically closed algebra generated by

commautators and idempotents,
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then every continuous Lie derivation on U is a sum of a derivation and a

linear mapping with image in Z(2A).

Crouf. Note that Z{2) bs closed. 74, 7 are open and continuous. Suppose
L is a continuous Lie derivation. then h 4. hg as in Theorem 3.3.3 are contin-
uous. By Proposition 2.2.5. 1" = h;l(ﬁB(Z(Ql))) is a closed subalgebra of A
containing commutators and idempotents of 4. So if A is the closed linear
span of commutators and idempotents. then h4(A) C 75(Z(A)). Thus the

result follows. [ |

We now apply Theorem 3.7.1 to the join of two von Neumann algebras.
The class of von Neumann algebras is one of the most widely studied among
all the operator algebras. For the definitions and properties of von Neumann
algebras. one may refer to [18] or [67]. Recall from [18. Proposition 13.3] that

a von Neumann algebra is the norm closed linear span of its projections.

Corollary 3.7.2 Suppose A and B are von Neumann algebras on Hilbert
spaces Hy and H, respectively, then every continuous Lie derivation on the
join A#B = Tri(A. B(H,, H,).B) is a sum of a derivation and a linear

mapping with image in Z(A).
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Proof. It is known [18. Proposition 13.3] that every von Neumann algebra
is the closed linear span of its projections. The result now follows from

Theorem 3.7.1. [}
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Chapter 4

Commuting Maps

4.1 Introduction

In this chapter we will identify those triangular algebras for which every
commuting map is “almost”™ of the form r — ar. Some material in this

chapter may appear in [14].

Definition 4.1.1 Given an R-algebra A. A commuting map of A is an R-

linear map L on A such that
[L(a).a] =0 forallae€ 4.

As in the previous chapter. we define the term proper commuting maps.
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Definition 4.1.2 A commuting map L of an algebra is said to be proper
if it can be written as L(r) = azr + h(r). where a lies in the center of the
algebra and h is a linear mapping with image in the center of the algebra. A

commuting map which is not proper is said to be improper.

Commuting maps, like Lie derivations. have been active research subjects
for a long time. It is proved in [11] that a commuting map on noncommutative
Lie ideals of a prime ring is always of the form r — arx + h(x). where r lies
in the centre of a certain larger ring and h is an additive mapping from
the ring into this centre. Results related to commuting maps on prime or
semiprime rings are considered in [8. 11. 49. 50]. Bresar [8] considered von
Neumann algebras and showed that every commuting map is. according to
our definition. proper.

We will determine sufficient conditions for a commuting map of a tri-
angular algebra to be proper. Similar to the previous chapters. we begin
with two easy propositions for general algebras. The first one deals with

unitization and the second one deals with direct sums.

Proposition 4.1.3 Let 4 be an algebra without unity and 4 VvV R1 be the
unitization of A. Then A has no improper commuting map if and only if

AV RI has no improper commuting map.
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Proof. Let j: 4 — AVRIl and 7 : AVRI1 — A be the natural inclusion and
projection.
Assume 4 has no improper commuting map. Let L be a commuting map

of AV R1. First observe that for all a € A.

0=[L(l+a).l+a] = [L(1).a]+[L(a).qd]
= [L(1).q]

[L(1).a + ~1].

so that L(1) € Z(AV RI). Then 7L, is a commuting map on . thus #Lj
is a proper commuting map and can be written as a — ar + h(a) where
reZ(4) C Z(AvRl)and h maps into Z(A). Define h(b) = L(b) - bz for

allbe AVRI. Forae dand b€ AV RI.
[A(a).b] = [L(a) — ar.b] = [7L(a) - 7(az).x(b)]
= [az + h(a) - ax.7(b)]

= [h(a). 7(b)]

= 0.

So h(4) € Z(A v RI1). Since A(1) = L(1) — £ and L(1).z € Z(4 VR1).

h(AVR1) C AV RI. as needed. Hence L(b) = bx + h(b) as required.
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Conversely. suppose 4 V R1 has no improper commuting map. Let L
be a commuting map on 4. Define a commuting map L of 4V Rl by
L{a+~1) = L(a). Then L(b) = rb+h(b) since L is a proper commuting map.
Note that 7(x). 7h(a) € Z(A4). thus L(a) = x(L(a)) = #(x)L(a) + h(a) as

required. [ |
Proposition 4.1.4 4, and 4, have no improper commuting maps if and
only if A, © Ay has no improper commuting map.

Proof. Suppose L is a commuting map of 4; & A,. Write L(a.b) = (L (a) +

71(b). La(b) + m(a)). Since
0 = [L(a.0).(a.0)} = ([Li(a). a]. [72(a).0]).
0 =1[(0.5). L(0.6)] = ([0.7(6)]. [L2(b). b]),

we have L; is a commuting map of 4; for i = 1, 2. Furthermore
0 = [L(a.b). (a.b)] = ([71(b). ], [72(a). b))

hence image of w; lies in Z(4;) for i =1,2.
Assume that 4; and 4, have no improper commuting maps. Let L be
a commuting map of 4; © 4. By the above argument and the fact that

every commuting map of A; is a proper commuting map, we have L;(a) =
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ary+hi(a) fora € A, and Ly(b) = bra+hy(b) forb € A,. Let r = (), r2) and
h(a;.az) = (hi(ay) + 7i(a). halasz) + m2(ar)). then L((a.b)) = (a.b)(ry.r2) +
h((a.b)) and we are done.

Conversely. suppose A; © 4> has no improper commuting map. We
need to show that 4, (and similarly 4,) has no improper commuting map
also. Let L, be a commuting map of 4,. Define a commuting map of
A1 © Ay by L(a.b) = (Li(a).0). As L is a proper commuting map. we have

L(c) = c¢(xry.r2) + h(c). Evidently L(a) = ar, + h;(a) as required. [ ]

4.2 Structure of Commuting Maps

We will consider only unital algebras in the rest of this chapter.

Proposition 4.2.1 A linear map L on A = Tri(A. M. B) is a commuting

map if and only if L is of the from

a m ga(a) + hg(b) + ka(m) jam —mjg
b ha(a) + gg(b) + kg(m)
where gy : A = A with j4 = g4(14)., gp : B = B. hy: A = Z(B) with
je=ha(la). hg: B = Z(A). ka: M — Z(4), kg : M — Z(B) are linear

maps satisfying
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(i) g4 is @ commuting map on A, a(jam — mjg) = ga(a)m — mhy(a);
(ii) gg is a commuting map on B. (jam — mjg)b=mgg(b) — hg(b)m:

(iii) ka(m)m = mkg(m).

Proof. Suppose L is a commuting map. Write

e gala) + hp(b) + ka(m)  fala) + fp(b) + f(m)
b hi(a) + gg(b) + kg(m)
Ji n
Suppose L(1L 5 0) = . That n = 0 follows from
JB
0 -n

0=[L(190).150] =

Since [L(r).r] = 0 for all r € A. we have

0 = [Lx+y)(z+y)]
= [L(x). 2] + [L(x). y] + [L(y). 2] + [L(y), y]

= {L(z).y] - [z. L(y)]
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and hence [L(x).y| = [r.L(y)]. Therefore

0 fala) + fp(b)

0
= [L(120).aob]

= [ja.a]® [s.b].

and thus f, =0and fg =0.
We have
02 [ha(a).b] = [L(aS0].02 0]
= @2 0.L(02b)]
= [a. hg(b)] 50
and hence [h4(a).b] = 0 and [a. hg(h)] = 0. As this is true for all « € 4 and

b€ B. we get that hy(4d) € Z(B) and hg(B) € Z(4).

We also have

[g1(a).a] & [gp(b).b] = [L(a©b).aDb] =0

and hence g4 and gg are commuting maps.
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Before establishing the results about Im(k4). Im(kg) and the form of

f. we pause to prove condition (iii). For m € ). we have

0 m 0 m ]
0 = (L .
)
ka(m) f(m) 0 m 0 m ka(m) f(m)
\ kg(m) 0 0 kg(m)
/0 ki(m)m — mkg(m)

\ 0

This proves (iii).
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Next, we show that f(m) = jym—mjg. Recall that j,1&jp = L(1.480)

and hence jy = g4(l4) and jg = h4(1,). We have

0 jaum—mjg

0

Thus f(m) = jam — mjg as required.

ja 0 0 m ]

Next we prove (i) together with A (m) € Z(4). This follows from

0 gala)m —mhy(a)

0

m
L(150)
0
0O m
1350.L
0
0 f(m)
0
0 m\
L(as0).
0)
0 m
as0. L
0

\

([a, ka(m)] a(jam — mjp)

0
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Similarly (ii) and kg(m) € Z(B) follow from

0 hg(b)m — mgg(a) 0 m\
= |L(0sb).
0 0
0m
= |[020b.L
0
(0 (mjg — jam)b

\ [b. kg(m)]

a m
Conversely suppose L is of the given form. Take r = € A we
b
have
-
a m a m
L .
b b
gala) + hp(b) + ka(m) Jam —mjg a m
ha(a) + gg(b) + kg(m) b
([9.-1(0) + hg(b) + ka(m).d] T
\ lha(a) + g8(b) + ka(m). 5]

where T € M is to be specified presently. First. we note that the diago-
nal entries in the last expression are zero since g, and gg are commuting

maps and the images of h 4, hg, k4. kg are in the centre of the corresponding
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algebras. Now

T = (gala) +hp(b) + ka(m))m + (Jam — mjg)b

—nl ¥ e e
Wy I e

\
Jarre ey

mifala) +

Sl

S AT N AUUERN
B\U) T aglilif).
Using (i) and (ii) we get that

T = (gala)+ hg(b) + ki(m))ym + mgg(b) — hg(b)m
—(gala)m = mhy(a)) = m(hy(a) + gg(b) + kg(m))

= Kk (m)m - mkg(m) =0 by (iii).

Thus [L(r).r] =0 and so L is a commuting map.
As in the previous chapter. there are appealling results for triangular
algebras Tri(A. M. B) when M is a faithful bimodule. We start with a defi-

nition and a lemma.

Definition 4.2.2 Let A4 be an algebra. we denote by [A. 4] the linear span

of all the commutators ry — yr € A.

Lemma 4.2.3 Suppose L is a commuting map on A = Tri(4. M. B) with

faithful M. Then L is of the form

I a m ga(a) + hp(b) + ki(m) Jjam —mjg

b hi(a) + gp(b) + kp(m)
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with hH(7p(Z())) and hz'(7a(Z(N))) being two-sided ideals of A and B
respectively. Furthermore, we have [4.4] C h{'(75(Z(2))) and [B.B] C

k3 (7a(Z()).

Proof. We prove the part of the statement related to 4. The part related to
B can be proved similarly.
Let " = {a € A: hyla) € 75(Z(A))} = h ' (7(Z(A))). For any

a.a’ € 4 and m € M. we have

da(jym — mjg) = ga(d'a)m — mh,(a'a) (4.1)
da(jam —mjg) = d'(gala)m — mhy(a)) (4.2)
ad'(jam —mjg) = ga(aa')m — mh4(ad’) (+.3)
a(jad'm —a'mjp) = ga(a)d'm —d'mh,(a). (4.4)

From (4.1) and (4.2). we have

0 = ga(d'a)m — mhy(d'a) = d'(ga(a)ym — mhy(a)). (4.3)

and from (4.3) and (4.4), we have

ald'. ja]Jm = gi(aa')ym — mhs(ad’) — ga(a)a’m + a’'mh 4(a). (4.6)



1.2: Structure of Commuting Maps 105

Now taking the difference of (4.3) and (4.6). we get

(ala’. ja] — ga([a.a]) = [@'. ga(a))m = mh([a.a']).

Hence h4([a.a']) € 75(Z(U)) and [a.d'] € V.

Suppose that a € V. From (4.3). we have
mhy(d'a) = (ga(a'a) = d'gala) + a'T7 hy(a))m.
and from (4.6). we have
mh(ad’) = (ald'. j4] + galad’) = gala)d +d' 77 hy(a))m.

Thus h(d'a). h(aa’) € 75(Z(A)) by Proposition 3. Therefore a’a.ad’ € V".
As a result. V7 is an ideal of 4 containing [A. A]. [ |

Now we obtain necessary and sufficient conditions for a commuting map
of Tri(A. M. B) with faithful M to be proper.
Theorem 4.2.4 Consider a commuting map L on A = Tri(Ad. M. B) with
faithful M. Write

L a m ga(a) + hg(b) + k.(m) Jam —mjpg

b ha(a) + gp(b) + kg(m)

Then the following three conditions are equivalent.
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(I) L is proper. i.e. L can be written as L(c) = cx + h(c). where r € Z()
and h maps into Z (),

(II) ha(A) € 75(Z(N)). he(B) C 74(Z(A)). and ki(m) & kp(m) € Z(U)
forallm e M.

(III) ja = ga(la) € wa(Z(A)), Jjg = ha(la) € 75(Z(A)). and ki(m) &

kg(m) € Z(A) for allm € M.

Proof. ((IN)=(III)) jg = ha(la) € ha(d) € 75(Z(A)). By Proposi-
tion 4.2.1(ii). we have jim — mjp = mgg(lg) — hg(lg)m which implies
that

Jam=m(jp + gp(lg) — Thg(lp)).
where 7 is the unique map in Theorem 1.4.4 satisfving am = m7(a) for every
m € M and a € 74(Z()). By Theorem 1.4.4. j4 € 74(Z(2A)).
((LID)=(I)) Let h(c) = L(c) = cz. where 2 = (ju = 77'(jp)) & (7(ja) — jb) €

Z(%). We claim that () C Z(). Note that

h = ((9ala) —a(ja+77'(Us)) © hala)) +

(he(b) © (g8(b) — (7(ja) —JB)b)) +

ki(m) © kg(m).
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We have that (g4(a) —a(j4 +77'(jg)) ® ha(a) € Z(A) follows from

(9a(a) = a(ja + 77 (j))m — mha(a)
= gala)ym —mhyla) —a(ym —myg)

=0

by Proposition 4.2.1(i). and that hg(b) S (gg(b) — (v(Ja) — JB)b) € Z(A)

follows from

hg(bym — m(gg(b) — (7(ja) — jB))b
= (hg(b)m — myg(b)) — (jam — mjg)b

= 0

bv Proposition 4.2.1(ii). and finally we have k4 S kg € Z() by assumption.

((I)=(II)) Suppose L(c) = cx + h(c). where r € Z(%) and h maps into
Z(A). Then by Theorem L.44. r = ry § wg with £y € 74(Z(A)) and
rg € mg(Z(A)). and h(c) = hi(c) & ha(c) with hi(c) € 74(Z(A)) and ha(c) €

T8(Z (%))
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We first show that h4(d) C 7g(Z(A)). For a € A, we have

ga(a) 0
L(a&0)

h,x_((l)
= (@&0)(z1Sr5) +hi(aS0)S ha(aD0)

= (a4 +M(as0)) S hy(es0).

Therefore hy(a) = ha(a & 0) € 75(Z(A)).

Similarly hg(B) C 7,4(Z(A)).

0 m
Finally, let ¢ = . we have
0
ki(m) jim—mjg hi(c) mzg
=L(¢)=cr+hlc) =
kg(m) ha(c)
and hence
ka(m) @ kp(m) = hi(c) © ha(c) € Z(N).
The proof of the theorem is now complete. |

We now show that the triangular algebra in Example 1.2.5 has improper

commuting maps.

t a
Example 4.2.5 Let A =B = :t,a € R} and M = I5(R). The

t
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maps
/t a r y (O t—s 0 :—r\
t : 0 0
Ll = . and
s b 0 t—s
N 0
/t a r U\W 0 r 00
t : 0 0
Lg -
s b 0 =

s \ 0/

are improper commuting maps on A = Tri(4. M. B).

Proof. That L, and L, are commuting maps can be checked by direct

verification. By Corollary 1.4.6. Z(A) = RI. so 74(Z(A)) = Rl and

01
7(Z(*A)) = R1. Since For L,, since j4 = gg(l,) = ¢ mg(ZA)). L,

0
is therefore improper. For L.. since ky(m) S kg(m) ¢ Z(A) = R1. L, is also

improper. [ ]
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4.3 The Main Theorem

In this section, we establish sufficient conditions on triangular algebras such

that every commuting map is proper.

Theorem 4.3.1 Every commuting map of A = Tri(4. M. B) with faithful
M is proper if the following three conditions hold:

(I) Z(B) = 7p(Z()). or A is the smallest ideal containing [A. A):

(II) Z(A4) = 74(Z(A)). or B is the smallest ideal containing [B. B);

(III) there exrists mg € M such that
ZA)y={asb:ae€ Z(4A).b € Z(B).amy = mgb}.

Proof. By Proposition 4.2.1, hy(A4) € Z(B). So if Z(B) = 7g(Z(A)). then
ha(d) € 75(Z(A)). By Lemma 4.2.3. if A is the smallest ideal containing
[4. 4], then we have A7'(75(Z(%))) = A. Hence (I) implies that h(A) C
78(Z(A)).

Similarly (II) implies that hg(B) C 74(Z(2)).

[t remains to show that (III) implies k4(m) S kg(m) € Z(A). By Propo-
sition -1.2.1(iii), we have ki(m) € Z(A). kg(m) € Z(B) and ky(m)m =

mkg(m). As k4(mg)mg = mokg(mg). we have k,(mg) & kg(mg) € Z(U) and
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thus ki(mo)m = mkg(my) for all m € M. Now

ka(mo + m)(mg + m)
= k..i(mo)mo + ic,.l(mo)m + kqalm)mg + /c_.;(m)m

= mpkg(mg) + mkg(mg) + ka(m)mg + mkg(m)

and

ka(mo + m)(my + m)
= (mg + m)kg(my + m)

= mokg(mg) + mkg(mgy) + mokg(m) + mkg(m)

imply ki(m)mg = mokg(m). By assumption (III). we get that A, (m) 2

kg(m) € Z(A) as required. Now Theorem 1.2.1 implies that L is proper. B

Corollary 4.3.2 Suppose Z(A) = R1. Z(B) = Rl and M is faithful. If
Condition (III) of Theorem 4.3.1 holds. then every commuting map of A =
Tri(A. M. B) is proper. i.e. of the form a — ta + h(a)l. where t € R and h

is a linear functional on U.

Proof. By Corollary 1.4.3. we have Z(U) = R1. Hence Z(4) = x.4(Z(2)).

Z(B) = mg(Z()). The result then follows Theorem 1.3.1. [ |
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Corollary 4.3.3 Given Z(A) = R1 and A is the smallest ideal containing
(4, 4]. Suppose that Condition (II1) of Theorem 4.3.1 holds. then every com-
muting map of A = Tri( 4. M. B) is proper. i.e. of the form a — ta + h(a)l.

where t € R and h is a linear functional on .

Proof. As A is the smallest ideal containing [4. A] and Z(4) = 74(Z(2)).

Conditions (I) and (II) of Theorem 4.3.1 hold. Hence the result follows. W

Corollary 4.3.4 Let S be un R-algebra. Consider a triangular matric alge-
bra A = Tri(A. M. B) where A C Mi(S) and B C M(S) are matric algebras
with Z(A) = Z(S)y and Z(B) = Z(S)I;. Assume that M is a faithful bi-
module satisfying Condition (III) of Theorem 4.3.1. Then every commuting

map of Tri(A. M. B) is proper.

Proof. By Theorem 1.5.3. Z(2) = Z(S)[;.;. Hence Conditions (I) and (II)

of Theorem 4.3.1 hold and the result follows. [ |

Corollary 4.3.5 Let S be an R-algebra. Consider the triangular algebra
Tri(A, M. B) =AU, whereSI;, C A C Mi(S) and SI; C B C M(S) are matriz
algebras and M C S*. Assume that Z(4) = Z(S)I, A is the smallest ideal
containing [A. 4] and M is a faithful bimodule satisfying Condition (III) of

Theorem 4.3.1. Then every commuting map of Tri(A, M. B) is proper.
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Proof. The proof is exactly the same as Corollary 4.3.5. |

The next proposition gives sufficient conditions for Condition (III) of

Theorem 4.3.1 to be satisfied. We start with a couple of definitions.

Definition 4.3.6 Let .M/ be an (4. B)-bimodule and mg € M. The smallest

(Z(A).Z(B))-bimodule in .M containing mq is denoted by M (myg).

Definition 4.3.7 Let M be an (d. B)-bimodule. If there exists mqy € M
such that the smallest (4. B)-submodule of M containing my is M itself.

then ) is said to be singly generated and my is a generator.

Proposition 4.3.8 Condition (III) of Theorem {.3.1 holds if one of the fol-
lowing conditions holds.

(i) M is a singly generated.

(ii) Z(4A) = Rl and there exists mg € M such that M(mg) is a faithful
(Z(4). Z(B))-bimodule.

(iit) Z(A) = Rl and there exists my € M such that meb =0 for any b € B

implies that b = 0.

Proof. We note that by Theorem 1.4.1.

ZRA) C{a®b:ae€ Z(d).be Z(B),amy = mgb}.
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Therefore it suffices to prove the reverse inclusion under each of the conditions
(i).(i1).(iii).

(i) Assume that mg is a generator for M. If a € Z(A4) and b € Z(B) satisfy
amgy = mgb, let

M,p={m e M:am = mb}.

[t is straightforward to verify that M, , is an (4. B)-submodule of M contain-
ing mg. Since M is singly generated by mgy. we have M = M,,. Therefore
am = mb for every m € M and ¢« &b € Z(AU) by Theorem 1.4.1.

(ii) Let A} = Tri(Z(4). M(my). Z(B)). By (i). we have

Z) C{agb:ae Z(4).be Z(B).amg = myb}.

Since we assume that Z(A) = R1. then bv Corollary 1.4.4. Z(2;) = RI1.

Thus

RICZA)C{a®b:aec Z(d).be Z(B).amy = mpb} = R1

and the result follows.
(iii) Suppose a € Z(A) and b € Z(B) satisfy amg = mgb. Since Z(4) = RI,
a = rl for some r € R and hence mqy(rl — b) = 0. By the given condition,

rl—-b=0orb=rl. Againa®b=rle Z(A). |
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4.4 Matrix Algebras

We apply the corollaries in the previous section and Proposition 4.3.8 to

matrix algebras.

Corollary 4.4.1 Given an R-algebra S. every commuting map of the block
triangular matriz algebras A = T'(n,..... n)(S). k > 1. is of the form a —

ar + h(a)!. where r € Z(A) and h is a linear functional on A.

Proof. By Theorem 1.5.2(ii). we have A = Tri(.4. M. B) where A = 1/, (S)
and B C M(S) is a block triangular matrix algebra and M = S™*. Fur-
thermore. by Theorem 1.5.4. Z(4) = Z(S)I. and Z(B) = Z(S)I,. Next.
we prove that M = 8™ is generated by Ej;. the matrix with a 1 at the
(s.1)-entry and O elsewhere. To this end. consider any matrix unit £,; € .
we have Ej; = e;, £, f1; for corresponding matrix units e;; € 4 and f;; € B.
Therefore M is generated by £;. Bv Proposition 4.3.8(i). Condition (III) of

Theorem 4.3.1 holds. The result then follows from Corollary 4.3.4. |

Corollary 4.4.2 Suppose the characteristic of S is ¢ > 0. Consider a trian-
gular algebra Tri(A. M. B) where A =T (ny,....n)(S) is a block triangular
algebra satisfying q|n; for 1 < i < n, SI C B C M(S) is a matriz algebra

and M C SE™4 s singly generated and faithful, then every commuting map
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of Tri(A. M. B) is of the form a — ta + h(a)l. where t € Z(S) and h is a

linear functional on Tri(A. M. B).

Proof. Consider matrices S =S & ---&Seand T =T, 5 ---5 T, in A

determined by

and

We have [ =[T.5] € [A. 4] and therefore 4 is the smallest ideal containing
[A.A]. By Theorem 1.5.4. Z(A) = Z(S)/. The result then follows from

Proposition 4.3.8(i) and Corollary 4.3.5. [ |

Corollary 4.4.3 Given an R-algebra S with 1 € [S.S]. Suppose that SI; C
A C M(S) and SI; € B C M(S) are matric algebras over S and M C Sk
is singly generated and faithful. then every commuting map of Tri(4d. M. B)
is of the form a — ta + h(a)l. where t € Z(S) and h is a linear functional

on Tri(A. M. B).

Proof. Since 1 € [S.S], then [ € [S.S]/ C [A..4] and therefore A is the
smallest ideal containing [A. d]. By Theorem 1.5.4. Z(A) = Z(S)l;. The

result follows from Corollary 4.3.5. |
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The following corollary is concerned wich an algebra discussed in Theo-

rem 2.4.3.

B =D(S) and M =T(n,..... NeiMy.o.... m.)(S). where ny +---+n, =k
and my + ---+ my, = [. Then every commuting map of Tri(4. M. B) is of
the form a — ta + h{a)l. where t € Z(S) and h is a linear functional on

Tri(A. M. B).

Proof. Since I € {S.S]I. we have [, € [4. 4] and [; € [B.B]. and thus
Conditions (I) and (II) of Theorem 4.3.1 hold. Take mg = (m;;) with m;; =1
if i =1or j =1L and 0 elsewhere. Then amy = 0 for a € 4 implies that
a = 0 and mob = 0 for b € B implies that b = 0. Hence M(my) is a
faithful (Z(A). Z(B))-bimodule. By Proposition 4.3.8(ii). Condition (III) of

Theorem +4.3.1 holds and the result follows. [ |

The following corollary is an application of Proposition 4.3.8(iii).

Corollary 4.4.5 Given an R-algebra S with 1 € [S.S]. Let SI;, C A C
M (S) and Sly. C B C M(S) be matric algebras. and M = SF*, then
every commuting map of Tri(A. M, B) is of the form a — ta + h(a)l. where

t € Z(S) and h s a linear functional on Tri(A. M. B).
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Proof. As in the proof of Corollary 4.4.3. we have 4 is the smallest ideal
containing [4, 4] and Z(A) = Z(S)I. Taking [[,Ii] € M. We have [[.[;]b =
0 implies b = 0. By Proposition 4.3.8(iii). Condition (III) of Theorem 4.3.1

holds. Hence the result follows from Corollary 4.3.5. |

4.5 Nest Algebras

We extend Corollary 4.4.1 to nest algebras.

Corollary 4.5.1 Every commuting map of nest alyebras is of the form a —

ta + h(a)l. where t € C and h is a linear functional.

Proof. If N is a trivial nest. i.e. N = {0. H}. then T(NV) = B(H) is a
von Neumann algebra which is prime as a ring. Therefore it has no im-

proper commuting map by BreSar’s result [9]. If A is not trivial. then by

4 M
Lemma 1.6.5. we have T(V) = . where 1 and B are nest algebras

B
with Z(A4) = Cl and Z(B) = Cl. Since Z(T(.V)) = Cl1 by Lemma 1.6.6,

Condition (iii) of Lemma 1.3.8 holds for any nonzero m € M. Thus every

commuting map of 7 (/) is of the required form by Corollary 1.3.2. ]
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Recall (Lemma 1.6.7) that every element of the nest algebra of a contin-
uous nest is a sum of two commutators. Applyving Lemma 1.5.2 and Corol-

lary 4.3.4. we have the following result:

Corollary 4.5.2 If A is nest algebra of a continuous nest and M is a faithful
bimodule satisfying Condition (III) of Theorem 4.3.1. then every commuting
map of Tri(A. M. B) is of the form a — ta + h(a)l. wheret € C and h is a

linear functional.

The last result in this section is concerned with a finite nest over a Hilbert

space H.

Corollary 4.5.3 Let N = {0 = Np. V...... Vi} be a nest over a Hilbert

space H such that

0=V C VM CNC--CNe=H

and N; © N;_, is infinite-dimenstonal for i = 1..... k. If A=T(N\) and M
is a faithful bimodule satisfying Condition (1II) of Theorem 4.3.1. then every
commuting map of Tri(A. M. B) is of the form a — ta + h(a)l. where t € C

and h is a linear functional on Tri(A. M. B).

Proof. Let H; = N; & .V;_;. By assumption H; is an infinite-dimensional

Hilbert space and so H; is isomorphic to H; ® (H; & H; €...). We have the
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shift operator Si(x;..rs,...) = (r2.x3....) € B(H;) and S* € B. Then

1 0
= [S:.S:] € (B(H;). B(H))]
00
./
0 0
and similarly € [B(H;). B(H,)). Hence 1y, € [B(H,).B(H;)| and
01

therefore

Iy € [B(H\).B(H\)| & -3 [B(Hy). B(Hi)] € [A. 4]

As a result A4 is the smallest ideal containing [4. 4]. Since Z(4) = C1 by

Lemma 1.6.6. the result follows from Corollary 4.3.3. [ |
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Chapter 5

Automorphisms

5.1 Introduction

In this chapter. we are concerned with automorphisms on triangular algebras.
The study of automorphisms is one of the most important ways to understand
the underlying structure of algebras. One may refer to [4. 8. 12, 16. 22, 36. 41.
42. 43] for some known results about automorphisms on triangular algebras.
First we recall the definitions of automorphisms and inner automorphisms.

All algebras considered in this chapter are unital.

Definition 5.1.1 Consider an algebra 4. A bijective R-linear map o satis-
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fying
o(ad') = o(a)o(a’) foralla.a’ € A

is called an automorphism. The set of automorphisms of A is denoted by

Aut(A).

Definition 5.1.2 Let 4 be an R-algebra and r € 4 is invertible. We define
automorphism ¢, by

ay(a) = £ tar.

An automorphism which can be written as «, for some r € A is said to
be inner. The set of inner isomorphisms is denoted by Inn(Ad). An outer

automorphism is an automorphism which is not inner.

[t is common to compare the two sets Aut(A) and [nn(Ad). Indeed we

have the following well-known result.

Lemma 5.1.3 [46. p.88| Let A be an algebra. Both Aut(A) and [nn(4)
are groups under composition. Furthermore Inn(A4) is a normal subgroup of

Aut(4).

The above result leads to the Skolem-Noether group defined in [36] and
which may be considered as a measure of the “distance” from Aut(d) to

Inn(4). The Skolem-Noether group will be the focus of this chapter.
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Definition 5.1.4 The Skolem-Noether group of an algebra A. denoted by

SN(4), is the quotient group Aut(A4)/Inn(4).

The Skotem-Nuetlier group is also calied the ouier automorphism group
and denoted by Out(.1) in some publications.

In the case of triangular algebras Tri(A. M. B). it would be convenient if

0 m
we identify a € A with ¢« 0.0 € Bwith0&band m € M as . The

b

following observation is useful in finding outer automorphisms of triangular

algebras.

Lemma 5.1.5 An inner automorphism o = «. of Tri( 4. M. B) has the prop-
erty that o(M) = M. o(A)NB =0 and o(B)N A = 0. Furthermore if

€ A8 B. then o(A) = 4 and o(B) = B.
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Qg My Qg ng
Proof. Let = = . Then :7!' = for some ng € M. We

have
-1 -1
(10 ady (10 amy
\ 0
0 nobbo

by Lbbg

0

\
0 m (O ag ' mby

Therefore a. (M) = M. a.(4)NB =0 and a.(B)N.4 = 0. The last assertion

follows from the fact that if - € 4= B then mg = ng =0. |
We now introduce the definition of partible automorphisms.

Definition 5.1.6 An automorphism o of A = Tri(A4. M. B) is said to be
partible with respect to A, M. B if it can be written as o = a0 where y € 2
and o is an automorphism of U satistving o(4) = 4. o(M) = M and o(B) =
B. In the case where no confusion is likely to arise. we will simply say that o

is partible. The set of all partible automorphism of 2 is denoted by P.4().

Note that an inner automorphism of an triangular algebra is partible

with respect to any possible representation of the triangular algebra.
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5.2 Structure of Automorphisms

Lemma 5.2.1 Every automorphism o of Tri(d. M. B) can be decomposed us

sordhy
v

A —
.,,—Cl.yo Loury

jofl

_ RN A [ RN 2 USRS S
(1,\) =¢) Dy WACTE €3 € A dilu €9 € L dF€ wellipotends.

1 0 ey n 1 0
Proof. Let o = . Since 14 = is an idempotent.
0 € 0
ey n
then so is . Therefore
€2
‘)
€er n ey n e, n €] €N + ne
a4
€2 €y €2 €5

and thus e; € 4 and e» € B are idempotents and n = ey n + ne,, which in

1 ne; —en
turn implies that ey ne, = 2ene,. i.e. eynes = 0. Let y =
1

and 0 = a;'o. then
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o(180) = ylo(le0)y

(l e.n — ne; e, n I ne;—en

) \ 1 € 1
/el 2e nes +n —en — ney
\

B e; 0

= §

as required. |

Lemma 5.2.2 Let o € Aut() be such thai o(1,) = ¢,Ses. Theno~t(1,) =

fi1 & fo where ey, es, fi. f2 are idempotents satisfying

o(fi) =ero(fe) =1li—ero(ly— fi) =eno(lg— fo) = lg —en
Moreover. U can be partitioned into two different forms

(fafe RAGa-£) RME AMUs-f) )

(La= f)A(La = f) (L= ) M(Ls = )
LB FB(s-f)

\ (15 - f2)B(1s - f2)
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and
(el.-lel e1A(ly—ey) e, Me, erM(lg —es)
o — (la—e)A(ly—er) (la—e)M(1p —e)
- e:Be; e2B(lg — e3)
\ (18‘62)3(18_62))
Furthermore o : A, = U, can be written us
(Uu Qpa My My olar) o(my) olap) o(m)
ax2 ma o(byy) o(by2)
(0] =
by b olar) o(ma)
\ b o(b)

Consequently. we have o(d) = A and o(B) = B if and only if ey = f = 1,

and e; = fo = 0. Under these condition. we also have o(M) = M.

Proof. Note that 0(0& lg) = la —o(ly) = (la —€;) S(lg — ea). Let

fi n

Oal(l_.l) = . then

f2
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fl n (l 0
o(fi®0) = o
f_); \\ 0/ /
fl n /1. 0
= O 0]
f2 \ 0

thus o( fi) = ey and o(14 = fi) = o(L) — o(f1) = e
Similarly.

fi n (0 0\

\ f2 \ 1
(fl n /O O\
- f2 ’ \ 1)

(Lag0)((la—e) D (lp—e2))

o0& fa) = o

= (ly—e)&0.

thus o(fo) = 14 —e; and o(lg — fo) = o(lg) —o(fo) = lp — €.

fin
Aso(figfo)=1li4=0 . we have n = 0.

f

The fact that e, e, fi. f2» being idempotents is trivial.



3.2: Structure of Automorphisms 129

Consider

(la—e)der = (Li—e)Ue = o f2)o(W)of1)
(la—e)Mey = (Li—e)Ues =o(fr)o(Wo(ly = f1)
= o(f24(ly~ fi)) =0, and
(g —e2)Bey = (Lg—ex)Uer=0(lg — fo)o(N)o(l - fi)
= o((lg — f)AULa— f1) =0.
erde, e A(l—ey)
We may therefore write 4 as with similar parti-

(L —e)A(l —ey)
tions for B and M. Hence A have the form A,. Applyving a similar argument

to 0~!. we have the other form ;.

Now we want to show that o can be written as required.

o(fidfi) = o(fiUfi) = o(fi)o(A)o(f1)

= el‘llel = 61.‘161

o(fid(la—fi)) = o(fiAla - fi)) = o(fi)o(W)o(ly - f1)

= 619162 = 8]_.\[62
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o((ly — fi)A(la = f1)

o(frM f2)

o(fiM(lg = f2))

o((La = fi)M(1p = f2))

o(f2Bf2)

o(f2B(lg — f2)

o((La = f)A(La ~ f1))

o(la = fi)o(A)o(ly = fi)

es%e, = e2Bey

olfillf) = o(fi)o(A)o(f2)
el(ly—e) = e A(ly—e)

olidl(lp — f2)) = o(fi)o(W)o(lg = f2)
e(lg —ea) = e, M(Llg — e2)

o((Ly = f)A(Lg — f2))

o(ly = fi)o(Wo(lp - fo)

exd(lg — e2) = e2B(lp —e3)

o(f2fs) = o(f2)o(N)o(f2)
(Ly—e)U(La—ey)

(la—e)A(ly —ey)

o([2A4lp — f2) = o( fr)o(A)o(1p — f2)
(Li—e)AU(lp — e2)

(ly—e)M(lp — e2)
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o((lg — f2)B(lg — f2)) = o((lg — f2)A(1s — f2))
= o(lg — fo)o(A)o(lp — f2)
= (lg—e)U(lg — e3)

= (lp—e2)B(lp — e2)-

Finally o(d) = 4 is equivalent to fidf, = A =e de;. le. fi=e, =1,
and o(B) = Bisequivalent to (1g— f5)B(lg—f2) = B = (Lg—e2)B(lg—e>).

i.e. fo =ey =10. Under this condition.

M =0a—- )Ml = fo) = iM o= (1= fLI)M(lg = fo) =0

and thus o(\M) = M. |

We recall that 4 and B are naturally identified as subalgebras of the
triangular algebra Tri(.d, M. B). This is used implicitly in the statement of

the next theorem.

Theorem 5.2.3 Let o be an automorphism of Tri(A. M. B). Then o is part-
ible if and only if o(A)N B =0 and AN o(B) = 0. When this is the case.

then we also have o(M) = M and so © may be written in the form

Ja m pa(a) ta(a) +tp(b) + far(m)
O =

b pa(b)
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The element y implementing the inner automorphism «, in the decomposition

o= ayc_z-) of Definition 5.1.6 may be taken to be y = o(14) + Lp.

Prouf. Tirst assutue that o is partible. su & = wyp for sume invertible y € A
and automorphism p on A satisfving p(d) = 4. p(M) = M. p(B) = B.
By Lemma 5.1.5. we have q,(4) N B = 0 and since p(4d) = A. we have
d(A)N B = 0. Similarly ANo(B) = 0. We also have ¢, (M) = M and hence
o(M) =M.

To prove the converse, assume that o(A)N B =0 = ANo(B). Then we

e n 0 n
have o(1,) = and o(lg) = . Since 1 = o(l) = o(l,) +
0 f
L n
o(lg). we get that e = 1, f = lg and n' = —n. so o(ly) = and
0
0 —n 1 n _
o(lg) = .Lety=o0(l,) +1p = and set 0 = a;'o. we
1 1

will show that o(4) = A, o(B) = B and o(M) = M proving the converse

as well as the assertion in the last sentence of the statement of the theorem.
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Now

(1 o

Similarly o(1g) = lg. By the last assertion of Lemma 3.2.2, we get that
o(4) = A. o(B) = B and o(M) = M as required. [ ]
We now give a well-known example of an automorphism which is not

partible (and thus is an outer automorphism).

Example 5.2.4 [412] Let A = B = M = T,(R). Construct an automorphism

L on Tri(A. M. B) by

/abcd (acbd\

Then L is an outer automorphism.
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Proof. First we notice that L is an automorphism. indeed L(C) = Y ~!CY

where

(1000\

0010

0100

\0001/

Note that for 06e € A. we have L(0&e) = ¢S50 € B. Therefore L(A)NB # 0.

By Theorem 5.2.3. L is not partible and hence is an outer automorphism.

Definition 5.2.5 A bijective R-linear map f on M is said to be a bimodule

automorphism if for any a € A. m € M and b € B.
flamb) = af(m)b.

The group of all bimodule automorphisms of M/ under composition is denoted

by Aut(M).

Lemma 5.2.6 Suppose that o is an automorphism on Tri(A. M. B) satisfy-
ing o(d) = 4. o(B) = B and o(M) = M. Let f = wmy0ly. If 0la = a;
and olg = «, are inner. then the map g(m) = zf(m)y is a bimodule auto-
morphism. Conversely, if M is a faithful (A. B)-bimodule and there erists
invertible € A and y € B such that the map g(m) = zf(m)y is a bimodule

automorphism. then d|y = a; and ol = .
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a m r~taxr f(m)
Proof. Suppose o = . Then

b vty

0 flamb) /O amb

(aO 0 m} [0 O

0 0 y~tby

b
rtar 0} [0 f(m) (0 0
Hence flamb) = r~tarf(m)y~tby. ie. rf(amb)y™ = axf(m)y~'b and
therefore g(m) = rf(m)y~! is a bimodule automorphism of .M. Suppose

M is a faithful bimodule and the map g(m) = rf(m)y~! is a bimodule

automorphism. Then setting 0, = 0| 4. we have

0 oila)m oy(a) 0 0 m

0 0) 0
( a 0\ (0 fH(m)

\\ Y\ 0
(0 af~'(m)

\ 0
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Thus

oi(a)m = f(af~'(m)) =r""g(af " (m))y

and thus o,(a) = rax~! as M is faithful. Similarly &2(b) = y~tby where

02 =O|3. |

5.3 The Main Theorems

First of all. we will find sufficient conditions on 4. M and B so that all
automorphisms of Tri(.4..}/. B) are partible with respect to 4. M.B. We

start with some definitions.

Definition 5.3.1 [28] A left A-module (or a right B-module or an (4. B)-

bimodule) M is artinian if every decreasing chain of submodules of /. say
MDODM DM D....

is eventually constant, i.e. there exists k& such that )M; = M whenever & > [.
An algebra A is called left artinian (respectively right artinian) if 4 is

artinian as a left (respectively right) A-module.
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Theorem 5.3.2 All automorphisms of Tri(A. M. B) are partible if any one
of the conditions below holds:

(I) M is a faithful right B-module and A is not a triangular algebra, i.e..
eA(l —€) =0 implies that (1 —e)de = 0.

(II) M is a faithful left A-module and B is not a triangular algebra.

(III) A is right artinian and M is “idempotent faithful”. i.e. ife€ A.f € B
are tdempotents such that eMf =0. thene =0 or f =0.

(IV) B is left artinian and M is idempotent faithful.

(V) M s idempotent faithful and is an artinian (. B)-bimodule.

Proof. By Lemma 35.2.1. we may assume that o(l;30) = ¢, $ ea. By
Lemma 5.2.2. we have 0~ '(02 1) = f; © f». In view of the last assertion of

Lemma 5.2.2, it suffices to prove that ¢y = f; = 1, and en = f, = 0.

fi%f f1A(La = fi) . i
(I) By Lemma 5.2.2, 4 = . Since A is not a

(la = fO)A(Ly - fr)

triangular algebra. then we must have fiA(14 — f) = 0 and then e,%e, =
o((la—fi)Af1) =0. As M is a faithful right B-module and Me, =€, Me, =
e Ues = 0. we have e; = 0 and then f; = 14 -0~ (ey) = 1 4. Similarly fo =0

and e; = 1, by considering o™\

(II) The argument is similar to (I).
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(III) Write e} =e;. Now (L —€;)Mes = 0. hence e; = 1 or e; = 0. Suppose
es = 0. Then o(l4) = el. Define ef¥ = o(ef™!) = 6¥(1,), we have a

descending sequences of right ideals
ADeidel Defde; D ---.

Since A is right artinian and o is an isomorphism. we conclude that e, = 1.
So we always have e; = 1. Similarly, by considering o~!. we have f, = 1,.

Finally we get fo =0 }(ly—e,) =0and e; = o(l, — f;) =0.
(IV) The argument is similar to (III).

(V) Write e} = e;. Now (1 —e;).Mes = 0. hence e; = 1 or e5 = 0. Suppose
es = 0. Then o(l,) = ef. Define ef = o(e‘f"L) = 0*(14). we have a

descending sequences of bimodules
MDetM DefMD---.

Since M is artinian and o is an isomorphism. we conclude that e, = 1.
Following the same argument as (III). we have e, = f = 0 and e; = f, = 0.

Next we will determine the Skolem-Noether groups. We start with a

lemma and a definition.
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Lemma 5.3.3 Suppose every automorphism of A = Tri(A. M, B) is partible.

Define 74 : SN(U) — SN(A) by
Tallo]) = (7 yoly]

where © = a,0 satisfies o(A) = A. o(B) = B and o(M) = M. Then 74 is a

well-defined homomorphism.

Proof. Let o € Aut(A). Since o is partible. such o exists. Suppose there

exists another p = «.0 satistving p(4d) = A, p(B) = B and p(M) = .
a, my az Iy _
Then write y = and : = . We have o], = au;‘u-_./'l.-l
by by

and therefore [0]4] = [p|.]. Hence 7, is well-defined.

Consider two automorphisms ¢, 0; and ¢ ,,02 on A satisfving 0;(4) = A.

a; m;

oi(B) =B and o;(M) = M fori=1.2. Let r; = . We have
b

Up Q1,00 = (azlala:-gol—l)(ol(}l) = anol(zg)(mo'l)
and therefore

[7*’.4(0:[010::02)[.4] = [F.J.(OLOQHA]

= [7a01]al[ra00|4]

as desired. [ |
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Definition 5.3.4 For every pair of invertible elements a € Z(4) and b €

Z(B), we define a bimodule-automorphism on M by

\¥i
R¥ N

m

Loim)=amb forallm

The group of all automorphisms of the form [, is denoted by Lo(.M).

We also denote by Out.Aut(M) the quotient group Aut(M)/Lo(M).

The following theorem. together with Theorem 5.3.2, help to determine
the Skolem-Noether groups for many triangular algebras. One may refer to

Chapter 2.3 for the facts and definitions about short exact sequences.

Theorem 5.3.5 Given a triungular algebra A = Tri(A. M. B). Suppose that
every automorphism of U is partible. Define a map h : Aut(M) — Aut(A)

by

We have

(i) The map ¥ : QutAut(M) —» SN(U) defined by

is a well-defined injective group homomorphism.
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(ii) If. for every automorphism ¢ that satisfies o(d) = A. o(B) = B and
o(M) = M. we have pg = wgo|p Is inner whenever py = T,0|4 is inner
then

0 — OutAut(M) 5 SN2 I, (SV(A) = 0 (5.1)

is a short eract sequence. where 7 is the map given in Lemma 3.3.3.

Proof. (i) First we show that ¥ is well-defined. Suppose that [f] = [g]
then fg=! =1, € Lo(M) and A(f)h(g)~" = h(fg™"') = a,zy-:. Therefore
[R(£)] = [R(g)]-

To prove injectivity. assume that W([f]) = [ida]. Then h(f) = a. where

Ly my
. We have. for everv a € .

I

Y1

r~lar r~tam,
h(fY(a0) =
0

and. by the definition of h.

h(f)(a®0)=a&0.
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Therefore £, € Z(A) and m; = 0 by taking @ = r'. Similarly we have

y1 € Z(B). Finally

and then. by the definition of h. we get f(m) = 27'my,. Thus f =1[,, €
Lo(M). As aresult. [f] = idy and P is injective.

(ii) Suppose that for every automorphism o that satisfies o(A) = 4. o(B) =
B and o(M) = M. we have pg is inner whenever p, is inner. We claim
that KNer(74) = Im(¥) and the result follows. To verify the claim. suppose
wa([o]) = [id4]. By Lemma 5.3.3. we can assume o(4) = 4. o(M) = M and
o(B) = B. Thus [740]4] = [id4]. i.e.. py = 7404 is inner. By assumption
pg = wgo|p is also inner. Write py = o, and pg = «y. Then g € Aut(M)
where g(m) = ro|y(m)y~! by Lemma 5.2.6. Hence o = a,5,h(g) and thus
[o] = ¥([g]). Therefore we have Ker(7F,) C Im(¥). The reverse inclusion is
trivial since the (1.1)-entry of A(f) = id4, and so 7, (\¥(f)) = Fa([R(f)]) =

idy. ||

Corollary 5.3.6 Let U = Tri(A. M. B). Suppose that Aut(U) = PA(A) and

a m a f(m)

that for every automorphism o of the form o . we

b pe(b)
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have pg is inner. Then

{1} = OutAut(M) 3 SN(A) 3 #,(SN(A) = {1} (5.2)
i3 @ short czact scqucnice

Proof. Consider an automorphism o on Tri(A4. V. B) with o(4) = 4. o(B) =
B and o(M) = M. Suppose 7m40|4 is inner. say 7.0|4 = a,. then oJ'o €
Aut(Tri(A. M. B)) is of the form
a m a f(m)
b o|p(b)
Therefore o|p is inner. Thus by Theorem 35.3.5(ii). the result follows.

Corollary 5.3.7 Assume that Aut(A) = Inn(A4) and Aut(B) = Inn(B). If

Aut(Tri(A. M. B)) = PA(Tri(A. M. B)). then
SN(Tri(A. M. B)) = Out Aut(M).

Proof. In this case. the sequence in Theorem 5.3.5(ii) is a short exact se-
quence. Consider p : SN(A4) — S.V() defined by p([a,]) = agz1. we have
éAp = idsy(4)- Lhe result follows from Lemma 2.3.3. |

The following corollaries are first obtained by Jondrup [40] in the case

that R is a commutative field. Note that R is not a triangular algebra as it

Is commutative.
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Corollary 5.3.8
SN(Tri(R.R".R)) = GL,(R).
the group of invertible n x n matrices over R.

Proof. By Theorem 5.3.2(ii), every automorphism of A = Tri(R.R".R) is
partible. By Corollary 5.3.7. SNV() = OQutAut(M). That QutAut(M) =
GL,(R) follows from the fact that Aut(M) = GL,(R) and Lo( M) = {idy}-

In the next corollary, the ring of polynomials in one indeterminate over

R is denoted as usual by R[.X].
Corollary 5.3.9
SN(Tri(R[Y]. R[Y].R)) = SN(RLY)).

Proof. Every R-automorphism p of 4 = R[] induces an R-automorphism

D(p) of Tri(R[X], R[X].R) by

FLY) G(Y) p(F(X)) p(G(X))
D(p) =
r r

As the only R-automorphism of B = R is the identity. the condition of

Theorem 5.3.5(ii) is satisfied and hence the sequence in Theorem 5.3.5(ii) is
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ashort exact sequence. Moreover the sequence splits since 7, D is the identity
map on SN(R[Y]). For every (R[.Y], R)-automorphism f on M = R[Y], we
have f(G(X)) = f(G(X)1) = G(X)f(1) = f(1)G(X). Since f is bijective.
f(1) € A is invertible and f € Lo(M). Therefore QutAut(R[X]) = [idy]

and the result follows from Lemma 2.3.3. [ |

[n the next corollary. we use R[\. Y} = (R[.X]){}7] to denote the ring of

polynomials in two indeterminates.

Corollary 5.3.10

SV(Tri(R[Y]. R[X.YLR[Y])) = SV(RLY]) x SV(R[Y]).

Proof. Note that R[.Y'] is commutative and hence is not a triangular algebra.
and then every automorphism of A = Tri(R[.Y]. R[.\". Y], R[}7]) is partible by
Theorem 3.3.2(i). Similar to the construction of 4, we have 75 : SN(U) —
SN(B). We claim that the map 8 : SN(A) — SN(4) x SN(B) defined
by 8([¢]) = (Fa([¢]). #8([0])) is a group automorphism. That ¢ is a group
homomorphism follows from the fact that 7, and 75 are group homomor-
phisms.

Next we prove that @ is surjective. Let p4 and pg be R-automorphisms

on A and B respectively. Define f : M — M by f(rX°Y?*) = rp4(X%)p4(YF).
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[t is straightforward to verify that the map o =
b ps(b)
is an R-automorphism on 2.
[t remains to show that ¢ is injective. Suppose [o] € Aer(d). With-

a m
out loss of generality. we can assume that o is of the form o

b

ag(a) f(m)

. Since R[.Y] and R[}] are commutative. ¢, and a, are
an(b)
identity maps. Now for every r.\*Y"* € M. we have

0 f(rAsy) 0 r\UY

Il
©

0 0
X0 0 l\ 0 0
0 O) ¥

X 0] (o f(l)\ 0 0

0 0 / ¥

0 f(l)r\°y?
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f(rXeYY) = f(1)rX°Y* Thus f(m) = f(1)m for every m € M and that

, ORI . :

O = . where z = . L.e. [o] = [ida] as desired. [ |
1

5.4 Matrix Algebras

[n this section. we use S to denote an algebra over R. We want to find the
Skolem-Noether groups of some matrix algebras over S. First, we consider the
R-automorphisms of certain matrix algebras induced by R-automorphisms

of S.

Proposition 5.4.1 Given an R-automorphism d on S. it induces an R-
automorphism d on uny unital matriz algebras A D D,(S) by ti(a‘j) =
(d(a;j)). Consequently the map [d] — [d] is an embedding of SN(S) into

SN(2).

Proof. Let X = (r1;;).Y = (y;;) € A Then

n
d(XY) = (d(zIikykl))i:l.....n:j:l.....n
k=1

n

= (Z d(zik)d(Yrt) )i=1...nij=1.n

k=1

= d(X)d(Y).

Hence d is an R-automorphism of 2.
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The map D : [d] — [d] is well-defined since if d = a,. then d = ay;. If

d = a. where : = (z;;) € . then

d($\Ey = d(sE,) = =~ HsEy) =

Suppose w = (w;j) = 7L

we have, by considering the (1.1)-entry. d(s) =
wyyszyy- Since d is an R-automorphism. w); = :j}! and d = a.,, is inner.

Therefore the map D is injective. |
The R-automorphism of 2 given in the above proposition will be called
the induced R-automorphism by d.
Automorphisms of upper triangular matrix algebras have been studied

in [2. 4. 12, 16. 42. 43]. The following theorem is a further generalization of

their results.

Theorem 5.4.2 Assume that S is not a triangular algebra. Suppose that
A = Tri(A. M.B) with A = M(S). M = S*. and B 2 D((S) is u matric
algebra. If every R-automorphism of B is a composition of an inner auto-
morphism and an induced R-automorphism from S. then we have a short

ezact sequence
0 — Out Aut(M) = SN() 33 (SN () — 0

and that OutAut(M) = 0.
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Proof. By Theorem 1.5.2. A is not a triangular algebra and thus Condition (I)

in Theorem 35.3.2 holds. As a result. every automorphism of Tri(d. M. B) is

a m a f(m)
partible. Take an automorphism of the form o = . We

b pe(b)
want to show that pg is inner and hence we have the short exact sequences

in Corollary 5.3.6.

Let £};'s and F;s be the standard matrix units of 4 and .M respectively.
Note that f(F};) = E, f(Fi;) = uivj where u; is a column vector with 1
in the { — th row and 0 elsewhere. and v; is first row of f(Fy;). Let w =

[vh..... vf]t € My(S). Then for every t € S. we have
f(tFy) = tEy f(Fj) = tuje; = tFjw.
Thus for every m =Y ¢t,;F,j € M. we have
flm) = FOQ_tyFy) =Y fltFy =Y tyFyw = mw.
As f is bijective. w is invertible. For any b € B,
muwpp(b) = f(m)pg(b) = f(mb) = mbuw

which implies that wpg(b) = bw as M is a faithful right B-module. Thus
pe(b) = wtbw. To prove that pp is inner. we will show that w € B. By

assumption. pg = a.p for some : € B and an R-automorphism p induced
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by an R-automorphism p of S. As D,(S) C B. we have
-1

Esuwz"t = upp(Ey)z

ws" p(Eii)

= lL'Z_lEi,'.

Since this is true for every index {. we have wz"' € D)(S) C B. As a
result w = (wz~')z € B and thus pp is inner.

By Lemma 2.3.3. it remains to show that QutAut(M) = [idy]. Take
f € Aut(M). By considering argument similar to the above for the R-

automorphism

on 2. we have f(m) = mw for some invertible w € B. Since

muwb = f(m)b = f(mb) = mbu

and. as M is a faithful right B-module. wb = bw for every b € B. Thus

w € Z(B). Therefore f € Lo(M) and OutAut( M) = [idy,]. [ |

Corollary 5.4.3 Assume that S is not a triangular algebra. Let A = M (S).

M =Sk and let B D Di(S) be a matriz algerba. If every R-automorphisms
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of A and every R-automorphisms of B can be written as a composition of
an inner automorphism and an induced R-automorphism. then every R-
automorphism on Tri(A. M. B) is a composition of an inner automorphism

and an induced R-automorphism.

Proof. The sequence in Theorem 5.1.2 is a short exact sequence. Since
every R-automorphism of 4 is a composition of an inner automorphism
and an induced R-automorphism. S.V(S) and S.V(4) are isomorphic un-
der the map D([d]) = [d]. Consider the map D : SN(S) — SN(2) given by
Dld] = [(l] We have 7 (DD™") = idsy41)- Hence the sequence splits. and by
Lemma 2.3.3. D~'D is an isomorphism from SN (A4) to SN(A). Therefore

D is an isomorphism from SN (S) to S.V(2) and the result follows. [ |

Theorem 5.4.4 Suppose that S is not a triangular algebra. then every R-
automorphism of T,(S) is a composition of an inner automorphism and an

induced R-automorphism.

Proof. We prove by induction. The statement is obviously true for n = 1.
Assume the statement is true for n = k. By Theorem 1.4.4. T} (S) =

Tri(S. S*. Tx(S)). The result follows from Corollary 5.4.3. [ ]

Corollary 5.4.5 [43] Every R-automorphism of T,(R) is inner.
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Proof. Since R is commutative. it is not a triangular algebra. By Theo-
rem 3.4.4 and that the only R-automorphism of R is the identity map. every

R-automorphism of T,,(R) is inner. |

Corollary 5.4.6 [42] If every idernpotent of S lies in the centre, then every
R-automorphism of T,,(S) is an inner automorphism and an induced auto-

morphism.

Proof. If S = Tri(A. M. B). then 1,50 is an idempotent which does not lie
in the centre. Hence S is not a triangular algebra and the result follows from

Theorem 5.4.4. ]

Recall (see [28. p.2]) that a ring S is semiprime if aSa = 0 implies a = 0.

Corollary 5.4.7 [41] If S is semiprime. then every R-automorphism of

T.(S) is a composition of an inner automorphism and an induced automor-

phism.
0 m 0 m
Proof. If S = Tri(A. M. B). then S = 0 which contradicts
0 0
that S is semiprime. The result then follows from Theorem 5.4.4. |

Corollary 5.4.8 [4] Suppose that any nontrivial R-endomorphism of S is

an R-automorphism, then SN(T,(S)) = SN(S).
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Proof. It suffices to show that S is not a triangular algebra. Suppose that

a m a 0

S = Tri(4, M. B), then the map — i1s a nontrivial R-
b 0

cndomorphism but not an R-automorphismi. =

Corollary 5.4.9 Assume that S is not a triangular algebra and that. for
every natural number k. SN (M (S) = SN(S). i.e. every R-automorphism
of Mi(S) is a composition of an inner automorphism and an induced R-
automorphism. Then every automorphism of any block triangular algebra A
over S is a composition of an inner autornorphism and an induced automor-

phism.

Proof. We prove this by induction on the number of blocks { of A =

T(ny,....n)(S). The proof is similar to that of Theorem 5.4.4. [ |

The following example is about unique factorization domain. For its
definition and properties. one may see [1. Chapter 3|. A factorization domain

is a commutative ring and thus is not a triangular algebra.

Corollary 5.4.10 If R is a unique factorization domain. then every R-
automorphism of T(ny,.... ng)(R) is inner, i.e. SN(T(ny,....ng)(R)) is

trivial.
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Proof. From (36}, it is known that SN (M (R)) is trivial for all &. The result

follows from Corollary 5.4.9. |

The last theorem in this section is concerned with a triangular matrix
algebra with -4 and B being diagonal matrix algebras. The first cohomology
group of this algebra is discussed in Theorem 2.4.53. We will only consider
the case that S is connected. i.e. the only idempotents of S are 0 and 1.

We denote by S, the group of n x n permutation matrices.

Lemma 5.4.11 IfS is connected. then every R-automorphism of D,(S) can

be represented by (Q: J...... In) € Sp x (Aut(S)") in such a way that

(Q: 31,2 3D suFu) = QD Ji(su) Ew)

Proof. Consider o € End(D,(S)). Since S is connected and o(E};) is an

idempotent. we have o(£};) = Zre". E... where 17 C {L..... n}. From

0=o(E4Ej})= Y  En

retint;

we conclude that V.. ... 1 are pairwise disjoint subsets of {1..... n} and
thus 1}’s are singletons. Therefore there exists an permutation mairix @ such
that o(Ey;) = Q°EuQ.

Now for anyv i = 1..... nand b € S, o(sEy;) = Ji(s)Q'E;Q for some

automorphism J; of S. Thus the result follows. |
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Theorem 5.4.12 Suppose S is connected. A = Dy(S). B = Di(S) and M
is the space of upper block triangular matrices T(ny,....ngmy. .. .. m, )(S).

wheren, +---+n,=kandmy+---+my =1. Then SN(Tri(A.M.B)) is a

semidirect product of G and H. where
G= n£=[6nl X H_tj:LGmJ X S-V(S)

and H = (Z(S)")#mM=k=l=1 where Z(S)* denotes the group of invertible

element in Z(S).

Proof. Since S is connected. it is not a triangular algebra. Otherwise if
S =Tri(X.Z.Y) then Ly &0 is an idempotent in S. a contradiction.
Let A = Tri(4. V. B). By Lemma 2.3.3. it suffices to show that there

exists a split short exact sequence
{1} = OutAut(M) S SN B G = {1}

with ¢ : G — SV () satisfving ¢p = idg and that QutAut()M) = H.

Define ¥ in the same way as in Theorem 5.3.5(i). We first define a group
homomorphism p : S.V () — G. Since A is not a triangular algebra and M is
a faithful B-module. every automorphism of 2 is partible by Theorem 5.3.2.

Take 0 € Aut(Tri(4, M. B)). As it is partible, there exists o € [¢] satisfving
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o(4) = 4. (B) = B and o()M) = M. We write

_la m pala) h(m)
(0] =
b pg(b)
\ / \
By the previous lemma. p is represented by (Q4; ... .. ~¢) and pg is rep-
resented by (Qg: 31,....J5).

Let e;;'s and fj;'s be the standard bases of .1 and B respectively. Taking

a unit matrix Ej; € M. we have

0 /I(E,;j) _ /O E‘j
= 0
0 \ 0
_lei 0} _{0 E;}_{0 O
= 0O o 0]
\ 0 0 fis

Q4heiQ4 01 [0 A(E;) ][O 0

0 0 Q5/1,0s
Hence h(Ei;) = Q4euQah(E;j)Q5f;jQp- Therefore if Q4 €uQ. = esion)
and Q% f;;Q8 = er(r(). then A(E;j) = m;;Eqi-(j) for some m;; € S. Since
h(Ei;) € M for all i. j. we have that Q4 € [T, Sn, and Qp € II]_ Gy,

Define the map p by p([o]) = (Q..Qs.[71]). We will show that p is

well-defined. Suppose there exists another 0; € (@] such that o(4) = A
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- - - - a m
01(B) = B and 0,(M) = M. Then 0, = o0 for some y = . Write

0, in the form
/ \ / \

_la m pi(a) fi(m)

b p1(b)

Then p, = a.p. is represented by (Q 4. gl VLo - Qqr, k) and p2 = aypp is
represented by (Qg.a,,rujl ..... y, Ji). Therefore the map p is well defined.
[t is straightforward to verify that p is a group homomorphism.

Define a group homomorphism ¢ : G = SN(A) by ¢(Q..0Qs.[*]) = [0]
where o(X) = 4((Q4 & @) X(Q.15Qp) for X' € A and + is the automor-
phism induced by ~. Then we have gp = idg as desired.

Next we prove that Ker(p) = Im(¥). That Im(¥) C Ker(p) fol-
lows from the definition of ¥ in Theorem 5.3.5(i). To prove the reverse

inclusion. let p([o]) = (1.1.[ids]). Without loss of generality. suppose that

fa m pala) h(m) _ ,

o) = and p, is represented (l.~.....7%) with
b pa(b)

~ = ids and pg is represented (1. 3,.....J). If Ei; € M. then we have

h(Eij) = eih(Eyj) f;; = zi;Ej
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for some r;; € S. Furthermore. it is not hard to see that
h(sEyj) = pa(seu)h(Eyj) = wils)i; Eyj

and
h(SEij) = h(Eij)PB(Sfjj) = 1i;J;(s) Eyj.

As 7, Jj and h are all surjective, we have that r;; is invertible and

= QI-LJJ.

Since E,..... Ey.Ey..... Ey are all in M. we have [v] = [3;] =[] = [ids]

@ m
for all i. j. Take z = (ryry's - -Srury')®(£11S2y). then a0 =

b

a g(m)
for some g € Aut(M). Therefore o] = ®([g]) € Im¥ and
b

Ker(p) C Im(¥).
Finally we need to show that Qutdut(M) = H. Using similar tech-
nique as in the last part of the proof of Theorem 2.1.5. we define a group

isomorphism © : Aut()) — G. where

under coordinate-wise multiplication. and the image of Ly(.}/) under © is

completely determined by the & +[—1 entries zy;,.... BT O o Iy Hence
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the result follows.
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Chapter 6

Conclusion

We have studied four types of linear maps on triangular algebras. i.e. algebras

of the form

where 4. B are R-algebras and M is a nonzero (.. B)-bimodule. The four
tyvpes of linear maps are derivations. Lie derivations. commuting maps and
automorphisms. In each case we establish sufficient conditions for such maps
to be of a special form.

In Chapter 2. we consider the first cohomology group which is the quo-
tient group of the group of all derivations modulo the group of inner deriva-

tions. If every derivation of the triangular algebra has the property that its
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restriction on B is inner whenever its restriction on - is inner. then we are
able to construct an exact sequence to determine the first cohomology group
of the triangular algebra. With this result at hand. we are able to compute
the first cohomology groups of certain matrix algebras. In particular we de-
duce that every derivation of upper block triangular matrix algebras over an
unital algebra S is the composition of an inner derivation and a derivation
induced from a derivation of S.

In Chapter 3. we study Lie derivations of triangular algebras where M
is a faithful bimodule. The main result is that everv Lie derivations of a
triangular algebra with faicthful M is a sum of a derivation and a linear
map with its image lving in the centre of the algebra. provided that the
algebra satisfies certain conditions determined by the centre. commutators
and idempotents. For example. those conditions are satisfied if both 4 and B
have trivial centre. In particular nontrivial upper block triangular algebras
and nest algebras satisfy these conditions and thus every Lie derivation of
these algebras is a sum of derivation and a linear map with its image lying
in the centre.

In Chapter 4, we discuss commuting maps of triangular algebras with

faithful M. A commuting map is a linear map for which every element com-
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mutes with its image. We have established sufficient conditions, determined
by the centre and commutators. for every commuting map to be of the form
L(r) = ar + h(r) where a is a fixed element in the centre and h is a linear
map with image lying in the centre. Notably, this result is applicable to the
upper block triangular algebras and nest algebras.

In the final Chapter. we study the Skolem-Noether groups of triangular
algebras, i.e.. the quotient group of the group of all automorphisms modulo
the group of all inner automorphisms. An automorphism is partible if it is in
the same equivalence class in the Skolem-Noether group as an automorphism
which leaves 4. M and B invariant. We have given five sufficient conditions
so that every automorphism is partible. Suppose every automorphism is
partible. [f every automorphism which leaves A. M and B invariant has
the property that its restriction on B is inner whenever its restriction on
A is inner. then we are able to construct an exact sequence to determine
the Skolem-Noether group of the triangular algebra. Applyving the results at
hand, we are able to show. in particular. that every automorphism of upper

triangular matrix algebra over R is inner.
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