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Abstract

In this dissertation, we study certain types of linear mappings on triangular 

algebras. Triangular algebras are algebras whose elements can be written in 

the form of 2  x 2 matrices
/ a  m
V b

where a E A. 6 € B, m E M  and where .4, B  are algebras and .V/ is a bimod­

ule. Many widely studied algebras, such as upper triangular matrix algebras 

and nest algebras, can be viewed as triangular algebras. This dissertation is 

divided into five chapters. The first chapter is a general account of the ba­

sics of triangular algebras, including the unitization of nonunital triangular 

algebras and the structure of the centre of triangular algebras, as well as a 

brief introduction to some well-known examples of triangular algebras.

In Chapter 2, we study the general structure of derivations on triangular 

algebras and obtain some results on the first cohomology groups of triangular 

algebras. The first cohomology group of an algebra is the quotient space of 

the space of all derivations over the space of all inner derivations, and it is 

always a main tool in the research of derivations. In addition, we consider 

the problem of automatic continuity of derivations in the last section of this 

chapter.

In Chapter 3, we consider sufficient conditions on a triangular algebra 

so that every Lie derivation is a sum of a derivation and a linear map whose 

image lies in the centre of the triangular algebra.



V

In Chapter 4, we consider sufficient conditions for every commuting map 

on a triangular algebra to be a %um of a map of the form x  ax and a map 

whose image lies in the centre of the triangular algebra.

In the hnal chapter, we are concerned with the automorphisms of tri­

angular algebras. The study of automorphism is a most important way to 

understand the underlying structure of an algebra. We deduce some results 

on the Skolem-Noether groups, or the outer automorphism groups, of tri­

angular algebras and apply those results to generalize some known results 

about automorphisms on a triangular matrix algebras.
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Chapter 1

Basics of Triangular Algebras

1.1 Introduction

In this dissertation, we consider linear operators on a chiss of algebras of the 

form

a  = (-^

where A  and B  are algebras and M  is a nonzero (.d. B)-bimodule. Such 

algebras will be called triangular algebras. Many widely studied algebras, 

including upper triangular matrix algebras, block triangular matrix algebras, 

nest algebras, semi-nest algebras, and triangular Banach algebras, may be 

viewed as triangular algebras.

In this dissertation, we study certain linear operators on triangular al­

gebras. Specifically, derivations. Lie derivations, commuting maps and auto­

morphisms. Our results are then applied to the concrete triangular algebras
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mentioned in the pre\"ious paragraph.

In this chapter, we discuss general properties of triangular algebras and 

give several useful examples.

1.2 Definitions

Throughout the dissertation. R  is always a commutative ring with unity. We 

sluill denote the unity of R  by 1 . The unity of an algebra .4 will be denoted 

by l.-i or simply 1 when no confusion is likely to arise.

Suppose that A, B  are R-algebras and .\/ is a nonzero (.4. B)-bimodule.

Consider the set

Tri(A. -\/. ^ )  =  I  X )  • “ ^   ̂ ^  ■

We can define the matrix-like addition and matrix-like multiplication on 

Tri(.4.4/. R) as below:

oi mA  ̂ fao +  a> mi + m,
6i y \  bn J  \  bi +  bn

and
^Oi m A  / an m n \  _  f aiUn ai/nn -f rrindi'

b <  J  [  b n j ~ [  b i b n

It is straightforward to verify that Tri(.4.4/. R) is an algebra under such

addition and multiplication. For convenience. Tri(.4.4/. R) may be simply
C4 . \ rwritten as , ^  ..

D efin ition  1.2.1 An R-algebra '21 is called a triangular algebra if there exist 

R-algebras .4, R and nonzero (A. R)-bimodule 4 /  such that 21 is isomorphic 

to Tri(.4.4 /, R) under matrix-fike addition and matrix-like multiplication.
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D efin ition  1.2.2 Let 21 =  Tri(.4, B) be a triangular algebra. W e define

three projections : 21 .4. ttb : 21 —>• 5  and - \ /  : 21 ^  M  as follows. For
/  \  ■

a m
anv X =  . we set

V  V

n..v(x) =  a. ~b(x) =  b and ” \/(x) =  m.

Moreover, for anv a 6  -4. and b ^  B . we use a © 6 to denote

\  V

E x am p le  1.2.3 The algebra r„(R ) of n x n upper triangular matrices over 

R . ma\- be viewed as a triangular algebra when n > I. In general, if n > k. we

where R" is the space of (ri — k) x khave r„(R ) =

V
matrices over R.

T, ( R )

The above example demonstrates that the choice of .4. B  and 4 /  in the 

definition of triangular algebras is not unique.

E x am p le  1.2.4 Let .4 be any R-algebra. The algebra T>(.4) of 2 x 2 upper 

triangular matrices over .4 is a triangular algebra, indeed it is naturally 

isomorphic to Tri(.4. .4. .4).

E x am p le  1.2.5 Let A  = B  = < : f. a €  R and M  =  T ,(R). then
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Tri(.4. A/, B) is a. triangular algebra. This algebra serves as a counterexample 

in Chapter 3 and Chapter 4.

We novv identify which R-algvbici* are triangular algebras. Fur an unital 

algebra, we have the following result.

P ro p o s itio n  1.2.6 4  unital algebra 21 is a triangular algebra if and only if 

there exists an idempotent e € 21 such that (I — e)2le =  0 but e2l(I — e) 7  ̂ 0.

Proof. To prove the "if' part, assume that (I —e)2le =  0 and e2l(l —e) #  0 for
( \ 

e21e e2l(L—p)
an idempotent e € .4. Then 21 =  

the map

. More precisely.

/
X 1-4-

( l - e ) 2l { l - e ) y

exe ex(l —e)

 ̂ ( l - e ) x ( l - e ) y  

is an isomorphism from 21 onto Tri(e2le.e2l(l — e). (1 — e)2l(I — e)).

To prove the converse, assume that 21 is a triangular algebra Tri(.4. A/. B)

. We claim that e =  n' 0  0 is thefor some .4. A/. B. Write 1 =
a m

desired idempotent.

Since l ’ =  1 . we get (o')'- =  a' and hence e is an idempotent.
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That (I — e)2le =  0 follows from

(1 -  e)

( \ 
a ni

b
e =

( \  
0 w!

b'

(  \a m

\ / \ 

for arbitrary a € .4.6 € m 6 M.

Finallv. for anv m Ç. ,\L  we have

a' 0 

01
=  0

( \ 
0 m

V

( 1 - e )  =

I
a' 0 

0V 7
/  \

0 a!mb

“ /
/  \  I \ I . A

0 mn' m' a' m!

=  1 1

Thus e2l(l — e) 7  ̂0.

Note that e'2l(l — e) =  0 implies e(l — e) =  0 or e" =  e. Therefore the 

condition of e being an idempotent can be omitted.
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1.3 Unitization

Consider an algebra .4.. The unitization of A, denoted by A  V R l .  is the 

smallest unital algebra v.dth .4 as a subalgebra. Explicitly.

.4 V R l = {a -f- "T : a € .4. 7 E R}.

If .4 has a unit, then .4 V R l is .4 itself. Othenvise, the expression a +  7 I 

is treated iis a formal expression with the usual addition and multiplication, 

e.g. (oi +  +  7 )1 ) =  (ma.) +  iioo +  7 .̂ 0 J  4- i i i d .

P ro p o sitio n  1.3.1

/  \  /
.4 V R l M

B V R I

\

V
V R l =

(  \  
.4 M

\ B v R l
V R I.

.4 V R I M

In particular, if A  (resp. B ) is unital. then the unitization of Tri{A. M. B) 

is Tri(.4. .V/. B  V R l)  (resp. Tri(.4 V R l .  M. B )).

Proof. The result follows from

( \ 
0  +  cvl m

b 4- d l

/  \ 
u 4- (a — j ) l  m

4-J l  =

/  \
a m

b 4- (3 -  a ) l
4-q 1.

In most cases, we will assume that .4 and B  are both unital. The previous 

proposition allows us to extend some results to the case where either .4 or
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B  is unital. Note that if neither .4 nor B  is unital then the unitization of 

Tri(.4. M. B) is not of the form in the proposition, indeed we luive

/  \  
.4 4 /

v R i

/  \
a +1 rn

b + t
: o E .4. b E B. ni E t E R > .

1.4 The Centre

Consider an algebra .4. The centre of .4. denoted by Z(.4). is the set

{a E .4 : ax =  xa for all x  E .4}.

It is straightforward to verify that Z(.4 V R l)  =  Z(.4) V R l.

The structure of the centre of triangular algebras is given in the next 

theorem.

T h e o rem  1.4.1 Suppose both A  and B  are unital. The centre of '21 =  

Tri(.4. -V/. B) is given by

Z(2l) =  (a © 6 : am = mb for all m E M. a E Z(.4). b E Z{B)}.
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Proof. Suppose a 6  Z{A). b G Z{B) and am =  mb for ail rn G M. Then for 
/ \

all
a m

G 21. we have

a 0 (a ' J
/  \

aa' am

W j

/  \
a'a mb

b'b j\
a' m a 0

Hence a © 6 G Z(2l).
/  \

Converselv. if
a m

G Z(2l). we have

/  \
a m'

( \ 
1 0 /  Aa m

( \ 
a m'

\  V
( \ 

a 0

V
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and so m' = 0. Since

( \ 
0 am

\

(  A ( \
a 0 0 m

0
V

/  > /
0 m a 0

( \ 
0 mh

\  V
then am  =  mh for any m 6 A/. Now

aa' 0  bb' =  (a 0  b){a' 0  b') =  {a' 0  b'){a 0  6 )=  da  0  b'b.

therefore ad  =  da  and bb' =  b'b for any d  € A  and b' Ç. B. and hence

a G Z{A) and 6 G Z{B). ■

Next, we recall the definition of faithful modules.

D efin itio n  1.4.2 [38. p.174] .A. left (respectively right) .4-module M  is said 

to be faithful if a =  0 is the only element in .4 satisfying a.M = 0 (respectively 

M a — 0).

We now define the term faithful for bimodules.

D efin itio n  1.4.3 .-An (.4. B)-bimodule M  is called a faithful bimodule if it 

is both a faithful left .4-module and a faithful right 5-module.
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T h e o rem  1.4.4 I f  A ,B  are unital and M  is faithful, then the centre of 

21 =  Tri(-4, M. B) is given by

Z(2l) =  (a © 6 : am = mb for all m € .\[. a 6 .4. ft € B \.

Furthermore. ~.i(Z(2l)) Ç Z(.4) and -g(Z(2l)) Ç Z {B ). and there exists a 

unique algebra isomorphism r from ",v(Z(2l)) to -g(Z(2l)) such that am = 

mr{a) fo r  every rn 6 M .

Proof. By Theorem 1.4.1. we have

Z(2l) =  {a © ft : am  =  mb for all m € M. a £ Z(.4). ft £ Z{B)}.

Thus -,i(Z (2l)) Ç Z(.4) and -g(Z(2l)) Ç Z[B).

Suppose am = mb for every rn £ M. then for any a' £ .4 we have

{aa' — a'a)m  =  a{a'm) — a'(am) =  {a'm)b — a'{mb) — 0 Vm £ M

hence aa' — a'a = 0 as M  is a faithful left .4-module. Therefore a £ Z(.4) 

and similarly we have ft £ Z(B). .\s  a result a © ft £ Z(2l).

Next we show that there exists a unique mapping r  : -,.i(Z(2l)) —>

7Tg(Z(2l)) satisfying am  =  mr{a) for all a £ .4 and m  £  M .

For any a £ 7Ta(Z(21)), there exists ft £ -j,{Z [^))  such that a©ft £ Z(2l). 

Suppose there exists another ft satisfying a © ft̂  £ Z(2l). then we have mb =
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am  =  mb' for all m 6 M  and hence b = b' as M  is faithful. Therefore the 

map r  exists and is unique.

It remains to prove that r  is an algebra isomorphism.

If r(a) =  0 then am  =  0 for ever}' m G M  and thus a =  0. Therefore r  

is injective. That r  is surjective follows from the definition of - b {Z{''21)). For 

any a. a' G and r G R. we have

{ r a ) r n  =  r { a r n )  =  r ( r n T { a ) )  =  m { r T { a } ) .

{a 4- a ) m  =  m (r(a) 4- r { a) ) .

and

{aa')rn — a(a'm) — (a'm )r(a) =  a { mr { a ) )  =  mr{a)T(a').

thus ~{ra) = rr{a). r{a 4- a') =  r(n) 4- r(a ') and r(aa ') =  r(a )r(n ') . proving 

that T is an algebra isomorphism. ■

C o ro lla ry  1.4.5 Suppose ‘21 =  Tn(A . M. B) with faithful M . I f  Z{A)  =  

R I .4 (or Z{B) = Rlgyl then Z('2l) =  R l^ .

Proof. Suppose Z[A) = R l .  By Theorem 1.4.4. if a 0  6 G Z(2l) then 

a =  cIa  G R l  and mb =  am  =  m (rlg ), thus 6 =  r ig  as M  is faithful. Now 

0  0  6 =  r la ,  proving that Z(2l) =  R l^ . ■
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C o ro lla ry  1.4.6 I f  A is unital then Z(Tri(.4. .4. .4)) =  (a © a : a 6 Z(.4)}.

Proof. Since .4 is unital, Tri(.4. .4. .4) satisfies the condition in Theorem 1.4.4. 

Indeed if a t  .4 and urn = 0 fur all rn t  .4. then a =  a • 1 =  Ü. Simiiariy 

ma = 0 for all rn 6 .4 implies that a =  0. This proves that .4 is a faithful 

(.4. .4)-bimoduIe. The condition that am = mb for all rn 6 .4 implies a = b 

by taking m =  I. Thus Z(Tri(.4. .4. .4)) =  {a © a : a € Z{A)}.  ■

C o ro lla ry  1.4.7 Consider the triangular algebra in Example 1.2.5, i.e.

: t.a  > and M  = T,(R).
I  J

7
Then Z(Tri(.4. .U. 5 )) =  R l.

Proof. .A.S in the proof of the previous corollary, we first establish that every 

element in the centre is of the form x @ x with x € .4. The condition that 

X77Î =  mx for every m G To(R) implies x G R l. ■

The simplicity of the structure of the centre for Tri(.4. M, B) with faithful 

M  will be useful in establishing some results in later chapters.
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1.5 Matrix Algebras

Let S be a fixed unital R-algebra. Denote by the space of k x I matrices 

over a imitai ring S. The standard basis of is [Eij ’■ I < i < k . l  < j  < 1} 

where Eij is the matrix with a 1 at the (i, j)-entr>' and 0 elsewhere. By a 

matrix algebra we mean a subalgebra of .U„(S) =  S"'".

The three most commonly used matrix algebras are the n x n full matrix 

algebras -\/a(S), the n x n diagonal matrix algebras D„(S). and the n x  n 

upper triangular matrix algebras 7%(S).

A generalization of upper triangular matrix algebras is the upper block 

triangular matrix algebras.

D efin itio n  1.5.1 Let n i  Uk be positive integers. The upper block tri­

angular algebra T[tii Ujt)(S) is the algebra consisting of elements of the

form where Oy is a n, x Uj matrix over S if i < J and =  0 if

i > J.

When k =  1. we have T{ni){S)  =  When nj. =  ••• =  «*.. =  1. we

have T ( l . . . . .  1)(S) is just the upper triangular matrix algebra Tt(S).

In the following result, we will consider when a block triangular matrix 

algebra is a triangular algebra.
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T h e o rem  1.5.2 (a) 4/ri(S) is a triangular algebra if and only if S is a tri­

angular algebra.

(b) Suppose k > I. Let 1 < I < k — I. A  = . . . .  iii){S) and B  =

T{ni^ i .  rik){S) and M  be the space of rij^ x

over S. then T{ni  n*.-)(S) =  Tri(.4. M. B) is a triangular matrix algebra

with faithful M.

Proof, (a) Assume S is a triangular algebra. By Proposition 1.2.6, there

exists an idempotent e G S such that eS (l — e) = 0 and (1 — e)Se 0.

Therefore d/n(S) is a triangular algebra since e/„ is an idempotent in S)

such that c/„.\/„(S)(l — e)/„ = 0 and (1 — e)/„.\/„(S)e/„ #  0. Indeed if
/  \

S =  Tri(A. n. T) then .\/„(S) is isomorphic to

isomorphism
/ /  W

dij  Pij

\ V 7

V

( \ 
(dij) {Pij}

under the

To illustrate, when n = 2. we have

$

/ ( \ / \ \ / ( \ ( \ \
dl l P n di2 Pl2 dll di2 P n PL2

\
■SU y \ •s’12 y ^d-2i d-22 y P̂21 P22 y

( \ / \ ( \
d-ii P2l d-n P22 *L1 *12

V \ 5-21 y V *’22 y / V *̂’21 *22 y /
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Conversely we assume that S is not a triangular algebra. Suppose A/„(S) 

is a triangular algebra, then by Proposition 1.2.6. there exists an idempotent

0 7  ̂ £■ =  {eij) € Mn{S) satisfying ( /  -  E ) X E  = 0 for ever}- X  6 A/n(S) and

£-U „(S)(l — £■) 7  ̂0. In particular, if we take A' =  sEki. then we have

=  0 \î i ^  k (1.1)

Gkk^eji =  ■■iCji. (1.2)

When i = k = I = J. we get ekk^ekk =  s^kk- Hence (1 -  ekk)Sekk = 0. 

and by Proposition 1.2.6. ctkS(l -  e^-) =  0 as S is not a triangular algebra. 

Therefore =  ■'=̂kk and we have 6 Z{S).

If k ^  L then by (1.1). we get eikCti = 0. Interchanging k and /. we get 

Gkieii =  0. By (1.2). we have CkkSki =  fw- Since ea- E Z(S). we have

^ k l  —  ^ k k ^ k l  —  ^ k l ^ k k  —  0 -

By (1.2), we have e^ekk =  e a  and =  Cu. Since e a  E Z(S). we get

Cfcfc =  C l L ^ a  — ^ k k ^ l i  —  f i l l -

Therefore E  = e ^ I  Ç. Z{S)I .  As a result £ ’d /„(S)(l — £ ) =  0. a contradic­

tion.

(b) Straightforward. ■
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The following two results are related to the centre of matrix algebras 

over S.

P ro p o s itio n  1.5.3 Suppusc ^  — Tri(.4, M. B) is a matrix aiyebru with faith­

ful M. r f S I C %  and Z{A) = Z (S)/,i (or Z{B)  =  Z { S ) I b ) then Z(2l) =  

Z (S )/.

Proof. Suppose Z{A) = Z (S )/. By Theorem 1.4.4. If a © 6 6 Z(2l). then (i) 

a E Z(.4) =  Z (S )/ and thus a =  s i  for some .s € Z(5) and (11) am =  mb for 

all rn € M  and thus mb = am =  m[sl)  for all m  € M.  and hence b = s i  iis 

M  is faithful. As a result. Z('2l) Ç Z (S )/. The reverse inclusion is trivial as 

S I  Ç 21. ■

T h e o rem  1.5.4 Consider the block triangular matrix algebra

21 =  T { n i .  nfc)(S).

I'Ve have Z(2l) =  Z (S )/.

Proof. Take E  in the centre of 21. If A: =  1. then 21 =  .\/„(S). It is well 

known [48, Ex 1.9] that the centre of .1/„(S) is Z (S )/. If A: > 1. then
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S /  Ç '21 =  Tn{M n,{S ) ,M .B)  for some faithful M  and Z(.\/„^(S)) =  Z{S)I  

and thus Z('2l) =  Z (S )/ by Proposition 1.5.3. ■

The next result is about a generating set of the block triangular matrix 

algebras over S =  R .

P ro p o sitio n  1.5.5 The algebra o /T (n i .  u t)(R ) is the linear span of all

the idernpotents it contains. In particular, the same is true for and

r„(R ).

Proof. Clearly the set of idernpotents

{£,, : 1 < i <  n} U [Eu +  £y  ; i ^  j  and € T{ii)_ Uk)(R)}

generates T{ni  nfc)(R). Indeed the subspace generated by these idem-

potents includes ever}' matrix unit £y that belongs to the algebra. ■

1.6 Nest Algebras

In this section, we give a brief introduction to one of the most well-studied 

infinite dimensional triangular algebras: nest algebras. We refer the reader 

to [22] for the general theor}' of nest algebras.
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Consider a complex Hilbert space H. A nest is a set ,V of closed sub­

spaces of H  satisfving the following four conditions:

(1) O .H EW :

(2) If Ni,No G jV  then either . \ 'l  Ç A', or No Ç A't;

(3) If {.y, L e ; Ç vV then € vV:

(4) If [Nj}j^j  Ç A ' then the norm closure of the linear span of Ujgv also

lies in j\f.

If jV =  {0. H} then A" is called a trivial nest, otherwise it is called a 

non-trivial nest. A nest , \ f  is said to be continuous if. for ever}' .V G A . we 

have inf{.\/ € A ' : -V C ,\/} =  .V.

We use S (H ) to denote the space of all bounded linear operators over

H.

D efinition 1.6.1 The nest algebra associated with A* is the set

T{jV)  =  { r  € B{U)  : T{N) Ç N  for all N  6 .V}.

i.e. the algebra of all bounded linear operators leaving everv- subspace in A' 

invariant.

If jV is trivial then T(A1 =  B(H ).
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Exam ple 1.6.2 [22] Consider an orthonorraal basis {ej : j  = 1.2___} of H.

Let .Vjt =  span{ei. —  and vV =  {.V̂  =  1.2___ } U {O.H}. Then .'V

is a nest and the associated nest algebra T{jV) is the algebra of operators 

whose matrix representation with respect to {ej} is upper triangular.

Exam ple 1.6.3 If H  is of finite dimension, then nest algebras are just al­

gebras of upper block triangular matrices. Indeed if ,\f  is a nest on a finite 

dimensional space and if 0 Ç Ç • • • C .Vj. =  H  are the subspaces in the

nest, then we may choose an orthonormal basis ci  Cn for H  such that

{ci is a basis for Xj.  The matrix representation of operators in

T(.V') with respect to this basis is the upper block triangular matrix algebra 

T{n.y, rio — r i i  rik — n k - i ) { C ) .

Exam ple 1.6.4 [22. Example 2.4] Let H  =  £ ’-[0,1] with Lebesque measure. 

For each t G [0,1], let i/t =  { /  G £"[0 ,1] : f{x)  =  0 a.e. for t < x < 1}, then 

{Ht ■ 0 < t < I} is a continuous nest. This nest is known as the Vblterra 

nest.

We recall the following standard results for further use.

Lem m a 1.6.5 [22, Chapter 2] I f  X  G X ' \  {O.H} and E  is the orthonormal 

projection onto .V. Then E. \f  and (1 — E)jV are nests in the Hilbert spaces
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E K  and (1 —E )H  respectively, and T{EJ^') =  E T [ M ) E  and T{{1 — E)jV) = 

(1 — E)T{APj. Furthermore

T(A 1 =
y T ( ( i - E w  y

L em m a 1.6.6 [22, Corollary 19.5] Z{T{M)) = Cl.

L em m a 1.6.7 [53. Proposition 2.6] Every element of the nest algebra of a 

continuous nest is a sum of two commutators xij — yx.

1.7 Triangular Banach Algebras

By a triangular Banach algebra, we mean a Banach algebra 21 which is also a 

triangular algebra, i.e.. there exists an idempotent 21 such that e2l(l — e) =  0 

but (1 — e)2le ^  0. .Many of the frequently investigated nonself-adjoint 

operator algebras, e.g.. nest algebras, are indeed triangular Banach algebras. 

Two more examples are given below.

The first is the join of two operator algebras introduced by Gilfeather 

and Smith [27]. They investigated the cohomolog}' groups of such algebras.

Definition. 1.7.1 [27] Consider two Hilbert spaces H  and A'. Let A  and B  

be two norm closed unital subalgebras of B{H)  and B{K).  The join of A
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and B  is defined by

,4 # fî =

f  \
' a  B { K . H y

\  ^ /
where B{K. H)  is the space of all bounded linear operator from K  to H.  The 

norm on -4#B  is the operator norm where is viewed as a subalgebra

of B{H  © K)  in the obvious way.

The next example is a certain finite dimensional perturbation of a nest al­

gebra defined by Deguang [23] and is related to the concept of semi-triangular 

operators studied by Larson and Wogen [47].

D efin ition  1.7.2 [23] Consider a Hilbert space H. \  subalgebra '21 of B{H)  

is said to be a semi-nest algebra if

(i) '21 is reflexive, i.e.

21 =  { r  € B{H) : F T P  =  T P  for any P  € Lat[^l)}

where Lai('2l) is the set of projections P  satisfying P A P  =  A P  for every 

A  E 21. i.e. projections on the invariant subspaces of 21: and

(ii) There exists a projection P  € 2in£af(2l) such that P21F is a nest algebra 

on P H  and dim{I  — P )H  < oc.

A semi-nest algebra 21 is a triangular Banach algebra if P 2 t(l — P)  ^  0 .
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In the remainder of this section, we describe how to construct a triangular
/  \

a m
Banach algebra from given Banach algebras .4. B  and a bimodule

V  V
-V/. First consider a triangular Banach '21 algebra with an idempotent e 

satisfying e'2l(l — e) =  0 and (1 — e)'2le 7  ̂ 0. Let .4. =  e'2le. B  =  (1 —e)2l(l —e) 

and 4 /  =  (1 — e)'2le. Then .4 and B  are Banach algebras and M  is a Banach 

space and '21 =  Tri(.l. 4/. fî). VVe observe that .4 and B  are closed algebras 

of 2̂1 and 4 / may be viewed as an (.4. B)-bimodule. The submultiplicity 

condition of the norm on '21 implies that j|«m6|| < !|a||||m||||6|| for ever}' 

a Ç. A. b e  B  and m € 4/.

Conversely if we start with Banach algebras (.4. || • [[..i) and (B. and 

an (.4. B)-bimodule which is also a Banach space with norm || • ||.\i satisfying 

||(zm6||M < i|a||..il|^l|.v/i|6||B. a triangular Banach algebra '21 =  Tri(.4.4 /. B) 

with norm given by

f \a m

\
This is how triangular Banach algebras were defined in [26]. We use the term 

slightly more generally as the norm may be difierent than the one given above. 

However all norms that make Tri(.4.4/. B) a triangular Banach algebra are 

equivalent as the following proposition shows.
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P ro p o sitio n  1.7.3 Let {Tvi{A.M.B).  || • ||) be a triangular Banach algebra. 

Then || • || and || • Hr are equivalent nonns.

Proof. Consider the identity map

id : (Tri(.4. M. B). II • Hr) ^  (Tri(.4. M. B). || • ||).

We have

/  \a rn
<

( \ 
a 0

\  “y
=  l|a||.-i-r ||"i||.u +  Ĥ IIb 

/  \

V

(  \  
0 0

V V

a rn

\  V

The first equality holds as we identify .A. B  and M  as Banach subspaces 

of Tri{A. M. B).  Thus id is a bounded linear bijective map between two 

Banach spaces. By the inverse mapping Theorem [18. Section 12.5]. id~'- is 

also bounded. Thus the two norms are equivalent. ■

Consider a Banach algebra S. Then d/„(S) may be identified in the 

obvious way with 3/a(C) ® S. Starting with any algebra norm on d/„(C), we 

may take one of the tensor norms on for example the projective tensor

norm [7. Section 4.2]. Indeed all norms of -V/n(C) ® S that are compatible
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with the norm on S (in the sense that \\eij ® s|| =  ||s|| for any s € S and 

every matrix unit Cjj) are easily seen to be equivalent. The topolog\’ induced 

by any such norm is the product topolog}' on S"' when A/^(S) is identified 

in the obvious way with S " '. One such norm is

l < i . J < n

This norm may also be defined on .4 ® S for any subalgebra A  of .l/n, e.g. 

T^(C) or D^(C).
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Chapter 2

Derivations

2.1 Introduction

In this chapter, we study derivations on triangular algebras. Derivations have 

been extensively studied in ring theory and in Banach algebra theor}'. One 

may refer to [15.17. 24. 26. 27. 30] for certain known results about derivations 

on triangular algebras. First we recall the definitions of derivations and inner 

derivations. The concept of a derivations may be viewed as a generalization 

of the differentiation operator on function spaces. The Leibnitz equation 

{fgY  =  fg '  -r f 'g  is taken as the defining property.

D efin itio n  2.1.1 Consider an R-algebra A. .\n  R-linear map 6 on A  is



2.1: Introduction__________________________________________________ ^

called a derivation if it satisfies

6{aa') = 6{a)a' -f ad{a') for every a. a' € .4.

The R-linear space of all derivations on A  is denoted by Der{A).

D efin ition  2.1.2 Consider an algebra .4. and a fixed element a € .4. we 

define a map 4  by

c)'a(x) = ax — xa.

It is straightforward to verify that da is indeed a derivation. .A. derivation 

which can be written as d'a for some a € .4 is said to be inner. The R-linear 

space of all inner derivations on .4 is denoted by Innder(A).

We give a general description of derivations on triangular algebras in the 

next section, and discuss automatic continuity of derivations on triangular 

Banach algebras in the last section. For the rest of the chapters, our main 

focus is the first cohomolog}' group, which is defined below.

D efin ition  2.1.3 [38. p.373] The first cohomology group of an algebra .4 is 

defined to be H^{A) =  Der{A)/Innder(A) .  Here Der{A) and fnnder{A)  

are considered groups under addition.

We have the following two propositions for general algebras. The first 

proposition describes the effect of unitization on the space of derivations.
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Proposition . 2.1.4 Z?er(.4. V R l)  is isomorphic to Der{A) and Innder{AV  

R I)  is isomorphic to Innder{A). Consequently H^{AV  R l)  =  H^{A).

Proof. Define o : Der{A V R l) —>• Der(A)  bv =  Jfa) for any a 6 .4.

We claim that o is an isomorphism.

That à is a hornorphism. i.e.

o(ôi "T (i'>) — o(i)i) +  0 (1)2)

is obvious.

Note that for any 6 € Der{A V R l) . we have t)(l) =  f)(l)l +  lc)'(l) and 

thus c)'(l) =  0. Therefore if o(d) =  0 then for any a -r *T e  A V  R l.

d(a +  *1) =  d(a) =  o(d}(a) = 0.

Hence d = 0 and o  is injective.

For any 6 6 Der{A).  define J on .4 V R l  by J(o ~1) =  6{a). It is 

straightfonvard to verify that J  is a derivation on .4 V R l  and o{6) =  d. 

Hence 0  is surjective.

It is obvious that ©(dj+^i.) =  for any x  6 .4. hence o  is also an 

isomorphism from dander(.4 V R l)  onto Innder{A).  ■

The next proposition describes the effect of taking direct sums on the 

space of derivations.
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P ro p o s itio n  2.1.5 I f  Ai and Ao are unital algebras, then Der{Ai ® Ao) =  

Der{Ai)  © DerlAo) and Innder{Ai © .-lo) =  Innder[Ai)  © Innder{A-2 )■ 

Consequently H^[.Ai © Ao) = H^{Ai) © H^iA-y)

Proof. If di € Der{.A.i) and do € Z)er(.4o). \ve define a derivation <&(di. do) on 

. - i i © - - l o  by the equation < î > ( d i . d o ) ( j : © / / )  =  d i ( x ) © d o ( ( / ) .  It is straightforward 

to verify that this is indeed a derivation. VVe show that the mapping diQdo i—>■ 

‘h(di. d o )  is an isomorphism from Der{Ai)®Der{.Ay) onto Der(.4.i©.4.o)- It is 

obvious that is additive and injective. To prove that it is surjective. suppose 

that d is a derivation on .4i © .4o. let S{a .b)  =  (/i(a) -f /o(6). f/i(a) -r g>{b)).  

First we prove that /o =  0 and gi =  0. Now

0 =  6{{a.0){0.b))

= {d{a.0)){0.b) + {a.0){d{0.b))

=  ( / i ( a ) . d i ( a ) ) ( 0 . 6 )  +  ( a , 0 ) ( / > ( 6 ) . f / o ( 6 ) )

=  {af2{b),gi{a)b).

and thus afy{b) = 0 and gi{a)b =  0 for all a € .4i and b G -4o. As a 

result, /o =  0 and t/i =  0 as required. Thus ô(x © y) =  /i(x ) © g-2 {y)- It 

is now obvious that f i  and go are derivations and 6 =  ^ ( /u g z ). Note that 

SiQy =  dy), so Innder{Ai  © Ao) =  Innder{Ai)  © Innder{.Az). ■
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2.2 Structure of Derivations

In the rest of this chapter, all algebras are unital. The first theorem is a 

known result (sec [26]).

T h eo rem  2.2.1 [26] A linear map d over '21 =  Tri(.4. M. B) is a derivation 

if and only if it can be written as

a rn
!  \
p.i(a) an — nb + f{rn)

PB(b) j
where n 6 M  and

(i) p,i is a derivation on A. f{am)  =  p_\{a)rn ^ a f{ rn ) :  and

(ii) pb is a derivation of B. f{rnb) =  mpg(6) -f f[m)b.

Proof. Suppose à is a derivation on '21. Write 6 as

( \ 
a m

(  \  
P.a{o) +  qB{b) -r k\{m) ri{a) -  ro(6) -r /(m )
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Let ô(l © 0) =

( \ 
i n

. We have i =  0 and J =  0 as

=  ()(1 © 0) =  t)((L © 0)(1 © 0))

=  c)(l © Q)(l © 0) © (1 © 0)<)(1 © 0)
/  \

2i n

V V
We have r^(a) = an and f/..v =  0 as

( \ 
P.i(a) f i ( a )

<lAa)
= ()(a © 0) =  ()((a © 0)(1 © 0))

= c)(fi © 0)( 1 © 0) © (a © 0)c)( 1 © 0)

/ \ \ \ \
P . i i a )  r i { a )

y 9 .4 (a)

/  \  
P.i(a) an

1 0
©

a 0 0 n

V
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That r-yib) =  nb and çb =  0 follows

0 = d({l © 0)(0 © b)) — (1 @ 0 )0 ( 0  © 6) +  ()(I © 0)(0 © 6)

/ \ /  \ / \ / \' i n ’ loib) —'":(6)

V
( qsib) nb -  r>{b)

Peib) j  
\

° /

0 0

V /
Next we have A'l =  0 and Ar-_> =  0 since

0 =  ()

=  d

0 m 1 0 ' '

VV \  ° / /
0 m 

0VV V
4-

V

( \ 
1 0

V  V \  ' / /
/

V
( ki{m) 0

&)(m) 

\

V



2.2: Structure of Derivations 32

and

/  \
ki{m) f {m )

k-zim) ,

— d

=  d

0
\

0 m

' ' 1 0 1 0 rn

[ oj

1 0 

0

0 n

V

1 0 0 m

\V  V
\ki(rn) f{m )0 rn

V

i 0

°J k-2{rn)

( \ 
ki{ni) f{rn)

\  “ /
We have ju st shown that 6 is of the required form. That p,\ and pg are

derivations follows from 

( \
p_\{aa') aa'n — nbb'

V
/

/
Pb (66')

=  6(jiq! © 66 ) =  6(ci © 6)(fi © 6 ) +  (a © b)ô(of © b')

\ / \ / A /p_\{a) an — nb 

PB{b)

a' 0

V 7  \
( \ 
/>.4 (a)a' +  ap.\^{a') aa'n — nbb'

a 0 p,\{a') a'n — nb' 

Pei b ' )

\

V
Ps(6)6' +  bpeib')
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Finally f[am)  — p_^{a)m +  af[m)  as

/  \
0 f{am)

=  d

f ( \
a 0

VV V  
\

a 0

/  \
0 rn \

V  /

—  à

!  \
0 rn

+
(  Aa 0

(
P.-i(a) «n 0 rn

V  V  V  * ^ y  V

a 0

y /  w
0 m 

0

0 /(m)

0 y
0 p.\{a)rn ^  af{rn)

0

\

V " y
A similar calculation shows that f{rnb) =  rnpsib) -f f[m)b. 

Conversely suppose 6 is of the form

f \a m

\  ^y

/  \  
p..i(a) an — nb + f{rn)

Paib)
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with (i) and (ii) satisfied, then

/ /  A / .  \ \a m

\

a' m'

\ b' /  /

=  5

f  \
aa' am' +  mb'

V 66'
/

/  \
p_\{aa') aa'n — nbb' + f{am'  -r mb')

PB(bb')

p , v ( a ) a '  - f F
\

y  PB (6)6' +  bpB(b')

where F  = aa'n +  p_\{a)m' -f af[m') — nbb' -f rnpB(b') -r- f{m)b'

/ \ \p,\{a) a n - n b - r f { r n )  a' m'

Pb(6) V

=  s

( \ 
a m

\
( \ a m

I \
p,\,{a') a'n — nb' -f f{m')

( \ 
a' rn'

PB{b') 

( \
a m

and so à is a deri\'ation.

In the case that M  is faithful, we have the following two results. The

next result differs from Theorem 2.2.1 only in as much as the maps p,\ and
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P b are not assumed to be derivations. This becomes part of the conclusion 

rather than the hypothesis.

C oro lla ry  2.2.2 .4. linear map d over'•21 — Tn{A. M. B). where M  is faith­

ful. is a derivation if  and only if it can be written as

( \ 
a m

I  \
p,\{a) an — nb + f{rn) 

Pe i b )

where n 6 M and

(i) f{ani) =  p,i(n)m +  af{rn): and

(ii) f{rnb) =  mpg(6) -r f{m)b.

Proof. Suppose (i) is satisfied. Then

f{aa'm)  =  p_\[aa')m -f aa f{m).

Also

f{aa'm)  =  pA{a)a'rn-\-af{a'm)

=  pA{a)am + ap..i(a')m +  aa f{m)

and so pA{aa')m =  p..i(a)a'm -t- apA{a')Tn for any m 6 M.  As M  is faithful, 

we get Pa{(io.') = P .\{o )a ' +  apA{a') and so pa is a derivation on A.  Similarly 

P b is a derivation on B.  The result now follows from Theorem 2.2.1. ■
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P ro p o s itio n  2.2.3 Consider a triangular algebra 21 =  Tn{A, \ L  B) with 

faithful M.  .4 derivation d on 21. written in the form

\
a rn an — nh^f{rn .

Ô
an — nh -i- f(rn) 

PB{b)

is uniquely determined by n E M  and f  : M  ^  M. Furthermore à is inner 

if and only if f {m )  = UQin -  mbo for some fixed üq € .4 and € B.

Proof. Suppose there is another derivation df of the form

\
a  rn P i ( « )  a n  — n b - r f { m

ài
P i { a )  a n  — n b ^ f { m ]

P2(b)

By Coroliar>- 2.2.2(1) and (ii). we have

p_ji[a)rn = f{arri)—a f (m )= p i{ a )m

mpB{b) =  f { m b ) - f { m ) b  = rnp2 (b)

which impiv that p-i = pi and pg =  p-, as M  is faithful. Hence d'i =  6.

If ()' =  6~ for some z —
ÜQ n

K /

V

then

0 üQm — mbo 

0

\



2.2: Structure of Derivations

and /(m ) =  a^m — mbo as desired.

Conversely, suppose f {m)  = aorn — mbo- For anv n E M.  the unique
f '  \

«0 ri
derivation determined by /  and n is 6~. where z =

V  *’“ /

The next lemma is concerned with inner derivations. W’e first recall the 

definition of endomorphisms.

D efin ition  2.2.4 An R-linear map o  on an (A. B)-bimodule M  is called an 

(.4. B)-endomorphism if

o{amb) =  ao{m)b

for all m E M. a E A. and b Ç. B. The space of all (.4. B)-endomorphisms of 

is denoted by End{M).

L em m a 2.2.5 Consider a derivation d on Tri(A. M. B). written as

( \ 
a m

\

( \ 
p ..v(a) an — nb + f { m

\ Pb W

If  P a  and p b  are inner, then f{m )  = o{m) -rxm — my where o is an (A. B)-  

endornorphism on M .  z  E A. p E B. If. in addition. M  is faithful, then the 

converse is also true.

Proof. Suppose and pg =  d,j. Then by Theorem 2.2.1. we have

f[am)  =  6x[a)m af{m) — {xa — ax)m  -t- af{m)
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and thus

f{am)  — x{am) = a{f{m) — xm).

Similarly

f{rnb) + [rnb)y =  (/(m ) -f- mi/)6.

As a result, we have

f{amb)  — x{amb) +  [amb)y = af{nib) — a{xnib) -f- {arnb)y

= a{f{rnb) 4- {r7ib)y) — axrnb 

=  a{f{rn) 4-  my)b — axmb 

=  a{f{m) — xm  4- rny)b

Hence the map o{rn) = f{m)  — xm  4- my  is an endomorphism.

Conversely, suppose M  is faithful and f (m )  =  o(m) 4-xm — my  for some 

endomorphism o. By Theorem 2.2.1 again, we have

o[am) + xam — amy  — f{am)

= pA{a)m + af{rn)

— PA{a)m-r a(0{m)-h xm — my)

— pA[a)m ^  o{am) ^  axm — amy.
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Thus

xam = p.4 (a)m +  axm.

Since M  is faithful, we have xa =  p..i(a) + ax. or equivalently p,\ = 6r- 

Similarly pg = Sy. ■

2.3 The Main Theorem

In this section, we will prove a theorem about the cohoniologj- groups of 

certain triangular algebras. First we recall certain definitions and facts in 

group theory, see [29. Chapter I.IB].

D efinition 2.3.1 Given two groups G and H  and a group homomorphism 

0 : 0 ^  Aut{H).  where Aut{H)  is the group of automorphisms of H.  Then 

the semidirect product of G and H.  denoted by G Xg H.  is the group with 

underlying set G x  H  together with the product

{g.h){gi,hi) =  {ggi. he{g){hi)) 

for g.gi £ G  and h .h i  €  H.

D efinition 2.3.2 Consider three groups H. G, G and group homomorphisms
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j  : H  —)■ G. p G ^  G. The sequence

{1} ^ 4  G A  G {1} 

is called a short exact sequence if Ker(j)  = {!}. Im{p) = G and Ker{p) =

If there exists a group homomorphism g : G —> G such that pq =  idc- 

the identity map on G. then the sequence is said to be split.

L em m a 2.3.3 [29. Section 1.1.5.] Consider the split shoii exact sequence

{1} - ^ H - ^ G ^ G —y {1}

with q : G G satisfying pq =  idc- Then J{H) is normal in G. G = 

j[H)q[G)  =  q{G)j{H). j {H)  n  <7(G) =  {1}. mid every g Ç. G has unique 

factorizations in the foT~m j{h)q{g) and q{g')j{h').

Furthermore, if we define 9 : G ^  .Aut{H) by

then 9 is a group homomorphism and G = G t<e H.

In particular, if  G is an abelian group, then 9 is trivial (i.e. 9{g) = idn 

for  all g Ç. G) and so G is just the Cartesian product group G x H.
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Consider an additive group K  with normal subgroup G. the equivalence 

class k -Ï-G will be denoted by [k\.

Now we are ready to proceed. Note that the first cohomolog}' groups are 

abelian groups.

L em m a 2.3.4 The map > H^{A) (jiven by

is a well-defined group homomorphism.

Proof. Suppose G Der('2l) satisfv [()\| =  [c)o|. Then d'l =  6. -î-1)'» for
/  \

«0 *̂0
G '21. Writesome :  =

V bo

f  \
a m

\ Peib)

(or i =  1.2. Then + p \  and hence =  [p.̂ ] =  [Pa] =

Therefore the map tt.4 is well-defined. It is straightforward to verify that :r..i 

is a group homomorphism. ■

We consider a map on M  defined by

T’a.bi’T̂ ) =  om — mb for all m G M.
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for fixed a € .4 and 6 E B. It is straightforward to verify that Ta.b is an 

(.4, B)-endomorphism if a 6 Z{A)  and b 6 Z{B).

D efin ition  2.3.5 .\n innpr endnrnnrphism of an (.4, B)-bimodule M  is an 

(.4, B)-endomorphism which can be expressed as Ta,b for some a E Z{.\)  and 

6 E Z{B).  The space of all inner endomorphisms is denoted by InnEnd{M).  

We denote by OutEnd{M)  the quotient space End{M)/ 1nnEnd{.\ I) .

We have our first main theorem.

T h e o rem  2.3.6 Let 21 =  Tri(.4. .\/. B). Define a map h : End{M)  —> 

B e r ( 2 l )  by

hU)

\

0 /(m ) 

0

We have

(i) The map ‘h : OutEnd{M)  —)• defined by

«KW) =  [M/)l

is injective.

(ii) I f  for every derivation 6 on 21. we have pb  — is inner whenever

Pa =  T-Û I.-i is inner, then

(2 .1)
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is a short exact sequence, where the map is defined by '̂a([£̂ ']) =

Proof, (i) First we show that 0  is well defined. Suppose [/] =  [g] then 

/(m ) —g{m) — am — mb for some a E Z(.4) and b E Z{B).  Then h { f  — g) = 

ôaÿb G InnDer{%).

Second we show that ‘î> is injective. Suppose [h{f)\ =  0. Then h{f)  is
/  \

ao n
inner, i.e. h{f)  = S. for some :  = 

( \

E 21. Hence

0 /(m ) 

0

/ .  \  
ôa^{a) an — nb 4- aotn — rnbo

\ /

and therefore gq € Z{A). bo E Z{B). n =  0 (by taking a =  1. 6 =  0. rn =  0) 

and /  =  E InriEnd{M).  i.e. [/] =  [0].

(ii) Suppose for ever}' derivation c). we have pg is inner whenever is inner. 

We claim that Ker{7r_\ )  =  /m(«h) and then (ii) follows. To verify the claim, 

suppose ([()]) =  0. Thus [~4 (()..i)] is inner, i.e.. p..\ =  "a^^Ia is inner. By 

assumption, pb is also inner. Write p,\, = and pb =  Sy. By Lemma 2.2.5. 

we have / (m )  =  g{m) +  xm  — my  for some endomorphism g on M .  Hence 

we have

( \ 
a m

/, \
Sx{a) an — nb -h g{m) H- xm — my

J
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and thus S = S; + h{g), where c =

( \ 
X n

. Therefore [d] =  and we

V V
have Aer(~.v) Ç The reverse inclusion is obvious since the (1.1)-

entr\' of h{f)  =  0. and so =  ’̂.-i([/i(/)]) = 0 .  ■

R em ark . (1) The above Theorem implies that OutEnd{M)  can be 

identified with a subgroup of

(2) Under the hypothesis of Theorem 2.3.6(ii). we can identify the group 

H^{'QL)/OutEnd{M) with the subgroup of H^{A) by the funda­

mental theorem of group isomorphisms [38. p.60]. In particular, if we have 

that OutEnd{.\[) =  0. then ;r..i is an embedding of into H'-(A).

C o ro lla ry  2.3.7 [26] Let '21 =  Tri(.4.3 /. 5 ) . I f  B  has trivial first coho­

mology group, then H^['Ql)/OutEnd{M) can he identified as a subgroup of 

H^{A).

Proof. Since every derivation on B  is inner, the condition of Theorem 2.3.6(ii) 

is satisfied. The result follows from Remark (2).

C o ro lla ry  2.3.8 [26] I f  both .4 and B  have trivial first cohomology groups 

then H \ T n { A ,  M, B)) =  OutEnd{M).
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Proof. By Corollan^ 2.3.7, H^(fK)/OatEnd{M)  is the trivial group and hence 

H \ % )  =  OutEnd{M). ■

2.4 Matrix Algebras

In this section, we apply the previous results to matrix algebras. We use S 

to denote an algebra over R . We will find the first cohomolog}' groups of 

some triangular algebras in .U„(S).

P ro p o sitio n  2.4.1 Consider a derivation d on S. it induced a derivation d 

on any matrix algebra S /„ Ç 21 Ç by )). Furthenrwre

the map [d] [d] is an embedding of H^{S) into

Proof. Let X  =  V  =  [yij) 6 21. Then

n

d(Wi ) = (d(^ \ •^ikUkl )) i=l n:j — l  n
k = l

n n

~  4" ^  ̂d(r;t)f/it)[=l.....n:j — l .....n
k —\. k = l

= A'd(r) + d(A')r

Hence d is a derivation over 21.

The map D : [d] [d] is well-defined since if d =  then d =  d^f. To

prove that D is injective, assume that [d] =  0. i.e. d is inner. So d =  da
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where q =  (a^) € '21. Thea

d{s)I — d{sl) = a{.sl) — i'a

and d{s) =  -  .sgu by comparing the (1. l)-cntr.’. Hence d is inner and

the map D is injective. ■

This derivation d of '21 is called the induced derivation by d.

The following result, when restricted to '21 =  r„(S) or '21 =  .U„(S). is 

known [42]. Also see [17. 36].

T h e o rem  2.4.2 Consider a block triangular matrix algebra

'21 =  T{rii rik)(S).

Then the map D : i /^ S )  -4- given by D{[d\) = [d] is a group isomor­

phism. or equivalently every denvation o/'2l is a sum of an inner derivation 

and an induced derivation.

Proof. We prove the statement by induction on k. When A: =  I. '21 =  d/„(S) 

and the statement is true by [42], and we denote the group isomorphism D 

by Di  in this case for further use.

Suppose the statement holds for k < ko. Now assume that k  =  Aq. 

Note that '21 =  Tvi{A. M. B)  where A  =  d/„^(S). M  =  and

B  =  r(n 2 ,....U fcJ(S ).
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We claim that, with the same notation as in Theorem 2.3.6.

0 -4. OutEnd{M)  A- H \ ^ )  H  ^  0

is a short exact sequence and D : H'-{S) —> is an isomorphism.

We first prove that the sequence is short exact. By Theorem 2.3.6. it 

suffices to show that pg =  "gc)|g is inner whenever p,\ = 7r..ic)|..i is inner. To 

this end. assume that =  da for some a =  {op,,) € A  and let 6 M  to 

be the matrix with a 1 at the (i.j)-entry and 0 elsewhere. We have, using 

Coroilaiy 2.2.2.

euPs(s/,) =  /(eiis-) - /(eii)-s = /(sen)  - /(eLi)s 

=  P.-i(s/ni)eii +  s /(e u )  -  f ( e n )s  

=  (.so -  a . s ) e n  -r s / ( e u )  -  / ( e u ) s .

where I = i nj — rii. By the induction hypothesis, pg =  Oj +  d for some 

3 E B  and an induced derivation d. and hence, by considering the (l.l)-en tiy  

of e iip g (s /) . we have

■in*’ — s J n  "V d{s) =  -san — UiiS 4- sc — cs 

where c is the (l.l)-en tiy  of /(c n )-  Therefore

d{s) =  ()_c_au-Ju(*')-
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As a result, pg is inner.

Next we show that OutEnd{M) =  0. For any endomorphism g of 

we have

gi^ii) = g { f n e n E n )  =  ^ng{en)En = 

for some ,J  € S and

Oi îj) =g{fiieiiEij) = Fag{ea)Eu = de,;.

where {Fm,} and {Ep^} are standard matrix units of A  and B  respectively. 

Thus g{m) = m{31) and so p € InnEnd{M).

Finally, by Remark (2) of Theorem 2.3.6. is an embedding of H'-('QL) 

into Recall that the mapping Di : [d] ^  [d] defines a group isomor­

phism from H^{S) onto H^{A). For any derivation d on S. we have

:T,i(F([d])) =  :r,i([d]) =  [d] = £>L([d])

and hence = Di.  Therefore D is a group isomorphism. The claim is 

proved and the theorem follows. ■

Before stating the next theorem, we introduce an R-space of upper block 

triangular matrices over S.

D efinition. 2.4.3 T{rii ,  rit; m i , . . . .  mj)(S) is the R-space consisting of
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ail (Xll=i ^i) X (H j= i matrices of the form (Mij) where Mij is a ni x mj  

matrices over S if i < j  and Mij =  0 if i > j .

L em m a 2.4.4 Let M  =  T [n i  n,:  '<h)(S). that A Ç

-\/jt(S) and B  Ç M[(S). where k = -r ■ ■ ■ -î- rit a/td l = tui ■ -r rrit. are 

matrix algebras. If A M  Ç M  and M B  Ç M  under usual matrix multiplica­

tions as module multiplications, then M  is a faithful hirnodule.

Proof. Let Eij be the standard matrix units in .\/. Suppose that a 6 .4 

satisfies a M  =  0. then the J-th column of a is the l-th column of aEji = 0 

and thus a =  0. Similarly if 6 € B satisfies Mb  =  0. then the f-th row of 6 is 

the first column of Eub =  0 and thus 6 =  0. ■

Recall that Dk{S) is algebra of k x k diagonal matrices over S. The next 

theorem is proved in [26] in the case k = I and M  =  Mk{S) or Tk{S).

T h e o rem  2.4.5 Let .4 =  Z?t(S). B = Di{S) and M  be the space of up­

per block triangular matrices T{n i .  nt'.nii rnt){S). where «].-!-••• +

Ht =  k and +  ••• +  nzt = I. Then H^(Tri{A. M. B)) is isomorphic to

Proof. We let gu's. h j / s  and Et/s  be the standard bases for Dk{S). DRS) 

and respectively. Let 21 =  Tri(.4, M, B).
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We claim that

0 OutEnd{M)  -4 ^  :r.4(/f^(2l)) =  H \ S )  0

is a split sliurt exact sequeuce aud the map D : H-{S)  —r iï-(*2l) denned by 

£>([d]) =  [d] satisfies =  ic///qs)- It would then follow (by Theorem 2.3.3) 

that iZ'-(2t) =■ OutEnd{M)  x ff^(S).

By Proposition 2.1.5. a derivation d on D t(S) can be written as

k k
d{ ̂ 2   ̂ '

j=i j=i

where d,'s are derivations on S. We write d =  (di  dk)-

Let d be a derivation of Tri(.4. .1/, B) of the form

/ \
a m

/  \  
p.-i(a) /(m ) -i-an -  nb

\ V V /PB{b)
Let p.-i =  (di. —  Sk) and pb = {di di). Take Eij € M  and by Theo­

rem 2.2.1. we have

dj{.'i)Eij =  E,jps{shjj)

=  f{Etjshjj) -  f[Eij)shjj  

-  f{sEij)  -  f{Eij)shjj  

= Pa [sIk)Eij + sf{Eij) -  f{E,j)shj

=  6i{s)Eij -r sfiEij )  -  f{Eij)shjj.
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Thus, by considering the we have

dj{s) =  6i{s) + sc -  cs

where c is the {ij)-emvy  of f{Eij).  Hence [dj] =  [c);]. Using the fact that 

the matrices E n  Eu-E-yi- Eki are all in M.  it follows that

[()'i] =  . . .  =  [4] =  [di] =  • • • =  [di].

As a result. [p..i] =  [di\h and [ps| =  Therefore 7r,x{Ĥ ("2\.)) =  H^{S)

and Pa is inner if and only if pg is inner. The claim then follows from 

Theorem 2.3.6(11) and Lemma 2.3.3.

It remains to show that OutEnd{M) = To this end.

we take /  € End{M).  Let Eij 6 -U. then f{Eij) = guf(Eij)hjj  = a^jE^j and 

it is easily dec need that cv̂  G Z(S). Set =  0 if E, ̂ ^  M.  It is straightfor­

ward to verify that the map © (/) =  (a,j) defines a group isomorphism from

End{M)  onto the additive group T{rii .  np.mi ,  mt){Z{S)),  which is

isomorphic to

Consider an inner endomorphism ~a,b of M.  where a =  (a^) € Z(A) =  

Dfc(Z(S)) and 6 =  (6^) G Z{B) = A (Z (S)). Since =  Ta-b,ii.b-bu[- 

may assume bu = 0. Let Q{ra.b) = (Qj). For E ĵ G -V/. we have c^Eij =



2.4: Matrix Algebras o2

Ta.b{^ij) — i^ii -  and hence Ci, = au -  6,,. Therefore

au = Cil and bjj = a ^  -  cij = cu -  c\j.

As a result 0('a,6) Is uniquely determined by the k -r I — I elements at the 

first row and last column, i.e.. Cn Cu.cih %. Hence

OutEnd{M) = T(rii ntini i  mt){Z{S]) /Q(InnEnd{M))

=  ZiS)

Xow using Theorem 2.3.3. we luive =  Z (S)‘̂ '"‘‘'̂   ̂ x H^{S).  ■

.A.S a corollan.' to our last theorem, we recover two results from [26]. They 

were proved in [26] for S =  C.

Corollary 2.4.6

( \ 
Dfc(S) T,(S)

\ Dk{S) y

Corollary 2.4.7

( \ 
Dk{S) 34(S)

Dk{S)
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The last result in this section is concerned with a finite-dimensional ana­

logue of semi-nest algebras.

T h eo rem  2.4.8 Cunsidtr a mairix algebra '2t =  Tn[A, M ,B ) .  where A is 

a matrix algebra containing A (S ). B  Ç .\4(S) is a block triangular matrix 

algebra and M  is a faithful left A-module generated by the matrix units in it. 

Then H^{^)  is a subgroup of H^{A).

Proof. We claim that

0  ^  O u t E n d m  A  ^  0

is a short exact sequence and OutEnd{M)  =  0 . Hence the result follows 

from Remark 2 of Theorem 2.3.6(ii).

To show that it is a short exact sequence, by Theorem 2.3.6(ii). it suffices 

to show that for ever}- derivation 6 on '21. if p .4 =  rr.4()|_4 is inner then so is 

Pb =  To prove this, assume that 6 on '21 is of the form

( \ 
a m

!  \
p,\{a) an — nb + f{m)

Ps{b) y
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as in Theorem 2.2.1 and assume that = d'o for some a =  (opq) E A. Take 

Eij E M.  by Theorem 2.2.1. we have

Eijptsi-^h) = f{Eijô) — f{E i j ) j  — f{oEij) — f{Eij)à  

=  PAi^h)Eij -r s f{Eij)  — f{Eij)s 

=  (as — ■•sa)Eij -h sf{Eij) — f{Eij)s.

By Theorem 2.4.2. p s  =  Sj -r d for some J  E B and induced derivation d.

Therefore, by considering the (i. J)-entn.'. we have that d is inner and thus 

Pb is also inner.

It remains to show that OutEnd(M) = 0. Consider g E End{M).  Let 

{cij} and {/,j} be the standard bases of .4 and B  respectively. Consider 

1 < r < /. If there does not exist an s such that Ers G M  then set Qr =  0.

Otherwise let s be the smallest integer such that Ers E -U. We have

g { E r s )  —  p ( 6 r r E r s P s s )  ”  ^ r r g { E r g ) f ^ ^  =  C t r E r s -

For s < j  and Erj E A/, we have g{Erj) =  g{Ers)fsj =  cxrErj. Therefore 

g(m) =  a m  where a  =  ^  0 :̂ 6» . To prove that g is inner, we shall show that 

cv E Z{A).  Let a E -4 and m E M.  Then

aam  =  ag{m) — g{am) =  aam.
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Since this is true for all m E -1/ and M  is faithful, we get cq  =  aa for ever}' 

a E .4. i.e. ct E Zi^A.).

2.5 Triangular Banach Algebras

In this section, we give sufficient conditions on triangular Banach algebnis '21 

so that ever}' derivation is continuous. Questions similar to this for Banach 

algebras and operator algebras have attracted quite a bit of attention, see 

[15. 20. 21. 22. 24. 26. 31. 65]. First we state a classical theorem on nest 

algebras.

T h e o rem  2.5.1 [15] All derivations of nest algebras are continuous and in­

ner.

We have the following finite dimensional analogue of Theorem 2.5.1.

T h e o rem  2.5.2 Let % be a block triangular matrix algebra over a Banach 

algebra S. Then every derivation of '21 is continuous if  and only if every 

derivation o f S  is continuous.

Proof. For any derivation S on '21. 6 = 5; d  for some induced derivation d 

bv Theorem 2.4.2. Since 6 is continuous if and onlv if d  is continuous, we
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have any derivation of 21 is continuous if and only if any derivation of S is 

continuous. ■

The next theorem gives a sufficient conditions that ever}' derivation be 

continuous.

T h e o rem  2.5.3 Consider a Banach algebra 21 =  Tvi{A.M.B).  Suppose 

every endomorphism of M  is continuous (in particular, this is the case when 

End{M)  =  InnEnd{M)) ,  and that any one of the following conditions hold:

(i) every derivation of A  is continuous:

(ii) there exists a positive integer C such that

||a(| <  Csup{||nm || : m  € M. ||m|| =  1}

for every a € .-1.

and assume that B  satisfies one of the conditions (i), (ii) above. Then every 

derivation o/2l is continuous.

Proof. Consider a deri\-ation ô of 21. Bv Theorem 2.2.1. 6 = + 6 for
/  \ /  \  \

0 n
and 6

a m P.-i(a) / ( m )

 ̂ Pb(6 ) y

. Since inner derivations

are continuous, we have that 6 is continuous if and onlv if à is. So we can

assume J  =  & If ever}' deriration of A  is continuous, then is continuous.
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If ||a|| < C sup{||am || : m 6 ||m|| =  1}, thea, by Theorem 2.2.1 again,

| l p . 4 ( a ) m | l  =  l l / ( a m )  -  a / ( m ) l |  <  2 | | / | | | t a | | | | m | | .

we have ||p.4 (a)j| < 2C ||/||||a || and therefore is also continuous. Similarly 

Pb Is continuous and the result follows. ■

We apply the above theorems in the following two corollaries. The first 

corollar}' is concerned with the join of two operator algebrtis. Recall that 

given two Hilbert spaces H  and K,  the map x % i f  6 B (K .H ) ,  where x  Ç. H  

and u e  I\.  is defined by {x 0  ij')(z) = (:. ij) x.

C o ro lla ry  2.5.4 Suppose that A  Ç .\/n(C) is a matrix algebra and B  is a 

nest algebra associated to a finite nest over a Hilbert space H. Then every 

derivation on the join is continuous.

Proof. First note that the inequality in Condition (ii) of Theorem 2.5.3 

is an equality with C =  I for both .4 and B.  It remains to show that 

ever}' endomorphism of M  is continuous. Suppose that B = where

0 =  Ni  C -Vt • • • C Nk =  H are the closed subspaces in ,\f. Let p be a unit 

vector in Xk © Xk~i.  By [22. Lemma 2.8], the map r  0  p* € B for ever}' 

x E H .
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Consider /  6 End{M).  Define A E A/n(C) by Xu =  / (u  ® for 

n € C". We claim that f{rn) = Am for all m 6 A/ and thus /  is continuous. 

Take m € M.  We have, for every x 6 H.

f{rn)x  =  f{rn){x ® //'){/ =  /(m x  ® y ')y  =  Amx.

Hence /(m ) =  Am and the result follows. ■

The following corollary is concerned with the algebra discussed in The­

orem 2.4.5.

C oro llary  2.5.5 Let A = Dk{S). B  = Di{S) and M  be the apace of upper

block trianyular matrices T{ni  np. nii  rnt){S). where  hat = k

and m  ̂H r nit =  Then every derivation of% is continuous if  and only

if every derivation of S is continuous.

Proof. First assume that even." derivation of S is continuous. By Proposi­

tion 2.1.5. a derivation d on A = Dk{S) can be written as

k k

d (^ ^ a jh j j )  =  'y '  dj{aj)hjj 
j=i j - i

and hence d is continuous. Similarly even,' derivation on B  is continuous. 

Therefore by Theorem 2.5.3. it suffices to show that ever}' endomorphism on 

M  is continuous. From the proof of Theorem 2.4.5. every g 6 End{M)  can



2.5: Triangular Banach Algebras____________________________________ ^

be written as g{m) = a m  for some a  € T{rii   Ut; mi. —  m.t){Z{S)) and

thus g is continuous.

Conversely, suppose that every derivation of 21 is continuous. Let d be 

derivation on S. then the induced derivation d on 21 is continuous and thus 

d is continuous. ■
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Chapter 3

Lie Derivations

3.1 Introduction

Recall that an algebra A  is also a Lie algebra with Lie product defined as 

[a. b] = ab — ba. In this chapter, we will classify those algebras of which ever}' 

Lie derivation is "almost " a derivation, i.e.. a proper derivation.

D efin ition  3.1.1 An Æ-linear map L on an algebra A  is said to be a Lie 

derivation if

Z,([a.a']) =  [1(a). o'] +  [a.L{a)\ for all a. a' 6 A.

Lie derivations, as well as other Lie maps (e.g. Lie isomorphisms and 

commuting maps, have been active research subjects for a long time. One of
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the earliest results ou Lie derivations of associative rings is in Martindale [54]. 

who proved that a Lie derivation of certain primitive rings is always a sum of 

a derivation and an additive mapping from the ring into the centre of a larger 

ring. Similar results are in [8. 44. 66]. .\Iiers [60] considered von Neumann 

algebras and showed that ever}' Lie derivation is the sum of a derivation 

and a linear map with image lies in the centre of the algebra. .Johnson [39] 

considered the same problem on certain Banach algebras called symmetrically 

amenable. This motivates the definition of proper Lie derivations, given in 

[391.

D éfin ition  3.1.2 A Lie derivation of an algebra .4 is said to be proper if it 

is a sum of a derivation of A  and a linear map whose image lies in the centre 

of A.  Otherwise the Lie derivation is said to be improper.

We shall start with the following known simple observations.

L em m a 3.1.3 The sum of a derivation d of an algebra A and a linear map 

h : A  Z{A) is a Lie derivation if and only if h{[a, a']) = 0 for every 

a. a' 6 A.

Proof. It is straightforward to verify that ever}' derivation is a Lie derivation 

and also that anv linear combination of Lie derivations is a  Lie derivation.
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In view of this, it is enough to consider only the map h. Since h{A) Ç Z{A).  

we have [/i(a).a'] =  0 for every a. a'. Thus h is a Lie derivation if and only if 

h{[a.a'])=0.  ■

L em m a 3.1.4 .4 Lie derivation L on a unital algebra satisfies £(1) G Z{A). 

Proof. This follows from

Ü =  £([l .a] )  =  [L(l ) .a |  -f [1.1(a)] =  [£(l).a]

for every a 6  .4. ■

The objective of this chapter is to establish sufficient conditions that all 

Lie derivations of Tri(.4, M. B)  are proper. First of all. we have two easy 

propositions for general algebras. The first proposition is concerned with the 

unitization of an algebra.

P ro p o s itio n  3.1.5 Let .4 be an algebra without unity and .4 V R1 be the 

unitization of  .4. Then .4 has no improper Lie derivation if and only if 

.4 V R l  has no improper Lie derivation.

Proof. Let J : .4 —>• .4 V R l  and tt : .4 V R l  -4 - .4 be the natural inclusion and 

projection, i.e.. J{a) =  a and ~{a +  7 I) =  a.
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Assume that .4 has no improper Lie derivation. Let L be a Lie derivation 

of .4 V R l.  It is easy to verify that ~LJ is a Lie derivation on .4. Thus 

~Lj  is a proper Lie derivation and can be written as S + li where c) is a 

derivation of .4 and h maps into Z{A).  Define h.S : .4 V R l —>• .4 V R l by 

/i(a-f-7 l) =  L{a) — d{a)+~fL{l) and S{a-r' l) =  S{a). We have I  =  S+h. The 

map S is easily seen to be a derivation. .41so L{a) — d{a) = (~LJ){a) — d{a) 

belongs to the centre of .4 and 1(1) belongs to the centre of .4 V R l by the 

previous lemma. Therefore h{A) Ç Z(.4 V R l).

Conversely, suppose .4 V R l hits no improper Lie derivation. Let I  be a 

Lie derivation on .4. Define a Lie derivation L of ,4 v R l by £ (u - r ' L) = L{a). 

Then L = 6 -r h since L is a proper Lie derivation. Note that ()(1) = 0 . thus 

T()J is a derivation on .4 and therefore L =  ~6J +  ~hj  as required. ■

The next proposition is concerned with the direct product of two alge­

bras.

P ro p o s itio n  3.1.6 .4i and .4-2 have no improper Lie derivations if and only 

if A]_ © .42 has no improper Lie derivation.
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Proof. Suppose L is a Lie derivation of Ai  @ Ao. Write L{a.b) =  (Li(a) 4- 

~i{b). L - i i b ) ~ 2 {a)). Since

0 =  £[(/(, 0). (0 . 6)1 =  {[a.-i{b)].[-2{a].b\],

\ve hcive - , maps into Z{Ai) ,  and

(Z-i[ai.a-2].~>[ai,a2l) =  ^([ai.a^l.O) =  ([oi-Ida-»)! 4- [li(ai)-a>].0).

(7T2 [6 i. Ô - j ] ' 62]) =  L(0 . [61. 62]) =  (0 . [61. 1 2 (62)] -r [^2 (61). 62]).

thus we have L, is a Lie derivation of ,4; for i = 1.2.

Assume that .4i and Aj have no improper Lie derivations. Let I  be a 

Lie derivation of A i0 .4 2 . By tlie above argument and the fact that every Lie 

derivation of .4, is a proper Lie derivation, we have Li = (i, 4- /o for i =  1.2. 

Let 6{a.b) =  (di(a),62(6 )) and h{a.b) = {hi{a) 4- - i( 6)./z2 (6 ) 4- - 2(a)). then 

L = 6 + h and we are done.

Conversely, suppose .4i 0  .4, has no improper Lie derivation. W’e need 

to show that .4̂  (and similarly .4>) has no improper Lie derivation also. 

Let 1 1 be a Lie derivation of Ai.  Define a Lie derivation of ,4i 0  .4 > by 

L{a. 6) =  (Z,]_(n).0). As I  is a proper Lie derivation, we have L = 6 + h with 

c)(a,0) =  (d'i(a).6 2 (a)) and 6 (n .0) =  (6 1 (0 ) ,—6 0 (a)). It is straightforward
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to verify that 5̂  is a derivation on and that hi{a) 6  Z{Ai).  Evidently 

Li =  ()\ + hi as required. ■

3.2 Structure of Lie Derivations

We will consider only unital algebras in the rest of this chapter.

P ro p o s itio n  3.2.1 A linear map L on% = Tri(.4. M, B) is a Lie derivation 

L if  and onhj i f  L is of the form

\
a rn +  h e(6) an — n b - r f [ m

L
-f- an — nb -r f {m)

h,i{a) 4- (jB{b)

where n € M. and g.i : A A. (Jb '■ B  ^  B. h.i : A  Z{B)  with

h..i([a, a'D =  0 . hg : B - 4  Z{A) with /ig([6 . 6']) =  0. /  : ,\/ —> M  are linear 

maps satisfying

(i) <7.4 is a Lie derivation on A, f {am)  = g_Ji{a)m — mh_.i{a) + af {m)  and

(ii) gB is a Lie derivation on B. f{mb) = mgB{b) — hg(6 )m +  f{m)b.

Proof. Suppose L is a Lie derivation on 21. Write L as

/ \  /
a m <7.4 (a) 4- hsib) + ki{m) ri{a) -  r2 {b) 4- f {m)

gB{b) -h/1.4 (a) -rkoim)
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Let d
\1 0

V

( \
i n

. We have ri(a) =  an and r>(6) = nb as

V V
0  =  i([g  e o a e o i

— [£(g @ 0). 1 © 0] -r [a © 0. £(1 0  0)|
(

</,i(a) ri(a)

/i,i(a)\
( A0 an — ri{a)

\ (  \  
1 0

©

/  \  
a 0

/  \
i n

/ I I 7 V 7

V 0
and

0 — L([0 @6. 1 © 0 |

— [L(0 @ 6). 1 © 0] © [0 © 6. £( 1 © 0)]
/ \

hg(b) —r->(6 )

V ' « ( A )  
f  \

0 rj(6) — nb

1 0 0  0 1 I i  n

bLV 7 V V J

V 0
/



3.2: Structure of Lie Derivations

That kl =  0 and A*> =  0 follow from

/  \
ki{m) f{m)

k-2{ni) ^

=  L

( \ 
0 rn

= L

\

1 0 1 10 rn

0

1 0

LV 7
0 rn

v j

4  ^
■ .L

L V  “ /

0 rn 

0

/  \ (  \ (  \ /
i n 0 rn

~r
1 0

"j V 7

V V
ki{m) f(rri) 

k->{m)

/  \
0 im — mj + f{m)

0
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Condition (i) and /z.4 ([a. a']) =  0 follow from

and

/  \  
'^ .4([a,a']) [a.a']n

)
\  • V

=  I([a.« '] © 0 ) =  I([a  0  0 . a '© 0 ])

=  [Z,(a © 0). a' © 0] -f- [a © 0, Li^a' © 0)]
(  \  

<7.1 («) an
. a' © 0 © a © 0 .

<7.1 (a') a'n

^ hA{a)j \
\

y

(  \
0 f {am)

\ 0

( \ 
0 am

y
=  L

“ /

=  L
a 0

V
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L

f  \
a 0

/  \
0 m

/  \
a 0

.1

/  \
0 m

l “J l V l °; [ V
/ \

V
\

ü (j,i{a)rn — mh,\,{a) 4- af{rn)

L\ “/

\
0 J(rn)

\ 0

V 0 /

Similarly Condition (ii) and Ag([6.6']) =  0 follow from

)
/  \  

/ i s ( [ 6 . 6 ' ] )  -n[b.b']

V
=  L(Oe[6,6'])

=  L { [o e b .o e b '] )

=  [ L ( 0  ©  6 ) , 0  ©  6 ^ ] - f - [0 ©  6, £ ( 0  ©  6^]

\
A g ( 6 )  —nb

. 0 © 6 ' + 6 ©  0,

/  \  
—n6 '

y 9B{b) y

/
0 —n[b.b']

[9B{b).b'] +  [b.geib')]

\
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and

(  , \  
0 f ihm)

0

=  L

=  L

/ /  \ /  \
0 m 0 0

V I  V
( \ 

0 m
( \ 

0 0
/ \  /  \

0 m
■ .1

LV V
0 f (m )

/  \
0 0

-r
/  \

0 ni
/

\  ° J V V V

0 0

V V j

/ie(6) -u6

ilBib)

\

f  \
0 nigB{b) — hB[b)m -r f[m)b

y
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Finally we have

0 =  L{[a®Q.O®b\)

[ I l a © U ) , U © 6 j  - f  l a © U . L ( U 0  6 ) j  

^  g.-iia) an

y h.-xia)

f \
[a,/iB(6]] 0

\ f  \ ■/  \ /0 0
+

a 0

I V V

/ib(6) -n b  

geib)

\

n

\
Therefore [a. Ag(6)] =  0 and [/i..i(a).6] =  0. Since a and b are arbitar>". we 

conclude that h,y{A) Ç Z{B)  and hs^B)  Ç Z{A).

Conversely, suppose L is of the form

( \a rn

\  V

( \
g.\(a) + liB(b) an -  nb -r /(m )

V b.\{a) -r </b(6)

with Conditions (i) and (ii) holding. We have
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f (  \ ( '  ')
\

a m a m

\ ( ‘J K //

=  L

\
[a, a'\ am' — m'b — a'rn -r mb'

\ [6 . 6'] y

and

/  \
gA{[a. a'I) [a. a']n -  n[b. b'\ +  f (am '  -  m'b -  a'rn -f mb')

9 B { [ b . b ' ] )

/  \ /  \ /  \ f , A ■
a m a' tn' a m a rn

L . -f .L

V [  ‘' J \  S

an — nb-r f(rn) 

/i.-i(a) +  Oeib)

a' rn'

V ^ 'y j

+

(

I  \  (
a m g.iia') H- heib') a'n -  nb' +  f{m')

-t- geib')

\

\

/  J

[ï/A(a).a'] +  [a.<7..i(a)] T

y [ g B { b ) . b ' \  +  [ b . g B { b ' ) \

(  \
5r,i([a.a']) T

9 B { [ b ' . b ] )
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where

T  =  [a. a']n -  n[6.6']

— m"n_\{a) - r  aj\m') -  m'gB{b) +  -  f { m ’)b

-g_.\[a')m +  mh,\{a') -  a'f{m) 4- mgB{b') -f -  f{m)b'

=  [a.a']n -  n[6.6'] +  f[am' -  m'b — a'm 4- mb').

Hence L is a Lie derivation. ■

In the case that M  is faithful, we will show in the next result that the 

conditions /i..i([a.a']) =  Ü and l iB{[b.b'])  =  0 can be omitted as they are 

automaticallv satisfied.

C o ro lla ry  3.2.2 .4 linear map L on 21 =  Tri(.4. j / .  with faithful M  is a

Lie derivation if and only if  L is of the form

/  \
a m

\

/ \
4- hg(6) a n - n b  + f { m

y h. \ {a )+gB{b)  ^

where n G M. and g_\ : A  A. gB ■ B B,  /i..i : A  —>• Z{B),  hg : B - 

Z{A), f  : M  M  are linear maps satisfying

(i) g_\ is a Lie derivation on A. /(am ) =  gA{a)m — mh^ia)  4- af{m) and

(ii) pb is a Lie derivation on B, f{mb) =  m^g(6) — hg(6)m 4- f{m)b.
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Proof. The "only if’ part follows from Proposition 3.2.1. To prove the 

converse, it suffices to show that a']) =  0 and /ia([6.6']) =  0.

Now. using condition (i). we have

f{[a.a']m) =  g,i{[u.a'])m -  mh,i{[a.a']) -\-[a.a]f{m)

/([a.n ']m ) = /{aa'rn) — f {aam )

= ni — a'rnh,{{a) -r a f{a m ) )

— amh.i{a') +  a'f{am))

=  {(j_.x{a)a'rn — a'm/i..v(a)

+a(j.x{a')m — amh,\(a') + aa'f(m))

— {g,\{ci)arn — arnh.x(a')

+a'f/..v(a)m — n'm/i..i(a) -r a a f{m ))

= ([<7.-1 (a), a'] +  [a.<7,i(a')])m + [a.a']f{m)

=  <7.-1 ([a-a'])<71 4- [a.a']/(m )

as (/.4 is a Lie derivation. Hence m/i.4 ([a.a']) =  0 for all m G M  and then 

/i.4 ([a.o']) =  0 as A/ is a faithful right B  module. Similarly, using condition

(ii), we have hg([6.6']) =  0 and the result follows. ■
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Recall from Theorem 1.4.4 that when M  is faithful, then the centre of 

Tri(.4, M. B)  is

Z(Tri(.4. M .B ))  = fa © 6 : arn = mb for all rn E M \.

This leads to a relatively simple criteria for a Lie derivation to be proper.

T h e o rem  3.2.3 Given a triangular algebra '21 =  Tri(.4. M. B) with faith­

ful M.  A Lie derivation is proper if and only if ~,\L[B) Ç -,i(Z('2t)) and 

ZbL{A) Ç -fl(Z('2l)) where A and B  are identified as subalgebras o/'2l. That

is to say that a Lie derivation L on '21 given by

/  \  /  \
<7..i(a) +  /ie(6) an -  nb + f{rna rn

V /i.-v(a) r i g a i b )

is proper if and only if h_.^{A) Ç -g(Z(2l)) and Ç -.v(Z('2t)).

Proof. Suppose that L is proper and is written as c)+/i. where d is a derivation

and /i(2l) Ç Z('2l). By Corollar}'

r \
PA{a) ano -  nob + fo{rn)

\
PB[b)

with, foiam) =  p.4 (a)m -f- a/o(m) and f{mb)  =  mpg(6) +  fo{m)b. whereas by

the structure of Z('2t). 

A
a m ii{a) H- i'îiin) +  i^{b) 0

Â ( o )  rijoim)  + 7 3 ( 6 )

\
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Since L = 6 + h. we have üq = n (by taking n =  L 6 =  0 and m =  0). 

/o =  / .  k  =  0, >2 =  0. «3 =  Ag. j i  =  /i,4 . f7.4 =  p , i  +  il and (Jb = Pb + h -  

Hence

h.-xia) =  ii(a ) =  ~B{h

f  \
a  0

) € - s ( z m

and

hg(6 ) =  (3(6) =

/  \ 
0 0

V
Conversely, suppose that h.i{A) Ç -g(Z('2l)) and hg(B) Ç -,v(Z(2l)). 

Recall the unique group isomorphism r  from -.i(Z('2l)) to 7Tg(Z('2l)) in The­

orem 1.4.4 and dehne

( \ 
a rn

/  , \  
(7..1(a) -  T '■h, i {a)  a n  -  n b  ^  f { r n )

and

V  V

f  \
a  n i

\

(

(Jb W) — ' hB[b)

+ fiBib) 0

/1.4 (a) -f r/ig (6)

\

/  \
a m

That h

\ V

G Z(21) is easy to verify. Now by Proposition 3.2.2. we have

/(am ) =  p.4 (a)m -  m/i.4 (a) -r a /(m ) =  (5.4(0) -  r  /̂i.4 (a))m -r a/(m )
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and similarly

f{mb) — mgB{b) -  +  / ( m )6 =  m(gg(6) -  r/%g(6)) -f /(m )6.

thus 6 is a derivation by Corollary 2.2.2. B

We now show that the triangular algebra in Example 1.2.5 has an im­

proper Lie derivation.

map

r /  ^
t a

Let .A = B = < : /.a  € R  ►

( (
t a X g 0 6 : 0

t £ 0 X

s b 0 a

[  “ /
is a Lie derivation on 21 =  Tri(A. M, B)  but is not a sum of a derivation and 

a mapping into the centre.

Proof. That Z, is a Lie derivation can be checked by direct verification. By

CoroUar\- 1.4.7. Z(2l) =  R l. so =  R l and -g(Z(21)) =  R l. Since
/  \  /  \t a 0 a

^ "b(Z(21)). we have /1.4 (A) % -g(Z (2l)) and thus L

is not the sum of a deri\-ation and a mapping into the centre by Theorem 3.2.3.
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3.3 The Main Theorem

In this section, we will find sufficient conditions on a triangular algebra 

Tri(.l, M. D) with faitliful M  Su that everv Lie derivatiun is proper. The key 

idea is that, under those conditions, the maps h .4 and A g in Theorem 3.2.2 

always satisfy A  =  /i^^(rre(Z(2l))) and B =

First of all. we have two preliminary' results.

L em m a 3.3.1 Let g : A A be a Lie derivation, h : A  Z{B) and 

f  : M  M  be linear maps such that f{am)  =  g{a)rn — mh{a) -r af{rn) for 

any a G A .m  € M. Define G : .-Ix.-l -4- .4 byG{x.y)  = g{xy)—xgiy)—g{x)y. 

We have

(i) G{x.y) = G{y.x):

(ii) G{x, y)m =  mh{xy) — xmh{y) — ym hf i ) .  for any x. y Ç. A. m Ç: M:

(iii) Let F{t) = 6̂ a polynomial in R[i]. For any x  € A. there exists

iv{x) € '21 such that w{x)m = mh{F{x))  — F'{x)mh{x) for every rn 6 M.  

where F'{t) = is the derivative of F.

Proof. As ^ is a Lie derivation, we have

G(x. y) -  G{y, x) = g{xy) -  xg{y) -  g{x)y -  g{yx) +  yg{x) +  g{y)x

=  y] -  [^-9 {y)] -  [^(r). !/j =  0 .
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Thus (i) follows. By the equation f{am) = g{a)m — mh{a) -f af{m)  from 

Corollar}' 2.2.1. we have

/ ( ( - f )m) =  g{xy)m -  mh{xy ) x y f  (m). and

f{xyrn)  =  f{x{ym))

= g{x)ym -  ymfi{x) -f- xf(ym)

=  g{x)ym -  ymh{x)  -f- x{g{y)ni -  mh{y)  4- yf(rn)).

By comparing the two equalities, we have (ii).

To prove (iii). it suffice to show, for k  =  1.2........that

k

( ^ x * ~ ‘G (x.x‘))m =  rnh{x^ ' ^^ )  — {k  4- l)x^’m/i(x).
1=1

Take y =  x in (ii) and then G (x.x)m  =  mh{x~) — 2xmh(x). thus it is true

for A' =  1. Xow suppose it is true for some k .  therefore

k ~ l  k

(^x * ''* ^~ ‘G(x. x‘))m =  G{x. x^~'-)rn 4- x ^  x^'~‘G(x. x*))
t=l i—L

=  (m/i(x*~') — xm/i(x^"^^) — x ^ ~ ^ m h { x ) )  4- 

x(m/i(x^’~^) — {k  4- l)x^m/i(x))

=  mh{x^~~) — {k  4- 2)x^~^mhix).
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P ro p o s itio n  3.3.2 Consider a Lie derivation L on '21 =  Tri(.4. M. B) with 

faithful M. Write L in the form

( \ 
a m

V

/  \
g,{{a) + hsib) an -  nb + f{m )

\ /h.\{a) -^9B{b)

Let r  = {a E A : /2.4 (a) 6  ~e(Z(2l))}. Then T is an R-subalgebra of 01 

satisfying the following seven conditions:

(i) r  contains all the commutators [r. ,/y] for x. g E .4.;

(ii) Suppose b E A and F(t) is a polynomial in R[ij. I f  F'{b) = 0 then

F{b) E V:

(Hi) Suppose b E A and F{t) is a polynomial in R[/]. I f  F(b) E T and F'{b)

is invertible, then b E I

(iv) r  contains all the idempotents in A (in particular 1 E V ):

(v) V  contains all the elements of the form where x E A and p > 0 is the 

characteristic of .4;

(vi) (a € .4 : a~^ € T} Ç I'.-

(vii) I f  b E A is invertible with b̂  E V for some positive integer k then 

kb E V.

Proof. Let r  be the algebra isomorphism from 7r.4(Z(0l)) to -g(Z(Ol)) defined 

in Lemma 1.4.1. Recall that x E V'. i.e. /2.4(x) E -g(Z(Ol)). if and only if
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there exists a E A  such that =  am for all m € M.

Obviously T is a R-submodule of A. By the Lemma 3.3.1(11). if r ,  y e  \ ' 

then we have

m/i..i(xy) =  G{x. ij)m 4- xmh,i(i/) +  ymh^ix)

=  {G{x.ij) -rxr~^/i,i(y) ^  tjr~^{x))rn

for all rn E M. Thus xy 6 I ' and thus \ ’ is a subalgebra.

For any x. y 6 A. we have /i..i([x. y]) =  0 by Proposition 3.2.1. Hence 

[x. y] E r .

Consider 6 E .4 and F{t) E R[tj. If F'{b) =  0. then by Lemma 3.3.1(iii). 

there exists u:(b) E A  such that

tx{b)m = m/i..v(F(6)).

Thus F{b) E r .

Consider 6 E .4 and F{t) E R[i]. If F{b) E V  and F'{b) is invertible, 

then by Lemma 3.3.1(111). we have

F'{b)~^iv{b)m — F'{b)~^mh{F{b)) ~  mh{b)

= F'{b)~''T~'-h(F{b))m — mh{b)

and thus 6 E C as

mh{b) =  F'{b)~^{r~^h{F{b)) -  w{b))m.
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Take an idempotent e of A.  Consider F{t) = — 2F € R[i]. Since

F'{e) =  0. by (ii), we have e =  F{e) E I '.  In particular 1 6 C.

Take b E .4. Consider F{t) = F Ç. R[f|. Since F'{t) = 0. by (ii), we have

bP =  F{b) E r .

For any a E .4 with «“ ’• E W  we have

G{a.a~^)rn =  rnh{l) — amh(a~^) — a~^mh{a).

As 1 E W  that a E r  follows from

rnh{a) = {G{a.a~'-) — r~'-h(l) —

For any invertible element 6 E .4 with b̂ ' E I ’. Put F(t) =  in 

Lemma 3.3.1(iii), we have

iL’{b )m  = mh_^(F{b)) — F'{b)mh_\{b) = mh,\{b^) — kb^~^mh_\(b).

and hence kb € I ' as

m h A { k b )  = b ^ ~ ^ { i v { b )  — r ~ ^ h _ \ { b ^ ] ) m .  ■

Next, we state and prove the main theorem in this section.

T h e o re m  3.3.3 Every Lie derivation o/ 21 =  Tri(.4.4 /. R) with faithful M  

is proper if  the following two conditions hold:



3.3: The Maia Theorem 83

(I) Z{B)  =  7ra(Z('2l)), or there exists a,a' G A so that [a. a'] is inuertible. or 

that .4. is generated as an algebra by the commutators and the idempotents 

(or. more generally, that there is no proper subalgebra of A satisfying (i)-(vii) 

in Lemma 3.3.2):

(II) Z{A) =  7r..v(Z('2l)). or there exists b.b' E B so that [b.b'] is invertible, or 

that B  is generated as an algebra by the commutators and the idempotents 

(or, more generally, that there is no proper subalgebra of B  satisfying (i)-(vii) 

in Lemma 3.3.2).

Proof. Consider a Lie derivation on '21 in the form

( \
a m

/  \  
<7.4 (0 ) -f ^ 0 (6 ) a n - n b - r f { m )

V //t.v(a) + i/s(̂ >)

We have to show that it is a sum of a derivation and a mapping into the centre. 

By Theorem 3.2.3. this is equivalent to showing that h^iA)  Ç - 0 (Z('2l)) and 

hg(B) Ç 7T.4 (Z(21)). We claim that if Condition (I) holds, then A.4 (.4) Ç 

;TB(Z(2l)).

Suppose Z{B) = 7T0(Z('21)). The result follows since h_\{A) Ç Z{B)  by 

Corollarv' 3.2.2.

Suppose there exists x . y  E A  such that [x. </] '• exists. Note that for any
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a € .4, rn 6  M.  we have

[a. G(x.//)]m =  a{G{x.y))m — G{x.y){am)

=  <-^i"ih,^[xy) -  xrnh,^{y) -  (/mh..i(x))

- { a m h A ( x y )  -  x a m h A ( y )  -  (/amh..i(x))

= [x. a]m/i.-i(//) -r [//. a];nh.4 (x).

By taking a = y. we get

=  [x.y]~‘[x. (/]m/z,i((/)

=  [x.;/]“ ‘([x.^]m/i,i(y) +  [ y , y ] r n h A { x ) )

=  [x.//]~^[v/.C(x.//)]m

thus y € For any a € .4. we have

m/i,i(a) =  [x. y]~^[x.//]m/i,v(«)

=  [x. (/]"^([a,x]m/z,i(y) -  [x.G(a. (/)]m)

=  [z. ÿ]"\[a.x]T"^h,i(ÿ) -  [x.G(a.y)])m .

Hence /2.4 (a) 6  7Tg(Z(2l)) by Lemma 3 and the result follows.

Suppose that there is no proper subalgebra of .4 satisfying (i)-(\'ii) in 

Lemma 3.3.2. By Proposition 3.3.2. I '  =  /i^^(-s(Z('2l))) is a subalgebra of
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A  satisfying (i)-(vii). Thus we have .4 =  and the claim is

proved.

By symmetry, we have h s(5 ) Ç -..^(2(91)) if Condition (II) holds. This 

ends the proof of the theorem. ■

R em ark . It is a fact that if .4 is a simple ring not of characteristic 2. 

or if .4 is a von Neumann algebra which has no central abelian summands, 

then .4 is generated as an algebra by its commutators (see [34. 61]).

C o ro lla ry  3.3.4 I f  Z{A) = R l. Z{B) = R l  and M is faithful, then evenj 

Lie derivation o/'2l =  Tri(.4. .1/. B) is proper.

Proof. By Corollaiy 1.4.5. Z('2l) =  R l .  Therefore Z(.4) =  ~.v(Z(2l)) and 

Z{B)  =  -g(2(2 l)). The result follows from Theorem 3.3.3. ■

C o ro lla ry  3.3.5 I f  Z{A) = R l and .4 is generated as an algebra by com­

mutators and idempotents, and M  is faithful, then every Lie derivation of 

21 =  Tri(.4. M. B) is proper.

Proof. As .4 is generated by commutators and idempotents. Condition (I) in 

Theorem 3.3.3 holds. By CoroUaiy 1.4.5. Z(2l) =  R l. thus Z(.4) =  -,4(Z(2t)) 

and Condition (II) holds. Hence the result follows. ■
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C o ro lla ry  3.3.6 I f  A  =  R l  and M  is faithful then every Lie derivation of 

Ql =  Tri(-4.. M, B) is proper.

Proof. It is a direct consequence of Corollary 3.3.3 cu> .4 is generated by {1}.

C o ro lla ry  3.3.7 I f  Z{A)  =  R l and there exists x . y  Ç. A such that [r.yj is 

invertible and M  is faithful, then every Lie denvation o/ '21 =  Tri(.-1. .U. R) 

is proper.

Proof. Condition (I) in Theorem 3.3.3 holds as there exists x . y  E A  such 

that [r. i/] is invertible. Condition (II) holds as Z{.A) = t.i(Z(21)). ■

C o ro lla ry  3.3.8 Let S be an K-alyebra. I f  A Ç A4(S) and B  Ç Mi{S)  

are matrix algebras such that Z(.-i) =  Z{S)Ik.  Z{B)  =  Z{S)Ik-  and M  is 

subspace of which is a faithful bimodule, then every Lie derivation of 

Tri(.4. M. B) is proper.

Proof. By Theorem 1.5.3. Z{%) = Z{S)Ik--i. Then, by Theorem 3.3.3. every 

Lie derivation of 31 is proper. ■
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3.4 Full M atrix Algebras at the corner

It is unknown whether ever}- Lie derivation on S"" is proper even when 

S =  R . However, we have the following result.

C o ro lla ry  3.4.1 I f  A  =  -U„(R) and M  is faithful, then every Lie derivation 

o f T n { A .M .B )  is proper.

Proof. This is a consequence of Corollarv' 3.3.5 since Z(A) = R l  by Propo­

sition 1.5.4 and .4 is generated by commutators and idempotents by Propo­

sition 1.5.5. ■

Next, we give an infinite dimensional generalization of Corollarv- 3.4.1.

C o ro lla ry  3.4.2 I f  .A = B{H). the algebra of bounded operators on a com­

plex Hilbeii space H. B  is any algebra, and M  is a faithful bimodule, then 

every Lie derivation o fTn( .A .M .B)  is proper.

Proof. Note that H  is isomorphic to H  Q H  and t
/ .  A  /  \

MiiA).  As Z{A)  =  C l and 

invertible in .4. the result follows from Corollarv 3.3.7.

1 0 0 1

lat .4 is isomorphic to
( \

0 1
which is

Oy
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3.5 Triangular M atrix Algebras

C o ro lla ry  3.5.1 Given a block triangular algebra '21 =  T (n i   nt)(S) with

k > 1. Every Lie derivation c/'2l is of the form d -f Ô; 4- k. where d is an 

indueed derivation from S. 5; is the inner derivation defined by z. and h is 

linear functional which annihilates the commutators.

Proof. It follows from Theorem 1.5.2 and Corollar\' 3.3.8 that every Lie 

derivation is proper. By Theorem 2.4.2. every derivation is of the form d-rd~. 

Hence we have the result. ■

C o ro lla ry  3.5.2 [f A  =  T{n\_....... nf.)(R). B is any unital algebra and

is faithful, then Tri{.A,M.B) has no improper Lie derivation.

Proof. By Proposition 1.5.2. Z(A) = R l  and by Proposition 1.5.4. .4 is 

generated by idempotents. so the results follows Corollary 3.3.5. ■

3.6 N est Algebras

The following is an analogue to Corollar>' 3.4.2.
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C o ro lla ry  3.6.1 Every Lie derivation of nest algebras is of the form x  w- 

ax — xa + h{x)l where a is a fixed element in the nest algebra and h is a 

linear functional annihilating the commutators.

Proof. First we show that even,' Lie derivation of a nest algebra is proper. If 

jV  is a trivial nest. i.e. .V' =  {0. H}.  then T{jV) = B{H)  is a von .\eumann

algebra and it has no improper Lie derivation bv Mier's result [60]. If ,V* is
/ \

M
not trivial, then we have T(.V”) = where A. B  are nest algebras

as in Lemma 1.6.5. and that Z{A)  =  R l. Z[B)  =  R l  by Lemma 1.6.6. 

Thus every Lie derivation T{M)  is proper by Corollar>' 3.3.4. Finally, by 

Proposition 1.6.6. ever}' derivation on a nest algebra is inner. The proof is 

completed. ■

C o ro lla ry  3.6.2 Every Lie derivation on the nest algebra of a continuous 

nest is an inner derivation.

Proof. By Corollar}' 3.6.1. everv' derivation is of the form da -f h where h 

annihilates commutators. By Lemma 1.6.7. ever}' element of the nest algebra 

of a continuous nest is a sum of two commutators. Therefore /i =  0 and ever}' 

derivation is an inner derivation. ■

The following result is an analogue to Corollar}' 3.5.2.
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C o ro lla ry  3.6.3 I f  A  is nest algebra of a continuous nest. B  is any algebra

and M  is faithful, then every Lie derivation o f T n { A .M ,B )  is proper.

Proof. Since Z{A) — C l by Leuiiua. l.G.G aud .4. ib generated by commutators

bv Lemma 1.6.7, the result follows Corollary 3.3.5. ■

3.7 Triangular Banach Algebras

We have the following theorem about continuous Lie derivations of triangular 

Banach algebras. This differs from Theorem 3.3.3 only in as much its the 

condition on the algebras being generated by special elements is interpreted 

in a topological sense. We say that a Banach algebra '21 is the topologically 

closed algebra generated by a subset S  if '21 is the smallest closed subalgebra 

containing S.

T h e o re m  3.7.1 Given a triangular Banach algebra 21 =  Tri(.4. M. B). Sup­

pose that M  is faithful. IfiH satisfies

(I) Z{B)  =  7Tb(Z(21)) or A  is the topologically closed algebra generated by 

commutators and idempotents: and

(II) Z{A)  =  7r.4(Z(2l)) or B  is the topologically closed algebra generated by 

commutators and idempotents,
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then every continuous Lie derivation on '21 is a sum of a derivation and a 

linear mapping with image in 2’(2l).

Pruuf. Xote tliciL is ciused. ~a ^~b «uK upeu and continuous. Suppose 

L is a continuous Lie derivation, then hj^.he as in Theorem 3.3.3 are contin­

uous. By Proposition 2.2.5, T =  hf^{~B[Z{''2i))) is a closed subalgebra of .4 

containing commutators and idempotents of .4. So if .4 is the closed linear 

span of commutators and idempotents. then /i..i(.4) Ç -/}(Z('2l)). Thus the 

result follows. ■

VVe now apply Theorem 3.7.1 to the join of two von Neumann algebras. 

The class of von Neumann algebras is one of the most widely studied among 

all the operator algebras. For the definitions and properties of von Neumann 

algebras, one may refer to [18] or [67]. Recall from [18. Proposition 13.3] that 

a von Neumann algebra is the norm closed linear span of its projections.

C oro lla ry  3.7 .2  Suppose A and B  are von Neumann algebras on Hilbert 

spaces Hi and Ho respectively, then every continuous Lie derivation on the 

join .4#B  =  Tvi{A. BiHo, Hi). B) is a sum of a derivation and a linear 

mapping with image in Z(2l).
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Proof. It is known [18. Proposition 13.3] that ever}' von Neumann algebra 

is the closed linear span of its projections. The result now follows from 

Theorem 3.7.1. ■
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Chapter 4

Commuting Maps

4.1 Introduction

In this chapter we will identify those triangular algebras for which every 

commuting map is "almost" of the form x  ax. Some material in this 

chapter may appear in [14].

D efin ition  4.1.1 Given an fi-algebra A. A commuting map of A  is an R- 

linear map L on A  such that

[L{a). a] =  0 for all a 6 A.

As in the previous chapter, we define the term proper commuting maps.
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D éfinition 4.1.2 A commuting map L of an algebra is said to be proper 

if it can be written as L{x) = ax + h{x). where a lies in the center of the 

algebra and h is a linear mapping with image in the center of the algebra. 

commuting map which is not proper is said to be improper.

Commuting maps. like Lie derivations, have been active research subjects 

for a long time. It is proved in [11] that a commuting map on noncommutative 

Lie ideals of a prime ring is always of the form x ax -f /i(x). where x lies 

in the centre of a certain larger ring and h is an additive mapping from 

the ring into this centre. Results related to commuting maps on prime or 

semiprime rings are considered in [8. 11. 49. 50]. Bresar [8] considered von 

Neumann algebras and showed that every commuting map is. according to 

our definition, proper.

We will determine sufficient conditions for a commuting map of a tri­

angular algebra to be proper. Similar to the previous chapters, we begin 

with two easy propositions for general algebras. The first one deals with 

unitization and the second one deals with direct sums.

P ro p o sitio n  4.1.3 Let A be an algebra without unity and .4 V R l be the 

unitization of .4. Then .4 has no improper commuting map if  and only if 

.4 V R l has no improper commuting map.
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Proof. Let J  : .4 —> .4 V R l  and rr : .4 V R l -4- .4 be the na tu ra l inclusion and 

projection.

.Assume .4 has no improper commuting map. Let L be a commuting map 

of .4 V R l. F irst observe that for all a E .4.

0 =  [1(1 T a). 1 +  a] =  [£(1). a j -f [1(a). a]

=  [£(4)-ai

=  [£(1). a +  *-'l|.

so that £(1) E Z { A V  R l). Then ~LJ is a commuting map on .4. thus ~Lj 

is a proper commuting map and can be written iis a ax -i- k{a) where 

X E Z(.4) Ç Z(.4 V R l)  and h maps into Z(.4). Define h{b) = L[h) — bx for 

all 6 E .4 V R l .  For a E .4 and 6 E .4 V R l.

[A(a). 6] =  [£(a) -  ax. 6] =  [~£(a) - -(ax). "(6)]

=  [ax + fi{a) — ax. ~{b)]

= [h{a).-{b)\

=  0.

So h{A) C Z(.4 V R l) . Since A(l) =  £(1) -  x and £ { l) .x  E Z(.4 V R l). 

h{A V R l)  Ç .4 V R l.  as needed. Hence L{b) = bx + h{b) as required.
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Conversely, suppose .4 V R l  has no improper commuting map. Let L 

be a commuting map on .4. Define a commuting map L of .4 V R l  by 

L{a+ ' l) = L{a). Then L[b) =  xb+h{b) since I  is a proper commuting map. 

Note that -{x),~h{a)  € Z(.4). thus L{a) =  ~{L{a)) =  ~{x)L{a) 4- ~h{a) as 

required. ■

P ro p o s itio n  4.1 .4  .4  ̂ and .4o have no improper commuting maps if and 

only if Ai  0  .4o has no improper commuting map.

Proof. Suppose L is a commuting map of .4i © .4,. Write L{a.b) = {Li{a) + 

~i{b). L-^ib) -r Since

0 =  [Z(a.O). (a.O)] =  ([Li(a).a], [7T2(a).0]).

0 =  [(0.6). 1(0.6)]  =  ([0.-, (6)].[I. , (6) .6]).  

we have Li is a commuting map of .4, for 1 =  1.2. Furthermore

0 =  [ I ( a .6 ). (a. 6)] =  (["1(6). aj, ["2 (0 ), 6]).

hence image of ", lies in Z(.4J for i =  1.2.

Assume that Ai  and A2 have no improper commuting maps. Let L be 

a commuting map of .4  ̂ © .4>. By the above argument and the fact that 

every commuting map of .4, is a proper commuting map, we have Li{a) =



4.2: Structure of Commuting Maps

axi-rhi{a) for a E .4i, and Z.o(6) =  bxo+hoib) for b E Ao. Let x  = (xi. x>) and 

hiai.a-i) = {hi{ai) + ni{a-2 ) .h 2 (a-2 ) + - 2 {ai)). then L{{a.b)) = (a, 6)(xi. Xo)-f 

/i((a .6 )) and we are done.

Conversely, suppose Ai © A 2 has no improper commuting map. We 

need to show that .4i (and similarly A 2 ) has no improper commuting map 

also. Let Li be a commuting map of A^. Define a commuting map of 

Ai  © .4) by L{a.b) = {Li{a).0). As L is a proper commuting map. we have 

L{c) = c(xi.X)) +  h{c). Evidently I i(a )  =  axi -t- hi{a) as required. ■

4.2 Structure of Commuting Maps

We will consider only unital algebras in the rest of this chapter.

P ro p o s itio n  4.2.1 .4 linear map L on '21 =  Tri(.4.4 /. B) is a commuting 

map if and only if L is of the from

(

V

gx{a) + heib) +  kA{m) jati -  m je

h^ia) +gB{b) © A:g(m)

\

where g a : -4 ©■ .4 with Ja = gs ■ B  B. Ha ■ A  Z{B) with

J b  =  A.4 (1.4 ). Ag : B - 4  Z{A). kA '■ 4 /  -© Z(.4), : 4 /  -© Z{B) are linear

maps satisfying
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(i) 5.-1 is a commuting map on A. — m je) = gA{a)m — mh^ia):

(ii) gB is a commuting map on B.  =  mgeib) — hB{b)m:

(iii) kA{rn)rn = n iksim ).

Proof. Suppose Z. is a commuting map. Write

f  \  /a rn

\

\
(/,v(u) -r /ig(6) + A:,v(m) /,v(u) -f- /g(6) 4- /(m)

^ /i..i(a) -f g e i b )  4- A;g{m) J

Suppose L(1 © 0) =

( \ 
J.-i n

. That n =  0 follows from

0 =  [T(i © 0). 1 © 0] =

V
Since [i(x ). x] =  0 for all x  6 21. we have

0 =  [L{x + g).{x g)\
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and hence [Z,(x),(/| =  [j:.I(;/)|. Therefore

— [l © 0, T(a © 6)]

= [£ ( 1 © 0). d 0  6] 

= [y’-i.a] 0  [;b .6].

and thus /..i =  0 and fg  =  0.

We have

0 © [/2..1(d). 6] — [£(d© 0].0© 6]

=  [d©0, L(0©6)]

=  [d./2s(/)}] © 0

and hence [/2..1(d). 6] =  0 and [d. hgih)] =  0. As this is true for ail a € A and 

b e  B. we get that /2.4(.4) € Z (B)  and hgiB)  6 Z{A).

W e also have

[£f..i(d).d] © [^b (/?).6] =  [I(d © 6 ).d © 6 ] =  0

and hence and gg are commuting maps.
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Before establishing the results about and the form of

/ ,  we pause to prove condition (iii). For m G M. we have

0 =
0 in 0 rn 

0 VJ
A;..i(m) f{rn) 

keim)

\ ( \  
0 m

V

\
0 m

(

\

kAirn) f{rn) 

Ars(m)

\

/  \
0 k_.x{m)m — mkB(rn)

\ 0 J
This proves (iii).
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Next, we show that f { m )  = j A ^ - m j e -  Recall that J a Q J b  -  L { 1 a Q 0 )  

and hence Ja = 5r.i(l.-i) and Jb =  h ,i(l,i). We have

f n  ■ ]0 j A i n  -  t n j B 0,1 o'' \
0 m

“ J j b ) V

Z(1 © 0).

/ \
0 m

\ VJ
I  \

0 m
1 0  0,1

/  \
0 / (m)

V 0

T h u s  f { r n )  =  J atti  — mjg as required.

Next we prove (i) together with € Z{A). This follows from

\ ■ /  \0 gA{a)m - mhA{a) 0 m
= L{a © 0),

° J V

(X © 0, X

( \  
0 m

0V /  J
/r  \

[a,A-.4(m)| a { jA m -rn jB )

0
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Similarly (ii) and A'a(m) G Z[B)  follow from

L{0 © 6).

/  \
0 hB{b)m — mgB{a)

\ 0 / 0

/  \
0 m

0 © 6 . Z.

/ \
0 {rn jB -jA m )b

[b,kB{rn)] J

Conversely suppose L is of the given form. Take x  =

have

f  \a rn

V V
6  '21. we

( \
a rn

V V

/  \a rn

V V
(

w
(

\

\ f  \
a m

K ‘J

9A{a) +  / ib ( 6 )  - f  A:,v(m) J ..im  -  mja

.̂-i(a) + f/g(6) -r fcBim)

[g , \ . {a ) + /is(6) + M"î)< «1 T

[/i.-i(a) 9B{b) +  Arg(m), 6) j

where T  G A/ is to be specified presently. First, we note that the diago­

nal entries in the last expression are zero since and gB are commuting 

maps and the images of /1.4 , fig, Z4 , Zg are in the centre of the corresponding

\
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algebras. Now

L'sing (i) and (ii) we get that

T =  + hg(6) +  A:,i(m))m -f mgg(6) -  /iy(6)m

-{(j ,x{a)m -  m / i , i ( a ) )  -  rn{h,i{a) +  cjg(b) +  kg im) )

=  k.x{rn)m -  mA:g(m) =  0 by (iii).

Thus [I(x ).x ] =  0 and so L is a commuting map.

As in the previous chapter, there are appealling results for triangular 

algebras Tri(.4. B) when M  is a faithful bimodule. We start with a defi­

nition and a lemma.

D efinition 4 .2 .2  Let A  be an algebra, we denote by [A. .4] the linear span 

of all the commutators xy — ijx Ç. A.

Lem m a 4 .2 .3  Suppose L is a commuting map on ‘21 =  Tri(A. S ) with

faithful M . Then L is of the form  

(
a m

L

V

gA{a) 4- h e i b )  -r ^a(m) -  m j B

hA{a)^gB{b)  +  A:g(m)

\
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with and hg^{~_^{Z{'^))) being two-sided ideals of A  and B

respectively. Furthermore, we have [-4. .4] Ç h'^^{~B{Z{^))) and [B.B] Ç

Proof. We prove the part of the statement related to .4. The part related to 

B can be proved similarly.

Let r  =  (a € .4 : h,\,{a) G ~s(Z(2l))} =  For any

a. a' € .4 and rn € M. we luive

aa{J_\rn — ïïiJ b ) =  — m/i,v(a'a) (4.1)

a'a{J,[rn -  rnjB) = a'{gA{a)m -  mh,\,{a)) (4.2)

-  rnjB) = gA{aa)m  -  m/i,i(«a') (4.3)

a{j_\a m — a rnjb ) = i/..i{a)a'm — a'm/i..i(a). (4.4)

From (4.1) and (4.2). we have

0 =  g_\{a'a)m — mh_\{a'a) — a'{g.{{a)rn — rrih_.i{a)), (4.5)

and from (4.3) and (4.4), we have

a[oL =  gx{aa')m — mh_Ji{aa') — gj^[a)a'm +  a!mhj,{a). (4.6)
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Now taking the difference of (4.5) and (4.6). we get

(a[a '.j,i| -  f^,i([a.a']) ~  [o'. t7,i(a)|)m =  mh,i([a. a']).

Hence /z..i([a. a']) G -g (Z (^ )) and [a.«'] 6  T.

Suppose that a G I ’. From (4.5). we have

m/i.4 (a'a) =  {(j.i{aa) — a'(j,{{a) + a'r~^h_.\^{a))m.

and from (4.6). we have

nih,i{aa') = («[a'. J.4] -f- gAina') -  f/,i(«)a' -f- a r  ^/i..i(n)) rn.

Thus h{a'a).h(aa') G ~g(Z(2l)) by Proposition 3. Therefore a'a.au' G I ’. 

.\s a result. T  is an ideal of A  containing [.4. A\. ■

Now we obtain necessary and sufficient conditions for a commuting map 

of Tri(.4. M. B) with faithful M  to be proper.

T heorem  4 .2 .4  Consider a commuting map L on '21 =  Tri(.4. M. B) with 

faithful M . Write

/ \  f \
a rn gA{a) ri  hg(6) -r A:.-i(fn) j A m  -  m j B

 ̂ h A [ o )  r i  g e i h ) - r  k s i m )  j

Then the following three conditions are equivalent.
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(I) L is proper, i.e. L can be written as L{c) =  cx 4- h{c). where x  G Z(2l) 

and h maps into Z (21).

(II) /u(.4) Ç -B(Z(3l)), /ig(B) Ç -_.i(Z(9l)). t.i(m ) e  A:B(m) G Z(9l)

for all rn G M.

(III) Ja = g.-iil.-i) E -..v(Z(2l)), Jb =  /i.4(l.-i) € -g(Z(2l)). and A;,.i(m) © 

A:g(m) G Z(2l) for all m G .M.

Proof. ((II)=>(III)) Jb =  /i.i(l.i) E /j.-i(--I) Ç -g(Z(2l)). By Proposi­

tion 4.2.1(ii). we have Jaoi -  rrijs = mgBila)  -  /ig(Ie)m  which implies 

that

j A t n  =  m(Je -r ( /g ( ig )  — T/ig(Is )) .

where r  is the unique map in Theorem 1.4.4 satisfying am = mr{a) for ever}' 

m G .M and a G 7t.4(Z(21)). By Theorem 1.4.4. Ja € ~.i(Z(2l)).

((III)=>(I)) Let h{c) = L{c) -  ex. where x =  { Ja  -  r 'X jg ) )  ©  { t { Ja ) - J b ) E 

Z(2l). We claim that /i(2l) Ç Z('2l). Note that

/  \
a m

h — ((17.4 (0 ) — ü{Ja +  ~ HJb)) © ^.4 (0 )) -E

(/ib(^) 0  (gg(6) — (7"(i.4) — Jb )^)) -r 

A:.4 (m) © fcg(m).



4.2: S tructure of Commuting Maps_________________________________

We have th a t {gA{a) -  a{jA +  r 'X ja ) )  © /î.A(a) G Z('2l) follows from

{g.-iia) -  a{ j A 4- r~^( j B) ) rn  -  m/t.4(a)

= gAia)rn -  rnhA{a) -  -  m je)

=  0

by Proposition 4.2.l(i). and that hg{b) 0  (gg(6) -  {t Ua ) -  Jb )^) € Z('2l) 

follows from

hB{b)m -  m(gB{b)  -  (r(J,i) -  jg) )6  

=  (/ie(6)m -  nigBib)) -  (j,im -  m )g)6  

=  0

by Proposition 4.2.1(ii). and finally we have 0  A;g € Z('2l) by assumption.

((I)=>(II)) Suppose 1(c) =  cx -r h(c), where x  6 Z('2l) and h maps into 

Z('2l). Then by Theorem 1.4.4. x = xa 0  zg with xa E ".-v(Z(2l)) and 

zg € -g (Z (2 l)). and h(c) =  hi(c)0ho(c) with hi(c) € ;r.4(Z(2l)) and h)(c) G 

7rg(Z(9l)).
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We first show that h_^{A) Ç rre(Z(Ql)). For a E A, we have

/  \
g.-iia) 0

h-Aa)
= L{a®0)

— (a © 0)(j,’..v © .rg) +  /i[(a © 0) © A)((% © 0)

— {a,X \  +  hi(a @ 0)) © A © 0).

Therefore /iA(a) =  /i)(a © 0) € 7Tg(Z('2l)).

Sim ilarlv/ig(B) Ç -,i(Z('2l)).
/ \

Finallv, let c =
0 rn

. we have

/ \
j,ym -  m je

(

V
and hence

Â:e(m)
=  I ( t j  =  c.r © /i(c) =

hi{c) rnxg 

/12(c)

\

/.•..i(m) © kB{m) =  /zi(c) © /12(c) € Z(S).

The proof of the theorem is now complete.

We now show that the triangular algebra in Example 1.2.5 has improper

commutmg maps.

E x a m p le  4.2.5 Let A  = B  =

( \ 
t a

: a G R  > and M  =  Î 2 (R). The

IV 7
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maps

t a X ij

\
(

L-y

t a X IJ
\

b

\

\
(

0 t — s 0 c — X 

0 0 

0 t — .ÿ 

0

\
0 x 0 0  

0 0 

0 :

0c y y V y

are improper commuting maps on 21 =  Tri(.4. M. B).

. and

Proof. That Li and are commuting maps can be checked by direct 

verification. Bv Corollarv 1.4.6. Z(2l) =  R l.  so rr.i(Z(2l)) =  R l and

( o  d
-g(Z(2l)) =  R l.  Since For Li. since Ja =  = ^  -g(Z2l)). Li

V
is therefore improper. For Lo. since k,\,{rn) @ kB{m) ^  Z(2l) =  R l .  L, is also

improper.
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4.3 The Main Theorem

In this section, we establish sufficient conditions on triangular algebras such 

that ever." commuting map is proper.

T h e o re m  4.3.1 Every commuting map of '21 =  Tri(.4. M. B) with faithful 

M  is proper if the following three conditions hold:

(I) Z{B) = or A is the smallest ideal containing [.4. .4];

(II) Z(.4) =  -.i(Z('2l)). or B  is the smallest ideal containing [B. B\;

(III) there exists ruQ 6 M  such that

Z('2l) =  (a 0  6 : a € Z(.4). b  E Z(B).amo = ruob}.

Proof. By Proposition 4.2.1, h_\{A) Ç Z{B). So if Z{B)  =  -g(Z(2l)). then 

h_.i(.4) Ç -g (Z (^ )) . By Lemma 4.2.3. if .4 is the smallest ideal containing 

[.4. .4], then we have h%^(-g(Z(21))) =  .4. Hence (I) implies that /i..i(.4) Ç 

7TB(Z(2l)).

Similarly (II) implies that hg{B) Ç -^(Z(21)).

It remains to show that (III) implies k_\{m)QkB{m) E Z(2l). By Propo­

sition 4.2.1(iii). we have k_\{m) E Z(.4). A:g(m) E Z{B)  and kA.{m)m =  

mkB{m). As A:.4 (mo)mo =  moA:g(mo), we have kA.{rno)@ kB{mo) E Z(2l) and
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thus k,\{mQ)m = mA:g(mo) for all m € M. N’ow

k.i{rno + m){mo +  m)

=  k^[TTiQ)mQ +  k , i ( m Q } m  - r  k _ ^ [ m } m o  4- 

=  m o k e l n i o )  +  m&g(mo) -f- k _ ^ { m ) m o  4- n i k s i m )

and

k_\{mo 4- m){rno 4- rn)

= (mo 4- m)A:o(mo 4- m)

=  m o k B i r u o )  4- m k ^ i m o )  4- moA:g(m) 4- mA'g(m)

imply /i-..v(m)mo =  moA:g(m). By cissumption (III), we get that A:..i(m) 0  

&g(m) £ Z('2l) as required. Now Theorem 4.2.4 implies that I  is proper. ■

C oro lla ry  4.3.2 Suppose Z{A) = R l .  Z{B) = R l  and M  is faithful. I f  

Condition (III) of Theorem holds, then every commuting map of'Qi = 

Tri(.4. M. B) is proper, i.e. of the form a ta -h h{a)l. where t R and h 

is a linear functional on '21.

Proof. By Corollar}' 1.4.5. we have Z('2l) =  R l .  Hence Z{A) =  -^,{Z{%)).

Z{B)  =  ~e(Z(2l)). The result then follows Theorem 4.3.1. ■
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C oro lla ry  4.3.3 Given Z{A) = R l  and .4 is the smallest ideal containing 

[.4,-4]. Suppose that Condition (III) of Theorem f .S . l  holds, then evenj com­

muting map o/2l =  Tri(.4. M. B) is proper, i.e. of the form a ta -r h{a)l. 

where t E R  and h is a linear functional on '21.

Proof. -\s -4 is the smallest ideal containing [-4.-4] and Z{A) =  -.4(Z(2l)). 

Conditions (I) and (II) of Theorem 4.3.1 hold. Hence the result follows. ■

C oro lla ry  4.3.4 Let S be an R-algebra. Consider a tiiangular matrix alge­

bra '21 =  Tri(-4. B) where A  Ç 4/^(5) and B  Ç Mi{S) are matrix algebras 

with Z{A) =  Z{S)Ik and Z{B) =  Z{S)Ik. Assume that M  is a faithful bi­

module satisfying Condition (III) of Theorem 4-3-I. Then every commuting 

map of Tri{A. M. B) is proper.

Proof. By Theorem 1.5.3. Z('2l) =  Z[S)Ik~i. Hence Conditions (I) and (II) 

of Theorem 4.3.1 hold and the result follows. ■

C o ro lla ry  4.3.5 Let S be an H-algebra. Consider the triangular algebra 

Tri(.4, M. B)  =  '21. where S /t Ç A Ç Mk{S) and SIi Ç B  Ç Mi{S) are matrix 

algebras and M  Ç Assume that Z{A) = Z (S )/t, .4 is the smallest ideal 

containing [.4. .4] and M  is a faithful bimodule satisfying Condition (III) of 

Theorem 4.3.1. Then every commuting map o fT r i{A ,M .B )  is proper.



4.3: The Main Theorem___________________________________________ U3

Proof. The proof is exactly the same as Corollary 4.3.5. ■

The next proposition gives sufhcient conditions for Condition (III) of 

Theorem 4.3.1 to be satisfied. We start with a couple of definitions.

D efin ition  4.3.6 Let M  be an (.4. B)-bimodule and mo € M. The smallest 

(Z(.4). Z(B))-bimodule in M  containing niQ is denoted by M im a).

D efin ition  4.3.7 Let .\I be an (.4. B)-bimodule. If there exists nio € M  

such that the smallest (.4. B)-submodule of M  containing niQ is M  itself, 

then .\/ is said to be ■■singly generated and tuq is a generator.

P ro p o sitio n  4.3.8 Condition (III) of Theorem f.3.1 holds if one of the fol­

lowing conditions holds.

(i) M  is a singly generated.

(ii) Z{A) =  R1 and there exists mo € M  such that M(rTio) is a faithful 

(Z(.4), Z[B))-bimodxde.

(Hi) Z(-4) =  R1 and there exists niQ € M  such that mob = 0 for any b E B 

implies that 6 =  0.

Proof. We note that by Theorem 1.4.1.

Z(2l) Ç (a  © 6 : a € Z(.4). 6 € Z{B), amo = mob}.
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Therefore it suffices to prove the reverse inclusion under each of the conditions 

(i),(ii).(iii).

(i) Assume that mo is a generator for M. If a 6 Z{A)  and b 6 Z{B)  satisfy 

amo =  mo6. let

-^4.6 =  {rn  E M  : am =  mb}.

It is straightforward to verify that Ma,b is an (.4. B)-submodule of 4 / contain­

ing niQ. Since M  is singly generated by mo. we have M  = Ma.b- Therefore 

am  =  mb for ever}' m E M  and a © 6 E Z('2l) by Theorem 1.4.1.

(ii) Let '2li =  Tn{Z{A). Mijrio). Z{B)). By (i). we have

Z(21J Ç {a © 6 : a E Z(.4). b E Z{B). anio =  mob}.

Since we assume that Z(.4) =  R l.  then by Corollary 1.4.4. Z('2li.) =  R l. 

Thus

R l  Ç Z('2l) Ç (a © 6 : a E Z{A),b  E Z{B). amo =  mo6} =  R l 

and the result follows.

(ill) Suppose a E Z(.4) and b E Z{B)  satisfy amo =  mob. Since Z(.4) =  R l. 

a =  r l  for some r E R  and hence mo(rl — 6) =  0. By the given condition, 

r l  — 6 =  0 or 6 =  r l .  Again a © 6 =  r l  E Z(2l). ■
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4.4 M atrix Algebras

We apply the corollaries in the previous section and Proposition 4.3.8 to 

matrb: algebras.

C o ro lla ry  4.4.1 Given an R-algebra S. evevy commuting map of the block

triangular matrix algebras '21 =  r ( u i  n*;)(S). k > 1. is of the form a

ax + h{a)I. where x  6 Z(21) and h is a linear functional on '21.

Proof. By Theorem 1.5.2(11). we have '21 =  Tri(.4. .1/. B) where .4 =  4 /^ (5 )  

and B  Ç M^{S) is a block triangular matrix algebra and M  =  S"'-". Fur­

thermore. by Theorem 1.5.4. Z{A) =  Z (S)/r and Z{B)  =  Z (S)/j. Next, 

we prove that M  =  S'"'" is generated by E^i. the matrix with a I at the 

(.ÿ. l)-entiy and 0 elsewhere. To this end. consider any matrix unit Eij € M. 

we have =  euE^ifij  for corresponding matrix units e,\, G .4 and fij  G B. 

Therefore M  is generated by E^i. By Proposition 4.3.8(1). Condition (III) of 

Theorem 4.3.1 holds. The result then follows from Corollar}- 4.3.4. ■

C o ro lla ry  4.4.2 Suppose the characteristic o fS  is q > 0. Consider a trian­

gular algebra Tri(.4. M. B) where .4 =  T [ n i . . . . .  nt)(S) is a block triangular 

algebra satisfying ç|n,- for l < i < n ,  S I Ç B Ç  M[{S) is a matrix algebra 

and M  Ç is singly generated and faithful, then every commuting map
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of Tvi{A, M. B) iÿ of the form a ^  ta + h(a)I. where t G Z(S) and h is a

linear functional on Tn{A. M. B).

Proof Consider matrices S  = Si m St. and T  = Ti ^  Tf: \n .4

determined by

Si{xi =  (Ü.x:........ Xn,-iY

and

Ti(xu ■ ■ . =  [ x 2 . ' 2 x 2 ...... [ n i  -

W'e bave /  =  [T. 5] G [-4. .4] and therefore .4 is the smallest ideal containing 

[.4. .4]. By Theorem 1.5.4. Z(.4) =  Z (S )/. The result then follows from 

Proposition 4.3.S(i) and Corollar}- 4.3.5. ■

C o ro lla ry  4.4.3 Given an H-algebra S with I G [S.S]. Suppose that S/jt Ç 

.4 Ç  .\fk{S) and S/( Ç B  Ç M[(S) are matrix algebras over S and M  Ç  

is singly generated and faithful, then every commuting map o f 'Ir i{A .M .B )  

is of the form a ta + h{a)I. where t G Z(S) and h is a linear functional 

on Tri(.4. M. B).

Proof. Since 1 G [S.S]. then I  G [S .S]/ Ç  [.4..4] and therefore .4 is the 

smallest ideal containing [.4. .4]. By Theorem 1.5.4. Z(.4) =  Z (S )/t. The 

result follows from Corollarv- 4.3.5. ■
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The following corollar}- is concerned with an algebra discussed in Theo­

rem 2.4.5.

C orollar} ' 4.4.4 Given an H-algcbra S aith 1 € [S.S]. Let A — Dk{S),

B  =  A (S ) and M  = T (u 1  rit: n ii ............mt)(S). where tii -r ■ ■ ■ -r- at = k

and nil + ■ • • + nit = L Then every commutimj map of Tri(.4. M. B) b  of 

the form a ta -rh{a)I. where t 6 Z(S) and h is a iinear functional on 

Tvi{A,.\r.B).

Proof. Since /  G [S.S]/. we have 4 . G [.4..4] and // G [B.B], and elms 

Conditions (I) and (II) of Theorem 4.3.1 hold. Take itiq =  iniij) with =  1 

if i =  1 or J  =  I. and 0 elsewhere. Then aniQ =  0 for a  G .4 implies that

a =  0 and mob =  0 for 6 G 5  implies that 6 =  0. Hence M{nio) is a

faithful (Z(.4). Z(B))-bimodule. By Proposition 4.3.8(ii). Condition (III) of 

Theorem 4.3.1 holds and the result follows. ■

The following corollar}' is an application of Proposition 4.3.8(iii).

C o ro lla ry  4.4.5 Given an H-algebra S with 1 G [S.S]. Let S 4  Ç .4 Ç 

.\/jt(S) and Slok Q B Ç .\/2̂ .(S) be matrix algebras, and .\[ =  then

every commuting map o/Tri(.4. M . B) is of the form a ta A- h{a)L. where 

t G Z(S) and h is a linear functional on Tri(.4. M .B ).
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Proof. As in the proof of Corollary 4.4.3. we have .4 is the smallest ideal 

containing [A. .4] and Z{A)  =  Z{S)I. Taking [Ikh] E M. We have =

0 implies 5 =  0. By Proposition 4.3.8(iii). Condition (III) of Theorem 4.3.1 

holds. Hence the result follows from Corollarv 4.3.5. ■

4.5 N est Algebras

We extend Corollar}' 4.4.1 to nest algebrtis.

C o ro lla ry  4.5.1 Evenj commatimj map of neat algebras is of the form a ^  

ta +  h{a)l. where t E C and h is a linear functional.

Proof. If .V is a trivial nest. i.e. .V' =  {Q.H}. then T(.V1 =  B(H) is a 

von Neumann algebra which is prime as a ring. Therefore it has no im­

proper commuting map bv Bresar’s result [9]. If .V' is not trivial, then bv
/  \

.4 M
Lemma 1.6.5. we have T{M ) = where .4 and B  are nest algebras

with Z(.4) =  Cl and Z{B)  =  C l. Since Z [T { f f ) )  =  Cl by Lemma 1.6.6, 

Condition (iii) of Lemma 4.3.8 holds for any nonzero m 6 M .  Thus ever}' 

commuting map of T{.\T) is of the required form by Corollar}' 4.3.2. ■
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Recall (Lemma 1.6.7) that even' element of the nest algebra of a contin­

uous nest is a sum of two commutators. .A.pplying Lemma 1.5.2 and Corol­

lar}' 4.3.4. we have the following result:

C o ro lla ry  4.5.2 I f  A is nest algebra of a continuous nest and M  is a faithful 

bimodule satisfying Condition (III) of Theorem 4-3.1. then every commuting 

map o/Tri(.-l. M. B) is of the form a ta + h{a)l. where t € C and h is a 

iinear functional.

The hist result in this section is concerned with a finite nest over a Hilbert 

space H.

C o ro lla ry  4.5.3 Let M  =  (0 =  .Vq.A'i IS \]  a nest over a Hilbert

space H  such that

0 =  A o Ç A ' i Ç A A Ç . " Ç A ^  =  H

and Mi © A',_i is infinite-dimensional for  1 =  1 k. I f  A  = T(.V*) and M

is a faithful bimodule satisfying Condition (III) of Theorem 4-3.1. then every 

commuting map o/Tri(.4. M. B) is of the form ta -r h{a)l. where t € C 

and h is a linear functional on Tri{A. M. B).

Proof. Let Hi = A'j © AVi- By assumption Hi is an infinite-dimensional 

Hilbert space and so Hi is isomorphic to Hi © {Hi © iT,- © . . .  ). We have the
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shift operator Si{xi.X 2 , ■■■) = (xo. X3, . . .  ) 6 B(Hi)  and 5 ’ G B.  Then

0 01 
\  /

and similarly 

therefore
V

1h €  [B{H,).  B m ]  e  • • • ©  B{Hk)] Ç [ T .  .4]

As a result .4 is the smallest ideal containing [.4. .4]. Since Z(.4) =  Cl by 

Lemma 1.6.6. the result follows from Corollarv 4.3.3. ■
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Chapter 5

Automorphisms

5.1 Introduction

In this chapter, we are concerned with automorphisms on triangular algebras. 

The study of automorphisms is one of the most important ways to understand 

the underlying structure of algebras. One may refer to [4. S. 12.16. 22, 36. 41. 

42. 43] for some known results about automorphisms on triangular algebras. 

First we recall the definitions of automorphisms and inner automorphisms. 

All algebras considered in this chapter are unital.

D efin ition  5.1.1 Consider an algebra A. A bijective /2-linear map o  satis-
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fying

o[ao!) =  0 {a)o{a') for ail a, a' E .4

is called an automorphüm. The set of automorphisms of A  is denoted by 

Aut{A).

Definition. 5.1.2 Let A  be an R-algebra and x E A  is invertible. We define 

automorphism by

aj.{a) = x~^ax.

An automorphism which can be written as for some r  E .4 is said to 

be inner. The set of inner isomorphisms is denoted by Inn(A).  An outer 

automorphism is an automorphism which is not inner.

It is common to compare the two sets .4uf(.4) and Inn{A).  Indeed we 

have the following well-known result.

L em m a 5.1.3 [46. p.88] Let A be an algebra. Both Aut{A) and Inn{A) 

are groups under composition. Furthermore [nn[A) is a normal subgroup of 

Aut{A).

The above result leads to the Skolem-Noether group defined in [36] and 

which may be considered as a measure of the "distance" from .4uf(.4) to 

Inn{A).  The Skolem-Noether group will be the focus of this chapter.
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D efin ition  5.1.4 The Skolem-Noether group of an algebra .4. denoted by 

SN {A ),  is the quotient group Aut{A)/Inn{A).

The Skoleiu-isuether gruup is also called the outer automorphism group 

and denoted by Out{A) in some publications.

In the case of triangular algebras Tri(.4. .\/. B). it would be convenient if
/  \

0 rn
we identify a G .4 with a© 0. 5 G 5  with 0©6 and m G M  as . The

following observation is useful in finding outer automorphisms of triangular 

algebras.

L em m a 5.1.5 .4n inner automorphism o =  Q; o/Tri(.4. B) has the prop­

erty that o{M) = M. o(.4) C\ B = 0 and o{B) H .4 =  0. Furthermore if 

r  G .4 © B. then o{A) =  .4 and o{B) = B.
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Proof. Let :  =  

have

f  \
0-0 mo

V t>o
. Then c.. — I _

f  -I  ^Qq no
for some no € M. We

Q;(0©6) =

(  \  
0 m

/ _ i  _ i  \ÜQ auQ ÜQ anio

\
( \ 

0 nobbo

L-l

a .

^ 6o bboy

/  , \  
0 «0 m6o

\ V V 0
/

Therefore a . (4/) =  a ;(A )r \B  = 0 and a ;{B )r \A  =  0. The hist assertion 

follows from the fact that if c 6 .4 0  B then mo =  no =  0. ■

We now introduce the definition of partible automorphisms.

D efin itio n  5.1.6 An automorphism o of 21 =  Tri(.4. .\/. B) is said to be 

partible with respect to A, B if it can be written as o =  where y € 21 

and o is an automorphism of 21 satisfying o{A) =  .4, o{M) = M  and p(B) =  

B. In the case where no confusion is likely to arise, we will simply say that o 

is partible. The set of all partible automorphism of 21 is denoted by B.4(2l).

Note that an inner automorphism of an triangular algebra is partible 

with respect to any possible representation of the triangular algebra.
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5.2 Structure of Automorphisms

L em m a 5.2.1 Every automorphism o  o/Tri(.-l. M, B) can be decomposed as 

O =  a.,jO ivitk o(l.-i) — Cl (D Cj ivkcrc Ci E A and Cj E D are idcinpotciiL.

Proof. Let o

( \ 
I 0

V

( \ Cl n
Since l..i = is an idempotent.

then so is

( \ 
Cl n

. Therefore

( \
e, n

\  "-7

( \
Cl n

( \
Cl n

\  "-7

er e i n - i - n e >

\ e:

and thus Ci E .4. and e> E B  are idempotents and n = Cin -r ne>. which in
/  \

1 ne-2 — e^n
turn implies that eiue-i =  2eine-y. i.e. cingj =  0. Let ij =

and o  =  a , j ^ o .  then
\ 1

/
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4 1  eO ) =
( \ — p. r>

\  ̂ y V \
/ \6i 'leine-z + n — eiti — ne-i

V

e>

iis required.

L em m a 5.2.2 L&to G Aut{‘Ql) be such thato{lA) = t’iSe». r/ten 

/ i  © A where ei.e-*: f\.. f -2 are idempotents satisfying

*?(/i) =  ^ I ' O i f z )  =  l.-i — ei. o(l.-i — / i )  =  63. o(lfl — / j )  =  I s  — e>.

Moreover. ^  can be partitioned into two different forms

21l =
(i.A — A 1.4 — A )  (1.4 — A)-il^(ig ~  A )

f i B f i  A - ^ ( i s  — A )  

( Ig  — A ) - ^ ( l g  — A )  y
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!21o =

and

( \ 
G1 — e j  eiA/eo eo)

(l.A — ei)-4(l..i — Cl) (1..1 — — e-i)

e-iBe-i 6 2 B{Ib  — g-z)

y — G>)B{Ib — G-y) j

Furthermore o : 2li —> 'ilo can be written as

\

Consequently, we have = A and o{B) = B  if and only if Gi = f i  = l.-i 

and eo =  /?  =  0. Under these condition, we also have o{M) = M.

(
Ou 0.il

\
mi2

(
o(«u) o(mii) 0 (012) 0 (0 (12)

ÜOO moo o{bn) 0 (612)

L̂1 b\o 0 (022) 0 (0 (22)

V boo ^ V o( boo )

Proof. Xote that o(0 © i s )  — I 'i~ c3 (l4 ) — (l-i — © (Ig — g;). Let
/  \
A n

O" (l.-i) =  . then

V



5.2: Structure of Automorphisms 128

o{fi  © 0) =  o

=  o
' u  J

f y

( \ 
I 0

o

\
=  ( I . v  ©  0 ) ( c i  0  e i )

=  Cl © 0.

thus o ( /l)  =  ei cind o (lx  -  A) =  o(l.-i) ~ o{fi)  =  e-j. 

Similarlv.

o(0 © A') = O
f f ,  „ \  „ \ \

=  o

W  ■''v V V /  
\  /  \

/ l  n
o

V

0 0 

1

0 0

V V
=  (l._i © 0)((lA — © (Ig -  e,))

=  ( l .A -e i)© 0 ,

thus 0 (A) =  1-1 — 61. and o (lg  — A) =  0(1 b) ~  <̂ (A) — le ~  ^2-
( \ 

f i  n
As 0(A © A) — 1.4 — 0

V

. we have n =  0.

The fact that e .̂e.,, A: A being idempotents is trhdal.
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Consider

( l . - i  ~  — (1 .4  — e i ) '2 l e i  — o ( / 2 ) g>('21)o ( / i,)

=  = 0.

(l.-i — ei)M ei — (l.-v — eiYZle-z — o ( /2)o(2t)(2)(l..v — f i )

( I s  — e>)Be> — ( I s  — ^2)2162 — o ( ls  — /2)'^(2l)o(I..i — A)

— <3((1h — A’)2l(l.i — A) — 0.

We rnav therefore uTite .i  as

V ( i - e i M ( l - e i )
with similar parti­

tions for B  and M. Hence 21 have the form 21,. Applying a similar argument 

to o~'-. we have the other form 21̂ .

Now we want to show that o  can be written as required.

p(AAA) =  4A '2 iA ) =  o(A)o(2i)o(A)

=  ei.2lei. =  ei.-lei

0(AA(1.4 -  A)) = o(A2i(i.4 -  A)) = o(A)o(2i)p(i.4 -  A)

=  ei2le2 — eiMeo
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=  4 ( U - A ) 9 i ( U - / i ) )

=  ~ / i ) ® ( 2 l ) c > ( l . . i  — / i )

=  ej2le> =  eoBe-i

o i f iM h )  =  o(/i'^/>) =  o(A)o(21)o(/2)

=  — Cl) =  — Cl)

o{f i -M(lB — f-i)) =  o ( / i ' 2 l ( l s  — A ) )  =  ' ^ ( / i ) o ( ^ ) o ( l g  — fy)

— Ci'2l(ia — go) =  e i M { Ï B  — e>)

' '̂((1.4 — /i)-^/(lB  — A)) =  C)((l..i —/i)'2 l(le  —/o))

=  o(l , \  — I i )o ('2.)o {1b — /■>)

—  g2*2 l ( l s  — C'j) =  ê yBilB —  c>)  

oiflBfy) =  oifyülfy) = 0{fy)o{2i)o{fy)

=  (l.-l -  Ci)^(l.A -  Cl)

=  (1,1 -  ei)--l(l..i -  Cl)

0 {f2B{lB — fy) =  C>(/2'2l ( l f l  — fy) = o ( / o ) o ( 2 1 ) o ( 1 b  — / > )

= (1.4 ~ Ci)21(1b — go)

= (1.4 ~ Ci)*\/(1b — go)
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0 { { 1 b  ~  / 2 ) B { I b  — h ) )  =  0 { { 1 b  — — f i ) )

=  0(lg — / 2 )o(Sl)o(lg — f y )

= (Ig — 6'2)21(lg — e-))

=  (Ig — e-y)B{lB — e-y)-

Finally o{A) =  .4 is equivalent to f i A f i  = A = ei.-lej,. i.e. /^ =  cl = l.-v:

and o{B) =  B  is equivalent to ( lg - /> ) B ( l s - A )  = B = ( I g —e>)5(lg-e>).

i.e. fy =  e-y =  0. L’nder this condition.

f l M f y  =  (l.-v — / i ) . l / ( l g  — f y )  =  f i M f y  =  (l.-l ~  / l ) 3 / ( l g  ~  f i )  =  ^

and thus o{M) = M. ■

We recall that A  and B  are naturally identified its subalgebras of the

triangular algebra Tri(.4. .1/. B). This is used implicitly in the statement of 

the next theorem.

T heorem  5.2.3 Let o be an automorphism ofTri{A. M. B ). Then o is part­

ible if and only if o{A) fi B =  Ü and .4 D o{B) =  0. When this is the case, 

then we also have o{M) = M  and so o may be written in the form

I  \
a m

/  \P.\{a) t A ( a )  - f  f g ( 6 )  - f  / . u ( m )

V PB (à)
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The element y implementing the inner automorphism cty in the decomposition 

à = OiyO of Definition 5.1.6 may be taken to be y = 0 (1.4) +  Ig.

Proof. First assume that o is partiale, su o =  fur sume iiivertibie y t  21 

and automorphism p on 21 satisfying p(.4) =  .4., p(M) = A/. p(B) =  B. 

By Lemma 5.1.5. we have Qy(.4) C\ B  = 0 and since p(.4) =  .4, we have 

o(.4) n  B =  0. Similarly .4 n o (5 )  =  0. We also have ct,j{M) =  A/ and hence 

o(A/) =  A/.

To prove the converse, assume that o(.4) D B =  0 =  .4 A o(B). Then we
/  \  / . . A

have o(l..i) =
e n

and o (lg ) =
0 n'

Since 1 =  o (l)  =  o(l..i)

o(1b). we get that e =  I.4 , /  =  Ig and n' =  —n. so o(l..i) =

o ( lg )  =

f  \
0 —n

\ 1
. Let y — o(l.-i) +  Ig —

/

/  \  
1 n

V

and

and set o =  ^o. we

will show that o(.4) =  .4. o{B) =  B  and o(A/) =  M  proving the converse

as well as the assertion in the last sentence of the statement of the theorem.
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Now

o(l.-i) =  yo(l.-i)'/ 
/  \

V V

-I

(  \  1 r. (  \  
1

=  l.-l-

V ^
Similarly o (lg ) =  Ig. By the last assertion of Lemma 5.2.2. we get that 

o(.-l) =  A. o(B) =  B  and o{M) = M  as required. ■

We now give a well-known example of an automorphism which is not 

partible (and thus is an outer automorphism).

E x am p le  5.2.4 [42] Let A = B = M  = Z%(R). Construct an automorphism 

L on Tri(.4. M. B) by

/
a b e d

f

g h

( \

\  7  V
Then L is an outer automorphism.

7
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Proof. First we notice that L is an automorphism, indeed L{C) =  V

where

r  =

(  \  
1 0  0 0

0 0 1 0

0 1 0  0

0 0 0 1

Xote that for 0©e 6 .4. we have l(0© e) =  e©0 € B. Therefore L {A )nB  #  0. 

By Theorem 5.2.3. L is not partible and hence is an outer automorphism.

D efin ition  5.2.5 .\ bijective R-linear map /  on ,\/ is said to be a birnodule 

automorphism if for any a G A. rn 6 .U and b Ç. B,

f{arnb) = af{rn)b.

The group of ail bimodule automorphisms of M  under composition is denoted 

by Aut{M).

L em m a 5.2.6 Suppose that o is an automorphism on Tri(.4. M. B) satisfy­

ing o{A) — .4. o{B) = B  and o{4/) =  M. Let f  = "v/o|.u. I f  o|.-i =  Ox 

and o \b = cty are inner, then the map g{m) =  x f{ m )y  is a bimodule auto­

morphism. Conversely, if M  is a faithful [A. B)-bimodule and there exists 

invertible x 6  -4 and y E B  such that the map g{m) = x f{m )y  is a bimodule 

automorphism, then =  Qx and o\q =  ay.
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Proof. Suppose o 

/

/  \
a m X ^ax f [m)

\ y %
. Then

V

U f[amb)  

0

\ (  \  
U amb

=  o

\ /
/ /  \  /  \  /  \ \0 rn

=  o
Ü 0

b

(

\

\  7 /
\  (  \  (

0 /(m )

V 0
/

a 0

v v  “/
x~^ax 0

Hence f{arnb) =  x~^axf{m)y~^bij. i.e. xf(anib)ij~^ =  axf{rri)ij~'-b and 

therefore (j{rn) =  xf{in)ij~^ is a birnodule automorphism of M .  Suppose 

M  is a faithful birnodule and the map (j(rn) = xf(ni)ij~^ is a birnodule

automorphism. Then setting Oi =  c»l..v. we have

/ \
Ol(c) 0

( \ 
0 m

V\
I I  \ I

a 0
=  o

0 /  '■{m)
\ \

\ \  7 \
^0 af~'-{m)

I  )

= o

\ 0
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Thus

Oi{a)m =  / ( a /  (m ) )= x  g[a f {m))ij

— r  ̂n fi( f — r*  ̂rt I t* f { f W rr> \ A »» "'^b\j \j fu

X ^axm

and thus Oi(o) =  xax  ̂ as M  is faithful. Similarly Oo(6) = y ^by where 

Oo =  <2>in- B

5.3 The Main Theorems

First of all. we will find sufhcient conditions on A. M  and B so that all 

automorphisms of Tri(.-l. .\/. 5 )  are partible with respect to A ..\L B .  We 

start with some dehnitions.

D efin ition  5.3.1 [28] A left .4-module (or a right B-module or an (.4, B)- 

bimodule) M  is artinian if ever}' decreasing chain of submodules of M. say

2  -VA D 4A D . . . .

is eventually constant, i.e. there exists k such that Mi = Mk whenever k  >  I.

An algebra .4 is called left artinian (respectively right artinian) if .4 is 

artinian as a left (respectively right) .4-module.
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T h eo rem  5,3.2 All automorphisms o fT n { A .M .B )  are partible if any one 

of the conditions below holds:

(I) M  is a faithful right B-module and .4. is not a triangular algebra, i.e.. 

e.4(l — e) =  0 implies that (1 — e)Ae =  0.

(II) M  is a faithful left A-module and B  is not a triangular algebra.

(III) .4 is right artinian and M  is "idempotent faithful", i.e. j/e  G .4. /  € 5  

are idempotents such that e M f  = Ü. then e = 0 or f  = 0.

(IV) B is left artinian and M  is idempotent faithful.

( \')  M  is idempotent faithful and is an artinian {A. B)-bimodule.

Proof. By Lemma 5.2.1. we may iissume that o(l..v 0  0) =  0  e^. By

Lemma 5.2.2. we have o “ '’(O0 Ig) =  / i  0 / 2- In view of the hist assertion of 

Lemma 5.2.2, it suffices to prove that ei = f i  = and eo =  A =  0.

(I) By Lemma 5.2.2. .4 =

/  \  
/iQl/i / iQ l( l .a -A )

. Since .4 is not a
y (l.-i -  /i)21(1.a -  A)J  

triangular algebra, then we must have A'21(1a ~  A) =  0 and then ei'2leo =

o((l.-i —A)'^A) =  0. As M  is a faithful right B-module and Me-y = eiMeo =

Gi^leo =  0. we have eo =  0 and then A =  I ..1 —o^A^j) =  I.v- Similarly A =  0

and 6i =  1a by considering

(II) The argument is similar to (I).
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(III) Write e{ =  ei. Now (1 -  =  0. hence =  1 or Co =  0. Suppose

62 =  0. Then i?>(Ia) = e[- Define e* =  e>(e|'~ )̂ =  we have a

descending sequences of right ideals

A 2 e [ A e \ D e i A e i D - - - .

Since A  is right artinian and o is an isomorphism, we conclude that =  l..i.

So we always have =  I.-i. Similarly, by considering we have f i  = I..i.

Finally we get /■> = -  ei) =  0 and e-z = o(l.-i -  / i )  = 0 .

(IV) The argument is similar to (III).

(V) Write e[ =  e^. Now (1 -  ei).\/e2 =  0. hence 6 i =  1 or e, =  0. Suppose 

62 =  0. Then o(I..v) = e(. Define 6* =  o(e^“ '') =  ô ’(L.-v). we have a 

descending sequences of bimodules

M 2 e[M D e f M  D- - - .

Since M  is artinian and o is an isomorphism, we conclude that 6 [ =  1 . 

Following the same argument as (III), we have =  / i  =  0 and cv =  /2  =  0 .

Next we will determine the Skolem-Noether groups. Ŵe start with a 

lemma and a definition.
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L em m a 5.3.3 Suppose every automorphism o/2l =  Tri(.4. M, B) is partible. 

Define : 5.V(2l) -> S.Y  [A] by

T.ifioli =  frr lol .1

where o =  a,jO satisfies o{A)  =  .4. o{B) =  B  and o{M)  =  M.  Then tîa, is a 

well-defined homomorphism.

Proof. Let o  € .Aut{'Ql). Since o is partible, such o exists. Suppose there

exists another p =  cv-o satisfying p{.A) = .4. p{B) =  B  and p{.M) = M. 
/  \  ' /  \

Then write y =
my

by
and :  =

/

U'j rn>
. We have o|.v =

and therefore [o|..i| =  [p|.-i]- Hence is well-defined.

Consider two automorphisms a^iOi and on '31 satisfying Oi(.4) =  .4.
(  \at m ,

Oi{B)  =  B  and of .M)  =  .\I  for i =  1.2. Let z, =  . We have

V '’• )

axiOlOx.Os =  (cVriOiOx-.Oi )̂(OiO-2) =  ariOi(i.)(^lOo)

and therefore

[T4(«xiOiaj,02)l,il =  [-a(0 i02)|a]

=  ["-lOilAK'.-tOol.Al

as desired.
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D efin itio n  5.3.4 For ever}' pair of invertible elements a € Z{A)  and b e 

Z{B).  we define a bimodule-automorphism on M  by

=  arr„b for all rr„ E M.

The group of all automorphisms of the form la.b is denoted by Lq{M).

We also denote by OutAut[M)  the quotient group Aut{M) /Lo(M) .

The following theorem, together with Theorem 5.3.2. help to determine 

the Skolem-Noether groups for many triangular algebras. One may refer to 

Chapter 2.3 for the facts and definitions about short exact sequences.

T h e o rem  5.3.5 Given a triangular algebra '21 =  Tri(.4. .\/. B). Suppose that 

every automorphism of 21 is partible. Define a map h : Aut {M)  -4- ,4ut('2l) 

by

A ( / )

( \ /a m
\

V

a /(m ) 

h

We have

(i) The map 'F : OutAut{M )  —>■ 5.V('2l) defined by

^ ([/])  =

is a well-defined injective group homomorphism.
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(ii) If. for every automorphism (p that satisfies ç>(.4) =  A. o{B)  =  B and 

o{M)  — M.  we have pe =  ~bo\b inner whenever =  :r..iC)|.4 is inner 

then

(5.1)

is a short exact sequence, where tt.-i is the map yiven in Lemma 5.3.3.

Proof, (i) First we show that 'P is well-defined. Suppose that [/] =  [gj 

then fg~^ =  ljc,y 6 Lq{M)  and h(f)h{y)~^ = h{fg~^) =  a^.ç.y-1. Therefore 

[/i(/)l =  [/i(^)].

To prove injectivitv. assume that '?([/]) =  [idj]. Then h{f )  = a .  where
/  \Xi nil

We have, for everv a € A.

h{f){a 6  0) =
X âx X ânii

and. bv the definition of h.

h{f){a © 0) =  a © 0.
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Therefore 6 Z(.4) and mi =  0 by taking a =  Similarly we have 

ijy € Z[B).  Finally

/h / )

(  \  
0 m 0 mtji

\
0 /

and then, by the definition of h, we get /(m )  =  x^hniji. Thus /  =  €

Lq{M). As a result. [/] =  id\[ and is injective.

(ii) Suppose that for ever}' automorphism o that satisfies o(.4) =  .4. o{B)  =

B  and 0(M)  =  A/, we have pg is inner whenever p..i is inner. We claim

that Ker{7t_\) =  and the result follows. To verify the claim, suppose

T i(N ) = By Lemma 5.3.3. we can assume o(.4) =  .4. o{M)  = M  and 

o{B) = B. Thus [".-lol-dj =  [icIa]. i.e.. p.i =  ~..io|..i is inner. By assumption 

P b =  ~ b o \b is also inner. Write p,\ =  Qx and pg =  a,j. Then g E Aut(M)  

where g{m} = xo|.\f(m )p“  ̂ by Lemma 5.2.6. Hence o = Ofx^h(p) and thus 

[o] =  'F([p]). Therefore we have A'er(;r..i) Ç Im { 'i) .  The reverse inclusion is 

trivial since the (1. l)-entiy of h{f)  =  id.i, and so ;r..i('F(/)) =  îr..i([h(/)]) =  

id.A. ■

C orollary  5.3.6 Let 21 =  Tri(.4. A/. B). Suppose that .4uf(2l) =  P.4(2l) and
/  \  /  \a m

that for every automorphism o of the form  o

V

a /(m ) 

PB{b)

we
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have Pb is inner. Then

{1} OutAut{M)  A  5.V('2l) ^  ;r,i(5-V(2i)) {1} (5.2)

bO U OH>Ut L CÛ/U>0(/ OCÎ UC/(rCC>.

Proof. Consider an automorphisin o  on Tri(.4. .V/. B)  with o{.\) =  A, o{B) = 

B  and o{M)  = M.  Suppose is inner, say 7r..io|.-v =  Ox. then qJ^o 6

-4ui(Tri(.4. .V/. B))  is of tlie form

( \  
a m

Qx O

/  \
a f {m)

\ o\s{b) y

Therefore o \b  is inner. Thus by Theorem 5.3.5(ii). the result follows.

C oro llary  5 .3 .7  .Assume that Aut (A)  = Inn(A) and Aut{B)  =  Inn(B) .  If  

.Aut{Tn{A. M . B)) = P.4(Tri(.4. M. B)).  then

5.V(Tri(.4. M. B)) = Out.Aut{M).

Proof. In this case, the sequence in Theorem 5.3.5(ii) is a short exact se­

quence. Consider p : SN{A)  —> 5.V(2l) defined by p([Qa]) =  we have 

0 _\p =  idss[.\)- The result follows from Lemma 2.3.3. ■

The following corollaries are first obtained by Jondrup [40] in the case 

that R  is a commutative field. Note that R  is not a triangular algebra as it

IS commutative.
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Corollary 5.3.8

5.V (Tri(R .R ".R )) =  GL„(R).

the group of invertible n x n matrices over R.

Proof. By Theorem 5.3.2(ii), every automorphism of 21 =  Tri(R. R " ,R )  is 

partible. By Corollarv' 5.3.7. 5.V(2l) =  Out.Aut{M). That OutAut{M)  =  

GZ-a(R) follows from the fact that Aut{M)  =  GZ„(R) and Lo{M) =  {id.u}-

In the next corollary, the ring of polynomials in one indeterminate over 

R  is denoted as usual bv RfA'l.

Corollary 5.3.9

5.V(Tri(R[A'l,R[A'].R)) =  5.V(R[A'1).

Proof. Ever}' R-automorphism /» of .4 =  R[A'| induces an R-automorphism 

Dip)  ofTri(R[A '],R[A '],R) by

(
D(/))

\
F(A')

V /

X f(.Y )) XG(A'))

V
As  the only R-automorphism of R =  R  is the identity, the condition of 

Theorem 5.3.5(ii) is satisfied and hence the sequence in Theorem 5.3.5(ii) is
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a short exact sequence. Moreover the sequence splits since is the identity 

map on 5.V(R[A']). For every (R[.Y]. R)-automorphism /  on M  =  R[.Y], we 

have f {G{X))  = /(G (A ')l)  =  G(A')/(1) =  /(l)G (A '). Since /  is bijective. 

/ ( i )  € .4 is invertible and /  G Lq{M).  Therefore Ouf.-lt/i(R[A']) =  

and the result follows from Lemma 2.3.3. ■

In the next corollary, we use R[A. T] =  (R[A'])[T] to denote the ring of 

polynomials in two indeterminates.

Corollary 5.3.10

5.V (Tri(R[A '].R [A '.i'l.R [r])) =  5A'(RLVj) x 5A '(R [r]).

Proof. Note that R[A'] is commutative and hence is not a triangular algebra, 

and then every automorphism of 21 =  Tri(R[A']. R[A'. i'], R [l']) is partible by 

Theorem 5.3.2(i). Similar to the construction of t .i . we have frg : 5A'(2l) —> 

SX{ B) .  We claim that the map 9 : SA'(2l) —?• SN{A)  x SN{B)  defined 

by d([ci>]) =  (:tA([<?])* is a group automorphism. That 0 is a group

homomorphism follows from the fact that and ftg are group homomor- 

phisms.

Next we prove that 9 is surjective. Let p .4 and pg be R-automorphisms 

on A  and B  respectively. Define f  : M  ^  M  by /(rA'®l'^) =  rp.4 (A'*)pA(^’ )̂-
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It is straightforward to verify that the map ô

is an R-automorphism on

( \ 
a m

/  \
P.\{a) f { m )

PB{b) j

It remains to show that 9 is injective. Suppose [o] E Ker(d).  VVith-
/  \

a in
out loss of generality, we can assume that o is of the form o

( \ 
/(m)

V

\ V

. Since R[.V] and R[T] are commutative, and â . are

identity maps. Xow for ever\- rX"^Y‘ 6 M. we have

( \  

0
=  o

f  \  
0

/  \

=  ro
A'' 0

V V
/ \ (

A'' 0

o

( \  
0 I

° /

o

V
/

0 / ( n

0

\

/ o  0 ^  

V
( \

0 0

V ^ 'V
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f { r X ^ Y ‘̂) =  f{l)rX'^Y^.  Thus f {m)  = f { l ) m  for everv m € M  and that 
/  \

/ ( l )  0 , , , ,
. i.e. [oj =  [ida] as desired.p =  Oj where c =

5.4 Matrix Algebras

In this section, we use S to denote an algebra over R . We want to find the 

Skolem-Noether groups of some matrix algebras over S. First, we consider the 

R-automorphisms of certain matrix algebras induced by R-automorphisms 

of S.

Proposition 5.4.1 Given an K-automorphism d on S. it induces an R- 

aulomorphisrn d on any anital matrix algebras '21 D Dn(S) by d{aij) =  

{d{aij)). Consequently the map [d] i—> [d] is an embedding of S X (S) into 

5.Y(2l).

Proof. Let X  =  {Xij).Y =  {yij) € '21. Then

n

d { X  \  ) = (d(^  n:j =  l  n
k—l

n

— ] d(Z;t)d(^tf))i=l n:j—l  n
k = l

= d{X)d{Y).

Hence d is an R-automorphism of 21.
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The map D : [d\ [c/] is well-defined since if d =  q^, then d = a^i- If

d = a- where c =  (~y) €  '21. then

d(s)E\\  =dl sE\ i )  =  z~^(sEii)z.

Suppose w =  (iL'ij) =  we have, by considering the (I.l)-entr\-. d{is) =  

Since d is an R-automorphism. tt’u =  and d = is inner. 

Therefore the map D is injective. ■

The R-automorphism of '21 given in the above proposition will be called 

the induced ^-automorphism by d.

Automorphisms of upper triangular matrix algebras have been studied 

in [2. 4. 12. 16. 42. 43). The following theorem is a further generalization of 

their results.

Theorem 5.4.2 Assume that S is not a triangular algebra. Suppose that 

'21 =  Tn{A. M. B) with A  = Mk{S). M  = and B  D A (S ) is a matrix 

algebra. I f  every ^.-automorphism of B  is a composition of an inner auto­

morphism and an induced ^.-automorphism from S. then we have a short 

exact sequence

0 ->■ OutAut{M)  5-V(2l) H  7r(5-V(2l) 0

and that Out.Aut{M) =  0.
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PtooJ. By Theorem 1.5.2. .4 is not a triangular algebra and thus Condition (I)

in Theorem 5.3.2 holds. As a result, everv automorphism of Tri(.4. M. B) is
/  \ \

partible. Take an automorohism of the form o
a m a f { m)  

y PB{b) J

W e

want to show that pb is inner and hence we have the short exact sequences 

in Corollar}' 5.3.6.

Let Eij's and be the standard matrix units of .4 and respectively. 

Note that /(F ,j) =  Eaf ( Fi j )  =  tqcj where (q is a column vector with I 

in the i — th row and 0 elsewhere, and Vj is first row of f (Fi j ) .  Let (c = 

[c(........C(]' e  4/((S). Then for every t E S. we have

fi tE^j) = tEaf(Fij)  = tu^Vj = tF^jic.

Thus for ever}' m =  ^  UjFij € M.  we have

/(m ) =  / ( ^  t.jFij) =  ^  f{tijF,j =  ^  t,jF,jiv = miv.

As /  is bijective. w is invertible. For any b E B.

mwpeib) =  f{m)pB{b) = f{mb)  =  mlrw

which implies that v o p s ib )  = biv as M  is a faithful right 5-module. Thus 

P e i b )  =  w~'-b-w. To prove that pb is inner, we will show that œ E B.  By 

assumption, ps =  for some z E B  and an R-automorphism p induced
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by an R-automorphism p of S. As £>t(S) Ç  B , we have

Eiiwz  ̂ =  UL'PBiEii)

=  ivz '^p{Eu)

=  ivz~^Eii.

Since this is true for every index i. we hixve ivz''- € A (S ) Ç  B. As a 

result IV = {wz~^)z 6 B  and thus ps  is inner.

By Lemma 2.3.3. it remains to show that O atAut{M ) = Take

/  G Aut{M ). By considering argument similar to the above for the R- 

automorphism

o

( \ 
a m

\

( \ 
a f{m )

V /
on 21. we have f[m )  =  mw  for some invertible w € B. Since

mwb =  f{rn)b =  f{mb) = mbiv

and. as M  is a faithful right R-module. ivb =  bw for ever}' 6 G R. Thus 

w G Z{B ). Therefore /  G Lq{M) and O utAut{M ) = [id.u]. ■

C o ro lla ry  5.4.3 Assume that S is not a triangular algebra. Let .4 =  Mk{S). 

M  = and let B  D Di{S) be a matrix algerba. I f  every Ti-automorphisms
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of A and every H-automorphisms of B  can be written as a composition of 

an inner automorphism and an induced ïl-automorphism. then every R - 

autornorphism on Tri{A. M. B) is a composition of an inner automorphism 

and an induced ^.-automorphism.

Proof The sequence in Theorem 5.4.2 is a short exact sequence. Since 

every R-automorphism of A  is a composition of an inner automorphism 

and an induced R-automorphism. 5.V(S) and 5.V(.4) are isomorphic un­

der the map D{[d]) =  [d\. Consider the map D : 5.V(S) 5.V('2l) given by

D[d\ = [(/]. We have =  ids\{A)- Hence the sequence splits, and by

Lemma 2.3.3. D~^D  is an isomorphism from SX {A )  to 5.V(2l). Therefore 

D is an isomorphism from 5.V(5) to 5.V('2l) and the result follows. ■

T heorem  5.4.4 Suppose that S is not a trianyular algebra, then every R- 

automorphism ofTn{S) is a composition of an inner automorphism and an 

induced B-automorphism.

Proof. We prove by induction. The statement is obviously true for n =  1.

Assume the statem ent is true for n = k. By Theorem 1.4.4. Tk~i{S) =  

Tri(S.S^.Zt(S)). The result follows from Corollar}' 5.4.3. ■

C orollary  5.4.5 [43] Every B-automorphism  o /r„ (R ) is inner.
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Proof. Since R  is commutative, it is not a triangular algebra. By Theo­

rem 5.4.4 and that the only R-automorphism of R  is the identity map. every 

R-automorphism of r„ (R ) is inner. ■

C o ro lla ry  5.4.6 [42] I f every idernpotent of S lies in the centre, then everij 

H-automorphism of T'n(S) is an inner automorphism and an induced auto­

morphism.

Proof. If S =  Tri(.4. ,\/. B). then I.-v 0  0 is an idempotent which does not lie 

in the centre. Hence S is not a triangular algebra and the result follows from 

Theorem 5.4.4. ■

Recall (see [28. p.2|) that a ring S is semiprime if aSa = 0 implies a =  0.

C o ro lla ry  5.4.7 [41] I f  S is semiprime, then every B.-automorphism of 

r„(S) is a composition of an inner automorphism and an induced automor­

phism.

0 m
Proof. If S =  Tri(A. .\/. B). then

/  \
0 m

=  0 which contradicts

V V
that S is semiprime. The result then follows from Theorem 5.4.4.

C o ro lla ry  5.4.8 [4] Suppose that any nontrivial ^.-endomorphism of S is 

an B.-automorphism, then 5A*(T’„(S)) =  SN{S).
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Proof. It suffices to show that S is not a triangular algebra. Suppose that
/  \  \' a 0 '

S =  then the map
a m

1-4- is a nontrivial R-

cndomorphism but not an R-automorphism. 8

C orollary  5.4.9 Assume that S is not a triangular algebra and that, for 

every natural number k. 5A'(.\/a,.(S) = S'.V(S). i.e. every H-automorphism  

of Mic{S) is a composition of an inner automorphism and an induced R- 

automorphism. Then every automorphism of any block triangular algebra '21 

over S is a composition of an inner automorphism arid an induced automor­

phism.

Proof. We prove this by induction on the number of blocks / of '21 = 

T{ni, —  ni){S). The proof is similar to that of Theorem 5.4.4. 8

The following example is about unique factorization domain. For its 

definition and properties, one may see [1. Chapter 5]. .\  factorization domain 

is a commutative ring and thus is not a triangular algebra.

C orollary  5.4.10 I f  R  is a unique factorization domain, then every R-

automorphism o fT { n i ,  n t)(R ) is inner, i.e. S N {T {n i.  nfc)(R)) is

trivial.
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Proof. From [36], it is known that SN{M k(R.)) is trivial for all k. The result 

follows from Corollar}' 5.4.9. ■

The last theorem in this section is concerned with a triangular matrix 

algebra with .4 and B  being diagonal matrix algebras. The first cohomolog}' 

group of this algebra is discussed in Theorem 2.4.5. We will only consider 

the case that S is connected, i.e. the only idempotents of S are 0 and 1.

We denote by ô „  the group of n x n permutation matrices.

L em m a 5.4.11 I fS  is connected, then every ^.-automorphism of Dn{S) can 

be represented by [Q: J ^ ........ i^) € 0 ^  x (Aut{Sy^) in such a way that

(Q: J i , . . . .

Proof Consider o € End{Dn{S)). Since S is connected and o{Eu) is an 

idempotent. we have o{Eu) =  Err- where 1] Ç (1---- ,n } . From

0 = 0{E i iE j j )  = ^  Err-
r€V.nl'j

we conclude that \ \ .........1% are pairwise disjoint subsets of {1 n} and

thus V'i's are singletons. Therefore there exists an permutation matrix Q such 

that 0 {Eii) =  Q^EiiQ.

Xow for any i =  1 n and 6 6 S, o(sEn) =  Ji{s)Q^EnQ for some

automorphism d,- of S. Thus the result follows. ■
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Theorem 5.4.12 Suppose S is connected. .4 =  Dk{S). B  = Di{S) and M

is the space of upper block triangular matrices T { n i ,  rit', rui mt)(S).

where ni-\ 'r nt = k and  r = I. Then 5-V(Tri(.4. M, B)) is a

semidirect product of G and H. where

a = nLiGa, X x 5.v(S)

and H  = where Z (S )' denotes the group of invertible

element in Z{S).

Proof. Since S is connected, it is not a triangular algebra. Otherwise if 

S =  Tri(A'. Z. V) then I.v 0  0 is an idempotent in S. a contradiction.

Let '21 =  Tri(.4. B). By Lemma 2.3.3. it suffices to show that there

exists a split short exact sequence

{1} -4. O utAut(M ) A  5-V('2l) A  G ^  {1}

with q : G ^  5.V('2l) satisfying qp =  idc and that O utAut{M ) =  H.

Define 4̂  in the same way as in Theorem 5.3.5(i). We first define a group 

homomorphism p : 5.V(Ql) —> G. Since A  is not a triangular algebra and M  is 

a faithful B-module. ever}' automorphism of 21 is partible by Theorem 5.3.2. 

Take o e  .4uf(Tri(.4. M. B)). .4s it is partible, there exists o 6 [o] satisfying
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ç{A) =  .4. o{B) =  B  and o{M) =  M. \Ve write

( \ ( 
a rn

o
P.\{a) h{m)

Daib)
\ 7

By the previous lemma. p_\ is represented by  ~'k) and p e  is rep­

resented by (Qg: J i, —  3{).

Let fiii’s and f j / s  be the standard bases of .4 and B  respectively. Taking 

a unit matrix Etj € M . we have

\ 0
=  o

= o
^e,i o''

o
\

\ 0 y

0 0

(

\

Q\\^nQ\ 0 

0

\ /

V j  y  Q b I j j Q b  y

Hence h{Eij) =  Qi^euQAh{Eij)Q^BfjjQB- Therefore if Qa^hÇa =  e^uMt) 

and Q bJjjQ b  =  Gruiru), then h{Eij) =  mijE^{i)r{j) for some E S. Since 

h{Eij) G M  for all i . j .  we have that Qa E and Qg E YTj^^&rnj-

Define the map p  by p([e>]) =  (Q.4 , Qg, We will show that p  is

well-defined. Suppose there exists another Oi E [o] such that Oi.(.4) =  .4.
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/  , \
a m

h'
. Write

/ \ 
a m

\
Pi(o) /i(m )

V Pl(6 ) y

à\[B ) = B  and Oi{M) =  .V/. Then Oi = ayO for some y =

0 1  in the form

01

Then pi =  a^'PA is represented by (Q,i, i and p-2 =  at/Pe is

represented by ........Therefore the map p is well defined.

It is straightforward to verify that p is a group homomorphism.

Define a group homomorphism q \ G 5 .V(^) by q{Q.\- Qb- [* ]) =  [0 ]

where o(A') =  5((Q^ 0  Q b Y-'^{Qa 0  Q b ) for A' 6  '21 and 7  is the automor­

phism induced by 7 . Then we have qp = idc as desired.

Xe.xt we prove that I\er(p) = That Ç Ker(p) fol­

lows from the definition of '& in Theorem 5.3.5(i). To prove the reverse

inclusion. let p{[oj) =  (1 .1, [ids]). Without loss of generalitv. suppose that
/  \  /  \

a m
0

\ /

P.-i(a) d(m) 

PB{b)
and Pa is represented (1 . 7 7 . —  I't) %'ith 

L =  ids and ps is represented (1 . ---- J;). If Eij G d /. then we have

=  eah[Eij)fjj  =  XijEij
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for some xij G S. Furthermore, it is not hard to see that

h{sEij) =  p,i{seii)h{Eij) =  ~i(s)xijEij

and

h[sEij)  =  h{Eij)pB{sfjj) =  x,jJj{s)Eij.

As Jj and h are all surjective. we have that Xij is invertible and

* t =  0 -1  Jj.V

Since E ^  E u -E-n Eki are all in .\/. we have [',] =  [.ij] =  [~ :] =  [ids]
(  \

a m.
for all (. J. T aker =  (x i/x r /© -• •@x*:/xr/)©(xu©xu). then a^o

( \ 
a g{rn)

for some g G A ut(M ). Therefore [o] = G Im'if and

V '  y
Ker{p) Ç /m{'&).

Finally we need to show that O utAut{M ) = H. Using similar tech­

nique as in the last part of the proof of Theorem 2.4.5. we define a group 

isomorphism © : Aut{M ) —)■ Gi. where

Gi = T {rii, n t\m i  m()(Z(S)*)

under coordinate-wise multiplication, and the image of Lo{^d) under 0  is 

completely determined by the k + l — l  entries x n , . . .  .xu .xo i-  Xki- Hence
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the result follows.
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Chapter 6

Conclusion

We have studied four types of linear maps on triangular algebras, i.e. algebras 

of the form
/  \

A M

\ B

where A. B  are R-algebras and M  is a nonzero (.4.. 5)-biniodule. The four 

t^-pes of linear maps are derivations. Lie derivations, commuting maps and 

automorphisms. In each case we establish sufficient conditions for such maps 

to be of a special form.

In Chapter 2. we consider the first cohomolog}' group which is the quo­

tient group of the group of all derivations modulo the group of inner deri\-a- 

tions. If every derivation of the triangular algebra has the property that its
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restriction on B  is inner whenever its restriction on A  is inner, then we are 

able to construct an exact sequence to determine the first cohomolog}' group 

of the triangular algebra. W ith this result at hand, we are able to compute 

the first cohomolog}' groups of certain matrix algebras. In particular we de­

duce that ever}' derivation of upper block triangular matrix algebras over an 

unital algebra S is the composition of an inner derivation and a derivation 

induced from a derivation of S.

In Chapter 3. we study Lie derivations of triangular algebras where M  

is a faithful bimodule. The main result is that every Lie derivations of a 

triangular algebra with faithful M  is a sum of a derivation and a linear 

map with its image King in the centre of the algebra, provided that the 

algebra satisfies certain conditions determined by the centre, commutators 

and idempotents. For example, those conditions are satisfied if both .4 and B  

have trivial centre. In particular nontrivial upper block triangular algebras 

and nest algebras satisfy these conditions and thus ever}' Lie derivation of 

these algebras is a sum of derivation and a linear map with its image lying 

in the centre.

In C hapter 4. we discuss commuting maps of triangular algebras with 

faithful M . A commuting map is a linear map for which ever}' element com-
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mutes with, its image. We have established sufficient conditions, determined 

by the centre and commutators, for ever}' commuting map to be of the form 

L{x) = ax - r  h{x) where a is a fixed element in the centre and /i is a linear 

map with image lying in the centre. Notably, this result is applicable to the 

upper block triangular algebras and nest algebras.

In the final Chapter, we study the Skolem-Noether groups of triangular 

algebras, i.e.. the quotient group of the group of all automorphisms modulo 

the group of all inner automorphisms. ,A.n automorphism is partible if it is in 

the same equivalence class in the Skolem-Noether group as an automorphism 

which leaves A, M  and B invariant. We have given five sufficient conditions 

so that ever}' automorphism is partible. Suppose ever}' automorphism is 

partible. If ever}' automorphism which leaves A. M  and B  invariant has 

the property that its restriction on B  is inner whenever its restriction on 

A  is inner, then we are able to construct an exact sequence to determine 

the Skolem-Noether group of the triangular algebra. Applying the results at 

hand, we are able to show, in particular, that every automorphism of upper 

triangular m atrix algebra over R  is inner.
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