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crucial to the clearance of viral particles in addition to reducing the Viral clearance; adaptive
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the viral load will reach a low positive equilibrium level because of a model; secondary infection
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1. Introduction

In human immune responses to viral infections, plasma cells (PC) play an important role,
as they produce antibodies that neutralize the virus [1]. PC are generally divided into long-
lived plasma cells (LLPC) and short-lived plasma cells (SLPC) based on their lifespan.
SLPC typically live for a few days then die [1] while LLPC may have a lifespan of years
or decades [2-4]. It is generally believed that SLPC produce a large number of antibod-
ies to clear the virus during an infection [5], while LLPC is generally thought to maintain
constant antibody levels to prevent future infections [1,6,7]. In this paper, we use mathe-
matical models to demonstrate that viruses reach a positive equilibrium in the absence of
LLPC due to the short lifespan of SLPC and the target cells supplementation, thus virus
clearance can only be achieved by LLPC.

Virus can trigger both innate and adaptive immune responses. Innate immune
responses occur in the early stages of infection and produce cytokines that are nonspe-
cific to the virus to regulate cell functions (e.g. putting target cells into quiescence or signal
natural killer cells) [8,9]. Adaptive immune responses are virus-specific, and include a wide
variety of immune responses that mainly produce two functions: CD8 T cells are activated,
proliferated and differentiate into effector CD8 T cells to kill infected cells, and B cells are
activated, proliferate and differentiate into SLPC and LLPC to produce antibodies, with
the help of helper T cells which are activated, proliferate and differentiate from CD4 T
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cells [10]. During the process, memory immune cells (e.g. memory B cells and memory
helper T cells) are produced, which reactive to secondary infections much quicker than
naive immune cells [11,12]. We will use multiple mathematical models to show that CD8
T cells, SLPC or memory B cells cannot successfully clear viruses without LLPC.

Viral dynamics models have been extensively applied to the investigation of the antivi-
ral mechanism of immunity against a range of pathogens such as HIV and influenza.
Simple within-host models include the uninfected target cells, infected target cells and
free virus [13]. More complex modelling that incorporated antibodies [14] or CD8 T
cells [15] were also considered without including full regulatory relationships of the
adaptive immune system. Lee et al. [10] proposed a more complete within-host model
containing dendritic cells, CD4 T cells, B cells, and PC et al. that quantifies the relations
between viral replication and adaptive immunity. Ada et al. [16] investigated a within-host
model that considers the memory of the adaptive immune responses. We adapt these mod-
els to study the effect of the immune responses of B cells and PC, naive CD8 T cells and
effector CD8 T cells, and memory B cells, respectively.

In Section 2, we build a simple host-virus model that includes healthy target cells,
infected target cells, virus, B cells and PC, and show that the model cannot achieve viral
clearance unless the B cells or PC have a very long lifespan. In Sections 3 and 4, we extend
the simple model to include memory B cells and LLPC, respectively, and show that only
LLPC eliminate the virus. In Section 5, we extend the simple model to consider CD8 T cells,
and show that CD8 T cells cannot eliminate the virus without LLPC. Concluding remarks
are given in Section 6.

2. A within-host model with PC

In this section, we develop a target-cell model that considers the dynamics of B cells, PC,
and antiviral antibodies, and study its dynamics. We show that this model has a positive
equilibrium viral load.

2.1. Model formulation

Our model describes the interaction between healthy target cells (H), infected target cells
(I), virus (V), naive B cells (B), activated B cells (B4), PC (P) and antiviral antibody (A).
This model is a simplification of the Lee et al. model [10]. In our model, healthy target
cells (H) are recruited at a rate 1. Each healthy target cell dies at a rate dy, and becomes
infected by free viral particles (V) at a rate 7. Each infected target cell dies at a rate J; and
releases n free viral particles upon death. A free viral particle is neutralized by antibody
(A) at a rate ky and is cleared at a rate c. Naive B cells are recruited at a rate Ag. A naive
B cell dies at a rate dp, and is activated by antigen (here represented by the viral load V)
and differentiates into activated B cells (B4 ) at a rate s. B4 then proliferate and differentiate
into PC at a rate u. A plasma cell produces antibodies at a rate 7p and dies at a rate dp.
An antibody particle is cleared at a rate d4. Our model is given by the following system of
differential equations:

H' = Ay —tHV — 6yH, (1a)
I'=tHV — I, (1b)
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Figure 1. The flow chart for the within-host virus Model (1).
V' = ndiI — ¢V — kyAV, (1¢)
B/ :ﬂB—SVB—éBB, (1d)
B/, = sVB — uBa, (le)
P = B4 — OpP, (1f)
A/ = 7Z'pP - 5AA. (lg)

The parameters are listed in Table 1. We assume that all parameters are positive. Infected
target cell dies at a rate J;>dy due to both virus-induced and immune-system-induced
toxicity. The initial values of Model (1) are non-negative. A diagram of this model is shown
in Figure 1.

To understand how well our model approximates the behaviour of a more realis-
tic model, we compare the numerical solutions of our Model (1) with those of the Lee
et al. [10] model, which includes other immune system components such as antigen-
presenting cells, T helper cells and CD8 T cells with Michaelis—-Menten interaction terms.
We use their parameter values and initial conditions, and vary 6, and ky to study the
effect of short-lived plasma cells and antibody neutralization for both models. The results
are shown in Figure 2. The figure shows that the two models demonstrate similar qual-
itative behaviour. In fact, using the same values J, = 0.1 and ky = 0.004 as in [10], the
solutions of the two models are almost identical. We thus base our study on our simpler
Model (1).

2.2. Basic reproduction number

In this section, we compute the basic reproduction number Ry of the viral infection and
study the equilibria for Model (1). First, note that the set

7 AH AB
Q) :={(H,I,V,B,Bs,P,A) e R}, :H+I1< —,B+By < ————
5H mln{53,,u}

is positively invariant for Model (1). We study the behaviour of the model in €;.
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Table 1. Parameter value.

Variable Definitions Initial value (ref [10])
H Healthy target cells (EIDso/ml) 5% 10°

i Infected target cells (EIDso/ml) 0

v Virus (EIDsg/ml) 10

B Naive B cells (EIDso/ml) 103

By Activated B cells (EIDso/ml) 0

Bm Memory B cells (EIDsg/ml) 0

P Plasma cells (PC) (EIDso/ml) 0

P Short-lived plasma cells (SLPC) (EID5o/ml) 0

Py Long-lived plasma cells (LLPC) (EIDso/ml) 0

A Antiviral antibody (EID5o/ml) 0

T Naive CD8 T cells (EIDso/ml) 103

Tc Effector CD8 T cells (EID5o/ml) 0
Parameter Definitions Value

T Infection rate of healthy target cells [day*1 (EIDsg/ml)~1] 7x107°
Ay Recruitment rate of healthy target cells [day~" (EIDso/ml)] 5 x 102
o Death rate of healthy target cells (day~") 1073

m Killing rate of infected target cells by effector CD8 T cells [day~" (EIDso/ml)~"1 1.8 x 1074
] Death rate of infected target cells (day_1 ) 1.2

n Number of viral particles released per infected cell 1.58

c Viral clearance rate (day‘1) 1

ky Antibody neutralization rate [day " (EIDso/ml)~"] 4 %1073
A Recruitment of naive B cells [day~" (EID5o/ml)] 2

s Activation rate of naive B cells [day ™" (EIDso/ml)~"] 3x 1074
u Differentiation rate of activated B cells into SLPC (day™") 1073

g Death rate of naive B cells (day~") 2x 1073
Op Death rate of PC (day~") 0.1

p Antibody secretion rate of a plasma cell (day‘1 ) 0.06

oA Clearance rate of antibodies (day_1) 0.04

f Fraction of B cells becoming plasma cells in Model (9) 0.9, 0.1 (Estimated)
sm Activation rate of memory B cells in Model (9) [day~" (EIDso/ml) "] 1.5 x 1073 (Estimated)
) The fraction of proliferated B cells becoming SLPC in Model (5) 0.99, 0.01
s SLPC death rate in Model (5) (day~") 0.1

O LLPC death rate in Model (5) (day™") 3 x 1072
s Antibody secretion rate by a short-lived plasma cell in Model (5) (day‘1) 0.06

e Antibody secretion rate by a long-lived plasma cell in Model (5) (day™") 0.8

A7 Naive CD8 T cells production rate in Model (17) [day " (EIDso/ml)~"] 2

o Activation rate of naive CD8 T cells in Model (17) [day ™" (EIDso/ml)~] 3% 1072
or Death rate of naive CD8 T cells in Model (17) (day*1) 2x 1073
or, Death rate of effector CD8 T cells in Model (17) (day‘1) 0.75

We use the next generation matrix approach [17] to compute Ry of Model (1). The
disease-free equilibrium (DFE) is (g—g,o, 0, g—g,O, 0,0). After linearizing (1) about the
DFE, we use the infection-related terms to find the new-infection matrix F, and use the
transition-related terms to find the transition matrix V

0 rg—g 0 0 0 51 0 0 0
0 0 0 0 0 —nor c 0 0 0
F=lo 0 00 0|, V=0 =2 4 0 0
0 0 0 0 0 0 0 —u & 0
0 0 0 0 0 0 0 0 —np 4
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Figure 2. Comparison of Model (1) and Lee et al. model [10]. The values of J, and ky are shown in column

and row titles. The other parameter values and the initial conditions are taken from [10], also listed in
Table 1.

The next generation matrix is thus

MUH T g
C(5H C(SH
| 00 0 00
=l 0o 0 00 0
0 0 000
0 0 0 0 0

The basic reproduction number R is the spectral radius of the next generation matrix, i.e.

ntily
C5H

Ro=p(FVT) = (2)
It means a viral particle produces Ry new viral particles on average when all target cells
are healthy. If Ry>1, then the DFE is unstable, leading to viral infection. If Ry <1, then
the DFE is locally asymptotically stable, and thus a small amount of viral particles cannot
lead to an infection.

2.3. Positive equilibrium

Theorem 2.1: If Ro>1, then the system has a positive equilibrium value V*, which is an

increasing function of the PC death rate op, and lim V* = 0. In addition, lim V* = 0.
op—0 0g—0
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Proof: We investigate the existence of positive equilibrium (H*,I*,V*, B*, B}, P*, A*),

which satisfies

Ay —tH*V* — oyH* =0,
tH*V* —o6;I* =0,

nofll* — cV* — kyA*V* =0,
A — sV*B* — §gB* =0,
SV*B* — uB =0,

uB} — opP* =0,

wpP* — 0, A* = 0.

Note that (3a) gives

. tH
A +5H’
and (3b) gives
[ tH*V* i V”
0 a@Vr+on)

Similarly, from (3d), (3e), (3f) and (3g), we have

«_ B
T osVE 4 53’
bV
u(sV* 4 op)
AgV*
pr—_ BT
op(sV* + 0p)
AgV
e TpsAB

~ Oa0p(sV* +0p)’
Substituting these relationships into (3c) gives

AV 4+ BIVF 4+ C =0,
where

A1 = t5(cdpop + mwpky Ap)>0,
By = copoalsog(1 — Ro) + dpt] + skympdydp,
C1 = C(5H5A(535p(1 — Ro).

(3a)
(3b)
(30)
(3d)
(3e)
(3f)
(3g)

(4)

If Ro> 1, then C; <0, and thus Equation (4) has a single positive root, and thus, the system

has a unique positive equilibrium.
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To show that V* is an increasing function of dp, we calculate 0V* /0Jp from (4),

*

B
1504 V*2 + 04 [0 (1 — Ro) + 9571 V* + cddads(1 — Ro) + (241 V* + By) ——=0.
P

The coefficient of the derivative 24, V* + B; >0 (because this is the slope of the tangent
line of the quadratic (4) at the larger root V*). In addition, using (4),

5c6A V% + co4[s05(1 — Ro) + 0pT]V* + condadz(1 — Ro)

1
= _E(TsnpkleV*z + skympopipV™) <O0.

Thus
ov*
>0.
00p
We also see that, if )p — 0 or dg — 0, C; — 0.So lim V* =0and lim V* =0. [ |

op—0 op—0

2.4. Viral clearance

Naively, we may regard viral clearance as liII(l) V(t) = 0. In this sense, Theorem 2.1 shows
t—

that if the PC or the B cells have a very long lifespan, the virus can be cleared, suggesting that
either LLPC or memory B cells may lead to viral clearance. However, V() approaching 0
can be an overly strong condition for viral clearance. We can see in the bottom left panel of
Figure 2 that, even though the model solutions remain positive and approach equilibrium,
temporarily the viral count can become very small. Intuitively, when the viral load is less
than one viral particle (e.g. 0.5 particles), even though V'(¢) remains positive, the virus can
be considered clear in the host. Like [10], we use EIDs( as the unit of viral load, which is the
dilution leading to 50% probability infection. Thus, we use V() = 1 as the viral clearance
threshold in this paper, i.e. if V() <1, we consider the virus cleared in the host.

In Figure 3, we present the value of J, and ky that makes the positive equilibrium
V* = 1. Above the line, V* <1 i.e. the virus if eventually cleared in the host; below the line,
V*>1, i.e. the virus cannot guarantee to be cleared (but may be temporarily cleared and
reinfected). This figure shows that viral clearance needs small 6, (long life span for plasma
cells) or large ky (high antibody clearance rate). For a fixed antibody clearance rate, this
figure emphasizes the vital role of LLPC in virus clearance. These agree with Theorem 2.1.

On the other hand, viral clearance may be temporary, because the host may be reinfected
if V/(¢)>0. If V(¢) hits the threshold at ¢; (i.e. V/(t;) = 1), then reaches a trough at t,, and
increases afterward, then V’(¢)>0 for t>t,,, that is, if the host is re-exposed to the virus,
then they can be reinfected. This is true if V(¢#)>1 for some t>1t,, and especially if the
equilibrium V*>1. In these cases, the protection is temporary. The duration of primary
infection is [0, #1], and the period of protection is [f1, f;,,].

In Figure 4, we show the effects of 5p, ky on the period of primary infection, period
of temporal protection and positive equilibrium (V*), respectively. Figure 4(a) suggests
that the first infection period is directly proportional to the values of J, and is inversely
proportional to the values of ky. Figure 4(b) illustrates a positive correlation between the
antibody neutralization rate ky and the temporary viral clearance period. In contrast, there
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o

Figure 3. When positive equilibrium V* = 1, the relationship between dp and ky in Model (1). The other
parameter values are listed in Table 1.

is a negative correlation between the plasma cell death rate J, and the temporary viral
clearance period. Note that, below the line of the temporal protection period being 0 in
panel (b), V(t)>1 for all £>1 and the period of primary infection becomes infinity, i.e.
the virus cannot be cleared even temporarily in the host. Figure 4(c) reveals that positive
equilibrium (V*) is low when the antibody neutralization rate (ky) is high, and the plasma
cell death rate (dp) is less. This figure shows that increasing ky and decreasing d), values
enhances the host’s ability to control viral replication and contribute to viral clearance.

Figure 5 shows the dynamics of viral load with varying parameters, initial values and
parameter values are shown in Table 1. These two figures reflect that the positive equi-
librium may lose stability and there exist stable positive periodic solutions around the
equilibrium, which is possibly from a Hopf-bifurcation. Moreover, although increase kv,
the concentration levels of free viruses show oscillatory behaviour with different parame-
ters. This implies that reinfection may still happen without LLPC even if V* <1, and the
virus may keep circulating in the host.

In the next section, we will extend Model (1) to include LLPC, and show that the
presence of LLPC indeed leads to viral clearance.

3. A within-host model with LLPC

In this section, we split the PC in Model (1) into SLPC and LLPC, without considering
memory B cells. We will show that, the viral load eventually approaches 0 after an infection.
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Figure 4. Contour plot analysis in the Model (1). (a) The dependence of the primary infection period on
dp (plasma cell death rate) and ky (antibody neutralization rate). (b) The dependence of the temporary
protection period on dp, and ky. (c) The dependence of the positive equilibrium (V*) on 6, and ky. The
other parameter values and the initial conditions are listed in Table 1.
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Figure 5. The viral load with different parameters in the Model (1). Parameter values and initial values
are shown in Table 1. Panel (a) shows that, with a large antibody neutralization rate, the positive equi-
librium may lose stability and a stable limit cycle emerges. Panel (b) show that, with an even larger ky,
the positive equilibrium (approximately the time average of the periodic solution) will be below the viral
clearance threshold V = 1 (the red line). However, because of the oscillation, reinfection is still possible.
@op=0.1,ky =04.(b)op = 0.1, ky = 2.

3.1. Model formulation

Let P; and Py be the SLPC and LLPC counts. Assume that a fraction ¢ of proliferated B4
cells becomes SLPC, and the fraction 1 — ¢ becomes LLPC. A short-lived plasma cell dies
at a constant rate d;, while the death rate of LLPC is negligible and is set to 0. A short-lived
plasma cell or a long-lived plasma cell produces antiviral antibodies at a constant rate 7
or 7¢, respectively. The extended model is given by the following equations:

H = Ay — tHV — 6yH, (5a)
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Figure 6. The flow chart for the within-host virus Model (5).

I =tHV — &I, (5b)
V' = noil — ¢V — kyAV, (5¢)
B = g — sVB — 6gB, (5d)
B, = sVB — uBa, (5¢)
P, = puBs — 6P, (5f)
Py = (1 —¢)uBa, (58)
A = 1Py + P — J4A. (5h)

The meaning of the parameters are listed in Table 1. All parameters are positive and the
initial values for Model (5) are nonnegative. The flow chart of this model is given in
Figure 6.

3.2. Basic reproduction number

We again use the next-generation matrix approach to compute the basic reproduction
number R of the viral infection. It is easy to prove that

p p
Q;:= [ (HLV,B,By, Py P A) e R, :H+T1< "2 BBy < —— o
OH min{dp, u}

is a positive invariant set of Model (5).
The disease-free equilibrium (DFE) is (’;—5, 0,0, g‘—lf, 0,0, Py, g—:Pgo). Linearize about
Model (5) at the DFE, then pick the infection-related terms to find the new-infection matrix

T

Tz

S O O O O O
S O O O O Q/)l(\—'
SO O O O O O
O O O O o O
S O O o o O
S O O O o O
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and the transition matrix

5 0 0 0 0 0]
—noy ¢+ kvg—jpgo 0 0 0 0
vo| o — 5k P 0 0 o0
0 0 —Qu Os 0 0
0 0 —1=—p)u 0 0 0
0 0 0 —Ts —Ty Oa

Note that V has a single 0 eigenvalue, corresponding to the family of DFE given by arbitrary
Pyo. This also gives a 0 eigenvalue in the Jacobian matrix. We can remove this variable in
the calculation of . So the basic reproduction number R is

_ I’l‘L'/lH
e+ kvg—jpfo)(SH'

(6)

Ro

From (6), it’s easy to see that Ry decreases with the initial value of LLPC increases. In the
primary infection, we have Pgy = 0. The basic reproduction number is also given by (2),
i.e. itis the same as the basic reproduction number of Model (1). On the other hand, a large
initial number of LLPC may reduce R to below unity, preventing a secondary infection.

3.3. Primary and secondary infections

The following theorem shows that the virus is always cleared by using Model (5).

Theorem 3.1: Model (5) has no positive equilibrium, and its solutions starting in the
positively invariant set Q3 satisfy

I(0) =0, V(00) =0, Ba(oo) =0, Ps(c0)=0, Pr(c0)<oo, A(x)= ?P}f.
A

Proof: We first prove that Model (5) has no positive equilibrium. Let (H*,I*, V*, B*, B},
Py, Pr*, A*) be an equilibrium of Model (5). Assume that V*>0, then from (5g), we have

(1 —p)uBy =0,
and thus B} = 0. From (5e),
sV*B* — uBj =0,
and thus B* = 0. From (5d),
A — sV*B* — 9pB* = 0.

This is impossible because Ag>0. This contradiction originates from the assumption that
V*>0. Thus, V* = 0, i.e. Model (5) does not have a positive equilibrium.

We then prove that P4 (c0) exists. Equation (5g) shows that P, > 0, and thus P¢(t) is
monotonically increasing. We will show that P, (¢) is bounded by reduction to absurdity. If
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Py(t) is unbounded, that is, Py(c0) = o0, and thus, from (5h), A(co) = co. Because H(t)
is bounded in Q3, we get

nl'(t) + V'(t) = ntHOV(t) — cV () — k, V(H)A(t) < — CV(t) (7)
for some C>0 and large enough t. From (7), integrating on both sides gives

+00
0< C/ V(t) dt<oo.
0

Note that B(¢) is bounded in €3, and thus, integrating (5e) gives

+00 ) +00
/ Ba(t)dt < 22 / V() dt <oo
0 1og Jo

Integrating (5g) gives

+00
0 < Py(00) — Pr(0) = /0 (1 = 0)uBa(f) dt <o,

which contradicts the assumption that lim;_, o p;(t) — o0. Therefore, Py(00) is bounded.
In addition,

+00
/ B4 (t) dt<oo (8)
0

and thus B4(oco) = 0. Substituting B4 (co) into (5g), and solving the equation gives
Pg(c0) = 0. Let P¢(00) = Py, substituting Ps(co) and P¢(oo) into (5h) gives A(co) =

Ty .
“Lpx
o4 ¢

Also, using the expressions of (8) and integrating (5e), we get

oo
/ V(t)B(t) dt<oo.
0

From (5d) and (5e),

(VBY = V'B+ B'V = 6IB + AV — cVB — kyAVB — sV2B — 63 VB.
Note that H and B are bounded in 3, and thus integrating on both sides gives,

+00 +00
51/ I(t)B(t) dt + AB/ V(t) dt <oo.
0 0

Thus,
+00
/ V(t) dt<oo.
0

Therefore, V(co0) = 0. Again, since H is bounded in Q3, solving (5b) gives I(co) = 0. W

Theorem 3.1 guarantees that the viral load eventually reaches 0. Compared with the
results in Sections 2 and 3, the result shows that the presence of LLPC indeed leads to viral
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Figure 7. The viral load in the Model (5). The red line presents the viral clearance threshold V = 1. Panel
(@) shows the viral dynamics with realistic parameter values (see Table 1), and Panel (b) shows the viral
dynamics with a much larger antibody neutralization rate ky. The parameter values and initial values are
shown in Table 1. (@) ky = 4 x 1073. (b) ky = 0.4.

clearance. But the clearance is a slow process, as shown in Figure 7. This is because the
solution approaches another disease-free equilibrium along a centre manifold. The out-
come of the infection is dependent on the role of LLPC, which would drive the total viral
load to the disease-free equilibrium.

A secondary infection occurs after the recovery of the primary infection. In a secondary
infection, the initial count of LLPC is the final LLPC count in the primary infection, i.e.
Py = P;. Then, for the secondary infection, the basic reproduction number of Model (5)
is

nti H

Ro =14 kv EPE)on
Numerical simulation in Figure 8, R, increased in waves with 7, and R, was associated
with P}, shows that R, < 1. Interestingly, R, does not depend monotonically on 7. That
may be due to complex interactions between the viral dynamics and immune response.
That is, LLPC also protect patients from reinfection by the same virus.

In the next section, we will extend this model to include memory B cells, and show that
the positive equilibrium still exists with memory B cells, i.e. memory B cells alone cannot
lead to viral clearance.

4. A within-host model with memory B cells

In this section, we incorporate memory B cells into Model (1), and show that the viral
clearance cannot be achieved without LLPC.
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Figure 8. The curves Ry, are plotted as a function of 7 in a secondary infection of Model (5). The initial
values are: Pr(0) = P;,A(0) = A*, where P; = Py(c0), A" = A(co) in the primary infection. Parameter
values and other initial values are shown in Table 1.

4.1. Model formulation

We assume that a fraction f of the activated B cells B4 becomes PC after proliferation, while
the fraction 1—f becomes memory B cells (denoted as Bjs). A memory B cell is activated
again by antigen (here represented by V) and becomes an activated B cell at a rate sp;.
We assume that sp;>s, because the reactivation is a faster process than the activation and
proliferation of naive B cells [18]. The memory B cells do not die. The extended model is
given by the following equations:

H =y —tHV — éyH, (9a)
I = tHV — 1, (9b)
V' = ndil — ¢V — kyAV, (9¢)
B = Ap — sVB — 3B, (9d)
By = sVB + sy VBy — uBa, (9e)
P = fuBs — 6pP, (9f)
By = (1 = f)uBa — s VB, (9g)
A’ = mpP — J4A. (9h)

Similar to Model (1), we assume that all parameters are positive, the initial values are non-
negative and J;>Jy. The parameters are listed in Table 1. The flow chart for this model is
shown in Figure 9.

4.2. Basic reproduction number

Again, we use the next generation matrix approach to compute the basic reproduction
number Ry. First, note that the set
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Figure 9. The flow chart for the within-host virus Model (9).

2 2
Q= {(H,1,V,B,Bs, P, By, A) € Rt H+1 < i’B < 5—§}

is positively invariant for Model (9).

Model (9) has a DFE: (ﬁ;—g, 0,0, g—g, 0,0, Bupo, 0), where Bygo>0 is the initial memory B
cell count from previous infections. Linearizing (9) about the DFE gives the new infection
matrix

0 741 0 0 0 0
0 0 0 0 0 O
F— 0 0 0 0 0 O
0 0 0 0 0 O
0 0 0 0 0 O
0 0 0 0 0 0]
and the transition matrix
™ Or 0 0 0 0 07
—ndy c 0 0 0 0
| © —%2 — s\Bo P 0 0 0
0 0 —uf s 0 0
0 smBamo —u(l —f) 0 0 O
. 0 0 0 —7p 0 04|

Note that V has a single 0 eigenvalue, corresponding to the family of DFE given by arbitrary
Boo. This also gives a 0 eigenvalue in the Jacobian matrix. We can remove this variable in
the calculation of R¢. The basic reproduction number Ry is also given by (2), i.e. it is the
same as the basic reproduction number of Model (1). Thus, memory B cells do not change
the basic reproduction number, because their effects on viral suppression come into play
only after they are activated by antigens, and is a higher order term near the DFE.
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4.3. Positive equilibrium

We investigate the existence of positive equilibrium (H*, I*, V*,B*, B4*, P*, Byy*, A*) of

Model (9), which satisfies

Ay —tH*'V* — oyH* =0,
tH*V* — o/I" =0,

nol* — cV* — kyA*V* =0,
A — sV*B* — §gB* =0,
sV*B* + sy V*By, — uB) =0,
fuB} — opP* =0,

fuB} — opP* =0,

(1 — f)uB’, — sy V*B} =0,
wpP* — JpA* = 0.

Note that (10a) gives

. AH
- TV* 40y
and (10b) gives
[ tH*V* _ tV* g
or or(t V* + og) '

Similarly, from (10c), (10h), (10f) and (10i), we have

—ctV* + ntiyg — oy

S WP TZ I 0 S
P oa(—ct V* + nt Ay — coy)
wpky (z V* 4+ 0n)

B — 0pos(—ct V* + nt iy — con)

AT ufmpky (tV* 4 opp) ’

Bt _ (1 = f)opoa(—ct V* + nt iy — con)

"o SMV*fn'pkv(T V* + o)
B — 0poa(—ct V* + nt Ay — cdy)

wpky (t V* + 0f)sV*
Substituting these relationships into (10d) gives
AV BV + G =0.
Here

Ay = st(copop + mpkyip)>0,
By = 0poalcsog(l — Ro) + ctp]l + skympogip,

(10a)
(10b)
(10¢)
(10d)
(10e)
(10f)
(10g)
(10h)
(10i)

(11)
(12)
(13)
(14)

(15)

(16)
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Cy = coyoposop(1 — Ry).

Note that, for Rop>1, C;<0 and A,>0. Thus, there exists a unique positive root for V*
as long as Ro>1. The simulation results closely resemble those of Model (1). When com-
pared to Model (1) with the same parameter values, the primary infection period increases,
the temporary protection period decreases, and the positive equilibrium remains approx-
imately the same. Consequently, it appears that memory B cells are incapable of achieving
successful viral clearance.

However, there are other immune responses such as the CD8 T cell responses. In the
next section, we consider the naive CD8 T cells and effector CD8 T cells, and study whether
they may lead to viral clearance without LLPC.

5. A within-host model with CD8 T cells

In this section, we incorporate naive CD8 T cells and effector CD8 T cells into Model (1),
and show that the viral load may reach a positive equilibrium without LLPC.

5.1. Model formulation

Our new model contains two more classes: naive CD8 T cells (T) and effector CD8 T cells
(T,). Naive CD8 T cells are recruited at a constant rate A7. A naive CD8 T cell is activated
to become an effector CD8 T cell by antigen (here represented by V) at a rate o. A naive
CD8 T cell dies at a rate Jr, and an effector CD8 T cell dies at a rate d7,. In addition, an
infected target cell is killed by effector CD8 T cells at a rate m. A diagram of the extended
model is shown in Figure 10. The extended model is given by the following system:

H = Ay — tHV — 6yH, (17a)
I' = tHV — mIT, — 81, (17b)
V' = ndiI — ¢V — ky AV, (17¢)
B = Jg — sVB — 3B, (17d)
B, = sVB — By, (17e)
P’ = uBa — pP, (17f)
A = 7pP — 54 A, (17g)
T =ir—oVT —orT, (17h)
T = 6 VT - 61.T.. (17)

The meaning of parameters are listed in Table 1. All parameters are positive and all the
initial values of Model (17) are nonnegative.

5.2. Basic reproduction number

In this section, we compute the basic reproduction number R of the viral infection. First,
note that the set
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Figure 10. The flow chart for the within-host virus Model (17).
9 AH B
94 = (HaI’V’B)BAaP>A>T>TC)Eg{_}_:H—*_IS_’B—I_BAS.—a
oH min{dg, u}
T4T < —2T
c= " . ¢ o 4
min{dr, o, }

is positively invariant for Model (17). The DFE is (g‘—g, 0,0, %2.0,0,0, 4L 0).

g > > E >
We linearize Model (17) about the DFE, and pick the infection-related terms to find the
new-infection matrix

Tz

S O O O O Qn|>>
(= elNeNole]
(= elNelNole]
= eNeBole]

O O O O O O
S O O O O O

0

and the transition-related terms to find the transition matrix

o 0 0 0 0 0]
—noy c 0 0 0 0
|0 %540 0 0
| o 0 —u o 0 0
0 0 0 —p 04 O

0 -ZL 0 0 0 o

The next generation matrix is thus

.—A" —_
ML AL 0 0 0 0
0 0 00 0 0
i | 0 0 0 0 0 O
0 0 00 00
0 0 00 00
L0 0 0 0 0 0]
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The basic reproduction number Ry is the spectral radius of the next generation matrix,
which is also given by (2), i.e. it is the same as the basic reproduction number of Model (1).

5.3. Positive equilibrium

Model (17) has an endemic steady state (H*, I*, B*, B}, P*, A*, T*, T;"), where H* >0, I* >0,
B*>0, B} >0, P*>0, A*>0, T*>0, and T >0. Let the right hand side of the Model (17)
equal zero, we obtain

H =
TV* + 0y
I* _ T/lHV*j
(tV* + (SH)(% +)
B* = A—B,
sV* 4+ 0p
B, = sV*ip ’
u(sV* + dp)
P sV*ip
op(sV* + 53)’
A — wpsV* g
Sa0p(sV* + )’
e _ AT
oV* + 5T’
T.* o V* AT

T CAGET D)

Then we have the following equation as to V*:
AsV* 4 B3V*? + GV + D3 =0, (18)
where

Az = sto (mAr + 80r,) (cOpda + mpky Ap),
B3 = [0p(((1 — Ro)csdn + ctIp)o + cst01)0a + Apskyap(o o + 171)]1019T,
~+ (cop(sdy + 10B)da + dyApskymp)mo A,
Cs = (6p(condp(1 — Ro)o + (1 — Ro)cson + ctp)oT)0a + dHITABSky 70P)OIIT,
+ deltapdpogopArcmao,
D3 = ¢ogdadpopoToror, (1 — Ro).
Note that the coeflicients B3, C3 and D3 depend on Ry. Since D3 <0 when Ro>1,
Equation (18) has one or three positive roots by Descartes’ rule of sign. Thus, Model (17)

at least has a positive solution V* when R(>1. This means the virus cannot be cleared
when CD8 T cells are considered. The simulation results closely resemble those obtained
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from Model (1). When compared to Model (1) using identical parameter values, both the
primary infection period and the positive equilibrium exhibit a decrease, while the tem-
porary protection period shows an increase. These findings indicate that CD8 T cells play
a crucial role in promoting viral clearance.

6. Concluding remarks

We develop a sequence of within-host mathematical models to study viral clearance via
the adaptive immune system. We first created a simple Model (1) that considers the activa-
tion, proliferation and neutralization process, keeping track of the uninfected target cells,
infected target cells, virus, B cells, PC and antiviral antibody. We find that the virus can
be effectively controlled or cleared if the lifespans of PC or B cells are very long. To under-
stand the effect of the long lifespan of B cells, we then considered memory B cells, and show
that the positive viral equilibrium exists. On the other hand, after incorporating LLPC into
Model (1), we show that LLPC eliminate the positive equilibrium, and the viral load even-
tually approaches 0 without considering memory B cells. To understand if other factors,
such as CD8 T cell response, may also contribute to viral clearance, we extend Model (1)
to include CD8 T cell and effector T cell dynamics without considering LLPC, and show
that a positive viral equilibrium still exists. We conclude that LLPC are the key factor that
has significant influence on the full clearance of the virus.

The virus may be cleared if the viral load is small enough, not only because the viral load
reaching a fraction of a viral particle is meaningless, but also because stochasticity may
cause viral clearance when only a small number of viral particles are left. We thus consider
the virus being cleared if the viral load is below a threshold (specifically, less than 1EID5).
Using the realistic parameter values in [10], We show that the viral load in the absence
of LLPC is always above the threshold, so viral clearance cannot be achieved. However, if
the effectiveness of antibodies (or antibody amount) is increased, the virus may indeed be
cleared without LLPC. Yet this clearance is only temporary. As the healthy target cell count
quickly recovers, re-exposure to the viral causes reinfection only days or a few weeks after
the infection. This may account for the observed re-infections during the same wave of
the COVID-19 pandemic [19,20]. Even if the equilibrium viral load may be lower than the
threshold, it may take a long time for the viral load to drop below the threshold. This may
account for the existence of long-COVID cases [21,22].

Our models do not consider the full spectrum of adaptive immune response, such as
regulatory T cells, and dendritic cells. But we numerically demonstrated that the behaviour
of our model is similar to that of a more realistic model in [10]. Our models also suggest
that there may exist temporary protection due to variations in parameter values without
LLPC. The virus load may have a positive equilibrium or oscillate behaviour with different
parameters. Temporary protection may delay secondary viral infections, but the virus exists
eventually. Thus, our models are sufficient to demonstrate the key role of LLPC in viral
clearance.

Acknowledgments

We thank the anonymous reviewers for their constructive comments and suggestions.



JOURNAL OF BIOLOGICAL DYNAMICS 21

Disclosure statement

No potential conflict of interest was reported by the author(s).

Funding

We thank the anonymous reviewers for their constructive comments. This work was supported by
the National Natural Science Foundation of China (No. 11771075, 12271088) (ML), Natural Science
Foundation of Shanghai (No. 21ZR1401000, No. 23ZR1401700) (ML), and two discovery grants of
Natural Sciences and Engineering Research Council Canada (RE, JM), two NSERC EIDM grants
(OMNI and MfPH) (JM), and the China Scholarship Council (202106630037) (MZ).

ORCID
Junling Ma 2 http://orcid.org/0000-0002-0197-2317

References

[1] ManzRA, Hauser AE, Hiepe F, et al. Maintenance of serum antibody levels. Annu Rev Immunol.
2005;23(1):367-386. doi:10.1146/annurev.immunol.23.021704.115723
Manz RA, Thiel A, Radbruch A. Lifetime of plasma cells in the bone marrow. Nature.
1997;388(6638):133-134. doi: 10.1038/40540
[3] Slifka MK, Antia R, Whitmire JK, et al. Humoral immunity due to long-lived plasma cells.
Immunity. 1998;8(3):363-372. doi: 10.1016/S1074-7613(00)80541-5
[4] Slitka MK, Matloubian M, Ahmed R. Bone marrow is a major site of long-term antibody pro-
duction after acute viral infection. ] Virol. 1995;69(3):1895-1902. doi: 10.1128/jvi.69.3.1895-
1902.1995
[5] Ahmed R, Gray D. Immunological memory and protective immunity: understanding their
relation. Science. 1996;272(5258):54-60. doi: 10.1126/science.272.5258.54
[6] Arce S, Cassese G, Hauser A, et al. The role of long-lived plasma cells in autoimmunity.
Immunobiology. 2002;206(5):558-562. doi: 10.1078/0171-2985-00204
[7] Slifka MK, Ahmed R. Long-lived plasma cells: a mechanism for maintaining persistent antibody
production. Curr Opin Immunol. 1998;10(3):252-258. doi: 10.1016/50952-7915(98)80162-3
[8] Iwasaki A, Pillai PS. Innate immunity to influenza virus infection. Nat Rev Immunol.
2014;14(5):315-328. doi: 10.1038/nri3665
[9] Jost S, Altfeld M. Control of human viral infections by natural killer cells. Annu Rev Immunol.
2013;31(1):163-194. doi: 10.1146/immunol.2013.31.issue-1
[10] Lee HY, Topham DJ, Park SY, et al. Simulation and prediction of the adaptive immune response
to influenza A virus infection. ] Virol. 2009;83(14):7151-7165. doi: 10.1128/JVI1.00098-09
[11] Kurosaki T, Kometani K, Ise W. Memory B cells. Nat Rev Immunol. 2015;15(3):149-159. doi:
10.1038/nri3802
[12] Zens KD, Farber DL. Memory CD4 T cells in influenza. Influenza Pathogenesis Control.
2014;11:399-421. doi: 10.1007/978-3-319-11158-2
[13] Stafford MA, Corey L, Cao Y, et al. Modeling plasma virus concentration during primary HIV
infection. ] Theor Biol. 2000;203(3):285-301. doi: 10.1006/jtbi.2000.1076
[14] Nikin-Beers R, Ciupe SM. The role of antibody in enhancing dengue virus infection. Math Biosci.
2015;263:83-92. doi: 10.1016/j.mbs.2015.02.004
[15] Cao P, Wang Z, Yan AW, et al. On the role of CD8+ T cells in determining recovery time from
influenza virus infection. Front Immunol. 2016;7:611. doi: 10.3389/fimmu.2016.00611
[16] Yan AW, Cao P, Heffernan JM, et al. Modelling cross-reactivity and memory in the cellular
adaptive immune response to influenza infection in the host. ] Theor Biol. 2017;413:34-49. doi:
10.1016/j.jtbi.2016.11.008
[17] La Salle JP. The stability of dynamical systems. Regional Conference Series in Applied Mathe-
matics, SIAM, Philadelphia, 1976.

(2

—


http://orcid.org/0000-0002-0197-2317
https://doi.org/10.1146/annurev.immunol.23.021704.115723
https://doi.org/10.1038/40540
https://doi.org/10.1016/S1074-7613(00)80541-5
https://doi.org/10.1128/jvi.69.3.1895-1902.1995
https://doi.org/10.1126/science.272.5258.54
https://doi.org/10.1078/0171-2985-00204
https://doi.org/10.1016/S0952-7915(98)80162-3
https://doi.org/10.1038/nri3665
https://doi.org/10.1146/immunol.2013.31.issue-1
https://doi.org/10.1128/JVI.00098-09
https://doi.org/10.1038/nri3802
https://doi.org/10.1007/978-3-319-11158-2
https://doi.org/10.1006/jtbi.2000.1076
https://doi.org/10.1016/j.mbs.2015.02.004
https://doi.org/10.3389/fimmu.2016.00611
https://doi.org/10.1016/j.jtbi.2016.11.008

22 M. ZHANG ET AL.

(18]

(19]
[20]

(21]

(22]

Siegrist CA. Vaccine immunology. Vaccines. 2008;5:17-36. doi: 10.1016/B978-1-4160-3611-
1.50006-4

Stokel-Walker C. What we know about covid-19 reinfection so far. BMJ. 2021;372:n99.

Yahav D, Yelin D, Eckerle I, et al. Definitions for coronavirus disease 2019 reinfection, relapse and
PCR re-positivity. Clin Microbiol Inffc. 2021;27(3):315-318. doi: 10.1016/j.cmi.2020.11.028
Alwan NA, Johnson L. Defining long COVID: going back to the start. Med. 2021;2(5):501-504.
doi: 10.1016/j.medj.2021.03.003

Davis HE, McCorkell L, Vogel JM, et al. Long COVID: major findings, mechanisms and
recommendations. Nat Rev Microbiol. 2023;21(3):133-146. doi: 10.1038/s41579-022-00846-2


https://doi.org/10.1016/B978-1-4160-3611-1.50006-4
https://doi.org/10.1016/j.cmi.2020.11.028
https://doi.org/10.1016/j.medj.2021.03.003
https://doi.org/10.1038/s41579-022-00846-2

	zhang_mingran_jbioldyn_2024_COVER.pdf
	zhang_mingran_jbioldyn_2024.pdf
	1. Introduction
	2. A within-host model with PC
	2.1. Model formulation
	2.2. Basic reproduction number
	2.3. Positive equilibrium
	2.4. Viral clearance

	3. A within-host model with LLPC
	3.1. Model formulation
	3.2. Basic reproduction number
	3.3. Primary and secondary infections

	4. A within-host model with memory B cells
	4.1. Model formulation
	4.2. Basic reproduction number
	4.3. Positive equilibrium

	5. A within-host model with CD8 T cells
	5.1. Model formulation
	5.2. Basic reproduction number
	5.3. Positive equilibrium

	6. Concluding remarks
	Acknowledgments
	Disclosure statement
	Funding
	ORCID
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


