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Abstract

The paper deals with methods of identifying change points for his-
torical forest fire frequency (hazard rate) using data from a time-since-
fire map and an overdispersed survival model with associated quasi-
likelihood function. A method of obtaining an approximate P-value
for testing the null hypothesis of no change points (homogeneous haz-
ard), against the alternative of one change point, using the likelihood
ratio statistic, is presented. It is based on use of the Poisson clumping
heuristic for the maximum of a self-normalized Brownian bridge pro-
cess. Iterative methods of determining multiple change points (anal-
ogous to methods of variable selection in regression) are discussed.
Once change points have been identified, confidence intervals for the
fire frequency in the intervening epochs can be obtained using likeli-
hood ratio methods. Various procedures are applied to time-since-fire
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map data for Glacier National Park and backwards elimination found
to give the most plausible results. Three of the four change points
identified correlate well with established historical processes or events.

Keywords: Fire frequency, fire history, time-since-fire map, quasi
likelihood, change points, selection bias, Brownian bridge, Poisson

clumping heuristic, model selection, backwards elimination.

Introduction

This paper deals with the subject of using time-since-fire maps to determine
changes in historical forest-fire frequency, and to estimate fire frequencies
prevailing between identified change points.

Time-since-fire maps (which identify the time since last fire at every point
in a study area) originated with the work of Heinselman (1973), who used the
cumulative distribution of areas in time-since-fire classes to estimate survivor-
ship from wildfire. Van Wagner (1978), Johnson (1979) and Johnson and Van
Wagner (1985) formalized fire frequency concepts, using the notions of sur-
vival analysis. Much of this material and many other aspects fire-frequency
studies, including data collection, sampling design and analysis are described
in the expository article of Johnson and Gutsell (1994). More recently Reed
(1994) and Reed, Larsen, Johnson and MacDonald (1996) have introduced
more sophisticated statistical methodology, based on likelihood methods for
overdispersed models of the time-since-fire distribution, reflecting contagion
effects in the spread of forest fire. Reed (1996) presents a parallel method
for time-since-fire sample (as opposed to map) data. These papers however

deal mainly with estimation and with testing for changes in fire frequency at



pre-specified potential change points (for example at the time of construc-
tion of a railroad, or at the onset of a systematic fire suppression program
etc.), and not with the problem of using time-since-fire map or sample data
to determine when changes in fire frequency occurred. This latter problem is
often one of considerable interest to ecologists, who wish to identify factors
affecting fire frequency.

The ‘established’ method of accomplishing a temporal partition of histor-
ical fire frequency is a graphical one based on identifying changes in slope in
the semi-log plot of the cumulative area distribution of time-since-fire (John-
son and Larsen, 1991; Johnson and Gutsell, 1994), and then testing their
significance. While the method has much to recommend it, and probably
should always be incorporated in a preliminary data analysis, there are some
statistical problems associated with it. One, described in Reed et al. (1996),
relates to the recommended way of replotting two separate time-since-fire
distributions for the epochs either side of a change point. An implicit as-
sumption in the method (as described in Johnson and Gutsell (1994)) is that
trees whose last fire occurred in the earlier epoch are not vulnerable to the
risk of fire in the later epoch. In many cases this is an unreasonable assump-
tion, and will lead to overestimating the fire frequency in the later epoch,
since the survival of older trees through that later epoch is ignored. Never-
theless it is straightforward to adjust the method to include the vulnerability
of trees to fire throughout their whole lifetimes. A second difficulty lies in

testing the significance of a change point graphically identified. Because of



the fact of selection bias it is incorrect, from a statistical point of view, to
test for the significance of such a change point in the same way as one would
for a change point determined without reference to the data. By testing for a
change point where there is an apparent change in slope in the semi-log plot
of the cumulative distribution of time-since-fire, one is, in essence, choosing
a change point for which the test statistic is large. Its null distribution will
therefore not be the same as that at a potential change point chosen without
reference to the data. One of the aims of this paper is to rectify this situa-
tion, and to obtain (approximate) tail probabilities of the null distribution
of such a test statistic.

If in fact there is only one change point separating two epochs with
different fire frequencies, the method provides a statistically sound way of
identifying the change point and estimating the fire frequencies in the two
epochs. However there is always the possibility that there is, in fact, more
than one change point. Although, after identifying a first change point, one
could proceed to examine each of the two resulting epochs for further change
points using the same method, and thence continue iteratively (a procedure
analogous to the forward selection procedure for determining which regres-
sor variables to include in a regression analysis) there is no guarantee, when
there are multiple change points present, that such a procedure will end up
identifying them (just as forward selection in regression may end up with an
inappropriate set of regressor variables). Alternatives are to use sequential

methods of identifying change points analogous to the backwards elimination



and stepwise model selection procedures. While there are some distributional
problems associated with the implementation of these methods (relating to
significance levels for dropping a change point), in the paper a plausible ad
hoc method of testing is used. The procedures are applied to time-since-
fire map data for Glacier National Park in the Canadian Rocky Mountains
(Johnson, Fryer and Heathcott, 1990). Backwards elimination seems to pro-
vide the best partition, partioning the past into five distinct fire-frequency

epochs with change points around 1660, 1740, 1880 and 1940 CE.

Preliminaries.

Consider the situation in which a time-since-fire map is available z.e. the
time of the last occurring fire is identified everywhere within the specified
study region. Since the resolution for dating fires is at best one year, and
often much larger (e.g. one decade), one can consider the data in the form of
the areas belonging to disjoint classes defined by the time since last fire. Of
course this ignores geographical aspects, but it will be assumed that first any
spatial or topographic partitioning into component survival distributions has
already taken place (Johnson and Gutsell 1994, Sec. IILF).

The precise meaning of time-since-fire depends on the nature and objec-
tive of the study (e.g. one can be dealing with stand-replacement fires, for
which the age of the currently growing forest stand provides an indication of
the time since fire; or with surface or understorey fires, which can be dated

by fire scars on surviving trees, using dendrochronological methods, etc. For



the sake of brevity we shall refer to these ‘time-since-last-fire’ classes as age
classes, corresponding to the former example above, although the methods
are valid for other kinds of fires and methods of dating.

Before proceeding a clarification of terminology is in order. In this paper
the term fire hazard rate will be used as in the statistical survival analysis
(i.e. the instantaneous probability of fire per unit time, conditional on no
previous fire). To foresters, fire hazard has a different meaning viz. the
potential of fire based on fuel structure but not fuel moisture. Johnson and
Gutsell (1994) refer to the fire hazard rate as used herein as the hazard of
burning to distinguish it from the foresters’ more customary usage. The
forestry term equivalent to the fire hazard rate (or hazard of burning) is
the fire frequency (defined in Johnson and Gutsell, 1994, Sec III.E as the
probability of an element burning per unit time). The reciprocal of the
hazard rate (or fire frequency) is known as the fire cycle. To statisticians, of
course, this represents the expected time between fires if the current hazard
rate prevails. Foresters and ecologists however define the fire cycle as “the
time required to burn an area equal in size to the study area” (Johnson
and Gutsell, 1994, Sec IIL.LE), a concept based on equating the per annum
probability of burning with the proportional annual area burned. For the
most part estimation results in this paper concerning fire hazard rates (fire
frequencies) will be expressed in terms of the fire cycle.

Suppose that the age classes are all of equal width, T years say, save for

the oldest which is open-ended. Specifically define age classes 1,2,...,m —1



with time since last fire in the intervals [0, T'), [T, 27),...... J(m=2)T, (m—
1)T') respectively, and age class m with time since last fire greater than or
equal (m — 1)T. In practice the resolution of dating fires is no finer than
one year, so 1" will be a positive integer. Denote the areas of forest in the

respective age classes by A;, Aj, As,..., 4., and let

A; .
Yi = mJAi, .7:11"')m (1)

i=1

denote the corresponding proportional areas.

Because of the grouped nature of the data the resolution for determin-
ing fire hazard rates is the width T of the age classes. Thus suppose that
(possibly distinct) hazard rates A prevailed in each of the time periods
j = 1,2,...,m, where period j is defined as being between (j — 1)T" and
jT — 1 years ago i.e. for period 1 (between the present (time 0) and 7' — 1
years ago) the hazard rate was A(Y; for period 2 (between T years ago and
2T — 1 years ago) it was A? ... etc., while during period m ((m — 1)T years
ago and earlier) it was A(™, |

It is more convenient, because of the grouped nature of the data, to deal

with the per-period survival probabilities

2@

¢ =e for 7= 1,---,m—1 (2)

rather than the hazard rates.
The marginal probability that the time since fire at a particular site be-

longs to age class j, for j = 1,2,...,m — 1, is then simply the probability



that there was a fire in time period j with no subsequent fire i.e.

Lo
0; = (1—q9) I ¢, (3)
i=1

while for age class m the corresponding probability is
m—=1
0m = H q(z), (4)
i=1
Forest fires spread, and in consequence there will be spatial autocorrela-
tion in time-since-fire observations. One way of modelling this (Reed, 1994)

is to assume that the proportional areas yi,¥2,-..,Ym in the various age

classes follow a Dirichlet distribution

L(1/p) (0u/o=1), (02/0-1) . (6m/p-1)
NP Y3 U (5)

g(y11y27" '7ym) =
on the simplex y1 + yo+--- +ym = 1, 0 < y; < 1, where T'(.) is the usual
gamma function. The following properties of the distribution (5) can easily

be derived (see e.g. Johnson and Kotz, 1972).

E(y:) = 6;; var(y;) = 6;(1 — Oi)ﬁ—;; cov(yi, y5) = —bibi T — f_ p (6)

Thus under the Dirichlet model the proportional areas yq, ys, ..., ym behave
like proportions in an overdispersed multinomial model. One can thus con-
template a quasi (log) likelihood funciion (McCullagh & Nelder, 1989, Ch.
9) of the form
1 m
Q = - Z yj log 9_7'
0% i3

1 o | .
= 525 ina? + gy in (1-¢P)). (7)
=1
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where

5= 2. Y (8)
i=j+1
is the cumulative proportional area of forest at least jT years old (for j =
1,2,...,m —1), 8, = 0 and o? is an overdispersion parameter.

While this quasi-likelihood was suggested from the Dirichlet model, it
is not confined to it. In other words (7) can be thought of as a quasi-
likelihood arising from proportional areas yi,¥s, ..., ¥n from a whole class
of over-dispersed multinomial-type distributions (McCullagh & Nelder, 1989,
Sec. 5.4). Thus it provides a more general model formulation than that based
explicitly on the Dirichlet distribution. Furthermore, unlike with a Dirichlet
likelihood, empty age classes cause no difficulty with the quasi-likelihood
formulation.

Before proceeding we note that the quasi-likelihood function (7) is iden-
tical to that which would have arisen if time had moved backward and suc-
cesively in each time period areas of forest had either burned (with marginal
probability 1 — ¢{?)) or survived (with marginal probability ¢©)), with those
that burned in time period j ending up in age-class j, (for j = 1,2,...,m)
and with there being an overdispersion effect in the way units burn or sur-
vive. Thus by the strong likelihood principle (e.g. Cox and Hinkley, 1974)
we can consider, without loss as far as inference is concerned, the age class
distribution of areas as arising in this way. Viewed like this the problem
is closer to more familiar problems in survival analysis, where units survive

until they fail (as opposed to surviving from a failure time until the present).



The overdispersion parameter o2 represents the degree of ‘contagion’ in the
fire process, with large values of o2 corresponding to situations in which fires
tend to be of large extent (strong dependence between proximate sites and
consequent large spatial autocorrelation of time-since-fire observations) and
small values corresponding to small fires and less autocorrelation.

If each of the ¢\) (j = 1,2,...,m) is regarded as a free parameter to be
fitted (saturated model) it is clear that the maximum likelihood estimates
(MLEs) are 1) = %’ j=1,...,m—1, while §™ = 0. Substituting these

MLEs into (7) gives the quasi-likelihood of the saturated model as

Q=<3 log(21) -+ y; log() (9)

;’5 j= Sj—1
For any other model M with parameters © (i.e in which the probabilities
¢¥), j =1, ...,m are expressed in terms of the parameters ©) the scaled

quasi-deviance (see McCullagh & Nelder 1989, Sec. 9.2) is defined as

Dy = —20%[Q(0) - Q] (10)

where Q(é) is the quasi-likelihood maximized over the parameters © of the
model M. Inferences concerning the parameters © can be based on changes in
scaled quasi-deviance divided by an estimate of the overdispersion parameter
(the log quasi likelihood ratio), in the way discussed in McCullagh and Nelder
(1989).
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Testing for the significance of a pre-specified change
point.

Suppose for reasons exogenous to the data, the possibility of a change in
the fire hazard rate pT years ago is suspected (e.g. at the time of the first
European intervention; or of the construction of a highway or railroad; or of
the commencement of a fire suppression regime etc.), and one wishes to test

whether the putative change point p is significant or not. To address this

question one can test

H : (V=¢P= ... =¢™ (=q, say) vs.
H : V=¢?P= ... =¢P (=¢q, say) and
gP =gt = =™ (=g, say)
This problem is discussed in Reed et al. (1996).
Under Hy the MLE of ¢q is
m—1
~ = 8y
b = S (11)
while under H, the MLEs of ¢; and ¢, are
P m—1
. j=15j . j=p+1 57 »
G = 55— and § = —F—— 12

Using these values in (7) the scaled deviances under Hy and H, can be

determined, leading to the (quasi) likelihood ratio (LR) statistic

R=22= 2;;'—%{Q<él> Qb)) (13)



where ©; = (¢, 4,) (under H,) and ©, = §, (under H,), and &% is the

Pearson estimate® of the overdispersion parameter

0p=——32 (14)

with the fitted values §; calculated under H, (i.e. using estimates §; and ¢z).

Specifically (using (12)) the likelihood ratio statistic is

2 P 1 - q1
R, = TZsjloga +leog1 ] (15)
UP j=1 q
m—1 1 ~
+ 3 s]logh -{-yjlog1 qQ])
j=p+1 do o

For a large study area (many area units) the null distribution of R, should be
approximately F} (m_3), enabling the computation of an approximate P-value

for testing Hy vs. Hp.

Testing for the significance of a change point determined
from the data.

The test in the previous section is not appropriate for a change point sug-
gested from exploratory data analysis because of the problem of selection
bias. If, for example, one identified a possible change point as one at which
there were an apparent change in slope in the semi-log plot of cumulative
area, one would, in effect, be choosing as a change point one at which the

LR statistic was large. Thus because of this selection of the change point to

! Alternatively one can estimate o> by the residual deviance divided by its degrees of
freedom. In all numerical examples in this paper both estimates were calculated. They
were always very close, and resulted in essentially the same conclusions. In the following
reference is only made to the Pearson estimate.
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test, under the null hypothesis of no changes the test statistic R, would not
follow an F} (,,_3) distribution but rather a distribution shifted to the right
of F} (m-3). In consequence the computed P-value would be too small, and
too many non-existent change points would be found as significant.

To take the selection effect into account one can consider as test statistic

a scaled version of the largest (over all possible change points) R, statistic,

R* (Lmn—:—g)max{Rp;p =12, ...,m—2} (16)

where R, is the LR statistic for testing Hy vs. H,. Note that the possibility
of a change point at p = m — 1 is not included. In this case the estimate §o
in (12) would be zero, and that of ¢ would be the same as gy in (11). This
corresponds to estimating the hazard rate as infinity at all times earlier than
(m — 1)T years ago. A similar phenomenon was identified by Matthews &
Farewell (1985) for the change point problem with ungrouped survival time
data, leading to an unbounded likelihood. Although for our problem, because
of the grouping into a collector class, the likelihood remains bounded when
there is a change point at m — 1, the LR statistic for such a change point is
always zero, and it is impossible to detect a change in hazard at this time.

The statistic R* is the LR statistic for testing

Hy: No change points (constant hazard rate) vs.
H,: One change point (separating two distinct hazard rates)

between T and (m — 2)T years ago.

The dimensionality of the parameter space under H 4 is three (two hazard

13



rates and a change point) while under Hj it is one (a single hazard rate).
Under H4 the estimate of 02 has m — 4 degrees of freedom while under
H,, for any fixed p, it has m — 3. This is the reason for the inclusion of
the factor (2_:;) in the definition of R*. Even though the difference in the
dimensionality of the parameter space under H,4 and Hy is two because of the
fact that the parameter space is not a continuum (p can assume only discrete
values) the standard asymptotics do not hold — the null distribution of R* is
not asymptotically x3. This fact is well-known from change point studies of
survival time data (see e.g. Worsley, 1988; Henderson, 1990; Loader, 1991)).

The change point p which maximizes R, over p=1,...,m — 2 will max-
imize its numerator

~

i qu 1- (jl m-l (,72 1-— a2
VD = —2(> [s;log = +y;log T ]+ > [sjlog=+y;log —1) (17)
j=1 9o T =i o L=t

(since the denominator 6% decreases with the residual deviance). One can
show (see Appendix) by considering the data as arising from successive fire

trials in reverse time, as discussed above, that for a given p under Hy (with

71 = G2 = Qo)
2
VD _ 1 3 X1 — Mg N, X = Nago + op(1)
o T N+ Ny |V [Nio2g0(1 — go) V/Nao2q0(1 — o)
(18)

where op(1) indicates random terms for which the probability of exceeding
0 in absolute value goes to zero as Ny, Ny — oo; N; and Ns are the numbers
of area units facing fire trials between 0 and pT years ago and greater than

pT' years ago, respectively, and X; and X, are the corresponding numbers
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surviving those fire trials. Specifically

P P
N1 = Zsj"l X1 = Z S; (19)
j=1 j=1
and
m—1 m~1
NQ = Z Sj-—1 Xg = Z 8;. (20)
j=p+1 Jj=p+1

For a fixed p it is clear from the Central Limit theorem for Bernoulli trials,
that the asymptotic distribution of VD/o? is x?, a result used in determining
the asymptotic distribution of the LR statistic for testing the significance of
a pre-specified change point.

Another way of approaching the asymptotics is to consider the diffusion

approximation for large N, No. It can be shown (see Appendix) that asymp-

totically
VD 1
o? 7(1—17)

where B(t) is a standard Brownian motion, 7 = TVT?NZ and B(t) is a self-

(B(r) - 7B(1))* = (B(r))’ (21)

normalized Brownian bridge, i.e a standard Brownian bridge normalized by
dividing by its standard deviation. For a fixed p the asymptotic x? distribu-
tion of VD/o? is again obvious from the fact that the marginal distribution
of B(t) is standard normal.

Thus to find the distribution of the maximum of VD/o? we can consider

the distribution of

M = X B .
te{al7g7-a-,}am,_2}[ ( )] ( )
where
P .
ap:z—]millsil_ for p=1,2,....m—2 (23)
j=1 Sj—1
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correspond to the possible change points. An approximation to the tail of
the distribution of the random variable (22) can be found using the Poisson

clumping heuristic (PCH) (Aldous, 1989). In the Appendix it is shown that

Pr(M > z|Hy) ~ 2 (1 — exp {—(I)C(\/E) mz—f ! D (24)

p=1 /‘l‘.'l:(p)
where ®€ is the complement of the c.d.f of a standard normal r.v and p;(p)

is the number of points a; (defined in (23)) in the interval

ap + ap(1 — GP)M‘“ (25)

Vzé(/z)
where ¢ is the p.d.f of a standard normal r.v. This PCH approximation ap-
pears to be very good (see Appendix) for small values of m (few age classes)
for which the exact distribution of M can be calculated using low dimensional
Gaussian integrals. For larger values of m the performance of the approxi-
mation can be determined by Monte Carlo methods. Again, it appears that
the PCH provides good approximations to the tail probabilities, although
will tend to overestimate probabilities for values of z not in the right hand
tail. In contrast the P-values computed from a x3 distribution appear always

to be too small.

The distribution of the LR statistic > R* = max (Y.f/;f) = &2]‘/402 involves
variation from both M and 62. While it seems difficult to determine pre-
cisely the asymptotic distribution of R*, one can include a correction term

in the formula (24), to account for the variation in 62 which improves the

2By considering 42 as the Pearson estimate of 0> with divisor and degrees of freedom

m — 4, it is not necessary to include the factor ;’1:; which occurs in (16).
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approximation of the P-value in the tail. The correction is of the form

VZ (V) e exp [-P°(VZ)Ed]

2(m — 4) [1+2—-vZ ¢(Vz) To].  (26)
where
Xz = 5 (27)
o p=1 ,Ulz(p)

The derivation is given in the Appendix, along with a comparison of the
approximate P-values and those computed from an F;,,_4 distribution with
values obtained by Monte Carlo simulation. The simulations indicate that
for the most part, the PCH approximations err on the side of conserva@)sm,
while those based on the F-distribution err in the other direction. A safe com-
promise seems to be to regard the values computed by PCH and F procedures

as providing approximate upper and lower bounds on the P-value.

EXAMPLE. Glacier National Park.

Fig.1 presents data obtained by Johnson et al. (1990) from stand-origin
maps for Glacier National Park (600 km? of forested land) in British Columbia.
The data were presented in 20-year age classes (" = 20, m = 21). Johnson
et al. identified, graphically, from the semi-log plot of cumulative area (Fig.
1, lower panel) a change point around 1760 CE (i.e. at p = 11). The R,
statistics for all possible single change points are presented in Table 1 (second
row). The maximum value is 14.4 at p* = 16, with R* = 13.6. The P-value
computed from the PCH approximation ((24) with correction (26)) is 0.018

(and P = .007 from an F,,7 distribution). Thus we identify a significant
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change at p = 16 and partition the study period into two epochs: from 1660
- 1980 CE (corresponding to j = 1,...,16), and before 1660 CE (correspond-

ing to j = 17,...,21). It remains to be determined whether either of these

epochs can be further divided.

Identifying further change points.

If the ML estimated change point p* is found to be significant, one can
continue to look for further change points in each of the two epochs identified
by the establishment of the first change point, starting with the earlier epoch
(j =p*+1,...,m). The procedure is essentially the same, only now the LR
statistic (16) involves the maximum change in deviance (10) between a model
with one change point (at the previously established p*) and one with two
change points (at p* and one new one). In using the PCH approximation the
number of potential change points (23) changes as do the degrees of freedom
in the estimate 6%. If a further change point is identified as significant one
can continue investigating the newly identified epochs for further possible
partitioning.

EXAMPLE. Glacier National Park (continued).

After making the identification of a change point at p* = 16 subsequent
investigation of the earlier epoch (j = 17,...,21) indicated no significant
change point, while the LR test statistic for a change point in the more
recent epoch 7 =1,...,16 has a value 6.36 corresponding to a second change

point at p = 12 (see Table 1, bottom row). The corresponding P-value is 0.38

18



computed from the PCH (and 0.09 from an F distribution). Regarding the
true P-value as being bounded by these extremes one could conclude that
there is no evidence of a second change point.

However plots of (Pearson, deviance and Anscombe) residuals for the
two epoch (single change point) model are not totally satisfactory in that
residuals for periods j = 6,...,10 are all negative, and those for periods
Jj = 11,...,15 all positive. In fact a runs test yields a P-value of 0.05,
suggesting in fact that there is some indication of model lack of fit. Adding a
second change point (at p = 12) makes the runs test no longer significant (P=
.30), breaking up run j = 11,...,15 of positive residuals (but not the run
Jj =6,...,10 of negative residuals). However adding the second change point
makes the run j = 6,...,10 no longer appear untoward to visual inspection.
Furthermore adding further change points (at 5 and 2) does not break up
the run. Thus there seems to be some grounds for adding a second change

point at p = 12 or 1740 CE.

It should be recognized that there could be some problems associated
with using the procedure described above iteratively to identify multiple
change points. For example consider the situation in which there really are
two change points (at p; and py say). It is possible that the LR statistic
for testing for a single change point as opposed to the null hypothesis of
no change points would result from an MLE of the single change point at

some value p* between p; and p;. This means that the two change point

19



model identified by the iterative procedure must have one change point at p*
even though the MLEs in a two change point model could be at p; and p,. -
Unless there is a mechanism for dropping change points already identified
the iterative method based on partitioning established epochs will always
include in the final model the first change point identified. In fact if there
are multiple change points the LR test on the first iteration may be of little
meaning. With it one tests a single change point model against a no change
point model, when in fact both may be very poor representations of reality. In
consequence a significant P-value may have little meaning in such a situation.

As should be apparent from the above comments, the problem of identi-
fying change points is analogous to the model selection problem of deciding
which of a set of candidate regressor variables should be included in a re-
gression model. The iterative procedure discussed above is analogous to a
forward selection procedure. A possible improvement would be to develop it
into something closer to a stepwise procedure in which change points could
be dropped as well as added. Another possibility is to consider a backwards
elimination procedure (see below). Yet another approach is to use the Bayes
Information Criterion as a method of model selection (see Raftery, 1995) - a

method described and employed in a forthcoming paper.

Backward elimination and stepwise procedures.

To initiate a backwards elimination procedure one could start with change

points at all points where they appear feasible (apparent changes in slope in
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the semi-log cumulative area plot). One would then check the significance of
the one with the smallest LR statistic. If it were not significant it would be
removed, and the procedure iterated again with one fewer change point; if
it were significant it would be retained and the procedure would stop. The
difficulty in implementing such a procedure however lies in establishing the
appropriate reference distribution for determining significance.

The approach followed here is somewhat ad hoc. If initially change points
are identified at p},p3,...,p} and the one with the smallest LR statistic
(for testing the null of r — 1 change points at the remaining p} against the
alternative of r change points) is p}, say, we test its significance by testing
for no change point on p}_, -+ 1, ...,p;,; using the PCH approximation
for the distribution of the maximum LR statistic value in the range p}_, +
1, ...,py 4. If it is significant it is retained and the procedure stops with r
change points; if not it is removed and the whole procedure re-iterated with
r — 1 change points.

A stepwise procedure would work exactly as in regression. After the
inclusion of a new change point at any iteration, those already included would
be re-examined for significance as in the backward elimination procedure

above.

EXAMPLE. Glacier National Park (continued).
Firstly for backwards elimination, possible change points at p = 2,5,12

and 16 were identified from the semi-log plot in Fig. 2, dividing the study
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period into 5 epochs. The corresponding LR statistics for their removal were
11.68, 11.04, 14.96 and 11.54. Thus the smallest corresponds to the change
point at 5. Using the PCH approximation yields a P-value of 0.03 (for testing
the hypothesis of no change point between 2 and 12 - i.e. change points
only at 2, 12 and 16) and a similar P-value (0.02) obtained from an Fy;;

distribution?®

. Regarding these as bounds on the true P-value leads to the
conclusion that there is evidence of a change point between 2 and 12 (when
one at 16 is also included). Thus the change point at 5 is retained, along
with the three others. Residual plots for this model gave no indication of
lack of fit. Thus the final model by backwards elimination includes 4 change
points (at around 1660, 1740, 1880 and 1940 CE) separating 5 epochs.
Since the second change point (at 12) by forward selection was not truly
significant, the stepwise procedure terminates in the same place as forward
selection (with one change point at 16). However residual analysis lends
some support to the inclusion of the second change point at 12. If this
point is included the LR statistic for the other change point (at 16) is 7.05.
The bounds on the P-value are 0.12 (PCH approximation) and 0.05 (from F
distribution). Depending on the significance level employed one could either
argue for the removal of the change point 16 or its retention. If it is removed
one is left with a model with a single change point at 12; no addition of any

further change point is significant. Furthermore this model yields satisfactory

3The denominator degrees of freedom are those used in computing 6% —herem—1-9 =
11, the nine corresponding to the 4 change points and 5§ hazard rates estimated from the
data



residual plots (however with larger residuals than the 4 change point model).
This is in contrast to the model with a single change point at 16. If the
change point at 16 is retained one can seek to add further change points.
However none are significant, the largest LR statistic being 3.65 for a change
point at 5. Thus the conclusion from the stepwise procedure is either: a
single change point at 12 (around 1740 CE) dividing the study period into
two epochs; or two change points at 12 and 16 (1740 and 1660 CE) resulting
in three distinct epochs.

The results of the the stepwise and forward selection procedures are quite
different to those of backwards elimination. The latter suggest that unless
the effects of the other three change points are first removed, that of the
fourth will not show up. This may be because the estimated hazard rate
for the five epochs (see below) alternate as one moves backwards in time —
a low hazard for Epoch 1, followed by a higher one in Epoch 2, a lower one
in Epoch 3 etc.. The stepwise and forward selection procedures appear to
be poor at picking up such a pattern of changes. Once change points at 12
and 16 are in the model, these procedures do not allow the inclusion of a
single extra change point to partition the pattern of low-high-low hazards
over the period 1,2,...,12. This is a weakness in the procedures, which
possibly could be ameliorated by allowing change points to enter two at a
time. We do not investigate this further here. Instead we put more faith in
the backwards elimination procedure and settle with the four change point

model (five epochs separated by change points at 2, 5, 12 and 16) identified

23



by that procedure. This five-epoch model exhibits a very good fit with the
data. The estimate of the overdispersion parameter is 6% = 0.022 compared
with estimates of 0.058, 0.050 and 0.040 for respectively the models with
single change points at 12, 16 and for two change points at 12 and 16.
Thus we conclude that there are four change points (at around 1660,
1740, 1880 and 1940 CE) defining five epochs with distinct hazard rates. ML
estimates and 95% likelihood ratio confidence intervals (Reed et al., 1996)

for the fire cycles in the five epochs are

Epoch Date Fire Cycle (years)
i MLE 95% Con. Int.
1 1940 - 1980 1980 373 — 73053
2 1880 - 1940 156 37 — 209
3 1740 - 1880 728 333 — 2209
4 1660 - 1740 111 63 — 223
) pre 1660 25 14 — 53

Notice how there is no overlap in confidence intervals in adjacent epochs,
confirming the conclusions drawn from the P-values in backwards elimina-
tion. For the most part the epochs identified correlate well with known facts
in the history of the region. The abrupt decrease in hazard around the mid-
dle of the 18th. century corresponds to the onset of the Little Ice Age, when
conditions cooler and wetter than those existing earlier prevailed - a fact es-
tablished from major advances in glaciers, and from documented lower fire
incidence in other areas of the Main and Front Ranges of the Rocky Moun-

tains (Johnson et al., 1990). The 1880’s correspond to a period of European

activity in the region. The Canadian Pacific Railroad, which passes through
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the study area, was constructed in this decade, and Glacier National Park
was established in 1888. While undoubtedly there was an increase in fire
frequency at this time, whether the increase can be attributed to the Eu-
ropean incursion into the region is open to question. Johnson et al., 1990
point out that many of the large fires occurring at this time were caused
by lightning rather than human activity. The marked drop in fire frequency
occurring around 1940 also occurs in other areas of the Canadian Rockies
e.g. the Kananaskis River Watershed (Johnson and Larsen, 1991; Reed et
al., 1996). It is tempting to conclude that this drop is due to the onset of
increased fire protection and suppression programs during and immediately
after World War II. However further detailed analysis of causes and sizes of

fires which have occurred in this epoch is required before such a conclusion

can be firmly established.
Conclusions.

The main result of the paper is a method of obtaining approximate P-values
for testing the null hypothesis of no change points in historical forest fire
frequency ws. the alternative of one change point with two distinct fire fre-
quencies. The method explicitly accounts for selection bias in deciding which
potential change point to test. If indeed there was in fact at most one change
point the method is sound. However one cannot be sure that this is a rea-
sonable assumption and that there was not in fact more than one change

point. Thus one needs a method of deciding, once a first change point has
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been identified, whether or not others should be considered. The methods
pursued in the paper follow the iterative methods of model selection widely
used in regression analysis — forward selection, stepwise and backwards elim-
ination.

With all three methods there are difficulties. For backwards elimination
and stepwise the main problem is the determination of the reference dis-
tribution for eliminating change points. In the article a somewhat ad hoc
approach has been used which ignores the fact that one is testing, for elimi-
nation, the change point with the smallest LR statistic, but does nonetheless
recognize the fact that with no change point on an interval the distribution
of the maximum LR statistic for a change point on that interval will differ
from that for a change point at a pre-specified location.

For forward selection the main problem is that of never being able to
remove a change point once it has been identified. This can cause difficulties
if the MLE in a one change point model is, in fact, some sort of compromise
between two or more real change points.

All three methods have been applied to real time-since-fire map data from
Glacier National Park, and give somewhat divergent results. However of the
three, the backwards elimination results seem most plausible. The other
two methods cannot reach the stage of including a third change point, even
though a four change point model seems very plausible.

Just as in model selection for regression, it is probably wise to apply all

three procedures and compare the results, along with residual analysis etc.
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and use statistical judgement to decide on a most plausible model.

Another approach to the problem, to be presented in a forthcoming ar-
ticle, is to consider a hierarchy of models — no change points, one change
point, two change points, ..., efc., with an associated prior distribution. Af-
ter calculating the MLEs and the maximized quasi log likelihood for each
model, one can calculate via the Bayes Information Criterion, a posterior
distribution for the number of change points. Thus rather than reaching a
conclusion involving a single model (with say n change points) the conclu-

sion will include various models with various numbers of change points and

associated posterior probabilities.
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Appendix. Derivation of the method of obtaining the
approximate P-value for testing for the significance of a
change point suggested from the data.

For testing

Hy: No change points (constant hazard rate) vs
H,: One change point (separating two distinct hazard rates)

between T and (m — 2)T years ago.

the likelihood ratio statistic is

R =(2— 4)ma.x{R1, p=1,2, ...,m—2}. (28)

m—3
where R, is the LR statistic (13) for testing Hy vs. the alternative H,, say,
of one change point pT years ago. The change point p* which maximizes
the r.h.s. of (28) will maximize the numerator of R,, i.e. will maximize the

difference in scaled deviances
VD = 25°(Q, - Qul (29)
where Qg is the maximized value of the quasi-likelihood under Hy, i.e. of

1 m—
Qo(go) = == Z s;log qo + y;jlog(1 —qo)] (30)
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and Q, is the maximized value of the quasi-likelihood under H,, i.e. of

1 P m—1
Qpla, @) = —{ D lsjlogai+y;log(1—a)]+ 3 [sjlogga+y;log(1—a)]}
j=1 j=p+11

(31)
We wish to find the distribution of the statistic (28) under Hp, i.e. when
41 = G2 = Go-

To order o([go — o)) we can write

Qo = Qoldo) = Qolan) + %))— (32)

where Iy(qo) is the Fisher information under model Hp. Similarly

AL (g0 — Ql)2 (q0 — Q?z)2
@ = Dlao )+ 5Ty 5/ Tola) %)

where I1(¢1) and I(gp) are the diagonal entries of the Fisher information

matrix under H,. Substituting into (29) gives

VD =@ h) | (= 6)] (=@

- 34
Vhta) T T 1/Tal) (34
Now from (11) and (12)
L X+ Xy X L Xy
= — = -, = —_— 35
@ Ny + N, n N 2 Ny ( )
where
p p
N]_ = Zsj—‘l X1 = Z Sy (36)
j=1 j=1
and
m—1 m—1
N2 = Z Sj-1 X2 = Z Sj. (37)

J=p+1 Jj=p+1
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As noted in the text N; and N, are the numbers of area units facing fire trials

between 0 and pT years ago and greater than pT years ago, respectively, and

X: and X, are the corresponding numbers surviving those fire trials. Also

Ny + N, N Ny
Io(q) = —, ©L{g)=—F—=, L(g= 38
W=y M=y POy (%)
Substituting these into (34) and simplifying yields
2
D 1 X, - N X, — N,

V2 B 3 1 1% N 2 240 . (39)

g N1+ N \/N102(J0(1 ) \/N202(I0(1 — @)

which is equation (18).

Now X; and X5 can be thought of as overdispersed binomial random
variables with, with expected values (under Hy) Nigo and Nagp and variances
N1c%go(1 — qo) and Nao2ge(1 — qo). For a fixed p and large N; and N,, from
the Central Limit Theorem, the two terms in the square brackets in (39) are
approximately zero-mean normal random variables with respective variances
Ny and Ny, and thus as Ny, No — oo, the distribution of %.;,_Q in (39) tends to
x3, the standard asymptotic null distribution of the LR statistic for testing
Hy vs. Hy

Another way of reaching the same result, which extends to the case of
testing Hy vs. the alternative H,, of exactly one (unspecified) change point

is the following: if Ny, Ny — oo with

M Ny
[ T,
N1+ N,
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then under Hy

X1 — Nigo ‘ Xo — Nogo
— B(7);
V(N1 + N)o2g0(1 — o) (VL + N3)ogo(1 — qo)

— B(1)-B(7),

(41)
where {B(t), 0 <t < 1} is a standard Brownian motion process. After some

re-arranging one can then show that

o = e B - B = [B(r)P (42)

where {B(t)} is a self-normalized Brownian bridge process, i.e. a standard
Brownian bridge process, {B(t) —tB(1)}, divided by its standard deviation.
From this it is clear that, for a fixed p, (since then 7 is fixed), %TD has
approximately a x2 distribution, as was shown above.

However for testing Hy vs. the alternative H 4 of exactly one (unspecified)
change point, the LR statistic depends on the r.h.s. of (39) maximized over
the choice of change point p, or in other words over the choice of N; and
Ny (with Ny + Np = ;-”___“11 s; fixed), and N; = Z?:l sj—1 for some integer
p between 1 and m — 1. Using the limiting Brownian bridge as an approx-
imation, the distribution of the maximum of ¥£ is then, for large N;, N,

o2

approximately the same as that of

M = max [B(7)]? (43)
TE{al ,QQ,...,am_'z}
where
f=18j-1
ap = =——— for p=1,2,...,m—2. (44)
j:l Sj—l



Now suppose r* is the observed value of the LR statistic (28) for testing
Hy vs. Hy. The P-value for the test is then P(R* > r*|Hp), which using the
Brownian bridge approximation, is approximately P(PA/%T > r*|Hy), where
62 is the Pearson estimate of the overdispersion parameter. Asymptotically
the distribution of the denominator 6%/0? is x2, where v is the residual
degrees of freedom. Thus it can be expressed 62/0® = 1 + € where € is a
random variable, with support on (—1,00), with E(¢) = 0, var(e) = 2/v.

The P-value can thus be expressed as

PR > r*{Hy) m P 2 i) [ P(M 2 (14 ) dF(e) (4)

where F(€) is the distribution function of €, and the second approximation
assumes the asymptotic independence of M and e. Denoting the complemen-
tary distribution function of the random variable M by Gs(z) = P(M > z),
and expanding Gu(r*(1 + €)) about r*, one arrives at following the approxi-
mation for the P-value
P(R* > r*|Hy) = Gp (™) + %QGM”(T*) (46)
where the error involves third and higher order moments of ¢
To find Gp(z), one can use the Poisson Clumping Heuristic (PCH) of
Aldous (1989) to obtain the tail probabilities of the maximum of a self-
normalized Brownian bridge process. Using the symmetry of the Brownian

bridge, one has

Gu(z) = P(max[B(t)]®> > =) = 2[1 — P(rpez}qx B(t) < V7)), (47)

teA
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where A is the set A = {a;,09,...,a,_2}. To approximate the probability
on the r.h.s we apply the PCH, first letting S, = {t € A : B(t) > /z}.
Then P(max,c4 B(t) < \/z) = P(S; N A empty). Aldous (1989, Sec. D.12)
establishes the “clump rate” for a self-normalized Brownian bridge process.
Using this one gets that the expected clump size in the finite set A is the

cardinality of the set

®°( ¢
Ci={ai€eA:a; —qa;(l- )\/_¢\(/\;z)<az§a,+a3(1 )\/_;z/\;)_)}
(48)
which we denote in the text by u;(j). It then follows from the PCH, since

the marginal probability that B(t) exceeds /z is ®°(y/z) that for large =

"CI)C(\/E)E 1(])j|) (49)

j=1 /‘1’112

Gum(z) = 2 (1 — exp

which is the formula (24) in the text. The correction formula (26) is obtained
by applying (46) to (49).

Many approximations have been applied to arrive at the results (49) and
(46) used in the paper to obtain approximate P-values. It would certainly
not be prudent to put much faith in the method without some attempt to
ascertain how well the approximations perform. The approximation (49)
can be checked for small m by numerically evaluating Gaussian integrals
to determine exact probabilities. This is not possible for larger m. However
simulation of a Brownian bridge process can be used for larger m, and further

in this case the “correction” (46) to account for variability in 62/0? can be

included.
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Table 2 presents tail probabilities using the PCH approximation (49);
using a x2 distribution, and the exact probabilities, calculated by numerically
evaluating the appropriate Gaussian integral, in the case m = 4 with a; =
0.5, as = 0.75. It can be seen that the PCH approximation is very good
especially in the extreme tail, and that when it errs it is always on the side of
conservatism. For other values of a; and as the PCH approximation appears
equally good. With m = 3 they are even better. The x2 distribution (which
would be the correct asymptotic approximation for a regular problem, but
is incorrect here because of the nature of the change point parameter p)
appears to yield tail probabilities which are too conservative (c.f. Worsley,
1988; Henderson, 1990).

Table 3 presents simulation results (10,000 replications) for m = 10, 20, 30
and 40. In each case the points ay,as,...,a,,_o were computed on the unit
interval assuming that the age-class distribution of areas was geometric fol-
lowing (3) and (4) with constant survival probability ¢ = 0.90, corresponding
to a constant hazard rate. Along with P-values estimated from the simula-
tions (95% confidence intervals) those determined from the PCH formula (49)
corrected by (46) and those from respectively an Fj ,_4 distribution and a
x2 distribution are displayed. The x3 distribution which ignores variation
in the estimate of the overdispersion parameter, as well as being incorrect
for the reason stated above, yields P-values which are much too small. Its
use is not recommended. The F5,,_4 approximation includes variation in the

overdispersion parameter, and performs better than the y2 approximation,
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but still tends to give P-values which are too small. The PCH approximation
does well in the tail, (as one would expect since it derived on the basis of
sparse “clumps”) but errs on the side of conservatism (except for m = 10 and
small P-values). For m > 20 the PCH and F5,,_4 approximations bracket
the Monte Carlo values, and would thus seem to provide useful bounds for
the true P-value. For smaller values of m it should be possible to improve the
PCH approximation by including third and higher order terms in the Taylor

series expansion leading to (46). We do not investigate this further here.
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D 1 2 3 4 > 6 7 8 9 10 11 12
R, 124 291 132 104 021 61 1.28 243 4.18 6.92 947 11.99
I~?7, 204 522 123 056 0.06 0.02 0.26 0.95 2.22 434 573 6.36
13 14 15 6 17 18 19
9.48 9.72 8.43 14.40 3.50 0.06 0.19
264 131 ~0 - .03 .75 .07

Table 1: Values of the likelihood ratio statistic R, (13) for testing the null
hypothesis of no change points vs. the alternative of one change point at p
(i.e. pT years ago); and of the likelihood ratio statistic, R,, for testing the
null of one change point at 16 against the alternative of two change points

at 16 and p.

Jz 1 15 20 25 30 35
exact P(M > z) 49 .22 .08 .02 .01 .001
PCH approx. 54 .25 .09 .02 .01 .001
X2 approx. 61 .33 .14 .04 .01 .002

Table 2: Performance of the PCH approximation and x2 approximation for
the probability that the maximum of a self-normalized Brownian bridge over
{a1; = 0.5,a9 = 0.75} (corresponding to m = 4 age classes) exceeds values z.
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Observed LR statistic r*

m =10 5.0 7.5 10.0 12.5 15.0
PCH approx. 477 209 .083 .031 011
F,¢ approx. 163 .088 053 034 023
X3 approx. .082 .024 007 .002 .001

Monte Carlo .25-.27 .13-.14 .07-.08 .04-.05  .023-.029

Observed LR statistic r*

m = 20 5.0 7.5 10.0 12.5 15.0
PCH approx. .585  .229 .083 029 010
F; 16 approx. 114 .046 .021 .010 .005
X5 approx. .082 .024 007 .002 .001

Monte Carlo .25-.27 .10-.11 .04-.05 .02-.03 .010-.014

Observed LR statistic r*

m = 30 5.0 7.5 10.0 12.5 15.0
PCH approx. .603 273 .095 032 011
F5 96 approx. .102 037 015 .006 .003
X3 approx. .082 .024 .007 .002 .001

Monte Carlo .30-.31 .11-.12 .04-.05 .015-.021 .006-.009

Observed LR statistic r*

m =140 5.0 7.5 10.0 12.5 15.0
PCH approx. .607 319 108 .035 .012
F5 36 approx. .096 .033 .012 .005 .002
X5 approx. .082 024 007 .002 .001

Monte Carlo .32-.34 .12-.13 .05-.065 .018-.023 .007-.010

Table 3: Approximate P-values calculated using: PCH approximation (49))
with correction (46); an Fy,,_4 approximation; a X3 approximation, along
with 95% confidence interval for the P-value calculated from a Monte Carlo
simulation with 10,000 runs. The four panels correspond to different numbers
(m) of age classes.
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