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" ABSTRACT"

Synthetic Spectra were produced in order to study the 012/013
ratio from CN bands’ in carbon stars. All the lines of C!2N!* and’ ClaNlu
were included in the regién from A8000 A to A8300 A. A Voigt profile
was assumed and various turbulent velocities were”used in the calculations.
. Tﬁree temperatures were used in m;king the theoretical calculations,
3150, 2800 and 2400 K.-

Tws metﬁods were used f; detéfmine the iéoﬁope ratio. ihe'
first involved the matching of the synthetic sﬁectra‘to the observed
: spectra of the star. The second method was a moaification of Fujita's
empirical pseudo-curve of growth method (Fujita, 1970) .

The results of the empirical pseudo-curve of growth method
were much lower than those found by Fujita (1970) but agreed well with
the results of the other method;“ The averages of both methods for the
assumed excitation temperature are: |

;, ‘ _ - 'Star ‘Temperature. ¢l2/cl3

19 Psc 2800 K 6.0
_ DS Peg 2800 T 8.6
- Ycwm 3150 4.2

UX Dra. 2800 . 6.4
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CHAPTER 1 - .

INTRODUCTION

i.l General intro&uction.
The abundance of the more common form of darbon,_clz, relative.
to another of its isotopic forms, Cla, is of particular intereét to
astrophysicists as. C13 is a byproduct of the CNO bi-cycle. The Clé“that
is produced in the star's interior is brought to the. surface by cﬁnvectioﬁ-
currents. It is thought that the equilibrium value of the abundance fatio
p12/cl3 is about four (Caughlin, 1965) for the CNO bi-cycle: However
before equilibrium is reached the-fatio may be as low as three.
One variation‘bf cl3 production, ﬁroposéd by Hayashi (1964),
- allows the Cl3 to become even more abundant. if the abﬁndance of '
hydrdgen is sufficiently 16w, in an intermediate helium zone, cl? will
be converted into N!3 which decay# to ci3, Tﬁe next step in the CNO
_ bi-cycle does not take place becguse the hydrogen abundance is too low..
The end product sf the reaction is qla dand its abundance continues to
increase.
'The lower limit'éf the abundance ratio.oﬁe would expect to
observe may be less than three while.the.upper 1imit may possibly approach
or eéxceed the terrestrial value of ninety. Depending on the amount of '
mixiné within the star the obServéQ abundance ratio could be any value 7
in this range, assuming the CNO bi-cycle 1s operating. Studies of the :
rate of ﬁixing (Caughlin, 1985) indicate that the rat16 would be of the
order of ten or less. If the observed C!3 abundance is near the terrestrial _
~ value fhe only explanatiohs would -be that the CNO nuclei could not have

. gone through hydrogen burning for any length of time,- that the Cla that -



E‘,_was"cre;ted was.destrOyed ﬁf some other process orlthét Ehe cl3 was n&t
bréughf to the surfécé by convection,

) If the relatiVE‘abuﬁdancés of these tgd cafbon isotopes,
(Clzlclg), éan be determined in a star's atﬁosphere, then the amount. of
mixing taking place and the presence of the CNO bi-cycle would be indicated.
The spectrum of atomic carbon is unsuitable for the stud& of the 1sotopic
abundances as the isotopic shift in wavelength is negligible for such

" massive nucléi.as carbon. The isotopic shift of molecular lines is a
fuﬁctio; of the reduced masses of the two molecules containing the dif-
ferent isotopes and is large enough to resolve fhe cl2Z and cl3 featﬁres
easilf. The p;ominent C2 and CN bands in the'CArbon sfars‘are sultable

for studying the c12/ct3 abundance ratio.

4

1.2 Early work.

The first reported observations of Cl‘3 were made in 1929 tSanford,'
1929) when the (1,0) band head of the Swan cl2¢l3 §§§tgm was recognized at ‘
4745,2 A. Another band head at ;';552.7 A was first th‘ought: to be cl2¢lh
but was later found to agree bétter with the calcuiated:position of
cl3cl3 (Menzél, 1930). These-earl; Spécthgféﬁs had'a'veff low aiSpér--
sion and only a very rough es;imate of ‘the ¢12/c!3 ratio could be made.
-The-estimated.value from these early spectrograms'ﬁas from three to, five
with an upper limit of ten. ' | |

Shajn (19425 stgdied séveral N type carbon stars, agéin ét a 1ow-
'dispersiqn, psing not only the (1,0)‘band but also the (0;1) and (0;2)
bands of the Swaﬁ system of C,. He found a variation in the abundgnce'
ratio‘bétween 2 and 20 from the ratios of the intensities of the cl2¢l2

and €12¢13 band heads. The spectrograms were suitable for photometric

measurements and the intensities were measured from microphotometer tracings.

O



bnly in one star did he find.definite evidence of 013013‘(Y‘CVn)ﬂand-iq’¥
"‘R CrB there wés no. trace of the isétOpié bands of 012013 and cl3cl3,-

- This was the first indication of a possible range in the abundance of
cl3, However it was uncertain at first whether the difference in inten--
sities of the different isotopic bands was due only to a Qiffgrenceﬂin
) aéundance-or was due to the conditions of excitation. It was found that
the rgﬁio of in;énsities of ¢!2c13 bands to cl2cl2 bénds'increased
enormously between laboratory measurements using an arc and those using
a furnace, for the éame-mixture of ¢12¢12 and Cl?cla. _Fortunately oﬁe
~ can check the accuracy of the abpndance ratio determined from ¢l2¢l3
and C12¢12 bands with that obtatned from 13¢!3 and C!212 bands. The
ratios found by Shajn (1942) for Y CVn using these bands agreed within

experimental error.

1.3 Extensive studies by McKellar.

The earlier works were concentrated mainly on a small number
. of.N type stars and used different methods to determine the relative
intensities of the bands and thereby the C12/c13 ragié.rhﬂqullar'(1948;
" 1949) instigated an observing program designed t; covér a lafge éample
of both N and R type carbon stars with se§era1 spectrograms of each star.
A total of'tw;né;-one‘R stars was studied at dispersions of 42 and 70
A/mm. An attempt was made to account for the overlapping of isotopic bands .
. of ﬁﬁéiCiIl,O) band by lowering the continuum by an appropriate amount,
determinéd:from those stars in the study which showed little or no evi~
" dence of C12¢!3 bands. Also an attempt was made to remove the effects

of atomic and other molecular lines by subtracting the intensities obéérVed*

in the same regions of the spectra of the sﬁn and Arcturus from the



mqagﬁ;édfintensity; vCurve‘of growﬁﬁ effects wefe assuméd to‘bg.smailmfgg
fifteeh of the twenty-one stars and the abundance ratio was determined
. from :hé relative intensitiesjof the Clzclz, cl2¢l3 gng ¢13cl13 bands:,‘
.If-this assumption is valid then the materiai through which the light
has passed is optically thin and the infensity»(equivalent width) is a
linear function of the nuqber of molecules. A more cbmpléte-deséription
of the curve of growth effect will be given in a later chapter of this
thesis., Of the“fifteen.stars the abundance for three was found ta be
greater than thirty and for the other twelve the ave;age abundance ratio'
obtained was 3.4 . _

| . For the other stars the C}2¢!2 bands were probably saturated
* while the c12¢!3 pands were not, If the equivalent widths of these bands
had been used directly, the abundance ratio determined would have been

a lower limit because the actual number of cl2cl2

molecules giving rise
to-thé band would have been greater than the number sdpposéd. |
At the time, this survey'(McKéllar, 1948) Qﬁspthe best available
. becausé it treated a large number of stars with as high a dispersion as
was feasible., In the band hea& regions stuﬁied'(7.5‘§ widéj thgré were
as many as seventy lines blended together, To study the band structure
a much higher’ggspersion was necessary. It appeared that carbﬁn stars
could be separated into two groups with different Cl3 abundances, ome
group with a small ¢13 abundance approaching the terrestrial valﬁe and
the other with a high 013.abuhdanqe. Although this is what one might : . -
expect fr;m cﬁr;ent theories (Caughlin, 1965) it was in conflict with

theories held at the time. The theoretical equilibrium €!2/c1? ratio

"was thought to be seventy and the initial ratio before the onset of



the CNO bi-cycle would have had to be near three (McKellar, 1948) to -
- account for the observations. This was completely opposite to the current

theoretical work on the CNO bi-cycle stated earlier in this thesis.

ﬁ1.4 Recent surveys. _

Wyllef (1957) attempted to deal with the overlapping of bands
~ in a different way. He became aware of the problem of overlapping bands
‘when the rotationmal temperature-dériﬁéd from the inteﬁsity ratioé of
four C; bands showed a large variation. The cause of this discrepancy
was the additional ab;orption due to CI?‘C13 and C13¢12? pands ovérlapping
the measured C12¢!2 bands. The effect.of blending was considered dy
calculating theoretiéally the ratio of the contribution of these bands .
and the étrength of the P; band head as a function of temperature. From'
such a graph, for a given temperéture, the intensity ratio could be
found. By multiplying this ratio by the observed equivalent width of
the P, branch band head, the actual contribu;ion to the other regions
cpuld be found. The effects of the curve of growth were still not taken
into account as direct intensities were used to form the theoretical -
ratios, not equivalent widths.. | 1

. In more recent work (Wyller 1959, 1960) a different region was
studied and the CN molecule was included. The contribution of other“
bands to the 012013 bands and to the C13N1"-bands was removed as before.
Also the observed equivalent'width was reduced to account for atomic
absorptioﬁ. After both of these corrections had been applied to the
obseved equivalent widths the abundance ratio was calculated. One

disadvantage of the method was that once again curve of growth effects



- e L s . .' .5‘=-;«r.«:.-e_r; i
- were omitted, Another source of error in the final value was . the sizea._.‘m

°f ‘the correction aPPlied to some of the equivalent widths. In one:casef-:-:”
(19 Psc) the unreduced (0 2) ¢l12¢13 equivalent. width was 4 12 Angstroms :
and after corrections were applied it was oaly 0. 95 Angstroms. The
resulting error in this value ‘would be the compounded errors in the choice
of excitation temperature, contribution of blending and to atomic absorption. .
Since the red system of CN had not been extensively studied tbe

line positions were calculated using theoretical formulas and constants’
determined from a best fit to laboratory measurements that were avail-

‘able. Extensive tables of the CN red system (Davis and Phillips, 1963)
had not yet been published, When the earlier calculated positions usedb

by Wyller were compared to these tables there was a difference of from
- 0,5 A to 0.8 A in the band head regions. The accuracy was sufficient‘if ,
only small regions were studied as this error was almost constant fot'low
Jlrotational quantum numbers (lines near the band head). In order to study
a large region with overlapping bands either the tabulated line postions
or a better fit of the theoretical equations to these observed‘linei'
X postions wonld be necessary. Also if the constants for cl2nit werei
known the constants for cl3§1% could be calculated by relations in |
‘Herzberg (1950, p. 141). o
Climenhaga (1960) computed theoretical profiles of the 02 Swan b

bands by summing the absorption coefficients as had Wyller but then |
accounted for curve of growth effects bp using Minnaert's semi—empirical.

formula (Aller, 1953, p.372),
==t = . : 1.1

where R1 is the depth of a spectral line at wavelength A,



‘R, is the limiting.depth of a line, typically 0:94 to70.§8;‘f

N is the number of molecules per unit area in the 1ine-of =

A is the molecular absorption coefficient. .

The theoretical equivalent widths of the band heads were then

'éight’and‘u

plotted as a function of a quantity that was proporgional to N, the
number. of molecules. Using the measufedlequivalgnt_w;dths the ratio
of t;.he number of ‘absorbing molecules of both C12¢12 and c!2¢!? could be
determined from these graphs. As lines of cl2clz, cl2cl3 and cl3cld -
occured in the same region a combination of these lines ﬁad to be included.
' Different abundance ratios ranging from four to ome hundred ;ere used
when calculating the profiles, covering the exéectéd range in the abundance
ratio. The results are given in column D of Table I for two of the stars
studied. Two of thé twelve s;:ars studied showed no m.easurable amount=of
cl3, as McKellar had noted (McKellar, 1948). If the measured équivalent
widths were compared direcgly (1gnoring cur{e of growth éffects) the
caleulated C!12/cl? ratio would ha.-v;e been decreased by 7’-575. The Cl2¢12
bands were saturated while the c!2¢13 and 0130?3-bands were,not-~ThiS.gave rise
“té'the large diffeéence: | -
When the calculations were extended to.the red region (Climenhaga,
1966) a different method was a§0ptéd. Since the band he;ds of the CN red
system were not as well defined, individual lines were studied. Profiles
of the (4;0) CN, (2,0) CN and (0,2) Cy bandé were calculated by the same
me;hod as:in the earlier paper (Cliﬁenhaga, 1960). The strength variab;a,
a combination of Ehe constant terms in intensity and the number of molecuies,
was varied until there was good agreement bétween the theoretical profiles
and the observed intensity tracings in regions wheré there were lines of

cl2nl% and ¢12¢12 only. Lines resulting from molecules containing C13



Table I

Comparison of C'2/C'?® ratio for selected stars, (by various authors).
| : .

Star - A B C D E - E G H I
19 Psc ‘ 20 9.8 8.1 7.5 22 | 6.0
1S Peg 4.4 16.1 8.8 27 8.6
YCm . 1.68 1.8 55 3.8 2 4.2
UX Ura 1.9 ' / | 4.1
WZ Cas 1.7 | 7.9 4.3
Authors
A Wyller, 1957 F Hira%, 1969
B Mannino, 1957 - ‘ | ' G Fujita, 1970
C Wyller, 1960 H . Climerﬂlaga, Holts. and Smolinski, 1971
D Climenhaga, 1960 | ' I This thesis |
E Climenhaga, 1966




- were then chosen which were relatively free,of atomic absorption and well

;separated from other molecular lines. The theoretical depths for abundance‘u'd

r'ratios of 100 20 and 4 and the ‘observed depths were measured for each’ 1ine.i

'zThe theoretical line’ depths were then corrected for instrumental broadening

. using the formula

iy £E) 0Gmt) L
NRIGKT
where £(£) is the uncorrected profile;

@(x-gj is the observed instrumental profileu";

‘and Iy 1s the corrected line depth.’

The use of this formula will be described 4n more detail later in ﬁ; .3:

" the section on instrumental profiles. When the corrected depths were kN
plotted as a function of the abundance. ratio, the observed abundance -
.b ratio was determined for the observed line depth. .

A second method,-which made use of the equivalent widths of the . ‘
lineS'instead of depths, was also used. When a group=of lines of CIZNI? o
or ¢12¢12 coincided in wavelength and were unblended with other lines.
‘and.the-corresnonding lines of Claﬂi“Aor cl3¢l2? a1s0 coincided.and were
unblended, then the two groups of lines were treated in‘the same way that .
the band heads‘werenin the previous paper; The-average value found from
both of_the methods for these bands is given in column,E'or table I.
| A more extensive.study of carbon‘stars was being.carried out

during this time by Fujita and his colleagues. Their work included

classification (Fujita, 1965, 1967a, 1967b, Yamashita, 1970) and 1ine "

identification (Utsumi, 1963 1967) The whole.problem-of the interpretation

.of the spectra of carbon stars was discussed. The region from A7800 A to

28300 A was-investigated'forfcl3N1“ features and manj lines were noted

Sttt s
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Comparisonﬁpf empirical .pseudo-curve of gfowthiiésulfs with this thesis.
' L - ) : : . e

-
o= -

Star

19 Psc

DS Peg

Y CVn

w. N

W R

3150

1.6

20,0
15.9

12.4

¥ W N -

20.0

12,6

23.1

.2.0
2.8
5.5

2800

1.8

22.0%
6.3
5.6

. 27.0%
7.0
10.1

' 3.0%

2.0
2.4

TABLE II

2520°

2.0

30.0

40.0

5.0

2400 2100

2.1 2.4
38,08  70.0
20.0 '

15.3

50.0% - 100.0 .

17.8
26.5

6.0*  10.0
3.2
6.2

1800

2.8 -

80.0

150.0

20.0

Fujita, (1970), empirical pseudo-curve 6f growth metliod

This thesis, empirical pséu&o—curve of growth method

This thesis, depths method

"interpolation from ngita,r(1970)

“ot. -
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:(tables in Fujita, 1964 1965 1966 1968a, 1968b and’ 1970 Fujita and | ‘:i{;ﬁ
Utsuni, 1963, FuJita, Teuji and Machara, 1966). Fujita developed & method Vo
.which accounts for curve‘of:growth effects -without making an.assumption'
about the'form.of.the relation betwéen the number of moleéules and the«}ine
depth. A description of his metliod as well as how it haé been applied to-
'this study is given in the'séction-on the empirical pseudo-curve of grqwth '
method. The_résults obtained using Ehis method were found by Fﬁjiéa to
be highly dependent on the Ehoice of excitation temperature (Fujita, 1970,
Fujita, Téuji and Maehara,. 1966). Some of thépvalues in table IIX. (those
of Fujita) are interpolations for the temperatures used in thiésstudy;
The résults %nlcolumn G ;f table I are for ‘the excit;tion temperéfure
- chosen from ﬁtsumi*(1970); |

The present study was the. continuation of the ﬁurk'of Climenhaga
(1966) in the red region. It was deéided to extend the eariier calcu-
lations on the CN(2,0) band into the region from 18000 A‘to 28300 A and |
to include-the CN(3,1) band. In order to consider the overlapping of
two vibrational bands it was necessary to use the’ complete expressions_
for line strengths 1nstead of simply the Hﬂnl—London factors used previ~.
ously, Those lines of the CN(2,0) band that fell in the region were
as strong.as‘FQose of the CN(3,1) band so that the correct intensity
yariation“be£ween vibrational bands had to be included. In view of the
different results obtained by varioué authofs,.see table i, for the same
- stars 1t was decided to use two méthods, the.depths method and a mﬂdi—‘
fication‘of Fujita's méthod. Also as two different dispersions were
. qnployed it was possible to study the effects of an instrumental profile

‘on the results obtained ' . ot .



GHAPTER 2

_ EQUATTONS and METHODS

‘2;i Introduction. | | o

| The computation of theoretical profiles may be broken into several’i B
"parts; The first is to obtain accurate wavelengths or wavenumbers‘for :
the transitions of the atoms and molecules to be considered Secondly
an expression for the intensity of the lines as a function of temperature
-must be found.  Next the effect of several line broadening mechanisms .
. must be applied to the intensity. ' The broadening of”spectrallinesfnay'»
arise from DOpplerreffects, natural broadeningiand collisional oroadening.::
After the intensity as a function ofiwavelength:is;conputediﬁy;summiné*
'contributions from ali lines, it must be converted to a profile by use'-
of a relation equating the intensity with line depth. r

The formulae and constants used to generate the cl2yl% and Clsﬂl“

nline positions are discussed in section‘2r2 » The intensity factors
and populations of the energy levels are‘described‘in 'sections. (2.3 .and .2.4.
A discusaion of the absorption. coefficient and broadening mechanisms is
| found in sections 2.5 and 2.6 . The calculation of actual line profiles B ;
as well as the addition of an instrumental.profile is discussed in
sections 2.7_and 2.8 . “Albrief description of the photographic plates:
follows. In the final sections the two methods!useddto evaluate the |

cl2/cl3 ratio are outlined.

2.2 Line positions and notation. : . " ‘ ‘ . m‘;ﬁ
Accurate positions for all limes to be studied must. be obtained ~n
before a profile can be calcualted. Laboratory spectra may be measured .

and the line positions tabulated for future reference. Severalﬁproblems



L - becomes so’ large, (for each vibrational band there are. about 600 1ines o

' arise'bowever.f Fbr molecular Spectra the number of line positions

[

; in the case of CN), that using. the tabulated values becomes impractical. _lj;: A
'l.Also tables of.wavelengths often omit.positions‘of sometlines wbichtare » -
blendedfin'band heads. . Whole band systems are oiten‘ouittedﬁif‘they are"
weakJ-.They contribute to the overall absorption but- the individual
,lines cannot be 1dentified because of blending with stronger lines. A
-‘better way to represent . _the tabulated data is to fit an analytical expres- -
-~ sion,-which is-derived from theoretical considerations‘of'diatomic mole- B
cules, to the available observational'data. The positions of unmeasured

linescan then be predicted. Another advautage-of the analytical.formula-

o is that once the constants are calculated for one isotopic species of a

molecule, the positions for all other molecular species may be predicted.
The constants need only be transformed by formulae given in Herzberg -
(1950, p.106) and. Fay, Marenin and van Citters (1971)
| Early attempts to fit an analytical formula tao the observed
positions_of CN,N(Weinard, 1955 and Godfrind, l959). were only moderately )
successful foritwo reasons.l They did not'have,aylarée=number of.obser-f
vational data and the enpressions used ‘Wwere. only first approximationsrl
to the actual_euergy‘levels. Calculations of the constants were based
on the.studyrof only one or two vibrational band systems. The equations
usedldid not consider thelspin-orhit;doubliug«oftthel1owerustate:or o
the A doubling of the upper state. - |

-Once extensive tables of line positions were published for CN,
(Davis and Phillips, 1963). Poletto and Rigutti. (1965). made a least%
squares fit of more accurate formulae to these tables. Theilr results

when used to predict the positions of the observed lines of high



TABLE III

~ Molecular Constants -for C!2N1%, (A20-X2%E)

i= 0 vo1 2 3 4 , 5

w} —  1813.474  -12.8272 °5.610x107°  -4,192x107%

oy . —  2068.435 = -12.9765 -3.082x10" 2 1.228x1073

by 1.71547 -1.73452x10"%  9.583x10°%  -2.756x107° 4.323x10"%  -3.324x10°°

bg= 1.6x10710 bre sx10712

bt 1,89931 -1.72786x10"%  -4.740x107° 4.512x10"7 3.533x1071%  7,87x10712
dy 6.1534x10°%  7.81x107° 6.83x1071%  1,164x10710 |

dy  6.3782x10°%  4,309x1078 -9.,65x10"? 6.90x10"10

hy  7.47x10712 g, 0x10714

hy  8.07x10"1%  .5,0x10714

al  -52.694 8,4652x10°%  3,5089x10"3

‘py  -6.4968x107%  1,6160x10"%  -9,3257x1075

4 9.470x10"7 2.332x10"6"

4

q} 3.3115x10"
Y. o 1.5687x10°%  -2.835x10" 1.9084x10"%  -1:9352x10°5

T'=  9240,041 TY= 0.0

KA



rotational quantum ‘number yleld an error of up to 0 8 A. This indicatesg
that the equations used did not account correctly for the interaction '
between the rotational and vibrational motion of the molecule..

" The rotational and vibrational constants and . expressions for the.fﬁ:

energy levels used in this thesis were obtained from Fa?,,Marenin and.l
‘vanlCitters 61971),7 lhey made a 2 iit-to obtain constantSjbased onf;"
the ﬁositions of about 1300 lines from 21 vibrational bands for N".
(the rotational quantum number of the'lower state) up to 100;'rihe :ib
accuracy 4s said to be 0.1 A or better for lines of lower vibrational

bands .and N" < 80, while for bands of higher vibrational quantum number '
;.the accuracy was maintained for N"-< 50.

The degree of accuracy obtained by fay et al required more

: adequate notation than that.previously used., For example (Herzberg,_

‘ 1950, p.106) the expansion of Bé as a function of v is-usually taken',iirk”
to three terms while in Fa}'s paper the expansion is carried'to,eight

terms in tbe case of the upper state and six.terms.for the lower state.
In tliis thesis their notation has been adanted s0 that there ls as. little
conflict with previous notation as possible and yet it is able to represent
the increased number of constants. The capital letters have been used

for the rotational and vibrational constants while for the coefficients

of the expan;ion as a function of the vibrational quantum number the

y corresponding small letter has been used. This required changing

the notation for the comstants for A doubling and y doubling from

~ that used in Fay's paper. Also Pv has been used in this thesis for

. the ¥y doubling constant, while Fay used &y and Herzberg (1950) used y. .. “:{,12

Instead of expressing the lambda doubling terms separately. and -
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v

; applying them to the expressions for the branches, ‘as. Fay et al. did

"f in this work.they have been included in the expressions for the upper . _* ;
xflevels Fay et al. use four expressions two for the upper levels and A
jltwo for the lower. Actually there are~four.levels, two for each .
) \;l“ rotational quantum number for each of the two. upper states, and two -
Alower 1evels. The different levels are-indicated in diagram 1 The
-;d symbols used to denote the levels are Fic, iD’ ZC’ FED’ f; and FE -
Slightly different notation was used to describe the A doubling terms.
:}3'151* Herzberg uses @ and @d associated with Fé and F' However in this2" a
H case there are four different possibilities ¢1c, ZC"QID and-¢2:
| formed by the combination of three different functions kl’ k2 and k3
These three functions are defined by Fay et al. (1971) and “are from. -

Mulliken and Christy (1931)

The formulae for ‘both the six main and six satellite branches LT.;- 7 }T

¥

are included in this thesis. In figure 1- the energy 1eve1 diagram for

the A2, -X2g transition is shown. The splitting in the upper 2n state :

inv
- ishdue to spin uncoupling into'znk and ZH%. The zu% 1ies lower than the
2@% hence_the level is inverted " That is, ‘the spin Splitting constant A,'
is negative. Furthermore for each valve of the upper state rotational
quantum nnmher‘J‘rthere are two closely spaced levels. This splitting~. ‘
is caused by the interaction between the rotation of the.nuclei and T,
. the‘orbital electronic angular momentum vector, and is,called A doublingr_

Expressed in terms of the upper state rotational quantum numher, J', and . _ fé

" with thelrevised'notation, the formulae for the rotational energy”are

4



Rotational terms for:;he“zn state

' tra ' : 2 (o - ™ '~¥‘té ;i o
Flc“(J )=B . {(3"+) _-1-S.(J )}. D7 HLTH, (37
FipWeE, LGB 2-1-8(NI-D 3 310 (1) L

2.1
(J )=B {(J +5s)2 1+5 (3" )}-D ' (3 +1)"'+H 3 +1)5+¢ZC(J )

(J )=B_ {(J'-I-35)2-1+S(J )}-D (' +1)'*+H (J'+1)5+¢ (J)

where S(J )=%/4(J'+%)‘+Y (Y ~4 )" S
2,2
. and T, ,-A /B '
The four tems. for A doubling are (Fay et al., 1971);

tyc )= k1 (3") -k (3") +Ha(@) I

¢1D(j')= k1 (J') -ka(J') -ka(J') , "
| | o 2.3

0,0 (3= k(') He(I') Hka(3h)
2= G Ha () ()

and the three functions kj, kp. and k3 are
k1 (J' )-35{ (1-%Y .)(%P 11, )+Qv (') (' $) 1 +5) /(I )
k2 (J' )=%(%Pv|+er)(J'-%)(J'+%)/5(J ) 7 L ; 2.4
_kB(J')?%(%P .+Qvi)ta'+%)
"The otational constants B ot ? D ' - H o'? P oy Qv' and A v may be
expanded in terms of the vibrational quantum number v' ' in order to |
" account for the interaction-between'the rotation and vibration of the
molecule. Also the isotopic effect on the constants may’be-included
. by multiplying each term of the expansion by an appropriate power of p‘n’q"."x;z

~ where p=fu/ui ; | ) o R 2.5



19

,u'is the reduced mass of the molecule C12Nl% -

" and "i is the reduced mass of the molecule cl3nth

In the case of CIZNI“, p is equal to I in the following expansions
A = { ol 2t (vt
v' =0 1
. T 442
1o

Pyt 1=0

3
= 1 p:,{M di (v'+y)
i=0' \

1 i+6 _ i
=¥ e " h! (v'4)
i=0

b (vt

i
v

2.6
i
=3 oM o1 e’
2
Q=1 pt¥h aj v+t
1=0

The values for ai, bi, di, hi, pi and-qi are givén in table III;_' ”
Following convention the units qf all constants are cm-l. All constants
for the upper state are primed, ('), even though there may not be a
corresponding constant for the lower state. “

The levels of the lower 2I state are Splif by v type doubling.
(Herzberg, 1950, p.222) except in the case of N";O—for which.there is
only one level; (F;). The rotational energy leyels for Fhe lower state,
expressed in terms of the quantum-number N" are;

Rotational terms for the 2_E.state

FY (N")=B_yN" (N"+1)-D_,, (N") 2 Q1) 2y, (") 3 QNP41) ST, " -

ER (V=B " () D () 2 (N1 24, () 3 (1) 357, (841)

- The rotational constants of the lower state may be expanded in

the same way as those of the upper state;




{pwww

) n=
A Y

& S
+ : n 2 pi+2 b; (vﬂ'";i)i_
. "3 D L 2.8
. W Z p:l'«M d" (v"+%)i' T .

i

@quwi
i=

[

- Note that the Y doubling constant is T v instead of the customary

g0

y; The change.was necessary to maintain the use of 1ower case characters:',

 for the expansions and capitals for the. constants. This is the-only;""

‘ serious conflict with established notation.' :

These expansions for the rotational energy levels ‘may be combinedﬂ"

‘to form the twelve branches as shown in figure 1. The designation of the”:5

lines of each branch refers to the lower state quantum number’ N" The )
tern values of each of the twelve branches can.be calculated from the .
following equations; e

with J{=N“+% and  Jy=N"-4

_ Main branches

P (N") v +F (J" 1) Fu(Nu)

P”(N")-v +F‘

3o D-ER ()

. QI(N“)=V +F (J") F" N")
2.9

Qz(N”)—“ +F!

e ACD

2
Ry (N“)-v +F1C(J"+1)—F;(N")

"R2(N“)=v SHEL (T3H)-F (V)



o N 21/ .
Satellite branches : . .; "
(N") \, +F (J" 1)-F" (N")' e . .

21(N") v +F2C(Jgf1)-rgcu");'

Q (N")-V +Fl' (JII) F“(N") d ] . B 77
vt 1c | R TCE

Qyy (N")=v_ +F5 (31)-F7 (N")
-R'lz(N“)_v +FiD(-Ju+1)_Fu(Nu) | - 7‘ . . . N )-_‘_,_u ;

I(N")H\J +F (Jll+1) F"(N")

where Voo 18 the band origin and is the di¢ference of the - ' :
.electronic, T ’ and vibrational, G(v), energy terms for the upper and g
©  lower states. ' | 5
= ;_ t1 1 1: e -“ , 1 ' - . “ 1 ‘
Yoo (Te Te)f(G.(v )~G" (v ))+(Ge Ge) o _2.11 |
The constants'T; anle: are given in table III. G'(v') and -
G¢"(v") are found from the expansions; -
by
G'v)=Jp" wy (v - o
- =l | o L 2,12
o 4 4 : . o
¢"(v")= 1] p wy (v''+s)
. i=1 : i
There is a-final term Ge for the electronic shift-due to the- k!
isotope effect on the electronic levels (see Dieke, 1935). For the
Auppe:; e.lectroﬁ':l.c state;
o'z ~p2 hﬁL r_l ry2 - . : R
Ge Qv.{L(L+1) AcH 8 {3&2 % (91) } L '2.13 S
vhere ., 5 - | T _ L
cl= 2 wd + Z(ci)z , , o , L

r\‘ ’ - . 2 3 b6 2 1A . - ‘.A:

LRI T C L




el
,‘,,\

‘zf systematic difference was noted; (Fay et. al., 1971) If L=2 was used - y:“?f

>

* 'The orbital‘electfonicﬂangular momentum, L, and;itS”projeccion"_'
J*the'internuciear anis Klwere-fonnd'from the free—aton‘épproximatien.i;ff{:,‘f

When the values L=1 A-I vere used to predict the CI3N1“ positions ‘a n'“ﬁf,ff:uﬁﬁf

. the agreement for ClaNl“ was found to be better. Dieke (1935). noted,

e,that in cases of doubt the value of L could be found using formula 2.13n
ﬂ;‘land the observed shifts.  The constants for the lower state were N
:Jicalculated using the values for wj, uf, b, by and Bvé:in equation-”
!;h2;13 along with L=1 and A=0. . In.the terms ¢, and c, the p terms cancel

 for the isotopic molecule ClaNI“; That is

1" M2 - rTewnz -l 215 i

but must be retained for the b} term in equation 2.13,

- 2.3 Line strengths.

In order to calculate an absorption profile for a line at wave-

. length X the absorption oscillator strength, f12’ of the transition must .

,be known. The ‘£t value is related to the line strength S (Tatum, 1967)

by

. 8r?me B T
£127 Sne?ia; S

F*wﬁene ﬁl is the statistical neight.of the lower level
. h is Planck's constant - | 7- |
e is_ehe electfonic‘eharge
' n is the mass of an electron
and ¢ 1s the velocity of light.

If the sum rule. (equation 2.19). for the Honl-London faetors_

is obeyed, the statistical weight is the electronic statistical weight.



TABLE IV

HBh;-London.Factors

P2 (J%) }
Py (IY)

(234-1) %2 (204-1)x{¥2, -4, + (204-1) 2} 0 Sx (4T42-4T3+1-2Y ) -
| 16J - “

(2J?-1)21(2J§-1)x{Y;,-4Yv,£(zJ?-1)’}'°°5#(4J?i-4JT77+2¥v.)

P, (JY) }
P21 (JY)

16JY

(2I3+1) %[ (ATH2+434-1) (Y2, 24X, + (204+1) 2} 70 Sx (8342412042234 41-2Y, )]

Q2 (3%) }
Q:2(J%)

16J4x(J%+1)

Qu(IY) }
Q21 (JY)

(2J¥+1)x[ (4JY £4Jy-1):{Y;,-4Yv,+(zJT+1)?}‘°'Sx(sJ?3+1qu=-qu-7+2Yv;)]_

16JYx (JY+1)

RO }*l
Ri2(J%) 4

(20%#3) 24 (204 +3) x{Y2, -4, + (204+3) 2} 70" Sx (4TY2+12T3+142Y,,)
| 16 (J4+1) | | '

(231+3) 2£(237+3)x (Y2, -4, ;+ (2J0+3) 2} 70~ Sx (4T¥2+1274+9-2Y ;) -

k;ch) '}‘
R 1 (JY)

16 (Jy+1) = .

I o7



. When a transition!arises.frcm'a'single lower level then-ﬁfﬂl.”
‘The line strength S may in turn be found from the expression :’:f

sn,Hdnl—London factor X Band strength i o | 2-1733;,
(2-50.,\) (23+1) (23+1) o

where 5°’A is the Kronecker delta symbol and has the value 1 if
A0 and 0 1f 140, (Tatum, 1967). '
r S is the spin quantum number and equals % for doublet states -
J is the ‘rotational quantum number, (of the IOWerrstate . |
for absorption).. o |
When the spin quantum number and the value of the Kronecker delta

',‘,symbol are applied equation 2,17 becomeS'

S= Honl-London factor x Band strengtha . 2 ISJH:J
2(23+1) ‘ Ce T BT e

The sum rule used for the Hdni-London factors is that, for 'a>117
'transitions with‘a COmmon upper or 1ower‘leuel,'the sum of the facters'
- 1s (2J'+1) or,(ZJ"+1) reé;ectively. For.example,*denoting the Hﬁnl— _ -_.”; S
London factor for the. R2 state by S(R ), then ' - |

L s, 1)+S(Q2)+S(Q21)+S(R )+S(R21)=2J L

and s(p 2)+s(c112)+s (R 2)+s(P )48 (Q2)+S(R2)=2J"+1

The relative Honl-London factors for intermediate couplingl

-t

between Hund's cases a and b uere developed by Earla. (1935); .Howeuer'
gla factors when summed as above yield (2J+1)}l. ‘Therefore eaeh'factorw
was multiplled by two tu obtain the abaolute HBnI—Lonuen facturs giVen-»
" in table IV. . Also as suggested by Tatum, (19&})F the factors have-been“5
rewritten in terms of the lower uuantum number J". j |
' The band strength may be approximated.as the-product of the

- Franck-Condon factor Qryn OF J(v',vﬁ) and the square of the electronic °




;2 transition moment'Rg(n',n“) or Ré.

"Efiz;d.;.Pﬁ;ulation éf 1e§e;s.

-; The popuiation ﬁf a singleflevel N(nvﬁdpi iﬁ.relatioq“to the o

;”.Fotal‘population N is tabulated b& Ta?uml (1967).: be the.bN_zﬁ-ZH"
'transition in absorption the populétion of. the 1ower-1eyel ié required,

. The general formula is B ‘ ‘ ,

- N(nwNJp) - '(zq"+1)2¢ -e-{_re+c(v")+F(N'f)}%% S a0
N %1 Wip Yot " o

¥or a heteronuclear molecule such as CN,¢=% and.gquation'2.20=

.. -becomes

| NeawNIp) _ _(23"1) SATAEGHEEINE )
N Qel Qﬁib Qrot ' '

where T, is the.energy of the }ower electronic state (2r)
G(v") is the energy of the lower vibrational ieyel o
F(N") is the ehergy of the lowe;‘ropafiona; level
k is Bqltzmaun's-;oﬁstant
T is the molecuiar exéitation tempe;ature
h is Planck's consiant )
¢ is the velocity of light

,ﬂ“erl'is the electronic partition function

Qvib 1s the vibrationai partition function

and Q is the rotational partitien function.
rot . .

‘2.5 Absorption coefficient.

To calculate line profiles ont must calculate the line absorption -

© " coefficient, @ including Doppler, natural and collisional broadening.

The absbrption coefficient at line center; ag, is defined as. (Aller,

© 25 -



1953, p.‘-322‘.. and "Mihales,' 1970,’p;250)'; LT e R T

L in MKS units; ( 4 — has been added. to the cgs expressions), ‘zi& Q';f” ;E
-where e is the electronic‘charge - 7
m 1e the electron eaSS
Ag is fhe line wavelengtﬁ
'g ‘flé is the oscillator Stfepgth.
c is the velocity of light
;i;; ‘{;f_%; e gg is the permittivity of free space
and Eg is the most probable velocity of the molecule.uq
N - Normally Eg is assumed to be thermal, that is; " L - : N
 gg= /-2_-5—3 ' u_ . o 223
where k is Boltzmann's coﬁstaet t R
T‘is‘fhe kinetic temperature
and M is the mass of ;ﬁe molecule.
LT However when microturbulence is present the microturbulent:
;-‘ve}ocity Et ﬁust be'incleded, hence Eo'becomeega
£o= 2§T + 52 ‘ a— ‘ f . ; ‘; K ﬂzé.24} 2
Thew;eietionship between o, and ap is . 'G
2l_= H(a,u) -“ T | 2;25‘ | °'_ f';3
ag : L ‘ R
vhere H(e,u)-ie.kedwn as the Hjerting or Voige function, ’ }%
(Hjertingl 1938). It combines the effects of Doppler, natural aed'ﬁ i

" collisional broadening. It can be calculated from tables. (Harris, 1948, ' "‘f;

.Finn and Mugglestone, 1965) or from equaeionsz (Harris, 1948). The



Z: Hjerting function can be expressed, (Aller, 1953;'§.323):;es-k
“ A . . 2 . .. . --. 4. . ‘

afl® &7 SR

H,‘w’w[ TiGmEY L e
J:where. as I;:—LEQ :

) 4F Aloc

ris the effective damping constant
A g lgg' the Doppler line' width

c is the velocity of light
Eg was defined previously, (equation 2. 24) o L f' 3 ‘J;'}

A=Ap
v B

~Ag 1is the wavelengthiof:the line

is being%e?aluated.

and X is the wavelength at which )

2.6’ Voigt function evaluation. I o i . - _'-5
The expressiod for the ﬁoigt function, '(eqeatibn 2"26).'may se'i‘ |

expanded as a Taylor series for small values of-a, (Aller, 1953, p.325);

H(a,u)=Ho(u)+aH1(u)+a2H2(u)+33H3(u)+a“Hq(u)+-°' 2,27

fhe usual method of evaluation is to use the tabulated values of Hp, H;;

Hztand ﬁa given in Harris K (1948). Hoeever the‘table is limited to = .= .. tﬂ;

- . values offﬁ,betweeﬁ 0 and 12 in steps of 0.1 or 0.2?: A'e#ep‘size of E

0.l.in u cofresponds to 0.02A at~the wavelength being stu&ied and a finer

. grid of values was Eesired so that interpoihtioniwould have been neces-

sary if_the'tables were to be used. | _ -
As Harris had defined each of the terms it was possible to l: R

‘calculate them for anylvalhe of u.so that es many points as desired ‘ “ “ B

could be used. The coefficients of equation 2.27 are. (Harris; 1948);”j '-'fa



Y.

R
Hp(u)=e "

Gam e

W= - (-2 @)

By (u)=(1-2u2)e~" o
A 3 2.28
Hy(u)= -2 {%—(l—uz)—Zh(l— %uz)'F(u)}
8 2
By (w)= (g-2u2t Zuye™
. _ 2 ‘. . ) . v ) .
where F(u)=e " [ etzdt : - : o 2.29°

0

Harris used tableé of F(u) calculated.by‘Miller and Gordon,-(1931): -

torevaluate the above functions, (equations 2.28), Miiler and Gordon
. had used earlier tables of e Y and J: etz .fdr O<u<2, ‘Eor.the raﬁge
T 2<u<h their values were found from a complicated approximgtion'made
necessary by the lack of high speed calculating machines. For 6<u a-
semlconvergent series was used. For this study it w;s decided to recal-
culate F(u). Three series were found to be suitable. The first two,

-

from Miller and Gordon (1931), are;

2 o (_1)n+1 an 1) né ’
F(u)=u{1-%u +§-u “TosY +...'(2n-1)(2n-3)---3 T -} O<uc<] 2.30

1

i .4 (20-3) (2n-5) <+ +3-1 < - 2,31

7+ n 2n 1

131
P fogberadots 2

: _ s
For the range l<u<7 it was decided to use an expansion for et

in equation 2.29 and then integrate term by term. The expansion:and the

resulting series are;

4 .6 20
F(u)=e -u? Jo {l+t2-l—'2:1+§1—|---0-lln:1--!-"-} dt

2.32 .

w2 ud ud u7 2n+1
we u+§-+§-2T+7-37+ (2n+1)n. Femer

Sushe Y B



eqn.
2.30
2,30
2,32

2,32

2,31
.2.31

2.30

2-30:

2.32
2.32
2.31

. 2,31

0
0
0
0
0
0
0
0
1
6
;
12

. u
0.01

0.99

1.00
6.99
7,00

15.00

0.01
0.99
1.00
6.99
7.00
15.00

u F(u) (Miller and Gordam, 1931) F(w) (this thesis)

.01
.93
.94
.95
.96
.97
.98
.99
.00
.95
.00
.00

19
19
122

10

il

10

93

TABLE V

Accuracy of function F(u)

* Va Precision 10~

F(u)
0.009999331274
0.538794550160
0.538079506913
0.072186467326
0.072180974658

0.033407906809

16

gn+1/gn Maximum gtror'

0.000

-0.050

0.048
0.394
0.418
0.042

Vb Precision 10~°

F(u)
0,009999331274
0.538794554924
0.538079506479

0.072186467087 -

0.072180973688
0.033407906722

-

Ve

.0.009999
0.541025
0.540910
0.540688
0.540363
0.539938
0.539414
0.538793
10.538080
0.072711573
0.072180975

© 0.041812876

qgn+1/gn
0.000

-0.085
0.083

0.514
0.112 -
0.016

'0.0498
0.6469

.Difference (Va-Vb)
- 0.000
- «~0.000000004764

0.000000000434
0.000000000239
'0.000000000970
0.000000000087

0.009999
0.541026
0.540909
0.540688
0.540364
0.539939.
0.539415
0.538795
0.538080
0.072711573
0.072180975

0.041812876

'Zg'ﬁf
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" This seriesAwheﬁ carried té ﬁany terms-wiil aﬁproximate F(u) tb
; desired éccuracy foé-any value of u; As'a-test ﬁhe éﬁmmations for ali-
|three equations were ended when ;he 1ast'te;m was lesg than 10716 timeé
" the sum to that point. With‘fhis accuracy the size of thg last terﬁ, gn,‘f'
with respect to the first omitted term, Bntl’ ;s-giﬁen in polumh five
of table Va. For the series 2.32 the size of the maximum error isialso '
_'given, expressed in terms of the last included term. The size of éﬁel

error is determined from the equation, (Kaplan, 1952, p.329);

, u?(2n+1) . N
maximum error= @D ], _ ey T, 2.33
' © (2045) (n+2) }

As the firéf term omitted was less than 10-15 times the series
total, the accuracy should be bet?er than 15 significant figures. Whén‘¢
~the intensities weré calculated the accuracy was onif EeGen significant
figures so that the series were terminated at ' 1076, 1In table Vb the -

. calculations have been repeated using the lower accuracy, As can be.éeenr‘
by comparing tables Va and Vb thgerror= (given in columnusix, table Vb).
is less than ane.in.10-7. In column'thrée themnpmber of terms retained

is givén: .It is easily seen thaﬁ formula 2.31 requireé many more terms

for convergence for large u and would be impractical to use for all values -
of u even though valid. |

The computed values éf F(u) were compared with those tabulated
by Miller and Gordon, (1931), Their values were tabulated to six, eighé
. and nine significant figures whereas the new calculations weré tabulated
t; 12 significant figures, (table'Va, column 4). Some of the earlier
tabulated values of F(u) did not agree with the corresponding calculated
ones, (see table Vc). fhe difference was only *2 in the last figure of"

the earlier calculations. This was quite possibly due to rounding and



. truncation errors and the shortcuts which were made to save time in

. 25?ﬁcomputing the earlier values.. A table of F(u) wasfproduced for future < °

ffreference. Similarly the terms in the Voigt function expansion were "j;”';:': :ﬂ

2 e e

' 'evaluated and were found- to agree with those of Harris (1948) A

2.7 Optical depth and curve of growth effects.

"Thenoptical depth T which is necessary for‘the calculation of'

theﬂline profile is the product of the number of absorbing molecules, - .

N(nvNJp) "apd the molecular absorption coefficient al

—N(nvNJp)u o | R ‘ L 2.3%

f*f:;and can be calculated from previously defined equations..

: Combining equations 2.16, 2. 18 2, 21 2. 22 2.26 and 2. 34 One

has the optical depth

TA? eg 3R Q Nw/s Q. 'é-x Honl-London factor
A e0 Fh Qg Uy Yror - & | :

. - 1] "
% qyuyn Ré x e {T +G(v )+F(N )}

kT x H(a,u) 2.35

-‘For the evaluation of 1, the values-ior theﬂconbined partition
function Q=Q <1 Quip Uop VeTe taken from Tatum”(l966) UTne'Franck;Condonh
, 'factors, q 1yne Were taken from Spindler (1965)- and the electronic
transition moment , Re, from Arnold, Whiting and Lyle (l969), Although
not strictly’true the same constants were used for both ClzN??'and CI3N1"t““
as they would have been almost the same. | | .
| ' The relation oetﬁeen the optical depth and'thelactual'line profilea
| has'been,investigated by many'authors. . Two oi,the equations that have .

been‘nsed to produce theoretical curves of growth are (Aller, 1953,.p,372);

. Ne.’ T ‘ _ ;
R,= 1+N2 = 1+: E - S " 2.36
! A :




used by Hénzel (1936) .and
R, (kolx, y

% " -l' i .o oL . ‘.‘2.37_”_‘,“

1 1+T (Ko/K ) SR . e £l

used by Bell, where rdlnxﬁalloés for variation’in the depth of .the photo~- " -

sphere with‘wavelength. Rc is the continuum depth and represents the
maximum 1ine depth possible. |

The form of the equation used in this study is

i

R r
R +r

A . 2.38

Minnaért'S‘semi-empirical formula. (Miﬁnaert, 1935)L'as used:bf Ungéldf
s Curve oflgrowth effects arise bec;use the iﬁtensiéy éf a-line‘;%
‘not aisimple function of the.number of-afoms ﬁr méiecﬁlés giving risénﬁ
to the line. ‘For weak lines the eduivalenﬁ width:is p£0porfionaI to the
number,of-atoms or molecules, fdr medium strength lines it is proporticnal
to the square root of the logarithm of the nﬁmber"andsfér very strong.
-lines it is proportional to the é&uare root of the aumber and a;;tﬁer
term which is the result of ﬁatural and préssure broadening damping .-
(see diagram, Aller, 1953, p.374). ; ‘
Theoretical profiles can be prodﬁced by using equation 2.35. and
one of 2.36;_2.37 or 2.38 for each line. If more than'one line is con- .
sidered then one must accownt for the- overlapping which will -occur.
This may be done by summing the optical depth contributions of each line
at a set_of points in the region under study. In this study the sum is
then used in equafion 2,38 for T The profile so produced does not
take into account the.finite resolving power of the spectrograph. The
profile is what one would expect to see if the spectrograph had an

infinitely narrow entrance slit.
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' 2.8 Instrumental broadening.

The usual procedure in the case of instrumental broadening is to

try- to ‘remove - the instrumental profile from ::he observed profile. The

. L.integral equation to be solved has been stated many times (see Bracewell
;‘1955>; Co | ‘ D * ‘_
BT E""“Lh(x-y)f(v)dv T 2
. where £(x) is the umbroadened profile : | NCU

3

h(y) is the instrumental profile normalized so that
-~ [h(y)dy=1 -
: and g(x) s the observed profile.~ ' ‘ o I -.:_3 .

. The problem is to find £(y) when g(x) and h(x) are known 'ln o

_this study for ease in calculating and because comparisons were to be

made with calculated profiles it was decided to apply the instrumental A {
broadening to the calculated profile, The instrumental.profile may be | : .Ei%;
found from thé shape of weak emission lines of'the'conparison spectraq.vﬁ -. .
-on the photographic plates. When h(x) and £(x) are known the procedure
becomes a straightforward integration over a finite, and generally
quite small, range. as the measured instrumental profile is not infinite
in width, If the instrumental profile is not normalized to one then -
o equation_z.Sq“can be rewritten in the form of equation 172’ that is

| 2 hix-y)£(y)dy

g(x)= L 240
| th(y)dy T L ,

The instrumental profile used was assumed to be at most 1. SA

wide so that equation 2.40 became in use,

[7% h(x) £(x) dx -
g(A)= ";z ' o e 2441
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1512

2412

4763.
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TABLE VI
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Emulsion
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;bi;g A(mmjé
s A
1.9 A/mﬁ
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1.where h(x) and f(l+x) were tabulated and the integrals evaluated
bp=Simpson s rule.b The correction for instrumental broadening was applied :;-T
to some of the_conputed profiles." The results will be describedhln
chapter}three."f L";:* ‘ - M ‘iw": ';‘ o ; : ,.~'
;2 9 General method

The stellar spectrograms ‘were taken with the 32 inch camera of .
the‘48.inch D.A.O.-telescope. For: details of the spectrograph see
u:Richardson (1968). The plates used are described in table VI. In the
) first two columns are the name and Henry Draper catalogue number of the
star. The plate number is in column three. The date and. Julian day are -
in‘the next two‘columns.‘ The last three columns .contain the camera number,
:emulsion and dispersion‘of the plates. The two different dispersions used
imade possible a check on the effects of instrumental broadening.

‘The plates were processed on the microphotometer at the D.A.O.
giving an intensity tracing.: The intensity tracing was converted to a
constant continuum height on an intensitometer in order to compare the
tracings with the-computed profiles. A major problem arises in the meas-
urement of spectra of late type stars. The continium must be drawn on .
the intensity tracing ‘before being reduced on the intensitodeter.»'For
cool stars. the number of lines is so great that the observed profiles may“
never-reach the‘continuum. Especially in the region of strong molecular
‘ bands the  highest pointsﬁobserved may still not represent the.continuum
(Wright, 1962)..  For the tuo plates P:4763 and P:4970, the continuum was
drawn' through the.highest three points in 600 Ai(from A7800A to X84004).
Although these points may not be on the continuum the error introduced

is not large for either method used to evaluate the Clzlc13 ratio because
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\ '-the depths of fairly strong lines were measured hHowever if-equivalentu"

7lwidths were measured any difference in the placement of the continuum 7w;ﬁ" .

lfk;f‘would have had a 1arge effect on the area in the wings of the line.

,=1}: " Once the wavelengths and 1ntensities of the lines of clquh and

. Cl3N1“ were calculated the contributions of the absorption coefficient

3_hfor each isotopic species were summed at intervals of 0.05A. Thus two

setsuof absorption coefficients were.produced.u These were- then combined
_ to form the total optical'depth,‘rl,.as used in equation 2.38-by

T l . : ’ ‘ )
T =T + . - * "2.42-
3 _lcmum . ?«Cl Iple - L '

where 1 ' is the Optical depth due to CIZNI“'
©Aaloglh ,
clanit | o
T is the optical depth-due to Cl3NI®,
An13yl4 : -
C'°N
and r is the abundance ratio of-:CI2 to ¢13.

In the calculations an arbitrary constant was used“in_equationf ;

2,35 forlﬂ. An additional factor was then applied‘when‘plotting profiles‘ﬂ

in order to obtain a close fit with the observed spectra. ‘The value of:

; the maximum line depth R o VW3S estimated for each tracing ‘and was in the‘_‘

range 0.86 to 0.98 .
The choice of the ratio of damping constant‘to Doppler width,.a,i

was morerdifficult. Climenhaga (1960) chose a=0.10 after ‘using a=0.01 in .

‘a parallel set of calculations. In a study of the CN(4,0) band (Climenhaga,ﬂ:

Holts and_Smol1nski, 1970) profiles uere calculated using the values‘-
a=0.10 and a=0‘001’a5'extremes in\the possible values of a. ‘ThESe.two-';
profiles are compared in figure 2. The onlyldifference appears'in the
‘f wings of strong Yines and has 1ittle effect on the depth of the lines.

' For the present study an intermediate value .of 0.025 was used.’
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TABEE VIIA

CTZ NT% (continued)
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TABLE VITA -

CTZ2 NI& (continued)

°
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L 7937.65 7937.653 16.6159 (2,0) Q1(16) ,
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TABLE VITA  CI7 WI% {(continued)
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BN21.05 ABO21.0933 A8,1439 (2,1) p2(24)

T979.80° TOT9.7877 76931047120y T R2(341
TI77.R812 1.2821 (?-0) pr20(13)
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" For each of three temperatures (T= 2400, 2800 and 3150 K) the

- absorption coefficient was calculated in steps of 0.05 A between wavelengths, - - .’

_iAZBOO and 28400 A. Three turbulent velocitieé; (as found by Utsumi, 1970).
Lo were used in the célCulations, (th 7.47, 7.9 and 9.5 km[sec),‘making a
‘. total of nine sets of data. The three temperatures covered the approx-

imate range in temperature reported for the stars observed, (Utsumi, 1970).

. 2.10 ﬁefhbd of line depths.
| The multipiicative constant used when applying the absorptiﬁq
coefficients was varied for the calculated profile until the depths of
tﬁe lines in regions free of Clsﬂlu features matcﬁed the observed:depths.
‘:,The choice of suitable clinl# features was made difficult bf the presence
) in the réglonlstudied of the telluric H30 band gsystem. These lines were -
shifted with respect to the spectrum of the stars by v;rying a@ounts‘
depending upon the change in radial velocity caused by the earfh's rotation
‘and revoluﬁion'about the sun. A Cc!3n1% featu;e whichlwas present in éne g
star would be blended with an H,0 line in anoéher. It was decided to
locate and list 2ll c!3yl% features on the theoreticai—profile and
' measure only those which showed little blending. A line was considered
" free of blending when the profile within approximately 0.5 A on either
. side matched féi;ly well the calculated profile. The effects of a;omic
 '1ines were ignored except in the case of strong lines listed in "The Solar
Spectrum, 2935 A to 8770 A'., (Moore, Minnaert and Houtgast, 1966); The
~'waveleggtﬁs and identifications, (vibrational band, branch and rotational
quantum number)' of these Cl3nl% featu;eé ;re given 1n:tab1e VIIb.
When the observed C13N;“ line depths for a plate were measured

'"the wavelengths to-;he nearest 0.05 A were recorded. The wavelengths and

o



- depths of all measured lines as well as the strength constant used to

7

produce the matching theoretical_profile, were input to a computer program,!,;&j

- which then calculated the theoretical profiles for-a short region on either TQT -

‘3‘side of the input wavelength for different 0121013 ratios. From the p
-resulting carbon ratios and corresponding theoretical depths the observed

' 012/013 ratio was found by interpolation.

,;2:11_ Method of empirical pseudo-curve of growth.

” | - The empirical pseudo-curve of growth method used by Fnjita

(Fujita, Tsuji and Maehara, 1966 and Fujita, 1970, p.127). seemed to

!f produce different results than found by other authors. (see tables I and.
"II). This method did not assume a specific form for the curve of growth '
drelation but ‘determined an empirical form. He measured the line depth,
(instead of the equivalent width as is usual with curve of-growth aoalrses),

and plotted the logarithm of depth for both C12N!* and c!3Nl* as a function

of a term logjg(K) where

: g0 - .
10810(K)=1°810(qvlvll)+1°810'(-SJn:u)‘(thtﬂr!:)eqx, o E ?-fi3 )
K is the line strength factor oﬁitting-terms'vhicﬁ are
constant for the whole band

[ is the Franck-Condon factor

P

.t
Sg.. n is the Honl—London factor

Xyn is the energy if the lower vibrational state’
Xt is the energy of the lower rotational state, both

energies measured in.eV )

3 S - . 5040

eex is the reciprocal excitation temperature, (= —Er—a.
: : “ex




The notation for the above terms. has been changed from that of

Fujita to agree with that ‘used earlier in this paper.- The horizontal shift i‘ff‘”"i

v

. in the graphs between the Clzﬂly data and the‘CF3N15 data is the logarithmh:;""

of the abundance ratio.. Two assumptions werepnade to employ'tnis.method.
The first assumption was that the observed absorption intensity was a

- ‘monotonically increasing function of the number of absorbing molecules;

f.‘The form of this function could be found empirically. .. The second _assump- f

tion was that 1ines of the same intensity were produced by the same

; number of - absorbing molecules. These two assumptions were unrestrictive. C

However the one drawback to this'method as presented was that it did not 5 iy,w

take into account'the effects of blending‘of'many‘weakllines.l As.can“be%s
:tseen from,tables VIIA and VIIB many 1ines sometimes occurrwithin O.F‘A{
ot each other. Fujita was using pigh dispersion plates, (3 Almm); and
‘the effect would appear to be lessrimportant.tﬁan at the diSpersions:used
in this paper.. Still the contribution of neighbouring lines should not ,
: be omitted as the lines have a- finite width and the wings of one: line- will‘
~contribute to the center of the next. |

In this study the dispersion used, (8 A/mm),. required blends to
| be considered. The effect of the finite width of the line was,included
by broadening"the central line strength using a Voigt“profile. Unfortu- T
nately one must assume a turbulent uelocity as well. As a check on the' |
effect of a possible wrong choice of the turbulent velocity one set of
calculations was performed using a_different turbulent velocity. ‘The :
results are described'in the discussion of the empirical‘pseudo—curve‘of
growth method. The line strength with the Voigt function applied and
summed at intervals for all the.lines present was the same data as used

for the depths method and the data was used for both methods.

A



. At any wavelength there was a contribution from both cl2y1" and
Clleu. A problem arose in how to include the weaker component when °
'doing calculations for one of the isotopic;épecies. When C12N1% lines

were considered the formula

ci2 1
KT =taizgut TTolagle © 2.44

yas used-where r was the ratio 612/013 and Kc12 is equivalent to K in
equation 2.43 . Calculations wére performed with r= 1, 4, 20 and 100,
which covered éhe range of valués that was expeqted'for r ‘in stellar
atmospheres. The differences‘in the resulting graphs were very small and
the value of 4 was chosen_as it was close to the earlier determined‘values.
The shift introduced by using r=1 and r=100 was included for a feﬁ points
in three graphs (figures 6, 7 ;nd §)§t0'indicate the maximum erro¥ intro-

12
duced. One would expect little variation in the theoretical value of KC

in equéfioﬁ 2.44 for the different values of r since only definite cl2yl
lines were chosen so that the~contribﬁtion.of_qléNl“ was very small.
In the case of Cl3N!* lines formula 2.44 could not be used since

the main contribﬁtion was from the Cl13n!* term and had‘tb be free of the

ratio r. Instead the equation

cl3 ..
KT =rraiggauttoiagly 2.45

was used where the minor contribution from CFZNI“ was properly accounted
for in the total. The variation in the assumed value of r again affected

the resulting graphs little. With r=4 the two sets of graphs were

compared and the abundance ratio determined for each pair.

2.12 Effect of dispersion.

Several important points arose in the measurement of the abundance

54
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;firatio.‘ All were concerned with the possibility of measuring the ClaNl“

1;u11ne5, As has- been mentioned before, two different dispersions were

""‘]{;employed in this study. A region of the observed and calculated profiles

Tffor 19 Piscium (dispersion —7 9 A/mm) is shown 1n- figure 3 The three ;é

Jf theoretical profiles correspond‘to the three isotope ratios of 4 20, and T?

"‘ 100. The theoretical profile agrees well with the observed P1'°f11e except i
.T.that in some places there appears to be added absorption in the observed ‘;

' f rofile. The cause for this added absorption is that lines of water - g J;ﬂ;?

) vapour have been omitted from the theoretical calculations. In figure‘4
“:the same region is compared with the theoretical profile but at a different
’.A:“diSPersion of 12.8 A/mm. It is readily seen that at- this dispersion many
: of the expected ClaNl“ lines do not appear. In figure 5 (which covers the o
same wavelength region) the observed profile is'compared with’a-theoretical’-
profile which has been.corrected for instrumental broadening. iThe agreenent'
fbetwuen the.profiles'is better than'in figure 4 and)the CI3N1“:features are
“not as distinct on thertheoretical tracing. sIt was'therefore thought’ that '
it " for observation of individual ¢!3N1% lines in the near infra—red a dispersion S
“of 7.9 A/mm of better was required ; | |
| Fujita (1968a 1968b) studied the effect of different dispersions
ranging from l§ A/fmm to 2 A/mm. Although many features_were identifiable.'h
at 8 A/mm they were more easily observediat 3 A/mm., Since the‘turbulent
velocities (7 km/s) give rise to a Doppler uidth offapproximatelv 0.2 A,
the use of dispersions that resolve to 0.1 A is sufficient. FuJita (1968a)
assumed a grain size of 0. 02 mm which yields a resolution of 0. 1 A for a- -
| '“dispersion of SWA/mm,: Therefore,,although the 7.9 n/mm»dispersion used .
| inﬂthis study resolved lines well, a still higher'dispersion.would improve%

the resolution, The use of higher dispersions was impractical because :u‘;r ; jf:{




considered were

" the exposures required were quite long.

When consldering expoeure times and quality of ohe spectfogtame;
the best dispersion available is 7.9 A/mm The estimation of grain size
in this case may be a little large ‘since one would not expect as good
agreement as was obtained betwwen observed and calculated profiles if the

resolution were 0.16 A. The plates taken at 12.8 A/mm do not resolve thelu

clinl¥ lioes sufficiently to be of much use. The depths method was applied“_

using instrumental broadening but the results obtained had a large uncer-—

_tainty. Since spectra of 19 Piscium were obtained at both dispersions a,

comparison of results was made to determine the inaccuracy introduced by -

the lower dispersion.

2.13 Effect of additional lines.
When calculating the absorption coefficient the only molecules
cl2y1% and cl3yl%, Other molecules such as c12¢l2 apd

¢12¢l3 were omitted. Although their bands affect the region around.A7800

A (the ¢12¢13(3,0) R band head occurs at A7820,27) and C, lines may be .
found scattered throughout the regioh,'most of these lines are‘weak when °

compared to tﬁe CN lines. With the method of line depths the amount of °

absorption added to some of the measured lines cannot be estimated and
hence the fatiomaetermined from such a line will be too low. In the emﬁir—
ical pseudo-corve of growth method the’lioee with added oontributions show
up oeadilyvas a scatter in the points. The.lowest points in the graph

are those with little or no additional aosorptions (see figuree 6, 7 an&‘
8). These points may be ignored when comparing the two sets of graphs.

Similarly additional. absorptions of other elements and telluric molecules

may also be omited. It was found for the Spectrograms at the lower. disper—r

A
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7'fsion that not only were some lines over absorbed but also that some 1ines_’f =3

B

t

v were filled in. The empirical pseudo—curve of growth method was not used‘i‘ft R

'“ on these spectrograms because the scatter in the points was too great.

Another contribution, uhich was not included in the calculations,

;to the observed absorption profile was atmospheric ar telluric water

vapour The strength of these lines was dependent on the zenith.distance~;ﬁ T

of the star during exposure and on the amount of water vapour in the air.

'.Since the Dominion Astrophysical Observatory is situated quite close to
sea level and,the long exposures meant following the star until it was far,f,’

- from. the zenith the telluric water ~vapour iines were quite strong. In

addition to the possibility of an unpredictable variation in strength |

‘there. was_ also the variable displacement of the telluric 1ines with

respect to the stellar lines.

2.14 Effect'of,radial velocity on telluric water vapour lines.

The effect of differences in radial velocities on the positions

"of the telluric HZO lines has been investigated by Fujita (Fujita and

Utsumi, 1963 Fujita, 1963 and 1964) He found that the appearance of
the spectrum was greatly changed even for the same star, when observed
at different times of the year. This was' due to the variation in the

-

earth's velocity with respect to the star as a result of the earth's

rotation on its axis and 1its revolution about the sun. The variation -

depended upon the star's coordinates but the variations noted by Fujita

- (1964) ranged up to 50 km/s, correspending to a shift of 1 4 A in the nearjc

infra—red. When the variation from star to star was considered the differ-

ence in wavelength could be as large as 2,0 A. Also the structure of the

water vapour Spectrum is very complex (since the water vapour molecule

60 2
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is triatomic) gﬁd there are many lines in tﬁe region under study'(thereg' _"j ”;i
are 320 lines from A7800 to A8300 &). - : PR ‘-';g
‘ There were‘two ways to approach thelﬁroblem of water vépour. . One S
-was to add the ﬁater-vapour‘cont;ibutioﬁ to tﬁe summed absorptibn'coeffiéient

for CN, with an appropriate shift for radial velocity. This method was

" impractical because the amount to be added would have had to been determined

by,trial and error. Also the amount the lines were to be shifted would
have vafied for each spectrogram. The second method and the one adopted = - .~ 5
was to omit any liﬁe which appeaféd to be overly absorbed. As noted | |
earlier tﬁis was very simply taken care of in the empirical pseudo—cﬁ;ve -
of growth method. For the depths method it was possible to omit the cl3ni*
lines so affected by ‘comparing the wavelength with the known wévelength

of the telluric_HzO lines.

—
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' CHAPTER 3

" "SUMMARY AND CONCLUSIONS

The results for the four stars are given in table VIII. The

results for the empirical pseudo-curve of growth method and depths method

are given in columns labled C and D respectively. Foxr two of the spectro=

grams there is only one value, for the depths method and for a temperature
of 2800 K These two values were obtained by matching an instrumentally
broadened theoretihal proflle to the observed profile."The emﬁiriéal
pseudo-curve of growth method could not. be used on these plates for the

reason explained in chapter 2. The results fo: the individual stars are:

19 Pisciwm (figures 6,7 and 8)

Two spectrogfams'of 19 fsc were available for this study.
However since the results from the lower dispersion spectrdgramrare
subject to a larger uncertainty the value for plate 4970 is given a
low weight. The results indicate a cl2/cld ratio of less than twenty
for all assumed temperatures. On the basis of temperatures published
by Utsumi (ié?d) the isotopic abund;nce ratio‘is 6.0 for a temperature

of 2800 K.

DS Pegasi - (figures 9, 10 and 11)

Fo; the upper and lower limits of temperatures used in this.
study the 612/013 ;atio is near 20 but éhis is stilltas low or lowef
than found by Fuji;a (1970) for this star. The ratio for the assumed
temperaturé of 2800 K is 8.6, the least amount of C13 of the st;rs in

" this thesis.
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(th 7.5 km/s)

Observed C12/cl3 ratio for assumed teﬁperatures.

Temperature=

Star Plate
Y CVn 2412 .
DS Peg 1512
UX Dra 4763
19 Psc 1511
19 Psc 4970
19 Pse 1511

TABLE VIII

3150
c D
2.8 5.5
12.6  23.1
.15.9  12.4
13.3  15.3

2800
c D
2,0 2.4
L7.0 10,1
6.4
_.6.3 f 5.6
? 5.6

7.9 6.7

c empifical pseudo-curve of growth method

D depths method

2400

C D
3.2 - 6.2
17.8  26.5
20.0 15.3
17.8  18.6

——

K

€9
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Figure 6, Empirical pseudo-curve of growth method for 19 Psc, plate 1511, with a témperature.éf 2400 K,
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Figprg 94. Empirical pseudo-curve of growth method for DS Peg, plate 1512, with a temperature of 2400 K.
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Fig_ure 12,

Empirical pseudo-curve
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Y Canum Vehaticorum ‘(figures 12, 13 and 14)

The results indicate a very high abundance of 013 in the
) atmosphere of Y CVn. All investigations of Y CVn show strong evidenee
of c13 (see table I); For the assumed temperature of 3150 K the cor-
responding carbon ratio is 4.2 ., However even for the other two
temperatures the ratio is still less than 5 hence Y CVn shows clearly

the highest abundance of cl3 aof all the stars in this study. - -

UX Draconis

The only spectrogram of this star 1s at the lower;dispersion-
so that the results are subject to_a 1erget uncertainty than.those‘
of the other stars. The isotope ratio found is-6.4 for the assumed

temperature of 2800 K.

The results for these fout stars are in-eccord with earliet
studies, excepting those of Fujita (1970). The empirical pseudo~curve
of growth method was found to be'superior to the depth method because it |
was easier to use and made few assumptions. The one drawback is that’
high dispersion spectrograms are necessary. Finaily more work is
necessary to determine accurately the moleeular excitation temperature

. of the carbon stars.
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DEFINE DIRECT AXIS DATA SET TO STORE COMPUTED PROFILES
DEFINE FILE 8{1000,20,LsFILEN) _
FILEN=1 _ :
READ DATA SET SEQUENCE NUMBER AND CALCULATE DATA SET
REFERENCE NUMBER i
READ(NREAD, 1000) NTAPE

NTAPE=NTAPE+2

REWIND NTAPE

READ ISOTOPIC TO:NORMAL CN ABUNDANCE RATIOS
READ{NREAD,1010) R1,R2,R3

READ STRENGTH CONSTANT

READ(NREAD,1010) STRCN

READ DISPERSION AND MAXIMUM LINE DEPTH
READ(NREAD,1010) DISP,RC _

READ WAVELENGTH REGION AND MINIMUM DN TAPE
READ(NREAD;1010) LAMMIN,LAMMAX,START

READ TITLE OF PROFILE

READ(NREAD,1020)} TITLE

READ INSTRUMENTAL PROFILE

READINREAD,1010) INPRO

. APPLY SIMPSON'S RULE COEFFICIENTS

100

110

DD 100 I=2'2-812 .
INPRO(I }=4.*INPRO(I)
+1)=2,%¥INPRO[I+1)

INPRO( I

CONTINUE

INPRO{30)=4.*INPRO(30)

SUM COEFFICIENTS IN INPRO {FOR NORMALIZATION )
AREA=0.0 . _

DO 110 1=1,31 .

AREA=AREA+INPROLI)

CONTINUE

XN=NTAP E—2

PREPARE TQ PLOT AND "IDENTIFY TRACING
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