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Abstract: A hybrid efficient and highly accurate spectral matrix technique is adapted for numerical

treatments of a class of two-pint boundary value problems (BVPs) with singularity and strong

nonlinearity. The underlying model is a reaction-diffusion equation arising in the modeling of

biomedical, chemical, and physical applications based on the assumptions of Michaelis–Menten

kinetics for enzymatic reactions. The manuscript presents a highly computational spectral collocation

algorithm for the model combined with the quasilinearization method (QLM) to make the proposed

technique more efficient than the corresponding direct spectral collocation algorithm. A novel class

of polynomials introduced by S.K. Chatterjea is used in the spectral method. A detailed proof of

the convergence analysis of the Chatterjea polynomials (ChPs) is given in the L2 norm. Different

numerical examples for substrate concentrations with all values of parameters are performed for the

case of planar and spherical shapes of enzymes. For validation, these results are compared with those

obtained via wavelet-based procedures and the Adomian decomposition scheme. To further improve

the approximate solutions obtained by the QLM–ChPs method, the technique of error correction is

introduced and applied based on the concept of residual error function. Overall, the presented results

with exponential convergence indicate that the QLM–ChPs algorithm is simple and flexible enough

to be applicable in solving many similar problems in science and engineering.

Keywords: collocation nodes; convergent analysis; Chatterjea polynomials; Michaelis–Menten kinetics;

spherical catalyst; reaction–diffusion equation

1. Introduction

An enzyme is a substance produced by a living organism, which acts as a catalyst to
bring about a specific biochemical reaction. In other words, enzymes are proteins that help
speed up metabolism or the chemical reactions in our bodies. They build some substances
and break others down. Every living creature has enzymes, and our bodies naturally pro-
duce enzymes. Biosensors are analytical devices consisting of a biological entity, typically
an enzyme, that recognizes a specific analyte and a transducer that transforms biomolecules
into an electric signal [1]. These instruments have been widely utilized in environmental,
medical, and industrial applications due to their high selectivity, simplicity, and low cost [2].
Using a mathematical model that is based on reaction–diffusion (RD) equations would
be a useful tool for studying the performance of biosensors of any kind [3]. This class
of (steady-state) RD equations has a nonlinear term that is associated with the so-called
Michaelis–Menten kinetics of the enzymatic reaction [4]. Several processes in the physi-
cal, biological, and chemical sciences can be described in terms of the Michaelis–Menten
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(MM) kinetics model. Among others, we emphasize the mathematical model for oxygen
diffusion in a spherical cell using the MM oxygen uptake kinetics proposed and solved
in [5]. Later, this model was resolved and re-examined in [6]. A study of the steady-state
substrate concentration in the action of biosensor response at mixed enzyme kinetics was
investigated in [7]. A mathematical model relying on catechol–polyphenol oxidase as a
prototype electroenzymatic model system was given in [8]. The cubic-autocatalysis with
MM kinetics in a 1D RD cell was examined in [9].

Let us consider the MM reaction scheme, which has been utilized to analyze bulk
experiments. In accordance with the assumptions of the model, an enzyme E binds
a substrate S in a reversible manner to constitute an enzyme–substrate complex [ES].
Then, a conversion of the substrate S can be done to either a product P by the enzyme or
alternatively unbind. The process of enzymatic catalysis is subsequently used to dissociate
[ES] into E and P. Schematically, the MM process can be described as follows:

E+ S
k1−−−⇀↽−−−
k−1

[ES]
k2−−−→ P+E

Here, the two constants k1 and k−1 represent the rates at which the forward and reverse
process reacted, respectively. Additionally, the constant k2 indicates the catalysis rate of the
subsequent process. For the above system, the following nonlinear MM equation is held as

V =
d

dt
[P] =

[S]VM

[S] +KM
,

where [S] denotes the concentration of the substrate S, the maximum velocity of the system
is shown by VM, and KM stands for the substrate concentration at which the velocity of the
reaction is fifty percent of V.

By introducing the following non-dimensional parameters (see Table 1 for the parame-
ters’ definitions) [10]

α =
KM

S0
, M =

S

S0
, h = L

√
VM

2D S0
,

we arrive at the (non-dimensional) material balance of substrate species inside the support.
Mathematically, it can be formulated as follows [10,11]:

1

xn

d

dx

(
xn dM(x)

dx

)
− 2h2 M(x)

α + M(x)
= 0. (1)

Here, the component n describes the shape of the immobilized catalyst. For n = 0, the
shape is a slab, while for n = 2, we have a spherical shape. The prescribed boundary
conditions of the former model Equation (1) can be given as

{
dM
dx = 0, at x = 0, (symmetry condition)
dM
dx = sh(1 − M), at x = 1.

(2)

Here, the parameter sh represents a modified Sherwood number and is defined as sh = L km
D .

Additionally, km shows the mass-transfer coefficient.
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Table 1. Nomenclature.

Parameter Description Unit

S : Substrate concentration mol/cm3

M : Dimensionless substrate concentration (= S/S0) -
S0 : Bulk-substrate concentration mol/cm3

D : Effective diffusivity inside the particle cm3/s
VM : Maximum reaction rate mol/s cm3

KM : Michaelis constant mol/cm3

km : External mass-transfer coefficient mol/cm3

x : Spatial variable cm
h : Thiele modulus -
α : Dimensionless Michaelis constant -
L : Half length of the particle cm
sh : Modified Sherwood number -

It can be clearly seen that the mathematical modeling of the above-mentioned system
led to a two-point boundary value problem (BVP) with a strong nonlinearity term. This
model will also be singular for n > 1. These facts make it difficult to predict the behavior of
the system by solving the BVP (1)–(2) analytically. Thus, the numerical and approximation
algorithms have preferably been proposed in practice. In this respect, the integral equation
method was considered in [12] to deal with (1). The Runge–Kutta method of order four
together with the bisection methods were utilized in [5] and re-examined in [6] later. Two
semi-analytical approaches, i.e., the homotopy perturbation and He’s variational iteration
schemes presented in [7] were used to solve a variant of (1). The Maclaurin series solution
in the case of a spherical cell was investigated in [13]. The Adomian decomposition method
(ADM) was developed in [10] to find an analytical solution to the model in [10]. Recently,
in [11], the authors proposed a wavelet technique based on the Chebyshev and Legendre
bases to solve the above BVP. A similar method based on the ultra-spherical wavelet was
examined in [14]. The optimal homotopy analysis procedure was applied to the model (1)
in [15]. The technique of the B-Spline collocation scheme was employed in [16]. A hybrid
method based on the modified ADM and quintic B-spline collocation strategy was given
in [17]. Moreover, the shifted Chebyshev collocation procedure for the spherical biocatalyst
and catalyst models was investigated in [18]. Some other numerical methods developed
for the model (1) and the models close to it can be found in [19–22].

Our purpose here is to propose a new strategy to solve the strongly nonlinear model (1)
efficiently and accurately. The present algorithm is based on a combination of the quasilin-
earization method (QLM) and the spectral collocation approach for the nonlinear model (1).
The technique of QLM is first employed to eliminate both the nonlinearity and singularity
of the underlying model. The result is a sequence of linearized submodels that have to be
solved iteratively. In the second stage, we develop a matrix method based on the (novel)
class of polynomials along with certain collocation points to acquire the approximate so-
lutions of this set of linearized equations. This new class of polynomials is very closely
related to the Bessel function of Krall and Frink. We further establish the convergence
property of these polynomials in the L2 norm. The technique of residual correction is also
introduced to improve the accuracy of the already-computed solutions and based on the
residual error functions. Over the last decade, thanks to the successful applications of spec-
tral and collocation methods based on (various) polynomial functions, rapid progress has
been made towards solving many interesting and challenging model problems in physical
and engineering sciences. Among the multitude of used basis functions, we mention the
Bessel [23], Laguerre [24], Jacobi [25,26], Chebyshev [27], Newton [28], Fibonacci [29], and
Morgan-Voyce [30,31] polynomials.

Let us describe the content of this research paper in more detail as follows. A review
of main facts associated with this new class of polynomials known as the Chatterjea
polynomials (ChPs) is provided in Section 2. In Section 3, we first illustrate the main idea of
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QLM. Hence, the hybrid QLM–ChPs algorithm is described in detail. The error bound for
the proposed QLM–ChPs scheme is investigated next. The accuracy of the present approach
is justified by defining the technique of residual error functions. Finally, in this section, we
introduce the technique of residual correction (RC), which helps us to improve the quality
of the approximate solutions. We next carry out a set of computational experiments to
analyze the computational efficiency as well as the accuracy of the QLM–ChPs procedure
for the considered model problem in Section 4. Ultimately, in Section 5, we present the
conclusions of the current work.

2. A Review of a New Class of Polynomials

In this part, we consider a new class of polynomials related to the simple Bessel poly-
nomials of Krall–Frink [32]. This class of polynomials was investigated by S.K. Chatterjea

in [33]. This set is closely connected to Rodrigues’ formula e
3
x Dh(x3he−

3
x ) for a positive

integer h. In addition to this variant class of polynomials, different usages of Krall–Frink
Bessel polynomials have been successfully shown in the literature to solve integer as well as
fractional order differential equations; see for instances [34–36] and the recently reviewed
paper [37] for the complete biography. Below, we recall some basic facts associated with
the Chatterjea polynomials, and for more details, refer to [33].

2.1. The Chatterjea Polynomials

Let us first denote the Chatterjea polynomials (ChPs) of order h by Sh. In Rodrigues’
format, the ChPs are defined by

Sh(x) := (3x)−h e
3
x Dh(x3he−

3
x ).

On the other hand, they can be represented by the hypergeometric functions as

Sh(x) := 2F0(−h, 1 + 2h;−;−1

3
x).

Some mathematical connections between this class of polynomials and the Laguerre and
Bessel polynomials were also proved, as mentioned above. However, we are interested in
the explicit form of ChPs. It is as follows

Sh(x) =
h

∑
k=0

h! (2h + k)!

k! (h − k)! (2h)!

( x

3

)k
, h ∈ N0 := N∪ {0}. (3)

According to the former formula, we easily find that S0(x) = 1. The list of the next five
ChPs is given for the convenience of reference as

S1(x) = 1 + x,

S2(x) = 1 +
10

3
x +

10

3
x2,

S3(x) = 1 + 7x +
56

3
x2 +

56

3
x3,

S4(x) = 1 + 12x + 60x2 +
440

3
x3 +

440

3
x4,

S5(x) = 1 +
55

3
x +

440

3
x2 +

5720

9
x3 +

40040

27
x4 +

40040

27
x5.

Clearly, we have Sh(0) = 1 for all h ∈ N. Additionally, note that the coefficients of all ChPs
are positive. The next result indicates that these ChPs are the solutions of a differential
equation of the second order given by

x2 S ′′
h (x) + [3 + (h + 2)x]S ′

h(x) = h(2h + 1)Sh(x), h ∈ N0. (4)
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Finally, we derive a decomposition for the vector of ChPs basis functions that will be
utilized below. In this respect, we set

SSSH(x) := [S0(x) S1(x) S2(x) . . . SH(x)], (5)

where H is a given integer. In terms of monomial bases, we obtain the next result.

Lemma 1. For an integer H, we can reformulate SSSH(x) in (5) as

SSSH(x) = YYYH(x)RRRH , (6)

where we have
YYYH(x) =

[
1 x x2 . . . xH

]
,

and the structured matrix RRRH has an upper-triangular form. Its entries are extracted from rela-
tion (3). The matrix representation of RRRH is written as follows:

RRRH =




0! 0!
0! 0! 0! 30

1! 2!
0! 1! 2! 30

2! 4!
0! 2! 4! 30 . . .

(H−1)! (2H−2)!
0! (H−1)! (2H−2)! 30

H! (2H)!
0! H! (2H)! 30

0 1! 3!
1! 0! 2! 31

2! 5!
1! 1! 4! 31 . . .

(H−1)! (2H−1)!
1! (H−2)! (2H−2)! 31

H! (2H+1)!
1! (H−1)! (2H)! 31

0 0 2! 6!
2! 0! 4! 32 . . .

(H−1)! (2H)!
2! (H−3)! (2H−2)! 32

H! (2H+2)!
2! (H−2)! (2H)! 32

...
...

. . .
. . .

. . .
...

0 0 0 . . .
(H−1)! (3H−3)!

(H−1)! 0! (2H−2)! 3H−1
H! (3H−1)!

(H−1)! 1! (2H)! 3H−1

0 0 0 . . . 0
H! (3H)!

H! 0! (2H)! 3H




.

This matrix is nonsingular due to the fact that the diagonal elements are ri,i = (3i)!/((2i)! 3i) for
0 ≤ i ≤ H.

Proof. The proof is an easy exercise.

2.2. Convergent of ChPs in the Sense of L2

Here, we establish a convergence result, which validates the proposed collocation
matrix approach from the theoretical point of view. Every function b(x) that a square-
integrable function on [0, 1] may be expanded as a sum of Sh(x) functions. To proceed, we
set V := L2[0, 1], which is a Hilbert space. Thus, for b ∈ V, we have

b(x) =
∞

∑
h=0

ch Sh(x), x ∈ [0, 1]. (7)

The task is here to find the unknown coefficients ch for h ≥ 0. To deal with the underlying
model (1), we need to take a finite number of bases in (7). In this work, we use only (H + 1)
terms of the aforementioned infinite series. By cutting it, we obtain

b(x) ≈ bH(x) :=
H

∑
h=0

ch Sh(x) = SSSH(x)CCCH , x ∈ [0, 1]. (8)

Here, the vector of basis functions, i.e., SSSH(x), is previously defined in (5). The other object
is the vector of unknowns represented by

CCCH := [c0 c1 . . . cH ]
T .
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Our ultimate goal is to measure the difference between b(x) and bH(x) in the L2 norm,
in particular, as H tends to infinity. Based on the above arguments, we now constitute a
finite-dimensional space VH as a subspace of L2[0, 1]. It is defined by

VH := Span〈S0(x),S1(x), . . . ,SH(x)〉.

It can be clearly seen that dim(VH) = H + 1, which means that VH is a closed subset of V
and therefore constitutes a complete subspace of V. The immediate conclusion is that for
an arbitrary element b ∈ V, we can find a closest approximation from VH . Let us denote
this best approximation by b∗ ∈ VH . Mathematically speaking, we have

‖b − b∗‖ ≤ ‖b − b̂‖, ∀b̂ ∈ V. (9)

Here, ‖g‖2 = 〈g, g〉 and 〈 f , g〉 =
∫ 1

0 f (x)g(x)dx.
Let us state and prove the following theorem regarding the quality of the approximate

solution bH(x) for the function b(x).

Theorem 1. If b(x) is (H + 1)-times a continuously differentiable function on [0, 1] and if
bH(x) = SSSH(x)CCCH represents the closest unique approximation to b(x) in the space VH , then the
following error bound is valid

‖EH‖ ≤ L

(H + 1)!
√

2H + 3
, L := max

x∈[0,1]
|b(H+1)(x)|,

where EH(x) := b(x)− bH(x) in the error term of approximation.

Proof. We let x0 be an arbitrary (but fixed) point in [0, 1]. By employing the Taylor series
expansion of b(x) near the point x0, we obtain

b(x) =
H

∑
h=0

1

h!
b(h)(x0)(x − x0)

h +
1

(H + 1)!
b(H+1)(p0)(x − x0)

H+1 ≡ BH(x) + RH+1(x),

where p0 lies between x0 and x ∈ [0, 1]. Here, RH+1(x) denotes the remainder term of the
Taylor formula, for which we have

|RH+1(x)| ≡ |b(x)− BH(x)| ≤ (x − x0)
H+1L

(H + 1)!
. (10)

Under the assumption of the theorem, we know that bH(x) ∈ VH stands for the closest
best approximation to b(x). It follows that

‖b(x)− bH(x)‖ ≤ ‖b(x)− b̄(x)‖, ∀b̄ ∈ VH .

By replacing b̄(x) in the foregoing inequality by the Taylor approximation BH(x) ∈ VH , we
conclude that

‖b(x)− bH(x)‖2 ≤ ‖b(x)− BH(x)‖2 =
∫ 1

0
|b(z)− BH(z)|2dz.

On accounting the upper bound for the remainder of the Taylor formula given in (10),
we have

‖EH‖2 ≤
[

L

(H + 1)!

]2 ∫ 1

0
(z − x0)

2H+2dz.

By calculating the integral term, we arrive at

‖EH‖2 ≤
[

L

(H + 1)!

]2 f (x0)

2H + 3
,
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where f (x) = (1 − x)2H+3 − (−x)2H+3.
We claim that M f := maxx∈[0,1] | f (x)| = 1. One can easily check that f (0) = f (1) = 1

and f ′(x) 6= 0 for all x ∈ (0, 1). Therefore, the maximum absolute value of f will be
attained at either the endpoint x = 0 or x = 1. In both cases, we have M f = 1. The proof is
now concluded by taking the square roots of the former inequality.

It should be remarked that by letting H → ∞, the error norm ‖EH‖ converges to 0.

3. Description of QLM–ChPs Matrix Approach

The chief goal of the current work is to devise an efficient as well as accurate matrix
algorithm based on the ChPs described above. Towards this end, we first rewrite the
original nonlinear model problem (1) in the form

d2

dx2
M(x) +

n

x

d

dx
M(x)− 2h2 M(x)

α + M(x)
= 0. (11)

As mentioned before, we are particularly interested in n = 0 and n = 2. Obviously, the
model under consideration is not only strongly nonlinear but also singular at the origin. Of
course, when n = 0, the second term is annihilated. These hinder us to solve the model
problem efficiently and accurately. In particular, by applying the direct collocation matrix
techniques using the (finite) expansion series (8), we arrive at an algebraic nonlinear system
of equations of size (H + 1). To obtain high-order accuracy, one has to increase H. In this
case, the target nonlinear solvers (such as the Newton–Raphson algorithm) are usually
unsuccessful in returning the right solutions.

In order to have no such difficulty, one remedy is to linearize the model (11) first. The
Bellman’s quasilinearization method (QLM) can be used for this purpose. Thus, we have to
solve a sequence of linearized submodels rather than a single nonlinear model. The wide
range of applicability of the QLM to diverse initial and boundary value problems has been
shown by many researchers; we refer for comparison [38–40].

3.1. The Essence of QLM

The nonlinear model (11) can be further reformulated in a concise format as

d2

dx2
M(x) = Ω

(
x, M(x),

d

dx
M(x)

)
, (12)

where

Ω
(

x, M(x),
d

dx
M(x)

)
:= −n

x

d

dx
M(x) +

2h2 M(x)

α + M(x)
.

Note that the boundary conditions (2) are also given with (12). To begin with QLM, we
are required to set an initial guess M0(x) as an approximation for the true solution M(x)
of (12). Hence, the QLM for the model Equation (12) is written generally as

d2

dx2
Me(x) ≈ Ω

(
x, Me−1(x),

d

dx
Me−1(x)

)

+ ΩM

(
x, Me−1(x),

d

dx
Me−1(x)

)(
Me(x)− Me−1(x)

)

+ ΩM′
(

x, Me−1(x),
d

dx
Me−1(x)

)( d

dx
Me(x)− d

dx
Me−1(x)

)
,

for e = 1, 2, . . .. Here, the ΩM represents the derivative of Ω with regard to M. The same is
valid for ΩM′ . Making use of QLM for the model (12) gives us

d2

dx2
Me(x) +

(n

x

) d

dx
Me(x)− 2α h2

(
α + Me−1(x)

)2
Me(x) =

2 h2 M2
e−1(x)

(
α + Me−1(x)

)2
, e = 1, 2, . . . .



Appl. Sci. 2023, 13, 11672 8 of 21

In order to write the former equations in a more convenient format, we multiply both

sides by x ·
(
α + Me−1(x)

)2
. By introducing the notations

κe−1,1(x) := x
(
α + Me−1(x)

)2
, κe−1,2(x) := n

(
α + Me−1(x)

)2
,

κe−1,3(x) := −2α h2 x, πe−1(x) := 2 h2 x M2
e−1(x),

we arrive at the next set of linearized equations

κe−1,1(x)
d2

dx2
Me(x) + κe−1,2(x)

d

dx
Me(x) + κe−1,3(x) Me(x) = πe−1(x), e = 1, 2, . . . . (13)

The boundary conditions (2) are now converted to the following forms

d

dx
Me(0) = 0,

d

dx
Me(1) + sh Me(1) = sh. (14)

Now, the task is to solve the family of boundary value problems (13) and (14). This can
now be accomplished by using the direct spectral collocation approach based on ChPs.

3.2. The Main Algorithm

To approximate the solutions of the linearized boundary value problems (13) and (14)

via the QLM–ChPs technique, we assume that we have the approximation MMM
(e)
H (x) at hand

for the solution Me−1(x) of (13) at the iteration e ≥ 1. In the next iteration, we take

Me(x) ≈ M
(e)
H (x) =

H

∑
h=0

c
(e)
h Sh(x) = SSSH(x)CCC

(e)
H = YYYH(x)RRRH CCC

(e)
H , x ∈ [0, 1], (15)

where CCC
(e)
H =

[
c
(e)
0 c

(e)
1 . . . c

(e)
H

]T
contains the vector of unknowns at the iteration

number e = 1, 2, . . .. We also recall that the vector YYYH(x) as well as the matrix RRRH are
previously introduced in (5) and (6). We, moreover, need a set of collocation nodes on [0, 1].
By uniform partitioning of this interval, we set these points as

xǫ := ǫ/H, ǫ = 0, 1, . . . , H. (16)

By collocating the approximate solution M
(e)
H (x) in (15) at the points (16), we obtain

the next matrix format
NNNe = XXXH RRRH CCC

(e)
H , (17)

where we have

NNNe =




M
(e)
H (x0)

M
(e)
H (x1)

...

M
(e)
H (xH)




, XXXH =




YYYH(x0)
YYYH(x1)

...
YYYH(xH)


.

In the next stage, we need to compute the first and second derivatives of M
(e)
H (x) in (15). A

straightforward computation reveals that

d

dx
M

(e)
H (x) =

d

dx

(
YYYH(x)

)
RRRH CCC

(e)
H .
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To calculate the derivative of YYYH(x), we note that

d

dx
YYYH(x) = YYYH(x)QQQH , QQQH =




0 1 0 . . . 0
0 0 2 . . . 0
...

... 0
...

...

0 0 0
. . . H

0 0 0 . . . 0




(H+1)×(H+1)

.

By combining two preceding relations, we arrive at

d

dx
M

(e)
H (x) = YYYH(x)QQQH RRRH CCC

(e)
H . (18)

Similarly, by repeating the differentiation once more, we obtain the next representation

d2

dx2
M

(e)
H (x) = YYYH(x)QQQ2

H RRRH CCC
(e)
H . (19)

To show the first and second derivatives of M
(e)
H (x) in (18) and (19) in a matrix repre-

sentation form, we state the next lemma.

Lemma 2. By collocating dk

dxk M
(e)
H (x) for k = 1, 2 at the points (16), we obtain the matrix formats

{
ṄNNe = XXXH QQQHRRRH CCC

(e)
H ,

N̈NNe = XXXH QQQ2
HRRRH CCC

(e)
H ,

(20)

where two matrices QQQH and RRRH are defined in (18) and (6). Additionally, the vector XXXH is given
in (17). Moreover, we have used the following vectors

ṄNNe =




d
dx M

(e)
H (x0)

d
dx M

(e)
H (x1)
...

d
dx M

(e)
H (xH)




, N̈NNe =




d2

dx2 M
(e)
H (x0)

d2

dx2 M
(e)
H (x1)
...

d2

dx2 M
(e)
H (xH)




.

Proof. The proof is easily obtained after placing the collocation points (16) into the rela-
tions (15) and (18), respectively.

In the next step of our algorithm, we return to the linearized equations (13) and put
the collocation nodes into them to obtain

κe−1,1(xǫ)
d2

dx2
Me(xǫ) + κe−1,2(xǫ)

d

dx
Me(xǫ) + κe−1,3(xǫ) Me(xǫ) = πe−1(xǫ), (21)

for ǫ = 0, 1, . . . , H, and e = 1, 2, . . .. We are able to rewrite the former equations (21)
compactly by the aid of the following notations

KKKe−1
j =




κe−1,j(x0) 0 . . . 0

0 κe−1,j(x1) . . . 0
...

...
. . .

...
0 0 . . . κe−1,j(xH)


, PPPe−1 =




πe−1(x0)
πe−1(x1)

...
πe−1(xH)


.

The resultant system of equations is shown by

KKKe−1
1 N̈NNe +KKKe−1

2 ṄNNe +KKKe−1
3 NNNe = PPPe−1, e = 1, 2, . . . . (22)
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The next fundamental matrix of the equation is derived by employing the foregoing
relations (17)–(20) for the vectors NNNe, ṄNNe, and N̈NNe in (22). It follows that

WWW(e−1) CCC
(e)
H = PPPe−1, or [WWW(e−1); PPPe−1], (23)

where WWW(e−1) :=
{

KKKe−1
1 XXXH QQQ2

H +KKKe−1
2 XXXH QQQH +KKKe−1

3 XXXH

}
RRRH for e ≥ 1.

By solving the above fundamental matrix Equation (23), we obtain a solution for the
linearized Equation (13). However, this solution needs to be satisfied in the boundary
conditions (14). So, in the final stage, we derive the matrix formats for the boundary
conditions. For the first Neumann boundary condition, we utilize the relation (18). It is
sufficient to tend x → 0. This gives us

WWW
(e−1)
0 CCC

(e)
H = 0, WWW

(e−1)
0 := YYYH(0)QQQH RRRH . (24)

For the second mixed boundary condition (14), we use a combination of two relations, (15)
and (18). Here, we need to tend x → 1. We can now reformulate the second boundary
condition in the form of a matrix given by

WWW
(e−1)
1 CCC

(e)
H = sh, WWW

(e−1)
1 := {YYYH(1)QQQH + sh YYYH(1)}RRRH . (25)

By returning to the augmented matrix [WWW(e−1); PPPe−1], we now replace the first and

last row of it with the new rows [WWW
(e−1)
0 ; 0] and [WWW

(e−1)
1 ; sh] obtained in (24) and (25),

respectively. By updating the former fundamental matrix Equation (23), we arrive at the
new modified version denoted by

W̃WW
(e−1)

CCC
(e)
H = P̃PP

e−1
, or

[
W̃WW

(e−1)
; P̃PP

e−1
]

. (26)

Any linear solver can be utilized to solve the system (26). Therefore, after knowing the

coefficients CCC
(e)
H at iteration e, e ≥ 1, we obtain the approximate solution of the strongly

nonlinear model (1) on [0, 1]. The utility of the proposed QLM–ChPs algorithm will be
considered in the next section.

3.3. Theoretical Upper Bound for QLM–ChPs Approach

In Theorem 1, we have obtained an upper bound for the error between M(x) as the
true solution of the original model problem (1) and its approximation MH(x) expanded in
terms of ChPs in (8). This error is defined by

EH(x) := M(x)− MH(x), x ∈ [0, 1]. (27)

Our aim is now to examine the error between M(x) and M
(e)
H (x) as the approximate solution

of the associated linearized model problem (13) together with boundary conditions (14) at

a fixed iteration number e. Let this error be represented by E
(e)
H (x) and defined by

E
(e)
H (x) := M(x)− M

(e)
H (x), x ∈ [0, 1]. (28)

The next theorem consists of an L2 error estimate for the QLM–ChPs solution.

Theorem 2. Let the assumptions of Theorem 1 hold. Then, the upper bound for the error is given by

‖E
(e)
H ‖ ≤ L

(H + 1)!
√

2H + 3
+ (log(H) + 1)‖RRRH‖ ‖CCC

(e)
H −CCCH‖, L := max

x∈[0,1]
|M(H+1)(x)|.
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Proof. Our proof starts with the following error decomposition

E
(e)
H (x) = EH(x)−E(x), (29)

where E(x) = M
(e)
H (x)− MH(x) denotes the difference between the approximate solutions

of (13) and (1) when solving with the ChPs collocation procedures. One can immediately
write the following conclusion using the triangle inequality

‖E
(e)
H ‖ ≤ ‖EH‖+ ‖E‖. (30)

For the first term, we apply the result of Theorem 1, which asserted that

‖EH‖ ≤ L

(H + 1)!
√

2H + 3
. (31)

We now need to obtain an upper bound for the second term ‖E‖. We recall that the

approximate solutions MH(x) and M
(e)
H (x) can be stated as

MH(x) = YYYH(x)RRRH CCCH , M
(e)
H (x) = YYYH(x)RRRH CCC

(e)
H ,

in accordance to relations (8) and (15), respectively. Here, we have the corresponding
coefficients obtained by the direct ChPs and QLM–ChPs collocation matrix procedures as

CCCH := [c0 c1 . . . cH ]
T , CCC

(e)
H =

[
c
(e)
0 c

(e)
1 . . . c

(e)
H

]T
.

The consequence is that

‖E‖ ≤ ‖YYYH‖ ‖RRRH‖ ‖CCC
(e)
H −CCCH‖.

For the first term, we further have

‖YYYH‖2 =
∫ 1

0
|YYYH(x)|2dx =

∫ 1

0

H

∑
h=0

|xh|2dx =
H

∑
h=0

1

2h + 1
=: SH .

By comparing SH to the corresponding harmonic series, we can find that SH < log(H) + γ,
where γ ≈ 0.5772 is the Euler constant. Now, by inserting the upper bounds for ‖EH‖ and
‖E‖ in the inequity (30), we have completed the proof.

It seems that the obtained upper bound for the error term E is not sufficiently small
in practical problems. However, we will show that this upper bound is quite tight when
computed for the actual experimental results.

3.4. Error Measurement via REF Method

Due to the existence of the strongly nonlinear term in the reaction–diffusion model (1),
finding exact true solutions is out of reach. This is the main reason why devising numerical
methods is important for this model. However, to check how the proposed approach
approximates the solutions of this model, we require having some tools for computing the
achieved errors. One approach is based on the residual error functions (REFs) technique.

The REFs can be obtained by putting the obtained approximate solution M
(e)
H (x) into

the original differential model (1). Concisely speaking, we set the REFs for our model
problem as

R
(e)
H (x) :=

d2

dx2
M

(e)
H (x) +

n

x

d

dx
M

(e)
H (x)− 2h2 M

(e)
H (x)

α + M
(e)
H (x)

∼= 0, x ∈ [0, 1].

In an equivalent form, we may write the REFs in the form
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R
(e)
H (x) := x

(
α + M

(e)
H (x)

) d2

dx2
M

(e)
H (x) + n

(
α + M

(e)
H (x)

) d

dx
M

(e)
H (x)− 2h2 x M

(e)
H (x) ∼= 0. (32)

We note that when n = 0, the former REFs reduces to the following form

R
(e)
H (x) :=

(
α + M

(e)
H (x)

) d2

dx2
M

(e)
H (x)− 2h2 M

(e)
H (x) ∼= 0. (33)

3.5. The RC Methodology

In this part, we concentrate on the linearized boundary value problems (BVPs) (13)
and (14). We first define the associated residual function of the linear operators. We then
correct the current approximated solution by the technique of residual correction (RC). To
do so, we first fix the iteration e and rewrite the BVPs (13) as

{
L[Me(x)] = πe−1(x), x ∈ [0, 1],
d

dx Me(0) = 0, d
dx Me(1) + sh Me(1) = sh,

(34)

where L[Me(x)] := κe−1,1(x) d2

dx2 Me(x) + κe−1,2(x) d
dx Me(x) + κe−1,3(x) Me(x) is a linear

differential operator. We also define the error term

Ee,H(x) := Me(x)− M
(e)
H (x), (35)

where Me(x) is the exact solution of (34), and M
(e)
H (x) shows the approximate solution

obtained by the QLM–ChPs approach as given in (15). The associated residual function is
defined by

R
(e)
H (x) := L[M

(e)
H (x)]− πe−1(x). (36)

It is evident that we have

L[M
(e)
H (x)] = πe−1(x) +R

(e)
H (x). (37)

We now arrive at the error problem by subtracting (34) from (37), followed by using
the definition of the error term given in (35). It follows that

{
L[Ee,H(x)] = −R

(e)
H (x), x ∈ [0, 1],

d
dx Ee,H(0) = 0, d

dx Ee,H(1) + sh Ee,H(1) = 0.
(38)

We now solve the error differential Equation (38) with the aid of the previously illustrated
QLM–ChPs technique. Here, we take (H′ + 1) basis functions such that H′ is greater than
H. Therefore, we obtain the following approximation

Ee,H(x) ≈ Ee,H,H′(x) :=
H′

∑
h=0

c̃h Sh(x), x ∈ [0, 1]. (39)

The preceding approximate solution M
(e)
H (x) will now be corrected by adding the

former error term (39) to it. By denoting the new approximate solution of model (34) by

M
(e)
H,H′(x), we obtain the following improvement for the approximate solution

M
(e)
H,H′(x) := M

(e)
H (x) + Ee,H,H′(x), x ∈ [0, 1]. (40)

Analogous to (32), we can define the REFs related to the new improved solution M
(e)
H,H′(x).

Let us denote it by R
(e)
H,H′(x) for x ∈ [0, 1].
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4. Numerical Calculations

The proposed QLM–ChPs matrix collocation procedure will now be tested for the
strongly nonlinear model problem (1) numerically. Diverse model parameters n, h, α are
used in the simulation experiments to show the utility of the developed approach. To ex-
amine the accuracy and validity, the results of this paper are compared with other schemes
in previous research. We used Matlab software 2021a for the execution of our algorithm on
a personal laptop. The initial rough approximation M0(x) is taken to be a zeroth approxi-
mation. Furthermore, we consider only e = 5 in the experimental computations. This value
would be sufficient to obtain the desired level of accuracy.

We next calculate the numerical order of convergence associated with the previously
defined REFs. For this purpose, we utilize the infinity norm. Thus, we have

e∞ ≡ e∞(H) := max
x∈[0,1]

∣∣∣R(e)
H (x)

∣∣∣,

where R
(e)
H (x) is defined in (32). Hence, we set

OrdH :=
(

ln e∞(H)− ln e∞(2H)
)

/ ln 2, (41)

which gives us the numerical order of convergence.

4.1. Case Study I: Planar Particle (n = 0)

The parameters associated with the reaction–diffusion model (1) are set as [11]

α = 1, h = 0.1, sh = 1.

Clearly, in this case, the boundary conditions take the form

d

dx
M(0) = 0,

d

dx
M(1) + M(1) = 1.

In order to compare our results with two existing wavelet-based spectral approaches,
we take only three basis functions at the first stage. Using H = 2 in the spectral QLM–ChPs
technique, we obtain the following approximation

M
(5)
2 (x) = 0.00496563 x2 + 0.985103,

which can be compared to those approximations obtained by the Chebyshev wavelet
method (CWM) and Legendre wavelet method (LWM) developed in [11]. These two
approximate solutions are

UCWM(x) = 0.0032 x2 + 0.9904, ULWM(x) = 0.00496 x2 + 0.98734.

Similarly, the solution obtained by the Adomian decomposition method (ADM) is given
by [10]

AADM(x) = 1 −
(

h2

α + 1

)[
1 +

2

sh

]
+

(
h2

α + 1

)
x2 ≈ 0.005 x2 + 0.985.

It can be clearly seen that our approximations are closer to the output of LWM and ADM
than the solution obtained by the CWM. By running our algorithm, we can obtain the
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results with more accuracy using larger values of H. For instance, by taking H = 4 and
H = 8, we obtain

M
(5)
4 (x) = 0.00000209205 x4 + 8.1598 × 10−9 x3 + 0.00496247 x2 + 0.985102,

M
(5)
8 (x) = 1.68201 × 10−12 x8 + 4.9749 × 10−14 x7 − 1.74371 × 10−9 x6

+ 4.07856 × 10−14 x5 + 2.0988 × 10−6 x4 + 4.34436 × 10−15 x3 + 0.00496248 x2

− 1.33061 × 10−110 x + 0.985102.

The visualizations of the approximate solutions using different values of H = 2, 4, 8
are plotted in Figure 1. The absolute error of the associated REFs with these values of H are
also exhibited in Figure 1. By looking at this figure demonstrating the closeness of these
solutions, we see that the magnitude of REFs are decreased whenever we increase the H.
This shows that the proposed method is convergent, and even its tendency to converge
is exponential.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.985

0.986

0.987
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x-axis

M
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(x
)

H = 2
H = 4
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10−36

10−31

10−26

10−21
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10−11

10−6

x-axis

∣ ∣ ∣R
(5
)

H
(x
)∣ ∣ ∣

H = 2
H = 4
H = 8
H = 16

Figure 1. Approximate solutions (left) and the related absolute values of REFs (right) via the QLM–

ChPs approach with H = 2, 4, 8, 16, and α = 1, h = 0.1, sh = 1.

Using the same parameters as above (fixed H = 2 and sh = 1) but with different values
of h, we examine the effects of the model parameter h on the computations. The results by
using h = 0.1, 0.2, . . . , 0.5 are plotted in Figure 2. The associated REFs are also visualized in
the same figure. It is evident that by increasing the parameter h, the corresponding REFs
are decreasing in magnitude. This implies that for large values of h, we are required to use
a large value of H in the computations to obtain the desired accuracy.

Let us consider the case of h = 0.5 and compare our obtained approximate solution
with the outcomes of some existing ones. We obtain the next approximation

M
(5)
2 (x) = 0.104115 x2 + 0.687654,

which is very close to the output of LWM, reported as [11]

ULWM(x) = 0.1041 x2 + 0.68772.

However, one can see a gap between our approximation and that obtained by the ADM [10]
given in the form AADM(x) = 0.125 x2 + 0.625 and the solution of CWM [11] obtained
as UCWM(x) = 0.1024 x2 + 0.6928. Again, more alignment will be seen between the
approximations obtained by the QLM–ChPs and LWM.
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Figure 2. Approximate solutions (left) and the related absolute values of REFs (right) via the QLM–

ChPs approach with H = 2, α = 1, sh = 1, and various h = 0.1, 0.2, 0.3, 0.4, 0.5.

The next simulation results are devoted to the influence of the parameter α on the
obtained numerical solutions. Towards this end, we first fix h = 0.5 and sh = 1. By taking
H = 2 as before, the approximate solutions for diverse values of α = 0.70, 0.75, 0.80, 0.90,
and α = 1 are displayed in Figure 3 (left picture). To be more precise, the approximate
solution for α = 0.75 is given by

M
(5)
2 (x) = 0.118373 x2 + 0.644882,

while the corresponding solution obtained by the LWM [11] is ULWM(x) = 0.118066 x2 +
0.645874.

In the same figure, the right plot, we also show the impact of utilizing various values
of the parameter sh, whereas two other ones are fixed as h = 0.6 and α = 0.5. These results
by using H = 2 and for sh = 5, 10, 15, 30, 50 are visualized in this figure. As an example,
the result for sh = 50 is as follows:

M
(5)
2 (x) = 0.223953 x2 + 0.767088.

Here, we can only compute the approximate solution computed by the ADM, which is
AADM(x) = 0.24 x2 + 0.7504. We note that the associated REFs for different values of α

have approximately the same behavior. We thus omitted them to save space. The same was
also observed for the achieved REFs related to different sh in Figure 3.
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Figure 3. Approximate solutions using various α = 0.1, . . . , 0.5, h = 0.5, sh = 1 (left) and different

sh = 5, 10, 15, 30, 50, h = 0.6, α = 0.5 (right) via the QLM–ChPs approach with H = 2.
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The next investigation is devoted to the technique of RC. For this purpose, we set
(H, H′) = (4, 6). We take all parameters to be united for h, sh, and α. To start, the approxi-

mate solution M
(5)
H (x) for H = 4 is given as

M
(5)
4 (x) = 0.0195316 x4 + 0.00275546 x3 + 0.208582 x2 + 0.265573.

To improve this solution, we need the R
(5)
4 (x) in the error differential Equation (38). It

is given as

R
(5)
4 (x) = 0.00457779 x6 + 0.000968735 x5 + 0.0180176 x4 − 0.000912998 x3 − 0.0335278 x2

+ 0.0209235 x − 0.00319356.

We now solve (38) to obtain the error solution E5,6,4(x), which is obtained as

E5,6,4(x) = −0.00127166 x6 + 0.00128986 x5 + 0.00175115 x4 − 0.00293648 x3

+ 0.00140622 x2 − 5.19121 × 10−111 x − 0.0000660108.

Consequently, the new approximation is derived by this technique just by adding the
previously obtained error term to the preceding approximate solution. It follows that

M
(5)
4,6 (x) = M

(5)
4 (x) + E5,6,4(x) = −0.00127166 x6 + 0.00128986 x5 + 0.0212827 x4

− 0.000181016 x3 + 0.209989 x2 − 5.19121 × 10−11 t + 0.265507.

Finally, in the case of n = 0 and in order to highlight more the difference between
the old and new approximations, we present the error solution E5,6,4(x) along with the

absolute values of the REFs R
(5)
4 (x) and R

(5)
4,6 (x). These results are pictured in Figure 4. The

precise evaluations of numerical solutions M
(5)
4 (x) and M

(5)
4,6 (x) at some points xk = k/10

for k = 0, 1, . . . , 10 are reported in Table 2. We also tabulate the corresponding REFs (in
absolute form) in this table for the sake of completeness.
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Figure 4. The error solution (left) and the related absolute values of REFs (right) via the RC technique

with (H, H′) = (4, 6) and α, h, sh = 1.
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Table 2. Numerical evaluation of approximate solutions and REFs via the RC technique with

(H, H′) = (4, 6) and α, h, sh = 1 at various x ∈ [0, 1].

x M
(5)
4 (x)

∣∣R(5)
4 (x)

∣∣ M
(5)
4,6 (x)

∣∣R(5)
4,6 (x)

∣∣

0.0 0.26557303 3.1936 × 10−3 0.26550702 4.7010 × 10−4

0.1 0.26766356 1.4356 × 10−3 0.26760887 2.7671 × 10−4

0.2 0.27396962 3.2785 × 10−4 0.27393950 6.9216 × 10−5

0.3 0.28457805 1.9296 × 10−4 0.28457571 5.3198 × 10−5

0.4 0.29962257 2.4287 × 10−4 0.29964645 5.1880 × 10−5

0.5 0.31928378 1.4663 × 10−24 0.31933216 5.4292 × 10−5

0.6 0.34378916 2.8270 × 10−4 0.34386303 1.9064 × 10−4

0.7 0.37341307 2.6150 × 10−4 0.37351652 2.2601 × 10−4

0.8 0.40847670 5.1746 × 10−4 0.40861377 3.1905 × 10−5

0.9 0.44934817 2.6407 × 10−3 0.44951528 8.4719 × 10−4

1.0 0.49644248 6.8532 × 10−3 0.49661555 2.5745 × 10−3

4.2. Case Study II: Spherical Particle (n = 2)

Similar to the case of n = 0, we start numerical evaluation by fixing the parameters sh,
α and using various h as [11]

sh = 1, α = 1, h = 0.1, 0.2, . . . , 0.5.

The approximate solutions by utilizing H = 2 and these values of h are listed as follows,
respectively:

M
(5)
2 (x) = 0.001662847242 x2 + 3.326531125 × 10−111 x + 0.9950114583,

M
(5)
2 (x) = 0.00660556069 x2 + 0.9801833179,

M
(5)
2 (x) = 0.01469075649 x2 + 0.9559277305,

M
(5)
2 (x) = 0.02569019993 x2 + 5.3224498 × 10−110 x + 0.9229294002,

M
(5)
2 (x) = 0.03928729831 x2 + 1.06448996 × 10−109 x + 0.8821381051.

The associated approximations obtained by the ADM [10] and the LWM [11] are also
given for comparison purposes as follows:

AADM(x) = 0.001666666667 x2 + 0.995, ULWM(x) = 0.00161 x2 + 0.995172,

AADM(x) = 0.006666666667 x2 + 0.98, ULWM(x) = 0.00657 x2 + 0.98027,

AADM(x) = 0.015 x2 + 0.955, ULWM(x) = 0.01462 x2 + 0.956131,

AADM(x) = 0.02666666667 x2 + 0.92, ULWM(x) = 0.02569 x2 + 0.922925,

AADM(x) = 0.04166666667 x2 + 0.875, ULWM(x) = 0.03917 x2 + 0.882487.

It seems that the agreement between our solutions and two other methods depends
heavily on the parameter h. For more insight, let us plot all three numerical solutions
using h = 0.1 and h = 0.5. Figure 5 shows these approximations together. Clearly, for a
small h = 0.1, the outputs of QLM–ChPs and ADM are very close together, while for a
larger value h = 0.5, this closeness will be increased. On the other hand, the performance
of LWM is poor and our method outperforms the LWM. To confirm the performance of
the QLM–ChPs method, we fix h = 0.5 and vary H = 2, 4, 8, 16. The outcomes presented
in Figure 6 show the exponential convergence of our method, which is also simpler in
implementation compared to existing ADM and LWM procedures.



Appl. Sci. 2023, 13, 11672 18 of 21

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.9950

0.9952

0.9954

0.9956

0.9958

0.9960

0.9962

0.9964

0.9966

0.9968

x-axis

A
p
p
ro
x
im

at
e
so
lu
ti
on

s

QLM-ChPs
ADM
LWM

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

x-axis

QLM-ChPs
ADM
LWM

Figure 5. A comparison of three-term approximate solutions using the ADM/LWM/QLM–ChPs

approaches with h = 0.1 (left) and h = 0.5 (right). In the QLM–ChPs approach, we used H = 2 and

α, sh = 1 in the spherical case n = 2.
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Figure 6. The absolute values of REFs via the QLM–ChPs approach with H = 2, 4, 8, 16, and

α = 1, h = 0.5, sh = 1 in the spherical case n = 2.

The computed numerical solutions using different h = 0.1, 0.2, . . . , 0.5 and h = 1 are
further presented in Table 3. In this case, we take H = 10 number of bases. The other
parameters α, sh are taken as one. Furthermore, the impact of using diverse values of the
parameter α as well as sh on the calculated approximation is examined in Figure 7. When
these two parameters vary, we take two other ones to be one in the simulations.

Table 3. The numerical solutions via the QLM–ChPs approach with α, sh = 1 and various

h = 0.1, 0.2, . . . , 1 in the spherical case n = 2.

x h = 0.1 h = 0.2 h = 0.3 h = 0.4 h = 0.5 h = 1

0.0 0.9950104174 0.9801667075 0.9558440569 0.9226671500 0.8815061913 0.6008875096
0.1 0.9950270425 0.9802327071 0.9559906738 0.9229231020 0.8818966446 0.6021391527
0.2 0.9950769180 0.9804307140 0.9564305662 0.9236910908 0.8830683354 0.6058999347
0.3 0.9951600457 0.9807607524 0.9571638580 0.9249715150 0.8850222552 0.6121873814
0.4 0.9952764279 0.9812228627 0.9581907562 0.9267650382 0.8877600545 0.6210305927
0.5 0.9954260681 0.9818171015 0.9595115499 0.9290725885 0.8912840398 0.6324700779
0.6 0.9956089709 0.9825435413 0.9611266108 0.9318953568 0.8955971683 0.6465575239
0.7 0.9958251419 0.9834022709 0.9630363924 0.9352347957 0.9007030429 0.6633554950
0.8 0.9960745874 0.9843933951 0.9652414301 0.9390926176 0.9066059048 0.6829370650
0.9 0.9963573150 0.9855170346 0.9677423404 0.9434707921 0.9133106255 0.7053853799
1.0 0.9966733333 0.9867733263 0.9705398207 0.9483715442 0.9208226968 0.7307931523
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Figure 7. Approximate solutions using various α = 0.1, . . . , 0.5, h = 0.5, sh = 2, (left) and different

sh = 3, 4, 6, 8, 15, h = 1, α = 1 (right) via the QLM–ChPs approach with H = 10 in the spherical case

n = 2.

Finally, we show the exponential convergence of the proposed QLM–ChPs approach
for both case studies I and II related to n = 0 and n = 2 respectively. The outcomes of e∞

and the corresponding numerical order of convergence OrdH (see (41)) for two different
values of h = 0.5 and h = 1 are presented in Table 4. For these results, we used H = 2i,
i = 1, 2, 3, 4 and α, h, sh = 1.

Table 4. The maximum absolute value of REFs and the associated OrdH achieved via the QLM–ChPs

procedure using α, h, sh = 1 and various H.

n = 0 n = 2

h = 0.5 h = 1 h = 0.5 h = 1

H e∞ OrdH e∞ OrdH e∞ OrdH e∞ OrdH

2
3.7498×

10−5 − 2.7776×
10−1 − 1.2500×

10−5 − 1.1905×
10−1 −

4
2.4301×

10−8 10.592
6.8532×

10−3 5.3409
2.2738×

10−9 12.425
1.5816×

10−3 6.2339

8
3.2518×

10−15 22.833
6.0441×

10−6 10.147
3.9753×

10−18 29.091
2.7289×

10−7 12.501

16
1.2902×

10−29 47.841
1.1835×

10−12 22.284
2.3086×

10−33 50.613
3.1188×

10−15 26.383

5. Conclusions

A class of strongly nonlinear BVPs with singularity arising in the modeling of a
reaction and diffusion process with Michaelis–Menten kinetics has been investigated in
this research study. To obtain a polynomial solution for the model equation, the technique
of spectral matrix collocation together with the quasilinearization strategy was proposed
efficiently and accurately. In this respect, a new class of polynomials related to the well-
known Bessel functions of Krall–Frink was used in the collocation procedure. In the L2

norm, we derived an upper bound for the error related to these polynomials theoretically.
Several numerical test examples with all values of parameters were solved to acquire
the (steady-state) substrate concentrations in a solid with planar and spherical shape,
approximately. Comparisons with the outputs of two existing methods, namely, the
Adomian decomposition approach and wavelet-based procedures, have been made to
show the validity of the combined QLM–ChPs algorithm. The techniques of residual error
functions and the error correction were employed to check the accuracy of the obtained
solutions in the absence of the exact solutions. The latter technique further helped us
to improve the quality of obtained approximations. The presented outcomes shown by
tables and figures confirm that the QLM–ChPs technique is not only highly accurate and
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efficient but also capable of solving various similar model problems with strong nonlinearity
and singularity.
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