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ABSTRACT

Axialiy-m ovm g materials arise in problems associated with spaeeeral't antennas, pipes conveying fluid and 
telescopic robotic manipulators. Flexible extendible beams are a special das; of axially-moving materials, 
in which the axially-moving material is modelled as a slender beam and (he mechanism o f elastic deforma­
tion >s transverse bending.

I lam ibon’s principle is used to derive the governing differential equation o f motion and system invariant 
properties of a llcxibio extendible beam protruding from a rigid wall with prescribed extrusion profile. The 
mass of the system is not constant and the general analytical solution to the equation o f motion is not known. 
In this study, numerical solutions are obtained using liiiite-eloment analysis. However, instead o f following  
the obvious (but cumbersome) approach of using lixed-si/.e elements and increasing their number, in a step­
wise fashion, as mass elements enter the domain of interest, a more elegant approach is followed wherein the 
number ol elements is fixed, while the sizes of the elements change with time. To this end, a variable- 
domain beam finite element whose size is a prescribed function of time is formulated.

The accuracy o f this variahle-doma.'.i beam element is demonstrated through the time-iiitegralion o f equa­
tions of motion using various extrusion profiles. Additional verification is performed by the evaluation o f the 
system's invariant quantities, comparison with a special analytical solution, and the dynamic stability analy­
sis of pipes conveying iluid. The effects of wall flexibility, tip mass, and high-frequency axial-motion pertur­
bations to the transverse response of the flexible extendible beam are also examined. In order to gain a 
deeper insight into the mechanics of this system, the dynamic stability characteristics o f the flexible extend­
ible beam are also in vest i gated using various extrusion profiles. The effect.- of physical damping, lip mass, 
lip support and wali flexibility on the stability characteristics o f this system are examined.

The power and versatility o f this linile-elemeiu formulation is demonstrated in a simulation o f an extruding 
flexible extendible beam which carries a tip mass and protrudes from a Ilexible envelope beam which 
imparls three- iiu'ensional rigid-body rotations to the system.
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Chapter 1

Introduction

1.1 Problem Description and History

The subject o f this investigation is the dynamics o f a flexible extendible beam. To pul 

this subject into perspective, Fig. (1.1) shows a particular physical system involving a 

flexible extendible beam. This particular system is comprised of a beam protruding 

from a stationary rigid wall, The tip of the beam may support a tip mass as shown. 

Note in particular that the length o f the protruding part is a prescribed function o f time.

The flexible extendible beam problem falls under the broad topic of axially-moving 

solid continua. Axially-moving materials arise in problems associated with cable tram­

ways, spacecraft antennas, band saws, magnetic tape drives, belts, and chains. Since 

these systems have one large dimension (along the axis of motion) and two smaller 

ones, they are usually analysed as one-dimensional string or beam problems. In some 

applications, however, account must be taken of a second large dimension. For 

instance, the deployment of solar arrays in space applications requires modelling the 

array as a moving membrane or plate. A recent survey of these problems is given by 

W icker and Mote (1988).
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A related problem is that of pipes conveying fluid. Literature on pipes conveying fluids 

is very extensive and an excellent survey of these problems is given by Pa'i'doussis and 

Workman f 1991). From a materials perspective, these problems fall within the domain 

o f solid mechanics, although the flow aspect of these problems gives them a flavour of 

fluid mechanics. For instance, in the motion of a computer tape between two reels, it is 

not practical to follow the individual particles of tape in time, since some tape particles 

leave (while others enter) the domain o f interest. One must then use the Eulerian win­

dow over the domain o f interest. If the tracking o f particles is relinquished, then con­

servation o f mass w ill not be automatically satisfied. That is, new mass elements enter 

the domain and, depending on the boundary conditions, some mass elements may 

leave the domain, with the result that the mass in the domain may change with time. In 

these problems, the late at which mass elements enter and leave the domain L, pre­

scribed.

Figure 1.1: A flexible extendible beam.

Most investigations o f axially-moving beams deal with beams supported at two points, 

and it is the transverse motion o f the beam within the span that is o f interest (Wicker 

and Mote (1988)). I f  the beam is assumed to be axially rigid, then under these condi-
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tions, the mass of the system within the domain of interest is conserved for small 

amplitude motion. For the problem of the flexible extendinle beam in Fig. (.1.1). mass 

is not conserved, as new mass elements enter the domain of interest (the protruding 

part o f the beam).

A derivation o f the non-linear, coupled longitudinal and transverse equations of 

motion of the flexible extendible beam has been provided by Tabarrok, Leech, anil 

K im  (1974) through Newton’s Second Law. After linearisation, a sim ilarity solution 

was obtained. In addition, it was shown that for a constant axial velocity, oscillatory 

motions dominate the response during the initial stage of deployment and that, at least 

w ith in linear theory, the transverse deflection becomes unbounded with time. Their 

findings were confirmed by simulations using the assumed-modes technique. The 

assumed-modes technique was also employed in an investigation by ( ’hercli.is and 

Gossain (1974) of the dynamics of a large flexible solar array as it deploys from a 

spinning spacecraft. Several investigators have als' examined the stability o f beams 

under harmonic longitudinal motion for beams of constant length (Flmaraghy and 

Tabarrok, (1975)) and variable length (Zajaczkowski and Lipinski (1979), Zajnc/.- 

kowski and Yam:.da (1980)). Regions of stability and instability in the excitation 

amplitude and frequency parameter space were identified. Although such excitation 

does not occur in most band-and-wheel systems, many robotic and mechanism compo­

nents execute periodic axial motions.

Recently, flexible extendible beams have gained prominence due to new applications 

in the area o f robotics, specifically in the modeling of flexible links traveling through 

prismatic joints. Wang and Wei (i987) use a modified Galerkin method to so lw  the 

equation o f motion o f an axially-moving beam. However, their derivation of the gov­

erning equation through Newton’s Second Law leaves out certain terms and lead.-, to 

an incorrect expression for the total energy of the system. Yuh and Young (1991) i.sc 

the assumed-modes method and compare their simulation results to those obtained 

through experiments. However, their simulation results for cases involving rigid-body 

angular accelerations are not plausible on physical grounds, and are in disagreement 

'vith results obtained in this stiuy. Buffinton (1992) also uses the assumed-modes 

technique to model the moving beam as an unconstrained body, and treats the beam’s 

finite number o f supports as kinematical constraints. Kim and Gibson (1991) use the 

finite-element approach to model a sliding flexible link. However, the derivation of the
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complementary kinetic energy of the sliding flexible link, outlined by Kim (1988,1, also 

leaves out certain terms.

1.2 Objectives

Reseurchers have successfully used global methods, such as the assumed-modes 

method, to obtain solutions for the axially-moving beam protruding from a rigid wall. 

The purpose of this study is to investigate the dynamics of the flexible extendible 

beam under more general configurations. In particular, we investigate the effects o f the 

following factors on the dynamic response and stability characteristics o f the flexible 

extendible beam:

1. Change of tip support.

2. Addition o f a tip mass.

3. Wall flexibility

In the case o f the assumed-modes approach, different sets o f mode-functions must be 

used depending on the tip supports. Moreover, in the case o f more complicated config­

urations, mode-functions may not be available in closed form, making it necessary to 

numerically generate them and then tc numerically differentiate them to obtain their 

derivatives, resulting in considerable deterioration o f accuracy. In the case where the 

wall is not rigid, methods such as the assumed-modes method generally lose accuracy 

i f  the dynamic stiffness o f the wall and the flexible extendible beam are o f the same 

magnitude. The capability to model such configurations is critical in this work i f  the 

dynamics o f flexible links traveling through flexible prismatic joints are to be accu­

rately modelled.

In the present study, we use the finite-element method *nd take advantage o f the 

greater flexib ility o f this versatile approach. Finite-element formulations are normally 

carried out for fixed-size domains. However, in this study, we develop elements with 

time-varying domains. In this case the number of elements used to model the extend­

ible beam remains fixed, but their sizes change in a prescribed fashion.
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1.3 Thesis Organisation

In Chapter 2, the equation o f motion and the consistent boundary conditions for the 

flexible extendible beam are derived through application o f Hamilton's principle. 

Then, by considering a second-order functional with two independent variables, we 

examine the notion of conserved quantities in a general way. Next, we examine the 

extremum conditions o f the problem at hand in search of its specific conserved quanti 

ties.

The equation o f motion o f the flexible extendible beam is reasonably complex and 

does not admit a closed-form solution. Accordingly, in Chapter ?> we derive the gov­

erning equations o f motion through finite-element discretization with a variable 

domain beam element. This element accounts for the coupling of axial and transverse 

effects and changes length in a prescribed fashion so that a fixed number of elements 

can be used to model the flexible extendible beam.

In Chapter 4, we integrate the finite-element equations in time. We first consider sim­

ple configurations for which results are available in the literature through either special 

closed-form solutions, simulations, and/or experiments. The adequacy o f the linile- 

element models and the accuracy o f the solution procedure are f urther tested by com­

puting the invariant quantities derived in Chapter 2. The generality o f the variable- 

domain element is demonstrated in examples which are not readily analysed by the 

at sumed-modes approach. For instance, we examine the case of ifc  addition o f a 'ip 

mass and the case o f a flexible link moving through a flexible prismatic jo in t under the 

influence of a transverse acceleration field. Finally, we look at how high-frequency 

axial-motion perturbations can be used to suppress transverse oscillations of flexible 

extendible beams.

Chapter 5 is devoted to the stability analysis o f the flexible extendible beam. We begin 

with a description o f the stability analysis procedure used. Next, w- define a non- 

dimensional system-characteristic parameter with respect to which the stability analy­

sis results are reported. Then, starring from the simplest case o f the flexible extendible 

beam protruding from a rigid wall, we examine the effect o f changes o f some of its 

pertinent parameters, such as the axial-motion profile, physical damning, mass distri­

bution, tip support, wall rigidity, etc. The similarity solution obtained by Tabarrok et
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a l ( 1974) is used in .his chapter for purposes of comparison with the finite-element 

results. Finally, we demonstrate the versatility of the variabie-domain beam element 

by analysing the stability of the related problem of pipes conveying fluid and compare 

our results to those found by PaTdoussis (1966, 1974, 1975, 1991).

In Chapver 6, we derive the governing equations of motion for a spatial flexible 

extendible beam carrying a tip mass. Various planar simulations are performed (w ith­

out a tip mass), and results obtained are compared to those found by Gaultier (1990), 

and Yuh and Young (1991). In out last example, we perform a simulation of a flexible 

extendible beam (with a tip mass) partly nested in a flexible envelope beam and under­

going a spatial rigid body motion.

Finally, in Chapter 7 we summarise our work and suggest areas for future research.

1.4 Synopsis

The dynamical system of a flexible extendible beam is considered in this dissertation. 

The dynamic response of the system in the configuration shown in Fig. (1.1), where the 

wall is rigid and the beam is o f uniform mass distribution (without the tip mass), has 

been the subject of previous investigations. In this study, we extend this investigation 

and we develop a spatial variabie-domain beam element that enables us to study the 

dynamic and stability characteristics o f this configuration as well as o f more com pli­

cated configurations. Our modeling and solution procedures are presented ana tested 

by comparing our results to:

1. Experimental and simulation results for the dynamic response o f flexible extend­
ible beams obtained by Yuh and Young (1991).

2. Experimental and simulation results for the stability analysis o f pipes conveying 
fluid by PaTdoussis (1966, 1974, 197.5, 1991).

3. The sim ilarity solution for the flexible extendible beam obtained by Tabarrok et 
al. (1974).

Further testing was performed by the evaluation of certain invariant quantities inherent 

in the system.
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A substantial part of this work involved the development of a special-purpose linite 

element program for the simulation of spatial flexible extendible beam problems. A 

detailed descriDtion o f our software development approach, based on principles of 

software engineering, is beyond the scope of this work. However, a brief outline of 

this approach may be found in Appendix H.
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Chapter 2 

Derivation of the Differential Equations 

and the System Invariant Properties

A flexible extendible beam is depicted in Fig. (2.1). The system is comprised o f a beam 

protruding from a rigid wall., where the length of the protruding part is a prescribed 

function o f time. Such axial motion may be brought about by an applied root force or 

through application of a uniform acceleration field, such as gravity. Both o f these cases 

are o f interest and w ill be investigated. In this chapter, we derive the equation of 

motion for the flexible extendible beam through Mamikon’s principle. In addition, we 

examine the notion of conserved quantities for this mechanical system.

2.1 Ham ilton’s Principle

Hamilton’s principle requires that

(2 . 1)
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A

were L  is the Lagrangian. For tin. flexible extendible beam the l.agrangian may be 

expressed as (Tabarrok et al. (1974))

i .  t t  i

L(i )  ~Ln

where pA is the material density p rr unit length, " /  is the flexural rigidity, I.g is the 

total length of the beam, L(t) is the instantaneous length of the protruding part o f the 

beam (a given function o f time), and Y(t,X) is the transverse displacement o f the beam 

as a function o f time t and position X (Fig. (2.1)). Partial derivatives o f Y with respect 

to t and X are denoted by corresponding subscripts on Y. Likewise, the time rate of 

change of position X  of points along the beam is denoted by X,t which equal I. for the 

axially rigid beam considered here.

*

I  R i g i d  
j j  Wall

i V
A i

Y( t . X)

X

1, ( 1)

Figure 2 .1: The flexible extendible beam.

The four terms in the Lagrangian correspond (in order) to the transverse complemen­

tary kinetic energy, the potential (strain) energy, the potential energy o f the axial load



10

(due to possible axial acceleration), and the complementary longitudinal kinetic 

energy (a prescribed quantity). It is important to note that the term accounting for the 

potential energy of the axial load is relevant only for the case where the axial motion 

o f the beam is due to a root-applied force; in the case where the beam’s axial motion is 

caused by a uniform acceleration field, such as gravity, there w ill be no axial force in 

the beam and this term w ill not appear in the Lagrangian. Since time appears explicitly 

in the expression for the Lagrangian, the flexible extendible beam is a rheonomous 

system.

To ensure that the variation between (/ and r? hi Eq. (2.1) applies for the same aggre­

gate in the continuum, an arbitrarily large length o f beam L B is considered, so that

L r > L ( t )  for (2 > t > t {. (2.3)

Since L(t) - LB < 0, and since Y(t,Xj and all its derivatives are prescribed for.v < 0 

(corresponding to the part of the beam enveloped within the rigid wall in Fig. (2.1)), 

then the variation o f the Lagrangian L  vanisi.es for.v < 0. In addition, since L is pre­

scribed, the variation o f the last term in Eq. (2.2) vanishes as well. Consequently, the 

variational statement becomes

h /) _ 2̂,4)
5 j  J [ i p A O ' ^ - X ^ ) 2 - ~ F J Y t x + i p A { L - X ) L Y x~

/ , ( > * ■
clXclt = 0.

C arry ing  out the indicated varia tion  o f Y(t.X) (details are given in the second part o f 

A ppend ix A ) one obtains:

in th e d o m a h  (0  < X < L U ) ,  l >  0 )

pA ( Y„ + 2 LYlX + L 2Yxx + LYX) + EIYXXXX + p Act \ { L - X )  Yx \ x = 0, (2.5)

at the boundaries

| p/W/ ( L  -  A') Yx  +  EIYXXX ] 8 i / = 0, at X  =  0 and X =  L,

| £ / r v x l 5 K v = (), at X  =  0 and X  =  L, (2,6)

where we have introduced a new variable a according to the cause o f  the axia l m otion 

such that
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a = L  for extrusion/retraction due to a root-applied force, ^
a = 0 for extrusion/retraction due to a uniform acceleration field.

Equation (2.5) expresses th<_ dynamic equilibrium for the flexible extendible beam of 

Fig. (2.1). The differential operator is non-autonomous and does not admit a general 

closed-form solution. The non-autonomy arises from the time-dependent coefficients 

in the differential equation. Equations (2 .6 ) provide the consistent boundary conditions 

for this system. Specifically, the first one indicates that at the ends o f the protruding 

part of the beam either

8F = 0, i.e. deflection is prescribed, 

or (2.S)

p A u ( L - X ) Y x + EIYXXX = 0, i.e. shear fore vanishes.

Likewise, the second boundary condition indicates that at the ends o f the protruding 

beam either

8K^ = 0, i.e. slope is prescribed,

or (2.6)

EIYXX = 0, i.e. bending moment vanishes.

The mechanical system of Fig. (2.1) requires the following kinematic and force bound 

ary conditions:

at the root (i.e. at X = 0)

Y -  Yx = 0, (2.10)

and at the tip (i.e. at X = L( t ))

Yxx = Yxxx ~ (21l)

There is no known general analytical solution to Eq. (2.5). However, Taba.rok et al. 

y 1974) obtained a sim ilarity solution for a special case of the flexible extendible beam

problem. This sim ilarity solution w ill be discussed and used in subsequent sections for

verification purposes.
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2.2 A Note on Conserved Quantities

Conservation laws play an im portant role in mechanics. The best know n o f  these are 

the conservations o f mass, energy and momentum. In the flexib le  extendib le  beam it  is 

ev ident that the length o f the protrud ing beam changes w ith  time and hence mass is not 

conserved. L ikew ise  we can surmise that since the elements o f mass bring (o r take) 

w ith  them certain amounts o f k ine tic  energy, the total energy in the dom ain o f  interest 

w il l  not be conserved. Nevertheless, it is worth enquiring i f  there are other quantities 

in the system that are conserved in time. One may equally look fo r quantities w h ich do 

not change w id i position. Such invariant quantities are not se lf-evident in th is  system 

and by id e n tify in g  them one can shed new ligh t on the underly ing  structure o f  the g o v ­

ern ing  equations fo r the system. G iven that the problem  is governed by a va ria tiona l 

statement, it  makes sense to exam ine the extrem um  conditions o f  the problem  in 

search o f  conserved quantities.

2.2.1 Conserved Quantities in Second-Order Functionals with
two Independent Variables

The classical statement o f conservation o f energy, namely ( T + V )  =  constant,  is nor­

m a lly  derived from  a functiona l w ith  first-order derivatives in time. For the fle x ib le  

extend ib le  beam problem  we have seen that the pertinent functiona l includes higher- 

o rder derivatives. To examine this case, consider the ro llo w in g  general functiona l

The extrem is ing  function Y(t,X)  is governed (details are given in A ppend ix  A ): 

in the dom ain Q  by the Euler-Lagrange equation o f this functiona l

(2 . 12)

(2.13)
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and along the boundary S by

rB L

'BY,
B i dj -

l d t l d Y n ~

B L

.BX.

BL

BY,
) n . +

i x

(
BYx

r  9 1 BL r B i 31
. B l ^ YXi . BX. B Y xXX

S>'= 0 , (2.14)

B L  b l  _

ui  n BY
0,

I X

BL BL
,1, +  y y  - nx ) b Y x =  0 . 

01 xx

where [ / ; ,  / ;VJ is the outw ard-norm al un it-vector to the bounding curve S o f  the 

reg ion Q  shown in F ig . (2 .2 ). A t this junctu re  it is worth underscoring the meaning o f 

various d iffe ren tia l operators. The operators B / B Y , B / B Y X , and B / B Y f are partia l 

deriva tives, that is, fo r  these operations all variables, save those w ith  respect to w hich 

the d iffe ren tia tio n  is being perform ed, are held fixed. On the other hand, the operators 

B / B t  and B / B X  are, fo r  all intents and purposes, total derivatives except that fo r the 

fo rm e r X  is held fixed and for the latter t is fixed. To m ainta in c la rity  in the meaning o f 

these operators we enclose them in brackets [ | whenever a total de riva tive , in the 

sense ju s t m entioned, is meant.

I f  we now define some m odified generalised momenta as1

P,
3 £
3TT

B L

B_'
.Bt.

B r
BX P<x>

BYx
r i i

Bt

(2.15)

* x r
B :

BX..
R XX'

where

=  B L  

"  ~  BY,. '

R v , —
B L

XI pj y '
r j r Xt

R
B L  

ix ~ pjy~'
r j r iX

R vv =  ,
BL

™ ~ B Y ,x x

(2.16)

and w ill be referred to as the hypermomenta, the Euler-Lagrangc equation (Hq. (2.13) 

m ay be w ritten  as

1. Subscripts on P  and R  do not indicate differentiation.
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r 3 1 r a i
L dt. J x {

P,

Px

d_L
?)Y

in Q . (2.17)

E vidently , when Y does not appear in the expression fo r the Lagrangian density func­

tion L,  then the notion of  conservation o f  momentum takes the fo rm

r i i
. 3/ .

F
3X.

Px

= 0, in Q . (2.18)

It is in teresting to see that in th is case the conservation o f  m om entum  corresponds to 

the m od ified  m om entum  vector P x  J  being divergence-free. To develop the

conservation equations for the cases when t and/or X  are absent (e x p lic it ly )  from  the 

Lagrangian density function, le t us determ ine the total deriva tives (as defined earlie r) 

o f L  w ith  respect to t and X.  Thus we w rite

F
.dt.

r_3 /
ax

d L  d L  d L  d L  d L
Ft , + w t " + aF^ “ , + wrx x , + F y^  xx< ’

_ d L  d L  d L  d L  d L  d L  
d X  +  dY x +  dY,  l X + dYu l l X+  dYx  X X + d Yx x  xx x

d L ,

(2.19)

Now, so lv ing  fo r ^-p Yt in Eq. (2.13) and using it in the firs t o f Eqs. (2.19), we m ay w rite  

the fo llo w in g

F
dt.

( - L  +  P l Y, +  R l l Yll +  R l X YtX) +

d 1 
Lax.

d L (2 .20)

(^X^t + R xFu + R XX^iX^ ■

d L .
S im ila rly , so lv ing  fo r ^ p  Yx in Eq. (2.13) and using it in the second o f Eqs. (2.19) we 

can derive  the fo llo w in g  equation

| ]  L  rs + R „  YXI + R,X YXX) +

dL
~dX'

(2.21)
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Equations (2.20) and (2.21) suggest a generalisation of the Hamiltonian function. To 

this end we write these equations as1

H n

[ £ ]  [ & ] ]

It

"X,

t A

11XX

=  - dL
dt

dL
dx

where we define

H „ * - L + P , Y ,  +  R „  Y„ +  R,x Y,x. I I ,  v =  P, r ,  +  R „  Yx , +  R, x Yx x .

H x ,  =  h Y, +  W n  *  R U Y,X- « x x  -  -  L + P x Yx -I- R Xl YXl +  R xx Yx x  7

Here we see that the absence of t and X from the Lagrangian density function L  leads 

to the Hamiltonian vectors [/• /„  H XlJ and [ H l X  I I xx j , respectively, being

divergence-free.

2.2.2 The Flexible Extendible Beam

For purposes o f using the general results derived in the last section, let us express the 

func tiona l varia tion  fo r  the flex ib le  extendib le beam under a un ifo rm  acceleration Held 

as (see Eq. (2.4))

r oA 2 . .2 2 F I  i
8 j  C—  (Y,  + 2 L Y, YX +  L Yx ) -  ^ Y xx ) d i l  = 0. (2.24)

£2 ~

where we have indicated the (t ,X) dom ain by Q. In this case, the hypcrm om enin (2 .io) 

and m od ified  mom enta (2.15) are given by

Rji = 0, RiX = o,

^Xt  =  ^XX =  ~ ^ ^ X X '  (2.25)

P,  =  p A ( Y t +  LYx ) ,  Px = P A L ( Y , + L Y X ) +  R I Y X X X .

Upon substituting P t and PX in the Euler-Lagrange equation (E q . (2.17)) the governing 

equation becomes

1. Subscripts on H  do not indicate differentiation.
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p A ( Y tl + 2LYt f  + L YXX + LYX) + E I Y XXXX -  0, (2.26)

which agrees with Eq. (2.5) for the case o f a uniform acceleration field (i.e. a = 0 in Eq. 

(2.5)).

For the flexible extendible beam, Y is absent from £(Eq, (2.24)), hence, the modified 

momentum veciur is divergence-free. That is, from Eq. (2.18)

" r d i r  d i
Ld'- J x ]

P,

Px

0, in Q. (2.27)

Let us examine the consequence of the modified momentum vector being divergence- 

free. From Green’s theorem we have that

Q
" f f l  1 - d

U / _ d X . J
P,

A

Px

d a i t " i  ni
p,

A

Px

(IS = 0, (2.28)

where [ /?, n J  is the outward-normal unit-vecior to the bounding curve 5 o f the 

region £2 shown in Fig. (2.2). Before expanding the terms in the line integral we need 

to evaluate the outward-normal unit-vectors from the region Q . For three o f its sides 

the outward-normal unit-vectors are self-evident. An outward nonnal-vector (Fig. 

(2.2)) at any point along the curved side may be expressed as [ - L  1J where L  is

the slope o f the curve. Therefore, the outward-normal unit-vector on this side may be 

expressed as

I
(2.29)

1 f  L
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x  A

i . ( o !

\  i .I.

n

Figure 2.2: Configuration space of the flexible extendible beam.

N ow , expanding the line integral o f Eq. (2.28) we see that the divergence-free m odi- 

fied -m om entum  vector im p lies that

L ( l 2) /,

J ^ « U +j
(  1 ' / .2

/ ^
( -  LP, + Px ) ( * j ( \ + L ) )  ( -d l )

^  (1 + L ) ,
+

A- H i ) (2.10)

J (~Pt ) {-clX)\ i = i + \ { - P x )dt
H i . )  i .

X - 0
0.

The term ^ (1 + L ) appears in the calculation of the outward-normal unit-vector of 

the curved edge and in the Jacobian of the transformation from the straight line / to the 

curved line L(t j  and therefore conveniently cancels out.

Now, considering an infinitesimal change in /, namely letting

/ 1 = t and t2 = t + A t, 

Eq. (2.30) m ay be w ritten  as fo llow s

(2.t l )
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d
dt

Hi )

J P,dX = Px \X s l ) -  i - L P . + P x ) X  = H i ) '
(2.32)

which, upon substitution of the generalised momenta from Eqs. (2.23) becomes

d
dt

H i )

J pA \ Y ,  + LYx ) d X (p A L { Y ,  + LYX } + E I Y x x x ) \ XsQ 

( - p A L { Y l + LYx } + p A L { Y ,  + LYX } + E I Y XXX) \x = L u ) . 

Upon making use of the following boundary conditions

(2.33)

K = Yy = 0,

xx "  1xxx =  0 ,

at

at

X = 0.

X = L ( t ) ,
(2.34)

and simplifying, Eq. (2.33) becomes

d
dt

LAI )

J pA { Y t + LYx } dX
. o

= ( E I Y XXX) x = o (2.35)

Noting that the expression in braces ( ) corresponds to the transverse velocity of 

points along the beam, the above equation states that the rate o f change of transverse 

momentum is equal to the shear force at the base o f the protruding part o f the beam.

Recall that since time appears explicitly in L  through the prescribed function L(t), the 

Hamiltonian vector [ /- /„  H XlJ is not divergence-free. That is, from Eq. (2.22)

(2.36)
~H n

1 dt. [ & i

11

" x .

= - p  A L \ ( Y I + LYX )YX \,  

where the modified Hamiltonian vector components from Eq. (2.23) become



H lX = p/\ (Y, + L Y X )YX ,
( 2 . 3 7 )

H Xl = pAL(Y,  + LYX) YI + EIYXXXYI - E 1 Y XXYIX .

D/1 ,2 2 2 FI 1
" x x  d  Yxx  + EIYXXXYX .

In the case o f the flexible extendible beam, Ru and RlX vanish in Eqs. (2.2 U, Ivnce, //,, 

corresponds to the classical definition o f the Hamiltonian. Using Green's ‘ ..eorem in 

the region Q , with the bounding curve S, and the outward-normal unit-vectors as 

shown in Fig. (2.2), we see that the modified Hamiltonian vector | l l n //.., j 

implies that

L{ i2) (  \  
I

12 (1 +L~)

[  .2 
( - L H u + HXl) ( - > 1 ( 1 + L  ) ) d t

X l A D ( 2 U K )

j ( - / / „ )  (-cIX)  | + j ( - H Xl) dt\ = J-p /1  /! \ ( Y , +  LYX ) Yx \ d i l .
1 /. £2L U . )

Following the same procedure as that employed with the modified momentum vector, 

we may express Eq. (2.38) as

d_
dt

■ H D

J f / „  dX
L 0

X i > ' X H i )
(2  W )

J pAL  | (Y, +LYX) Yx \ di l .  
£2

We w ill now examine the above expression in the context of different forms of the 

given function L  ( / ) .  I f  the length of the beam is constant ( L ( t )  = L ( i )  = 0), then
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Thus in this special case the total energy is conserved. If, on the other hand, the beam 

is moving axially at a constant velocity (L (t) = rand  L ( t )  = 0 ), Eq. (2.39) 

becomes a statement o f evolution of the modified Hamiltonian-component H „  in time, 

namely

£
dt

- HI )

|  H „  ‘I * = - L
. 0

f Yi + rYx ) 2_ (2.41)
x = n n

The expression in brackets on the right-hand side w ill be recognised as the comple­

mentary kinetic energy per unit length. Since this is a positive-definite term, one can 

see that changes in H u are governed by the sign o f L.  That is, i f  the beam is extruding 

(i.e. L is positive) H u decreases, whereas if the beam is retracting (i.e. L  is negative) 

Hu increases.

Finally, for the general case where neither L , nm- L are equal to zero, Eq. (2.39) 

becomes

£
dt

■Hi)

J H „ =  - L

- 0

p A
{ Y, + LYx }

x = n n (2.42)

l p A L \ { Y ,  + LYx ) Y x \ dCl. 
n

Another invariant result is obtained by noting thatX is absent (explicitly) from L. 

Hence the modified Hamiltonian vector [ H lX ^ x x \  ‘s divergence-free. That is, 

from Eq. (2.22)

.dt. M .

H I X

(2.43)

H XX

Once again, using Green’s theorem, we can assert that the divergence-free modified 

Hamiltonian vector \_HlX ^ x x \  implies that



L ( t z) /,

1  H - . v ' « U „  +  l
<2 V

{ - L H IX + HXX) ( - V(  1 +/ -  ) )<//

a / O + L ' )  J  
0
|  ( -r fX) = f + | ( - h „ ) « / , !  < ! (i = o .

"f-

X I. {D (2.-14)

M M

Following the same procedure as that employed with the modified momentum vector, 

we may express Eq. (2.44) as

d_
dt

■Li t )

|  HIX clX (2.45)

which, upor. substitution of Eqs. (2.34) and (2.37), becomes

<L
dt

■L{t)

J pA { Y ,  + LYX} YX dX
El  2
4 h x )

X  = {)
+ Pv  { r ,  + i . r x .(2.46)

X I. ( I )

This equation states that the rate of change of the component of the transverse momen­

tum in the tangential direction is equal to the difference between the potential energy 

per unit length at the base of the protruding beam and the transverse complementary 

kinetic energy per unit length at the tip o f the protruding beam.

The governing equation for the flexible extendible beam, Eq. (2.26), can also be 

obtained from any one of (2.27), (2.36), and (2.43), by simply carrying out the differenti­

ations and sim plifying the resulting expressions.

The correctness of Eqs. (2.35), (2.40), (2.41), (2.42), and (2.46) can be confirmed by direct 

differentiation o f their left-hand sides. Since this d'fferenlialion is with respect to time 

and the upper lim it o f the integral is also a function of time, one must use the Leibniz 

rule to carry out the differentiation. For example, carrying out the differentiation of the 

left-hand side o f Eq. (2.46) we have
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d
dt

Li t )

J pA { Y ,  +  L Y X ] Yx d X

H i )

J p A \ ( Y „  +  i Y x +  2 L Y Xl ) Y x +  { Y , YXt) ) d X  +
(2.47)

p A L ( Y t +  L Y x ) Y x \
X = L U )

Since the low er lim it o f  the integral is fixed, the additional term o f  L e ibn iz  in tegra tion  

vanishes at that lim it. But from  the governing equation (2.26) we have that

PA ( Y II +  L Y X +  2 L Y , X) =  -  E I Y x x x x - p A L Y xx  

w hich  when substituted in Eq. (2.47) yie lds,

£
dt

Li t )

J pA { Y 1 +  L Y x } Y x d X

L i t )

j  + p * W ‘I X  +

(2.48)

(2.49)

p a L ( y i +  l y x ) y x \x = L{n

N oting  that

o A L ' Y  Y -  — '̂ L 2—  ‘ xx x ~ ^2 dX

Eq. (2.49) can be sim p lified  to

iY*
pA 2

and PA Y t YXl =  ^ ( K , )

i i
dt

L (t)

J pA { Y t +  L Y x } Y x dX

L i t )

= J ( - E / Y x x x x Yx ) d X  +

p̂ 4
2

(Y,  +  L Y x )
X = L{ t )

(2.50)

(2.51)

We now  integrate the right-hand side integral by parts to get
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L d ) L ( l ) I (D

J { - E l YxxxxYx )dX = -  J ^ ( E l Y xxxYx )dX +  J (EIYxxxYxx)dX . (152)

or

L ( t ) 1. ( 1)

j  l - £ ' W V "  = - ( £ ' 1' m V i r ,+  I  <k' W . y.y>‘«
0 0

U sing the boundary cond itions in Eqs. (2.34), the above expression s im p lifies  to

53)

L(i) Li t )

J ( - E l YxxxxYx) dX = J (EIYxxxYxx) dX . (2.54)

F ina lly , no ting that

E IY x x x Yxx ~ 2 (f x  ^Yxx  ̂ ’

Eq. (2.54) fu rthe r s im p lifies  to

L ( i )

f  i - n r xxxxY'x ) d x  = - E± r xx
X  0

S ubstitu ting  Eq. (2.56) into Eq. (2.51) we obtain

£
dt

L  ( I )

|  p A { Y ,  + LYx } Yx dX

1.55)

(2.56)

.. ' -I  Y :
x L i n  2 xx

(2.57)
X  0

w hich  is identica l to Eq. (2.46).

2.2.3 Energy Considerations

The total energy o f the flex ib le  extendib le beam fo r the special case o f constant axial 

ve lo c ity  may be expressed as

Hi )

E M  = J -pAlY.+LY,,)1 +'i i : iYh dX+ . p A L „ E . (2.58)
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This expression for total energy is in disagreement with the simpler expression for the 

total energy given by Wang and Wei (1987, Eq. (13)). These authors fail to take proper 

account of the time dependency o f X (Xt = L)  through the total time derivative o f Y 

in the complementary kinetic energy. Due to the time-dependent domain o f the flexible 

extendible beain, the total energy of the svstem is time dependent. In fact, i f  the above 

differentiation is carried on;, we get the following expression for the rate o f change of 

total energy

2.3 Concluding Remarks

We have derived the governing differential equation and the associated boundary con­

ditions o f the flexible extendible beam from Hamilton’s principle. By not making a 

particular distinction between time and space variables we have developed other con­

servation statements and we have illustrated them for the flexible extendible beam 

problem. Such invariant forms are manifestations of inherent symmetries in the system 

heing studied. Thev are therefore of Intrinsic interest on physical grounds and they 

provide useful checks for soundness of numerical algorithms devised to solve the sys­

tem equations as pointed out by Kane and Levinson (1988). The invariant statements 

w ill be used in subsequent sections for verification purposes.

I f  the differential equation and the boundary conditions o f a physical problem are well 

posed, that is, i f  the problem is properly modelled, then one can expect to find solu­

tions for the governing differential equation. The fact that the boundary conditions and 

the differential equation for the problem at hand emerge from a single variational 

statement ensures the consistency o f these equations. However, these equations are 

reasonably complex and do not admit closed form solutions. Accordingly one must 

resort to a numerical procedure for solution. In the next chapter, we address this matter 

and devise Hnite-element procedures for solution o f the problem at hand.

(2.59)

pA L ^ Y , * -  LYX) 2 + L { Y tYx ) )
X  =  H i )
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Chapter 3

Variable-Domain Beam Elements

In this work we use the finite-element method to obtain solutions for the axially-m ov­

ing beam. Finite-element formulations are normally carried out for lixed-si/.e domains. 

For time-dependent domains it is possible, in principle, to use lixed-si/.e elements and 

to nerease/decrease their number, in a step-wise fashion, as a function of time. Such 

an approach, though straightforward in concept, is difficult to implement in practice. It 

requires a very large number o f small elements if  reasonable smoothness in the results 

is to be obtained, and since the system’s number of degrees o f freedom changes con­

tinuously, special programing considerations are necessary. In this chapter, we fo llow  

a more elegant approach by developing elements with time-varying domains. In this 

case the number of elements remains fixed, but their sizes change in a prescribed fash­

ion.

3.1 Element Lagrangian Function

In order to develop the finite element equations for the variable domain beam element, 

let us divide the protruding part of the beam o f Fig. (2.1) into /; elements of equal 

length 1(0 as shown in Fig. (3.1). The Lagrangian for the i '1' element is then given by
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HI )

L, = J (v, + X ,yx ) 2 -  l2 E / y.xA +  ^ P A ( L - L - x ) L y ^  d x + ^ p A l L ,  (3.1) 
o

1

where the low er case symbols x and y correspond to the element coordinate system 

(ECS), and Lt locates ihe ECS as shown in Fig. (3.2). As tim e evolves, elements e lon­

gate (or contract). Le t us consider a po in t A along the neutral axis o f the i '1' elem ent as 

shown in Fig. (3.2). Th is  p o in t’s location, w ith  respect to the inertia l fram e AT, is given 

by

X = L; + x. (3.2)

Solving for the element coordinate x  and differentiating with respect to time, we obtain

x t = X t — Lj. (3.3)

l i  i (j i d  
Wal l

X

1( 1)

.-1

A
T

Y(i.X) !

I, (I.)

X

d  . ( I )

l ‘( t)

h

Figure 3 .1: Variable-domain beam elements.

However, since X, = L, the rate of change with respect to time of the element coordi­

nate .v is given by

A t L L(. (3.4)
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It is convenient at this point to introduce a new parameter dr  shown in F ig .1 Cl), 

defined for each element as follows

d. = L - L i = L (  1 -  ( / - \ ) / n )  i -  1 ,2 ,.,./;. (3.5)

Using the above definition, the expression for the Lagrangian of the i '1' element (Eq. 

(3.1)) becomes

/ ( ; )
r T l  2 1 o I - V I  1 .2
J I ^pA (y, +(hyx) -  ^EIy~x + 2-p /\ {clr . \ ) [ . \ \  i lx + ^pAI I .  . (3.(1)

/, ( I )

H
\ x

'  “ ,i !l( r )

Figure 3.2: Element coordinate system (EC'S).

3.2 Finite-EIement Discretization

The transverse deflections of the flexible extendible beam are modelled by a cubic 

polynomial as follows

y ( t , x )  = c 0  +  c 1x  +  c 2 x 2 +  Cti x 1’ , (3.7)



28

where the r ’.v are functions of time only and .v is the distance along the element as 

shown in Fig. (3.3). The slope distribution is given by

y x ( t , x )  =  Cj  +  2 c 2x  + 3 c y 2. (3.8)

\
», I S j 0,

x 0 x  I.

Figure 3.3: Nodal variables o f a beam finite element. 

Referring to Fig, (3.3), the nodal deflection and slope variables are:

v(r, 0) = v,, yx (t, 0) = 0 , ,  

y (/, /) = y2, y v (/, /) = 0 2,
(3.9)

When Eqs. (3.9) are used in Eqs. (3.7) and (3.8), we can write the resulting system of 

equations as

I d  [q] = {V}, (3.10)

where

{q\T = r 0  , c t , c2 , c3 (3.11)
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{ > - } ' = v. , 0 , , vs , 0 , ,

1 0 0 0
0 1 0 0

■> I
i / r  i

0 1 21 3 /;

Solving this system of equations, we obtain for the r ’s

c'o = >’i ,

c i = 0 | ,

c 2 =  ( 2 / 0 ,  +  3.v, -3 .V S  +  / 0 , ) / / 2, 

c3 = (2>’! + / 0 j  -  2\s + /© ,) / /■ ’. 

Substituting for the c ’s from Eq. (3.14) into Eq. (3.7) we obtain

y  =  L /v j  v { v } ,

where the shape-functions vector is given by

< 3 . 1 ' )

(3.14)

('.15)

L/vj , 3-v2 2.v3

I 2 / 3 ’ A

3 .r  2.v
2 1 

: +xr

and the nodal-variables vector is g iven by

( ' . 1 6 )

{ . v } 7 = y, , 0 , , y, , 0 , ('.17)

I t  is w orth  noting that in th is case the shape-functions vector is lim e-dependent by v ir ­

tue o f  the element length I changing in time. In order to evaluate y,, y  v, and y ( , fo r use 

in  the elem ent Lagrangian, Eq. (3.6), we use Eq. (3.15) and perform  the appropriate d i f ­

fe rentia tions to obtain

y v = L A / ' J v { y } ,  

y ul =  LA7" j  v {>>} ,  

y, =  L / V j v { y }  + L N J v { y } ,

( '.  IH)
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where primes and dots indicate partial differentiation with respect to .v and t, respec­

tively. This implies that for calculation o f \N\ , x  is held fixed and l(t) is differentiated 

with respect to time. Returning now to the expression for the element Lagrangian (Eq.

( U>)), and substitu ting Eqs. (3.15) and (3.18), we obtain

A, =  ’ { v} -  ^ { v } 7 lArl {v}  +

2 { ^ r 7 | A ' |  H  V }  +  1  { . V } 7 ! A-2 | { v } +  (3.19)

2 { v } 7 1 f  11 {y}  + ~ { . v } 7' k  I {y}  + I p  A l t ' ,

where

nn
\ m \  =  |  p /U /V j[L A /J vr/.v, (3.20)

o

/tn

I A] = J E I I N "  \'yl N "  (3.21)
o

nn 
I A, | = f p/iQ/VjlL/VJv + rML/VjlL/V’Jv + L/V'jJl/VJv) +

0 (3.22)

^ 2 (L A / 'J [ l/V 'J v) ]clx,

HD

[ A2 1 = J p/4L  {(I: -  x)  LA/'J  ̂L /V 'Jvc/.V, (3.23)
0

nn
I f ,  I = J pA [|_ /V jyL/VJv + f//L A/' J ̂  L a/ J y ]  f/.v, (3.24)

0

nn

k 2 l = J P ^H L /V jjL /V Jv  + ^ L A 'j jL /V 'J vU/.v. (3.25)
0

Matrices |A| and |///| are the well-known stiffness and consistent mass matrices of the 

beam element respectively. Their components may be found in many finite element 

books (e.g. Cook et al. (1980)). The components o f matrices [A/J, [A?], [c'/|, and [c^ 1
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have been determined explicitly using the symbolic-computation program Maple 

(Char etal. (1988)), and are given in Appendix B. It is important to note that matrix 

|At 1 vanishes under two special cases. The first case has already been mentioned with 

regards to the Lagrangian of the flexible extendible beam (Section 2.1. lug (2.2)); 

namely, when the axial motion is caused by a uniform acceleration Held. The second 

case occurs when the axial motion occurs at a constant velocity, i.e. /. = 0.

3.3 Finite-Element Equations

The Lagrange equations for an element, considering it to be unconstrained ami inde­

pendent of other elements, are given by

d l  

d { V } /' dt B { y } ‘
o } . ( f . 2f t )

Using the expression for the element Lagrangian (Eq. (3 .If))), we can evaluate the 

required quantities by carrying out the indicated operations of Eq. (3.2ft). For the lirst 

term we obtain

B L

3 { v }
‘- j  = ( "  [A| + [ * , |  + U 2|)  {y }  + \ c2\ '  { v }, (3.27)

where we have used the identity |Cj |  = | c2| . The second term requires the tout 

time derivative, that is,

d_
dt

_BLl

L a m ’
= \m\  {.v} H- \m\  {V} + |c2| { y }  + | r 2] { v } . (3.28)

where the com ponents o f the \ m \  and [ r -,1 have been determ ined e x p lic it ly  and arc 

also g iven in A ppend ix  B. Substituting Eqs. (.3.27) and (3.28) in to the Lagrange equa­

tions (.3.26), we obtain the element governing equations as fo llow s

\m 1 {>4 + \ ceq| \ y )  + Ikcq| {y}  = { ( ) } ,  

where the equivalent -dam ping and -stiffness matrices are given by

(1.29)

k<J = l'«l + I ( 21 “  I ( 2 I ’ (1.30)
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-  U l  + USI ~ I "  • (3.31)

In Eq. (3.30), the first term is clearly symmetric. However, the combination o f the sec­

ond and third terms produces a skew-symmetric matrix. Thus |cw/J is in general not 

symmetric. In addition, since the second and third terms provide a skew-symmetric 

matrix, the definiteness of \ce(l\ depends only on [ m \ . That is, i f  the mass is increas­

ing (extrusion), then is positive-definite, whereas if  the mass is decreasing 

(retraction), then [ rw/| is negative-definite. Likewise in Eq. (3.31), the first term is sym­

metric but by virtue o f the other terms we can see that \kecj] is in general not symmet­

ric.

The assembly of the element equations to develop the global equations takes the well 

known format, and the global equations emerge as

\ M\  { K} + \ C cq| { L } + \ K eq\ { Y \  = { 0 } .  (3.32)

The above system o f equations is a set of linear, second-order differential equations 

with variable coefficients. The flexible extendible beam problem is o f the gyroscopic 

instationury type (Ziegler (1968)); in the course of lateral motion o f the beam, beam 

elements are subjected to Coriolis acceleration -  hence the term gyroscopic -  and the 

system is clearly instationary due to the time dependence of the system matrices.

3.4 Concluding Remarks

In the foregoing we have developed the governing equations o f motion for the flexible 

extendible beam through finite-element discretization. In doing so, we have developed 

a variable-domain beam element capable of describing the extendible beam in terms of 

a fixed number of elements. In the case of axial acceleration caused by a root-applied 

force, the element developed also accounts for the coupling o f axial and transverse 

effects. The next two chapters are devoted to the verification o f this element through a 

series of examples.
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Chapter 4

Time Integration of System Equations

The governing system of equations derived in the last chapter (Hq. (3.32)) may be 

numerically integrated under specified initial and boundary conditions. It is important 

to validate the integration scheme used and hence, in Section 4.1, we first consider 

simple configurations for which results are available in the literature through either 

special closed-form solutions, simulations, and/or experiments. The remaining sec­

tions demonstrate the effeciiveness o f the variablc-domain element through examples 

motivated from applications in the dynamic modeling of robotic manipulators. Section

4.2 deals with the effects of a tip mass on the time response of the system. In Section

4.3 we look at the case where the flexible extendible beam is nested within another 

beam. This problem was chosen to demonstrate the capability of modeling flexible 

links moving through prismatic joints. Finally, Section 4.4 investigates the effects of 

high-frequency axial-motion perturbations on the transverse oscillations of the extend­

ible beam.

4.1 Verification Examples
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4.1.1 Experiments and Simulations by Yuh and Young (1991)

Yuli and Young (1991) conducted experiments w ith  a fle x ib le  extendib le  beam (both 

ex trud ing  and retracting). In these experiments, the tip  deflection o f the beam was 

observed and compared to the results o f  s im ulations using the assumed-mode method 

ou tlined  by Tabarrok et al. (1974). The govern ing system o f equations included the 

effects o f physical dam ping in the first tw o modes (the m odal-dam ping functions were 

obtained experim enta lly). In this section we integrate the fin ite -e lem ent govern ing  sys­

tem o f equations (Eq. (3.32)) to obtain nodal deflections, ve loc ities  and accelerations, 

and we compare the tip -deflection histories to those found in Yuh and Young (1991 

Figs. (4) through (8 )). Since the actual data from  Yuh and Young ’s experim ents and 

sim ula tions is not available (private com m unications), a detailed com parison is not 

possible. A ccord ing ly , we are lim ited  to a qua lita tive  com parison1. In o rder to account 

fo r the dam ping effects, the system equivalent-dam ping m atrix  must be m odified  as 

fo llo w s

1C ,,,I =  \ M\  +  [C 2 | -  [C 2] 7'+  [ Cp \,  (4.1)

where [C ,,l is the physical system proportional-dam ping m atrix  (see fo r exam ple 

Bathe (1982)) expressed as

[Cp\ = a ,  |M ]  +|3r M ,  (4.2)

where \ M \  and [AT| are the system mass and structural stiffness matrices, respectively. 

Parameters a c and (3C are calculated using the tw o experim ental m odal-dam ping fu n c ­

tions described in the next chapter (Eqs. (5.13)). O ur fin ite -e lem ent model used fou r 

elements (e ight degrees o f freedom), and the tim e integration o f  the govern ing  system 

o f equations (Eq. (3.32)) was performed using the N ew m ark d irect-in teg ra tion  m ethod 

w ith  variab le  time-step size. Details o f this in tegration approach are g iven in  A ppend ix  

C. The results o f  our sim ulations (corresponding to Yuh and Young ’s fo u r experi­

ments) are shown in Figs. (4.1) through (4.4). Figures (4.1) and (4.2) show the results o f 

linear retraction and extrusion, respectively. Figures (4.3) and (4.4) show the results o f 

constant-acceleration retraction and extrusion, respectively, where the coup ling  o f

I. Comparisons with Yuh and Young's results (1991) include: a) Qualitative visual comparisons o f the 
complete tip-displacernent history; b) Comparisons of amplitude and period o f oscillations at various 
points in time.



axial effects and transverse oscillations is present. The length of the beam in all four 

experiments is given by

L (t) = L () + vt + at~/2,  (4.3)

where the values for the initial length L(), velocity r, and acceleration a are given in 

Table (4.1).

Test case # 1-0 (" l) v (m/s) a (mis2) Figure It 
Appendix I)

1 0.3230 -0.1145 +0.0000 4.1

2 0.4233 +0.0410 +0.0000 4.2

3 0.5210 -0.0300 -0.0540 4.3

4 0.4400 +0.0080 +0.0150 4.4

Table 4.1: Parameters for experimental test cases, Yuh and Young (199 1).

Our results were compared to the graphs o f Yuh and Young (1991), which arc shown 

in Figs. (4.1) through (4.4) in Appendix D. Good agreement was achieved in all four 

test cases.

0.04

0.02

-  0.01 E
c0
8 o noG
o.

p  -0.01

- 0.02

-0.03

•0.04 0 60 0 80 1 20 I 4/)0.200.00
Time (s)

Figure  4.1: Test case # 1. C onstant-ve locity  retraction.
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Figure 4.2: Test case # 2. Constant-velocity extrusion.
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Figure 4.3: Test case # 3. Constant-acceleration retraction.
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Figure 4.4: Test case # 4. Constant-accderation extrusion.

Four additional simulations were performed that clearly demonstrate the change in fre­

quency o f oscillation due to the changing length of the beam. The beam’s length for 

these simulations is given by

L U )  = L „ + - t -  ~— sin ( 2 k i / x ) 
2 k

(4.4)

where values fo rL ,., c, and x a r f given in Table (4.2).

Sim ulation # L0 (in) c (m) X (S') Figure It 
A ppeiu

1 0.3500 +0.7000 1.2000 5

3 1.0500 -0.7000 1.2000 6

5 0.3500 +0.7000 0.2000 7

7 1.0500 -0.7000 0.2000 8

Table 4.2: Parameters for simulation cases, Yuh and Young (1991).
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The results o f the integrations are shown in Figures (4.5) through (4.8). Our result.) are 

in fa ir agreement with the simulation results obtained by Yuh and Young (1991) using 

two modes (shown by the solid-line response in Figs. (5) through (8) in Appendix D).

Note that the high frequency content of the periodic part o f the length function in Eq. 

(4.4) for simulation cases 5 and 7 can be expected to excite higher modes o f beam 

vibration. In our view, modeling this behaviour would require more than the two 

modes used by Yuh and Young (1991). As a result, we believe that our eight-deg ee 

of-freedom mode! is more accurate than the two-degree-of-freedom model in the 

assumed-modes method.

0 04

(1.0:

E
co
K

a 02

0 20 0.80 1.200.00 0.60 1.00
Time ( I

Figure 4.5: Simulation # 1. Low-frequency extrusion.
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Figure 4.6: Simulation # 3. Low-frequency retraction.
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Figure 4.7: S im ulation # 5. H igh-frequency extrusion.
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Figure 4.8: Simulation # 7. High-frequency retraction.

4.1.2 Energy Considerations

As mentioned in Section 3.3, the nature o f the equivalent damping matrix [Cec/1 

depends on the type o f axial motion. In general, [C ^ ] is positive-definite (dissipative) 

for extrusion and negative-definite (energy generating) for retraction. The total energy 

o f a flexible extendible beam protruding at a constant velocity is given by Eq. (2.58), 

which upon discretization via Eqs. (3.15) and (3.18) becomes

E( t )  = i  { Y ) l \ M\  { Y}  + ^ { Y } T { K 1] { H
(4.5:

^  { r } 7 1 c , l i n  + ^ { K } / [ C21 { Y}  + [̂ { Y } t [K}  { K } ,

where we have left out the prescribed (and in this case constant) contribution o f the 

complementary kinetic energy due to the axial motion of the beam. Equation (4.5) was 

evaluated for the first two test cases considered in Section 4.1.1 In this case o f zero 

physical damping, the resulting total energy, as a function of time, is shown in Figs. 

(4.9) and (4.10).
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Figure 4.9: Test case #1. Total energy during constani-velocily retraction.
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I



42

Our findings confirm that during retraction the flexible extendible beam gains energy, 

while during extrusion the flexible extendible beam dissipates energy. A possible 

physical interpretation o f these results is as follows:

During retraction (extrusion), positive (negative) external work is required to main­
tain the prescribed axial motion which in turn brings about a convection of mass out 
o f (into) the domain o f interest.

4.1.3 Conserved Quantities

In this section, we use the invariant expressions for the flexible extendible beam 

derived in Section 2.2.2 to verify the accuracy o f the finite-element model and time- 

integration o f the equations of motion. We begin by substituting Eqs. (3.15) and (3.18) 

Into the invariant expressions, e.g. Eq. (2.46) and obtain

where the element matrices |r/,| and vector { /;/}  are given in Appendix E. The left- 

hand side (LHS) and right-hand side (RHS) o f the above expression were evaluated 

for the solution history o f the first test case in Section 4.1.1 using a four-element model 

w ith no physical damping, and are shown in Fig. (4.11). The agreement is such that the 

values o f the RHS and LHS terms, superimposed in Fig. (4.11), are indistinguishable. 

These results show that the four-element model is more than adequate for the evalua­

tion o f all the derivatives in Eq. (2.46), up to second-order in space.

A sim ilar procedure can be followed for the other two invariant expressions (Eqs. 

(2.35) and (2.41)). For example Eq. (2.35) becomes

where the vectors {/>,•) are given in Appendix E. Figure (4.12) shows the left- and right- 

hand sides o f Eq. (4.7) for the solution history o f the first test case in Section 4.1.1 

using a four-element model with no physical damping. In this case, the values o f the

{ fu/1,1 m  + { k}71a,i { n  + \Y}r ([Al i + \a2\) i n  +

{ Y } 1 \ A21 { F} + { Y ) r \ A2\ = (4.6)

{ b 2} '  { Y}  + \ { b 2} + { b 2} \ '  { Y}  + { l b } r { Y}  = [ E l { b 4} T { y } \
element 1
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RHS and LH S  (superimposed in Fig. (4.12)) are in s ligh t disagreement. It is apparent 

that the four-e lem ent model is not inadequate fo r the evaluation o f all deriva tives in 

Eq. (2.35). Since transverse deflections o f the variable-dom ain beam element are m od­

eled by a cubic po lynom ia l (Eq. (3.7)), the shear force (w h ich  invo lves a th ird -o rder 

space deriva tive ) is approximated as a constant along the element. Th is approxim ation 

y ie lds  exact shear-force calculations in static analysis under concentrated loads only. 

Fo r dynam ic analysis, where the flex ib le  extendib le beam is subject to inertia l forces, 

i t  is expected that a coarse mesh w il l  y ie ld  a poor approxim ation to the shear force at 

the base o f  the p ro trud ing  part o f the beam, However, i f  the num ber o f elements is 

increased the results can be expected to im prove. For com parison, Figs. (4.13) and 

(4.14) show the d ifference between the RHS and LHS using the four- and ten-element 

models, respectively. The ten-element model was also successfully used to evaluate 

Eqs. (4.6) and (4.7) under h igh axia l-ve loc ities (up to 10 nils) and high axia l accelera­

tions (up to one g).

(1.15

RHS
UIS

0.(15

tlH
l£

•0.05

1 l0 0.2 0.4 OH
Time fsj

Figure 4.11: Right- and left-hand sides o f Eq. (4.6) with a four-element model.
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Figure 4.12: Right- ai.d left- hand sides of Eq. (4.7) with a four-element model.
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F igure 4.13: E rro r (RHS - LHS) fo r Eq. (4.7) w ith  a four-e lem ent m odel.
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Figure 4.14: Error (RHS - LHS) for Eq. '4.7) with a ten-element model.

4.1.4 Parabolic Exirusion

As mentioned earlier, Tabarrok et al. (1974) obtained a sim ilarity solution to the flexi­

ble extendible beam problem. In this special case, the beam extrudes from a rigid wall 

with a parabolic axial-motion profile given by

L( t )  = ri / / .  (4.X)

The parameter T| has units of m /J s .  As w ill be discussed in Chapter 5, for such an 

axial motion history the problem reduces to an eigenvalue problem. For a finite ele­

ment model w ith it degrees of freedom, the similarity solution corresponds to n sim i­

larity pairs [£//,{S/}| where

Uj  = ( r \ j / 2 ) J ^ =  ( 2 / - l )7i  i =  1,.. . / / ,  (4.9)

and {S, l are vectors o f order n. The first two analytical sim ilarity modes (which appear 

in a Fresnel integral form) are plotted in Figs. (4.15) and (4.ir>j.
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Figure 4.15: First similarity mode.

0.80

0 4 0

0 20

000

-0 20

0 80

0 20 0.40 0.60 0.80 1.00
X/Ut)

Figure 4.16: Second s im ila rity  mode.
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The extrusion profile of Eq. (4.8) indicates the presence of acceleration. 1 lenee, we 

need to specify whether the extrusion is due to an acceleration field or a root applied 

force. For the purpose o f the following examples, we assume that the extrusion is due 

to a uniform acceleration field (hence matrix [Ai| in Eq. (4.11) vanishes),

] .00

0.80

0.40

0 20

0.00
2 000.00 1.00 4 00

Turn* (s)

Figure 4.17: Tip-defiection history of the sim ilarity simulation.

In Chapter 5 we discuss in detail the significance and physical interpretation o f the 

sim ilarity solution. For the purpose of this section, it suffices to say that the paraboli 

cally-extruuing beam is expected to perform a non-oseillatory motion if  the parameter 

r| o f Eq. (4.8) and the beam’s initial deflection are given by a similarity pair ) |.

Figure (4.17) depicts the tip-defiection history of a simulation where the parameter q 

and the beam’s initial deflection arc given by the first similarity pair | ( //,( .S'/) | com 

puted from the finite-element model (described in Chapter 5). The initial length o f the 

beam was taken as one metre. We used two finite-element models, one with four vari 

able-domain beam elements and the other with ten. Due to the absence of physical 

damping and the extremely high axial velocity and axial acceleration at initial time, 

numerical-integration difficulties bring about small spurious oscillations at the begin 

ning of the response history. The hna1 length of the beam is J8.H m, at which time the
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maximum deviation o f the tip from the initial deflection is 0.09 m and 0.01 m for the 

four- and ten-element models, respectively.

4.2 A Flexible Extendible Bearn with a Tip Mass

It is an easy task to include a lumped mass at the tip o f the beam in the finite-element 

model. A tip mass affects the mass matrix \m\ o f the tip element only and the matrix 

[ A'2 1 ° f  elements. The definitions for these matrices become

0 0 0 0

0 0 0 0 , (4.10)
0 0 m 0
() 0 0 ()

id)
\ k2\ . =  J L ( p A( c l r x) + m ) l N ' ] l \ N ' ] d x ,  (4.11)

o

where m is the translational inertia of the tip mass.

The next two examples revisit the fourth experimental test case and the seventh simu­

lation case of Section 4.1.1, with the addition o f a tip mass. The results are shown in 

Figs. (4.18) and (4.19). In both cases, the tip mass is taken as 10% o f the mass o f the 

protruding part o f the beam at time zero. The addition o f the tip mass has the expected 

effect o f lowering the frequency of oscillations. However, it is also noted that the 

amplitude o f oscillations increases. This is due to the instationary nature o f the prob­

lem. In Chapter 5, we study the effects o f a tip mass on the stability characteristics o f 

the system.

HD

I" '!*™ ,:,, = J ! > A I N 1 t I N U I x  +
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Figure 4.18: Test case # 4 with a tip mass. Constant-acceleraiion extrusion.
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Figure 4.19: S im ula tion  #7 w ith  a tip  mass. H igh-frequency retraction.
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4.3 A Nested Axially-Moving Beam

This example deals with an axially-moving beam nested in part within a stationary, 

simply-supported envelope beam as shown in Fig. (4.20).

X

M o

■ i

Figure 4.20: A nested axially-moving beam.

Our finite-element model has a total of twenty-four degrees o f freedom, with four ele­

ments for each o f the four regions described below. With /,• as the length o f the i '1' ele­

ment and cij as defined in Eq. (3.5), we have the following modelling parameters:

1. Retracting left-hand side of axially-moving beam

/,. = ( L l } - L ( t ) - L e) / 4, dj  = -  (/ -  1) /,-, / = 1, ...4 .

2. Nested part o f axially-moving beam

l. = L F/ 4 ,  clj = L( t )  + L e -  ( i - 5 ) l j ,  i = 5, ...8 .

3. Extruding right-hand side of axially-moving beam

(4.12)

(4.13)

/,. = L ( / ) / 4 ,  d; = L ( / ) - ( / -  9)/,., / = 9, ...12. (4.14)
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4. Stationary envelope beam

lj = L p / 4, </( = not applicable, i = 12, . . . l b.  (4.15)

Since the elements o f the middle part o f the axially-moving beam are of constant 

length, L/V jv vanishes in Eq. (3,18) for these elements. To illustrate the effect of the 

flexible envelope beam on the motion o f the axially-moving beam, we examine two 

cases in which we vary the geometric and material properties o f the envelope beam 

while keeping the properties of the axially-moving beam the same as the ones usee, in 

Yuh and Young's experiments and simulations.

« 0 O'J.'hi m

Figure 4.21: Geometric and material properties of 'he beams,

In the first case, we use the first cross-sectional geometry of Fig. (4 21) and take the 

material as steel. This combination makes the envelope beam considerably stilTer than 

the axially-moving beam. The axially-moving beam is made to move in the positive X 

direction with the profile L(t) used in the first simulation of Yuh and Young in Section 

4.1.1. The length o f the axially-moving beam is taken as Lp= l  ,Vm and that of the 

envelope beam as L£=0.3m. We observe the motion of the right- and left-hand tips.



52

This configura tion  »»: ,os us Yuh and Young’s firs t and th ird  sim ulations o f Section 

4.1.1 sim ultaneously. The extrud ing right-hand side corresponds to die firs t s im ula tion , 

anil the retracting left-hand side corresponds to the th ird s im ula tion . The same system 

con figura tion  is also used in the second case where the ax ia lly -m o v in g  beam and the 

envelope beam have comparable stiffness and mass d is tribu tions. In this case, how ­

ever, the envelope has the second cross-sectional geom etry o f Fig. (4.21) and the mate­

ria l is a lum in ium  fo r both beams.

We also attach tip  masses to the extrud ing  right-hand and re tracting le ft-hand tips (one 

at a tim e) w ith  the ir mass taken as 1 0 % o f the mass o f the corresponding p ro trud ing  

part o f the a x ia lly -m o v in g  beam at tim e zero. The response obtained is shown in Fig. 

(4.22), where we show the tim e response o f the extrud ing tip  when the ax ia lly -m o v in g  

beam is p ro trud ing  from  a rig id  w a ll, and compare it  w ith  the results obtained from  the 

tw o  cases o f the nested a x ia lly -m o v in g  beam o f Fig. (4.20). A  s im ila r procedure is fo l­

lowed fo r the retracting left-hand tip  w ith  the results shown in Fig. (4.23).

From  results depicted in Figs. (4.22) and (4.23), one may conclude the fo llo w in g :

1) As the stationary envelope beam is made stiffer, the responses o f the retracting 

and extrud ing  tips o f the ax ia lly -m ov ing  beam approach the corresponding 

responses obtained when the a x ia lly -m o v in g  beam is p ro trud ing  from  a r ig id  w a ll.

2) The fle x ib ility  o f the envelope beam reduces the frequency o f  oscilla tions, as e v i­

denced by the period elongation in the tim e response o f both tips.

3) The am plitude o f the oscilla tions is not v is ib ly  affected in these tw o cases, and 

since the system is instationary, it  is d if f ic u lt  to draw general conclusions as to the 

effect o f the envelope fle x ib ility  on the am plitude o f oscilla tions. However, through 

additional s im ulations we have found that the effect o f the flex ib le  envelope is to 

increase (decrease) the am plitude o f oscilla tions fo r the extrud ing  (re tracting) part 

o f the a x ia lly -m o v in g  beam.
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Figure 4.22: Nested extruding right-hand lip.
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Figure 4.23: Nested retracting left-hand tip.
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It should be noted here that the time integration of the first case (where the envelope 

was considerably stiffer than the axially-moving beam) was performed using the New- 

mark direct integration method with constant time-step. This was necessary since the 

relatively s tiff envelope causes the variable time-step size algorithm to choose very 

conservative time-step sizes (many orders of magnitude smaller than necessary for 

accurate time-integration o f the equations o f motion o f the axially-moving beam).

Rigid wall — -
.Stiffenvelope ----
Soil envelope ••

ex.

0 04

1.200 20 0.40

Figure 4.24: Retracting left-hand lip with active transverse acceleration.

Our finite-element analysis program can also model transverse loads (constant and 

time dependent) applied to any nodal point o f the envelope and the axially-moving 

beam. In addition, it can model forces caused by transverse acceleration fields, such as 

the gravitational field. To demonstrate this capability, we solve again the two cases of 

tne nested axially-moving beam, but this time with active transverse acceleration in 

the negative Y direction (Fig. (4.20)) of magnitude 1.0 nils' ' , and we monitor only the 

response o f the retracting left-hand tip.

The time response o f the left-hand tip is shown in Fig. (4.24). As expected, the ampli­

tude of the oscillations increases considerably beyond that obtained in the absence of 

the transverse acceleration field i^Fig. (4.23)). The effects of the flexib ility  of the enve-
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lope beam on the response of the retracting tip are in keeping with the observations 

made earlier in this section.

4.4 Active Vibration Suppression Using High Frequency 
Perturbations

Golnaraghi (1991) used a sliding mass-spring-dashpot mechanism placed at the free 

end of a stationary cantilever beam to passively reduce transverse oscillations. From 

some preliminary studies we have found that it is possible to reduce the transverse 

oscillations o f flexible extendible beams by introducing a high-frequency, low-ampli- 

tude perturbation to the otherwise constant-velocity axial motion. We used the first 

two test cases o f Section 4.1.1 with the modified axial-motiou profile given by

L ( t )  = L 0 (1 + esin ( (a t ) ) + vt. (4.lfo

The variables L0, v and t have the same meaning as in Kq. (4.3) ar ' their values are 

repeated in Table (4.3).Using an iterative procedure, we varied the size o f the perturba­

tion amplitude zL0 and frequency d) and observed the effect on the transverse oscilla­

tions o f the constant-velocity flexible extendible beam. Our preliminary study revealed 

that the same combination of values for zLa and d) has the same general effect on the 

transverse oscillations o f the system regardless of whether the beam is retracting or 

extruding. For example, it was found that for the two test cases examined, the opti­

mum values o f the perturbation parameters for vibration suppression arc as follows

eL () ~ 7 mm, and d) ~ / /03( raci/s, (4.17)

where coj is the instantaneous fundamental natural frequency of the flexible extendible 

beam.

Test case # Lu(m) v (m/s) e l<° i
V 26)

1: Retraction 0.5250 -0.1145 0.0133 2.3452

2: Extrusion 0.4255 +0.0410 0.0165 2 .(4 5 2

Table 4.3: Parameters for vibration suppression.
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The resulting suppression of oscillations is clearly depicted in Figs. (4.25) and (4.26) 

where the tip response o f both the unperturbed and perturbed systems are shown. Dur­

ing the final stages o f the retracting and extruding test cases, the high-frequency per­

turbation reduces the amplitude o f oscillations by 34% and 43%, respectively.

The problem of transverse oscillations o f beams subjected to prescribed axial oscilla­

tory motion has been studied theoretically by Zajaczkowski and Lipinski (1979) and 

Zajaczkowski and Yamada (1980). These authors show that the governing equations 

are of Mathew-Hill type giving rise to regions o f stability and instability. Zajacz­

kowski and Lipinski (1979) investigated the parametric instability o f the motion o f a 

cantilever beam of periodically varying length L (t) = L 0 (1 -  ecoscht) . Their 

results are presented in the form of stability charts in terms of E  versus the parameter 

Jco| /2d ). It is of interest that the values for E and listed in Table (4.3), found

by trial and error in this study, fa11 within the extreme case o f stable solutions found by 

Zajaczkowski and Lipinski (1979).
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Figure 4.25: Test case # 1 with high-frequency perturbation (retraction).
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Figure 4.26: Test case# 2 with high-frequency perturbation (extrusion).

4.5 Concluding Remarks

In the foregoing, we have used various axial-motion profiles and integrated the finite- 

element equations. The time histories o f the tip deflection were compared to the exper­

imental and simulation results obtained by Yuh and Young (1991). Good agreement 

was achieved in all eight cases. Furthermore, we have reproduced the expected behav­

iour of the flexible extendible beam as predicted by the similarity solution. Specifi­

cally, we have shown that the flexible extendible beam undergoes a noil-oscillatory 

motion i f  the axial-motion profile and initial deflection are given by a sim ilarity pair 

[£//,{£ ,)]. The adequacy o f the finite-element models and the accuracy of the solution 

procedure were also verified by computation o f the invariant quantities derived in Sec­

tion 2.2.2.

For the case o f constant axial-velocity, it was shown that the total energy of the system 

changes in time. Specifically, it was demonstrated that during extrusion the system dis­

sipates energy, while during retraction it gains energy.
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The generality of the Vcuuible-domain element was demonstrated in examples which 

are not readily analysed by the assumed-modes approach. The addition of a tip mass is 

a trivial task in the case of the variable-domain element approach, whereas in the case 

o f the assumed-modes approach, one set o f mode-functions must be assumed in the 

absence o f a tip mass and another set assumed when a tip mass is added. The assumed- 

modes also depend on the boundary conditions and, in many cases, the modal func- 

‘ :ons may not be available in closed form, making it necessary to generate the modal 

functions numerically at each time step, and then to numerically differentiate them to 

obtain their derivatives. The significant loss o f accuracy associated with numerical d if­

ferentiation of functions is well known; furthermore, when the functions are already 

approximate, one can anticipate considerable deterioration o f accuracy as higher-order 

derivatives are computed.

The second example shows how the variable-domain element was successiully used to 

model a more complicated configuration, namely, the case o f a flexible link moving 

through a flexible prismatic jo int. In addition, this example demonstrated the effect o f 

a transverse acceleration field on the response of the nested axially-moving beam. 

Finally, we briefly discussed how high-frequency axial-motion perturbations can be 

used to suppress transverse oscillations of flexible extendible beams.



Chapter 5

Stability Analysis

The illustrative examples of Chapter 4 were concerned exclusively with the numerical 

integration o f the system equations with an emphasis on the lime response of the tip of 

the flexible ex tndible beam. However, to gain a deeper insight into the mechanics of 

the flexible extendible beam, it is beneficial to examine the stability characteristics of 

this system. In the following, we analyse the stability o f the flexible extendible beam 

under changes o f some of its pertinent parameters, such as the axial-motion profile, 

physical damping, mass distribution, tip support, wall flexibility, etc. We also demon 

strate the versatility o f the variable-domain be m element by analysing the stability of 

pipes conveying fluid.

5.1 Dynamic Stability

The flexible extendible beam, being an instationary system (as long as the boundary 

conditions are such that its length changes with time), may loose stability by either 

divergence (a static form of instability) or flutter (a dynamic form of instability). In 

addition, it may have multiple stable and unstable ranges which can be determined 

through the use o f the dynamic method of stability analysis (see Herrmann (1967)). In
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general, we seek values of a system-characteristic quantity for which the most general 

free motion of the perfect system -  in the vicinity of the equilibrium configuration -  

ceases to be bounded. We begin by reducing the system of governing equations (Eq. 

(3.32)) to a set of first-order differential equations. The set of reduced equations takes 

the form:

M l { Z }  + \ b \ { Z }  = { 0 } , (5.1)

where

|0 | \M\ ~[M| [0| '
Ml  = \B\  = {Z} =

\ M \  \ C eq\_ _ [0 | \K eq|_ { y}_

(5.2)

As discussed in Section 3.3, the equivalent-damping and equivalent-stiffness matrices 

are non-symmetric. Therefore, matrices [A| and [B| w ill, in general, be non-symmetric 

as well. Rearranging Eq. (5.1), we write

{ Z } - | D |  { Z }  = { ( ) } , (5.3)

where

|D | = | / l |  |B  | =
[ M  | \C eq'

10]

We now assume that {Z ) is periodic, i.e.

Xi

(5.4)

{ Z } = { A } e ,  (5.5)

where X is generally complex. Then Eq. (5.3) takes the fam iliar form of an eigenvalue 

problem,

(M/I -  \DI) { A }  = { ( ) } .  (5.6)

In the eigenvalue problem of Eq. (5.6), the axial-motion profile must be prescribed for

evaluation o f the matrix |D |, and only then can we proceed with the solution o f the

conventional eigenvalue problem. For a system with n degrees o f freedom the eigen- 

problem of order 2n in Eq. (5.6) w ill, in general, yield 2n complex eigenvalues Xj with 

corresponding complex eigenvectors {A, }. Each consecutive pair o f eigensolutions
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[X/,( A,) | and [X,+/,{ A/ + / ) | corresponds to a single physical oscillatory mode. That is, 

the first two eigensolutions |X/,{ A j ) | and [X j.i A i)  | correspond to the fundamental 

oscillatory mode, [X j,( A^) | and [X^,{ A^ } ) to the second oscillatory mode and so on. It 

should be noted that the real and imaginary parts of the eigenvalues are related to the

tory mode we write the corresponding set of complex conjugate eigenvalues as

and we let ^  and CO/ correspond to the modal damping coefficient and oscillatory lie 

quency, respectively, we can then write

The oscillatory mode-shapes are contained within the complex conjugate eigenvec­

tors. They correspond to the lower part of {A , } which is purely real. 'Hie stability char 

acteristics o f the system may then be deduced from the nature of the complex 

eigenvalues X/ (see for example Thompson (1987)) and do not depend on the system 

eigenvectors. In the sequel, we perform a stability analysis o f the flexible extendible 

beam under changes of some of its pertinent parameters. In particular, we investigate 

the effects o f the follow ing factors on the stability characteristics of the flexible 

extendible beam:

1. Type o f axial-motion profile function L(t).

2. Addition o f physical damping.

3. Inclusion o f wall flexibility (the flexible extendible beam protrudes from a flexi­
ble cantilevered beam).

4. Addition of a tip mass.

5. Change of tip support.

modal damping coefficients and the oscillatory frequencies. Thus, if  for the i11' oscilla

X', — -  a + j b X, = - a - j b ( 5 . 7 )

( 5 . 8 )

In this chapter we also use the variable-domain beam element to perform a stability 

analysis o f pipes conveymg fluid and compare our results with those obtained by Pai
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doussis (1991) who uses analytical methods as well as various num erical techniques 

inc lud ing  the assumed-modes approach

Unless otherw ise stated, we consider a flex ib le  extendib le beam w ith  a fin ite -e lem ent 

model using ten variable-dom ain beam elements, w ith  the beam ’s geom etric and mate­

ria l properties as shown in Fig. (4.21).

5.2 Constant-Velocity Extrusion

The axial m otion o f the beam is described by a function o f the general fo rm

L( t )  = L tl + vt , (5.9)

where L0 is the in itia l length and v the extrud ing ve locity. The lateral m o tion  o f th is 

system is governed by the partial d iffe ren tia l equation (see Eq. (2.5))

pA (Yn + 2vYtX + \r Yx x ) + EIYXXXX =  0. (5.10)

C om paring this w ith  the equation fo r lateral m otion o f a beam subjected to a conservu 

live  ax ia lly -app lied  compressive load p, namely

pAYU +  pYxx +EI^XXXX ~

we note that the centrifuga l force p 4 r “ plays a s im ila r role to the compressive load p. 

Hence, we expect that the equivalent-stiffness o f the system w il l  d im in ish  w ith  

increasing axial ve loc ity  v, and that fo r su ffic ien tly  high extrud ing  ve locities the cen­

trifuga l force may overcome the flexural restoring force. L ikew ise , we expect the sys­

tem ’s osc illa to ry  frequencies to decrease w ith  increasing axia l ve lo c ity  v, to the po in t 

where the fundamental osc illa to ry  frequency vanishes. The C o rio lis  force per un it 

length 2pAvY,x being conservative, performs no w ork  on the system, but as w il l  be 

seen it w il l  have an effect on the s tab ility  characteristics o f the system.

F o llo w in g  PaTdoussis, we define a non-dim ensional axia l ve loc ity  as fo llo w s

foA
U = v L l '— . (5.12)

V El

PaTdoussis determ ines the changes in the eigenvalues o f his system (pipes conveying 

flu id ) as a function  o f his non-dim ensional ve locity. We intend to do likew ise  and in so
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doing we w ill determine the stability characteristics of our problem. There is, however, 

a subtle but important difference between Pai'doussis’ non-dimensional velocity and 

our own. For the problem of pipes conveying fluid, the length L is fixed and hence 

changes in U are directly related to changes in the actual velocity r. In our case, the 

length changes and this provides us a choice for calculating anil interpreting the rela­

tionship between the eigenvalues o f the system and U. We may choose to

a) keep L  fixed, say 1.0 m, and then relate U to v as in the problem of pipes convey­
ing fluid, or

b) keep v constant, say 10.0 m/s, and relate U to L.

The eigenvalues o f the system, to be determined as a function o f U, can then be inter­

preted in two different ways. Under option (a), the eigenvalues w ill refer to the config­

uration o f the system at a fixed instant of time, when for instance L - I .O  m and v lakes 

different values. Under option (b), the eigenvalues can be viewed as those of the sys­

tem at different instants o f time, for a specified constant value o f r. In order that we 

may make some comparisons with the problem of pipes conveying fluid, we adopt 

option (a) for the calculation and interpretation o f our results. It is important to note, 

however, that the calculated critical values U are independent o f the option chosen.

5.2.1 The Simplest Case

The eigenvalue problem of Eq. (5.6) is solved for the flexible extendible beam with the 

extrusion profile in Eq. (5.9) for various values o f i>. The evolutions ofthe system’s first 

six complex eigenvalues are shown in Figs. (5.1) through (5.3), where the real and 

imaginary parts o f the eigenvalues are shown separately in the left and right plots 

respectively.

We w ill now give a detailed description of the evolution o f the first two eigenvalues 

shown in Fig. (5.1), with an emphasis on the consequences to the stability characteris 

tics o f the constant-velocity extruding beam. The name in brackets at the end o f each 

description refers to the type of phase portrait (see, for example, Thompson (1987)).
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1. For zero axial velocity (U=0), ail eigenvalues are complex conjugates with zero 
real parts. This case corresponds to an undamped stationary cantilever beam of 
length L0 fin this case L0= l .0 m). Therefore, the imaginary parts o f the first and 
second eigenvalues correspond to the beam’s fundamental natural frequency, (cen­
ter)
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1st ?it'cnvuluc 
2nd cigui.vnluc
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15 00

20 00
15.000 00 5 0 0 10.00 20 00
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Figure 5.1: Real and imaginary components of the first and second eigenvalues.

2. For small values of U, all eigenvalues become complex conjugates with negative 
real parts, indicating the presence of dissipative forces. Under these conditions all 
oscillatory modes are stable. As noted in Section 3.3, for the case o f extrusion 
where new mass elements enter the domain, the equivalent damping matrix \Ce(j\ is 
positive-definite, implying that dissipative forces are generated. This finding is in 
direct contradiction with the conclusion o f Wang and Wei (1987) that during extru­
sion the flexible extendible beam gains energy, (stable focus)

3. As U is increased, the imaginary parts o f all eigenvalues decrease and at
U ~ 3.52 the imaginary parts of the first and second eigenvalues vanish. Up to this 
point, the real parts of the first and second eigenvalues are equal and negative, con­
firming that the first mode remains stable, albeit non-oscillatory. (stable inflected 
node)



4. As U is further increased, the first and second eigenvalues move apart, but 
remain real and negative. (stable' node)

5. When U reaches the value o f U t ~ 4.01, the first eigenvalue vanishes altogether 
(i.e. \KC(j\ becomes singular) while the second eigenvalue remains real and nega­
tive. For conservative systems, a divergence instability (buckling) is characterised 
by the simultaneous vanishing of both eigenvalues, corresponding to an oscillatory 
mode. However, in the presence of dissipative forces, the onset of divergence is 
identified with the vanishing o f only one o f the eigenvalues. In order to distinguish 
between the two forms of instabilities, divergence in the case o f dissipative systems 
w ill be referred to as damped divergence. Therefore, for the constant-velocity 
extruding beam, Uj  signals the onset of damped divergence where the undeformed 
configuration becomes unstable and all adjacent deformed slates in the first mode 
become possible equilibria.

- Vii ctgcnvtilur -----
4th eiyenviilue ----

4 0  Ml)

0.00

20.000 00

00 00

-10 00

40 00

Figure 5.2: Real and imaginary components of the third and fourth eigenvalues.

6. Beyond Up  the first eigenvalue becomes real and positive while the second 
eigenvalue remains real and negative. With one of its eigenvalues real aiul positive, 
the first mode is now unstable, (saddle)



66

7, T U is increased further, it is seen that the second eigenvalue, still being real, 
vanishes at U2 ~ 10.28, but the first eigenvalue remains real and positive, indicat­
ing that the first mode remains unstable.

X. Beyond U2, the second eigenvalue also becomes real and positive. The first mode 
remains unstable since both eigenvalues arc now real and positive. (unstable node)

9. At a slightly higher velocity than £/?, namely Uj 2 ~ 10.47, the loci o f the first 
and second eigenvalues coalesce with the imaginary parts remaining zero. The first 
mode remains unstable, (unstable inflected node)

r

5th c ij 'ffn a lu c  —— 
6th c ijji’hv.iluc

100.(1(1

50.00

0.00

100 00

-150.00

0 00 10,00 *:o.ono oo 10 00

Figure 5.3: Real and imaginary components of the fifth and sixth eigenvalue.

10. At slightly higher velocities than L' / i ,  the imaginary parts become non-zero 
and the first and second eigenvalues become, once again, complex conjugates, this 
time, however, with positive real parts. Therefore, Uj  o is the critical axial velocity 
beyond which the constant-veiocity extruding beam flutters. That is, any general 
free motion in the vicin ity of the equilibrium configuration ceases to be bounded. It 
is important to note that at this point, flutter is due to the coalescence o f the eigen­
value branches o f a single oscillatory mode. Hence, it is of the one-degree-of-free- 
dom type. Returning to Eqs. (5.10) and (5.11) and noting that a beam under
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compressive conservative loading is not subject to oscillator) instabilities, we con­
clude that the existence of flutter in the case of the constant-velocity extruding 
beam is connected to the (conservative) Coriolis f 'ires, (unstable tocus)

The same general behavior (damped divergence followed by flutter) is also observed 

for the higher oscillatory modes, as can be seen from Figs. (5.2) anti (5.5). Since linear 

theory cam.ot provide reliable information once the system motions leave the vicin ity 

o f the undeformed state, the physical existence of post-divergence flutter remains an 

open question. In the case of pipes supported at both ends and conveying fluid (a gyro 

scopic conservative system), linear theory’s prediction of post-diveq ence llultei does 

not materialise physically. This was shown by experiments (Pai'doussis, 1661) and by 

non-linear theory (Holmes, (1978)). However, the constant-velocity extruding beam is 

a gyroscopic instationary system, which can be subject to post-divergence flutter, and 

in fact this is what linear theory predicts.

u Two elements Four elements Fen elements

u, 4.08 4.02 4.01

u2 10.45 10.54 10.28

Ul,2 10.56 10.73 I T  47

Us 3 ! .62 16 67 16.58

Ua - 26.74 23.00

Us,A - 27.51 23.23

Us - 34.87 20.45

Us - - 35.74

U sfi - - 35.07

Table 5.1: Critical non-dimensional velocities versus number of elements.

The convergence of the computed values for the critical non-dimensional velocities 

with respect to the number of elements used is shown in Table (5.1). It is noted that the 

two- and four-element models are sufficiently ac"'irate for the computation of up to the 

second and third critical axial velocities, respectively, and that due to the instationary
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nature o f the problem, convergence, in relation to the number o f degrees o f freedom, is 

ison-monotonic.

The stability analysis of this section was also performed using option (b) as described 

in Section 5.2. The evolutions of the system’s eigenvalues and a brief discussion may 

be found in Appendix F. A dynamic simulation during which the extruding beam loses 

stability by divergence may also be found in Appendix F.

5.2.2 Effect of Physical Damping

In order to account for damping effects, we introduced the physical proportional 

damping matrix \Cf)\ discussed in Section 4.1. In this section, we study the effect o f 

physical damping on the stability characteristics of the constant-velocity extruding 

beam. That is, we select values for the first two modal damping coefficients ^  and 

form \Cp\ and \Ccq\ as defined in Eqs. (4.1) and (4.2), and perform adynamic stability 

analysis. A ll examples in this section use the axial-moiion profile in Eq. (5.9).

V
4 , = 0.0 
$2 = 0.0 
/. = 1 in

$, = 14.99 10'3 
$2 = 15.33 10'3 
L = 1 in

$, = 14.99 10'3 
$2 - 15.33 10'3 
L = 5 m

$, = 149.9 10‘3 
$2 = 153.3 10-3 
L = 1 m

*'/ 4.01 4.01 4.01 4.01

(1 : 10.28 10.28 10.28 10.28

Vl,2 10.47 10.49 10.49 10.65

U j 16.58 16.58 16.58 16.58

t'4 23.00 23.00 23.00 23.00

"j.4 23.23 23.31 23.31 24.12

Table 5.2: Effect o f physical damping on the critical velocities.

Table (5.2) lists the critical velocities of the system using various values o f modal 

damping. The first column lists the critical velocities o f the undamped extruding beam. 

The second and third columns list the critical velocities of a one metre long and a five 

metre long extruding beam, respectively, with the modal damping parameters as found 

experimentally by Yuh and Young ( ’ 991). Finally, the fourth column lists the critical 

velocities of an extruding beam with artificially high damping coefficients. As
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expected, regardless of the amount of physical damping added, there is no effect on the 

onset o f divergence instabilities.

Figures (5.4) and (5.5) show the evolutions of the system’s lirst four complex eigenval­

ues for the case o f heavy damping (fourth column in Table (5.2)). Using the same for­

mat as used in the previous section, the real and imaginary p is of the eigenvalues are 

shown separately in the left and right plots, respectively. As can be seen, the evolution 

o f the eigenvalues o f the damped constant-velocity extruding beam follows the same 

general pattern as the undamped system described in detail in the previous section. 

However, the addition o f damping has the following effects on the stability character­

istics o f the constant-velocity extruding beam (for details refer to Table (5.2) and b'igs. 

(5.4) and (5.5)):

20.00

lsl eigenvalue — i- 
2nd eigenvalue ----

5.00

s 0.00

- 1 0 .0 0

15.00

- 20.00
5.00 10.00

IS 00

(I 00

cfi
W. 1*
i

.’(1110(I 0(1 ■i 00 10 00
t; I:

Figure 5.4: Effect o f heavy damping on the first and second eigenvalues.

1. Since the system is now physically damped (by virtue of the presence o f (f ’/;]), 
even for zero axial velocity (U =■()), all eigenvalues are complex conjugates with 
negative real parts. This case corresponds to a damped stationary cantilever beam 
of length L0 (L0 = 1,0m). Therefore, the imaginary parts of the first and second 
eigenvalues correspond to the beam’s damped fundamental natural f requency.
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2. As expected, the addition of |C/;| results in the onset of non-oscilhtory modes at 
lower axial velocities. For instance, the imaginary parts of the first and second 
eigenvalues vanish at U  ~ 3.24, as opposed to U  ~ 3.52 in the absence o f physical 
damping.

3. The addition of |C/;| postpones the onset o f flutter. Specifically, the first and sec­
ond eigenvalues coalesce at U  t 2 ~  10.65, as opposed to U  l 2 ~  10.47 in the 
absence of physical damping.

- Vd eigenvalue —  
4lh eigenvalue

20.00

. 20.no

4(1 (Id

-6n.no

0 ,0(1 20 .0(110.000.(10 1(1 0(1

Figure 5.5: Effect of heavy damping on the third and fourth eigenvalues.

4. The final observation is related to the way we model damping through the use o f 
the proportional damping matrix [C/;). As can be seen from Table (5.2), by using the 
same damping coefficients for the first two oscillatory modes (^y and critical
velocities corresponding to all modes lemain unchanged regardless of the beam’s 
length. Therefore, the experimentally-obtained modal damping ^unctions used by 
Yuh and Young (1991), namely



where (0[ and 002  are the instantaneous first and second natural frequencies o f a can 
tilever beam of length L(7), ensure that modal damping coefficients remain constant 
regardless o f the length o f the flexible extendible beam.

From the results presented in this section, one may conclude that structural damping 

has no appreciable effect (even at artificially high levels) on the overall stability char 

acteristics o f the constant-velocity extruding beam. Nevertheless, it was found that 

physical damping has the important effect of postponing the onset of llutter instabili­

ties.

5.2.3 Effect of a Flexible Envelope Beam

Thus far our examples have dealt with flexible extendible beams protruding from an 

infinitely r ig id  wall. In this section we study the effect of flexibility at the root of the 

constant-velocity extruding beam. For this purpose, we use a flexible extendible beam 

nested in a cantilevered flexible envelope beam as shown in big. (5.6).

The rig id ity o f the cantilevered envelope beam is varied by appropriate selection of its 

cross-sectional eeometric and material properties. In this section, .• //// nnd soft enve­

lopes refer to the cases where the cantilevered envelope and flexible extendible beams 

have the first and second cross-sectional geometric and material properties of Fig. 

(4.21), respectively. These geometric and material properties were chosen so as to 

ensure that the s tiff envelope beam is considerably stiffer than the flexible extendible 

beam, whereas the soft envelope is of comparable stiffness and mass dish ibution to the 

flexible extendible beam.

The finite-eleinent model for the nested configuration has a total of sixteen degrees of 

freedom, with four elements for each of the three regions described below. With /, the 

length o f the i lh element, and dj as defined in Eq. 0.5), we have the follow ing model 

ling parameters:
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1. Enveloped part of the flexible extendible beam

= L e/ 4, d{ -  L i t )  + LF ( / - I ) / , - ,  j = 1, . . . 4 .  (5.14)

2. Hxtrnding right-hand side of the flexible extendible beam

/, = L i t ) /  4, d, = L i t )  -  (/ -  5) /,, i = 5, ...8. (5.15)

3. Stationary envelope beam

/( -  L f - / 4, d t = not applicable, / = 9, ...12. (5.16)

j h ' l i / u l  j
W a l l  | ( L , l , A , n ) i

i  --

/, l j( I)

Figure 5 6: A nested flexible extendible beam.

Since the elements of the enveloped part o f the flexible extendible beam are of con­

stant length, | N | v vanishes in Eq. (3.18) for these elements. The length o f the envelope 

beam is taken as LE = 0.3 m and the extrusion profile is, once again, given by Eq. (5.9) 

w ith 1.0 - / 0 m.

The addition of the flexible envelope beam alters the system's rigidity and ma^s distri­

bution and is expected to affect the onset of both static and dynamic instabilities. Fig­

ures (5.7) anil (5.8) show the evolutions of the system’s first four complex eigenvalues
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fo r the case o f the s tiff envelope while Figs. (5.9) and (5. It)) show the results for the 

case of the soft envelope. A comparison of these figures with the corresponding ones 

obtained for the undamped constant-velocity extruding beam (Figs. (S .I) and (5.3)) 

reveals that even in the case of the soft envelope, the evolution of the eigenvalues fo l­

lows the same pattern. However, this study reveals the following effects o f envelope 

flex ib ility  on the stability characteristics of the system (for details refer to Table (5.3) 

and Figs. (5.7) through (5.10)):

1. The onset o f non-oscillatory modes occurs at lowe" velocities. Specifically, the 
imaginary parts o f the first and second eigenvalues vanish at V  3.33 for the soft 
envelope case ( U  ~ 3.53 for the stiff-envelope case) as opposed to (/ 3.53 for the
rigid-wall case.

2. Damped divergence occurs at lower velocities. For example, the first mode 
diverges at U  ~ 9.76 for the soft-envelupe case ( ( /  ~ 10.53 for the s tiff envelope 
case) as opposed to U  ~ 10.54 for the rigid-wall case.

3. The onset of flutter also occurs at lower velocities. For instance, the first and sec 
ond eigenvalues coalesce at U  t 2 ~ 9-KK in the ease of the soft envelope
( U i  2 ~  10.72 for the stiff-envelope case) as opposed to I I t 2 10.73 for the rigid
wall case.

u R i g i d  W a l l S t i f f  E n v e l o p e S o f t  K n v c l o p o

U , 4 . 0 2 4 . 0 2 3 .X 0

u 2 1 0 .5 4 1 0 .5 3 9 . 7 6

1 0 .7 3 1 0 .7 2 9 , x k

U j 1 6 .0 7 1 6 .6 5 1 4 .8 1

2 6 . 7 4 2 6 . 7 1 19 7 1

U j m 2 7 .5 1 2 7 . 4 7 |(> w ,

Table 5.3: Effect of die flexible envelope on the critical velocities.

In conclusion, the flexible envelope can have appreciable effect on the onset of both 
static and dynamic instabilities. The degree of influence depends on the envelope’s 
dynamic stiffness relative to the flexible extendible beam. The onset of both damped 
divergence and flutter occurs at lower axial velocities as the stiff ness of the envelope is 

decreased.
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Figure 5.7: Effect o f the stiff envelop* on the first and second eigenvalues.
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Figure 5.8: Effect of the stiff envelope on the third and fourth eigenvalues.
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5.2.4 Effect of a Tip Mass

In this section, we examine the effect of a tip mass on the stability characteristics o f 

the constant-velocity extruding beam. For constant-velocity extrusion, the addition of 

a tip mass affects the inertial forces only. Hence, we do not expect it to have any effect 

on the divergence characteristics of the system. Several simulations were performed 

using various sizes of tip mass. The size o f the tip mass was chosen as a percentage o f 

the beam’s total mass. That is, a 10% tip mass has a mass equal to 10% of the mass of 

the beam at time zero. Our simulations used the axial-motion profile in Eq. (5.9) with 

L a- \  .0 m and tip masses up to 100%.

u N o  t i p  mass 1 0 %  t i p  mass 5 0 % <  t i p  mass

u, 4.01 4.01 U, = 4.01

u. 10.28 10.28 U j  = 10.28

Uu 10.47 10.53 U , j =  11.43

Uj 16.58 16.58 -

U.I 23.00 23.00 -

Uj.4 23.23 23.35 -

Us 29.57 29.57 -

U„ 35.75 35.75 -

Usjh 35.98 36.11 -

Table 5.4: Effect o f a tip mass on the critical velocities.

Figures (5.11) and (5.12) show the evoLdons o f the system’s first four complex eigen­

values for the case of the 50% tip mass. However, it should be noted that in this case 

we do not plot the evolution of consecutive eigenvalues as has been the practice thus 

far. instead, Fig. (5.11) contains the evolution o f the first and third eigenvalues, and 

Fig. (5.12) o f the second and fourth. The reasons behind this change w ill soon become 

apparent. An examination of Figs. (5.11) and (5.12) w ill indicate that the general stabil­

ity  characteristics o f the constant-velocity extruding beam have been drastically 

affected by the addition o f the relatively large tip mass. This is also confirmed by the 

50% tip mass column of Table (5.4) where we note that the velocity value 10.28, which
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has thus far been associated with the vanishing of the second eigenvalue, now marks 

the vanishing of the third eigenvalue. In addition, we note that the velocity that signals 

the onset o f flutter is no longer denoted by U j  j ,  but by ( // j  instead. This was neces­

sary since, as we w ill see shortly, it is the coalescence of the first and third eigenvalues 

that leads to flutter in this case. Due to the many changes in the stability characteristics 

o f the constant-velocity extruding beam brought about by the addition o f a relatively 

large tip mass, a detailed description of the evolution o f the first hnir eigenvalues is 

given below. Since eigenvalues belonging to the same mode are now drawn in separate 

figures, the reader w ill find it necessary to simultaneously refer to Figs. (5 .11) and 

(5 .12 ) throughout the following discussion. The emphasis, once again, is on the conse 

quences to the system’s stability characteristics:

1. For zero axial velocity ((7=0), all eigenvalues are complex conjugates with zero 
real parts. This case corresponds to an undamped stationary cantilever beam with a 
mass attached at its tip. Therefore the imaginary parts of the eigenvalues corre­
spond to its oscillatory frequencies, (center)

2. For small values of U , all eigenvalues become complex conjugates with negative 
real parts, indicating the presence o f dissipative forces. Under these conditions all 
oscillatory modes are stable, (stable focus)

3. As U  is increased, the imaginary parts o f all eigenvalues decrease and at
U  ~  3.81 the imaginary parts of the first and second eigenvalues vanish. The real 
parts o f the first and second eigenvalues are equal and negative, confirming that the 
first mode remains stable, albeit non-oscillatory. Hence, the addition of the 50% lip 
mass postpones the onset o f non-oscillatory inodes since in the absence of the tip 
mass the real parts of the first and second eigenvalue vanish at (/ 3.52. (stable
inflected node)

4. As U  is further increased, the first and second eigenvalues move apart, but 
remain real and negative, (stable node)

5. When the velocity reaches the value U t ~ 4.01, the first eigenvalue vanishes 
altogether while the second eigenvalue remains real and negative. This signals the 
onset o f damped divergence.

6. Beyond ( // ,  the first eigenvalue becomes real and positive while the second 
remains real and negative. With one of its eigenvalues real and positive, the first 
mode is now unstable, (saddle)
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Figure 5.11: Effect o f a 50% tip mass on the first and third eigenvalues.
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7. I f  U  is increased further, it is seen that at U  10.14 the imaginary parts of the 
third and fourth eigenvalues vanish. The real parts of the third and fourth eigenval 
ues are equal and negative, confirming that the second mode remains stable but 
non-oscillator . (stable inflected node)

8. As U  is further increased, the third and fourth eigenvalues move apart, but 
remain real and negative. ‘ stable node)

9. When the velocity reaches the value Lfl - 10.28, the third eigenvalue vanishes 
altogether while the fourth eigenvalue remains real and negative,

10. Beyond U j ,  the third eigenvalue becomes real and positive while the fourth 
remains real and negative. With one of its eigenvalues real and positive, the second 
mode is now unstable. (saddle)

11. As U  is further increased, we note (Fig. (5.12)) that at (A , 10.54, the loci of
the second and fourth eigenvalues coalesce with negative real pars while their 
imaginary parts remain zero.

12. A t slightly higher velocities than the imaginary parts become non-zero 
and the second and fourth eigenvalues become complex conjugates with negative 
real parts. Therefore, the constant-velocity extruding beam exhibits for the first time 
thus far, coupled-mode stable oscillations.

13. A t U i  j ~  11.43, the loci o f the first a ir' third eigenvalues coalesce with the 
imaginary parts remaining zero. Hence, the addition o f the tip mass postpones the 
coalescence o f the first eigenvalue since in the absence of the lip mass it occuis at 
U j  2 ~  10.47. For all cases examined thus far, the coalescence that led to flutter ha*, 
always involved eigenvalue branches belonging to the same oscillatory mode. I *i 
instance, the first coalescence has always been between the brandies of the first ami 
second eigenvalues (which belong to the first oscillatory mode). The addition of the 
large tip mass has the additional effect of causing the coalescence to be between 
eigenvalues belonging to different modes.

14. A t slightly higher velocities than U / ^ when the imaginary parts of the first am 
third eigenvalues are non-zero, the eigenvalues become complex conjugates with 
positive real parts. Consequently, i l / j  is the critical velocity b e y o n d  which flutter 
occurs. As mentioned earlier, flutter is due to the coalescence of the first and Intel 
eigenvalues. Hence in the case of the 50% tip mass, the oscillatory instability is of 
the coupled-mode flu tter type.
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15. As the velocity is further increased to f ' - 16.46, the imaginary parts of the see 
ond and fourth eigenvalues vanish once again with their real parts equal anil nega 
tive. A t higher velocities it was noted that the branch.es of the second and fourth 
eigenvalues coalesce again, but this time with branches of other higher eigenvalues. 
W ith large tip masses at high axial velocities, eigenvalue plots tend to c.vss in the 
complex plane, making it difficult to identify them. Nevertheless, it was possible to 
observe that at higher velocities (24.85 and 25.75'/, the second and fouith eigenval 
ues coalesce with other higher eigenvalues, leading to coupled-mode stable oscilla 
tions and coupled-mode flutter, respectively. Such major changes in stability 
characteristics of dynamic systems has been also reported by I’aidoussis 11675) for 
simply-supported pipes conveying fluid. For this dynamic system, the changes are 
brought about by high values of the non-dimensional parameter [j (defined as 
M /  (M  + m ) ) where M  and m are the mass per unit length of the fluid and pipe, 
respectively. An increase o f the density of the flexible extendible beam alone (even 
by two orders of magnitude) failed to produce similar results.

The investigation of the effect of a tip mass on the < onslant-velocily extruding beam 

was originally performed using the static (Eider) stability analysis, a computationally 

simpler approach than the dynamic method described earlier. In the static approach, 

one seeks values of a system-characteristic that renders the equivalent stiffness matrix 

[A ^ l  ..ingular. As expected, tiie static stability analysis showed that the onset o f diver­

gence instabilities is unaffected by the size of the tip mass. For instance, the first two 

static instabilities occur at U  ~ 4.01 and U ~ 10.28, as shown in 'Fable (5.4). As we 

have seen, however, depending on the relative size of the tip mass, they might not cor­

respond to the expected eigenvalues (the first and second). This is a good demonstra­

tion o f the limitations o f the static approach to stability analysis

5.2.5 Effect of Tip Support

In this section we examine the effect o f displacement constraints at the tip o f the con- 

slant-velocity ext-uding ueam on the system’s stability characteristics. In particular, 

we examine the following two cases:

1. Simply-supported tip: Y ( L ( t ) )  = Yx x ( L ( t ) )  = 0 .

2. Clamped tip: Y ( L ( t ) )  = Yx ( L ( t ) )  = 0.
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In both cases, extrusion is assumed to be from a rigid wall. The addition o f the tip con­

straints increases the rigidity of the flexible extendible beam, hence raising the critical 

velocities as shown in Table (5.5).

V F ret* Simply-supported Clam ped tip

" / 4.01 8.92 10.41

u 2 10.28 14.52 15.76

" l . 2 10.47 14.59 15.80

U i 16.58 21.50 23.04

23.00 27 33 28.89

J 1A 23.23 27.60 28.93

Table 5.5: Effect o f tip constraints on the critical velocities.

The evolutions o f the system’s first four complex c'genvalues are shown in Figs. (5.13) 

and (5.14) for the case o f the simpiy-supportcd tip, and in Figs. (5.15) and (5.16) for the 

case o f the clamped tip.
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Figure 5.13: S im ply-supported tip . First and second eigenvalues.
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As can be seen from Figs. (5.13) and (5.14) the eigenvalues of the constant-velocity 

extrudmg beam with the simply-supported tip follow the same general pattern as in the 

case o f the cantilever constant-velocity extruding beam of Section 5.2. i .

Figures (5.15) and (5.16) show that the eigenvalues o f the constant-velocity extruding 

beam with the clamped tip also follow a similar general pattern as that for the ease of 

the cantilever cons'ant-velocity extruding beam of Section 5.2.1. I ience, regardless of 

the tip constraints, the constant-velocity extruding beam has the same general stability 

characteristics: damped divergence followed by flutter due to the coalescence of eigen­

value branches o f a single oscillatory mode. This is consistent with Zajac/kowski and 

Yamuda’s (1980) findings that the parametric stability characteristics of a cantilever 

beam of periodically varying length are not much altered by the change of tip bound­

ary conditions. This is unlike the case o f pipes conveying fluid, where the mere sup 

port o f the pipe’s tip changes not only the general stability characteristics of the 

problem, but also changes the system’s classification from non-conservative gyro­

scopic (cantilever pipe) to conservative gyroscopic (pipes supported at both ends). In 

that ease, however, the domain of the problem is o f fixed size and mass is conserved.
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5.3 Constant-Velocity Retraction

In this section we study the stability characteristics o f flexible extendible beams with a 

retraction profile of the form

L  (0  = L „ - v t ,  1̂ .17)

with initial length L0, and retracting velocity r. We start wiih the case o f an undamped 

beam retracting into a rigid wall, and then investigate the effect of physical damping, 

wall flexibility, t'p mass and tip support.

5.3.1 The Simplest Case

Table (5.6) lists the values for the critical non-dimensional velocities U  for a flexible 

extendible beam retracting into a rigid wall. These values o f U  are identical to those 

obtained for the extruding beam of Section 5.2.1 (third column o f 'I ’able (5.1)), but as 

we w ill soon discuss, their interpretation is different.

V Ten element model

u, 4.01

u2 10.28

U u 10.47

Uj 16.58

U., 2 1 0 0

Uj .-i 23.23

u5 29.45

u„ 35.74

Us.', 35.97

Table 5.6: Critical non dimensional velocities.

The evolutions of the system’s first six complex eigenvalues are shown in Figs. (5.17) 

through (5.19), where once again the real and imaginary pans of the eigenvalues are
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shown separately, hollowing is a detailed description of the evolution of the first two 

eigenvalues:

1. For zero axial velocity (U =()), all eigenvalues are complex conjugates with zero 
real parts. This case corresponds to an undamped stationary cantilever beam of 
length L a (L 0 is once again taken as I Therefore the imaginary parts o f the first 
and second eigenvalues correspond to the beam’s fundamental natural frequency. 
(center)

2. For small values o f U, all eigenvalues become complex conjugates with positive 
real parts. Under these conditions, all oscillatory modes are unstable. As noted in 
Section 3.3, for the case o f retraction where mass elements leave the domain, the 
equivalent damping matrix is negative-definite, implying that energy is gener­
ated. This is contrary to Wang and Wei’s (1987) conclusion that during retraction 
energy is dissipated, (unstable focus)

3. As U is increased, the imaginary parts of all eigenvalues decrease, and at
U ~ 3.52 the imaginary parts o f the first and second eigenvalues vanish. The real 
parts o f the first and second eigenvalues are equal and positive, confirming that the 
first mode remains unstable, albeit non-oscillatory. (unstable injlected node)

4. As U  is further increased, the first and second eigenvalues move apart, but 
remain real and positive, (unstable node)

5. When U reaches the value of U t = 4.01, the first eigenvalue vanishes altogether 
while the second eigenvalue remains real and positive. Therefore, for the constant- 
velocity retracting beam, (7/ signals the onset o f divergence.

6. Beyond the first eigenvalue becomes real and negative while the second 
eigenvalue remains real and positive. With one of its eigenvalues real and positive, 
the first mode remains unstable, (saddle)

7. ff U is increased further, it is seen that the second eigenvalue, still remaining real, 
vanishes at U 2 ~  10.28. Since the first eigenvalue remains real and negative, the 
first mode now becomes stable.

8. Beye id £/i, the second eigenvalue also becomes real and negative. The first 
mode remains stable since both eigenvalues are now real and negative, (stable 
node)
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Figure 5.17: Real and imaginary components of the first and second eigenvalues.

9. A t a slightly higher velocity than (7j, namely U t ■- 10.47, the loci of the first 
and second eigenvalues coalesce • /ith the imaginary parts remaining zero. The first 
mode remains stable, (stable inflected node)

10. At slightly higher velocities than (.//?, the imaginary parts become non-zero 
and the first and second eigenvalues become, once again, complex conjugates, this 
time, however, with negative real parts. Therefore, U  > is the critical axial velocity 
beyond which the first oscillatory mode exhibits stable oscillations, (stable focus)

The same general behaviour (divergence followed by stable oscillations) is also 

observed for the higher oscillatory modes, as can be seen from Figs. (5.IX) and (5.10). It 

should be noted that the evolution of the eigenvalues of the constant-velocity retract 

ing beam described above is essentially the reverse of that fo: the constant-velocity 

extruding beam. The real parts of Figs. (5.17) through (5.It)) are the m irror images 

about the U  axis of Figs, (5.1) through (5.3;, respectively. The modes o f the extruding 

beam start out as stable-oscillatory, and as U  is increased they loose stability by diver­

gence and finally flutter, whereas the modes o f the retracting beam in itia lly  flutter and 

as U  is increased they diverge and finally become oscillatory and stable.
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5 3  2 Effect of Physical Damping

Table (5.7) lists the critical velocities of the system using various values o f modal 

damping. The first column lists the critical velocities of the undamped retracting beam. 

The second column lists the critical velocities of the retracting beam with modal 

damping parameters as found by Yuh and Young ( l W| ) .  Finally, the third column lists 

the critical velocities of a retracting beam with artificially high damping coefficients. 

As expected, regardless of the amount of physical damping added, there is no el l eel on 

the onset o f divergence instabilities.

u
$,=0.0 
$2 = 0.0 
/, = I 111

$, = 14.99 lO-3 
$2 = 1 5 . 3 3  I0-1 
L = 1 ID

4, = 149.9 It)-’ 
$ 2  =  1 5 3 . 3  I T 3  
L = 1  in

U, 4.01 4.01 4.01

u2 10.28 10.28 10 28

' /J 10.47 10.45 10.33

Uj 16.58 16.58 --

U4 23.00 23.00 -

Uj,., 23.23 23.16 --

Table 5.7: Effect of physical damping on the critical velocities.

As seen from Table (5.7), light structural damping has no appreciable effect (even at 

artific ia lly  high levels) on the critical velocities o f the system. 1 lowever, in con st to 

the case o f the extruding beam, heavy damping has considerable effect on the stability 

characteristics o f the system. Figures (5.20) through (5.22) show the evolutions of the 

system’s first six complex eigenvalues for the case of heavy damping (third column in 

Table (5.7)). Using the same format as used in t:.e previous sections, the real and imag­

inary part:; o f the eigenvalues are shown separately. The changes in the stability char­

acter sties o f the constant-velocity retracting beam, brought about by the addition of 

the relatively heavy damping, are highlighted in the following:



89

1. Since the system is now damped by physical damping (by virtue o f the presence 
or 1C,,|), a!! eigenvalues are complex conjugates with negati-"' real parts for zero 
axial velocity (U = 0 ) .  This case corresponds to a damped stationary cantilever beam 
of length L a (L „ = l .0 m ) .  Therefore the imaginary parts of the. eigenvalues corre­
spond to the beam’s damped natural frequencies, (stableJ’ocu i)

2. For small values o f (/, due to the presence o f physical damping, all eigenvalues 
remain complex conjugates with negative real parts, (stable focus)

3. As U  is increased, the real parts (still negative) of all eigenvalues decrease due to 
the energy-generating characteristic o f the system. A t U  ~  1.04 the real parts o f the 
first and second eigenvalues vanish, indicating that, for the first mode, the energy 
dissipated by physical damping and the energy generated by the system in that 
mode balance out. (center)
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Figure M O: Effect of heavy damping on the first and second eigenvalues.

4. At slightly higher values o f U  the real parts o f the first and second eigenvalues 
become positive. This is a classic example o f a Hopf bifurcation (see for example 
Thompson (1987)). The first two eigenvalues are now complex conjugates with 
positive real parts, indicating the onset of flutter, (unstable focus)
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5. The addition o f physical damping postpones the onset of .ion-oscillatory modes. 
For instance, the imaginary parts of the first and second eigenvalues vanish at
U  ~  3.74 as opposed to U  ■■■ 3.52 in the absence of phvsical damping. The real part:, 
o f the first and second eigenvalues are equal and positive, confirming ilmi the first 
mode remains unstable, (unstable infected node)

6. The addition o f physical damping brings about the coalescence o f the loci of the 
first and second eigenvalues (with the imaginary parts remaining zero) at lower 
axial velocities. Specifically, coalescence occurs at U t 2 1 10.33 as opposed to
U , 2 ~  10.47 in the absence of damping. This is consistent with Hermann’s ( l% 7) 
comments that the flutter system-characteristic parameter of the undamped system 
is an upper bound for that o f the system with light damping.

(i oo Id  (id

40.00

0.00Cl

-40.00

-60.no

40 000.00 20.00
U i:

Figure 5.21: Effect of heavy damping on the third and fourth eigenvalues.

7. In the neighborhood of U  a  16.00, a series of interesting events takes place that 
involve the first and second eigenvalues. At U  « 16.49, their real parts vanish, indi­
cating the balance between the dissipated and generated energy (center). At slightly 
higher velocities they acquire small positive real parts. Hence the first mode 
becomes unstable (unstablefocus). At U  ~  16.58 their imaginary parts vanish. With 
their real parts still real and positive, the hrst mode remains unstable (unstable
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inflected node). As U  is further increased, the first two eigenvalues move apart but 
remain real. The first eigenvalue becomes negative and the second remains positive. 
Therefore, the first mode remains unstable, (saddle)

X. When U  reaches the value o f U  « 23.03, the m.st eigenvalue vanishes while the 
second remains real and positive.

9. Beyond U  -■ 23.03, the first eigenvalue also becomes real and positive. With 
ooth eigenvalues real and positive, the first mode rurmms unstable, (unstable node)

10. As J  is further increased, the loci ' f  the first and second eigenvalues coalesce at 
I I  ■ 24.19 (for the second time) with the imaginary parts remaining zero. The irst 
mode remains unstable, (unstable inflected node)
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Figure 5.22: Effect of heavy damping on the fifth and sixth eigenvalues.

11. At velocities higher than U  ~ 24.19, the imaginary parts become non-zero and 
the first and second eigenvalues become, once again, complex conjugates with pos­
itive real parts, (unstable focus)
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12. As shown in Fig. o .2 l), damping also affects the higher oscillatory m>\!cs. The 
second mode starts out as stable-oscillatory, but at U 6..*8 >t becomes unstable 
oscibaloiy through a Hopf bifurcation. However, this is the lir.st time we encounter 
a mode that neither diverges nor do the loci of the real part ever separate.

In practical situations, physical damping is always present. Therefore, in the case of 

the retracting beam, it is desirable to have retracting velocities for which the energy 

generated is le, s than the energy dissipated by the physical damping in the first oscilla 

tory mode. This w ill ensure that all modes (hence the system itself) remain stable.

5.3.3 Effect of Wall Flexibility, Tip Mass, Tip suppor <

We studied the effect o f wall flexibility, tip mass, and change of tip support on the sta 

b ility  o f the retracting beam. We found tha* the critical values for the non-dimensional 

velocity U remain the same as in the corresponding cases of the extruding beam 

(Tables (5.3) through (5.5'). However, their interpreta'ion follows the description of 

Section 5.3.1 For the ret'acting beam. Therefore, these cases w ill not be dealt w ill) here 

in detail.

5.4 Constant-Acceleration Extrusion and Retraction

In this section, we examine the effect o f axial acceleration on the stability characteris­

tics o f the flexible extendible beam. Constant axial acceleration due to both a uniform 

acceleration field and a root-applied force are eons’dered.

The axial-motion profile for constant-acceleration extrusion is taken as

I i
L i t )  = L „ + v i +  0 a t \  (5. IK)

with initial length L0 = 1.0 m, extruding velocity v, and acceleration a. The general sta 

b ility  characteristics o f the flex'ble extendible beam are not affected by the addition of 

the axial acceleration. However, new values for the non-dimensional critical velocities 

are obtained and are Iisted in Table (5.8;. The magnitude o f the axial acceleration is 

always taken to be equal to the gravitational constant g = 9.HI mls~.
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V a = 0 a = g 
(root force)

a = -g 
(root force)

Cl = g 
(accei. field)

a = -g 
(accei. field)

U, 4.01 3.69 4.31 4.16 3.87

112 10.28 10.11 10.44 10.29 10.27

Ul.2 10.47 10.28 10.66 10.47 10.47

Table 5.8: Effect o f axial-acceleration on the critical extruding velocities.

The first column lists the results o f a constant-velocity extrusion profile (Section 

5.2.1). Depending on whether the acceleration is due to a uniform acceleration field or 

a root-applied force, the effect on the governing system of equations w ill be different 

because matrix [ d,] (Eq. (3.31)) models the effect o f the uniform acceleration field 

and matrix [k 2\ (Eq. (3.31)) models the effect of the root-applied force.

I f  the beam is accelerating due to a root-applied force, then a compressive axial load is 

expected to decrease the beam’s stiffness and hence the system’s critical velocities. 

This is verified by our results in the second column of Table (5.8). On the other hand, a 

root-applied force causing deceleration w ill have the opposite effect since, in this case, 

the beam is under a tensile axial load. Therefore, the critical velocities increase as 

shown in the third column of Table (5.8).

I f  the axial acceleration is due to a uniform acceleration field, the effect on the critical 

velocities is not evident. As shown in the last two columns of Table (5.8V me effect is 

to raise the critical velocities i f  the beam is accelerating and to lower them i f  the beam 

is decelerating. From the same results, one also notes that, unlike the root-applied 

force, the uniform acceleration field affects only the lower instabilities. It was con­

firmed that critical velocities higher than U y? ai*e not affected by the uniform acceler­

ation field.

I f  the axial-motion profile for constant-acceleration retraction is taken as

L ( t )  = L (l- v t + ^ a t 2, (5.19)

with the same value for L0 as in the extruding case, then the new critical velocities o f 

the system are as shown in Table (5.9). These values are identic. 1 to those obtained for 

the extruding case in Table (5.8).
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u a = 0 a = g 
(root force)

0  = -g 
(root force)

tl = g 
(accei. field)

a = -g 
(accei. field)

'J l 4.01 3.69 4.31 4.16 3.87
u2 10.28 10.11 10.44 10.29 10.27

10.47 10.28 10.66 10.47 10,47

Table 5.9: Effect o f axial-aeeeieration on the critical retracting velocities.

5.5 Parabolic Extrusion

In this section we examine the stability characteristics of the flexible extendible beam 
when the beam’s length is given by

L ( t )  = H Jt, (5.20)

with the parameter rj having units of m/ J s .  As discussed in Section 2.1, Yabarrok et 

al. ( 1974) obtained a sim ilarity solution for parabolically-extruding beams. For a sys­

tem o f n degrees of freedom, the sim ilarly .-.elution corresponds to n sim ilarity pairs 

[£/,-,{ S,-) ] where Uj  are given by Eq. (4.9) and [ S/ ] ,  {Si I are shown in Figs. (4.15) and 

(4.16) respectively.

The first column of Table (5.10), lists the analytical values for the first four sim ilarity 

parameters U j  (/ = 1  , . . . 4 ) .  The second column of Table (5.10) lists the critical values for 

the sim ilarity parameter obtained through the assumed modes method using the first 

five modc-shapes obtained from a free-vibration analysis.

U
Exact 

(S im ila rity  Solution) 
Tab urro k  (1974)

Assumed-Modes 
(Five first modes) 
T a b a rro k (1974)

F our eleiiK its ten elements

u, 3.14 3.14 3.16 3.14

u2 9.43 9.42 9.65 9.44
Not applicable Not available Not available 13.74

U j 15.71 15.90 15.99 15.77
U 4 21.99 44.50 25.13 22.17

V i A Not applicable Not available Not available 27.31

Table 5.10: Critical values for similarity parameter U.
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Figures (5.23j and (5.249 show the evolution o f the system ’s firs t four eigenvalues. As 

shown, the s tab ility  characteristics are s im ila r to those for the constant-ve locity  

ex trud ing  beam o f Section 5.2.1 (divergence fo llow ed  by flu tte r). The last tw o c o l­

umns o f Table (5.10) lis t the c ritica l values fo r the s im ila rity  parameter obtained using 

fo u r and ten variabie-dom ain beam elements, respectively. As can be seen from  Table 

(5.10), each critica l value o f the s im ila rity  parameter corresponds to the vanishing o f  an 

eigenvalue. That is, U j  corresponds to the vanishing o f the firs t eigenvalue, (A  corre­

sponds to the vanish ing o f the second eigenvalue, and so on. From  the fin ite -e lem ent 

model one may also obtain the corresponding s im ila rity -m odes {5, }. The s im ila r ity  

solution does not y ie ld  values corresponding to flutter.

A t this po in t it should be noted that the s im ila rity  parameter U  'E q . (4.9)) does not 

depend on the beam’s length. This im plies that a c ritica l value o f  U  remains c rit ica l 

regardless o f the length o f the beam. Th is is unlike the cases we have exam ined thus 

far, where the c ritica l ve loc ities are always a function o f the beam ’s length. The phys i­

cal in terpretation o f the s im ila rity  solution can now be stated as fo llo w s : i f  the beam 

extrudes w ith  the ax ia l-m otion  pro file  o f Eq. (5.20), where t] corresponds to a c r it ica l 

value o f the s im ila r ity  parameter U/,, and the in itia l deflection o f  the beam is g iven by 

the corresponding s im ila rity -m ode  {S/.}, the beam w il l  not oscilla te  th roughout its 

extrusion history. T h is  was indeed confirm ed in Section 4.1.4 through a tim e-in tegra- 

tion  o f the govern ing equations using the variabie-dom ain beam elem ent under the 

cond itions  ju s t described.

The s im ila r ity  so lu tion  represents the on ly  analytica l result that we have found in the 

lite ra ture  concern ing flex ib le  extendib le beams. Therefore, the v a lid ity  o f  approxim ate 

models should be tested by the calculation o f at least the c rit ica l values fo r the s im ila r­

ity  parameter U  (Table (5.10)). In addition, a more rigorous test is the tim e  in tegra tion  

o f  the equations o f  m otion under the s im ila rity  conditions in order to v e r ify  the non- 

o sc illa to ry  response o f the beam throughout the extrusion history.
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Figure 5.23: Real and imaginary components o f the first and second eigenvalues.
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5.6 Pipes Conveying Fluid

The variab ie-dom ain beam element may also oe used for die analysts o f a prob lem  

c lose ly  related to the netted ax ia lly -m ov ing  beam, namely that o f pipes convey ing  

flu id . In this section wo describe how the variabie-dom ain beam element m ay be used 

to model s im ply-supported and dam pcd-clam ped pipes. In add ition , we show the nec­

essary m odifica tions to the system equations to model cantilever pipes convey ing  

flu id . The results o f our s tab ility  analysis o f pipes conveying flu id  are compared w ith  

the results obtained by Pai'doussis ( 1 9 6 6 , 1 9 7 4 , 1 9 7 5 , 1 9 9 1 ) .  Th is  section is included 

p rim a rily  as a further ve rifica tion  o f cu r m odeling and solution proceduics, and does 

not represent a detailed coverage o f the topic. The reader is referred to Pai'doussis and 

W orkm an ( 1991) fo r a detailed description o f the problem  o f pipes convey ing  flu id .

A  pipe conveying flu id  at constant ve loc ity  v is shown in Fig. (5.25). The pipe m ay be 

modeled w ith  stationary F ille r beam elements and the flu id  w ith  variab ie-dom ain 

beam elements w ith  zero Young’s modulus. That is, we have:

fo r the stationary pipe

l j = Lp/ 4 ,  dj =  not applicable, / = 1 . . . . 4 ,  (5.21)

and fo r the flu id

/, = L p / 4 ,  dj =  LP -  ( i  - 5 )  lp i  =  5 ,  . . . 8 .  (5.22)

It should be noted that L/Vj  v vanishes in Eq. (3.18) fo r the flu id  elements since th^se 

elements are also o f constant length.

5.6.1 Pipes Supported at Both Ends

The examples in this section are those o f sim ply-supported and clam ped-clam ped 

pipes convey ing  flu id. The global governing equations are g iven by Eqs. (3.32), where 

the mass m atrix  [ M | contains contributions from  the pipe and the flu id , the equiva lent- 

dam ping m atrix  becomes skew-sym m etric (the problem  o f  supported pipes convey ing  

flu id  is o f the conservative gyroscopic type)

K , (/l = (C 2| -  [C 2| 7', (5.23)



and the equivalent-stiffness matrix becomes

i K , J  = \ K J - (5.24)

where only the pipe contributes to the stiffness matrix j K\ ,  and only the fluid contrib­

utes to the matrix \ K j \ .

The results are shown in Tables (5.11) through (5.13) where the critical nou-dimcn - 

sionai fluid velocity U  and the non-dimensional parameter (3 are defined as

with the velocity o f the fluid v, the pipe length Lp, flexural rigidity of the pipe E l ,  the 

flu id mass per unit length M ,  and the pipe mass per unit length m. As the velocity of 

the fluid is increased, the natural frequencies of the system decrease, and since pipes 

supported at botn ends are conservative systems, divergence instabilities are character­

ised by the simultaneous vanishing of both eigenvalues corresponding to a particular 

natural frequency. Hence, in this section, Uj  is interpreted as the critical non-dimen­

sional velocity at which the i1'1 oscillatory mode diverges (as opposed o the i '1' eigcn-

Y

Figure 5.25: A pipe conveying fluid.

(5.25)
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value). Similarly, denotes the critical non-dimensional velocity at which the i 11' and 

j ' 1' oscillatory modes coalesce.

In general, the four-element model is sufficiently accurate for determination o f the c rit­

ical velocities involving the first two oscillatory modes, while the ten-element model 

consistently yields near-exact results in all cases.

u Pai'doussis
(1974)

Four elements Ten elements

U, 3.14 3.14 3.14

u2 6.28 6.31 6.28

Ul.2 6.375 - 6.5" 6.42 6.40

Table 5.11: Simply-supported pipe, [3 = 0.1. 

a. The range 6.365 - 6.5 was obtained from a graph.

V Pai'doussis
(1975)

Four elements Ten elements

u, 6.28 6.31 6.28

U 2 8.99 9.10 8.99

Ul,2 8.99+n 9.12 9 '1

Table 5.12: Clamped-clamped pipe, (3 = 0.1. 

it. 8,99+ is interpreted as a value slightly higher than 8 .9 °.

V Pai'doussis
(1991)

Four elements Ten elements

u, 6.28 6.31 6.28

u . Not applicable Not applicable Not applicable

Ul,2 9.3 9.44 9.3

Table 5.13: Clamped-clamped pipe, (3 = 0.5.

It is interesting to note that by increasing the value o f p to 0.5, the second mode of the 

clamped-clamped beam never diverges. A similar effect was discussed in Section 5.2.4



100

for the case o f the constant-velocity extruding beam carrying a large tip mass. In that 

case, however, it is tiie second eigenvalue that never vanishes.

5.6.2 Cantilever Pipes

The variabie-domain beam element cannot be used without modification for tin mod­

eling o f cantilever pipes conveying fluid. Specifically, it is necessary to introduce the 

effect o f the equivalent-flow tip force (for an excellent discussion on the equivalent 

flow tip force, the reader is referred to Benjamin (1961)). This is accomplislied by con­

sidering the virtual work of the equivalent-flow tip force (described in Appendix Cl). 

When this is done, the equivalent-damping and equiva'.ent-stilTness matrices for the 

last element (the tip element) emerge as

1 ^ ,1  = l r | l  + \ C2\ ~ \ C 2\ ' \  (5.2V

\ K C(I\ = \ K \  +  \ T 2 \ -  \ K l 1, (5.27)

where the new matrices [T /| and [T?] model me effect of the equivalent-flow tip force 

on the last element. These matrices are given in Appendix Cl.

The cantil er pipe conveying fluid is a non-conservative system (|C(,(/| is no longer 

skew-symmetric as was the case for pipes supported at both ends) that loses stability 

by flutter through a Hopf bifurcation. As shown in Table (5.14), this problem requires 

more elements (particularly at the tip) than that used for the simply-supported (and 

clamped-clamped) pipes in order to accurately model the effect o f the equivalent-flow 

tip force on the tip element. It is interesting to note that the flow of mass is responsible 

for the energy dissipation/generation for the axially-moving beam, whereas it is the 

equivalent-flow tip force that renders the cantilever pipe non-conservative.

V Pai'doussis 
(1966, 1991)

Two elements Four elements Ten elements

Ut.2 12.79 15.15 13.01 12.79

Table 5.14: Cantilever pipe, (3 = 0.6.
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5,7 Concluding Remarks

lu the foregoing, we have examined the stability of flexible extendible beams and the 

related problem of pipes conveying fluid. Results for the latter problem have been 

reported in the litetature since the 1960’s. For the former problem, however, w ; have 

presented some new results as summarised below:

Con3lant-.vclo.citv Extrusion 

Simplest Case

1. The system i* stable for low non-dimensional velocities U.

2. The first divergence instability occurs at U / = 4.01.

3.  The system flutters at ( / /v  = 10.47.

4. For all practical purposes, operating axial velocities must remain well below £//.

Effect of Physical Damping

1. Physical damping has no appreciable effect on the stability characteristics o f the 
system.

2. Physical damping has no effect on the onset o f divergence instabilities.

3.  In practical situations, where damping is almost always present, physical damp­
ing has the desirable effect o f postponing the onset o f flutter (as compared to the 
undamped case).

Effect of a Flexible Envelope Beam

1. The flexib ility o f the media from which the flexible extendible beam protrudes 
causes the onset o f both divergence and flutter to occur at lower velocities than in 
the case o f the rigid wall.

2. Modeling o f the media from which the flexible-extendible beam protrudes as 
rigid is an idealisation. Therefore, in practical situations, divergence and flutter w ill 
occur at lower velocities than in the case o f the rigid wall.
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Effect of a Tip Mass

1. The addition o f a tip mast has no effect on the onset of divergence instabilities, 
although it postpones the onset o f flutter,

2. For relatively large tip mass, the system may exhibit eoupled-mode flutter.

Effect of T ip  Constraints

Supporting the tip of the flexible extendible beam postpones all the critical veloci­
ties (as compared to the cantilever flexible extendible beam).

Constant Velocity Retract ion

Simplest Case:

1. The system is unstable for low non-dimensional velocities U.

2. The first divergence instability occurs at U / = 4.01.

3. The first oscillatory mode becomes stable at U / i  = 10.47.

Effect of Physical Damping

1. The addition o f physical damping renders the system stable for low non-dimen­
sional velocities.

2. Physical damping has no effect on the onset o f divergence instabilities.

3. In practical situations, where physical damping is always present, operating 
velocities must remain well below the first occurrence o f a I lopf bifurcation.

4. The stability characteristics of the system are greatly affected by the addition o f 
heavy damping.

Effects of a Flexible Envelope Beam, Tip Mass and Tip Constraints

The same effects were observed as in the case o f the constant-velocity extruding 
beam.
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Constant-Accclcnition Extrusion and Retraction

1. A constant acceleration clue to a root-applied force has the expected effect during 
extrusion and retraction. Namely, it lowers the critical velocities if  a compressive 
axial load is present, and it raises the critical velocities i f  a tensile axial load is 
present.

7. The effect of a constant acceleration due to a uniform acceleration field is to raise 
the critical extruding velocities if the beam is accelerating and to lower them i f  the 
beam is decelerating. The opposite is true for retracting beams under uniform accel­
eration field.

Our fr lings demonstrate that the conclusions reached by Wang and Wei (1987) 

regarding the total energy of the flexible extendible beam are incorrect.. Namely, for 

velocities below the onsev of instabilities, we have shown that extrusion causes energy 

dissipation whereas during retraction the system gains energy.

The sim ilarity solution obtained by Tabarrok et al. (1974) was investigated through a 

dynamic stability at.alysis. It was found that it represents a very special case for which 

the flexible extendible beam remains buckled throughout the extrusion process. 

Numerical values for the similarity parameter from our finite-element formulation 

were found to be in agreement with the analytical similarity solution.

A stability analysis o f pipes conveying fluid was also performed. We have shown that 

for pipes supported at both enos and conveying fluid, the variabie-domain beam ele­

ment can be used without modification. However, for cantilever pipes conveying fluid, 

the effect o f the equivalent-flow tip force yields a modified set o f equations. Numerical 

values for the critical fluid velocities from our finite-element formulation were found 

to be in agreement with the results found by Pai'doussis (1966, 1974, 1975, 1991).
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Chapter 6

A Spatial Flexible Extendible Beam

Chapters 2 to 5 have been concerned with one-dimensional flexible extendible beams. 

In this chapter, we derive the finite-element equations of a spatially translating and 

rotating flexible extendible beam, and perform two and three-dimensional simula­

tions. This formulation is of value for the analysis o f flexible extendible spacecraft 

antennas, and flexible links traveling through prismatic joints of robotic manipulators.

6.1 Finite-EIement Discretization

A spatially translating and rotating flexible extendible beam carrying a tip mass is 

shown in Fig. (6.1). For purposes o f this work, this beam is subject only to transverse 

elastic deflections in two orthogonal planes, namely, the XV- and XZ-planes. These 

small deflections w ill be superimposed on the prescribed gross rigid-body translations 

and rotations.

Following the same procedure as that employed in Section 3.2, each o f these deflec­

tions can be described using interpolation functions and nodal displacement values. 

That is, (w ith respect to the element coordinate system xyz (Fig. (3.2))
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xy-plane (y-direction)

y ( t , x )  =  LA/JV{>>}, (6.1)

.vz-plane (z-direction)

z ( t , x )  = LA/J, { z } , (6.2)

where the shape-functions vector LA / J  v was derived in Section 3.2 (Eq. ( 3 . 1 6 ) )  and the 

nodai-variables vector { y }  is given by Eq. ( 3 . 1 7 ) .

w y

Figure 6.1: A spatial flexible extendible beam.

For the shape-functions and nodal-variables vectors in the .vz-plane one obtains

L / v j . 3.v" 2.v3

I 2 / 3
• .V +

3 ? 2 0  3x  3.v 2 x 2 3X X2 T

i r  i2 r  i i2
( 6 . 3 )

{ z } — Z| , j , Zj , ( 6 . 4 )

where
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: ( t ,  0) = - ( U -«) = < V

: ( [ , ! )  = : 2, = <1>2 <

with Zj und <l)j shown in Fig. (6.2). It is convenient at this tunc to deline 

\ X } ‘ = [v, d), . v, r , . 0 ,  . <I>,

L « j v =  k  ,o, /vVj,o, /vV|,o. /vV4.o

(6.5)

L « J : - 0 , /V. , 0 , /V, , 0 , N .  , 0 , N,  .,

where N y and N .  are the i '1' components o f the vectors L J v anti [ N \ .  (Li|s, (3.16) 

and (6.3)), respectively. The finite-element discretization equations and their tleriva 

tives may now be written as

y = L*Uv<x}. ' = LK.I : {xl .
n  = L * V x J .  =, =

V,, =  L«"JV{X}- : U = LK"JJX}.
.V/ = L^Jv{x > +LKJVU}-  =/ = I.«J_• {x } + 1 « U x l -

(6.6)

(6.7)

(6.H)

(6.6)

1
, <l>I  I

x  0 X I.

Figure 6.2' Nodal variables of a beam finite element in the xz-plane.
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6.2 Velocity Distribution Along the Flexible Extendible 
Beam

The velocity distribution along a spatially translating and rotating flexible extendible 

beam is due to rigid-body translations, rotations, and extrusion/retraction, as well as 

elastic deformations. The flexible extendible beam of Fig. (6.1) has rigid-body transla­

tional velocities (V V Y, Vy), rigid-body angular velocities (<%, City, Oty) and the length 

o f the protruding part o f the beam is given by L(t). These quantities are measured with 

respect to the system-fixed X Y Z  coordinate system.

The position vector {/•} to an arbitrary point along the flexible extenaible beam (Fig.

(6.1)) may be expressed as a combination of a rigid-body vector { r r } and elastic vec­

tor { r t, } as follows

{'•, -  O ',} + {'*,> ’ <6-10>

where

~X 0

0 {/• ,}  = Y ( t , X )

_0 Z ( t , X )

Similarly, the angular-velocity vector {a )} of an arbitrary point along the flexible 

extendible beam (Fig. (6.1)) may be expressed as

{CO} =  {C0(.} +  {Oty}  , (6.12)

where

Gty 0

{« ,.} = Oty {co(,} = Z X l ( t , X )

1 O
,rs / * / ( '■ *> _

The absolute linear velocity of an arbitrary point along the flexible extendible beam 

may then be expressed as



{V }  = { V r \ + + {co,} X  { r }
dt

I OS

(6.14)

where

{ V ; } v\

V'

(6.15)

Substituting Eqs. (6.10) and (6.15) into Eq. (6.14) and carrying out tlx* indicated total 

time differentiation and cross product, one obtains the absolute linear-veloeity vector 

as

{V }

Vy + ZcOj, -  Ycô , + L

Vy -  Zco y + X (ay + Yt + L Yx

V6/ + Yiliy -  XO)y + Zt + LZy

(6.16)

6.3 Complementary Kinetic Energy

To be consistent with our work thus far, we neglect the rotary inertia o f the slender 

spatial flexible extendible beam. Therefore, the expression for the complementary 

kinetic energy of the flexible extendible beam carrying a tip mass may be expressed as

T * = Th* + T j  , (6.17)

where and Tn*  are the complementary kinetic energy expressions for the flexible 

extendible beam and tip mass, respectively. The expression for the complementary 

kinetic energy o f the flexible extendible beam may be expressed as

L [ i )

T *  = J i p  A ( { V } ‘ { V ) ) d x ,  (6. IK)
o

which upon performing the inner product of the linear-velocity vector becomes
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H i )

T *  = J t p A [ ( V x +  Z u Y -  Y(q./  +  L)~  + 
o

-> (6.19)
( V Y -  Zm x  + -Vcoy + Y '  +  L  Yx ) ~ +

(V /^ +  Fco^ -  XcOj, +  Z j  +  L Z X ) ~ J c l X .

F o llo w in g  a procedure s im ila r to that employed in Section 3.1 (refer to Figs. (3.1) and

(3 .2 ) and Eqs. (3 .2 ) and (3.5)), we w rite  the com plem entary k ine tic  energy fo r the i11' 

elem ent as

n n  
f

Th* ~ 1 2 pA L ( '•v+zco.v ~ y (02+ d >̂ + 
0

(6 .20)
( r y -  -co( + ( Lj  + x)  Q); + y, + d,y v) ~ +

2 I
( v. + ycox ~ ( L i i-.v) coy + z, + d;zY) j dx

which after squaring the terms in the integrand becomes 

i d)

T , *  = j  ^ p a [  (y, + djVx) “ + co“ ( (L,. + x ) 2 + y2) + 2vy (y, + d-,yx) + 
o

2co. ( (Lj  + x) (y, + d/yv + vy) - y (c/; + v>A. ) ) + 

coyy (coyy -  2coy (Lj  + x)  + 2v : ) +

( zi +  d \ z v) + coy ( {Lj  + .v) “ + z~) +  2 \ 'z (z, + d jZ x)  -  (6.21)

2cay ( ( L j  + x)  (z, + djZx + v.) -  z (d j  +  yv) ) + 

co(z (coyz •- 2co, ( L j  +  x )  -  2 v y)  +

2dj(ox ( zvy -  y vz) + 2coy (z,y -  y,z) -

■ - 0 T 0
2a)vco.yz + { d + v“ + r y + v! + 2r/,vv } c/.v.

N o w  substitu ting  fo r the elastic deform ations y, y v, 2 , zv from  Eqs. (6.9) in the above 

expression and ignoring  the prescribed terms in braces (since they do not contribu te  to

becomes



T „ ‘  = 3 { X ) T|'»l(, { X t + i ( X } ' l t , ] „ { X )  + 5 l Z ) ' l < ' i l „ U I  + 

5 { * } ' ’ l ‘'2l , , fXl  +5 (X l 'U - . , ] „ (X l  + 5 { X ) ' U (, l „ l X l  + 

+ 5 l X l ' ' U ' 3l „ ( X ) - 5 { x l ' U #l „ ( X l  + 

tx>r {'-|>, + { X l V , } . , .

where

/(/)

lml„ = J IL N J'l «J v + L«ill «J J .
/(/)

j  P^[L«J.vLnJ.v + L K J.-LN J_. + ^ I L « ' j ; , L N ' J V + L « M ' ;1 r | .

_Lxj ; .L s 'J, + L x ’J j l  x J , + L x / . L  * ’ 1: + L X • / ! !  x I..

kil» = J p-4[L«Ja»J,. + L«J.̂L»J.- + ̂ [L«'Jvl«Jv +1 x'U » I..
0

H D  r

l c 2\ b = J P - 4 [ l K J ^ L « J,, +  L « J l ’L « J= + ^ { l « JvL« ' Jv + L K J, I X'|_.

UD

/ (n

[X , l () = I  p / U ( u ;  +  a> _ ; )LN j j Lx j v+ +

I d )

[ * • „ ! „ =  J 2pAd,<at I L x ' j ' L  x J, - L s ' J ! l x  J. ld.\.
0

i d )

0

/ ( f )

3 > h

110

(6  22 )

(6.23)

,1 +
(6.24)

(i.X,

( I  AX 6.25)

</.V( 6.26)

(6.27)

(6.2K)

(0.29)

(6.30)
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nn

u » l, , = |  2p/lo)t co;L N J |l NJ.c/.v, (6.31)

nn

{ / • , /  = |  p /l [  ( Vy + co; (Lj  + .v)) |_ N J y + dj  ( Vy + co, (Lj  + .v) ) L N ’j 'y + 
o

( C D / .  -  CO. (cli +  Vx) -  COvCDy (L,. + .V) ) L K j ’y + (6.32)

• J
( K 2 - c o v (Lj  + x))  L k J. + cl; ( V.-cov (Lj  + .v)) L «'  J; + 

(-COx Vy +  0 )y (//, + / )  -  G)vG>. (Lj  + .v)) L K J 1 ] dx,

H D

{ r 2 \ b =  J p/1 i ( l/v + CO, ( L j  + X) ) L K JJ + ( V.-Vy <L i + x) H  « J' 1 W-33)
o

The )/??|/; matrix is the well-known consistent mass matrix o f the beam element, and 

the skew-symmetric matrix [c j|/, is the beam gyroscopic matrix. The {/*/}/; and 

vectors are dynamic loads acting on the flexible extendible beam due to the rigid-body 

motion.

6.3.1 Complementary Kinetic Energy of a Tip Mass

The complementary kinetic energy of the tip mass may be written as

(6.34)

where m is the translational inertia of the tip mass and { V ) is the tip linear velocity 

given by Eq. (6.16) w ith X = L  as follows

V x  + ZcOy,— Y (fiy + L

V Y — Z(0^ + Lctiy + Y t + L Y

V y + Y cô  — Loiy + Z( + L Z y

(6.35)

X = L

Following a procedure similar to that employed in the previous section, the comple­

mentary kinetic energy of the tip mass may be written as
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T „ *  = 5  I x ) ’ Ixl  + ^ U ) 1 1*,),,, (X ) + 5 l x ! J IU,„ txl  +

5 ( x ( 7' l *7l „, (xl  + 5 f x > V 1l,11l x ) 4 l x l ' l U  J x l  + >'',M

O c f ' V , )  + a r t ' ; ) , , .1 tn -  ni

where

M „ ,  =  " ' H  N j j L N J .  +  L 8 J;L x  ) ; l 1, i ( - ( 6 . 3 7 )

, l oi =  m | ( » ;  +  w ? ) L s j ; : '  k j v + < » ;  +  <o; h k | ( i k j  1 ^  ( . ( 6 . 3 8 )

1 * 4  „  -  I L K ' j ' L  K J . . - L  S ' j J l  S  J .I ( 6 . 3 6 )

I M „  * ( 6 . 4 0 )

l o l .  * ( 6 . 4 1 )

U » l , „  =  2mcoyo>,L « i f L  « J_3, ,

t  r i )  [  < Vy +  c o . / )  [  K  J '  +  d, ( V ,  +  t o . / )  [  S ' j ' ;  +  

( c o t v .  -  t o .  (di  +  I ' , ) -  m o i j )  \ «\[  +

( 6 . 4 2 )

r  (h.4:?)
( V . - o ) / )  L « J . + < / / (  V'.-cov/) L IT J ' +

(-co(Vy + cov (di  + Vx)  - w c o , / ) [ N j J  | | ( /t

{/•2} w = » M (V v + ( 0 , / ) L N j ' ; +  ( V ° V ) L « j’! i | ( (ft.44)

The above matrices and vectors corresoond to the contributions of the tip mass to the 

corresponding matrices and dynamic load vectors (Eqs. (6.23) through (6.33),) o f the 

last element only (the tip element).

6.4 Flexural Strain Energy

The strain energy of the flexible extendible beam element (assuming it to be slender, 

hence described by Euler-Bernoulli beam theory), is due to bending in two transverse
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planes, along with the effect of axial forces on the lateral displacement. The element 

lateral strain energy may be expressed as

K.  -  |  2 < - E L y l + E I ^ J c l . x .  (6.45)

Substituting for y u and zu from Eqs. (6.9) yields

K, *  (x) .

where

H D

(6.46)

Ul = |  I £/:L K " j J'L N " J.v f  E,yl K " j[L K " J-l dx> (bAD' " I U V. *' ) I 77/1 \9 1 I I
| C l . I  (X 

f)

which corresponds to the well-known element structural stiffness matrix.

6.5 Energy Due to Longitudinal Loads

The potential energy o f the axial force in the flexible extendible beam undergoing 

transverse deflection may be expressed as

L ( l )

v,  =  J ^ P ( X , t )  ( Y2x +  Z 2x ) d X ,
o

(6.48)

where P  ( X ,  t ) is the axial tensile load at a location X  along the beam at time t. For the 

flexible extendibie beam carrying a tip mass, the above expression becomes

(/) r ( L ( t )  1 ( L ( i )  -j
J -  J p A L c i x \ - m ' L - l  J pAVx d x \ - m V x +  
o “ L x J I x J

rM/)
V,

r L ( t )

J p/\X  ( cô , + co^) clX I + m ( co2Y + co^)

(6.49)

cY-x  +  Z~x ) c t X .

Upon carrying out the indicated integrations within braces, the expression for the 

potential energy o f the axial force in the i '1' element becomes
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nn

Vl = J ^[-(p<4 {cl j - .x)  + m ) L  — ( p/\ ( i l j - . x )  + m)  V, + 
o

(co^ +  cop (Lm  + pA (cl j (L + .v) -  ^ (c/“ + x2) - L . x ) )  ( p  + : ] )  dx.

Now, substituting for the elastic deformations >’v and :A from Eqs. (64) we obtain

\  = - [ ( x T l * , !  (xl  - j i x f ' u . , 1  (Xl + [ ( x T l * 5l (Xl. 10-5M

where

/(/)
[ k21 = j  ( pA ( clj -  x)  +  /??) L  | [ K ' j ’J [  K ’ J y +  [ K ’ j [ l  K ' J .) dx,  (6.52)

o
HD

IA-4J -  J ( p A ( d j - x )  + i n ) V , l i r \ h n ' \ v + { K ' j 7l (0.55)
0

H D

\ k51 = |  (Q)J + (Dj) (Lm + pA (dj  (L + .v) -  ■= (cl] + x 2) -
(6.5x|)

[ L K ’ j ' i r j + L N ' j ' C L K ' j . u / . v .

It is interesting to note that the [ p i  matrix has a stiffening effect only, whereas, the 

effect o f [ p ]  and [ p i  matrices depends on the corresponding signs of L and Vv, 

respectively.

6.6 Finite-EIement Equations

In sections 6.3 through 6.5, we obtained expressions for the complementary kinetic 

energy and potential energy o f the flexible extendible beam element. The Lagrangian 

fo r the i tfl element may now be expressed as

Li  =  T h*  +  T *  -  ( i p  + V , ) , (6.55)

where it is noted that the complementary kinetic energy of the tip mass is relevant for 

the tip element only (i.e. for the iast element on which the tip mass is attached). Using 

Eqs. (6 .22), (6.36), (6.46) and (6.51), the element Lagrangian becomes
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4  = j f x l ' l m l  (Xi  + |(5C}r l*, l  I x l  + \ { % } r \ c l \ IX) +

j ( x t r k 2l (X) + j ( x l ' l * , l  <xl + 5 l x l r l *6l (Xl  +

^ ( x i ' U i i  (xi  + j <* i V 3i ( x i - j < x i Tr*.i (x i  + (6.56)

( x l V , )  + ( x l ' i ' - j l - ^ x l ' l t l  ! x l  +

5  { X l r U'2l ( X I  + 5  { X l r IX-4l ( x l - j l x l '  u-sl ( x l .

where

I m I = [n, \ b +  [iv \ m,

l*l l = I * . l fc+ I * l l w-
| c , l  = | c 1] / j+ [0 | ,

k 2] = \ c2] h+ 10 |,

W  =

kfil = k 6l /; + k-6l rti, (6.57)

k 7! = k 7j / j + k 7!,,(, 

k 3l = k 3 \ h+ k 3|,„> 

l*«l = W „ + W m,
{/*,} = I k  V -  

{ 'S }  = { /-2} / ,+

At this point, it should be noted that even though some of the element matrices used in 

this chapter share the same names and physical interpretation as their counterparts in 

Chapter 3, the matrices for the spatial flexible extendible beam are o f order eight, 

whereas the corresponding matrices for the one-dimensional flexible extendible beam 

in earlier chapters are o f order four.

The Lagrange equations for an element, considering it to be unconstrained and inde­

pendent of other elements, are given by
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d L i cl 
d { X } T dt

d L t

d i X ) 1
= { 0} . (('.58)

Using the expression for the element Lagrangian (Eq. (6.56)), we o b trn  the element 

governing equations as

\ m ]  {%} + IX} + I*,,! \ X )  = I

where the equivalent-damping and -stiffness matrices, and equivalent-loud vector are 

given by

[ceq\ = I/m| + k 2l ”  I«‘2 17 + I (31 ’
IA J  = [-1 + I M -  l * i I - IA- . I  +

i q  1 (6 .60 )

[(•3| -  [£ 3 1 -  | * 4| + 1 k$) -  I A* f, | -  | * 7| + I * 8| ,

Finally, the assembly of the element equations yields the global equations as follows

\ M\  { %}  +  [ Ceq| { 1 }  + \ K eq\ {%}  = { R (<l} .  (6.61)

Similar to the case o f the stationary flexible extendible beam of earlier chapters, the 

governing equations (Eq. (6.61)) o f the spatial flexible extendible beam is a set o f lin ­

ear, second-order differential equations with variable coefficients. However, in the 

case of the spatial flexible extendible beam, the right-hand side of the governing equa­

tions is non-zero, accounting for the transverse loads due to the prescribed rigid-body 

motion.

The next sections are devoted to the verification o f the spatial variable-domain beam 

element through a series o f examples.

6.7 Simulations

The governing system of equations derived in the last section w ill now be integrated 

ander specified initial and boundary conditions. We begin, in Section 6.7.1, with a 

simple two-dimensional example of a constant-length beam in rotation. Sections 6.7.2 

and 6.7.3 deal with two- and three-dimensional examples o f flexible extendible beams, 

respectively.
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6.7.1 A Constant-Length Beam in Rotation

In e^der to validate our finite-element formulation and time-integration o f the flexible 

extendible beam undergoing two-dimensional rigid-body motion, we begin with a 

simple example. A single flexible-link manipulator has been considered by Tzou 

(1989) (using Timoshenko beam theory) and Gaultier (1990) (using Euler-Bernoulli 

beam theory). The constant-lengih link is subject to the rigid-body rotation described 

by

0.(0

~ . 1 f t 2 x " 2n t
S .  <cos(_T ) “  1n

1“

0 . ,

(2  x - t ) 2 x 2 2 n t

/ /

0 ^  t < x,

x < / < 2x, 

2x t,

((.62)

where

x is the period of oscillation (0.3 s)

© f) is the amplitude of rotation (0.3 racl).

The geometric and material properties o f the constant-length link are given in Table 

(6.1).

E  (G P a ) p (Ki>lm3) /-  (m4) L  (m )
207.0 7825.0 277.0 10'12 0.6096

Table 6.1: Geometric and material properties of constant-length link.

The tip-deflection history for this problem is shown in Fig. (6.3). The link was modeled 

using four elements. Our results are essentially identical to the results obtained by 

Tzou (1989), Gaultier (1990) and Sharf (1993). It is interesting to note that the work 

by Tzou (1989) showed that the axial elastic deformations of the rotating beam are one 

one-hundredth o f the lateral elastic deformations, thus justifying the assumption of 

axial rig id ity for slender beams like the one used in this example. In addition, it should 

be noted that since the beam in this example is slender, rotary inertia and shear defor­

mations, accounted for by Tzou’s Timoshenko-beam formulation, become negligibly



small. As mentioned by Gaultier (1990), this is the reason for the agreement between 

the results obtained by Tzou (1989) and the results obtained using Euler-Bernoulli the­

ory.

0.(1010

0.0005

ito.wioo

-0.0005

•0.0010 '---
0.0000 0.6000

Time (s)

Figure 6.3: Tip response of a constant-length link in rotation.

6.7.2 Two-dimensional Experiments and Simulations by Yuh 
and Young

The next two examples correspond to Yuh and Young’s (1991) experiments o f axially- 

moving beams undergoing rigid-body rotation about the z-axis. The angular velocity 

o f the beam is constant at coz = 2.6 rad/s and the length of the beam is given by

L ( t )  = L„  +  vt, (6.6t)

where the values o f the initial length L 0 and velocity v are given in Table (6.2).

Test case # L „ ( m ) v(mfs) Figure # 
Appendix I)

5 0.5100 -0.0720 4.5

6 0.4000 +0.0350 4.6

Table 6.2: Parameters for experimental test cases, Yuh and Young (1991).
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Our linite-element mode' used four variable-domain beam elements. Physical damp­

ing was modelled as discussed in Section 4.1. Our results fo r test case # 5 (Fig. (6.4)) 

were found to be in good agreement with the results of Yuh and Young (1991) (shown 

in Fig. (4.5) in Appendix D). However, a comparison of our results for test case # 6 

(Fig. (6.5)) with the results o f Yuh and Young (1991) (shown in Fig. (4.6) in Appendix 

D) was not feasible since we were unable to determine the time span depicted in their 

results.

Yuh and Young (1991) also performed four simulations o f axialiy-moving beams in 

rotation. For these simulations, the length of the beam and the angle o f rotation are 

given by

M O  = L 0 +  

0(0 =  0 +

t -  —  sin ( 2 j t /A )  
2 k

t -  ^r-sin (2tct / i )  
2 k

(6.64)

(6.65)
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0 .0.1
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n.h-
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•0 .0*1
0.20 0.40 0.60 

Tunc (s)
08 0 1.00 1.20

Figure 6.4: Test case # 5. Constant-velocity retraction and rotation.
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Figure 6.5: Test case # 6. Constani-velocity extrusion and rotation.

where values for L (r @o, c\ d , and x are given in Table (6.3). These four simulations 

correspond to the four simulations considered in Section 4.1.1 (simulation numbers I, 

3, 5 and 7) with the addition o f the rigid-body rotation.

Sim ulation # L „  ( m) (rad ) c (III) d  (rad ) x (s) Figure It 
Appendix 1)

2 0.3500 0.0 +0.7000 1.57 1.2000 5

4 1.0500 0.0 -0.7000 1.57 1.2000 6

6 0.3500 0.0 +0.7000 1.5/ 0.2000 7

8 1.0500 0.0 -0.7000 0.50 0.2000 8

Table 6.3: Parameters for simulation cases, Yuli and Young (1991 j.

The results o f our time-integrations are shown in Figs. (6.6) through (6.0) where the 

results o f the simulations of Section 4.1.1 (Figs. (4.5) through (4.K)) are superimposed 

for easy reference (the solid lines). As can be seen from these results, the rigid-body 

rotation prescribed by Eq. (6.65) has an appreciable effect on the response of the flexi ­

ble extendible beam, especially in the two retracting cases (simulations 4 and 8) where 

the beam starts out at its maximum length of 1.05m.
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Figure 6.6: Simulation # 2. Low-frequency extrusion and rotation.
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Figure 6.7: Simulation #4. Low-frequency retraction and rotation.
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Figure 6.8: Simulation #6. High-frequency extrusion and rotation.
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Figure 6.9: Simulation # 8. High-frequency retraction and rotation.
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A comparison of our results to those of Yuh and Young (the dashed response in Figs. 

(5) through (8) of Appendix D) reveals that we are in disagreement. For instance, let us 

consider the eighth simulation in some detail. The beam is in itia lly 1. 05m long and is 

deflected such that the tip displacement is 0. 024m in the positive y-airection, as shown 

in Fig. (6.10). A t / = 0 , the tip is released. According to the length and rotational 

motion pioflles (Eqs. (6.64) and (6.65)), the beam w ill begin to retract and its base w ill 

accelerate counter-clockwise about the Z-axis. Under these conditions, one can antici- 

‘e on physical grounds, that the tip o f the beam w ill move in the negative y-direc- 

tion. This is indeed the behaviour predicted by our simulation results shown m Fig. 

(6.9). However, the simulation results of Yuh and Young (the dashed response in Fig. 

(8) o f Appendix D) are in disagreement with this expected behaviour. Similar argu­

ments based solely on physical considerations can be made with regards to the other 

three simulations (2, 4, and 6 ) that lead to the conclusion that the prescribed rigid-body 

rotation of Eq. (6.65) must have a much more profound effect on the transverse 

response of this slender axially-moving beam than predicted by Yuh and Young 

(1991). In fact, the deflections involved in simulation # 8 are too large (with the ratio 

y,i lJL\  0  reaching 0 .6 ) to be modelled by linear theory.

0 .  0 2 4 m

Figure 6.10: S im ula tion  # 8. In itia l system configura tion .



Given that our formulation gives the correct results for the case of a c >nsiant-lengih 

beam undergoing two-dimensional rotation (as shown by the example in Section 

6.7.1), we followed an alternative approach in verifying the correctness o f our simula­

tion results. In this approach, we set the extrusion velocity and acceleration to zero, 

and assign the beam’s length according to Eq. ( 6 . 6 4 ) .  This approach is equivalent to 

integrating the governing equations of a constant-length beam in rotation at each time- 

step. The results o f this quasi-static approach are superimposed in Fig. (6 .11) with the 

results obtained using the complete dynamic model for the third and fourth simula­

tions (Fig. ( 6 . 7 ) ) .  As shown, the quasi-static and complete dynamic models in itia lly 

yield identical results. However, as time progresses, the amplitude o f the oscillations 

predicted by the complete dynamic model are larger than those predicted by the quasi- 

static model. This is consistent with our earlier findings that during retraction the sys­

tem gains energy.

Simulation # .1, no n^ul-lunly rotation 
Simulation 4, tjuusi-snihc solution 
Sfimilntltm # 4, (itll-ilyniimic solution0.20

0.10

■0 . 1 0

- 0.20

•0.25
0.00 0 HO 1 00 I 200.20

Figure 6.11: Simulation #4. Comparison to a quasi-static formulation.

As mentioned in Chapter 1, the derivation of the governing equations o f the flexible 

extendible beam by Wang and Wei (1987), Kim (1988), and Kim and Gibson (1991 j 

left out certain terms. Specifically, their derivations fail to account for the time depen­
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dency o f X  in the expressions for the complementary kinetic energy. Ignoring these 

terms is equi valent to the quasi-static formulation just described. Therefore, Fig. (6 .11) 

also shows, for the particular beam and motion profiles, the error incurred by ignoring 

the time dependency o f X.

6.7.3 A Spatial Flexible Extendible Beam with a Tip Mass

As a final example, we consider the system configuration shown in Fig. (6.12). In this 

simulation the spatial flexible extendible beam carries a tip mass m  and is partly 

nested in a flexible cantilever beam. The length o f the protruding part o f the beam and 

the rigid-body rotations are given by

H t )  = L " + ~x 
L  4" c ,fi v *

7 -  =— sin ( 2 n t / x )  
Z K

o  <  t < x,  

x <  7,
(6 .66)

0 V(/) =

0.(0

0 a =

0 + -  
" X

.©„ + </,

0 + -  « x

7 , 

t  ,  

X

2 71

0 < t < x,

X <  7, 

sin ( 2 n t / x )

2n
sin ( 2 n t / x )

0„ + d,

where values for L0, 0  , c, cl, and x are given in Table (6.4).

0  < t <, x,  

x <  7,

0  <  7 £  x ,  

x <  7,

(6.67)

(6 .68)

(6.69)

1 <„("0 0 r ,  (rad) c(m) (I (rod) X  (s) L, ; (m) m
(kg If)'6)

0 . 3 5 0 0 0 . 0 + 0 . 7 0 0 0 1 . 5 7 2 . 4 0 0 0 0 . 3 0 6 4 3 . 6 1 4 9

Table 6.4: Parameters for spatial simulation.

The length L E o f the envelope beam is taken as 0. 3m and the tip mass m is taken as 

10% o f the mass of the protruding part of the beam at time zero. For the envelope and 

flexible extendible beams, we use the cross-sectional geometries o f Fig. (6.13) and the 

material is taken as aluminum.
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Figure 6.12: A nested spatial flexible extendible beam carrying a tip mass.

0  0 0 5 4 2  m

pn—

0 . 0 0 2 4 2  m

0 . 0 0 2 7 1  m

0  0 0 1 7 1  r n

K  0 8 . 0 0  O P a
p  2 1 4 4  2 8 5 8  K t j / m .

Figure 6.13: G eom etric and material properties o f the beams
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The tip o f the beam is given an initial deflection o f 0.01 m in the positive y- and z-direc- 

tions, and is released at time / = 0. The extrusion and rotational motion profiles o f Eqs. 

(6 .6 6 ) to (6 .6 9 ) are then prescribed starting at t =  0. The finite-element model for this 

configuration has a total of thirty-two degrees of freedom, with four elements for each 

o f the three regions described below. With l t the length of the i 11' element and clj as 

defined in Eq. (3 .5 ), we have the following modelling parameters:

1. Nested part of axially-moving beam

/. = L f / 4, (I i = L ( t )  + L e -  ( / - I ) / , ,  / = 1, ...4 . (6 .70)

2. Extruding part o f axially-moving beam

/,. = L ( t ) / 4 ,  dj = L i t )  ~ O' -  5) lj, i  = 5, . . . 8 . (6 .71)

3. Envelope beam

/,. =  L e/ 4, cl{ =  L r  -  ( i - 9 ) / , . ,  /  =  9 , ...12. (6 .72)

Physical dampinj; was, once again, modelled as discussed in Section 4.1.1. The tip- 

deilection histories in they- and z-directions (with and without a tip mass) are shown 

in Figs. (6 .14 ) and (6 .15 ), respectively.

(i in
VVithnut a (ip (nass -----
! With a tip (nasH -----

S
1
1
1
a.

n.ti5

n in
.vnn 3.5no.sn l ,nn 1.50 2.00 

Tiino (s)
2.50 4.00

Figure 6.14: T ip-deflection  in y -d irecfion .
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Since both the envelope and flexible extendible beams are less stiff in bending about 

the v-axis, the corresponding tip-deflections in the ^-direction (Fig. ( 6 . 1 5 ) )  are larger 

than the tip-deflections in the v-direetion (Fig. ( 6 . 1 4 ) ) .

0.10

\Vuhmil it tip piass 
W illi the tip (miss

0.05

E

g
8a

-0.05

-0.10
1.50 2.500.50 1.00 •1 000.00

Figure 6.15: Tip-deflection in z-direction.

6.8 Concluding Remarks

In the foregoing we have developed the governing equations o f motion for the spatial 

flexible extendible beam through finite-element discretization. Then, using various 

axial-motion profiles and two-dimensional rigid-body rotations, we integrated the 

finite-element equations. Good agreement was achieved with the simulation by Gault­

ier (1990) and the experimental results by Yuh and Young (1991). However, our find­

ings are in disagreement with the simulation results given by Yuh and Young, Since 

Yuh and Young’s results are not plausible on physical grounds, we believe them to be 

incorrect. Finally, the variable-domain beam element was used for a simulation invo lv­

ing spatial rigid-body rotations of a nested flexible extendible beam carrying a lip 

mass.
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Chapter 7

Closing Comments

A necessary condition for the effective control o f dynamical systems is a knowledge of 
the system’s characteristics and properties. There is a duality between the concepts of 
system identification and control. Clearly, the better a system is identified, the more 
finely tuned a controller can be made, so that for a given amount o f available control 
energy, the control is more efficient. On the other hand, the less knowledge we have 
about a system, the more robust a controller needs to be and, in general, the less effi­
cient the control is. In this work, we developed a new variable-domain beam finite ele­
ment that can be effectively used to model various dynamical systems. Its use was 
demonstrated through time-integration and stability analysis of numerous configura­
tions of axially-moving beams, and through the stability analysis o f pipes conveying 
fluid. The versatility o f this finite-element formulation, was confirmed by the model­
ling of complex system configurations that can not be readily solved by other methods. 
The correctness o f this new element and the soundness o f the special solution tech- 
nit|ues devised for the solution o f these problems, were verified by comparing our 
results to results available in the literature through special closed-form solutions, sim­
ulations, and experiments. Further verification was performed by evaluation o f the 
invariant quantities derived in Chapter 2.
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Having formulated a variable-domain element and verified it through a series of exam­
ples, the way is now open to study other variable-domain problems not amenable to 
solution by other techniques.

Our preliminary findings with regards to our proposed engineering software certifica­
tion approach are encouraging. The extra effort required by this approach was more 
than offset by not spending any time performing traditional “ debugging". But perhaps 
o f even more importance, is the high reliability and maintainability o f the resulting 
program.

The fo llow ing are suggestions for future work:

1) The technique we have used to arrive at the new invariant forms in Chapter 2, 
can be readily t eneralised to other higher order functionals. For instance, it would 
be relatively straight forward to derive corresponding results for problems of plate 
and shell dynamics.

2) For the modelling o f prismatic joints, the Timoshenko beam theory w ill be more 
appropriate for relatively short envelope beams where shear and rotary effects 
become important.

3) A more detailed analysis o f the effect o f high-frequency axial motion perturba­
tions on the transverse response of the axially-moving beam would be o f significant 
practical importance.

4) A stability analysis using a non-linear formulation (Tabarrok el al. (1974)) w ill 
be a significant contribution towards a better understanding o f this dynumically-rich 
system.

5) Problems of flow through curved pipes (as in condenser tubes) and over twisted 
beams (as in turbine blades) can be studied by modifying the variable-domain beam 
element developed in this work.

6 ) The improvement o f the algorithm for the adaptive time-slep size, so that it 
selects appropriate time-step sizes in problems with regions o f incomparable 
dynamic stiffness.

7) Finally, the development o f a variable-domain plate and shell elements would be 
a logical extension to this work.
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Appendices

A p pend ix  A:

I. Second-Order Functionals with two Independent Variables

Consider the following general high-order functional with two independent variables

5 j L { t ,  X, Y, Yr  Yx , YlX, YXp Yn, Yx x ) dtdX = 0. (1)
a

where t and X  are the independent variables and Y(t,X) the dependent function. Carry­

ing out the variation in Eq. (1) we obtain

j  hyp 5E) dtdX +  J ( j y  8 ^  + ^ y -  5 Yx )d tdX +

i l  Q  ̂ (2) 
c d L  d L  d L  „ t, d L  c ,, v , ,,,
J (=ry- bYn + ^ y — 5 iX 5 v Xl + dY $Yx x )dtdX.
(i  a r n o r tx d r xi a r xx

Integrating the second integral in Eq. (2) by part:



The operators d / d Y , d / dYx , and d / d Y f are partial derivatives, that is. for these oper­

ations all variables, save those with respect to which the differentiation is beinii per­

formed, are held fi.ed. On the other hand the operators <)/r)/ and <•)/r).Y, tire for all 

intents and purposes, total derivatives except that for the former A' is held lixed and for 

the latter t is fixed. To maintain clarity in the meaning of these operators we enclose 

them in brackets [ 1 whenever a total derivative, in the sense just mentioned, is 

meant.

Using Green’s theorem on the first integral of the right-hand side in Eq. U)

"dL

where [

£2
r l i r d i
_L dt_ L d x l

ay,
dL
d Y l

5 r

5 r

dtdX = <||//( /iyj

dL

()Y,
dL
dY,

SYilS. (4)

VJ is the outward-normal unit-vector to the bounding curve S of the

region Q shown in Fig. (2.2). Hence, the second integral in Hq. (2) becomes 

r d L  „  d L  „  r r r ) d L  n dL

j^ d Y ,  , + dY~x ] C“ dX = ( t'd) 1 dY,+ [ dX dY
)8Yd(dX +

X

r d L  dL  „
y w ,  "<+ w s " x , s r M -

G)

Now, integrating the third integral in Eq. (2) by parts we obtain

r d L  d i,
J dY~ u + dY~~h  a r ti a r iX

d L dL dL
dY~, '“ 'x  +  d Yx , 0 Y x i + d Y 7  5 Y x x ) M X

i (S:£2

s*' +^L_ ) +
d Y  1 x> +dYXi

XX

b r y ‘L  b Y x ) u " " xdX ( f t )

i ,  L3 /J3Y„I'l r i i d t
——  6KV + ■ d j dL

5 Y,+ d
.dt_ dY X a r Xi dx_ dy,x dX

d L
dYXX

8Yx )dtdX.

Using Green's theorem on the first integral of the right-hand side in Eq. (ft) and inte­

grating the second integral of the right-hand side in Eq. (ft) by parts these two integrals 

become



f ( ,  ? - l w -  5 r , +  r f ] ^  5 r v + r ^ l ^ -  5 ^  +  r ^ l ^ -
J l r ) t ] c ) Y „  1 l d i j d Y Xt *  L d X jd r ,x 1 L d X jd ^

-I
a

d
dt. ( r i i —  5y+

_3 /j3K „

- i  -,d£
.m j5 Y 7 v ?lYy-] d u K

M w x m d , d x -

l f 4  w+^]lfe
i ( i o  ^ r 3 1 ^  i r  d i ^

j r 3  

£2

(8)

S -  ( 
d x j 1

'-^ -1 — ) + F -^-l ( f — 
. d x J d r , /  LdxJ ^Ldr.

d ndL

£  L O U  L C /1 J U I  , ,  L O A j  U I l X  L U , J y ' X /  L O A J U , n

Using Green’s theorem on the first integral on the right-hand side o f Eq. (8) and using 

Eq. (7) the third integral of Eq. (2) becomes

r d£  d£  d£  „  d£
J r)Y~ 11 + Wy~ <X+ d r  /Y'"**dE &Yxx) d t d X -  h  d r n CJYiX d r Xt d r xx

o r , , , ^  o r ,x + s p -  C U , + 5VM

- 1 - , 1  f  r- _ 1 1  /• r- _ 1 1  /•

+
X<

r a 2i d £
r ^ 2 i

d £ r  d 2 i ^  , r ^ 2i
. d r . d r , , 1 dtdX _dX dtJdrx , _dx2_

Finally, substituting Eqs. (.8) and (9) into Eq. (2) yields

d i ^

^ — ) 8 YcltdX + 
. dYXX

~ M w ^ in x )S y d S +

d£_ 

xx

(9)
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r r dL  -i dL
J  L a T£2 .Bt. dY,

d - J L
dX\dYx

+

dLf

'dY,

dtdX

r<L
dr

dL
dY

dL

+
IX dX2 

d 1dL

1 :  
d r

dL

&XX

dL
dY,

&YdtdX t-

dL
f  — —

- d i d L
M d Y

dX. dY
) n, + ( 10)

Xt

iX

c) \ , ,

3 X j dYy y
§Y cIS +

d L  dL

w ; y w x x .
§Y,clS + j

dL dL
dYx," '  + fOrv_v" 'v

&Yx dS -  0.

The first integral is over the domain LI whereas the other three integrals are along the 

boundary 5. In order for the above expression to vanish identically for any function 

Y(t,X), each integral term must vanish in (10). Therefore, the extremising function 

Y(t,X) is governed by:

in

dL
dY'

r l '
j / . < ^ > -[ d Y /

d 2l
.dX2 dY.

jL
dX

i + 2

d 2
d r

dL  x
d Y ii

XX
d 2

dtdX
dL

W x

( I D

and along the boundary S

fdL
'dY,

d r J L  
.dt dY,11

dL
) n .+

KdYy
d J L  

.dt] dY

dX\dY,x

d i  d L

Xi dX ) >h-,)Y >"X
°  r XX

8K= 0,

dL dL  

K " , + W x"X.
5 Y, =0 ,

dL  
dY~n' +c j r Xl

dL

M 7 x " X.
8YX =0.

(12)
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I I.  The Flexible Extendible Beam

The varia tiona l statement fo r the flex ib le  extendible beam is given by Eq. (2.4), namely 

/•. /. (/)
(13)

(14)

8J J ( ‘ p / W K , + X / /V)2 - +  l- p A a l L - X ) Y ? )  dt  = 0,

(>

therefore the Lagrangian density function fo r the system is g iven by

L  = - p M Y ,  + X tYx )2 - ^ E l Y x x  + \ p A a { L - X ) Y x ,

where a is defined in Eq. (2.7). Substituting the fo llo w in g  derivatives o f L  

r) L  d L
-)y = jJ y T  ”  +

=  p/ \ (LK,  +  r K x +  C/ ( L - X ) K Y),  =  0 ,  (15)

dL  .. 0£

' l X

in Eq. (11), we obtain w ith in  the d o n v in  Q.

5V :r  ~ ° '  a i v  _ £ / t ™ '

p A l Y u  +  l L Y ' X  +  C r x x  +  L r x )  + E I Y m x  +  p A a H  ( L - X ) Y x \ = 0 .  (16)

The above equation is recognised as the governing partial differential equation fo r the 

flexible extendible beam. Similarly, substituting the derivatives o f L  (Eqs. (15)) in Eq. 

(12) we obtain along the boundary S'

\ p A { Y t + LYx ) n t +

( p/\ ( L Y, + L 2 Yjv + a (L -  X ) Yx ) + El  Yx x ) nx ]  8 Y = 0, (■17>

E!Yxxiix5Yx = 0.

Using the outward-normal unit-vectors [//, //vJ as shown in Fig. (2.2) we may

expand the above expressions. For example, the second of Eqs. (17) becomes
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L ( M  i.
J EIYXX (0) SYx i lX\ t t + J EIYX X  ̂ 8 ) ' v ( - J ( 1 + T )  dt) 

o ^  J ( \ + L 2)

+

■V / . ( / ) ( I K )
0

[ p A a ( L - X ) Y x + EIYm \&Y\x __L M = 0 ,

■ lpAL i Y,  + LYx ) + p A a ( L - X ) Y x + EIYx x x \SY\ = 0.

(I1))

J f / r n ( 0 ) 8 ^ H X ) | ( _ ( + J e / k ya. ( - d 5 k v^ i y () = o . 

£.(/,) '

Removing the vanishing lenns and simplifying, yields

' l  >2

\ \ - E I Y x x W x \ \ X s L { n d< + \ \ - E l Y xxhYx \ \ :i { ,U = 0.

>2

or

£ ' i ' A i | J ; J l , l <// = (). (an

'i

The above equation implies that the integrand must vanish, therefore

[E lYx x \hYx = 0, at X = 0 and X = /.. (21)

( 22 )

'X o

Therefore, for the flexible extendible beam protruding from an infinitely rigid wall, we 

may write

[ p A a ( L - X ) Y x  + ElYx x x \bY  = 0, at X = 0 and X = /,. (21)
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A p p en d ix  B: Components of System Matrices 

I. The [* ,]  M atrix

The components o f the upper part of the [A'i | matrix are given by:

A, ( 1, 1) = C, y  (2.0 /2 + 7.Or/2/ -  7.0/r/,)

A, ( 1, 2) = pA (0.1 r/ 2 -  0.3/r/, + C2/2) ,

p/l .2 .2
A, (1 ,3 ) = -C , C - (2.0/ + 7 . ( ) r / 7 . 0 / r / , ) ,

A, (1 ,4 ) = —p/\ ( C;?/2 -  0.1 cf  j -  0.1 / r / , ) ,

A, (2, 2) = C4pA/ (14.Or/2,--  7.0/r/, + 4.0/2) ,
(24)

A, (2 ,3 ) = -p / t  (0.1 cl] -  0,3ic/j + C2/~ ),

A, (2 ,4 ) = - C 5p /\/(7 .0 r/2/ -  7 .0 /r//+ 6.0/2) ,

p/\ .2 .2
A, (3 ,3 ) = C, C -  (2.0/ + 7.0J , - 7.0/r/,),

A, (3, 4) = pA ( C /  -  0.1 r f  / -  0.1 / r / ,) ,

A, (4, 4) = C4p /\/(14 .0 r/2/-2 1 ,0 /r //+  11.0 'C) ,

where

C, = 0.1714285714285714,

C 2 = 0.1142857142857143,

C3 = 0.08 57 1 42857 1 42 857, (25)

C4 = 0.0095238095238095,

C5 = 0.0047619047619047,

and density p, cross-sectional area/l, element length /, and parameter r/,- as defined in 

Kq. (3.5).
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I I.  The [k2] Matrix

The components of the upper part of the (AtI matrix are given by:

M l ,  1) = - 0 . 6 - ( - 2 . 0 m - 2 . 0 p A d i + p A I ) ,

A2 ( 1,2) = -0.1 L ( - m  -  p A i l t +  p / \ / ) ,

* 2 (1, 3) = 0.6 y  (—2.0/7/—2 .0 p /\r/( + p A I ) ,

A, (1,4) = Q . \ L ( m  + p A d i ) ,

At (2, 2) = -C ,z l/( -4 .0 m -4 .0 p /\f /( + p A /) , (

A2 (2, 3) = 0 .1L  ( -  m -  pAd,  + p/V I ) , 

k2 ( 2 , 4) = C 2i l  ( - 2 . Q m - 2 . 0 p  A d ; +  p A I ) ,

A2 (3, 3) = -0 .6  j  ( - 2 . 0 m - 2 . 0 p Adi  -f p A I ) ,

A2 (3, 4) = - 0 . 1L ( m  + p A d j ) .

k2 ( 4 ,4 ) = - C , L / ( - '.0w -4.0p/W /( + 3.0p/W ),

where

C, = 0.0333333333333333,

C2 = 0.0166666666666667, ‘

^r.d density p, cross-sectional area/I, element length /, length of protruded beam /., 

mass o f tip mass /??, and parameter d, as defined in F,q. (3.5).
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I I I .  The fc2) Matrix

The components o f the |c2 1 matrix ([t‘21T = U'l I) are given by:

c2 ( l ,  1) = p-4 ( C 4 i - 0 . 5c l j ) , 

c2 ( 1, 2 ) = C , p / \ / (13.0/ + 21 .0 c/,-), 

r 2 (1, 3) = - p 4 ( C j A l S d i ) ,  

r 2 (1 .4 ) = - C l p A l  (/ + 21.Or/,), 

c 2 (2, 1) = C2p/W (3 .0 /-7  Del j ) , 

c2 ( 2 , 2 ) = C 2p M 2L 

('2 (2, 3) = - C 2p/1/ (3 .0 /-7 .0r/() , 

c'i (2 ,4 ) = - C 3P/I/2 (/ + 7.Of/,),
(28)

r 2 (3, 1) = pA ( C 5l -  0.5c/,), 

c2 (3, 2) = ~ C ,p /l/  ( -  22.0/+ 21.Or/,), 

c2 (3, 3) = - p / l ( C y - 0 .5 r / , ) ,  

c2 (3, 4) = C , pA I ( -  34.0/ + 21.Or/ , ) , 

c 2 (4, 1) = C2p /W (-4 .0 / + 7.0r/y), 

c2 (4, 2) = C2p/4/2 ( -  8.0/ + 7.0c/() , 

c2 (4, 3) = - C 2p/1/ ( -4 .0 /+  7.0c/,), 

f '2 (4, 4) = C 2p / l/2/,

where

C, = 0.0047619047619048 C2 = 0.0142857142857143

C-, = 0.0023809523809524 C4 = 0.1857142857 1 42857 (29)

C5 = 0.3142857142857143

and density p. cross-sectional area / \ , element length /, and parameter d, as delined in



IV. The \m\  Matrix

The components o f the upper part of the | m | matrix are given by:

tit ( 1, 1) = C’ ,p /\/.

/ / ) ( I, 2) = C 2pAt'L 

m (1 ,3 )  = C ,p /\/,

/?/ (1, 4) =-C. ,p /\ / / ,  

m( 2,2) = C5p/\/2/, 

m {  2,3) =C ,p / \ / / ,

;>t(2,4) = - C 0p /\/2/', 

i'll (3, 3) = C , p A / ,  

m (3, 4) = - C ’2p/W/, 

m (4 ,4 )  = C 5p A l 2i

where

C, = 0.3714285714285714 C2 = 0.1047619048000000

C3 = 0.1285714285714286 C 4 = 0.061904761 : :

C5 = 0.0285714285700000 C6 = 0.0214285714300000

and density p, cross-sectional area A,  and element length /.

0599
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V. The \ c2\ Matrix

The components of the |(SI matrix are given by:

M l ,  I)  -  pA (C 4/ -0 .5 O ) ,

(S O ,  2) = C, ( p A I  ( 13.0/ + 21.GO) + p A !  (13.0/+ 2 1 .0 0 ) ) ,

(S O ,  3) = - p A  (C4/ - 0 .5 0 ) ,

(S (1 ,4 )  = -C , ( p A i ( i  +  21. ()(//) + p A / (/ + 2 1 .0 (0 ) ,

(S (2, I ) = C 2 ( p A K 3 . 0 i - l . 0 d i )  + pA / (3 .0 /-7 .0 O )) ,

(S (2 , 2 ) =  C 2p A r i  +  C hp A l i 2,

(S ( 2 , 3) = - c s  (p/W ( 3 . 01- l .Ocl i )  + p / t / (3 .0 /-7 .()(/,)),

(S (2, 4) = -C ^ p / \ / 2 ( /  + 7.0f/() - C ^ p A l ' l O  +  l . O d i ) .
(32)

(S (3, 1) = p /l ( C \ l  -  0 . 5 d j ) ,

(S (3, 2) = - C ,  (p/V/( - 2 2 . 0 / -t- 21.0(/,-) +  p AI  ( - 2 2 . 0 / +  2 1 . 0 0 ) ) ,

0 ( 3 ,  3) = - p A ( C 5/ - 0 . 5 O ) ,

(S (3, 4) = C, ( p / l / ( - 34.0/+ 21.0(0 + p A / ( - 34.0/ + 2 1 . 0 0 ) ) ,

(S (4, 1) = C 2 (pA' l  ( -4 .0 / + 7 .0 (0  + pA / ( -4 .0 /+  7 . 0 0 ) ) ,

(S (4 ,2 )  = C3p/1/2 ( -8 .07  + 7 .0 (0  + C [ p 4 / / ( - 8 .0 /+ 7.0(/() ,

(S (4, 3) = - C 2 (p / \ / ( -4 .0 /  + 7.0(/() + p A / ( - 4 .0 /+  7 . 0 0 ) ) ,

(S (4, 4) = C2pA/2/ + C bp A l f ,

where

C, = 0.0047619047619048 C2 = 0.0142857142857143

C , = 0.0023809523809524 C4 = 0.'857142857142857 (33)

r s = 0.3142857142857143 Cf = 0.02857142857

and density p, cross-sectional area A, element length /, and parameter 0  as delined in 

Eq. (3.5).
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Appendix C:

I. Nevvmark Method

The difference equations suggested by Nevvmark are

( n , + A, = { n , + A r ( ( i - 8 )  { n , + § { n , , a / ) ■

and

{ / + A/ = { f } ( + A M n ,  + A n ( r a) { K} ,  + a { K ! I  i  A t 1

I f  the values o f 1/2 and 1/6 are used for 8 and a, respectively, then above equations 

■educe to the equations used in the linear-acceleration method. First we consider the 

system of second-order differential equations at time t = t +At

\ M ] { Y } l + , l + \ C \ { Y } l + , t + [ K \ { Y \ l i S l =  (.V,j

from wnich we intent to solve for the displacement { Y } ( A/. To do so, we must first 

obtain expressions for { K} , + A( and { K } , + A; in terms of quantities at time / and 

{ Y) t f  A only. From Eq. (35) we obtain

which upon substitution in Eq. (34) yields

{ h , + a, = { } , + Ar  ( ( i -  8) { n , + s { n , ,  A;) m «>

Substituting Eqs. (37) and (38) into the system of equations (36) and rearranging, we 

obtain

m  m , +A, = { n , +A, +  \ m r

where

g

\ k\  =  — L  [ M ]  +  - r :  | C ’ | 4  | A ' | ,  (40,
a A  r  a A /

and
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\ R } , =  \ M\
I, a A f

f  1
2

/

- 1 )  { K } ( + A f ( A - D  { r } / ) .
(41)

The system of equations in (39) can then be solved to obtain the displacements at t = 

/+A/. Having done that, Eqs. (37) and (38) may be used to obtain the velocities and 

accelerations at time t = /+A/.

Since equilibrium is considered at t =  t+At ,  the Newmark method is an im plicit time- 

integration method. The description o f the algorithm for the Nevvmark method (as 

adapted for the solution o f the time-dependent set of equations o f the flexible extend­

ible beam) is given below:

Preliminary, calculations

1. Select values for a  and 8. In general the values 0. 25 and 0. 50  are used respec­
tively.

2. Select a small time-step At. In general the value 0 . 0 0 0 0 0 1 s is used.

3. Select a value for the J cr parameter. A description o f this parameter is given in 
the second part o f this appendix.

4. Form the initial system matrices \ M |, |C) and (A'] at time t.

5. Using the initial displacement and velocity vectors, determine the initial acceler­
ations using equilibrium at time t

\ M \ , { Y } ,  =  { F ) r  IK | , { Y } t -  [ C \ , { Y } r (42)

For each time-steo 

1 • Form | £ | ,  + a,

(43)

2. Form { R }
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{ £ } , =  \ M \ , , A /
, aA f 4 ( X

(44)

aA/  ' ' 1 a

3. Solve for the displacements at t = /+At

l * l ,  + A , < n f + A, =  { H M  ,v  +  { / ? } r  (45,

4. Solve for the velocities and accelerations at t = / + N  through Hqs (47) anu ( W).

5. Adapt the time-step size according to the procedure described in the second part 
o f this appendix.
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I I .  Procedure for Adaptive Time-Step Size

The criterion used for the selection of a time-step size is the magnitude of the rate of 

change o f acceleration, known as jerk. Jerk is approximated by

size of A N e x t  we determine the maximum component of the jerk vector, which we 

denote by ./„. The maximum jerk is then normalised as follows

The user o f this procedure selects a value for the critical normalised jerk, denoted by 

J cn which corresponds to the largest value of normalised jerk allowed at the n +  I  inte­

gration step, that is

For structural dynamics problems, the user-specified value of J rr should be in the 

neighborhood of 0 . 0 0 1. From a number of tests we have performed, we found that a 

30% reduction in the number of time steps is normal in structural dynamics.

The flexible extendible beam problem necessitates the use of an adaptive time-step 

size algorithm for accurate and efficient integration of its time-dependent equations of 

motion. When the beam’s length is small and the frequencies o f oscillation high, this 

adaptive procedure ensures accurate integration by selecting appropriately small time- 

step sizes. However, as the beam becomes longer this procedure takes advantage o f the

(46)

where the most recent results available are via the n11' integration step using a time-step

(47)

(48)

For small time-step sizes, above expression may be approximated by

(49)

Now substituting for ./„ from Eq. (47) and solving for A/j)+/, Eq. (49) yields an expres­

sion for the estimation o f the next time-step size, namely

1/3

(50)
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lower frequencies o f oscillation and decreases the time-step si/.e without any loss of 

accuracy. For this problem we found that a value of Ja =0.00001 was adequate for all 

simulations. Even with such a conservative value for./,.,, the computational savings 

were significant. These savings were highly dependent on the specilies o f the problem 

solved, especially the axial-motion profile and overall time of 'ntcgration. One, even 

two orders o f magnitude o f reduction in the number o f time steps was usual for most 

flexible extendible beam problems solved (see Table (I) below).

The computer implementation of this adaptive procedure takes certain additional mea­

sures to avoid artificially excited transients while adapting the time-step si/.e. For 

instance, it does not allow a step-size increase after a decrease and visa versa. Also, it 

does not allow an increase or decrease of the time-step size by more than a factor of 

four.

A 10+J (s) Atmax IB*3 (s) A iarg IO+> (s)

N um ber of 
Steps 

(Variab le  
T im e-S lep  

Si/.e)

N um ber of 
Steps 

(Constant 
Thne-Step  

Si/.e)

Test Case # 1 0.0475 2.589 1.052 1.331 29,474

Test Case # 2 0.0294 5.181 1.053 1,330 47.619

Test Case # 3 0.0468 4.312 1.173 1.194 29,915

lest Case # 4 0.0317 4,546 1.050 1,333 44.164

Test Case # 5 0.0020 3.346 1.003 1.197 611,9 3 3

Test Case # 6 0.0016 3.445 0.835 1,437 752,82.3

S im ulation# 1 0.0188 12.394 1.133 1.059 6 3,8 30

Simulation # 2 0.0188 7.806 1.114 1.077 6 3,8 30

Simulation # 3 0.2410 4.829 1.435 8 36 4.979

Simulation # 4 0.2410 4.981 1.127 1.065 4,979

Simulation # 5 0.0188 2.987 (.604 331 10,6 39

Simulation # 6 0.0188 4.454 0,610 328 10,6 39

Simulation # 7 0.2410 2.633 0.673 297 8 30

Simulation # 8 0.2410 1.668 0.459 4 35 830

Total

1 ...........................— ...........................................

- - 1 3,250 1.676,484

Table 1: Constant-time-step VS Variable-time-step algorithms.
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I. Experimental Results by Yuh and Young (1991)
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Appendix E: Components of Invariant Matrices and Vectors 

I. The [a{[ Matrix

The  components o f the |« )| m atrix  are given by:

pA
1 , 1 ) =  0 .6 !

/
/ + 2M i ) ,

1.2) = pA  ( -0 .2 /  + 0 .1 //,),

1.3) = - 0 .6 ^ -  ( -  / + 2 .0 / / , ) .

1.4) =0.1 pA (/ + £/,),

2, 1) = 0.1 p/t ( - / '  +  / / ,) ,

2 .2 ) =  - C {p A I  ( i  -  41 )d j ) ,

2 .3 ) = 0.1 pA ( ' l  clj) ,

2 .4 ) = C ,p /V  (/ -£ /, ) ,

3, 1) = - 0 . 6 ^ ( - /  + 2.0//,),

3 .2 ) = p /l (0 .2 /-0 .W /,),

3 .3 ) = 0 . 6 ^ ( - /  + 2.0//,),

3 .4 ) = 0 A p A ( - i  cli) ,

4, 1) =0 .1p /\£ /„

4, 2) = ~ C i p \ ld j ,

4 .3 ) = -0 . lp /lc/,,

4 .4 )  = -C ,p / \ /  (3.0/ -  4.0c//) ,

(51)

where

0 . 0 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 (52)

and density p, cross-sectional area A, element length /, and parameter cl, as defined in 

Eq. (3.5).
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I I .  The [ a x\ Matrix

The components o f the |d , | matrix arc given by:

[, 1) = 0.6 | — • ( -  / + 2.(U/,) ( -  / + 2.()</,)

where

a

i , 2 ) = p / \ ( - 0 .2 /+  ().!(/,),

1,3) = -0 .6
f p A ■ ■ .. p/\ / . .

V  ( - /  + 2 . 0 4 ) - - , -  ( - I +  2.0(1,) 
1 r

1,4) =0.1p A ( i  + di),

2, 1) = 0.1 p/4 ( -  / +  clj) ,

2.2) = -C ,  (p / l / ( / - 4 .0 d , )  + p/1/( / -  4.(h/,)),

2.3) = O.lp A ( l - d i ) ,

2.4) = C, ( p / \ / ( / ' - c/,) + p / l / ( / -  j , ) ) ,

3, 1) = -0 .6
( p A  .. .. p/W

'y -  ( -  / + 2.()</,) -  - - - -  ( - 1+ 2.0(11)

3 ,2 ) = - p A  ( -  0.2/ + O .h /,) ,

3 ,3 ) =0 .6
/ p/\ .. .. p/V / \

/
( - /  + 2 . 0 < / , ) - ^  ( - /  + 2.(W,)

r
3 .4 ) = 0 . 1 pA (-7  </,),

4, 1) = 0.1 pAd; ,

4 ,2 ) = -C , (pAid,  + pAU l j ) ,

4, 3) = -O . lp A d h

4 .4 ) = -C ,  (p /t /(3 .0 '/-4 .0 d ,)  + p /t/  (3.0/ -  4 .0 r/,)) ,

C, = 0.0333333333333333

(53)

(54;

and density p, cross-sectional area A, element length /, and parameter d, as delined in 

Eq. (3.5).
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I I I .  The [a: i Matrix

The components o f the [cij] matrix are given by:

c M l -  1) = -0.5p/\,

a2( 1,2) = -0.1 p/\/,

a2{ 1,3) = -0.5p/4,

ct2 ( 1,4) = 0.1 p/1/,

a2 (2,1) = 0.1 p A I ,

a2 (2, 2) = 0,

t/2 (2, 3) = -0.1 p/1/,

ci2 {2,  4) = C,p/1/2,

a2(X  1) = 0.5p/4,

ci2 (3, 2) = 0.1 p/1/,

a2(3 ,3) = 0.5 p /4,

tf2(3 ,4) = -0.1 p/1/,

o2 (4,1) = -0.1p/ i /,

ci2 (4, 2) = --C’ jp/W2

r/2 M ,3 ) = O.lp/1/,

r/T (4, 4) = 0,

where

C | = 0.016666667... (56)

and density p, cross-sectional area A,  and element length /.
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IV. The [a2\ Matrix

The components of the [ f/2| matrix are given by:

<M1. D = o,

c'h (1.2) = -0.1 p/W.

u 2 (1, 3) = o,

cl2 (1.4) = O.lp/1/,

c'h ( 2, 1) = O.lp AL

ch (2, 2) = 0,

a2 (2, 3) = -O.lp/1/,

ch_{2A) = C ( p /\ / /,

ci2 (3, 1) = o,

ct2 ( 3,2) = O.lp/1.',

c'h (3, 3) = 0,

ch (3, 4) = -0.1 p/1 /,

c'h (4, 1) = -O.lp/1/,

ch (4,2) = —C ! p/1 //,

d2 (4,3) = O.lp/1/,

d2 (4, 4) = 0,

where

C, = 0 / 3333333333333333 (5X)

and density p, cross-sectional a rea /I, and element length /.
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V. The [b\ ]  Vector

The components of the { b \ } vector are given by

6.0

{ /•M  =

I2
_4j0

/
6X)

r-
ZQ 

~ I

with element length /.

VI. The [b2\ and \b2\ Vectors

The components of the (/;2 ) and { b2} vectors are given by:

{ h i }

pA (0.5/ -  clj) p A (0.5/ - d i )
-j

C xpAl ' l
{ i>2} =

C jpA  (/ / + /“ )

- p A  (0.5/ -  clj) - p A  (0.5/ - d o

-C ,p A // -C ,p A  ( / / + /2)

with

C, = 0.1666666666666667,

(59)

(60)

(61)

and density p, cross-sectional area/i, element length /, and parameter clj as defined in 

Eq. (3.5).
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V II. The [/)-] and \b3\ Vectors

The components o f the (/J3 ) and { 6 3 } vectors are given by:

" 0.5 p/1/ ’ 0.5 pA'l

C l pAi2
i h )  =

C\pAI I

0.5pAI 0.5 p AI

- C \ p A I 2 —C’ | pAl i

with

C, = 0.08333333333333333, m

and density p, cross-sectional area A, element length /, and parameter ilj as delined in 

Eq. (3.5).

V III .  The [64] Vector

The components o f the [b^\  vector are given by:

~ 12.0

Z3
6.0

6.0

with element length /.
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Appendix F: 

Stability Analysis by Option (b) of Section 5.2

Under this option, the axial velocity is held fixed and the eigenvalues that emerge from 

the stability analysis can be viewed as those of the system at different instants o f time. 

The axial motion o f the beam is described by the linear extrusion profile o f Eq. (5.9), 

with initial length L 0 = 0.5m, and constant axial velocity v =  10.0 m/s. Therefore, the 

instantaneous length o f the protruding part of the beam in metres is given by

L  (! )  = 0.5+ 10/. (65)

The evolutions of the system’s first four complex eigenvalues are shown in Figs. (1) 

and (2). The general characteristics of the evolutions of the eigenvalues are similar to 

those obtained using option (a) in Section 5.2 (Figs. Oi.l) and (5.2)). The change in 

appearance is due to the change of the beam’s length under option (b). However, as 

mentioned in Section 5.2, the critical values for the non-dimensional velocity i f  are 

identical to those obtained under option (a) in Section 5.2 (third column in Table (5.1)).
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-5.00

- 10.00

- 20.00
5 00 10.000.00 20.00

15.00

I n on

V  = 1 0 .4 7
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Figure 1: Real and imaginary components o f first and second eigenvalues.
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Figure 2: Rea! and imaginary components o f third and fourth eigenvalues.

It is also instructive to perform a dynamic simulation during which the flexible extend­

ible beam loses stability. The procedure is similar to the one used in Chapter 4. In this 

case, however, we make sure that during the time-integration the non-dimensional 

velocity U  attains a value at least equal to the lowest critical velocity found in Section 

5.2.1. This procedure ensures that the flexible extendible beam loses stability by diver­

gence during the dynamic simulation.

Fig. (3) shows the tip-deflection history for an extruding beam in the absence o f physi­

cal damping with an axial-motion profile given by

L  = 0 .2 -W. (66)

This specific simulation covers values o f U  between 0 . 0 8 7  and 0.141.  According to the 

results o f Section 5.2.1, the first mode becomes non-oscillatory at U  = 3.52 (which 

occurs at /  = 8 s) and the system diverges at U  = 4.01 (t -  9 .y), As expccte.' Fig. (3 )  

shows that the amplitude o f oscillations, after the onset of divergence, grows without 

bound. This was further confirmed by carrying out the simulation for up to / = 10 0  s.
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Appendix G: Cantilever Pipes

Consider the pipe conveying fluid shown in Fig. (4), M is the fluid density per unit 

length, m is the pipe density per unit length, El  is the flexural rig id ity of the pipe, u is 

the velocity o f the fluid, and Y(t,X) is the transverse displacement o f the pipe as a func­

tion o f time t and position X. The parameter x represents the axial motion o f points 

along the pipe due to the pipe’s transverse motion (a second-order effect) and is 

defined as

x

X = J ^ / X ,  m/)
o "

where partial derivatives of Y with respect to X and t are denoted by corresponding 

subscripts on Y.

7 > M

El

/ ,  rn
I'M

Figure 4: A pipe conveying fluid.

I f  the cross sectional area is constant along the pipe and the fluid is incompressible, the 

tangential velocity o f the fluid with respect to the pipe is r. The horizontal and vertical
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components of the fluid velocity with respect to point O (which is fixed on the pipe) 

are given by

where we have retained up to the second-order terms in the Taylor series expansion. 

This w ill be the case throughout the derivation o f the governing equations.

Since point 0  on the pipe is also moving with horizontal and vertical velocity compo­

nents given by % a,ui| respectively, the absolute components of the flu id ’s velocity 

are given by

Now, we are ready to write the Lagrangian density function for this problem as

where only up to the second-order terms have been retained.

We now need to consider the set of forces which the fluid exerts on the pipe at the tip. 

The components o f the flux of absolute momentum out o f the pipe are given by

vx = vcos0 = r (1 -  Y~x / 2 ) , 

Vy =  v s in0  = \ YX,
(68)

vx =  v ( l - Y ~ x / 2 )  - t  

v y =  Y , +  v Yx .
m

(70)

P x  = M y ( v (1 -  K x / 2)  -  X ) \ x = r  

P r =  M v (Y,  +  y Yx ) \ x  = l .
(71)

The work done by the horizontal component may be expressed as

(72)

which upon retaining up to second-order terms only, becomes

Id"''2*' X = L
173)
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Therefore, the horizontal component can be derived from a potential and lienee allows 

us to add it to the Lagrangian density function. However, the vertical component can 

not be derived from a potential (it is a non- onservative force), hence we need to con­

sider its virtual work. The variational statement for the pipes conveying fluid problem 

(originally given by Benjamin (1961)) may now be written as

Using the same procedure as the one employed in Chapter 3, we first need to write the 

element variational statements. Fo: all elements except the last, at the tip of the pipe, 

the element variational statement becomes

where I is the length of the elements, and y(t,x) is the transverse displacement of the 

pipe as a function o f time t and local position ,v. For the last element at the tip o f the 

pipe, we need to include the virtual work of the non-conservative equivalent flow tip 

force. Therefore, the element variational statement for the last element becomes

L

8 j J ( £  + Mt-2x lx = L) ^ / - J W f ( J ' ,  + »,y'<v)8y,| dt  = o. ( 7 4 )

I, 0 I

Noting that

L

( 7 5 )
0

the variational statement may be expressed as

5 {  j  ( ^ (M  + m ) h,2+ My  ( Y, Yx + 1 1-Y \  -  t ) ~ ^  Y \ x ) i lXi l t

o ( 7 6 )

! M v ( Y , +  v Y x ) 6 Y \ x  _ L d t  =  0 .

12 I
E l  1
2 \ \ ) i l \ c l l  = 0, ( 7 7 ;
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iJJ ( 2 ( ( M  +  m ) y f )  +  M v  (y,v\ + ^ “  t )  ~  y . v j )  d x d t  -
6 0 (78)

jM r ( y ,  + vyt ) 6K| _ dt  =  0.

The discretization w ill be performed using the shape-functions vector o f Eq. (3.16) and 

corresponding nodal-variables vector o f Eq. (3.17). For this system, the length o f the 

pipe remains constant, hence, the shape-functions vector is independent o f time. The 

local transverse displacement and its derivatives may then be expressed as

y = L/v jv { y } ,  

y, = L/v jv { y } ,
(79)

v\ = L/V'Jv { y } ,  

v,, = L/V"J, . {y},

where primes and dots indicate partial differentiation with respect to .v and t respec­

tively. Returning now to the variational statement of the tip element (Eq. (78)) and sub­

stituting Eqs. (75) and (79), we obtain

l : l
{ M  +  m )  {>’ } yL ^ j jL/VJ v { y }  + M v  { y }  'I/V JJ l/V 'J , {.V} +

t, o

I Mv2 { y } \ N '  J J'LN' J v { V} - j y  1 { y } TLN 'J7LA7’J v { y } dx -
0 (80)

2 e i  { y } 7 L /v" J7 L /v" J v { v} d.\ dt  -

\ M y |5 { y  } 7L/Vj;'L/VJv {.V} - v 8  { y } 7L/Vj'7L J v { y } 1 = dt  = 0.

Carrying out the variation and using integration by parts, the various terms in Eq. (80) 

become

I  <2

5 jJ - ‘ {M + m)  { v } 7L/VJ7L/VJv { y }  dxdt  = -  J 5 { y } 7 \ m \  { V } d t ,  (81) 
/. o“  /,
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I

S j j M v \ y } I\ N \ ,y\ .N' ]Yl y } t l . u l t  = |8  { v } ^  | r , |  -  l< , | ' )  { y ) d t ,  (82)

S j j i M v ^ v l ^ L A / ' j ' a ^ J v i v } ^  = J 5 { y }  r  U , | \ y } d t .  ( 8 0

/.  o

I , a
^ { ) ’ } 71N' J ( | A '̂J V { y } dx dxdt = 0, (84)

/ 6
- S j f ^ E /  { y } 7 LA/" J ( L A/" J v { y } dxdt  -  - j 8 { y } ' | A |  {y}</ / .  (85)

/ ,  0 6

Substituting Eqs. (81) to (85) in Eq. (80) and grouping terms, we obtain

J8 { y } 7 [ M  { y }  + ( [ f 2J -  k 2| '  + 17', | ) (y)  +

0

( [A]  -  | A, | + | 7 \ !  ) {>-} I <// = (>,

where

(80)

\m\ = ^ ( M  + » i ) [ N \ [ [ N \ ydx,  (87)
0
1

IA | = Je /L /V "j ';'l /V "J //.v, (88)
0
I

I A, | = jM rl/V 'jJ 'L A /'J ^ /.v . (8 0 )
0
1

| ( 2| = J/WvL/Vj’J j/V 'J ^v . (00)
o

\ T i | = t (0!)

(02 )
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Matrices \m\ ,  [AJ, [A/1, [ o l  for the pipe (Eqs. (87) through (90)) are equivalent to the 

corresponding matrices for the flexible extendible beam (Eqs. (3.20), (3.21), (3.22) and 

(3.25) respectively) if  /, L, are set to zero, since the length o f the elements remains 

constant, and <7, is set equal to the velocity o f ; he fh id v. Matrices [ 7, ]  and f T 2 \ are 

unique to the cantilever pipe conveying fluid and are relevant for the last element at 

the tip o f the pipe only. These matrices are given by

0 0 0 0 
0 0 0 0 
0 0 M v  0 
0 0 0 0

0 0 0 0 
0 0 0 0

0 0 0 M v ‘ 
0 0 0 0

(93)

In order for Eq. (86) to vanish identically for any { v }, the integrand must vanish identi­

cally. However, due to the arbitrariness o f the virtual displacement vector 8 { >’ } 7 the 

follow ing must hold

|/n) {.V} + |r , , , |  { y }  + 1 kecjj {y }  = { ( ) } ,  

where the equivalent-damping and -stiffness matrices are given by

(94)

(95)

(96)

k , / |  = iT’ i i  + U'2i -  u*2r r > 

l*,„l = 1*1 + (^21 -  I*i1-
The assembly o f the element equations to develop the global equations takes the well 

known format, and the global equations emerge as

I M | { H  + |C ,(,| { K} + [ K eq\ { Y} = { ( ) } , (97)
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Appendix H: Towards Certification of Engineering Software

An important quality attribute o f computer systems is the reliability with which they 

perform their intended functions. Engineers need to be concerned about the reliability 

o f the programs they use (Rt. liter (1984)):

1) Inadequate software can cause overruns in costs and scheduling and, in some 
cases, disasters.

2) Every engineer must answer for the accuracy of results he or she presents for 
subsequent use in the design and production of engineering systems.

3) In many cases, the actual results are not known. For instance, i f  the ‘mitc-ele- 
ment analysis solution is incorrect, it is unlikely that the user w ill know it.

4) The individual engineer is not expected to know all the inner details of the pro- 
£ ram used.

Despite its maturity, program verification research has had disturbingly little impact on 

industrial practice. It is still believed that program testing has been and w ill continue to 

be the primary method of demonstrating the absence of errors. In addition, mere is lit ­

tle evidence o f module testing, and code verification is conceived to be too costly to be 

o f any practical importance (Richter (1984), Whee'er (1986)).

Results o f various studies, including Russell (1991) and NCC (1989), indicate that 

code inspections can locate up to 80% o f the faults present in a code (compared to a 

maximum o f 60% for testing), and that they are also up to twenty limes more cost 

effective than testing in finding faults. Due to the quality and cost implications, soft­

ware developers should have a strong incentive to evaluate the effectiveness o f various 

verification methods. We believe that a more practical approach to program certifica­

tion o f engineering software can be achieved without the necessity o f using com­

pletely formal proofs.

Parnas and Clements (1986) present a sequence of software development phases, 

based on sound principles and demonstrated on substantial examples. The key themes 

are the use o f precise specifications o f observable behaviour (Hoffman and Snodgrass
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(1988)), and the reduction o f maintenance costs through information hiding (Parnas 

(1972)). This software development approach is characterized by six work products:

1) The Requirements Specifuation describes the complete observable behaviour of 
the system, including both normal and exceptional behaviour, and the changes 
expected during the lifetime of the system.

2) The Module Guide  describes the decomposition of the system into modules and 
the motivation for the decomposition, in information-hiding terms.

3) There is one In terface Specification per module, specifying the assumptions that 
users o f the module are permitted to make about the service it offers.

4) There is one, possibly more, Im plem entation  per module, consisting o f code 
intended to satisfy the interface specification.

3) The Test Rian  describes the strategy used for selecting test inputs, and the 
scheme for applying the test, including stubs, drivers and test case files.

6) The Test Im plem entation  consists of the code, data and procedures used to imple­
ment the test plan.

The works of Floyd (1967), Dijkstra (1976) and many others, have provided a funda­

mental understanding of programming and the programming process, and methods for 

performing formal program verification. Furthermore, the argument that correctness 

can only be demonstrated through proofs is convincing, given D ijkstra’s Law of Test­

ing (1969): “ Program testing can be used to show the presence o f bugs, but never their 

absence” .

According to Fagan (1976), software inspection is an effective and economical 

method for improving software quality. Fagan’s approach requires that the software 

development process be broken into a sequence of steps, with explicitly and precisely 

defined criteria for the product of each step. In inspection meetings, the participants 

examine the product in detail, attempting to find faults -  deviations from the criteria.
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Our proposed Engineering Software Certification approach used for the development 

of FLEXB, the FLexible EXtendible Beam program, com'bines the above techniques 

in a practical way:

1. We worked primarily within the framework developed by Purnas (Hoffman, 
(1990)). We developed criteria describing the purpuse and evaluation criteria for 
each o f the work products. These criteria must be precise enough to make faults 
identifiable, and concise enough to be practical. The criteria for specilications 
emphasise precision and completeness, including both normal and exceptional 
behaviour. Specification documents were written according to standard formats, to 
make application o f the criteria simpler.

2. We performed code inspections. These are formal and explicit examinations with 
a primary objective to detect faults in the code. The inspection team paraphrases the 
code, line by line, to express source code fum tionality and ensure correctness.

3. We used systematic testing of both individual modules (Hoffman (1989)) and of 
the complete system to demonstrate the conformance of implementations to specili­
cations. This process was automated by the use o f custom-made tools.

4. Finally, we performed a disciplined exception analysis for proving that blocks of 
code are exception free.

Statistical data regarding the various work products of FLEXB are summarised in 

Table 1, where all numbers refer to the number of lines in the corresponding work 

product. There are thirteen modules in total, all of which, with the exception o f two, 

have been developed specifically for FLEXB. The majority o f the source code that 

makes up the linear algebra and linear solvers modules existed in the WISDOM pro­

gram (Tabarrok, (1990)). However, according to our upgrade plan (Stylianou and 

Hoffman (1990)) it was modified to meet our Code Format Rules and Code Verifica­

tion Rules. This upgrade also required the preparation of an Interface Specification, 

Test Plan, and Test Implementation. The success of t ^’s upgrade was confirmed when 

other members o f the Computational Mechanics Gn. _ in our department were able to 

successfully use these modules with only the Interface Specifications as guides.
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M odule name Interface
Specification

Module
Im plem entation

Test Plan Test
Im plem entation

coordinate

transformation

124 476 50 339+275“

data base

system

582 1.585 169 910+450

dynamic

equations

234 1.071 93 1.368+(20,105)h

element

matrices

147 4,880 33 715+680

geometric

pro|)crlies

85 237 46 87+37

kinematic

parameters

133 426 52 112+31

linear algebra 28b 583 28 388+247

linear solvers 197 747 26 1,283+743

material

properties

61 144 41 72+27

order

reduction

84 326 46 122+61

payload

properties

105 301 51 124+45

problem

den. m

109 438 57 865+193

raylcigh

damping

89 312 50 374+216

Main Program - 1.630 - 0+23,845c

TO TA LS 2,187 11,526 742 6.759+3,005

a. The u. si number refers lo the number of lines of code in the driver program, and the 
second number to the lines in the expected results lilc that was initially inspected manu­
ally.

b. Expected results were graphically verified, 

e. Expected results were graphically verified.

Table 2: The FLEXB system.
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It is interesting to note that for each line of code in the Module Implementation, there 

corresponds almost one line in the Test Implementation. The combined effect of for­

mal inspections and systematic module testing resulted in the development o f a highly 

reliable program. Almost no time was spent on traditional “ debugging" of the mod­

ules, which in turn gave us confidence and a feeling of being in control 01 me program 

development process.


