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ABSTRACT

We study two problems. The first concerning ergodic properties of measures on
t
Y% such that paslze - 2, 1] e HA:BO A where A = (Ag, ..., Ay_1) is a

collection of matrices, such measures are known as matrix Gibbs states. In particular

Tn—1

we give a sufficient condition for 14, to be isomorphic to a Bernoulli shift and mix
at an exponential rate. The second problem concerns factors of Gibbs states. In
particular we show that all of classical uniqueness regimes for Gibbs states are closed
under factor maps which satisfy a mixing in fibers condition. The unifying approach
to both of these problems is to realize the measure of cylinder sets in terms of positive

operators.
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Chapter 1

Introduction

1.1 Overview

This thesis concerns two problems, the first about ergodic properties of equilibrium
states in matrix thermodynamic formalism and the second, regularity properties of
factors of Gibbs states. To motivate these problems let’s consider an example which
sits at the intersection of these two areas. Consider a particle which moves according

to a biased random walk on the following graph

Figure 1: A graph.



so that the probability of the particle moving to state ¢ given that it is at state j is

given by S;; where S is the matrix

1/3 1/3 1/6 1/6
1/4 1/8 1/8 1/2
1/3 1/3 1/6 1/6
1/4 1/8 1/8 1/2

This process has 1 step of memory in the sense that the probability of the particle
being in state ¢ given the entire past only depends on the particle’s previous state
7. These kind of random processes which have only 1 step of memory are called
Markov. Denote by v the left eigenvector for S normalized so that }~;v; = 1 then the

probability of seeing the sequence 1123 is given by
v1511.512523.

Now suppose that we color the vertexes

v

(4) (3

Figure 2: A graph in which some of the vertexes have been colored.

and we can’t observe what state the particle is in but we can observe what color
the state is. This gives us a new random process which takes the values “red”

and “blue”(called a hidden Markov process), interestingly this random process is



not Markov. In fact the process has infinite memory and it is thus natural to ask if
the memory of the process depends weakly on the past or decays at some rate (for
example exponentially fast). This is the basic question we address in chapter 3 where
we consider a more general situation known as factors of Gibbs states. Next notice

that if we define the matrices

s 1/3 1/3 . 1/6 1/6
1/4 1/8) 1/8 1/2]
5 — 1/3 1/3 . 1/6 1/6
1/4 1/8 1/8 1/2]

and the vectors

Vp = |:V1 1/2] y Up = |:V3 1/4] )

then a simple computation shows that the probability of observing the sequence rrbr

can be written

VTSM‘STbSb'r [1] (1.1)

where [1] is the vector of all 1s. As 1; > 0 we have that this is approximately
|S;+SrpSpr||. Probability measures with this property are known as matrix Gibbs
states. The focus of chapter 2 will be the study of ergodic and statistical properties
of these matrix Gibbs states.

This work provides a unified approach to the study of both of these objects. The
key insight is to realize the measure of a cylinder in terms of positive operators and
use techniques from functional analysis. In particular we are able to show that ergodic
and statistical properties of matrix Gibbs states can be deduced from the spectrum

of a suitable transfer operator. This is similar to a well known method originally



due to Ruelle [39] who first used transfer operators to study Gibbs states in scalar
thermodynamic formalism (see section 1.3). In the same way that we have realized the
measure of a cylinder set for a hidden Markov measure in terms of products of non-
negative matrices (equation (1.1)) we can realized the measure of a cylinder set for the
factor of a Gibbs state in terms of positive operators acting on an infinite dimensional
space. Using cone techniques we are able to study the regularity properties of the

conditional probabilities for these measures.

1.2 Shifts of finite type and factor maps

In this section we collect some background on shifts of finite type and 1-block factor

maps which we will use in future chapters.
Proposition 1.2.1. Suppose that ¥ is a finite set.

1. Let {a,} be a positive decreasing sequence converging to 0. The function
d(z,y) =inf {a,, : ; = y; for all —n <i<n}

is an ultra-metric on the set 2. Moreover the topology induced by d is the

same as the product topology on Y2 (where X is given the discrete topology).

2. Let {a,} be a positive decreasing sequence converging to 0. The function
d(z,y) =inf{a,, 1 z; =y, for all 0 < i < n}

is an ultra-metric on the set . Moreover the topology induced by d is the

same as the product topology on ¥V (where ¥ is given the discrete topology).

It is standard to take the sequence a, = 27" and functions on X% are said to



be Holder if they are Holder continuous in the metric induced by this sequence. For

fec®EY) or C(X%) define

var, f =sup{|f(x) — f(y)| : x; = y; for all |i| <n—1}.

Definition 1.2.2. Suppose that ¥ is a finite set (we refer to X as the set of symbols).
Define the two-sided shift o : ¥2 — Y2 by o(2;)°_ = (7;41)2 . and similarly the

1=—00

one-sided shift o : XN — YN by o(2;)2, = (2441)2-

Often we think of the two-sided shift as acting by moving a distinguished zero

e}
1=—00

position by one place. Consider a point (z;) the shift action does the following

— o —
DR x_Ql‘_lxoxll‘Q DY % ... a’:_l’xol‘lle‘g DY

where ~ marks the distinguished zero position. The one-sided shift we often think of

as deleting the zeroth entry of a string, that is the shift does the following

o
ToT1Ly -+ —> T1T2X3 " -+ .

It is not difficult to see that o is continuous and in the case of X7 it is a bijection.

Definition 1.2.3. A subset X of ¥% or ¥V is called a subshift if X is closed and

o(X) C X. The pair (X, 0|x) is called a symbolic dynamical system.

To avoid ambiguity and to emphasize the space X we will sometimes write the
shift action on X as oy, otherwise we simply write 0 when the space is understood.
We refer to a finite string of symbols zq - - -z, as a word. A word w is admissible or
allowed if there exists a point € X with w = z¢ - - - x,, the collection of all admissible

words is called the language of the subshift X.



One important class of subshifts are shifts of finite type. On the one hand these
subshifts appear relatively simple but they play an important role in many areas of
dynamical systems. Perhaps the most well known example is the connection between

shifts of finite type and axiom A diffeomorphisms and flows via Markov partitions

3], [4].

Definition 1.2.4. Suppose that ¥ = {1,...,m} and A is an m x m matrix with

A;; € {0,1}. Define the shift of finite type determined by the matrix A to be

EA:{(xi);’i_OOGZZ:A =1 for alliGZ}

TiLi+41
and similarly on the one-sided shift
S ={(m)Z,ext: A

zlforalliz()}.

TiZi41

It can be verified that ¥4 and X} are subshifts. A shift of finite type X4 is called

topologically mizing if there exists an M such that (AM);; > 0 for all i, j.

Definition 1.2.5. Let X be a subshift. A Borel probability measure p on X is called

shift invariant if p(c~'B) = p(B) for all Borel sets B C X.

Recall the definition of the cylinder set
[ xy) ={2€ X :2z;=x;forall0 <i<n}
we will also write
[txg-xy) ={z€X:zi=x;forallt <i<t+n}.

Borel measures are determined by their values on cylinder sets and ergodic properties



of a shift invariant measure can be deduced using only cylinder sets. One of the most
common ways of constructing measures on X% is using the Kolmogorov extension

theorem we summarize the method in the following proposition.

Proposition 1.2.6. Let ¥ be a finite set. Suppose that for each n > 0 and

ao, .. .,a, € Y% we have a non-negative number p,(aq - - - a,) such that

Zpo(i) =1

1€X

and

an—l-l (CLO : ) pn T an-H ZaO ) (1'2)

S 1EX

Then there exists a unique shift invariant Borel measure p on X% such that

Iu[txo e :L'n] e pn(xo e xn)

for all t € Z and n > 0.

Proof. This follows from the Kolmogorov extension theorem as (1.2) implies the re-

quired consistency conditions. O

Note also that same result holds where ¥Z is replaced by ¥¥. Thus studying
measures on L2 or YV can be reduced to finding and studying the values of the

measure on cylinder sets. The following proposition is often useful.
Proposition 1.2.7. Suppose that pu is a shift invariant measure.

1. u is ergodic if and only if for all cylinder sets [I], [J]

lim *Zu N ) = w1 w((I)).

n—oo n,



2. p is mixing if and only if for all cylinder sets [1], [J]

lim p(o™" ] OV [T]) = p(U]) ([ T])-

n—00

Proof. This is [42, Theorem 1.17]. O

Proposition 1.2.8. Suppose that ¥ and ¥ are two sets of symbols with ‘i‘ < |I¥|

and m: % — 3. DeﬁneW:ENﬁibe

ml(2:)Z] = (m(2:))Z0-

Then 7 is continuous and ogn o T = 7 0 oy
Maps of the type described in Proposition 1.2.8 are called 1-block factor maps.
Proposition 1.2.9. If X C ¥V is a subshift then 7(X) C T is a subshift.

Set Y = m(X). Notice that the map 7 induces a map C(Y') — C(X), f+— fom,
by duality 7 also induces a map between Borel measures on X and Borel measures
onY p— m.p. Moreover because ogvom = moosy we have that if y is shift invariant

then m,u is shift invariant. It can be shown that for any Borel set B C Y we have

that

1.3 (Scalar) Thermodynamic formalism

Thermodynamic formalism is a field which sits at the intersection of probability,

statistical physics and dynamical systems. Broadly the purpose of thermodynamic



formalism is to select invariant measures with specific properties. For example mea-
sures of maximal entropy or measures with certain conditional probabilities. These
measures are typically constructed using the eigendata of a Ruelle operator. Recall
that given a continuous function ¢ : X — R we define the Ruelle operator (sometimes

referred to as the transfer operator) for ¢, L, : C(X}) — C(X}), by

L@f(x) _ Z e‘p(y)f(y).

oYy=c

Moreover ergodic and statistical properties are deduced from the convergence proper-
ties of p(L,) "L}, (where p(L,) is the spectral radius) using a suitable Ruelle-Perron-

Frobenius (RPF) theorem for example those in theorems A.2.2 and A.2.1.

1.3.1 g-measures

Let X7 be a topologically mixing shift of finite type and g : ¥} — R such that g > 0

and

> gly)=1forall z € .

oy=x

It is natural to think of the value g(izzy - - - ) as being the conditional probability that
one observes state ¢ given one has seen x x5 ---. However this immediately begs the
question is there a probability measure P such that P(i|z 2y --) = g(izy---)? Such
a probability is called a g-measure. These g-measures are connected to the eigendata

for the transfer operator associated to the function log g by the following theorem.
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Theorem 1.3.1. (Ledrappier [28]) Suppose that ¢ : ¥ — R is continuous, g > 0,
and 3-,,_, g(y) = 1 for all z € XF. Then Lj, u = o if and only if p is shift invariant

and

E, (x| 'B) (@) = gli(ox)

for all i € ¥ and for p almost every x € X%, where B is the Borel o-algebra.

Given a shift invariant measure p we define the g function for i to be

. plroxy - )
X)) = hm _—
g( ) n—oo Iu[xl .. xn]

where the limit exists for almost every x by the increasing martingale theorem.

1.3.2 Equilibrium and Gibbs states

Next, let’s recall the related notations of equilibrium states and Gibbs states. For
more details the standard reference is Bowen’s book [6]. The notion of an equilibrium
state is based on the principle that nature minimizes free energy. Given a continuous
function ¢ : ¥ — R (which we refer to as a potential), an equilibrium state is a shift

invariant measure which maximizes the quantity

h d 1.3
o)+ [ o (13)

where h,(0) is the Kolmogorov-Sinai entropy. The maximum value of equation (1.3)

is called the pressure of ¢ denoted P(y). Recall the following definitions.

Definition 1.3.2. We say that a function is Hélder if there exists a constant |y,
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and 0 < 6 < 1 such that
var, ¢ < |pl, 0"

for all n > 0 (that is ¢ is Holder in the 27" metric). We say that a function is Walters

if

k—o0
sup var, i Spp — 0

n>1

where S,p(x) = Y74 o(o'r). We say that a function is Bowen if ¢ is continuous

1=

and there exists a constant K such that
sup var, S, < K.
n>1
We will refer to these as the classical uniqueness regimes. It can be shown that

Holder € Walters C Bowen.

Remark 1. Another common class of potentials are those potentials which have

summable variations. That is, potentials for which

oo
Z var, ¢ < 00.
n=0

It can be shown that

summable variations C Walters

and in some sense summable variations is simply a verifiable condition which implies
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the Walters property.

For all of these classes of potentials equilibrium states exist and are unique. More-
over they satisfy the Gibbs inequality (and are thus known as Gibbs states). That
is, if X7 is a topologically mixing shift of finite type and ¢ : ¥} — R is Bowen then
there exists a unique equilibrium state p, and there exist constants C' > 0 and P

such that

1 _ be([mo- - @aa])
¢ < e—nP+Sno(z) < ¢ (14)

for all z € ¥} and n > 0 (it can be shown that P = P()). These Gibbs states can
be constructed in the following way. Take h and v from the Ruelle-Perron-Frobenius
Theorem A.2.2. Then the Gibbs state for ¢, 1, is the measure defined by du, = hdv
and P(yp) = logp(L,). We will show how one can deduce ergodic properties from

convergence properties of the Ruelle operator in Proposition 1.3.4.

1.3.3 Gibbs states for Holder potentials on a full shift

Let ¢ : ¥ — R be Hélder and assume without loss of generality that the pressure
of ¢ is 0 (otherwise replace ¢ with ¢ — P(p)). As the pressure of ¢ is 0 we have
that p(L,) = 1. Take h > 0 and v from the RPF Theorem A.2.1. The standard
method for analyzing Gibbs states for Holder continuous potentials on topologically
mixing shifts of finite type can be found in Bowen’s book [6]. Let’s briefly sketch
an alternative way of working with these Gibbs states which we will adapt to matrix
equilibrium states in chapter 2. We work on a full shift for simplicity of exposition.

This method is easily adapted to shifts of finite type.

Define for each i € ¥ an operator L; : C(XN) — C(XV) by

Lif (z) = e# f(ix) (1.5)
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where iz is the point (iz)o = 1 and (iz); = xx_1 for k # 0.

Lemma 1.3.3. Let du, = hdv be the unique Gibbs state for ¢. Then

HolToxt -+ Tpoq] = <an71 o Ly, Ly h, V> )

Proof. Notice that for any word xqzy -z, 1 € X"

PolZoT1 - - Tpoq] = /EN X[woz:--an_) AV
- /E Xfaoaan o Jhd(LL)"
= L3 (X(zozs—an_n)h)dV

N

_ €Sn<p(ﬂcoaz1~~acnf1z)h(xoxl

= |
- /Z Ly -+ Loy Ly h.
Given a word I = igty - - - i,,_1 We write

Li=1L; -

in

Li L

20 °

Notice that

S Ly=L"

[|=n

ceTp12)dy(2)

Proposition 1.3.4. The measure (i, is mixing. In particular there exist constants

C >0 and 0 < v < 1 such that

o ([7) Mo M) = o () ()] < Cag ([T, ([T (1.6)

for all cylinder sets [I], [J].
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Proof. Notice

([N o) = p (1) (1))

= | > to([JKI]) = po([1]) o ([J])

|K|=n

— | (LiLicLh,v) — (Ly,v) {Lyh,v)

|K|=n

_ < L ( 5 LK) LJh,V> — (Lih,v) (Lyh,v)

|K|=n

= [(LiLELh.v) — (Lih,v) (Lsh,v)

= |(Li(LyLsh — (Lsh,v) h),v)]

< HLI”op

|L2Lsh = (Lyh,v)h|
< C{(Lth,v) HLZLJh — (Lsh,v) hHOO in a a similar way as equation (A.1)
< C(Lth,v) (Lsh,v)~" by Theorem A.2.1

= Cpy([I])p,([J])y" by Lemma 1.3.3 O

The inequality (1.6) implies in addition that the measure is weak Bernoulli and
thus the natural extension of i, is isomorphic to a Bernoulli shift. This approach is
the one we will adapt to matrix thermodynamic formalism. In this case the natural
transfer operator no longer acts on C(X}) but on C(RP?Y), continuous functions on
the projective space of R%. One can then take the equality in Lemma 1.3.3 as a
definition of the Gibbs state and deduce ergodic properties via the same argument as
Proposition 1.3.4. We will also use Lemma 1.3.3 to realize the measure of cylinder
sets for factors of Gibbs states (that is m.u for some 1-block factor map 7) in terms

of positive operators. This will play an important role in chapter 3.
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Chapter 2

Matrix Equilibrium States

This chapter is to appear in Ergodic Theory and Dynamical Systems [36].

2.1 Introduction

By analogy with the scalar thermodynamic formalism if A = (Ag,...,Ay_1) €
My(R)™ and ¢t > 0 we say that a shift invariant measure p4, is a matriz Gibbs
state for (A,t), or a t-Gibbs state when A is understood, provided there exists a

constant C' > 0 and P such that

t
C M anllwo - una)) < e [Any - Au || < Cradllzo o)) (2)

for all x € X% (¥ = {0,...,M —1}) and n > 0. As all finite dimensional norms
are equivalent one can take any choice of norm in (2.1). Notice we are working with
the two-sided shift and not, as has been done in previous literature, the one-sided
shift. Thus in a strict sense one may consider that we are working with the invertible
extension of matrix Gibbs states. This is important when working on the isomorphism

problem and it is also necessary so that we can apply the results in [9]. When ¢t = 1
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we refer to the measure simply as the Gibbs state for A. A computation shows that

P = lim 711 log (mo'%;l HAxo AL t) '

In particular P is uniquely determined by (2.1) and is called the pressure denoted
P(A,t). For the remainder of this chapter a Gibbs state will always refer to a ma-
trix Gibbs state. Matrix Gibbs states are also equilibrium states for a sub-additive

variational principle [10]

PAD) = sup [h(u) + ACA )] (2.2)

where A(A, p) is the mazimal Lyapunov exponent

A(A7 :U’) = nh_{IOlo :L /log HAxo T Al'nfl d,LL(ﬁ)

Measures which achieve the supremum are called matriz equilibrium states. Such
measures always exist by weak® compactness and upper semi-continuity of h(u) +
tA(A, ). The connection between Gibbs states and equilibrium states for the vari-
ation principle (2.2) was studied in [18]. The study of these measures was originally
motivated by their applications to dimension theory [19]. However recently interest
has been shown in determining their ergodic properties [30] [31]. In the classical case
for Holder continuous functions, scalar Gibbs states are well known to have many
nice statistical properties. It is natural to ask to what extent matrix Gibbs states
share these properties.

One of the strongest of these properties is that the dynamical system defined
by the shift map and a scalar Gibbs state for a Holder potential is isomorphic to a

Bernoulli shift and this is the problem we will focus on in this chapter. This is a par-
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ticularly appealing property because Bernoulli shifts are classified up to isomorphism
by their entropy [33]. In general it is very difficult to explicitly construct isomor-
phisms between measure preserving systems. One of the most common methods for
demonstrating a measure preserving system is isomorphic to a Bernoulli shift is to
show that it is weak Bernoulli and appeal to [20]. This is the strategy we will take
in this paper. The same method has been used by Bowen [5] for scalar Gibbs states.

Recall what it means for a dynamical system to be weak Bernoulli.

Definition 2.1.1. We say that partitions Q and R are e-independent (written Q ¢
R) if

QZ . (g Nr) = plg)plr)] < e.

We say that a partition P is weak Bernoulli if for every € > 0 there exists N such
that \/iZgo~'P L Vit to~ P forall r,;s > 0 and t > s+ N. We say that 4, is

weak Bernoulli if the standard partition P = {[i] : 0 < < M — 1} is weak Bernoulli.

For a word I = g%y - - i,—1 We write

A[ - AioAil A

in—1

and we denote the length of the word I by |I|. We say that A = (Ag,...,Ay_1) €
My(R)M is irreducible if the matrices have no common proper and non-trivial invariant

subspace. This implies that there exists a constant § > 0 such that

ST ArAR A > 6 || Afl| | Al (2.3)

IK|<d

for all I, J, see for instance [30, lemma 12]. With this in mind we make the following

definition
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Definition 2.1.2. We say that A = (Ao, ..., Ay—1) is primitive if there exists an N

and a § > 0 such that

> IArAK A > 6 | ALl [ Al (2.4)

|K|=N
for all I, J.

For irreducible (and for primitive) collections of matrices, matrix Gibbs states are
known to exist and be unique [17, theorem 5.5 for all £ > 0. The terms irreducible
and primitive are familiar from Perron-Frobenius theory and indeed the notions are
connected. Let Ly : My(R) — My(R) be defined by LyB = >, AfBA;, then L4
preserves the cone of positive semi-definite matrices. The operator L4 appears in
connection with a class of measures related to fractal geometry called Kusuoka mea-
sures [27] (see example 2.2.3). One can check that if L, is irreducible (respectively
primitive) in the sense of Perron-Frobenius theory then A satisfies equation (2.3) (re-
spectively equation (2.4)). For the details see proposition A.3.6. Our main theorem

is the following.

Theorem 2.1.3. Suppose that A = (Ao, ..., Apy—1) is primitive. Then for any ¢ > 0

the unique ¢-Gibbs state for A is weak Bernoulli.

The proof of theorem 2.1.3 can be found in section 2.4. The proof relies on a
general result of Bradley [9], which is somewhat opaque. With this in mind we also
present a method for understanding matrix Gibbs states through transfer operators
which is interesting in its own right. Understanding the ergodic/statistical properties
of Gibbs states in sub-additive thermodynamic formalism has long been a challenge,
with most results being achieved using fairly ad-hoc methods. This is in contrast to
the case for scalar Gibbs states which has a well developed methodology for deducing

ergodic/statistical properties relying on the transfer operator. In this chapter we
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adapt the classical doctrine of transfer operators for scalar Gibbs states to matrix
Gibbs states.

In section 2.2 we show that in the case when t is an even integer the ergodic
properties of p14, can be readily understood by studying the convergence properties
of a iterates of a matrix. As a consequence we can obtain an exponential mixing result
which includes an explicit rate determined by the spectral gap of a finite dimensional
matrix. This naturally leads to the problem of generalizing this approach to ¢t > 0. In
section 2.3 we generalize section 2.2 using operators on a suitable infinite dimensional
vector space. A major advantage of the approach in sections 2.2 and 2.3 is that we
can give an explicit construction of certain Gibbs states, including a formula for the
measure of a cylinder set. Previous methods have relied on abstract compactness
arguments, realizing the Gibbs state as a weak™ limit point of a sequence of measures.
As many properties are not preserved under weak* limits this makes an analysis of
the Gibbs state difficult. Our transfer operator approach allows us to give direct
proofs of ergodic properties. It also provides a strong intuition for understanding

how properties of the collection A are reflected in the ergodic properties of p ;.

2.2 Matrices which preserve a common cone

One particular class of matrix Gibbs states has appeared extensively in applications.

Consider the following examples.
Example 2.2.1. Bernoulli measures, take d = 1.

Example 2.2.2. Factors of Markov measures. The 1-Gibbs states for collections of
non-negative matrices are precisely factors of Markov measures; for details see [7]
or [11], [45]. In fact, allowing the operators in A to act on an infinite dimensional

space, factors of Gibbs states for Holder potentials can be viewed as Gibbs states for
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a suitable collection of operators, see [35].

Example 2.2.3. The Kusuoka measure [27] was originally studied because of its
connections to fractal geometry. We briefly recall the construction. Let L;B = A7 BA;
and Ly = Y, L;, When A is irreducible there exist U,V positive definite matrices
such that L U = p(La)U, LV = p(LA)V (notice that LB = Y, A;BA}) and
(U, V)gs = 1 (where (A, B)yq = tr(A*B) is the Hilbert-Schimidt inner product).
The Kusuoka measure is then obtained by extending

/L[$0 o 'l’n,l] = p(LA>7n <L$0Lw1 e an71U7 V>

HS

to a measure using Carathéodory’s extension theorem. It was shown in [30] that
the Kusuoka measure is a 2-Gibbs state. We will generalize this result to k-Gibbs
states for k even in example 2.2.7. Observe that thinking of the linear maps L; as
matrices we have that the Kusuoka measure is the 1-Gibbs state for the collection A =

(Lo, ..., Ly—1) each of which preserves the cone of positive semi-definite matrices.

The property shared by all of these matrix equilibrium states is that all of the
matrices preserve a common cone. Our goal for this section is then to treat these
measures in an abstract manner. As one of the applications of this section is the
Kusuoka measure, we work with matrices preserving an abstract cone K. For the
most part, the reader will lose no intuition by simply thinking of K as being the
non-negative orthant of R?. For the reader’s convenience we have collected some
definitions and facts about abstract cones in finite dimensional vector spaces in the

appendix. For 6 € (0, 1) define
Hy = {f € C(X%) : There exists a constant K > 0 for which var, f < KH”} .

We denote the least such constant by |f|, and Hy becomes a Banach space with norm
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I fllg = I flloo + | fls- The goal of this section is to prove the following theorem.

Theorem 2.2.4. Let A= (Ay,...,Ay_1) € My(R)M. Suppose that each A; is non-
negative with respect to a cone K and A = 3; A, is such that Y95 A¥ maps K \ {0}
into the interior of K (that is, A is K-irreducible). Then there exists a 1-Gibbs state

for A denoted p 4. Moreover:
1. p4 is ergodic and thus unique, and P(A, 1) = log p(A).

2. If there exists an N such that AY maps K \ {0} into the interior of K (that is,

A is K-primitive) then:

(a) w4 is weak Bernoulli.

(b) pa has exponential decay of correlations for Holder continuous functions.

That is for a fixed 6 € (0, 1) there are constants D and v € (0, 1) such that

[ 1900 s [ fdua [ gdua < DI, gl 7"

for all f,g € Hg, n > 0. In addition, the rate ~ is determined by 6 and the

eigenvalues of A.

For the Kusuoka measure, part 2(b) is known [23]. However our proof is funda-
mentally different and significantly more elementary. In particular the method in [23]
uses the g-function for the Kusuoka measure and transfer operator techniques. This
is technically challenging largely due to the fact that the g-function can fail to be
continuous.

We can explicitly construct the measure 4. As A is irreducible we may take

u, v to be right and left eigenvectors respectively corresponding to the spectral radius
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p(A) with (u,v) = 1. On cylinder sets we define

palroxy - x| = p(A)T" <AmoAx1 o Ay, v> : (2.5)

Using the fact that u, v are eigenvectors for A it is readily checked that

ZMA[il?o Ty = palze - Tno] = ZMA[SUO e Tpod).

Proposition 1.2.6 implies that this extends to a shift invariant measure on ¥%. Next
our goal is to show that this is a 1-Gibbs state for A4 and that it is unique. To do so,

we prove the following proposition.

Proposition 2.2.5. Suppose that A = (Ay, ..., Ay_1) € My(R)M is such that each

A; is non-negative with respect to a cone K and A = Y, A; is K-irreducible. Then
1. py is ergodic.
2. 14 satisfies the Gibbs inequality (2.1) with P = log p(A).

Proof. 1. Observe that

A = (;AZ)”: S g (2.6)

|K|=n

Let I, J be words.

;éMA([I] No *J)) - MA([I])HA([J])‘

]
<> pallin o)
+ p(A)—II\—IJI <AI (1 i p(A)III—k:Ak—I) AJu,v> — (Agu,v) (Aju, v)
M =141

222 04 p(A)THVH AL (Aju, v) u, v) — (Agu, v) (Aju, v)| =0
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by the Perron-Frobenius theorem A.3.4 2(b). As cylinder sets are a generating

semi-algebra this implies by Proposition 1.2.7 that u 4 is ergodic.

2. From the Perron-Frobenius theorem we have that v € int(K), v € int(K™).

Thus the Gibbs inequality follows directly from an application of lemma A.3.5.
m

As ergodic measures are mutually singular this implies that u4 is the unique 1-
Gibbs state for A. The proof of the previous lemma shows that mixing properties of
14 are related to the convergence of A”. It is this fact that we will exploit to prove

the remaining assertions in theorem 2.2.4.

Proposition 2.2.6. Suppose that A = (Ay,..., Ay_1) € Myg(R)M is such that each
A; is non-negative with respect to a cone K and A =Y, A; if A is K-primitive then

the measure p 4 is weak Bernoulli.

Proof. Let 7,5 > 1,t > s and take [I] € \ViZj 0P and [;J] € VI ~' o~"P. Notice

a1 0 1) = pallTDpa(])]

= Y palIKJ)) — pa([I) pea([J])

|K|=t—s

=| Y p(A) D (A A Agu, v) — p(A)TET) (Agu, v) (Agu,v)

|K|=t—s

= p(A)~ )

<AI (p(A)—(t—S) > AK) AJu,v> — (Aru,v) (Aju,v)

|K|=t—s

Notice that

pA ST A= p(A) A = 4 (p(A) DA — ).

|K|=t—s
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Thus

([T OV T]) = pallI]) pal[])]

= p(A) (AL (p(A) DA — wT) A gu, v)|

< p(A) Y ATl [ Agull [ p(A4) 70 A — |
< CB*p(A) Al p(A) " 1A

< O'B7 P ua(I)pua(J) by Proposition 2.2.5

where 8 = ‘if(lj)a < 1 for a small € > 0 as in Perron-Frobenius theorem A.3.4. Then

we have

IZ; AT O [ ]]) = pa(I])pa(J]] < Kﬁt’sgm([ﬂ)m([ﬂ) =Kp".

Hence p 4 is weak Bernoulli. O]

Thus we have proven theorem 2.2.4 2(a); part 2(b) follows by an approximation
argument, see Bowen’s book [6, theorem 1.26]. Finally we end this section with an
example which shows that k-Gibbs states can be understood in terms of matrices

preserving a common cone, for k an even integer.

Example 2.2.7. The following example generalizes the Kusuoka measure (the Kusuoka

measure is the case of kK = 2). Let k be an even integer and define
S = span {v®k NS Rd}
We consider the following cone in S*
K = {w €S*: <v®k,w>

ayor 2 0 forall v € Rd}
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Note that when k is odd this set is {0}. When k is even, K is a cone with non-void
interior (see proposition A.3.7). The cone K is sometimes referred to as the positive
semi-definite tensor cone: in the case of £ = 2 this cone can be identified with
positive semi-definite matrices. Suppose that A = (Ao,..., Ay—1) is a collection
of matrices with no common proper, non-trivial invariant subspace. Consider the
collection A" = ((AF™)*, ..., (ASF )*). The collection A’ preserves the cone K. We
claim that in fact A = 3;(A?%)* is irreducible with respect to K. To prove this it is
enough to show that no eigenvector of A lies on the boundary of K [40, theorem 4.1].

Suppose that w € K, w # 0 and that Aw = Aw and define

W = span {u : <u®k,w>(Rd)®k = O}

We claim that W is invariant under A. If <u®k , w> = 0 then
(Re)ok

0= <u®k’ Aw>(Rd)®k - Z <<Aiu)®k’ w>(Rd)®’“

as w € K this implies that <(Aiu)®k, w>(Rd)®k = 0 for each 7. Thus W is A invariant,
so it is either R? or {0}. As w # 0 we must have that W = {0}. Therefore w € int(K)
by lemma A.3.2 and A is irreducible. Constructing the 1-Gibbs state for A’ we see

that it satisfies the Gibbs inequality: there exist constants C' > 0 and P such that

C_lluA/dZE() s l‘n_1]) < e P H(A?Ok)*(Agk)* . (A?f,l)* < C,uA/([xO .. 'xn—l])-

As ASF AR L ASK = (A, Ay, Agy)®F we have that

k
C (o anal) < e A, s, Ar|| < Ciae(mg - 2aa)).
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Strictly speaking the order of the product of matrices is backwards from the Gibbs
inequality in equation (2.1). By taking A = (A, ..., A},_;) this can be changed (see
proposition A.3.8). Thus we have found an elementary way of constructing k-Gibbs

states for all even integers.

2.3 Transfer operators and exponential mixing

The goal of this section is to explore a method for constructing matrix Gibbs states
and proving ergodic and statistical properties using transfer operators. This approach
is interesting for number of reasons. In particular it is an application of transfer
operator methods to a problem in sub-additive ergodic theory. It is also a reasonable
generalization of Example 2.2.7 using operators on infinite dimensional spaces. We

will need the following definitions.

Definition 2.3.1. We say that a collection of invertible d x d matrices (Ag, ..., Ap—1)
is strongly irreducible if they do not preserve a finite union of proper and nontrivial

subspaces.

Definition 2.3.2. An element B € My(R) is called prozimal if B has a simple
eigenvalue of modulus p(B) and any other eigenvalue has modulus strictly smaller
then p(B). The collection (Ao, ..., Ay—1) is called prozimal if there exists a product

B=A,, ---A,, that is proximal.
We have the following theorem.

Theorem 2.3.3. Suppose that A = (Ay,...Ay—1) is a collection of real invertible
d x d matrices which is proximal and strongly irreducible. Then for any ¢ > 0 there

exists a unique Gibbs state for (\A,t), denoted 4. Moreover

1. pay is weak Bernoulli.
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2. .+ has exponential decay of correlations for Holder continuous functions. That

is, for a fixed 6 € (0, 1) there are constants D and v € (0, 1) such that

‘ / frgoo™dua, — / fdpay / gdpay

<D ||f||9 ||9||9 "

for all f,g € Hy, n > 0.

In the previous section we have seen that the role of the transfer operator for t = 2k
was played by A = 3, AP* we need to find a suitable replacement. By identifying
2-tensors with bilinear forms which are in turn a subspace of the 2-homogeneous
functions one is naturally led to consider the action of the matrices on t-homogeneous
functions. This is then equivalent to the action of the matrices on the projective space

t
RP4~! weighted by the functions HAWTUHH . That is, define a transfer operator by

M-1 t

Ltf(ﬂ) = Z

1=

f(Ai) (2.7)

A
[l

which acts on C(RP¢71'). The connection between matrix Gibbs states and this
operator is made clear in proposition 2.3.4. First we fix some notation. For a function

h and a measure v we write

(h, V) = / hdv.

Recall that RP?"! is obtained by taking the quotient of R?\ {0} by the equivalence
relation x ~ y if and only if x = Ay for some A # 0. We denote the equivalence class

of a vector v by . Define a metric on RP?~! by

d(@,w) = inf {|Ju’ — ' : [|o/|| = ||w']| = 1 and W = 7@, w =w}.
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Proposition 2.3.4. Let t > 0 and A = (Ao, ..., Ay—1) be a collection of invertible
matrices. Suppose that there exists v; a Borel probability measure not supported on

a projective proper subspace and h; a strictly positive continuous function such that

Lihy = p(Li)he, Livy = p(Ly)vy and (hy,v4) = 1. Define L; by

t
U -
Lif(u) = HAz f(Asu).
[Jull
Then the formula
MA,t[xOxl T $n71] = IO(Lt)in /deil an—l Y Lx1Lzoht(H)th(ﬂ) (28)

extends to a shift invariant measure on $%. Moreover ji4; is a Gibbs state for (A, ).

Proof. The assumption that hy, 1, are eigenvectors corresponding to p(L;) implies
that the formula in (2.8) extends to a shift invariant measure by proposition 1.2.6.
All that remains to be shown is that p 4, satisfies the Gibbs inequality. To see why

the Gibbs inequality holds notice that the function

dvy ()

Al
i

A /
RPd—1

from the set of norm one d x d matrices to R is continuous and strictly positive (by
the assumption that v, is not supported on a projective proper subspace). Take C' > 0

such that

u

t
dv(u) > C|A|
]

/ A
RPpd-1

for all A € My(R). Thus

t

P(L) ™ (Lo, - Loy Lnght, v1) > (inf h)Cp(L) ™" || Ay Ay, -+ As,




and

L) (Lo Loy Lnght, vi) < (sup hy)p(L) ™" | Agg Agy -+ A

t

Tp—1

Which shows that the measure y 4, satisfies the Gibbs inequality.

If I =igiy---i,—1 we will use the notation that

Ly=1L

in—1"

L

11 Hig

Notice that this is backward from the definition of A;. To see why consider

¢
Lwleof(ﬂ) = || Az, ||U|| onf(Ax1u>
t t
U A, u R
- 11 T &2 Aac Azl
|y e AR
¢
= || Az Az, — Ay Ap ).

As we can see pre-composition reverses the order of the products.
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Operators like L; have appeared frequently in the study of random matrix prod-

ucts. This is however the first time they have been used to construct a measure on %%

and deduce ergodic and statistical properties. To prove theorem 2.3.3 all we require is

a suitable Perron-Frobenius theorem. For each € > 0 denote by C¢(RP¢!) the space

of e-Holder continuous functions in the d metric on RP4!. This becomes a Banach

space in the usual way with norm |[|-[|, = ||| + |-, (where |f|, is the least e-Holder

constant for f). Set ¢ = min{1,¢}. The following theorem is a result of Guivarc’h

and Le Page [21].
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Theorem 2.3.5 (Guivarc’h and Le Page [21]). Let ¢t > 0. Suppose that (Ao, -+, Apr—1)
are real, invertible, strongly irreducible and proximal. Then there exists an € with

0 < & < t such that the following hold

1. L; : C5(RPI 1) — C5(RPI 1), that is L; preserves the space of e-Holder func-

tions.

2. The spectral radius of L, : C*(RP*~!) — C¢(RP*!) is equal to e, That is

1
log p(Ly) = lim ﬁlog (Z ||A1Ht> = P(A,t).

[I|l=n

3. There exists a unique Borel probability measure v, on RP4~! not supported on

a projective subspace, such that Liv, = p(L;)v;.

4. There exists a unique £-Hélder function h; : RP4~1 — (0, 00) such that L;h; =

p(Lt)ht and <ht,'l}t> =1.

5. The operator L; has a spectral gap on C¢(RP¢"!). That is to say there exists a
decomposition of L; as Ly = p(L;)(P; + R;) where p(Ry) < 1, PR, = R/P, =0

and

Pif = (f, 1) hy for all f € C°(RPY).

Proof. 1If we take the measure on GL4(R) to be u = ﬁ S M1 54, then the operator
called P in [21] is a scalar multiple of L; and the result follows from [21, Theorem

8.8]. That h; is t-Holder is [21, lemma 4.8]. O
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Corollary 2.3.6. Under the assumptions of Theorem 2.3.5 there exist constants

C > 0 and 8 with 0 < 3 < 1 such that for any f € C*(RP?!) we have

oLy Lis = (Fv) b < 1A

for all n > 0.

Proof. Since P? = P, and P,R; = R;P, = 0 we have that p(L;)™L;" = P, + R}
Thus

|o(L) Ly f = (fov) || = 1RY Il < IR op I

Taking 5 = p(R;) +n < 1 for a small » > 0 we have the result. O

In order to obtain decay of correlation results we are thus forced into controlling

the regularity of L h,. This is the content of the next lemma.

Lemma 2.3.7. 1. For any A € GL4(R) we have that

- 1 « 2114
d(Au, Aw) < -
[

[l

d(u,w).

for all u,w € R,

2. For any A € GL4(R) and t > 0 we have that

u t
Il -
ol

for all u,w € R?\ {0}.

t

< (t+1) Al d@, w)'

H Paca
[|w]]

3. For any 0 < ¢ < f there exists a constant K such that ||Lsh||. < K ||A,||" for

all J.
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of completeness. Notice for any u, w

Au
| Aull

Aw
| Aw]]

HAMMAwH(
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1. This is essentially [21, Lemma 4.6]. We provide the details for the sake

)=nAwnAu—uAMLmU

= [[Aw|| Au — [[Aw]|| Aw + ||Aw|| Aw — || Au|| Aw

= [[Aw|| (Au — Aw) +

([ Awl} = || Aul}) Aw

By taking the norm of both sides we have that

Jaul a5 = | < 214wl 1A= ]
| Au] HAwH
Thus
AHZH HwH
d(Au, Aw) <
HAHuH HAHwHH
< Fg I ()|
= T 1 ATl T
2MA | v w H
= g 1Tl ™ Tl
The same argument holds for — H%H . Hence the result.
2. This is [21, lemma 4.6].
3. Notice
|Lsh(uw) — Lyh(w)|
t t
u S w I
= AJ* h (AJU) - HAJ h (AJ’U})
H ] ]|
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t t t
U N - u w
< — 1 (A — h(A h A;—| — —
t
y ) )
<A |l d(Ayu, Ayw) + ||h| . (¢ + 1) || A d(@, )"
w20\, .
<[ Asr| el | =25 | d@w) + (Rl (4 1) A d(@, w)'
[ [Ar]
t—t
. S o
=l A el 2% d (@ ) + ||| (8 + 1) || A d(@, )"

< A" IRl 2'd(m, @) + [l (¢ + 1) || As )" d(w, @)

= [Pl 2"+ 17l (¢ + D] 1A (@, ).
Thus for 0 < € < ¢ we have
Lohl, < 27 |Lohily < A 2 [Jhels 2 + el (4 1)
Therefore
1Zshall. = 1otullg + 1 Latul. < A (el oo + 27 (Relz 2"+ Pl (£ 4+ 1))

]

Proof of theorem 2.3.3. The proof now follows in exactly the same way as proposition

1.3.4 and theorem 2.2.4. Notice

ad([) N oMUY = s (D (1)

= | > pad[JKT]) = pae(I])pac((])

|K[=n

= Z P(L)_(nHIHlJD <LILKLJhta Vt> - P(L)_(UH_M) <L1ht7 Vt> <LJhta Vt>

|K|=n
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= P(L)_(|I|+|JD <L1 (P(L)_n Z LK) LJht; Vt> - <L1ht,Vt> <LJht7 Vt>

|K[=n

= p(L) DLy p(L) " LY Lyhe, vi) = (Lihy, i) (Lsha, )| by (2.6)

= p(L) D (L (p(L) ™" L Lyhy = (Lyhe vi) he). )

< (L)~ L|

P(L) " LE Lyhy = (Lyhe, vi) b

0,0p

< p(L)~HHID Ly |Lsh||, 8™ by Corollary 2.3.6

00,0p |

< Kp(L)" 01 Aq|* | As|" B by Lemma 2.3.7

< C?Kpas (1) pas([J])B" by Proposition 2.3.4

This proves part (1) of Theorem 2.3.3, (2) follows by an approximation argument as

in Bowen’s book [6, Theorem 1.26]. O

Recently in addition to the interest in Gibbs states associated with the norms of
matrices there has also been significant interest in the so called singular value potential
2], [15]. In this case norms of matrices are replaced by a product of singular values,
one can associate a suitable transfer operator to this potential see [21]. It seems
likely that the method presented in this chapter could be extended to give decay
of correlations results for Gibbs states of the singular value potential (in particular
taking advantage of [21, theorem 8.10]). In addition it seems likely this method could
be particularly well suited to studying Gibbs states when ¢ < 0. From the perspective
of thermodynamic formalism it is likely that these measures for ¢ < 0 are significantly
more interesting; for example it is known that the pressure function can fail to be
analytic [16] and thus one expects that these systems can exhibit phase transitions.

We leave this for future work.
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2.4 The Weak Bernoulli Property

The purpose of this section is to prove theorem 2.1.3. The proof is similar to [44]
where scalar potentials satisfying the Bowen property are considered. The key tool
is a result of Bradley on t¢-mixing sequences of random variables [9] which implies
lemma 2.4.1. Let P = {[i] : i € X} be the standard partition for an invariant measure

1 define

¥ = su Miz \/ ot \/ ot
r = p{M(A) B) Aei\:/n P,Be‘\/ P,M(A)M(B)>O}

1=—00

Y, = inf {m cAe §7 o '"P,B € \_/ o"'P, u(A)u(B) > o}

Recall that an invariant measure p is ¥-mixing if

. * . !
g, U = i O = 1

The following lemma is essentially a rephrasing of [8, theorem 4.1(2)].

Lemma 2.4.1. Let p be a shift invariant measure on X%. Suppose that for some

N > 0 there exists a constant C' > 0 such that

O p([Mu([I]) < w1 0o VI < Cu(I) (1)) (2.9)

for all words I, J. Then p is weak Bernoulli.

Proof sketch. Notice that for n > N we have that

pllll o™ M) = 3 u([Ijno™ ¥RV )

|K|=n—N



36

A similar argument for the other inequality shows that in fact (2.9) holds with the

same constant C' for all n > N. Thus we have by an approximation argument that

limsup u(X Ne™Y) < Cpu(X)u(Y)

n—oo

and
ligggrolf,u(X No "Y) > O u(X)u(Y)

for all X,Y Borel measurable. The second inequality gives that p is totally ergodic
and the first then implies that p is mixing by a theorem of Ornstein [34, Theorem

2.1]. By an approximation argument we have that

. N(AQB>, i v —i
wn_sup{u(A),u(B)'AE Vo 'P,Be \/ o P,/L(A)/L(B)>O}§C

i=n 1=—00

r_ w(ANB) N/ i "/ —i -1
wn—mf{N(A)N(B)'AEi\:{LU P,Bei:\{ma P,M(A)/L(B)>O}ZC

for all n > N. A result of Bradley [9, Theorem 1] implies that yx is 1)-mixing; that
1-mixing implies weak Bernoulli is easily verified. O]

With this lemma in hand the proof of theorem 2.1.3 is merely an application of

the Gibbs inequality.
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Proof of theorem 2.1.3. Let N be as in the definition of primitive. Let t > 1 and take

q such that 1/t +1/g = 1. Then for any I, J

par(IN o™ VI = 3 pas((TK )
|K|=N

> 1 UINHIDPAD S A4 A Af
K|=N

t
> Lo~ (HHN+INPAL g r-Nt/q ( > HAIAKAJ”)

|K|=N

> C—le—(|I|+N+|J|)P(A,t)M—Nt/q(;t HAIHt HAJHt

> O e NPAD NN gy (1) (1))

where M = |X|, note that we have used that the collection is primitive in the second

to the last step. For 0 < ¢ <1 we have that

pad[INo NI = 37 pa([IKJ))
|K|=N

> Ol (THENHIDPAD S A Ap Ay ||
K|I=N

t
> Lo~ (HHN+HIDP(AD ( > ||A[AKAJ||)

|K|=N

> C—le—(\IHNJrIJ\)P(A,t)(st ”AIHt HAJHt

> O NG (1)) pas([T]).

For matrix Gibbs states the right hand inequality in equation (2.9) always holds.
This is a simple consequence of the Gibbs inequality and the fact that the norm is

sub-multiplicative, see [30, theorem 5]. The result then follows from lemma 2.4.1. [
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Chapter 3

Factors of Gibbs States

3.1 Introduction

Hidden Markov measures are of great interest in many areas of science, both pure
and applied. It is well known that a hidden Markov measure can fail to be Markov.
In fact hidden Markov measures can fail to have conditional probabilities which are
continuous [25, example 4.2]. Our goal here is to study a generalization of hidden
Markov measures, single site factors of g measures. These measures have attracted
a significant amount attention ([41], [45], [11], [12], [24], [25]). Broadly speaking
there are two main questions: when do these measures have continuous conditional
probabilities (and what is their modulus of continuity) and what classes of measures
are preserved by single site factors. We will focus on the second question, for results
on continuity rates see [37] and [25].

Let us recall the definition of a single site factor map. Suppose that ¥ and ¥ are
two alphabets and 7 : ¥ — ¥ and X} is a shift of finite type over ¥. We define a map
from X} — 5" which we again call ™ by 7[(z;)2,] = (7(24))$2,, such maps are called
single site factor maps. This map is continuous and intertwines the shift maps. Let

Y be the image of 7 given a shift invariant measure p on 34 we can define m,u on Y
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as the pushforward under 7.

When the shift of finite type X7 is a full shift it is known that single site factors
of Markov measures have Holder continuous ¢ functions [45]. However when the shift
¥ has excluded words this is no longer true. See, for instance [35, example 4] or [25,
example 4.2]. However by imposing conditions on the factor map 7 to ensure that the
fibers of m are “topologically mixing” in a certain sense, the result can be recovered.
See, for instance [11], [45]. The goal of this paper is to prove the analogous results
for equilibrium states associated to more general potentials. The following definition

appears in [45].

Definition 3.1.1. We say that a single site factor map 7 is fiber-wise sub-positive
mixing if there exists an N such that for any word by - - - by admissible in Y and words
Ug -+ Uy, wp -+ - wy such that 7(ug---uy) = m(wo---wy) = by ---by there exists a

word ag - - - ay admissible in ¥} projecting to by - - - by with ag = ug and ay = wy.
The goal of this chapter is then to prove the following theorem.

Theorem 3.1.2. Suppose that ¥ is a finite alphabet, ¥ C XN is a topologically
mixing shift of finite type, u, a Gibbs measure for a potential ¢ and 7 a fiber-wise
sub-positive mixing factor map. If ¢ is Bowen (respectively Walters, Holder) then

T fly, is the Gibbs state for a potential which is Bowen (respectively Walters, Holder).
The proof also yields the following:

Corollary 3.1.3. Suppose that Y is a finite alphabet, ¥ C ¥V is a topologically
mixing shift of finite type, 1, a g-measure for g and 7 a fiber-wise sub-positive mixing
factor map. If log g is Bowen (respectively Walters, Holder) then the logarithm of the

g-function for m,u, is Bowen (respectively Walters, Holder).
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3.2 Examples: Hidden Markov measures

Example 3.2.1. (a Markov measure which projects to a Markov measure) Let pg

be the Markov measure on {0, 1, Z}N defined by the stochastic matrix

1/3 1/3 1/3
S=11/3 1/3 1/3
1/6 1/6 2/3

and let v be its stationary distribution. In this case

1/4
V= 1/4 .
1/2

Suppose that the states 0 and 1 are labeled red and 2 is labeled blue. That is
7 {0,1,2}" = {r,b}" is the map induced by the function 7(0) = n(1) = r and
7(2) = b. We would like to study m.us let’s start by making a simple observation.

Consider

mepbs[rrbr] =ug[0020] + ps[0021]
+ 1s[0120] + ps[0121]
+ 115[1020] + ps[1021]

+ pus[1120] 4 ps[1121]



41

=15500902520 + 10500502521
+ 19501512520 + V0501512521
+ 11510502520 + V1510502521
+ 1151151252 + 11511512521

SOO SOI SO2
SlO Sll 512

1
S Sl

= |:V0 141
1
That is, we can write the m,ug measure of cylinder sets in terms of a product of
non-negative matrices. Of course there is nothing special about the cylinder set rrbr
nor about this particular example. This naturally leads us to define the matrices
1/3 1/3 1/3

rr — 7Srb—
1/3 1/3 1/3

Spr = [1/6 1/6: , Sp = {2/3}

vy = [1/4 1/4} and v, = [1/2] :
The previous computation then reads nicely as
Tupts[rrbr] = 1,.8+:SrpSpr[1]
where [1] is the vector of all 1’s in the correct dimension. In general we have that
T s (YY1 *+ Ynl = VyoSyoys Syrys * ** Sy 1ya [1]-

Of course for this particular choice of S we can observe that all of the matrices
{8+, Srb, Spr, Sy} are rank 1 and as a consequence the g function for 7, g depends

on 2 coordinates; in particular, m,ug is a Markov measure.
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Of course in general it is not the case that the projection of a Markov measure is

again Markov.

Example 3.2.2. (a Markov measure which projects to a measure which is not

Markov) Let s15 be the Markov measure on {0,1,2}" defined by the stochastic matrix

1/3 1/3 1/3
S=11/3 0 2/3
1/6 1/6 2/3

Again suppose that the states 0 and 1 are labeled red and 2 is labeled blue. That
is 7 : {0,1,2}" — {r,b}" is the map induced by the function 7(0) = m(1) = r
and 7(2) = b. Then the same computation shows that the measure of a cylinder is

determined by the matrices

1/3 0 2/3

%=y6my%:@#

In this case S, is not rank 1 and it can be shown that m,ug is not (1-step) Markov by
computing the g function at certain points, in particular g(r>°) and g(rrb>). In fact
it be shown that g has infinite range by computing g(rr---rb>). However observe
that all products of length 2 are positive. As positive matrices are strict contractions
of the Hilbert projective metric this implies m,ug is the Gibbs state for a Holder

continuous potential. See [45] for details.

These examples demonstrate two things. First, the presence of excluded words
(or more accurately the structure of fibers 771(y)) has a significant impact on the

regularity properties of the g function for hidden Markov measures. Second, they
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suggest a method for extending results beyond hidden Markov measures where the

matrices S, Sy, Sy and S, are replaced by suitable operators acting on subspaces

of C(X}).

3.3 Factors of Holder Gibbs states on a full shift

This section serves as the prototype for the argument in the next section while avoid-
ing the technicalities of excluded words and potentials less regular than Hoélder con-
tinuous. Suppose that XN is a full shift and ¢ : XN — R is Hélder continuous. That

is, there exists 0 < # < 1 and a constant |¢|, such that
var, ¢ < |pl, 0"

for all n > 0. Assume without loss of generality that the pressure of ¢ is 0. Recall

that the transfer operator L, : C(XN) — C(V) defined by
Ly f(x) =3 e? f(ix)

has a unique positive eigenfunction h > 0 and eigenmeasure v corresponding to
the eigenvalue 1 normalized so that (h,v) = 1 (as the pressure is 0 we have that
p(L,) = 1). Moreover the unique Gibbs state for ¢ is the measure dju, = hdv. Let
7: ¥ = ¥ be a I-block factor map and let L; be as in equation (1.5). For each

1 € X an operator L; : C(XN) — C(ZV) by

L;= Y L. (3.1)
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It is simple to check that these operators are linear and bounded. We will see that

these operators are strict contractions with respect to the Hilbert metric on the cone

C={fecE): f(z)>0,f(x) < f(y)e""""}

where k(z,y) =min{i > 0:2; # y;} and K = |f|_999, where o is an arbitrary number

such that < ¢ < 1. For background on the Hilbert metric and this type of cone see

the appendix.

Lemma 3.3.1. 1. Let m and p, be as above. Then
W*u¢[§0§1 . ~Zn,1] = <£gn_1 s Eglﬁgoh, V> .

2. For any 7 € 3 we have that diam¢(£:C) < oc.

Proof. 1. By Lemma 1.3.3, for any word 2p2z; - - - 2,_1 € X" we have

Polz0z1 -+ - Zne1] = / L, .- L,L,hdv.

N

Therefore

7‘—(2—'021"‘2’”_1):2021A,.En_l

_ > (Ley Loy Logh,v)

(2021 Zn—1)=2021"Zn—1

= (Lz,_, - Lz,L5,h,v).
2. Suppose that f € C. Then

Lif(x) = D e? f(ix)

w(i)=1
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_ N petio)—lin 10T o
f(iy) fiy)

w(i)=1
< ek(x,y)Jrl |30|9 eek(x,y)Jrl L-
<exp ([l + ()

. 9k(z,y)+1 _ Qk(:c7y)+2 0k(r,y)+2
O' —_

:0 |90|6 gk (zy)+1

e e r=0)

= exp

Thus by corollary A.1.9 we have that for any f,g € C,

1 0
Oc(L;f, Lzg) < 2log o, 20|¢|9 .
1—0 oc—0

O]
Define
1 0
D =2log +a+20%
—0 o—0
and

D

=tanh ( — ).

Tl (4)

Theorem 3.3.2. (Redig and Wang [38]) Let 7 : XN — " be a 1-block factor map,

¢ Holder continuous and p, the unique Gibbs state for ¢. Then the g function for

T bl

g(2) = lim TelelZ071 2]
n—oo W*M(p Zl “ .. Zn]

is Holder continuous.
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Proof. Notice that for z,y € 5 such that r; =1y forall0 <¢ < N and any n,m > 1

we have
o W*Nw[ﬂfoﬂﬁ e Tp) 1 W*M@[yoyl Y]
T T1 ] Tkl Y1+ Yrm]
<£$ "'ﬁwlﬁwohv V) <£y "'£y1£y0h7y>
= |l 2 —1 o
‘ Lo Lahv) P Ly Ly hiv)
_ lOg <£:EN Ut £x1£x0h7 Vm,n> <£:pN e Lx1h7 Vy,m) '
<£$N e £961h7 V:WL) <£1N o '£$1£x0h7 Vy,m)
Where

* * *
Vpn =L e Exn_lﬁxny

TN+1

and similarly for v, ,,. Therefore by proposition A.1.4 we have that

T [Io% e fn] — log Ty [?Jo?ﬂ T ym]
W*Mcp[xl T xn] W*Ncp[yl s 'ym]

< @c(LxN oo Ly Lyoh, Ly -+ - Lwlh)

D

v

log

< 'YN_I@C(LM onh’ Lzl h) < 'VN

Taking the limit we have that ¢ is Holder. O]

3.4 The classical uniqueness regimes

The purpose of this section is to consider factors of Gibbs states on subshifts of finite
type. It is known from [45] that factors of Markov measures under a fiber-wise sub-
positive mixing map have Holder continuous g functions. We have seen that factors of
Holder Gibbs states on full shifts have Holder continuous g functions. The goal of this

section is to show that in fact all of the classical uniqueness regimes from definition
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1.3.2 are closed under fiber-wise sub-positive mixing factor maps. In particular in
this section we will prove theorem 3.1.2. Let L, be the Ruelle operator associated
to ¢ and assume without loss that p(L,) = 1, in other words the pressure of ¢ is 0.
Take v such that £L*v = v. Assume that ¢ is Bowen.

Let 7 : ¥ — X be a map inducing a 1-block factor map 7 : ¥§ — Y C T and
assume that 7 is fiber-wise sub-positive mixing. For each i, j € ¥ with ji admissible

in ¥} define the operator

Lijf(z) = ew(jx)f(jif)X[i](ff)-

For example in the case of the Markov measure pg from example 3.2.2 Ly is simply

the matrix

1/3 0 0
0 0 0]
0 00

As pg is the Gibbs state for the potential ¢(z) = log Syys,. In a similar manner as

(3.1) for b admissible in Y define an operator Ly, : C(X%) — C(X%) by

Lyy f = > Li;f.

7 (3)=b,m(§)=b'

In the case of example 3.2.2 the operator L, = Loy + Loy is the matrix

0 0 0
Li-=10 0 o0
1/3 2/3 0

Recall that when ¢(z) = log S,,., the matrix representation for the transfer operator
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L, acting on span {X[a] fa € E} is given by the transpose of the stochastic matrix S.

Given a word w = wy - - - w,, admissible in ¥ define
Lw = Lwnwn—l e szuu Lw1wo
and notice that

Luywn Luoywo f () = eso(wox)meof(wlgj)X[wz}(x)

= %2200 £ (wowy ) Xy (2)-
Thus by iteration
Ly f(x) = eSneonas) £y oy, 2) X (2).
Similarly for w = wy - - - w,, admissible in Y define
Lo = Ls,5, ,  Low Low,-

We will make use of a strategy of using sequences of cones to obtain sub exponen-
tial rates of convergence that has been used previously in the decay of correlations

literature [26]. Give a metric d and a symbol a define a cone
C([a],d) = {f € C([a]) : f>0and f(z) < f(z')ed™@®) for all 2,2’ € [a]}
and given a number B > 0 define a cone

C([a], +B) = {f € O([a]) : f > 0and f(z) < ePf(a') for all z,2’ € [a]}.
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We now produce a sequence of metrics for which long products of the operators L;;
map C([al,d;) to C([b],0d;11) for some 0 < o < 1. This is crucial to bounding the

projective diameter (see corollary A.1.9).

Procedure 3.4.1. This procedure has two inputs. A function ¢ with the Bowen
property (which is fixed throughout this section) and a sequence a4, which is positive
and decreasing to 0 (we will make different choices for a;, depending on our needs).
What it produces is a sequence of natural numbers {n; };’io and a sequence of metrics
{d;};2, with specific properties. Construct a sequence {n;}~ of numbers and metrics

{d;};2, in following way. Set
a(0,k) = o, and a(m, k) = var,, 1 Sme.

Fix some 0 < 0 < 1. Inductively define a sequence {n;};-: take n; such that for all
n > ni we have a(0,n) < . As a; converges to 0 and Sy, ¢ is continuous we may

take ny such that for all n > ny we have that

2
o
a(0,n; +n) < 5 and a(ny,n) <

N[ Q

Continue in this way, that is given {nl}f;ll choose n; such that for all n > n; we have

a(O,m—l—ng—i----—l—nj,l%—n) < 5,
ol=1
a(ny,ng+ng+---+n;_; +n) < 2j—1"
oI =2

a(ng,ng—l—---—l—nj,l—i-n) -

= ]—7

[\
V]

ol
a(ng,nis1 +nigpo+ -+ nj_1+n) < i
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a(nj_1,n) <

IS

Define
i a(ni,niH + Nit2 +-+ n; + k’)
oIt

djr = (3.2)

i=0
where nyg = 0. Notice that for each j, d; £2%0 0 thus we can then define a sequence
of metrics {d;}~) b

dj(7,y) = dj k(ay) (3.3)
where k(z,y) = min {7 : 2; # y;}. Notice that doy = .

Remark 2. Unless ¢ is Holder n; 22% 0. In the case of a Holder potential (lemma

3.3.1) we can have that n; = 1 and dj, “pl“’ " for all J-

What we have gained from this construction of {n;};-, and d; is the following.

First,

J anz,nz+1+nl+2—|— Ny +n+1+/{:)
&(nj+17 k) + dj,nj+1+k = a(nJJrla + Z . 2

gJ—t

o (Oé(ngﬂ, k) I ZJ: (Mg, Mg + Nigo t .'.+.1+ nj +njp+ k))
O— —1

=

i1
o (jz a(ni,niH + Nit2 + -+ n; + UZES + k‘))

1) —i
i=0 oltl)

== O'dj+1’k.

This implies that n;;; products of the operators L;; map a cone of the type C([a], d;)
into a cone of the type C([b],od;+1) which is the content of lemma 3.4.2. Second, we
have that for £k > 0

d J a(ni, Ti+1 + Ni12 + -+ nj—1 + n; -+ k’) -t 1 O((TL]', ]C) K
gk = Z gi—i 25— o - o’
1=0 =0
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Where K is the constant from the Bowen property for ¢, this implies that for all j
and a we have that C([a],d;) C C([a], +B) where B =2+ £.

Lemma 3.4.2. For any j and word w = wyq - - - wy,, we have that

Lo+ (ol dy) = €1y, ), 0d1).

Proof. Suppose that f € C([wo],d;). For x,2" € [wy, ] with 2; = 2] for all 0 < i <

k — 1. We have by definition that

‘Snj+190(w0 U wnj+1—1x) - Snj+1 90<w0 T wnj+1_1x,) < a(nj-f-l? k)

and

f(wo s e W . 71.%)
- nj+1 / < exp {dj(wo Wy 1T, W wanrl_lgj/)}
f(wO Wnjpq1—-1T )

= €Xp |:djanj+1 +k‘:|

because f € C([wy,.,],d;) and wq---wy, 12, w0 - -~ Wy,,, 17" agree for nj + k

places. Therefore

Ly f()

— Snjpp(wown; 4 —17)

=€ f(w()"'wnj-‘.l—lI)

— eSnj+1 @(WO"'wnj+1flw)7Snj+1 So(w()"'wnj+171x/)+snj+1 SO(WO"'W7L]-+171:E/)

f(wO to wnj+1—1x)

f(’LUo o 'wanrl*lx/)
< exp [a(njﬂ, k) + dj7nj+1+k:i| Ly f(2)

= eo'dj+1($,.l‘/)wa<x/)

X flwg - 'wnjﬂ—lﬂf,)
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Hence Ly, f € C([wn,,,], 0dj41). O

The strategy of the proof of Theorem 3.1.2 will be the following. Define) : ¥ — R
by

E .. E £ 17 y
Y(y) = lim 10g< YmYm—1 Y2y1~y1%0 >
m—00 <£ymym,1 .. .£y2y11’ V>

Recall that if ¢ is Bowen then it has a unique Gibbs state p,, which satisfies the

(3.4)

Gibbs inequality

1 Ml/)[yo e yn—l]
¢ S esnl/’(y) S ¢
(that the pressure is 0 is a consequence of the assumption that p(L,) = 1). A

computation (Proposition 3.4.6) shows that

S0 Yo Y] R Teptglyo - Y.

Thus 1, and m, 1, are mutually absolutely continuous and therefore equal as they are
ergodic. ., is then the Gibbs state for ¢» and theorem 3.1.2 will follow by proving
that ¢ is Holder, Walters, or Bowen respectively.

This proof strategy is similar to [25] and [37] with the observation that the choice
of the measure v is arbitrary (although natural). The notable difference being that
we appeal to cone-theoretic techniques while [25] and [37] are based on “hands on”
bounds. That is, the function defined in [25] and [37] is essentially the same as (3.4)
with v replaced by a point mass. The real benefit to our method is that we can prove
that classes are closed under factor maps. This is in contrast to [25] and [37] where
the main application is continuity rates.

We must now construct a sequence of cones. To do so we identify C'(¥X4) with

@D.cx. C([a]) and define cones as in the proposition A.1.6. Given a word w = wy - - - W,
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admissible in Y and a metric d, define cones

C(in,w,d) = @ C([a],d)

a:qw,m(w)=w,wo=a

and
C(out,w,d) = ) C([a],d).
We will give names to the sets
Wi, = {a: Jw, 7(w) =W, wy =a} C X
and
Wouw, = {a : Jw, 7(w) =w,w, =a} CX.
In addition we will call

C(in,w,+) = P C([a],+)

a€Win

:{sz:f(x):Oforallx¢ U [a]}

a€Win

and

C(in,w,+B) = @ C([a],+B)

a€Win

= {f € C(in,w, +) : f(x) < P f(2)) for all z, 2" with 2y = x{)}

and similarly for “out”. To get a sense of these definitions observe that in example
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3.2.2 we have that

)
C(in,br,+) =< |ay| : a0,a1 >0
0
and
0
Clout,br,+) =< 10| :a2>0
Qg

Recall that because the potential in example 3.2.2 depends only on 2 coordinates we
can think of these cones as the non-negative quadrant of span {X[a} fa € E} ~ R In
general the cones C(in, w, d), C(out,w, d) are simply non-negative functions supported
on the cylinder sets corresponding to w;, and Wy, for which the restriction to any

cylinder set [a] is in the cone C([a], d).

Lemma 3.4.3. Suppose that w = W - - - Wy, is a word admissible in Y. We have

that
Lz : C(in,w, d;) — C(out, W, od;i1).

Proof. This is a consequence of the fact that Lz = 3" ()= Lw and lemma 3.4.2. [

Lemma 3.4.4. Let N be as in definition 3.1.1. There exists a constant C such that
Oc(outw+)(Lwf, 1) < C

for all f € C(in, w,+B) and admissible words W = w - - - Wy.
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Proof. Let z € Ur(g)=u,la] be such that f(z) = [|f|. By the assumption that =
is fiberwise sub-positive mixing we have that for any = € U,(,)—z,[a] there exists a

word w with 7(w) = w and wy = 2y, wny = x9. Thus
wa(x) 2 wa(x) — esNQO(’LUO""LUNfl"EO"')f(wO CrWN_1Xg ) 2 e_N”‘pHoo HfHOO e_B
on the other hand we have that

Laof () < N Callop 1/ lloe < MLl 1F oo -

Therefore

N
HLSO”O]C)
@C(out,ﬁ,-ﬁ-) (Lﬁfv 1) < IOg m ’

O

Remark 3. Note by potentially taking n; slightly larger if necessary we can have

that n; > N for all j.

Lemma 3.4.5. 1. There exists a constant D such that for any j and w = wq - - - Wy,

admissible in Y we have that

diamc(out@,dﬁl) (;C@C (in, @, dj>> < D

2. Let 7 >0, k> 1 and set m = Zle n;yi. For any word yp - - -y, admissible in

Y we have that

k
@C(OUtvynj+1"‘vadj+2)(Eymymfl e 'ﬁylyofv ‘Cymymﬂ e '['y1yog) <7 GC(in,ym-ynjH,dj)(fa 9)
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where v = tanh(D/4).

Proof. 1. Suppose that f,g € C(in,w, d;) as L f, Lzg € C(out, W, od;1,) we have
by corollary A.1.9 that

+o

1
@C(out,ﬁ,derl)('CUfa 'Cﬁg) <2 log 1—o + @C(out,E,Jr) (‘Cﬁfa 'Cﬁg)

1
§210g1+z+20

where C'is as in lemma 3.4.4.

2. We will show the second assertion when k = 2 the general case for £ > 1 is

similar. Set W' = yo - - Yp,,, and W* =y, - - - Y- Notice that
Eymymfl o '£y1yo = L2 L.
Define a map Rgz : C(out, @', d;;1) — C(in, @*, d;j11) by

Ry f(z) = Y Xa(@)f(2).
aeﬁfn
Notice that for any f € C'(X4), f — Rgz | € ker L2 because is it supported on
cylinder sets for which no word projecting to w? begins (R@?n is nothing but a
restriction map). Thus Lz f = L2 Rﬁ?n f. To get a sense of what is happening

consider the following diagram

L Ra L
C(in, @, d;) == C(out,w", d; 1) —= C(in, W, d;41) —= C(out, W?, ;)

(3.5)
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Hence

®C(out,w2,dj+2) (L2 Lo f, LgzLmng) = GC(out,EQ,dj+2) (L2 RE?HEE1f7 L Rﬁ?n Lz19)
< ’Y@C(in,ﬁ,dHl) (Rw?n L f, Rw?nﬁwlg)
< ’796(out,wl,dj+1)(ﬁwl fiLang)

< 72@can,wl,dj)(f, q)

by theorem A.1.3.

Proposition 3.4.6. Suppose that ¢ is Bowen.

1. The sequence of functions {f,,} C C(Y') defined by

<£ymym_1 - £y2y1 £y1y01, V> _ log W*V[yoyl e ym]
<£ymym71 to [’y2y1 ]'7 V> W*V[yl .. ym]

fm(y) = log

converges uniformly to a function ¢ : Y — R. Moreover v is Bowen.

2. If py is the unique Gibbs states for ¢ then there exist constants C, Cy > 0 such

that
Tt [Yo * + * Yn—1]
for all y.
3. [y = Taflep-

Proof. 1. Let ¢ > 0. Let oy, = var ¢, set d; to be the metrics as in equation (3.3)
and notice that this implies that L;;1 € C([i],dp). Let D and 7 be as in lemma

3.4.5. Take N =1+ Zle n; where k is chosen such that v*~'D < e. Suppose
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that y € Y and that n,m > N. Then

|fu(y) = fm(y)]
(Lyus Loy Lo, V) (Lypgr Ly Ly 1, 7)
(Lo s+ Ly 1,v) (Lo s Lo 1, V)
(Lynuns Lo Longo s Vyn) Loy Luon 1, V)
(Lonans Lo L Vym) (Lonons Ly Lyrgols Vym)

= |log — log

= |log

where

Vym = L5 LDy

YN+1YN YnYn—1

and similarly for v, ,,. For the sake of notation divide 31y, - --yny into words

W= Y1 Yt 1, W2 = Ynyt1 " Yytnot1 and so on. Thus by lemma A.1.4

‘fn(y) - fm(:U)’ < ®+(‘Cynyn—1 e ‘CZ/le (‘Cywol)? ‘Cynyn—l T £y2y11)>

where O, is the Hilbert metric on the cone of non-negative functions. In addi-

tion, by our choice of oy we have
Rwilnl’ Rwiln‘cyozn 1 € C(in, W, dp).
Thus by theorem A.1.3 and lemma 3.4.5 we have that

|fn(y) - fm(y)’ < @+(‘Cynyn—1 o ‘Cyzyl (‘Cylyol)v ‘Cynyn—l o '£y2y11)
< @C(out,ﬁk,dk)(ﬁﬁk T Ewl (£y1y01)a Ew’“ o 'Ewll)

< ”Ykil @c(in@?,dl) (RE?H Lo (£y1yo 1)’ RW?H Lo 1)

< ”Ykil@C(out,ml,dl)(ﬁml (£y1y01)7 L) < 'YkilD <E.
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Therefore { f,} is Cauchy in C(Y") and thus converges by completeness. To see

that 1 is Bowen notice that

-1 .
— . <£ymym_1 Ly, oy Ly L V>

Satp(y) = lim log
=0 <£ymym—1 o ‘Cylc+2yk+1 1, V>

Lyniym  LyirynLynyn—r = Lyryol, V>
= g, log
<£ymym—1 U £yn+1yn]" I/>

Thus for any n and y,y" € Y such that y; = y, for all 0 < ¢ < n — 1 we have

that

|Snib(y) — Snib(y)]

— lim [log <£ymym 2 Ly Lyayns - Lyigo L V> <£y’ v Lo b V>
e <£ymym v Lyaga L V> <£y£nyin Ly v ['yily’ Ly L V>
g &
Y

Eynyn 100 £y1y017 Vy,m> <17 Vy’,m)
Lvym >< Ynyn—1 """ £y1y01a’/y’,m>

< @C(OUt7@7+)(£ynyn—l o 'EylyoL 1)'

= lim
m—0o0

Notice that for any word w = wy - - - w, admissible in X} and z,2' € [w,] we

have that

ee —_ e / e /
Lwl({l?) — Onp(wown—12)=Snp(wo-wn—12")+Snp(wo-wn—12")

< efL,1(2).

Where K is the constant in the Bowen property for ¢. Thus for any word w
admissible in Y we have that L1 € C(out,w,+B) (note that K < 2+ £ =

B). Therefore restricting L1 as necessary (in the same way as the paragraph
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preceding equation (3.5)) we have that for n > N + 1

6C(Out,ﬁ,-l-) (‘Cyn—lyn—z T ‘Cyn—Nyn—N—l (‘Cyn—N—lyn—N—z T ‘Cylyol)? 1) < ¢

where N and C are as in lemma 3.4.4. Hence 1 is Bowen.

. Notice that for any probability measure 1 and cylinder set [I] we have that

KO (1) < e sup S0 < [ S () < sup 59U < o ([1]).
z:lz A zilz A

esnw(y) — lim <£ymym*1 T EynJrlyn‘Cynynfl e Eyly()l, I/>
m—00 <£ymym,1 .. 'Eynﬂynla l/>

1%
— lim (£ N P
ml_r>r(l>o< YnYn—1 Yy1Y0 ’<1,Vy’m>>
1%
= lim g / eSnelz) g (y’m )
m_ﬂ)ol:ﬂ'(l):yO"'yn—l YA <1,I/y’m>

> e KO mapoYo -+ Yni]
where

— * DY *
Vy,m - EynJrlyn Eymymfly'

Similarly

€Sn¢(y) S 0271—*,“90 [yO T yn—l]-

Observe that this implies that the pressure of ¥ is 0. The result is then simply

an application of the Gibbs inequality for fi.
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3. By 2 be have that p, and 7, are mutually absolutely continuous. As they are
ergodic this implies they are equal.

]

Remark 4. Observe that if ¢ is the logarithm of a g-function then v = 1, and the
function v is the logarithm of the g function for m,p,. Thus the proof of theorem

3.1.2 will also yield corollary 3.1.3.
What remains to prove theorem 3.1.2 is the following.

Theorem 3.4.7. Suppose that ¢ is Walters (respectively Holder). Then the function

L o Ly Ly 1, v
b(y) = lim 10g< YmYm— Y291~ y190 >

m—0o0
<£ymym—1 e £y2y1 17 V>

is Walters (respectively Holder).

Proof. We will prove the result in the case that ¢ is Walters. The Holder case is similar
to the previous section [35]. Let aj = sup,; var, . Spe which by the assumption
that ¢ is Walters converges to 0 (and thus can be used as an input for procedure
3.4.1). Define the sequence {n;} based on procedure 3.4.1. Set d; to be the sequences
of metrics based on {a;} and {n;} as in (3.3).

Let € > 0. To show that ¢/ has the Walters property we need to show that there
exists N such that for all j > N, var,;; S,% < € for all n > 1. To do so suppose that
n>1,j >0 and that y,y’ € Y are such that y; =y, forall 0 <i <n+j—1. In the

same way as the proof of proposition 3.4.6 we have that

1Sutb(y) = Sn(y')]

<£yn+j—lyn+j—2 T Eyn+lyn£ynyn71 T Lywola Vy,m> <£yn+j—lyn+j—2 T EynJrlyn]" Vy’,m>

= i, log

1

<£yn+j71yn+j72 e £yn+1yn17 Vy,m> <‘Cyn+j71yn+j72 s £yn+lyn£ynyn71 o "Cy1y0 )

Vy’,m>
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where

_ *
yy’m — £yn+jyn+j71 £ymy7n—11/

and similarly for vy ,,,. Thus by lemma A.1.4

|Snw(3/) - Snw@l)‘ < @+(£yn+]~71yn+j72 T Eyn+1yn (‘Cynynfl T £y1y01)7 ‘Cyn+j71yn+j—2 T Eyn+1yn1)-

Let D and v be as in lemma 3.4.5, take k such that Y*"'D < e and set N = 1+3% | n;

(note N depends only on € and not on n,y or y’'). Assume that j > N. For notational

purposes divide Y, Yni1 - Ynipn 00 words Wh = ¥, Yninys W2 = Yniny *** Yrtng to
and so on. Notice that by our choice of the sequence {a;} we have that for any

reX}
Loy Liywe 1 € C([n], do)
and thus
Ryn 1, Rt Ly, -+ Lyl € Cin, @', do).
The picture to have in mind through the remainder of the proof is the following
R_3 Lo R L1

PG LY C(out, w?, dy) <= C(in,w", d) . Clout, @', dy) < C(in, @', o).

By lemma 3.4.5 each L contracts the relevant cones by a factor of v and thus we

have

ISn@b(y) - Sn¢(y’)| < @+(£yn+j—lyn+jf2 e Eyn+1yn (['ynyn_1 e Eylyol)v £yn+jflyn+jf2 e Eyn+1yn1)
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< @C(out,wk‘,dk)(['w’“ T Ewl (Cynyn—l o '£y1y01>> Lmk o 'ﬁwl 1)
< ’Ykil@c(in,EQ,dl)(Rwﬁlﬁwl (ﬁynyn—l o '£y1y01>7 Rminﬁwll)

< ’Ykil@C(out,wl,dl)(ﬁwl(Eynyn-l T £y1y01)7 ﬁﬁll) < ’VkilD <&

Thus taking the supremum over y,y" we have that var,y; S,¥ < € and taking the
supremum over n gives sup,,sj vary,; S, < €. Therefore sup, var,,; S,v iy

and ¢ is Walters. O

3.5 Final remarks

1. Similar results hold on countable state topological Markov shifts with a strong

“mixing in fibers” assumption on the factor map.

2. The theory of factors of Gibbs measures in dimension greater then 1 is well
known to be filled with strange phenomena such as loss of Gibbsianness. This
is in stark contrast to the results we have presented in this chapter. It is worth
pointing out that the uniqueness regimes we have considered in this chapter
do not exhibit many pathologies which are prevalent in higher dimensions. In

particular they do not undergo phase transitions.

3. One interesting direction to move in an attempt to bridge the gap between our
results and those in higher dimension would be to consider factors of Markov
measures on countable state topological Markov shifts. These represent an
intriguing class with respect to the current theory. On the one hand they can
exhibit phase transitions and on the other they are fairly tractable objects with
a well developed theory. It seems likely that one could understand in a fairly
explicit way the existence of so called “hidden phase transitions” in these models

and their connection to loss of Gibbsianness. We leave this for future work.
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Appendix A

Cone Theory

A.1 Cones in C(X})

Definition A.1.1. Let V be a real vector space. A subset C C V is called a cone if
1. aC =C for all a > 0.
2. C is convex.
3.CN(=C)=10

if C satisfies only (1) and (2) we say that C is a wedge. We say that C is a closed cone

if CU{0} is closed.

Every cone induces a partial ordering on the vector space V' by
r<cy <= y—xcCU{0}.
For x € C and y € V we say that x dominates y if there exists «, § such that

ar <c¢y <¢ PBz.
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If x dominates y and y dominates x then x,y are said to be comparable. A cone C is
called almost Archimedean if whenever x € C and y € V are such that —ex <¢ y <¢ ex

for all € > 0 it follows that y = 0. If z >¢ 0 dominates y then define

m(y/x;C) = sup{a: azx <c y}

M(y/x;C) = inf {5 : y <c fa}

if x and y are comparable we define

Gc(r.y) =og (21 1),

m(x/y;C)

This is known as Hilbert’s metric and has been used in a number of different
contexts. In dynamics it is most often used to prove upper bounds on the rate of
convergence for transfer operators. This function O¢ is a projective psuedo metric in

the following sense.

Proposition A.1.2. Let V be a real vector space and C C V a cone. Suppose that

x,1, z are comparable and a,b > 0. Then
1. ©¢(z,y) > 0.
2. ©c(z,y) = Oc(y, ).
3. Oc(z,y) < Oc(x,2) + Oc(z,y).
4. Oc¢(ax,by) = Oc(x,y).

If C is almost Archemedean then

Oc(r,y) =0 = z=ay
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for some a > 0.
Proof. These follow by direct computation. See for example [14, lemma 2.7]. ]
The true utility of Hilbert’s metric is the following theorem.

Theorem A.1.3. (Birkhoff [1]) Let Cy,Cs be closed cones and L : V; — V5 a linear
map such that LC; C Cy. Then for all ¢, € Cy

diamcz (LC 1 )

Oc, (Lo, L)) < tanh ( 1

) @Cl (¢7 @D)
where
diame, (LCy) = sup{Oc¢,(f,9) : f,g9 € LC,}

and tanhoo = 1.

Given a closed cone C in a Banach space X we define its dual
C'={Ye X" :(x,¢) >0forall z € C}

Notice that if LC; C Cy then L*Cy C Cj. To see this suppose that ¢ € C5 and z € C;

then
(z, L") = (Lx,¢) > 0.

A word of caution: in general C* is not a cone but a wedge.
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Proposition A.1.4. Let C be a closed cone and z,y € C such that x and y are

comparable. Then for any ¢ € C*, (x,¢) = 0 if and only if (y, ») = 0. Furthermore

Oc(,y) = logsup { (z,) (y.0)

m 21,0 € C*and (y, d) (x, ) 7&0}

Proof. The proof can be found in [13, Lemma 1.4]. a

Let X% be a topological Markov shift over a countable alphabet (we will work in
this generality so that the industrious reader can convince themselves that under the
appropriate assumptions the results about factors can be carried over to countable

state spaces). Define

Ci(E5) = {1 € C(Sh) s sup ()] < oo}

When Y7 is a shift space it is often nice to think of Cy(34) as a “£>°” direct sum of

the spaces

C(la]) = {f € Cy(Zh): f(w)=0forall z ¢ [a]}

where a is a symbol in the alphabet. Recall that given a collection of Banach spaces

{X:}.;2, we can define
P X = {(ai)fio ssup [|aillx, < OO}
i=0 20

and

1(a:)Zoll = sup [l x, -
>0

This along with coordinate-wise addition and scalar multiplication is one of a number
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of possible ways to take the direct sum of Banach spaces.

Proposition A.1.5. The function ||(a:)2, | = sup;> [|ail| x, defines a norm on @52, X;

which makes @;°, X; into a Banach space.

It is not hard to see that

Co(X3) = D C(la)).

(A

Moreover given a subset of symbols S we identify

P C(la]) = {f € Cy(Za): f(x)=0forallz ¢ J [a]}.

a€sS a€S

We will also be concerned with cones which arise in the following way.

Proposition A.1.6. Suppose that {X;}.°, is a sequence of Banach spaces and C; C

X, are closed cones. Then

B - {(x»;'io cDxismeay {0}} \{(0)50)

is a closed cone in @;°, X;.

Proof. As addition and scalar multiplication are coordinate wise it is clear that @;°, C;
is a cone. To see that it is closed suppose that x is in the closure of @;°,C; and take
a net ¢ converging to x. By the definition of the norm we have that for any ¢
x¢ converges to x;, as C; U {0} is closed this implies that z; € C; U {0}. Therefore
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Lemma A.1.7. Suppose that {X;}°/ is a set of Banach spaces and C; C X; are

closed cones. Then

(x/y @C) mfm (xi/yi:C;)

and

M (zv/y;@cz) = sup M (z;/y;; C;).
Thus

O, c,(w,y) = log (S?Jp m(a:j/yjscj)>

Proof. We will show this for m the proof for M is similar. Notice that

R SS E—
= supﬂ {a Coxy <, yi}

= inf m(zi/y;; Ci)
For a metric space (Z,d) define the cones
Ci(2)t ={feC(2): >0}

and

C(Z,d) = {f € Cy(Z): f>0and f(x) <@V f(y) for all z,y € Z}.
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Lemma A.1.8. Assume that Z has no isolated points. For f,g € C(Z,d) we have

. e Og(y) - g(@)
mlg/ G2 d) = W e fy) = f ()

and

. _ e"Wg(y) — g(@)
M(g/f7 C<27 d)) B m,yzgg#y 6d(z,y)f<y) - f(ZL') .

Proof. This is a mild generalization of the proof of lemma 2.2 in [29] we provide
the details for the reader’s convenience. We will compute m(f/g;C(Z,d)), M(f/g :
C(Z,d)) is analogous. Notice af <¢(zq) ¢ if and only if

d(z,y) _
a < —g(m) Vere X and oo < ¢ 9(y) (z)

g
(@) D fly) — fa) 7Y

Thus

m(g/f;C(Z,d)) = sup {04 caf <eza) 9}

ol 80 e gt
- {522 f(x) . ey (y) — f(z) } '

So the claim is that

()

d(z,y) _
e C9y) — g(2) < inf
z,YyEZ,xFY ed(a:,y)f(y) — f(x) x€Z (.Z'

~—

Let z € Z and take x # z such that % < 1. Note this can always be done unless

% has a unique minimum at z. Then

ceo () —gle) e Ig() — g(2)
wyeZaty @) f(y) — f(z)
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If 2z is the unique minimum of ? then take a sequence which is not eventually z
converging to z and the same inequality follows (hence the assumption that Z contains

no isolated points). O

We are concerned with the case that Z is a cylinder set in ¥} and d some metric.
Given a metric and a number ¢ > 0 we can define a new metric by the function
(x,y) — od(z,y), the new metric is called od. The next corollary will be one of
our fundamental tools, it has been noticed previously, see for example [32] and [29],

although we state it in a somewhat different way.

Corollary A.1.9. Suppose that {(Z;,d;)}, is a countable collection of metric spaces

without isolated points. If f, g € @, C(Z;,0d;) then

1+0
O, c(z:.a)(f59) < 2log ST O, c(z)+ ([, 9)

1—
Proof. Notice that for and ¢, 7 we have that

M(fi/gi§C(Zi>d))

m(f;/9;5;C(Z;,d))

sup { e"Vg(y) —g(x) e f(z) = f(w)
el fy) — f(x) elw2g(z) — g(w)

:x,yeZi,w,zer,x#y,w#z}

and
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d(z,y) _ gi(z) d(w,z) _ fi(w)
e aw ¢ e g fi()
o z, fi(z) d(w,z) _ gj(w) . .
€ ( y) fz(y) € ( ) g]j(Z) f'L(y)g](z)

Ay _ gmoday) w2 _ gmodw2) g () ()
= edwy) — eodley) T edw) —eodwz) £ (y)g;(2)
) (1 — e~(H40en)) gdlu)(] — o= )
ed@y)(1 — e~(1-0)d(y)) " ed(w, (1 — e~ (1-0)d
1 — o-(Ho)d@y) | _ o~ (to)d(w,z) Vfi(2)
1 — e (—0d@y) 1 — e~(1-0dwa) * f,(y)g;(2)
(1+o)d(z,y) (1+o)dw,2) g(y)fiz
(1—o)d(z,y) (1—o)d(w,z) fi(y)g;(z
_ (49 (+0) 6W)/fi(2)
(1-0) (1-0) fi(y)g(2)

where in line 6 we have used that for z >y > 0

1—e" T
< —.
l—e¥v — gy

A semi-norm || is said to be adapted to a cone C if
f+geCandg—felC = |f| <|g|.

Lemma A.1.10. Suppose that |-|, and |-|, are semi norms adapted to a closed cone

C. If [f], = lg[, # O then

|f—gly < (e Oclf.0) =1 [fl,-

Proof. The proof is essentially that in [29], this exact statement appears in [32]. [
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A.2 Ruelle-Perron-Frobenius theorems

The Ruelle-Perron-Frobenius (RPF) theorem is one of the most studied results in
dynamical systems. It has many variants for different types of dynamical systems.
Here we will prove a version of the original RPF theorem and an extension of the
original for potentials on one-sided shift spaces satisfying the Bowen property. This
result is largely known but we include this section for two reasons. First as we have
developed the machinery of cones in C'(¥}) we can give a relatively simple proof,
and second it serves to point out that the Bowen property is the natural assumption

required to make use of cones. In this section we will prove the following theorems.

Theorem A.2.1. Suppose that ¥ is a set of symbols and ¢ : XY — R is Holder.
Let L, be the Ruelle operator and assume without loss that L, has spectral radius

p(L,) =1 and let 0 < 6 < 1 and |¢|, be as in the definition of Hélder.

1. There exists v a probability measure on XV and a Holder continuous function

h > 0 such that Ly = v, L,h = h and [ hdv = 1.

2. Let

Cc={feCE"): fa) >0, f(x) < fy)e" ")

where k(x,y) =min{i > 0:2; # y;} and K = |(fk’g and 0 < § < o < 1. There

exist constants A > 0 and 0 < v < 1 such that

|Lof = royh|_ < Al m Y

for all f € C and n > 0.
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Theorem A.2.2. Suppose that ¢ has the Bowen property and X7 is a one-sided
topologically mixing shift of finite type. Let L, be the Ruelle operator and assume

without loss that p(L,) = 1.

1. There exists v a probability measure on >, and a measurable function A > 0

such that LLv = v, Lyh = h and [ hdy = 1.

2. For any probability measure 7

(L))" novos,
L.k o

In particular v is the unique probability measure for which L7v = v.

3. If h € C(X}) then for all f € C(ZF)

|of = fvyn| =0

As far as the author is aware it is unknown if there are examples in which the func-
tion h is not continuous, see [43, section 5] for some discussion of this. Fundamentally
this is a question of whether or not the sequence {Lgl}oo . is equicontinuous. This is

n=

assured if for instance the function ¢ satisfies the Walters property but it is unclear

if it holds for potentials with Bowen property.

Proof (of Theorem A.2.1). 1. The existence of v is standard the proof is sketched
at the beginning of the proof of Theorem A.2.3. Next we claim that L1
is Cauchy. By the same argument as lemma 3.3.1 (2) we have that D =
diame(L,C) < 0o. Set v = tanh(D/4). Notice that the semi-norms ||-||_, and

|(-,v)| are adapted to C(X})T and that <Lgl,u> =1 for all n > 0. Suppose
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that n <m

|Lon—rpa| < |pp| (e —1) by lemma A.1.10
< C(eP+LELEEY) _ 1) by equation (A.1)

<Ce" P —1).

Take h = lim,,_, oo Lgl.

2. Again as ||-| , and |(-,v)| are adapted to C'(X})" we have that

f
(f:v)

< (f,v) ||hll, (e Fe/M — 1) by lemma A.1.10

\Lof = (fvyh|| = (fv)|Ln

X

< Chllo (f,v) 04 (LGS, 1)
< C|hll {f,v) "' D. O
The convergence properties in theorem A.2.2 will result from the following lemma.

Lemma A.2.3. Suppose that ¥4 C ¥V is the topologically mixing shift of finite type
defined by the matrix A and that ¢ is Bowen. Let € > 0. For any f,g € C(X7}) such

that f, g > 0 there exists an N such that
O, (Lyf, Lyg) <e

for all n > N.

Proof. Take M such that AM > 0 and «,, = max {var, log f, var, log g}. Construct a

sequence of numbers {n; };io as in section 3.4 such that n; > M for all j and metrics
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{d;}2, as in equation (3.3). As in section 3.4 define the cone

C(lal.d;) = {f € C(la)) : f(x) < f(y)e™ ™ for all z,y € [a]}

which for any 7 and a is contained in the cone

C([a],+B) = {f €X,:f>0and f(x) < er(y)}

where B = % This is where the Bowen property is crucial. Finally take

¢; = @c(dl. )

aeX

= {f eC(XA): f>0,f(x) < f(y)edj(x’y) for all x,y € ¥4 with z¢g = yo}.

By an argument similar to lemma 3.4.2 we have that Ly maps @,cx C([a], d;) to

@Puex C([a], 0d;41). Thus by corollary A.1.9 we have that for any fi, fo € C;
n; n; 1 +o
@Cjﬂ (Ltpjﬂfla LL,OJHfZ) < 210g 1_o

1
§210g1+0

+ O, (Ly+ fr, L fa)

+ @-i-(Li/[fla Lcjny)

— 0

Notice f1 € Cj C B,ex C([a], +B). Let x € XF. Take z such that fi(z) = ||f1]|..- By
the assumption that X7 is topologically mixing there exists an I such that iy = 2,

|I| = M, and Ix € X} thus

LMie)= > I f(Lr) > M £ e
L|I|=M Izex}
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Thus
W 2
op
@+<L¢ f1,1) <log e T
and therefore
M
nj T 1 + g HLSO o

Oc,, (L fu, Ly f2) < 2log 1 +2log | 5y~

Set
M
1 + o Hch o D

Take k such that 7*~'D < ¢ and set N = ¥ | n; if n > N then by theorem A.1.3

we have that
@+(Lva ng) < @+(Lgf7 ng) < @Ck (Lgf7 ng) < ’yk_1@C1 (Lglfv Lglg) < ’yk_lD <Eé&.

[]

Proof (of Theorem A.2.2). 1. This is standard see [43]. We will sketch the details.

Define the map

Lin
<1, L*@77>

and notice that this is weak® continuous. By Schauder-Tychonoff there exists a

n—

probability measure v with Liv = <1, L;y> v. Notice that

log <1, L:;y> = ilog<1, L;y>n = Tlllog <1, (L;)”l/> = 71110g <LZL 1/>.
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It follows from the Bowen property that

e Ln (A.1)

< (LpL) <L

op op ’

Thus

log<1, Lf;y> = lim llog <L7;1,V> = :llog HLZHOP =logp(L,) =0

n—oo n,

in other words <1, Lj;V> = 1. Define

hi(z) = limsup L7 1(z).

n—oo

The Bowen property implies that there exists a constant D > 0 such that

D' < L21(x) < D for all x € ¥4, sce [43, theorem 2.16]. Notice that

Lohi(z) = ) e@(ix)limsupLgl(i:c)

REIIN n—00
> limsu B [ (ix
- n—>oop Z ® ( )

PITED A

= limsup L7 '1(x)
n—oo

= ()

Set h(x) = lim, oo L:},hl(x) which exists by monotone convergence and normal-
ize so that [ hdv = 1.
2. By proposition A.1.4 we have that for any f € C(X4) with f >0

(P i) (s o)
(f.v) (fov) (L (L))
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< O+ (L fiLg1)

and similarly

<f (L) >
(f,v) < O+ LLALEY) (L.(Le)mn) > o O+(Lf.LE1).
<f (Ly)"n >— (fiv)

T (L(Lg)mn)

Therefore by lemma A.2.3 we have that

(s <1,(f§;:n>> T

(L)"n
It foll h z
t follows that BT

span{f eCEl): f> O} is dense.

converges weak™® to v, as % is bounded and
e

3. We have that

f
{f;v)

< (f,v) ||hll, (&M — 1) by lemma A.1.10

|Lof=(fvyn| = v

Ly =)

27 0 by lemma A.2.3 [l

A.3 Finite dimensional Perron-Frobenius Theory

Here we collect some facts as well as the basic definitions and properties of cones in

finite dimensional vector spaces. Most of material on cones will be familiar from the
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classical Perron-Frobenius theory for non-negative matrices. In addition we collect

some elementary propositions and lemmas which we use in the thesis.
Definition A.3.1. Let A : R — R? be a linear map and K C R? be a cone.
e We say that A is K-non-negative provided AK C K and we write A > 0.
o We say that A is K -positive if A(K \ {0}) C int(K) and we write A >% 0.

o We say A is K-primitive if A >% 0 and there exists an N such that AV is

K-positive.
e We say A0 is K-irreducible if A >% 0 and 2{_3 A* is K-positive.
Often when K is understood we suppress the notation.

There are various definitions of K-irreducible in the literature. It is known that
these conditions are all equivalent however finding a complete proof in the literature
is surprising difficult. Thus for the sake of completeness we include we prove these

equivalences in Proposition A.3.3.

Lemma A.3.2. Suppose that K C R? is a cone. Then

int(K) = {u: (u,v) >0 for all v € K*\ {0}}.

Proof. First we recall that

K ={u: (u,v) >0 for all v € K* with [jv]| =1}

this is a very general fact for closed cones in Banach spaces which follows from a
suitable Hahn-Banach theorem, see [13] for a nice discussion. Let u be such that

(u,v) > 0 for all v € K*\ {0}. Now take 6 > 0 such that (u,v) > ¢ for all v € K*
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with [|v|| = 1. Suppose that ||w — u|| < §/2 then for any v € K* with ||v]| = 1 we

have

[{u, ) = (W, v)| = [(u —w, V)| < flw —wul| <5/2.

This implies that (w,v) > §/2 > 0 and thus w € K. As B(u,§/2) C K we have that
u € int(K).
Now suppose that u € int(K). Take 6 > 0 such that B(u,d) C K if ||w| = /2

then

I(u+w) —ul| = flw| < ¢ and [[(u = w) —ul| = fJw|| <4

implies that u — w,u +w € K. Thus for any v € K*

0 < ({u+4w,v) = (u,v) + (w,v) and 0 < (u — w,v) = (u,v) — (w, v)

which implies

IN
IA

— (w,v) < (u,v) < (w,v).

Then we have

[oll = (2/6) sup [(w,v)| < (2/6) (u,v) .

l[wl[=6/2

In particular if v # 0 then (u,v) > 0. O

Proposition A.3.3. Suppose that A preserves a non-void cone K C R The fol-

lowing are equivalent:

1. A has no eigenvector contained in 0K.
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2. A has no invariant faces. (See [40] for the definition of a face.)
3. (I +A)*!is K-positive.

4. Zg;é AF is K-positive. That is A is K-irreducible in the sense of Definition

A.3.1.

Proof. (1 <= 2)is [40, Theorem 4.1].
(2 = 3) is [40, Lemma 4.2].
(4 = 1) is clear if A has an eigenvector contained in JK then so does Y {=0 A*.

(3 = 4) Suppose that u € K \ {0} by the assumption that (I + A)¢~1 >& 0 for

any v € K*\ {0} we have that

o< () = 5 (1)) ()

k=0

by lemma A.3.2. This implies that

d-1 d-1
0<> <Aku,v> = <<Z Ak> u,v>
k=0 k=0
and hence Y¢-1 A*u € int(K) by Lemma A.3.2. So Y9-8 A* is K-positive. O

The Perron-Frobenius theorem holds for abstract finite dimensional cones just as

it does for the positive orthant.

Theorem A.3.4. Suppose that A : R? — R? is linear and K is a closed cone with
non-void interior. Let {);}, denote the eigenvalues of A ordered such that we have

p(A) = M| = [Ae| = -+
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1. If A is K-non-negative then

(a) p(A) is an eigenvalue.

(b) K contains an eigenvector corresponding to p(A).
2. If A is K-irreducible then
(a) p(A) is a simple eigenvalue, and any other eigenvalue with the same mod-

ulus is simple.

(b) Suppose that u is an eigenvector for A corresponding to p(A) and v is an
eigenvector of AT corresponding to p(A) normalized so that (u,v) = 1.

Then

where P = uv”| that is, Pw = (w, v) u.
3. If Ais K-primitive then
(a) p(A) is a simple eigenvalue, which is greater in modulus than any other

eigenvalue.

(b) Suppose that u is an eigenvector for A corresponding to p(A) and v is an
eigenvector of AT corresponding to p(A) normalized so that (u,v) = 1.

Then for all small € > 0 there exists C' > 0 such that for all n > 0

“ngn No| +2\"
e < (P55

where Pw = (w,v) u.

Proof. 1. This is contained in [40, Theorem 3.1].
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2. Part (a) can be found in [40, Theorem 4.3]. Part (b) follows from (a) using the
same proof as for non-negative matrices, which can be found in [22, Theorem

8.6.1].

3. This result is well known. It can be proved for example using Hilbert’s projective
metric and holds in significant generality; see for example [13, theorem 2.3]
(although the result in [13] is significantly more powerful than needed here).
The article [40] contains a proof of this result when A is assumed K-positive.

[]

It is clear from the definition of irreducibility and primitivity that the eigenvector
corresponding to p(A) is contained in the interior of the cone K. This agrees with the
fact from classical Perron-Frobenius theory the the eigenvector has all positive entries.
Notice also that for K-irreducible/primitive matrices there always exist vectors u
and v with u an eigenvector for A corresponding to p(A) and v is an eigenvector for
AT corresponding to p(A) such that (u,v) = 1 (by 1(b) and the observation that
u € int(K) by irreducibility /primitivity). This ensures that 2(b) and 3(b) are never
VaCcuous.

We need the following to produce the Gibbs inequality.
Lemma A.3.5. Suppose that K is a cone and that D C int(K) and D* C int(K™)
are non-empty and compact. Then there exists a constant C' > 0 such that

CTHIA| < (Au,v) < C||A]]

for all u € D, v € D*, and A >¥ 0.

Proof. Suppose A >¥ 0, and that for some u € int(K) and v € int(K*) we have

(Au,v) = 0. Then Au = 0 by an argument similar to Lemma A.3.2. Thus for any
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w € K* we have that (u, A*w) = 0 which implies that A*w = 0 by lemma A.3.2.

Therefore A* = 0 and of course A = 0. Thus the function
(A, u,v) = (Au, v)

is continuous and (Au,v) > 0 for all A >X 0, A # 0 and v € D,v € D*. As the set

of norm one K non-negative matrices cross D x D* is compact we can find a C' > 0

Au
Ccl< <'U> <C
|| Al

for all A >% 0, A # 0 and u € D,v € D*. Clearly the inequality holds for A = 0

such that

hence we have the result. OJ

We will use the proceeding lemma to relate the definitions of irreducible and
primitive for a collection of matrices in chapter 2 to irreduciblity/ primitivity of the

operator L4 from example 2.2.3.

Proposition A.3.6. Let A = (Ag,...,Ay—1) € My(R) and define L4 as in example
2.2.3, that is, Ly4B = Y, A;BA?,

1. If L4 is irreducible then A satisfies inequality (2.3).
2. If L4 is primitive then A satisfies inequality (2.4).

Proof. We will prove (2); then (1) will be similar. Let L; be as in example 2.2.3.
Take N such that LY >% 0 and U,V positive definite matrices. Set D = {U} and
D* = (L)N({W € K*: (U, W)y = 1}). Notice that {W € K* : (U, W)yq = 1} is

closed and bounded (by lemma A.3.5) hence compact. Take C' > 0 as in lemma
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A.3.5. Then

> AAAS|® > ¢ (L LY LU V)

HS
\K|=N
LV
=YL UV LuL*Nf>
> O || Arl 1A,
where we have used the fact that ||L;| = ||A;||*. Therefore

1/2
S 1A AR A > ( > ||A1AKAJ||2) > O || Al || A 1B

|K[=N |K|=N

Proposition A.3.7. Let k£ be an even number and define
S = span {v®k v € Rd}
and

K:{wES*:<v®k,w> kZOforall’uERd}.

(RY)®
Then K is a closed cone with non-void interior.

Proof. That K is a closed cone is trivial. Thus we turn our attention to showing that
K has a non-void interior. First we note that there exist elements w € K such that
<v®k, w> > 0 for all v € R4\ {0}. For example define a multi-linear map f : (R?)* — R

by
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this gives a linear map f : (RY)®* — R such that

d
fF) =3 "oF > 0.
=1

Now if v 2=°% w then

Thus {v®k : Hv®kH = 1} is compact. Take § > 0 such that f(v®*) > ¢ for all v for
which Hv®kH = 1. Now if g € S* is such that ||f — ¢|| < §/2 then g € K. Hence
int(K) # 0. O

Proposition A.3.8. Suppose that (Ao, ..., Ay 1) isirreducible. Then (Af, ..., A5_;)

is also irreducible.

Proof. Notice that if AYW C W then A;WL C W+, To see this consider for any

u € Wt and w € W we have
0= (Afw,u) = (w, A;u)

which implies that A;u € W+, If AW C W for all 0 <i < M — 1 then W+ = {0}
or R% hence W = {0} or R<. O



88

Bibliography

1]

Garrett Birkhoff. Extensions of Jentzsch’s theorem. Trans. Amer. Math. Soc.,

85:219-227, 1957.

Jairo Bochi and Ian D. Morris. Equilibrium states of generalised singular value

potentials and applications to affine iterated function systems. Geom. Funct.

Anal., 28(4):995-1028, 2018.

Rufus Bowen. Markov partitions for Axiom A diffeomorphisms. Amer. J. Math.,

92:725-747, 1970.

Rufus Bowen. Symbolic dynamics for hyperbolic flows. Amer. J. Math., 95:429—
460, 1973.

Rufus Bowen. Bernoulli equilibrium states for Axiom A diffeomorphisms. Math.

Systems Theory, 8(4):289-294, 1974/75.

Rufus Bowen. FEquilibrium states and the ergodic theory of Anosov diffeomor-
phisms, volume 470 of Lecture Notes in Mathematics. Springer-Verlag, Berlin,
revised edition, 2008. With a preface by David Ruelle, Edited by Jean-René

Chazottes.

Mike Boyle and Karl Petersen. Hidden Markov processes in the context of sym-

bolic dynamics. In Entropy of hidden Markov processes and connections to dy-



[10]

[11]

[12]

[14]

[15]

89

namical systems, volume 385 of London Math. Soc. Lecture Note Ser., pages

5-71. Cambridge Univ. Press, Cambridge, 2011.

Richard C. Bradley. Basic properties of strong mixing conditions. A survey
and some open questions. Probab. Surv., 2:107-144, 2005. Update of, and a

supplement to, the 1986 original.

Richard C. Bradley, Jr. On the t-mixing condition for stationary random se-

quences. Trans. Amer. Math. Soc., 276(1):55-66, 1983.

Yong-Luo Cao, De-Jun Feng, and Wen Huang. The thermodynamic formalism

for sub-additive potentials. Discrete Contin. Dyn. Syst., 20(3):639-657, 2008.

Jean-René Chazottes and Edgardo Ugalde. Projection of Markov measures may

be Gibbsian. J. Stat. Phys., 111(5-6):1245-1272, 2003.

Jean-René Chazottes and Edgardo Ugalde. On the preservation of Gibbsianness
under symbol amalgamation. In Entropy of hidden Markov processes and con-
nections to dynamical systems, volume 385 of London Math. Soc. Lecture Note

Ser., pages 72-97. Cambridge Univ. Press, Cambridge, 2011.

Simon P. Eveson and Roger D. Nussbaum. Applications of the Birkhoff-Hopf the-
orem to the spectral theory of positive linear operators. Math. Proc. Cambridge

Philos. Soc., 117(3):491-512, 1995.

Simon P. Eveson and Roger D. Nussbaum. An elementary proof of the Birkhoff-
Hopf theorem. Math. Proc. Cambridge Philos. Soc., 117(1):31-55, 1995.

Kenneth J. Falconer. The Hausdorff dimension of self-affine fractals. Math. Proc.

Cambridge Philos. Soc., 103(2):339-350, 1988.



[16]

[17]

[18]

[19]

[20]

[21]

[25]

90

De-Jun Feng. The limited Rademacher functions and Bernoulli convolutions

associated with Pisot numbers. Adv. Math., 195(1):24-101, 2005.

De-Jun Feng. Equilibrium states for factor maps between subshifts. Adv. Math.,
226(3):2470-2502, 2011.

De-Jun Feng and Antti Kdenméki. Equilibrium states of the pressure function

for products of matrices. Discrete Contin. Dyn. Syst., 30(3):699-708, 2011.

De-Jun Feng and Ka-Sing Lau. The pressure function for products of non-

negative matrices. Math. Res. Lett., 9(2-3):363-378, 2002.

N. A. Friedman and D. S. Ornstein. On isomorphism of weak Bernoulli trans-

formations. Advances in Math., 5:365-394 (1970), 1970.

Yves Guivarc’h and Emile Le Page. Simplicité de spectres de Lyapounov et pro-
priété d’isolation spectrale pour une famille d’opérateurs de transfert sur ’espace
projectif. In Random walks and geometry, pages 181-259. Walter de Gruyter,
Berlin, 2004.

Roger A. Horn and Charles R. Johnson. Matriz analysis. Cambridge University

Press, Cambridge, second edition, 2013.

Anders Johansson, Anders Oberg, and Mark Pollicott. Ergodic theory of
Kusuoka measures. J. Fractal Geom., 4(2):185-214, 2017.

Anders Johansson, Anders Oberg, and Mark Pollicott. Phase transitions in long-
range ising models and an optimal condition for factors of g -measures. Ergodic

Theory and Dynamical Systems, to appear.

Thomas Kempton. Factors of Gibbs measures for subshifts of finite type. Bull.
Lond. Math. Soc., 43(4):751-764, 2011.



[20]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

91

Abdelaziz Kondah, Véronique Maume, and Bernard Schmitt. Vitesse de conver-
gence vers 1’état d’équilibre pour des dynamiques markoviennes non holdériennes.

Ann. Inst. H. Poincaré Probab. Statist., 33(6):675-695, 1997.

Shigeo Kusuoka. Dirichlet forms on fractals and products of random matrices.

Publ. Res. Inst. Math. Sci., 25(4):659-680, 1989.

Francois Ledrappier. Principe variationnel et systemes dynamiques symboliques.

7. Wahrscheinlichkeitstheorie und Verw. Gebiete, 30:185-202, 1974.

Carlangelo Liverani. Decay of correlations. Ann. of Math. (2), 142(2):239-301,
1995.

[an D. Morris. Ergodic properties of matrix equilibrium states. FErgodic Theory

Dynam. Systems, 38(6):2295-2320, 2018.

Ian D. Morris. A necessary and sufficient condition for a matrix equilibrium state

to be mixing. Ergodic Theory and Dynamical Systems, to appear.

Frédéric Naud. Birkhoff cones, symbolic dynamics and spectrum of transfer

operators. Discrete Contin. Dyn. Syst., 11(2-3):581-598, 2004.

D. S. Ornstein. Bernoulli shifts with the same entropy are isomorphic. Advances

in Math., 4:337-352, 1970.

Donald S. Ornstein. On the root problem in ergodic theory. In Proceedings of
the Sixth Berkeley Symposium on Mathematical Statistics and Probability (Univ.
California, Berkeley, Calif., 1970/1971), Vol. II: Probability theory, pages 347—
356. Univ. California Press, Berkeley, Calif., 1972.

Mark Piraino. Projections of Gibbs states for Holder potentials. J. Stat. Phys.,
170(5):952-961, Mar 2018.



[36]

[37]

[39]

[40]

[41]

[42]

[44]

[45]

92

Mark Piraino. The weak Bernoulli property for matrix Gibbs states. FErgodic

Theory and Dynamical Systems, to appear.

Mark Pollicott and Thomas Kempton. Factors of Gibbs measures for full shifts.
In Entropy of hidden Markov processes and connections to dynamical systems,
volume 385 of London Math. Soc. Lecture Note Ser., pages 246-257. Cambridge

Univ. Press, Cambridge, 2011.

F. Redig and F. Wang. Transformations of one-dimensional Gibbs measures with

infinite range interaction. Markov Process. Related Fields, 16(4):737-752, 2010.

D. Ruelle. Statistical mechanics of a one-dimensional lattice gas. Comm. Math.

Phys., 9:267-278, 1968.

James S. Vandergraft. Spectral properties of matrices which have invariant cones.

SIAM J. Appl. Math., 16:1208-1222, 1968.

Evgeny Verbitskiy. On factors of g-measures. Indag. Math. (N.S.), 22(3-4):315—

329, 2011.

Peter Walters. An introduction to ergodic theory, volume 79 of Graduate Texts

in Mathematics. Springer-Verlag, New York-Berlin, 1982.

Peter Walters. Convergence of the Ruelle operator for a function satisfying

Bowen'’s condition. Trans. Amer. Math. Soc., 353(1):327-347, 2001.

Peter Walters. Regularity conditions and Bernoulli properties of equilibrium

states and g-measures. J. London Math. Soc. (2), 71(2):379-396, 2005.

Jisang Yoo. On factor maps that send Markov measures to Gibbs measures. J.

Stat. Phys., 141(6):1055-1070, 2010.



	Supervisory Committee
	Abstract
	Table of Contents
	List of Figures
	Acknowledgements
	Dedication
	Introduction
	Overview
	Shifts of finite type and factor maps
	(Scalar) Thermodynamic formalism
	g-measures
	Equilibrium and Gibbs states
	Gibbs states for Hölder potentials on a full shift


	Matrix Equilibrium States
	Introduction
	Matrices which preserve a common cone
	Transfer operators and exponential mixing
	The Weak Bernoulli Property

	Factors of Gibbs States
	Introduction
	Examples: Hidden Markov measures
	Factors of Hölder Gibbs states on a full shift
	The classical uniqueness regimes
	Final remarks

	Appendix Cone Theory
	Cones in C(A+)
	Ruelle-Perron-Frobenius theorems
	Finite dimensional Perron-Frobenius Theory

	Bibliography

