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ABSTRACT

A Smale space is a chaotic dynamical system with canonical coordinates of con-
tracting and expanding directions. The basic sets for Smale’s Axiom A systems are a
key class of examples. R.F. Williams considered the special case where the basic set
had a totally disconnected contracting set and a Euclidean expanding one. He pro-
vided a construction using inverse limits of such examples and also proved that (under
appropriate hyptotheses) all such basic sets arose from this construction. We will be
working in the metric setting of Smale spaces, but the goal is to extend Williams’
results by removing all hypotheses on the unstable sets. We give criteria on a sta-
tionary inverse limit which ensures the result is a Smale space. We also prove that
any irreducible Smale space with totally disconnected local stable sets is obtained

through this construction.



Contents

Supervisory Committee
Abstract

Table of Contents

List of Figures
Acknowledgements

1 Introduction

2 Introduction to Smale Spaces
2.1 Definition of a Smale Space . . . . . . . . ... ... .. ... ...
2.1.1  Example 1: Hyperbolic Toral Automorphism . . . . . . . . ..
2.1.2  Example 2: Shifts of Finite Type . . . . . ... ... .. ...
2.2 s-Resolving Factor Maps . . . . .. ... .. ... ... ... . ....
2.3 Markov Partitions . . . . . . . ... .

2.4 Inverse Limits . . . . . . . . ..

3 Williams’ Expanding Attractors
3.1 Solenoids . . . . . . . ...
3.1.1 Example of a 1-solenoid . . . . . ... ... ... ... ...
3.1.2 Example of a 2-solenoid . . . ... ... ... ... ... ...
3.1.3 Definition of an n-solenoid . . . . . . ... ... ... .. ...
3.2 Expanding Attractors . . . . . . ... ..o oL
3.3 The Main Results . . . . . . . ... .. ... . ... ... ... ..

4 Motivation and Statement of Results
4.1 Statement of Results . . . . . . . . ...

v

ii

iii

v

vi

vil

(O IEN BN BN

10
11
15

16
16
16
17
19
20
21

22



4.2 An Example Failing Axiom 2 . . . . .. ... ... o0

4.3 An Example Satisfying Axioms land 2 . . . . . . . .. ... .. ...

5 Proof of the Construction Theorem

6 Proof of the Realization Theorem

6.1 Construction of a Quotient Space . . . . . . . . ... ... ... ...

6.1.1 An Equivalence Relationon X . . . . . ... ... ... ....
6.1.2 A Metricon X/ . .. ...
6.1.3 A Mappingon X/ . . . ...
6.1.4 The Quotient Space Satisfies Axioms 1 and 2 . . . . ... ..

6.2 The Conjugacy . . . .

7 Future Directions

7.1 Homology for Smale Spaces . . . . . .. ... ... .. ... ...,

7.2  Ultrametrics . . . . . .
7.3 Constructing Examples

Bibliography

25
25

33

47
47
48
93
73
78
86

89
89
91
91

93



List of Figures

Figure 2.1
Figure 2.2
Figure 2.3

Figure 3.1
Figure 3.2
Figure 3.3

Figure 4.1
Figure 4.2
Figure 4.3
Figure 4.4
Figure 4.5
Figure 4.6
Figure 4.7

Figure 6.1
Figure 6.2
Figure 6.3

Canonical coordinates for (X, A) . . ... ... ... ... ...
A directed graph . . . . ..o

Markov partition rectangles . . . . . .. ..o

ar—aab, b—ab . .. ...
Penrose substitution . . . . . . .. .. L.

Cell complex and substitution map for the Penrose tiling . . . .

Construction of the Sierpinski gasket . . . . . . . ... ... ..
Three distinguished vertices . . . . . . . ... .. .. ... ...
A neighborhood of A . . . . . . . ...
g(Y1) o
Vidabeled . . . . . . . .
P(B(As, 7)) - o
g(B(AL)) o

The equivalence relation ~ . . . . . . . . ... ... ... ...

(a,b0) € XA, By€) o o v v v
Enlarging the [[[]]'snear OP . . . . . . . ... ... ... ... .

vi



vil

ACKNOWLEDGEMENTS

It is my pleasure to thank:

TIan Putnam, for his excellent supervision and guidance throughout the preparation
of this thesis. Thank you for supporting me in my decision to put my family
before mathematics, and for not complaining about the slow pace of my progress
or the lack of my presence in the department. I am also grateful for your financial

support during the past two years.

Mike Boyle, my external examiner, for a very careful reading of this thesis and

many helpful suggestions.
NSERC, for funding me with a scholarship.

Family and friends for encouragement and support throughout this journey. I am
especially grateful to Will and Abdu for being constant sources of love and

inspiration.



Chapter 1
Introduction

All of our work deals with topological dynamical systems. A dynamical system is
specified by a set X together with a map, f, from X to X. In our case, the topology
on X will always come from a metric, d, which is simply a way to measure the distance
between any two points in X. The dynamics of such a system refers to what happens
to points x € X as f is applied to x repeatedly; we denote by f"(z) the image of
after n iterations of f have been applied to x. Dynamics are often used to model the
time evolution of physical systems, such as the flow of water in a pipe. If a mapping
f describes how a physical system changes from time ¢ = 0 to ¢t = 1, then then f™(x)
gives us the state of a point z at £ = n. This field of mathematics also has applications
in many other disciplines, such as information technology and cognitive science.

However, the dynamical systems that we are going to be studying are chaotic,
meaning that the long-term behaviour of a point is difficult to predict. As a result,
looking at the orbits of individual points in the system is not practical. Instead we
try to understand the global nature of the system. The introduction of chaos theory
in the 1960s and 1970s caused a revolution in the physical and social sciences. While
chaotic behaviour has long been observed in complex systems, such as weather, it was
surprising to find chaos within almost trivial systems. Chaos involves a complicated
mix of contraction and expansion. But this is not where the difficulty lies - it is
the geometric rates at which the contraction and expansion happen that are hard to
understand. Consider the example of taking a penny and every day doubling what
you have; in a month, you’ll have over ten million dollars. As humans, we’re simply
not familiar with that kind of evolution.

Manifolds are topological spaces that on a small enough scale look like R", for

some n > 0, where n is called the dimension of the manifold. For example, the surface



of the earth is a two-dimensional manifold since it can be portrayed by a collection of
two-dimensional maps. Furthermore, manifolds typically come with a differentiable
structure on which one can do calculus, as well as a metric with which to measure
distances and angles. The study of dynamical systems on manifolds is a very classical
subject with important applications and a history going back to Poincaré.

Hyperbolic dynamical systems are defined on manifolds, and model the properties
seen in chaotic systems. In hyperbolic systems, the tangent space of the manifold
can be divided into two parts: one on which the derivative of the map is contracting
(stable direction) and one on which it is expanding (unstable direction). A dynamical
system on a manifold possessing hyperbolic structure everywhere is called an Anosov
system. One of S. Smale’s great insights was that one should only expect hyperbolic
structure where there is recurrence; that is, where after a sufficiently long time the
system returns to a state very similar to its initial state. There are several types of
recurrence and Smale identified the appropriate notion of recurrence in this case to
be “non-wandering”. The non-wandering set of a dynamical system is usually some
kind of fractal. Smale [14] defined an Axiom A system as a dynamical system on
a manifold where the non-wandering set has hyperbolic structure and is the closure
of the periodic points. Smale’s Spectral Decomposition Theorem states that Axiom
A systems can be decomposed into finitely many “basic sets” with some desirable
topological properties.

D. Ruelle [13] defined Smale spaces in an effort to axiomatize the topological
dynamics of the basic sets of an Axiom A system. It is these spaces that we are
concerned with. The idea of moving from an Axiom A system to a Smale space is
motivated by the fact that the basic sets themselves are merely topological spaces and
not submanifolds. This comes at the price of giving up the derivative, which some
would regard as completely foolish if you want to discuss contractions and expansions.
But for constructing examples as we will be doing, this is important as it can’t be
done with manifolds. It is an interesting question to ask whether or not our examples
could actually be put into a manifold somehow. But that goes beyond the scope of
this thesis.

It is well-known that all totally disconnected Smale spaces are shifts of finite
type. And shifts of finite type are inverse limits of one-sided shifts of finite type,
which were characterized by W. Parry [7] as positively expansive open mappings of
compact, totally disconnected metrizable spaces. Since shifts of finite type are useful

and well-understood systems, the natural next step is to consider Smale spaces which



are totally disconnected in only one direction and to work towards a characterization
of these as inverse limits of spaces satisfying certain conditions.

R.F. Williams [18] looked at hyperbolic dynamical systems called expanding at-
tractors. (In our research, we replace his expanding attractors with Smale spaces.)
He defined an n-solenoid as a stationary inverse limit, where the space in the limit
is a branched n-manifold. The stable sets of an n-solenoid are totally disconnected,
and the unstable sets are Fuclidean. His “construction” theorem states that under
a certain technical condition, an expanding attractor is conjugate to an n-solenoid.
And his “realization” theorem states that any n-solenoid is conjugate to an expanding
attractor.

. Yi [19] gave a topological development of the systems arising as Williams’ 1-
solenoids by ignoring their differentiable structure. We take an altogether different
approach.

Our results generalize those of Williams in that we do not put any restrictions
on the local unstable sets. It should be noted, however, that he relied very heavily
on the smooth structures of branched manifolds in his conditions and proofs, and
to adapt to the metric setting of Smale spaces, we really needed a whole new set
of ideas. We give criteria on a stationary inverse limit of a topological space which
ensures that the result is a Smale space with totally disconnected local stable sets.
Moreover, we prove that an irreducible Smale space with totally disconnected local
stable sets is topologically conjugate to a stationary inverse limit. The space in the
limit is a quotient of the original space. All of our results depend on a metric and do
not involve differential topology.

The organization of this thesis is as follows.

In Chapter 2, we provide some background on Smale spaces. We also prove some
technical results that we will need to prove our main results.

Chapter 3 is a review of Williams’ work on expanding attractors, including some
examples and a statement of his results.

Chapter 4 contains a statement of our two main results, and some examples illus-
trating these results.

Chapters 5 and 6 contain the proofs of the first and second of our main results,
respectively.

In Chapter 7, we outline some ideas of how our results could be applied in future
research.

Throughout this work, B(x,€) denotes the closed e-ball centered at x.



Chapter 2
Introduction to Smale Spaces

In this chapter, we state the technical definition of a Smale space, an s-resolving
factor map, a Markov partition for a Smale space, and a (stationary) inverse limit of
topological spaces. We also prove some technical results that we will need in Chapters
5 and 6.

D. Ruelle’s definition of a Smale space was motivated by what S. Smale called the
basic sets of Axiom A systems. Let us review the definition of an Axiom A system.

Let (X, f) be a dynamical system. That is, X is a metric space, and f: X — X
is continuous. The point x € X is said to be non-wandering if for any neighborhood
U of z, there exists n € N such that f"(U)NU # 0. We denote by Q(f) the set of
all non-wandering points of X; this set is closed and f-invariant. The mapping f is
topologically transitive if for any open sets U and V in X, there exists & € N such
that f5(U)NV # 0.

Let M be a compact manifold with a Riemannian metric. For our purposes, it
suffices to say that this means that we can measure the length, |v], of any tangent
vector v (for a thorough treatment of Riemannian geometry, see [4]). Let f: M — M
be a diffeomorphism. A closed invariant subset A C M is hyperbolic if the tangent
bundle T (M) restricted to A splits as a direct sum, T(M)|A = E" @ E*, invariant
under the derivative Df of f and such that Df|E" is an expansion and D f|E*® is
a contraction. That is, there exist constants A, B > 0 and p > 1 such that for all
n € N, v e E* and w € E® we have |Df™(v)| > Au"|v| and |Df™*(w)| < Bu="|w|.
Note that hyperbolicity is independent of the Riemannian metric used.

In [14], S. Smale defined an Aziom A sytem as a diffeomorphism f : M — M of

a compact manifold which satisfies the following two properties:



1. the nonwandering set (f) is hyperbolic, and

2. the periodic points of f are dense in Q(f).

Theorem 2.1 (Smale’s Spectral Decomposition Theorem [14]). Suppose (M, f) is an
Axiom A system. Then there is a unique way of writing Q(f) as the finite union of
disjoint, closed, invariant indecomposable subsets (or “basic sets”) on each of which

f s topologically transitive.

Motivated by Smale’s observation that the basic sets need not be manifolds, Ru-
elle [12] introduced the notion of a Smale space as an attempt to axiomatize the

topological dynamics on a basic set of an Axiom A system.

2.1 Definition of a Smale Space

Definition 2.2. Let (X, d) be a compact metric space and f : X — X be a homeo-
morphism. The triple (X, d, f) is a Smale space if there exist constants ex > 0 and
0< A< 1, as well as a mapping

['7'] : {(xvy) €EX XX | d(l‘,y) < EX} = [xvy] €X
satisfying properties (S1) through (S7) below. For x € X and 0 < € < ex, we denote

Xz, e) ={y | [z,y] =y, d(z,y) < €}, and
Xz, 6) ={y |y, 2] =y, dz,y) < e};

IN

these are called the local stable and unstable sets of x.

(S1) [, -] is continuous

(S2) [x,z] =z forallz e X

(S3) [[x,y], 2| = [z, z] whenever both sides are defined

(S4) [z,ly, z]] = [z, z] whenever both sides are defined

(S5) f([x,y]) = [f(x), f(y)] whenever both sides are defined
(S6) d(f(y). f(2)) < Ad(y,2) ify, 2 € X*(z,€x)

(87) d(f~'(y), [71(2)) < Ad(y, 2) if y,z € X"(w, ex)



Note that the metric da((z,v), (u,v)) = max{d(z,u),d(y,v)} gives the product
topology on X x X D Domain([-, -]).

Let us have a closer look at the “bracket map”, [-,-], on a Smale space (X, d, f).
The continuity in (S1) is actually uniform continuity since the domain of [-,-] is
compact. So we can choose 0 < € < ex such that if dy((x,y),(u,v)) < € then
d([z,y], [u,v]) < ex. Let us show that for d(z,y) <,

X2, ex) N X" (y, ex) = {lz, 9]}

First, [z, [z,y]] = [z,y] by (S4). Moreover, d(z,[z,y]) = d([z,z], [z,y]) < ex since
d(z,y) <€ so [z,y] € X*(z,ex). Similarly [z,y] € X“(y,ex). On the other hand,
suppose u € X°®(z,ex) N X%(y,ex) as well. Then [z,u] = v = [u,y], and hence
u=|u,u| =[x, u], [u,y]] = [z, [u,y]] = [z,y]. Specifially, for any = € X, we have

X%z ex) N X"(x,ex) = {x}.

The given definition of the local stable and unstable sets is generally inconvenient
to work with. By Ruelle [12], we can choose ex > 0 small enough such that for
0 <e<ey,

Xo(r,6) = {y€X|d(f"(@), f"(y)) < eV n >0}, and 2.1)
X%z,e) = {ye X |d(f™x),f"(y) <eVn>0} (2.2)
We will always assume that ex was chosen like this. Notice then that [-, -] is uniquely

determined by (X, d, f).

Moreover, Theorem 1.3.4 of [11] describes the local product structure given by
[-,-]. This theorem involves a constant, and as seen in the proof of the theorem, this
constant satisfies an additional technical property. We will need this property later,

so we state it here along with the theorem.

Proposition 2.3. There is 0 < €'y < €x/3 such that, for every 0 < e < €y, the
map [-,-] © X*(z,€) x X*(x,¢) — X is a homeomorphism to its image, which is a
neighbourhood of x. Moreover, for any x,y € X with d(x,y) < €y, we have [x,y] €
X? (3:, %ex) nx" (y, %ex) .

A homeomorphism f : X — X is said to be ezxpansive if there exists a constant

¢ > 0 such that for any two distinct points z,y € X, there is some n € Z such that



d(f™(x), f*(y)) > ¢. Any number ¢ > 0 with this property is called an expansiveness

constant for f.

Proposition 2.4. Let (X,d, f) be Smale space. Then f is expansive, and the Smale

space constant ex > 0 is an expansiveness constant for f.

Proof. Suppose d(f™(z), f"(y)) < ex for all n € Z. By (2.1) and (2.2), this means
that y € X®(z,ex) and y € X"(x,ex). Hence [y, x] =y = [z, y], so that

Y= [yay] = [[x,y], [y,l’]] = [x: [y,x]] = [.I',JI] =T
]

A dyamical system, (X,d, f), is non-wandering if every point z € X is non-
wandering; that is, if Q(f) = X. The forward orbit of a point x € X is defined as
the set {f™(z) | n > 0}. We say that (X, d, f) is irreducible if it is non-wandering
and contains a dense forward orbit; this is equivalent to topological transitivity in the
case where f is a homeomorphism. Recall that the basic sets of Axiom A systems are
topologically transitive. Since Smale spaces are modelled on these, it seems natural to
always require irreducibility; but this would rule out a lot of imporant examples, in-
cluding many shifts of finite type. Furthermore, Theorem 3.3.1 of [11] states that any
non-wandering Smale space (X, d, f) may be decomposed into finitely many clopen,
pair-wise disjoint, f-invariant subsets on which the restriction of f is irreducible.

Corollary 3.2.5 of [11] gives the following important property of non-wandering

Smale spaces.

Proposition 2.5. If (X, d, f) is a non-wandering Smale space, then the set of periodic

points is dense in X.

2.1.1 Example 1: Hyperbolic Toral Automorphism

Let X denote the 2-torus R?/Z?. Together with the usual metric, X is compact. And
the mapping induced by
1 1
A=
1 0



is a homeomorphism on X since detA = —1. The eigenvalues of A are v and —%,

where v = 1+T‘/5 ~ 1.618 is the golden mean. Let v; be an eigenvector of length 1
corresponding to v and v, be an eigenvector of length 1 corresponding to —%.
Let ¢ : R? — X denote the usual quotient map. Then for v € X and € > 0, we

have

X3(v,e) ={q(v+tvy) | |t] <€}, and
X¥(v,€) = {alv + tva) | |1 < e}

For the Smale space constants, we can take ex = 2 and A = 1. And [x,y] is simpl
y

1

2 v°

defined as the unique point in the intersection X*(x,3) N X*(y, 1) for d(x,y) < 1.
See Figure 2.1.

Figure 2.1: Canonical coordinates for (X, A)

2.1.2 Example 2: Shifts of Finite Type

There are several equivalent definitions of a shift of finite type; we will work with the
following one.

A directed graph, GG, consists of a set of vertices V' and a set of directed edges F.
Since the edges are directed, each edge e € E has an initial vertex i(e) and a terminal
vertex t(e). We define ¥ as the set of all bi-infinite paths in the graph G = (V, E);



each element of ¥ is an edge list. That is,
S={x= (-2 90 1 2o0179---) € EZ | t(x,) = i(xy41) V1 € Z}.

For example, if G is the graph in Figure 2.2, then ------ e1ey - e1€9€1 + -+ 1S an

element of ¥ while ---ezes - eseses - -+ is not.

Figure 2.2: A directed graph

We give ¥ the metric d(x,y) = 2-™{llen#vn} for x £ y. The left shift map
S Y — ¥ is given by

S : ( . .x_2l‘_1 . I0x1x2 . .) —> (. . 'I_QI_I.IO . I1x2 . .)7

and is clearly a homeomorphism on Y. The pair (3,.5) is a shift of finite type.
For x € ¥ and m € N,

Y (x,2T") ={y € ¥ | yp =z, foralln > —m}

— {( KRR T 1T 2T 3 ) € E}
and

Y(x,27") ={y € ¥ |y, =z, foralln < m}

= {( L3 Tm—2L—1 % % % - - ) c Z}
For d(x,y) < 5 we have zy = yo, and so
(X, ¥ = (- y-2y—1 - ToT122 - ).

Theorem 2.2.8 of [10] states that a Smale space is a shift of finite type if and only

if it is totally disconnected. [6] is an excellent reference for shifts of finite type.
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2.2 s-Resolving Factor Maps

Let (X, f) and (Y, g) be Smale spaces. A factor map is a continuous surjective function
m: X — Y such that the diagram

y 2. v

commutes; that is, gom = w o f. We will write this as 7 : (X, f) — (Y, g).

We say that the factor map m is s-resolving if w|X*(x,€) is injective for every
x € X and some € > 0. And we say that 7 is finite-to-one if there is a constant
m € N such that #7'{y} < m for every y € Y. (The notation #A denotes the
cardinality of the set A.) For a finite-to-one map 7, we define the degree of 7 by

deg(m) = min{#r~{y} [y € Y}.
Putnam [11] proves the following useful properties of s-resolving factor maps. We
see from these properties that s-resolving factor maps are much nicer than general

factor maps.

Proposition 2.6 (Putnam [11]). Let 7 : (X, f) — (Y, g) be an s-resolving factor map

between irreducible Smale spaces. Then

1. w is a homeomorphism on the local stable sets X*(x, €),

2. 7 is finite-to-one, and

3. for every point y in'Y with a dense forward orbit we have #7~{y} = deg(r).
Furthermore, there exists e, > 0 such that

4. for all xy,x9 € X with dx(x1,22) < €, we have [x1,x9] and [w(x1),m(x2)] both
defined and

[r(21), w(22)] = m([21, 72]),
5. if m(xy) € Y(m(xg), ey) and d(xy,22) < €, then x1 € X"(x9,€,), and

6. if x,2' € X with m(z) = 7(2') and liminf, . d(f"(x), f"(2')) < €, then

r=2a.
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2.3 Markov Partitions

Let (X,d, f) be a Smale space, and let [, -] and ex > 0 be as in Definition 2.2.

We will call a non-empty set R C X is called a rectangle if R = m and
[z,y] € R whenever z,y € R. The second condition tells us that we must have
diam(R) < ex.

For a rectangle R and x € R, we will denote X*®(z, R) = X*®(z,ex) N R and
X%z, R) = X“(z,ex) N R.

A finite cover P = {Ry, Ry, -+, R,} of X by rectangles is a Markov partition
provided that

1. Int(R;) NInt(R;) = @ for i # j, and

2. f(X*(z,R)) € X*(f(x),R;) and f~Y(X“(f(x),R;)) C X*“(x, R;) whenever
z € Int(R;) N f~(Int(R;)) (see Figure 2.3). This is called the “Markov prop-

erty”.
f(R;) f(R)
R; R;
/(@) |f@)
Allowed Not allowed
R;
R;
T ¢ fHRy) x fHR))
Allowed Not allowed

Figure 2.3: Markov partition rectangles

Bowen [3] proved that all irreducible Smale spaces have Markov partitions. But

a generic Markov partition is not sufficient in our case. We need a Markov partition
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where each rectangle has a clopen stable direction'. We will use Corollary 1.3 of [9)]

to prove the existence of such a Markov partition.

Theorem 2.7 (Putnam [9]). Let (X, f) be an irreducible Smale space such that
X?(x,€) is totally disconnected for every x € X and 0 < € < ex. Then there is an ir-
reducible shift of finite type (X,S) and an s-resolving factor map 7 : (X,5) — (X, f).

The metric on ¥ is given by ds(s,t) =, _, 27"Ix(s,, t,), where

0 ifs,=t,
X(Snstn) = . .
1 ifs, #t,

This metric is equivalent to the one given in Section 2.1.2.

Proposition 2.8. Let (X, f) be an irreducible Smale space such that X*(x, €) is totally
disconnected for every x € X and 0 < € < ex. Then there exists a Markov partition,
P, for (X, f) such that if t € R € P, then X*(z, R) is clopen in X°(x,€ex).

Proof. Let m: (X,5) — (X, f) be the s-resolving factor map given by Theorem 2.7.
By Proposition 2.6, 7 is finite-to-one. Let d = deg(n) = min{#r Yz} | x € X}.
Let €, > 0 be as in Proposition 2.6. Choose N € N such that

Z 27" < €.

[n|>N

Let Pon4q be the set of all paths of length 2N + 1 which appear in elements of X.

Forw € Pony1, let Ry, ={a€ X |a_n---ay = w}. Then R, is a clopen rectangle
in ¥ with diameter less than €,, and P = {R,, | w € Pan11} is a Markov partition
for (3, 9).

Since each R, € P is compact in X, it follows that 7(R,) is compact in X,
and hence closed. Moreover, since 7 is s-resolving and each R, is clopen, it follows
that each m(R,) is clopen in the stable direction. Let’s show that [z,y] € m(R,)
whenever z,y € m(R,). Suppose z = w(a) and y = m(b) for some a,b € R,. Since
diam(R,) < ¢, it follows from Proposition 2.6 (4) that we must have
[z,y] = [r(a), w(b)] = m([a, b]) € 7(Ry).

We will show that a subset of

(7(Ru,) N7 (Ruy) N+ N 7(Ruy) | Ruoys Ruvgs -+ » Ry, € P dlistinet}

1For a constructive proof that such a Markov partition exists, see [15]
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is a Markov partition for (X, f).
Let us define a map n: X — N by

n(z) =#{R, € P|zen(Ry)}
Since the R, are disjoint, it follows that

n(z) < #r{x} (2.3)

for all x € X.

We have the following estimate of continuity of n. Suppose we have a convergent
sequence xj, with limit point z. Since each zj lies in n(zy) elements of the finite set
{m(Ry) | Ry € P}, we may pass to a subsequence where every term is contained in

the same 7(R,,)’s. Since they are closed, = also lies in these 7(R,)’s. Hence
n(x) > limsupn(zy). (2.4)

Let us show that n(z) > d for all x € X, and that equality holds if = has a dense
forward orbit. Let x be any point in X and let 2y € X have a dense forward orbit
(such a point exists since (X, f) is irreducible). By Theorem 2.6, #7'{x¢} = d; let
7 H{zo} = {aj,a,,...,a4}. Choose a sequence of positive integers so that f™ ()
converges to z. Pass to a subsequence where S (a;) converges, for each 1 < j < d.
If two of the limit points (for different values of j) are in the same rectangle, then
they are within e, of each other. So by Theorem 2.6 (6), these two a;’s are equal.
Since this isn’t the case, we see that no two limit points of the sequences can be in the
same rectangle, but they all clearly lie in 7= *{z}. As a result, n(x) > d. It follows
from (2.3) that n(zy) = d.

That is, n~*{d} is non-empty and n~*{k} is empty for k& < d. From (2.4) we also
see that n™'{d + 1,d + 2, ...} is closed and so n~'{d} is open. We claim it is also
dense. But that follows from the fact that it contains all points with a dense forward
orbit. One of them is enough, since each point in its forward orbit also has a dense
forward orbit.

Let

S= {{mesza T 7Rwd} cPp | Jdx e n_l{d} with

T € W(Rw) S W e {w17w27 e 7wd}}'
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We will show that
R = {W(Rwl) N W(Ruu) M---N W(Rwd) | {RUJ17 Rw27 e 7Rwd} € S}

is a Markov partition for (X, f). We already observed above that each 7(R,,) is clopen
in the stable direction; it is clear that a finite intersection of these sets would have
the same property.

First we need to know that the elements of R are rectangles. That they have dense
interiors follows from the fact that n='{d} is open and dense in X. Moreover, we
observed above that for any R,, € P, we have [z,y] € 7(R,,) whenever z,y € m(R,,).

That R covers X and that the elements of R have disjoint interiors also follows
from the fact that n='{d} is open and dense in X.

So it remains to prove that R satisfies the Markov property. It suffices to prove
this for the set of points in X with dense forward orbits, since these points (and their
orbits) are clearly contained in the interiors of elements of R.

Let z € Int(NL,7(Rw)) N f(Int(NZ, 7(R.,))), where N, 7(Ry,,) and
N, 7(R,,) are elements of R. Since 7~ {z} = {ay,--- , a4} and n(z) = d, it follows
that for each ay, there are 1 < i,j < d such that a, € R,, N S™'(R,,). Therefore
S(X%(ay, Ry,)) € X5(S(ax), Ry,) and S™1(E(S(ay), R,,;)) € X*(ag, Ry,). Since 7 is

a homeomorphism on local stable sets,
X2 (2, m(Ry,))) = f(m(E5(ag, Ru,))) = 7(S(E7(ag, Ru,))) € (Ry,).
And by Proposition 2.6 (5), we also have

FHXM(f (@), m(Ry,))) C f7H(E"(S (@), Ru,)))

Since f(X*(z,ex)) C X*(f(x),ex) and f~HX*(f(x),ex)) C X%(x,€ex) hold trivially,

we are done. O
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2.4 Inverse Limits

The general definition of an inverse limit involves a sequence of dynamical systems,
but we only consider the case where this sequence is constant. Such an inverse limit
is called “stationary”.

The inverse limit for a mapping ¢ : (Y, d) — (Y, d) on a metric space is defined as

@Yiy#y#:{(y07y17y27)‘yneya yn:g(ynJrl)vnzO}
cIIv
n>0

~

For ease of notation, we will denote I&H Y& v<E& v o byY.

The mapping ¢ induces a natural mapping on [] -, Y, namely

9(Yo, Y1, Y2, ) = (9(¥0), 9(y1), 9(y2), -+ +)-

We give [],,-,Y the product topology. It is easy to see that Y is a closed subspace.

Moreover g restricted to Y is a homeomorphism, with inverse

gil(ymylay% o ) = (y17y27 e )
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Chapter 3
Williams’ Expanding Attractors

Since our results generalize R.F. Williams” work towards characterizing attractors
with hyperbolic structure, we begin with an overview of Williams’ results. To state
the results of [18], we will need to look at his definitions of solenoids and expanding

attractors first.

3.1 Solenoids

Before we get into Williams’ abstract definition of an n-solenoid, let’s consider some

examples.

3.1.1 Example of a 1-solenoid

In [16], Williams constructs inverse limits from one-dimensional non-wandering sets.
The following example belongs to this class.

Let Y be a wedge of two circles, a and b, joined at a single point v. Let both
circles have circumference 1.

Divide a into thirds and b into halves. Let g : Y — Y be the map described by

a — aab

b +— ab.

That is, g scales a by a factor of 3 and b by a factor of 2. See Figure 3.1.

It easy to see that the image of any small ball is an arc.
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Figure 3.1: a — aab, b — ab
The inverse limit,
V=lmY «- Yy &

together with the usual map, g, is a 1-solenoid.

3.1.2 Example of a 2-solenoid

Anderson and Putnam [2] construct a 2-solenoid from the well-known Penrose tiling.
The variation of this tiling that they use is the one with forty triangular prototiles.
However, there are only two prototiles up to rotation. The substitution rule inflates

the prototiles by a factor of ¢ = # and subdivides as in Figure 3.2.

Figure 3.2: Penrose substitution

A cell complex, I'g, is constructed by gluing together the forty prototiles in all
the ways in which the substitution rule allows them to be adjacent. The substitution

map induces a continuous surjection 7y, on I'y.
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Figure 3.3: Cell complex (L) and substitution map (R) for the 40-prototile Penrose
tiling [2]
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The cell complex I'y has 40 faces, 40 edges, and 4 vertices. The left side of Figure
3.3 shows how the faces are glued together, and the right side illustrates 7. By
identifying only the edges at the boundary of each group of ten tiles, one obtains
T2?#T?, a genus-two oriented surface.

The inverse limit
1/“521'&11”0<7—0F0<7—0F0<7—0-~-,

together with the usual map, is a 2-solenoid.

3.1.3 Definition of an n-solenoid

Intuitively, smooth branched n-manifolds are “complexes” embedded in some higher
dimensional Fuclidean space, in such a manner that there is a unique tangent n-
plane at each point. An abstract definition is given in [18]. The wedge Y in the first
example is a branched 1-manifold with one branch point, and the cell complex I'y in
the second example is a branched 2-manifold.

An n-solenoid is an inverse limit
K=lmK - K= K-

where K is a compact Riemannian branched C” n-manifold and g : K — K is a C”

immersion! satisfying the following axioms:

2. g is an expansion: there exist constants A > 0 and g > 1 such that for alln € N
and k € T(K), we have |Dg" (k)| > Ap™|k|, where T'(K) is the tangent space of
K and Dy is the derivative of ¢, and

3. for each x € K there is a neighborhood N of z and j € Z such that ¢/(N) is

contained in a subset diffeomorphic to an open ball in R”

LAn immersion is a differentiable map whose derivative is injective.
2The Riemannian structure on K means that we are measuring the length of the tangent vectors.
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The map ¢ : K — K is the usual map

Q(%,%,I% o ) = (g(l'o),g(l'l),g(l'g), o )

= (g(x0), 20, 21, ).

Consider the branched 1-manifold in the first example. We observe that something
very subtle is happening at the branch point: a neighborhood is being flattened
(Axiom 3) but also stretched (Axiom 2). Intuitively it seems that we shouldn’t be
able to have a flattening condition on an expanding map, since one’s natural idea
of expanding would imply that the map must be one-to-one. The way this seeming
contradiction is resolved is that the derivative Dg cleverly fails to notice that the map

g isn’t one-to-one.

3.2 Expanding Attractors

Let M be a compact Riemannian manifold. For r > 1, the set of bijective maps
f : M — M such that both f and f~! are r times continuously differentiable, is
denoted by Diff"(M).

A subset A C M is an expanding attractor for f € Diff" (M), r > 1, if there is a
closed neighborhood N of A such that:

1. f(N) C IntN,

2. A= ﬂizo fi(N):

3. A= Q(fIN),

4. A has a hyperbolic structure E* @& E*, and

5. the topological, or covering, dimension of A is the same as the linear dimension
of a fibre of ™.

In our own work, we replace expanding attractors with Smale spaces. One advan-

tage of this angle is that we don’t need to consider manifolds or derivatives.
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3.3 The Main Results

Williams’ Theorem A. Fach point of an n-solenoid has a neighborhood of the form
(Cantor set)x (n-disk).

We observe that the Cantor set is the local stable set and n-disk is the local
unstable set. In our own work, the local unstable sets may be anything. The following
two results are the “construction” theorem and the “realization” theorem that we aim

to generalize for Smale spaces.

Williams’ Theorem B. Let (Y/,g) be an n-solenoid. Then there is a manifold M
and f € Diff" (M), r > 1, having an expanding attractor A such that (A, f|A) is
conjugate to (?,g).

Williams’ Theorem C. Let A be an expanding attractor for f € Diff" (M), r > 1,
such that the foliation {W?*(x, f) | x € A} ={y € M | lim,,_,o d(f™(2), f"(y)) = 0}
is C1 on some neighborhood of A. Then (A, f|A) is conjugate to an n-solenoid.

Observe that in Theorems B and C, n is equal to the linear dimension of a fibre
of B“.
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Chapter 4

Motivation and Statement of
Results

Our aim is to generalize Williams’ results on expanding attractors for topological
systems with metrics. That is, we are looking for conditions on a pair (Y, g) such
that the inverse limit is a Smale space with totally disconnected local stable sets; this
is our analogy to Williams’ Theorem B. Moreover, we would like to prove that every
Smale space with totally disconnected local stable sets results from this construction;
this is our analogy to Williams’ Theorem C. By “generalize” we refer to the point that
Williams’ local unstable sets were Euclidean, and we drop this condition. However,
we do not put the inverse limit into a manifold, and in this sense our results do not

reflect Williams’.

4.1 Statement of Results

Recall that we are using the notation B(x,r) to denote a closed ball.

Let (Y,d) be a compact metric space, and let g : ¥ — Y be continuous and
surjective. We will say that (Y, d, g) satisfies Axioms 1 and 2 if there exist constants
>0, K>1,and 0 <~y < 1 such that

Axiom 1 if d(x,y) < (3 then
d(g™ (x), g™ (y)) < A%d(g*" (z), g*" (),

and
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Axiom 2 forallz €Y and 0 < e < 3,
9" (B(g"(z),¢)) C g°* (B(z,ve)).

Intuitively, Axioms 1 and 2 could be viewed as weakend versions of the conditions that
g be locally expanding and open, respectively. Locally expanding would be Axiom 1
with the two ¢¥’s removed and the two ¢?/%’s replaced by ¢g%’s. And Axiom 2 with
the first g% removed and the ¢/ replaced by ¢¥, would imply that g is open.

In addition, we define
Axiom 3 (Y,d, g) is non-wandering, and

Axiom 4 (Y,d,g) has a dense forward orbit.

Recall the inverse limit space (Y, §) defined in Section 2.4. We define a metric d
onY by

dix,y) =d'(x,y) +77'd (G (x), 57 (y)) + -+ E D (GED(x), g~ ED(y)),

where d'(x,y) = sup,>o{7"d(2n, yn) }-
The following two theorems are the main results of this thesis.

Construction Theorem. If (Y,d,g) satisfies Azioms 1 and 2 then (Y,dA, g) is a
Smale space with totally disconnected local stable sets. Moreover, (?,d, g) is a non-
wandering Smale space if and only if (Y,d,g) also satisfies Aziom 3; and it is an

irreducible Smale space if and only if (Y, d,g) also satisfies Axioms 3 and 4.

Realization Theorem. Let (X, d, f) be an irreducible Smale space with totally dis-
connected local stable sets. Then (X, d, f) is topologically conjugate to an inverse limit
space (Y, 0,&) such that (Y,6,a) satisfies Azioms 1 and 2 (and hence 3 and 4).

We note that the Realization Theorem could also be proved for non-wandering
Smale space. The reason we need irreducibility is to obtain a certain Markov partition,
and we pointed out earlier that any non-wandering Smale space may be decomposed
into finitely many irreducible pieces.

The proof of the Realization Theorem is constructive. Let us consider what the
inverse limit space looks like when we start with a shift of finite type as our Smale

space.
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Let (X,5) be the SFT on the directed graph G = (V, E). For each e € E, the set
R. = {x € ¥ | 9y = e} is a clopen rectangle. And P = {R, | e € E} is a Markov
partition for (X, 5).

We define an equivalence relation
T~y — Ty = Yn, n > 0.

Observe that the quotient space X/. is simply the one-sided shift on G. We denote

equivalence classes by [[-]]. That is,
[[ X _oX_1 * ToL1Ty -+ .]] = (xol‘lx2 e )

And the metric is the natural one, §([[z]],[[y]]) = 2 ™n{r=0lenvnl  We define
a: X/ — X/ by a[[z]]) = [[S(x)]], which is simply the usual left shift map.

We observe that the inverse limit

X/ =l X/ % X/ 6% X/
= {(ll=lo, [[2]lv, [[el2, - ) T a{[allns1) = [[2]]n V' = 0}

ZTo Tr_q T_9o
T ZTo Tr_1

— , , ,r ‘ xTr € E
T2 Ty Lo

simply recovers X..

In the category of Smale spaces, the morphisms can be taken to be s-resolving
factor maps. As we saw in Section 2.2, these maps have some very nice properties
(for example, they are finite-to-one). Our results indicate that in such a category, the
closest object to a shift of finite type is an inverse limit space (17, d, g), where (Y, d, g)
satisfies Axioms 1-4.

Before we consider an example of a system satisfying Axioms 1 and 2, let us

consider a system that fails Axiom 2.
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4.2 An Example Failing Axiom 2

Let 2?071} be the full one-sided shift on the symbol set {0,1}. In the terminology of
Section 2.1.2, this is the set of all infinite paths in the graph consisting of one vertex
and two edges, denoted 0 and 1, from that vertex to itself. Similarly, let 2?0,2} be the
full one-sided shift on the symbol set {0,2}. The metric on these one-sided shifts is
analogous to the one on shifts of finite type: d(x,y) = 27 min{n [2n7yn},

Let Y = 2?0’1
continuous and surjective map on Y.

Let us show that Axiom 2 fails for (Y,d,g). Choose K > 1, N > 2K and
0 < v < 1. Consider the points x,y € Y given by

}UE?OQ}, and g be the usual left shift map. Then g is clearly a

1 fn=N+K
Ty =
0 ifn#A#N+K

and

) 2 ifn=N
= { 0 ifn#N
Then d(g%(x),y) = 27V. However, ¢%(y) ¢ ¢*%(B(x,y2™")) since for any point
z € B(x,72™") we have ¢*%(z)y_ox = 2y = zx = 0.

It is easy to see that the inverse limit (Y/,g) is conjugate to (X013 U Xq0,23,5),
where Y1) and Y0y are the full two-sided shifts on their respective symbol sets.
However this system is not a Smale space: we can find points x € X1y andy € Yy 2)
that are arbitrarily close, yet [x,y| = (-+-y_2y_1 - Toz122---) is not a point in the

space.

4.3 An Example Satisfying Axioms 1 and 2

We will construct a quotient space using six copies of the Sierpinski gasket. This
example was suggested by lan Putnam.

To construct the Sierpinski gasket, take an equilateral triangle in the plane, with
side length 1. Remove the interior of the “middle triangle”, that is, the triangle whose
vertices are the midpoints of the original triangle. This results in three equilateral
triangles with side length % For each of these three triangles, remove the interior of
its “middle triangle”, resulting in nine equilateral triangles with side length i; and so

on. The Sierpinski gasket is the intersection of this sequence of spaces. See Figure 4.1.
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Figure 4.1: Construction of the Sierpinski gasket

Now take six copies, Y7, Ys, -+, Ys, of the Sierpinski gasket with distinguished
vertices, as in Figure 4.2. Let ~ be the equivalence relation on Y; UY, U --- U Yj
identifying the six vertices labeled A, the six vertices labeled B, and the six vertices
labeled C. We will not use [-] notation since the only equivalence classes containing

more than one point are A, B, and C. We define

Y =(YiUYaU---UYy) /o

A A A
A A C
v, B Ys B v, B
A C C
B v, B Ys By

Figure 4.2: Three distinguished vertices

We will use the standard “shortest path” metric on Y. That is, for z,y € Y,
define

P('r7y) = {(ph 7pn) | n€N7 p1 =7, pn:ya’ndv:l- §i<napi7pi+1 ex/jsomej}‘
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Let |z — y| denote the standard Euclidean distance between z and y on the indi-

vidual Sierpinski gaskets, Yi,--- Y5, For x,y € Y, we define the length of a path
p=(p1,-+,pa) € P(z,y) by

n—1
l(p) = Z piv1 — pil,
i=1

and we define a metric on Y by

d(z,y) = inf{l(p) | p € P(z,y)}.

It is not hard to see that d is a metric on Y. Indeed, for any z,y € Y, the shortest
path in P(x,y) is either (z,y) or (z,v,y) where v € {4, B, C}. See Figure 4.3 for an
example of a neighborhood of A.

Figure 4.3: A neighborhood of A

It is clear that (Y, d) is compact.

We define a mapping g : Y — Y as follows: ¢ fixes A, B, and C, and on each
Sierpinski gasket, Y1, - - -, Ys, simply scale by a factor of 2 and map the left, bottom,
and right midpoints to A, B, and C|, respectively. This subdivides the image of each
gasket into three gaskets (see Figure 4.4). The relation ~ ensures that g is well-defined

on Y. This mapping is clearly continuous on Y.
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n g

Y Yy

Figure 4.4: g(Y7)

Observe that the map g is not locally injective, and hence not locally expanding
either. Moreover, for every k& > 1, the map ¢* is not an open map.

We will show that (Y,d, g), along with the constants § = %, K=1,and \ = %,
satisfies Axioms 1 and 2.

We denote V = {A, B,C}. For each i = 1,---,6 and each v € V, denote by v;
the unique point in ¥; N g~ '{v} \ {v} (see Figure 4.5).

Ag Cs

Figure 4.5: V' labeled
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We will use the notation V' = {A4;, B;,C; | 1 <i < 6}.
Consider Figure 4.6. We see that g(B(A4,i)) C Y3 UY;s, and that ¢ maps
9(B(A4, 1)) NY; bijectively onto Ya, and g(B(A4, 1)) N'Ys bijectively onto Y;.

Figure 4.6: ¢g*(B(A4, i))

Analogous observations can be made about the other 20 points of V U V.

Observation 4.1. Let w € VUV’ and g(w) = v. Then there exist 1 < i # j <6
such that
g(Blw. 1) C VLY,

Moreover, g maps g(B(w, i)) NY; and g(B(w, i)) NY; bijectively onto distinct Yy and
.

Claim 4.2. If d(z,y) < & then d(
holds with = é, K=1,and \=

d(g*(z),9*(y)). That is, Aziom 1

N[

(z),9(y)) <

Q

[N

Proof. We will consider two cases.
Case 1: B(x,5)N(VUV') # &

Since diam(B(z, §)) < 2 < 1, and since any two distinct points of V' UV’ are at
least distance 3 apart, it follows that there is a unique point w € B(z, ) N (V U V).
Let v = g(w).

Since B(z,3) € B(w,3), it follows from Observation 4.1 that there exist
1 <i# j <6 such that

9(B(.5) € YUY

Assume without loss of generality that g(z) € Y;. Let € = |g(z) — v|. Then we have

g(B(z,3))={z€Y;| \g(x)—z\ﬁ%}U{zele]v—z\gg—e}.
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Moreover, there exist 1 < i’ # j' < 6 such that the restrictions
g:{zeYillgx) -zl <2} = {zeYi|lg*(x) — 2| < 5}

and
g:{zeYjllv—z<§—efm {zeYy|v—2/ <52}

are bijective.
So if g(y) € Y; then

d(g*(x), 9°(v) = |9°(x) — ¢°(v)| = 2lg(x) — g(y)| = 2d(g(x), g(y)).
Otherwise g(y) € Y;, in which case

d(g*(x), 9*(y) = 19°(x) — v| + [v — ¢*(y)]

Case 2: B(z,5)N(VUV') =2
Then g(B(z, §)) NV = @, so that g(B(z, §)) C Y; for some 1 < < 6. Since the

Euclidean metric | - | makes sense on all of ¢(Y;), we have

IN

O

To prove that Axiom 2 holds, let us begin by making another observation. We see

in Figure 4.6 above and Figure 4.7 that
9" (B(As,)) =Y1UYo =g (B(4,3)).

Analogous observations can be made about each v € V and w € g~{v}.

Observation 4.3. Let v € V and 0 < € < . For any w € g~ '{v}, we have
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Figure 4.7: g(B(A, 1))

2

Claim 4.4. Letx €Y and 0 < e < Then

1
5

In particular, Aziom 2 holds for g = %, K=1,and \= %

Proof. Let 0 < e < %. We consider two cases.
Case 1: B(z,3e)N(VUV') =2
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Then clearly B(z,2e) C Y; \ V and g(B(z,3¢)) C Y; \ V for some 1 < 4,5 < 6.

Since g simply scales Y; by a factor of 2, we have

9(B(r.3) =0 ({z € Vi lo - 2| < 1¢))
={zeY;|lg(z) -2 <€}
= B(g(z),€).

Case 2: B(z,5e) N (VUV') # &

Since any two distinct points of V U V' are at least distance

apart, it follows

that there is a unique point w € B(z, 1) N (V U V’). It is clear that = and w are in

the same Y;, for some 1 < i; < 6, and that d(z,w) = |z — w|. Let ¢ = ¢ — |z — w|

and let v = g(w). Further suppose that g(z) € Y, and g*(x) € Y;,. We have

B (e, k) = {y € Vi | Iy — al < 3e} U B(w. ).



Since d(g*(z),v) = |g*(z) — v| < 2e < 2, it follows that

P {yeY, |ly—a < i) Cvi,.

Therefore

> (B(z,3€)) ={y €Yy, | ly— ¢*(z)| <26} Ug*(B(w,¢)).

Similarly, we have
B(g(x),e) = {y € Vi, | ly — g(x)| < e} U B(v, 2¢),

and hence

9(B(g(@).€) ={y € Vi, | ly — ()] < 2} Ug(B(v,2¢)).

The result follows from (4.1), (4.2), and Observation 4.3.

32

(4.1)

(4.2)
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Chapter 5
Proof of the Construction Theorem

Suppose that (Y,d, g), together with the constants 5 > 0, K > 1, and 0 < v < 1,
satisfies Axioms 1 and 2. Recall that g : [[,50Y — [[,50Y denotes the map

Q(QO, Y1, Y2, - ) = (g(yO)ag(yl)ag(yQ)a T )
We define two metrics on [],5,Y as follows:

d'(x,y) = sup,>o{7"d(2n, yn)},

and

Ci(X, y) = d/(Xa y) + Vild/(gil(x% gil(y)) T+t Vi(Kil)d/(gi(Kil)(X)a gi(Kil)(y»

While d’ is the natural metric to use, it doesn’t give us the Smale space property (S7)
for Y. Using d solves this problem.

It is clear that d’ is in fact a metric.
Lemma 5.1. The metric d' gives the product topology on ano Y.

Proof. Let Ty denote the metric topology, and 7, denote the product topology on
HnZO Y.

Let x € ano Y, and choose € > 0. Then choose N € N such that A\NdiamY < e,
and let

U - B(zp,e) 0<n<N
"1y n>N '

Then x € [[,50Un € Ba(x,€), so that T C 7T,
For the other direction, we start with a basis element [[,., U, € 7, containing x;

that is, U, is an open neighborhood of x,, for n = iy, s, - - - , 4, and for all other n, U, is
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Y. Then for each n = iy,49,- -+ 4y, there exists an €, > 0 such that B(z,,€,) C U,.
Let € = min{\"¢, | n = i1,iy, -+ ,im}. Then x € Bay(x,€) C [],50Un, so that
To © Tar- 0

By Tychonoft’s Theorem, the compactness of (Y, d) implies the compactness of
[L,50Y with the product topology. And by Lemma 5.1, this implies that ([[,~,Y,d’)
is Cgmpact. We observed in 2.4 that the inverse limit ¥ is a closed subset of ]:[n>0 Y.
It follows that (Y, d’) is compact. )

The following three lemmas are easy observations about the metrics d’ and d on

~

Y.
Lemma 5.2. If xo = yo then d'(§(x), §(y)) = vd'(x,y).

Proof. We have

d'(5(x),9(y)) = supp>o{7"d(3(x)n, 3(¥)n)}
= sup,>1{d(9(20), 9(%0)), V" d(@n-1,Yn-1)}
= Ysup,»o {7 " d(zn, yn)}
=d(x,y).

O

A~

Lemma 5.3. There exists a constant ¢ > 0 such that for any x,y € Y,

d(x,y) < OZ(X, y) <cd(x,y). That is, d and d are strongly equivalent metrics.

Proof. The first inequality follows immediately from the definition of d.

The second inequality follows from Lemma 5.2:

d(x,y) = - Y (GT(x), 97" (y))

=
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Strong equivalence of metric implies topological equivalence, and preserves uni-
form continuity of mappings. We observed following Lemma 5.1 that (Y, d’) is com-

pact. It follows that (?, d) is compact.

Lemma 5.4. For any x,y € Y, we have d'(§7'(x), 57 (y)) < %d/(x, y).

Proof. Since §7(x) = (x1, o, - ), we have

d'(571(x), 7 (y)) = sup,s {7 d(@n, yn)}

1
< ;SuPnzo{Vnd(xm yn)}

1
=-d(x,y).
,y( )

Let us denote
Vi(x,e) = {y € V' | d(3"(x),5"(y)) < ¥ n > 0}

and
V(e = {y € V[ d(57"(x), 57" (y)) < ¢ ¥ n > 0}

for € > 0 and x € Y. Recall from Definition 2.2 that the definition of Y*(x, €) and

yu (x, €) depends on the bracket map |-, -] of a Smale space. Since we do not know at

this point that (?, d, g) is in fact a Smale space, we use the extra ' decoration. We

will prove later that these sets are in fact the usual local stable and unstable sets.
We will show that there exists ey > 0 such that for (i(x, y) < ey,

Vo (x, €)' N Yy, €)'
is a singleton. We will then use this property to define a mapping
o] {(xy) €Y x Y d(x,y) <ep}t = Y,

Our first tasks will be to obtain more useful descriptions of the sets Y*(x, €)' and
YU (x,e).
Choose 0 < €, < £ such that d(x,y) < €, implies d(i™(x), 5 "(y)) < 8 for

n=20,---,2K — 1.

>~<
[\
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Lemma 5.5. For any 0 < € < €, y € ?S(z,e)’ if and only if y, = zm for
m=20,---,K—1 and(j(y,z)ge

Proof. Let 0 < e < e;.
First, suppose that y € ?S(z, €)'. By our choice of €, we have

g (y) e Vo7 Vg, By
So for each m =0,--- | K — 1 and any n > 0, we have

A" (i), 0" (2rcm) = g <-<K+m><y>o>, (57 (2)o))
= d(g" " y)o, g

Applying Axiom 1, we get

d(gKJrn(yKer)a gKJrn(ZKer)) S ’}/Kd(QQKJrn(yKer)a 92K+n(zK+m))

for all n > 0. That is,

d(yma Zm) = d(gK(yKer): gK(ZKer) S P)/SKd(g(SJrl)K(yKer)a g(SJrl)K(ZKer)) S ’}/SKB

for all s > 1, so that y,, = z,.

For the converse, suppose 4,, = z,, form =0,--- , K — 1 and OZ(y, z) < €. Since
for each m = 0,--- | K — 1 we have §7"(¥)o = Ym = 2m = ¢ "(2)o, it follows from
Lemma 5.2 that

d (g (y), 57" N (2) =d (57" (v), 57" (),

and hence
d(g(y), §(z)) = ~d(y, z). (5.1)

A

That is, ym = 2m for m = 0,--- , K — 1 implies d(§(y), §(z)) = vd(y,z). Let us
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apply this result to ¢"(y) and §"(z), where n > 0. We have

9" V)m = 9"Wm) = 9" (2m) = 9"(2)m

form=20,---,K — 1, hence

d(§" M (y), " (2) = vd(3"(y), §"(2)).

It follows that

for all n > 0. O
The following property follows easily from the proof of Lemma 5.5.

Corollary 5.6. Ify,z € Y5(x, €)', then d(§(y), §(z)) < ~d(y, z).
Now let us consider Y*“(x, €)'.

Lemma 5.7. For any0 <e<e,,y € Y/“(z, €)' if and only if d(yn, zn) < € for every
n>0 and d(y,z) < e.

Proof. Let 0 <€ < €.
If y € Y¥(z,€) then

A(Yn, 2n) = d(G7"(¥)0, 9" (2)0)
<d(g"(y), 9 "(z))
<d(G"(y), 5 "(2))

€

IN

for all n > 0.
Conversely, suppose d(y,, z,) < € for all n > 0 and cZ(y, z) < e. Since € < e’f/ < B,
we cam apply Axiom 1 to get d(g% (y), g% () < (6™ (3), 4% () for all n > 0.



Hence

d'(57"(y), 7"(2)) = sup,=o {7V (YK 11, 2K1n) }
= 5P, {7 " d(g" (Y2rc+n), 9" (2240))}
< ”YKSUPnzo{”Ynd(QQK(ZJQKJrn): QQK(ZQKJrn))}
= ”YKSUPnzo{”Ynd(ym Zn)}
=7"d(y,2),

which gives

QG557 @) = 3 G (), 5 (@)

K-2

<y KK (y,2) + 3y (G (), g @)

m=0

=7 (d’(y, z) + z_: v (G (), ?J”%Z)))

= d(y,z).

We have just shown that d(y,, z,) < § for all n > 0 implies that

~

d(57(y), 97 (2)) < vd(y, z).

Let us apply this result to g~*(y) and §—*(z), where s > 0. We have

d(gis(y)m gis(z)n) - d(yn—I—sa Zn-i—s) S EIY/

for every n > 0.

38

(5.2)
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The following property follows easily from the proof of Lemma 5.7.

Corollary 5.8. Ify,z € Y¥(x, e.)', then A5 Yy), 7 4(2)) < vd(y, z).

We now describe how to choose our parameter e;. Choose

" /
O<€YS EY

DO | =

such that d(x,y) < €. implies d(5(x), 9(y)) < €. Then choose

K _n

1
0<er<3r77 €6

such that d(z,y) < ey implies d(g"(z), ¢"(y)) < ﬁvK”e’é for n = K,

2K — 1.

Lemma 5.9. If d(x,y) < ey then Y*(x, €)' N Yy, €)' is a singleton.

Proof. Let d(x,y) < ey Notice that we have

v EV (YR d(war 1, yarc—1)) <y E VA (G F D (x), g K

< d(x,y)
S €y
That is,
d(zor—1,y2x—1) <7 ey < B. (5.3)
Let us define a point z by defining zx, -, zs41)k—1) inductively on s. Let
Zm = Ty, for m =0,--- K — 1. By (5.3) and Axiom 2, we have
ZK—-1 = TK-1
= QK(ZE2K—1)
€ " (B(yar-1,7""¢y))
= g"(B(g" (y3x-1),7 "ey))
g g2K(B(y3K717 EY))a
50 21 = g*% (uzg _1) for some
U -1 € B(ngfl, EY). (54)
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Define

DK-1 = QK (U3K—1)

DK-2 = 9(22K71) = 9K+1(U3K71)

2 = g(2x41) = 92K71(U3K71)-

Observe that we have g(zx) = ¢* (usg_1) = 2K 1.

We can now apply Axiom 2 to (5.4) to get

QK(U3K—1) S QK(B(?J:%K—h €y)) = gK(B(gK(y4K—1)7 6?)) C QQK(B(yM(—lu EY/))‘

That is, ¢% (uzx_1) = ¢** (usx 1) for some

Usrc—1 € B(Yar—1, €5 ). (5.5)

As above, define

Z3K—-1 = gK(U4K71)

K+1(

Z3K—2 = 9(231(71) =g U4K71)

2ok = 9(22K41) = 92K71(U4K71)-

Observe that we have g(zor) = ¢2% (usre_1) = 9% (usg_1) = 2251
We then use (5.5) and Axiom 2 to get usx—1 € B(ysk—1,€y), which we use to
define z3f, - - -, z4x—1; and so on. Our construction ensures that z = (29, 21, -+ ) € Y.
Let us show that z € Y*(x, €)' N Yy, e.).  Well start with showing
z € Y"(y,€;)". Notice that for m =0,---, K — 1, we have

YA Xy Ym) <Y (GT(X), 67 (y))
<d(x,y)

< €y.

That is,

(2, Ym) = d(Tm, ym) < 7"ey < €y < g7l
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for m =0,---, K — 1. Furthermore, we have d(usx_1,Ysk—1) < €5 for all s > 3. By

our choice of €y, it follows that

d(zsk-1-N, Ysc—1-~) = d(g" (usk—1), 9" (Ysi-1)) < ﬁvK‘leQ

for N=K, -+ ,2K — 1 and s > 3. Since for all n > K, we defined 2, = ¢" (usx_1)
for some N =K,--- 2K — 1 and s > 3, we have

for all n > K, and hence for all n > 0. This gives
K-1 "

d'(G7(y),97"(2) = suPpo{ V" d(Wnsrs Znik)} < 5P {dWniks Znan) } < 5™ el

for all n > 0. Therefore,

By Lemma 5.7, it follows that
5 €V (y, 8 VU (y .6

For inclusion in ?S(x, e;)’, recall that we defined z,, = z,, for m = 0,--- | K — 1.

And we also have

So by Lemma 5.5,



42

Finally, let us show that z is the only point in YS(X, e%,)’ N Y“(y, e;)’ . Suppose
vevYs(x, €)' N Yy, ).

Since v,z € Y*(x, €)', we have by Lemma 5.5 that v, = z, = 2z, for

m=20,---,K —1. And by Lemma 5.7, v,z € Y“(y, eg/)’ implies

for all n > 0. We will complete the proof by induction, showing that v,, = z,, implies
Uma K = Zmak- S0 suppose that v, = z,. From (5.6) we have d(vy 12K, Zmiox) < 5,
and we have assumed that d(¢?* (vmioK), 925 (Zmi2x)) = d(Vm, 2m) = 0. Tt follows by

Axiom 1 that v,k = 9% (Vmiox) = 9% (Zmaok) = Zmik- O

Corollary 5.10. €y is an expansive constant for g; that is, if d(§™(x), §"(y)) < €y
for everyn € Z then x =y.

Proof. TIf d(§™(x), §"(y)) < €5 for every n € Z then

y € V°(x, €)' N V(x, e.) = {x}.

U
As a result of Lemma 5.9, we can define a mapping
] {xy) €Y xY |dx,y) <e} =Y
by
[x,y] = ?S(X, e;,)/ N Y“(y, e;,)/.
We see in the proof of Lemma 5.9 that in fact
(x,y] € Y7(x,€g) NY"(y,ef)" (5.7)

Notice that {(x,y) € Y x Y | d(x,y) < €p} is clearly closed.

We have already chosen ey > 0. For the constant 0 < Ay < 1, simply let Ay = 7.
Let us show that ey, Ay, and [, -] satisfy properties (S1) through (S7) of Definition
2.2.
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(S1) [-, -] is continuous
Let C' C Y be closed. We will prove that [-,-]~*(C) is closed as well.
Suppose (x",y") € [-,-]7}(C) and (x",y") — (x,y). Since C is compact, there

exists a convergent subsequence [x"*, y™| — z of ([x",y"]) C C. Since C is closed,
zecC.

Let m > 0. Then for every n; we have

d(§™(x), 4™ (2)) < d(§™(x).§™(x™)) + d(g™(x™), g™ ([x"*, y™]))
+d(g™ (X", y™]), 5™ (2)).

~

Since g™(x"™) — g"™(x), [x",y"] € YI(x", €p), and g"([x™, y"]) — §"(z), it
follows that
(™ (x), 9" (z)) < €
Therefore z € Y*(x, €)' Similarly z € Yy, e.)’. That is,
z €Y (x,€;) NY"(y,ep) = {[x,y]},
so that [x,y] =z € C.

(52) [x,x] =x for allx €Y

This follows immediately from the definition of [, ].

(S3) [[x,y],z] = [x,2z] whenever both sides are defined
Suppose (i(x, y), OZ([X, yl,z), (i(x, z) < €. Then by (5.7), we have

[x,y).2] € Y°([x,y], 56p) N V" (2,3¢p) C Y (x.¢p) NY (2 €)' = {[x. 2]}

that is, [[x,y], 2] = [x, z].

(S4) [x,[y,z]] = [x, 2] whenever both sides are defined
This is analogous to (S3).

(S5) 9([x,y]) = [9(x), §(y)] whenever both sides are defined
Suppose d(x,y), d(§(x), §(y)) < 5. We have from (5.7) that

[x,y] € }A/s(x, egf,)/ N f/“(y, egf,)’;
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that is, d([x,y].y) < €. By our choice of € > 0, we have d(g([x,y]),g(y)) < €.

As a result,

that is, §([x,y]) = [9(x), 9(y)]-

As in Definition 2.2, we denote

~

Yix,e) ={y | [xy] =y, dxy) <€}

and

~

Y/u(xa 6) = {y ‘ [y,x] =Y, d(X, y) < 6}

forxeffand0<e§ey,.

Let us show that

Vo(x,ep) = YVi(x,ep) (5.8)

for any x € Y. First, suppose that y € YS(X, ey). Theny = [x,y] € ?S(X, eg/)’. So
by Lemma 5.5, it follows that y,, = x,, for m =0,--- , K — 1. Since J(X, y) < €, we
can apply the other direction of Lemma 5.5 to get y € Ys(x, ey ).

Now suppose y € ?S(X, ey-). Then OZ(X, y) < €y, and

y € f/s(x, eg/)’ N Y“(y, eg/)’ =A{[x,¥]};

that is, y = [x,y]. Hence y € YS(X, €y ).
Similarly,

~ A

YU (x,e5) = Y¥(x,€5) (5.9)

for any x € Y.

(56) d(3(y). §(2)) < Ayd(y,2) if y,z € Y'(x, ¢p)
This follows immediately from (5.8) and Corollary 5.6.

(87) (g (y), 57" (2)) < Apdly,2) if y,2 € V" (x, e5)
This follows immediately from (5.9) and Corollary 5.8.

To prove that the Smale space (f/, cz, g) has totally disconnected local stable sets,

we first need the following lemma.
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Lemma 5.11. Axiom 1 implies that g is finite-to-one.

Proof. Suppose that Y contains an infinite sequence (y,,) of distinct points all having
the same image under g. As g is onto, so is g'*. For each n, pick z, with ¢%(z,) = yn.
Then (z,) must have an accumulation point, so we may find z,, and z, with m # n
and d(zpm, 2,) < B. So we have ¢*5(z,,) = ¢°%(z,,), but g% (2,,) = ym and ¢ (2,) = yn

are distinct; this contradicts Axiom 1. O

Proposition 5.12. If (Y, d, g) satisfies Azioms 1 and 2, then the Smale space (Y, d, 9)

has totally disconnected local stable sets.

Proof. For n > 0, denote by m, : Y — Y the projection map 7, (Yo, Y1, Y2, *) = Yn.
Choose y € Y. By Lemma 5.5 and (5.8), every point in ?S(y, €y-) has the same first
coordinate, . Therefore, for any n > 0, the set m,(Y*(y, ;) C g7*{yo} is finite by
Lemma 5.11. So the 7, preimage of any point in this finite set is clopen in Ys(y, €y ).
As a result, for any two distint points in ys (¥, €y), we can find a clopen set containing
one but not the other. O

Now let us consider the matter of irreducibility.
Proposition 5.13. (Y, d, g) is non-wandering if and only if (Y, d, g) is non-wandering.

Proof. “=" Let y € Y and € > 0. Since g is surjective, there exists y € Y such that
Yo = ¥y. Since (Y, (i, g) is non-wandering, there exists k > 1 and z € Y such that

z € B(y,e) N g*(B(y,e)).

Then z = §*(x) for some x € B(y,¢). So we have

d(z0,y) = d(z0,y0) < d'(z,y) < d(z,y) < €

and similarly d(xg,y) < e. That is,

20 = g"(x0) € B(y,e) N g"(B(y.e)).

“=” Let y € Y and € > 0. Choose N > 1 such that N < <, where ¢ > 0 is the
constant from Lemma 5.3. Then choose ¢ > 0 such that d(z,y) < ¢ implies that
d(g"(x),g"(y)) < & foreach n =0,1,--- , N.
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Since (Y, d, g) is non-wandering, there exists m > 1 and z € Y such that
2 € Blyn,€) Ng™(Byn, €)).

So z = ¢g™(u) for some u € B(yy,€). Since g is surjective, there exists z € Y such
that

EN4+m = U

€

Since d(zy,yn) < €, it follows that d'(z,y) < ¢, and hence ci(z,y) < €. Similarly,
d(§™(2)n, yn) = d(u, yy) < € gives us that d(§~™(z),y) < e. That is,

2 € Bly, &) N§"(B(y,e)).
U
Proposition 5.14. (Y, d, g) has a dense forward orbit if and only if (Y,d,g) does.

Proof. “=" Suppose y € Y has a dense forward orbit. We will show that Yo has a
dense orbit in Y.

Let z € Y and € > 0. Since g is surjective, there is a point z € Y such that zp = 2.
Since y has a dense forward orbit, there exists k > 0 such that d(§*(y),z) < e. It
follows that d(g*(yo), 2) < e.

“<” Suppose y € Y has a dense (forward) orbit. Since g is surjective, there exists a
point y € Y such that Yo = y. We will show that y has a dense forward orbit in Y.

Let z € Y and € > 0. Choose N > 1 such that vV < E, where ¢ > 0 is the
constant from Lemma 5.3. Then choose € > 0 such that d(z,y) < € implies that
d(g"(z),9"(y)) < ¢ for each n = 0,1,--- , N. Since y has a dense orbit, there exists
m > 0 such that d(zy, g™ (y)) < €. It follows that d'(z, g™V (y)) < <, and hence

~

d(z, 5" (y)) < e B
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Chapter 6
Proof of the Realization Theorem

We will construct the inverse limit space from a quotient space of our Smale space,
(X, f). We will use a certain Markov partition to define an equivalence relation ~ on
X, and consider the quotient X /.. The relation ~ has the effect of collapsing each
Markov partition rectangle to a single unstable set (see Figure 6). These unstable
sets may intersect on the boundaries, making the definition of an appropriate metric
on X/. rather difficult. The other aspects of our construction of the inverse limit

space are quite intuitive.

Figure 6.1: The equivalence relation ~

6.1 Construction of a Quotient Space

Let (X,d, f) be a Smale space with totally disconnected stable sets. In this section,
we will use a Markov partition for (X, d, f) to define an equivalence relation, ~, on
X. We then define a metric, §, and a mapping, «, on the quotient X/.. In Section
6.2, we will show that

@X/N&X/N&X/N&”-,



48

together with the usual shift map, is conjugate to (X, d, f). Moreover, we prove that
(X/~,0,a) satisfies Axioms 1 and 2, so that the inverse limit space is also a Smale

space by the Construction Theorem.

6.1.1 An Equivalence Relation on X

Let P = {Ri,---,Ry} be a Markov partition for (X, f) such that for every
x € R, € P, X5(x,R;) is clopen in X*(z,ex). Such a Markov partition exists by
Proposition 2.8. By Propositions 5.8 and 6.2 of [1], the diameters of the rectan-
gles in P can be chosen arbitrarily small. So we will assume that for each R € P,
diam(R) < 3¢, where 0 < €y < < is the constant from Proposition 2.3.

It is an easy consequence of Proposition 2.3 that for any x € Int(R;) we have
X*(z, R;) C Int(R;).

We define a relation =~ on X as follows:
x =y if and only if z,y € R; for some R; € P and = € X*(y, ex).

We observe that this relation is reflexive and symmetric, but not transitive. Let ~ be
the equivalence relation generated by =, with equivalence classes denoted [[-]]. That
is, x ~ y if and only if there are x1,x9,--- ,2, € X such that r = 1 = --- = x, = v.
It is clear that ~ is simply the transitive closure of ~.

We observe that [[z]] C X*(z) = {y € X | lim, d(f™(x), f*(y)) = 0}. More-
over, if z € IntR; then x = X*(z, R;) C IntR;, and IntR; " R; = () if i # j, so that
[[z]] = X*(z, R;).

We will spend the rest of this section proving various properties of P, =, and ~.
We will need these properties to define a metric on X/..

It is a well-known fact that if a metric space A is compact and C C A is a
clopen subset, then there exists € > 0 such that B(C,e) C C. Since we know that
the rectangles are clopen in the stable direction, we would like a uniform constant

satisfying this property.

Lemma 6.1. There exists 0 < ¢g < %eX such that if x € R; € P then

Xs(l‘7 60) - RZ

Proof. Choose x; € R; € P. Since X*(z;, R;) is clopen in the compact set X*(x;, €x),
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there exists 0 < ¢; < %e x such that
B(XS(I'Z,RZ),GZ)mXS(ZEZ,Ex) QXS(ZEZ,RZ) (61)

The collection {X*(y,3¢;) | y € X*(x;, R;)} covers X*(z;, R;), so there is a finite
subcover, with centers yy,-- -, Yn.

By the uniform continuity of [-, -], there exists 0 < n; < %ei such that if d(a, b) < n;
then d([c, a], [¢,b]) < 3¢ for any ¢ € B(a,ex) N B(b, ex). We will show that

XS(“%%’) - RZ

for any x € R;.

Choose = € R; and y € X*(x,n;). Since R; = [X"(x;, R;), X*(z4, R;)], it follows
that = = [u, s] for some u € X"(z;, R;) and s € X*(x;, R;). And s € X*(y;, 3¢;) for
some 1 < j < n. Moreover, since d(x,y) < m;, it follows that we have

d(s, [y, y]) = d([y;, 7], [y5,9]) < 36 Hence

d([y;,yl,y;5) < d([y;,v], 8) + d(s,y;)

<d
< 1 +1

56 T 56
2 2

= €,

so that [y;,y] € X*(y;, ). Moreover, since y; € X*(x;, R;) C X*(;, 3€x), it follows
that X*(y;, &) C X*(y;, 3ex) € X*(x;,ex). That is,

[y, y] € Byj, &) N X*(xi,ex) € B(X (x4, Ri), &) N X%(4, €x).

It follows from (6.1) that [y;,y] € R;. By the definition of a rectangle, z, [y;,y] € R;
implies
Yy = [.T,y] = ['Ta [yjay]] € Rz
Let eg = min{n; |t =1,--- , M}. O

Next, we find a bound on the transitive closure, ~, of the relation ~.

Lemma 6.2. There exists N € N such that if y ~ x then there are yy,--- ,yn with

y=yp=---RYN= .
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Proof. Let g > 0 be as in Lemma 6.1 and 0 < A < 1 as in Definition 2.2, and choose
m € N such that

AmEX S €0-

Then choose n > 0 such that d(z,y) < n implies d(f~"(x), f*(y)) < ex for all
k=0,---,m. Cover X by %n—balls and extract a finite subcover {By,--- , By, }.

We claim that N = 2nM — 2 satisfies the conclusion.

Let x,y € X with y ~ x. By definition of ~, we know that y = y; = --- =y, =
for some y,--- ,yr € X. Denote yo = y and yr+1 = z. Suppose L > 2nM — 2. We
will show that y; ~ y;» for some non-consecutive j and j'.

Since P covers X, f"(yo) € R; for some (not necessarily unique) 1 <i < M. By
definition of =, we have y;41 € X*(y;,ex) forall j =0,---, L, so that

S i) € X2(f™ (), Aex) © XP(f" (1), €0)-
Arguing inductively we see that
f™(y;) € X2(f™(yo), ex) N Ry (6.2)

forall j=1,---,L+1.

Since L +2 > 2nM + 1, at least 2n + 1 of the y; are in the same R, for some
1 < i < M. Look at those and apply f™ to all of them. Since there are at least
2n 4+ 1 of these, at least 3 of them are in the same B, for some 1 < r <n. Of these 3,
choose 2 that have non-consecutive indices. That is, there are y; and y; with j and

J' not consecutive, such that y;,y; € Ry and f™(y;), f"(y;/) € B,. So
d(f™(y;), ™ (y50)) <,
and we have from (6.2) that f™(y;), f™(y;) € X°(f™(yo), €x), hence
F"(y5) € X2(f™ (yy)m)-
It follows from our choice of n > 0 that
y; € X*(yjr, ex).

Therefore y; = y;. U
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Choose 0 < €j < ¢ such that d(z,y) < ¢ implies that [z, y] € X*(x, €0) N X"(y, €0)

(the existence of such a constant follows from the continuity of [, -]).

!/ : 1 7 1 _n
Let €, = min{z€Yy, s€}-

We noted that [[z]] C X*(x). Tt follows that for each y € [[x]] there exists n > 0
such that f™(y) € X°(f"(x),€,). We now show that we can do this in uniform time.

Corollary 6.3. There exists K € N such that if y € [[z]] then f5(y) € X*(f*(z), €)).

Proof. Suppose y ~ x. Then by Lemma 6.2, there exist yy,--- ,yy with
YRY R R YN T
Denote yy = y and yy.1 = x. We have
Yi € X°(Yiy1, €x)
for all i =0,---,N. Choose K € N such that
NN + 1ex < €,

We have
5 (wi) € X3(f% (yis1), Aex)

forall t =0,---, N, so that

(o) € X°(f% (11), Mex)
C X°(f(y2), 2\ ex)

C X (f* (yv+1), (N + DA ex)
- Xs(fK(yN+1)7€6)‘

That is, f¥(y) € X*(F¥(), ). s
Corollary 6.4. The equivalence classes [[-]] are closed.

Proof. Let (z,) C [[z]], with z, — z. By Corollary 6.3,

F(za) € X°(F5(2), €0) (6.3)
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for all n.

Choose 1 > 0 such that d(z,y) < n implies d(f~*(z), f*(y)) < ex for all
k=0,--- K. Let {By, -, Bs} be a finite cover of X by %n—balls.

Infinitely many of the 2, are in the same R; for some 1 <7 < M. Consider those
and apply f¥ to all of them. Infinitely many of these are in the same B, for some
1 < r < s. That is, there is a subsequence (z,,) of (z,) such that (z,, ) C R; and
(f%(24,)) € B,. So

d(f* (z,), 5 (2n0)) <11

for all ny. It follows from (6.3) that

P () € X(F" (200),m),
so by our choice of n > 0 we have
Zn, € X*(2ny, €x)

for all n,. That is z,, € X*(z,,,R;) for all n;. Since z,, — z and X°(z,,, R;) is
closed, it follows that z € X*(z,,, R;) C [[zn,]] = [[z]]- O

Lemma 6.5. Let (z,,) and (a,) be sequences in X. If x, — z, a,, = a, and x, = a,

for alln, then z = a.

Proof. Without loss of generality, we may assume that d(a,,a) < %EIX for all n. Then
d(zp,a) < d(xp,a,) + d(ap,a) < €y < ex, so that [z,,a] is defined for all n. In
addition, d(z,a) < d(z,z,) + d(x,,a) for all n, so it follows that d(z,a) < ey, and
hence [z, a] is also defined.

Observe that [z,,a] — [z,a] by the continuity of [-,-]. But since d(z,,a) < €y

and z, € X*(an, 3¢x) C X*(an, 3€x), we have
[0, a] € X*(x, 56x) N X"(a,ex) € X*(an, ex) N X"(a,ex) = {[an, al}.

Therefore [z, a] = [a,,a] — [a,a] = a; i.e. [z,a] = a. Tt follows that x € X*(a,ex).
By the pigeonhole principle, a subsequence (x,, ) C R; for some 1 <1i < M. Since

T, R Qy,, it follows that (a,, ) C R;. Since R; is closed, z,a € R; as well. So

k

T = a. ]

Lemma 6.6. If x,, — x, vy, — vy, and x,, ~ y, for all n, then x ~ y.
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Proof. By Lemma 6.2, for each n there exist a,i,- - ,a, n such that
l‘nzan,lz"'zan,NQyn‘

Since X is compact, it follows by Tychonoff’s Theorem that XV *2 with the prod-
uct topology is also compact. As a result, (x,an1,- -+ ,an N, Yn) has a convergent

subsequence (T, , @ny 1, 5 g Ny Yni) — (T, 01, ,an,y). By Lemma 6.5,

Hence = ~ y. O

6.1.2 A Metric on X/.

We observed earlier that the equivalence classes, [[-]], are larger on the boundaries of
the Markov partition rectangles than they are on the interiors; by “larger” we mean
that they intersect more rectangles. As a result we have the following intuitive sense
of lower semi-continuity on the local unstable sets: for a sequence (x,,) converging to
x, [[z]] can be larger than [[x,]] but not smaller.

To define our metric on X/, we will enlarge the equivalence classes [[]] near
the boundaries of the Markov partition rectangles, and then define paths using these
enlarged classes. The distance between [[z]] and [[y]] will be defined to be the length
of the shortest path between [[z]] and [[y]]. A distinctive feature of our paths is that
they are concatenations of very short moves within local stable or unstable sets, where
the moves in the stable sets do not contribute to the length of the path. A variation
of our metric appears in [9].

Recall that we chose the following constants:

1. 0 < €y < 5 such that d(z,y) < €y implies
[z,y] € X? (x, %EX) nx" (y, %eX) ,

2. 0 < e < F such that if z € R; € P then

XS(I7 60) g Ri7

3. 0 <€) < ¢ such that d(z,y) < € implies that [z,y] € X*(z,e) N X*(y, €0)
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4. € = mm{ x, L

5. K € N such that if y € [[z]] then
FE(y) € X (F5(2), &)

Now choose
0<ex <e (6.4)

such that d(z,y) < €% implies that d(f*(z), f*(y)) < ex for each k = 0,--- , K. Then
choose
0<e <e¢ (65)

such that d(z,y) < € implies that d(f*(z), f*(y)) < €, for each k = —K,--- , K, and
that [z,y] € X*®(z,€%) N X"(y, €%) (a constant satisfying the second property exists
by the continuity of [-,-]).

Suppose d([[y]], [[x]]) = inf{d(v'.2") | v € [[y]], ' € [[z]]} < €. Then there exist
u € [[y]] and v € [[z]] with d(u,v) < €. Let z € [[y]] and 2’ € [[z]]. We observe that

d(f*(2), f5 (@) < d(f*(2), F5 () +d(f* (u), f5 (0))+d(f* (v), f5(2)) < Bep <ex,

(6.6)
so that [f%(2), fX(2')] is defined. Moreover, since d(f%(z), f&(2')) < €y, it follows
that

R (=), 5 (2] € X2 (5 (2), 3ex) N XH(f5 (o), ex)
C X°(f5(y), ex) N X“(f5 ('), ex)
={[f" W), ]}

that is, [f*(2), f*(@)] = [f*(y), f*(2")]. Define

(. [[2]]) = {515 ), S5 (@] | 2 € [[]]}-



95

We just showed that (y, [[z]]) = (z, [[z]]). And we observe that

(@, [[2])) = {f L"), F5 )] | 2" € [[2]]}
= {71 @), R @) | 2 € [[2]]}
= {2’ [ " € [l2]]}
= [[]]

By the uniform continuity of f, f~!, and [-, -], for each 0 < ¢ < ¢; there exists
0<ple)<e

such that dy((a,b), (c,d)) < B(e) and (fX(a), fEO1)), (f%(c), fX(d)) € Domainl[-, |
implies

d(f~ [ (a), RO ST ), fR(@)]) < e
Lemma 6.7. For each x € X, there exists 0 < € < B(e1) such that d(y, [[x]]) < €[ay)
implies [[y]] < (y, [[z]])-

Proof. Suppose that for each n € N with % < B(e) there exists y, € X with

d(yn, [[2]]) < 5 and [[ya]] € (yn, [[2]]); i.e. there exists ), € [[yn]] with y;, & (yn, [[=]]).
We claim that d(y,,, [[z]]) > €.

Suppose d(y.,, [[x]]) < e1. Then there exists 2/ € [[z]] such that d(y),2") < €.
By our choice of ¢; > 0, it follows that [2/,y!] € X*(2/,€y) C X*(2',¢). By our
choice of €, this implies [z, )] = «; that is, [¢/,y)] € [[z]]. Furthermore, we also
have [2/,y)] € X“(y., €%). Therefore d(f*(y.), f*([2',y.])) < ex for each 0 < k < K,
so that [f*(y.), f*([2',4.])] is defined for each 0 < k < K. It follows from (S5) of
Definition 2.2 that

Py 12 wn)] = 15 ), fR [ )]

Therefore

Yn = [Yn, [, 90]]
= R (), £ 2 y))
€ (Y, [[=]])
= (Y, [[2]]),

a contradiction.
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Since X is compact, there exists a convergent subsequence y,, — y of (y,), and
a convergent subsequence y;kj — y" of (y,,)- So by Lemma 6.6, y ~ y'. Moreover,
since each d(y;lkj, [[z]]) > €1, it follows that d(y/, [[x]]) > €.

However, since [[z]] is closed as well and d(y, [[z]]) < d(y, Yn,) + d(yn,, [[z]]) = O,
it follows that y € [[z]], and hence y' € [[z]]. So we have 0 = d(y/, [[z]]) > €. O

Since d([[y]], [[z]]) < ex implies that (y, [[+]]) = (', [[z]]) for every y" & [[y]], we get

the following easy consequence of Lemma 6.7.
Corollary 6.8. If d([[y]], [[«]]) < €qay then [[y]] < (v, [[«]])-
Lemma 6.9. If d([[y]], [[2]]) < e(w) ond d([=1], (), d([[=]} [l]]) < &1 then

(2, (W) € (=, [[=1)-

Proof. Recall from (6.6) that d([[z]], [[x]]), d([[¥]], [[z]]) < e implies that for every
o' € [[z]], we have d(f*(2), f*(2)), d(f* (y), f* (2')) < €. Hence

[F5(2), FE ()] € X*(F5(2), ex) N X" (F5(a) )
C X*(f5(z eX)ﬂXu(f Y), ],§€X)
= {1 ). 5 w), F5 @Y

that is, [f*(2), [f* (), f* ()] = [f* (2), f* (/)] for every 2 € [[]].
By Corollary 6.8, we have [[y]] C (y, [[x]]), hence

(z [yl = {5 @ W) Ty € [l
L@ U ), £ @D 2 € (=]}
= {5 @ W), @) 2" € [[a]]}
= {751 R), @] | 2" € [[=]]}

]

I
—
R
=)
=

For sets A,BC X and 0 < € < ¢y, let
X*(A,B,e) ={(a,b) |lac A, be B, a € X“(be)}

(see Figure 6.2).
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Figure 6.2: (a,b) € X*“(A, B,€)

We define

sup{d(a,b) |(a,b) € X“(A, B,¢e)} if X"(A,B,€e) # &

€1 otherwise

d'(A, B) = {

As a distance function on X/, d* is clearly symmetric and we will show that it
is reflexive, but the triangle inequality fails. To prove the reflexivity of d* on X/,
let (y,z) € X“([[z]], [[x]], €1). Then by our choice of K,

FEy) € X*(f*(2). ). (6.7)

Since we also have d(y,z) < e, it follows from (6.7) and our choice of € that
y € X*(z,¢). So we have

y € X%(z,6) N X"(2,61) C X%(z,ex) N X%(2,ex) = {z};
that is, y = 2. It follows that
d“([[=]], [[z]]) = 0. (6.8)

The following result is a version of continuity for the mapping (-, [[z]]).

Lemma 6.10. Let 0 < ¢ < €. If d([[y]], [[z]]) < e, d([[z]],[[z]]) < €1, and
d([[yl], [[2]]) < B(e) then

Xy, [[21), (2, [[2])), &) = {(F L5 () SR @SSR (2), 5 @) | 2 € [la]]}

and d"((y, [[2]]), (2, [[z]))) <e.

Proof. Suppose (f~[f*(y), f* ()], f[f* (), f¥(2")]) € X*((y, [[=]]), (=, [[z]]), &1)

for some ', 2" € [[z]]; we want to show that 2’ = z”. By our choice of €, it follows
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that

LF5 (), £ @) € XM ([F5(2), £5 (")) ) € X ([f*(2), 5 (2")] gex) - (6.9)

Furthermore, since d([[y]],[[z]]) < €1 and [[y]] and [[z]] are closed, it follows that
d(y',2") < € for some y' € [[y]] and 2" € [[z]]. Therefore

d(f* (y), £5(@) < d(f* (), F5 () + d(f 5 (), £5 @) + d(f* (7)), 5 (2))

< 3¢,
< €y,
so that
[F5 (), 5] € X (f5(2'), 3ex) - (6.10)
Similarly, we have
[f5(2), f5(2")] € X (F5(2"), 5ex) - (6.11)

Combining (6.10), (6.9), and (6.11) we get
FE@) € XU ([f5 (), f5 (@), gex) € X" ([f*(2), [ (2")], Fex) © X"(f*(2"), ex).

But then we have f5(z') € X5(f5(2"),¢)) N X“(fE(2"),ex) = {f5(2")}; that is,
x=a.

Now, let u € [[z]]. Clearly f=*[f*(y), f*(u)], f*[f*(2), f*(w)] € X"(u, ex).
Moreover, since d([[y]], [[z]]) < B(e), we have d(y”, 2") < S(e) for some 3" € [[y]] and
2" € [[z]]. So by our choice of 3(¢), we have

and hence f~K[f¥(y), f¥(u)] € X*(f~5[f¥(2), /¥ (w), ). That i,

S5 @)L R ) R @)]) € Xy, (), e [[2]), e).

It follows from (6.12) that d“((y, [[z]]), (z, [[z]])) < e. O

Since (z, [[z]]) = [[z]] for all z, we get the following easy consequence of Lemma
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6.10.
Corollary 6.11. Let 0 < e < e. If d([[y]], [[z]]) < B(€) then
Xy [l2)), [l2]], &) = {(/ L5 (), £ ()], 2") | 2" € [[=]]}

and d"((y, [[]]), [[]])) <€ .

It is clear that the equivalence classes [[-]] are larger on OP. For z near 0P, we

want to enlarge [[z]] using (z, [[y]]) for some y € OP (see Figure 6.3).

Figure 6.3: Enlarging the [[-]]’s near P

Let B°(S,€) denote the open ball around the set S of radius e.

The collection {B°([[z]], B(3€(a))) | @ € OP} clearly covers 9P, so there exists a
finite subcover consisting of balls around [[x1]],-- -, [[zz]]. That is, for any x € 9P
there exists 1 < I < L such that d(z, [[]) < B(f€[)- Hence, by Lemma 6.7 and
Corollary 6.11,

d"([[]], [[za])) < " (e, [[=]]), [[#]]) < F€qa-

Denote C = U1L:1 B([[x]], B(ie[[mﬂ)‘
Define

1

o] = (i) (U{<x, ledl) 11 <1< L, a*(la]), ) < 5%}) .

Denote O(P) = {z € X | d“([[#]], [[x1]]) < 5€[juy forsome 1 < [ < L}. We
observed above that 9P C C C O(JP), and so O(OP)° C C¢ C Int(P). In addition,
notice that

if z € O(OP)°.
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In fact, each z € O(9P) is only enlarged by at most one [[z,,]].

Lemma 6.12. If x € O(9P) then

[2] = (2, [lzm]])
for some 1 < m < L with d*([[z]], [zm]]) < 5€[iam]-

Proof. Suppose that d“([[z]], [z]) < 3e€ey and d*([[z]], [[zx]) < 3€[e, Where
1 < I,k < L. Since d([[z]], [[z]]) < d*([[z]], [[=]]) < 3€[w, we have from Corol-
lary 6.8 that [[z]] C (x,[[x]]). That is,

v = [TE[f (@), 5 ()] (6.13)

for some x; € [[z;]]. Since €[, < B(ey), it follows from Lemma 6.10 that

d(z, ;) < d*((z, [[z]]), (z, [=]]) < .

Since (6.13) implies © € X“(x], €x), we have v € X"(z], ¢1). Similarly z € X" (x}, €;1)
for some 1z}, € [[x]]. Without loss of generality, d"([[z]], [zx]]) < d“([[z]], [[x:]]). Hence

d(wy, [[7]]) < d(z), 77)
< d(z}, ) + d(x, x))

< d*([[z]], [[21]) + d*([[]], [[:1])
< 2d"([[=]], [[z]])

< €l
that is, d([[zx]], [2:]]) < €[zy- It follows from Lemma 6.9 that

(@, [[zi]]) € (=, [[=]])-

So we choose 1 < m < L such that

d*([[]], [[#m]]) = max{a@"([[]}, [[=]]) [ 1 <1 < L, d*([[]}, [[#:]]) < €fa/2}-
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For z,y € X, let P(z,y) consist of finite paths p = (po,p1,---,pr) satisfying
po = x, pr =y, and X“([[pi]], [[pix1]], €1) # @ for each 0 < ¢ < I. We define the
length of a path p = (po, p1,- -+ ,pr) to be

I-1

U(p) =) _d"(Ipil, [pis ),

=0

and we define a function 6 on X x X by

d(z,y) =inf{1,U(p) | p € P(z,y)}.

We aim to prove that ([[z]], [[y]]) = d(x,y) defines a metric on X/..
Choose
0< 6/1 S ,3(61)

such that dy((a,b),(c,d)) < € implies that d([a,b],[c,d]) < € for all
(a,b), (¢,d) € Domain[-, -], and such that d(z,y) < €| implies that d(f(z), f(y)) < €.
Since 9P and C¢ = N, B*([[z1]], B(3€)z)¢ are closed and disjoint,

d(oP,C°) > 0.
Let
Ny = min {%d(@P, CcY), 6/1} )
Then
B(Cmo)NOP =& (6.14)
Choose

0 <1y < B(no)

such that d(z,y) < n; implies that [z, y] € X*(x,n0) N X"(y, no)-
For A C X and 0 < € < ey, we will denote X“(4,¢€) = J,c4 X“(2,€).
As expected, if € C° N IntR; then all short enough paths starting at x will be

entirely contained in IntR;.
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Lemma 6.13. Suppose x € C°NR;. If p = (po,- - ,pr) with po = = and l(p) < 1y,
then p; € IntR; for all i.

Proof. Since x € C°N R;, it follows that x € IntR;. Let us show that the intersection
X"([[z]],mp) N OR; is empty. Let 2’ € [[z]] C IntR; and suppose that there exists
y € X“«',ny) NOR;. Then [y,z] € OR; and d(z,[y,z]) < 1o, which contradicts
(6.14). Therefore X*([[z]],n)) C IntR;.

Let p € P(x,-) and suppose [(p) < n). We have already observed that p; € IntR;
for i = 0. Suppose it is true for i = 0,--- , k, so that [[p;]] = X*(pi, R;) C IntR; for
i=0,---,k. Since d“([[pi]], [[pix1]]) < d*([p:i], [pix1]) < mg for all 4, it follows that

there exist
(%, q;) € X"([[pll; [Pisall, m0)
€1).

for all i, Choose (s pher) € X*([pel. k]l €
i=0,---,k—1, it follows that [¢;, pi] € [[p:]] and [¢}, p}.

Since pj,qi,q; € R; for
€ [[pig1]] fori =0,---  k—1.
/

]
Moreover, since d(g;,q;) < €}, it follows that ([¢:;, i), ¢}, Pi)) € X“([[p:]], [[piﬂ]],el)
fori =0, ---,k — 1. Therefore

A0l o, 2]) < s, ) + 3 o ). e )
<3 o) el

o

IN
~

/
0-
Combining this with pj ., € X*(p}, €1) € X*([qo, p}), €x) gives
P € X*(lao, 21, € X*([[e]], ) € Int

Hence pj11 € [[p,41]] € IntR;. O

Corollary 6.14. If x € C¢, and p € P(z,y) with [(p) < 0} then

(, [y, 1) € X*({[]], [ly]], L(p))-
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Proof. Let p = (po, -+ ,pr) € P(z,y) with {(p) < ). Say v € R;. Then by Lemma
6.13, p; € IntR; for all i = 0,--- , . Therefore [p;,z] = p; for i =0,---, 1.
Since I(p) < n < €, it follows that for each i = 0,---, I — 1 there exist

(g, ;) € X*([[p]]; [[pisal], €))-

By our choice of €], it follows that

([piax]a [le,x]) = ([ql'ax]a [qi,x]) S Xu([[pl]]a [[piJrlHa 61) C Xu((pi—‘a (piJrl—‘vel)

for each ¢ =0,--- ,I — 1. Therefore
-1
d(z, [y, 2]) <Y dllpi, «], [pi1, 2]) < Zd“ [pia]) < Up);
i=0

that is, (z, [y, z]) € X*({[]], [[y], I(p))- U

Lemma 6.15. Suppose d“([[z]], [[zm]]) < 3€[,p) for some 1 <m < L. If p € P(x,-)

and 1(p) < 3€(,g) — d“([[2]], [[wm]]). then d*([[p]], [[zm]]) < @*(([[]], [[zm]]) + U(p) for

all .
Proof. Let p € P(z,-) with {(p) < 3€(z, — d“([[2]], [[zm]).

It is trivial that

d*({lpal], [lem]]) < d*([l21); [[zm]]) + U(p)

holds for ¢« = 0. Suppose that it holds for ¢ = 0, - -n. Then

1

d([[pi]], llzm]] < @*((lpl, [lem]]) < Sefnn,

so that [[pi]] € (pi, [[Tm]]) C [pi] fori=0,---,n
We begin by showing that X“([[pn+1]], [[€m]], €1) is nonempty. Choose

(p:wp;z-i-l) € Xu([[pn]]a [[anrle 61)'

Since [[pn]] € (pn, [[Tm]]), we have

P = L ), F5 ()]
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for some , € [[x,,]]. Define
pi= R ), £ ()]

fori =0,---,n—1. Then p; € (p;,[[xm]]) C [p:] for each i = 0,---,n. Moreover,

since
1

d([[pi]], llzn]]) = d*([lpill, [l#nl]]) < Sefznn < e (6.15)

and

d([[pil]; [[pis1]]) < d"([[pll, [[pisa]]) < d*([pil, [piga]) < U(p) < Bler), (6.16)

it follows from Lemma 6.10 that

(p;7p;+1) € Xu(<pi7 [[I‘m]]>, <pi+17 [[Im]D? 61) g Xu((pi—|7 I—pi+1—|7€1)7

i =0, ,n—1 By Corollary 6.1, d([[a]}. [r]}) < (]l [len])) < Sefy < Aler)
implies (z],,p4) € X"“([[xm]], [[x]], €1), and hence

d(l‘/mvpiz-i-l) S d(x;n,pé) + Z d(pgvp;—i—l)

1=0

< d*([[ww]], [[2]]) + Z d*([pil. [pii])

< d*([[zm]], [[2]]) + Up)

< d*([[zm]]; [[=]]) + %anmn — d*([[«]), [[zm]])
1

= 5€llzml)-

Since we also have p,., € X"“(p,e1) C X"(a,,ex), this gives us that

pn+1 e X" ( Ty, 26[[ﬂ¢mﬂ) - Xu('r 61) that is, (x;n7p;+1) € Xu([[pn-i-l]]v me]Lel)‘
Now choose arbitrary (p,,,2.,) € X“([[Pn+1]], [[m]], €1). By our choice of €, it
follows that

5 (i), FE @))€ X2 (F5 (i), sex) N X" (F5(2), 3ex)
C X(f K(pn+1) x) N X" (f (p:;+1)7§€X)

={/* )t
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that is, pjy = S~ W), S5 @)] = F5U5 (Pnsn), S5 (27,)]. Define
i = R ), £ (a)]

for i = 0,---,n. Then p! € (pi[lxm]]) € [pi] for each i = 0,---,n, and

Ppt1 € [[Pn+1l] € [P ]
Since (6.16) holds for all 7 and (6.15) holds for i = 0, - - - , n, it follows from Lemma

6.10 that

(P> i) € X ({pi, [lem]]), (pivr, [lem]]), 1) € X*(Tpil,s [pisa ], €1)

fori =0,---,n—1. Similarly, since d([[pn+1]], [zm]]) < d(2],, Phs1) < 3€[wm) < €1, it
follows that (p;/wp;/wrl) < Xu(<pna [[xm“): <pn+17 [[xm“): 61); that is,

(p;;7p;;+1) € Xu(<pn7 [[xm]]>v [[pn-i-l]]v 61) g Xu(l— n—lv |—pn+1—|7€1)'

And finally, since d([[z]], [[z,]]) < d*“([[z]], [Tm]]) < €an < Bler), it follows from
Corollary 6.11 that

(27, 00) € X“([[wm]], [[z]], €1)-
Therefore

n

d(plyy, ) < d(=, pf) + > A, pf)

1=0

< d*([fwn], [[2]]) + Y d*([p:], [pia])

1=0

< d*([[wm], [[2]]) + 1p)-

Since (pl ., xn,) were arbitrary, it follows that

d*([[pns1l]; [[2m]]) < d*([[zm], [[2]]) + Up).

U
Corollary 6.16. Suppose d"([[z]], [[xm]]) < Leun for some 1 < m < L. If
p € P(z,-) and I(p) < min{e), 5€z,. — d“([y]], [[zm]])}, then for all i,

[[pdl] < (pi, [l2]]) € (i, [[zm]]) < [pi]-
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Proof. Let p € P(x,-) with I(p) < min{eyy, %6[[%]] —d*([[y]], [[xm]])}-
It is clear that
d([[p]]; [[7]]) < e€qap (6.17)

holds for ¢« = 0. Suppose that it holds for ¢ =0, - - - n.
Choose (P, 1) € X*([[p]]; [[Pr+1]], €1). Since [[p,]] € (pn, [[2]]), we have
pr = R (a), F5 (2)]

for some 2/ € [[z]]. And [[z]] C (z,[[zn]]), so ' = fE[fE(z), fE(2!,)] for some
x! € [[zm]]. Define

= R (o), f5 ()]
fori =0,---,n —1. Then p, € (p;, [[xm]]) C [p;] for each i = 0,--- ,n. Moreover,

since d“([[pil], [[xm]]) < €y < €1 and d*([[pil], [[pisa]]) < 1(p) < €y < Bler), it
follows from Lemma 6.10 that

(pi> i) € X ((pis [[em]]), Pivrs [[2m]]), 1) € X ([pi], [isa ], €0)

for:=20,---,n — 1. Therefore

d({[pn1], [[2]]) < d(2', p,11)

n
<Y AP, i)
=0

< Z d“([pil, [pis1])

<I(p)
< €[[x])-

Therefore (6.17) holds for all i.
Choose i. We have

[pad] < (P [[2]])

by (6.17) and Corollary 6.8. Moreover, d“([[p;]], [[#m]]) < €[z, by Lemma 6.15, so
that

(i [lzm]]) < Tpil
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by the definition of [-]. To get the middle containment, we want to apply Lemma
6.9. Our hypothesis gives d([[z]], [z.]]) < d*([[#]], [[xm]]) < €[zn), and we showed

that d({[pi]], [[#]]) < ey < e and d([[pi]]; [[zm]]) < d*([[pl]: [[zm]]) < €y < .
Therefore (p;, [[z]]) C (ps, [[Tm]])- =

Observe that if 2’ € [[z]], ¥’ € [[y]] and p = (po, - - ,pr) € P(z,y), then
q = (x,7p07 U 7p17y,) € P(xlay/)

and [(p) = I(q). Tt follows that d(2',y") = d(x,y). As a result, we can define § on
X/~ by o([[z]], [[v]]) = d(z,y). We want to show that ¢ is a metric on X/.. We will

need the following.
Lemma 6.17. If 6(z,y) = 0 then [[z]] = [[y]].

Proof. Case 1: x € O(9P)°
Then z € Int(R;) for some j. Since §(x,y) = 0, there exists a path p € P(z,y) with
l(p) < no. Recall that O(0P)¢ C C°. By Lemma 6.13, y € R;, and by Corollary 6.14,

d(, ly, z]) < 1(p).

Since this is true for all I(p) < no, letting I[(p) — 0 we see that z = [y, x|, and
hence = € X*(y,ex). So x = y.

Case 2: x € O(IP)

By Lemma 6.12, [z] = (, [[2,,]]) for some 1 < m < L with d“([[z]], [zm]]) < 3€[w)-
Since o0(z,y) = 0, there is a path p = (po,---,pr) € P(z,y) with
1(p) < Yoy — @*([[z], [[2w]). By Lemma 6.15,

d([[pi]l, [[zm]]) < d*([[p], [[wm]]) < d*([[]], [[zw]]) + 1(p) < %Guxmu
forall i =0,---,1, so that

[[pdl] € (pi; [[zml]) < [pi]

foralle=0,---,1.
Therefore y = f~5[fE(y), f5(x,)] for some 2/, € [[x,,]]. For i =0,--- I, let

pi = 15U ), f5 (2]
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Since d([[pd], [[pina]]) < d*([[p]], [lpial]) < d*(Ipil, [pia]) < Up) < Bler) and
d([[pd]], [[zm]]) < 3€(em)) < €1, it follows from Lemma 6.10 that

(pi, i) € X ((piy [lwml]), (Pivr [[zm]]), 1) € X ([pi], [pisa ], &)

fori=0,---,1. So

d(y, [[«]]) < d(p6 y)

<de p+1

< Zd“ [pi], [Pis1])
<(p).
Letting I(p) — 0, we see that d(y, [[z]]) = 0; that is, y € [[z]]. O

Proposition 6.18. § defines a metric on X/ ~.

Proof. (i) 6([[z]], [[yl]) = 0 & [[z]] = [[y]]

If [[]] = [[y]] then [2] = [y] and (z,y) € P(z,y). So o([[]}, [[y]]) < d“([=], [y])-
Let’s show that d“([z], [z]) = 0 for all z € X. From Lemma 6.12, we see that either

2] = [[2]] or [2] = (z,[[zm]]) for some 1 < m < L with d*([[2]], [[zm]]) < efiop-
[«

We have from (6.8) that d"([[z]], [[x]]) = 0 for all z, and from Lemma 6.10, we have

d"((z, [[zn]]), (@, [[2m]])) = sup{d(f =" [F* (), F* (@), 755 (@), £ (@0)]) |

T € [[m]]}
=0.

Conversely, we proved in Lemma 6.17 that §([[z]], [[y]]) = d(x,y) = 0 implies

[[=]] = [ly]l-
(i) S([[1); [[y]]) = o([[yl], [l1]) for all {[z]], [[y]] € X/~

This follows immediately from the observation that (po,---,pr) € P(z,y) if and
only if (pr,--- ,po) € P(y,z), and the symmetry of d“.

(i) 6([[=]], [lyll) < o({[«]), [[=]]) + o([[=]], [ly]]) for all [[]], [[W]], [[]] € X/~
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If 6([[z]],[[2]]) = 1 or &([[2]],[[y]]) = 1, this holds trivially. So assume that
O([[=]], [[Z]) < 1 and 6([[Z],[I¥]) < L It p = (po,---,pr) € Plx,2) and

q = (q()?"' 7QJ) € P(Z7y)’ then (p()?"' yPI = q07QI7"'QJ) € P(%?J)a that iS,
P(z,y) # &. Therefore

o([[]], [lyl]) < nf{i(p) | p € P(z,y)}
< inf{l(p) | p= (po, -+ ,pr) € P(x,y), p; = z for some 0 <1i < I}

= inf{l(po, -+ ,pi) +U(pi,--- ,p1) | p= (o, ,pr) € P(x,y), pi = 2}
= inf{l(p') +1(p") | p' € P(x,2), p" € P(z,9)}
= inf{l(p') | P’ € P(x,2)} + inf{l(p") | p" € P(2,9)}

= 6([[=]], [[=]]) + o([[=]}. [[¥]])-

O

We finish this section by showing that § gives the quotient topology on X/, from
which it follows that (X/.,0) is compact. We will need two more lemmas first. Recall
that we chose 0 < €] < f(e1) such that dy((a,b), (¢, d)) < €] implies d([a, b, [¢,d]) < €
for all (a,b), (¢, d) € Domain([-, -]).

Lemma 6.19. Let y € C°N R;. Then for every z € Int(R;) with d([[2]], [[y]]) < € we

have
X*([=], (W]l e) = {([z.¥].¥) | " € [[W]]}-

Proof. Since y € C°N R; C IntR;, it follows that [[y]] = X*(y, R;). Similarly,
z € Int(R;) implies [[z]] = X*(z, R;) C [z]. And since d([[Z]], [[v]]) < €], it follows
that there are zy € [[2]] and yo € [[y]] with d(z0, yo) < €.

“D 7 Let ¢ € [[y]]. Since z,y" € R;, it follows that [z,9'] € [[z]]. Moreover,
20 € X*¥(z, R;) and yy € X*(y, R;) gives

d([zvy/]vy/) - d([zmy/]v [y07y/]) S €1.

That is, [z,y'] € X*“(¥', €1).

“C 7 Let (2,y) € X“([z],[ly]],e1). Then ' € [[y]], so it follows from “D” that
we also have ([z,9'],y") € X“([=], [[v]], €1)-

If [2] = [[#]], then we have

7 e X* (z, %E/X) NX"(y,e1) C X*(z,ex) N X"y, ex) = {[z,¢]};
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that is, 2/ = [z, V']
Otherwise [z] = (z,[[z,]]) for some 1 < m < L with d*([[2]], [2m]]) < 3€[em])-

So we have 2" = f7R[f¥(2), [ (a7,)] and [z,y] = fTR[fR(2), f5(a7,)] for some
s T € [[Tm]
Since d([[z]], [[zm]]) < d*([[2]] [[zm]]) < %6[[90 1 < €1, it follows that d(2", zn) <

for some 2” € [[z]] and z!” € [[2,]]. Therefore

d(f*(2), [ (2,)) < d(fR(2), FEE") +d(FEE, @)+ d(F5 (), 5 (0,)
< 3¢

/
S €X7

so that
[ R ()] € XU (FF(ar)s ex) -

Furthermore, by our choice of €,

PR ) S @) [R5 R), fR ()] € XUy )

implies

L5 (2) fE @)L L5 (), f5 ()] € XM(FE (), e0) € XM (F5 (), 3ex)

and hence
(=), f5 ()] € X ([F5(2), f5 ()], Fex) -
So we have
[ (2), £ ()] € X2(f5(2),ex) N X (L5 (2), F5 (2], Fex)
C X*(f*(2),ex) N X" (f*(27,), ex)
={[f* ). f* @)l
that is, f5(2") = f%([z,v']), and hence 2’ = [z,¢/]. O

Lemma 6.20. Suppose d"([[y]], [[zm]]) < 2€{jz,), where 1 <m < L. If

d([[2]] [lzm]]) < €1 and d([[2]], [[y]]) < B(er), then
XU ([2] Ay, [[zall), 1) S LU ), 5 @) 5 ), 5 @) |, € [zl
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Proof. Let (2/,y") € X“([2], (y,[[zm]]), €1). Then v/ = f~E[f5(y), fX(«’)] for some
xl, € [[xm]]. We have from Lemma 6.10 that

PR ), R (@) € XU(UE U5 (), R ()] e) = XM ).

That is, 2/, f~5[f5(2), f5(z),)] € X“(v/,€1). By our choice of €, it follows that

FEE) € XU (15 (), f5 ()], Bex) -

[F5(2), f* ()] € XV (£ (a,), 3ex) -

Therefore
FEE) € XU(f5 (ar,), ex)-
We claim that
FE(E) € Xo(f5(2), ex).

If [z] = [[z]] then this follows immediately by our choice of K. Otherwise
(2] = (z,[[x,]]) for some 1 < n < L. So we have 2/ = f~5[f5(2), f&(z!)] for
some 1, € [[e]J; that is, FX(2) = [5(2), fX ()] € X*(FK (=), ex).

Therefore we have fX(2') € X*(f5(2), ex)NXU(f5(2), ex) = {[f5(2), f5(z)]};
that is, 2/ = f~5[f5(2), f5(2)]. O

Proposition 6.21. The metric § gives the quotient topology on X/ .

Proof. Let T, denote the quotient topology on X/.. We will show that the quotient
map X — (X/.,0) is continuous. Since 7, is defined to be the finest topology on
X which makes the quotient map X — X/. continuous, it follows that the iden-
tity mapping id : (X/.,7;) — (X/~,d) is continuous. Since this identity map is a
bijection from a compact space to a Hausdorff space, it follows that it is in fact a
homeomorphism. That is, the two topologies are the same.

Let (y,) € X with y, — y. We want to show [[y,]] — [[v]]-

Case 1: y € O(OP)°
Then y € IntR; for some i. Without loss of generality, (y,) C IntR; N B(y,¢€)).
Therefore [y,,y] = y, for all n, and ([yn,y],v) € X"“([[yn]],[[y]],€1); and hence
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(Yn,y) € P(yn,y). Moreover, by Lemma 6.19, we have

X“(Tynl, Tyl 1) = {(yn: ¥'],9) 1 v € W3-

Therefore, as n — oo,

S([[yal], [[v]]) < d*([ynl, [y])
= sup{d([yn, ¥, v') | ¥’ € [W]]}
= sup{d([yn,¥']: [v,¥]) | ¥ € (W]}
— 0.

!/

Case 2: y € O(IP)
Then [y] = (y, [[zn]]) for some 1 < m < L with d“([[y]], [[m]]) < 3€[w.) < B(er).
So by Corollary 6.11,

X'y, [lzmll), lmll, ) = {(FT5 L5 ), 5 (@), 20) | 2, € [lwml]}-

Since y € [[y]] C (y,[[zm]]), it follows that (y,z!.) € X“([[y]], [[xm]], €1) for some
), € [[xm]], and hence d(y, z},) < d“([y]], [[xm]]) < L€[jz,)- Without loss of general-
ity, d(yn,y) < min{€}, 3€(z,.)) — d(y,2},)} for all n. Then

Ay, 2,) < d(yn,y) + d(y, 27,,)
< 3€lwn — Ay, 7,) + d(y, 2,)
1
= 5[]
< €1;

that is, d([[ya)]; [[zm]]) < €. Moreover, d(y,,y) < €, gives us that
[Yn, Y] € X5(Yn,€1) N X"(y,€1). Since € < e, it follows that [y,,y] = y,. There-

fore ([yn, y],v) € X"“([[ynl]; [[Y]]; €1), so that (y,,y) € P(yn,y). Applying Lemma 6.20,
we get

O([[ynll, [W]]) < d“(Tyal, [y1)
= sup{d(f [ (yn), S5 (@) ST (), £ (@)]) | 2l € [lemll}

—0
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as n — oo ]

Corollary 6.22. The metric space (X/.,0) is compact.

6.1.3 A Mapping on X/

Let us show that the mapping o : X/ — X/ given by

is well-defined.

We begin by showing that y € [[z]] implies f(y) € [[f(z)]]. First, consider the
case where x € Int(R;) N f~!(Int(R;)), and suppose that y ~ x. Then y € X*(x, R;),
so by the definition of a Markov partition, it follows that

fly) € f(X*(x, Ry)) € X°(f (), Ry);

that is, f(y) = f(x). Since ~ is generated by =, we also have = ~ y implies that
f(@) ~ f(y).

Now choose any = € X, and suppose y = x. Then z,y € R; for some R; € P.
Bowen [3] proves that f(z) € R; for some j with Int(R;) N f~!(Int(R;)) # &, and
moreover that

f(X(x, Ri)) € X°(f (), Ry).

Therefore f(y) = f(x). Since ~ is generated by =, we also have z ~ y implies

f(@) ~ f(y)
We will show that « is continuous and finite-to-one. That « is surjective follows

immediately from the surjectivity of f.
Proposition 6.23. o : X/ — X/. is continuous.

Proof. Let [[y]] = [[y]]. We want to show that [[f(y)]] = [/ (y)])
We begin by showing that there exist

(G, br) € X“([[f (y)]s [[f (9)]], €1) such that d(ay,b,) — 0 asn — oo. (6.18)

Case 1: y € O(OP)°
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Then [y] = [[y]] and y € IntR; for some j, so that [[y]] = X*(y, R;) C IntR;.
Without loss of generality, d([[y]], [[yn]]) < mo for all n.
Choose n, and let p = (po, -+ ,p1) € P(y,yn) with I(p) < no. By Corollary 6.14,

(¥, [yn, y1) € X ([l [lwall, Lp)) < X ([[Y]]; [[ynl], €1),

and hence (y,y.) € P(y,yn). Moreover, d([[y]], [[v.l]) < d(y:[yny]) < Up) < €
implies by Lemma 6.19 that

X[yl Tyl ) ={ lyns D) | € [W]]}-

Now, since we have (p) < €}, it follows that for each i = 0,--- ,I—1 and ¢ € [[y]],
(P, '], Pir1, v']) € X([[pi]] [pisal], 1) € X([pil, [pi+1], €1). Therefore

d"([yl, [yn]) = sup{d(y', [y, ¥']) | ¥ € [W]]}

I-1

< sup{Y_ d([pi, '], piv1,v']) | € [ly]]}

< 3 ([, ]
=l(p).

It follows that d“([y], [y.]) < inf{l(p) | p € P(y,yn), Up) < mo} = ([[yl], [[va]])-
Since (y,Yyn) € P(y,yn), it follows that

d*(Tyl, [yal) = ([l [[ynl])-

Therefore

Ay, [yn, y]) < d"([WI, [lyal]) < d*([y1, [yn]) = o([[W]], [[yal]) — O.

By our choice of €],

(¥, [yn: y]) € X“([[W]], [[yn]]; €1)

implies

(F ), f(lyn, w])) € XS L ()], €2)-
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Moreover, we have d(f(y), f([yn,y])) — 0 by the continuity of the f.

Case 2: y € O(OP)
Then [y] = (y, [[z4]]) for some 1 < k < L with d*([[y]], [[#x]]) < 3€[- Without

loss of generality, we have d({[y,]]. () < min{3e(uy — d*([yll, [eal): e €} = o
for all n.

Choose n and let p € P(y,y,) with I(p) < p. By Corollary 6.16, we have

[[pi]] € {pi [[W]]) € (pi, [[2]]) € [pi]

for all .

Since [[yal] € (yn, [[]]), we have y, = f75[f%(yn), f*(z)] for some 2, € [[y]].
Since I(p) < B(€1), it follows that

SR ) 5 )] R (i), f5 (20)]) € X (il [pia ] 1)

for all 7. Therefore

d(zn,yn) <Y AU, )] 5 i), £ (20)])

<Zdu , [Pig1])

<I(p),

so that (zn,yn) € X“([[], [[wal], 1(p))
(Y, yn) € P(y,yn), and hence 6([[y]], [[yn]])
Since d([[yn]]; [v]]) < d(Yn, 20) < U(p) <

C X[, [yn]],€1)- It follows that
d"(Ty1, [ynl)-

< d*(
B(€1), we can apply Lemma 6.20 to get

d*(Ty], Tyn]) < sup{d(f ‘K[fK(y),fK(l‘Z)] FELF (), £5 (@) | 2 € ([l

< sup{zd PR o), S5 @) F L i), £ (@) |, € [[a]]}
< Zdu p+1
= 1(p).

Therefore d*([y], [y.]) < inf{l(p) | p € P(y,yn), Up) < pu} = 3([[y]], [[va]]). And
hence d"([y1, [yn]) = ([[y]], [[ynl])-

Further observe that

d(zn, yn) < d*([[Y]], [lyall) < d“(Ty], Tyal) = o([[¥]], [lyn]]) = 0.
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By the continuity of f, d(f(z,), f(yn)) — 0 as well. Moreover,

(zn, yn) € X*([W]], [lyall, Up)) € X“([lW]], [lwn]l, 1)

implies that
(f(yn), £(2n)) € X ([Lf ()], [Lf (W)]]; €2)-
Now we will show that (6.18) implies [[f(yn)]] = [[f(¥)]]-

Case A: f(y) € O(OP)°
Then f(y) € Int Ry, for some k, so that [[f(y)]] = X*(f(y), Rx) C IntRy. Moreover,
[F)1 =[]

Recall that 7y < €] and

XU([[f@W)]),m0) € IntRy.

It follows from (6.18) that for large enough n, we have

(an, bn) € X“([[f ()1, [LF @)1 10),

hence a, € IntRy. So for large n we have (f(v), f(yn)) € P(f(y), f(yn)), and by
Lemma 6.19,

S([LF )L LU (wa)I) < a*(TF )T, Tf (wa)1)
= sup{d([z, [f(yn), 2]) | = € [f(W)]]}
= sup{d([bn, Z|, [am Z]) | S [[f(y)]]}

— 0.

Case B: [f(y)] = (f(y), [[zm]]) for some 1 <m < L with d*([[f ()]}, [[zm]]) < 5€(..)
It follows from (6.18) that

(an, bn) € X" ([[f ()], [Lf ()], 58(e1))

for large enough n.
Now, d*([[f ()]}, [[zm]]) < F€(w,) < Blex) implies by € [[f(y)]] € (f(y), [[zm]]), s0



77

that b, = fX[fE(f(y)), f%(2,)] for some 2, € [[z,,]]. By Corollary 6.11,

(bm Zn) S Xu([[f(y)]]7 me]]v 61)7

SO

Since we also have d([[f(ya)]], [f(¥)]]) < d(an,b,) < 38(e1) for large enough n, we
can apply Lemma 6.20 to get

Proposition 6.24. o : X/ — X/. is finite-to-one.

Proof. Let m: X — X/.. denote the quotient map. Since X is compact, there exists
a finite cover {By, -, B,} of X by Le;-balls. We claim that #a{[[z]]} < n for all
[[z]] € X/~

Let [[z]] € X/~. Then 7 {a H{[[z]]}} = U, (m{a {[[z]]}} N B;), and hence

n

o H{[l=]]} = Uﬂ(fl{@*l{[[ﬂfﬂ}} N B).
For all 1 < i < n with 7= Ha {[[z]]}} N B; # @, choose y; € 7~ Ha {[[z]]}} N B;.
We will show that w(7~{a {[[z]]}} N B;) = {[[y:]]}, so that

o =} ={llwll | L <i <, 7~ Ha {[[2)]}} N Bi # 2}
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Choose 1 < i < n with 7= Ha H{[[z]]}}NB; # &, and let z € 7~ {a {[[z]]} }NB;.

Then f(2), f(ys) € [[a]], so that FK+1(z) € X*(FXH1(y,),26h) © X*(FK (), ex) by
Lemma 6.3. And since z,y; € B;, we have d(z,y;) < €. It follows that

z € X*(yi, e0) € X* (i, €0),

so that z = y; by Lemma 6.1. O

6.1.4 The Quotient Space Satisfies Axioms 1 and 2

We have already shown that (X/.,J) is a compact metric space, and that the mapping
a: X/ — X/ is continuous and surjective.

Choose K as in Lemma 6.3 and let v = A, the expansive constant for the Smale
space (X,d, f). We will show that there exists § > 0 such that

Axiom 1 if o([[z]], [[yl]) < B then

(LA @)L I @I < o (([LF** @)1 [[F** ()]]),

and

Axiom 2 for all [[z]] € X/. and 0 < e < B,

oS (B W) ) € o (B(([y]] ve)

Lemma 6.25. For any [[z]] € X/~, f5[z] C [[f*(2)]].

Proof. CASE 1. x € O(0P)*

Then [z] = [[z]], so that fK[z] = f&[[x]] C [[f¥(x)]] by Lemmas 6.1 and 6.3.
CASE 2. z € O(0P)

Then [z] = (z, [[#n]]) for some 1 < m < L with d*([[z]], [[zn]]) < 3€[,.- Choose
xl, € [[zm]]. Recall from (6.6) that

d(f* (@), f* (a1,)) < 3y < €.

By our choice of ¢, it follows that

L5 (@), f5 (@))€ X (F5 (@), €0)-
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So by Lemma 6.1, we have [f%(z), f5(z),)] =~ f¥(x). O

Let
€y = min {%EHM]] ‘ 1 S { S L} .

Then choose

O<€3§%62

such that d(x,y) < €3 implies d(f*(x), f*(y)) < B(e1) for k = —K,--- , K. And let

m = min{es, )}

Lemma 6.26. If §([[2]]. [[y]]) < m then X ([[f* @)}, [f* (W)]], B(e1)) # @.
Proof. Let p = (po,---,pr) € P(x,y) with l[(p) < n.

CASE 1: z € C©
By Corollary 6.14, (z, [y, z]) € X“([[z]], [[y]], {(p)) € X“([[z]]. [[¥]] €5), so that

(f* (@), F5((y. 2)) € XL @ (L5 W), Bler))-

CASE 2: z €C

Then d(z, [z]]) < B(3€],y) for some 1 < m < L. So d“([[z]], [[#m]]) < €[en]
by Corollary 6.11.

Since C C O(IP) and I(p) +d*([[z]], [[#m]]) < T2+ Le€[jwn)] = 3€[1wm]), We can apply
Lemma 6.15 to get d({[p:]], [[#m]]) < d*([[z]], [[zm]])+1(p) < 3€[jw,.)) for all i. Therefore

[[pil] € (pi, [[zm]]) € [pi] for all i So we have f*(p;, [[zm]]) € f*[pi] € [[f*(p:)] for
all 7 by Lemma 6.25.

Since x € [[z]] C (x, [[z]]), we have

v = fE (@), f ()]

for some 2!, € [[x,,]]. Moreover,

5L o) £5 @) R (i), £ (27,)) € X ([pi]s [pia ] )
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forall =0, ---,I —1 by Lemma 6.10, so that

. £ ). £ @) < A0, S @) S i), S )

<I(p)
S €3.

Hence
d(f* (@), [f* (y), f* (@3,)]) < Blew).
Since f&(xz), [fX(y), f5(x),)] € X“(fE(x!,),ex), it follows that

Fo () € XU (), f5 (@0,)], Bler)).

By Lemma 6.25, [f*(y), f*(27,)] € f*y] € [[f* ()]}, so we have

(f* (@), [ (), £ (@) € XA @)L [ W)l Bler)).-

By the uniform continuity of o and f~!, there exists
0<m<m

such that 6([[z]], [[y]]) < ne implies §(a™[[z]], @®[[y]]) < n1, and such that d(z,y) < 1
implies d(f~5(z), f%(y)) < €.

Corollary 6.27. If 6([[z]], [[v]]) < n2 then

" ([Lf* @) (L @) < o (L @)L (L w)]])-
Proof. By Lemma 6.26, X"([[f* (2)]], [Lf* ()]], e1) # @. Moreover, o([[z]], [[y]]) < 72

implies J([[f* ()], [/ W)]]) < m. Solet p € P(f%(x), f¥(y)) with I(p) < 1.

CASE 1: fK(z) e Ce
Then f%(x) € IntR; for some j. By Lemma 6.13, p; € IntR; for each . Since
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l(p) < €, it follows from Lemma 6.19 that

d"([[f* @], [[F* )]) = sup{d (', [f* (), £]) | 2 € [f* ()]}
< sup{Zd i, 20, i1, 20) | 2 € (5 ()]}

< Zdu [[pita]]
< (p).

Therefore

d"([LF* @)L [P W) < inf{i(p) [ p € P(f*(2), [ (y)), Up) < m}
= S([LF* @, [~ WD)

CASE 2: fE(z)eC
Then d(f*(z), [lenl]) < Aie(e
follows that d*([[f* (2)]], [[zm]]) S i

Since C € O(9P) and (p)
apply Lemma 6.15 to get d"(|[[p
all i. Therefore [[p;]] C (ps, [[xm]]

) for some 1 < m < L. By Corollary 6.11, it
l[zm]]-
Y@ [[2m]]) < Te2 + 1@l = €0y, We can

3€lwm]);
d* ([[fK(l‘)]L [zm]]) + 1(p) < F€{wn) for

(61), so we can apply Lemma 6.10 to
get

d* ([ @I ) < d*((F5 (@), [[eml)), (F5 ), [2a]]))
= sup{d(f~ 5[ (@), F5 (@), FR5 (), FE @)D | 2, € (len]l}
= Sup{zd FE S ), £ @) R (i), £ (@))€ (fzm]]}
< Zdu s [Pig1])
~ ().

Therefore

d"([Lf* @)L, [[F* W) < inf{l(p) [ p € P(f*(2), [ (y)), Up) < m}
= o([LF* @I, [LF* WD
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Choose
0<m3 <

such that §([[z]], [[y]]) < ns implies §(a®[[z]], ¥ [[y]]) < 72, and such that d(z,y) < 3
implies that d([z, z], [y, z]) < ne for all z such that (z, 2), (y, z) € domain([-, -]).
Suppose that d([[z]],[[v]])) < m3 < m. By Lemma 6.26, we have that

(f¥(x), F5(y)) € P(f%(x), f%(y)), so that

S([LF* @I [ @) < @ ([F5 @)1, [f* (9)])- (6.19)

Since §([[x]], [[y]]) < ns implies §([[f 5 (2)]], [[f* (v)]]) < 12, we have by Corollary 6.27
that

d"([[F** @) (L2 W]]) < o (L @), (L5 ))- (6.20)
And by Lemma 6.25,

[f5@)] S SR @) and [F5)] S FE L5 W)])- (6.21)

Combining (6.19), (6.21), and (6.20), we get

UL @)L W) < a (L5 @)1, 15w
< d"(f LA @I L W)
= sup{d(u, v) | (u,v) € X"(f*[[f** ()]}, f K[[f”(( )]] 1)}
= sup{d(f " (u), £ () | (u,v) € X*([[f** ()],
= sup{\“d(u, v) | (u,v) € X*([[f** (@)]]. [[f*
= M ([ (@)]] [ )]
< NS @)L [ @)D

=
—~
<
— =
('ﬁ
—
~—
——

This proves that Axiom 1, with § = n3, is satisfied.

Now let’s prove that Axiom 2 is satisfied; we’ll prove that

oS (B W) ) € o (B([ly]], ve)

for all 0 < € < n;.
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Let o([[2]] [[f* ()]]) < ns-

CASE 1: fE(y) e ce
Since §([[z]], [[f*(y)]]) < n3, it follows from Lemma 6.13 that f%(y), 2 € IntR; for

some ¢, and from Corollary 6.14 that

(). L @) € XA @, =D 1) € XA W), 1), m2)-
So by our choice of 7,
( f 75 (= D) € Xl (L (= S5 D] ),
hence &([[y]], [[f = ([z, fX ()D]]) < d*([y], [f = ([ f* ()])1). Moreover, we have
d([[F* WL [[2]]) < A5 (), [z, F5(W)]) < ms < €

So by Lemma 6.19 and our choice of ns,

d"([LF* W)]], [[2]]) = sup{d(u, [z,u]) | w € [f* ()]}
= sup{d([f* (v),u], [z, f* (W)], u]) | w € [[F* ()]}

< 7.
So by Lemma 6.25,
O[], (1~ (e S5 IDID < @ (Tyls TF 5 (= 5 DD
< d"(fTE (WL 5 e f5 1)
=d"(fT [ W, (=)
< X[ [[=0)
<2

It follows by Lemma 6.27 that d“([[f% (v)]], [[2]]) < ([[f* ()], [[2]]). Therefore

O((yl): (LA~ (L= S5 @)DID < A (1F @)l [[2]])
< ML) (=D

Moreover, we have o ([[f =" ([z, f* (y)DI]) = o™ ([ [z, f* ()]]]) = " [[=]].
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CASE 2: fE(y)eC
Then d(f*(y), [[#m]]) < B(F€[en)) for some 1 < m < L. So by Corollary 6.11, we

have d*([[f* (W)]], [[#m]]) < Fe(o.)-

Let p = (po,- -+ ,pr) € P(f%(y), 2) such that I(p) < ;.

Since C C O(IP) and U(p) + d“([[f* )], [xm]]) < €2 + t€(wm)] = 2€[w.)), We can
apply Lemma 6.15 t0 get *([pi], [lenl]) < (L% )] [nl]) +L(p) < S for all
i=20,---,I. Therefore [[p;]] C (pi, [[xm]]) C [p;] for alli=0,--- 1.

So we have
FEy) = R ), f5 ()]
for some , € [[x,,]]. Define
ui = [ (), £ (a7,)]

forall # =0,---,I. Then by Lemma 6.25,

F () € f5pis lleml]) € £5Tpil S £ ()]

foralle=0,---,1.

It is easy to check that f=5[f&(ur), fX(z2)]) = X5 (pr), f5(22)]) for all
T € [[Tm]].

Let us check that the hypothesis of Lemma 6.20 is satisfied for [[z,,]], [[f*(y)]]
and [[u;]]. We already have d*([[f*(2)]], [[zm]]) < 2€[jz,.)- Since

d([[21]; [[zm]]) < d*([[2]]; [[zm]]) < %Euxmn < B(e),

it follows that
d([[wr]], [[wm]]) < d(ur, 27,) < €.

And

d([[f* )], [[url]) < d(f*(y), ur)
< Z d(uz’, Uz‘+1)

<I(p)
< 6(61).
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So we can apply Lemma 6.20, and we have

(f* (), ur) € X*([LF* ), [[rll, m)- (6.22)

Therefore

and so d"([[f* ()]}, [[u]]) < inf{l(q) | ¢ € P(f*(y), 2), Uq) <m} = o([[f* W [[2]])-
Moreover, (6.22) gives

(y [~ (ur)) € X* ([ [1F~" (un)]], 1)

by our choice of 7.
So by Lemma 6.25,

([l (L~ n)ll) < d*([y]., [f " (un)])
< d"(f A @, £ ()
< XA ([[F* )], [fud])
< N[5 )] [=1D).

And we had f%(u;) € f5([2]) C [[f*(2)]], so that

o5 (un)l] = [ (n)l] = (5 ()] = o [[2]).
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6.2 The Conjugacy

As usual, we denote
ﬁ:@X/N&X/NﬁX/Nﬁ...

Recall that & denoted the usual map on )?/\N and that

=

o(x,y) = ) AT (a7M(x), a7 (y)),

0

b
Il

where

0'(x,y) = sup{A"6({[n]], [[ynl]) [ n = 0}

and 0 < A < 1 is the Smale space constant for (X, d, f).
Define w: X — X/ by

Lemma 6.28. w: (X,d) — ()?/\N,(S’) is a homeomorphism.

Proof. Since (X,d) is compact and (X/.,d') is a metric space, it suffices to prove

that w is continuous and bijective.

continuity: Let e > 0. Choose N € N such that AN < e. Since the quotient map
X — X/~ is uniformly continuous (see the proof of Proposition 6.21), there exists
¢ > 0 such that o([[z]],[[y]]) < €if d(z,y) < €. And there exists ¢’ > 0 such that
d(x,y) < € implies that d(f~"(z), f"(y)) < € forn=0,--- N — 1.

So let d(z,y) < €. Then for n =0,--- , N — 1 we have

N[ @)L I @I < Ae < e
And for n > N, we have

X[ @IL W) £ A" <e
Hence 0'(w(z),w(y)) = sup{A"6([[f ()]}, [/ " W)]]) n = 0} <e.

surjectivity: Let z = ([[20]], [[z1]], ) € )?/\N Observe that for all N € N and each
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[lzl] = o™ ([[2n)) = [LFY " (20)]]

Hence

8'(w(fN(2n)), 2) = sup{ A" 0 ([[f " (zn)]], [[2a]]) | 0 > 0}
= sup{\"0([[/Y " (zn)]l; [[za]]) | n > N}
< AV,

That is, w(fY(zn)) = z as N — oo.
However, since (f™(zy)) is a sequence in the compact space X, it has a convergent,

subsequence f™(zy,) — y. By the continuity of w,
W(f(zm,) = w(y),
hence z = w(y).
injectivity: Suppose w(z) = w(y). Then f~"(z) ~ f~"(y) for all n > 0. In particular,
ff(KJrn)(x) ~ f—(KJrn)(y)
for all n > 0, so that f~"(x) € X*(f"(y),¢,) by Lemma 6.3. This implies
r e X°(y, \"ep),

and hence d(z,y) < A€, for all n > 0. So x = v. O

It follows immediately that w : (X, d) — ()?/\N, §) is a homeomorphism.

Now let’s show that the following diagram commutes:

X — X



Let x € X. Then

Therefore (X, d, f) and ()?/\N, 5 &) are topologically conjugate.

38
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Chapter 7
Future Directions

In this chapter, we outline some ideas of how our results could be applied in future

research.

7.1 Homology for Smale Spaces

This section closely follows Sections 2.6 and 5.1 of [10].

In [17], R.F. Williams defines the notion of “shift equivalence” to classify shifts
of finite type. Motivated by Williams’ results, W. Krieger [5] defined two dimension
groups for shifts of finite type, and proved that they are invariant under shift equiva-
lence. The dimension group that we are interested in is denoted D*(X,S) for a shift
of finite type (2, 5). Putnam [10] extends the definition of Krieger’s invariants to all
non-wandering Smale spaces.

For a Smale space (X, d, f) and = € X, we call the set
X*() = {y € X | lim d(f"(@), /" (3)) = 0}
the stable equivalence class of x. Similarly, the set
X*(a) = {y € X| T d(f"(x), f"(5) = 0}

is called the unstable equivalence class of x.
Let 7 : (X, f) — (Y, g) be a factor map between Smale spaces. We say that 7 is
s-bigective if for each x € X, m maps the stable equivalence class of = bijectively to

the stable equivalence class of w(x). Recall that an s-resolving map was only required
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to be injective on the local stable sets. Similarly, 7 is u-bijective if for each z € X, 7
maps the unstable equivalence class of x bijectively to the unstable equivalence class
of m(z).

Theorem 2.6.3 of [10] gives the following.

Theorem 7.1 (Putnam [10]). Let (X, f) be a non-wandering Smale space. Then
there exist a Smale space (Y, g) with Y"(y) totally disconnected for all y € Y, a
Smale space (Z, h) with Z°(z) totally disconnected for all z € Z, an s-bijective factor
map 75 : (Y, g9) — (X, f), and a u-bijective factor map m, : (Z,h) — (X, f).

The 6-tuple (Y, g, 7, Z, h,m,) in Theorem 7.1 is called an s/u-bijective pair, and
is denoted simply by 7.

Let m = (Y, g, 7s, Z, h,m,) be an s/u-bijective pair for the Smale space (X, f). For
each L, M > 0, Putnam defines

Z]L,M(ﬂ') = {(yO:"' sy YL, 20yt - :ZM> ’ Y S Yva Zm € Z, 7Ts(yl) :Wu(zm)a
0<I<L,0<m< M}

One naturally defines a mapping o on Xy, p(7) by

U(y07"' y YL, 20, * 7ZM) = (g(yo)v 7g(yL)7h(20)7”' 7h(zM))

By Theorem 2.6.6 of [10], (X1 s, 0) is a shift of finite type for all L, M > 0.
Furthermore, for L > 1 and 0 <! < L, Putnam defines 0;, : ¥ p(7) = X110 ()
as the map which deletes entry g;. Similarly, for M > 1 and 0 < m < M, he defines
Om : Xpm(m) = X p—1(m) as the map which deletes entry z,,. These factor maps
induce maps on Krieger’s dimension groups and by summing, with alternating signs,

we obtain boundary maps in the following double complex:

| |

DS(ZOJ) — DS(EM) —

| |

DS(ZO70) — DS(ELO) —

For a general Smale space (X, d, f), this complex is very complicated. However,
things improve drastically if we assume that the local stable sets of X are totally

disconnected. In this case, we can let Z = X and 7, =id in the s/u-bijective pair for
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(X, f). Furthermore, recall the Markov partition we used to define ~ on X in our
inverse limit construction. This Markov partition yields a shift of finite type (X, .5),
and an s-resolving factor map 7, : (X,5) — (X, f) (see [3]). We let (Y,g) = (X,95) in
the s/u-bijective pair for (X, f). The result is that all the rows in the double complex
are identical. So the idea is that if we can understand this special case, it will help
us to understand the general case.

Now, we can understand X, o from the model (X /., a) we constructed in the proof
of the Realization Theorem. We conjecture that it is possible to compute H.(X)
just by looking at (X/.,a). The idea is to decompose X/ into a finite number of
“rectangles”, and using the data of which collections of rectangles have non-empty
intersection to compute H,(X).

This was in fact the original goal of this research. However, the task of finding

the correct model proved much more substantial than anticipated.

7.2 Ultrametrics

Let d be a metric on X. Then d is an ultrametric if the triangle inequality is strength-
ened as follows:
d(l‘, Z) < max{d(x, y)? d(yu Z)}? T,Y,z € X.

It seems a worthwhile question to ask whether the metric d on the inverse limit
space Y in Chapter 5 is an ultrametric on sufficiently small local stable sets. (It
can’t be overall, since the existence of an ultrametric means the space is totally
disconnected.) If it is not, could it be adjusted to be one?

Ultrametric spaces have much more structure than general metric spaces, and
there are a number of applications in physics. Our own curiosity was motivated by
a paper of Pearson and Bellissard [8]. They define a spectral triple on ultrametric
Cantor sets as part of a program for applying the techniques of noncommutative

geometry to fractals.

7.3 Constructing Examples

Our inverse limit construction could also be used to produce additional interesting
examples of Smale spaces.

Recall our example from Section 4.3, where we identified vertices of six Sierpinski
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gaskets. Suppose we started with N gaskets instead of six. It is conceivable that
there is a general procedure to decide which vertices to identify, and where to send
the midpoints of the edges of the gaskets. This would result in a system (Y, g), and we
are interested in knowing under what conditions such a system would satisfy Axioms
1 and 2.

In a different direction, an alternative method of construction the Sierpinski gasket
uses an iterated function system (IFS). Iterated function systems are a well-researched
way of constructing self-similar fractals. It seems worthwhile to look for a systematic
approach to use a general IF'S to produce a system satisfying Axioms 1 and 2.

And finally, for a system satisfying Axioms 1 and 2, there may be conditions under
which the restriction to certain subspaces also satisfies these axioms. For example,
consider the following. Suppose (Y, g) satisfies Axioms 1 and 2, and let Zj be a closed
subspace of Y such that g(Zy) 2 Zy. Let

Z={2€Z|g"(2) € Zo¥n=>0}=()g"(Z%).

n>0

It is easy to show that Z is non-empty and ¢ : Z — Z is surjective. Moreover,
(Z,g|z) satisfies Axiom 1 quite trivially. We ask for a condition on Z; that would
also make this system satisfy Axiom 2. For additional motivation, take the simple
example g(x,y) = (3z,3y)modl on T? with Zy = T?\ (3,3) x (3,2). Then (Z,g|z)
is the Sierpinski carpet, and satisfies Axioms 1 and 2.
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