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ABSTRACT

A set of programmed booklets was prepared by the
writer and presented to his mathematics classes to determine
how well Grade Eight students perform on selected
discovery tasks of a mathematical nature. The subjects
were ninety-four students in three Mathematics 8 classes
taught by the writer at Belmont-Fisher Secondary School,
School District 62 (Sooke) in the 1973-74 school year.

Of nine programs tested in a pilot study, five were
selected for the main experiment. The programmed booklets
were presented to the pupils in their regular mathematics
classes after prerequisite concepts had been studied.

These booklets were used to assess skill in discovery and
ability to verbalize discoveries.

For each of the selected tasks, the Chi-square
statistic was used to test at the .05 level of significance
whether rate of discovery was associated with mathematics
achievement, mathematical ability, verbal ability, and sex.
For two tasks in which the material was presented in
alternate forms, the association between rate of discovery

and method of presentation was also tested.
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Scores on the Cooperative School and College
Ability Test: Form 4-A were used as measures 6£
mathematical ability and verbal ability. Mathematics
achievemént scores were available from the Stanford
Achievement Test: Advanced Arithmetic Tests, Form W, which
was written by the students in their Grade Seven classes.

For all of the discovery tasks investigated, rate
of discovery was found to be independent of sex. For all
tasks except one, rate of discovery was associated with
mathematical ability and achievement. Rate of discovery
was associated with verbal abiiity on two of the five
tasks. For both topics in which method of presentation was
varied, rate of discovery was found to be independent of
method. Tt was also found that verbalization was not a
reliable indication for the discovery of a concept.

”The experimental findings were discussed with
regard to amount of guidance, discovery readiness, the role
- of verbalizatien in discovery learning, the use of
programmed materials, and the application of discovery

techniques in the mathematics classroom.
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CHAPTER 1

INTRODUCTION

Many attempts have beeﬁ made to study various
aspects of discovery methods of learniné and teaching
mathematics. Such studies usually compare a discovery
treatment with an expository approach and generally find
no significant difference in immediate achievement,
retention, or transfer (Herman, 1969). Several studies
have attempted to compare discovery and expository methods
lin terms of ability or achievement levels (Corman, 1957;
ﬁeconi, 1967; Michael, 1959), but no conclusions could be
reached as to which was better suited to students with
high, average, or low ability or achievement.

Although the results of research do not indicate
a general superiority for either discovery or expository
methods, there are a number of reasons which suggest that
the discovery method should have its place in the mathe-
matics classroom. Many great teachers from Socrates to
Polyva have relied heavily on heuristics. And classroom
teachers testify to the benefits of discovery teaching in
terms of the increased interest, enthusiasﬁ, and

participation of their pupils. That the active participa-



tion of the learner promotes learning is perhaps the most
widely accepted principle of educational psychology. When
the pupil is required to findlhis own answers, he can
hardly avoidltaking an activelpart. Finally, people tend
to believe that they have better mastery and retention of
what they discovered for themsélves. | |
There is a further reason for advocating discovery.
learning in mathematics. Learning by discovery is
particularly aépropriate in méthematics because of its
contribution in building intellectual skills applicable to
all types of problem solving. In the modern world
acquiring knowledge is not as important as learning how fo
learn. Plentiful experiences of the discovery type should
be useful';n teaching the student how to learn mafhematics.
-It has alrgady been indicated that there is very
little research evidence to support the seemingly
convincing arguments in favor of discovery learning. Uniess
some explanation for the discrepancy betweeﬁ the anticipated
benefits of learning by discovery and the empirical results
can be suggested, further investigation would seem
unwarranted. Much of the confusion results from lack of
agreement on the meaning and implications of 'discoveryi.
It is hot the kind of concept which can be precisely
defined. As the review of the literature will clearly show, .
it is folly to tr& to esﬁablishneaningfulgeneralizations

about the discovery method for the simple reason that it



does not exist. However, in fairness to researchers, it
should be noted that they did describe the spebific facets
of the general problem on which they focussed. The real
problem has been a human tendency_to make unwarranted
generalizations in orxder to arrive at simple answers to
complex guestions.

Although it can be argued that students should,
whenever feasible, discover mathematical relationships for
themselves, it has proved very difficult to simulate the
ideal conditions for discovery in a controlled group
experiment. The research does-not refute the claims made
on behalf of learning by.discovery because discovery in tﬁe
_experimental situation is often artificial, contrived, and
only.remotely resembles the strategies of master teachers.

Thé discovery teaching versus expository teaching
controversy has not been resolved, and it is pointless to
pursue it. Both teaching strategies have a place. It is
not a question of deciding which strategy is supefior but
of choosing the better strategy for a particular situation.
Howefer, there might be a serious flaw in the case for
discovery learning; namely, the implicit assumption that
whatever is to be discovered can be presented in a manner
so that most pﬁpils will discover.

Discovery usually grows out of extensive experience.
Apart frowm rather elementary relationships, genuine

discoveries are rare for most people. Because of their



familiarity with mathematical concepts, teachers may be
poor judges of the difficulty whicb pupils encounter in
discovery tasks. The hisforical view of the growth of
mathematical ideas suggests. that today's commonplace in
mathematics was originally strange and difficult. There-
fore, it may be erroneocus to assume that most ideas in
school mathematics are readily discovered if properly
presented. )

Of course it would be a hopeless task to attempt to
1ist all discoverable concepts, principles, problems, etc.,
but it is feasible, as was done in this study, to prepare
discovery exercises on a number of topics of various types
‘and-difficulties, and to find out how well a typical group
of pupils coped with these materials. The disadvantage of
this procedure is the specificity of the results, which are
meaningful only in conjunction with the materials used.
This is not to say that the results cannot be generalized.
Expected performance on other tasks could be inferred from
a careful examination of fhe materialé and the accompanying
analyses.

The discussion in this chapter leads to several
general conclusions. First, there is sufficient evidence
to justify a place for discovery in the mathematics class-
room. Secondly, it is not profitable to prolong the
debate and research on the relative merits of expository

and discovery strategies. Thirdly, the concept of



discovery has not been precisely defined and no useful
purpose would ‘be served b? attempting to do so. Finally,
further studies concerning discovery learning should bé
directed to specific rather than general gquestions. These
considerations led to the choice for the general purpose of
this study, that.is,to determine how well Grade Eight

pupils perform on selgcted discovery tasks of a mathematical
nature. The review of the literature raises further
questions about discovery learning which will be formally

stated in Chapter IIT.



CHAPTER II1
'REVIEW OF RELEVANT LITERATURE

Advantages and Disadvantages
of Discovery Methods

From early experiments pertaining to disco&ery
learning, the single conclﬁsion which is still relevant to
present research is that students taught by a discovery
method seem to be more able to-transfer the ideas learned
to new material (Herman, 1969). The recent trend is to
emphasize the importance of discovery in terms of attitude
éhange, motivation, and creativity. It was hypothesized
by Berger and Howitz (1967) that a general mathematics
program using the discovery_approach would produce a
positive change in attitude. In-general, they found no
significant difference, but observed that the attitude
scores of brighter students tended to increase on the
Mathematics Inventory, a test developed by Cyril J. Hoyt
and Donald G. MacEachern at the University of Minnesota in
1958. Price (1967), using his own questionnaire, also
found a positive change in attitude in non-academic
mathematicé students. |

Mathematics laboratories using discovery methoés
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are currently popular because pf the increases in
‘motivation, creativity, and active learning which are.
supposedly achieved by this approach. Studies have been
done bhoth in Canada (Dawson, 1970; Sigurdsén, 1970;
Trivett, 1970; and Vance,.l§70) and in Britain (Biggs, 1968)
to show that the laboratory éppfoach is an effeétive means
of producing an active learnihg experience. Two of the
most noted proponents of discovery, Polya (1965) and
Bruner (1961) stress the importance of active learning as
opgosed-to "learning about". The motivating effect of
discovery learning was reported to be significant by Kersh
(1962) and Davis (1966).

One of the most important advantages of the
discovery approach is the direct involvement of the_léarner
in the learning process. Sigurdson and Johnston (1970)
quote Piaget as saying, "The goal in education is not to
increase the amount of knowledge but to create the
possibilities for a child to invent and discover [for]
himself.” Such a process, states Bruqer (1960), should
indqce a.feeling of self-reward, an important goal of
education. Along with self-reward, adds hruner, discovery
should give the student a-féeling of self-confidence and
indépendence in the learning situation.:

Despite the advantagesimentioned, discovery
. learning does havelcertéin drawbacks. The chief problem

which Ausubel (1963, 1967) and Hess (1968) point out are



time costs, inefficiency, and impracticality. With thirty
to forty pupils in six or seven classes a day, there is
little possibility of using a pure heuristic method which
would require much time and attention to the individual.
Ausubel feels that the discovery érocess is so time-
consuming that it is not practical beyond the elementary
school level. He goes on to state that propositions
discovered through problem—solving methods are rarely
significant and worth incorporating into the learner's
subject-matter knowledge. Finally, Ausubel points out that
many students do not have the ability to discover all they
need to know. Hess (1968) goes even further to state that
some teachers are incapable of uging discovery methods
effectively. .

Problems Involved in Reviewing Literature
on Discovery Learning

In reviewing the relevant literature on discovery
methods versus expository methods, consideration must be
given to the definitions of the terms involved. It is
obvious that there is not.just one discovery method or one
expository method. And when several authors refer to the
discovery method or the expository method, there is little
wonder that seemingly similar experiments lead to
contradictory findings. As others have found, the

interpretation of research is made difficult by differences



in terminology '(Hendrix, 1961; Herman, 1969; Roughead,

1968; Scandura, 1964; Worthen, 1967). When precise
definitions are given for each of the methods involved,
findings are easier to interpret. For example, studies
which provide explanatory phrases such as 'rule-given
versus rule-not-given' or ’'concept initially giveﬁ versus
concept delayed' (Kersh, 1958; Meconi, 1967; Roughead, 1568;
Wittrock, 1963; Worthen, 13967) are more informative than
those which merely refer to the expository and the

discovery methods.

As Herman (1969) has shown in his excellent
annotated review of literature on discovery techniques,
the terms 'discovery/cxpository' are scmetimes replaced by
'inductive/deductive'. However, Ausubel (1963) has pointed.
out that both discovery and expository methods can be
inductive or deductive in their approaches.

Another example of conflicting or confusing
terminology is the use of the phrase 'expository teaching
methods' to imply 'rote learning’. The.results of studies
comparing discovery and expository methods under this
assumption would obviously differ from those of studies
which use 'rote' to describe the memorizing process which
follows expOéition or discovery (Ausubel, 1967; Kersh and
Wittrock, 1962). 'Rote learning' suggests a repetitive
process in which little attention is paid to the meaning of

the material to be learned. Since ‘expository' implies
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explanation and 'rote' implies disregard for meaning, it is
clear that the terms are noﬁ interchangeable.

In addition to the problems involved in
interpretation of terms, one must also bear in mind the
characteristics of the subjects in a pafticular experiment.
The results of experiments on college students enrolled in
educational psychology courses (Haslerud and Meyers, 1958;
Kersh, 1958; Sassenra£h, 1959) are not necessarily
applicable to the junior high school classroom. Nor would
a study involving female students in a compulsory
matheﬁatics education course (Roughead, 1968) be directly
comparable to a study involving grade nine boys (Ray, 1961).

In order to meet criteria for experimental control,
many studies of discovery learning are based on novel,
artificial tasks rather than typical classroom activities.
One must be very careful in making uncritical generaliza-
tions from the results of such varied studies as match
stick patterns (Corman, 1957; Katona, 1940), coding tests
(ﬁaslerud and Meyers, 1958; Wittrock, 1963), measuring with
calipers (Ray, 1961), and word-number relationships
(Sassenrath, 1959). Similarly, studies which do have
direct application to the researcher in the field of
mathematics (Gagné and Brown, 1961; Hendrix, 1961; Kersh,
1958, 1962; Michael, 1949; Roughead, 1968; Worthen, 1967}
may not apply to other subject areas. Attention to the

method of presenting the tasks is also important in
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comparing studies. In some studies the material is
presented to individuals by programmed texts (Gagné -and
Brown, 1961l; Kersh, 1962; Wittrock, 1963) while in others
the material is presented orally to groups of students
(Michael, 1949; Ray, 1961). Worthen (1967) suggests that
the results of a carefully controlled classroom experiment
which represents typical school behavior could be
generalized to classroom practiée with more confidence than
those obtained from a short-term laboratory experiment. |

Questions Raised by Research
on Discovery Leaxrning

Verbalization

One important éuestion which stems from research on
discovery learning is the role of verbalization. Hendrix
{1961) argues that heuristic methods have been wrongly '
condemned because of the confusion between the verbalization
of a discovery and the discovery itself. Correct
verbalization of a concept, she claims, does not
necessarily emerge immedlately after the concept is
discovered. Therefore it_is important that teachers
recognize responses other than."linguistic formulations" as
being indicators of discovery. Becker and McLeod (1967)
stress that ability to solve a task can be acquired without
verbal formulation of what has been learned and performed

successfully.
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Intelligence and Achievement

The question of the relationships among
intelligence, achievement, and ability to discover 1is oftegw
raised in the reéearch with no general conclusions being
formulated. Corman (1957) found that the less able
student could do more match stick proﬁlems when giﬁen a
rule, but that informatién about rules was detrimental.
Meconi (1967) found no significant differences among
ability levels on tests of transfer and retention when
subjects were taught number sequence problems by
programmed ﬁaterials. In his experiment on methods of
teaching the use of micrometer calipefs, Ray (196l1l) did not
find a significant interaction between method and mental
ability although there was some indication that the
discovery treatment was better for slower students.
Michael (1949) found no significant differences among
ability levels in an experiment involving signed numbérs,
although students of high and average ability did slightly
better when taught by a deductive method while the lower-
abiiity students did slightly better with an inductive
method. Differences in terminology, tasks, samples, and
procedures could account for the apparent contradiction

with Ray's (1961) study.

Independent and Guided Discovery

Much of the research on discovery concerns the

amount of direction given. Several studies involving a
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comparison of guided discovery, independent discovery, and |
eprsitory technigues have found no significant differences

between the three approaches (Roughead, 1968; Scandufa,
1964; Schulman, 1968). Scandura (1964) and Corman (1957)
claim that in guided discovery the timing of the
presehtation of instruction as well as the amount of
guidance contributes to the learning. In investigating the
process of learning in tasks involving arithmetical and
geometrical relationships, Kersh (1958) found that aithough
his self-directed group showed no superiority in terms of
"meaningful learning", théy were more highly motivated than
the group that received guidance. Most studies, however,
seem to conclude that a moderate amount of guidance is
‘better than little guidance (Gagné and Brown, 1961; Kittle,

1857; Wittrock, 1963).

Sex

‘Educators have often asked whether or not boys are
superior to girls in mathematics. Fennema (1974) concludes
from her review of research into sex differences in
mathematics that boys tend to rate higher than girls on
higher~ievél cognitive tasks while girls are generally
superior on lower-level cognitive tasks. In the specific
area of discovery learning, Fennema cites one study
(Sowder, 1971) in which there was no significant difference

between boys and girls. Fennema also points out that. there
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is some evidence to suggest that sex-related factors which
influence mathematics achilevement are environmental, and
some evidence to support an argument that inherent factors

are more important.



CHAPTER III.

STATEMENT OF PURFPOSE

Problems Investigated

In Chapter I, it was argued that discovery learning
should have a place in the mathematics classroom. -However,
a review of the literature has shown that the voluminous
research related to discovery learning has produced few
unequivoéal results. It would seem that furthef investi-
gations should focus‘on specific practical questions and
that detailed information be provided concerning the tasks,
the subjects, and the experimental conditions.

. It has been established that 'discovery learning'
is 'an expression which cannot be precisely and
unambiguously defined, especially if no mention is made of
the nature of the learning task. A full appreciation of
what is involved in a particular discovery task can be
obtained only by examining the materials themselves. No
synopsis or brief description will suffice. Therefore, a
complete set of the fask materials is reproduced in the
appendices so that the reader can make his own inferences
as to how applicable the results of this study would be in
other circumstances.

15
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As previously stated in very general terms, the
main purpose of this study was to determine how well Grade
Eight pupils perform on selected discovery tasks of a
mathematical nature. Grade Eight is a particularly
appropriate level to investigate discovery learning since
the pupils not only have sufficient background to make.
significant discoveries, but, according to Piaget (1928),
they also have reached the stage at which they can deal
with formal operations. On the other hand, they have not
yet reached the time when there is pressure on teacher and
student to "cover" substantial amounts of content.
Furthermore, Ausubel (1963) argues that, despite any
|benefits which might be claimed for it, learning by
discovery is not a practical strategy in the senior
secondary school.

The question as to how well the children performed
can be put in at least two ways. What portion of the
students could make specific discoveries? How much
guidance was needed by students of varying characteristics
to make specific discoveries? The experiment was designed
to provide answers to both questions.

Since the study is concerned with the discovery of -
mathematical principles, the subjects' bent for mathematics
is probably a relevant characteristic. But it is not clear
whether mathematical achievement or aptitude would be the

more important factor. Perhaps these factors are so highly
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correlated at the Grade Eigﬁt levél that the distinction is
unimportant. Nevertheless, in this study both relation-
ships were investigated, i.e., Eetween discovery and
mathematical achievement and between discovery and
mathematical aptitude.

Some degree of verbal skill is required in every
academic school subject. Since the discovery tasks in this
-study were presented in programmed booklets, success on the
tasks could well be affected by verbal ability. Therefore,
it was decided to look into the relationship between
discovery and verbal ability.

It was pointed out in Chapter II that there is a
continuing controversy regarvding the link between the
discovery of a principle and the verbalization of it. An
extreme position taken by some teachers is that inability
to verbalize a concept, principle, or generalization,
implies lack of real understanding. In other words, the
gquality of the verbalization indicates the degree of under-
standing. But before pursuing sophisticated questions
abou£ the relationships between discovery and verbalization
it would be appropriate to prodﬁce some evidence in
absolute terms of children's skill in verbalization.
Consequently an attempt was made to answer this quéestion:
How well.do Grade Eight pupils verbalize their discoveries?

Finally, the relationship between discovery and sex

was also investigated. Again research has .failed to
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provide definite answers to the question of sex differences
in mathematical achievement or aptitude. But if as
Fennema (1974) suggests, boys at the ﬁunior high school
level are superior on "more advanced problems of a
cognitive nature", then they might also be beﬁter

discoverers.

The Discovery Tasks

It was recognized at the outsét that no small set
of discovery tasks could be representative of all possible
tasks suitable for Grade Eight pupils. Nevertheless, care
was taken to choose exercises varying in difficulty and
type. The discovery tasks selected for the study were:

1. To discover a rule for squaring a two-digit number .
"ending in five;

2. . To discover a method of finding the number of subsets
of a given set;

3. To discover how’to add two numbers with unlike signs;

4. To discover how fo find, without dividing, the
remainder when a number is divided by niﬁe;

5. To discover how to classify a two-digit base five

number as even or odd.

Statement of Hypotheses

In an exploratory study such as this, elaborate

statistical analysis is not warranted. However, some



19

clarification of intent is achieved by formally restating

certain questions as hypotheses. It

seened more convenient

to state the hypotheses in terms of rate of discovery

rather than amount of guidance. Pupils who fail to

discover a principle may be considered as very slow

discoverers.

The following hypotheses are

five discovery tasks:

1. Rate of discovery

2. Rafe of discovery
achievement.

3. Rate of discovery

4. Rate of discovery

is

is

is

is

independent

independent

independent

independent

stated for each cof the

of mathematical abilitw.

of mathematics

of verbal ability.

of sex.



CHAPTER 1V
EXPERIMENTAL PROCEDURE AND DESIGN

Presentation of Tasks

Two basic questions had to be answered before
considering other procedural details: ‘

1. What would be the best method for presenting the tasks?
2. How would pupil performance on the tasks be
evaluated?

Three methods of presentation were seriousiy

considered:

1. Individual interview;

2. Oral presentations to a class;
3. Programmed booklets.

The major advantage of the. interview is the
opportunity for direct observation of each individual's
behavior. Thé examiner can estimate the degree of
participation of the subject; for example, his interest in
the problem and the effort put forth. He can also érobe if
necessary to find out if genuine discovery has occurred. A
second important advantagé is that inaividual differences
can be accommodated by suitable variations in pace and
amount of guidance. However, since interviews are very

20
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time;consuming, the size of sample would be severely
limited. Furthermore, it would be very difficult to
control the experimental conditions adegquately over an
extended peribd of testing.

The main advantage of the oral presentation method
is its similarity to what is commonly regarded as ‘teaching
by discovery. A "live" presentation by an eﬁthusiastic and
skilful teacher can be most effective, and Vi;tually
impossible to duplicate by other means. But pupil discovery
ﬁeasured under such conditions is inevitably confounded with
teacher skill. And even the bést teachers find it
imposéible to set a pace and difficulty level which is
optimal for all their students. Class discussions.are
often dominated by the brighter students thus'depriving
others of their share of discovery experiences.

The third method, presentation by programmed
materials, provides the best control of experimental
conditions. The teacher variable is eliminated and each
pupil has an opportunity to make the same discovery‘
independently of his classﬁates. The presentation is
identical for all, yet each student is able to complete-the
program at his own rate. Furthermore, with a branching
program, the amount of guidance each student receives can
be varied. If a task is clearly and unambiguously
preseﬁted, and the time limits are sufficiently generoﬁs,

then students who do not discover a specific principle are,
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from a practical point of view, unable to do so.

However, there are disadvantages too in the use of
programmed booklets. The presentation is artificial and
the vital spark of a forceful teacher is missing. Also
sacrificed is the interaction with other pupils, probably a
most important element in stimulating ideas. 'Nevertheless,
although not ideal, the progrémmed method of presentation
was selected as having more positive features than the
other methods.

The booklets were designed to determine not only
whether-a student was able to make a specific discovery,
but also how much help he needed. The criterion for
discovery was success on an item, or on a specified numbgr
of a set of items, which required the application of the
principle to be.discovered. It is possible that the use of
this criterion would occasionally credit pupils with having
discovered principles which they did not fully understand.
But on the other hand, it seemed that an acceptable
verbalization of the principle would be too stringent a
¢riterion.

Varying amounts of guidance were provided by neans
of branching programs.' In the first presentation, little
or no assistance was given. Additional help was provided
in the second stage, and in some cases, in a third stage.
Thus, for each principle, it was possible to determine how

readily it was discovered.
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Pilot Study

In the 1972-73 school yeaf, preliminary versions of
programmed material on nine discovery tasks were tested
with three classes of Gréde Eight students. The results
were analyzed and three programs were judged unsuitable
elther because some students had prior_knowledge of the
concépts to be discovered or because the tasks proved to be
too difficult. 8Six programs were thoroughly revised for
use in the main experiment. )

Careful consideration was given to choosing time
limits which would be long -enough for a substantial number
of students to make non-trivial discoveries, yet not so
long as to cause fatigue or boredom. The preliﬁinary

trials indicated that thirty minutes was an appropriate

time limit for each program.

The Main Experiment

Sample

The revised versions of the selected programs were
‘given to three Grade Eight classes at Belmont—Fisher
Secondary School, School District 62‘(Sooke). There were
ninety-four students in these clgsses, all of which were
taught by the writer. The classes were not homogeneously

grouped although student choiﬁe»of program may indirectly

have operated as a selective facto:JH‘ﬁpwever, the sample

L4




obtained by pooling three classes can be considered
.reasonably representative of the total Mathematics 8

population (ten classes).

Instruments and Materials

Mathematics achievement was measured by the
Stanford Achievement Test: Advanced Arithmetic Tests,
Form W. This test was written by all Grade Seven
students in the Sooke District in June 1873. Newcomers to
the district wrote the test in September 1973. Students
who scored in the top third of the sample were classified
as high achievers, those in the middle third as average
achievers, and those in the bottom third as low achievers.

Mathematical ability and verbal ability were
measured by the Cooperative School and College Ability
Test: Form 4-~A, which was given in September 1973. The
scares on the relevant sections 6f this test were used to
classify students as high, average, 6r low in terms éf

mathematical ability and verbal ability.
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The author's programmed learning booklets were used

to assess skill in discovery of the selected mathematical
principles and ability to verbalize these discoveries. To
facilitate marking, an answer sheet was prepared for each
booklet. The topics of the boocklets were:

. 1. Sqgquaring Numbers Ending in Five;

2. BSets and Subsets;
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3. Adding Signed Numbers;
4. A Short-cut for Remainders (Casting out Nines)k
5. Eveﬁ and 0dd Numbers, Base Ten;
6. Hven and'Odd Numbers, Base Five.

The booklets "Sets and Subsets" and "Adding éigned
Numbers" were given in alternate forms in an attempt to
determine whether the method of presentation affected the
discovery scores. The task in "Sets and Subsets" was to
determine the rule for finding the total number of subsets
which can be selected from a set of n elements. The basic
strategy in Form A was a‘systematic listing of all types of
subsets, i.e., singlétons, pairs, etc. 1In Form B, tree
diagrams were used.

Form A of "Adding Signed Numbers®” used the
conventional symbols with the problems presented in a
systematié order, i.e., one type at a time beginning with
the Simplest. Form B used the conventional symbols with
the types presented randomiy. Vector symbolism was used in.
Forms C and D, the types being presented systematically in

Form C and randomly in Form D.

Procedure

Each booklet was given in a regular matﬁematiCs
period. Since the half hour fime limit was very generous,
suitable activities were provided for pupils who finished

early. TFor topics having multiple forms, the individuals
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in each mathematical ability level were randomly assigned
to forms.

.The pilot study established that the principles to
be discovered were, in general, not already known to Grade
Eight students. However, it was highly likely that a few
studen£s would have encountered some of the concepts in the
booklets. To identify pupils with prior knowledge of the
tested material, key questions were included with regular
written assignments. If a student successfully answered
one of the key questions, his ansﬁer sheet for the related
booklet was-discarded. The number of answer sheets
eliminated for this reason ranged from none on "Even andb

0dd Numbers, Basc Five" to twelve on "Adding Signed Numbers'.

Statistical Analysis

For each of the five discovery tasks, the Chi;
square statistic was used to test at the .05 level of
significance the hypotheses listed in Chapter IIT.

For the discovery tasks in “"Sets and Subsets" and
"adding Signed Numbers", one additional hypothesis was
formulated:

5. Rate of discovery is independent of the method of
presentation.
For both tasks, the Chi-square statistic was used to test

this hypothesis at the .05 level of significance.



CHAPTER V
ANALYSIS OF DATA |

Results of the Tests of the Hypotheses.

A summary of the results of the tests of the

hypotheses is shown in Table 1. The statistical tests

lead to the following generalizations:

1.

For all discovery tasks investigated, rate of discovery
is independent of sex;
For all discovery tasks-investigated, except finding

the number of subsets for a given set, rate of

discovery is associated with mathematical ability and

achievement;

For two of the five fopics ("Squaring Numbers Ending
in Five" and "Short-cut for Remainders"), the results
of the Chi-square tests suggest that rate of discovery
is related to verbal ability; .

For three of the five topics ("sets and Subsets",

"Adding Signed Numbers", and "Even and 0dd Numbers in

Base Five"), the results of the Chi-sguare tests

suggest that rate of discovery is independent of verbal

ability;

27 .



TABLE 1

THE RELATIONSHIP  BETWEEN RATE OF DISCOVERY AND SELECTED VARIABLES
AS INDICATED BY CHI-SQUARE TESTS

Mathematics Mathematical Verbal Method of-
Topic Achievement Ability Ability Sex Presentation
Sguaring Chi-square 31.2 28.8 16.0 1.7
Numbers Critical -
Ending value (df) 12.6 (6} 12.6 (6) 12.6 (6) 7.8 (3}
in Five Conclusion dependent dependent dependent independent
Sets and Chi-square 7.1 9.4 0.3 2.7 3.9
Subsets Critical
value (df) 9.5 (4) 9.5 (4) 9.5 (4) 6.0 (2) 6.0 (2)
Conclusion independent independent independent independent independent
Adding Chi-sguare 26.3 15.2 9.0 2.1 4.7
Signed Critical :
Numbers value (df) 9.5 (4) 9.5 (4) 9.5 (4) 6.0 (2) 12.6 (6)
Conclusion dependent dependent independent independent independent
Short- - Chi-square. 27.2 - 12.6 2.0 1.8
cut for Critical | . ’
Remainders value (df) 12.6 (6) 9.5 (4) 9.5 (4) 7.8 (3)
‘ Conclusion dependent dependent independent independent
Even Chi-square 12.2 16.7 16.6 0.07
and 0dd Critical
Numbers value (df) 9.5 (4) 2.5 (4) 9.5 (4) 6.0 (2)
in Base Conclusion dependent dependent dependent independent
Five

8¢
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5. For both topics in which method of presentation was -
variéd ("Sets and Subsets" and "Adding Signed Numbers"),

‘rate of discovery is independent of method.

Interpretation of Results

Since it is impossible to generalize over all
discovery tasks, results on each of the five tasks are
discussed separately. For each task, contingency tables
are presented to show iﬁ detail the relationship between
rate of discovery and mathematical ability and the
relationship between rate of discovery and verbal ability.
Contingency tables are not given for discovery and
mathematics achievement because they do not contain
significant additional information. Tableé are also
provided to show the results of responses to the other

items in each booklet.

Squaring Numbers Ending din Five

Task 1l: To discover a rule for squaring
a two-digit number ending in five,

As shown in Table 2, the rate of discovery
patterns for the various abilitf groups are distinctly
different. For example, 41% (12/29) of the high mathemati-
cal ability group was successful oh the first preséntation
of the task, whereas none of the low mathematical ability
group succeedéd. And 90% (26/29) of the high ability

students eventually discovered compared to *43% (12/28) of
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the iow ability students. With minor variations siﬁilar
patterns occur for all tasks. Furthermore, the number of
low mathematiéal abilify pupils making a discovery on-a
first presentation is consistently less than the number of

low verbal ability pupils who are successful.

TABLE 2

THE RELATIONSHIP OF RATE OF DISCOVERY ON.TASK l.
TO MATHEMATICAL ABILITY AND VERBAL ABILITY

Rate of Discovery

Critical
- ’ 2 value
No Late Ave. Early Total X p = .05
- Math.
Ability , _
Low 16 9. 3 0 28  28.8* 12.6 (df=6)
Average 6 13 7 6 32
High 3 6 8 12 29
' 25 28 18 18 89
Verbal
Ability
_ Low 14 9 4 2 29 - 16.0*% 12.6 (df=6)
Average 8 11 4 8 31
High - 3 8 10 -8 29
' 25 28 "18 8 9

*independence hypothesis rejected.

A summarf of the success on task 1 items is given
in Table 3. A high percentage (87%) of the discoverers
élso‘received credit for acceptable verbalizations. Many
students used numerical examples to explain their methoa as

follows:
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For 75 x 75, you put down 25 and

then multiply 7 x 8 and put 56 in

front of 25.
Although the pupil has not expressed himself in an eleganf
fashion, he has clearly demonstrated his knowledge of a
short-cut method for squaring odd multiples of five.
Ancother example of an acceptable verbalization is:

For 752, put down 25 and multiply

7 x 7 and add 7. Put the answer

(56) in front of 25.

TABLE 3

SUCCESS ON TASK 1 ITEMS

Successful Students

Percentage of
: -Percentage of those successful
Task total group on discovery task.

To discover a rule
for squaring a two-
digit number ending
in five 71

To verbalize the
discovery 62 87

To complete correctly:*
65 x 65 = (& x 7 x 100)

To complete correctly:
N5 x N5 = (& x ()= 100) .
+25 19 27

To complete correctly: | ,

When a certain number

ending in 5 is squared,

the answer is 7225. The

number must be gJ. 34 : 48

*Henceforth, whenever completion items are quoted,
the expected response is hand-lettered.
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The percentage éf students who were able to state
how they sguared a number ending in five was identical to
the percentage of students whd completed the following
correctly:

65 x 65 = (Hx 7 x 100) + 25
Thus, this figure (62%) can be regarded as a reliable
estimate of the percentage of the group which Wwas
successful on the discovery task. The higher figure (71%)
probably included some pupils who multiplied in the
ordinary way to find the answer.

However, only one—third of the discoverers were
able to complete tﬁe following item correctly:

N5 x N5 = (#/x v#t)x 100) + 25
Here is clear evidence that students must specifically be
taught how to think in terms of variables, and, in this
case, how to represent the integer following N. The poor
performance on this item was unexpected because tﬁe pilot
study was done late in the‘school year after the students
had had experience with algebraic problems involving
consecutive numbers. _

It is rather disturbing to note that almost half of
the students who demonstrated their ability to use the
short-cut procedure could not answer this item:

When a certain number ending in 5
is squared, the answer is 7225.
The number must be §4.

Apparently these students did not see how this item-
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was related to the problem which they had just solved, i.e.,
that essentially they were required to find the smaller of
two consecutive numbers whose product is 72. Thus there is
‘some question about the value of adroitly guiding students
to the discovery of a specific bit of knowledge if they are
unable to apply that knowledge in a simple problem.
Discovery tasks can be more difficult than they
seem. TFor example, 28% of the pupils were unable to
complete 55 x 55 = §23£rcorrectly even after this hints:
fhe underlined digits have been
placed in a table on the right.
Try to see how you can get the

number in column B by using the
number in column A.

a B
(@) 15 x 15 = 2 25 1 2
(b) 25 x 25 = 6 25 2 6
(c) 35 x 35 = 12 25 3 12
(d) 45 x 45 = 20 25 4 20

Sets and Subsets

Task 2: To discover a method of finding
+he number of subsets of a given set.

The patterns in Table 4 showing the relationship
between discovery on task 2 and mathematical ability are
much like the comparable'patterns for task 1. Nevertheless,
the hypofhesis'that rate of discovery is independent of
mathematical ability is not rejected because the probability

associated with the computed Chi-sgquare is .052, which
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slightly exceeds the stipulated value of .05. In contrast,
the evidence concerning the relationship between discovery
and verbal ability is unequivocal; In this case, the
patterns are strikingly similar for all ability groups thus
strohgly_suggesting that for task 2, rate of discovery is

not related to verbal ability.

TABLE 4

THE RELATIONSHIP OF RATE OF DISCOVERY ON TASK 2
T0 MATHEMATICAL ABILITY, VERBAL ABILITY,
AND METHOD OF PRESENTATION

Rate of Discovery

Critical
9 value

No Late Early Total X p= .05
Mathematical
Ability
Low 15 9 4 28
Average 20 7 4 31
High IR 29

44 25 19 88 9.4% 9.5 (df=4)
Verbal
Ability
Low 14 8 7 29
Average 14 9 6 29
High 16 8 6 30 ;

44 25 19 88 3% 9.5 (df=4)
Method of
Presentation
Form A 20 10 13 43
Form B 24 15 6 45

44 25 19 88 3.9%* 6.0 (df=2)

*independence hypothesis not rejected.
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Although it waslreported earlier that the Chi-
square test suggests that rate of discovery on task 2 and
method of pfesentation are not related, the data in Table 4
indicate that perhaps the tree diagram approach (Form B) is
somewhat more difficult than the roster approach (Form A).
On Form B, only 13% (6/45) of the subjects succeeded on the
first presentation of the task compared to-30% (13/43) on
Form A. A possible explanation of the greater difficulty
of the tree diagram approach might be that the discovery
task was made more. complex by the introduction of an
unfamiliar schema along with tﬂe counting problém itself.
The results of the students' responses on the

guestions related to the discovery task are presented in
Table 5. Although about half of the students were able to
discover a method of finding the number of subsets of a
giyen set, none explained how to do so directly in terms of
the number of elements in the set. Many students did not
attempt any explanation of how they arrived at their
answer. Of those who did, a typical answer was:

Take 2 times the number. of subsets
for the number which came before.

When the papers were originally scored, this kind
of answer received nd credit since, as the following
program excerpt shows, the instructions specified that the
number of subsets be found from the number of eléments:

Here are some more examples:
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A B
A set with 2 members has 4 subsets.
A set with 3 members has 8 subsets.
3. A set with 4 members has 16 subsets.
A set with 5 members has 32 subsets.
A

set with 6 members has 64 subsets.
Study these examples very carefully. Try
to see how the numbers in column B are
related to the numbers in column A, not
to other numbers in column B.

It will be noted that the student is specifically
instructed to relate the numbers in column B to the numbers
in column A. Two conjectures are offered to explain why
these instructions were ignored: (1) the basic strategy of
the program was to consider, in turn, sets with two, three,
"and four members, and (2) the férmat in which the numeréls
were displayed draws attention ﬁo the relationship within
column B rather than between columns. Under the
circumstances, it seems reasonabie to allow credit for
explanations based on the relationship in column B.

The percentages of successful students on the
related items were extremely low (0% - 4%). The failure of
this program indicates the importance of ensuring a
thorough ﬁnderstanding of underlying concepts before
expecting students to apply them to a novel situation. 1In
the tryouts, the subjects had the advantage of additional
familiarity with exponents derived from their Grade Eight

work.
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"Sets and Sugsets" is an example of a carefully
structured program which not only c<id not lead students to
the intended discovery but actually produced a set which

distracted them from it.

TABLE 5

SUCCESS ON TASK 2 ITEMS

Percentage Successful

Task Form A Form B

To discover a method of
finding the number of
subsets of a given set 57 50

To verbalize the
discovery 36 28

To name or describe two .
subsets of any set "8" 2 4

To complete correctly:
If a gset has n members, .
there are 9 subsets 0 0

To complete -correctly:
A set with 15 members
has 3“r subsets . 0 0

Adding Signed Numbers

Task 3: To discover how to add .
two numbers with unlike signs.-

To receive credit for discovery, students had to
correctly answer five out of six questions of the
following type:

-30 + +25 =

=
or 46 + fb _Ei
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The methods of presentation (sﬁmbols and -order) do
not have a significant effect on the rate of discovery of
the method for adding numbefs with unlike signs. However,"'.w
students who were presented material with vector notation
in a random order (Form D) had the most difficulty
discovering the principle. This is not unexpected since

students are more familiar with the + and - signs.

TABLE 6

THE RELATIONSHIP OF RATE OF DISCOVERY ON TASK 3
TO MATHEMATICAL ABILITY, VERBAL ABILITY,
AND METHOD OF PRESENTATION

Rate of Discovery

Critical
2 value

No Late Early Total X p = .05
Mathematical
Ability
Low 8 6 8 ) 22 15.2*% 9.5 (df=4)
Average 2 8 17 27 '
High 1 4 21 26

11 18 46 75
Verbal
Ability .
Low 5 7 13 25 9.0 9.5 (df=4)
Average 3 2] 11 23
High 3 2 22 27

11 18 46 75
Method of
Presentation : :
Form A 2 8 10 20 4.7 12.6 (4f=6)
Form B 4 3 13 20
Form C 2 3 12 17
Form D 3 4 1118

11 18 46 75

*independence hypothesis rejected.
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The relatiopship of the rate of discovery on task 3
to mathematical ability, verbal ability, and method of
presentation is shown in Table 6. The patterns observed
here between discovery and mathematical ability exhibit two
features unique to this discovery task. The percentage of
discoverers is abnormally high (96% of the high ability
group and 85% of the total group) and the percentage of the
low ability group successful on the "first" presentation
is also unusually high (36%). The p;inciple to be dis-
covered may be inherently easier than the others, but a
combination of other factors is perhaps more significant in
accounting for the discrepancy in the results.

‘The signed numbers program was the lOngest'and most
carefully structured. 1In the first part, which dealt with
like signs only, the basic ideas and the model fox
representing addition examples on a number line were
developed. In the second part, which dealt with unlike
signs, each of the fouf cases was presented as a question
and followed by the answer together. with a representation
on the number line. After this, there was a trial set of
six items for which the answers were supplied on the
following page. Only then was the pupil presented with the
"discovery" task. In short, the booklet contained a large
element of programmed instruection.

In the second place, it is reasonablg to assume

that pupils had prior experience with related activities,
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even if they had not previously been formally taught how to
add signed nuﬁbers. This conjecture also explains the
relatively high success of the low ability group.

In this task, discovery does not seem to be related
to verbal ability. Two suggestioﬁs for this can be offered.
Because of prior experiénce, the students were less
dependent on the program for an explanation of the problem.
Furthermore, the number line provided an effective
supplement to verbal explanations.

An example of an acceptable verbalization of the
method for adding numbers with unlike signs follows:

Ignore the signs, subtract the

smaller number from the larger,

and put in the sign of the larger.
Although the above is ﬁot expressed in elegant terms, it is
clear that the pupil can find the answers. Many students
did not even atteﬁpt to state their method in words, but
most who did used examples as follows:

For -6+ +8, take 6 from 8 and
put in a plus sign.

Since instructions specifically excluded the use of the
number line, explanations involving it were unacceptable.

A table was prepared iﬁ an attempt to uncover
relationships between method of presentation and discovery,
verbalization, and success in transferring to a different
notation. No clear trends were apparent from the

examination of these data. Perhaps there was a slight
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indiéation +hat the success rates for conventional symbols
and systematic order were somewhat higher than others.

Almost invariably, students who discovered how to
add directed numbers using one notation had no difficulty
using the other notation. A few students failed to make

the transfer from conventibnal to vector symbolism.

A Short-cut for Remainders

Task 4: To discover how to find the remainder, without
dividing, when a number is divided by nine.

To receive credit for early discovery, students
had to answer correctly two of the following questions:

Find the remainder from the digits
when the given number is divided by 9.

Number Remainder
1723 o

5404 . - 4
1334 ‘ A

Although verbal ability énd sex are not related to
discovery in task 4, mathematical .ability 1s associated
with ability to discover.. These results are presented in
Table 7. The observed frequencies for the high
mathematical ability.group deviate markedly from the

expected frequencies.
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TABLE 7

THE RELATIONSHIP OF RATE OF DISCOVERY ON TASK 4
TO MATHEMATICAYL ABILITY AND VERBAL ABILITY

Rate of Discovery'

Critical
9 value

No Late Barly Total X p = .05
Mathematical
Ability
Low 17 6 5 28 12.6* 9.5 (df=4)
Average le 13 3 32
High 8 9 12 29

41 28 20 89
Verbal
Ability
Low 16 7 6 29 2.0 9.5 (df=4)
Average 12 10 8 30
High 13 11 6 30

a1 28 20 9

*independence hypothesis rejected.

The results of the students' responses on the

questions related to the discovery task are presented in

Table 8. An

example of an acceptable verbalization for

task 4 follows:

None

procedure of

Add all the digits in the number.
If the sum is less than 9, that is
the remainder. If it is equal to
9, the remainder is 0. If it is
more than 9, divide by 9 to get a
remalnder.

of the students discovered the ﬁore elegant

adding the digits in the remainder if it was

a two-digit number. Students were not required to mention
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the case of zero remainders since only one test set

contained such an item.

TABLE 8

SUCCESS ON ITEMS RELATED TO TASK 4

Task.

Successful Students

As a percentage
of total group

As a percentage of

those successful on

discovery task

To discover how
to f£ind the
remainder when a
number is divided
by 9 (without
dividing)

To verbalize the
discovery

To write a 4-digit

number whose
remainder is 6
when the number is
divided by 9

To explain why the
method for finding
remainders works

54

56

55

104

102

Those students who discovered the method of casting

out nines to determine the remainder when a number is

divided by 9, had no difficulty in verbalizing the concept

or in using it to write a number with a given remainder.

However, no one was able to explain why the method works.
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Fven and 04dd MNumbers, Base Five

Task 5: To discover how to classify
two-digit base five numbers as even or odd.

The boocklet "Even and 0dd Numbers, Base Tenfkwas
used as an introduction to task 5. It provided a review of
place value in the decimal numeration system. 'Since
students already knew how to classify base ten nuﬁbers as
eveﬁ or odd, their only task was to discover why a number -
must be even if the last digit is even. No student was
able to give a satisfactory explanation. An analysis of
results on the introductory booklet is therefore un--
necessary.

TABLE 5

THE RELATIONSHIP OF RATE OF DISCOVERY ON TASK 5
TO MATHEMATICAL ABILITY AND VERBAL ABILITY

Rate of Discovery

Critical

. . 2 value

. No Late Early Total X p =-.05
Mathematical’
Ability
Low 22 5 1 28 16.7* 9.5 (df=4)
Average 12 10 8 30
High 10 6 12 28
. _ 44 21 21 6
Verbal
Ability
Low - 21 4 4 29 16.6* 9.5 (df=4)
Average . 16 4 7 27
High 713 10 30

44 21 21 86

*independence hypothesis rejected.
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To receive credit for discovery on task 5 students
had to correctly 1abél five out of six base five numbers as
even or odd. The data in Table 9 suggest that rate of
discovery on task 5 is related to mathematical ability énd
to verbal ability. Only one persoﬁ in the low mathematical
ability group was classified as an early discoverer, but
twelve in the hiéh mathematical ability group were.

The following is an example of an acceptable
verbalization of the method of identifying base five
numerals as even or odd:

Add the digits. TIf the sum is even,

the number is even. If the sum is

odd, the number is odd.
Any explanation involving the expanded form of the base five
numeral was not acceptable, since this method was
specifically excluded in the instructions.

| The results of the students' responses on the

quesfions related to the discovery task are presented in
Table 10. Although over half of the students were able to
discover a method of classifying two-digit base five
' numbers as even or odd, only about one gquarter were able to
verbalize the concept. Perhaps some -students did not f£ind
a short-cut but used the expanded form to convert to base
ten, thereby classifying the numbers correctly. This
conjecture is supported by the fact that only 14% of the
students were able to classify four-digit numbers correctly.

Again only half of this group provided satisfactory
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~ BUCCESS ON ITEMS RELATED TO TASK 5

Successful Students

As a percentage

Task

of total group

As a percentage
of those successful
on discovery task

l.(a) To discover
how to classify
2-digit base five
numbérs as even or
odd

(b) To verbalize
this discovery

2.(a) To discover
how to classify
4-digit base five
numbers as even or
odd :

(b) To verbalize
this discovery

3.(a) To discover
that the base ten
method of classi-
fying numbers as
even or odd will
work for any even
base

{b) To discover
that the base five
method of classi-
fying numbers as
even or odd will
work for any odd base

{c) To verbalize
these discoveries

50

23

14

21

21°

13

47

50

61 .
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explanations. However, 21% of all subjects did respond
correctly to the followihg item:

Question 11
B. The short-cut method for
deciding even or odd in base
5 will work for which other
bases?
3 6 7 9 12
But only 13% of all subjects gave adequate explanations.
Taking all factors into consideration, it seems clear that

less than 20% of the total groﬁp thoroughly understood the

principle that they were expected to discover.

General Comments

Although the risk involved in attempting to
generalize from the specific tasks has been stressed, the
data were examined to see if any overall trends weré
appafent. An attempt was also made to find plausible
explanations for the varying degrees of success -among tasks.

The data of Table 1l reveal little consistency of
performance on the various discovery and verbalization
tasks. There is, however, a marked uniformity in the
percentage of students succeeding on the first presentation
* of four of the discowvery tasks. The values vafy betﬁeen
20% and 24% and perhaps suggest that somewhat less than one
fourth of an average gfoup will be able to make independent
discbveries in novel situations. However, if suitable
guidance is given, the percentage will usually rise toHEO%

or more.
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TABLE 11

COMPARATIVE SUCCESS ON DISCOVERY
AND VERBALIZATION TASKS

Pgrcentage Percentage vefbalizing
discovering . .
At first At any Percentage Percentage of
Topic presentation stage - of group those discovering
Squaring
numbers
ending
in five = 20 72 62 87
Sets and
subsets . 20 50 32 64
Adding,
signed :
numbers 61 85 "33 40
Short-
cut for | , A
‘remainders 22 54 56 100
Even and
odd
numbers in
base five 24 - 49 21 39

It is not difficult to offer an ekplanation for the
superior performance on addition of signed numbers, the only
topic in the mainstream of the curriculum. If twelve‘
students had somehow learned how to add signed numbers
before they were exposed to the programmed booklet, then
others may have had similar opportunities. Thus it is
likely that students performed well on this task partly
because the ideas were not entirely new to them.

There was a wide variation in the percentage making



49
adequate verbalizations of discovery tasks of comparable
difficulty. In three booklets about half of the group .
eventually satisfied the criterion for discovery. But of
the successful discoverers, the percentage which also gave
acceptable verbalizations of what they discovered ranged
from 39% to 100%. And although 85% of the students
discovered a procedure for adding signed numbers, only 40%
of the discoverers were able to state clearly how to add
signed numbers. These results suggest that the ability to
verbalize 'is not a reliable index of understanding. The
guality of a verbalization is influenced to some degree bx
the pupil'é general verbal facility and his faﬁiliarity
with concepts: language, and symbolism associated with a

specific principle.



CHAPTER VI

CONCLUSIONS AND IMPLICATIONS

Conclusions

The following conclusions refer specifically to the

tasks, materials, students, and experimental conditions of

this'study:

1.

For four of the five tasks, discovery was related to
mathematical ability.
T'or some tasks; discovery was related to verbal

ability. The inherent nature of the task and the mode

of presentation probably contributed to the equivocal

results.

. Success on the disdovery tasks was not related to sex

differences. This result supports the contention that

when sex differences in mathematics achievement are

found, they have been culturally induced.

For the two topics in which method of presentation was
varied, success on the discovery tasks was not “
significantly different. However, the data indicated
that students found the systematic presentation in
familiarhlanguage and symbolism somewhat easier. It
should be noted in passiné that ease of discovery does

50
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not necessarily imply better learning and retention.

5. On novel tasks, a minority of students succeeded in
making independent discoveries on the first
presentation. And even when given very specific
guidance, a substantial number were still unsuccessful.

6. Students were more successful when thoroughly'familiar
with the ianguage, symbolism and concepts related to
the principle to be discovered. In other words,
success is related to discovery readiness.

7. Satisfying the criterion for discovery of a principle
did not imply its mastery. Some puﬁils were unable to
apply or generalize principles for which they received
credit fér discovéring. .

8. Ability to verbalize was not a reliable criterion of

discovery.

Implications for the Classroom Teacher

A thoughtful consideration of the results of this
study, especially in conjunction with a critical appraisal
of the booklets themselves, could lead to better
appreciation of the problems associated with heuristic
techniques, to more realistic expectations, and to an
appropriate balance between discovery and other teaching
strategies. The case for discovery is somewhat weakenéd by
the relatively limited success which pupils had on the

tasks. Unless an individual is reasonably successful, he
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is hardly likely to'enjoy the benefits claimed for
discovery learning. It may well be that for such a person,
frequent failufe would depress: interest and motivation by
destroying his confidence in his ability to leérn
mathematics.

This study has produced further evidence that
pupils may not discover much on their own. Most pupils
need some guidance, but the amount is related to
mathematical aptitude. It is a real challenge to déveloP
strategies for providing each pupil with the optimum level
of assistance. It is by no means certain that giving very
specific guidance is the best strategy for developing full
understanding. Furthermore, as in the case of "Sets and
Subsets", the particular approach used may inhibit a
broader appreciation of the principle.

On certain items the subjects did not have a
reasoﬁable opportunity for success because they had
inadequate mastery of relevant ideas. Thus it is clear
that the teacher must provide for discovery readiness by
ensuring, insofar as possible, that his pupils have the
knowledge, language, and symbolism needed for the task at
hand.

The uSe_of programmed booklets, except in an
experimental situation, is far from ideal. Although each
student does have the oppbrtunity dflmaking the discovery

on his own, he is deprived of the stimulation of oﬁherxninds
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The argument that programmed booklets ensure that each
student is actively involved is not entirely convincing.
Many students learn to go through the motions with minimal
mental effort. In general, the printed page is less
effective than a good teacher in creating interest, in
providing motivation, and in focussiné on the crifical
features of the problem. Furthermore, it is extremely
difficult to provide for all possible contingencies without
producing a ﬁery dull program. Finally, the physical,
mental, and emotional state of the individual at the time
the booklet was presented could easily make thg difference
between success and failure. Since the booklet was to be
completed at one sitting there was no oppertunity to post-
pone dealing with the problem until a more favorable time.
The written responses of the students indicated a

general weakness iﬁ expressing themselves clearly. However,
the necessity to verbalize a concept can be questioned
since it was found that students can discover and use a
principle without being able to put it into words.

‘ Despite the arguments in favor of learning by
discovery in the classroom, there aie limitations. Even
when using carefully brepared materials some students do
not discover. Teachers should be aware of the strengths
and limitations of discovery techniques so that they may
use them effectively in the classroom.

The effort involved in preparing the programmed



materials makes -such a process prohibitive for the
classroom teacher. The preparation of each booklet
involved several trial runs and revisions, and even "then
the final vérsions of the booklets were by no means
flawless. It proved to be extremely difficult to prepare
material which avoided all possible misunderstandings. In
contrast, it is relatively easy in a class discussion to

deal with difficulties as they arise.

Suggestions for Further Research

The present study has shown that certain

" principles presented by programmed boocklets can be
.discovered by CGrade Eigﬁt mathematics students. The study
could be replicated with different topics and different
grade levels.

As a follow-up to this study, one might wish to
test rate of discovery against other variables such as
attitude towards mathematics or personality. Furthermore,
attitude change resulting from learning by discovery could
be studied. |

Although this study concerns discovery as an
individualized process within the classroom setting, other
methods of presenting the material could be investigated.
One might present the material to small groups and observe
each student's ability to discover in a groﬁp Situation,'

By using their own materials and strategies, teachexrs can
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determine which methods are appropriate and meaningful for

their pupils.
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APPENDIX I
SQUARING NUMBERS ENDING IN FIVE

Task 1l: To discover a rule for squaring a two-digit numbex

i

ending in five.

59




1

To square a number, multiply it by itself. For example,
to square 4, multiply 4 by 4.

In this booklet, you are going to look for a fast way of
squaring numbers ending in 3!, As you do each question, be
looking for a short—cut.method.

Remember, you are to follow the‘booklét as instructed,
write only on the answer sheet, and try és hard as you can to
find a shert-cut, Now, turn'to page 2 and begin the search for
'

a guick way of squaring numbers ending in 151,

2

Here are some examples. 3tudy them.

{a) 15 x 15 s 225

n

{b) 25 x 25
{o) 35 x 35 =

un
2]

2

=
N
0
<

Do you see a short=-cut alreedy? If so, try your method om

45 x 452 2025 , If 1t works, turn to pags Be

If you would 1like more help, turn to page 3o

3

Hore are the examples mgain?

(a) 36 x 15 = 225 - - ST .
(v) .25 x 25 = 625

(o) 35 x 35 = 1225

[ I [ T P S SR

Question 1

Complete on &oug answor sheet:

The thing I no%ilce about all of the answers 1s - o

{Turn to page 4.)

You probably noticed that the enswars all end In 25._
For example 15 x 15 = 225 ‘

Now, study these exmmples, noting the underlined digits.
() 15x15 =225 '
{pl265=x25 =625
(c)35x535 nlz25

Do you see a short-cut new? If so, try your methed on
45 x.4 5 =20 25 , If it works, turn to page 7.

if &ou would llke more help, turn to page 5.

5
Here are somo more examples to help you f£ind a short-cut.

The underlined diglts have beon placed in a table on the right.

Try to see how yoﬁ can get the number in c¢olumn 'B' by using

the number in column TA', :
(a) 16x15 =225 i 2

(b) 25x25 55625 26

(0} 35x35 =31225 3| i

() 45x45 =20 25 K3

Turn to page 6.

09
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Question 2
On your answer sheety. write the answer %o the following

queatlon without multiplying ocut in full.
5. x 55 =

Turn to page .9.

Question 3 . . 7

On your answer sheet, write the answer to the following
Questlon without multiplying out in full,
‘ 65 x 65 =

Turn to page 9.
Question 4 . 8’

On your answer sheet, write the answmer to the Tollowing
questlon without multiplying out in full, E
7 x75 = -

f. Turn %o page 9,

Queshion 5 9'

In a sentence or two, explain how to use a short-éut

method for multiplying 75 x 75, {Use' your answer sheet.)

Jura to page 10.

"

. . . 5 .
10
The number 3625 can be written as
, - 3600 + 25
or . ( 36 x 100 ) + 25
or { 6 x62x100 ) ‘¢ 25

ar 512 23 x100} 425 etc.

Question 6

Use this idea to express how the short-cut method of squaring
works for 65 x 65 = 4225 . Complete the following by f£illing the

blanks on your answer sheet,

65 x 65 = 4,225 or 4200 + 25

or ® x 100 ) 425

Turn to page 1ll. ' e e
v .
Congider the number N5 where N ¢dn be any digit except zecro.
For cxample: N5 = 45 if N is L.

95 1f Il is 9.

=
1%,
n

Guestion 7

Complete by filling in the blanks on your answer sheet.

N5 x N5 = { X x 160 ) ¢ 25

Turn to page 1l2.

19
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iz -
. Squaring Numbers Ending in Five
Question 8 Complete by £illing in the blank on your answer . Answer Sheab Xome
sheet. : - Question 1 Question 2 GQuestlon 3 Question 4
Whon a certain number ending in 5 i3 squared, the answer —_——
. i -
43 7225, The pumber must be - .

Fow, hand in your booklet and your anaver sheet.

Question §
Guestion 6
) ( . x____=200) ¢ 25
Question 7 ' - Question 8
N5 z¥5=(_  x___ x100 ) + 25
Scora Chart . ‘
Page [Points
R D
a i o discovery
t s
e ¢ 2, Late discovery 1)
* - o g 3, Averapge disecoveryl 7
£ ? L. Errly discovery 8
* 5. Verbalize q
‘_6. Place Value o2
7. Generalise 11
8. Apply Lﬁ: 12

29



APPENDIX 2

SETS AND SUBSETS

(FORM A)

Task 2: To discover a method of finding the.number of

subsets ¢f a given set.
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Al and Bob were playing basketball in tho achool yords
Do you think that we'll male the t'.erunl?,'l sald Al.
"Hard 4o say ®, repllod Bob. ™Mr. Jones might chbose

both of us, but,.."

Question 1 _
Cdmﬁlata the following stdtement on your answer sheet.
Theré are some other decisions Mr. Jones, the coach,
could make concerning Al and Bob. He could cho;se both Al

and Bob or ) N

:

Turn to page 2 and check your enswef.

Ansvier
Hore are the other docisions the cosoh could make:

1, Just A1, 2. Just Bob, 3. Noithor AL nor-Bob,.

Did you éet them all?
The four cholces could be written by using the following
symbols, where A stands for Al and B stands for Bob.
1. {K}, the set which contains A only.
2.°{B}, the set which contains B only. .
3.{},%: the set which contains A and B, .
4. £, the empty set, which contains neither A nor B.

Now, turn to page 3.

- Answer
aAnsSuar

While Al and Bob were practising, Charlle arrived. He ls
also trylng oub for the team. '

"L see you Ewo ars trying out for the toan", ho said, "I

wonder what the chances are of us belng plcked.

Albert smlled and said, "I know how many choices Mr. Joges

ecould make nbout the three of us." . .

‘Gunestion 2 .
On your answer shoot, put ddwn the nnmper of cholces you
think the coach could make. ‘ .
Turn te page 4 to chéck with Albert3 answer.
4
b

"Pheore are 8 choldes the coach could make soncerning the

three of us," srid Alboert,

Question 3 _ _

Check Albertd answer by 1ist1nngn your answer sheet 8
cholces the ceach could make regarding the three bays. Use
A, B, G, for Al, Bob, and Charlie. For example, {h dl means
that Al end Charlie are chosen, but Bob 19 not.

Turn to page 5 to check your answer.

2]
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Answor
answor

Hore 1s Al's list of the B possible decislons:
£3 48, 8, 16, @B, 0,6, 5,8 ,fn2.0)

D14 you got them all? The ordor is nob important.
We have geen that for 2 boys there are 4 cholces and for

3 boys there aro B cholces.

Now, turn to page 6.

Van arrived to find Al, gob, and Charlle playlng basketball
and telking sbout the chances of making the team.

"¢hat about mer"™ Dan questioncd, *“I'm golng to try oul,
too."

"Phis ig gotting complicated,” said Charlie, "There are
12 possibllities.” -

"No," aaid Bob, "thero are more than 121"
Question 4 ‘

On your answer sheet, put dowm the mumber of choices you

think the coach could make concerning the four boys.

Checkt with Bob's ans@pr on page 7.

Anavef . _~' 7
Mhore are 16 possibilities," sald Bob. {Anda Bod 1s rightl)

Questlion 5

On your answer shoogf 1ist the 16 possible cholces concerning
the four boys, A, B, G, D,

Turn_to page 8 to check yonur answer.

'

-~
“

Angvor S -

Here are tho 16 possibilitios: .
{3,483, {83, {1, o), a8} ; £a,c} , 44,03 , {B,G3
{5 , {6,0}, {4,8,3 , {A,B,D},{A,c;zﬁ Jp;c,0} ,44,8,¢,0}

So far we have seen the following examples:
For 2 ﬁoys, there are 4 choices,
For & hoys, there are 8 choices.
For 4 boys, there are 16 cholces,
.Now, turn to page 9.
; . l 9 -
It secms to Wo gotbing moro difflcult to determlne the

numbor of possidle wayas of belng selectoed, as the number of

3 boys in the group lncreases, beocause it takes a loné time to

: .
list them. You're geing to look for & method of figuring out

how many possiblilitlea there are for any number of boys In the
group.

Turn to page 10,

pres =5 © 10

Ve have already seen that the group of boys Al, Bob, Charlie,
and Dan can be expressed as the set {E,B,C,ﬁ} « The set {b,é}
is called a subset of JE,B,C,§§'because each of :ts members belongs
'to the set {A,B,c,ﬁ?r.

.

§9



Question 6

Any non-empty set, call it 5, must have at least 2 subsetse

Name or describe these two subsets on yaﬁr answer sheet,

Turn to page 11.
11

The number of ways 1n whilch M. Jones con make a cholce
from four boyz 1s tho total number of subsets which can be
formed -from a set .with four members. .

Ve have detormined from our examples tho followlng
informatlon:

1, If o 36t has 2 membors, there are 4 subsets.
é. If a set hos 3 members, there are 8 subsets.
- 3« JI a sot has 4 members, there are 16 subsets,

Study these 3 statements very carefully énd try to find
8 moethed of gotting the number of subsets from the number of
mombers., If you can do this for o set with any number of
mamberS? ‘turn to page 14 now. .

If you would 1ike more help, turn to page 12.

Here mre some more examﬁles:l2 .
A B . :f Fa.%'fif

l. A set wilth 2 members has 4 subsets.;_" -

2. A set with 3 membors has 8 subsebs,.

3. A 5ot with 4 membors has 16 subseta.

4, A sot with 5 members has 32 subsets.

5. & sot with 6 membors has 64 subsets,

Study these examples very carefully. Try to seo how

the numbers in column B are related to the numbers in

. eolurm A, not to other numbers in colwm B,

Turn to poge 13.

e _ _ 5 - i

Buestion 7
un your answur shwet, complete the following stabement.

A set with 7 menmbeors:has aubsoeta,.

Turn to page 15.
’ 14

Quostion B )
On youf answer shoet, complete the following gtatemant.

A 3ot with 8 members hns subsots,
E Turn to ﬁage 15.

Wungtlon 9 .
The answer to this quostlon is-a large number, Do nob
calculnte the exanct nnswer, .bub use mathematlsal symbols to

ahhw what the answer will be. Use your answer sheet.

A set with 15 membé}hhhas - subsets, -

Turn to page 16,

99
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Guoegtion 10

Completo on your snswer sheet, using mathematical symbols.

If & set has 'n' members, there are ;.. ' -.subsets,

Turn to page 17.
17
Guostion 11

If you were able to find o mathod of calculating the numbor

uf subsets for a seb, explein in words hov you got youf 2N8Wer.

Uso your spswer sheet,

Hand in your bocklet and your answer shoeet.

Srore Chark

Form __ Name
Pape Points Value

7. Late discovery 13 | 1
g, Zarly discovery 14 2
9. Use of exponents, speclflc case 15 1
10. Use of exponents; gencral case 167 1
11, Verbalization 17 1
Total discovery score 5

-

Sets and Subgets Form A

Answer Sheet Name
Question Number 2.
1. ——————
3. e
5a G,
To________ B 9. 10.
11,

L9



APPENDIX 3

ADDING SIGNED NUMBERS

(FORM A)

Task 3: To discover how to add two numbers with unlike

signs.

68



. : ) - _1
_ If you ¢ycle one mile along a perfectly atralght road,
anq then wallt a mile -..on, the same road, how far are you |

from your starting point?’ -

'Whén you have solved the pfoblem in your head, turn to
the next page. ’
.'2
The distance depends on the direction you wentl
If you continued in the same direction, the answer ias
two miles, If you walked Iin the opposite dilrection,

the answer 13 zero miles.

Por this type of problem and many others, it 1s
necessary to conslder direction as well &p dtatance,

Turn the page to see how thils works,

3

Let us replace the road by & number line, labelling the

starting point as zero (0),

T 3 4

'__2'"";

e mm -

¢ 3
These examples showhthat from 0 to 2 1s a trip of 2, and
from ¢ to 5 1z a trip of 5.

{Turn to page 4.) e

L I S v [P R S P ST PP AT S, —

L

i To be able to tell the direction and distance from the starting
- point, called the origin, we label our new number line as follows:

oy e e s § 0ri+.’§+3‘*h;‘5_%- =

A trip from @ to 43 is a trip of +3 and a trip from Q to -3 1is
1 +3 4
STIoESL Geivz+3
et

- Furthermore, any trip of 3 to the right will be labelled +3 and any

a trip of 3.

I trip of 3 to the left will be labelled -3,

i" ) ) ' =
: L -3-Zz -1 0+i+g+3+&+5 —
e

{ -3
Our new set of numbers is called the set of interers ,
(eeersm=3,=2,=1, 0,41,22,43100ss).
In this booklet we hope that you will. discover how to add integers.

i Now, turn to page 5. ;
S

Lot us think of integers as trips on a number lino;

Here 13 an example,

W e =

|
|
i +5
1

+2 0 43

k

-

) '
Ul +2 +3 sd +5 76 7~

P

o



So, a trip of +5 1s the same as 2 trip of +2 followed

by a trip of +3. You will be able to try out this ides om
the next page.

Question 1 ; 6
’ On your answer sheet, using the number line that is given,
complete thls statement:

A trip of +3 followed by e trip of+ 4 is the same as a trip
of .

{Check your answer on page 7.)

7

1

Answer: _47 +7

1

>
] i 1 i P

T IO F RS 5 14 45 16 47 48 ’

1

’ ¥
- 1 3 +4 |

I . Bk

80, a trip of +7 1s tho same as a trip of +3 followed
by a trip of +4.

¥ow you are going on enother trip. ile have agreed
thet (43) means 3 units to the right and (-3) means 3
units to the left,.
Cuestion 2 A

Ceomplete this statement on your answer sheot.

A trip of -3 followed by & trip of -1 1a the same
aa a trip of ; )

{Check your snswer on poge B.)

() (+2) + (+4)

8

Answver:s -4 Study the following dlagram to mee how this

answer is obtained,

~l 1 -3 I . ’ 1-
i |

T . S A

-’
.

This can be written es(-3) 4+ (-1) = {-4)
How, turn. to page 9. '

9
Use the number line to help you to add the following
integers., Think of the answer as a single trip which will take

you to the same place as two trips,

Question 3 Complete con yéur answer sheot.
{a) (45) + (+3)

—

(c) (=7) + (-2)
(a) (-5) ¢ (-4)

Check your answers on page 10.

10
Anavors: (a) 46 (b) 46 (o) =9 (d) =9

. If gll of your answors are correst, turn to page 1ll.-

If you made an§ mistakes, study the following examples, ~1
(=]



Examploes:
(a) (45) ¢ (43) = 8 (
.é ; *9;_w,__;
l *5 | +3 |
i ] —3
- L +2 +3 +4 4D 46 47 48 4
. (v} (+5) + (-3) = -8B |
e 8 »
|-3 | -5 1

F [
R e G Qe S . S S M G

Now, turn to page 1l,
11

If you think that you are ready to anawer mopre questions

of this type wlthout using the number iine, turn to page 14,

If you would 1like more practice, turn to page 12.
- AR

Here are several examples, Try to see how to get the
solution { with the correct sign ) by doing something with
the two iIntegers you are adding. ©Study these examﬁles
very carefully. - ]
(a} (-2) ¢+ (-2}

{e) (43) + (48) = 49 z =6
(p) (44) + (42) » 38 (e) (43) + (+5) = 18
(e (~3) ¢ (-6) = ~9 (f) (-5) +(-3) = -8

' Think you've got 1t? Try the following without using
the number line, )

Quostion 4 Complete on your answer shest,
(a) (~2) 4+ {-B)
(b} (46} +(42)
{c) (-4) 4 (-5)

—

o

——

i

Chock your énswers fromﬁpnge 13.

. 13 '
Answerst (a) =7 {b) +8+ (o) 10 *
D1d you get thoge? How, try the following questlons,

Suestion & Complete on your answer shest without using
, the number line, HNo answers are glven,

{e) (+12) + (425)

(v) (~13) + (- 5)

(e} (-30) + (-40).

() (+45) & (s15)

(o) (-20) 4 (-50)

——

Now, turn to page 15,
14

Complete the following questlon on your answer sheet rithout

using the number iine , Include the correct sima.

Question 6 Complete on your answer sheet. No enswera are giveno_-

(a; (+20) + (445; = _ _

(b (~25; + (~30) = S o
Lot (4357 ¢ ( #15)= o

{a)(-40 ) 3 (-20) =
lo) (80, ¢ (-40) =

(Now turn to page 15,)

TL
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Question 7

On your answer sheet, explaln briefly how to add two
integers with the same sign without using the number line,
Don't forget to tell how you decide which sign to use,

%hen you have completed the question as best you can,
turn to page 16.
16
- ° -
Suppoze we use 3 to mean 3 units to the right anq 3 to mesn

3 unlts to the left. Answer the followlng questions, using

the now symbols for your answers,

Question 8 Complete on your answer sheet., No anzwers are given.

la; 5+ 18 =

(v) $7 + 23 =

———

e -
te) 35 + 46 =

~—
(a) 50 4+ 28 =

—
Les 75 +<-7-5-=

{(Yow, turr to page 17.
AU

Let us now look at somewhat harder questions dealing with
the addition of integers.
Question 9 Complete on your answer sheet,
{49/ + (-8, =
HINT: Aa a problem in trips slong the number line, we ask
curselves “wiat siﬁgle trip can repldce’ b & trip of +9
followed by 8 trip of -6 %"

(Check your answer from poge 18.)

1B

Ansver (49) + (-6, = 43 . '

Study the following dlagrom to see how thla works on the

number line,
e -6

e =BT1 0 41 32 +3 44 45 +6 47 48 49
c JETL 24132 4D #4 90 #0 4T 4R 43
1 19
[
{ i

13 )

The diagram showsz that a trlp of +9 followed by a trip of -6

Lok

can be roplaced by a trip of 43.

How, try the questlon on page 19.
' 19

Cueation 10 'Gomplato'on your answer sheet,

(-9) + (+6) ©

{ Or, a trip of -9 followed by a trip of ¢6 cen be replaced
by what single bripr)
Check your enswer on page 26. .
20

Anawer =3 Study the diagram to soe how the answer was obtainod.

\
1
P =9 - _‘1
N |
1 +6 SF | .
l 1 -3 ] .
——

clL
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The diagrom shows that s trip of ~2 followed by a trip of +6

can be replaced by a trip of 3, Study this example agsin if you
aid ngt g0t the answer, - I

How, turn to Fage 21,
21

ion 11 Complete on your answer asheet,
(#6) 4{-9) =

Quest

(Or, a trip of 46 followed by a trip of «9 can b

e reoplaced
by what single tripy) .

Turn to pege 22 to check the Answer,

22

Ansper -3  The dfsgrem should help you to see how Lo get thils

Gnawor,

R /
& 27 =6 «5 =4 -3 -2 =1 0 +; +g +3 +i +0 45 7
\ 1 ) |
. ' 1 46 al
I._ R
1 f )
v - 1
L= R v
T '
e

Road the diagram as follows: a trip of ;6 followed by a trip

of -9 can be replaced by & trip of -3.

(Turn to page 230

23
Questlon 12 Complete on your answer sheaeb.
(-6} # (48) =

(Or, o trip of -6 followed by a trip of 49 can be replaced

by what single tript)

The answer 1s on page 24.

- P R R R Y Ry e e YU

. _ E 24
Answer 43 The diagrem should help you to see that a trip'of -6
- followed by a trip of +9 1s the same as a trip of +3.

“7 -6 =5=4=3-2-L O+L+2+34h +5+637

t—+——+—4—~q—-ﬁ——+——ﬁ——f——h——hu—ru—+-—$——+~—+—r
' =5

| e

| +9

\

N

+3

You have seen all possibilities of adding with different slgns,
using 9 and 3, Kow, turn the page.

25

Question 13 Complete on your answer sheet. Use the pumber line.

(a) (+4) + {~5)
(p) (-3) + (+2)
ic) (+6) ¢ (=2)
{a) (-3) + (42)

(e) (42) 4 (-7) 5 __.
{£) (-4) ¢ (48) = ___

Turn the page to check your answers.
26
Answorat (a) =1 (b) =1 (o) #4_ (a) 1 {e) =B () s2

If a1l answors are correct, turn to page 27.

if you made any mistakes, study the exemple below,

EL
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Example: (43) ¢ (-4) = 1 ,
Remember, +3 means a trip of 3 unlts to the right, ] 20

sterting at C. Then you take the second trip of -4, or

4 units to the left, starting from where the first trip ends, Questlon 14 Complete on your answer sheet. No snsvera are glven,

{a) (~20) & {(+25) =

€——=F=f =1 0 41 42 43 24 > - (b) (#35) + (-15) = ' .
1 M -
i : " (o) (-50) + (425) =
! - |
r—t— . (@) (490) +{ =50)=
pe—~ | ’ - -
Turn to page 27, I ) (e} {+80} & (-00) = ___
27 . _ (r) (-85) + (435) = ,
Turn to page 31 when you have completed this questlon.
Do you think you can now add any two integers without 30 ,
using the rumber line? If so, turn to page 3I0. Question 15 Complete on your answer shoet. Np answers are glven..

(s} (-30) ¢+ (+25)
(v} (440) & (-0}
(c) (~-80) 4 (+20)

i

——

If you would like more help, turn to page 28,

—

' 28 —_—
_ : _(d) (490) ¢ (-25) =

Here are some ¢xemples. Try to see how to get the solutlon,with (e) (460) ¢ (8O} =& -
the correct slpgn, by doing something with the twa'munbers you are : {£) (-65) + (435) =
edding. Study the examples to find a pattern: When you've completed the question, turn to page 31.

-3 " -3 ’
(a) (-9) 4+ (+6) 1 |
(D) {-6)+ (42) = =4 Question 16 On your answer sheot, explain briefly how to add
{e) (-2)4 (45) = 43 ; _

integers, each with s different sign, witheut using & number

(a) (42) ¢+ ( «7) = -3 ' ' :

t - Turn o page 29, line. Don't forget to say how to decide which sign to use in

FOUr anawer.

¥When you have completed this questlion, turn to page §2.

U
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Answer the follewing questiocns using the now "arrow®

gymbols. HNo enswers are given.

LQuestion 17

{a) 2645 =__
(v) Ba+B=__
(c) 78 45 -

() 55 417 =

e =7
{e) 46 ¢ 324 =

Turn in your enswer sheeb and this booklet,

Secore Chart Mome
- Paro Points Valua

2. Lalte discovery, like signs j 13 T
6. Berly dizcovery, lika'éigna 1, 2
7. Verbalizatier,like signs ‘__15 1
8. Transfor, like signsg 1 16 = 1
14. late discovery, unlike sipgns 29 1
15, Early discevery, unlike sigus ) 30 2
16, Verbalization, unlike sipgna b 31 1
17, Transfer, unlike signs. 32 1

-Total dlscovery séore 8

kdding Sipned Numbers A B C D

Answer sheet Hame
Question 1 Juestion 2 Question 3
{a) __ (b} __ te) ___ (&)
Question &4 Question §

(a) __ (&} _ (e) fa} __ (b} (e} {a}

Question 6

() ___ (e} ___ (a} __ (e} ___

(a)

Question 7

Question 8

(a) (b) (c) (d) (e)

Question &

Question 1@ Question 11  Question 12

Question 13 ‘ '
(a) {b) {c) td) (e} - i)

Question 14 :
(a) (b) (e) (@) (e ___ { £)

SL



Question 15 .
(a) (b} (c) {d) {e) (£)

Question 16

Question 17
(a) (b) (c) {d) {e)

tumber Line Ferms A and B

J—

l

prt

ey ko -J9 -{;r?? -E!'aﬁ-g -}; -,.3 =5 -f f)fi 42 +3 4, +f;r-:(3r_-r_7. = -;'é -!-Ib‘

Yumber Line Forms ¢ and D

— e e e S e P (- A A T B B e A B £
0 987 65 43 210123 4567891
e & 'l b L L L .l _'l '.7 af Il L L n Fl 3, b L 1_7

9L



APPENDIX 4

A SHORT-CUT FOR REMAINDERS

Task 4: To discover how to find the remainder when a

number is divided by nine (without dividing).

77



b 3 .
llore are some more examples, Study them to see how you

In this boaoklet you are going to try to discover-a quilok can get the remainder just by leoking at the given number.

way of finding remainders whon dlviding by 9, You will see

“later how this short-cut willl help you to check difficult - 11 2 :
multiplication questions, : ' . 29' 2
Follow the instructions in the bor:.:klet', complete only the _ .38 s
questions which epply to‘ ¥ou, msnd wrlte sll answers on your 12 3
answer shest, :
Kow, turn to page 2, 57‘ e
| . 363 3
Study the following list of num_b?rs and the remainder when 23 5
divided by 9. Try to see how you cg.n get the remainder without : 869 i . ‘5‘
actually dividing the gilven number by 9. s 4568 5 _
’ Humber T " Remainder - : . If you can see a short-cut, try it on the number 2112,
54, 0 If it works, turn to page 6, ‘
1L, 0 If you would like some more help, turn to page 4. - .
) 70 7 The muber 2312 contains thé4digits 2,3,1,2, Vhen 2312 is
35 8 divided by 9, the remainder is 8, Try to see how the remainder -
13 4 can be found from the digits. _ ' )
85 . b Examnle Number Remainder
2 3. . - B A 8
68 3 3 , ' : ’ 12 oz
If you have found a short-cut, try it out with the number, . . 3413 2
1121. If the method works, turn to page 7. : ’ : 17 8
If you woul& like some more help in finding the short-cut, . ) . 1,.:;:;5 . 8
turn to page 3. - . . ' ' ’ 21 E 3 ) Eg
' N ) '(Turn to pasge 5) 6780 3 l, ’

———



Quontion 1 ' 5 ) : ] 8
.Quostion 4
On your onswer sheot, {ind tho remaindor from the diglta
. On your answer sheet, expiain in a few-words how you can
when the given numbor iz divided by Y. . )
find the remainder of a number divided by 9, without actuslly
Rumber Remainder . -
t . dividing %the number by 9,
2135 B — .
' Turn to page 8
1472 . . . pag . . .
3450

How, turn to page 8, . ~ Queatlion §

—— e N 9
51
Quostion 2

_ - . iz 6 whon tho number is divided by 9.
On your answer sheot, find the remainder from the digits )

when the given number is‘aivldod by 9., ’ . Turn to page 10.
Humber Remainder . . . . . T
‘e 2334 ' o S ' 10
1143 ) ) . Quogtion B
3335 On your answer sheet, explain why tho short-cut method
" How, turn to page 8. . works for 9 in our numeration system; ]
i . e

Now, hand in your booklet end answer sheet.
unstion 3
on your anawor sheot, find the romnindor from the dlglts

whon the given numbor 1s divided by 9.

Humbor Remalnder
1723 -
5404 -
1334 -

Now, turn to page 8.

6L

On your answor sheot, write a 4 diglt nmumber whoae remainder !
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A Shovtwcut for Remainders

Angwer Shéet. Name
Question 1 Quastion 2 Question 3
Question &
Question 5 Question &

Score Chart

E D Page Point.s
e I Ho discovery
t 8
e ¢ 1, Late discovery 5
]
g v 2, Average discovery 6
e
r i, Early discovery 7
v
4. Verbalize 8
50 Apply 9
6. Explain 10

08



APPENDIX 5
EVEN AND ODD NUMBERS, BASE FIVE

Task 5: To discover how to classify fwo-digit base five

numbers as even or odd.

81



1
We héve studied odd and even numbers in base 10. Now
we will looﬁ at base 5 numerals. .
Question 1 (Circle the correct answer on your ansver sheet,
Is 115 odd or even 7 ’ '
( Now, turn to page 2.) <
Answer 115 is even. .
This can be shown by writing the numeral 115 in base 19.
{(1x5)+1 '
5 +1

€F. 115

1]

6 which is even.

Notice that the last digit is odd, but the number is
even. You are going to discover a method for deciding if
& number in base 5 is even or odd and why the method works.

Now, turn to page 3.

Question 2. 9 .

Complete the following oxample onr your answor shoet By

f111ing each blanic with the word even or odd as 1s done

in the second line.

Bl = (3 x 5 ) ¢+ 1

{cdd x cdd ) + ocd
« )+

- The answer willl be .

( Now, turn to page 4 )

ety S e 4 R

Ansmor : y
- 515=( 3 26 ).+ 1
={ odd x odd )} + odd

{oaa ) + pad

The answer will be even.

{ Now, turn %o page 5 .}

. Question F. ’ 5

(Cirocle the letter of the corpect answer on your snswer sheet)
If a 2-digit base 5 numeral ends in 1 , then

(a} 4t must bo odd. ‘

(b) it mst be even. ) )

{c) it could be either odd or even.

{ ¥ow turn to page 6.)

Answer 5

{e) 1%t could bo either odd or oven.

For example, 21, i1s ocdd btui

5
315 iz even,
{ Turn to page 7 )
QEO:;:.ion 4, 7

Complete the following éxample on your anawer sheet by

. £1l1ing each blank with the word even or odd .

12, (1 x 58 ) + 2
= ( X _ ) o+
= ( )
The answer will be-_ ___ .

{ Now, turn to page 8 .)

Z8
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1

;Aﬂﬂ_“ﬂ'..125(115)+2

( 084 ) + even

The answer wilil be odg .

( o8¢ x odd) ¥ even

your answers are all correct, turn to pago 11.

If you made any mistakes, turn to page 9 .
9
Roview: Even x Even = Even Even + Even

0dd =x Even = Even 0dd + Even

Even x 0dd = Even Even + 0dd

0dd x Odd = 04d 0dd + Odad
Questlon 5. On your answer sheet, f11l tho blonks with gven

Even
0dd
0dd

Evon

or odd .
Pdg=( 2 x 5 ) 4
#{ x ) 3
= ) Y

The answer will be
{ How, turn to page 10 ,)
10

Answer 24

( even x odd) + oven

{ even ) + oven

The answer w11l be aeven .

*{ Now, turn to page 11,)

5 ( 2 x5 ) 4+ 4 -.

11

guestion 6, In the numeral A35 » the iobtor A ropresents a digite
oge If A = 4; then A3g reproéents 435 «
Since Adg = {AxB) +# 5, for any value of & ,
Then (A x 5)
(a) must be odd - !
{b) must be even . . ) - };_' - \
(c) could bo elther odd or oven .
( Circlo the lettor of onc of the above cholices ,on the answer sheet,

thon turn to pago 12.) 12

Answer (o) could be either odd or even .
If your answer 1s oorrebt, turn to page 4.

If your onswor is incorrect, turn to page 13.
13

Study the Tollowing examples:

Example 1:
,examgle L 32 = (3 x 6) +2
= { oddx odd) + 2
=( odada) + 2

Exanmple 23
- “4255( 4 x5 ) +2

(even x 0dd ) + 2

) (even ) + 2
Note that tho;vnlue of the expression within the parentheses { ),
w&s odd 1n exsmple 1 and even in' example 2 .

{ Turn to page 14 .}

€8
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If you think you cnn detdérmine whother any number liXe

42g 1s even or odd, without using the expanded form,425 = (4x5/¢2;

turn to page 15. ~—
If you would like more help, tirn to page 16,

N o 15

Questicn 7. On your answer sheet, label the followlng mirerals

odd or even. Do not uae'the expended form 1e., (2 x 5) + 3

{a) 23
{v) 44
{c} 24
{a) 21
(o) 13

LA T B ¥ I B )

(¥ow, turn to page 18.)

is
Study the following examples. The underlining may help

you to see an limportent relationship.
(a)assr-(ix\é_") + 3

" = {even ) 4+ oad = edd

(Lx5) +3:

t{v) 13,

( 0dd } 4+ o0dd = even

{c) 44; = (4 x5) 44

( even) 4 even ®» even

(d) 14, = (1x5) 44

= (o0dd ) + even =" 0dd
{e) 215 = (2x5) +1

= { svon) 4 0dd = odd

- . { Turn to pege 17 ,)

Question 9 R 18

. W e T es - P S RS NS L

7

“-Quostion 8. On your enswer sheet label the followlng numerals

0dd or even. ’ . ’ .
{a) 21
(v) 3¢
(o) 12
() a2
(e) 24¢

&
5
5
5

{Now, turn to page 18 ,)

To doéide vhethor .a base 5 numeral 1s even.or odd, 1t .
ocould first be written_ in expanded form, eg. 345n(3x5) +4 = 19.
If you can think of an sasler method, describe it for guestion 3
on your answer sheet. .

Turn to page 19
0 pag . 19

Question 10 Gircle the letter of the correct answer.
R. Would the method you've described work for a four.
_ digit number in base 57¢ (a) yes (b) no
B. Explain why you think 1t would or would not WOk
C, ILabel the following numerals as even or odd,
(a) 21324
" (b) 1322

{c) 1##15 Turn to page 20,
(a) 21435.
{a) 1hh45

78
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20
Even and Odd KRumbers in Base Five
Question 11 ——-————-—-—-—-—-—-—-—-.
. . Answer Sheet NRame
A. - Tne short-cut method for deciding even or odd in -
base 10 will work for which other bases ? (Circle . Te odd ‘2. 315“= ( 3 x 5] e 1 3. 8 b e
ell correct answers on your answer sheet.) even = ((odd x odd ) + edd
-3 6 7 9 12 = ) o+

The answer wlll be -
B, The short-cut methed for deciding even or odd in '

base 5 will work for which other baseg 7 . be 12 = (1 =x .5 ]_ + 2 50 245 ={ 2z=x 5 ) ." b
i 6 7 9 1z = (___Jxl___) + s(__-x Yo+
. . ‘ - ) v =0 )+
C. Explain how you decided which method to use for The answer will be . T The answer will be
the bases in parts 4 and B. . 6.a b e 7. (a) (b} (c) {(d) (e]
Hand in your bocklet and your answer sheet;. 8. {a) (&) (e) (a) (e)
- 9«
Score Chart
Page Polints } 0.4 a b - B.
7 Early discovery 15 '
8 Llate discovery 17 c. (a) () {c) {d) {e)
l.o discovery .
9 Verbalize ' -8 e Ae 3 6 7 9 M2 B- 3 67 9 12
10 ipply method to 4-diglt number 19 c. ‘
Lxplein meihod for L-digit number 19
11 Discover method for even and odd bages . 20 ’ S i
L Exp}g;n methoed fdr___e_ven and odd bases 20

g8
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