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ABSTRACT
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centage of all the primitive machimes can be partitioned 1n such a way Gen-
erally, LCARs have better partitioning behavior than LFSRs It 1s suggested
that almost all maximal length machines can be partitioned mto bit shces
which preserve the required property 1f we allow minimum modifications to
the registers The extra hardware required for partitioning and modifications
15 estimated using the OASIS Design System and the Magic Layout Editor
The experimental and theoretical results are presented and discussed as well

as application areas of our research
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Chapter 1

Introduction

The purpose of this thesis 1s to convey a better understanding of the behavior
of linear machines used 1n a widely accepted approach to built-in self-test of
combinational logic In this approach, random testing 1s used for supplying
test vectors to the umt being tested and signature analysis 1s performed
to evaluate the 1esponses to these vectors Typically, the machines which
are used m this test structure are Linear Feedback Shift Registers and the
recently proposed alternative Linear Cellular Automata Registers [24, 33|

A Linear Feedback Shift Register (LFSR) 1s a finite state machine, which
can be implemented in digital hardware using storage elements (for exam-
ple, flip-flops), and XOR gates which perform addition modulo 2, chamed
together and contiolled by a synchronous clock The linear finite state ma-
chine, which defines the LFSR, performs polynomial division over the binary
field GF(2) The LFSR 1epiresents the divisor, a binary polynomal p(z) of

degree n where n 1s the number of memory elements The serial stream of
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mputs of length A 1epresents a binary polynomial m(z) of degree k—1 which
1s the dividend polynomial The serial output stream gives the quotient,
while the last state of the LFSR describes the remainder polynomal

In testing applications, the imput stieam k 1s the output from a circuit
under test The output from the LFSR 1s discarded, while the remainder
(last state) provides the signature When the LFSR 1s configured as an
autonomous machine, that 1s without any external input, it can be used as
a pseudorandom pattern generator over the binary field

The LFSR has been used m many other applications Example of these
are shift register counters [18], cyclhic code encoders and decoders [50] etc

On the other hand, a Linear Cellulai Automata Register (LCAR) 1s a
finite state machine which has 1ecently been proposed as an alternative to
LFSR [24, 33], although then study was imtiated by John von Neuman 1n the
1950’s The properties of LCARs have been studied by Wolfram [55, 56] and
later by Pries et al [36] Thiee major factors have resulted in the revival of
interest 1n the behavior of cellular systems Fust, the development of power-
ful computers and micioprocessors have made possible the rapid simulation
of LCARs mn a senal, parallel, and /o1 cellular mode of operation Second, the
use of LCARs to simulate a vaiiety of physical systems (for example, crystal
growth) has generated much interest in the scientific community Third, the
advent of VLSI as an implementation medium has focused attention on the
communication requirements of successful hardware algorithms

Ongoing research 1n the area of VLSI testing 1s studying the effectiveness
of LFSRs and LCARs as stimulus generators and response analyzers both
empirically and theoretically In the former case, the randomness properties

of autonomous LF'SRs and LCARs are mmvestigated and the anticipated fault
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coverage 1s measured [5, 6, 10, 17, 23, 24, 57, 58] This indicates the degree to
which the test pattern generator exercises the potential faults in the circuit
In the latter case, the alhiasing behavior of LFSRs and LCARs 1s investigated
Ahasing 1s the condition where the use of data compaction to reduce the test
responses to a signature causes a faulty cucuit to produce the vahd signature
thereby causing the built-in self-test to fail to detect the fault The problem
of aliasing 1s of considerable practical importance and 1t has been studied by
a number of authors using either simulation o1 various error models which
are abstractions of the behavior of faulty circuits [4, 13, 14, 26, 53]

This thesis approaches the study of LFSRs and LCARs n a different way
We address the problem of pairtitioning maximal length cycle machines into
a number of smaller maximal length cycle submachies To illustrate the
practicality of this study we discuss the applications of 1t in VLSI architec-
tures and several examples aie presented with emphasis on boundary scan

designs Our approach serves the following broader goals

1 It studies the partitioning properties of two extensively used finite state
machines, namely LFSRs and LCARs In this sense, this thesis not
only presents the first 1esults in the above topic but also increases our

understanding on the behavior of these machines

2 It provides an efficient way for improving the partitioning performance

of both LFSRs and LCARs

3 It presents a probabilistic treatment of the partitioning of LCARs which

can be used as a basis for developing an analogous theory for LFSRs

4 Tt suggests VLSI applications where the partitioning of linear finite

state machines allows the use of the same machine for different purposes
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thereby allowing built-in self-test to be less expensive

The rest of this introduction gives a chapterwise summary of the thesis
contents Chapter 2 1s an mtioduction to digital circuit testing It explores
the objectives of built-in self-test (BIST) techniques, looks at available al-

ternatives and discusses the main piroblems which may arise in the use of

BIST

Chapter 3 presents some mathematical material from the theory of sem-
groups and finite fields prepaiing a background for the rest of the thesis It
examines the stiucture, the charactenistics, properties and the behavior of
LFSRs and LCARs, and discusses several recent results in their study

Chapter 4 1s dedicated to VLSI applications where the 1dea of partitioning
linear finite state machines allows more options to the system designer with
great economy 1n hardware These options include concurrent checking using
off line testing resources and testing conventional logic using boundary scan

devices
Chapter 5 examines whether nreducible or primitive LFSRs and LCARs

can be partitioned into irreducible or primitive bit shices, respectively Tables
are included containing the results for partitioning machines of length 4 up
to 16 Then 1t describes a bit-shiced implementation of LEFSRs and LCARs
and compares their pairtitioning performance

Chapter 6 suggests that better partitioning performance for LFSRs and
LCARs can be accomplhshed by allowing a single hardware modification
Experimental results aie demonstiated to substantiate this claim It also
presents layout studies of various LFSRs and LCARs which estimate the
extra hardware required for partitioning and modifications

Chapter 7 determines the probability that a 1andomly chosen LCAR will
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have the property to be partitioned into pnmitive or irreducible bit shices It
concludes that in particular cases only a good approximation of the calculated
probability 1s possible because of the random distribution of the machines
which have the desired property

Chapter 8 completes the thesis It summarizes the main contributions of
our research and discusses the most interesting questions that require further

investigation




Chapter 2

Built-In Self-Test

In this chapter, the problems of testing digital circuits are introduced We
explore built-in self-test as a solution to these problems and we present dif-
ferent approaches that have been developed for test pattern generation and
signature analysis Finally, the two main problems which can arise in the use

of self-test are discussed

2.1 Design For Test

As the number of transistors integrated into one piece of silicon approaches
one million and as these circuits appear mm many applications of our daily
lives, the demand that they be adequately tested becomes intense The

objectives in testing a design are twofold [37]
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1 to ensure that, before fabiication, the circuit behavior satisfies the in-
tent of the design, that 1s, 1t 1s free from functional or logical design

errors, and

2 to detect faulty devices, after fabrication, either on the wafer, as pack-

aged ICs, or as a system component 1n the field

Testing of a arcuit requues the application of an appropriate set of test
stimuli and the comparison of the actual ciicuit response with the correct
response General purpose testers, though commonly used for this purpose,
are very expensive, one million dollars for a tester 1s not uncommon There
are also problems with the length of time required to generate and apply the
test patterns as well as with the laige volume of data needed to be handled by
the external tester This 1esults in a test cost contribution to product cost of
35 percent to 55 percent (o1 more) depending upon product size, technology,
and complexity [45]

Several design techniques have been proposed to increase testability and
to make testing of the resulting product economical These techniques are
collectively grouped under the name “design for testabihty (DFT)” DFT
techniques include ad hoc techniques such as partitioning, mitialization, em-
ploying test points etc, and structured design techniques such as scan tech-
niques, built-in self-test techniques etc In the 1est of this chapter, we discuss
various aspects of built-in self-test Comprehensive introductions to other
design for testability methods can be found m [1, 2, 29, 30, 54]

The inclusion of on-chip ciicuitry to facilitate testing 1s called bualt-in self-
test (BIST) McCluskey [31] presents the argument that “this 1s the only eco-

nomical method to reduce the cost of testing” Any built-in self-test method
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Figure 2 1 Typical BIST architecture

must consists of (1) a strategy for generating the inputs to be apphed, (2)
a strategy for evaluating the output responses, and (3) the implementation

mechanisms

A typical BIST architecture 1s shown n figure 2 1 During the self-testing
mode a number of test patteins generated by the test pattern generator
(TPG) appears on the mputs of the circuit under test (CUT) The arcuit
output responses are passed through a circuit called a compacter The aim

1s to reduce the number of bits that must be examined 1n order to determine

whether the CUT 1s faulty At the end of the testing procedure a signature of
the test response 1s obtained Fault detection occurs 1f the signature realized
by the CUT differs from the signature of a fault free version of the circuit
Many different techniques and approaches have been developed for test
pattern generation and data compaction In the next two sections, we present
briefly various such methods, followed by the two main problems which can

arise 1n the use of BIST
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2.2 Test Pattern Generation

In theory, 1t would be possible to generate test vectors (manually or by a
test pattern generation progiam) and store them in an on-chip ROM How-
ever, this scheme does not 1educe the cost of test pattern generation and 1t
requires a very large ROM One basic approach for test pattern generation
1s ezhaustwe testing which uses all possible input combinations as test pat-
terns For example any bmaty counter can be used to exhaustively generate
these patterns Although exhaustive testing elimiates the need for a fault
model and fault simulation, and guarantees excellent fault coverage, for a
circuit with a large number of mmputs this technique may require too much
time Some form of circuit partitioning may be used to reduce the number
of mputs m this case [31]

Random testing 1s another test pattern generation approach which uses a
set of randomly generated patterns as test patteins Simple circuits, like an
autonomous hinear feedback shift reqister (ALFSR) can be used mm random
testing of chips without RAMs! However, the patterns generated by an
ALFSR are called pseudorandom patteins® to distinguish them from truly
random ones For test pattern generation, pseudorandom sequences are bet-
ter than random ones since the pseudorandom sequences can be reproduced
for ssmulation In [7], the sequences produced by an ALFSR are analyzed and

their characteristics and properties are discussed mn detail An alternative

1Due to pattern sensitivity of RAMs specially generated patterns must be used to test

them

2This 1s because they appear to be tandom in the local sense, but they are in some way

repeatable, hence only pseudorandom
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structure for pseudorandom pattern generation 1s linear cellular automata
reqisters (LCARs) Although ALFSRs and LCARs generated by the same
characteristic polynomial have been shown to be similar [40], classes of linear
LCARs have been found to have very good randomness properties, and be
superior to ALFSRs as pattein generators [10, 23, 57, 58]

In addition to these thiee best known approaches to the TPG problem,

hybrid approaches have also been proposed These attempt to exploit the

best features of each of these individual techniques [3]

2.3 Data Compaction

Various data compaction techniques have been proposed 1n order to reduce
the volume of output data and obtain the signature of the CUT All these
techniques require that the fault free signatuie for the CUT be known, for

example simulation of the design can be used to find the fault free signature

Compaction techniques include a) ones counting (the signature 1s the
sum of the number of 1’s appearing on the cucuit output) [21, 34], b) tran-
sition count (the signature 1s the number of logical transitions, from 0 to 1
and vice versa, 1n the output data stieam) [22], ¢) parity compression (the
signature 1s one bit signifying odd o1 even parity of the output data stream)
[46], d) syndrome testing (the signature 1s the normalized number of 1’s 1n
the output response stream under exhaustive application of all possible input
patterns) [38] and, e) compression using Walsh spectra (the signature
1s all the Walsh coefficients o1 a carefully chosen subset of them) [44]

However, the common 1mplementations of BIST using compaction rely on
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LFSR techniques These techniques use an LFSR as a compaction circuit
an which 1s fed by the output data stream An LFSR performs a polyno-
mual division over GF(2) where the mmput stream 1s the dividend polynomial
and the LFSR itself implements the divisor polynomial At the end of the
division, the last stage of the LESR desciibes the remainder polynomal or

the signature of the CUT The output of the LFSR which represents the

coefficients of the quotient polynomial 1s normally discarded

For a multiple-output ciicuit under test the overhead of a single-input sig-
nature analyzer on every output would be high Of course the single-input
analyzer could be multiplexed to the vaiious circuit outputs, one at a time,
and the test sequence repeated for each output However, a preferred struc-
ture for signature analysis of multiple-output circuits 1s a multiple-input sig-
nature reqister (MISR) Network outputs are connected to the LFSR through
XOR gates added to the shift lines between stages This 1s faster, but requires
more added circuitry than the serial signature analyzer

LCARs can also be used to obtain the signature of the CUT 1n a similar
manner and 1t has been found that classes of the LCARs are superior to

LFSRs as signature analyzers [14]

2.4 Two Main Issues in BIST

Although BIST appeais to be the only method to 1educe the cost of testing
there exist two main problems concerning the test pattern generation and
the signature analysis Both of them are presented in the following two para-
graphs In our discussion, we assume that both the test pattern generator

and the signature analyzer are implemented using an LFSR However, similar
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results follow if LCARs are used

Fault coverage Perhaps the most important feature of a testing technique
15 1ts coverage the fraction of the possible failures that the test technique can
detect [31] Usually, less than 100% fault coverage 1s obtained and 1t becomes
increasingly expensive to generate tests for the last untested faults However,
in the hiterature there 1s no proposed test pattern generation technique for
BIST which always guarantees 100% fault coverage Furthermore, when
pseudorandom patteins generated by an LFSR aie used as test stimuli, there
1s always a concern about the linear dependencies within the sequence of
patterns It 1s possible for these linear dependencies to preclude a prior: a
specific test pattein from being present in the sequence of apphed patterns
If this 1s the case and the paiticular test pattern i1s in the test set® for the
CUT, then a 100% fault coverage 1s no longer possible

Although the hnear dependencies within a sequence of patterns and ways
to calculate then effects have been studied in [5, 7], the problem of finding a
method for test pattern generation which could always guarantee that the test
set 1s included m the generated pattern set and hence 100% fault coverage 1s
still open In the next paragiaph, the main problem with signature analysis

1s mtroduced

Alhasing The mam problem with signature analysis 1s that due to the loss
of information during compaction, the output 1esponse from a faulty circuit

may produce a signature that 1s identical to the signature of a fault free

3By the term fest set we mean the set of test patterns by which we can determine

whether the CUT 1s faulty or fault fiee
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crcmit This phenomenon 1s called aliasing As a result 1t 1s possible for a
fault to not be detected even though the output response differs from the
fault free response and the CUT to be declared fault free even though 1t
1s actually faulty The probability of ahasing 1s strictly a function of the
machine length, 1 e , 1t approaches 2=™ where m 1s the length of the machine
used 1n signature analysis

The ahasing charactenstics of a MISR are quite similar to these of a
single-input signature analyzer [7] However, an MISR has an additional
type of aliasing called error cancellation which 1s independent of the feedback
polynomial For example suppose an error occurs on an output at test cycle
¢ This error 1s canceled if an error occurs on the next output at the next
test cycle t + 1 It 1s shown n [7] that ertor cancellation 1s highly unlikely,
and hence, the aliasing charactenstics of multiple-input signature analyzers
are very nearly as good as these of single-input analyzers

A number of techniques have been proposed m the lhiterature to reduce
aliasing 1n signature analysis [4] Here, 1t 1s woith briefly describing a com-
paction technique presented i [19], called periodic quotient compression,
which guarantees zero ahiasing Since the problem of ahasing occurs because
of loss of information contained in the discarded quotient bits, this techmque
looks at both the remainder and the quotient, assuming that the good cir-
cuit response 1s known a prior1 during the design of the LFSR An algorithm
1s given 1n order to construct an LFSR 1n such a way that the quotient 1s
periodic with a period 7" and hence can be checked using O(T') hardware
Although the techmque s apphcable to all CUTs, the hardware overhead can
be large since for an N bit output response, zero ahasing can be achieved

using an LFSR of length [N/2] mn the worst case, which 1s too costly to be
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used 1n practice, especially in BIST envitonments

14



Chapter 3

Linear Finite State Machines

A widely accepted appioach to the built-in self-test of combinational logic
requires a pseudo random test vector generator and a data compactor Linear
feedback shift registers (LFFSRs) form the basis for these two units, as their
random sequencing and nexpensive implementation makes them suitable for
hardware testing Recently, [24, 33], one-dimensional linear cellular automata
registers (LCARs) have been proposed as an alternative to LFSRs for test
vector generation and data compaction

In this chapter, we discuss the stiuctuie, the characternistics, properties
and the operation of an LFSR Then, a similar discussion 1s provided for an
LCAR Fually, we present some recent results in the study of LFSRs and
LCARs

15
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3.1 Algebraic Concepts

In this section, we discuss some appiropiiate mathematical material from
the theory of semigroups 1elative to linear finite state machines We also
examine aspects from the theory of finite fields, preparing a background for

the following sections The main sources for this section are (7, 35, 41]

Definition 3 1 [41, page 208] A finite state machine 1s an algebraic struc-
ture < S,I,Y,M,é >, whete S, [, and Y are finite sets of states, inputs, and
outputs, respectively, M (the next state function) 1s a mapping from S x [

mto S, and § (the output function) 1s a mapping from S into Y

We specaify the behavior of a finite state machine by specifying 1ts next
state and output functions The next state function of a machine can be
described graphically using a state graph

One mmportant aspect in the design of finite-state machines 1s that of
designing the least expensive machme that will realize a specific behavior
This can be obtained by reducing the number of states in a sequential machine
since the cost of constiucting a real machine imcreases with the number of
states 1n the machine In [41, page 220], an algonithm for state reduction 1s

discussed

Another concept that anises from the study of finite-state machines 1s the
concept of machine homomoiphisms Here, we avoid a formal definition of a
machine homomoiphism (the reader can find one in [41, page 226]), by saying
that 1if a machine M; 1s a homomoiphic 1mage of a machine M,, then the
next-state function of M; has some (and possibly all) of the structure of the
next-state function of M, If this 1s the case the machine M, can simulate

1ts homomorphic image M,



CHAPTER 3 LINEAR FINITE STATE MACHINES 17

In preparation for our study of linear finite state machines, we introduce

several related algebiaic stiuctures

Definition 3 2 A field F 1s a set of elements with two operations + (called
addition) and (called multiplication) such that

(a) 1t 1s an Abelian group [35] under 4+ with identity 0,

(b) the non-zero elements form an Abehan group under with identity 1
(1#0),

(c) the distributive law holds — that 1s,

t (y+2)=(z y)+(a 2)and (y+z) a2=(y 2)+(z z)

forall z, y, z n F

For example < @,+, > and < R,+, > are fields Also < Z,,+,, > 15 a

field 1f and only 1if p 1s prime!

Here, Z,, 1s the set of integers modulo p, and
+, and , denote addition and multiplication modulo p Thus field 1s denoted

as GF(p), the Galows field of order p

Definition 3 3 A finute field 1s a field which has a fimte number of elements

The number of elements 1n the field 1s called the order of the field

Definition 3 4 Let f(z) and ¢g(2) be two polynomials in the vector space of
polynomuals of degree less than n over a field X' Then f(z) g¢(z) 1s defined
to be [f(z)g(x)] mod (2" — 1), where f(z)g(x) denotes the product obtained

by using ordmary polynomial multiphcation with coefficients computed mn

the field K

'Recall, @ 1s the set of rational numbers, R 1s the set of real numbers, and Z 1s the set

of integer numbers




CHAPTER 3 LINEAR FINITE STATE MACHINES

Definition 3 5 A polynomial p(z) of degree n > 0 over a field K 1s rre-
ducible over K 1f and only 1if there do not exist polynomials f(z) and g(z)
of degree greater than 0 over I such that f(x)g(z) = p(z), where multi-

plication 1s ordinary polynomial multiphication with coefficient operation 1n

K

The reader can easily verify that the polynomials z, z + 1, and z%2 + z + 1

are all irreducible polynomals over G F'(2)

Definition 3 6 A polynomial p() of degiee n 1s a monic polynomial if the

coefficient of 2™ 1s unity

Definition 3 7 [41, page 274] The characterstic of any field (fimte or nfi-

nite) 1s the order of 1 i the additive group of the field

Theorem 3 1 [41, page 277] Let f(z) be a polynomial of degree n over any

field K Then f(z) has at most n distinct 10ots 1n K

It 1s proven in [41, page 274] that the charactenstic of any field 1s erther prime

or mfimite Our discussion 1s concentiated now on mathematical aspects for

finite fields

Definition 3 8 Let a be an element of a field K of characteristic p The
muamum polynomual of «, denoted by M,(a), 1s the momec polynomial of

least degree over GF'(p) that has a as a root

Theorem 3 2 [41, page 283] Let f() be an irreducible polynomial of degree
d over GF(p), and let a be a 100t of f(2) Then the d distinct roots of f(z)

are a?', where 0 <1< d -1
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Definition 3 9 An element « of the field GF'(p) 1s called a primitive element

if 1t generates the multiplicative gioup of the field

Definition 3 10 The mimimum polynomial of a primitive element 1s called

a primatwve polynomual and all 1ts 100ts are primitive elements

It 1s proved 1n [35, page 161] that an irreducible polynomial of degree m
over GF(¢) 1s primitive 1f, and only 1f, 1t divides 2™ — 1 for no n less than
qg" —1

Several listings of such polynomials exist in the literature A complete
listing of irreducible polynomials over G'F'(2) up to degree 16 (with primitive
polynomals 1dentified) 1s given m Peterson and Weblon (1972) In the same
source, many polynomuals of higher degiee up to 34 are also hsted Also in
[7, pages 336-338] a primitive polynomial for each degree up to 300 1s given
The polynomials listed are these having the smallest number of terms for
each degree

Before the mtroduction to linear feedback shift registers and hinear cellular

automata registers, two basic definitions from linear algebra are presented

Definition 3 11 A function f V — V' 1s a lnear function from a vector

space V mto a vector space V' over the same scalar field K as V if, for all

c; and ¢ in A and u; and uy 1in 'V,

fleruy + caug) = ¢y f(ur) + caf(u2)

Definition 3 12 A machie M 1s a hinear finite state machine 1f
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1 The state space Sy; of M, the input space Iy, and the output space
Yar are each vector spaces over a fimte field K (we let the dimensions

of spaces be n, p, and r, respectively), and

2 Let the vector s, denote the state of the machine, the vector u, denote

the input to the machine, and the vector y, denote the output of the

machine at time1 The next-state s} and the output of M are defined,

respectively by

Mis,su) = s,+ =A s,+B u,

6(s,)=y.=C s5,+Q u,

where A, B, C', and () are matiices over K, s,, u,, and y, are column
vectors, and the matuix operations are the usual matrix operations with

arithmetic performed m the field A

Here K 1s GF(2) and the + operation 1s addition modulo 2 (XOR) As one
can see from the defimtion, the relationship between the state of the machine
at time 2 and the state at time 2 4+ 1 1s linear

If the machine has no mput, 1t 1s called autonomous The next state
function of an autonomous limear machine 1s defined by st = M(s,) = A s,
and the output 1s defined by y, = C' s,

In preparation for the analysis of the cvcle structure associated with an
autonomous hnear machine, a few definitions from hnear algebra are given

below

Definition 3 13 An n x n matiix A over a field A 1s said to be nonsingular

if det(A) # 0, where the detetminant 1s calculated in the arithmetic of the

20
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field K

The state graph of an autonomous linear machine that has a nonsingular
next-state matrix 1s a collection of disjoint cycles The difference between a
singular and a nonsingular machine 1s the presence of transient states in the

state graph of the singular machine [41, page 304]

Definition 3 14 If A 1s any n X n matnx over a field K, and if Q 1s a

nonsingular n X n matiix over the same field, then the matrnix A' = Q A Q!

1s said to be similar to A

Definition 3 15 The characteristic polynomual of a square matrix A 1s de-
fined as A4(A) = det(A — A) A4 1s a degree n polynomial in the indeter-

minate A

The next theoiem shows that similanity tiransformations preserve cycle

structure

Theorem 3 3 [41, page 307] If matiices A and A" are similar nonsingular
state-transition matrices, then their state graphs have 1dentical cycle struc-

tures and differ only 1n the labeling of the states

From the preceding theorem, we see that the problem of finding the cycle
structure induced by a matiix A reduces to the problem of finding the cycle
structure for some matiix similar to A The theorem give us the freedom
to select the machine of least cost in an equivalence class This property
suggests that we should look for some standard machine 1n each equivalence
class that 1s likely to be the least costly machine to synthesize For this

purpose we choose feedback shift 1egisters
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Figure 31 Type 1 LFSR

3.2 Linear Feedback Shift Registers

A Lwnear Feedback Shift Regqister (LFSR) 1s a finite state machine defined
as a collection of storage elements (for example, flip-flops) and XOR gates
which perform addition modulo 2, chamed together and controlled by a syn-
chronous clock In the analysis of LFSRs, all operations are done modulo
22 Such a cucuit 1s considered to be linear since 1t preserves the principle
of superposition, 1€, 1ts response to a hnear combination of stimuh 1s the
linear combination of the responses of the circuit to the individual stimuli
Two possible realizations of a four-stage shift register are shown in figure
3 1 and figure 3 2, where the symbol & represents XOR gate, and each box
represents a memory cell which holds one GF(2) field element In this net-
work, the state of the netwoik 1s the four-tuple of field elements stored 1n the
register

For any LFSR one can wiite the set of finite state machine equations
which describe the transition to the next state and also the corresponding

state transition matnx For example, the equations for the LFSR of figure

2This 1s the same as ordinary arithmetic with one exception 1 +1=10

22
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=(+)
- Sy |= S | S, | 8, |
output
Figure 3.2. Type 2 LFSR
31 are

83’ = 83
S = Sob s3
S;— = 51
3; = 87

000 1
100 1
A=
0100
0010

The generating function f(a), corresponding to an LFSR 1s called the

characteristic polynomial This 1s the charactenstic polynomial of the tran-
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sition matrix A The LFSRs i figurte 3 1 and 3 2 have f(z) = 2*+z+1 as
their characteristic polynomial Note that the output of stage 1 represents
T or z!, stage-2’s output 1s 2%, and so forth Here a nonzero polynomial co-
efficient implies that a connection exists, while a zero polynomial coefficient
implies that no connection exists

Given a characteristic polynomial, 1t 1s easy to implement an LFSR to
realize 1t The last column of the transition matiix 1s the set of coefficients

of the characteristic polynomial Conversely, given an LFSR, 1t 1s a simple
process to determine 1ts corresponding characteristic polynomial

Consider an autonomous lnear feedback shift register, 1e, an LFSR
which has no inputs except for clocks Such a cucuit 1s cychein the sense that
when clocked 1epeatedly, 1t goes through a fixed sequence of states Given
an n-stage shift register there aie at most 2" possible states If the feedback
1s linear, the successor of the all zero states 1s itself, since the output of the
feedback circuitiy 1s 0 when all of 1its inputs are 0 Hence, a linear feedback
shift register, starting from a nonzero state can reach at most 2" — 1 different
states Then the sequence generated by one of the stages of the register 1s
periodic with period no greater than 2" — 1

The relation between the charactenstic polynomial of an LFSR and the

period of the resulting sequence 1s detetmined from the following theorem

Theorem 3 4 [7, page 69] Given an LFSR mitialized such that the first n—1
stages contain 0 and the nth stage contains a 1, then the LESR sequence {a,, }
1s periodic with a period which 1s the smallest integer k for which f(z) divides
1= g*

Another interesting property concerning the periodicity of shift register se-

quences 1s that, when f(2) 1s nieducible, the period 1s independent of the
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mitial conditions (except for the all 0’s case)

Definition 3 16 If the sequence generated by an n-stage LFSR has period

2" — 1,1t 1s called a mazimum-length sequence or m-sequence
The following defimition 1s equivalent to definition 3 10

Defimition 3 17 [7, page 77] The charactenstic polynomal associated with

a maximum length LFSR 1s called a primitive polynomual

On some occasions 1t 1s desirable to extend the period of a sequence
from 2" — 1 to 2" In this case, nonlinear feedback functions are required to
implement these sequences of period 27, called de Bruin sequences [7, page
74]

Sequences generated by LI'SRs are called pseudorandom sequences, since
they are periodic and deterministic but they have many properties like these
of random sequences® Some of these propeities [1, page 441] are histed next

In the following, any sequence of 2" — 1 consecutive outputs 1s referred to
as an m—sequence Furthermore, a maximal contiguous grouping of symbols

1s called a “run”

Property 3 1 The number of 1s in an m—sequence differs from the number

of 0s by one

Property 3 2 An m—sequence produces an equal number of runs of 1s and

Os

3For random test pattern generation it 1s not so important that the numbers used be

strictly random, sice they are not being used for statistical purposes

25
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Property 3 3 In every m—sequence, one half the runs have length 1, one
fourth have length 2, one eighth have length 3, and so forth, as long as the

fractions result in integral numbers of 1uns

These randomness properties make 1t feasible to use LEFSRs as test sequence
generators in BIST circuitty When an LFSR 1s used as a signature analyzer

the following holds [1, page 444]

Theorem 3 5 An LFSR signature analyzer based on any polynomial with

two or more nonzero coefficients detects all single bit errors

Definition 3 18 A (k, k) bwuist error 1s one where all erroneous bits are

within k consecutive bit positions, and at most k bits are in error

Theorem 3 6 If the chaiacteristic polynomial f(z) 1s of degree n and the

coefficient of 2% 1s 1, then all (A, &) buist errors are detected as long as n > k

In chapter 2, we saw that the probability of aliasing, 1 e , the probability
that a length n LFSR does not detect an error, 1s approximately 2= How-
ever, this bound 1s not too useful since 1t 1s based on unrealstic assumptions
In general, signature analysis gives excellent 1esults Results are sensitive to

f(z) and 1mprove as n mcieases

Implementation Issues The stiucture of an LFSR like the one shown 1n
figure 3 1 1s typically imnconvement to implement because XOR gates have
to be included between certain stages For this reason, the LFSR shown 1n
figure 3 2 1s easier to layout This alternative structure does calculate the
actual remainder, however 1ts final state has certain properties and 1s still
usable 1n the signature analysis technique In fact, this alternative form of

LFSR 1s the one that 1s typically implemented
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3.3 One-Dimensional Linear Cellular Automata

Registers

In this section, we present the basic theory and the operation of linear cellular
automata reqisters (LCARs) Recently LCARs have been proposed as an
alternative to LF'SRs for test vector generation and data compaction [24, 33]

LCARs are fimite state machines, defined as uniform arrays of identical
cells in an n-dimensional space Cellular automata registers can be charac-

terized by the following four properties
1 The cellular geomet1y

2 The neighborhood specification Cells are 1estricted to local neighbor-

hood nteraction and have no global communication
3 The number of states per cell

4 The algonthm to compute the successor state Cells use an algorithm
to compute then successor state, called 1ts computation rule, based on

the information received from 1its nearest neighbors

There are 256 possible distinct cellular automata 1ules in one dimension with
a three-site neighboirhood However, only the combination of linear rules* 90
and 150 (these are defined later m this section), yields maximal length cycles

LCARs This s a hybrid LCAR since all sites do not use the same rule

“This means that the next state of the machine can be computed from the previous

state (and perhaps mputs) using only linear operations (XOR operators)
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Figure 33 A hnear cellular automaton register

For the rest of this thesis, whenever LCARs are mentioned, the reference
1s to one-dimensional LCARs with computation rules 90 and 150 Figure 3 3
1s an example of the type of machine bemg described Each site, labeled s,,
1 <1 <k, can hold either 0 o1 1, and at every clock cycle, 1t receives an
mput from its nearest neighbois, s,_; and s,4; The sites at the boundary of
the array always receive a 0°

The computation rules 90 and 150 are defined as follows

Rule 90 ST = 8,21 ® si41

Rule 150 st =510 8 ®sip

According to 1ule 90, the value of a particular site ¢ 1s simply the sum modulo
2 of the values of 1ts two neighboring sites on the previous time step ¢ Rule
150 also includes the value of site : at time step t If we use 1 to denote a
rule 150 cell and 0 to denote a tule 90 cell, then an LCAR can be represented
by a binary vecto1r For the example of figure 3 3 the binary vector has the

form (0101)

SThere are alternative possible boundary conditions that can be also considered (see

(36])

28
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For any LCAR, one can wiite the set of finite next state equations and
also the corresponding state transition matiix The characteristic polynomial
of the state transition matiix 1s the charactenstic polynomal of the LCAR

For the example of figure 3 3 the next state equations are

sy = 82
53 = s1®s;Bss
o;' = 59D 8,
.5':' = 83 s4

01 00
, 1110
A=

01 01

0011/

with characteristic polynomal f(a) = a2*+a2+1 This s primitive and hence

the LCAR of figure 3 3 produces a maximum length cycle
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3.4 Discussion

In the previous two sections, the characteristics and properties of two linear
finite state machines, LIFSRs and LCARs, were discussed Both of these
machines can be used as pseudo-tandom pattein generators and signature

analyzers The next paragraph summaiizes some recent results in the study

of LFSRs and LCARs

e Empirical results showed that an LCAR has better randomness distri-

bution and hence better fault coverage than an LFSR [23, 57, 58]

e An LCAR and an LFSR with the same n1educible (or primitive) char-
acteristic polynomial are 1somorphic This imphes that they have the

same cycle stiucture and differ only in the labeling of the states [40]

e An LCAR and an LFSR which are based on the same irreducible (prim-
1itive) polynomual, and thus are similar to each other, have the same

aliasing for a single mput stream [40]

P D Horttensius et al [23] suggest that 1f a designer requires a pseu-
dorandom number generator for built-in self-test with primary concerns of
area, speed, and test coverage she/he should use the hybrid LCAR rather
than the LESR with 1ts inherent correlation

This concludes our introduction to the linear finite state machines which

are used m BIST for test pattern generation and signature analysis The
use of LCAR as compaction testers must be evaluated on performance and
implementation criteria In particular, the extensibility to longer lengths,
without the mtroduction of very long feedback loops (causing delays), 1s a

major consideration




Chapter 4

VLSI Applications

In chapter 3, we present some background on the theory and operation of
LFSRs and LCARs These machines can be used in BIST designs as sources
of pseudorandom binary test sequences and as means to carry out response
compaction This approach has some associated cost although 1t allows test-
ing to be accomplished without the aid of expensive external hardware Since
the self-test circuitry (either an LFSR or an LCAR) uses chip area, there 1s
an area and pin overhead which in turn imphes a decrease both 1n the yield
and 1 the reliabihity However, the cost in silicon can be reduced significantly
if the same lhnear finite state machine can be used for other purposes For
example, this can be carried out 1f a machine can be partitioned into smaller
submachines which preserve certain properties

In this chapter, we present VLSI designs where the 1dea of partitioning
long machines allows efficient use of the bult-in self-test hardware The

designs which are considered here comply with the new ANSI/IEEE Std
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1149 1, IEEE Standard Test Access Port and Boundary Scan Architecture
Initially, an introduction to this standard 1s presented Then, 1t 1s demon-
strated how concurient cheching using off line testing resources, and testing
conventional logic using boundary scan devices, 1s accomplished by partition-

ing machines which already exist in the design to serve other functions

4.1 Introduction

Efficient techniques for the testing and diagnosis of digital systems and mod-
ules are becoming of critical impoitance as the density of integrated circuits
1s increasing However, as designs grow more complex, established testing
techniques become less cost-effective while at the same time, the physical
access for the bed-of-nails, on which many techniques depend, has become
very limited [28] One solution to this complexity 1s to turn to more advanced
methods, such as ANSI/IEEE std 1149 1 [25] - the Standard Test Access Port
and Boundary Scan Airchitecture Boundary scan equips a device with shift
register elements that are logically, and often physically, adjacent to the 1/0
pins of every chip on the board These elements are connected to form a
shift register path around the periphery of the IC The shift register 1s used
to shift, apply, or capture test data and can thereby test, not only individual
chips, but also the board mterconnect

Although the standard suppoits a number of different test modes (either
mandatory or optional), 1t does not exphcitly address concurrent checking,
but 1t provides for establishing a framework that would merge boundary scan

and concurrent checking

32
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4.2 Concurrent Checking

Built-in self-test techniques are only capable of detecting design faults and
fabrication defects, they cannot detect temporary errors Typical tempo-
rary faults include a) wtermuttent faults due to environmental conditions,
b) transwent faults due to electiomagnetic inteiference and, c¢) soft errors
caused by the interaction of chaiged particles with the silicon substrate The
transient faults tend to be random faults which cause no damage to the
circutt 1n which they occur  Intermittent faults are usually recurring faults
which occur randomly 1n time and always appear in the same part of a cir-
cutt It 1s predicted in [37] that temporary faults are likely to increase and
become more dominant 1n mtegrated circuits as device geometries decrease

11 si1ze

The 1nability of built-in test techniques to detect temporary errors arises
from the fact that these are used only once during mitial testing or possi-
bly to diagnose a system after 1t has failed If the fault causing the error
1s permanent then 1t can be detected, however, 1f 1t 1s temporary then 1t
may go undetected Another problem which anses with these techniques 1s
that the testing 1s cainied out while the tested circuit 1s not in use (off-line
testing) However, 1eliability and continuous operation are very important
1ssues, especlally m 1eal-time applications

Techniques which allow digital circuit testing without suspending the nor-
mal operation (on-line testing), include hardware and software redundancy
Hardware redundant techniques 1ange from self-checking circuits at the gate
level [49] through duplication at the module level to replicated computers at

the system level Information redundant approaches include coding schemes
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which promise adequate fault detection without the large area overheads,
in this thesis, the term concurrent checking 1s used to refer to information

redundant methods

In concurrent checking, extra bits are added to the data used in the
system so that the integuity of the system can be checked This 1s achieved
through the use of erro1 detecting codes Possible coding schemes which can
be used for that puipose are a) parity check codes (basically, one more bt 1s
added to the origimal data such that the resulting code word has even or odd
parity), b) m-out-of-n codes (they require m out of the n information bits be
ones), c) residue codes (code words are created by appending the residue),
d) AN codes (code words are created by multiplying the original data by a
constant A), e) berger code (code words are created by appending the binary
representation of the number of ls in the original data) All these coding
schemes require specially designed checkers for error detection

However, in order to take advantage of boundary scan design and use the
shift register elements that surround the periphery of a CUT, another coding
scheme should be employed In [43], a separable cyclic coding scheme based
on LFSR/LCAR implementation 1s proposed for this purpose (This scheme
1s defined later in this chapter)

Figure 4 1 shows the general stiucture of concurrent checking During the
concurrent checking mode a number of test patteins used i normal operation
appears 1n the mputs of the cncuit under test (CUT) The circuit coded
output responses are momtored by the checker which signals the detection
of a fault by decoding Although concurtent checking allows detection of
temporary faults during system normal operation, its use 1s hmited in VLSI

environments This 1s because the fault coverage 1s less than that of explicit
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Figure 4 1 The general structure of concurrent testing

testing as well as because extra hardwaie 1s required In the hiterature, no
firm results have been established for the overhead expected for concurrent
checking However, experiments with PLAs have shown that a 30% hardware
increase can be expected on average, without counting the expense of the
checker [39]

However by merging boundary scan and concurrent cheching, hardware
resources that already exist in the design can be used to perform on-line
testing In section 4 4, we discuss a framework for that purpose First, an
overview of the principal features defined by the ANSI/IEEE Std 11491 1s
provided Emphasis 1s given m the different test modes proposed by the

standard

4.3 Boundary Scan

The development of boundary scan architecture originated from design en-
gineers representing major European electronics companmes Their concern
was the rising cost of testing complex PCBs by probing them physically As

a result, early in 1986, the Jont European Test Action Group (JETAG, later
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to be known as JTAG) was established, the efforts of which have resulted
in the new standard with the formal name ANSI/IEEE Std 1149 1, IEEE
Standard Test Access Poit and Boundary Scan Architecture The standard
as defined 1n [25], provides a means for convenient access to a umt under
test Boundary scan can be used at different hierarchical levels of testing like

component testing, system testing etc

Figure 4 2 shows a high level view of a boaird with boundary scan parts,
while figure 4 3 shows a chip level view of boundary scan Each device on
the board has a 4 or 5 wire intetface called the Test Access Port (TAP) that
includes two control pins, TMS (test mode select) and TCK (test clock), two
scan pins, TDI (test data m) and TDO (test data out), and optionally, the
TRST (test reset input) pin which provides a supplementary reset mecha-
nmism The test logic in the boundary scan architecture also includes many
other features such as a TAP contioller and various registers

The TAP contioller allows one to keep the number of pins in the TAP to
a mimmum This 1s very important since many ICs are pin - (rather than
silicon) - limited The TAP contioller 1s a 16-state finite state machine (how-
ever, in eight states, no operation of the test logic occurs) which generates
the clocks and control signals required for the correct operation of the other
parts of the test logic

ANSI/IEEE Std 1149 1 specifies the design of various registers Instruc-
tion, Bypass, Identification, Boundary Scan, and User-Specific The manda-
tory registers are the Instiuction, Bypass and Boundary Scan registers In
general, a register element 1s capable of three fundamental actions capture,
shift and update “Capture” and “update” mean to transfer data to or from

the parallel input o1 output ports of the register “Shift” means to transfer
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Figure 4 2 High level view of boundary scan

register data serially thiough the elements of the 1egister Not all register el-
ements contain all these features, for example, the identification register does
not contain an update function But, all registers must contain a core shift
function Furthermore, only one register 1s connected from TDI to TDO at
any one time As a result, the shift elements can be considered to be a shared
resource, thereby reducing the final number of memory elements needed to
implement the various registers [8] Which register 1s connected from TDI to
TDO depends on the selected test mode

The standard supports the following test modes

1 Bypass In this mode, a minimum length senal path 1s setup to bypass
an IC This allows access to the chip of interest in the mimmmum possible

time, increasing test thioughput

TDO
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Figure 4 3 Chip level view of boundary scan

2 Idcode/Usercode test This allows a binary data pattern to be read
from the chip that identifies the manufactuier, the part number, the
variant, and (where appropriate) the programmed state, the identifica-
tion register 1s used for this purpose This information might be used
for example to verify that the cortect 1C has been mounted in each

board location

3 Sample test This allows a snapshot of the normal operation of the
component to be taken and examined Data 1s latched in both the
mmput and output registers During this test only the boundary scan

register 1s connected between TDI and TDO

4 FExternal test This mode 1s used to test the mterconnect of the printed
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carcuit board The boundaty scan register 1s the one and only register
that 1s to be connected between TDI and TDO for data scanning pur-
poses Boundary scan register cells at output pins are used to apply
test stimuli to the boaird, while these at input pins capture the test
results flowing from another chip via the board Captured results are
scanned out of the serially linked boundary scan registers of a board

while the next set of test input values 1s scanned 1n

Internal test This 1s one of the two optional test modes defined by
the standard which provides the means to test the internal logic of
the design During internal test, test stimuli are shifted in through
the boundary scan mput 1egister, one at a time and appled to the
on-chip system logic The corresponding responses are captured in the
IC’s boundary scan output register and are examined by subsequent
shifting Internal test mode must select the boundary scan register to
be the one and only one register connected between TDI and TDO for
shifting access, 1 e , each pattern and 1esponse must be shifted through

the boundary scan 1egistel

Buwilt-in self-test This 1s the second optional test mode, however the
standard recommends 1ts implementation wherever possible The use
of BIST mode allows a component user to determine the health of a
component without the need to load complex data patterns While
the BIST mode 1s selected, the boundary scan register may act as a
pattern generator and/or signature compactor The resulting signature
1s shifted out and 1s checked to ensure proper circuit operation When

BIST 1s the cuirent test mode, the test data register into which the
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results of the self-test(s) will be loaded, must be connected for the seral
access between TDI and TDO (This register can be the boundary scan

register )

When the circuit 1in not i one of the test modes, 1t performs 1t’s normal

function

All the different test modes described here except the sample mode allow
off-line testing of a circuit However, with the sample test mode the test
engineer can only take a snapshot of the circuit in time The standard does
not support a test mode by which a continuous momtoring (1 e , concurrent
checking) of the CUT 1s possible In [43], X Sun and M Serra present a
scheme which allows meiging of concurrent checking and off-line testing n
PLA’s This scheme can be easily extended to boundary scan architectures
where more resources are available The 1dea of incorporating concurrent
checking with boundary scan 1s discussed 1n the next section The description
which follows makes clear that this 1s possible only by partitioning maximal

length cycle machines into smaller maximal length submachines

4.4 Boundary Scan and Concurrent Checking

In this section, we demonstrate how the concepts of boundary scan and
concurrent checking are meirged by partitioning hardware resources These
resources are used by test modes proposed by the standard The purpose 1s
to increase system reliability while introducing minimum overhead This 1s
possible only when the appropriate coding scheme 1s used Such a scheme 1s

proposed 1n [43, page 10] and 1s defined next
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LFSR/LCAR Based Coding Scheme Let v(z) = vy_12" 14 v,_22" 2+
+ v1Z + vg be the polynomal over GF(2) represented by a binary vector

v = (VUn-1,Vn-2, ,V1,V0), and let G(z) be a generator polynom:al then,

Definition 4 1 A separable cyclic encoding of a vector v 1s the vector vor
where, o denotes the concatenation of two vectors and, r 1s the binary vector

represented by the polynomial r(2) = v(z) mod G(x)

In other words, the output vector of a multiple output CUT 1s taken as
a dividend polynomial which 1s divided by a generator polynomial The
remainder of this division 1s appended to the output vector and the code

word 1s created

For example, consider the output vector v = (1001011) which corre-
sponds to the mput stimuli 111 of a given CUT and, the generator poly-
nomial G(z) = 2® + 2 +1 The bmary vector v = (1001011) represents
the polynomial v(z) = 2+ 2> + 2 + 1 Then, r(z) = v(z) mod G(z) =
(2®+ 2> + 2+ 1) mod (2> +a+1) = a2+ 1 The polynomial r(z) 1s
represented by the binary vector » = (101) and, the encoded output word
1s 1001011101 This coding scheme 1s capable of detecting both single and
multiple errors

Perhaps the most interesting aspect of the separable cyclic codes 1s the
manner 1 which they can be generated [27] The generation circuit 1s an
LFSR or a LCAR which implements the generator polynomial For the
generator polynomial G(x) = 2* + = + 1, figutes 44 and 45 show the
corresponding LFSR and LCAR, respectively, while figure 4 6 shows the
general structure of the concurrent cheching scheme During the concurrent

checking test mode, data patteins used 1n normal operation also serve as
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Figure 44 An LFSR based on the polynomial G(z) =23+ z + 1
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Figure 4 5 An LCAR based on the polynomial G(z) = 2® + z + 1

test patterns and encoded output words of m-bits are produced An output
word consists of r coding bits and (m — r) data bits The encoded bits are
held 1in a register while the information bits are shifted into the concurrent
data compactor (LFSR/LCAR) After (m — r) clock cycles, the coded bits
are computed and compared with the ones previously stored in the register

Any difference in the two compaied paits 1s signaled as the presence of a

.
.

fault
"0
Inputs . cuTt ,Outputs
B ——
—i Yy v - Y ) " Concurrent
Reg iShift Re I-——' CAR ;Data Comparator
regl = . g_ . ] I__ : Set

Yy vy

Comparator

Figure 4 6 A general stiucture of the concurrent checking scheme
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As 1t can be seen, a data compactor (LEFSR/LCAR) 1s implemented using
shift-register cells Hence, a concurient cheching scheme based on separable
cyclic encoding, can share 1esouices that already exist 1n a boundary scan

design thereby introducing less hardware overhead

Implementation Issues The proposed [43] concurrent checking scheme

requires the following hardware 1esources
1 An r-bit register
2 An (m —r)-bit shift register
3 An r-bit signature analyzer

4 An r-bit comparatol

In order to implement concurrent cheching with low cost, 1t 1s suggested the
sharing of resources used by the test modes proposed by the ANSI/IEEE
Std 1149 1 Recall that the standard defines an input and an output register
in the periphery of the CUT These two registers operate in the same way
except that in the BIST mode the mput 1egister may generate patterns while,
the output register may function as the signature analyzer Details on how
these registers are 1econfigured during the varous test modes (see figure 4 7)
and the requirements which they must meet are discussed n [16, 17]

For the concurrent checking mode, the mput and output registers must
meet two additional requirements in order to make the sharing of resources

with off-line testing feasible

e The input register must be able to be 1econfigured to an r-bit data

compactor
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e The output register must function as an r-bit 1egister and (m — r)-bit

shift register

In [17], 1t 1s proposed that the boundary scan cells should incorporate
cellular automata primciples for the BIST mode We propose the same 1dea
here for the concurrent cheching mode, because LCARs have been found to
be superior to LFSRs as test pattern generators, and as 1s shown in chapters
5 and 6 of this thesis, they exhibit better paititioning behavior than LFSRs

Note that in order to minimize the haidware overhead the input register
of the CUT 1s reconfigured to an r-bit data compactor during the concurrent
checking mode This 1dea can be applied in the chip-level, however 1n the
board level we propose one mote alternative More specifically, in this level
the mmput register of the nearest neighboring IC can be used for that purpose
if this eliminates some 1outing problems which may be introduced

In the following paragiaphs, we bnefly discuss the performance impact,
area overhead and fault coverage of the scheme which merges boundary scan

with concurrent checking

Performance Impact The major impact of the proposed scheme occurs
mainly at the dynamic reconfiguration of the resources for concurrent check-
g Recall, that during concurrent checking mode the mput register 1s recon-
figured to an r-bit data compactor while the output register 1s reconfigured
to an r-bit register and (m — r)-bit shift register

Moreover, 1if serial data compaction 1s used, a signature 1s obtained after
a delay of (m —r) clock cycles, which results in a concurrent monitoring only
for output words ¢ (m —r), 1e, 1t misses (m —r — 1) words for each one

that 1s checked, : = 0,1,2, | so called semi-concurrent checking In [43],
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improved structures, namely output partitioning and, output multiplezing,
are presented attempting to reduce the delay and the time intervals of semi-

concurrent checking

Area Overhead In detetmining the overhead involved in adding boundary
scan with concurrent checking to an existing design, three aspects are of
concern the augmented CUT, the boundary scan logic and, the concurrent
checking test logic

Clearly, the area overhead of the augmented CUTs depends on the coding
scheme In [43], 1t 1s shown that this overhead for the case of PLAs 1s usually
better with LCAR based codes than with 1esidue codes, and always better
than Berger encoding

The area overhead intioduced when boundary scan 1s included 1n the de-
sign 1s estimated 1n [15] It 1s found to range from 4% to 13% However, since
the proposed scheme shates resources with off-line test (BIST) we are also
interested in the boundairy scan with BIST overhead This consists of some
additional control logic and laiger boundary scan cells The estimated cost
for a device which mcludes both boundary scan and BIST ranges from 19%
to 34% [15]!, the lowest cost value was obtained when some of the boundary
scan logic was put into the [/O buffer ring In [17] where the boundary scan
cells were placed adjacent to the pins of the design the estimated chip area
overhead ranged fiom 6 70% to 16 96%

The last aspect of the haidwaie overhead to be examined concerns the

concurrent checking test logic This consists of some additional control logic

In [15], the boundary scan cells were connected during BIST as an LFSR
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required to support the dynamic reconfiguration of the resources during test
mode and the testing 1esouices themselves The former 1s evaluated 1n chap-
ter 6 of this thesis using the OASIS Design System and the Magic Layout
Editor The results which presented there show that the extra hardware to
control the partitioning of a linear machine 1s only a small percentage of
the size of the machine On the other hand different coding schemes may

need very large chechers For example, a self-checking checker for Berger
codes may reach the size of the CUT giving 100% overhead for the testing

resources alone

Fault Coverage Theoretically, as we have alieady mentioned, concurrent
checking has the ability to detect temporary faults which remain undetected
with off-line testing Moreover the fault coverage of concurrent checking
depends on the type of eror detection code employed The quality of the
coding scheme can be measured by 1ts error mashing (ahasing) probability,
given some standaird error distiibution on its input data stream For example,
a residue code of n-bits has a general ahasing probability of 1/(2* — 1) For
an LFSR/LCAR code, this 1s asymptotic to 1/2" For large values of n, the
difference between 1/2™ and 1/(2" — 1) 1s nsignificant But, for small values
ofn(eg,n=2orn=3)the LFSR/LCAR code gives better ahasing prob-
abilities that the 1esidue code On the other hand, a Berger code provides
optimal coverage i the case of a PLA (1t detects all unidirectional errors and

single internal stuck-at faults) but 1t 1s not very effective for general circuits



CHAPTER 4 VLSI APPLICATIONS 48

4.5 Testing Conventional Logic Using Boundary

Scan Components

In this section, we suggest that partitioning of linear machines into bit shces
which preserve certain properties may allow on-line and off-lhine testing of
conventional ICs using boundary scan components assembled on printed cir-

cuit boards

It has been aigued [20] that “economics mvolved in designing and pro-
ducing small logic devices and memories may preclude these parts from ever
incorporating boundary scan As a result, the most common board design
approach by far will be one which mixes boundary scan components with
clusters of conventional logic ICs and memory devices ” If this 1s the case,
we suggest that boundary scan devices should be used for on-line (concur-
rent) and off-line testing (BIST) of non-scan ICs with encoded outputs For
example, we may use the 1esources of boundary scan devices surrounding the

non-scan one to load 1 paiallel and compact 1ts 1esponse



Chapter 5

Partitioning of Linear

Machines

In chapter four we discuss the applicability and usefulness of partitioning
linear finite state machines In this chapter we examine the partitioning
behavior of these machines Fust we introduce the principles of partitioning
and concatenation of polynomals in GF(2) Based on this, we explore the
partitioning properties of LFSRs and LCARs Tables are included showing
our results for partitioning nreducible and primitive machines of length 4
up to length 16 We also discuss a bit-shiced implementation of LFSRs and
LCARs
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5.1 Definitions and Problem Formulation

We establish a suitable definition for polynomal partitioning using the prin-

ciple of polynomial concatenation as introduced by Bhavsar [9]

Definition 51 Let A and B be two polynomials of degree r and s respec-
tively Then, A and B are concatenated to realize two polynomals (distinct,

if A# B), Cy and C; of degtee r + s as follows

C, = z(A+1)+B (51)

C; = a"(B+1)+ A (5.2)

Example 5 1 Consider the polynomials A = 22+z+1and B =z*+ 22 +1
The polynomials C; and C; are formed by operations (5 1) and (5 2), respec-

tively, as follows

C, = 2 (z?+z+14+D)+zt+22+1
= 28 +a+2t+22+1
C; = 2 (a* +2°+1+1)+2+z+1

= 2%+t +22+2+1

Since there 1s a one-to-one correspondence between an LFSR and its

characteristic polynomal®, LFSR concatenation 1s defined by definition 5 1

1The non-zero terms of the characteristic polynomal corresponds to the feedback taps

of the LFSR



CHAPTER 5 PARTITIONING OF LINEAR MACHINES
However, a different defimtion 1s required for LCAR concatenation

Definition 5 2 [43] Let A and B be two LCARs of length r and s respec-
tively Then, A and B aie concatenated to realize two LCARs (distinct, 1f
A # B), Cap and Cpy4 of length r + s as follows

Ciap = ALs+ B (53)

Cga Bgr+ A (5 4)

where A < s denotes the shifting of A to the left by s bits and + denotes
the logic OR operation The two equations are referred as AB concatenation

and BA concatenation respectively

Definition 5 3 If the polynomial (o1 machine) C' formed by one of the above
operations 1s primitive, then the operation 1s called a primitive concatenation

and the polynomials A and B aie referred to as concatenable polynomuals

Definition 5 4 If a concatenable polynomial 1s itself primitive, then 1t 1s

referred to as a concatenable prumitive polynomual

Definition 5 5 The concatenation of a polynomial P of degree s with 1tself n

times (n > 1) to form a polynomial of degiee n x s 1s called self-concatenation

Based on the above formulation we define partitioning as follows

Definition 5 6 If a polynonual C 1s formed by concatenation of two poly-

nomials A and B, then C 1s said to be partitioned into two parts, A and

B
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Definition 5 7 Let C = a' 4+ a;_1a*"'+  + a;z + 1, be the characteristic
polynomial of a length ¢ LESR which 1s partitioned into two parts A and B
of length r and s respectively, such that r + s =¢ Then, the two LFSRs A
and B which are formed by the partitioning have characteristic polynomuals

C; and C;, respectively, where

Ci = 22 +C+aa" +a, ™+ 2t

s = C+aa’ +a,12"7" + +1 +1

.1’7‘

Definition 5 8 Let C’ be a length t LCAR represented by the binary vector
(v1,v2, ,v¢), where v, 1s either 0 o1 1 denoting a rule 90 cell or a rule 150
cell, respectively C' 1s partitioned into two parts A and B of length r and
s respectively, such that » + s =t Then, the two LCARs A and B which
are formed by the partitioning have charactenistic polynomials C; and Cs,
respectively, where

C; 1s the charactenstic polynomial of the transition matrix with diagonal
vector vg = (v1,v2, ,v,), and

C; 1s the characteristic polynomial of the transition matrix with diagonal

vector vg = (Vr41,Vr42,  ,Ut)

Definition 5 9 The partition of a polynomial C| of degree t into two 1r-
reducible polynomuals A and B, of degree 1 and s respectively, such that
r+s =t,1s called an wrreducible partition Otherwise, 1t 1s called a reducible

partition
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Definition 5 10 The partition of a polynomial C, of degree t into two prim-
1itive polynomials A and B, of degree r and s respectively, such that r+s = ¢,

1s called a primative partition Otherwise, 1t 1s called a nonprimative partition

Note that, our defimition of nreducible (or primitive) partitions insists that
both polynomals in the partition are irreducible (or primitive)

In the previous chapter, the applicability and usefulness of partitioning
linear finite state machines 1s discussed However, very little research has
been conducted n this atea Bhavsar [9] first introduced the 1dea of em-
ploying the principle of bit-slicing to design LFSRs cost-effectively, but his
study was restricted to the behavior of a small number of primitive and non-
primitive polynomals More 1ecently, Sun et al [42, 43] have provided useful

results concerning the concatenation properties of primitive and nonprimitive

LCARs

However, all the results which have appeared so far in the hiterature are
madequate to provide a good understanding of the general partitioning prop-
erties of LFSRs and LCARs Moieover, previous investigations do not treat
these machines i a uniform way and as a result a fair comparison 1s not possi-
ble In this thesis, we focus our attention on this issue The way we approach
the problem of partitioning linear machines and the results of our research -
a combination of theoretical and experimental results - are presented in the

next sections
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5.2 Methodology

Our methodology serves two primaiy goals Fust, 1t provides a way of achiev-
ing better insight into the paititioning properties of LFSRs and LCARs Sec-
ond, 1t allows us to measure and compare then behavior since similar tests
are applied to the different machines In this section, we clarify and discuss

our methodology to obtain experimental results which serve the above two

purposes
First, we explore the whole space of linear finite state machines of length

n Two types of machines aie considered n this study
e machines which implement an nreducible characteristic polynomial and,
e machines which implement a primitive characteristic polynomial

Note that the second set of machines 1s a subset of the first one The moti-

vation for such a consideration 1s twofold

1 A hnear finite state machine with an mmieducible or primitive charac-
teristic polynomual exhibits better behavior in terms of aliasing and
randomness properties than a reducible machime [51, 52, 53] Conse-
quently, these are the machines of the most practical use either for

compaction, o1 as pseudo-tandom patteirn generators

2 An LCAR with an nieducible characteristic polynomial, has the same
behavior as the 1somoirphic LFSR of either Type 1 or Type 2, since

they are based on the same charactenstic polynomial [40]

Second, we ate interested i partitioning a linear finite state machine of

length n mnto two bit-shces of length r and s such that »+s =n Obviously,
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(n-1)

Figure 51 All the possible partitions of a length n = 6 machine

| !

(n-3)

Figure 52 All the proper partitions of a length n = 6 machine

there are other choices as well, a machine of length n can be partitioned into
at most n bit-slices  When such a machine is partitioned into two parts there
are (n — 1) possible partitions (see figure 5 1) However, in this study we
require that both bit-slices which result from the partitioning have length at
least two, 1 e, the partitions mto length 1 and length (n — 1) submachines
are excluded These are tetmed degenerate partitions The nondegenerate
partitions are tetmed pioper ones Hence, we consider (n — 3) proper par-
titions out of the (n — 1) possible ones (see figure 5 2) and only machines

with length n > 3 are of interest
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Our rationale for excluding degenerate partitions 1s that an LFSR with
length one always implements the characterstic polynomial z 4+ 1 which 1s
primitive On the other hand, a length one LCAR may have either a rule
90 cell or a rule 150 cell, and in the former case, implements the polyno-
mial ¢ This machine starting with the imtial state 1 and taking 0 from 1ts

boundaries, goes to state 0 and hence does not have a maximal length cycle?

Third, we measure the partitioning behavior of the irreducible and prim-

itive LFSRs and LCARs of length n using two parameters

1 ATLOP the number of length n machines which have AT Least One

Partition with the desured property
2 PEPP the PEicentage of Partitions which have the desired Property

For irreducible machimes, a partition with the desired property 1s an 1rre-

ducible partition Hence PEPP 1s defined as

Pzrred * 100
(n —3) *wrred(n)

where, P4 15 the total number of irreducible partitions and irred(n) 1s the
total number of 1reducible polynomials of degree n
For primitive machines, a pairtition with the desired property 1s a primi-

tive partition, and hence PEPP 1s defined as

2However, the mathematical tool Maple V 4 2 which 1s used 1n this study considers the

polynomuial ¢ as primitive
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1)[)7'17” * 100
(n —3) * prun(n)

where, Py, 1s the total number of prinutive partitions and prim(n) 1s the
total number of primitive polynomials of degree n

In the following sections, the 1esults of our research are presented The
irreducible/primitive LESRs and the irreducible/primitive LCARs are dis-
cussed separately Possible hardware for dynamucally reconfiguring a linear

machine 1s presented later in this chapter

5.3 Partitioning of LFSRs

The partitioning behavior of LFSRs of length up to 16 which implement
irreducible and primitive polynomials 1s given i tables 5 1 and 5 2, respec-
tively

An examination of the results in table 51 shows that the highest value
of PEPP 1s obtamned for n = 4, and 5 For increasing values of n up to 16
the percentage of irreducible paititions decreases gradually until it reaches

the lowest value of 6 21 for n = 16 In terms of the number of machines of

length n which have at least one nreducible partition (ATLOP) the values
vary The lowest value of ATLOP 1s for n = 4 where only one out of the
three irreducible polynomuals, 1 e, 33%, has at least one irreducible partition

ATLOP (as a percentage) gets the highest value when n = 8 There are 22
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Degree | PEPP Number of ATLOP
Irred polynomuals

4 33.33 3 1

5 33.39 6 4

6 14 81 9 4

7 19 44 18 10
8 18 00 30 24
9 11 30 56 32
10 1139 99 55
11 967 186 112
12 902 335 206
13 787 630 356
14 746 1161 731
15 653 2182 1262
16 6 21 4080 2393

Table 51 The partitioning behavior of LFSRs which implement 1rreducible
polynomials

length eight polynomuals out of the 30 mieducible ones, 1e 73 33%, which
have the desired property
The results shown 1n table 5 2 yield to similar observations for primitive

polynomials Note that m the first 1ow there are entries which are zero

That means, there 1s no LFFSR of length four which has primitive partitions
and as a result the values of PEPP and ATLOP are both zero These two
parameters get their highest values for n = 5, 6 For n = 9 up to 16, less
than 50% of the primitive polynomials have at least one primitive partition

From tables 51 and 5 2, it can be seen that there 1s no irreducible

polynomial of degree five and six which has nieducible partitions which are
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Degree | PEPP Number of ATLOP
Prum  polynomauals
4 0 2 0
5 33.33 6 4
6 22 .22 6 4
i 16 66 18 10
8 12 50 16 10
9 972 48 22
10 8 57 60 26
11 6 81 176 80
12 6.32 144 70
13 542 630 276
14 4 93 756 336
15 394 1800 704
16 415 2048 904

Table 52 The partitioning behavior of LFSRs which implement primitive
polynomuals

not primitive

Further discussion on the paititioning behavior of LFSRs 1s provided in

section 6 6

5.4 Partitioning of LCARs

The partitioning behavior of LCARs which implement 1rreducible and prim-
1itive polynomuals 1s 1eported mn tables 5 3 and 5 4, 1espectively

In table 5 3, the percentage of nreducible paititions (PEPP) varies be-
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tween 33 33% and 739% From n = 7, the longer the machine length, the
lower 1s the value of PEPP In terms of the number of machines of length
n which have at least one irreducible partition (ATLOP), the values again
vary As for irreducible LFSRs, the lowest value of ATLOP 1s forn =4 In
general, less than 80% of the nieducible LCARs have at least one irreducible
partition

LCARs which implement primitive polynomials have similar performance
which 1s shown 1n table 54 For n = 4, PEPP reaches the highest values
that have been seen so far, 1e, 50% For higher values of n, the percentage
of primitive partitions decieases gradually until 1t reaches the lowest value
4 81 for n = 16 Generally, less than 67% of the primitive polynomials have
at least one primitive partition

The first two rows of tables 5 3, and 54 show that there 1s no irreducible
LCAR of length four and five which has irreducible partitions

In general, for irreducible/primitive LFSRs and irreducible/ primitive LCARs
there 1n no value of n for which there 1s at least one proper partition for each
machine However, LCARs have shghtly better performance than LFSRs
Further discussion on the paititioning behavior of these machines 1s provided

1n section 6 6

5.5 Design Principles

In this section, the additional hardware which must be added in the design
to support the dynamic reconfiguration of the hinear machine and 1ts imple-

mentation cost are presented
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Degree | PEPP Number of ATLOP
Irred Polynomuals
4 33.33 3 1
5 16 66 6 2
6 2222 9 a
7 22 22 18 12
8 17 33 30 21
9 14 88 56 40
10 14 57 99 79
11 12 36 186 132
12 1140 335 233
13 9 68 630 436
14 906 1161 801
15 8 60 2182 1504
16 739 4080 2735

Table 5 3 The partitioning behavior of LCARs which implement irreducible
polynomials

In our discussion, we consider the following linear machines
o Type 1 LFSRs

o Type 2 LFSRs

o LCARs with computation rules 90 and 150

In the figures which are presented, the area enclosed 1n dotted lines 1s the
extra hardware which provides a machine with the ability to function either as
one long machine (normal mode) or as two submachines (partitioned mode)

One additional signal, named PART has been incorporated to control the
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Degree | PEPP Number of ATLOP
Pruim  Polynomuals

4 50 00 2 1

5 16 66 6

6 27 77 6 4

i 18 05 18 11
8 12 50 16 8
9 1215 48 27
10 1142 60 40
11 8 59 176 91
12 740 144 78
13 6 38 630 311
14 5.73 756 378
15 5.53 1800 910
16 4 81 2048 1002

Table 54 The partitioning behavior of LCARs which implement primitive
polynomials

dynamic reconfiguration In the normal mode of the machine, PART will be
0 However, when PART equals 1 the machine 1s partitioned into two small

submachines

In the case of Type 1 LFSRs, the proposed hardware design 1s shown
m figure 53 It can be seen that the extia combinational logic consists of
two multiplexers This 1s required to control the feedback loops during the
dynamic reconfiguration In the example shown m figure 53, the LFSR
which implements the characteristic polynomial 2° + 22 4+ 1 can work dur-

g the partition mode as two machimes which implement the polynomals

22+ 22+ 1 and a® + 1, respectively
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additional
hardware
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Figure 53 Type 1 LFSR Dynamic reconfiguration of Type 1 LFSR

The case of a Type 2 LFSR 1s similar to the case of a Type 1 LFSR
The proposed hardwaie design 1s shown n figurte 54 Later in this section
we discuss a particular situation which arises when the partition takes place
where there 1s an embedded XOR gate

The proposed hardware design for LCARs 1s shown 1n figures 5 5 and 5 6
This example shows that by adding the contiol signal PART and two AND
gates the LCARs which implement the prinmitive polynomials 2 + z + 1 and
z3 + 22 4 1 respectively, can function as either two machines or one machine
which implements the primitive polynomial 25+ a2*+1 The two AND gates
have been added m order to bieak the communication path between the two
cells at the partition point

It 1s worth commenting on the situation which 1s presented n figures 57

and 58 Figure 57 shows a Type 1 LFSR with irreducible characteristic
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Figure 54 Type 2 LFSR Dynamic reconfiguration of Type 2 LFSR
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Figure 55 Dynamic reconfiguration of an LCAR High level view
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additional
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Figure 56 Dynamic reconfiguration of an LCAR Low level view

clock

polynomual 2%+ 2° + 22+ 2+ 1 Consider the partitioning of this LFSR into
two equal size and maximal length submachines It appears (see figure 5 8)
that we can take advantage of the XOR gate at the break point and reduce
the hardware which controls the dynamic reconfiguration by one OR and one
AND gate Hence, the partitioning of a Type 1 LFSR can have minimum
implementation cost 1f there 1s an XOR gate at the break point Figures

59 and 5 10 presents a mmimum cost partitioning for the case of a Type 2

LFSR

A more detailed evaluation of the hardware overhead 1s given 1n the next

chapter

5.6 Discussion

We have examined and evaluated the partitioning behavior of LFSRs and

LCARs using two parameters, namely PEPP and ATLOP Recall that PEPP
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Figure 57 Type 1 LFSR The linear machine implements the irreducible
polynomial z* + 2 + 22 + o + 1

additional
hardware

Figure 58 Typel LFSR The existence of an XOR gate at the break point
yields a partitioning with minmimum implementation cost
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Figure 59 Type 2 LFSR The linear machine implements the irreducible
polynomial 2% + 23 + 2?2 + o + 1

additional
hardware

b

Figure 5 10 Type 2 LFSR The existence of an XOR gate at the break point
yields a partitioning with mmimum implementation cost
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1s defined as the percentage of proper partitions which are irreducible or
primitive and ATLOP 1s defined as the number of machmes which have at
least one proper partition which 1s irreducible or primitive The results of
our experiments are listed in tables 51 — 54

These tables provide msight into the partitioning behavior of LFSRs and

LCARs and can be considered as the source of two hypotheses

1 Isomorphic LFSRs and LCARs exhibit different partitioning behavior
LCARs appear to have shghtly better performance than LFSRs

2 Despite the fact that nreducible and primitive LESRs and LCARs ap-
pear to have nreducible and primitive partitions, the number of such

partitions 1s quite small

To support the first argument, comparative graphs for irreducible and
primitive machines ate shown i figutes 511 and 5 14 respectively The
y axis 1s the logarithm of PEPP while the  axis gives the length n of the
machines or the degree of the characteristic polynomials The performance
of LCARs almost always exceeds the performance of LFSRs® On the other
hand, LFSRs appear to have shghtly better behavior than LCARs for n = 5
and 8 The hypotheses 1s also supported by the values of ATLOP In tables
51- 54,1t can be seen that LFSRs exhibit higher values for ATLOP only for
n=>5and 8

This last observation implies that in cases where PEPP has higher values
for LFSRs, ATLOP 1s higher as well This pont 1s interesting because al-
though the values of ATLOP go up and down the values of PEPP are more

3This can be seen from either figure 511 or 5 14
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Comparative Graph
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consistent, 1 e , they deciease as the machine length increases The results
imply that PEPP 1s a key and 1eliable parameter in indicating and evaluat-
ing the partitioning behavior of linear machines Moreover, 1t allows us to
extrapolate the performance of machines of length greater than 16

As shown n figures 5 11 and 5 14, the value of PEPP for n > 8 decreases
as the degree of the polynomials mcreases It 1s worth observing that in
figures 512, 513 and 515, 516, wheie odd and even degree polynomials
are treated separately, PEPP with n > 8 decreases almost linearly This
leads us to speculate that linear machines of length longer than 16 exhibit
similar partitioning behavior

As a result, even for longer than length 16 machines, one would argue that
PEPP 1s likely to decrease while n 1s mcreasing Considering that PEPP for
n = 16 reaches the value 4 15%, one would expect that 1t exhibits very small
values for longer machines Self test would look more affordable if the same
long maximal length cycle machine could be partitioned into maximal length
submachmes This could allow the use of the same machine for other pur-
poses, and hence achieve better utihization of the BIST hardware However,
the decrease of PEPP as n icieases means that 1t becomes increasingly
harder for a designer to find a machine which has the desired primitive (or
urreducible) partition

An interesting illustiation of this argument 1s shown in tables 55 — 58
It can be seen that for n > 7 there 1s only one rreducible LFSR of degree
14, and four irreducible and one primitive LCAR of degree 16 which have
five proper partitions which preserve the desired property Recall that for a
machine of length n we assume n — 3 proper partitions

To conclude this chapter, we mvestigate the abihity of irreducible and
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Figure 5 12
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Comparative Graph
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Comparative Graph
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Comparative Graph
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Figure 5 16
partitions
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Total The number of polynomauals of degree n which
n | num of have P irreducible partitions (P = 0, ,n—3)
polys 0 [ 1 [ 2] 3 J4[5][6[7[8[9]10[11]12]13
4 3 2 1
5 6 2 4 0
6 9 ) 4 0 0
7 18 8 6 4 0 (0
8 30 8 17 5 0 [(0]0
9 56 24 26 6 0 (0]0]0
10 99 44 33 120 2 [(0]0]0]0
11 186 74 82 | 28| 2 (0]0]0]0]0
12| 335 129 | 148 | 50 [ 8 [0|0|0|0]|0|O
13| 630 274 | 234 | 108 | 10 [4(0|0(0]|O0O[O] O
14 | 1161 430 | 538 | 168 | 22 [2|1]10|0|0|0O] 0O
15 2182 | 920 | 876 (324 | 60 (2|0f(0(0|0O|0]J OO0 O
16 | 4080 | 1687 | 1624 | 642|121 {6|0|0])0|0|J0] O | O ([O0O]O

Table 55 LFSRs which implement irreducible polynomals

primitive machies to be paititioned mto nreducible and primitive subma-
chines For each degiee, there exists a number of polynomials which have this

property This facilitates the use of the same machme for different purposes

However, there may exist situations where this performance may not provide

a lot of flexibility 1n the design This 1s because the percentage of irreducible

or primitive machines which have irreducible or primitive partitions appears

to be fairly small, especially for longer machines This leads to the question

how can we achieve better peiformance of LFSRs and LCARs? Can we 1m-

prove the partitioning behavior of these machines just by allowing minimum

modifications in the design? The next chapter investigates and answers these
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Total The number of polynomaals of degree n whach
n | num of have P primitwe partitions (P = 0, ,n—3)
polys 0 | 1 [ 2 [3[4[5[6[7[8]9][10[11[12]13
4 - 2 0
) 6 2 4 0
6 6 2 1 0 |0
7 18 8 8 2 1010
8 16 6 101 0 [0 010
9 43 26 16 | 6 [0 |0]0]0
10 60 34 16 (10 {0 {0|0]0]0
11 176 96 | 66 | 12 | 2 10(0|0[0]O
12 144 4 {60 8 [2]0]0]0|0[0]0
13 630 354 (220 48 | 6 {2]0]0|0(0]0] O
14 756 420 | 268 6 10{0[0OfO(Of[Of OO
15| 1800 [ 1096 [ 568 [ 124 [ 12|0|10|0(0{0]|0O[ 0 | O
16 | 2048 | 1144 | 724 2114(4(0({0|0J0O(0O] O[O

Table 5 6 LFSRs which implement primitive polynomials

two questions
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Total The number of polynomuals of degree n which
n | num of have P ureducible partitions (P = 0, ,n—3)
polys 0 [ 1 [ 2|3 [4]5][6][7][8]9]10[11]12]13
4 3 2 1
5 6 4 2 0
6 9 4 4 1 0
7 18 6 8 4 0 [0
8 30 9 16 5 0 [0]0
9 56 16 30 10 0 J]0J0OfO
10 99 20 59 I8 2 10|0[0]0
11 186 54 88 |36 | 8 [0 [0[0|0]|O0
12| 335 102 [ 139 | 79 | 13 | 2[0(0[0[0]O
13| 630 194 | 286 | 128 20 [ 2 {0|0|0f{0]|0] O
14| 1161 360 | 498 [ 253 46 [ 4 [{0]0|0(0]|0O] O] O
15| 2182 | 678 | 890 | 482|128 4 |0|0|0f({0]0O] O ]O0{|O
16 | 4080 [ 1345 [ 1757|799 | 152(23|4|10|0{0]J0] 0] 0[O0]O0

Table 5 7 LCARs which implement irreducible polynomials
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Total The number of polynomuals of degree n which
n | num of have P pronitwe partitions (P = 0,  ,n—3)
polys 0 [ 1 | 2 [3[4]5]6]7[8]9][10[11][12]13
4 2 1 1
5 6 4 2 0
6 6 2 3 1 {0
7 18 7 9 2 1010
8 16 8 6 2 [0 ([0f0
9 48 21 191 8 1]01(0(0]0
10 60 20 | 34| 4 | 2(0]10({0]0
11 176 8 | 66 1 20| 5]0[0]0[0]0
12| 144 66 | 63 | 12 |3 |0(0]|0[0]|0]O
13 630 319 (228 76 [ 6 |1]0|0|0f{0|0] O
14 | 756 378 [291 | 75 [12|(0|0(0|O|OfO|lO]O
15| 1800 | 890 [658 ({22031 |1]0|0|0[{0O|0O] O] O] O
16 | 2048 | 1046 | 754 | 220 (25|2|1|0[0(0|0O| O[O |[0O{|O

Table 5 8 LCARs which implement primitive polynomials




Chapter 6

Improving the Partitioning

Behavior

In chapter five, we discuss the partitioning behavior of two linear finite state
machimes It appears that LCARs have shghtly better performance than
LFSRs However, for both machines the percentage of irreducible or prim-
1itive partitions 1s small This led us to nvestigate ways to improve their
partitioning behavior

In this chapter, 1t 1s demonstiated that better performance for LFSRs and
LCARs can be accomplished by allowing minimum hardware modifications

Experimental results are presented to substantiate this claim

Using the OASIS! Design System [32] and the Magic Layout Editor [47],

1Open Architecture Silicon Implementation Software distributed by the Microelectron-

1cs Center of North Caroline

80
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we estimate the area overhead due to the extra hardware which 1s required

for the dynamic reconfiguration and the modifications

6.1 Introducing Minimum Modifications

In this section the i1dea of minimum modifications 1s formalized Some ex-

amples are also piresented to illustiate this modification of a linear machine

Definition 6 1 One modification to an LFSR 1s the introduction or the elim-

mation of a nonzero term 1n 1ts charactenstic polynomal

Example 6 1 Consider the LFSR with reducible characteristic polynomial
22 4+ 29 4+ 22 + 1 With the intioduction of the term z?, the polynomal

2?2 4+ 2%+ 23 + 27 + 1 1s foomed This 1s primitive and the corresponding

LFSR has a maximum length sequence

Example 6 2 Consider the LFSR which implements the reducible polyno-
mial %2 + 2% + 2% + 2% + 2* + 1 By ehmnating the term z* the primitive

polynomial z'? + 29 + 2% 4+ 2® + 1 1s formed, and the corresponding LFSR

has maximum length sequence

For an LFSR, the introduction of a nonzeiro term n 1ts characteristic poly-
nomial 1s defined as a change from 0 to I, while the ehmination of a nonzero

term 1s defined as a change from I to 0

Defimition 6 2 One modification in a LCAR 1s the reconfiguration a rule 90

cell to a rule 150 cell or vice veisa

81
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Example 6 3 Consider the LCAR which implements the irreducible poly-
nomial 224+ 2"+ 2%+ 2%+ a7+ 2+ 1 This 1s composed of rules 150 — 150 —

150 —90 — 90 — 90 — 90 — 90 — 150 — 150 — 90 — 90 Recall that the LCAR
1s also represented by the bimary vector [111000001100] where 1 denotes a
rule 150 cell and 0 denotes a rule 90 cell By modifying the seventh rule
90 cell to rule 150 cell a primitive LCAR 1s obtained This implements the

characteristic polynomial 2% + 2% + 28 + 23 + 22+ z + 1

Example 6 4 Consider the LCAR with 1educible characteristic polynomal
22 4+ 2 + 2% + 28 + 2%+ 2® This 1s 1epresented by the binary vector
[110111001100] Suppose now that we modify the first rule 150 cell to a rule
90 cell The resulting LCAR [010111001100] 1s primitive with characteristic
polynomial z'% + 27 + 26 + 2% + 1

For an LCAR, the reconfiguration of a rule 90 cell to a rule 150 cell 1s defined
as a change from 0 to 1, while the reconfiguration of a rule 150 cell to a rule
90 cell 1s defined as a change from I to 0

The above definitions can be translated into simple hardware modifica-

tions which are illustrated 1n section 6 4

We now discuss how an nreducible or a primitive machine can be obtained
if we allow mimimum modifications  This 1dea has been implemented 1n
Maple [48], and tables have been constiucted All irreducible and primitive
machines up to length 16 have been mvestigated For each length (n =
4, ,16) the values of ATLOP and PEPP have been found, allowing one

modification

More specifically, for each nreducible machine all the proper partitions

are examined If there exists a partition where one bit-shce 1s irreducible
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and the other one 1s reducible, then, we tiy one modification in the re-
ducible part The goal 1s to achieve a partition where both bit-shces are
irreducible However, 1if there exists a partition where both bit-slices are re-
ducible, no modification 1s allowed The reason 1s that we restrict ourself to
only one modification Obviously, one could allow more than one modifica-
tions However, the increased area overhead would become unreasonable for

some situations

Similarly, for each primitive machine all the proper partitions are exam-
med In cases where a partition has only one primitive bit-slice, we try one
modification 1n the other nonprimitive part The goal 1s to achieve a parti-
tion where both bit-shices are primitive The 1estiiction of one modification
does not allow us to try any change if both bit-slices are nonprimitive

The experimental results are presented and discussed 1n the following

sections

6.2 Improving the Partitioning of LFSRs

The partitioning behavior of nreducible and primitive LFSRs up to degree
16, when minimum modifications are allowed, 1s shown 1n tables 61 and
6 2, respectively

An examination of the results i these tables yields the following obser-

vations

o Irreducible and primitive LFSRs exhibit better partitioning perfor-

mance when minimum modifications are allowed

e Almost all nmieducible LFSRs have at least one irreducible partition
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(ATLOP) For all these machines, up to degree 9 there 1s at least one
partition with the desned property For higher degrees, up to 16, the
number of ureducible LFSRs which do not have nreducible partitions

varies between one (for n = 10) and 18 (for n = 16)

e All primitive LFSRs up to degiee eight have at least one primitive par-
tition (ATLOP) For higher degiees up to 16, the number of primitive
LFSRs which do not have any primitive partitions varies between one

(for n = 12) and 65 (for n = 15)

e One modification results in laiger values for PEPP The percentage
of irreducible partitions starts from 100% for n = 4 and gradually de-
creases down to 33 52% for n = 16 Recall that the corresponding value
before we allow any modifications, was 6 21% A similar improvement
can be noticed for the percentage of primitive partitions It 1s equal to
100% for n = 4 and gradually decreases to 24 50% for n = 16 Without
any modifications the value of PEPP for n = 16 was 4 15%

e For both irreducible and primitive LESRs, PEPP and ATLOP reach

maximal values fo1 n equals foul

Further discussion on the improved partitioning behavior of LFSRs 1s given

1n section 6 6

6.3 Improving the Partitioning of LCARs

The partitioning performance of nreducible and primitive LCARs up to de-

gree 16 after the introduction of one modification, 1s reported 1n tables 6 3

84
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Degree | PEPP Number of ATLOP
Ired Polynomuals
4 100 3 3
5 66 66 6 6
6 74 07 9 9
7 61 11 18 18
8 54 00 30 30
9 50 59 56 56
10 47 47 99 98
11 44 35 186 186
12 41 45 335 330
13 38 98 630 628
14 37 34 1161 1154
15 35 17 2182 2176
16 33.52 4080 4062

Table 6 1 The partltlonmj behavior of LFSRs which implement irreducible
polynomials when one modification 1s allowed

and 6 4, respectively Observations which can be derived from the tables

are

o The better partitioning behavior of LCARs with the introduction of one
modification 1s evident from the values of PEPP and ATLOP shown 1n
tables 6 3 and 64

e Out of the 8795 n1educible LCARs of degree less than or equal to 16,
there 1s only one which done not have irreducible partitions For every
other irreducible LCAR, there always eaists at least one irreducible

partition
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Degree | PEPP Number of ATLOP
Prim  Polynomuals
4 100 2 2
9 66 66 6 6
6 83 33 6 6
7 51 38 18 18
8 45 00 16 16
9 38 54 48 46
10 3761 60 58
11 33 94 176 171
12 31 55 144 143
13 28 33 630 605
14 26 29 756 735
15 24 45 1800 1733
16 24 50 2048 2011

86

Table 6 2 The partitioning behavior of LFSRs which implement primitive
polynomials when one modification 1s allowed

e There always exists one primitive partition for each primitive LCAR

up to degree 10 For higher degrees up to 16, the number of primitive

polynomials which do not have primitive partitions varies between one

(for n = 11) and five (for n = 16)

e One modification allows PEPP to exhibit higher values The percent-

age of rreducible pairtitions equals 100% for n = 4 and 1t gradually

decreases while the degiee mcreases

The lowest value of PEPP 1s

44 08% for n = 16 Similatly, the percentage of primitive partitions,

starting 100% for n = 4, gradually decieases to 34 34% for n = 16

We must comment that, without any modifications, the corresponding
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Degree | PEPP Number of ATLOP
Irred polynomuals
4 100 3 3
5 83 33 6 6
6 81 48 9 9
7 66 66 13 18
8 56 00 30 30
9 60 71 56 56
10 55 84 99 99
11 55 64 186 186
12 50 34 335 335
13 50 12 630 630
14 47 57 1161 1160
15 4591 2182 2182
16 44 08 4080 4080

Table 6 3 The partitioning behavior of LCARs which implement irreducible
polynomials when one modification 1s allowed

values of PEPP for n = 16, are 7 39% and 4 81% for irreducible and

primitive LCARs, respectively

Further discussion on the impioved partitioning behavior of LCARs 1s

given 1n section 6 6

6.4 Design Principles

In this section we present the hardware design which supports the mimimum
modifications during the partitioning of a linear machine In the examples

used to explan the implementation of one change, the extra hardware 1s
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Degree | PEPP Number of ATLOP
Prim  Polynomauals
4 100 2 2
5 83 33 6 6
6 72 22 6 6
T 59 72 18 18
8 52 5 16 16
9 54 16 48 48
10 44 76 60 60
11 44 60 176 Lo
12 40 12 144 142
13 39 84 630 628
14 37.01 756 102
15 3516 1800 1787
16 34 34 2048 2043

Table 6 4 The partitioning behavior of LCARs which implement primitive
polynomials when one modification 1s allowed

enclosed 1 dotted lines Recall, that the PART signal which controls the
dynamic reconfiguration 1s set to one during the partition mode In our

discussion we consider the following machines

e Type 1 LFSRs
o Type 2 LFSRs
e LCARs with computation rules 90 and 150

For the case of a Type 1 LFSR, the hardware required to implement a
change from 0 to 1 and a change fiom 1 to 0, 1s shown 1n figures 6 1 and

6 2, respectively Notice that the change fiom 0 to 1 (or the introduction
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additional
hardware
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Figure6 1 Typel LFSR The linear machine which implements the reducible
polynomial 22+ 1 1s reconfigured, after the partitioning, to a maximal length
machine with charactenistic polynomial 2® + z + 1, change from 0 to 1

of a nonzero term to the charactenstic polynomial) requires one extra AND
gate and one XOR gate However, the change fiom 1 to 0 (or the elimination
of a nonzero term from the charactenstic polynomial) does not require an
extra XOR gate As a result, one would consider the latter modification as
preferable in terms of area cost, to obtam an nreducible or primitive machine

The case of a Type 2 LFSR 1s similar to that of a Type 1 LFSR The

proposed hardware for minimum modifications 1s shown 1n figures 6 3 and

6 4

The proposed hardwaie design which supports mimimum modifications
for LCARs 1s shown 1n figuies 65 and 66 Figure 6 5 shows the hardware
required to reconfigure a rule 90 cell to a rule 150 cell Two extra gates are
needed, one AND gate and one XOR gate However, as can be seen 1n figure
6 6, the reverse change, imples only one extta AND gate As a result we
conclude that a change from a rule 150 cell to a rule 90 cell 1s preferable since

1t introduces a smaller overhead

89
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additional
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Figure 6 2 Type 1 LFSR The linear machine which implements the reducible
polynomial z*+2*+z+1 1s reconfigured, after the partitioning, to a maximal
length machine with characteristic polynomial z* + 23 + 1, change from 1 to

0

additional
hardware

SN SNSRI

Figure 6 3 Type2 LFSR The linear machine which implements the reducible
polynomial 22+ 1 1s reconfigured, after the partitioning, to a maximal length
machine with characteristic polynomial z* + z + 1, change from 0 to 1

90
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additional
hardware

Figure6 4 Type 2 LFSR The linear machine which implements the reducible
polynomial z*+ 2%+ 2 +1 1s reconfigured, after the partitioning, to a maximal
length machine with charactenstic polynomial 2* + 23 + 1, change from 1 to

0

additional
/ hardware
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Figure 6 5 LCARs A rule 90 cell which 1s reconfigured to a rule 150 cell
after the partitioning
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Figure 6 6 LCARs A rule 150 cell which 1s reconfigured to a rule 90 cell
after the partitioning

Notice that the minimum modifications require the same hardware for

both LFSRs and LCARs

In the next section, we evaluate more precisely the hardware which sup-

ports the dynamic reconfiguration and the minimum modifications

6.5 Estimation of the Hardware Overhead

This section presents an estimation of the overhead required by the extra
hardware needed to support the dynamic reconfiguration and the minimum
modifications of a machine All area overhead estimates were made using the

OASIS Design System and the Magic Layout Editor

First, we compute the exact silicon area (1n A units) occupied by a partic-
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ular machine Then, the required hardware for the dynamic reconfiguration
and (possibly) for one modification 1s incorporated in the design and the area
of the modified machine 1s estimated If we denote the area of the original

machine as Area of O M, and the area of the modified machine as Area of

the M M , then the overhead 1s defined by

(Area of M M ) — (Area of O M)

Overhead = Area of O M

x 100%

We calculate the overhead for three different primitive LEFSRs and three
different primitive LCARs All the machines under consideration have length
16 and we attempt to partition them into two length eight primitive bit-
slices Comparisons for these machines are shown 1n tables 6 5 and 66
The numbers 1n parentheses present the overhead

Table 6 5 shows the results for the LFSRs The characteristic polynomial
and the area of the original LFSR, 1s shown 1n the second and third column,
respectively The fourth column of the table 65 gives the area occupied
by an LFSR which also incorporates hardware for partitioning The over-
head ranges from 5 79 to 17 72% The overhead for LESR #1 1s the lowest
because there 1s an XOR gate at the break pomnt (notice the z® term at 1ts
characteristic polynomial) However, only this machine can be partitioned n
two length eight primitive bit-slices which both of them implement the same
polynomial 28 + 2+ 2®> + 22+ 1 LFSR #2 and LFSR #3 require minimum
modifications 1 order to be partitioned into two primitive eight bit-slices

LFSR #2 has a primitive bit shice 28+ 27 + 264+ 2 + 1 and a nonprimitive
eight bit-slice 2® + 22 + © + 1 We allow one change from 0 to 1 mn the



CHAPTER 6 IMPROVING THE PARTITIONING BEHAVIOR

Original | LFSR + H/W for | LFSR + H/W for
LFSR Polynomaal LFSR partition (+%) partition +

one change (+%)

1 16 14 4 211 4 210 [ 323 x 504 | 312 x 552 (5 79)

+28 + 28 + 2% + 22 +1

2 z16 4 210 4 29 4 27 324 x 480 | 311 x 544 (8 78) | 333 x 568 (21 62)
+ré + 2 +1
3 16 4+ 212 + 211 4 210 | 299 x 504 | 308 x 576 (17 72) | 311 x 576 (18 87)

+z’ + 28 25+ 23 +1

Table 6 5 LFSRs The area overhead

nonprimitive part which results to the primitive polynomial z8+z7+z22+z+1
The combined overhead (hardware for partitioning and for one change) 1s
21 62% and 1t 1s shown 1n the fifth column

The partition of LESR #3 leads to the primitive bit-slice 28 +z*+ 23+ 22+
1 and to the nonprimitive one 28 +2"+2%+2°+23+1 A change from 1 to 0
1n the second bit-shce results to the primitive submachine 28+ 27 4+ 25+ 2341

and the combined area overhead 1s 18 87%

Table 6 6 summarizes the measurements for the LCARs Only LCAR
#1 can be partitioned into two primitive eight bit slices which implement
polynomials 28 + 27 + 25+ 23+ 1 and 28+ 2"+ 2® 4+ 22 +1 During partition
mode, LCAR #2 and #3 requite a change from 0 to 1 and a change from
1 to 0, respectively The combined area overhead (hardware for partitioning
and for miimum modifications) ranges from 0 42 to 2 58% and 1t 1s shown

1 sixth column of table 6 6

94
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LCAR Polynomial 150 cells LCAR partition (+%) partition +

No of rule Original LCAR + H/W for | LCAR + H/W for

one change (+%)

1 z16 4 217 4 711 4 28 6 424 x 536 | 415 x 552 (0 79)

+zT + 28 + 2% + 22 4+ 1

4+ttt 42?2 o1

2 16 4 214 4 212 4 211 4 210 4 332 x 672 | 406 x 536 (-2 45) 418 x 536 (0 42)

4+ + 2542t 43+ 41

3 z16 4 215 4 g1t 4 211 4 210 5 418 x 520 | 422 x 536 (4 06) 416 x 536 (2 58)

Table 6 6 LCARs The area overhead

Looking the results shown in tables 65 and 6 6 one would argue that
less area overhead 1s anticipated for LCARs In fact, this 1s true, but LCARs
are almost 40% more expensive than LFSRs 1n terms of implementation cost

It 1s worth commenting on the overhead which appears n the second row,
fifth column of table 6 6 It appears that incorporating the extra hardware
for partitioning LCAR #2 occupies less area! A possible explanation 1s that
after adding more hardware 1 the design, the cells are arranged 1n a better
way, with less routing area This results in a more square and smaller de-
sign This behavior leads us to speculate that when the modified machine 1s
embedded 1n a larger device the area overhead will be even smaller

Based on these observations we consider that the hardware overhead 1s

affordable This makes the idea of partitioning inear machines and allowing
minimum modifications more attiactive for a systems designer more options

can be offered with low implementation cost
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6.6 Discussion

In chapter five, we show that irreducible and primitive LFSRs and LCARs
exhibit small percentages of irteducible and primitive partitions For this rea-
son, we evaluate the performance of these machines after allowing mmimum
hardware modifications in the design

Once again, the same parameters, PEPP and ATLOP, are used Recall
that PEPP 1s defined as the percentage of proper partitions which are irre-
ducible or primitive and ATLOP 1s defined as the number of machines which
have at least one proper partition which 1s irreducible or primitive The

results of our tests after minimum modifications are listed in tables 61 —
6 4

The better partitioning behavior with the introduction of one change 1s

evident from the values of PEPP and ATLOP shown 1n these tables For

almost every irreducible or primitive machine there exists at least one 1r-
reducible or primitive partition when minmimum modifications are allowed
These modifications lead also PEPP to exhibit higher values This 1s more
evident by considering the comparative graphs shown n figures 6 7 and 6 10
The y axis 1s the logarithm of PEPP while the 2 axis gives the length n of
the machines or the degree of the characteristic polynomals

Figures 6 7 and 6 10 allow us to support the following arguments con-

cerning the partitioning performance and behavior of LFSRs and LCARs

o LFSRs and LCARs demonstiate significantly better performance when
mimmum modifications are allowed In practice, this behavior promises
a great economy 1n hardware since 1t allows the use of the same machine

for more than one puiposes

An mteresting illustration of this argument 1s given in tables 67 —
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6 10 Table 6 7 and 6 8 show that in the worst case irreducible and

primitive LEFSRs can have at most n — 6 irreducible and n — 8 primitive
partitions, respectively (n = 15, 16) Tables 6 9 and 6 10 show that
the corresponding value for nreducible and primitive LCARs, 1s n — 6
for both cases (n = 15, 16) Recall that we assume n — 3 proper par-
titions It 1s worth here comparing these values with the ones listed 1n
tables 55 — 58 Without any modifications, in the worst case 1rre-
ducible/primitive LFSRs can have at most n — 12 irreducible/primitive
partitions out of the n —3 proper ones (n = 15, 16) The corresponding

value for irreducible/primitive LCARs 1s n — 11 (n = 15, 16)

e Initially, LCARs behave shghtly better than LFSRs After the n-
troduction of minimum modifications LCARs are always superior to
LFSRs Intuitively, this can be explained by considering the fact that

we are allowed to try more changes m LCARs More specifically, in

an LCAR of length n we are able to try n changes, 1e, each one of
the n cells can be reconfigured either in rule 90 cell or 1n rule 150 cell
However, 1n an n length LFSR theie aie only n — 1 possible changes
Considering one change m an LFSR as either the ehmination or the
itroduction of a term n the characteristic polynomial, there are only
n — 1 changes This 1s because the terms 2™ and 2° always have to

appear 1 the charactenstic polynomal

e Imitially and after mimimum modifications, the percentage of irreducible
or primitive partitions (PEPP) exhibits consistent behavior It de-
creases when the machine length increases This lead us to the conclu-

sion that even longer than length 16 machines demonstrate the same
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Total The number of polynomuals of degree n which
n | num of have P irreducible partitions (P = 0, ,n—3)
polys [0 [ 1 [ 2 [ 3 [ 4[5 [ 6 [ 7 [8[9]10]I11[12]13]
4 3 013
5 6 0 4] 2
6 9 0] 2 3 4
7 18 0[O0 ] 12| 4 2
8 30 05| 6 12| 7 0
9 56 0(2]20) 16 [ 10 | 8 0
10 99 14116 (38 ] 28| 5 7 0
11 186 04 ]38 |48 |5 |30 | 8 2 10
12| 335 5| 8|47 |76 [115] 54 | 20 [ 10 | 0 | O
13| 630 2 (18] 76 | 154164142160 [ 14 | 0 | O [ O
14 | 1161 T 124|116 | 271 | 28426213554 |6 |2 (0] 0
15| 2182 | 6 |44 | 220 | 448 | 566 | 468 | 264 [ 136 |28 2 [ 0 | 0 | O
16 | 4080 |18 |96 | 364 | 782|981 | 855|588 (30080142 |0 01|0

Table 6 7 Iireducible LFSRs after one modification

partitioning behavior This argument 1s more evident in figures 6 8, 6 9
and 611, 612, where even and odd degree polynomials are treated
separately These figutes show clearly that PEPP decreases hnearly

with the increase in the machine length

In general, the experimental 1esults which are presented in this chapter,
strongly support the fact that the partitioning behavior of LFSRs and LCARs
can be improved significantly with low implementation cost Moreover, 1t 1s
indicated that LCARs provide better partitioning performance, and hence

more 1mplementation options than LFSRs
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Comparative Graph
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Figure 6 7 LFSRs - LCARs The improved percentage of irreducible parti-
tions
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Comparative Graph

(Before and after one change has been tried)
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Figure 6 8 LFSRs - LCARs (even degree) The improved percentage of
irreducible partitions
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Comparative Graph
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Figure 6 9 LFSRs - LCARs (odd degree) The improved percentage of irre-
ducible partitions
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Comparative Graph

(Before and aofter one change has been tried)
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Figure 6 10 LFSRs - LCARs The improved percentage of primitive parti-
tions
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Comparative Graph
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Figure 6 11 LFSRs - LCARs (even degree) The improved percentage of
primutive partitions
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Comparative Graph
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Figure 6 12 LFSRs - LCARs (odd degree) The improved percentage of
primitive partitions



CHAPTER 6 IMPROVING THE PARTITIONING BEHAVIOR 105

Total The number of polynomuals of degree n which
n | num of have P primitwe partitions (P = 0, ,n—3)
polys 0[112|3]4]5r6|7|8|9|10|11|12]13
4 2 0] 2
a 6 0] 4 2
6 6 0 0 3 3
1 18 0 5 9 & 2
8 16 0| 4 5 6 1 0
9 48 21 14} 13 9 6 4 0
10 60 2 7 15 | 27 5 4 00
11 176 5125 50 | 47 | 34 |14 | 1] 0|0
12 144 1|17 |46 | 38 [ 28 | 10 | 4 | 0 |0{O
13 630 25| 84 155166122164 (13| 1 (00| O
14 756 211 77 1198122914962 |19 1 ]10]0] 0| O
15 1800 | 67| 245|428 461 (323 (170|85(21|10|0] 0| 0] O
16 | 2048 (37201 |437|563436[25691(125]2(0]1 0] 0]|0¢|0O

Table 6 8 Primitive LFSRs after one modification
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Total The number of polynomuals of degree n which
n | num of have P irreducible partitions (P = 0, ,n—3)
polys [0]1[2[ 3 [ 4[5 ] 6 [7]8]9 [10[11]12]13
4 3 0]3
5 6 02| 4
6 9 0(0 5| 4
Fif 18 0016 |12 ] 0
8 30 0(2(8 | 14| 6 0
9 56 0(0O 6 | 18 | 22| 10 0
10 99 0(3| 6|24 |36 | 24 6 0
11 186 [0]2] 6 | 28 [ 38 | 56 | 34 2 0
121 335 (02|11 40 [ 109 |115| 47 7 4 0
131 630 (02|10 72 [138|176| 144 | 80 | 8 010
14 1161 [1]2]23]108(225|270| 313 |180| 35| 4 | 0] 0
15| 2182 [0 4|38 |138(324|540| 610 | 378|124 26 | 0 | 0 | O
16 | 4080 [0 ]2|53[230 (571|914 | 1054 | 778 354|111 |13| 0|0 |0

Table 6 9 Irreducible LCARs after one modification
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Total The number of polynomuals of degree n which
n | num of have P primitwe partitions (P = 0, ,n—3)
polys [0 1 [ 2 | 3[4 [5 | 6] 7 [8]9]10[11][I12]13]]
4 2 02
5 6 02 4
6 6 011 3 2
7 18 021 7 9 0
8 16 01 6 7 2 0
9 48 01|10 |18 |14 ]| 5 0
10 60 04| 18|13 [18] 5 2 0
11 176 118125 (54|44 32 (12] 0 (0
12 144 212123136 |50 )24 5 2 101(0
13| 630 2122170 136 (171|135 78 [ 15 [ 1 |0 O
14| 756 4 121179 (164193 |165[105| 21 [ 3 (1] 0| O
15| 1800 | 13|41 | 172 353|460 391 258 91 (18 3|0 | 0| O
16 | 2048 | 5 [ 32| 169|336 (504|516 294 (143 |39|8(2 [0 ] 0] 0

Table 6 10 Primitive LCARs after one modification
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Chapter 7

A Probabilistic Treatment

In chapters four and five, we present mainly experimental results which give
us an msight into the partitioning behavior of LFSRs and LCARs We test
the ability of irreducible and primitive machines to be partitioned into two
irreducible and primitive bit-slices, respectively We measure the number of
machines which have this property as well as the percentage of irreducible
and primitive partitions for each degree up to 16 These results allow us to
make reasonable assumptions concerning the partitioning behavior of longer

machines

In this chapter, we consider a probabilistic treatment of the same prob-
lem We nvestigate the probability that a randomly chosen irreducible or
primitive polynomial has at least one irreducible or primitive partition Ini-
tially, in our research we consider LCARs which have been found to have
better partitioning performance than LFSRs The particular case of LCARs

of even degree 1s also considered
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7.1 Probabilistic Treatment of length n LCARs

In this section, we investigate the probability that a randomly chosen prim-
itive LCAR of length n has at least one primitive partition We denote this
probability as Pr{ATLOP} It 1s appropriate at this point to define some
suitable notation Let, Pr{A} denote the probability that an event A occurs
Typically, we describe an event A as follows A = {w w satisfies the desired
property for the event A}, this 1s read as “A 1s the set of objects w such that
w satisfies the desired property for the event A ” Then, the probabihity that

the even A occurs 1s defined as

number of objects w which satisfy the desired property

Pr{A} = (71)

total number of objects

Let us now calculate the probability that an LCAR 1s primitive

Theorem 7 1 [12, page 9] If an irreducible polynomial p 1s the characteristic
polynomial of an LCAR, then p has exactly two LCARs, which are reversals

of each other

From the above theorem, the conjecture proposed by Cattell (1991) follows,

Conjecture 7 1 Each primitive (or irreducible) polynomal 1s the charac-

teristic polynomial of two LCARs

In [11] an algorithm for computing the LCAR for a given polynomial (if
one exists), 1s described Using this algorithm, K Cattell and J Muzio have
proved exhaustively that the conjecture 1s true for every polynomial up to de-

gree 19 This also holds for every higher degree 11reducible polynomal which
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has been randomly selected and tested These results give us strong evidence
about the correctness of the conjecture for every irreducible polynomal
Based on Equation 71 and the proposed conjecture the probability that

a randomly chosen LCAR 1s primitive, 1s defined as

2 x prim(n)

Pr{an LCAR of length n 1s primitive} = 5

(72)

where prim(n) denotes the number of primitive polynomials of degree n, and
2" 1s the total number of polynomials of the same degree Notice that, the

probability that a randomly chosen degree n polynomial 1s primitive 1s

praim(n)

= (73)

Pr{a polynomial of degree n 1s primative} =

Bardell presents a formula for the number of primitive polynomials of degree
n [formula 7 4] This formula 1s expressed n terms of the Euler ¢-function
which 1s defined as the number of positive mtegers less than or equal to n

that are relatively prime to n, for any positive integer n, or

p(n) =n]] (1 - %)

pln

where p runs through the primes dividing n  In particular, if P denotes a
prime, o(P) = P —1 If @ 1s also a prime, p(PQ)=(P—-1)(Q —1) An

equivalent definition 1s ¢(n) 1s the number of positive irreducible fractions
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not greater than 1, with denominator n The number of primitive polynom-

als of degree n 1s given by

Az(n) = @ (74)

A detailed development of the formula for Az(n) can be found m Golomb
(1982) The values of A;(n) for n up to 32 are given in [7]

Now using our formula 7 2 we calculate the probability that a partition
mto 2 and (n — ) length bit shces 1s primitive Recall that a partition 1s

called primitive when both bit shices are primitive Hence,

Pr{a partition into (n — 1) and @ length bt shces 1s primitive} =
Pr{the (n — 1) bit slice 1s primative and the @ bt slice 1s primative} =
Pr{the (n — 1) bat slice s primutive} x Pr{the 1 bit slice 1s primitive} =

2x prim(n —2) 2 x prim(z)
In—1 * A

(75)

Now we can define the probabihity that a randomly chosen length n LCAR

has at least one primitive partition as
Pr{ ATLOP} = Pr{ an LCAR has at least one prunitwe partition} =
Pr{a partition into 2 and (n —2) length bit slices s primitive}
or, Pr{a partition into 3 and (n —3) length bit slices 1s primitive}

or,



CHAPTER 7 A PROBABILISTIC TREATMENT 112

or, Pr{a partition into (n —2) and 2 length bit shces 1s primitive}

From this observation and the result of Equation 75 we could express

Pr{ATLOP} as

=29 x prim(n —1) y 2 x prim(z)

In—1 N
1=2 = N
1 n—2
g © Z;przm(n — 1) X pram(z) (76)

However, formula 7 6 1s not precise This 1s due to the fact that a polynormal
p may have more than one primitive partition For values of n equal to four
and five the formula gives the same results as the experimentally computed
ones There exist higher values of n though, for which the probabilistic results
exhibit a deviation fiom the expenimental ones Notice in the experimental
results which appear n table 58 that when no modifications are allowed,
all primitive LCARs of degiee n = 4, 5 have only one primitive partition
With respect to this fact, we attempt to express the probabihity under
consideration, Pr{ATLOP}, m a different way First, consider the probabil-
1ty that a partition into (n —2) and 2 length bt slices 1s not primitive This

can be defined as

Pry,, = Pr{a partition wnto (n — 1) and 1 length bit slces 1s not primitive} =
Pr{the (n —1) length bit slice 1s not primitive} +

Pr{the 1 length bit slice s not primutive} —
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Pr{both (n — 1) and 1 length bit shces are not primitive}

Using Equation 7 2, we define the probability that an z length bit shce 1s

not primitive, Pr; , as follows

Pr! = 1— Pr{theulength bit slhce s primitive}

np

2 x prim(2)

= 1- =

(77)

Using our notation for the probability that an ¢ length bit slice 1s not primi-

tive, Pr}_, we may rewrite the definition for Pry, as

Proy, = Prost+ Pr,, — Prist x Pr; (738)

np np

where Pr; , 1s given by Equation 77 Hence, the probability that a randomly

chosen LCAR of length n has at least one primitive partition, Pr{ AT LO P},

can be defined as

Pr{ATLOP} = 1- Pr{an LCAR has no primitwe partition}(79)

where

Pr{an LC AR has no primitive partition} =
Pr{a partition into 2 and (n — 2) length bt slices 1s not primative}

and, Pr{a partition into 3 and (n — 3) length bit slices 1s not primitive}
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and,

and, Pr{a partition into (n — 2) and 2 length bt slices 1s not primitive}

From this last definition and Equation 7 8 we obtain

n—2

Pr{ATLOP} = 1- ][ (Pri;*+ Pri, — Prist x Pri,)  (710)

np
1=2

We consider here the two bit shices as independent since the LCAR 1s chosen
at random It 1s clear from formulas 77 and 7 10, that the probability
Pr{ATLOP} 1s dependent on the number of primitive polynomials of some
degree This number increases like 2" /n when the polynomial degree n n-
creases The denominator in formula 7 7 increases also exponentially with
the increase 1n the polynomial degree This justifies our experimental result
that the percentage of primitive partitions decreases as the machine length

Imcreases

According to formulas 7 3 and 7 10 the probabihity P, that a randomly
chosen polynomial of degree n 1s primitive with at least one primitive parti-

tion 1s calculated as

. n—2
P = (—p’ ’f;(”)) x (1 - I (Pray* + Pry, — Prit x Pr;p))(7 11)

=2



CHAPTER 7 A PROBABILISTIC TREATMENT 115

Formula 7 11 can also be used as an approximation for LFSRs because
formula 7 2 works for LFSRs too Based on the probability P, for each

degree n, one would expect

" x P (712)

polynomials to be primitive with at least one primitive partition Moreover,
the expected values should be 1n agreement with the ones we obtain by sim-
ulation (table 58) However, this 1s not the case The results which appear
in table 71, show that theie 1s a deviation between the expected and the
computed results This fact leads us to conclude that formula 7 10 1s only a
good approximation of the desired probability However, this approximation
1s superior to the one obtained by formula 76 Moreover, 1t gives reasonable

results for all values of n examined

Formula 7 10 1s denived assuming that the percentage of degree n poly-
nomials which are primitive with at least one primitive partition 1s always
the same m any subset of the 2" possible polynomials

Stated somewhat differently, we expect that the number of polynomals
which have the desired property are in some sense “uniformly distributed”
throughout the entire space However, this 1s not the case The random
distribution of the polynomials which have the expected property allows only
a good approximation of the desued probabihity This 1s clear in table 72
where formula 7 12 1s calculated for n =7 P, 1s the probability that the

partition nto 2 and j (= n —¢) length bit slices 1s primitive F,;, and C,, 1s

the expected and experimentally computed number of primitive polynomals

which can be partitioned mto ¢ and j primitive bit slices The values of
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Degree | Predicted | Computed

values values

4 05 1

5 262 2

6 2 55 4

7 8 90 11

8 7 86 8

9 24 08 27

10 29 59 40

11 8102 91

12 68 05 78

13 284 54 311

14 335 42 378

15 764 08 910

16 914 75 1002

Table 71 Formula 7 10 Predicted versus computed results

E,, are obtamned according to the following formulas where 18 1s number of

primitive polynomials of degiee seven

E2,5
Esq4

P2Y5 x 18

P3,4 X (18 == E2,5)

P4y3 X (18 = E2,5 = E3,4)

= P5,2 X (18 = E2,5 = E3,4 = E4,3)

All the formulas which are provided in this section involve primitive poly-
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| Partition l 215 I 3/4 | 4/3 I 5/2 " Totall
Expected P2,5 =0187 P3,4 =0125 P4'3 =0125 P5,2 =0 187
values E,5=3375|FE34=1828 | E43=1599 | Es,=2099 || 890
Computed
values Cys=3 Cs4 =3 Cyp =2 Cs2=3 11

Table 72 Formula 7 10 A detailed calculation for n = 7

nomials

polynomials

7.2 Probabilistic Treatment of length 2k LCARs

However, we can extend all the presented results to irreducible

In this section we restrict our discussion into 2k length LCARs We calcu-

late the probability both halves of a randomly chosen 2k length LCAR 1s

primitive This probability 1s especially interesting when 2k 1s equal to 8, 16

or 32 These are the data word sizes which dominate present day computer

systems The desired probability can be calculated as

Pr{a

length 2k LC AR has both halves prinutwe} =

Pr{the furst k length bt slice 1s primutive}

and,

Pr{the second k length bit slice 1s primitive}
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This probability can be expressed by the following formula

Pr{a length 2k LC AR has primitive halves} = Py,

_ <2 X przm(k))2 (7 13)

‘ZI.

Now we can calculate the probability a randomly chosen length 2k LCAR

1s primitive with primitive halves, P, according to formulas 7 2 and 7 13

as follows

92k ok

2 x prom(2k 2 X pr :
Py = ( x pram( ))x( ><p7zm(k‘)) (7 14)

Based on formula 7 14 the expected number of length 2k LCARs which are

primitive with primitive halves 1s
o2k
2% % Ppph

Recall, the results which appear in this section and concern primitive

polynomuials can be easily extended to irreducible ones
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7.3 Discussion

In this chapter we consider a probabilistic treatment of the partitioning of
LCARs It 1s concluded that in particular cases only an approximation of
the expected probability 1s possible This 1s due to the random distribution

of the polynomals which have the desied property
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Chapter 8

Conclusion

In this chapter, we discuss the contributions of our research and interesting

aspects of 1t that should be further investigated

8.1 Contributions

Linear feedback shift registers (LFSRs) are used extensively in two capacities
i DFT (Design For Testabihity) and BIST (Built-In Self-Test) designs One
application 1s as a source of pseudorandom binary test sequences, the other
1s as a means to carry out response compaction - known as signature anal-
ysis Recently ([24, 33]), one dimensional linear cellular automata registers
(LCARs) have been proposed as an alternative to LFSRs for both purposes

Ongoing research 1n the area of VLSI testing 1s extensively studying the
behavior of LESRs and LCARs as random pattern generators and signature

analyzers However, httle work has been done in mvestigating the partition-
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g behavior of these devices In the context of digital circuit testing, 1t 1s
important 1f a maximal length cycle machine can be partitioned into a num-
ber of smaller maximal length cycle submachines Such a property shows
promise of great economy i hardware and facilitates testing

In this thesis, the partitioning behavior of LFSRs and LCARs has been
studied Our methodology provides a means to evaluate and compare these
machines 1n terms of their pairtitioming performance The contributions of

our research can be summaiized as follows

1 It 1s the first systematic study of the partitioning behavior of LFSRs
and the 1somorphic LCARs We have exhaustively examined all ma-
chines up to degiee 16 It has been found that there exists a number
of irreducible and primitive machines which can be partitioned into
smaller 1irreducible and primitive submachines These results allow us

to extrapolate the behavior of machimes of length greater than 16

2 Our methodology has shown that the paititioning properties of linear
finite state machines 1s dependent on then implementation It has been

determined that LCARs have better partitioning behavior than LFSRs

3 Wesuggest that better partitioning performance for LFSRs and LCARs
can be accomplished with low implementation cost After allowing min-
imum hardware modifications, almost every irreducible (or primitive)

machine has at least one irreducible (or primitive) partition

There are many open questions that should be examimed These are

discussed 1n the next section
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8.2 Future Work

There are many nteresting aspects of our research that should be further

mvestigated The most important of them are the following

e A mathematical basis for predicting if a given degree n polynomial can
be partitioned into & and n — k& length primitive or irreducible bit slices

1s a subject for further study

e It 15 known that a linear finite state machine with an irreducible or

primitive characteristic polynomial exhibits better behavior in terms
of ahasing and randomness properties than a reducible machine An
mvestigation whether this 1s also true in terms of partitioning behavior,

would be 1nteresting

e In our study we consider all possible irreducible or primitive LCARs
It would be interesting to determine whether minimal rule 150 LCAR
have better partitioning performance than other LCAR structures, such

as LCAR with 50% rule 150 cells

e More detailed layout studies are required to fully assess the cost of

partitioning a linear machine and allowing mimimum modifications

Research on the above topics will enhance our understanding on the be-
havior of LFSRs and LCARs Moreover, 1t may result in interesting sugges-

tions for the selection of the appropriate machine for self-test
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