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Chapter 1 

Introduction 

The purpose of this thesis 1s to convey a better understandmg of the behav10r 

of lmear machmes used 111 a widely accepted approach to bmlt-m self-test of 

combmational logic In this app1oach , 1andom tes tmg 1s used for supplymg 

test vectors to the u111t be111g tested and signature analysis 1s performed 

to evaluate the iesponses to these vectors Typically, the machmes which 

are used rn this t es t st ructu1 e a1 e Lmeai Feedback Shift Registers and the 

recently proposed alte111at1ve L111eai Cellulai Automata Registers [24, 33] 

A Lmear Feedback Shift Reg1ste1 (LFSR) 1s a fimte state machme, which 

can be implemented 111 chg1tal haidwaie us111g storage elements (for exam­

ple, flip-flops) , and XOR gates which peifoim add1t1on modulo 2, chamed 

together and con ti oiled by a. synch1 onous clock The lmear fi111te state ma­

chme, which defines the LFSR, pe1 form polynom1al d1v1s1on over the bmary 

field GF(2) The LFSR iepi esents the d1v1s01 , a bmary polynomial p(x) of 

degree n where n is t he numbe1 of memo1 y elements The senal stream of 
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CHAPTER 1 INTROD UCTIOi\/ 

mputs of length k 1ep1esents a b111a1y polynom1al m(x) of degree k-1 which 

1s the d1v1dend polynom1al The serial output stream gives the quotient, 

while the last state of the LFSR desc11 bes the rernamder polynomial 

In testmg applicat1ons, the mput st1eam k 1s the output from a c1rcmt 

under tes t The output fiom the LFSR 1s discarded, while the remamder 

(last state) p10v1des the s1gnatu1e When the LFSR 1s configured as an 

autonomous machme, that 1s without any external mput, 1t can be used as 

a pseudorandom pattern generator ove1 the bmary field 

The LFSR has been used 111 many other apphcat10ns Example of these 

are shift reg1ste1 counte1 s [18], cycl ic code encoders and decoders [50] etc 

On the othe1 hand, a L111ea1 Cellula1 Automata Register (LCAR) 1s a 

fimte state rnachrne which has 1ecently been p1oposed as an alternative to 

LFSR [24, 33], although the11 study was 1111t1ated by John von Neuman m the 

1950's The properties of LCARs have been studied by Wolfram [55, 56] and 

later by Pnes et al [36] Th1ee maJor facto1s have resulted m the revival of 

mterest m the behavior of cellula1 systems Fust, the development of power­

ful computers and m1c1op1ocesso1s have made possible the rapid s1mulat1on 

of LCARs 111 a se11al, parallel, a nd /01 cellu la1 mode of operation Second , the 

use of LCARs to simulate a va11ety of physical systems (for example, crystal 

growth) has gene1ated much 111te1est 111 the sc1ent1fic community Third, the 

advent of VLSI as an 1mplementat1on medium has focused attention on the 

commumcation requ11 ements of successful hardware algorithms 

Ongomg research 111 the a1 ea of\ LSI test mg 1s studymg the effectiveness 

of LFSRs and LCARs as stimulus geneiato1s and response analyzers both 

empmcally and theo1etically In the fo1 me1 case, the randomness properties 

of autonomous LFSRs and LCARs a1e 111vest1gated and the ant1c1pated fault 

2 



CHAPTER 1 INTRODUCTIO N 

coverage 1s measured [5, 6, 10, 17, 23, 24, 57, 58] This md1cates the degree to 

which the test pattern gene1 a tor exercises the potential faults m the c1rcmt 

In the latter case, the aliasing behav101 of LFSRs and LCARs 1s mvest1gated 

Ahasmg 1s the cond1t1on whe1e the use of data compact10n to reduce the test 

responses to a s1gnatu1e caw,e5 a faulty cu cu1t to produce the vahd signature 

thereby causmg the built-m 5elf-test to fad to detect the fault The problem 

of ahasmg 1s of considerable p1 act1cal importance and 1t has been studied by 

a number of authors usmg e1the1 s111rnlat1on 01 various error models which 

are abstractions of the behavior of faulty c1rcmts [4, 13, 14, 26, 53] 

This thesis approaches the study of LFSRs and LCARs 111 a different way 

We address the problem of pa1 t1t1011111g maximal length cycle machmes mto 

a number of smaller maximal length cycle submachmes To illustrate the 

practicality of this study we discuss the applicat1ons of 1t 111 VLSI architec­

tures and several examples a1e presented with emphasis on boundary scan 

designs Our approach serves the followmg broader goals 

1 It studies the pa1 t1t10111ng pt ope1 ties oft wo extensively used fiillte state 

machmes, namely LFSRs and LCARs In this sense, this thesis not 

only presents the first 1es ults 111 the above topic but also mcreases our 

understandmg on the behav101 of these machmes 

2 It provides an efficient way fo1 1mprov111g the partit1onmg performance 

of both LFSRs and LCARs 

3 It presents a probab1list1c treatment of the partit10nmg of LCARs which 

can be used as a basts fo1 de,,elopmg an analogous theory for LFSRs 

4 It suggests VLSI appl1cat1ons \\ he1e the partit1onmg of lmear fiillte 

state machmes allows tlw use of the same machme for different purposes 

3 



CHAPTER 1 INTROD UCTION 

thereby allow111g bu1lt-m self-test to be less expensive 

The rest of this mtroduct1on gives a chapterw1se summary of the thesis 

contents Chapter 2 1s an 111t10cluction to d1g1 tal c1rcmt testmg It explores 

the obJect1ves of bu il t-111 self-test (BIST) techrnques, lools at available al­

ternatives and discusses the rna111 p1oblems which may anse m the use of 

BIST 

Chapter 3 presents some mathematical material from the theory of semi-

groups and fi111te fie lds p1 epa11ng a background for the rest of the thesis It 

exammes the sti ucture, the cha1acte11st1cs, p1opert1es and the behavior of 

LFSRs and LCARs , and discusses several recent results m thelf study 

Chapter 4 1s ded icated to VLSI applications where the idea of partit1onmg 

lmear firnte state machmes allows mo1e options to the system designer with 

great economy 111 ha1dwa1e These options mclude concurrent checkmg usmg 

off hne testmg resources and testmg convent10nal logic usmg boundary scan 

devices 

Chapter 5 exammes whether a reducible or pnm1t1ve LFSRs and LCARs 

can be partit10ned mto m ed uc1ble or prnrnt1ve bit slices, respectively Tables 

are mcluded contammg t he res ults fo1 partit1on111g machmes of length 4 up 

to 16 Then 1t descnbes a bit-sliced 1rnplementat10n of LFSRs and LCARs 

and compares t he1r pa1 t 1t10111ng pe1 fo1 mance 

Chapter 6 suggests that bettet pa1 tit1on111g performance for LFSRs and 

LCARs can be accomplttihecl by allow mg a smgle hardware modification 

Expenmental results a1e clemonstiated to substantiate this claim It also 

presents layout studies of vauous LFSRs and LCARs which estimate the 

extra hardware 1equn ecl fo1 pa1 tit1on111g and mod1ficat10ns 

Chapter 7 dete11111nes the p10babil1ty that a 1andomly chosen LCAR will 

4 



CHAPTER 1 INTRODUCTION 

have the prope1ty to be pa1t1t1oned 111to p111111t1veor 1rreduc1ble bit shces It 

concludes that m pat t1cula1 cases only a good app1ox1mat10n of the calculated 

probab1hty 1s poss1ble because of the random d1stnbut1on of the machmes 

which have the desired prope1 ty 

Chapter 8 completes the t hes is It surnma11zes the mam contnbutions of 

our research and discusses the most 111te1estmg questions that reqmre further 

mvestigat1on 

5 



Chapter 2 

Built-In Self-Test 

In this chapter, the problems of testmg d1g1tal circuits are mtroduced We 

explore bmlt-m self-test as a solution to these p1oblems and we present dif­

ferent approaches that have been developed for test pattern generation and 

signature analysis Fmally, the two mam p10blems which can anse m the use 

of self- test ai e discussed 

2.1 Design For Test 

As the numbe1 of t1ans1sto1s 111teg1ated into one piece of silicon approaches 

one m1lbon and as these c11cu1ts appea1 in many applications of our daily 

bves, the demand that they be adequately tested becomes mtense The 

ob Jectives m testmg a design a1 e t \\ ofold [37] 
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CHAPTER 2 BUILT-IN SELF-TEST 

1 to ensure that, before fab11cat1on, the circuit behavior satisfies them­

tent of the design, that 1s, 1t 1s free from functional or logical design 

errors , and 

2 to detect faulty devices, afte1 fabncat1on, either on the wafer, as pack­

aged ICs, or as a system component Ill the field 

Testmg of a c1 rcu1t requues the application of an appropnate set of test 

st1muh and the compa11son of the actual c11cuit response with the correct 

response General purpose teste1s, though commonly used for this purpose, 

are very expensive, one million dolla1s fo1 a teste1 1s not uncommon There 

are also problems with t he length of time 1equ u ed to generate and apply the 

test patterns as well as with the la1 ge volume of data needed to be handled by 

the external tester This 1esults 111 a test cost contribution to product cost of 

35 percent to 55 pe1cent (01 mo1 e) dependmg upon product size, technology, 

and complexity [45] 

Several design tech111ques have been p1oposed to mcrease testability and 

to make testmg of the resultmg p1oduct economical These techrnques are 

collect1vel1 grouped unde1 the name "design for testab1hty (DFT)" DFT 

techrnques mclude ad hoc techn1ques such a.s pat t1t1onmg, mitiahzation, em­

ploymg test pomts etc, and strnctm ed design techniques such as scan tech­

rnques, built-m self-test tech111ques etc In the 1est of this chapter, we discuss 

vanous aspects of built-111 self-test Comp1ehens1ve mtroductions to other 

design for testability methods can be found 111 [1, 2, 29, 30, 54] 

The mclus1on of on-chip cu cu1t1 y to facilitate testmg 1s called built-in self­

test (BIST) McCluskey [31] p1esents the a1gument that ''this 1s the only eco­

nomical method to 1educe the cost of test111g" Any bmlt-111 self-test method 

7 



CHA PTER 2 BUILT-IN SELF-TEST 

-
s 
I 

Test C1rcu1t G 
k n m N Pattern / Under / / 

/ - / - Compacter / - A 
Generator Test T 

(TPG) (CUT) u 
R 
E -

Figure 2 1 Typical BIST architecture 

must consists of ( 1) a strategy fo1 gen et atmg the mputs to be applied , (2) 

a strategy for evaluat111g the output 1esponses, and (3) the 1mplementat10n 

mecharnsms 

A typical BIST a1ch1tectu1e 1s shown 111 figu 1e 2 1 During the self- testmg 

mode a number of test patterns genet ated by the test pattern generator 

(TP G) appears on the mputs of the c1rcu1t under test (CUT) T he c1rcu1t 

output responses are passed through a circuit called a compacter The aim 

1s to reduce the number of bits that must be exammed m order to determme 

whether the CUT 1s faulty At the end of the testmg procedure a signature of 

t he test response 1s obtamed Fault detection occurs 1f the signature realized 

by the CUT differs f1om the s1gnatu1e of a fau lt free vers10n of t he circmt 

Many different techniques and app1oaches have been developed for test 

pattern generation and data compact10n In the next two sections, we present 

briefly various such methods, followed by the two mam problems which can 

an se m the use of BIST 
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CHAP TER 2 B UILT-IN SELF-TEST 

2.2 Test Pattern Generation 

In theory, it would be possib le to geneiate test vectors (manually or by a 

test pattern gene1at1on p1og1am) and sto1e them tn an on-chip ROM How­

ever, this scheme does not 1ed uce the cost of test pat tern generation and it 

reqmres a very large ROM One baste approach for test pattern generation 

is exhaustive testing which uses all possible rnput combmations as test pat­

terns For example any b111a1y counte1 can be used to exhaustively generate 

these patterns Although exhaustive testmg elllrnnates the need for a fault 

model and fault Sllnulat10n, and gua1antees excellent fault coverage, for a 

circmt with a large nurnbe1 of 111 puts th is techrnque may require too much 

time Some form of ca clllt pat t1t1011111g may be used to reduce the number 

of mputs m this case [31] 

Random testing 1s anothe1 test pattern generation approach which uses a 

set of randomly geneiated patterns as test patterns Simple c1rcmts, hke an 

autonomous linear f eedback shift ·, egzsler (A LFSR) can be used m random 

testmg of chips without RAMs1 I-Ioweve1, the patterns generated by an 

ALFSR are called pseudo1anclom patte111s2 to d1st111gu1sh them from truly 

random ones For test patte111 gene1at1on, pseudo1andom sequences are bet­

ter than random ones s111ce t he pseudo1andom sequences can be reproduced 

for s1mulat1on In [7] , the sequences produced by an ALFSR are analyzed and 

their characteristics and p1ope1 ties a1e discussed m detail An alternative 

1 Due to pattern sens1t1v1ty of RAMs specially generated patterns must be used to test 

them 
2Th1s 1s because they appea1 to be 1 andom 111 the local sense, but they are 111 some way 

repeatable , hence only pseudorandom 

9 



CHAPTER 2 B UILT-IN SELF-TEST 

structure for pseudorandom pattern generation 1s linear cellular automata 

registers (LCARs ) Although ALFSRs and LCARs generated by the same 

charactenst1c polynomial have been shown to be similar [40], classes of lmear 

LCARs have been found to have veiy good randomness properties, and be 

supenor to ALFS Rs as pat tein geneiato1s [10 , 23 , 57, 58] 

In add1 t1on to these th1 ee best known app1oaches to the TPG problem, 

hybnd approaches have al so been pt oposed These attempt to exploit the 

best featm es of each of these 111d1v1dual techmques [3] 

2.3 Data Compaction 

Vanous data compaction techmques have been proposed m order to reduce 

the volume of output data and obtarn the signature of the CUT All these 

techmques require that the fault free s1gnatu1e for the CUT be known, for 

example s1mulat1011 of the design can be used to find the fault free signature 

Compact ion techmques rnclucle a) ones countmg (the signature 1s the 

sum of the number of l 's appea1mg on the cacu1t output) [21 , 34], b) tran­

sition count (the s1gnat u1 e 1s the number of logical trans1t10ns , from Oto 1 

and vice versa, 111 t he ou t pu t data st1eam) [22], c) parity compress10n (the 

signature 1s one bit s1g111fy111g odd 01 even panty of the output data stream) 

[46], d) syndrome testmg (the s1gnat u1 e 1s the normalized number of l's m 

the output response stt eam uncle1 exhaustive application of all possible mput 

patterns) [38] and , e) compress10n usmg Walsh spectra (the signature 

1s all the Walsh coeffi cients 01 a ca1efully chosen subset of them) [44] 

However , t he common 1mplementat1ons of BIST usmg compaction rely on 

10 



CHAPTER 2 BUILT-IN SELF-TEST 

LFSR techmques These techniques use an LFSR as a compaction circmt 

an which 1s fed by the output data stream An LFSR performs a polyno­

mial d1v1s1on over GF(2) whe1e the mput st1eam 1s the d1v1dend polynomial 

and the LFSR itself implements the d1v1sor polynomial At the end of the 

d1v1s10n, the last stage of the LFSR desc11bes the remamder polynomial or 

the signature of the CUT The output of the LFSR which represents the 

coefficients of the quotient polyno1mal 1s 1101 mally discarded 

For a multiple-output c11 cu1t unde1 test the overhead of a smgle-mput sig­

nature analyze1 on eve1y output would be high Of course the smgle-mput 

analyzer could be multiple::-.ed to the vauous cJ1cu1t outputs, one at a time, 

and the test sequence 1epeated fo1 each output However, a preferred struc­

ture for signature analysis of multiple-output circmts 1s a multiple-input sig­

nature register (MISR) Netwo1k outputs a1e connected to the LFSR through 

XOR gates added to the shift Imes between stage::, This 1s faster, but reqmres 

more added circuitry than the se11al s1gnatu1e analyzer 

LCARs can also be used to obtam the s1gnatu1e of the CUT m a s1rmlar 

manner and 1t has been found that classes of the LCARs are supenor to 

LFSRs as signature analyze1s [14] 

2.4 Two Main Issues in BIST 

Although BIST appeats to be the only method to 1educe the cost of testmg 

there exist two mam p1oblems conce1 nmg the test pattern generat10n and 

the signature analysts Both ot them ate p1esented 111 the followmg two para­

graphs In our discuss10n, we assume that both the test pattern generator 

and the signature analyze1 a1e implemented usmg an LFSR However, stm1lar 

11 
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results follow 1f LCARs a1e used 

Fault coverage Pe1haps the most important feature of a testmg techmque 

1s its coverage the fraction of the possible failu1es that the test techmque can 

detect [31] Usually, less than 100% fault covet age 1s ob tamed and 1t becomes 

mcreasmgly expensive to gene1ate tests for the last untested faults However, 

m the literature there 1s no proposed test pattern generation techmque for 

BIST which always gua1antees 100% fault coverage Furthermore, when 

pseudorandom patte1ns gene1atecl by an LFSR a1e used as test stimuli, there 

is always a concern about the l111ea1 dependencies w1thm the sequence of 

patterns It 1s possible fo1 these l111ea1 dependencies to preclude a priori a 

specific test pattern ftom be111g p1 esent m the sequence of applied patterns 

If this 1s the case and the pat t1cula1 test pattern 1s m the test set 3 for the 

CUT, then a 100% fault cove1age 1s no longer possible 

Although the l111ea1 clependenc1es w1th111 a sequence of patterns and ways 

to calculate then effects have been studied m [5, 7], the problem of findmg a 

method for test pattern geneiat1on which could always guarantee that the test 

set IS mcluded m the gene1ated patteI n set and hence 100% fault coverage IS 

still open In the next para.gt aph, the mam problem with signature analysis 

1s mtroduced 

Ahasmg The mam p1oblem with s1gnatu1e analysis 1s that due to the loss 

of mformat10n du11ng compact1011 , the output 1esponse from a faulty circmt 

may produce a signature that 1s 1dent1cal to the signature of a fault free 

3 By the term test set we mean the set of test patterns by which we can determrne 

whether the CUT 1s faulty or fault f1 ee 
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c1rcmt This phenomenon 1s called aliasing As a result 1t 1s possible for a 

fault to not be detected even though t he output response differs from the 

fault free response and the CUT to be declaied fault free even though 1t 

1s actually faulty The ptobabd1ty of alias111g 1s stnctly a function of the 

machme length, 1 e, 1t app1oaches 2-m whe1e rn 1s the length of the machme 

used m signature analysis 

The ahasmg characte11st1cs of a MISR a1e qmte s1m1lar to these of a 

smgle-mput signature analyzet [7] However , an MISR has an add1t10nal 

type of ahasmg called error cancellalwn which 1s mdependent of the feedback 

polynomial For example suppose an ellor occu1s on an output at test cycle 

i This error 1s canceled 1f an e1101 occu1 s on the next output at the next 

test cycle z + 1 It 1s shown 111 [7] that e1101 cancellat10n 1s highly unlikely, 

and hence , the ahas111g cha1actel!st1cs of mult1ple-mput signature analyzers 

are very nearly as good as t hese of s111gle-111put analyzers 

A number of techrnques have been proposed 111 the literature to reduce 

ahasmg m s1gnat u1e analys is [4] He1e, 1t 1s wo1 th bnefly descnbmg a com­

pact10n techrnque p1 esented 111 [19], called periodic quotient compression, 

which guarantees ze10 a lias111g S111ce the p1oblem of aliasmg occurs because 

of loss of mformat10n conta.med 111 the discarded quotient bits, this techmque 

looks at both the remamde1 and the quotient, assummg that the good cn­

cmt response 1s 1.nown a p11011 duung the design of the LFSR An algonthm 

1s given m order to cons ti uct an LFSR m such a way that the quotient 1s 

penod1c with a peL1od T and hence can be checked usmg O(T) hardware 

Although the techrnque 1s appli cable to all CUTs, the hardware overhead can 

be large smce fo1 an N bit output 1esponse, ze10 ahasmg can be achieved 

usmg an LFSR of length IN /21 111 the wo1 st case, which 1s too costly to be 

13 
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used m practice, especia ll y m BIST env11onments 



Chapter 3 

Linear Finite State Machines 

A widely accepted app1oach to the built-m self-test of combmational logic 

requires a pseudo random test vector gen et ato1 and a data compactor Lmear 

feedback shift registers (LFSRs) fotm the basis for these two umts, as their 

random sequencmg and 111e'\pens1ve 1mplementat1on makes them smtable for 

hardware testmg Recently, [24, 33], one-d1mens1onal linear cellular automata 

registers (LCARs) have been proposed as an alternative to LFSRs for test 

vector generation and data compact1on 

In this chapter , we discuss the st1 uctu1e, the charactenst1cs, properties 

and the operation of an LFSR Then , a similar d1scuss1on is provided for an 

LCAR Finally, we present some 1ecent 1esults 111 the study of LFSRs and 

LCARs 
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3.1 Algebraic Concepts 

In this section , we discuss some app topuate mathematical material from 

the theory of sem1groups 1elat1ve to l1I1ear fi111te state machmes We also 

examme aspects from the themy of fi111te fields, prepanng a background for 

the followmg sections The ma111 sources for this section are [7, 35, 41] 

Defimt10n 3 1 [41, page 208] A finite state machine 1s an algebraic struc­

ture< S, I, Y, M, 8 >, whe1e S, I , and Y ate fi111te sets of states, mputs, and 

outputs, respectively, Jvl (the ne:d state function) 1s a mappmg from S x I 

mto S, and 8 (the output function ) 1s a mapp111g from S mto Y 

We specify the behav101 of a fi111te state mach1I1e by spec1fymg its next 

state and output functions The next state funct10n of a machme can be 

described graphically usmg a slate 91 aph 

One 1mpo1 tant aspect 111 the design of fi111te-state machmes 1s that of 

des1gnmg the least e>.pens1ve mach111e that will 1eahze a specific behav10r 

This can be obtamed by 1ed uc111g the numbe1 of states ma sequential machme 

smce the cost of const1 uctmg a 1eal mach111e 111c1eases with the number of 

states m the machme In [41, page 220], an algo11thm for state reduction 1s 

discussed 

Another concept that a11ses ftom the study of fimte-state machmes 1s the 

concept of machine hom,omO'/ phisms He1e, we avoid a formal defimt1on of a 

machmehomomo1ph1sm (the 1eade1 can find one 111 [41, page 226]), by saymg 

that if a machme M1 1s a homomot ph1c image of a machme M2 , then the 

next-state function of /1,/1 has 5ome ( and poss1 bly all) of the structure of the 

next-state function of A12 If this 1s the case the machme M2 can simulate 

its homomorphic image /1!1 
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In preparation for our study of linear finite state machmes, we mtroduce 

several related algeb1a1c st1 uctu1es 

Defimt10n 3 2 A field F 1s a set of elements with two operations + ( called 

add1t10n) and ( called mult1pl1cation) such that 

(a) It 1s an Abehan g1oup [35] unde1 + with 1dent1ty 0, 

(b) the non-zero elements fo1m an Abehan g1oup under with 1dent1ty 1 

(1 -/- 0), 

( c) the distributive law holds - that 1s, 

x (y+z)=(x y)+(:i z)ancl(y+ z) 1:=(y x)+(z x) 

for all x, y, z m F 

For example< Q,+, >and< R,+, > are fields Also< Zp,+p, P > 1s a 

field if and only if p 1s p11meI He1 e, Zp, 1s the set of rntegers modulo p, and 

+P and P denote add1t1on and mul t1plicat1on modulo p This field IS denoted 

as GF(p), the Galois field of 01de1 p 

Defimt10n 3 3 A finite field 1s a field which has a fi111te number of elements 

The number of elements 111 the field 1s called the order of the field 

Defimt10n 3 4 Let f(x) and g(x) be two polynomials rn the vector space of 

polynomials of degree less than n over a field J{ Then J(x) g(x) IS defined 

to be [J(x)g(x)] mod (xn -1), whe1e f( :r)g (x) denotes the product obtarned 

by usrng ordrnary polynom1al mult1phcat1on with coefficients computed m 

the field K 

1 Recall, Q 1s the set of rational numbers , R 1s the set of real numbers, and Z 1s the set 

of mteger numbers 
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Defimt10n 3 5 A polynomial p( x) of degree n > 0 over a field K is irre­

ducible over I< 1f and only 1f the1e do not exist polynomials f(x) and g(x) 

of degree greatei than O oveL ]{ such that f( :i:)g(x) = p(x), where mult1-

phcat10n 1s ordIDaLy polynomial mult1plicat1on with coefficient operat10n m 

J( 

The reader can easily veufy t hat the polynom ials x, x + 1, and x 2 + x + l 
are all 1rreduc1ble polynom1als ove1 G F(2) 

Defimt10n 3 6 A polynom1al p( 1:) of deg1ee n 1s a manic polynomial if the 

coefficient of x n 1s urn ty 

Defimt10n 3 7 [41 , page 274] The charnctenstzc of any field (fimte or mfi­

m te) is the order of 1 m the add1t1ve g1oup of the field 

Theorem 3 1 [41, page 277] Let f(x) be a polynoID1al of degree n over any 

field]{ Then f(x) has at most n dist inct 10ots 111 I< 

It 1s proven ID [41, page 274] that the cha1acteust1c of any field 1s either pnme 

or mfimte Our d1 scuss1on 1s concen t1 ated now on mathematical aspects for 

firnte fields 

Defimt10n 3 8 Let o be an element of a fie ld J{ of charactenst1c p The 

mznzmum polynomial of o , denoted by M 0 ( 1), 1s the mornc polynomial of 

least degree over GF(p) that has o as a 10ot 

Theorem 3 2 [41, page 283] Let J'('i) be an meduc1ble polynoID1al of degree 

dover GF(p) , and let a be a 10ot of /(1) Then the d d1stmct roots of J(x) 

are aP', where O ~ 1 ~ d - l 
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Defimt10n 3 9 An element a of the field GF(p) 1s called a primitive element 

1f 1t generates the multiplicative g1oup of the fie ld 

Defimtion 3 10 The mm1mum polynom1al of a pnm1t1ve element 1s called 

a primitive polynomwl and al l its toots a1e pllm1t1ve elements 

It 1s proved m [35, page 161] that an nreduc1ble polynomial of degree m 

over GF(q) 1s pnm1t1ve 1f, and only 1f, 1t d1v1des xn - 1 for non less than 

qm -1 

Several hstmgs of such polynom1als ex ist m the li terature A complete 

hstmg of irreducible polynom1als ove1 GF(2) up to degree 16 (with prmutive 

polynomials 1dent1fied) 1s given Ill Pete1son and Weblon (1972) In the same 

source, many polynorn1a.ls of h1gh e1 deg1ee up to 34 are also listed Also m 

[7 , pages 336- 338] a pt nrnt1ve polynom1al fo1 each degree up to 300 1s given 

The polynomials listed a1e these havmg the smallest number of terms for 

each degree 

Before the mtroduct1on to !meat feedbac k sh ift registers and lmear cellular 

automata reg1ste1s, two basic clefi111t1ons f10m lmear algebra are presented 

Defimt10n 3 11 A funct1011 f \I --t \1
1 

1s a linear function from a vector 

space V mto a vecto1 space V' ove1 the same scalar field I< as V 1f, for all 

c1 and c2 111 I{ and u1 and 1t2 m V , 

Defimt1011 3 12 A machine .~1 1s a lmecu finite state machine 1f 

19 



CHAPTER 3 LINEAR FINITE STATE MACHINES 

1 The state space SM of J\l , t he mput space IM , and the output space 

YM are each vecto1 spaces ove1 a finite fi eld 1( (we let the dnnens1ons 

of spaces be n, p, and r, respect1 vely), and 

2 Let the vector s, denote the state of t he machme, the vector u, denote 

the mput to the mach111e, and the vector y, denote the output of the 

machme at time I The ne>.t-state s7 and the output of Mare defined, 

respectively by 

Af(~,,u,) = s; = A s, + B u, 

8(s,) = y, = C s, + Q u, 

where A, B , C, and Q a1e mat11ces ove1 1( , Si, u" and y, are column 

vecto1s, and the mat11'\ ope1at1ons a1e the usual matnx operat10ns with 

arithmetic pe1fo1med 111 the fi eld I{ 

Here J{ 1s GF(2) and t he+ ope1ation 1s add1t1on modulo 2 (XOR) As one 

can see from t he defi111t1on, the relat1onsh1p between t he state of the machme 

at time z and the state at t une z + 1 1s lmear 

If the machme has no mput , 1t 1s called autonomous The next state 

funct10n of an autonomous !mea t mach111e 1s defi ned bys;= M(s,) = A s, 

and the output 1s defined by y1 = C s, 

In preparation fo1 the analysis of the cycle st ructure associated with an 

autonomous linear mach111e, a few defi111t1ons f1om l111ear algebra are given 

below 

Defimt10n 3 13 Ann x n matux A ove1 a field 1( 1s said to be nonsingular 

if det( A) -/- 0, where the dete1111111an t 1s calculated 111 the anthmet1c of the 
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field I< 

The state graph of an autonomous !111ea1 machme that has a nonsingular 

next-state matrix 1s a collection of d1sJ0111t cycles The difference between a 

singular and a nonsingular machrne 1s the presence of transient states in the 

state graph of the s111gular mach 111e [41, page 304] 

Defimt10n 3 14 If A 1s any n x n matnx over a field I<, and 1f Q 1s a 

nons111gular n x n rnat11x ove1 the same field, then the matnx A' = Q A Q- 1 

1s said to be similar to A 

Defimt10n 3 15 The characteristic polynomial of a square matnx A 1s de­

fined as 6.A(,\) = det()J - A) 6.A 1s a deg1ee n polynomial in the 111deter­

mmate ,\ 

The next theo1ern shows that s1mda11ty t1ansformations preserve cycle 

structure 

Theorem 3 3 [41 , page 307] If matuces A and A' are smular nonsmgular 

state-trans1t1on mat11ces, then their state giaphs have 1dent1cal cycle struc­

tures and differ only 111 the labelmg of the states 

From the precedrng theo1em, we see that the problem of finding the cycle 

structure mduced by a rnat1L\ A 1educes to the p1oblem of findmg the cycle 

structure for some mat11::-. s11rnla1 to A The theorem give us the freedom 

to select the machme of least cost 111 an equivalence class This property 

suggests that we should look fo1 some standa1d mach111e 111 each eqmvalence 

class that 1s likely to be the least costly machrne to synthesize For this 

purpose we choose feedback shdt 1eg1ste1s 
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.. 

F1gu1e 3 1 Type 1 LFSR 

3.2 Linear Feedback Shift Registers 

A Linear Feedback Shift Registe1 (LFSR) 1s a firnte state machme defined 

as a collect10n of storage elements (fo1 example, flip-flops) and XOR gates 

which perform add1t1on modulo 2, chamed together and controlled by a syn­

chronous clock In the analysis of LFSRs, all operations are done modulo 

22 Such a cncmt 1s cons1de1ed to be l111ea1 smce 1t preserves the prmc1ple 

of superpos1t1on, 1 e, its 1es ponse to a lmear comb111at1on of stimuli 1s the 

lmear combmat1011 of the 1esponses of the cucu1t to the md1v1dual stimuli 

Two possible realizations of a fou1-stage sh ift 1eg1ster are shown m figure 

3 1 and figure 3 2, whe1e the symbol EB represents XOR gate, and each box 

represents a memory cell which holds one G F(2) field element In this net­

work, the state of the netwo1 k 1s the four-tuple of field elements stored m the 

register 

For any LFSR one can w11te the set of firnte state machme equat10ns 

which describe the trans1t1on to the next state and also the correspondmg 

state trans1t1on mat11x Fo1 example, the equations for the LFSR of figure 

2Th1s 1s the same as ordmary anthmet1c with one exception 1 + 1 = 0 
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- + 

- so ~ Sl s2 
output 

F1gute 3 2 Type 2 LFSR 

3 1 are 

s+ 
0 S3 

s+ 
1 so EB s3 

s+ 
2 S1 

s+ 
3 S2 

and the correspondmg state transition matnx ts 

A= 

0 0 0 1 

1 0 0 1 

0 1 0 0 

0 0 1 0 

- s3 f+--

T he generatmg function f ( i ), coirespondmg to an LFSR 1s called t he 

cdaracteristic polynomial Th is 1s the chat acte11stJC polynomial of the tran-

23 



CHAPTER 3 LINEAR FINITE STATE MACHINES 

s1tion matrix A The LFSRs Ill figu1e 3 1 and 3 2 have J(x) = x 4 + x +las 

theu characteristic polynomial Note that the output of stage 1 represents 

x or x1 , stage-2's output 1s x 2
, and so fo1 th Here a nonzero polynomial co­

efficient 1mphes that a connection e)..1sts, while a zero polynomial coefficient 

1mphes that no connection ex ists 

Given a cha1acte11st1c polynom1al, 1t 1s easy to implement an LFSR to 

realize 1t The last column of the t1 ans1t1on mat11x 1s the set of coefficients 

of the characte11st1c polynomial Conve1sely, given an LFSR, 1t 1s a simple 

process to determme its co11espond111g cha1acte11st1c polynomial 

Consider an autonomous lrnea1 feedback shift register, 1 e, an LFSR 

which has no mputs except fo1 clocks Such a cacmt 1s cychc m the sense that 

when clocked 1epeatedly, 1t goe:, th1ough a TIAed sequence of states Given 

an n-stage shift reg1ste1 the1e a1e at most 2n possible states If the feedback 

1s hnear, the successor of the all zero states 1s itself, smce the output of the 

feedback circmt1y 1s O when all of its 111puts a1e O Hence, a lmear feedback 

shift register , start111g from a nonze10 state can reach at most 2n -1 different 

states Then the sequence gene1 ated by one of the stages of the register 1s 

penod1c with peuod no g1eate1 than 2n - l 

The relation between the cha1acte11st1c polynomial of an LFSR and the 

penod of the result111g sequence 1s dete1 m111ed f1 om the followmg theorem 

Theorem 3 4 [7, page 69] Given an LFSR 1111t1ahzed such that the first n-1 

stages con tarn O and the nth :,tage con tams a 1, then the LFSR sequence { an} 

1s penod1c with a penod which 1s the smallest mteger k for which f(x) d1v1des 

1 - xk 

Another mterestmg prope1 ty concernmg the pe11od1c1ty of shift register se­

quences 1s that, when f"(;i) 1s 111 ecluc1ble, the pe11od 1s mdependent of the 
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m1tial cond1t1ons ( e>..cept fo1 the all O's case) 

Defimtion 3 16 If the sequence generated by an n-stage LFSR has period 

2n - 1, 1t 1s called a maximum,-length sequence or m-sequence 

The followmg defi111tion 1s equivalent to defi111t1on 3 10 

Defimtion 3 17 [7, page 77] Tlte characteust1c polynomial associated with 

a maximum length LFSR 1s called a primitive polynomial 

On some occa.s1011s 1t 1s desirable to extend the period of a sequence 

from 2n - 1 to 2n In this case, nonlmear feedback funct10ns are reqmred to 

implement these sequences of peuod 2n, called de Bru1Jn sequences [7, page 

74] 

Sequences gene1ated by LFSH.s a1e called pseudorandom sequences, smce 

they are periodic and dete1 n111rn,t1 c but they have many properties bke these 

of random sequences3 Some of these p1ope1 ties [1, page 441] are hsted next 

In the followmg, any sequence of 2n - 1 consecutive outputs 1s referred to 

as an m-sequence Fm the1 mo1 e, a maximal contiguous groupmg of symbols 

1s called a "run" 

Property 3 1 The numbe1 of ls 111 an m-sequence differs from the number 

of Os by one 

Property 3 2 An rn-sequence p1oduces an equal number of runs of ls and 

Os 

3For random test pattern generation 1t 1s not so important that the numbers used be 

stnctly random , smce they are not being used for stat1st1cal purposes 
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Property 3 3 In every rn-sequence, on e half the runs have length 1, one 

fourth have length 2, one eighth have length 3, and so forth, as long as the 

fractions result m mtegral numbers of runs 

These randomness proper ties make 1t feas ible to use LFSRs as test sequence 

generators m BIST circuitr y When an LFSR 1s used as a signature analyzer 

the followmg holds [1, page 444] 

Theorem 3 5 An LFSR signatur e analyze1 based on an) polynorrual with 

two or more nonzero coefficients detects all smgle bit errors 

Defimt10n 3 18 A (k, k) bwst er,or 1s one where all erroneous bits are 

w1thm k consecutive bit pos1t1ons , and at most k bits are m error 

Theorem 3 6 If the cha1acte11st1c polynomial f(x) 1s of degree n and the 

coefficient of x 0 1s 1, then all(/., I.,) bu1st e11ors are detected as long as n 2: k 

In chapter 2, we saw that the ptobabd1ty of aliasmg, 1 e, the probability 

that a length n LFSR does not detect an et 101 , 1s approximately 2-n How­

ever, this bound 1s not too useful s111ce 1t 1s based on unrealistic assumptions 

In general, s1gnatu1e analy515 gives excell ent results Results are sensitive to 

f( x) and improve as n mciease5 

Implementation Issues The st i uctuie of an LFSR like the one shown m 

figure 3 1 is typically 111 conven1ent to implement because XOR gates have 

to be mcluded between ceitam stages Foi this ieason, the LFSR shown m 

figure 3 2 is easier to layout This alternat ive structure does calculate the 

actual remainder , howeve1 its fin al state has cei tam properties and ts still 

usable m the s1gnatme analysis technique In fact, this alternative form of 

LFSR 1s the one that 1s typically implemented 
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3.3 One-Dimensional Linear Cellular Automata 

Registers 

In this section, we present the basic theory and the operation of linear cellular 

automata registers (LCARs) Recently LC A Rs have been proposed as an 

alternative to LFSRs fot test vectm gene1at1on and data compaction [24, 33] 

LCARs are firnte state mach111 es, defined as uniform arrays of identical 

cells m an n-d1mens1onal space Cellula1 automata registers can be charac­

terized by the followmg fou1 p1ope1 ties 

1 The cellula1 geomet1y 

2 The neighborhood spec1ficat1on Cells a1e I estncted to local neighbor­

hood mteract1on and have no global commurncat1on 

3 The numbe1 of states pe1 cell 

4 The algo11thm to compute the successo1 state Cells use an algorithm 

to compute then successo1 state, called its computation rule, based on 

the mfo1mat1on 1ece1ved f1orn its neatest neighbors 

There are 256 possib le d1st111ct ce llul a1 automata 1 ules 111 one d1mens1on with 

a three-site ne1ghbo1hoocl Ho,, eve1, only the co mbmat1on of linear rules 4 90 

and 150 (these a1e defined late1 111 this sect ion), yields maximal length cycles 

LCARs T his 1s a hybrid LCA R srnce all sites do not use the same rule 

4Thts means that the next state of the machrne can be computed from the prevwus 

state (and perhaps mputs) usmg only lmear operat ions (XOR operators) 
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0 

·1 (90) I- •111so11. ~1 ( 90) 1 .. -1 (150)1. 0 
s s 2 s 3 s4 1 

Figure 3 3 A l111ear cellula1 automaton register 

For the rest of this thesis, wheneve1 LCA Rs are ment10ned, the reference 

1s to one-d1mens10nal LCA Rs with computat ion I ules 90 and 150 Figure 3 3 

1s an example of the type of ma chme bemg desc11bed Each site, labeled s 1 , 

1 ~ z ~ l, can hold e1the1 0 01 1, and at eve1y clock cycle, 1t receives an 

mput from its nearest ne1ghbo1 s, s1_ 1 and s1+1 The sites at the boundary of 

the array always receive a 05 

The computation rules 90 and 150 a1e defined as follows 

Rule 90 

Rule 150 

Accordmg to 1 ule 90, the value of a pa1 t1cular site z 1s simply the sum modulo 

2 of the values of its two neigh bo11ng sites on the previous time step t Rule 

150 also mcludes the value of site 1 at time step t If we use 1 to denote a 

rule 150 cell and O to denote a 1 ule 90 cell, then a n LCA R can be represented 

by a bmary vecto1 Fot the e'\ample of figut e 3 3 the bmary vector has the 

form (0101) 

5There are alternative possible boundary cond1t1ons that can be also considered (see 

(36]) 
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For any LCAR, one can w11te the set of fi111te next state equations and 

also the correspondmg state t1ans1t1on rnat11x The charactenstic polynomial 

of the state tians1t1on mat11"\ 1s t he cha1 acteI1st1c polynomial of the LCAR 

For the e>..ample of figu1e 3 3 the next state equations are 

s+ 
I Sz 

s+ 
2 S1 EB S2 EB S3 

s+ 
3 :,2 EB S.1 

s+ 
4 S3 EB S4 

and the correspondmg state tians1t1on matrix 1s A' 

0 1 0 0 

l 1 1 0 

0 1 0 l 

0 0 l l 

with characte11st1c polynomial J( :i) = :z, 4 + :t + 1 This 1s primitive and hence 

the LCAR of figme 3 3 p1oduces a ma-..1mum length cycle 
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3.4 Discussion 

In the previous two !:iect1om, , the charactenst1cs and properties of two lmear 

fimte state mach111es , LFSHs and LCAHs , we1e discussed Both of these 

machmes can be used as pseudo-1andom patte1n generators and signature 

analyzers The ne>..t paiag1aph summa11zes some 1ecent results m the study 

of LFSRs and LCARs 

• Empmcal results showed that an LCAR has better randomness d1stn­

but10n and hence bette1 fault cove1age than an LFSR [23, 57, 58] 

• An LCAR and an LFSR with the same 111educ1ble (or pnmitive) char­

acteristic polynom1al a1 e 1somo1 ph1c This implies that they have the 

same cycle sti uctu1e and d1ffe1 only 111 the labelmg of the states (40] 

• An LCAR and an LFSR which a1e based on the same irreducible (pnm­

it1ve) polynom1al, and thus a.1e s11rn lar to ea.ch other, have the same 

ahas111g fo1 a s111gle 111put st1eam [40] 

P D H01 tens1us et al [2.3] :,uggest that 1f a des1gne1 reqmres a pseu­

dorandom number gene1ato1 fo1 budt-111 self-test with pnmary concerns of 

area, speed, and test cove1age she/he should use the hybnd LCAR rather 

than the LFSR with its 111he1ent co1relat1on 

This concludes our 111tioduct1on to the l111ea1 fi111te state machmes which 

are used m BIST for test pattern generation and signature analysis The 

use of LCAR as compact1011 teste1s must be evaluated on performance and 

implementation c11te11a In pa.1 t1cula1 , the extens1bihty to longer lengths , 

without the 111troduct1on of ve1y long feedback loops (causmg delays), 1s a 

maJor cons1dera.t1on 
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VLSI Applications 

In chapter 3, we present some bad.g1ound on the theory and operat10n of 

LFSRs and LCARs These machmes can be used m BIST designs as sources 

of pseudorandom bma1y test sequences and as means to carry out response 

compaction This app1oach has some associated cost although 1t allows test­

mg to be accomplished without the aid of expensive external hardware Smee 

the self-test cJrcmt1y (e1the1 an LFSR or an LCAR) uses chip area, there 1s 

an area and pm O\ e1head which m turn implies a decrease both m the yield 

and m the rehab1hty Howeve1, the cost 111 sil1con can be reduced s1gmficantly 

if the same lmear fimte state machme can be used for other purposes For 

example, this can be ca1ned out 1f a machme can be partit10ned mto smaller 

submachmes which p1ese1ve ce1ta111 p1ope1t1es 

In this chapter , we p1esent VLSI designs where the idea of partitionmg 

long machmes allows efficient use of the bmlt-m self-test hardware The 

designs which are considered he1e comply with the new ANSI/IEEE Std 
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1149 1, IEEE Standard Test Access Port and Boundary Scan Architecture 

Imtially, an 111troduct10n to this standard 1s p1esented Then, 1t 1s demon­

strated how concunent ched.111g usmg off !me testmg resources, and testmg 

conventional logic usmg bounda1y scan devices, 1s accomplished by partition­

mg machmes which already exist 111 the design to serve other functions 

4.1 Introduction 

Efficient techrnques for the testmg and d1agnos1s of d1g1tal systems and mod­

ules are becommg of c11t1cal 1mpo1 tance as the density of integrated circmts 

1s mcreasing Howeve1, as designs g1ow mo1e complex, established testmg 

techmques become less cost-effective wh ile at the same time, the physical 

access for the bed-of-nails , on which many techmques depend, has become 

very hm1ted [28] One solution to this complexity 1s to turn to more advanced 

methods, such as ANSI/IEEE std 1149 1 [25] - the Standard Test Access Port 

and Boundary Scan A 1 chitectw e Boundary scan equips a device with shift 

register elements that ate log1cally, and often phys1cally, adJacent to the I/0 

pms of every chip on the boa1d These elements are connected to form a 

shift register path around the peuphery of the IC The shift register 1s used 

to shift, apply, or capture test data and can thereby test, not only ind1v1dual 

chips, but also the board interconnect 

Although the standard sup pot ts a number of different test modes ( either 

mandatory or optional), 1t does not explicitly address concurrent checking, 

but 1t provides for estab lishmg a hamewo1 k that would merge boundary scan 

and concurrent checkmg 
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4.2 Concurrent Checking 

Bmlt-m self-test techniques a1e only capable of detectmg design faults and 

fabncation defects , they cannot detect temporary errors Typical tempo­

rary faults mclude a) intermittent faults due to environmental conditions, 

b) transient faults due to elect1omagnet1c 10te1ference and, c) soft errors 

caused by the 10teract1on of cha1ged particles with the silicon substrate T he 

transient faults tend to be random faults which cause no damage to the 

circmt m which they occm Intermittent faults are usually recurnng faults 

which occur randomly 111 time and always appear m the same part of a cir­

cmt It is predicted m [37] that tempo1ary faults are hkely to mcrease and 

become more dornmant 111 rnteg1 ated c1 1cu1ts as device geometries decrease 

m size 

The mabihty of budt-111 test techniques to detect temporary errors arises 

from the fact that these are used only once durmg m1tial testmg or possi­

bly to diagnose a system after 1t has failed If the fault causmg the error 

is permanent then it can be detected, however, 1f 1t 1s temporary then 1t 

may go undetected Anothe1 ptoblem which a11ses with these techrnques 1s 

that the testmg 1s ca1 tied out while the tested rncu1t 1s not m use ( off-lzne 

testing) However, 1eliabd1ty and contmuous operation are very important 

issues, especially 111 1eal-t1me applications 

Techrnques which allow d1g1tal rncu1t testmg without suspendmg the nor­

mal operat10n (on-lzne testing), mclude ha1dware and software redundancy 

Hardware redundant techniques iange f1om self-checkmg cucuits at the gate 

level [49] through duplicaL1on at the module level to replicated computers at 

the system level InfO'I ma/1011 , ed11 ndanl app1 oach es mclude codmg schemes 
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which promise adequate fault detection without the large area overheads, 

m this thesis, the term con cw I ent checking 1s used to refer to mformat10n 

redundant methods 

In concurrent checl--..mg, extra bits are added to the data used m the 

system so that the mteguty of the system can be checked This is achieved 

through the use of erro1 detect1 ng codes Poss1 ble codmg schemes which can 

be used for that pu1 pose a1e a) parity check codes (basically, one more bit 1s 

added to the ongrnal data such that the resultmg code word has even or odd 

parity), b) m-out-of-n codes (they 1equne m, out of then mformat10n bits be 

ones), c) residue codes (code wo1ds ate created by appendmg the residue), 

d) AN codes ( code w01ds a1e c1eated by multiplying the ongmal data by a 

constant A), e) berge'I code (code wo1ds a1e c1eated by appendmg the bmary 

representat1011 of the numbe1 of ls 111 the ongmal data) All these codmg 

schemes requll'e specially designed checke1s fo1 el101 detect1011 

However, 111 order to take advantage of boundary scan design and use the 

shift register elements that su11ound the pe11phe1y of a CUT, another codmg 

scheme should be employed In [43], a separable cyclic cod111g scheme based 

on LFSR/LCAR 1mplementat1011 1s p1oposed for this purpose (This scheme 

1s defined later 111 this cha pte1) 

Figure 4 l shows the gene1al st1 uctu1e of concurrent checkmg Durmg the 

concurrent ched.mg mode a numbe1 of test patterns used m normal operat10n 

appears m the mputs of the c11 cu1t unde1 test (CUT) The c1rcU1t coded 

output responses a1e mo111to1ed by the checke1 which signals the detection 

of a fault by decodmg Although concu11ent check111g allows detect10n of 

temporary faults du11ng system 1101mal ope1at1011, its use 1s limited m VLSI 

environments This 1s because the fault coveiage 1s less than that of explicit 
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Inputs CUT Outputs 
r-----.------1--

Figure 4 1 The gene, al sti ucture of concurrent testmg 

testmg as well as because e>..t ra hardwa1e 11> required In the literature, no 

firm results have been establi shed fo 1 the ove1 head expected for concurrent 

checkmg However, expe11ments with PLAs have shown that a 30% hardware 

mcrease can be expected on ave1age, without count111g the expense of the 

checker [39] 

However by merging bouncla1y scan and concurrent checkmg, hardware 

resources that already e>..1st 111 the design can be used to perform on-lme 

testmg In section 4 4, we discuss a f1 amework for that purpose F1rst , an 

overview of the pnnc1pal features defined by the ANSI/IEEE Std 1149 1 1s 

provided Emphasis 1s given 111 the different test modes proposed by the 

standard 

4.3 Boundary Scan 

The development of bounda1y scan arch1tect u1 e ongmated from design en­

gmeers representmg maJOl Eu1opean elect10111cs compames Their concern 

was the nsmg cost of test rng complex PCBs by prob111g them physically As 

a result, early 111 1986, t he Jo111t Eu1opean Test Action Group (JETAG, later 
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to be known as JTAG) was establi5hed , the efforts of which have resulted 

m the new standa1d with t he fo1mal name A SI/IEEE Std 1149 1, IEEE 

Standard Test Access Po1l and Boundary Scan Architecture The standard 

as defined m [25], provides a means fo1 convernent access to a umt under 

test Boundary scan can be used at different hierarchical levels of testmg hke 

component testmg, system testmg etc 

Figure 4 2 shows a high level view of a boa1d with boundary scan parts, 

while figure 4 3 shows a chip level view of boundary scan Each device on 

the board has a 4 or 5 Wile 111te1 face called the Test Access Port (TAP) that 

mcludes two cont10l pms, TMS (test mode select) and TCK (test clock), two 

scan pms, TDI (test data m) and TDO (test data out), and optionally, the 

TRST (test reset mput) pm which p10v1des a supplementary reset mecha­

msm The test logic m the bounda1y scan architecture also mcludes many 

other features such as a TAP cont1olle1 and various registers 

The TAP contrnller allows one to h.eep the number of pms m the TAP to 

a mm1mum This 1s ve1y 1mpo1 tant smce many ICs are pm - (rather than 

silicon) - limited The TAP cont1olle1 1s a 16-state firnte state machme (how­

ever, m eight states, no operatwn of the test logic occurs) which generates 

the clocks and control signals requu ed for the correct operation of the other 

parts of the test logic 

ANSI/IEEE Std 1149 1 specifies the design of vanous registers Instruc­

tion, Bypass, Identificat ion, Bounda1y Scan, and User-Specific The manda­

tory registers are the Inst1 uctwn, Bypass and Boundary Scan registers In 

general, a register element 1s capable of three fundamental actions capture, 

shift and update "CaptU1 e" and "update" mean to transfer data to or from 

the parallel mput 01 output po1ts of the 1eg1ster "Shift" means to transfer 
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TDI 

TMS 

TCK 
{TO ALL 

B/S 
DEVICES) 

IC3 

IC2 

IC4 

F1gu1 e 4 2 High level view of boundary scan 

register data serially th1ough the elements of the 1eg1ster Not all register el­

ements contam all t hese featu1es , fo1 example, the identification register does 

not contam an update function But, all registers must contam a core shift 

function Furthermore, only one 1eg1ster 1s connected from TDI to TDO at 

any one time As a result, the shift elements can be considered to be a shared 

resource, thereby reducmg the final number of memory elements needed to 

implement the various 1eg1ste1 s [8] Which register 1s connected from TDI to 

TDO depends on the selected te~t mode 

The standard suppo1 ts the follo wmg test modes 

1 Bypass In this mode, a mm1mum length se11al path 1s setup to bypass 

an IC This allows access to the chip of mterest m the mm1mum possible 

time, mcreasmg test th1oughput 
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Interior register 

Scanm 
(TOI) 

TMS 

TAP 

TCK 

Scan out 
(TOO) 

Figure 4 3 Chip level view of boundary scan 

2 Idcode/Usercode test This allows a b111a1 y data pattern to be read 

from the chi p t hat 1dent1fies the manufactu1e1, the part number , the 

variant, and (where app1opnate) t he programmed state, the 1dent1fica­

t1on regi ster 1s used for this purpose This information rmght be used 

for example to ve11fy that t he co11 ect IC has been mounted m each 

board locat10n 

3 Sample test T his allows a snapshot of the normal operat10n of the 

component to be taken and exammed Data 1s latched m both the 

mput and output 1eg1ste1s Dunng this test only the boundary scan 

register 1s connected between TDI and TDO 

4 External test T hi s mode 1s used to test t he rn terconnect of the prmted 
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cucmt board The boundaiy scan ieg1ster 1s the one and only register 

that is to be connected between TOI and TDO for data scannmg pur­

poses Boundary scan ieg15te1 cells at output pms are used to apply 

test stimuli to the boaid, while these at rnput pms capture the test 

results flowmg fiom anothe1 chip via the board Captured results are 

scanned out of the senally lmked boundary scan registers of a board 

while the next set of test rnput values 1s scanned m 

5 Internal test This 1s one of the t¼o optional test modes defined by 

the standard which piov1des the means to test the mternal logic of 

the design Ouung mteinal test, test stimuli are shifted m through 

the bounda1y scan mput ieg1stei, one at a time and apphed to the 

on-chip system logic The conespondmg responses are captured m the 

IC's boundary scan output register and are exammed by subsequent 

shiftmg Internal test mode must select the boundary scan register to 

be the one and only one 1eg1ster connected between TOI and TOO for 

shiftmg access, 1 e, each patte1n and 1es ponse must be shifted through 

the bounda1 y scan 1eg1ste1 

6 Built-in self-test This is the second optional test mode, however the 

standard recommends its 1mplementat1on wherever possible The use 

of BIST mode allows a component user to determme the health of a 

component without the need to load complex data patterns While 

the BIST mode 1s selected, the boundary scan regis ter may act as a 

pattern geneia.to1 and/01 s1gnatu1e cornpactoi The 1esultmg signature 

1s shifted out and 1s checked to ensu1e proper cucu1t operation When 

BIST 1s the cu11ent test mode, the test data register mto which the 
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results of the self-test(s) wil l be loaded , must be connected for the senal 

access between TDI and TDO (This teg1ster can be the boundary scan 

register ) 

When the cn cu1t rn not m one of the test modes, 1t performs 1t 's normal 

function 

All the different test modes descnbed hete except the sample mode allow 

off-hne testmg of a cncu1t Howeve1, with the sample test mode the test 

engmeer can only taJ...e a snap5hot of the cucu1t 111 t11ne The standard does 

not support a test mode by which a continuous monitormg (1 e, concurrent 

checkmg) of the CUT 1s possible In [43], X Sun and M Serra present a 

scheme which allows metgmg of concuuent checkmg and off-lme testmg m 

PLA's This scheme can be easily extended to boundary scan architectures 

where more resources a1e available The idea of 111corporatmg concurrent 

checkmg \\1th boundaty scan 1s di scussed 111 the next section The descnpt1on 

which follows maJ...es cleat that this 1s possible only by partit1onmg maximal 

length cycle machmes mto smallet maximal length submachmes 

40 

4.4 Boundary Scan and Concurrent Checking 

In this section, we demonsttate ho\'v the concepts of boundary scan and 

concurrent checJ...111g ate metged b) patt1t1on111g ha1dware resources These 

resources are used by test modes p1oposed by the standard The purpose 1s 

to mcrease system teliabtl1ty while 111ttoducmg m1111mum overhead This 1s 

possible only when the apptop11ate codmg scheme 1s used Such a scheme 1s 

proposed 111 [43 , page 10] and 1s defined next 
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LFSR/LCAR Based Codmg Scheme Let v(x) = Vn -1Xn- 1+vn-2Xn-2+ 

+ v1x + v0 be the polynomial over GF(2) represented by a bmary vector 

v = (vn-I, Vn- 2, , v1 , vo), and let G(x) be a generator polynomial then, 

Defimt10n 4 1 A separable cyclic encoding of a vector v 1s the vector v or 

where, o denotes the concatenat ion of two vectors and, r 1s the bmary vector 

represented by the polynomial r( x) = v( x) rnod G( x) 

In other words, the output vector of a mult1ple output CUT 1s taken as 

a d1v1dend polynom1al which 1s d1v1ded by a generator polynomial The 

remamder of this d1v1s1on 1s appended to the ou tput vector and the code 

word 1s created 

For example, cons1d e1 the output vectot v = (1001011) which corre-

sponds to the mput st imuli 111 of a given CUT and, the generator poly­

nomial G(x) = :t 3 + x + 1 The bma1y vecto1 v = (1001011) represents 

the polynomial v(x) = x6 + x3 + x + 1 Then, r(x) = v(x ) mod G(x) = 

(x6 + x3 + x + 1) mod (:i 3 + :i + 1) = :i
2 + 1 The polynomial r(x) 1s 

represented by the bmary vecto1 r = (101) and, the encoded output word 

1s 1001011101 This cod mg scheme 1s capable of detectrng both smgle and 

multiple errors 

Perhaps the most 111 te1estmg aspect of the separable cyclic codes 1s the 

manner m which they can be geneiated [27] The generat10n ClfCUit 1s an 

LFSR or a LCAR which implements t he generator polynomial For the 

generator polynomial G( x) = :r3 + :r + l 1 figu1 es 4 4 and 4 5 show the 

correspondrng LFSR and LCA 11 , tespect l\ ely, while figure 4 6 shows the 

general structu1e of the concu11 ent check111g scheme Durmg the concurrent 

checkmg test mode, data pattetns u ed 111 no1mal operation also serve as 
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Input .J •□ .J; •o-□-1 Ou'!'ut 
0 

X 
1 

X 
2 

X x3 

Figure 4 4 An LFSR based on the polynomial G(x) = x3 + x + l 

Figure 4 5 An LCAR based on the polynom1al G(x) = x3 + x + l 

test patterns and encoded output w01 ds of rn,-b1ts are produced An output 

word consists of r codmg bits and (rn - r) data bits The encoded bits are 

held m a register while the mfo1mation bits are shifted mto the concurrent 

data compactor (LFSR/LCAR) Afte1 (m - r) clock cycles, the coded bits 

are computed and compa1ed with the ones previously stored m the register 

Any difference m the two compa1ed pa1 ts 1s signaled as the presence of a 

fault 

Inputs CUT Outputs ---~-----

Comparator 

....... 
Concurrent 

:oata Comparator 
' Set 

Figure 4 6 A gene1al st1 uctu1e of the concu11ent checkmg scheme 
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As 1t can be seen, a data compact01 (LFSR/LCAR) 1s implemented usmg 

sh1ft-reg1ster cells Hence, a concunent check.mg scheme based on separable 

cychc encodmg, can share 1eso u1 ces that already exist 111 a boundary scan 

design thereby mttoducmg less ha1dwa1e overhead 

Implementat1011 Issues The p1oposed [43] concurrent checkmg scheme 

reqmres the followmg ha1dwa1 e 1esources 

1 An r-b1t register 

2 An ( m - r )-bit shift reg1ste1 

3 An r-b1t s1gnatu1e analyze1 

4 An r-b1t compa1ato1 

In order to implement concu11 ent check mg with low cost, 1t 1s suggested the 

sharmg of resources used by the test modes proposed by the ANSI/IEEE 

Std 1149 1 Recall that the standard defines an mput and an output register 

m the periphery of the CUT These two 1eg1sters operate m the same way 

except that m the BIST mode the 111put 1eg1ster may generate patterns while, 

the output register may fun ct10n as the s1gnat u1 e analyzer Details on how 

these registers ate 1econfigu1 ed du11ng the vauous test modes (see figure 4 7) 

and the requuements which they must meet a1e discussed m [16, 17) 

For the concurrent check.mg mode, t he mput and output registers must 

meet two add1t1onal requirements m order to make the sharmg of resources 

with off-hne testmg feasible 

• The rnput 1eg1ste1 must be able to be 1econfigured to an r-b1t data 

compactor 
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Normal 
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Scan External/Sample 

-0 
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BIST 

Random pattern 
generator 

F1gme 4 7 Input 1eg1ste1 modes (four-bit example) 
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• The output register must function as an r-b1t register and (m - r)-b1t 

shift register 

In [17], 1t 1s proposed that the boundary scan cells should mcorporate 

cellular automata prmc1ples fo1 the BIST mode We propose the same idea 

here for the concu11 ent checl,111g mode, because LCARs have been found to 

be supenor to LFSRs as test patte111 genera.tors, and as 1s shown m chapters 

5 and 6 of this thesis, they exh161t bette1 pa1t1t1omng behav10r than LFSRs 

Note that m order to rn1111m1ze the hardware overhead the mput register 

of the CUT 1s reconfigmed to an r-b1t data compactor durmg the concurrent 

checkmg mode This idea can be applied m the chip-level, however m the 

board level we propose one 11101 e al te1 native More specifically, m this level 

the mput register of the neatest ne1ghbor111g IC can be used for that purpose 

1f this elimmates some 10ut111g problems which may be mtroduced 

In the followmg parag1aphs, we bllefly discuss the performance impact, 

area overhead and fault cove1age of the scheme which merges boundary scan 

with concurrent cbeckmg 

Performance Impact The maJ01 impact of the proposed scheme occurs 

mamly at the dynamic 1econfigu1at1on of the 1esources for concurrent check­

mg Recall, that du1 mg concu11ent checkmg mode the mput register 1s recon­

figured to an r-b1t data compacto1 while the output register 1s reconfigured 

to an r-b1t register and (rn, - r)-b1 t shift 1eg1ste1 

MoreO\er, if senal data compaction 1s used, a signature 1s obtamed after 

a delay of ( m - r) clock cycles, which results 111 a concurrent momtormg only 

for output words z (m - r), 1 e, 1t misses (m - r-1) words for each one 

that 1s checked, z = 0, 1, 2, , so called semi-concurrent checking In [43], 
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improved structures, namely 01dput pa1 tztwnzng and, output multiplexing, 

are presented attemptmg to 1educe the delay and the time mtervals of serm­

concurrent ched..mg 

Area Overhead In dete1mm111g the overhead mvolved m addmg boundary 

scan with concurrent ched.mg to an ex1stmg design, three aspects are of 

concern the augmented CUT, th e boundary scan logic and, the concurrent 

checkmg test logic 

Clearly, the area ove1head of the augmented CUTs depends on the codmg 

scheme In [43], 1t 1s shown that this ove1heacl for the case of PLAs 1s usually 

better with LCAR based codes than with 1es1due codes, and always better 

than Berger encodmg 

The area overhead mt10duced when boundary scan 1s mcluded m the de­

sign 1s estimated m [15] It 1s found to 1ange from 4% to 13% However, smce 

the proposed scheme sha1es 1esou1 ces with off-lme test (BIST) we are also 

mterested m the bounda1y scan with BIST ove1 head This consists of some 

add1t1onal control logic and la1ger boundary scan cells The estimated cost 

for a device which mcludes both boundary scan and BIST ranges from 19% 

to 34% [15]1 , the lowest cm,t value was obtamecl when some of the boundary 

scan logic was put mto the 1/0 buffer nng In [17] where the boundary scan 

cells were placed adjacent to the prns of t he design the estimated chip area 

overhead ranged f 10111 6 70% to 16 96% 

The last aspect of the ha1dwa1 e ove1 head to be exammed concerns the 

concurrent checkmg test logic This consists of some addit10nal control logic 

1 In [15], the boundary scan cells were connected durrng BIST as an LFSR 
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reqmred to suppot t the dynamK 1cconfigu1at1on of the resources durmg test 

mode and the testmg 1esou1 ces themselves The former 1s evaluated m chap­

ter 6 of this thesis usmg the OASIS Design System and the Magic Layout 

Editor The results which p1esented the1e show that the extra hardware to 

control the partit1onmg of a lrnear machme 1s only a small percentage of 

the size of the machme On the othe1 hand different codmg schemes may 

need very large checke1s Fo1 e>..ample, a self-checkmg checker for Berger 

codes may reach the size of the CUT givmg 100% overhead for the testmg 

resources alone 

Fault Coverage Theoretically, as we have aheady mentioned, concurrent 

checkmg has the ability to detect temporary faults which rema111 undetected 

with off-lme testmg Mo1eove1 the fa.ult coveiage of concurrent checkmg 

depends on the type of e1101 detection code employed The quality of the 

codmg scheme can be measu1ed by its e1101 maskmg (ahasmg) probab1hty, 

given some standa1d e1101 d1stubut1on on its rnput data stream For example, 

a residue code of n-b1ts has a gene1al aliasrng p1obab1hty of 1/(2n - 1) For 

an LFSR/LCAR code, tl11', 15 a5ymptot1c to 1/2n For large values of n, the 

difference between 1/2n and 1/(2n -1 ) 1s 111s1grnficant But, for small values 

of n (e g, n = 2 or n = 3) the LFSR/ LCA R code gives better ahasmg prob­

abilities that the 1es1due code On the othe1 hand , a Berger code provides 

optimal coverage Ill the case of a PLA (1t detects all urnd1rectional errors and 

srngle mternal stuck-at faults) but 1t 1s not ve1y effect ive for general circmts 
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4.5 Testing Conventional Logic Using Boundary 

Scan Components 

In this section, we suggest that pa1 t1t1omng of linear machmes mto bit slices 

which preserve certam p1ope1 ties may allow on-line and off-hne testmg of 

conventional ICs using bounda1y scan components assembled on prmted Cir­

cutt boards 

It has been a1gued [20] that "economics 111volved m des1gnmg and pro­

ducmg small logic devices and memo11es may p1 eclude these parts from ever 

mcorporatmg boundary scan As a 1esult, the most common board design 

approach by far will be one which mixes boundary scan components with 

clusters of conventional logic ICs and memory devices " If this 1s the case, 

we suggest that bounda1y scan devices should be used for on-lme (concur­

rent) and off-lme testing (BIST) of non-scan ICs with encoded outputs For 

example, we may use t he 1 esou Ices of bou nda1 y scan devices surroundmg the 

non-scan one to load 111 pa1allel and compact its 1esponse 



Chapter 5 

Partitioning of Linear 

Machines 

In chapter four we discuss the apphcab1hty and usefulness of partitioning 

linear fini te state machines In this chapter we examine the partitioning 

behavior of these machmes Fust we mtroduce the pnnc1ples of partitioning 

and concatenation of polynom1als 111 G F(2) Based on this , we explore the 

partitioning properties of LFSRs and LCARs Tables are mcluded showmg 

our results for pa1 t1t1on111g 11 iecluc1ble and prnnit1ve machines of length 4 

up to length 16 We also discuss a bit-sli ced 1mplementat1on of LFSRs and 

LCARs 
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5.1 Definitions and Problem Formulation 

We establish a smtable defi111tion for polynomJal partitioning usmg the prin­

ciple of polynomial concatenation as 111troduced by Bhavsar [9] 

Defimt10n 5 1 Let A and B be two polynomials of degree r and s respec­

tively Then , A and B are concatenated to realize two polynomials ( distmct , 

1f A -=I= B) , C1 and C2 of deg1ee r + s as follows 

x
5 (A + 1) + B 

ir(B +l)+A 

(5 1) 

(5 2) 

Example 5 1 Consider the polynomials A= x2+ x+l and B = x 4 + x2 + 1 

The polynomials C1 and C2 aie formed by operat ions (5 1) and (5 2), respec­

tively, as follows 

C1 x4(i2+:t+l+l) +x4 +x2+1 

x6 + :i, 5 + x4 + x2 + 1 

C2 x2
(1

4 +1 2 +1+1) + x2+x+l 

16 + x'1 + :r2 + x + 1 

Smee there 1s a one-to-one couespondence between an LFSR and its 

characteristic polynomial 1, LFSR concatenation 1s defined by defi111t10n 5 1 

1The non-zero terms of the characteristic polynom1al correspon ds to the feedback taps 

of the LFSR 
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However, a different defirnt1on 1s 1equued for LCAR concatenation 

Defimt10n 5 2 [43] Let A and B be two LCARs of length r and s respec­

tively T hen, A and B a1e concatenated to realize two LCARs (d1st mct , 1f 

A =J B) , CAB and CBA of length r + s as follows 

(5 3) 

(5 4) 

where A ~ s denotes the sh1ft111g of A to the left by s bits and + denotes 

the logic OR operation The two equations are referred as AB concatenation 

and B A concatenation respectively 

Defimt10n 5 3 If the polynomial ( 01 machme) C formed by one of the above 

operations 1s pnm1tive, then the operation 1s called a primitive concatenation 

and the polynomials A and B ate 1efe11ed to as concatenable polynomials 

Defimt10n 5 4 If a concatenable polynom1al 1s itself pnrrutive, then 1t 1s 

referred to as a concatenable p1 zmztzve polynomial 

Defimt1011 5 5 The concatenat ion of a polynorrnal P of degrees with itself n 

times ( n > I) to fm m a polynom1al of deg1 ee n x s 1s called self-concatenation 

Based on the above formulat ion we define part1t1onmg as follows 

Defimt1011 5 6 If a polynonual C 1s formed by concatenation of two poly­

nomials A and B, then C 1s said to be partitioned mto two parts, A and 

B 
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Defimt10n 5 7 Let C = 1,t + at_11,t-l + + a 1x + 1, be the characteristic 

polynomial of a length t LFSR which 1s pa1 t1t1oned mto two parts A and B 

of length r and s 1espectively, such that r + s = t Then, the two LFSRs A 

and B which are formed by the pa1 t1t1onmg have characteristic polynorruals 

C1 and C2 , respectively, where 

C
2 

C + arl-r + ar-1Xr -I + + 1 + l 
1,r 

Defimt10n 5 8 Let C' be a length t LCAR represented by the bmary vector 

( v1 , v2 , , Vt), whe1e v, 1s e1the1 0 01 1 denotmg a rule 90 cell or a rule 150 

cell, respectively C ' 1s pat t1t1oned mto two parts A and B of length r and 

s respectively, such that r + s = t Then, the two LCARs A and B which 

are formed by the pat t1t1011 1ng have cha1 actet1st1c polynomials C1 and C2 , 

respectively, whe1e 

C1 1s the chaiacte11st1c polynornrnl of t he t1ans1t1on matrix with diagonal 

'Vr), and 

C2 1s the characteristic polynomial of the trans1t1on matnx with diagonal 

Vector VB = ( Vr+l , Vr +2, , Vt ) 

Defimt10n 5 9 The pa1 t1t1011 of a polynomial C, of degree t mto two 1r­

reduc1ble polynomials A and B , of degree 1 and s respectively, such that 

r + s = t, 1s called an irreducible partition Otherwise, 1t 1s called a reducible 

partztzon 
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Defimt10n 5 10 The part1t10n of a polynomial C, of degree t mto two pnm­

itive polynorruals A and B , of degree r and s respectively, such that r + s = t, 
is called a przmztzve partition Othei wise, 1t 1s called a nonprzmztive partition 

Note that, our defimt10n of ureduc1ble (or prnrnt1ve) partitions msists that 

both polynomials m t he part1t1on a re irred ucible (or pnm1tive) 

In the previous chapter, the applicab1lity and usefulness of partit10nmg 

lrnear fimte state machrnes 1s discussed However, very little research has 

been conducted rn this a1ea Bhavsa1 [9] fitst introduced the idea of em­

ploymg the prmc1ple of b1t-slic111g to des ign LFSRs cost-effectively, but his 

study was restricted to the behav10i of a small number of pnm1tive and non­

pnrrutive polynomials M01e 1ecently, Sun et al [42 , 43] have provided useful 

results concernmg the concatenation properties of pnm1tive and nonpnmitive 

LCARs 

However , all the results which have appeared so far m the literature are 

madequate to provide a good unde1standrng of the general partitionmg prop­

erties of LFSRs and LCARs Mo1eove1 , p1ev1ous mvest1gations do not treat 

these machmes ma umfoim way and as a result a fair companson is not possi­

ble In this thesis, we focus out attention on this issue The way we approach 

the problem of part1t1onrng lrneai machrnes and the results of our research -

a combmat10n of theo1et1cal and e, pe11mental 1esults - are presented m the 

next sect10ns 
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5.2 Methodology 

Our methodology serves two p11ma1y goals Fust, 1t provides a way of ach1ev­

mg better ms1ght mto the pa1 t1t1011111g p1ope1 ties of LFSRs and LCARs Sec­

ond, 1t allows us to measu1e and compare then behavior smce s1m1lar tests 

are applied to the different machmes In this section, we clanfy and discuss 

our methodology to obtam expenmental results which serve the above two 

purposes 

First, we explore the whole space of l111ear fimte state machmes of length 

n Two types of machrnes ate cons1cleted 111 this study 

• machmes which implement an 11 teduc1blecha1actenst1c polynomial and, 

• machmes which implement a p11rn1t1ve chatactenstic polynomial 

Note that the second set of mach111es 1s a subset of the first one The moti­

vation for such a cons1de1at1on 1s twofold 

1 A hnear fi111te state rnachme with an 111educ1ble or pnrmt1ve charac­

tenst1c polynonual e:\h1b1ts bette1 behav10r m terms of ahasmg and 

randomness properties than a 1ed uc1ble machme [51 , 52, 53] Conse­

quently, these are the machmes of the most practical use either for 

compaction, 01 as pseudo-iandom pattern generators 

2 An LCAR with an 111 educ1ble cha1acte11st1c polynomial, has the same 

behavior as the 1somotph1c LFSR of either Type 1 or Type 2, smce 

they are based on the !>a.me cha1acte11st1c polynom1al [40] 

Second, we a1e mte1ested 111 pat t1tionrng a lrnear fimte state machme of 

length n mto two bit-slices of length r ands such that r + s = n Obviously, 
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□ [~ ! I I I l [I] I I i i I 

I I I I I I I I 
(n-1) 

j I I I I I [I] 

I I I ! ,n □ 
Figure 5 1 All the possible pa1 t it ians of a length n = 6 machine 

[I] I I I II I t 
I I I I I i II I 

(n-3) 

I I I i I [I] i 
Figure 5 2 All the p10pe1 pai t itians of a length n = 6 machme 

there are other choices as well, a machme of length n can be partitioned mto 

at most n bit-slices When such a machme 1s part1t1oned mto two parts there 

are (n - 1) possible paitit10ns (see figu1 e 5 1) However, 111 this study we 

reqmre that both bit-slices which 1esul t from the part1t10nmg have length at 

least two, 1 e , the part1t1ons mto length 1 and length (n - 1) submachmes 

are excluded These a1e te1 med degenernte pa1 titians The nondegenerate 

partitions a1e te1med p1ope1 ones Hence, we considei (n - 3) proper par­

titions out of the (n - 1) possible ones (see figme 5 2) and only machmes 

with length n > 3 are of mte1e5t 
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Our rat10nale for exclud111g degene1ate pa1 t1t1ons 1s that an LFSR with 

length one always implements the chaiacte11st1c polynomial x + 1 which is 

prm11t1ve On the other hand, a length one LCAR may have either a rule 

90 cell or a rule 150 cell , and m the fo1mer case, implements the polyno­

mial x This machme startmg wi th the m1tial state 1 and takmg O from its 

boundanes , goes to state O and hence does not ha\ e a maximal length cycle2 

Thud: we measu1 e the pa1 t1t1on111g behav101 of t he 1rreduc1ble and pnm-

1t1ve LFSRs and LCARs of length n usmg two pa1 ameters 

1 ATLOP the number of length n machmes which have AT Least One 

Part1t10n with t he desi·, ed p1operty 

2 PEPP the P E1centage of Pai t1t10ns which have the desired Property 

For irreducible machmes, a pa, t1t1on with the desired property is an Irre­

ducible part1t1on Hence PEPP 1s defined as 

P ,rred * 100 
(n - 3) * irred(n ) 

where, P ,rred JS the total numbe1 of irreducible partitions and irred( n) IS the 

total number of ureduc1ble polynomials of deg1ee n 

For prnrutive machmes, a pa1 t1t1011 with t he desired property 1s a pnm1-

t1ve part1t1on , and hence PEPP 1s defined as 

2However , the mathemat ical tool Maple V 4 2 wh ich 1s used 111 this study considers the 

polynom1al x as prn111t1ve 
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P7mm * 100 

(n - 3) * prim,(n) 

where, Pprim 1s the total number of prnrnt1ve partitions and prim( n) 1s the 

total number of prmut1ve polynom1als of degree n 

In the followrng sect10ns, the 1esults of om research are presented The 

1rreduc1ble/pnm1tive LFSRs and the 1rreduc1ble/pnillltive LCARs are dis­

cussed separately Possible ha1 ch~a1e fo1 dynam1cally reconfiguring a linear 

machine 1s presented later m this chapte1 

5.3 Partitioning of LFSRs 

The partitioning behav101 of LFSRs of length up to 16 which implement 

1rreduc1ble and p11m1t1ve polynom1als 1s given 111 tables 5 1 and 5 2, respec­

tively 

An exammat10n of the 1esu lts 111 table 5 1 shows that the highest value 

of PEPP 1s obtamed fo1 n = 4, and 5 Fo1 mc1easmg values of n up to 16 

the percentage of irreducible pa1 t1t10ns decreases gradually until 1t reaches 

the lowest value of 6 21 for n = 16 In terms of the number of machines of 

length n which have at least one u1 educ1ble pa1t1t1on (ATLOP) the values 

vary The lowest value of ATLOP 1s fo1 n = 4 where only one out of the 

three 1rreduc1ble polynomials, 1 e, 3-3%, has at least one 1rreduc1ble partition 

ATLOP (as a percentage) gets the highest value when n = 8 There are 22 
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D egree PEPP Num ber of ATLOP 
In ed polynomials 

4 33 33 3 1 

5 33 33 6 4 

6 14 81 9 4 
7 19 44 18 10 

8 18 00 30 22 

9 11 30 56 32 

10 1139 99 55 

11 9 67 186 11 2 

12 9 02 335 206 

13 7 87 630 356 

14 7 46 1161 731 

15 6 53 2182 1262 

16 6 21 4080 2393 

Table 5 1 The partit1on111g behav101 of LFSRs which implement irreducible 
polynomials 

length eight polynomials out of the 30 111educ1ble ones, 1 e 73 33%, which 

have the desll'ed p1ope1 ty 

The results shown 111 tab le 5 2 yield to s1mil a1 observations for pnm1t1ve 

polynomials Note that 111 the fost 10w the1e a1e entries which are zero 

That means , there 1s no LFSR of length fou1 which has pnrmtive partitions 

and as a result the values of PEPP and ATLOP aie both zero These two 

parameters get their highest values for n = 5, 6 For n = 9 up to 16, less 

than 50% of the p11m1t1ve polynomials have at least one primitive partition 

From tables 5 1 and 5 2, 1t can be seen that there 1s no 1rreduc1ble 

polynomial of degree five and SI\. which has 111educ1ble partitions which are 
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Degree PEPP Nwnb er of ATLOP 
Przm polynomials 

4 0 2 0 
5 33 33 6 4 
6 22 22 6 4 
7 16 66 18 10 

8 12 50 16 10 
9 9 72 48 22 
10 8 57 60 26 
11 6 81 176 80 
12 6 .32 144 70 
13 5 42 6:30 276 
14 4 9:3 756 336 
15 :3 94 1800 704 
16 4 15 2048 904 

Table 5 2 The pa1 t1t1on111g behavior of LFSRs which implement pnrrut1ve 
polynomials 

not pnm1t1ve 

Further d1scuss1on on the pa1t1 t1on111g behav101 of LFSRs 1s provided m 

section 6 6 

5.4 Partitioning of LCARs 

The part1tionmg behavior oi LCAR s wh ich implement 1rreduc1ble and pnm-

1t1ve polynon11als 1s 1epo1 ted m tables 5 3 and 5 4, 1espect1vely 

In table 5 3, the pe1centage of 11 1educ1ble pa1 t1t1ons (PEPP) vanes be-
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tween 33 33% and 7 39% F1om n = 7, the longer the machme length, the 

lower 1s the value of PEPP In te1ms of the number of machmes of length 

n which have at least one 1r1 edu c1ble pa1 t1t1on (ATLOP), the values agam 

vary As for 1rreduc1ble LFSH. s, the lowest value of ATLOP is for n = 4 In 

general, less than 80% of the 11 iedu c1ble LCARs have at least one irreducible 

partition 

LCARs which implement pl!m1 t1ve polynomials have s1m1lar performance 

which is shown rn table 5 4 For n = 4, PEPP reaches the highest values 

that have been seen so far, i e, 50% F01 higher ,alues of n, the percentage 

of pnm1tive parti tions dec1eases giadually until it reaches the lowest value 

4 81 for n = 16 Generally, less than 67% of the pnmitive polynormals have 

at least one prnrntive pa1 t1t1on 

The first two 10ws of tables 5 3, and 5 4 show that there is no irreducible 

LCAR of length foui and five which has m educ1ble part1t1ons 

60 

In general , for 1rreduc1ble/p111rntive LFSRs and 1rreducible/pnmit1ve LCARs 

there m no value of n fo1 which the1e 1s at leas t one proper partition for each 

machme However, LCARs have slightly better performance than LFSRs 

Further d1scuss1on on the pa1 t1t10111ng behav101 of these machines 1s provided 

m sect10n 6 6 

5.5 Design Principles 

In this section, the add1t1ona.l ha1dware which must be added m the design 

to support the dynamic reconfiguiat1on of the linear machme and its imple­

mentation cost a1e p1esented 
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Degree PEPP Number of ATLOP 
frred Polynomials 

4 33 33 3 1 
5 16 66 6 2 
6 22 22 9 5 
7 22 22 18 12 
8 17 33 30 21 
9 14 88 56 40 
10 14 57 99 79 
11 12 36 186 132 
12 1140 335 233 
13 9 68 630 436 
14 9 06 1161 801 
15 8 60 2182 1504 
16 7 39 4080 2735 

Table 5 3 The part1t10nrng behav101 of LCARs which implement 1rreduc1ble 
polynomials 

In our d1scuss1on , we cons1de1 the follow111g lmear machmes 

• Type 1 LFSRs 

• Type 2 LFSRs 

• LCARs with cornputc1,t 1on 1 ules 90 and 150 

In the figures which a1e ptesented t he a1 ea enclosed m dotted Imes 1s the 

extra hardware which p1ov1des a mach111e with the ability to function either as 

one long mach111e ( normal mode) or as two submachmes (partitioned mode) 

One additional signal, named PA RT has been 111co1porated to control the 
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Degree PEPP Num ber of ATLOP 
Prim Polynomials 

4 50 00 2 1 

5 16 66 6 2 
6 27 77 6 4 
7 18 05 18 11 

8 12 50 16 8 
9 12 15 48 27 

10 11 42 60 40 

11 8 59 176 91 

12 7 40 144 78 
13 6 38 630 311 

14 5 73 756 378 

15 5 53 1800 910 

16 4 81 2048 1002 

Table 5 4 The pat t1t10n111g behav101 of LCARs which implement prm11t1ve 
polynomials 

dynamic reconfiguration In the normal mode of the machme, PART will be 

0 However, when PART equals 1 the machme 1s partitioned mto two small 

submachmes 

In the case of Type 1 LFSRs, the p1oposed hardware design 1s shown 

m figure 5 3 It can be seen that the e-..tia combmational logic consists of 

two multiplexers This 1s 1eq uu ed to control the feedbad, loops durmg the 

dynamic reconfiguration In the example shown m figure 5 3, the LFSR 

which implements the cha1acte11st1c po lynomial x 5 + x 2 + 1 can work dur­

mg the partition mode as two mach111es which implement the polynormals 

x 3 + x 2 + 1 and :z, 2 + 1, 1espect1 vely 

62 



CHAPTER 5 PARTITIONING OF LINEAR MACHINES 

additional 
/ hardware 

····························~ . . . 
PART : 

PART 

Figure 5 3 Type 1 LFSR Dynamic 1econfigurat1on of Type 1 LFSR 

The case of a Type 2 LFSR 1s s1Irnla1 to the case of a Type 1 LFSR 

The proposed hardwai e design 1s shown m figu1e 5 4 Later m this section 

we discuss a particular s1tuat1on which arises when the partition takes place 

where there is an embedded XOR gate 

The proposed hardware design for LCARs 1s shown m figures 5 5 and 5 6 

This example shows that by add111g the conti ol signal PART and two AND 

gates the LCARs which implement the p t 1m1t1ve polynomials x 2 + x + 1 and 

x 3 + x 2 + 1 respect ively, can function as e1the1 two machines or one machme 

which implements the p11m1t1ve polynomial :i 5 + x3 + 1 The two AND gates 

have been added m 01de1 to b1 ea k the commun1cat 1011 path between the two 

cells at the pa1tit1011 po111t 

It 1s worth comment mg on the s1tuat1on which 1s ptesented m figures 5 7 

and 5 8 Figure 5 7 shows a Type 1 LFS R with 1rreduc1ble charactenstic 
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additiona1 
/ hardware 

~····························· 
PART 

,--------~--t-t----.------..-~MUXt---r-;;------, 

................ 

F igure 5 4 Type 2 LFSR Dynamic 1econfiguiat1on of Type 2 LFSR 

additional 

/ hardwm 

' 

Figure 5 5 Dynamic ieconfiguiat1on of an LCAR High level view 
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C 

clock 

additional 

, .. /.: hardware 

PART~ 
t-----.: . 

C 

Figure 5 6 Dynamic 1econfigu1at10n of an LCAR Low level view 

polynomial x 4 + x3 + :i 2 + x + l Cons1de1 the partit10nmg of this LFSR mto 

two equal size and maximal length submach mes It appears (see figure 5 8) 

that we can tal-..e advantage of the XOR gate at the break pomt and reduce 

the hardware which controls the dynamic reconfigurat10n by one OR and one 

AND gate Hence, the partit10n111g of a Type 1 LFSR can have mmimum 

implementation cost 1f there 1s an XOR gate at the break pomt Figures 

5 9 and 5 10 presents a m1111rnum cost part1t1onmg for the case of a Type 2 

LFSR 

A more detailed evaluation of the ha1dwa1e overhead 1s given m the next 

chapter 

5.6 Discussion 

We have exammed and evaluated the part1t1onmg behavior of LFSRs and 

LCARs usmg two paramete1s, namely PEPP and AT LOP Recall that PEPP 
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Figure 5 7 Type 1 LFSR The lmear machme implements the Irreducible 
polynomial x 4 + x3 + x 2 + x + l 

additiona1 

/ hardware 

·····-···--------------------1 

PART 

........... '\ . 

PART , . 
• I 
~- •••••••••••• J 

Figure 5 8 Type 1 LFSR The existence of an XOR gate at the break pomt 
yields a partitiomng with m1111mu m 1mplementat1on cost 
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Figure 5 9 Type 2 LFSR The lrnear machme implements the Irreducible 
polynomial x 4 + x3 + x 2 + x + I 

additional 

/ hardware 

PART 

PART 
' --------------------- ------ -

Figure 5 10 Type 2 LFSR The existence of an XOR gate at the break pomt 
yields a partit10nmg with m1111mu m 1mplementat10n cost 
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1s defined as the percentage of proper partitions which are 1rreduc1ble or 

pnrrutive and ATLOP 1s defined as the number of machmes which have at 

least one proper part1t10n which 1s irreducible or pnm1t1ve The results of 

our expenments are hsted 111 tables 5 1 - 5 4 

These tables provide 111s1ght 111to the pa1 t1t1onmg behav10r of LFSRs and 

LCARs and can be cons1de1ed as the source of two hypotheses 

1 Isomorphic LFSRs and LCARs exh1b1t different part1tJonmg behav10r 

LCARs appea1 to have slightly better performance than LFSRs 

2 Despite the fact that 111 ed uc1b le and p11m1t1ve LFSRs and LCARs ap­

pear to have 111ecluc1ble and p111rnt1ve pa1 t1t10ns, the number of such 

partitions 1s qmte small 

To support the fiist argument, comparative graphs for 1rreduc1ble and 

pnrrut1ve machmes a1e shown 111 figme~ 5 11 and 5 14 respectively The 

y axis 1s the logarithm of PEPP while the x axis gives the length n of the 

machmes or the degree of the characteristic polynomials The performance 

of LCARs almost always exceeds the pe1formance of LFSRs3 On the other 

hand, LFSRs appea1 to have slightly bette1 behav10r than LCARs for n = 5 

and 8 The hypotheses 1s also suppo1ted by the values of ATLOP In tables 

5 1- 5 4, 1t can be seen that LFSRs exh1b1t h1ghe1 values for AT LOP only for 

n = 5 and 8 

This last observation implies that 111 cases where PEPP has higher values 

for LFSRs, ATLOP 1s h1ghe1 as well T l11S po111t 1s mterestmg because al­

though the values of ATLOP go up and down the values of PEPP are more 

3Th1s can be seen from eit her figu1e 5 11 or 5 14 
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consistent, 1 e , they dec1ea.se as t he ma.ch111e length mcreases The results 

imply that PEPP 1s a key and 1eliable paiameter m md1catmg and evaluat­

mg the partitionmg behavior of lmear machmes Moreover, 1t allows us to 

extrapolate the performance of mach111es of length greater than 16 

As shown m figures 5 11 a.nd 5 14, the value of PEPP for n > 8 decreases 

as the degree of the polynomials 111creases It 1s worth observmg that m 

figures 5 12, 5 13 and 5 15, 5 16, whe1e odd and even degree polynomials 

are treated separately, PEPP with n > 8 dec1eases almost lmearly This 

leads us to speculate that l111ea1 rnach111es of length longer than 16 exh1b1t 

snrular part1t1onmg behav101 

As a result , even fo1 longer th an length 16 machmes, one would argue that 

PEPP 1s hkely to dec1ease while n 1s 111c1easmg Cons1dermg that PEPP for 

n = 16 reaches the value 4 15%, one would expect that 1t exh1b1ts very small 

values for longe1 machmes Self test would look rno1 e affordable 1f the same 

long maximal length cycle mach111e could be pa1 t1t1oned mto maximal length 

submachmes Tl11S could allow the use of the same machme for other pur­

poses, and hence achieve better ut1hzat1on of the BIST hardware However , 

the decrease of PEPP as n mc1eases means that 1t becomes mcreasmgly 

harder for a des1gne1 to find a machme which has the desJred prmutive ( or 

1rreduc1ble) partition 

An mterestmg 1llust1at1on of this a1gument 1s shown m tables 5 5 - 5 8 

It can be seen that for n > 7 there 1s only one Hreduc1ble LFSR of degree 

14, and four 1rreduc1ble and one pmrut1ve LCAR of degree 16 which have 

five proper part1t1ons which p1 eserve the desired property Recall that for a 

machme of length n we assume n - 3 p1oper partitions 

To conclude this chapte1, we 111vest1gate the ability of 1rreduc1ble and 
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Total The number of polynomials of degree n which 

n num of have P irreducible partitions (P = 0, ,n - 3) 
polys 0 1 2 3 4 5 6 7 8 9 10 11 12 13 

4 3 2 1 
5 6 2 4 0 
6 9 5 4 0 0 
7 18 8 6 4 0 0 
8 30 8 17 5 0 0 0 
9 56 24 26 6 0 0 0 0 
10 99 44 33 20 2 0 0 0 0 
11 186 74 82 28 2 0 0 0 0 0 
12 335 129 148 50 8 0 0 0 0 0 0 
13 630 274 234 108 10 4 0 0 0 0 0 0 
14 1161 430 538 168 22 2 1 0 0 0 0 0 0 
15 2182 920 876 324 60 2 0 0 0 0 0 0 0 0 
16 4080 1687 1624 642 121 6 0 0 0 0 0 0 0 0 

Table 5 5 LFSRs which implement 1rreduc1ble polynomials 

pnrmtive machmes to be pa1 t1tioned mto 1lleduc1ble and pnm1t1ve subma­

chmes For each deg1ee, the1e e>.1sts a numbe1 of polynomials which have this 

property This facilitates the use of the same machme for different purposes 

However, there may exist s1tuat1ons whe1e this pe1formance may not provide 

a lot of flex1b1hty Ill the design This 1s because the percentage of 1rreduc1ble 

or pnm1t1ve machines which have 1rreduc1ble or pnm1t1ve part1twns appears 

to be fairly small, especially fo1 longe1 machmes This leads to the questwn 

how can we achieve bette1 pe t fo1 mance of LFSRs and LC A Rs? Can we im­

prove the partit1onmg behav101 of these machmes Just by allowmg mm1mum 

modifications m the design ? The next chapte1 111vest1gates and answers these 
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Total The numbe1 of polynomials of degree n which 
n num of have P pnmitwe partitions ( P = 0, ,n - 3) 

polys 0 1 2 3 4 5 6 7 8 9 10 11 12 13 
4 2 2 0 
5 6 2 4 0 
6 6 2 4 0 0 
7 18 8 8 2 0 0 
8 16 6 10 0 0 0 0 
9 48 26 16 6 0 0 0 0 
10 60 34 16 10 0 0 0 0 0 
11 176 96 66 12 2 0 0 0 0 0 
12 144 74 60 8 2 0 0 0 0 0 0 
13 630 354 220 48 6 2 0 0 0 0 0 0 
14 756 420 268 62 6 0 0 0 0 0 0 0 0 
15 1800 1096 568 124 12 0 0 0 0 0 0 0 0 0 
16 2048 1144 724 162 14 4 0 0 0 0 0 0 0 0 0 

Table 5 6 LFSRs which implement prnmtive polynomials 

two quest10ns 
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Total The number of polynomials of degree n which 

n num of have P u 1 educzble partitions ( P = 0, ,n - 3) 
polys 0 1 2 3 4 5 6 7 8 9 10 11 12 13 

4 3 2 1 
5 6 4 2 0 
6 9 4 4 1 0 
7 18 6 8 4 0 0 
8 30 9 16 5 0 0 0 
9 56 16 30 10 0 0 0 0 
10 99 20 59 18 2 0 0 0 0 
11 186 54 88 36 8 0 0 0 0 0 
12 335 102 139 79 13 2 0 0 0 0 0 
13 630 194 286 128 20 2 0 0 0 0 0 0 
14 1161 360 498 253 46 4 0 0 0 0 0 0 0 
15 2182 678 890 482 128 4 0 0 0 0 0 0 0 0 
16 4080 1345 1757 799 152 23 4 0 0 0 0 0 0 0 0 

Table 5 7 LCARs which implement 1rreduc1ble polynomials 
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Total The num,be1 of polynomials of degree n which 
n num of have P p1 w izt1ve pa, tztwns (P = 0, ,n - 3) 

polys 0 1 2 3 4 5 6 7 8 9 10 11 12 13 

4 2 1 1 
5 6 4 2 0 
6 6 2 3 1 0 
7 18 7 9 2 0 0 
8 16 8 6 2 0 0 0 
9 48 21 19 8 0 0 0 0 
10 60 20 34 4 2 0 0 0 0 
11 176 85 66 20 5 0 0 0 0 0 
12 144 66 63 12 3 0 0 0 0 0 0 
13 630 319 228 76 6 1 0 0 0 0 0 0 
14 756 378 291 75 12 0 0 0 0 0 0 0 0 
15 1800 890 658 220 31 1 0 0 0 0 0 0 0 0 
16 2048 1046 754 220 25 2 1 0 0 0 0 0 0 0 0 

Table 5 8 LCARs which 1mplement p11m1t1ve polynorruals 



Chapter 6 

Improving the Partitioning 

Behavior 

In chapter five, we discuss the pat t1t10111ng behav10r of two lmear fimte state 

machmes It appears that LCARs have slightly better performance than 

LFSRs However, for both machmes the pe1centage of 1rreduc1ble or pnm-

1tive partitions 1s small This led us to investigate ways to improve their 

partit1onmg behavior 

In this chapter, 1t 1s dernonst1ated that better pe1formance for LFSRs and 

LCARs can be accomplished by allo,, 111g m111 1rnurn hardware mod1ficat10ns 

Expenmental results a1e ptesented to substantiate this claim 

Usmg the OASISi Design System [32) and the Magic Layout Editor [4 7), 

1Open Architecture S1hcon Implementat1011 Software d1stnbuted by the M1croelectron-

1cs Center of North Caroline 
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we estimate the area overhead due to the extra hardware which 1s reqmred 

for the dynamic reconfiguration and the modifications 

6.1 Introducing Minimum Modifications 

In this section the idea of mm1mum mod1ficat1ons 1s formalized Some ex­

amples are also p1esented to illustiate this mod1ficat10n of a linear machme 

Defimt10n 6 1 One modification to an LFSR 1s the 111troduct1on or the ehm­

mat1on of a nonze10 te1 m 111 its chat acte11st1c polynomial 

Example 6 1 Consider the LFSR with 1educ1ble charactenst1c polynormal 

x12 + x 9 + x 3 + 1 With the 111t10duct10n of the term x2, the polynormal 

x12 + x 9 + x 3 + x 2 + 1 1s fo1mecl This 1s p11rmtive and the correspondmg 

LFSR has a maxnnum length sequence 

Example 6 2 Consider the LFSR which implements the reducible polyno­

mial x 12 + x 9 + xs + x 5 + x 4 + 1 By ehmmatmg the term x 4 the pnm1t1ve 

polynomial x 12 + :i, 9 + xs + :i, 5 + 1 1s fo1med, and the correspondmg LFSR 

has maxunum length sequence 

For an LFSR, the 111ttoduct1on of a nonze10 te1m m its charactenstic poly­

nomial 1s defined as a change J, om O to 1, w bile the ehmmat10n of a nonzero 

term 1s defined as a change J, om 1 to 0 

Defimt10n 6 2 One modification m a LCAR 1s the reconfiguration a rule 90 

cell to a rule 150 cell or vice ve1sa 
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Example 6 3 Cons1de1 the LCAR which implements the Jrreduc1ble poly­

nomial x12 + x 11 + x 10 + 1 8 + :i, 7 + x + 1 This 1s composed of rules 150-150-

150 - 90 - 90 - 90 - 90 - 90 - 150 - 150 - 90 - 90 Recall that the LCAR 

1s also represented by the b111a1y vector [111000001100] where 1 denotes a 

rule 150 cell and 0 denotes a 1 ule 90 cell By mod1fy111g the seventh rule 

90 cell to rule 150 cell a prnrntive LCAR 1s obtamed This implements the 

charactenst1c polynomial x 12 + x 9 + :i, 8 + x3 + x2 + x + 1 

Example 6 4 Cons1de1 the LCAR with 1educ1ble charactenstic polynormal 

x12 + x 11 + x 9 + x 8 + x 6 + x 5 This 1s iep1esented by the bmary vector 

[110111001100] Suppose now that we modify the first rule 150 cell to a rule 

90 cell The resultrng LCAR [010111001100] 1s pnrmtive with charactenstic 

polynomial x12 + x7 + x6 + x4 + 1 

For an LCAR, the reconfigmat1on of a lllle 90 cell to a rule 150 cell is defined 

as a change from O to 1, while the 1 econfigm at1on of a rule 150 cell to a rule 

90 cell 1s defined as a change Ji om 1 to 0 

The above defirntions can be t1anslated 111to sunple hardware modifica­

tions which are illustrated 111 section 6 4 

We now discuss how an llleducible or a p11mitive machme can be obtamed 

if we allow m1rnmum modifications This idea has been implemented m 

Maple [48], and tables have been const1 ucted All irreducible and pnmitive 

machmes up to length 16 have been 111vestigated For each length (n = 

4, , 16) the values of ATLOP and PEPP have been found, allowmg one 

modification 

More specrfically, for each iueducible machme all the proper partitions 

are exarmned If there exists a part1t1on where one bit-slice 1s irreducible 
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and the other one 1s reducible, then, we t1y one mod1ficat1on m the re­

ducible part The goal 1s to achieve a pa1 t1t1on where both b1t-shces are 

ureduc1ble However, 1f thete ex ists a partition where both b1t-shces are re­

ducible, no mod1ficat1on 1s a llowed The 1eason 1s that we restnct ourself to 

only one mod1ficat1011 Obviously, one could allow more than one modifica­

tions However , the 111creased aiea ove1head would become unreasonable for 

some s1tuat1ons 

S1rmlarly, for each prnrnt1ve mach111e all the proper part1t1ons are exam­

med In cases where a part1t1on has only one pnm1t1ve b1t-shce, we try one 

rnod1ficat1on m the othe1 nonp11m1t1ve part The goal 1s to achieve a part1-

t10n where both bit-slices a1e p111n1t1ve The 1estuct1on of one mod1ficat10n 

does not allow us to t1y any change 1f both bit-slices are nonpnm1t1ve 

The e:>..penmental results a1e presented and discussed 111 the followmg 

sections 

6.2 Improving the Partitioning of LFSRs 

The partit1on111g behav101 of 111 educ1ble and p11m1t1ve LFSRs up to degree 

16, when mm1mum mod1fications a1e allowed, 1s shown m tables 6 1 and 

6 2, respectively 

An exammation of the 1esults 111 these tables yields the followmg obser­

vations 

• Irreducible and pnm1t1ve LFSRs exh1b1t better partitionmg perfor­

mance when m1111mum mod1ficat1ons ate allowed 

• Almost all 111 educ1ble LFSRs have at least one 1rreduc1ble partition 
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(ATLOP) For all these rnachmes, up to degree 9 there is at least one 

partition with t he des11ed p1operty For higher degrees, up to 16, the 

number of 11reducible LFSRs which do not have ureducible partitions 

vanes between one (fo1 n = 10) and 18 (for n = 16) 

• All prnmt1ve LFSRs up to deg1ee eight have at least one primitive par­

tit10n (ATLOP) Fo1 h1ghe1 deg1ees up to 16, the number of pnrrubve 

LFSRs which do not have any pt 1m1t1ve part1t10ns vanes between one 

(for n = 12) and 65 (fo1 n = 15) 

• One mod1ficat1on 1esults m la1ge1 values for PEPP The percentage 

of irreducible pat t1t1on5 5ta1 ts f10m 100% for n = 4 and gradually de­

creases down to 33 52% fo1 n = 16 Recall that the correspondmg value 

before we allow any rnod1fications, was 6 21 % A similar improvement 

can be noticed for t he pe1centage of pnm1bve partit10ns It is equal to 

100% for n = 4 and g1adually dec1eases to 24 50% for n = 16 Without 

any mod1ficat10ns the value of PEPP for n = 16 was 4 15% 

• For both m educ1ble and p11m1t1ve LFSRs, PEPP and ATLOP reach 

maximal values fo1 n equa ls fou1 

Further discussion on t he 1rnp1ovecl pat t1t1on mg behavior of LFSRs is given 

m section 6 6 

6.3 Improving the P artit ioning of LCARs 

The partitionmg pe1f01 mance of ll 1educ1ble and p11m1t1ve LC A Rs up to de­

gree 16 after the mtrod uct1on of one mocl1ficat10n , 1s reported m tables 6 3 

84 



CHAPTER 6 IMPROVING TJJE PAJITITIONING BEHAVIOR 

Degree PEPP Number of ATLOP 
11'1 ed Polynomials 

4 100 3 3 
5 66 66 6 6 
6 74 07 9 9 
7 6111 18 18 
8 54 00 30 30 
9 50 59 56 56 
10 47 47 99 98 
11 44 35 186 186 
12 41 45 :335 330 
13 38 98 630 628 
14 ;37 31 1161 1154 
15 35 17 2182 2176 
16 33 52 4080 4062 

Table 6 1 The part1t1onmg behav101 of LFSRs which implement 1rreduc1ble 
polynomials when one mod1ficat1011 1s allowed 

and 6 4, respectively Obse1 vat1ons which can be derived from the tables 

are 

• The better part1t10111ng behav101 of LCARs with the mtroduct1on of one 

modification 1s evident f1om the values of PEPP and AT LOP shown m 

tables 6 3 and 6 4 

• Out of the 8795 111educ1ble LCARs of degree less than or equal to 16, 

there 1s only one which don e not have meduc1ble partitions For every 

other meduc1ble LCAR, the1e always e:usts at least one 1rreduc1ble 

part1twn 
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Degree PEPP Number of ATLOP 
P, lm Polynomials 

4 100 2 2 
5 66 66 6 6 
6 83 33 6 6 
7 51 38 18 18 
8 45 00 16 16 

9 38 54 48 46 

10 37 61 60 58 

11 33 94 176 171 
12 31 55 144 143 

13 28 33 630 605 

14 26 29 756 735 

15 24 45 1800 1733 

16 24 50 2048 2011 

Table 6 2 The part1t1onmg behav101 of LFSRs which implement pnm1tive 
polynomials when one mod1ficat1on 1s allowed 

• There always exists one p111rn t1ve part1t1on fo r each pnmitive LCAR 

up to degree 10 For highei deg1ees up to 16, the number of pnmitive 

polynomials which do not have pi11rntive partitions vanes between one 

(for n = 11) and five (fo1 n = 16) 

• One mod1ficat10n allows PEPP to exh1b1t higher values The percent­

age of irreducible pa1 t1tions equals 100% for n = 4 and it gradually 

decreases while the deg1ee 111creases The lowest value of PEPP is 

44 08% for n = 16 S1mdady, the pe1centage of pnm1t1ve partitions , 

startmg 100% for n = 4, g1adually dec1eases to 34 34% for n = 16 

We must comment t hat, w1tliout any mod1ficat1ons, the correspondmg 
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D egree PEPP Number of ATLOP 
Ir, ed polynomials 

4 100 3 3 
5 83 33 6 6 
6 81 48 9 9 
7 66 66 18 18 
8 56 00 30 30 

9 60 71 56 56 
10 55 84 99 99 
11 55 64 186 186 

12 50 34 335 335 

13 50 12 630 630 

14 47 57 1161 1160 

15 45 91 2182 2182 

16 44 08 4080 4080 

Table 6 3 The part1t1ornng behav101 of LCARs which implement 1rreduc1ble 
polynomials when one mod1ficat1on 1s allowed 

values of PEPP for n = 16, a1e 7 39% and 4 81 % for irreducible and 

pn1TI1t1ve LCARs, respectively 

Further d1scuss1on on t he 1mp1oved pa1 t 1t1oning behavior of LCARs 1s 

given m section 6 6 

6.4 Design Principles 

In this section we present the ha1dwa1e design which supports the mm1mum 

mod1ficat1ons during the pa1 t1t1011111g of a linear machme In the examples 

used to explam the unpleme11Lat1on of one change, the extra hardware 1s 
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Degree PEPP Numb e1 of ATLOP 
Przm Polynomials 

4 100 2 2 
5 83 33 6 6 
6 72 22 6 6 
7 59 72 18 18 
8 52 5 16 16 
9 54 16 48 48 
10 44 76 60 60 
11 44 60 176 17,5 
12 40 12 144 142 
13 39 84 630 628 
14 37 01 756 752 
15 35 16 1800 1787 
16 34 34 2048 2043 

Table 6 4 The part1 t1on111g behav101 of LCARs which implement pnrrutive 
polynomials when one modification 1s a llowed 

enclosed m dotted lmes Recall , that t he PART signal which controls the 

dynamic reconfigurat ion 1s set to one during the partit10n mode In our 

discuss10n we consider t he fo llowing machmes 

• Type 1 LFSRs 

• Type 2 LFSR s 

• LCARs wi t h computat ion I ules 90 and 1.50 

For the case of a T ype 1 LFSR the hatdwaie tequ ired to implement a 

change from 0 to 1 and a chan ge fiom 1 to 0, 1s shown m figures 6 1 and 

6 2, respectively Notice t hat the change f1o m 0 to 1 ( or the mtroduct10n 
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additional 

/ hardware 

, ........... ... 
PART 

.. ■■ I ■■■■■■■■ 

Figure 6 1 Type 1 LFSR The lmea1 machine wh ich implements the reducible 
polynomial x 3 + 1 1s reconfigu1ed, afte1 the pa1 t1t1on111g, to a maximal length 
machme with characte11st1c polynomial x 3 + x + 1, change from 0 to 1 

of a nonzero term to the cha1acte11st1c polynom1al) requires one extra AND 

gate and one XOR gate I-loweve1, the change f1om 1 to O (or the elimmation 

of a nonzero term f1om the cha1acte11st1c polynomial) does not reqmre an 

extra XOR gate As a resu lt , one would consider t he latter mod1ficat1on as 

preferable m terms of a1ea cost, to obtam an n1 educ1ble or primitive machme 

The case of a Type 2 LFSR 1s s11111la1 to that of a T)pe 1 LFSR The 

proposed hardware for m1111mum mod1ficat10ns 1s shown m figures 6 3 and 

64 

The proposed ha1dwa1e design which suppo1 ts mm1mum modifications 

for LCARs 1s shown m figu1es 6 5 and 6 6 F1gu1e 6 5 shows the hardware 

reqmred to reconfigu1 e a rule 90 cell to a rule 150 cell Two extra gates are 

needed, one AND gate and one XOR gate Howeve1, as can be seen m figure 

6 6, the reverse change, implies only one ext1a Af\D gate As a result we 

conclude that a change f10m a 1 ule 150 cell to a 1 ule 90 cell 1s preferable smce 

1t mtrod uces a smaller ovet head 
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/

additional 
hardware 
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' : PART 

Figure 6 2 Type 1 LFSR The lmear machme which implements the reducible 
polynomial x4 +x3 +x+l is reconfigured, after the part1t1onmg, to a maximal 
length machme with charactenst1c polynorrual x 4 + x 3 + 1, change from 1 to 
0 

I 
additional 

hardware 

~················~ 

PART 

Figure 6 3 Type 2 LFSR The lmear machme which implements the reducible 
polynomial x 3 + 1 1s reconfigured , after the partit1onmg, to a maximal length 
machme with characteristic polynom1al x 3 + x + 1, change from O to 1 
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/~--~~-~-! .. 
additional 
hardware 

Figure 6 4 Type 2 LFSR The linear machme which implements the reducible 
polynomial x 4 + x 3 + x + l is reconfigured, after the partit10111ng, to a maximal 
length machme with characte11st1c polynom1al x 4 + x 3 + 1, change from 1 to 
0 

si- 1 

additional 

/ hardware 

J' •• ................ . . 
sd PART 

. l J • s 1 I-·;·· , i+l 

I a· a I , -.. 7■ ...... , 

90(150) 

C D 

Figure 6 5 LCARs A rule 90 cell ,, h1ch 1s reconfigured to a rule 150 cell 
after the partitionmg 
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/ 

add.l. tional 
hardware 

~··················· . : . . 
s i : PART~ 

a· a 
150(90) 

C D 

. 
.. •• • • • • ,I' 

Figure 6 6 LCARs A rule 150 cell which 1s reconfigured to a rule 90 cell 
after the par ti t1onmg 

Notice that the mmimum modifications requll'e the same hardware for 

both LFSRs and LCARs 

In the next section , we evaluate more precisely the hardware which sup-

ports the dynamic reconfigurat10n and t he mm1mum modifications 

6.5 Estimation of the Hardware Overhead 

This section presents an estimat10n of the overhead reqmred by the extra 

hardware needed to support the dynamic reconfiguration and the mm1mum 

mod1ficat10ns of a machme All area overhead estimates were made usmg the 

OASIS Design Sys tem and the Magic Layout Editor 

First , we compute the e>.. act silicon area ( m ,\ uni ts ) occupied by a partic-
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ular machme Then, the required hardware for the dynamic reconfiguration 

and (possibly) for one modification 1s mcorporated m the design and the area 

of the modified machme 1s estimated If we denote the area of the ongmal 

machme as Area of OM, and the area of the modified machme as Area of 

the MM, then the overhead 15 defined bj 

Overhead 
(AreaofMM)-(AreaofOM) x lOO% 

Area of OM 

We calculate the overhead for three different pnm1t1ve LFSRs and three 

different pnm1t1ve LCA Rs All the machmes under cons1derat1on have length 

16 and we attempt to part1t10n them mto two length eight pnm1tive b1t­

shces Comparisons for these machmes are shown m tables 6 5 and 6 6 

The numbers m parentheses present the overhead 

Table 6 5 sho¥-s the results for the LFSRs The charactenst1c polynomial 

and the area of the ongmal LFSR, 1s shown m the second and third column, 

respectively The fourth column of the table 6 5 gives the area occupied 

by an LFSR which also mcorporates hardware for partit10nmg The over­

head ranges from 5 79 to 17 72% The overhead for LFSR #1 1s the lowest 

because there 1s an XOR gate at the brea1. pomt (notice the x 8 term at its 

charactenst1c polynomial) Howeve1, only this machme can be part1t1oned m 

two length eight pnmJ t1ve b1t-sl1ces which both of them implement the same 

polynomial x 8 + x 6 + x 3 + x2 + 1 LFSR #2 and LFSR #3 require mJmmum 

mod1ficat1ons m order to be part1t1oned mto two pnm1tive eight b1t-shces 

LFSR #2 has a pnm1t1ve bit sli ce x 8 + x7 + x6 + x + 1 and a nonpnm1tive 

eight bit-slice x 8 + x2 + x + 1 We allow one change from O to 1 m the 
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Origina l LFSR + H/W for LFSR + H/W for 

LFSR P olynomial LFSR partition ( + % ) partition + 

one change ( + % ) 

1 xl6 + x H + xii + xlO 323 X 504 312 X 552(579) 

+ x 8 + x6 + x 3 + x 2 + 1 

2 x l6 + x lO + x9 + x7 324 X 480 311 X 544 (8 78) 333 X 568 (21 62) 

+ x6 + X + 1 

3 xl6 + x12 + x ii + xio 299 X 504 308 X 576 (17 72) 311 X 576 (18 87) 

+ x7 + x6 + x5 + x3 + 1 

Table 6 5 LFSRs The area overhead 

nonpnm1t1ve part which results to the primitive polynomial x 8 +x7 +x2 +x+l 

The combmed overhead (hardware for partit1onmg and for one change) 1s 

21 62% and 1t 1s shown m the fifth column 

The partition of LFSR #3 leads to the pnm1t1ve b1t-shce x 8 +x4 +x3 +x2 + 

1 and to the nonprn111t1ve one x8 + x 7 + x 6 + x 5 + x3 + 1 A change from 1 to 0 

m the second b1t-shce results to the p111111tive subrnachme x 8 +x7 +x5 +x3 + 1 

and the combmed area overhead ts 18 87% 

Table 6 6 summarizes the measu rements for the LCARs Only LCAR 

#1 can be part1t10ned mto two pt 11111t1ve eight bit slices which implement 

polynomials x 8 + x 7 + x 5 + x 3 + 1 and x 8 + x 7 + x3 + x2 + 1 Durmg partition 

mode, LCAR #2 and #3 requ11e a change from O to 1 and a change from 

1 to 0, respectively The combmed area overhead (hardware for part1tionmg 

and for mrn1mum mod1ficat10ns) ranges from O 42 to 2 58% and 1t 1s shown 

m sixth column of table 6 6 
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No of ru le Orig ma/ L CAR + H/W for LCA R + H/W for 

L CA R P olynomial I 50 ce lls L CA R partition{+ %) partition + 

one change ( + %) 

1 x l6 + x l 2 + x ii + x8 6 424 X 536 415 X 552 (0 79) 

+ x 1 + x6 + x 5 + x 2 + 1 

2 xl 6 + x 14 + xl2 + x i I + x lO 4 332 X 672 406 X 536 (-2 45 ) 418 X 536 (0 42) 

+ x9 + x5 + x 4 + x2 + x + l 

3 x l6 + x l 5 + x14 + xii + xlO 5 418 X 520 422 X 536(406 ) 41 6 X 536 (2 58) 

+ x6 + x5 + x 4 + x 3 + x + l 

Table 6 6 LCARs T he a1 ea overhead 

Lookmg the results shown 111 tables 6 5 and 6 6 one would argue that 

less area overhead 1s ant1c1pated for LCARs In fact , this ts true, but LCARs 

are almost 40% more expensive than LFSRs m terms of implementation cost 

It 1s worth commentmg on the overhead which appears 111 the second row, 

fifth column of table 6 6 It appears that 111corporat111g the extra hardware 

for partit10nmg LCAR #2 occupies less area1 A possible explanation 1s that 

after addmg more hardware m the design, t he cells are arranged m a better 

way, with less routmg area Thi s resul ts 111 a more square and smaller de­

sign T his behavior leads us to speculate t hat when the modified machme 1s 

embedded m a larger device the a1ea overhead will be even smaller 

Based on these obse1 vat1on s we cons1de1 th a t the hardware overhead 1s 

affordable This mah.es the idea of pa1 tit1011 111g l111ear machmes and allowmg 

mm1mum mod1ficat10ns mo1 e att1act1ve fo1 a systems designer more options 

can be offered with low 1mplementat1011 cost 
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6.6 Discussion 

In chapter five, we show that 1rreduc1ble and pnm1t1ve LFSRs and LCARs 

exh1b1t small percentages of m edu c1ble and p11m1t1ve partitions For this rea­

son, we evaluate the performan ce of these machmes after allowmg nummum 

hardware modifications m the design 

Once agam, the same parameters, PEPP and ATLOP, are used Recall 

that PEPP 1s defi ned as the percentage of proper partitions which are 1rre­

duc1ble or primitive and ATLOP 1s defined as the number of machmes which 

have at least one proper pa1 tit1on wh ich 1s irreducible or prmutive The 

results of our tests after m1111rnum mod1ficat1ons are hsted m tables 6 1 -

64 

The better part1tw111ng behavior with the mtroduction of one change 1s 

evident from t he values of PEPP and ATLOP shown m these tables For 

almost every irreducible or p11m1ti ve machme there exists at least one Ir-

reducible or primitive pa1t1twn when mm1mum modifications are allowed 

These modifications lead also PEPP to exh1b1t higher values This is more 

evident by considering t he comparative graphs shown m figures 6 7 and 6 10 

The y axis is the logarithm of PEPP while the x axis gives the length n of 

the machines or the degree of the cha1 actenstic polynormals 

Figures 6 7 and 6 10 allow us to support the followmg arguments con­

cernmg the partit10nmg performance and behavior of LFSRs and LCARs 

• LFSRs and LCARs demonstiate s1g111ficant ly better performance when 

mm1mum mod1ficatwns a1e allowed In practice, this behavior promises 

a great economy 111 ha1dwa1e smce 1t allows the use of the same machme 

for more than one pmposes 

An mterestmg illu strat1on of this argument 1s given m tables 6 7 -

96 



CHAPTER 6 IMPROVING THE PARTITIONING BEHAVIOR 

6 10 Table 6 7 and 6 8 show that m the worst case 1rreduc1ble and 

pmmtive LFSRs can have at most n - 6 1rreduc1ble and n - 8 prnrutive 

part1t1ons , respectively (n = 15, 16) Tables 6 9 and 6 10 show that 

the correspondmg value fot 111 educ1ble and pnm1t1ve LCARs, 1s n - 6 

for both cases (n = 15, 16) Recall that we assume n - 3 proper par­

t1t10ns It 1s w01 th he1e cornpa11ng these values with the ones listed m 

tables 5 5 - 5 8 Without any mod1ficat1ons, m the worst case 1rre-

duc1ble/prm11tive LFSRs can have at most n-12 irreduc1ble/pnrrutive 

partitions out of then - 3 p1oper ones (n = 15, 16) The correspondmg 

value for irreduc1ble/p11m1t1ve LCARs 1s n - 11 (n = 15, 16) 

• Initially, LCARs behave slightly better than LFSRs After the m­

troduct10n of mm1mum rnod1ficat1ons LCARs are always supenor to 

LFSRs Intuitively, this can be explamed by cons1denng the fact that 

we are allowed to try mo1e changes m LCARs More specifically, m 

an LCAR of length n we a1e able to try n changes, i e, each one of 

then cells can be 1econfigured either 111 1 ule 90 cell or m rule 150 cell 

However , 111 an n length LFSR the1e a1e only n - 1 possible changes 

Cons1dermg one change 111 an LFSR as either the ehmmation or the 

mtroduction of a te1m 111 the characteristic polynomial, there are only 

n - 1 changes This 1s because the terms xn and x0 always have to 

appear m the characteustic polynomial 

• Imtially and after m1111mum mod1ficat1ons, the percentage of irreducible 

or pnm1t1ve part1t10ns (PEPP) exhibits consistent behavior It de­

creases when the mach111e length 111creases This lead us to the conclu­

sion that even longe1 than length 16 mach111es demonstrate the same 
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n 

4 
5 
6 

7 
8 
9 
10 
11 
12 
13 
14 
15 
16 

Total The number of polynomials of degree n which 
nurn of have P irreducible partitions (P = 0, ,n - 3) 
polys 0 1 2 3 4 5 6 7 8 9 10 11 

3 0 3 
6 0 4 2 
9 0 2 3 4 

18 0 0 12 4 2 
30 0 5 6 12 7 0 
56 0 2 20 16 10 8 0 
99 1 4 16 38 28 5 7 0 
186 0 4 38 48 56 30 8 2 0 
335 5 8 47 76 115 54 20 10 0 0 
630 2 18 76 154 164 142 60 14 0 0 0 
11 61 7 24 116 271 284 262 135 54 6 2 0 0 
2182 6 44 220 448 566 468 264 136 28 2 0 0 
4080 18 96 364 782 981 855 588 300 80 14 2 0 

Table 6 7 I1reduc1ble LFSRs afte1 one rnod1ficat10n 

part1t1onmg behavior This argument 1s more evident m figures 6 8, 6 9 

and 6 11, 6 12, whe1e even and odd degree polynorruals are treated 

separately These figmes show clearly that PEPP decreases lmearly 

with the mcrease 111 the machme length 

In general, the expe11mental 1es ul ts wh ich are presented m this chapter, 

strongly support the fact that the pa1 t1t1onrng beha\1or of LFSRs and LCARs 

can be improved s1g111ficantly with low 1mplementat1on cost Moreover, 1t 1s 

md1cated that LCARs provide better part1t1onmg performance, and hence 

more 1mplementat10n options than LFSRs 
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Total The number of polynomials of degree n which 
n numof have P primitive partitions (P = 0, ,n - 3) 

polys 0 1 2 3 4 5 6 7 8 9 10 11 12 13 
4 2 0 2 
5 6 0 4 2 
6 6 0 0 3 3 
7 18 0 5 9 2 2 
8 16 0 4 5 6 1 0 
9 48 2 14 13 9 6 4 0 
10 60 2 7 15 27 5 4 0 0 
11 176 5 25 50 47 34 14 1 0 0 
12 144 1 17 46 38 28 10 4 0 0 0 
13 630 25 84 155 166 122 64 13 1 0 0 0 
14 756 21 77 198 229 149 62 19 1 0 0 0 0 
15 1800 67 245 428 461 323 170 85 21 0 0 0 0 0 
16 2048 37 201 437 563 436 256 91 25 2 0 0 0 0 0 

Table 6 8 Primitive LFSRs after one modification 
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Total The number of polynomials of degree n which 

n numof have P irreducible partitions (P = 0, ,n - 3) 
polys 0 1 2 3 4 5 6 7 8 9 10 11 12 13 

4 3 0 3 
5 6 0 2 4 
6 9 0 0 5 4 
7 18 0 0 6 12 0 
8 30 0 2 8 14 6 0 
9 56 0 0 6 18 22 10 0 
10 99 0 3 6 24 36 24 6 0 
11 186 0 2 6 28 58 56 34 2 0 
12 335 0 2 11 40 109 115 47 7 4 0 
13 630 0 2 10 72 138 176 144 80 8 0 0 
14 1161 1 2 23 108 225 270 313 180 35 4 0 0 
15 21 82 0 4 38 138 324 540 610 378 124 26 0 0 0 
16 4080 0 2 53 230 571 914 1054 778 354 111 13 0 0 0 

Table 6 9 Irreduc1ble LCARs after one mod1fication 
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Total The numbe1 of polynomials of degree n which 

n numof have P primitive partitions (P = 0, ,n - 3) 
polys 0 1 2 3 4 5 6 7 8 9 10 11 12 13 

4 2 0 2 
5 6 0 2 4 
6 6 0 1 3 2 
7 18 0 2 7 9 0 
8 16 0 1 6 7 2 0 
9 48 0 1 10 18 14 5 0 
10 60 0 4 18 13 18 5 2 0 
11 176 1 8 25 54 44 32 12 0 0 
12 144 2 2 23 36 50 24 5 2 0 0 
13 630 2 22 70 136 171 135 78 15 1 0 0 
14 756 4 21 79 164 193 165 105 21 3 1 0 0 
15 1800 13 41 172 353 460 391 258 91 18 3 0 0 0 
16 2048 5 32 169 336 504 516 294 143 39 8 2 0 0 0 

Table 6 10 P lllrntive LCAR.s afte1 one mod1fica.t1011 
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Chapter 7 

A Probabilistic Treatment 

In chapters four and five, we p1esent mamly experimental results which give 

us an ms1ght mto the partit10rnng behavior of LFSRs and LCARs We test 

the ab1hty of Irreducible and pnm1t1ve machmes to be part1t1oned mto two 

1rreduc1ble and pnm1t1ve bit-slices, respectively We measure the number of 

machmes which have this property as well as the percentage of Irreducible 

and pnm1tive partit10ns for each degree up to 16 These results allow us to 

make reasonable assumptions conceinmg the part1t1onmg behav10r of longer 

machmes 

In this chapter, we cons1de1 a p1obab1hst1c treatment of the same prob-

lem We mvest1gate the probabili ty that a randomly chosen 1rreduc1ble or 

pnrmt1ve polynomial has at least one 1rreduc1ble or pnm1t1ve partit10n Im­

tially, m our research we consider LCARs which have been found to have 

better partit10nmg performance than LFSRs The particular case of LCARs 

of even degree 1s also considered 
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7.1 Probabilistic Treatment of length n LCARs 

In this sect10n, we mvest1gate the probability that a randomly chosen pnm-

1t1ve LCAR of length n has at least one prim1t1ve part1t10n We denote this 

probab1hty as Pr{ AT LOP} It 1s appropriate at this pomt to define some 

smtable notation Let, Pr{ A} denote the probability that an event A occurs 

Typically, we describe an event A as follows A = { w w satisfies the desired 

property for the event A}, this 1s read as "A 1s the set of ob Jects w such that 

w satisfies the desired property for the event A " Then, the probab1hty that 

the even A. occurs 1s defined as 

Pr{ A} = number of ob Jee ts w which satisfy the desired property (
7 1

) 
total number of ob1ects 

Let us now calculate the probab1hty that an LCAR 1s prnrut1ve 

T heorem 7 1 [12 , page 9] If an 1rreduc1ble polynomial p 1s the charactenstic 

polynomial of an LCAR, then p has exactly two LCA Rs , which are reversals 

of each other 

From the above theorem, the conJectu1e proposed by Cattell (1991) follows, 

ConJecture 7 1 Each prnrnt1ve (or 1rreduc1ble) polynorrual 1s the charac­

tenstic polynomial of two LCARs 

In [11] an algonthm for computmg the LCAR for a given polynomial (1f 

one exists), 1s described Usmg this algorithm, K Cattell and J Muzio have 

proved exhaustively that the conJecture 1s true for every polynoIDial up to de­

gree 19 This also holds for every higher degree ureduc1ble polynorrual which 
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has been randomly selected and tested These results give us strong evidence 

about the correctness of the conJecture for every 1rreduc1ble polynormal 

Based on Equation 7 1 and the proposed conJecture the probability that 

a randomly chosen LCAR 1s pum1t1ve, 1s defined as 

2 x prim(n) 
Pr{an LCAR of length n zs przmztzve} = 

2
n (7 2) 

where przm(n) denotes the number of pnm1tive polynomials of degree n, and 

2n is the total number of polynom1als of the same degree Notice that, the 

probability that a randomly chosen degree n polynomial is pnrmtive is 

przm(n) 
Pr{ a polynornzal of degree n zs przmztzve} = ---2n (7 3) 

Bardell presents a formula foi the number of pnm1tive polynomials of degree 

n [formula 7 4] This fo1mula 1s e\.p tessed 111 terms of the Euler <p-function 

which is defined as the number of pos1t1ve 111tegers less than or equal to n 

that are relatively prune to n, for any pos1t1ve 111 teger n, or 

cp(n) = n IT (1 - ~) 
pin p 

where p runs through the pumes d1v1d111g n In particular, 1f P denotes a 

pnme, cp(P) = P - 1 If Q 1s also a pnme, cp(PQ) = (P - l)(Q - 1) An 

eqmvalent defirntion 1s cp(n) 1s the number of positive irreducible fractions 
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not greater than 1, with denornmator n The number of pnm1tive polynorm­

als of degree n 1s given by 

(7 4) 

A detailed development of the formula for A 2 ( n) can be found m Golomb 

(1982) The values of .X 2 (n) for n up to 32 are given m [7] 

Now usmg our formula 7 2 we calculate the probab1hty that a part1t10n 

mto z and (n - z) length bit slices 1s p11m1t1ve Recall that a partition 1s 

called pnrmtive when both bit slices are pnm1t1ve Hence, 

Pr{a partition into (n - z) and z length bzt slices zs przmztzve} 

Pr{ the (n - z) bzt slice zs przmztzve and the z bit slice zs przmztzve} 

Pr{the (n - z) bzt slice zs przmztzve} x Pr{the z bit slice zs przmztzve} 

2 x przm(n - z) 2 x przm(z) 
2n-, X 2• (7 5) 

Now we can define the probability that a randomly chosen length n LCAR 

has at least one pnrmt1ve part1t1on as 

Pr{ AT LOP} = Pr{ an LCAR has at least one primztzve partztzon} = 

Pr { a partztzon into 2 and (n - 2) length bit slices zs primitive} 

or, Pr{ a paditzon into 3 and (n - 3) length bit slices zs primitive} 

or, 
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or, Pr{ a partition into (n - 2) and 2 length bit slices zs primitive} 

From this observat10n and the 1esult of Equation 7 5 we could express 

Pr{ATLOP} as 

'f2 x przm(n-z) X 2 x przm(z) 
2n-1 21 

1=2 

1 n -2 

-- x '"""'przm (n - z) x przm(z) 
')n-2 L....J 
~ 1=2 

(7 6) 

However, formula 7 6 1s not precise This 1s due to the fact that a polynormal 

p may have more than one pnm1t1ve partition For values of n equal to four 

and five the formula gives the same results as the expernnentally computed 

ones There exist h1ghe1 values of n t hough , for which the probab1hst1c results 

exh1b1t a dev1at1on f1om the expe11mental ones Notice m the expenmental 

results which appear m table 5 8 that when no mod1ficat10ns are allowed, 

all pnm1t1ve LCARs of deg1ee n = 4, 5 have only one pnm1t1ve partition 

With respect to this fact, we attempt to express the probability under 

consideration, Pr{ AT LOP}, m a d1ffe1ent way First, consider the probabil­

ity that a part1t10n mto (n - z) and z length bit slices 1s not pnrmt1ve This 

can be defined as 

Prnp = Pr{ a partition into ( n - z) and z length bzt slices zs not przmztzve} = 

Pr{ the (n - z) length bit slice is not primitive} + 

Pr{ the z length bit shce zs not primitive} -
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Pr{ both ( n - z) and z length bit slices are not pnmztive} 

Usmg Equatwn 7 2, we define the probability that an z length bit shce 1s 

not pnm1tive, Pr~P' as follows 

Pr~P 1 - Pr{ the z length bzt slzce zs przmztzve} 

2 x prirn(z) 
l------

21 (7 7) 

Usmg our notation for the p1obab1hty that an z length bit shce 1s not pnm1-

t1ve, Pr~P' we may rewrite the defimt1on for Prnp as 

P n-1 + p I p n-1 p 1 r np r np - r np X r np (7 8) 

where Pr~P 1s given by Equatwn 7 7 Hence, the probability that a randomly 

chosen LCAR of length n has at least one pnm1t1ve part1t10n, Pr{ATLOP}, 

can be defined as 

Pr{ATLOP} 1 - Pr{ an LC AR has no primitive partition} (7 9) 

where 

Pr{ an LC AR has no przmztzve partition } = 

Pr{ a partition into 2 and (n - 2) length bit slices is not przmztzve} 

and, Pr{a partition into 3 and (n - 3) length bit slices is not przmztzve} 
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and, 

and, Pr{ a partition znto (n - 2) and 2 length bzt slices zs not przmztzve} 

From this last defimt10n and Equation 7 8 we obtam 

n -2 

Pr{ATLOP} 1 - II (Pr~;•+ Pr~P - Pr~;1 x Pr~P) (7 10) 
1=2 

We consider here the two bit slices as mdependent smce the LCAR 1s chosen 

at random It 1s clear from fo1rnulas 7 7 and 7 10, that the probability 

Pr{ AT LOP} 1s dependent on the number of primitive polynormals of some 

degree This number mcreases hhe 2n /n when the polynormal degree n m­

creases The denommator m fo1mula 7 7 mcreases also exponentially with 

the mcrease m the polynomial degree This Justifies our expenmental result 

that the percentage of pum1tive pat t1t1ons decreases as the machme length 

mcreases 

Accordmg to formulas 7 3 and 7 10 the p1obab1hty P, that a randomly 

chosen polynomial of deg1ee n 1s pnrmt1ve with at least one pnrmtive parti­

tion 1s calculated as 

p X 1 - II (Prn- , + Pr' - Prn-, X Pr' ) (7 11) (
przm,(n)) ( n -

2 
) 

')n np np np np 
- i= 2 
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Formula 7 11 can also be used as an approx1mat10n for LFSRs because 

formula 7 2 works for LFSRs too Based on the probability P, for each 

degree n, one would expect 

2n X p (7 12) 

polynomials to be pnm1t1ve with at least one pnm1tive part1t1on Moreover, 

the expected values should be m agreement with the ones we obtam by sim­

ulation (table 5 8) However , this 1s not the case The results which appear 

m table 7 1, show that theie 1s a dev1at1on between the expected and the 

computed results This fact leads us to conclude that formula 7 10 is only a 

good approx1mat1on of the desired piobab1lity However, this approx1mat1on 

1s supenor to the one obtamed by formula 7 6 Moreover, 1t gives reasonable 

results for all values of n exammed 

Formula 7 10 1s de11ved assummg that the percentage of degree n poly-

nomials ½h1ch are primitive with at least one primitive partit10n 1s always 

the same m any subset of the 2n possible polynomials 

Stated somewhat differently, we expect that the number of polynomials 

which have the desired property are 111 some sense "umformly d1stnbuted" 

throughout the entire space However, this 1s not the case The random 

distnbution of the polynomials which have the expected property allows only 

a good approximation of the desu ed probability This 1s clear m table 7 2 

where formula 7 12 1s calculated for n = 7 P1 ,3 1s the probability that the 

partition mto i and J ( = n - i) length bit slices 1s pnm1t1ve E,,3 and C,,3 1s 

the expected and experimentally computed number of pnm1tive polynormals 

which can be partitioned mto i and J pnm1tive bit slices The values of 
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Degree Predicted Computed 
values values 

4 0 5 1 

5 2 62 2 

6 2 55 4 
7 8 90 11 

8 7 86 8 

9 24 08 27 

10 29 59 40 

11 81 02 91 

12 68 05 78 
13 284 54 311 

14 335 42 378 

15 764 08 910 

16 914 75 1002 

Table 7 1 Formula 7 10 Predicted versus computed results 

E1,1 are obtamed accorclmg to the following formulas where 18 1s number of 

pnrmt1ve polynomials of deg1ee seven 

E2,s Pi ,s x 18 

E3,4 P3 ,4 x (18 - E2,s) 

E4,3 P4 ,3 x (18 - E2,s - E3,4) 

All the formulas which are p1ov1ded m th is sect10n mvolve pnm1t1ve poly-
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I Partztzon 2/5 3/4 4/3 5/2 II Total I 
Expected Pi s = 0 187 

' 
P34 = 0 125 

' 
P43 = 0 125 

' 
Ps 2 = 0 187 

' 
values E2 s = 3 375 E3,4 = 1 828 E4 3 = 1 599 Es,2 = 2 099 8 90 

' 
Computed 
values C2s = 3 c3,4 = 3 C43 =2 Cs,2 = 3 11 

' 

Table 7 2 Formula 7 10 A detailed calculation for n = 7 

nomials However, we can extend all the presented results to irreducible 

polynomials 

7.2 Probabilistic Treatment of length 2k LCARs 

In this section we restuct ou1 d1scuss1on mto 2k length LCARs We calcu­

late the probabili ty both halves of a randomly chosen 2k length LCAR 1s 

pnrmtive This probability 1s especially 111te1est111g when 2k 1s equal to 8, 16 

or 32 These are the data wo1d sizes which domrnate present day computer 

systems The desired p1obab1hty can be calcu lated as 

Pr{ a length 2k LC AR has both halves przmztzve } = 

Pr{ the fir st k length bzt slice zs przmztzvc} 

and, Pr{ the second /.. length bzt slice zs przmztzve } 
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This probability can be exp1 essed by t he follo wmg formu la 

Pr{ a lengt h 2k L C AR has przmztive halves } = Pph 

(7 13) 

Now we can calculate the p1obab1 li ty a randomly chosen length 2k LCAR 

1s pnm1tive with primitive halves, Ppph, accordmg to formulas 7 2 and 7 13 

as follows 

( 
2 x przm(2!..,) ) x (2 x przm( k )) 

2 

22l 2k 
(7 14) 

Based on formula 7 14 t he e'.pected number of length 2k LCARs which are 

pnrmtive with pnm1tive halves 1s 

Recall , t he resul ts which appear 111 t his sect10n and concern pnm1tive 

polynomials can be easily extended to 1rreduc1ble ones 
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7 .3 Discussion 

In this chapter we consider a probab1hst1c treatment of the partit1onmg of 

LCARs It 1s concluded that 111 particular cases only an approx1mat1on of 

the expected probability 1s possible This 1s due to the random d1stnbut1on 

of the polynom1als which have the deS!led property 
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Chapter 8 

Conclusion 

In this chapter, v.e discuss the contribut ions of our research and mterestmg 

aspects of 1t that should be further 111vest1gated 

8.1 Contributions 

Lmear feedback shift registers (LFSRs) are used extensively m two capac1t1es 

m DFT (Design For Testability) and BIST (Built-In Self-Test) designs One 

application 1s as a soU1ce of pseudorandom bmary test sequences, the other 

1s as a means to ca11y out response compaction - 1.nown as signature anal­

ysis Recently ([24, 33]), one d1mens1onal l111ear cellular automata registers 

(LCARs) have been proposed as an alternat ive to LFSRs for both purposes 

Ongomg research m the a1ea of VLSI testmg 1s extensively studymg the 

behavior of LFSRs and LCARs as random pattern generators and signature 

analyzers However, little w01k has been done m mvest1gatmg the partition-
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mg behav10r of these devices In the context of d1g1tal circmt testmg, 1t 1s 

important if a maximal length cycle rnachme can be part1t1oned mto a num­

ber of smaller maximal length cycle submachrnes Such a property shows 

promise of great economy 111 ha1 dware and facilitates testmg 

In this thesis, the partJtJonrng behav10r of LFSRs and LCARs has been 

studied Our methodology p10v1des a means to evaluate and compare these 

machmes 111 terms of their pa1t1t10n111g performance The contnbut1ons of 

our research can be summauzed as follows 

1 It 1s the first systematic study of the pa1 t1tiornng behavior of LFSRs 

and the 1Somorph1c LCARs We have exhaustively exammed all ma­

chmes up to deg1ee 16 It has been found that there exists a number 

of 1rreduc1ble and pnrn1t1ve machmes which can be partitioned mto 

smaller irreducible and plll111 t1ve subrnachmes These results allow us 

to extrapolate the behav101 of machmes of length g1eater than 16 

2 Our methodology has shown that the pa1 t1t10n111g properties of lmear 

firnte state machrnes 1s dependent on the11 nnplementat10n It has been 

determmed that LCARs have better partit10nmg behavior than LFSRs 

3 We suggest that better pa1 t1t1onmg performance for LFSRs and LCARs 

can be accomplished with low 1mplementat1on cost After allowmg mm-

1mum hardware mod1ficat1ons , almost every 1rreduc1ble (or pnm1tJve) 

machme has at least one irreducible (or pnm1t1ve) part1t1on 

There are many open quest ions that should be exammed These are 

discussed 111 the next section 
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8.2 Future Work 

There are many mterestmg aspects of our research that should be further 

mvest1gated The most important of them are the followmg 

• A mathematical basis for p1ed1ctmg 1f a given degree n polynomial can 

be partitioned mto k and n - k length pnm1t1ve or ureduc1ble bit shces 

IS a sub Ject foI fuI theI study 

• It IS known that a hnea1 firn te state machme with an irreducible or 

pnrrutive charactenst1c polynonual e>..h161ts better behavior m terms 

of ahasmg and randomness properties than a reducible machme An 

mvestigat1on whether this 1s also true m terms of part1tionmg behavior, 

would be mterestmg 

• In our study we consider all possible 1rreduc1ble or pnm1tive LCARs 

It ½ould be mterestmg to determme whether mm1mal rule 150 LCAR 

have better part1t1on111g pet fo1 mance than other LCAR structures, such 

as LCAR with 50% rule 150 cells 

• More detailed layout studies are requ11 ed to fully assess the cost of 

part1tion111g a lmea1 machme and a llowrng m1111mum modifications 

Research on the above topics will enh ance our understandmg on the be­

havior of LFSRs and LC A Rs Mo1 eove1, 1t may result m mterestmg sugges­

tions for the select ion of the app1op11ate machme for self-test 
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