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Sparsity Analysis of the 0R Factorization

Abstract

Given only the zero-nonzero pattern of an m-by-n matrix A of full
column rank, which entries of ( and which entries of R in its 1]
factorization must be zero and which entries may be nonzero? We give a
complete answer to this question, which involves an interesting interplay
betveen combinatorial structure and the algebra implicit in orthogonality.
To this end some new sparse structural concepts are introduced, and an
algorithm to determine the structure of Q is given. The structure of R
then follows immediately from that of Q and A. The computable Zero/nonzero
structures for the matrices  and R are proven to be tight, and the
conditions on the pattern for A are the weakest possible (namely that it
allows matrices A with full column rank). This complements existing work
that focussed upon R and then only under an additional combinatorial

assumption (the strong Hall property).

Key words: QR factorization, bipartite graph, Hall property, sparse
matrix, combinatorial matrix theory, orthogonality.



1. Introduction.

For m > n, an m-by-n matrix A = [aij] has a unique factorization
A = QR, in which { = [qij] is m-by-n and has orthonormal columns and
R = [rij
exactly when A has full rank, n. In this event we say that A has a unique

is n-by-n and upper triangular with positive diagonal entries,

QR factorization, and we mean the one in which R has positive diagonal.
There are several possible ways to compute such a factorization (with exact
arithmetic), for example, using plane rotations (method of Givens),
Householder transformations, or the Gram-Schmidt procedure. When A has a
unique QR factorization, it does not matter, except for insight or
computational considerations, which algorithm is used to obtain the
factorization.

By a nonzero pattern .4 of size m-by-n we mean the set of positions in

an m-by-n matrix in which the nonzero entries occur. Ve typically describe

such a pattern via an m-by-n array with 0 and * entries, in which *

-3 0
denotes a nonzero. For example A = [ 1 2] is a matrix with pattern
0
* 0 T
A = [* :]. If matrix A has pattern .4, then ve write A € 4. By
0 .

g+ B (or AU 2 wve mean the union of two patterns of the same size,

that is, a pattern that has a zero in a given position only when both patterns
are zero in that position. Multiplication of patterns is carried out under
the following assumptions: (¥ . *) =* and (* - 0) = (0 - *) = (0 - 0) = 0.
Two column vectors (or vector patterns) are combinatorially orthogonal if each
term in the inner product is zero.

Qur primary purpose is to give a complete solution to the following

problem. For m > n, given an m-by-n nonzero pattern .£ that allows full

rank, determine the union, over all full column rank matrices A € .4, of all



patterns occurring in the matrix  and in the matrix R such that A = QR
is the QR factorization of A. The resulting unions are denoted by 4 and
R, respectively. Our solution to this problem continues earlier work [GH,
GLN, CEG, and a small part of GN] that focussed mainly upon the upper
triangular pattern % (rather than J4) and gave a description only under an
additional combinatorial assumption (the strong Hall property) on the pattern
4. The present work is based on the Gram-Schmidt procedure and is in the
spirit of an analogous combinatorial amalysis of the LU factorization of a
square matrix that was given in [JOD]. However, there are subtleties that are
quite different from the LU case.

We note that, for a given pattern .4, different zero patterns may occur
among the (’s, or among the R’s, in the QR factorization of different full
rank matrices A with pattern .4 This is due to the possibility of chance
numeric relations among the entries of a specific matrix A which cause
"accidental zeros". Our interest is in ignoring chance cancellation and in
obtaining the union of all patterns for both § and R. Knowledge of 4
and £ is useful for computational purposes as they are the smallest
patterns that are guaranteed to contain the nonzero entries of the (R
factorization of an arbitrary A€ 4 Thus 4 and £ could be used to
define a suitable data structure for § and R, respectively.

Some particularly simple cases occur when . is square. If ¢ is
full upper triangular, then % has the same pattern and £ is diagonal. If
«6 1is full upper Hessenberg, then £ has this same pattern and £ is full.
However, if £ is full lower triangular, then both £ and 4 are full.

A combinatorial necessary condition for an m-by-n matrix A to have rank

n is the following (see, e.g. [CEG]).



Definition. For m > n, an m-by-n matrix A (or pattern .¢) satisfies the

Hall property if every k columns, 1 < k < n, collectively have nonzero

entries in at least k rows.

It is clear that there are full rank matrices with pattern .¢ if and only if
£ satisfies the Hall property. So that our problem be well-defined, we
wish to assume that each matrix A to be factored has a unique QR
factorization. Thus, the problem statement assumed that A has full column
rank, and therefore, we restrict our attention to patterns satisfying the Hall
property. If A has a unique (R factorization A = (R, then, for an m-by-m
permutation matrix P, PA also has a unique (R factorization PA = (PQ)R.
Since § is modified in this simple way, and R not at all, we may permute
the rows of A for convenience. For example, under the Hall property
assumption, we may permute the rows so that the diagonal entries are all
nonzero. We note, however, that permutation of the columns of A, in general,
radically changes both § and R.

In [CEG] the possible nonzeros for £ are identified under an
additional assumption. (The following definition, a slight variant from what

appears in [CEG], now seems to be standard.)

Definition. For m 2 n, an m-by-n matrix A (or pattern .4 satisfies the

(i) m=n>1 and every k columns, 1 < k < n, collectively have nonzero
entries in more than k rows, or
(ii) m > n and every k columns, 1 ¢ k ¢ n, collectively have nonzero

entries in more than k rows.



Note that, if m =n and each main diagonal entry of A is nonzero, then A
satisfies the strong Hall property if and only if A is irreducible. Under
the strong Hall assumption on ¢ it is shown in [CEG] that 2R is
accurately predicted by applying "symbolic Gaussian elimination" (i.e.
"symbolic LU factorization") to the symbolic product ¢6T04g or by doing
"symbolic Givens rotations" on 4. In this case, # can also be bounded by
the pattern of U in the symbolic LU factorization (with partial pivoting) of
4, see [GN].

Vithout the strong Hall assumption, the complete analysis is considerably
more delicate. There can be interplay between the combinatorics of the
arrangement of zeros and nonzeros and the algebra (associated with
orthogonality required in @) of the QR calculation that forces zeros that
are missed by any naive analysis. This is illustrated in the following
example from [CEG], in which .4 satisfies the Hall property but not the
strong Hall property.

Example (1.1). Let

(1.1)

OO * ¥O O
O *O KOO
KOO DO

OO #O
OO # #O

"rooo # %

As pointed out in [Ge], when 2 and % are predicted by a symbolic analog of
the (numeric) method of Givens (where nonzero emtries in the jth column are

zeroed out in the order a. to

j+1,]
Specifically this approach gives

a, J.), too much fill is predicted.
9



+*
¥*
¥ O O

(1.2)

¥ DO *
RN
H
¥R OO
+® **-)(-.

O OO ¥ #
®@ #*@ e S

OO ¥®@ @
®O ¥® ® ®

Er=r=rere

where @ = *, whereas @ = 0 gives the true patterns. The entries in £
designated by  are called "bogus fill" in [CEG]. The pattern for * in
(1.2) with ® = * is also obtained when symbolic LU factorization of the
symbolic product A5 is performed [GH] or when symbolic LU factorization
(with partial pivoting) of ¢ is performed [GN]. g

In the next section, we begin by defining the notion of a Hall set. This
enables us to define a sequence of bipartite graphs that lead to the
identification of all zero entries in 4. The orthogonality of § can
require zero entries in 2 in somewhat subtle ways. Some graph-theoretic
results concerning these bipartite graphs are given in section 3. The purpose
of section 4 is to show that the remaining entries of 2 are, in fact,
nonzeros. It begins with explicit consideration of a special form for the
pattern of .4 and then uses embedding and continuity to prove our result for
general patterns. An algorithm for determining 2 is given. In section 5
it is shown how to determine the pattern £ in a simple way, once the

pattern 2 is known.



2. Zero Entries in 4.

Related to the Hall properties, we introduce the concept of a Hall set.
Given any m-by-n matrix A (or pattern .4 we denote the jth column of A
(or 4 by Aj (or uﬂj), and the restriction of Aj to the row index set
a by Aj[a].

Definition. For an m-by-n matrix A (or pattern .4 with m > n, a set of
k columns in A (or .4, 1 < k < n, is a Hall set if these columns

collectively have nonzero entries in exactly k rows.

Under the assumption that A (or .#¢) has the Hall property, the union of
two Hall sets is a Hall set, so there exists a unique Hall set of maximum
cardinality (> 0) in any given set of colummns. Let Sj be the Hall set of

maximum cardinality in the first j columns; we define S0 = ¢. For example,

in the pattern (1.1); S1 = ¢ and Sj = {gdé,...,(ﬁ%} for 2 ¢ j < 5. Note
that if an m-by-n matrix has the strong Hall property, then Sj = ¢,
1<j<nl.

The Gram-Schmidt orthonormalization process (see, e.g. [HJ, 0.6.4]) can
be used to construct the matrix § of the QR factorization of a matrix A.
We show below how to adapt the Gram-Schmidt procedure to determine 4 for a
pattern 4. C(learly 2 = A as Q1 is a (nonzero) multiple of Al' If
‘ﬁa is combinatorially orthogonal to S then i% = . However, if S
is not combinatorially orthogonal to LAi and 81 = ¢, then
%= A+ A= 9 + 4. The effect of Hall sets on this columnwise "naive
accumulation" of nonzero entries is now investigated.

Let Sj be the set of all row indices covered by the columns of Sj’

thus ISj] = |sj|. (Note that if we assume all diagonal entries of ¢ are



*, then 85 = {i: 1 <1i<j, S € Sj}; however, we do not make this
assumption in this section.) For a given %, we define a bipartite graph
that leads to a partition of the row indices of .# and identifies the zero
entries in a column of 4. For a fixed j, 1 < j < n, the bipartite graph

Bj(LAO = (Rj(‘Aa, Cj(LAa; Ej(LAQ), is defined as follows:

cj(¢5)={ck ki 1<k
Rj(“@ = {ri

row r.and r. £ s. };
1 1 Jj—i°

IN
A

j and 'Jﬁtﬁsj——l};
i: 1< i< m and there exists ¢ € cj(dg with a * in

{r;,c ) € Ej(aa,.the undirected edge set, if and only if r, € Rj(uﬂ
and ¢, € Cj(=49 and the (i, k) position of £ is *.

Thus, to construct Bj(LAQ, delete columns in Sj—l’ TOVS 85 4 and zero rows
from [aﬁ}...,ﬁA%] and take the bipartite graph of the remaining pattern
(with the labelling inherited from the original pattern).

A path (undirected) in Bj(.AQ is an alternating sequence of row and

column vertices of the form Ty s Cj s Tp 5 «vey Ty Cy with each edge
1 1 2 i i

{rkl, ¢ }, {cjl, rkz}, cees {rki, Cji} € Ej(uﬂ. Such a path is associated
with the sequence (kl’ jl)’ (k2, jl)’ ceny (ki’ ji) of entries that are *
in 4. A path may begin or end with either a row or column vertex, may have
just one vertex, and is always assumed to be simple.

Let P; be the set of all row indices occurring in Rj(uﬁ that can be

reached by a path from cj. Let u; be the set of all row indices occurring

in Rj(aﬁ that cannot be reached by a path from c- Finally, let tj be



the set of all row indices of ¢ not in Rj(ua or s 4. We then have

that Sjwl’ Py» Uy and t. form a partition of all m row indices.

j
To illustrate this partition, consider again the pattern .£ in example

(1.1); the bipartite graphs for j =3 and for j = 6 are shown in Figure 1.

The bipartite graph B,( .£) The bipartite graph Bg( .%)
= {1‘2} @ /E/?) Ss = {1‘2,1‘3,1'4,1'5}
,// N o
pg = {r3} /?)“*— °3) P = {r;»Tg} ary

ug = {ry,76} @ g = ¢ /rs\{

tg = {ry,r5} tg = ¢

column of 4.

- ww « 1 A4 Z W
Theorem 2.1: For m i, 1€¢ & DEC

(A4

property. For any fixed j, 1 < j < n, the entries of ﬁ% in positions

851 tj and u; are zero.
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Proof: We rely on two facts that follow from the Gram-Schmidt procedure:
(i) Qj € span {Al""’Aj}’ and

(ii) Qj is orthogonal to 4, ..., Aj—l'
Consider first the positions tj. In these rows the entries in columns

Al’ ceey Aj of any A € £ are all zero; so by (i), the positions tj are

all zero for any Qj € ﬁ%.

For the positions 851 fact (ii) above implies that Qj is orthogonal
to each column in Sjal' But the columns of Sj—l’ restricted to rows S5 17
span a subspace of dimension |sj_1| and are zero outside these rows (by the
definition of a Hall set). Thus Q-[Sj_l] is orthogonal to every vector in

J
the above subspace, and so must be zero. Thus the positions Sj—l of any
Qj € i% are zero; these are due to the presence of a Hall set.

Finally consider the positions u., and let {Ai ,...,Ai } be the set of
1 k

J
columns on a path in Bj(‘AQ from indices in wu;. From (i) and because
U n (pj U Sj—l) = ¢, Qj[uj} € span{Ail[uj],...,Aik[uj]}. Because of (ii),
and because Ai [pj] =0,g=1, ..., k, and Qj[sj—l] =0 (and
A [tj] =0,g=1, ..., k, and Qj[tj] = 0), Qj[uj] is orthogonal to each

A [uj]. However, as the intersection of a subspace and its orthogonal
g

complement is zero, Qj[uj] = 0, and the positions u; of any Qj € ﬁ% are

ZE€ro. g

We have thus identified three sets of row indices in ﬁ% that are zero for
any full rank matrix A € 4 with A = QR. In particular, the presence of a

Hall set in columns {uéi,...,nAa_l} means that q. . =0 for i€ s.

1,] J—l (111
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fact, =0 for 1ic¢€ Sj—l and k=0, ..., n-j). If 1ic¢e€ tj, that is

qi,j+k
a;, =0 for k=1, ..., j, then 9 = 0. If ice€ Uy then 95 = 0
because of combinatorial orthogonality in the columns of .4 which occurs in

a subtle way (see corollary 4.9).
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3. Strong Hall Bipartite Graphs.

In this section we analyze the strong Hall property from a
graph—theoretic point of view. The objective is to obtain a result (theorem
3.2) concerning the bipartite graphs Bj(cAa defined in section 2. We first
prove a preliminary result concerning strong Hall bipartite graphs, which we

now define.

Definition. Let G(X,Y;E) denote a bipartite graph with vertex sets X, Y
and undirected edge set E and if S C Y, let N,(S) denote the set of all

neighbors in X of vertices in S. Then G(X,Y;E) is strong Hall with
respect to Y if

(i) [X] = Y| >1 and |S] < INg(8)], for all proper nonempty subsets
S of Y, or
(ii) |X| > [Y] and [S] < |Ng(5)|, for all nonempty subsets S of Y.

There is an obvious equivalence between patterns .¢ which satisfy the strong
Hall property and bipartite graphs G(X,Y;E) that are strong Hall with
respect to Y when the vertex sets X, Y are associated with the row and
column sets of .#, respectively, and edges correspond to nonzero entries in
6. Note that the bipartite graphs Bj(uﬂ defined in section 2 are strong

Hall with respect to Cj(~ﬁ9\{cj}-

The following theorem is used to prove theorem 3.2, but is of independent

interest as it gives a characterization of strong Hall critical graphs

6 = (X,Y;E) with |X| > |Y| (i.e., strong Hall graphs that are no longer

strong Hall if any one edge is removed). Let & be strong Hall with respect



to Y. If for all y € Y, the degree de(y) = 2, then it is clear that G is
strong Hall critical with respect to Y. Ve now show that the converse is

also true.

Theorem 3.1. Let G = (X,Y;E) be strong Hall with respect to Y where
|X|] > |Y]. If y €Y has degree dg(y) 2 3, then there is at most one edge

e = {x,y} € E such that G-e is not strong Hall with respect to Y.

Proof: Suppose there exists y € Y with dG(y) > 3, and there is an edge
e = {x,y} € E such that H =6 — e is not strong Hall with respect to Y.
Let SCYVY,S#40, be such that |Ng(S)| < [S|. If y ¢S, then

Ny(8) = Ng(8) and hence INg(8)] = INg(8)| > |S| since G is strong Hall
with respect to Y. Therefore y € §. If x ¢ Ng(5\{y}), then again

Ny(8) = No(S), a contradiction, and so x ¢ Ne(S\{y}). Thus [N,(5)| =
INg(S)] +1 < |S] +1 and since G is strong Hall with respect to Y,
INg($)1 = 18] + 1.

Now suppose there exists y € Y with dG(y) > 3 and there exist
distinct edges e; = {x;,y} and e, = {x9;y} in E such that for i =1, 2,
H, =G - e " is not strong Hall with respect to Y. Then for i =1, 2 there
exists 5. CY, 8, # 0, such that INHi(Si)l < |8;]. From above, y € 8, n &,

and for i

1, 2

Ng(S1 = IS + 1 (3.1)

and

X; # Ng(si\{y})- (3.2)

First suppose (5,nS,)\{y} =5+ #. Foreach z€§ and i=1, 2,
{z,x;} 1is not an edge in G by (3.2). Thus
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INg(S,0Sy) | = INg({y)\Ng(S)] + INg(S)]

Iv

2 + [Ng(S)| since x;, xo £ No(S)

\4

2+ |S| since S# 9 and G is strong Hall

1

2 + (|54nS,5] - 1)
= |54n8y] + 1.
If, on the other hand, 5; NSy = {y}, then
INg(8;n5,) | = INg({{yD] 2 3 > |8;n5,] + 1.
Therefore in any case
[N (5)0Ng(S5) | 2 [Na(8ynSg)| 2 |84nSy| + 2. (3.3)
Thus

|S,USq| = (I84]+1)+(]85|+1)~(|S;NS4|+2)

[ AV

INg(S)] + INg(Sp)| — INg(S1)MNg(Sy)| by (3.1) and (3.3)

If

[Ng(81) U Ng(Sq) |

INg(8; U S) 1.
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This contradicts that G is strong Hall with respect to Y (note that

|X| > |Y|). Hence, at most one such edge e; can exist. g

The next theorem provides a matching property of strong Hall bipartite
graphs that is used to prove the main theorem in section 4. (Recall that a
matching M in a bipartite graph G 1is a subset of its edges no two of which
are adjacent. Ve say that M saturates a sﬁbset S of the vertices of G
if every vertex in S is incident with one of the edges in M.) Ve will use
the following notation in the next theorem. If (2 and 79 are paths in a
graph G, and 7 ends in a vertex adjacent in G to the first vertex in
Y95 then 1179 denotes the juxtaposition of ] and Vo as alternating
sequences of vertices and edges so that the edge from the end of 7, to the

beginning of 79 18 added giving a single path.

Theorem 3.2. Let G = (X,Y;E) be a bipartite graph with |X| > |Y], let

y € Y, and suppose that G-y is strong Hall with respect to Y\{y}. If there
is apath 7 from y to x for some x € X, then there exists a path 7
from y to x and a matching M in G-r such that M saturates all

vertices in Y that are not on the path r.

Proof: Suppose the statement of the theorem is false and let G = (X,Y;E) be
a counterexample with the fewest edges. Then there exists x € X and a path
y from y to x. Let Y= Y\{y} and G=6-y. Since 6 is a
counterexample there must exist a vertex ¥ € Y not on 1.

If dé(?) > 3, then by theorem 3.1, there exists & = {X,j} such that if

H=6- ¢, then H-y is strong Hall with respect to Y. Now 7 is a path in

H also, and since G is a counterexample with the fewest edges, there
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exists some path 7 from y to x and a matching M in H-r such that M
saturates all the vertices in Y that are not on the path 7. But this
matching and path are also'in G, a contradiction.

Therefore dg(y) = 2 (note that dg(¥) > 1 since ¢ is strong Hall with
respect to Y). Let x; and x, be the neighbors of § and let
H = (U,V;F) be the graph obtained from G by identifying x; with x, and
by removing §y. That is, U = (X\{x;,x})U{x*} where x* ¢ XUY and
V= Y\{§}. Moreover, for all ue U and v €V, {u,v} € F if and only if

(1) ue X\{x{,x5}, veV and {u,v} € E; or
(ii) w=x*, veV, and {x;,v} € B or {xy,v} € E.
Let V=V\{y}, i=H-y and note that since |X| > |Y|, we have |U| > |V|.

~ S

Claim: H is strong Hall with respect to V.

Proof of Claim: Let § ¢V, S# 0. If x* ¢ Ny(S), then x ¢ Ng(S) and
Xy ¢ Ng(5). Thus Nj(S) = Ng(S) and since ¢ is strong Hall with respect to
Y, |S] < IN(S)] = INj(S)]-

Suppose there exists S C V such that |§] > INg(5)[. Then x* € Nj(5),

3

by the above, and hence at least one of Xy Or X, is contained in NG(S)'
If only one is contained in NG(S), then since it is only replaced with x*
in H, ve have |Na(S)| = |Nj(5)|, a contradiction to [S| < [Ng(S)|. Thus
both x, and x, are contained in Nz(S). Since x, and x, are replaced

vith x* in H, [Ng(S)| = [Ng(5)] + 1 and Ng(Su{y}) = N5(5). But then
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|SU{F} = IS] + 12 [Ng(S)| + 1 = [Ng(S)| = [Ng(Su{3})|
contradicts the fact that G is strong Hall with respect to Y (note that
Su{#}cY). This completes the proof of the claim.

We nov identify a path 7 in H that is dependent upon the path 4 in
G. The following table describes how 75 is defined in H given the
structure of 7. In the table, 7, p and ¢ are nonempty paths (i.e., they

each contain at least one vertex).

Case 7 is path 7 in H is
1 v (x1 and Xy DOt oOn 7) 7
2 TX,p O TXop 1x*p
3 TX{ X0 OT TXofX(0 x*o
4 TX{pXo OT TXopX4 rx*
5 X, OT 7Xq Crx*

Let 7 end at vertex u. Note that u € U and that # starts at
vertex y. Since B is strong Hall with respect to V, and H has fewer
edges than G, there exists a path v in H from y to u and matching H
in H-v which saturates all vertices in V that are not on w. We will use

this path and matching to construct similar ones in G. The constructions

will differ depending on the structure of 4 in G, but each will contradict
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that G is a counterexample to the theorem . The cases below are described

in the table above.

Cases 1-3. Here we have Xy $u+# Xq and hence u = x.
If x* isnot on w and x* is not saturated by M, then v is a
path in G from y to x and M=HU {{x;,¥}} is a matching in G
wvhich saturates all vertices in Y that are not on v, a contradiction.
If there exists a v € V such that {x*,v} € M, then x* is not on
v and hence v is a path in G from y to x. Moreover, {z,v} € E
for some z € {x;,x9}. Let {vw} = {xy,x,}\{z}. Thus
M= (0\{{x*,v}}) U {{z,v}, {¥,§}} is a matching in G which saturates
all vertices in Y that are not on w, a contradiction.
Therefore x* is on » and H is a matching in G. Let
W= wlx*u2 and let vy and v, be the neighbors of x* on w such
that v, ends at v, and o, startsat v,. If {xl,xz} C NG({Vl’Vz})’
then at least one of Ty = wlxlixzwz and Tg = w1x2ix1w2 is a path in
G that starts at y and ends at x. Thus for some i € {1,2}, H
saturates all vertices in Y that are not on Ty @ contradiction.
Hence {x;,xo} ¢ No({vy,v5}). Thus since x* is adjacent to v, and
Vo they are both adjacent to x; or to x, in G. If vy and )

are neighbors of X4 then 7 = R is a path in G from y to x,

and M = H U {{x5,¥}} is a matching in G that saturates all vertices
in Y that are not on 7, a contradiction. Similarly, if vy and )
are neighbors of Xg then 7 = W1 XoUq is a path in G from y to x,
and M =M U {{xl,ﬁ}} is a matching in G that saturates all vertices
in Y that are not on 7, another contradiction. Therefore, Cases 1-3

cannot occur.



Cases 4 and 5. Note that u = x* and hence v ends at x*. Moreover,
is a matching in G. Let v = le* and let vy be the last vertex
the path vy Since v, is adjacent to x*¥* in H, it is adjacent t
either Xy Or Xy in G. Thus either Ty = 04Xy, Tg = ulxzixl,
Tg = WyXg, OF Ty = w1x19x2 is a path from y to x in G. If Tq
such a path in @, then M saturates all vertices in Y that are no
Tos similarly if Ty is a path from y to x in G. O0Otherwise,
MU {{x,,¥}} saturates all vertices in Y that are not on Ty or
MU {{x,,¥}} saturates all vertices in Y that are not on Tgy &

contradiction. Therefore Cases 4 and 5 cannot occur.

Since these cases exhaust all possibilities, we have a contradiction.

Therefore no such counterexample G can exist and the theorem is proved.

20.
M
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4. Nonzero entries in 4.

In section 2, we have identified positions in £ that must be zero for
a variety of more or less subtle reasons. To complete the solution to our
-problem and see that we have identified all the necessarily zero positions in
42, we must show that for each remaining position there is a full rank matrix
A e £ whose QR factorization has a nonzero entry in § in the position of
interest. (Qur strategy is, for each nonzero position, to identify a
particular full rank matrix A which produces a § with a nonzero in that
position and whose pattern is contained in that of .4. A simple perturbation
argument then yields an A with the ezact pattern of .4. Ve note that our
argument is sufficient to prove that the zero/monzero structure for 4 is
tight (i.e., the best possible).

Ve first consider a particularly simple form for .4 To describe our
construction, we introduce the notation Q" for a matrix that has orthogonal
columns that are not in general of unit length (i.e. unnormalized); Q%

_ J
denotes the jth column of this matrix.

Lemma 4.1. Let ¢ be an f-by-f pattern with bipartite graph

Bf(dg) = (Rf('/‘)y Cf(*/‘)§ Ef((/ﬁ)), in which Rf(./t) = {rl,...,rf}, Cf(“‘) =
{cy»...sce} and the edges in E;(.#) form a simple path of length 2f-1

from c; to some r 1 ¢ i< f. There exists a nonsingular matrix A € 4

i7
2

—— I PRy L N 33 . L I, ~ s
sucCn tnat 1 A = yn, then qlf 15 nonzero.

Proof: Assume that the path from cg to r is
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Cp = ij’ rkf, ij—l’ cees cjz, rkz, cjl, rk1 = ;.

Let A = [a;,] be the f-by—-f (0,1) matrix with age = 1 iff {ry,c } lies
on the path; thus A € .4 Matrix A has exactly 2 entries equal to 1 in
each column (except the last). Since A is permutation equivalent to a lower
triangular matrix with ones on the main diagonal, A is nonsingular. The
columns (except cf) can occur in any order on the path, but the exact order
is important to the following construction of Q?.

. DA
Onsidcer

0 = Q% =f A, — (F=1)A, + ...52A, =4, 4.1
£ g ig (1) Jgy ig " iy (4-1)

where the columns are from matrix A, the multiplying factors have alternating
signs and f is the number of columns on the path. Clearly this

Q?f € span{Ajl,...,Ajf}, and we need to check the orthogonality conditions.

By the construction of A, we have Aj - A, =2,A. A, =1 and

| 1 N 1 J2

A; - A; =0 for k=3, ..., f. Thus Q¢ - A, =0. Similarly

J1 Jg 3
A. - A, =2 f k=2, ..., f-1 d A. -- A. =A. - A, =1 £

Ik > e I T e T i Tk .
k=2, ..., f-1, with Aj (combinatorially) orthogonal to all other columns.

k
Thus Q? . Aj =0 for k=1, ..., f-1. The construction of A and the
k

distinct multipliers in (4.1) mean that there can be no numerical
cancellation, and so the ith entry of Qg is nonzero. It is clear that if
the column Qg is normalized to have unit length, then column f of the

matrix § of the QR factorization of A is obtained, with 4 #0. g
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Note that the construction in lemma 4.1 guarantees that all entries in

columm f of ( are nonzero, not just Qg To illustrate lemma 4.1,

consider an example in which i =2 and f = 3.

Example (4.2). Consider the pattern . and bipartite graph Bo(f) in
Figure 2.

* * 0
=10 * 0| withBg(g: /T cf
* 0 * S S
N 2
J3 NI
g _\__/
Figure 2.

The edges in ES( ) form one path from column cg to T, namely Cg, T3,

€4y Ty Coy Ty. Take the matrix

+ Ay = (—1,1,1)T, (note the order of the A; in
he path), and the (2,3) entry of §" is equal
to 1. Thus if A = QR, column 3 of ( must be a scalar multiple of Qg (by

the uniqueness of the (R factorization), and in fact
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1 1 1
Z OB B
0=|0 2 1)
VY {
1.1 1
Y .|

Example (4.3). In the event that .4 has bipartite graph Bf( J£) with
edges forming a path traversing the columns in order Cey Cpqs =+vs Cq» then

A e £ is bidiagonal. For example when f = 5,

o

1]
OO O k=
OO O
O OO
-0 OO
OOOO

m

the corresponding Q" is the full upper Hessenberg matrix

1 -1 1 -1 1
I
=0 2 1 -1 1
o o0 3 1 -
o 0 0 4 1

and note that R is bidiagonal upper triangular. g

To prove our result for more general patterns, we need the fact that
depends continuously on A. Hore specifically, if A is a matrix with full
column rank and A = QR, then there exists a neighborhood of A such that
every matrix in this neighborhood has full column rank and the orthogonal
matrix of its factorization depends continuously on the entries. This

qualitative fact (which is all we need) may be straightforwardly proven by
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elementary means, but precise bounds have been given in [S, Theorem 3.1]. Ve

now use continuity to prove our main result on nonzero entries in 4.

Theorem 4.4. For m > n, let .4 be an m-by-n pattern with the Hall
property. If r; € pj, 1 <j<n, then there is an A € .4 of rank n such
that A = QR with % nonzero.

Proof: Without loss of gemerality, we can assume that each diagonal entry of
£ is *. (Thus, -as noted in section 2, 85 = {i: 1 <i<j and S € Sj}
and consequently if some column Co 4 Cj(“@» where 1 < Co < j, then

r, £ Rj(u@.) As r. € p., there exists at least one path in Bj(LAQ from

1 J

Cj to r. Thus, by Theorem 3.2, there exists a path, say

. = C. ) . . . = T, 4.2
cJ ch, rkf, CJf—l, , cJ2, rkz, ch, rk1 T (4.2)

from c to r, of length 2f-1 (1 < f < j) and a matching M in Bj(¢a

of all columns in Bj(aﬂ that are not on the path (4.2) to some subset of
the rows in Bj(LAQ that are not on the path (4.2). For any nonzero e, let
A, = [ag,] be the m-by-j matrix vhose pattern .£ is the same as the first

j columns of £ and such that a4, € {0,1,e} with nonzero terms given by

the following construction:
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the edge {ry,c.} is on the path (4.2)
if the edge {ry,c.} € M
if d=e and c, ¢ Cj(tAQ, the column vertex set of Bj(uﬂ

ot
io ‘O i
[ TR L T o

¢ 1if the (d,e) entry of £ is * and a4, has not been set
to 1 above

(Note that LAG+1, ..+, & do not enter here.)

Let Ay, denote the matrix A6 with all e entries set to zero, and let
k= [44c] De the (0, 1) square submatrix of A, restricted to rows
rkl, ceey rkf and columns cjl, ceny ij’ with ade =1 if and only if
a4, = 1. Let £ be the pattern of X; then .# satisfies the conditions of
lemma 4.1 and A is the matrix of the construction in lemma 4.1. Thus if
X = OR, then qij is nonzero.

Now we consider the matrix Ay, and note that A is embedded in Ay. By
construction, columns of A; not on the path (4.2) contain distinct unit
vectors, so Ao has full column rank. If A = QR , then 0 is embedded in
Q, in the same way as A is embedded in A,> with corresponding unit column
vectors in columns not on the path. Thus the (i, j) entry of QO is equal
to qij and is nonzero.

Finally, consider Ae = QERE, which has the same column rank as AO,
namely j, for sufficiently small €. By the continuity statement above, for
sufficiently small ¢, the matrix Q, has its (i,j) entry nonzero. Thus
any full rank matrix A € £ with the submatrix in its first j columns

equal to Ae has q..

ij nonzero, where A = QR, since column j of § is

independent of Aj+1’ s AL B
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To illustrate this construction, consider an example.

Example (4.5). Consider the pattern ¢ and bipartite graph B,(4) in

Figure 3.
'***00
0 * 2 0 2
_ 10 0 0
£=1% 9 0 * 0
0 0 * 0 *
o * 0 0 0

Figure 3.

There is one path in B4(g40 from ¢y, to 1y, namely Cqr Ty» Cqy Tys
Cqy To» implying that the (2,4) entry of 4 is *. As this is the only
path in B4(¢Q from ¢y to 1o, this must be the path (4.2) in the proof of
theorem 4.4, and the matching M can be chosen as either the edge {rs,cq}
or the edge {rg,cq}. If the first of these, then

1 1 € 0
0 0 1 0 110
A = and A=10 1 0
€ 1 0 0 1 1 0 1

0 0 € 0

0 ¢ 0 O

From the proof of lemma 4.1, the third column of § 1is a scalar multiple of
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(~1,1,1)T, implying that the fourth column of @, is a scalar multiple of
(—1,1,0,1,0,0)T. Thus, by continuity, the (2,4) entry of Qe is nonzero,
implying that the (2,4) entry of 2 is nonzero. g

Consider now a further example, with a pattern having more than one path
from ¢ to r, (cf. example (4.5) with a change in column 1).
Example (4.6). Consider the pattern .# and bipartite graph B3( ) in
Figure 4.

E * *
0o * 0
=10 0 1 Gith B(.9
{0 0 0 3
0 o0 *
_* * 0
Figure 4.

Focussing on the (6, 3) entry, there are 2 paths, namely €35 Tys Cy5 Tg
and Cgs Ty5 Cos Tg, from cg to rg. The path (4.2) in the proof of theorem
4.4 (i.e., the path 7 1in theorem 3.2) is the first of these, and the
matching M is the edge {r,,c,}. Note that for the other path from cg to
Tes there is no matching in the bipartite graph of Cy vith any row vertex
not on this path (i.e., Ty, Tg, Ty OT r5). This illustrates the care required

in the selection of a path (4.2) in the proof of theorem 4.4; there must exist

an associated matching M so that Ae is constructed such that AO has full
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column rank. The result of theorem 3.2 ensures that this is always possible.

With the choice of the path Cgy Ty Cq5 Tg above, we obtain

€ A

M O Or

™
—oocoor
m OOOHm

For sufficiently small e, if Ae = A = QR, then g3 is nonzero. g

Ve now combine the results of theorems 2.1 and 4.4 to solve the problem
stated in the introduction (as far as £ is concerned) in terms of the row

index partition defined in section 2.

Theorem 4.7. For m > n, let .4 be an m-by-n pattern with the Hall
property. Then the (i, j) entry of 2 is zero if and only if
ie 851 Ut; Uu;. Equivalently, the (i, j) entry of £ is nonzero if

J J
and only if 1i € Py

The next two corollaries indicate how £ can be computed. In the
strong Hall case, Sj—l =0, 2<j<n, and .ZJ. is the union of AJ and
certain colummns £, 1 < w < j-1.

W, -

Corollary 4.8. For m > n, let £ be an m-by-n pattern with the strong Hall

property. For any fixed j, 1 < j < n, partition ¢51, ciay ‘/g.] into two

disjoint sets V%:] and ;ﬁ, for which ./KJ € u%:]., every column of V%:] is
combinatorially orthogonal to every column of %" and ]yjl is as large as

possible. Then 'Zj = U Aw, Ja’w € V%:]
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Proof: Since Sj—l = ¢, 2 < j <¢n, the bipartite graph Bj(eﬂa has

Cj(LAQ = {Cl""’cj} and Rj(LAO = {r; = i: there exists a * in row i in
one of the columns of Cj( £)}. For k < j, column ¢ € J% if and only if
there exists a path from cj to some r, vhere column Cy has a * in row

r.. By definition of Py this is true if and only if r. €D and by

i j;
theorem 4.7, r, € P; if and only if q;; is nonzero. Together these give

exactly the union statement above. g

J

For .Z having the Hall property, the essential modification to the result of
the above corollary is that in the union of columns LA% specifying j%, the

column vectors in SJ.__1 and nonzeros in rows 81 must be omitted.

Corollary 4.9. For m > n, let £ be an m-by-n pattern with the Hall
property. For any fixed j, consider the subpattern of . in columns
{Lﬁa,...,‘ﬁﬁ} - Sj—1 and rows vy = {1,...,m} - Sj—l; this is an
(m—|sj_1|)—by—(j—|sj_1|) pattern. Partition the columns of this subpattern
into 2 disjoint sets, J% and ;ﬁ, with “%[vj] € &%, every column of
J% is combinatorially orthogonal to every column of ;ﬁ and I}GI is as
large as possible. Then i%[sj_l] =0 and 35[vj] = U UGQ[vj], vith

‘A%[vj] € J%.

- =

Proof: By definition, P; is the set of all row indices r, such that

(1) r. ¢ 854
(ii) there exists a column ¢, 1 ¢ k < j, such that .4 ¢ Sj~~1
and there is a * inrow r. of ¢

and (iii) there exists a path in Bj(JQ from ¢ to r..



Thus the positions of nonzeros in vectors ‘A%[Vj] € j% correspond

precisely to entries in pj, and the result follows from theorem 4.7. g
The following algorithm implements the construction in corollary 4.9.

Algorithm 4.10. Computation of the Pattern 4.

Notationm:

/£ 1is an m-by-n pattern, m > n, satisfying the Hall property.
/. is the j—th column of .4, 1 < j < n.

ﬂ(tﬁﬁ) = {i| the i-th entry of Léﬁ is *}.

Sj’ Sj are as defined in section 2.

1. For 1< j < n-1, compute Sj and Sj‘

2. Initialization

o) = B(A)

B(4) = o

ay = f(A) -8y

If a N oy # ¢ then ay = a5 U oy
B(%) = a

3. For j=3,4, ..., n do
3.1 If s., ¢ S5 2 then do

J
For k=1, 2, ..., j-1 do
If k¢ 851 then do
o = A(A) - 854
For i=1,2, ..., k-1 do

If i ¢ 554 and o N o, # § then o = 0, U o,

31.
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3.3 For 1i=1,2, ..., j-1 do
If i¢ 854 and 0 na ¢ ¢ then oy = oy Uay

3.4 (%) =0 u

We illustrate this algorithm with the pattern .4 of example (4.5). The
only nonempty Hall set Sj’ 1<¢j<4,is §; = {LAa, uﬁa} giving
54 = {1,4}. For j =4, 8o = Sy = ¢, so computation of %, proceeds from
step 3 of algorithm 4.10 as follows. In step 3.2, a, = f(.4) = {4}. In step
3.3, for i=1, 2, 3, accumulate ﬂ(LAa), ﬂ(géé), ﬂ(uéé) into a,, giving
ay = {1,2,3,4,5,6}, and so %y is full. For j =5, as s, # S in step
3.1, update a, = {2,6} and a5 = {3,5}. In step 3.2, a5 = f(.%) - s, = {3,5}.
This remains unchanged in step 3.3 because now g, N g = § and
ag N ag = ag. Thus step 3.4 gives f(%) = ez = {3,5}. The entire pattern
4 is given by

ko

I
o xocoo ¥
O O * H*
O N ¥ H W
H O H W W

O RO HO D

We nov summarize a graph theoretic way to compute the Hall sets required
by step 1 of algorithm 4.10. Firstly, a maximal transversal in the m-by-n
pattern ¢ 1is obtained; see, e.g. [LP, p. 15] for an algorithm, or [D] for
the case m = n. VWithout loss of generality, this maximum matching gives a
square n-by-n pattern in which all diagonal entries are *. Secondly, for the
digraph associated with this square pattern, find the strongly connected
components using an algorithm of Tarjan (see, e.g. [RND]), and use these to

construct its condensation digraph. The Hall sets of maximal cardinality can
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be determined from this condensation digraph by traversing paths starting at
vertices of indegree zero.

The time complexity of this procedure to determine the Hall sets is
dominated by the computation of a maximal tramsversal, and is 0 (r(m+n)%),
wvhere 7 is the number of nonzero entries in .4 (see, e.g. [LP]). Step 3
of algorithm 4.10 has time complexity 0((h+1)mn2) wvhere h is the number of

distinct (nonempty) maximal Hall sets Sj’ 1<j<nl.
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5. Pattern Z.
Given a pattern .4, theorem 4.7 determines the pattern 4, and we now
consider the pattern %. As noted in the introduction, the pattern % is

invariant under row permutations of 4.

Theorem 5.1. For m 2> n, let £ be an m-by-n pattern with the Hall
property. If the pattern 4 is determined as in theorem 4.7, then the

pattern £ is given by the upper trié,ngular part of .ZTag.

Proof: Without loss of generality, we can assume that each diagonal position
of £ is *. Since i€ P;j> 1 < i<, the (i,i) entry of 2 is * by
theorem 4.7. Thus, since the (i, i) entry of .6 is *, the (i, i) entry
of 4.6 is *. The diagonal entries of % are all * (by definition of
the unique (R factorization), thus the patterns of .ZT £ and R agree on
the diagonal.

Now consider in £ a fixed (i, j) entry with i < j < n. If % is
combinatorially orthogonal to ./6‘]., then .Z’f ./{J. = 0. Also, for any A € .4,
if A =QR, then R = QTA and so rij = Q}Aj = 0 1in this case of
combinatorial orthogonality. |

If % is not combinatorially orthogonmal to “gj’ then & €. is *.

1]
We must show that there exists a matrix A € .4 such that if A = QR, then

rijq’:G. Suppose that the (k,j) entry of .4 is * for some k,

1<k <m, and the (k, i) entry of 2 is *. Then k € P;» and by the
construction in theorem 4.4, the submatrix in the first i columns of A can
be determined so that in its QR factorization, the entry Qs # 0. (Note

that in the (R factorization of any A € .4, Qi is completely determined by

the first i columns of A.) Since 4 and AJ are not combinatorially
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orthogonal, we may choose A 3 € ./£J so that A 3 is not orthogonal to the
already determined Qi. Thus Ty = Q}‘Aj is nonzero, completing the proof.

(Note that only columns Al, ce.y A

i and AJ. have been specified; the other

columns of A are arbitrary subject to A€ 4) g

Returning again to example (1.1), we see that theorem 4.7 predicts the
true pattern for 4, that is as in (1.2) with @ = 0. Theorem 5.1 then
predicts the correct pattern for £, again (1.2) with @ = 0. For example,

the (4, 6) entry of £ is zero, as % is combinatorially orthogonal to
./56.
The (i,j) entry of # is * if and only if there is an index k
such that B 5 # 0, and a path in B.,(.4 from column i to rov k (passing
only through columns numbered less than i). If ¢ has the strong Hall
property and A € .4, this is equivalent (ignoring cancellation) to the
existence of a path in the graph of ATA from i to j passing only through
vertices less than i. As the existence of such a path is equivalent to a
generically nonzero entry in the (i,j) position of U in the LU
factorization of ATA, our result for &, specialized to the strong Hall
case, yields the same result as that of [CEG] mentioned in our introduction.
We note that, since the columns of 2 are determined sequentially (without
appeal to previously determined columns), the rows of 2 may be determined
serially. Thus, if only the pattern of % is of interest, it may be
determined without necessity for storage of 4. In fact, if only row i of
# 1is desired, it may be determined from 3 (and .4 for which only the

Hall set 5. ;, and .3 (.4 are necessary.
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Remarks:

We thank F. Ruskey, M. Gillespie and the referees for useful comments.
We also note that lemma 2.5 of [Gi] (which was brought to our attention after
preparation of this manuscript) is closely related in substance to our theorem
3.2. The two proofs are quite different, and the underlying concept seems to
be an important one for exhibiting nonzeros in factorizations of sparse .
matrices. The repért [6i] does not consider strong Hall critical matrices, as
in our theorem 3.1.

In addition, A. Pothen [private communication in response to our
manuscript] proposed an alternate proof of our theorem 4.4, based on the
Dulmage-Mendelsohn decomposition and a statement equivalent to lemma 2.5 of
[6i]. Pothen also notes that the DM decomposition can be used to comstruct
the required Hall sets, and notes (via an argument based on algebraic
indeterminates) that the collection of all entries that may individually be
nonzero in  may simultaneously be nonzero for some (in fact, almost all)

allowed instances of A.
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