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penditure on preventive
maintenance or protection for a revenue-earning asset subject to catastrophic
breakdown or destruction is discussed. 1t is assumed that the probability of

breakdown at any time depends on

of the asset and on the current rate of

prevention expenditure. The objective considered is the maximization of the
expected present value of revenues earned net of prevention and wcement

costs. Three distinet cases are discussed: (a) when revenue is earned only
mtil breaskdown: (b) when there is automatic replacement following a breakdown;
and (¢) when there is the option of periodic replacement. Use of the
Pontryagin Maximum Principle enables the determination of the optimal prevention
schedules in all cases. In addition when periodic replacement is possible the

optimal replacement interval can be determined. Numerical methods are required

to obtain seolutions.



subject to

£0n

useless. Money spent

1

auch breakdown., Alternatively the

gource such as

inevard, a dairy herd or flock of

wgoing revenue but

neat

renue during

1

assel,

™
5
fodas

only when




-y

herd or flock of livestock raised for meat production but subject to destruction

category.,  So

catastrophic destruction through fire (gee

tion through fire.

both an

timber, bult which could also he clear-cut harvested to

assumplion e paper ig

ime depends only on the

on prevention or tion, but not on past levels of

penditure.  Such an assumption will

involving 1

\ . L L )
described above,; however it will impose some

r of the model is @
machine wther model in the probability {

past maintenance expendit

bt to deprec

more suitable

~event ive

first congider the problem of determining the pattern or

the

the asset until such time

Lrophic




Finally we consider the gituation of

is replaced whene

nent age along with

prevention enditure is determined.

The models are formulated in continuous time and the optimization problem

leads to an interesting application of the Pontryagin Maximum Principle (see
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2. THE BASIC MODEL AND OPTIMIZATION PROBLEM

Suppose that when the asset is of age t, it can earn revenue at the rate
r(t) dollars per unit time, and that in the absence of prevention it is subject
to the possibility of breakdown or destruction with the probability of this

happening being characterized by a hazard function h(t), where

(1) h(t) = 1lim {P(breakdown between ages t and (t+A)|no breakdown
4 -+ 0 Dbefore age t)/4}

Suppose that money is spent on protection or preventive maintenance at time t
at the rate of p(t) dollars per unit time, and that in consequence the

effective hazard is reduced to hp(t), with
(2) hp(t) = ?(p(t))h(t)

where ¥ is a function assumed to be decreasing and convex with ¢(0) =1,

which we shall call the response function. The resulting survivor function (or

reliability function) Sp(x), which gives the probability that the asset

survives until age x is given by

(3) Sp(x) = exp{— JZ hp(t)dt}

(see e.g. [9]) and the probability density function (p.d.f.), fp(x), of the

time until breakdown, X, is



(4) fp(x) = hp(x) Sp(x) = hp(x) exp{~ Jz hp(t)dt}

We shall refer to the function p(t) as the prevention schedule.
The expected present value of revenues earned net of prevention

expenditures, until the time the asset is destroyed is

o0

-6t -6t
(5) J = E e {r(t)-p(t)]ldt; = JX e [r{(t)-p(t)]f (x)dt dx
X{JO } JO 0 P

where & 1is the per annum instantaneous rate of discounting (related to the per
annum yearly discount rate i by the formula e6 = 1 + 1). After reversing the
order of integration in the above integral and observing that —Sp(x) is an

anti—derivative of fp(x), J can be expressed asl

<o

(6) J = jo [r(£)-p(t)]e °° 5 (t)dt

In order to find the optimal prevention schedule we seek a control function
p*(t) to maximize (6) subject to the constraint (2) and the constraint
p(t) > 0.

By making a simple variable transformation (see [11]) the above
optimization problem can be re—expressed as a standard optimal control problem.

Specifically let

1The objective here is for revenue earned until breakdown, over an infinite time
horizon. If, as in the case of a rangeland grazing resource, there is a
finite time horizon, (e.g. the end of the grazing season), then the upper limit
of the integrals in (5) and (8) will be finite.
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To solve this control problem the Pontrvagin Maximum Princip

[6]) can be employed. To use the maximum principle we introdu

variable, aA(t) and a Hamilionian function

P R T AR . . A
(13) H o= [r(t)-plti]e 77 77+ A(t)e(p)h(t)

Necessary conditions for an optimum are that

satisfy the so-called adjoint-equation
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ce an
the variables p, v

the dynamic equation (11), and that at all times © » 0, the control p(t)

maximizes the Hamiltonian Ht over the contrel set {p: p » 0

concavity of HL

¥

the solution to FHtfap = 0 if that solution is > 0

at  p{ty = 0. WNow from (13} b8H,/ap = 0 is equivalent to

. -

. 85‘1 JL
(]J) )\‘/‘L" = T N e S e o
¥ Lpinit)

otherwise

1

1
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(in p) it follows that this last condition will be met at

will be ne

provided, of course that hi{t} > 0. Differentiating this equation with respect

to 1, and using the adjoint equation (14), to eliminate

equation for dp/dt in terms of p, v and dy/dt. The dynamic

LY L

da/dt,

equation {

provides an

pret
-

can be used to eliminate dy/dt, giving the following equation which the

. ; ¥, . . e S,
optimal control p (1) must satisfy on regions where it is
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e dp P(p) By g
(15 e T 22l I8+ P(p)h(t)]

dt P (D)

positive:
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We shall call this equation the keyv equation.

Unfortunately we cannot simply solve the key equation to obtain the optimal
prevention schedule. There are two reasons Tor this. Firstly we have no
boundary condition specified, and secondly we have no guarantee that the optimal
control p (t) is positive for all t » 0. A boundary condition can be
obtained by considering the optimization problem over a finite time horizen 7,
rather than over an infinite time horizon. Since there would be no constraint
on the state of the system at time T (i.e. on ¥{(T)) there would be present a

free terminal value irapsversailty condition (see e.g. [6, p. 240])

'},_4

7 MT) =0

Since there is no value of p that would make the right-hand side (r.h.s.) of

<4
(15) equal to zere, it follows that either p (£) =0 on [0, T], or that
there would exist a time to such that the optimal control p$(t) would be
identically zero on (tqf T], but would have p$(t6) > 0. The value of to

could be found numerically from the fact that on [tﬁ, T, the optimal (i)

and A{t) satisfy

Q.
% o
(18 ~r = h(t),
£
and
. A -5t—-vit3
(19) SR Lrye BEYLE
' at
Solving this pair with the boundary conditions (17) and v(t,), and using the
L
fact from (15) that
(20) b Y o= ,
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equation (16} can be solved with the

Once tﬁ hag been determined
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boundary condition p(t = 0. If the resulting solution is positive on [0,

. O)

. . ; , ) . . . E SN
t 3, then it should provide the optimal prevention schedule (with p (t) = 0

1t the solution crogses

on [t,., ). However
will not provide the optimal solution on the whole of the interval g, t
3

Hather an argument of the above type will have to he used again to find the next

.
. N o N — N o . . Y s " _ Y - o
interval where p (L) = 0. Rather than pursue this further at this sltage we

a1l consider some simple special cases for which the oplimal prevention

{a) Constant hazard and constant revenue.

Consider the case when the revenue function and the hazard function are

both constant in time:
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say. In this case the asselt would produce

!

brealkdown (occurring in a Poisson proce

The problem is time

homogeneous. At any time t > 0, given thal a breakdown has not occurred, one

lem in choosing the optimal curr prevention

W+
ty will be constant, (and equal to p, say). One can

determine the value of p from the

i

. . ko
uation, since dp /dt 0. It follows

from (16) that 5 satiglies

{247 & + we(p) +we(p)lppl =0
This eguation can be solved, numerically if necessary, to obtain the optimal

- N
¢

congstant level of prevention expenditure.

For example if &6 = 0.03, and

-

with g = 0.1 ({which we shall assume in the numerical examples throughout the

and if p = 1000
and v = 0.01, we obtain from (24 p = 34.609. i.e. it is optimal to gpend

$34.61 per vear of the $1000 per yvear revenue, on ongoing preventive maintenance
b J J 3 E

or protection measures. The

of the asset is increased from $25,000 to $31,846. If the assel were not
susceptible to breakdown its present value would be $33,333. If the response to
prevention expenditure is less strong (say, with g = 0.01) the optimal

expenditure on prevention will he larger ($98.30 per year). In this case the

Ur:,

resulting expected present value is $26,723.



(b)) S ona

natant hazard

wa

and constant revenue but

with delay.
A slightly more complicated zitualtion is when the revenue function is
constant except for an initial period when it is zero. i.e.
(26) rity = O ¢t
P S —_ 1
=0 b £
with again a constant hazard, h(t) = v. Such a situation might prevail for a
living resource such as an uneven—aged forest stand, for which there is an
initial maturing period during which the assel is unproductive.

Clearly for t t}; the optimal prevention expenditure is again constant
at the level p given by the solution to (24). For £ < tl we must solve the
key equation

3 ;" '\'1‘-';X
; ip viip) R [reip)]
(27) S = T e [BtuP{p) ] 42 S
L / E{'E wE =(p; L Sy

with the appropriate boundary {(terminal) condition.

Note that (27)
autonomous with a positive r.h.=s.

{(from assumptions on ¥).

Thus p (i)
either be increasing on the whole

- must
te of [0, t.], or at first zero on soms
1
interval and then subsequently he inder of [0, tl].

The boundary condition for p (at i1) can be found by solving the
adjoint (14} and the dynamic equation (11) on (t1, o} with p{t) = p. This
gives, from the continuity of A and v,

{ ~&t. —ylt,)
28 Mt




Now the optimal p (t,) is given
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In the previcus section we considered the maximization of the present valu

set suffered catastrophic
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From (35) and (37) we get that

P, is given by the solution to

W

in

vear. This should be

the constant prevention expenditure of $34.61
per year when there lg no auvtomatic replacement. Such a reduction in preventlion

expenditure when there is automatic replacement will alwavs take place since the

effective

n”)
-

revenue Tunction r{t) (2

el
]
]

(10)) is reduced to r(t) - 8(L-C) (in
j.  The expected present value of the asset under optimal prevention with

auntomatic replacement is $32,768. This compares with the optimal

present value of

no replacement.

Tt should be noted that t prevention schedule given by (38) does

not depend on the constant revenue earning rate p. This makes sense because it

T
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replacement /vepair takes place instantanecusly apd thus one

at the rate p regardless of breskdowns., In effect one seeks

a prevention schedule to minimize the total costs of repair or replacement
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is obtained by solving the key equation

(39) C - -

on [0, t}] with boundary condition p{t,) = p

N . . In order to determine the

optimal value of the objective Q.(p) in (34) it is necessary to determine
k)
S {(ty (or vyiti). One way to do this iz to solve (39) and {11) (with

hit) = v) asg a two-point boundary-value problem with boundary conditions

v(0) = 0 and plt,) = by An alternative method ig to obtain the solution to

(39) at a fine grid of values in the interval [0, L]], snd then use these

values to obtain a numerical solution to (11). The value of T(pi can then be
A

obtained using for example Simpson’s Rule (see e.g. [B, p. 219]) or some

refinement of it.

Since the above procedure allows us to determine numerically the r.h.s. of
(33) for any given value of J , the equation (33) can be solved iteratively

max

for quva using a method such as the Secant Method (see e.g. [6, p. 48]). The
} k.
optimal prevention schedule p (t) is given by the solution to (39) with L

set at J .
meax

Thia procedure has been carried oul using the parameter values described in

(b) of Section 2, with g = 0.1. The boundary value problem was solved using a

ey

shooting method (see e.g. [8]) and the numerical integration was performed using

a method of Gill and Miller [7]. NAG Library [2] software was again employed.

- S . E S - £ e ] e oyt

The maximum expected net present value of the resource is J = 527 ,750.70.
max

This compares with an value of $27,207.03 is no

automatic replacement. The optimal prevention schedule is as shown in Fi

{trajectory (a)). Also shown is the optimal prever

V3. Again note how, when automatic replacement is
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operative, the optimal prevention schedule is lower. With auvtomatic

replacement, when the asset is productive (it > tl), the hazard, with optimal

prevention in place is h (1) = .00151 whereas with no replacement the greater

level of prevention under optimal management leads to a reduced hazard of

h (t) = .000314.

An interesting feature of the above solution is that the optimal initi

prevention expenditure p (0) = $6.93 ig the same as in the case of constant

[

revenue {case (a) above). In fact, when there is automatic or periodic

replacement it can be shown by integrating the adjeint equation, that a{0) =€

for any revenue function and any hazard function. In consequence the optimal

e

initial prevention expenditure p (0) is given by the solution to

(40) v {p) = ~1/ch(0)

i1 this is positive, otherwise 1L ig zero. This Tact provides an alternative

method of determining the optimal prevention schedule. One can solv

{11y as an initial value problem with the above initial value for p, and

v{0) = 0:; then one can use numerical integration to evaluate QL{p) in (34
Since this procedure can be performed for any value of 1L, the selution to
QL(p} = ¢ {which provides Jmaxj can be determined by, for exampl the Secant
Method. The solution to (39) with L = Jmax will provide the optimal

initial expenditure can be explained in

is a breakdown and replacement at btime t = 0

,_.
o
+

s

3

only effect is the incur a cost C  for replacement; there 1s no change

in the current and future hazard, nor in the rate at which current and future




w(p{0))h(0), due to a

The condition (40) says that the optimal

level where the marginal decrease in the

20.

breakdown at t = 0 is ~Ce{p(0)
‘ SO
initial expenditure p (0) is at the

expected loss due to a breakdown at

time + = 0, corresponding to a $1 increase in prevention expenditure, ig

exactly equal to one dollar. If such a trade-off cannot be achieved, the

initial expenditure is zero.
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4. PERIODIC REPLACEMENT
In this section we assume that the owner of the asset conlrols not only the
prevention policy, bul in addition the replacement policy for the .
111 assume that the owner can choose a T,
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where ¥ is a random variable representing the length of the cycle and with

distribution function

d

Y
Fo(x) = P{X < %) =1~ expf— h (t)dt x < T
D = 1 8
fie s 1‘
[ 0
= 1 X 7 T.
Clearly the revenue T(T, p) in (41) is a random variable. Its expected value

ﬁ(T, p) can be obtained by integrating with respect to the distribulion

function (42). Performing this, and after doing some simplification one obtains

T

PN NP <) A
+ J [r{ty—p(L)+aC]e S {(tydt
0 P
If we let J {7y denote the optimal expected net present value over

“max

infinitely many cyeles, but alwayvs using the replacement age T, then we have
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D (,/ . ‘) ] J 0 | Hax i » P
As before thig can be seolved numerically for quvi » provided that the
maximization problem,
imize

T
PN . o f e s BT oy 8T -
(47 G, Tkp; = [ [r{t)-pl)-6(L-C} |5 {t)e t Ri{T)e S (T

Ly L 13

subject to (2} 12y,
can be solved for any value of 1. IFf this can be done,

does not

Anynd vz d e .
derival ives, us

> 0.

This will pr

. . b . , . .
optimal replacement age T . he solution to the mavximization p

with T = T, L

will provide the optimal prevention

Solution to the problem thus revolves

around being able to

optimization problem of maximizing {47 subject to {2 and (12).
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aame ansformation as in Section (equa
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R{T)e Y ", (which depends on the terminal state, v(T)) is in effect. The

Pontryagin Maximum Principle can be used to obtain a solution as befere. The

transversality condition, corresponding to the terminal payveff is

determined by solving the key equation given by (18) only with v{i) replaced

by r{l) - &8(L--C), and with boundary condition
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The optimal value of the objective QL in (48) can then be obtained by the
method described in the previous section.
I the optimal prevention schedule is identically zero on some segments of

the interval [0, T] one cannot obtain the solution directly from the key

lethods zlong the lines discussed in Section 2 must be emploved. For
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can be solved

numerically

plty) = 0 be
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determine the nexit segment on
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2 3
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. DISCUSSION AND CONCLUSIONS

In this paper the problem of determining the optimum schedule of

penditure on prevenlive maintenance or protection Tor a revenus earning asset

subject to catastrophic breakdown has been discussed. Techniques have been

determining the solution in three cases: {a) when revenue is

present

=

;b)) when there is automatic replacement, at a

owin, and (¢)  when there is the of iodic

r €3§) acement

Masrimum

positive expenditure at all times, solutlon to the key egquation

Y

1 :

optimum policy. However in other cases when the oplimal

some intervals, mors comple

procedures must

when there is replace

automatlic or periodic, iterative numerical methods must

and methods developed in the paper lend

in a number of For example it could be asgumed

breakdown depends on the cumulative amount of expenditure to dale, rather than

re,  This leads to a more complicat

control problem with second- r odynamics (see [12]). Also it
. 3 L i

a complete breakdown would oecour

fp(}( E'Cw

; occurring according to some haza: et ion this case ti
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case the optimal prevention expenditure would depend on the number of shocks to

date, in addition to the age of the asset.

While the literature in Reliability Theory contains a number of papers

on

optimal

e.g. [5], [10] and [4]), @ basic assumption
of that work appears to be that maintenance is carried out at discrete times. A
novelty of this paper is that the expenditure on prevention or protection is

asgumed to occur continucusly. This allows the problem to be expressed as one

of dynamic optimal control with the state of the svstem being the probability of

o

survival. Further applications of fthis idea in the area

B L

of reliability,

preventive maintenance etc. may well be possible.
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Figure 1. Optimal prevention

SO U A T3 ey e o
or the case (b)) discussed in

ol a constant revenue funclion bul with delay. Curve (4)

corresponds to a stronger response to protection expendi

2
f

prevention

J

Figure 2. Oplimal prevention schedules {or the case

.‘x'\;

of a constant revenue function but with delay. Curve (A)

corresponds avtomatic 1

ile curve (D)

corresponds to the ¢

of no replacement. In both cases the

regponge paramelter £ isg 0.1, Units of
$/vear, and units of age .

pregent value J (T
max

N [ R ey e e A T
replacement, as a functi

on of replacement

function and hazard

ks
2

Units of present value are dollars and units of replacement age are
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