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Chapter 1 

Preliminaries 

In this chapter we define the algebraic obJects reqmred to define and construct a free 

( t:, G)-Lie coloralgebra We will also state some basic results which are needed m the 

chapters to follow Much of the material m this chapter can be found m [2] and [7] 

1.1 Magmas 

A magma is a set M with a bmary operation or product ( , ) M x M --+ M 

Mis called associative when ((x, y), z) = (x, (y, z)) for all elements x, y, z E Mand 

commutative or abelian when (x, y) = (y, x) for all x, y E M If M and M' are 

magmas, then h M --+ M' is a magma homomorphism if and only if h((x, y)) = 

(h(x), h(y)) for all x, y E M A magma Mis freely generated by a set A if and only 

if A ~ M and every map from A mto a magma M' extends uniquely to a magma 

homomorphism from M mto M' 

Let A be a nonempty set We construct a magma M(A) which is freely generated 

by A The sets Mk(A) for k > 0 are defined recursively by lettmg Mi(A) = A 

and Mn(A) = Uo<J<n M1 (A) x Mn-J(A) when n > 1 For any x E MP(A) and 

y E Mq(A), let (x, y) denote the ordered pair of x and y m MP+q(A) M(A) is 
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defined as the set Un>O Mn(A) with the bmary operat10n ( , ) That 1s, the product 

of x and y 1s the ordered pair (x , y) for all x, y E M(A) Note that this bmary 

operat10n 1s mJect1ve For every x E M(A), let lxl be the length of x which we define 

as the umque mteger n > 0 such that x E Mn(A) Thus I I M(A) --+ N+ 1s a 

magma homomorphism where N+ denotes the pos1t1ve mtegers under add1t10n Let 

M be a magma and f be a mappmg of A mto M The funct10ns A Mk(A)--+ M 

for k > 0 are recursively defined as Ji = J and fn((x, y)) = (fp(x), fq(y)) for all 

(x, y) E MP(A) x Mq(A) ~ Mn(A) when n > 1 The funct10n f M(A) --+ M 

defined as f(x) = f1x 1(x) for all x E M(A) 1s a magma homomorphism Suppose that 

h M(A) --+ M 1s magma homomorphism extendmg f which does not agree with f 

on all of M(A) Thus we have x E M(A) \A such that h(x) -I- f(x) and h(w) = f(w) 

for all w E M(A) with lwl < lxl Thus there exists y, z E M(A) such that IYI, lzl < n 

and x = (y , z) which implies that h(x ) = (h(y), h(z)) = (l(y) , f( z)) = f(x ) This 1s 

a contrad1ct10n Hence f 1s umque 

1.2 Monoids 

An element 1 contamed m a magma M 1s called an identity element 1f and only 

1f (1, x) = (x, 1) = x for every element x E M Magmas that contam an identity 

element are called umtal magmas A monoid 1s an assoc1at1ve umtal magma When 

the symbol 1 1s used, 1t will always denote the 1dent1ty element m a magma There 

are cases where the 1dent1ty element will be denoted by a different symbol For 

example when we consider a mon01d with add1t10n as the bmary operat10n, we call 

the 1dent1ty element zero and denote 1t by the symbol O A map h M --+ M' 

between two mono1ds 1s called a monoid homomorphism 1f and only 1f 1t 1s a magma 
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homomorphism mappmg the identity element of M to the identity element of M' A 

monoid Mis freely generated by a set A if and only if A~ M and every map from 

A mto a mon01d M' extends umquely to a monoid homomorphism from M mto M' 

Let A be a nonempty set We will construct a mon01d A* which is freely generated 

by A We call A an alphabet and the elements of A letters The set of all words on A 

is the set of all fimte sequences of letters mcludmg the empty sequence The length 

of a sequence w E A* is denoted by lwl Note that every letter is a word of length 

one For any words w and v on A we denote the product of w and v by wv and define 

it as the v.ord of length lwl + lvl which agrees with w for the first lwl letters and 

agrees with v for the last lvl letters Let A* denote the magma cons1Stmg of the set of 

all words on A with this product Clearly, A* is a mon01d with the empty sequence 

as the identity element A* is freely generated by A Indeed, for every map f of A 

mto a mon01d M we can define a mon01d homomorphism f A* ---t M such that 

J(l) = 1 and J(a1 an) = J(a1) f (an) for all 0 =/= { a1, , an} ~ A Clearly, J 
extends f and is umque because any mono1d homomorphism h A* ---t M satisfies 

h(l) = 1 and h(ai an) = h(a1) h(an) for all 0-/- { a 1 , , an} ~ A 

Many common algebraic obJects are mon01ds For example a group 1s a mon01d 

with the addit10nal property that every element has an mverse That is, for every ele­

ment x there exists an element y such that xy = yx = l A commutative ring with unity 

is a set R with two bmary operat10ns addit10n, +, and mult1phcat10n, *, such that R is 

an abehan group under +, a commutative mon01d under * and x * (y + z) = x * y + x * z 

for all x, y, z E R We will often denote x * y by xy 
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1.3 K-modules 

Let K be a commutative rmg with umty We define a K - module W as an abehan 

group under add1t1on such that the elements of K are unary operations on W satis­

fymg the followmg four properties 

a(x + y) = a(x) + a(y) 

(a+ b)(x) = a(x) + b(x) 

(ab)(x) = a(b(x)) 

l(x) = x 

(1 3 1) 

(13 2) 

(133) 

(134) 

for all x, y E W and a, b E K When no confusion can anse we wnte a(x) = ax for 

a E K and x E W The simplest example of a K-module 1s K itself where every 

operation x E K is defined as x(y) = xy for all y E K A K - module homomorphism 

or K -linear mapping 1s a mon01d homomorphism h from a K-module W mto a K­

module such that h(ax) = ah(x) for all x E W Note that K-module homomorphisms 

always map zero to zero A submodule V of a K-module Wis a K-module cons1stmg 

of a subset V of W with the operations of the K-module Won V This 1s eqmvalent 

to saymg that V ~Wand kx - y EV for all x, y E V and k EK If h V-+ W 

1s a K-lmear map, then the mverse image of a submodule of Wis a submodule of V 

and the image of a submodule of Vis a submodule of W The mverse image of the 

submodule {O} 1s called the kernel of h Let S be a submodule of the K-module T 

and T / S be the set of all eqmvalence classes obtamed from the eqmvalence relation 

~ on T defined as x ~ y 1f and only 1f x - y E S For each x E T, x denotes the 

eqmvalence class contammg x Note that ~ 1s a congruence on T Indeed, 1f x ~ x' 

and y ~ y', then kx+y ~ kx' +y' for all k EK Thus T/S 1s a K-module under the 
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followmg operat10ns 

kx= kx 

------x + y = x + y 

for all x, y ET and k E K T /Sis called the quotient module of T by the submodule 

S The canomcal map f T --+ T / S defined as f ( x) = x for all x E T is called the 

quotient map of T / S Note that f is K-lmear and kernel (f) = S 

The followmg proposit10n is known as the Homomorphism Theorem for K-modules 

Proposition 1 3 1 Let f T --+ T / S be the quotient map of T / S For every 
K -module R and K -linear map h T --+ R such that S ~ kernel ( h), there exists a 
unique K-linear map h such that h(J(x)) = h(x) for all x ET 

T ~ T/S 

1 h lh 
R ~ R 

Proof This result is an apphcat10n of Corollary 3 8 m Chapter 2 of [4] to K-modules 
Alternatively, this proposit10n is explicitly stated as Theorem 5 9 m Chapter 5 of 

~ □ 

Whenever we wnte LxEX kxx for some subset X of a K-module it will be under­

stood that this is a fimte sum, that is kxx = 0 for all but fimtely many x E X and 

LxEX kxx equals to zero plus the sum of all the nonzero summands Note that when 

X is empty LxEX kxx = 0 A K-module V is a dir ect sum of a set {½ J E J} 

of submodules of V if and only if V = ffi10 ½ which means that every x E V can 

be expressed umquely as a sum I::10 x1 such that x1 E ½ for all J E J, the map 

prOJi V --+ ½ defined as proJi(x) = x1 is K-lmear The set of homogeneous 

elements of V are the elements contamed m LJ
10 

½ Note that for any x E V, 

x = LJEJ proJ1 (x) A bmary operation or funct10n J V x V--+ Von a K-module 
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V is called K - bilinear 1f and only 1f for all x E V the maps y H f (x, y) and 

y H f(y, x) are K-lmear If R = EBJEJ RJ and f LJJEJ RJ x UJEJ RJ ~ R is such 

that f (kx + y, z) = kf (x, y) + f (y, z) and f (z, kx + y) = kf(z, x) + f(z, y) for all 

J, i E J, x, y E R1 , z E Ri and k E K, then f extends umquely to a K-b1lmear 

operat10n 7 R x R ~ R Henceforth 1t will be sufficient to define a K-b1lmear 

funct10n on a direct sum by definmg 1t on the pairs of homogeneous elements 

Propos1t1on 1 3 2 Leth be a surJective K-lmear map from V = EBJEJ ½ into W 
W = EBJEJ h(½) iff kernel(h) = EBJEJ(½ n kernel(h)) 

Proof Let W = EBJEJ h(½) Smee½ n kernel(h) 1s a submodule of½ for all J E J, 
1t 1s enough to show that for every x E kernel(h) and J E J, proJJ(x) E kernel(h) 
For all x E kernel(h), 0 = h(x) = "1:,J 0 h(proJJ(x)) which 1mphes that proJJ(x) = 0 
for all J E J To prove the converse let kernel(h) = ffiJ 0 (½ n kernel(h)) Smee 
h is surJect1ve and h(½) 1s a submodule of W for every J E J, 1t 1s enough to show 
that the representat10n 1s umque or eqmvalently to show that O = LJEJ xJ where 
xJ E h(½) for all J E J 1mphes that xJ = 0 for all J E J We have O = LJEJ xJ = 
LJEJ h(vJ) = h("l:,1EJ vJ) where vJ E ½ for all J E J Thus LJEJ vJ E kernel(h) 
which implies that each vJ E ½ n kernel(h) by the umqueness of the representat10n 
m V Therefore, xJ = h(vJ) = 0 for all J E J □ 

If W 1s a K-module and X ~ W, the submodule {LxEX kxx kx EK} 1s denoted 

by K X AK-module V has a basis B if and only 1f every element x EV can be ex­

pressed umquely as LbEB kbb where kb E K for all b E B V 1s freely generated by B 

1f and only 1f B ~ V and every map from B mto a K-module W extends umquely 

to a K-module homomorphism from V mto W Note that a K-module V 1s the 

submodule generated by B when 1t 1s freely generated by B 

Proposition 1 3 3 Let B be a nonempty set V is freely generated by B if and only 
if B is a basis of V 

Proof Let V be freely generated by B V = K B because K B 1s a submodule of 
V contammg B and V 1s generated by B So 1t enough to show that 1f O = LbEB kbb, 
then all of the elements kb are zero Let O = LbEB kbb Consider K as a K-module 
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and for all b E B let !b B --+ K extend the zero map on B \ {b} with !b(b) = 1 and 
/b be the umque K-lmear extens10n of !b to V For all b E B, 0 = flLcEB kcc) = 
LcEB kcfb(c) = LcEB kcfb(c) = kbl = kb To show the converse let B be a basis of 
V and h B--+ W where W 1s a K-module Smee B 1s a basis of V, h V--+ W 
1s well defined by h(LbEB kbb) = kbh(b) for all LbEB kbb E K B It 1s easy to venfy 
that h 1s K-lmear and that any K-hnear map extendmg h will satisfy our defimt10n 
for h So h 1s the umque K-lmear map extendmg h □ 

We say that V 1s a free K - module 1f and only 1£ V has a basis 

Let B be a nonempty set We construct a K-module V(B) that 1s freely generated 

by B For each b E B define Kb = K and let W be the subset of the direct product 

nbEB Kb consistmg of all elements (xb)bEB such that Xb = 0 for all but fimtely many 

b E B The add1t10n and K operat10ns are defined as (xb)bEB + (YbhEB = (xb + YbhEB 

and k(xbhEB = (kxbhEB for all k EK W 1s a K-module with these operations For 

each a E B let (eg)bEB E W be such that eg = 0 for all b E B \ {a} and e~ = 1 

Let V(B) be the set obtamed from W by replacmg (eg)bEB with a for each a E B 

and let r V(B) --+ W be the b1Ject10n extendmg the identity on V(B) n W such 

that r(a) = (eg)bEB for all a E B Thus V (B) 1s a K-module with add1t10n and K 

operat10ns defined as kx = r-1(kr(x)) and x + y = r-1(r(x) + r(y)) for all k E K 

and x, y E V(B) Thus r 1s K-lmear and we note that (xbhEB = LbEB xb(b) for all 

(xbhEB E V(B) n W So 1t 1s enough to show that the representat10n 1s umque which 

1s eqmvalent to showmg that O = LbEB kbb 1mphes that kb = 0 for all b E B Towards 

a contrad1ct10n, suppose that O = kcc+ LbEB\ {c} kbb and kc=/=- 0 Thus r(LbEB\{c} kbb) 

has -kc as its dh component but r(b) 1s zero m its cth component for all b EB\ {c} 

this 1s contradicts the K-lmeanty of r 
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1.4 K-Algebras 

A K - algebra is a K-module with a K-bihnear operation called multiplication 

which is not necessanly associative We will often denote multiphcat10n m K­

algebras by placmg elements m Juxtaposit10n The K-lmear maps between K-algebras 

which are magma homomorphisms with respect to multiphcat10n are called K -

algebra homomorphisms A submodule R of a K-algebra Sis a called a subalgebra 

of S if and only if R is closed under the multiphcat10n m S That is, for all x, y E S , 

xy E R The subalgebra of S generated by A is the least subalgebra of S contammg 

A or eqmvalently the mtersect10n of all subalgebras of S contammg A A subalgebra 

R of a K-algebra S such that xy, yx E R for every x E Randy E Sis called an ideal 

of S The ideal of S generated by A is the least ideal of S contammg A or eqmva­

lently the mtersection of all ideals of S contammg A Let R be an ideal of S The 

K-module S/ Risa K-algebra with multiphcat10n defined as xy = xy for all x, y E S 

and the canomcal map h S---+ S/R defined as h(x) = x for all x ES is a K-algebra 

homomorphism S is a freely generated by A if and only if A ~ S and every map 

from A mto a K-algebra T extends umquely to a K-algebra homomorphism from S 

mto T Note that S is the subalgebra of S generated by A when S is freely generated 

by A 

Let A be a nonempty set We will construct a K-algebra S(A) which is freely 

generated by A Let S(A) be the K-module V(M(A)) which is freely generated by 

the magma M(A) which is freely generated by A For each x E M(A) let fx be the 

umque K-lmear map on V(M(A)) ext endmg y f---+ (x, y) for ally E M(A) We define 

the multiphcat10n * on V(M(A)) as (L xEM(A) kx(x)) * (z) = LxEM(A) kxUx(z)) for 
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all LxEM(A) kx(x) & z E V(M(A)) = K M(A) It easily verified that * is a K­

bilmear extens10n of the product on M(A) To show that S(A) is freely generated by 

A as a K-algebra, consider a map h from A mto a K-algebra R We have a umque 

magma homomophism extendmg h to M(A) which extends umquely to a K-hnear 

map h from V(M(A)) mto R We can verify that his a K-algebra homomorphism 

Let g S(A) ----+ R be a K-algebra homomorphism extendmg h Thus g is the 

umque K-lmear map extendmg g restricted to M(A) Smee g restricted to M(A) is a 

magma homomorphism from M(A) mto R extendmg h, we have that g agrees with h 

on M(A) Thus g is the umque K-lmear map extendmg h restricted to M(A) , which 

is h 

Let .6. be a commutative monmd with addit10n as its bmary operation A K­

algebra R is called D. - graded if and only 1f there exist submodules R0 of R for all 

fJ E D. such that R = ffioEt. Ro and R 0 R13 ~ Ra+/3 for all a, (3 E D. Let R and 

S be .6.-graded K-algebras, a K - algebra homomorphism h R ----+ S 1s called 

D. - graded when h(R0) ~ S0 for all fJ E D. Note that multiphcat10n is often defined 

on a .6.-graded K-algebras by defimng it on the homogeneous elements We say that 

a subalgebra Sofa .6.-graded K-algebra R 1s graded when S = ffioEt.(Ro n S) If S 

is a graded ideal of R and h R ----+ R/ S is the canomcal K-algebra homomorphism, 

then R/ S = ffioEt. h(R0) is a .6.-graded K-algebra by Proposit10n 1 3 2 

We have the Homomorphism Theorem for .6.-graded K-algebras 
-

Proposition 1.4.1 Let R be a graded ideal of the D.-graded K-algebra S and h 
S ----+ S/ R be the canonical D.-graded K-algebra homomorphism For any D.-graded 
K-algebra homomorphism f from S into a D.-graded K-module T with R ~ kernel(!), 
there exists a unique .6.-graded K-module homomorphism f S/ R ----+ T such that 
f oh= f 
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S ~ S/ R 

11 11 
T ~ T 

Proof Applymg Corollary 3 8 m Chapter 2 of [4] to K-algebras, we have a umque K­
algebra homomorphism f S/ R-+ T such that Joh= f For all 8 E .6., J((S/ R)6) = 
f(h(S6)) = J(S6) ~ T6 Thus] is a .6.-graded K-algebra homomorphism Smee every 
.6.-graded K-algebra homomorphism is a K-algebra homomorphism,] is umque □ 

Proposition 1 4 2 Let I be an ideal of a 6.-gmded K-algebm R generated by a set 
of homogeneous elements X Then I is a graded ideal 

Proof Let H denote the set of homogeneous elements m R We define the subsets 
ln of R for n ~ 0 by recurs10n Let Jo = X and ln = ln-iH U H ln-i for all n > 0 
where ln-1H = { x E R x = yz & y E ln-1 & z E H} and H ln-1 = { x E R x = 
zy & y E ln-l & z E H} It is easy to venfy that J = K J where J = Un>o ln Note 
that J is a set of homogeneous elements because H is closed under mufiiphcat10n 
For each 8 E .6. let F6 = (R6 n J) \ {O} Smee In R6 = K F6 for all 8 E .6. and 
I= ffi6E.6. K F6, I is a graded ideal □ 

A set A which is a disJomt umon of the subsets A6 where 8 E .6. is called a 

.6. - graded set, a map f from A mto a .6.-graded K-algebra R is called a .6. - map 

when J(A6) ~ R6 for all 8 E .6. Let R be a .6.-graded K-algebra and A = LJ6E.6. A6 

be a .6.-graded set, R is freely generated by A if and only if V8 E .6., A6 ~ R6 and 

every .6.-map from A mto a .6.-graded K-algebra S extends umquely to a .6.-graded 

K-algebra homomorphism from R mto S 

Let A = LJ6E.6. A6 be a nonempty .6.-graded set We will construct a .6.-graded 

K-algebra D(A) which is freely generated by A by definmg a ~-gradmg on S(A) 

Let g M(A) -+ .6. be the umque magma homomorphism extendmg the map which 

assigns each element m A6 the element 8 for all 8 E .6. For each 8 E .6. we let M6(A) = 

{x E M(A) g(x) = 8} Thus S(A) = ffi6E.6.(K M6(A)) and xy E K Mo+,B(A) 

for all a, j3 E .6., x E K M0 (A) and y E K M,B(A) We define D(A) to be this 
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t:i.-graded K-algebra Any K-algebra homomorphism f extendmg a t:i.-map from A 

mto a t:i.-graded K-algebra T 1s a t:i.-graded K-algebra homomorphism Indeed, by 

mduct1on on length m M(A) we have that f(M0 (A)) ~ T0 for all 6 E t:i. which 1mphes 

that f(D0(A)) E T0 for all fJ E t:i. So 1t 1s clear that D(A) 1s freely generated by A 

as a t:i.-graded K-algebra because 1t 1s freely generated by A as a K-algebra 

Note that D(A) has M(A) as a basis and thus D(A) = EBn2: i D(A)n as a K­

module where D(A)n = K Mn(A) for all n ~ 1 

1.5 Associative K-algebras 

An associative K - algebra 1s a K-algebra such that the nonzero elements form 

a monmd under the mult1phcat10n operat10n Note that this defimt10n 1mphes that 

every assoc1at1ve K-algebra has a mult1phcat1ve 1dent1ty An associative K - algebra 

homomorphism 1s K-algebra homomorphism from an associative K-algebra T mto an 

associative K-algebra U which maps the identity element of T to the 1dent1ty element 

of U Let A be a nonempty set and K (A) = V(A*) with mult1phcat10n defined by 

the multiphcat10n m A* extended to V(A*) by K-b1lmeanty It 1s clear that K(A) 1s 

an associative K-algebra If f maps A mto an assoc1at1ve K-algebra R, then there 1s 

a umque monmd homomorphism from A* mto R extendmg f which extends umquely 

to a K-module homomorphism J It 1s clear that this J 1s the only assoc1at1ve K­

algebra homomorphism extendmg f Thus K (A) 1s an associative K-algebra which 

1s freely generated by A That 1s, every map from A mto an associative K-algebra 

R extends umquely to an associative K-algebra homomorphism from K (A) mto R 

An associative t:i.- graded K -alge/Jra 1s a t:i.-graded K-algebra which 1s a monmd 

with respect to multiphcat10n 
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Example 1 5 1 Let G be an abelian group under addition and R = EBgEG R 9 be a 
G-graded K -module End(R) is an associative K -algebra consisting of the set of all 
K -linear maps on R with 

(! + h)(x) = f(x) + h(x) 

(kf)(x) = kf (x) 
f o h(x) = f(h(x)) 

(151) 

(152) 

(153) 

for all f, h E End(R) and k E K and x E R Note that O E End(R) is the zero 
map on R and 1 E End(R) is the identity map on R For each g E G we define 
End9 (R) = {f E End(R) \:/h E G , f (Rh) ~ Rg+h} We note that End9 (R) is 

a submodule of End(R) for each g E G and that End(R) = EBgEG End9 (R) as a 
K-module For all f E End91 (R), h E End9h(R) and x E R 9.,, f o h(x) E R 91+9h+g., 
Thus f oh E End91+9h which implies that End(R) is an associative G-graded K­
algebra 



Chapter 2 

Introduction 

A K-algebra L with multiphcat10n [ ] is called a Lie algebra if and only [x, x] = 0 

and [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z E L Note that [x, y] + [y, x] = 

[x + y, x + y] = 0 for all x, y E L A Lie algebra homomorphism is a K-algebra 

homomorphism between two Lie algebras We say a Lie algebra Lis fr ee on a set A 

if and only if there exists a map i A ----► L such that for every map f from A mto a 

Lie algebra L' there exists a umque Lie algebra homomorphism 7 L ----► L' satisfymg 

7 oz= f The least K-module m K(A) contammg A which is closed under the bracket 

operat10n defined as [x, y] = xy-yx for all x, y E K (A) is a free Lie algebra which we 

will denote LA , the map i associated with LA is the mclus10n map Note that every 

element m M (A) can be represented m LA under the umque magma homomorphism 

'ljJ M(A) ----► LA such that '1/;(a) = a for all a E A where LA is considered a magma 

under the bracket operat10n For example 1f a, b E A, then 'l/; ((a, b)) = [a, b] In [8], 
-

Hall constructed a basis for LA over a field of characteristic zero Hall's result is easily 

generalized to LA over any commutative nng with umty and the basis can be written 

as 'l/;(B) where B ~ M(A) In (12] , Lazard defined a set of subsets of M(A) called 

the Lazard sets (see Defimtion 5 0 2) and used Lazard ehmmat10n to prove that '1/;(Z) 

13 
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is a basis of LA for each Lazard sets Z In [20], Viennot generalized Hall's basis by 

definmg a set of subsets of M(A) called the Hall sets which contam B and showed 

that it was m fact equivalent to the much less explicit Lazard sets That is, every 

Hall set is a Lazard set and every Lazard set is a Hall set 

Defimt10n 2 0 1. A Hall set is defined to be a subset H of M(A) which is ordered 

by a bmary relat10n ~ such that 

• His totally ordered by ~ 

• A is contamed m H 

• For all h = ( h' , h") E H \ A, h' E H and h' < h 

• For all h = (h' , h") E M(A) \ A, h E H if and only if h' , h" E H and h' < h" 

and either h" E A or h" = (x, y) and x ~ h' 

The followmg example of a Hall set is due to Viennot 

Example 2 0 2 Consider the total ordering ~ of A* which extends a total ordering 

of A defined as x < y if and only if x = uy for some u E A*\ {1} or x = vau & 

y = zbu where a < b, a, b E A & u, v, z E A* The Lyndon words under ~ are 

defined to be the subset of A* consisting of all w E A* \ { 1} such that if w = uv 

and u, v E A* \ { 1}, then u < w Let Y denote the Lyndon words in A* with respect 

to ~ We define the map t A*\ {1} ~ M(A) as t(a) = a for all a E A and 

t(w) = (t(u), t(v)) for all w EA*\ A where u is the greatest word such that w = uv 

and u, v are not empty In Appendix B it is proven that t(Y) is a Hall set under the 

total ordering defined as t(x) < t(y) if and only if x < y in A* 1/i(t(Y)) is called the 

Lyndon basis of LA 
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In [17], Ree constructed a generalization of the free Lie algebra over a field of 

characteristic zero Melancon derived a basis for Ree's construct10n usmg Hall sets 

m [14] In [15], M1khalev gives a more general construct10n of the free Lie algebra 

over any commutative rmg with umty K such that 2 and 3 are umts In this work, 

Mikhalev also defines a basis for his construct10n which 1s analogous to the Lyndon 

basis of the free Lie algebra Melancon's basis 1s more general than M1khalev's m the 

case that K is a field of charactenst1c zero 

The goal of the followmg work 1s to provide a generahzat10n of M1khalev's con­

struct10n without assummg that 2 and 3 are umts m K, to generalize Lazard ehm­

mat10n for this construction and to denve a basis for this construct10n m terms of 

Hall sets via V1ennot's results This basis agrees with Melancon's basis for the case 

that K 1s a field of charactenst1c zero and 1s more general than M1khalev's basis m 

the case that 2 and 3 are umts m K 



Chapter 3 

( E, G)-Lie Coloralgebras 

In this chapter we give a defimt10n for an (E, G)-L1e coloralgebra over a commutative 

rmg with umty which agrees with that of M1khalev m [15] when 2 and 3 are umts 

The results m the last two sect10ns of this chapter are generahzat10ns of results for 

Lie algebras that can be found m [18] The results for Lie algebras are illustrated m 

examples 

3.1 Definitions and Examples 

Let K be a commutative rmg with group U(K) of umts, G be an abehan group 

under add1t10n and E G x G ---+ U(K) be an antisymmetric bicharacter That 

1s, t(a + b, c) = t(a, c)t(b, c), t(c, a+ b) = E(c, a)t(c, b) and t(a, b)t(b, a) = l for all 

a,b,c E G Moreover, let t(g,g) E {1 , -1} for all g E G 

Defimt10n 3 1 1 An ( E, G)-Lie coloralgebra 1s a G-graded K-algebra L = ffigEG Lg 

with a K-btlmear product [] such that for all homogeneous elements x E Lg", y E Lg~ 

16 



and z E L9,, 

[x, y] + E(9x, 9y) [y, x] = 0 

E(9z, 9x)[x, [y, z]] + E(9x, 9y)[y, [z, x]] + E(gy, 9z)[z, [x, yl] = 0 

E(9x,9x) = 1 ⇒ [x,x] = 0 

E(9x, 9x) = -1 ⇒ [x, [x, x]] = 0 
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(3 11) 

(3 1 2) 

(3 1 3) 

(3 14) 

Note that 1f 2 E U(K), then 3 111mphes 3 1 3 and 1f 3 E U(K), then 3 1 2 1mphes 

3 1 4 Also note that this defimt10n 1s a generahzat10n of the defimt10n of a Lie algebra 

over K Indeed, e\'ery Lie algebra can be considered an ( E, G)-L1e coloralgebra with 

G = {O} and E(O, 0) = 1 

Example 3 1 1 Let F be a field of characteristic zero, Z2 be the integers modulo 

2 under addition and E' Z2 X Z2 ----+ K be defined as E1 
( n, m) = ( -1 rm for all 

n, m E Z2 (E', Z2 )-Lie coloralgebras (over F) are called Lie superalgebras 

Defimt1on 3 1 2 If L and L' are (E, G)-L1e coloralgebras then h L ----+ L' 1s a 

(E, G) - Lie coloralgebra homomorphism 1f and only 1f h is K-lmear, h([x, y]) 

[h(x), h(y)] for all x, y E Land h(L9 ) ~ L~ for all g E G 

An (E, G)-L1e coloralgebra homomorph1sm which 1s a b1Ject10n 1s called an (E, G) -

Lie coloralgebra isomorphism When an (E, G)-L1e coloralgebra 1Somorph1sm exists 

between two (E, G)-L1e coloralgebras we say that they are isomorphic 

Example 3.1 2 Consider End(R) from Example 151 We define a new multiplica­

tion, [), on End(R) as the unique K-bilmear map such that [x, y] = xoy-E(9x, gy)yox 

for all x E End9"' ( R) & y E End9v ( R) Under this multiplication End( R) is an ( E, G)­

Lie coloralgebra which we denote pl(R) = EBgEG plg(R) 
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Example 3 1 3 Let Q be the rational numbers and Q2 be the set of 2 x 1 matrices 

with entries in Q Q2 is a vector space over Q in the usual sense and has the basis 

{ e0 , ei} where e0 is the transpose of (l, 0) and e1 is the transpose of (0, 1) Thus 

Q2 = Q {e0} EB Q {e1} End(Q2 ) is the set of Q-linear maps on Q 2 which can 

be realized as the set of all 2 x 2 matrices over Q under matrix addition and matrix 

multiplication Thus End(Q2 ) = End0 (Q 2 ) EB End1 (Q 2 ) where End0 (Q2 ) is the set of 

all matrices of the form 

with x, y E Q, and End1 (Q2 ) is the set of all matrices of the form 

with x, y E Q Consider the Lie superalgebra pl(Q2 ) with respect to Z 2 and f.' as they 

are defined in Example 3 1 1 We have [ ] defined on pl(Q2 ) as 



i(: :),(: :} 
=i(: :) , (: :}+{: :), (: :}+{: :), (: :} 

= ( 0 rw - wu) + ( 0 sy - vs) + (sx + wt O ) 

ux - xr O tv - yt O O tw + xs 

( 

sx + wt 

- ux - xr + tv - yt 

for all r, s, t, u, v, w, x, y E Q 

3.2 £-derivations 

rw - wu + sy - vs) 

tw +xs 
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Let L be an (E, G)-L1e coloralgebra and pl(L) be defined for L as m Example 3 1 2 

We define the £-derivations Der(L), as Der(L) = El:,
9

EG Der9 (L) where Der9 (L) = 

{DE pl9 (L) D(xy) = D(x)y + E(9,9x)xD(y) for all x E L9x} This defimt10n 1s 

Justified by the fact that V g E G, kx - y E Der 9 ( L) for all x, y E Der 9 ( L) and k E K 

Propos1t10n 3 2 1 Let L = El:,
9

EG L9 be a (E, G)-Lie coloralgebra Then Der(L) is 

a subalgebra of pl(L) 

Proof For all Da E Der0 (L) & Db E Derb(L) we have that 
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This follows from the fact that [D0 , Db] E pla+b(L) and the followmg calculation, 

(Dao Db - t(a, b)Db o D0 )[x, y] = ([Dao Db(x), y] + t(a, 9x + b)[Db(x), D0 (y)] 

+ t(b, 9x)t(a, 9x)[x, Dao Db(Y)] + t(b, 9x)[D0 (x), Db(y)]) 

- t(a, b)([Db o D0 (x), y] + t(b, 9x + a)[D0 (x), Db(y)] 

+ t(a, 9x)t(b, 9x)[x, Db o D0 (y)] + t(a, 9x)[Db(x), D0 (y)]) 

= [Dao Db(x), y] + E(b, 9x)E(a, 9x)[x, Dao Db(Y)] 

- E(a, b)([Db o D0 (x), y] + t(a, 9x)t(b, 9x)[x, Db o D0 (y)]) 

= [(D0 o Db - t(a, b)Db o D0 )(x), y] 

+ t(a + b, 9x)[x, (Dao Db - E(a, b)Db o D0 )(y)] 

for all x E Lg,, & y E Lg
11 

Thus Der(L) is a subalgebra of pl(L) □ 

3.3 Semidirect Products 

We define the adJomt ad L -+ Der(L) as ad(x)(y) = [x, y] for all x, y E L Note 

that ad(x) 1s an L-denvation by 3 1 2 

Theorem 3 3 1 Let [ ] & [ ]' denote the brackets on the ( t, G)-Lie coloralgebras 

L & L' respectively and h L -+ Der(L') be an (E, G)-Lie coloralgebra homomor­

phism There is a unique ( t, G)-Lie coloralgebra L" = LtBL' with bracket [ ]" extending 

[] & [ ]' such that [x, x']" = h(x)x' 

Proof Let L" = L ffi L' Note that L" = ffigEG L~ where L~ = Lg ff) L~ for all g E G 

Let [ ]" be defined on L" as 

[L Xg, L yg}'' = L [xg, Yh]" 
gEG hEG g,hEG 
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for all direct sum decomposit10ns LgEG x 9 & LhEG y9 E L" and 

[x + x' , y + y']" = [x, y] + h(x)y' - t(9x, 9y)h(y)x' + [x', y']' 

for all direct sum decomposit10ns x + x' & y + y' m L~,, & L~
11 

respectively It is clear 

that [ ]" extends [] & [ ]' and is K-bilmear Smee [L9 , Lh] E Lg+h & [L9 , Lh]' E L~+h 

for all g, h E G and his an (t, G)-Lie coloralgebra homomorph1sm, [L~, L~]'' E L~+h 

for all g, h E G It 1s now necessary to show that [ ]" satisfies properties 3 1 1, 

3 1 2, 3 1 3 and 3 1 4 Let x + x' , y + y' & z + z' be direct sum decompos1t10ns m 

L" L" & L" respectively Thus 
9z' 911 9z 

[x + x', y + y']" = [x, y] + h(x)y' - t(gx , gy)h(y)x' + [x', y']' 

= -E(9x, gy)[y, x] + h(x)y' - E(9x, gy)h(y)x' - t(gx, gy)[y', x']' 

= -E(9x, 9y)([y , x] - t(gy , 9x)h(x)y' + h(y)x' + [y' , x']') 

= -E(9x, 9y)[y + y', X + x']" 

So [ ]" satisfies property 3 1 1 To prove property 3 1 2 we first prove the followmg 

two cases, 

Case 1 t(gz, 9x)[x, [y', z']"]" + t(gx , 9y)[y' , [z', x]"]" + t(gy, 9z)[z', [x, y']"]" = 0 

Case 2 t(gz, 9x)[x', [y, z]"]" + t(gx, gy ) [y, [z, x']"]" + t(gy, 9z)[z, [x' , y]"]" = 0 

The followmg calculat10n proves Case 1, 

t(gz, 9x)[x, [y', z']"]" = t(gz, 9x)h(x)[y' , z']" 
-

= t(gz, 9x)([h(x)y' , z']" + E(9x, gy)[y', h(x)z']") 

= t(gz, 9x) ([[x, y']", z']" + t(gx, gy)[y', [x, z']"]") 

= E(9z,9x)(-t(gx + 9y, 9z)[z', [x,y']"]" - E(9x ,9y)E(9x,9z)[y', [z',x]"]") 

= -E(gy ,9z)[z' , [x,y1"]" - E(9x,9y)[y', [z',x]"]" 



Sumlarly we prove Case 2, 

t(gz, 9x)[x', [y, z]"]" = t(gz, 9x)(-t(gx, 9y + 9z)[[Y, z]", x']") 

= -t(gx, 9y)h([y, z])x' 

= -t(gx, 9y)[h(y), h(z)]x' 

= -t(gx, gy)(h(y) o h(z) - t(gy, 9z)h(z) o h(y))x' 

= -t(gx, gy)[Y, [z, x']"]" + t(gx, gy)t(gy, 9z)[z, [y, x']"]" 

= -t(gx, gy)[y, [z, x']"]" - t(gy, 9z)[z, [x', y]"]" 

By K-b1hneanty we have that, 

( )[ I [ I ']"]" l9z,9x x+x, y+y,z+z 
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= t(gz, 9x)([x, [y, z]]+[x, [y, z']"]"+[x, [y', z]"]"+[x, [y', z']"]"+[x', [y, z]"]"+[x', [y, z']"]"+ 

[x', [y', z]"]" + [x', [y', z']']') 

When we d1stnbute t(gz, 9x) on the nght side of the above equation, apply Case 1 

and Case 2 to the six summands on the nght and apply the K-b1lmeanty of [ ]" we 

have that, 

= -t(gx, gy)[y + y' , [z + z', x + x']"]" - t(gy, 9z)[z + z', [x + x', y + y']"]" 

Thus we have proven 3 1 2 If t(gx, 9x) = l , then [x+x', x+x']" = 0 because [x, x] = 0, 

[x', x']' = 0 and h(x)x' - t(gx, 9x)h(x)x' = 0 Therefore property 3 1 3 holds Also, 1f 

t(gx, 9x) = -l, then 

[x + x', [x + x' , x + x']"]" 

= [x, [x, x]"]" + [x, [x, x']"]" + [x, [x', x]"]" + [x, [x', x']"]" + [x', [x, x]"]" + [x', [x, x']"]" + 
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[x', [x', x]"]" + [x', [x', x']"]" 

= ([x, [x, x']"]" + [x, [x', x]"]" + [x', [x, x]"]") + ([x, [x', x']"]" + [x', [x', x]"]" + [x', [x, x']"]") 

The last equation equals zero by property 3 1 2 which proves that property 3 1 4 

holds The umqueness of [ ]" is implicit m its defimt10n □ 

The (E, G)-Lie coloralgebra L" m Theorem 3 3 1 is called the semidirect product of 

L and L' The followmg example shows how this theorem is a generahzat10n of the 

analogous result for Lie algebras (see [18] Lemma O 7(11)) 

Example 3.3 1. Consider a Lze algebra homomorphism h L -----t Der(L') where L 

and L' are Lie algebras When we let G be the trivial group {O} under addition and 

E(O, 0) = 1, we have that L and L' are (E, G)-Lze coloralgebras and h zs an (t:, G)-Lze 

coloralgebra homomorphism Any Lze algebra L EB L' extending the multzplzcatzon on 

L and L' wzth [x, y] = h(x)(y) for all x EL and y EL', zs an (t:, G)-Lze coloralgebra 

Thus we have a unique Lze algebra L EB L' extending the multzplzcatzon on L and L' 

with [x, y] = h(x)(y) for all x E L and y E L' by Theorem 3 3 1 



Chapter 4 

Free ( E, G)-Lie Coloralgebras 

This chapter is divided mto two sect10ns In the first sect10n we give the defimt10n of 

a free (E, G)-Lie coloralgebra on a G-graded set, prove its existence and umqueness 

(up to isomorphism) and prove some techmcal results about it The second sect10n 

consists of a theorem and a corollary on denvat10ns of the free ( E, G)-Lie coloralgebra 

These results generalize a result for free Lie algebras found m [18] which we state as 

an example at the end of the section Note that the corollary m the second sect10n is 

not reqmred later m the thesis 

4.1 Definition and Construction 

Let A = ugEG Ag be a G-graded set, £ be an ( E, G)-Lie coloralgebra and 1, A ----+ £ 

be a G-map, that is i(a) E .C90 when a E A90 The (E, G)-Lie coloralgebra .C is 

called free on A under 1, if and only if for any (E, G)-Lie coloratgebra L and G-map 

f A ----+ L there exists a umque (E, G)-Lie coloralgebra homomorphism f .C----+ L 

such that f (i(a)) = f(a) for all a E A This can be represented by the followmg 

commutative diagram where idL is the identity map on L 
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For s1mphc1ty, we say that£ 1s a free (t:, G) - Lie coloralgebra on A 1f and only 1f 

there exists a G-map z such that £ 1s free on A under z Note that every free Lie 

algebra on A is a free (E, G)-L1e coloralgebra on A where G = {O}, A = A0 and 

t:(O, 0) = 1 

Theorem 4 1 1 For each nonempty G-graded set A = ugEG Ag, there exists an 

(E, G)-Lze coloralgebra £(A) which is free on A under an mJectzve G-map Moreover, 

£(A) is unique up to isomorphism 

Proof We will first construct the free ( E, G)-L1e coloralgebra Let D(A) be the G­

graded K-algebra which we constructed m Chapter 1 Recall that D(A) 1s freely 

generated by A as a G-graded K-algebra and that D(A) = ffi
9

EG K M9 (A) Consider 

the followmg four sets of homogeneous elements m D(A) 

H2 = {t:(9z,9x)(x,(y,z)) +t:(gx,9y)(y,(z,x)) +t:(9z,9x)(z,(x,y)) XE M9x(A), YE 

M9y (A) & z E M9JA)} 

Let I be the ideal generated by the umon of H1 , H2 , H3 , H4 and h D(A) --t D(A)/ I 

be the canomcal homomorph1sm I 1s G-graded by Propos1t10n 1 4 2 It 1s clear 
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that D(A)/ I satisfies properties 3 11, 3 1 2, 3 1 3, 3 1 4 and D(A)/ I is G-graded 

Thus D(A)/ I is an (t, G)-L1e coloralgebra Let id A ---+ D(A) be the 1dent1ty 

map We will show that the quotient algebra D(A)/ I is free on A under ho id 

Let L be an (t, G)-L1e coloralgebra and f A ---+ L be a G-map Smee D(A) 1s 

a free G-graded K-algebra, we have a umque G-graded K-algebra homomorphism 

0 D(A) ---+ L such that 0(id(a)) = f(a) for all a E A Because L is a (t, G)-L1e 

coloralgebra, we have that the kernel of 0 contams the sets H1, H4 by properties 

3 11, 3 1 2, 3 1 3, 3 1 4 Thus I~ kernel(0) By Propos1t10n 1 4 1 we have a umque 

G-graded K-algebra homomorphism 1 D(A)/I ---+ L such that f(h(x)) = 0(x) 

for all x E D(A) Note that ] 1s an (t, G)-L1e coloralgebra homomorphism Thus 

f(h o id(a)) = 0(id(a)) = f(a) for all a E A This argument 1s summarized m the 

followmg commutative diagram 

A ~ D(A) ~ D(A)/ I 

11 lo 11 
L idL) L 

To show the umqueness of 1 suppose that 'I/; D(A)/ I ---+ L is an (t, G)-L1e 

coloralgebra homomorphism such that 'l/;(h(id(a)) = f(a) for all a EA Smee 'I/; oh 

D(A) ---+Lis a G-graded K-algebra homomorphism, we have that 'I/; oh= 0 Smee 

'l/;(h(x)) = 0(x) for all x E D(A), 'I/;= 1 by Propos1t1on 14 1 Thus D(A)/I 1s a free 

( t, G)-L1e coloralgebra 

To see that ho id is mJective, 1t IS enough to prove that h(a) = h(b) 1mphes 

that a = b for all a, b E A I = K J where J = Un2:o ln, lo = Ui=l, ,4 Hi and 

ln+l = M(A)Jn U lnM(A) for n > 0 Suppose that h(a) - h(b) = 0 where a-:/ band 
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a, b E A Thus a - b E J This is not possible because J only contams elements of 

length greater than one and a, bare basis elements of D(A) 

Now we show that D(A)/ I is umque up to isomorphism Let i =ho id Let L be 

another (t:, G)-Lie coloralgebra which is free on A under l By defimt10n we have a 

umque ( E, G)-Lie coloralgebra homomorphism i satisfymg the property that i o l = i 

Similarly, there is a umque (t:,G)-Lie coloralgebra homomorphism l D(A)/1---+ L 

such that IO i = l Thus (l O i) 0 l = l O (z O l) = l which implies that IO 2 is the identity 

(t:, G)-Lie coloralgebra homomorphism on L Therefore I is surJective Likewise, zol is 

the identity (t:, G)-Lie coloralgebra homomorphism on D(A)/ I which implies that I is 

is mJective Thus I is a ( E, G)-Lie coloralgebra isomorphism Thus any two ( E, G)-Lie 

coloralgebras which are free on A are ISomorphic as ( E, G)-Lie coloralgebras □ 

Example 4 1 1 Let G = 0, A= A0 and t:(0, 0) = 1 We have constructed an (t: , G)­

Lie coloralgebra .C(A) which zs free on A under a G-map i We claim that .C(A) is 

a Lie algebra which zs free on A Indeed, every map f from A into a Lie algebra 

L zs a G-map when we consider L G-graded as L = L0 Hence there is a unique 

(t:, G)-Lie coloralgebra homomorphism J .C(A) ---+ L such that f o i = f It is 

clear that f is a Lie algebra homomorphism and that any Lie algebra homomorphism 

f' .C(A) ---+Lis an (1:, G)-Lie coloralgebra homomorphism So f is unique as a Lie 

algebra homomorphism 

.C(A) will always denote an ( E, G)-Lie coloralgebra that is free on A under i Let 'I/; 

M(i(A)) ---+ .C(A) be defined as '1/;(a) = a for all a E i(A) and '1/;((xy)) = ['1/;(x), '1/;(y)] 

for all x, y E M(i(A)) Intmtively one can thmk about '1/;(M(i(A)) as bemg the set 

of all elements m .C(A) which can be represented as a bracketed word m (i(A))* 

For example consider a, b, c E A the element '1/;( (i(a) , (i(b), i(c)))) = [i(a), [i(b), i(c)]] 
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is represented by the word i(a)i(b)i(c) bracketed m a certam way For each positive 

natural number n let .Cn(A) = K 1/J(Mn(i(A))) We define the nght bracketmg 

function r i(A)*\ {l} ---+ .C(A) as r(a) = a and r(ax) = [ar(x)] for all x E i(A)*\ {1} 

and a E i(A) For example r(abc)=[a[bc]l when a, b, c E i(A) 

Propos1t1on 4 1.2 Let A be a nonempty G-graded set 

(i).C(A) = EBn>O .Cn(A) as a K-module 

(ii).Cn(A) is spanned by {r(x) x E i(A)~} where i(A)~ are the words of i(A)* 

having length n 

(m)Let Y ~ M(i(A)) be nonempty The subalgebra of .C(A) generated by 1/J(Y) is 

K 1/J(M(Y)) 

(iv)Let m 2: 0, a, b EA and a=/= b Then ad(i(a))m(i(b)) =/= 0 

Proof (i)Because any two isomorphic (t::, G)-Lie coloralgebras are isomorphic as K­

modules it is enough to prove the result for the case that .C(A) = D(A)/ I where 

D(A)/I is as m the proof of Theorem 4 11 h(Mn(A)) consists of all elements of 

D(A)/I which can be represented as a bracketed word m (h(A))* of length n So 

h(Mn(A)) = 1/J(Mn(h(A))) for all n > 0 From the direct sum D(A) = ffin>O D(A)n 

we have that h(D(A)n) = .Cn(A) for all n > 0 Smee I is generated by homogeneous 

elements with respect to the direct sum D(A) = ffin>O D(A)n, £= ffin>O h(D(A)n) 

-

(n)It is clear that D(A)/I is spanned by h(M(A)) Agam we let i = ho id 

Towards a contradict10n suppose that we have a least n > 0 such that .Cn(A) is not 

spanned by {r(x) x E i(A)~} Clearly n 2: 3 so for all [a, [x]] E 1/J(Mn(i(A))) such 

that a E i(A), [a, [x]] ism the span of {r (x) x E i(A)~} Thus we have a least m 2: 2 
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such that m < n and there exists y E 1/J(Mm(i(A))) and z E 1/i(Mn-m(i(A)) such 

that [y, z] is not m the span of {r(x) x E i(A)~} Smee 1/i(Mm(i(A))) is spanned 

by {r(x) x E i(A):ri}, we have [a, w] E {r(x) x E i(A):ri} such that [[a, w], z] 

is not m the span of {r(x) x E i(A)~} and a E i(A) By properties 3 11 and 

3 1 2, [[a, w], z] = ki[z, [a, w]] = ki(k2[a, [w, z]] + k3[w[z, a]]) where ki, k2, k3 E U(K) 

but [a, [w, z]] & [w, [z, a]] are spanned by {r(x) x E i(A)~} because a E i(A) & w E 

1ji(Mm-1(i(A)) which contradicts [[a, w], z] not bemg m the span of {r(x) x E i(A)~} 

(m)It is clear that K 1/J(M(Y)) is a K-module contammg 1/J(Y) which is closed 

under [ ] So it is a subalgebra of [, Let L be a subalgebra of £, contammg 1/J(Y) 

Suppose that 1/J(M(Y)) is not contamed m L Then there is a least positive natural 

number m such that x E Mm(Y) and 1/J (x) r/:. L Smee m > 1, x = (yz) where y & z 

are of length less than m So 1/J(y), 1/i (z) E L which imphes that 1/J(x) = 1/i((xy)) = 

[1/J(y), 1/J(z)] E L which is a contrad1ct10n So K 1/J(M(Y)) 1s the least subalgebra of 

£, contammg 1/J(Y) 

(1v)We prove the result for the case that £,(A) = D(A)/I Smee i 1s mJect1ve, 

this result holds when m = 0 Note that ad(i(a)t(i(b)) = h(r(anb)) for all n ~ 0 

Suppose that m 1s the least positive mteger such that we have ad(i(a))m(i(b)) = 0 

Thus r(amb) E I Smee M(A) 1s a basis of D(A), we have that I = K J where 

J = Un~o ln, Jo = Un=i, ,4 Hn and l i+l = M(A)Ji U liM(A) for i > 0 Thus 

we have that r(amb) = LJEJ k1J = L JE F k1J where F = {J E J k1 -/= O} Let 

F0 = {J E F J = (a, x1 ) for some x1 E J} Thus we have that 

r(amb) - L k1 (a, x1 ) = L k1J 
(a,xJ )EFo JEF\Fo 

Every element of F \ F0 1s of the form (x, y) where either x E J and y E M(A) or 
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x E M(A) \ {a} and y E J Consider the direct sum D(A) = Li>O D(A), For all 

x E J, x E D(A), where i > 1 Thus every J E F \ F0 is represented m the basis 

M(A) as 

zEM 

where M = {z E M(A) z = (x, y) & x E M(A) \ {a}} Thus F \ F0 is empty and 

we have that 

r(amb)- L k1 (a,x1)=0 
(a,x3 )EFo 

Smee the K-lmear map xi---+ (a, x) is mJective, 

r(am-ib) - L k1x1 = 0 

(a,x3 )EFo 

Thus r(am- 1b) EI which implies that ad(i(a)r(i(b)) = 0 This is a contradiction D 

Propos1t10n 4 1 3 Let {a} = uhEG Ah be a G-graded set such that Ag = {a} and 

Ah = 0 for all h =I- g 

(i}If E(g,g) = 1, then {i(a)} is a basis of .C({a}) 

(ii) If E(g,g) = -l, then {i(a),¢((i(a)i(a))} is a basis of .C({a}) 

Proof (i)Let E(g,g) = 1 Let L denote the K-module on the basis {a} with [] as 

K-bilmearmultiphcat10nsuch that [a, a] = 0 Thus L = ffihEGLh where Lg= K {a} 

and Lh = {O} for h E G \ {g} It 1s clear that Lis an (E, G)-Lie coloralgebra Let 

L' be an ( E, G)-Lie coloralgebra and f {a} ~ L' be a G-map Consider the map 

f L ~ L' defined as 7 (ka) = kf (a) for all k E K It 1s clear that K-lmear and 

that f (Lh) ~ L~ for all h E G For any k1, k2 E K, f ([k1a, k2a]) = f (0) = 0 = 

[kif(a), k2f (a)] = [] (k1a), f (k2a)] Thus L 1s a free (E, G)-L1e coloralgebra on {a} 
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under the mclus10n map Smee L is 1somorph1c to .C( { i(a)}) under an extens10n of 

the map i, we are done 

(n)Let t(g,g) = -LLet L denote the (t,G)-L1e coloralgebra defined as the K­

module on the basis { a, (a, a)} with [] as K-b1lmear mult1phcat10n such that [a, a] = 

(a, a), [a, (a, a)] = [(a, a) , a] = [(a, a), (a, a)] = 0 Thus L = ffihEG Lh where Lg = 

K {a}, Lg+g = K {(a , a)} and Lh = {O} for h E G \ {g,g + g} It 1s clear that 

L is an ( E, G)-L1e coloralgebra Let L' be an ( E, G)-L1e coloralgebra and f {a} -+ 

L' be a G-map Consider the map J L -+ L' defined as ](k1a + k2(a, a)) = 

kif (a) + k2[f (a) , f (a)] for all k1 , k2 E K It 1s clear that ] is K-lmear and that 

](Lh) ~ L~ for all h E G For all k1, k2, k3, k4 EK, ]([k1a+k2(a, a), k3a+k4 (a, a)]) = 

](k1k3(a, a)) = k1k3[f (a), f(a)] = [kif(a) + k2[f (a), f(a)], kd(a) + k4[f (a) , f(a)]] = 

[](k1a + k2(a,a)),](k3a + k4(a,a))] Thus Lis a free (t,g)-L1e coloralgebra on {a} 

under the mclus10n map Smee L 1s 1Somorph1c to .C( { i( a)}) under an extens10n of 

the map i, we are done □ 

4.2 .C(A)-derivations 

Theorem 4 2 1. Let A be a nonempty G-graded set and d A-+ .C(A) have degree 

9d That is, Vg E G, Va E Ag , d(a) E .Cg+gd(A) There exists a unique d E Der(.C(A) ) 

such that do i = d Moreover, d E DergA.C(A)) 

Proof By Propos1t1on 4 11, 1t 1s enough to prove the result for the case that .C(A) = 

D(A)/ I and i =ho id where D(A)/ I and ho id are as m the proof Smee M(A) 1s a 

basis of D(A) , we have a umque K-hnear map f D(A)-+ D(A)/1 such that, 

(f o id) (a) = d (a) 
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for all a E A and 

f((xy)) = [f(x), h(y)] + t(gd, 9x)[h(x), f(y)] 

for all x E M9z (A) & y E M(A) By K-lmeanty we have that , 

J((x, y)) = [f(x), h(y)] + t(gd, 9x)[h(x), f(y)] 

for all x E D9JA ) & y E D(A) By mduction on length of elements m M(A) it 

can be shown that for all x E M9JA), f(x) E h(M9z+9d(A)) ~ £ 9z+Yd(A) which 

implies that for ally E D911 (A) f(y) E D911+9d(A) Let x E M9z(A), y E M911 (A) and 

z E M9, (A) The followmg calculat10ns show that the kernel off contams the sets 

Hi ,H2,H3 & H4, 

J((x, y) + t(9x, gy)(y, x)) = [f(x) , h(y)] + t(gd, 9x)[h(x), f(y)] 

+ t(9x, 9y)([f (y), h(x)] + t(gd, gy)[h(y) , f (x)]) 

= [f (x) , h(y)] + t(gx + 9d, 9y)[h(y), J(x)] 

+ t(gd, 9x)[h(x), f(y)] + t(gx, 9y)[f (y), h(x)] 

= t(gd , 9x)[h(x), f (y)] + t(gx , gy)[f (y), h(x)] 

= -t(gx, gy )[f (y), h(x)] + t(gx, gy)[J(y) , h(x)] 

=0 

Thus Hi ~ kernel(!) 

Let a be the permutation of the {x , y, z} defined as a(x) = y, a(y) = z & a(z) = x 
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The cychc group generated by a 1s denoted by (a) 

!( L E(9-rz, gTX)(Tx(TyTz))) = L E(9-rz, gTX)j(Tx(TyTz)) 
-rE(u) -rE(u) 

= L E(9-rz, 9-rx)([f (Tx), h(TyTz)] 
-rE(u) 

+ c(gd, gTX)[h(Tx), [!(Ty), h(Tz)] + c(gd, 9-ry)[h(Ty), J(Tz)]]) 

= ~ E(9-rz, 9-rx)([f (Tx), [h(Ty), h(Tz)]] 
-rE(u) 

+ c(gd, 9-rx)[h(Tx), [!(Ty), h(Tz)]] 

+ c(gd, gTX)c(gd, 9-ry)[h(Tx), [h(Ty), j(Tz)]]) 

= L (c(9-rz, 9-rx)[f(Tx), [h(Ty), h(Tz)]] 
-rE(u) 

+ c(gd + 9-rz, 9-rx)E(gd, 9-ry)[h(Tx), [h(Ty), J(Tz)]] 

+ c(gd + 9-rz, 9-rx)[h(Tx), [f(Ty), h(Tz)]]) 

When we expand the sum and regroup terms we have, 

= L (c(9-rz, 9-rx)[J(Tx)[h(Ty), h(Tz)]] 
-rE(u) 

+ c(gd, 9-rz)E(gd + 9-rx, 9-ry)[h(Ty), [h(Tz), J(Tx)]l + c(gd + 9-ry, 9-rz)[h(Tz), [f(Tx), h(Ty)]]) 

= ~ c(gd,9-rz)(c(g-rz,9-rx 
-rE(u) 

+ gd)[j(Tx)[h(Ty), h(Tz)]] + c(gd + 9-rx, 9-ry)[h(Ty), [h(Tz), f(Tx)]] 

+ E(9-ry, 9-rz)[h(Tz), [f(Tx), h(Ty)]]) 

=0 
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Thus H2 ~ kernel(!) 

!((xx))= [f(x), h(x)] + t(gd, 9x)[h(x), f(x)] 

= [f (x), h(x)] - t(gd, 9x)t(9x, 9d + 9x)[f(x) , h(x)] 

=0 

when t(gx, 9x) = l So H3 ~ kernel(!) 

t(9x ,9d + 9x)f((x(xx))) = t(gx,9d + 9x)([f(x), [h(x), h(x)]] + t(gd ,9x)[h(x) , [J(x) , h(x)] 

+ t(gd, 9x)[h(x) , f(x)]]) 

= t(gx, 9d + 9x)[f(x), [h(x) , h(x)]] + t(gx, 9x)[h(x), [J(x), h(x)]] 

+ t(gd + 9x, 9x)[h(x) , [h(x), J(x)]] 

=0 

Smee t(9x,9d + 9x) is a umt, J((x(xx))) = 0 So H4 ~ kernel(!) 

Let Jo = ui=i HJ and ln = ln-iD(A)UD(A)Jn-i for n > 0 Thus I= K Un~O l n 

where I is the kernel of h If x E I and f(x) = 0 ,then Vy E D(A), f(xy) = 

[J(x), h(y)] + t(gd, 9x)[h(x), f (y)] = 0 Thus ln ~ kernel(!) for all n ~ 0 which 

imphes that I ~ kernel(!) By Propost10n 131 we have a umque K-lmear map 

d D(A)/ I-+ D(A)/ I such that doh= f Let x E D9x (A) and y E D9y (A) 

d([h(x) , h(y)]) = (do h) (xy) 

= f((xy)) 

= [f(x) , h(y)] + t(gd, 9x)[h(x) , J(y)] 

= [d(h(x )), h(y)] + t(gd, 9x)[h(x) , d(h(y))] 

Note that d(h(x)) = J(x) E £9x+9AA) So d E Der9d(£(A)) The followmg commu­

tative diagram summarizes this argument 
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A d 
D(A)/I -----+ 

lidA l idn(A)/I 

D(A) -4 D(A)/ I 

lh l idn(A)/I 

D(A)/I 
d 

D(A)/I -----+ 

To show umqueness let d be a .C(A)-denvat10n agreeing with don (ho id)(A) 

Let d = LgEG d
9 

where ~ E Der9 (.C(A)) for all g E G It is clear that for all 

g E G \ {gd}, d9(i(a)) = 0 when a EA Towards a contradict10n suppose that there 

is a least positive mteger m such that there exists x E h(Mm(A)) with d
9
(x) -=f. 0 

for some g -=f. 9d Thus m > 1 and we have that x = h((y, z)) = [h(y), h(z)] which 

implies that ¾(x) = d
9
([h(y), h(z)]) = [¾(h(y)), h(z) ] + E(g, gy)[h(y), d9 (h(z))] = 0 

where h(y) E .C9)A) This is a contradiction So we have that ¾(.C(A)) = ¾(K 

h(M(A))) = {O} for all g E G \ {gd} Thus d = ¾d Let x, y E h(M(A)) such that 

d(x) = d(x) & d(y) = d(y), 

d ([x, y]) = [d (x), y] + E(gd, 9x)[x, d (y)] 

= [d(x ), y] + E(gd, 9x)[x, d(y)] 

= d([x, y]) 

Sod agrees with don h(M(A)) Smee h(M(A)) spans .C(A), d = d □ 

Corollary 4 2 2 Let A be a nonempty G-graded set and d A -----+ .C(A) There is 

a unique d E Der(£(A)) such that do i = d 

Proof For all g E G and x E .C(A) we define proJg(x) to be the glh component of the 

direct sum decomposit10n of x E EBhEG .Ch(A) For every h E G let dh A -----+ .C(A) 
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be defined as \;/a E A90 dh(a) = proJh+9Jd(a)) Let a E A90 The map h H h + 9a 1s 

a b1Ject10n on G because G 1s a group Thus, 

hEG hEG gEG 

Thus d = LgEG d9 Applymg Theorem 4 2 1 we have that for each g E G there 1s a 

umque d9 E Der9 (.C(A)) such that d9 o i = d9 Let d = LgEG d9 Thus dis a .C(A)­

denvat10n such that doz= d To show umqueness let d be a .C(A)-denvat10n such that 

do i = d and let d = LgEG ~ where d/ E Der9 (.C(A)) for all g E G Leth E G and 

a E A90 Smee i(a) E .C9JA), dh(a) = pr0Jh+g0 (d(a)) = pro]h+g0 (d(i(a))) = d~(i(a)) 

Thus d9 = ~ o i for all g E G By Theorem 4 2 1, d
9 

= d9 for all g E G Therefore 

d=d □ 

The analogous result for Lie algebras (see [18] Lemma O 7(m)) 1s derived from Theo­

rem 4 2 1 m the next example 

Example 4 2 1 A derivation of a Lie algebra L is defined as a K -linear map f 

on L such that f([x, y]) = [f (x), y] + [x, f (y)] for all x, y E L Let .C(A) be the Lie 

algebra from Example 4 1 1 We have that .C(A) is free on A under i Since .C(A) 

is an ( E, G)-Lie coloralgebra which is free on A under i, we have that for every map 

d A----+ .C(A) there is a unique .C(A)-derivatwn d such that doi = d Thus dis K­

linear and for all x, y E .C(A) , d[x, y] = [d(x), y] + E(O, O)[x, d(y)] = [d(x), y] + [x, d(y)] 

because E(O, 0) = 1 and G = {O} So d is unique as a derivatum, in the Lie algebra 

sense 



Chapter 5 

Decomposition of the free ( E, G)-Lie 
Coloralgebra 

In this chapter we prove that a free (t:, G)-L1e coloralgebra .C(A) 1s free as a K-module 

by showmgthat certam subsets of M(A) derived from Lazard sets represent a basis for 

.C(A) To show this we prove a generahzat10n of Lazard ehmmat10n (Theorem 5 0 4) 

The results m this chapter are all generahzat10ns of results for Lie algebras which can 

be found m [18) In the last two examples we use the results of V1ennot m [20) which 

are proven m Appendix A and Appendix B 

Let ,C be an ( E, G)-L1e coloralgebra over K and A be a G-graded set We say that 

,C 1s freely generated by A 1f and only 1f ,C 1s free on A under the 1dent1ty map 

Note that 1t 1s 1mphc1t m this defimt10n that Ag ~ .Cg for all g E G There are two 

important observations to make The first 1s that the least subalgebra of ,C contammg 

A 1s ,C when ,C 1s freely generated by A The second 1s that .C(A) 1s freely generated 

by i(A) 

Propos1t1on 5 0 3 For every nonempty G-graded set A, we can construct an (t:, G)­

Lze coloralgebra which is freely generated by A 

37 
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Proof Let D(A)/I and ho id be as m the construct10n from the proof of Theo­

rem 4 11 Note that ho id is mJect1ve Let L be the set obtamed from D(A)/ I by 

replacmg h( id( a)) with a for every a E A This replacement 1s Justified by the fact 

ho id is mJective Consider the map f L --t D(A)/ I defined as 

f(a) = h(id(a)) if a EA 

f(x) = x if x E L \ A 

Thus f is a b1Ject10n We define the operat10ns on L as 

kx + y = f- 1(kf(x) + f(y)) 

[x, y] = f- 1([f (x), f(y)]) 

for all k E K & x, y E L It can be shown that L is an ( E, G)-L1e coloralgebra 

Thus f is an ( E, G)-L1e coloralgebra 1somorph1sm Smee D(A) / I is freely generated 

by hoid(A), Lis freely generated by f- 1(hoid(A)) = A □ 

Theorem 5 0 4 Let A be a G-graded set of cardinality greater than l and £ an 

( E, G)-Lie coloralgebra which is freely generated by A For all a E A, £ = £' EB £" 

where £' & £" are subalgebras of£, £' is freely generated by {a} and £" is freely 

generated by {(ad(a)rb b EA\ {a} & n ~ O} 

Proof In this proof we say that a map 1s a homomorphism 1ff 1t 1s an (c, G)-L1e 

coloralgebra homomorphism Let a E A90 and consider {a} as a G-graded subset of 

A Let B = A \ {a}, N denote the natural numbers and T = N x B be G-graded 

such that T9 = {(n,b) :3gb E G, b E B96 & n 9a + 9b = h} for all g E G By 

Propos1t10n 5 0 3, we let S & T be (c, G)-L1e coloralgebras which are freely generated 

by {a} & T respectively By Theorem 4 2 1, we have a umque derivation D of T such 
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that D((n, b)) = (n+ 1, b) for all (n, b) ET and D E Der90 (T) Thus we have a umque 

homomorphism h s~ Der(T) such that h(a) = D Applymg Theorem 3 3 1, we 

have a umque (f., G)-Lie coloralgebra 'R= SffiT such that the bracket of n extends 

that of S & T and Vx E S, Vy E T, [x, y] = h(x)(y) Smee £, is free on A, there 

is a umque homomorphism 'I/; £~ n such that '1/;(a) = a and '1/;(b) = (0, b) 

for all b E B Similarly, there is a umque homomorphism </> T ~ £ such that 

</>((n, b)) = (ad(a)t(b) for all (n, b) ET Let E = {x E T </> o D(x) = [a, </>(x)]} It 

is clear that E is a K-module The followmg calculation shows that E contams T 

</> o D((n, b)) = </>((n + 1, b)) = (ad(a)t+i(b) = [a, (ad(a)t(b)] = [a, </>((n, b))] 

Now we show that Eis closed under [] If x, y EE and x E T 9,, & y E T 9,., then 

</> o D([x, y]) = </>([D(x), y] + f.(9a , 9x)[x, D(y)]) 

= [</> o D(x), </>(y)] + f.(9a,9x)[<f>(x) , </> o D(y)] 

= [[a, </>(x)], </>(y)] + f.(9a , 9x)[</>(x) , [a, </>(y)]] 

= [a, [</>(x), </>(y)]] = [a, <f>[x, y]] 

Smee T is the subalgebra of T generated by T and E is a subalgebra of T, E = T 

Thus <f>oD(x) = [a, </> (x)] for all x ET Let a s~ £, be the umque homomorphism 

satisfymg a(a) = a Define a K-lmear map 0 n~ £ by 0(x + y) = a(x) + </>(y) 

for all x E S and y E T By Propos1t10n 4 1 2 (11), the followmg mduct10n argument 

shows that 0([y, x]) = [0(y), 0(x)] for ally ES and x E T Let x E T 

0([a, x]) = 0(h(a)(x)) = </>(h(a) (x)) = </> o D(x) = [a, </>(x)] = [0(a), 0(x)] 



Let 0([r(a1), x] = [0(r(a1), 0(x)] for all J ~ n be the mduct10n hypothesis 

0([r(an+l ), x]) = 0([[a, r(an)], x]) 

= 0([a, [r(an), x]] - t(ga, n g0 )[r(an), [a, x]]) 

= 0([a, h(r(an))(x)]) - t(ga, n g0 )0([r(an) , h(a)(x)]) 

By the mduct10n hypothesis we have 

= [0(a) , O(h(r(an))(x))] - E(9a , 9n 9a)[0(r(an)) , 0(h(a)(x))] 

= [0(a) , 0([r(an), x])] - t(ga , 9n g0 )[0(r(an)), 0([a , x])] 

By the mduct1on hypothesis we have 

= [0(a) , [0(r(an)), 0(x)]] - t(ga, 9n 9J[0(r(an)), [0(a), 0(x)]] 

= [a(a) , [a(r(an)), cp(x)]] - t(ga, 9n 9J[a(r(an)), [a(a) , cp(x)]] 

= [[a(a) , a(r(an))], cp(x)] 

= [a([a, r(an)]), cp(x)] = [0(r(an+l)), 0(x)] 
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Smee 0 extends homomorph1sms of S & T, we conclude that 0 1s a homomorph1sm 

Thus 'ljJ o 0 1s a homomorph1sm on n By 'ljJ o 0(a) = '1/J (a) = a and the fact that S 1s 

free on {a}, we have that 'ljJ o 0 restncted to S 1s the identity homomorph1sm on S 

The followmg mduct10n argument shows that 'ljJ o 0 restncted to T 1s the 1dent1ty on 

T Let b EB 

'ljJ o 0((0, b)) = 'I/J ((ad(a)) 0(b)) = 1j; (b) = (0, b) 

Let 'ljJ o 0((J , b)) = (J , b) for all J ~ n be the mduct10n hypothes1~ 

'lj;o0((n+ 1,b)) = '1/J ((ad(a)t+l(b)) = 1j;([a,0((n,b))]) = ['I/J (a),'lj;o0((n,b))] 

By hypothesis we have 

= ['1/J(a), (n, b)] = [a, (n, b)] = h(a)((n, b)) = D((n, b)) = (n + 1, b) 
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So 'ljJ o 0 restricted to 7 is the umque homomorphism extendmg the identity on T 

which implies that it is the identity homomorphism on 7 Thus we conclude that 

'ljJ o 0 is the identity homomorphism on R because R is the direct sum of S and 7 

Similarly, 

0 o '1/J (a) = 0(a) = a 

and 

0 o 'lj) (b) = 0((0, b)) = ¢((0, b)) = (ad(a))0 (b) = b 

So 0 o 'ljJ is the identity homomorphism on [, Thus 0 is an isomorphism Therefore 

0( S) is freely generated by 0( {a}) = {a} and 0(7) is freely generated by 0(T) = 

{(ad(a)r(b) n EN & b E B} Smee 0 1s mJect1ve, 0(R) = 0(S) EB 0(7) and we 

conclude that 

£ = 0(R) = 0(S ) EB 0(7) = l' EB £" 

□ 

The analogous result for Lie algebras (see [18] Theorem O 6) is derived m the followmg 

example 

Example 5 0 2 Consider a free Lie algebra LA as an (E , G)-Lie coloralgebra which 

is freely generated by A where G = {O} and E(O, 0) = 1 By Propostion 4 1 3, Theo­

rem 5 0 4 becomes 

LA = K {a} EB L' 

where L' = {(ad(a)tb b EA\ {a} & n ~ O} 

Consider the free magma M(A) Let £ be freely generated by A We have a 

umque mappmg 'ljJ M(A) -+ [, such that '1/J (a) = a for all a E A and '1/J((s, t)) = 
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['I/J(s), 'lj;(t)] for alls, t E M(A) For example 'l/J((a(bc)) = [a[bc]] 1f a, b, c E A For 

every s E M(A) let £(s) M(A) -+ M(A) such that £(s)(t) = (st) for all t E M(A) 

For example, (£(s)) 3 (t) = (s(s(st))) for alls, t E M(A) We denote the power set of 

M(A) by P(M(A)) and define the funct10n F M(A) x P(M(A)) -+ P(M(A)) as 

F(t, T) = {(f(t))m(x) m 2:: 0 & x ET\ {t}} 

Defi.mtion 5 0 1 Let n 2:: 0 {t0}, , {tn}, Tn+I E P(M(A)) 1s a decomposition 

sequence of M(A) 1f and only 1f there exists T0 , , Tn E P(M(A)) such that 

to E To= A 

Corollary 5 0 5 Let .C be as defined zn Theorem 5 0 4 and { t0}, , { tn}, Tn+ 1 be 

a decomposition sequence of M(A) Then 

where for J E {O, ,n}, .CJ is the (E , G)-Lie coloralgebrafreely generated by'l/J({t1 }) 

and .C~+l is the (E, G)-Lie coloralgebra freely generated by 'ljJ(Tn+i) Moreover, Tn+I 

zs znfinzte and 'Ip restricted to Tn+l zs zn;ectzve 

Proof By defimt10n we have T0 , , Tn E P(M(A)) such that 

to E To= A 
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We first prove this for the case when n = 0 By Theorem 5 0 4 we have that .C = .C' EB 

.C" where£,' and .C" are freely generated by {a} and {ad(a)m(b) m 2: 0 & b E A\{a}} 

respectively Note that the set { l'(a)m(b) m 2: 0 & b E A\ {a}} 1s mfimte because 

A\ {a} 1s nonempty Smee 'lj;(c) = c for all c E A and 'lj;(l'(a)m(b)) = ad(a)m(b) 

for all m 2: 0 and b E A \ {a}, 1t 1s enough to show that 'lj; restricted to the set 

{f(a)m(b) m 2: 0 & b EA\ {a}} 1s mJect1ve Let 1/J(l'(a)i(b)) = '1j;(l'(a)1 (c)), i,J 2: 0 

and b, c EA\ {a} By Propos1t10n 4 1 2 (1v) 'lj;(l'(a)'(b)) = ad(a)m(b) =/- 0 Thus by 

the decompos1t1on of .C by length we have that i = J Suppose that b =I- c Then there 

1s an (t, G)-L1e coloralgebra homomorphism f on .C such that f(a) = a, J(b) = b 

and J(c) = 0 Thus f('lj;(l'(a) 1 (b))) = 'lj;(l'(a)'(b)) =I- 0 and J('lj;(l'(a)1 (c))) = 0 which 

contradicts 'lj;(l'(a)i(b)) = 'lj;(l'(a)J(c)) Sob= c 

Let n > 0 and the mduct10n hypothesis be that the result holds for all m < n 

Thus 

.C = .Co EB EB .Cn-1 EB .C~ 

where .Ci 1s freely generated by 'lj;(t1) for i = 0, , n - l and .C~ 1s freely generated 

by 'lj;(Tn) Let L be a ( t, G)-L1e coloralgebra which 1s freely generated by Tn where 

the gradmg on Tn 1s such that'¢ restricted to Tn 1s a G-map Smee 'lj; restricted to Tn 

1s mJect1ve, we have an ( t, G)-L1e coloralgebra 1somorph1sm f L --+ .C~ such that 

J(t) = 'lj;(t) for all t E Tn By Theorem 5 0 4 we have that L = L' EB L" where L' 1s 

freely generated by { tn} and L" 1s freely generated by { ad(tn)m(t} m 2: 0 & t E Tn \ 

{ tn}} Thus .C = J(L') EB J(L") where J(L') 1s freely generated by J( { tn}) = 'lj;( { tn}) 

and J(L") 1s freely generated by {'lj;(l'(tn )m(t)) m 2: 0 & t E Tn \ {tn}} = 'lj;(Tn+i) 

because J(ad(tn)m(t)) = ad(J(tn))m(J(t)) = ad('lj;(tn))m('lj;(t)) = 'lj;(l'(tn)m(t)) for 

all m 2: 0 and t E Tn \ { tn} Note that Tn+l 1s mfimte because Tn \ { tn} 1s not 
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empty Let Z,J 2 0 and x,y E Tn \ {tn} 1/J(f(tn)i(x)) = 1/J(f(tn)1(y)) E .Cn iff 

ad(f(tn))i(f(x)) = ad(f (tn))1 (f(y)) E .Cn iff f(ad(tnl(x)) = f(ad(tn) 1 (y)) E .Cn iff 

ad(tn)i(x) = ad(tn)3(y) E L" iff z = J and x = y as we saw m then= 0 case So '1/J 

restricted to Tn+i is mJective □ 

A subset E of M(A) is called closed iff Vs, t E M(A), (st) E E => s, t E E In 

particular, M (A) is closed 

Defimt10n 5 0 2 A Lazard set is a lmearly ordered subset Z of M(A) such that for 

any fimte nonempty closed subset E of M(A), Z satisfies the Lazard condit10n with 

E That isl 

and 

Tn+lnE=0 

for some decomposit10n sequence {to}, , {tn}, Tn+i with n 2 0 

For any E ~ M(A) we define the closure E of E to be the least closed subset of 

M(A) contammg E It is clear that if Eis fimte, then Eis fimte 

Corollary 5 0 6 Let Z be a Lazard set and .C be freely generated by a nonempty 

G-graded set A .C has the following decomposition as a K-module, 

zEZ 

where for every z E Z, .Cz zs the subalgebra of .C which zs freely generated by {1/J(z)} 

Proof First we consider the case that A consists of only one element It is easy to 

venfy that A is the only Lazard set m M (A) and .C is freely generated by 1/J(A) A 
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Now we consider the case where A has cardmahty greater than 1 For each m > 0 we 

let M~m(A) denote the set consistmg of all elements of M(A) with length less than 

or equal tom First we show that LzEZ £z is a direct sum m [, By Propositon 4 1 2 

(m), for each z E Z, [,z = K v;(M({z})) Let Ebe a fimte nonempty subset of 

Z Consider LzEZ Xz = 0 such that Xz E [,z for all z E E and Xz = 0 for all 

z E Z \ E We have m E N+ and B ~ A such that Bis fimte and E ~ M~m(B ) 

Clearly, M':'::.m(B) is fimte, nonempty and closed Thus we have n E N such that 

Zn M~m(B) = { t0 , , tn} and Zn Tn+i = 0 which implies that E ~ { t0 , , tn} 

By Corollary 5 0 5, Xz = 0 for all z E E 

Now we show that the direct sum is m fact [, Let x E £\{O} and B be a 

fimte subset of A such that x E K v;(M(B)) Thus we have p E N \ {O} such 

that x E K v;(M~P(B)) We note that M~P(B) is fimte, nonempty and closed 

Thus we have n E N such that Zn M~P(B) = { t0 , , tn} and M~P(B) n Tn+i = 

0 Let w E M~P(B) By Corollary 5 0 5 we have that v;(w) = Yi+ + Yn + v 

where v EK v; (M(Tn+1)) and YJ EK 1/J(M({tJ})) for all J E {O, ,n} Smee 

1/J(w),Yo, ,Yn EK 1/J(M(B)), v EK 1/J(M(B)) Thus v EK 1/J(M(Tn+i)nM(B)) 

Indeed, when we consider the umque homomorphism ¢ on [, extendmg the map 

from A mto [, such that it is the identity on B and takes all other elements of 

A to zero, we see that ¢ fixes v and takes v;(M(TN+1) \ M(B)) to zero Smee 

M~P(B) is closed and M~P(B) n Tn+l = 0, M~P(B) n M(Tn+i) = 0 Therefore 

v E K 1/J(M(B) \ M~P(B)) We have that for every J E {O, - , n }, YJ = rJ + sJ 

such that rJ E K 1/J(M( { tJ}) n M~P(B )) and sJ E K 1/J(M( { tJ}) \ M~P(B)) Thus 

1/J(w)-ro- -rn = so+ +sn+v EK (v; (M(B)\M~P(B))) and v;(w)-r0 - -rn E 

K v;(M~P(B)) which, by Proposit10n 4 1 2(1), implies that 'lj)(w) - r0 - - rn = 0 
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So 'lj;(w) = r0 + + rn and r1 E Ct, for all J E {O, ,n} We conclude that 

'!/J(MS.P(B)) ~ EBzEZ Cz and hence that X E EBzEZ Cz D 

We note that E(g, g) E {1, -1} for every g E G Smee '!/J(Z) is a set of homogeneous 

elements rn C, we can wnte Z as a disJomt union of Z+ and z_ where Z+ = { z E Z 

E(gz, gz) = 1 & '!/J(z) E Cg,} and Z_ = {z E Z E(gz, gz) = -1 & '!/J(z) E Cg,} 

Corollary 5 0 7 Let V = {(zz) z E Z_} '!/J(Z) U '!/J(V) is a dzsJoznt union and a 

basis of C 

Proof Let x E C By Corollary 5 0 6, x = LzEZ Xz where Xz E Cz for all z E Z 

By Proposit10n 4 1 3, for every z E Z there exists kzi, kz2 E K such that Xz = 

kz1'!/J(z) + kz2'!/J((zz)) if z E Z_ and Xz = kz1'!/J(z) if z E Z+ Thus we have that 

'lj;(Z) U'lj;(V) spans C To show mdependence we let O = I:;=1(k1 '!/J(z1 ) +h1 '!/J((z1z1 ))) 

where for all O < J ::; m, k1 , h1 EK, {z1 , , zm} are distmct m Zand h1 = 0 when 

z1 E Z+ By Corollary 5 0 6, (k1 '!/J(z1 ) + h1'!/J((z1 z1))) = 0 for all O < J ::; m By 

Proposit10n 4 1 3 and the fact that h1 = 0 when z1 E Z+, we have that k1 = h1 = 0 

for all O < J ::; m Thus we have mdependence □ 

The basis for the free Lie algebra which is stated rn Corollary O 9 m [18] is denved 

from Corollary 5 0 7 m the followmg example 

Example 5 0 3 Consider a free Lie algebra LA as an ( E, G)-Lze coloralgebra which is 

freely generated by A and let G = {O} and E(O, 0) = 1 When we apply Corollary 5 0 7 

to LA as an (E, G)-Lze coloralgebra we have that z_ is empty Thus '!/J(Z) is a basis 

of LA and we conclude that the Lazard set represents the basis of the free Lie algebra 

on A 
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Example 5 0.4 Let Y denote the Lyndon words and t Y --+ M(A) be as it is 

defined in Example 2 0 2 t(Y) is a Hall set in M(A) (see Definition 2 0 1) under 

the total ordering :s; as it is defined in Example 2 0 2 By Viennot's Theorem (see 

Appendix A), t(Y) is a Lazard set Thus we have that 1/;(t(Y)) U {1/;((t(y) , t(y)) 

t(y) E t(Y) _} is a basis of .C 

Example 5 0 5 Let Q be the rational numbers, Z2 be the integers modulo 2 un­

der addition and f.' Z2 x Z2 --+ Q be defined as E
1 

( m, n) = ( -1 )mn Consider 

a Lie superalgebra S which is freely generated by the Zrset A = Ao U A1 where 

A0 = {a} and A1 = {b} Recall that a Lie superalgebra is an (c', Z2 )-Lie coloralge­

bra We order A as a < b and let Y denote the Lyndon words as they are defined 

in Example 2 0 2 For example ab, abb, aaab, abbb are all Lyndon words under 

this ordering We define the partial degree of a word w with respect to b as the 

number of occurrences of the letter b in w and we denote this lwlb For example 

JabaabJb = 2 and JabbabbJb = 4 Thus t(Y)_ = { t(y) y E Y & IYlb is odd } So 

1/;(t(Y)) U {1/;((t(y) , t(y))) y E Y & IYlb is odd} represents a basis of S For ex­

ample [a, bl, [[a, bl, [a, b]], [[a, b]b], [a, [a, [a, b]]], [[a, [a, [a, b]]], [a, [a, [a, b]]]] are basis 

elements 
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Appendix A 

Viennot's Theorem 

The followmg theorem is due to Viennot m [20) which was taken from [18) We 

prove the result usmg the defimt10ns of a Hall set (Defimt10n 2 0 1) and a Lazard set 

(Defimt10n 5 0 2) which are the reverse of those used by Reutenhauer Note that we 

only prove half of Viennot's Theorem because it is all that 1s reqmred for our results 

but it should be noted that the converse of Theorem AO 9 is also true 

We define a funct10n F M(A) x P(M(A)) -+ P(M(A)) as F(t, T) = {f(t)m(x) 

x ET\ {t} & m 2:: O} Let t0 , , tn be elements m M(A) 

Lemma AO 8 Let H be a Hall set m M(A), c be a least element of A and X = 

{f(ct(a) a EA\ {c} & n 2:: O} Then 

(i) c is a least element of H 

(ii) H' = H n M(X) is a Hall set m M(X) 

(m) H = { c} U H' 
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Proof (1) When h E A this is obvious Suppose that m is the least positive mteger 

such that there exists h E H with length m and h < c Smee h has length 2:: 1, 

we have that h = (hi, h2 ) and hi < h Smee the length of hi is less than m we 

have a contradiction c < hi < h 

(n) It is enough to show that X ~ H' It is obvious that A\ {c} is contamed m H' 

Suppose that m is the least positive mteger such that x = f(c)m(a) E X \ H 

Smee m 2:: 1, x = (c,t'(c)m-i(a)), c < t'(c)m-i(a) Either m - 1 > 0 and c 2:: c 

or x = (c, a) In both cases we have x E H which is a contadict10n 

(m) It is enough to show that H ~ { c} UH' Suppose that m is the least positive 

mteger such that h E H \ ( { c} UH') with length m Note that m > 1 because 

A ~ {c} UH' So we have (hi, h2 ) = h E H with h1, h2 E H n M(X) which 

implies that h EH n M(X) = H' This is a contradiction 

□ 

Theorem AO 9 Every Hall set is a Lazard set 

Proof We want to show that if H is a Hall set m M(A) and E is a nonempty fimte 

closed subset of M(A), then H satisfies the Lazard condition with E (see Defim­

t10n 5 0 2) We do this by mduct10n on the cardmahty of E Let H be a Hall set m 

M(A) and E = {a} EnH = {a} and EnF(a,A) = 0 As an mduct10n hypothesis, 

let every Hall set m M(C) satisfy the Lazard condition with every nonempty closed 

subset of M(C) with cardmahty less than m > 0 for every nonempty set C We let 

H be a Hall set m M(A) and Ebe a closed subset of M(A) with cardmahty m > 1 

Let B be the fimte subset of A equal to An E Note that E ~ M(B) First we 

show that the Hall set H n M(B) m M(B ) satisfies the Lazard condit10n with E 
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Let X = F(c, B) where c is the least element of B with respect to the order of H 

Let E' be the closed set En M(X) m M(X) and H' = H n M(X) which is Hall 

set m M(X) by the above Lemma The cardmahty of E' is less than m because 

c ~ M(X) If E' is empty, then En X = (/J and En B = {c} which implies that 

H n E = { c} and we have that H satisfies the Lazard condition with E So we let 

E' be nonempty By the hypothesis we have that H' satisfies the Lazard condit10n 

with E' as H' n E' = {to <, , < tn} and Tn+l n E' = (/J By the previous Lemma 

H n M(B) = {c} UH' which mtersects Eat {c < t0 < tn} and Tn+l n E = (/J 

because Tn+i ~ M(X) Thus H n M(B) satisfies the Lazard condit10n with E m 

M(B) Thus H n E = { c = so < < Sn+1 = tn} with Si ~ Si where S0 = A 

and Si+l = F(si, Si) for i = 0, , n + l We show that S1 n M(B) = T1 _ 1 for 

J = 1, ,n + 2 Note that S0 n M(B) =Band Sin M(B) = F(c, B) = T0 So 

sk n M(B) = F(sk-i, sk-i) n M(B) = F(sk-i, sk-i n M(B)) which by hypothesis 

equals to F(tk-2, Tk-2) = Tk-i Thus Sn+2 n E = (Sn+2 n M(B)) n E = Tn+i n E = (/J 

So H satisfies the Lazard condit10n with E □ 



Appendix B 

Lyndon Words 

The defimt10n of a Lyndon word 1s found m Example 2 0 2 

Propos1t1on B O 10 Let A be totally ordered by <, Y be the Lyndon words on A* 

with respect to this ordering and t as in Example 2 0 2 The set t(Y) is a Hall set 

with respect to the ordering in Example 2 0 2 

Proof Note that 1t 1s clear that t 1s mJect1ve Thus the ordermg on t(Y) defined m 

Example 2 0 2 1s a total ordermg Also A ~ Y by the defimt1on of Y and t Let 

y E Y \ A Thus t(y) = (t(u), t(v)) and u < y which implies that t(u) < t(y) So 

all we must prove 1s the last property m the hst m Defimt1on 2 0 1 In this sect10n 

we say that a word x 1s a left factor of another word u 1ff u = xv for some v E A* 

Moreover, we say x 1s proper when x -=/=- u 

Let t(y) = (t(u), t(v)) where y E Y Thus we have that u < y = uv < v which 

1mphes that t( u) < t( v) Smee u 1s the greatest proper left factor of y, u 1s a Lyndon 

word Let w be a proper left factor of v Suppose that w > v Thus v = zw for 

some z -=/=- 1 because uw < uv = y Therefore uw < uzw = y which implies that 
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u < uz This 1s a contrad1ct1on Thus v 1s a Lyndon word Now let t( v) = ( t( r), t( s)) 

Suppose that t(r) > t(u) Smee ur < u, u = xr Note that x =I= 1 because u < r 

Thus xr2 < xr which implies that xr < x This 1s not possible because xr = u and 

u 1s a Lyndon word So we have a contrad1ct10n and conclude that t(r) :S t(u) 

Now we prove the converse Let u and v be Lyndon words with u < v In the 

case that v E A, every left factor of u 1s less than or equal to u which implies that 

uv 1s a Lyndon word and that (t(u) , t(v)) = t(uv) E t(Y) Consider the case that 

t(v) = (t(r), t(s)) with u ~ r Thus ur < r :Su which 1mphes that u 1s the greatest 

proper left factor of uv So 1t 1s enough to show that u < uv Suppose that u > uv 

Smee u < v, u = xv Thus x > u because xv > xvv This 1s a contrad1ct10n because 

u 1s a Lyndon word So u < uv □ 



57 

Vita 

Surname Sadro Given Names Paul 

Place of Birth Nelson, British Columbia, Canada Date of Birth Aug 12 1974 

Educational Institutions Attended 

University of Victoria 

Simon Fraser University 

Degree A warded 

1999 to 2001 

1992 to 1998 

BS Simon Fraser University 1998 

Honours and A wards 

Graduate Teaching and Research Fellowship 2000-2001 



58 

PARTIAL COPYRIGHT LICENSE 

I hereby grant the nght to lend my thesis to users of the University of Victoria 

Library, and to make smgle copies for such users or m response to a request from the 

Library of any other university, or similar mstitut10n, on its behalf or for one of its 

users I further agree that permission for extensive copymg of this thesis for scholarly 

purposes may be granted by me or a member of the University designated by me 

It is understood that copymg or pubhcat10n of this thesis for financial gam by the 

Umversity of Victoria shall not be granted without my written permiss10n 

Title of Thesis 

Decomposit10n of the Free ( t:, G)-Lie Coloralgebra 

Author 

PAUL SADRO 

Apnl 30, 2001 




