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Chapter 1

Preliminaries

In this chapter we define the algebraic objects required to define and construct a free
(¢, G)-Lie coloralgebra We will also state some basic results which are needed 1n the

chapters to follow Much of the material in this chapter can be found 1n [2] and [7]
1.1 Magmas

A magma 1s a set M with a binary operation or product (,) M xM — M
M 1s called associative when ((z,v),z) = (z, (y, 2)) for all elements z,y,z € M and
commutatwe or abelian when (z,y) = (y,z) for all z,y € M If M and M’ are
magmas, then h M — M’ 1s a magma homomorphism 1f and only if h((z,y)) =
(h(z),h(y)) for all z,y € M A magma M 1s freely generated by a set A 1if and only
if A C M and every map from A into a magma M’ extends uniquely to a magma

homomorphism from M into M’

Let A be a nonempty set We construct a magma M (A) which 1s freely generated
by A The sets M¥(A) for £ > 0 are defined recursively by letting M'(4) = A
and M™(A) = Upg,cn M?(A) x M"77(A) when n > 1 For any z € MP?(A) and
y € M9(A), let (z,y) denote the ordered pair of z and y in MP*9(A) M(A) 1s



defined as the set | J,,, M™(A) with the binary operation (, ) That 1s, the product
of z and y 1s the ordered pair (z,y) for all z,y € M(A) Note that this binary
operation 1s injective For every z € M(A), let |z| be the length of x which we define
as the unique integer n > 0 such that x € M"(A) Thus| | M(A) — Nt 1sa
magma homomorphism where Nt denotes the positive integers under addition Let
M be a magma and f be a mapping of A into M The functions f M*(A) — M
for £ > 0 are recursively defined as f; = f and fo((z,v)) = (fo(2), f4(v)) for all
(z,y) € MP(A) x M%(A) C M™(A) when n > 1 The function f M(A) — M
defined as f(z) = fi;/(z) for all z € M(A) 1s a magma homomorphism Suppose that
h M(A) — M 1s magma homomorphism extending f which does not agree with f
on all of M(A) Thus we have z € M(A)\ A such that h(z) # f(x) and h(w) = f(w)
for all w € M(A) with |w| < |z| Thus there exists y, 2z € M(A) such that |y|, |z| < n
and T = (y,z) which implies that h(z) = (h(y), h(2)) = (f(y), f(2)) = f(z) This s

a contradiction Hence f 1s unique

1.2 Monoids

An element 1 contained 1n a magma M 1s called an identity element 1f and only
if (1,z) = (z,1) = z for every element z € M Magmas that contain an 1dentity
element are called unital magmas A monoid 1s an associative unital magma When
the symbol 1 1s used, 1t will always denote the 1dentity element in a magma There
are cases where the identity element will be denoted by a dlﬁerent symbol For
example when we consider a monoid with addition as the binary operation, we call
the 1dentity element zero and denote 1t by the symbol 0 A map h M — M’

between two monoids 1s called a monoid homomorphism 1if and only 1f 1t 1s a magma



homomorphism mapping the 1dentity element of M to the 1dentity element of M’ A
monoid M 1s freely generated by a set A if and only 1if A C M and every map from

A mnto a monoid M’ extends uniquely to a monoid homomorphism from M into M’

Let A be a nonempty set We will construct a monoid A* which 1s freely generated
by A We call A an alphabet and the elements of A letters The set of all words on A
1s the set of all finite sequences of letters including the empty sequence The length
of a sequence w € A* 1s denoted by |w| Note that every letter 1s a word of length
one For any words w and v on A we denote the product of w and v by wv and define
1t as the word of length |w| + |v| which agrees with w for the first |w| letters and
agrees with v for the last |v| letters Let A* denote the magma consisting of the set of
all words on A with this product Clearly, A* 1s a monoid with the empty sequence
as the 1dentity element A* 1s freely generated by A Indeed, for every map f of A

into a monoid M we can define a monoid homomorphism f A* — M such that

T(l) =1 and ?(al an) = f(al) f(an) for all @ 75 {ala aa‘n} g A Clearly’ f

extends f and 1s unique because any monoid homomorphism A A* — M satisfies

h(1) =1and h(a; a,) =h(a1) h(a,) forall @ # {a;, ,a,} CA

Many common algebraic objects are monoids For example a group 1s a monoid
with the additional property that every element has an inverse That 1s, for every ele-
ment z there exists an element y such that zy = yz =1 A commutative ring with unity
1s a set R with two binary operations addition, +, and multiplication, x, such that R 1s
an abelian group under +, a commutative monoid under x and z*(y+2) = zxy+z*z

for all z,y,2z € R We will often denote z * y by zy



1.3 K-modules

Let K be a commutative ring with unity We define a K — module W as an abelian
group under addition such that the elements of K are unary operations on W satis-

fying the following four properties

a(z +y) = a(z) +a(y) (131)
(a +b)(z) = a(z) + b(z) (132)
(ab)(z) = a(b(z)) (133)

1(z) =z (134)

for all z,y € W and a,b € K When no confusion can arise we write a(z) = az for
a € K and z € W The simplest example of a K-module 1s K 1itself where every
operation z € K 1s defined as z(y) = zy forally € K A K —module homomorphism
or K — linear mapping 1s a monoid homomorphism A from a K-module W nto a K-
module such that h(az) = ah(z) for allz € W Note that K-module homomorphisms
always map zero to zero A submodule V of a K-module W 1s a K-module consisting
of a subset V' of W with the operations of the K-module W on V' This 1s equivalent
to saying that V C W and kx —ye V forallz,ye Vandke K Ifh V—W
1s a K-linear map, then the mnverse image of a submodule of W 1s a submodule of V
and the image of a submodule of V 1s a submodule of W The inverse image of the
submodule {0} 1s called the kernel of h Let S be a submodule of the K-module T
and T'/S be the set of all equivalence classes obtained from the equivalence relation
~ on T defined as x ~ y if and only if z —y € § For each x € T, = denotes the
equivalence class containing z Note that ~ 1s a congruence on 7' Indeed, if z ~ 2’

and y ~ ¢/, then kxz+y ~ kz' + ' for all k € K Thus T//S 1s a K-module under the



following operations
kT = kz

—~—

IT+y=c+y

forallz,y € T and k € K T/S 1s called the quotient module of T by the submodule
S The canonical map f T — T/S defined as f(z) =T for all z € T 1s called the
quotient map of T/S Note that f 1s K-linear and kernel(f) = S

The following proposition 1s known as the Homomorphism Theorem for K-modules

Proposition 131 Let f T — T/S be the quotient map of T/S For every
K-module R and K-lnear map h T — R such that S C kernel(h), there emsts a
umque K-hnear map h such that h(f(z)) = h(z) for allz € T

T L 778
ol
R % R

Proof This result 1s an application of Corollary 3 8 in Chapter 2 of [4] to K-modules
Alternatively, this proposition 1s explicitly stated as Theorem 59 in Chapter 5 of
[9] O

Whenever we write ) ., k,z for some subset X of a K-module 1t will be under-
stood that this 1s a finite sum, that 1s k,z = 0 for all but finitely many z € X and
Y zex ko equals to zero plus the sum of all the nonzero summands Note that when
X 1s empty Y .y k2 =0 A K-module V 1s a direct sum of a set {V, 7 € J}
of submodules of V' 1f and only 1f V = €p,; V; which means that every z € V' can
be expressed uniquely as a sum E]E ;Z; such that z, € V, for all y € J, the map
proj, V — V, defined as proj,(z) = z, 1s K-linear The set of homogeneous
elements of V' are the elements contamed m (J,.;V; Note that for any z € V,

T =) ,esPr0) (z) A binary operation or function f V XV — V on a K-module



V 1s called K — bulinear 1f and only if for all z € V' the maps y — f(z,y) and
y > f(y,z) are K-lmear If R=@P,; R, and f U,c; R; x U,c; B; — R 1s such
that f(kz + y,2) = kf(z,y) + f(y,2) and f(z,kz + y) = kf(2,z) + f(z,y) for all
€ J,z,y € R, z€ R, and k € K, then f extends uniquely to a K-bilinear
operation f R x R — R Henceforth 1t will be sufficient to define a K-bilinear
function on a direct sum by defining 1t on the pairs of homogeneous elements

Proposition 1 3 2 Let h be a surjectwve K-linear map from V = EBJE 5V, mto W
W =@,c, h(V)) off kernel(h) = D, ,(V; N kernel(h))

Proof Let W =,;h(V;) Swnce V, N kernel(h) 1s a submodule of V; for all 7 € J,
1t 15 enough to show that for every x € kernel(h) and j € J, proy,(z) € kernel(h)
For all z € kernel(h), 0 = h(z) = }_,; h(pros,(z)) which mmples that prog,(z) = 0
for all ) € J To prove the converse let kernel(h) = @,¢,;(V; N kernel(h)) Since
h 1s surjective and h(V)) 1s a submodule of W for every j € J, 1t 1s enough to show
that the representation 1s unique or equivalently to show that 0 = de 7T, where
z, € h(V;) for all y € J imples that z;, =0 forally € J Wehave 0 =3 _;z, =
> es M) = h(32,c;v;) where v, € V, for all g € J Thus 3, v, € kernel(h)
which 1mplies that each v, € V, N kernel(h) by the uniqueness of the representation
i V' Therefore, z, = h(v,) =0 forall y € J a

If Wis a K-module and X C W, the submodule {3 . k;z k; € K} 15 denoted
by K X A K-module V has a basis B 1if and only if every element z € V can be ex-
pressed uniquely as ), 5 kyb where k, € K forallb € B V' 1s freely generated by B
if and only if B C V' and every map from B into a K-module W extends uniquely
to a K-module homomorphism from V into W Note that a K-module V 1s the
submodule generated by B when 1t 1s freely generated by B

Proposition 1 3 3 Let B be a nonempty set V s freely generated by B 1f and only
of B 1s a basis of V

Proof Let V be freely generated by B V = K B because K B 1s a submodule of
V' contaiming B and V' 1s generated by B So 1t enough to show that 1if 0 = 3", ksb,
then all of the elements k, are zero Let 0 =}, kb Consider K as a K-module



and for allb € B let f, B — K extend the zero map on B\ {b} with f,(b) =1 and
f» be the umque K-linear extension of f, to V. Forallb € B, 0 = fi,(3cpkec) =
Y e kefs(c) = 3 .cpkefo(c) = ksl = ky To show the converse let B be a basis of
V and h B — W where W 1s a K-module Since Bisabasisof V,h V — W
1s well defined by A(}",cp ksb) = koh(b) for all Y-, g kob € K B 1t 1s easy to venfy

that h1s K-linear and that any K-linear map extending h will satisfy our definition
for h So h 1s the unique K-linear map extending h O

We say that V 1s a free K — module 1if and only 1if V has a basis

Let B be a nonempty set We construct a K-module V' (B) that 1s freely generated
by B For each b € B define K, = K and let W be the subset of the direct product
[Ics Kb consisting of all elements (z3)ycp such that z; = 0 for all but finitely many
b€ B The addition and K operations are defined as (zp)se + (s)seB = (Tb + Us)ben
and k(xp)pep = (kxp)oep for all k € K W 1s a K-module with these operations For
each a € B let (ef)ycp € W be such that ef = 0 for all b € B\ {a} and € =1
Let V(B) be the set obtamned from W by replacing (ef)scp with a for each a € B
and let 7 V(B) — W be the byjection extending the 1dentity on V(B) N W such
that 7(a) = (e})sep for all a € B Thus V(B) 1s a K-module with addition and K
operations defined as kz = r~!(kr(z)) and z + y = r~}(r(z) + r(y)) for all k € K
and z,y € V(B) Thus r 1s K-hnear and we note that (z3)scp = D ;5 25(b) for all
(zp)bep € V(B)NW So 1t 1s enough to show that the representation 1s unique which
1s equivalent to showing that 0 = ), kyb implies that k, = 0 for allb € B Towards
a contradiction, suppose that 0 = kcc+) . B\(c} kvb and k. #0 Thus (> he B\{c} kyb)
has —k, as 1its ¢ component but r(b) 1s zero 1n 1ts c** component for all b € B\ {c}

this 1s contradicts the K-linearity of r



1.4 K-Algebras

A K — algebra 1s a K-module with a K-bilinear operation called multiplication
which 1s not necessarily associative We will often denote multiplication in K-
algebras by placing elements 1n juxtaposition The K-linear maps between K-algebras
which are magma homomorphisms with respect to multiplication are called K —

algebra homomorphisms A submodule R of a K-algebra S 1s a called a subalgebra
of S 1if and only 1if R 1s closed under the multiplication in § That 1s, for all z,y € S,
zy € R The subalgebra of S generated by A 1s the least subalgebra of S containing
A or equivalently the intersection of all subalgebras of S containing A A subalgebra
R of a K-algebra S such that zy,yz € R for every x € R and y € S 1s called an 1deal
of S The ideal of S generated by A 1s the least 1deal of S containing A or equiva-
lently the intersection of all 1deals of S containing A Let R be an 1deal of S The
K-module S/R 1s a K-algebra with multiplication defined as Ty = zy for all z,y € S
and the canonical map h S — S/R defined as h(z) = 7 for all z € S 1s a K-algebra
homomorphism S 1s a freely generated by A 1f and only if A C S and every map
from A into a K-algebra 7' extends uniquely to a K-algebra homomorphism from S
mto 7' Note that S 1s the subalgebra of S generated by A when S 1s freely generated
by A

Let A be a nonempty set We will construct a K-algebra S(A) which 1s freely
generated by A Let S(A) be the K-module V(M(A)) which 1s freely generated by
the magma M (A) which 1s freely generated by A For each z € M(A) let f, be the

unique K-linear map on V(M (A)) extending y — (z,y) for all y € M(A) We define

the multiphication  on V(M(A)) as (3o,¢pa) k2(2) * (2) = X senmay kz(f2(2)) for



all 3 cara) kz(z) & 2 € V(M(A)) = K M(A) It easily venified that % 15 a K-
bilinear extension of the product on M(A) To show that S(A) 1s freely generated by
A as a K-algebra, consider a map h from A into a K-algebra R We have a unique
magma homomophism extending h to M(A) which extends uniquely to a K-linear
map h from V(M (A)) mnto R We can venify that h 1s a K-algebra homomorphism
Let ¢ S(A) — R be a K-algebra homomorphism extending h Thus g 1s the
unique K-hnear map extending g restricted to M(A) Since g restricted to M(A) 1s a
magma homomorphism from M (A) into R extending h, we have that g agrees with A
on M(A) Thus g 1s the umque K-linear map extending h restricted to M (A), which

1S h

Let A be a commutative monoid with addition as its binary operation A K-
algebra R 1s called A — graded 1f and only 1if there exist submodules R; of R for all
6 € A such that R = @;cp Rs and RoRg C Rqqp for all 0,3 € A Let R and
S be A-graded K-algebras, a K — algebra homomorphism h R — S 1s called
A — graded when h(R;) C Ss for all § € A Note that multiplication 1s often defined
on a A-graded K-algebras by defining 1t on the homogeneous elements We say that
a subalgebra S of a A-graded K-algebra R 1s graded when S = @, A(RsNS) If S
15 a graded 1deal of R and h R — R/S 1s the canonical K-algebra homomorphism,
then R/S = @jscp h(R5) 1s a A-graded K-algebra by Proposition 1 3 2
We have the Homomorphism Theorem for A-graded K-algebras

Proposition 1.4.1 Let R be a graded ideal of the A-graded K-algebra S and h

S — S/R be the canonical A-graded K -algebra homomorphism For any A-graded
K -algebra homomorphism f from S into a A-graded K -module T unth R C kernel(f),
there ezists a unique A-graded K-module homomorphism f S/R — T such that

foh=f
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S — S/R
L7
T B 7T

Proof Applying Corollary 3 8 in Chapter 2 of [4] to K-algebras, we have a unique K-
algebra homomorphism f S/R — T such that foh = f Forallé € A, f((S/R)s) =
f(h(S5)) = f(Ss5) € Ts Thus f 1s a A-graded K-algebra homomorphism Since every
A-graded K-algebra homomorphism 1s a K-algebra homomorphism, f 1s umque O

Proposition 1 4 2 Let I be an ideal of a A-graded K -algebra R generated by a set
of homogeneous elements X Then I 1s a graded 1deal

Proof Let H denote the set of homogeneous elements in R We define the subsets
Jp of R for n > 0 by recursion Let Jo =X and J, = J,_1HUHJ,_, foralln >0
where J, \H={z€R z=yz2&y€Jo1&2€H}and HJ,_1={z€R z=
2y &y € Jo1 & z € H} It1s easy to venfy that I = K J where J =J,5,Jn Note
that J 1s a set of homogeneous elements because H 1s closed under multiplication
For each 0 € A let F; = (Ry;NJ)\ {0} Since INR; = K F; for all § € A and
I =@;scp K Fp, 115 a graded 1deal O

A set A which 1s a disjoint union of the subsets As; where 6 € A 1s called a
A — graded set, a map f from A into a A-graded K-algebra R 1s called a A — map
when f(As) C Rs for all § € A Let R be a A-graded K-algebra and A = ;e 4s
be a A-graded set, R 1s freely generated by A 1f and only 1f V6 € A, A; C R; and
every A-map from A into a A-graded K-algebra S extends uniquely to a A-graded

K-algebra homomorphism from R into S

Let A = |Jsca As be a nonempty A-graded set We will construct a A-graded
K-algebra D(A) which 1s freely generated by A by defining a A-grading on S(A)
Let ¢ M(A) — A be the unique magma homomorphism extending the map which
assigns each element 1n A; the element § for all § € A For each § € A we let Ms(A) =
{z € M(4) g(x) = 8} Thus S(4) = Dea(K Ms(A)) and oy € K Moys(4)
for all 0,8 € A, z € K My(A) and y € K My(A) We define D(A) to be this
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A-graded K-algebra Any K-algebra homomorphism f extending a A-map from A
into a A-graded K-algebra T" 1s a A-graded K-algebra homomorphism Indeed, by
induction on length in M(A) we have that f(M;s(A)) C T; for all § € A which implies
that f(Ds(A)) € Ts for all § € A So 1t 1s clear that D(A) 1s freely generated by A

as a A-graded K-algebra because 1t 1s freely generated by A as a K-algebra

Note that D(A) has M(A) as a basis and thus D(A4) = ,,,, D(A), as a K-
module where D(A), = K M™(A) for all n > 1

1.5 Associative K-algebras

An associative K — algebra 1s a K-algebra such that the nonzero elements form
a monoid under the multiplication operation Note that this defimition implies that
every associative K-algebra has a multiplicative identity An associative K —algebra
homomorphism 1s K-algebra homomorphism from an associative K-algebra 7" into an
associative K-algebra U which maps the 1dentity element of T to the 1dentity element
of U Let A be a nonempty set and K(A) = V(A*) with multiplication defined by
the multiplication in A* extended to V(A*) by K-bilinearity It 1s clear that K(A) 1s
an associative K-algebra If f maps A into an associative K-algebra R, then there 1s
a unique monoild homomorphism from A* into R extending f which extends uniquely
to a K-module homomorphism f It 1s clear that this f 1s the only associative K-
algebra homomorphism extending f Thus K(A) 1s an associative K-algebra which
1s freely generated by A That 1s, every map from A into an aésoc1at1ve K-algebra

R extends uniquely to an associative K-algebra homomorphism from K(A) into R

An associative A—graded K —algebra 1s a A-graded K-algebra which 1s a monoid

with respect to multiplication
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Example 151 Let G be an abelian group under addition and R = @gec Ry be a
G-graded K-module End(R) 1s an associatwe K -algebra consisting of the set of all
K -linear maps on R with

(f+h)(z )—f(:v)+h(:v) (151)
( f)(z) = kf(z) (152)
o h(z) = f(h(z)) (153)

for all f,h € End(R) and k € K and z € R Note that 0 € End(R) 1s the zero
map on R and 1 € End(R) s the identity map on R For each g € G we define
Endy(R) = {f € End(R) Vh € G, f(Rx) C Rytn} We note that Endy(R) 1s
a submodule of End(R) for each g € G and that End(R) = @, Endy(R) as a
K-module For all f € Endg,(R), h € Endy, (R) and z € Ry,, f o h(z) € Ry, 4, 1q.
Thus f o h € Endy,.g, which ymphes that End(R) s an associatwe G-graded K-
algebra




Chapter 2

Introduction

A K-algebra L with multiplication [ ] 1s called a Lie algebra if and only [z,z] = 0
and [z, [y, 2] + [y, [2, z]] + [2, [z, y]] = 0 for all z,y,z € L Note that [z,y] + [y, z] =
[z +y,z+y] =0forall z,y € L A Lie algebra homomorphism 1s a K-algebra
homomorphism between two Lie algebras We say a Lie algebra L 1s free on a set A
if and only 1f there exists a map 1+ A — L such that for every map f from A into a
Lie algebra L' there exists a unique Lie algebra homomorphism f L — L' satisfying
foir= f Theleast K-module in K(A) containing A which 1s closed under the bracket
operation defined as [z,y] = zy —yz for all z,y € K(A) 1s a free Lie algebra which we
will denote L,4, the map 2 associated with L, 1s the inclusion map Note that every
element 1n M (A) can be represented 1n L4 under the unique magma homomorphism
% M(A) — L, such that 9(a) = a for all a € A where L, 1s considered a magma
under the bracket operation For example if a,b € A, then ¢((a,bd)) = [a,b] In [8],
Hall constructed a basis for L4 over a field of characteristic zero Hall’s result 1s easily
generalized to L4 over any commutative ring with unity and the basis can be written
as 1(B) where B C M(A) In [12], Lazard defined a set of subsets of M(A) called

the Lazard sets (see Definition 5 0 2) and used Lazard elimination to prove that 1(Z)

13
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1s a basis of L, for each Lazard sets Z In [20], Viennot generalized Hall’s basis by
defining a set of subsets of M(A) called the Hall sets which contain B and showed
that 1t was 1n fact equivalent to the much less explicit Lazard sets That 1s, every

Hall set 1s a Lazard set and every Lazard set 1s a Hall set

Definition 2 0 1. A Hall set 1s defined to be a subset H of M(A) which 1s ordered

by a binary relation < such that

e H 1s totally ordered by <
e A 1s contained in H
e Forallh=(h,h") € H\ A, h' € Hand b/ <h

e Forall h = (W,h") € M(A)\ A, h € H 1if and only if #',h” € H and b’ < b"

and either A" € A or h" = (z,y) and z < A’

The following example of a Hall set 1s due to Viennot

Example 2 0 2 Consider the total ordering < of A* whach extends a total ordering
of A defined as x < y 1f and only 1f x = uy for some u € A* \ {1} or z = vau &
y = zbu where a < b, a,b € A & u,v,z € A* The Lyndon words under < are
defined to be the subset of A* consisting of all w € A* \ {1} such that of w = uv
and u,v € A*\ {1}, then u < w LetY denote the Lyndon words in A* with respect
to < We define the map t A*\ {1} — M(A) as t(a) = a for alla € A and
t(w) = (t(u),t(v)) for all w € A* \ A where u 1s the greatest word such that w = uwv
and u,v are not empty In Appendiz B 1t 1s proven that t(Y) s a Hall set under the
total ordering defined as t(z) < t(y) of and only 1f x <y m A* Y (t(Y)) s called the

Lyndon basis of L4
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In [17], Ree constructed a generalization of the free Lie algebra over a field of
characteristic zero Melancon derived a basis for Ree’s construction using Hall sets
mn [14] In [15], Mikhalev gives a more general construction of the free Lie algebra
over any commutative ring with umity K such that 2 and 3 are units In this work,
Mikhalev also defines a basis for his construction which 1s analogous to the Lyndon
basis of the free Lie algebra Melancon’s basis 1s more general than Mikhalev’s in the

case that K 1s a field of characteristic zero

The goal of the following work 1s to provide a generalization of Mikhalev’s con-
struction without assuming that 2 and 3 are units in K, to generalize Lazard elim-
mation for this construction and to derive a basis for this construction in terms of
Hall sets via Viennot’s results This basis agrees with Melancon’s basis for the case
that K 1s a field of characteristic zero and 1s more general than Mikhalev’s basis in

the case that 2 and 3 are units in K



Chapter 3

(¢, G)-Lie Coloralgebras

In this chapter we give a defimtion for an (¢, G)-Lie coloralgebra over a commutative
ring with unity which agrees with that of Mikhalev in [15] when 2 and 3 are units
The results 1n the last two sections of this chapter are generalizations of results for
Lie algebras that can be found 1 [18] The results for Lie algebras are 1illustrated in

examples

3.1 Definitions and Examples

Let K be a commutative ring with group U(K) of umts, G be an abelian group
under addition and ¢ G x G — U(K) be an antisymmetric bicharacter That
1s, €(a + b,c) = €(a,c)e(b,c), €(c,a+ b) = €(c,a)e(c,b) and €(a; b)e(b,a) = 1 for all

a,b,c € G Moreover, let €(g,9) € {1,—1} for all g € G

Defimtion 3 11 An (¢, G)—Le coloralgebra s a G-graded K-algebra L = @, L,

with a K-bilinear product [ | such that for all homogeneous elements z € Ly, y € L,

16
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and z € L,,,
[z, y] + (92, 9y) [y, 2] = 0 311)
€(9z, 92) [z, [y, 2]] + €(9z, 9y) [y, [2, 2]] + €(gy, 9:)[z, [z, 4] = 0 (312)
€(9z,92) =1 = [z,2] =0 (313)
€(92:92) = =1 = [z,[z,2]] =0 (314)

Note that 1f 2 € U(K), then 311 imphes 3 1 3 and 1f 3 € U(K), then 3 1 2 imphes
314 Alsonote that this definition 1s a generalization of the definition of a Lie algebra

over K Indeed, every Lie algebra can be considered an (e, G)-Lie coloralgebra with

G = {0} and €(0,0) =1

Example 311 Let F be a field of characteristic zero, Zy be the integers modulo
2 under addition and € Zy x Zy — K be defined as € (n,m) = (—=1)™ for all

n,m € Zy (€,Zs)-Lie coloralgebras (over F) are called Lie superalgebras

Definition 312 If L and L' are (¢,G)-Lie coloralgebras then h L — L' 1s a
(€,G) — Lie coloralgebra homomorphism 1f and only 1if h 1s K-lnear, h([z,y]) =
[h(z), h(y)] for all 2,y € L and h(Ly) C L, for all g € G

An (¢, G)-Lie coloralgebra homomorphism which 1s a byection 1s called an (¢,G) —
Lae coloralgebra 1somorphism When an (e, G)-Lie coloralgebra 1somorphism exists

between two (€, G)-Lie coloralgebras we say that they are 1somorphic

Example 3 1 2 Consider End(R) from Ezample 1 51 We define a new multiplica-
tion, [ ], on End(R) as the unique K-biinear map such that [z,y] = zoy—€(gz, gy)yoz
forallz € Endy, (R) & y € End,, (R) Under this multiplication End(R) 15 an (¢, G)-
Lue coloralgebra which we denote pl(R) = B, ply(R)
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Example 313 Let QQ be the rational numbers and Q5 be the set of 2 X 1 matrices
with entries in Q Qo 15 a vector space over @ wn the usual sense and has the basis
{eo,e1} where ey 1s the transpose of (1,0) and e; 1s the transpose of (0,1) Thus
Q@ =Q {e} ®Q {er} End(Q2) 1s the set of Q-linear maps on Qy which can
be realized as the set of all 2 x 2 matrices over QQ under matriz addition and matriz

multiplication Thus End(Q2) = Endo(Q2) ® End;(Q2) where Endy(Q-) 15 the set of

all matrices of the form

z 0
0y

with z,y € Q, and End,(Q2) 1s the set of all matrices of the form

0 z
y 0

with z,y € Q Consider the Lie superalgebra pl(Q2) with respect to Zy and € as they
are defined in Example 8 1 1 We have [ | defined on pl(Q2) as
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r s vow
[ ) ]
t u T Yy
T s 0 w
= ) ]+[ ) ]+[ ) ]
0 u > t 0 0 y t 0 T
0 TW — WU 0 sy — s st + wt 0
= + +
uT — IT 0 tv —yt 0 0 tw + s
ST + wt Tw — wu + Sy — vSs
ug —or+iw—yt tw+ zs

for all r,s,t,u,v,w,z,y € Q

3.2 L-derivations

Let L be an (e, G)-Lie coloralgebra and pl(L) be defined for L as in Example 3 1 2

We define the L —derwations Der(L), as Der(L) = @, Dery(L) where Dery(L) =

9€G
{D € ply(L) D(zy) = D(z)y + €(g,9;)xD(y) for all z € L,,} This definition 1s

justified by the fact that Vg € G, kx —y € Dery(L) for all z,y € Dery(L) and k € K

Proposition 321 Let L =@, . L, be a (¢, G)-Lie coloralgebra Then Der(L) 1s

9€G

a subalgebra of pl(L)

Proof For all D, € Der,(L) & D, € Dery(L) we have that

[Dq, Dy) = (Dg 0 Dy — €(a,b)Dy 0 D,) € Dergyp(L)
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This follows from the fact that [D,, Dy] € pla4s(L) and the following calculation,

(Da © Dy — €(a, b) Dy 0 Dy)[z, y] = ([Da © Dy(2),y] + €(a, gz + b)[Ds(z), Da(y)]
+ €(b, 92)€(a, 92) [z, Da © Dy (y)] + €(b, 92)[Da(), Ds(v)])
— €(a,b)([Ds 0 Da(z), y] + €(b, gz + @)[Da(z), De(y)]
+ €(a, g2)€(b, g2) [z, Dy © Da(y)] + €(a, 92)[Ds(2), Da(y)])
= [Da © Dy(z), y] + €(b, g )€(a, gz)[2, Da © Dy(y)]
— €(a, b)([Ds © Du(), Y] + €(a, g2)€(b, gz) [z, Dy © Da(y)])
= [(Da © Dy — €(a, b) Dy © D,)(z), 9]
+¢€(a +b,9:)[z, (Do © Dy — €(a, b) Dy 0 Do) ()]

forallz € Ly, & y € Ly, Thus Der(L) 1s a subalgebra of pl(L) O

3.3 Semidirect Products

We define the adjomnt ad L — Der(L) as ad(z)(y) = [z,y] for all z,y € L Note

that ad(z) 1s an L-derivation by 3 1 2

Theorem 331 Let [ ] & [ ]| denote the brackets on the (e,G)-Lie coloralgebras
L & L' respectwely and h L — Der(L') be an (e, G)-Lie coloralgebra homomor-

phism  There 1s a unique (€, G)-Lie coloralgebra L" = L@ L' with bracket [ |" extending
[] &[] such that [z,2']" = h(z)z'

Proof Let L"=L@& L' Note that L" = @ ., Ly where Ly = L, ® L, for all g € G

Let [ ]” be defined on L" as

[Z Zg, Zyy]" = Z [zg, yn]"

9€G heG 9,heG
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for all direct sum decompositions ) Ty & > 4cq Yy € L” and
[z + 2y + 91" = [2,9] + h(z)y’ — €(92, 9)R(y)2" + [, 4]

for all direct sum decompositions z +2' & y+3y' mn L & L’sfv respectively It 1s clear
that [ |" extends [ | & [ | and 1s K-bilinear Since [Lg, Lp] € Lgin & [Lg, Ly € Ly,

for all g,h € G and h 1s an (¢, G)-Lie coloralgebra homomorphism, L7, Ly]" € L),

for all g,h € G It 1s now necessary to show that [ |” satisfies properties 31 1,

312,313and 314 Letz+2', y+y & z+ 2’ be direct sum decompositions 1n
" n "

Ly,, Lg, & Ly, respectively Thus

[z+2'y+y]" =[z,9] + h(z)y — (g2, 9)1(y)z" + [, ¥/]
= —€(92, 9) [y, 7] + (@)Y — €(go, ) h(y)2" — €(g0, 9) [y, 2]
= —€(92, 9y) ([y, 2] — €9y, 92)h(2)y' + h(y)z' + [y, 2'])
= —€(gn, 9)ly + v,z + 2"

So [ ]" satisfies property 311 To prove property 3 12 we first prove the following

two cases,
Case 1 €(gz, 92)[ [y, 21"]" + €(92, 9) W, [, 2l"]" + €(gy, 92)[2', [z, ']"]" = O

Case 2 €(g:,9:)[7", [y, 2]"]" + €(92, 9y, [, 2']"]" + €(gy, 92) [z, [2', 4]"]" = O
The following calculation proves Case 1,
€(9:, 9z)[z, [v', 21"]" = €(9z, 92) ()Y, 2]
= (92, 9)([h(@)y, 2" + (g2, )Y, h()2]")
= €(92,92)([[z,¥]", 21" + €(92, 9) Y, [2, £]"]")
= €(92, 92) (—€(9z + 9y, 9:)[2', [z, ¥1"]" — (92, 9y)€(92, 9.)l¥'s [/, 2]"]")

II]II

= _f(gy’ gz)[z,7 [:1:, y,]” i E(gi'J’ gy)[y,’ [z,,x]
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Similarly we prove Case 2,

€(92:92)[2', [y, 2]"]" = €(9z, 9:) (—€(9a, 9y + 92)[[y, 2]", 2']")
= —€(9z, 9y)h([y, 2])7’
= —€(9z, ) [R(y), h(2)]2’
= —€(gz, 9y) (h(y) © h(2) — €(gy, 9:)1(2) o h(y))z’
= —€(92, 9) [y, [2,7']"]" + €(9z, 9y)e(9y, 92) 2 [y, "]
= —€(gs, @)Y, [z, 2]"]" — €(gy, g:) 2, [', y]"]"
By K-bilnearity we have that,

II]II

€(9s, 9z)[z + 2, [y+ v,z + 2]
- C(gz, gz)([x’ [y, z]]+[x, [y, zl]’/]’l+[m, [y” Z]"]”_'_[x’ [y/’ Z’]”]”“*‘[.’LJ, [y’ Z]"]"'{‘[IE’, [y, z/]ll]ll+

[xl, [yl, Z]”]” + [xl, [yl’ ZI]I],)
When we distribute €(g,, g;) on the right side of the above equation, apply Case 1

and Case 2 to the six summands on the right and apply the K-bilinearity of [ ]” we

have that,

II] "

=—€e(9z, )y + v, [z + 7,2+ 2" —€e(gy,0.) 2+ 2, [z + 2,y + V]

Thus we have proven 312 If €(gs, g;) = 1, then [z+2', z+2']" = 0 because [z, z] = 0,
[z',2']' = 0 and h(z)z’ — €(gz, gz)h(z)z" = 0 Therefore property 3 13 holds Also, 1if
6(gmagz) = —1, then

[x +$I’ [I +xl’x + 2,;I]II]II

— [x, [x, x]ll]ll + [x, [z, II]I/]II + [z, [xl, x]ll]ll + [I, [1:,, II]H]II + [zl’ [x’ x]ll]ll + [xl, [x’ xl]ll]ll +



23

[xl, [xl, .’L‘]”]" + [1:,, [$I’ ml]ll]ll
. ([x, [x, xl]li]ll+[x, [zl, I]II]II+[$I’ [x, .’II]"]")-}-([JJ, [xl’xI]II]II+[$I’ [xl’ l_]ll]ll+[xl, [:L,, xl]li]l!)

The last equation equals zero by property 3 1 2 which proves that property 31 4

holds The uniqueness of [ ]” 1s implicit 1n 1ts definition a

The (€, G)-Lie coloralgebra L” 1n Theorem 3 3 1 1s called the semudirect product of

L and L' The following example shows how this theorem 1s a generalization of the

analogous result for Lie algebras (see [18] Lemma 0 7(u1))

Example 3.3 1. Consider a Lie algebra homomorphism h L — Der(L') where L
and L' are Lie algebras When we let G be the trunal group {0} under addition and
€(0,0) = 1, we have that L and L' are (¢,G)-Le coloralgebras and h 1s an (¢, G)-Lie
coloralgebra homomorphism Any Lie algebra L & L' extending the multiplication on
L and L' wnth [z,y] = h(z)(y) for allz € L and y € L', 1s an (¢,G)-Lie coloralgebra
Thus we have a unique Lie algebra L & L' extending the multiplication on L and L'

with [z,y] = h(z)(y) for allz € L and y € L' by Theorem 3 3 1



Chapter 4
Free (¢, G)-Lie Coloralgebras

This chapter 1s divided 1nto two sections In the first section we give the definition of
a free (¢, G)-Lie coloralgebra on a G-graded set, prove 1its existence and uniqueness
(up to 1somorphism) and prove some technical results about 1t The second section
consists of a theorem and a corollary on derivations of the free (e, G)-Lie coloralgebra
These results generalize a result for free Lie algebras found in [18] which we state as
an example at the end of the section Note that the corollary in the second section 1s

not required later in the thesis

4.1 Definition and Construction

Let A =J,.q Ay be a G-graded set, £ be an (¢, G)-Lie coloralgebra and 1 A — L
be a G-map, that 1s 1(a) € Ly, when a € A,, The (¢, G)-Lie coloralgebra L 1s
called free on A under 1 1f and only 1if for any (e, G)-Lie coloralgebra L and G-map
f A — L there exists a unique (€, G)-Lie coloralgebra homomorphism f £— L
such that f(i(a)) = f(a) for all a € A This can be represented by the following

commutative diagram where :dy, 1s the 1dentity map on L

24
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AL

lz lzdL

t Lo
For simplicity, we say that £ 1s a free (¢, G) — Lie coloralgebra on A if and only if
there exists a G-map 2 such that £ 1s free on A under : Note that every free Lie
algebra on A 1s a free (¢, G)-Lie coloralgebra on A where G = {0}, A = A, and
€(0,0) =1

Theorem 4 11 For each nonempty G-graded set A = |J, .o Ay, there exists an

geqG
(¢, G)-Lae coloralgebra L(A) which s free on A under an injective G-map Moreover,

L(A) 15 unique up to 1somorphism

Proof We will first construct the free (e, G)-Lie coloralgebra Let D(A) be the G-
graded K-algebra which we constructed in Chapter 1 Recall that D(A) 1s freely

generated by A as a G-graded K-algebra and that D(A) = @ .o K M,(A) Consider

9€G

the following four sets of homogeneous elements in D(A)
Hy = {(z,y) +€(92,9,)(y,2) z € M, (A) &y € My, (A)}

Hy = {€(9:,92)(@, (y,2)) + €(9z, 9) (¥, (2, 7)) + €(g2,92) (2, (2,9)) = € My, (A), y €
M, (A) & z € M,,(A)}

H; = {(z,z) 2 € M, (A) & €(9,9:) =1}

Hy = {(z(2,2)) z € M, (A) & €(92,9:) = -1}

Let I be the 1deal generated by the union of Hy, Hy, Hs, Hy and h D(A) — D(A)/I

be the canonical homomorphism I 1s G-graded by Proposition 142 It 1s clear
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that D(A)/I satisfies properties 311, 312, 313, 314 and D(A)/I 1s G-graded
Thus D(A)/I 1s an (€, G)-Lie coloralgebra Let :«d A — D(A) be the 1dentity
map We will show that the quotient algebra D(A)/I 1s free on A under h o id
Let L be an (e, G)-Lie coloralgebra and f A — L be a G-map Since D(A) 1s
a free G-graded K-algebra, we have a unique G-graded K-algebra homomorphism
6 D(A) — L such that 8(:d(a)) = f(a) for all a € A Because L 1s a (¢, G)-Lie
coloralgebra, we have that the kernel of 6 contains the sets H,, Hy by properties
311,312,313,314 Thus I C kernel(f) By Proposition 14 1 we have a unique
G-graded K-algebra homomorphism f D(A)/I — L such that f(h(z)) = 8(z)
for all z € D(A) Note that f 1s an (¢, G)-Lie coloralgebra homomorphism Thus

f(hod(a)) = 0(zd(a)) = f(a) for all a € A This argument 1s summarized 1n the

following commutative diagram

To show the uniqueness of f suppose that ¢» D(A)/I — L 1s an (¢, G)-Lie
coloralgebra homomorphism such that ¥(h(:d(a)) = f(a) for alla € A Since Yo h
D(A) — L 1s a G-graded K-algebra homomorphism, we have that 1) o h =6 Since
¥(h(z)) = O(z) for all z € D(A), v = f by Proposition 141 Thus D(A)/I 1s a free

(¢, G)-Lae coloralgebra

To see that h o:d 1s 1njective, 1t 1s enough to prove that h(a) = h(b) imphes
that a = bforalla,be A I = K J where J = UnZO Jny Jo = U,=;, 4 H, and
Jn+1 = M(A)J, U J,M(A) for n > 0 Suppose that h(a) — h(b) = 0 where a # b and
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a,b € A Thus a — b € I This 1s not possible because J only contains elements of

length greater than one and a, b are basis elements of D(A)

Now we show that D(A)/I 1s unique up to 1somorphism Let : = howd Let L be
another (e,G)-Lie coloralgebra which 1s free on A under [ By definition we have a
unique (€, G)-Lie coloralgebra homomorphism 7 satisfying the property that 201 =1
Similarly, there 1s a unique (¢, G)-Lie coloralgebra homomorphism [ D(A)/I — L
such that Joz =1 Thus (lo?)ol =lo(10l) = [ which imples that {07 1s the 1dentity
(¢, G)-Lie coloralgebra homomorphism on L Therefore [ 1s surjective Likewise, 20l 1s
the 1dentity (¢, G)-Lie coloralgebra homomorphism on D(A)/I which implies that I 1s
15 mjective Thus [ 1s a (¢, G)-Lie coloralgebra 1somorphism Thus any two (e, G)-Lie

coloralgebras which are free on A are 1somorphic as (¢, G)-Lie coloralgebras O

Example 411 Let G =0, A= Ay and €(0,0) =1 We have constructed an (¢,G)-
Lie coloralgebra L(A) which s free on A under a G-map + We clavm that L(A) 1s
a Lie algebra which 1s free on A Indeed, every map f from A winto a Lie algebra
L 1s a G-map when we consider L G-graded as L = Ly Hence there 1s a unique
(¢, G)-Lue coloralgebra homomorphism f L(A) — L such that for = f It 1s
clear that f 15 a Lie algebra homomorphism and that any Lie algebra homomorphism
f' L(A) — L 15 an (¢, G)-Le coloralgebra homomorphism So f 15 unique as a Lie

algebra homomorphism

L(A) will always denote an (€, G)-Lie coloralgebra that 1s free on A under 2 Let 1
M(1(A)) — L(A) be defined as ¢(a) = a for all a € :(A) and ¥((zy)) = [¢(z), ¥(y)]
for all z,y € M(:(A)) Intuitively one can think about ¢(M(2(A)) as being the set
of all elements 1n £(A) which can be represented as a bracketed word n (:(A))*

For example consider a,b,c € A the element ¥((2(a), (2(b),1(c)))) = [¢(a), [¢(b),2(c)]]
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1s represented by the word 2(a)u(b)i(c) bracketed 1n a certain way For each positive
natural number n let £,(A) = K ¢(M™(:(A))) We define the nght bracketing
function r 1(A)*\{1} — L(A) asr(a) = a and r(az) = [ar(z)] for all z € 2(A)*\ {1}
and a € 1(A) For example r(abc)=[a[bc|] when a, b, c € 1(4)

Proposition 4 1.2 Let A be a nonempty G-graded set
(1)L(A) = D,50 Ln(A) as a K-module

(1)L, (A) 15 spanned by {r(z) =z € 1(A),} where 1(A): are the words of 1(A)*

n

hawving length n

(11)Let Y C M(1(A)) be nonempty The subalgebra of L(A) generated by ¥(Y) 1s
K y(M(Y))

(w)Let m > 0, a,b € A and a #b Then ad(z(a))™(2(b)) # 0

Proof (1)Because any two 1somorphic (€, G)-Lie coloralgebras are 1somorphic as K-
modules 1t 1s enough to prove the result for the case that £(A) = D(A)/I where
D(A)/I 1s as 1n the proof of Theorem 411 h(M™"(A)) consists of all elements of
D(A)/I which can be represented as a bracketed word 1n (h(A))* of length n So

h(M™(A)) = p(M"™(h(A))) for all n > 0 From the direct sum D(A) =P, ., D(A),

n>0
we have that h(D(A),) = L,(A) for all n > 0 Since I 1s generated by homogeneous

elements with respect to the direct sum D(A) = @, D(A)n, L= D,,c h(D(A)n)

(n)It 1s clear that D(A)/I 1s spanned by h(M(A)) Agam we let ¢ = hod
Towards a contradiction suppose that we have a least n > 0 such that £,(A) 1s not
spanned by {r(z) z € 1(A);} Clearly n > 3 so for all [a, [z]] € ¥(M"(2(A))) such

that a € 1(A), [a, [z]] 15 1n the span of {r(z) z € 1(A);} Thus we have a least m > 2
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such that m < n and there exists y € Y(M™(:(A))) and z € Y(M™ ™(:(A)) such
that [y, 2] 1s not 1n the span of {r(z) z € 1(A);} Since Y(M™(:(A))) 1s spanned
by {r(z) =z € 1(A):}, we have [a,w] € {r(z) =z € 1(A)},} such that [[a,w], 2]
1s not 1n the span of {r(z) =z € 1(A):} and a € 1(A) By properties 311 and
312, [[a,w], 2] = ki[z, [a, w]] = ki(ka[a, [w, 2]] + ks[w|z, a]]) where ki, k2, k3 € U(K)
but [a, [w, z]] & [w, [z, a]] are spanned by {r(z) =z € 1(A)};} because a € 1(A) & w €
Y(M™1(1(A)) which contradicts [[a, w], z] not being 1n the span of {r(z) z € 1(A4)%}

(m1)It 15 clear that K ¢ (M (Y)) 1s a K-module containing ¢ (Y) which 1s closed
under [ | So 1t 1s a subalgebra of £ Let L be a subalgebra of £ containing 1(Y")
Suppose that ¥(M(Y)) 1s not contained in L Then there 1s a least positive natural
number m such that z € M™(Y) and ¥(z) ¢ L Since m > 1, z = (yz) where y & z
are of length less than m So 9(y),¥(z) € L which imples that ¢ (z) = ¢¥((zy)) =
[¥(y),%(2)] € L which 1s a contradiction So K (M(Y')) 1s the least subalgebra of

L contaiming ¥(Y)

(1v)We prove the result for the case that £(A) = D(A)/I Since ¢ 1s mjective,
this result holds when m = 0 Note that ad(:(a))™(2(b)) = h(r(a™b)) for alln > 0
Suppose that m 1s the least positive integer such that we have ad(:(a))™(:(b)) = 0
Thus 7(a™b) € I Since M(A) 1s a basis of D(A), we have that ] = K J where
J = UnZO L oI = Un:l, 4 Hp and Joy = M(A)J, U JJM(A) for 2 > 0 Thus
we have that r(a™b) = > ., k7 = D, cpk;y where F = {3 € J k; # 0} Let
Fy={y€eF j=(a,z,) for some z, € J} Thus we have that 7

r(a™b) — Z (a,z,) Z k,7
(a,z,)eFO JEF\Fy

Every element of F'\ Fj 1s of the form (z,y) where either z € J and y € M(A) or
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z € M(A)\ {a} and y € J Consider the direct sum D(A) = 3, D(A), For all
z € J, z € D(A), where ©+ > 1 Thus every 3 € F'\ Fj 1s represented 1n the basis
M(A) as

]=Zkzz

zEM
where M = {z € M(A) z= (z,y) & z € M(A) \ {a}} Thus F \ F; 1s empty and

we have that

Z k,(a,z,) =0

(aaz] )EFO

Since the K-lhnear map z — (a, z) 1s injective,
a™ ) - Y kg, =0
(a,z;)€F0

Thus r(a™'b) € I which implies that ad(:(a))™(2(b)) =0 This 1s a contradiction [

Proposition 413 Let {a} = |J,cc An be a G-graded set such that Ay, = {a} and
Apn=0 forallh#g

(1)If €(g,g) = 1, then {1(a)} 1s a basis of L({a})
(n) If €(g, g) = —1, then {1(a),¥((2(a)i(a))} 1s a basis of L({a})

Proof (1)Let €(g,9) =1 Let L denote the K-module on the basis {a} with [ ] as
K-bilinear multiphication such that [a,a] =0 Thus L = @, .; Ly where L, = K {a}
and L, = {0} for h € G\ {g} It s clear that L 1s an (¢, G)-Lie coloralgebra Let
L' be an (¢, G)-Lie coloralgebra and f {a} — L' be a G-map Consider the map
f L — L' defined as f(ka) = kf(a) for all k € K It 1s clear that K-linear and
that f(Ly) C L} for all h € G For any ki, ky € K, f([kia,ka]) = F(0) = 0 =
[k1£(a), k2f (a)] = [f(k1a), f(k2a)] Thus L 1s a free (¢, G)-Lie coloralgebra on {a}
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under the inclusion map Since L 1s 1somorphic to £({¢(a)}) under an extension of

the map 1, we are done

(n)Let €(g,9) = —L Let L denote the (¢, G)-Lie coloralgebra defined as the K-
module on the basis {a, (a,a)} with [ | as K-bilinear multiplication such that [a,a] =
(a,a), [a, (a,a)] = [(a,a),a] = [(a,a),(a,a)] = 0 Thus L = @,.; Ln where L, =
K {a}, Lyyg = K {(a,a)} and L, = {0} for h € G\ {9,9 + g} It 1s clear that
L 1s an (¢,G)-Lie coloralgebra Let L' be an (e, G)-Lie coloralgebra and f {a} —
L' be a G-map Consider the map f L —» L' defined as f(kia + ky(a,a)) =
ki1 f(a) + ko[f(a), f(a)] for all ki, k; € K It 1s clear that f 1s K-linear and that
f(Ly) C Ly forallh € G For all ky, ko, k3, ks € K, f([k1a+k2(a,a), ksa+ke(a,a)]) =
f(krks(a, a)) = kiks[f(a), f(a)] = [kLf(a) + kalf (a), £(a)), ksf (a) + ka[f(a), f(a)]] =
[f(kia + ky(a,a)), f(ksa + kq(a,a))] Thus L 1s a free (e, g)-Lie coloralgebra on {a}

under the nclusion map Since L 1s 1somorphic to £({:(a)}) under an extension of

the map 2, we are done O

4.2 L(A)-derivations

Theorem 4 2 1. Let A be a nonempty G-graded set and d A — L(A) have degree
ga That1s,Vg € G,Va € A,, d(a) € Lg1,,(A) There ezists a umque d € Der(L(A))
such that do1v=d Moreover, d € Der,,(L(A))

Proof By Proposition 4 1 1, 1t 1s enough to prove the result for ';he case that £L(A) =
D(A)/I and v = h o1d where D(A)/I and hod are as in the proof Since M(A) 1s a
basis of D(A), we have a unique K-linear map f D(A) — D(A)/I such that,

(f oud)(a) = d(a)
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for all a € A and

f((zy)) = [f (), h(y)] + (94, g:) [P(2), f (v)]

for all z € M,,(A) & y € M(A) By K-lnearity we have that,

f((z,y)) = [f (), h(y)] + €(94, 92) [P(2), f (y)]

for all z € D, (A) & y € D(A) By induction on length of elements in M(A) 1t
can be shown that for all z € M, (A), f(z) € h(Mg,+4,(A)) C L4, 4+4,(A) which
implies that for all y € Dy, (A) f(y) € Dy, 44,(A) Let z € My, (A), y € My, (A) and
z € My, (A) The following calculations show that the kernel of f contains the sets
Hy, Hy, H; & H,,

F((z,y) + €(92, 9y) (v, 2)) = [ (), h(y)] + €(94, 92) [P(2), f ()]

+ €9z, 9) (1f (v), ()] + €94, 9y) [P (v), f (z)])
= [f(2), h(y)] + €(gz + 94, 9,) [h(¥), f(2)]
+ €(94; 92) [h(2), f ()] + €(9z, 9,)[f (1), h(2)]
= €(9a, 92) [P(2), ()] + €(9a, 9)[f (¥), h(z)]
= —€(9z, 9)[f (¥), h(2)] + (92, 9y) [ f (), h(=)]
=0

Thus H; C kernel(f)

Let o be the permutation of the {z,y, z} defined as o(z) =y, o(y) =2 & 0(2) =z
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The cychc group generated by o 1s denoted by (o)

f(z C(gTzngx)(Tx(TyTz))) = Z E(g.,-z,gm)f(TI(TyTz))

T€(0) T€(0o)

=) €(grzs 972) ([ (72), h(TyT2)]
)

T€(0

+ €(g4, gro) [R(7T), [F (7)., h(72)] + €(ga 97 [A(T0), £ (72)]])
= Z €(grz g9-z)([f(72), [h(TY), h(7z2)]|

TE(0)

i 6(gd, gm)[h(”?), [f(Ty)’ h(TZ)]]
+ 6(gd, gm)é(gd, gTy)[h(TIE), [h(Ty)a f(TZ)]])

= Y (€(gre: 92)f (72), [h(ry), h(r2)]

T€E(0)

+ €(94 + 9rz 9rz)€(9a, gTy)[h(TCC), [h(Ty)’ f(TZ)]]

+ €(ga+ gre ge2) [(72), [ (1), R(72)]])

When we expand the sum and regroup terms we have,

= 3 (e ) 2l A

T€(0)

+ €(ga, gra)€(9a + Grzs Gry) [R(7Y), [R(72), F(r2)]] + €(ga + Grys gr2)[M(12), [f (rz), h(TY)]])

—= Z f(gd, grz)(e(g727 gTI

T€(0)

+ 90)[f (o) [h(ry), h(T2)]) + €(9a + Grz, 9 [A(79), [(T2), f(72)]]
+ €(gry> 9r2)[P(72), [f (72), A(TY)]])

=0




34

Thus H, C kernel(f)

f(($$)) = [f(fl)), h(.’I))] F G(gd, gx)[h(.’L‘), f(I)]
= [f(.’II), h(.’E)] - C(Qd, ga:)e(g:c: 9a + gz)[f(x)’ h(IL‘)]
=0

when €(g;,9.) =1 So Hz C kernel(f)

€(9z, 94 + 92) f ((2(22))) = €(92, 94 + 92)([f (2), [h(2), h(2)]] + (g4, 9:)[1(2), [f (z), h(z)]
+ €(94, 9)[1(), f (2)]])
= €(9z; 94 + 92)1f (2), [1(z), h(2)]] + €(9z, 92) [A(2), [f (), h(z)]]
+ €(9a + gz, 92) [1(2), [A(2), f (2)]]
=0
Since €(gs, ga + gz) 18 a umt, f((z(zz))) =0 So Hy C kernel(f)
Let Jo = U;_, H, and J, = Ju_1D(A)UD(A)Jp_y forn >0 Thus I = K U5 Jn
where I 1s the kernel of A If z € I and f(z) = 0 ,then Wy € D(A), f(xg;) =
[£(z), h(y)] + €(9a, 92)[R(2), f(y)] = 0 Thus J, C kernel(f) for all n > 0 which

implies that I C kernel(f) By Propostion 131 we have a unique K-linear map
D(A)/I —s D(A)/I such that doh = f Let z € Dy, (A) and y € D, (A)

d(h(@), h(w)]) = (@o h)(zy)
= f((zy))
= [£(2), h(¥)] + (4, 92) (=), f(v)]
= [d(h(2)), h(y)) + (g, 92)[A(z), k()]

Note that d(h(z)) = f(z) € Lg,+4,(A) So d € Der,,(L(A)) The following commu-

tative diagram summarizes this argument
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A 4 Dy

lzd A lZdD(A)/I
pa) L DI

lh lZdD(A)/I

To show umqueness let d be a £(A)-derivation agreemng with d on (h o d)(A)
Let d = deG(—ig where E; € Dery(L(A)) for all g € G It 1s clear that for all
g € G\ {g4}, ?l_;(z(a)) = 0 when a € A Towards a contradiction suppose that there
1s a least positive integer m such that there exists z € h(M™(A)) with E’g(x) #0
for some g # g4 Thus m > 1 and we have that z = h((y, 2)) = [h(y), h(2z)] which
mplies that d,(z) = d,([h(y), h(2)]) = [dy(h(y)), h(2)] + (g, ) [(y), dy(h(2))] = 0
where h(y) € Ly, (A) This 1s a contradiction So we have that d, o(L(A)) = E;(K

h(M(A))) = {0} for all g € G\ {gs} Thus d = cf Let 2,y € h(M(A)) such that
d () = d(

d(z) & d (y) = d(y),
d ([z,y)) = [d (2), 4] + €(94, 92) [z, d (3)]

= [d(z),y] + (94, 92) [, d(y)]
=E([.’E,y])

So d agrees with d on h(M(A)) Since h(M(A)) spans L(A), d =d O

Corollary 4 2 2 Let A be a nonempty G-graded set and d A— L(A) There 1s
a unaque d € Der(L(A)) such that dov=d

Proof Forall g € G and z € L(A) we define proy,(z) to be the g component of the

direct sum decomposition of z € @, .; Lr(A) For every h € G let d, A — L(A)
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be defined as Va € Ay, dn(a) = projriqe,(d(a)) Let a € A, The map h+— h+ g, 15
a byjection on G because G 1s a group Thus,
d(a) =) proja(d(a) = D proguss.(d(a)) =) dy(a)
heG heq 9€G

Thus d = 5 gec Qo Applying Theorem 4 2 1 we have that for each g € G there 1s a
unique d, € Der,(L(A)) such that djo1=d, Letd= Y el d, Thus d1s a L(A)-
derivation such that dov = d To show uniqueness let d be a L(A)-derivation such that
doiv=dandletd = decc_l'g where d_gl € Dery(L(A)) for all g € G Let h € G and
a € Ay, Simce1(a) € Lo, (A), dr(a) = Proghss, (d(a)) = projase (@ (1(a))) = 3 (1(a))
Thus dg = Elg o1 for all g € G By Theorem 421, c_fg =d, for all g € G Therefore
d=4d O

The analogous result for Lie algebras (see [18] Lemma 0 7(11)) 1s derived from Theo-

rem 4 2 1 1n the next example

Example 421 A derwation of a Lie algebra L 1s defined as a K-linear map f
on L such that f([z,y]) = [f(z),y] + [z, f(y)] for all z,y € L Let L(A) be the Lae
algebra from Ezample 4 11 We have that L(A) 1s free on A under 1 Swnce L(A)
15 an (€,G)-Lie coloralgebra which 1s free on A under 1, we have that for every map
d A — L(A) there 15 a umque L(A)-derwation d such that dov=d Thus d 1s K-
linear and for all z,y € L(A), d[z,y] = [d(z), y] +€(0,0)[z,d(y)] = [d(z),y] + [z, d(y)]
because €(0,0) = 1 and G = {0} So d s unique as a derwation wn the Lie algebra

SENse



Chapter 5

Decomposition of the free (¢, G)-Lie
Coloralgebra

In this chapter we prove that a free (e, G)-Lie coloralgebra £(A) 1s free as a K-module
by showing that certain subsets of M (A) derived from Lazard sets represent a basis for
L(A) To show this we prove a generalization of Lazard ehmination (Theorem 5 0 4)
The results 1n this chapter are all generalizations of results for Lie algebras which can
be found 1n [18] In the last two examples we use the results of Viennot in [20] which

are proven i Appendix A and Appendix B

Let £ be an (¢, G)-Lie coloralgebra over K and A be a G-graded set We say that
L 1s freely generated by A 1if and only if £ 1s free on A under the identity map
Note that 1t 1s implicit 1n this defimition that A, C £, for all g € G There are two
important observations to make The first 1s that the least subalgebra of £ containing
A1s £ when L 1s freely generated by A The second 1s that £(A) 1s freely generated
by 1(A)

Proposition 5 0 3 For every nonempty G-graded set A, we can construct an (e, G)-

Luie coloralgebra whach 1s freely generated by A

37
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Proof Let D(A)/I and hod be as in the construction from the proof of Theo-
rem 411 Note that h od 1s injective Let L be the set obtained from D(A)/I by
replacing h(:d(a)) with a for every a € A This replacement 1s justified by the fact
ho1d 1s injective Consider the map f L — D(A)/I defined as

f(a) =h(2d(a)) 1f a € A
f(x)=z1fzeL\A

Thus f 1s a biyjection We define the operations on L as
kz+y=f(kf(z) + f(y))

[z, 9] = £~ ([ (2), FW)])

for all k € K & z,y € L It can be shown that L 1s an (e, G)-Lie coloralgebra

Thus f 1s an (¢, G)-Lie coloralgebra isomorphism Since D(A)/I 1s freely generated
by ho1d(A), L 1s freely generated by f~'(ho1d(A)) = A O

Theorem 504 Let A be a G-graded set of cardinality greater than 1 and L an
(¢, G)-Lie coloralgebra which s freely generated by A For alla € A, L = L & L"

where L' & L" are subalgebras of L, L' 1s freely generated by {a} and L" 1s freely
generated by {(ad(a))"d be A\ {a} & n >0}

Proof In this proof we say that a map 1s a homomorphism 1ff 1t 1s an (¢, G)-Lie
coloralgebra homomorphism Let a € A, and consider {a} as a G-graded subset of
A Let B = A\ {a}, N denote the natural numbers and T = N x B be G-graded
such that T, = {(n,b) 3¢, € G, b € By, & n g, + g, = h} forall g € G By
Proposition 5 0 3, we let S & T be (¢, G)-Lie coloralgebras which are freely generated

by {a} & T respectively By Theorem 4 2 1, we have a unique derivation D of T such
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that D((n,b)) = (n+1,b) for all (n,b) € T and D € Der,,(T) Thus we have a unique
homomorphism h  §— Der(T) such that h(a) = D Applying Theorem 3 3 1, we
have a unique (€, G)-Lie coloralgebra R= S@®T such that the bracket of R extends
that of S & 7 and Vz € S, Vy € T, [z,y] = h(z)(y) Smnce L 1s free on A, there
1s a unique homomorphism ¢ L£— R such that ¢(a) = a and ¥(b) = (0,bd)

for all b € B Similarly, there 1s a unique homomorphism ¢ 7— L such that
#((n,b)) = (ad(a))*(b) for all (n,b) € T Let E={z €T ¢oD(z) = [a,d(z)]} It

1s clear that E 1s a K-module The following calculation shows that E contains T

¢ 0 D((n,b)) = ¢((n+1,b)) = (ad(a))™** (b) = [a, (ad(a))" (b)] = [a, $((n,D))]
Now we show that E 1s closed under [| If r,y € Eand z € T,, & y € T, then

¢ o D([z,y]) = ¢([D(x), y] + €(9a, 9) [z, D(¥)])
= [¢ o D(z), (y)] + €(9a; 92)[6(2), ¢ © D(y)]
= [la, ¢(2)], 6(v)] + €(ga, 9)[6(2), [a, S (V)]
= [a,[¢(z), 6(W)]] = [a, ¢z, y]]
Since 7 1s the subalgebra of 7 generated by T and E 1s a subalgebra of T, E = T
Thus ¢oD(z) = [a, $(z)] forallz € T Leta S— L be the umque homomorphism
satisfying a(a) = a Define a K-linear map § R— L by 6(z + y) = a(z) + ¢(y)

forallz € S and y € T By Proposition 4 12 (1), the following induction argument
shows that 0([y,z]) = [0(y),0(z)] forallye Sandz €T Letz€ T

0([a, z]) = 6(h(a)(z)) = é(h(a)(z)) = ¢ 0 D(z) = [a, ¢(z)] = [0(a), 6(=)]
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Let 0([r(a’), z] = [0(r(a?),0(z)] for all 7 < n be the induction hypothesis
0(([a, (a")], z])
0([a, [r(a™), 2]] — €(gasn  ga)[r(a™), [a, Z]])

0([a, h(r(a"))(2)]) — €(garn 9a)0([r(a™), h(a)()])

By the induction hypothesis we have

0([r(a™*), z])

= [0(a), 0(h(r(a™))(2))] — €(9a 9n 9a)[0(r(a™)), O((a)(2))]

= [0(a),0([r(a"),z])] — €(9a, 9n 9a)[8(r(a™)),6([a, ])]
By the induction hypothesis we have

= [0(a), [6(r(a™)), 0(x)]] — €(9as 9n 4. [0(r(a™)), [8(a), 6(x)]]

= [a(a), [a(r(a™)), $(2)]] = €(as gn g.)[(r(a™)), [a(a), ()]

= [[a(a), a(r(a™))], ¢(z)]

= [a([e,7(a")]), d(2)] = [(r(a™*)), 8(2)]
Since 6 extends homomorphisms of S & 7T, we conclude that 6 1s a homomorphism
Thus 4 0 0 15 a homomorphism on R By 0 6(a) = 1(a) = a and the fact that S 1s
free on {a}, we have that 1 o 6 restricted to & 1s the 1dentity homomorphism on S

The following induction argument shows that 1) o 0 restricted to 7 1s the identity on

T LetbeB
¥ 08((0,0)) = ¥((ad(a))’ (b)) = ¥(b) = (0,b)
Let v 0 6((3,b)) = (3,b) for all 3 < n be the nduction hypothesis

Y0 8((n+1,b)) = 9((ad(a))"*(b)) = ¥([a,6((n,1))]) = [¢¥(a), ¥ 0 8((n,1))]

By hypothesis we have

= [’(/)(a), (nv b)] = [aa (n’ b)] = h(a)((n’ b)) = D((n’ b)) = (n + 1, b)
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So 1 o @ restricted to 7 1s the unique homomorphism extending the 1dentity on T'
which 1mplies that 1t 1s the identity homomorphism on 7 Thus we conclude that
1 o 6 1s the 1dentity homomorphism on R because R 1s the direct sum of S and 7
Similarly,

fot(a) =0(a) =a

and

6 01)(b) = 0((0,)) = ¢((0,0)) = (ad(a))’(b) = b
So 0 o 9 1s the 1dentity homomorphism on £ Thus 6 1s an 1somorphism Therefore
6(S) 1s freely generated by 6({a}) = {a} and 6(T) 1s freely generated by 6(T) =
{(ad(a))*() n € N & b€ B} Since 8 1s injective, §(R) = 6(S) ® 6(T) and we

conclude that

L=0R)=0S)®b6(T)=L"0L"
O

The analogous result for Lie algebras (see [18] Theorem 0 6) 1s derived 1n the following

example

Example 50 2 Consider a free Lie algebra Ly as an (e,G)-Lie coloralgebra which
18 freely generated by A where G = {0} and €(0,0) =1 By Propostion 4 1 3, Theo-
rem 5 0 4 becomes

Li=K {a}®L

where L' = {(ad(a))"d b€ A\ {a} & n > 0}

Consider the free magma M(A) Let £ be freely generated by A We have a
unique mapping ¥ M(A) — L such that ¢(a) = a for all a € A and ¥((s,t)) =
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[1(s),(t)] for all s,t € M(A) For example 9((a(bc)) = [a[bc]] if a,b,c € A For
every s € M(A) let £(s) M(A) — M(A) such that £(s)(t) = (st) for all t € M(A)

For example, (£(s))3(t) = (s(s(st))) for all s,t € M(A) We denote the power set of
M(A) by P(M(A)) and define the function F M(A) x P(M(A)) — P(M(A)) as
F@,T)={(@®)"(z) m=>20&zeT)\{t}}

Definition 501 Let n > 0 {to}, ,{tn},Thy1 € P(M(A)) 1s a decomposition
sequence of M(A) if and only if there exists Ty, ,T, € P(M(A)) such that

toeTy=A
tiy1 €Ty =F(t,T,) fori=0, ,n—1whenn>0
Tn+1 = F(tn,Tn)

Corollary 505 Let L be as defined in Theorem 5 0 4 and {to}, ,{tn}, Tns1 be

a decomposition sequence of M(A) Then
L=L®  OL, DL,

where for 3 € {0, ,n}, L, s the (¢, G)-Le coloralgebra freely generated by ¥({t,})
and L;,., 15 the (¢,G)-Le coloralgebra freely generated by (T,4,) Moreover, Tpi1

18 wnfinate and 1) restricted to T,yq 1S 1njective

Proof By defimtion we have T;, ,T, € P(M(A)) such that
toeTp=A

tyy1 €141 = F(t,,T,) fori=0, ,n—1whenn>0

Tn+1 . F(tn,Tn)
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We first prove this for the case when n = 0 By Theorem 5 0 4 we have that £L = L' &

L" where £' and L" are freely generated by {a} and {ad(a)™(b) m > 0& b€ A\{a}}
respectively Note that the set {£(a)™(b) m >0 & b € A\ {a}} 15 infinite because
A\ {a} 1s nonempty Since ¥(c) = c for all ¢ € A and ¥(£(a)™(b)) = ad(a)™(b)
for all m > 0 and b € A\ {a}, 1t 1s enough to show that 1 restricted to the set
{€(a)™(b) m >0&be A\ {a}} 15 mjective Let (£(a)! (b)) = ¥(4(a)’(c)), 2,7 > 0
and b,c € A\ {a} By Proposition 412 () ¢(£(a)*(b)) = ad(a)™(b) # 0 Thus by
the decomposition of £ by length we have that : = 3 Suppose that b # ¢ Then there
1s an (€, G)-Lie coloralgebra homomorphism f on £ such that f(a) = a, f(b) = b
and f(c) =0 Thus f(4(£(a)'(b))) = ¥(£(a)'(b)) # 0 and f(¥(£(a)(c))) = 0 which
contradicts ¥ (£(a)*(b)) = ¥(£(a)’(c)) Sob=c

Let n > 0 and the induction hypothesis be that the result holds for all m < n
Thus

L=L® BL,10L,

where L, 1s freely generated by 9(t,) for: =0, ,n—1 and L], 1s freely generated
by ¥(T,) Let L be a (¢, G)-Lie coloralgebra which 1s freely generated by T, where
the grading on T, 1s such that 1 restricted to 7;, 1s a G-map Since v restricted to 7,
1s 1mjective, we have an (e, G)-Lie coloralgebra 1somorphism f L — L] such that
f(t) = ¢(¢t) for all t € T,, By Theorem 504 we have that L = L' @ L" where L' 1s
freely generated by {¢,} and L” 1s freely generated by {ad(t,)™(t) m>0&t € T,\
{t.}} Thus £ = f(L') & f(L") where f(L') 1s freely generated by f({tn}) = ¢¥({ta})
and f(L") 1s freely generated by {¢(£(t,)™(t)) m >0& t € T, \ {tn}} = ¥(Tns1)
because f(ad(ta)™ () = ad(f(t))"(f(8) = ad(B{ta)"(V(8) = B(E(ta)"(t)) for
alm > 0and t € T, \ {t,} Note that T,4; 1s infinite because T, \ {t,} 1s not



44

empty Let 2,7 > 0 and 2,y € T \ {ta} 9(€(tn)'(7)) = Y(€(tn)'(y)) € Ln 1ff
ad(f(tn))'(f(2)) = ad(f(tn))’(f(y)) € Lnff f(ad(tn)'(z)) = f(ad(tn)’(y)) € Lo ff
ad(tn)!(z) = ad(t,)’(y) € L" 1ff 1 = ) and z = y as we saw 1n the n = 0 case So ¥

restricted to 75,4, 1s injective (]

A subset E of M(A) 1s called closed iff Vs,t € M(A),(st) € E = s,t € E In

particular, M (A) 1s closed

Definition 5 0 2 A Lazard set 1s a linearly ordered subset Z of M(A) such that for

any finite nonempty closed subset E of M(A), Z satisfies the Lazard condition with

E That 1s,
ZNE={ti<t <+ <t}
and
ThpiNE=0
for some decomposition sequence {to}, ,{tn},Tns1 withn >0

For any E C M(A) we define the closure E of E to be the least closed subset of

M(A) contamning E It 1s clear that if E 1s finite, then E 1s finite

Corollary 5 06 Let Z be a Lazard set and L be freely generated by a nonempty

G-graded set A L has the following decomposition as a K-module,

L=@c.

2€2Z
where for every z € Z, L, 15 the subalgebra of L which 1s freely generated by {v(2)}

Proof First we consider the case that A consists of only one element It 1s easy to

verify that A 1s the only Lazard set m M(A) and L 1s freely generated by ¢(A4) = A
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Now we consider the case where A has cardinality greater than 1 For each m > 0 we
let M<™(A) denote the set consisting of all elements of M(A) with length less than
or equal tom First we show that ) ., £, 1s a direct sum in £ By Propositon 4 1 2
(m), for each z € Z, £, = K ¢¥(M({z})) Let E be a finite nonempty subset of
Z Consider ZzEZ z, = 0 such that z, € L, for all z € E and z, = 0 for all
z€ Z\E Wehave m € N* and B C A such that B 1s fimite and E C M<™(B)

Clearly, M=™(B) 1s finite, nonempty and closed Thus we have n € N such that
ZNM<™(B) = {to, ,tu} and ZN T,y = 0 which imphes that E C {to, ,t,}

By Corollary 505, z, =0forallz € F

Now we show that the direct sum 1s i fact £ Let z € £\{0} and B be a
finite subset of A such that z € K 9(M(B)) Thus we have p € N \ {0} such
that z € K ¢(M=P(B)) We note that M<P(B) 1s finite, nonempty and closed
Thus we have n € N such that Z N M<P(B) = {t;, ,t,} and MP(B) N Ty, =
0 Let w € MSP(B) By Corollary 505 we have that (w) = y1 + +ys +v
where v € K ¢(M(Tp4+1)) and y, € K (M ({t,})) for all y € {0, ,n} Since
P(w),y0, ¥ € K Y(M(B)),v€ K (M(B)) Thusv € K ¢(M(Tn41)NM(B))
Indeed, when we consider the unique homomorphism ¢ on L extending the map
from A into £ such that 1t 1s the identity on B and takes all other elements of
A to zero, we see that ¢ fixes v and takes (M (Tny1) \ M(B)) to zero Since
M<?(B) 1s closed and M<P(B) N Tpy; = 0, M<P(B) N M(T,41) = @ Therefore
veK (M(B)\ M<P(B)) We have that for every y € {0, ,n},y, =1, +s,
such that r, € K ¢(M({¢t,}) " M<*(B)) and s, € K ¢(M({t,}) \ M<P(B)) Thus
Y(w)—rg— —Tp =80+ +spt+v € K (Y(M(B)\M=F(B)))and ¥(w)—ro— -7, €
K (M=P(B)) which, by Proposition 4 1 2(1), imphes that ¢(w) —rg— —7, =0
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So p(w) =ro+ +rpandr, € Ly for all g € {0, ,n} We conclude that
Y(M=P(B)) C D, L. and hence that z € @, , L. O

We note that €(g, g) € {1, —1} for every g € G Since 9(Z) 1s a set of homogeneous
elements 1n £, we can write Z as a disjoint union of Z, and Z_ where Z, = {z € Z

€(92,9.) =1& Y(2) € Ly,} and Z_ ={2€ Z €(g,,9.) = -1 & ¥(2) € L,,}

Corollary 507 Let V ={(z2) z€ Z_} ¥(Z)Uy(V) 15 a disjoint union and a
basis of L

Proof Let z € L By Corollary 506, z = ), ,z, where z, € £, forall z € Z
By Proposition 413, for every z € Z there exists k,,,k,, € K such that z, =
k. 0(2) + k,¥((22)) of z € Z_ and z, = k,,¢(2) of 2 € Z, Thus we have that
¥(Z)Up(V) spans L To show independence we let 0 = > ™", (k,1(z,) + hy9((2;25)))
where for all 0 < y < m, k), h, € K, {z1, ,2n} are distinct in Z and h;, = 0 when
z, € Z, By Corollary 506, (k,%(2;) + h;¥((22,))) = 0forall 0 < 3 <m By
Proposition 4 1 3 and the fact that A, = 0 when 2, € Z,, we have that k, = h, =0

for all 0 < 3 < m Thus we have independence O

The basis for the free Lie algebra which 1s stated i Corollary 09 1 [18] 1s derived

from Corollary 5 0 7 in the following example

Example 5 0.3 Consider a free Lie algebra L4 as an (e, G)-Lie coloralgebra whach 1s
freely generated by A and let G = {0} and €(0,0) = 1 When we apply Corollary 5 0 7
to La as an (¢,G)-Lie coloralgebra we have that Z_ 1s empty Thus ¥(Z) s a basis

of L4 and we conclude that the Lazard set represents the basis of the free Lie algebra

on A
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Example 5 0.4 Let Y denote the Lyndon words andt Y — M(A) be as 1t 1s
defined in Ezample 202 t(Y) s a Hall set in M(A) (see Definition 2 0 1) under
the total ordering < as it 1s defined wn Example 202 By Viennot’s Theorem (see
Appendiz A), t(Y) 1s a Lazard set Thus we have that ¥(t(Y)) U {¢((t(v),t(y))
t(y) € t(Y)-} 1s a basis of £

Example 505 Let @ be the rational numbers, Z, be the integers modulo 2 un-
der addition and € Zy x Zy — Q be defined as €' (m,n) = (—1)™ Consider
a Lie superalgebra S which 1s freely generated by the Zy-set A = Ay U A, where
Ay = {a} and A, = {b} Recall that a Lie superalgebra 1s an (€', Zy)-Lie coloralge-
bra We order A as a < b and let Y denote the Lyndon words as they are defined
in Ezample 2 0 2 For erample ab, abb, aaab, abbb are all Lyndon words under
this ordering We define the partial degree of a word w with respect to b as the
number of occurrences of the letter b in w and we denote this |w|, For ezample
|abaabl, = 2 and |abbabbl, = 4 Thus t(Y)_ = {t(y) y €Y & |y|lp 15 0dd } So
YY) U{v((t(y),t(y))) vy € Y & |y|y ws odd} represents a basis of S For ez-
ample [a,8], (12, la,bl], [la, 8}, [, [a,[a, 8], [[a,[a, [a, Bl a, a,[a, ] are basis

elements
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Appendix A

Viennot’s Theorem

The following theorem 1s due to Viennot mn [20] which was taken from [18] We
prove the result using the definitions of a Hall set (Definition 2 0 1) and a Lazard set
(Definition 5 0 2) which are the reverse of those used by Reutenhauer Note that we
only prove half of Viennot’s Theorem because 1t 1s all that 1s required for our results

but 1t should be noted that the converse of Theorem A 0 9 1s also true

We define a function F' M (A)xP(M(A)) — P(M(A)) as F(t,T) = {£(t)™(z)
zeT\{t} &m >0} Letty, ,t,be elementsin M(A)

Lemma A 08 Let H be a Hall set in M(A), c be a least element of A and X =
{€(c)*(a) a€ A\{c} & n>0} Then

(1) ¢ 1s a least element of H
(n) H = HN M(X) s a Hall set in M(X)

(u) H={c}UH'
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Proof (1) When h € A this 1s obvious Suppose that m 1s the least positive integer
such that there exists h € H with length m and h < ¢ Since h has length > 1,
we have that h = (h1, hy) and h; < h Since the length of h; 1s less than m we

have a contradiction ¢ < hy < h

(1) It 1s enough to show that X C H' It s obvious that A\ {c} 1s contained in H'
Suppose that m 1s the least positive integer such that z = £(c)™(a) € X \ H
Since m > 1, z = (c,€(c)™ (a)), ¢ < £(c)™ *(a) Eitherm—-1>0andc>c

or z = (¢,a) In both cases we have z € H which 1s a contadiction

(1) Tt 1s enough to show that H C {c} U H' Suppose that m 1s the least positive
mnteger such that h € H \ ({c¢} U H') with length m Note that m > 1 because
A C {c} UH' So we have (hy,hs) = h € H with hy,hy € HN M(X) which

implies that h € HN M (X) = H' This 1s a contradiction

Theorem A 09 FEwvery Hall set 1s a Lazard set

Proof We want to show that if H 1s a Hall set in M(A) and E 1s a nonempty finite
closed subset of M(A), then H satisfies the Lazard condition with E (see Defini-
tion 5 02) We do this by induction on the cardinality of E Let H be a Hall set in
M(A) and E = {a} ENH ={a}and ENF(a,A) =0 As an induction hypothess,
let every Hall set in M (C) satisfy the Lazard condition with every nonempty closed
subset of M(C') with cardinality less than m > 0 for every nonempty set C We let
H be a Hall set in M(A) and E be a closed subset of M(A) with cardinality m > 1
Let B be the finite subset of A equal to AN E Note that £ C M(B) First we
show that the Hall set H N M(B) in M(B) satisfies the Lazard condition with E
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Let X = F(c, B) where c 1s the least element of B with respect to the order of H
Let E' be the closed set EN M(X) in M(X) and H' = H N M(X) which 1s Hall
set n M(X) by the above Lemma The cardinality of E’ 1s less than m because
c ¢ M(X) If E' 1s empty, then ENX = 0 and EN B = {¢} which imphes that
H N E = {c} and we have that H satisfies the Lazard condition with £ So we let
E' be nonempty By the hypothesis we have that H' satisfies the Lazard condition
with E' as HNE' = {ty <, ,<t,}and T,y NE" =0 By the previous Lemma
HN M(B) = {c} U H" which ntersects E at {c < to < t,} and T, ;,NE =0
because T,,;,; € M(X) Thus H N M(B) satisfies the Lazard condition with E 1n
M(B) Thus HNE = {c = sp < < Spy1 = tp} with s, C S, where S, = A
and S,41 = F(s,,5,) fore =0, ,n+1 We show that S, N M(B) = T,_; for
9=1 ,n+2 Note that SoN M(B) = B and S; N M(B) = F(c,B) =T, So
Sk N M(B) = F(8g-1,Sk-1) N M(B) = F(sg-1,Sk-1 N M(B)) which by hypothesis
equals to F(tx_g, Tx—2) = Tx—1 Thus S 2NE = (Sp2NM(B)NE =T, ,NE =10

So H satisfies the Lazard condition with E O
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Lyndon Words

The defimition of a Lyndon word 1s found in Example 2 0 2

Proposition B 0 10 Let A be totally ordered by <, Y be the Lyndon words on A*
with respect to this ordering and t as i Ezample 2 02 The set t(Y) 1s a Hall set

with respect to the ordering in Ezample 2 0 2

Proof Note that 1t 1s clear that ¢ 1s injective Thus the ordering on ¢(Y’) defined 1n
Example 20 2 1s a total ordering Also A C Y by the definition of Y and ¢ Let
y € Y\ A Thus t(y) = (t(u),t(v)) and u < y which imphes that t(u) < t(y) So
all we must prove 1s the last property in the list in Defimition 201 In this section
we say that a word z 1s a left factor of another word u 1ff u = zv for some v € A*

Moreover, we say z 1s proper when = # u

Let t(y) = (t(u),t(v)) where y € Y Thus we have that v < y = uv < v which
implies that ¢(u) < ¢t(v) Since u 1s the greatest proper left factor of y, u 1s a Lyndon
word Let w be a proper left factor of v Suppose that w > v Thus v = 2w for

some z # 1 because uw < wv = y Therefore uw < uzw = y which imples that

39
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u < uz This s a contradiction Thus v 1s a Lyndon word Now let t(v) = (¢(r), t(s))
Suppose that ¢(r) > t(u) Since ur < u, u = zr Note that z # 1 because u < r
Thus zr? < zr which implies that zr < £ This 1s not possible because zr = u and

u1s a Lyndon word So we have a contradiction and conclude that ¢(r) < ¢(u)

Now we prove the converse Let u and v be Lyndon words with u < v In the
case that v € A, every left factor of u 1s less than or equal to u which imples that
uv 15 a Lyndon word and that (¢(u),t(v)) = t(uv) € t(Y) Consider the case that
t(v) = (¢(r),t(s)) with u > r Thus ur < r < u which implies that u 1s the greatest
proper left factor of uv So 1t 1s enough to show that u < uv Suppose that u > uv
Since u < v, u = zv Thus z > u because zv > zvv This 1s a contradiction because

u 18 a Lyndon word So u < uv O



Vita

Surname Sadro

Place of Birth Nelson, British Columbia, Canada

Educational Institutions Attended

University of Victoria 1999 to 2001

Simon Fraser University 1992 to 1998
Degree Awarded

BS Simon Fraser University 1998
Honours and Awards

Graduate Teaching and Research Fellowship

o7

Given Names Paul

Date of Birth Aug 12 1974

2000-2001



o8

PARTIAL COPYRIGHT LICENSE

I hereby grant the right to lend my thesis to users of the University of Victona
Library, and to make single copies for such users or in response to a request from the
Library of any other university, or similar institution, on 1ts behalf or for one of 1ts
users I further agree that permission for extensive copying of this thesis for scholarly
purposes may be granted by me or a member of the University designated by me
It 1s understood that copying or publication of this thesis for financial gain by the
University of Victoria shall not be granted without my written permission

Title of Thesis

Decomposition of the Free (¢, G)-Lie Coloralgebra

Author

PAUL SADRO

April 30, 2001





