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Abstract

The object of this paper is to present generalizations of some

recent results of S.S. Miller and P.T. Mocanu on the univalence and star-
likeness of Kummer’s confluent hypergeometric function. Some applica-

tions involving generalized hypergeometric functions associated with the

Hardy space of analytic functions are also considered.

1. Introduction and Definitions

A function f, analytic in the open unit disk i, is said to be convex if it is univalent

and f(U) is convex. It is well known that f is convex of order « if and only if

f'(0)#0 and §R(1+ZJ{,I(IS)>>Q (zel; 0<a<]).
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If a =0, then f is called convex in U.
A function f analytic in U, with f(0) = 0, is said to be starlike if it is univalent and
f(U) is starlike with respect to the origin. The function f is starlike in i/ if and only if
!
Ff(0)=0, f(0)#0, and R (z—j{(—?) >0 (zel).

If, in addition,

z f’(Z))
§R( >« zelU; 0<ax<l),

@) ( :
then f is called starlike of order « in U.

Let \j (j=1,---,p) and pj (j =1,---,0) be complex numbers such that
/‘LJ#O’—'I’_27 (]‘—‘1,,0’)
Then the generalized hypergeometric function ,F,(z) is defined by

PFU(Z)E PFU(}‘h"'a}‘P; K1, Ho; Z)

o Au)e-(o)e 2 (1.2)
k=0 (ul)k"'(/—‘a)k & (PSU+1),

where (A); denotes the Pochhammer symbol defined, in terms of I'-functions, by

P(A-{-k)___{ 1 (k=0)
'(A) AA+1)--(A+Ek-1) (keN:={1,23,-}).

Indeed it is known that the ,F,(z) series in (1.2) converges absolutely for |z| < oo if

(A)x = (1.3)

p<o+4+l,andforzelU if p=0o+1.
Let H? (0 < p < o) denote the Hardy space of analytic functions f(z) in U, and

define the integral means

27 ] 1/p
('2'11? of |[f(re®)I? de) (0 < p < )
max | f(2)] (p = o0). -

|z]<r

My(r,f) = (1.4)

Then, by definition, an analytic function f(z) in U belongs to the Hardy space
HP (0 < p <o) if
lim {My(r,f)} <os  (0<p< o). (15)
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For 1 < p £ o0, H? is a Banach space with the norm defined by (¢f. [1, p. 23])

I fllp = rl_if{l_ {My(r, £)} (1<p<L ). (1.6)

Furthermore, H® is the class of bounded analytic functions in Y.

In this paper, we generalize certain recent results of Miller and Mocanu [7] on the univa-
lence and starlikeness of Kummer’s confluent hypergeometric function. We also give some
applications involving generalized hypergeometric functions associated with the Hardy

space H? defined above.

2. Preliminary Results

The following results will be required in our investigation.

Lemma 1. Let E be a set in the complez plane C and let @ function H : C3 xU — C
satisfy the condition:
H(is,t,u+iv;z) ¢ E for z€U and for real s,t,u, and v satisfying
(2.1)
t<—(1+s%)/2 and t+u<0.

If p is analytic in U, with p(0) =1 and H (p(z), 2p'(z), 2%p"(2);2) € E (z € U), then

R{p(z)} >0 (z € U).

This lemma is a special case of Theorem 1 in [6] with ¢(z) = (1 + 2)/(1 — 2).
If we only have H : C? x i — C, then the condition (2.1) simplifies to

H(is,t;z) ¢ E for z €U and for real s and t with t < —(1 + s%)/2. (2.2)

Lemma 2 (Eenigenburg and Keogh [2, Theorem 4]). If a function f, convez of order
a (0 <a<l)inl,is not of the form:

{f(z) =a + bz(1 — ze'T)?>"! (a # —;—)
fe)=atblogl—ze)  (a=1),
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for some complez numbers a and b, and for some real number 7, then the following state-

ments hold true:
(i) There ezists § = §(f) > 0 such that f'(z) € Hi+1/12(1~a)]
(i) If 0 < a < 1, then there ezists € = e(f) > 0 such that f(z) € He+/(1-20)
(iii) If a > 3, then f(2) € H*™.

Lemma 3 (Kim and Srivastava [5, Theorem 1 and Theorem 3]). Let the parameters

ay,cc,0 and By, -, Bs be complex numbers such that

/Bj#oa_la_Za"' (j=1,~--,s),

and let w be defined by

w:=Eﬂj—ZaJ~ . (2.3)

i=1

Then the generalized hypergeometric function

p+sFa+a(Z) = p+chr+8(’\1, Ty )‘p’ LA R * ZT 7% FRARY - 7.2 Bla e ,ﬂa; Z) (24)

defined by (1.2) s in the Hardy space H* if

R{(,Fs(2))}>0 and  R(w)>0 (2.5)
or if . .
® {1 + f((p—lfa((;zj)))f} >0 and  R(w)>1. (2.6)

Remark 1. For further results involving generalized hypergeometric functions and

the Hardy space H, see (for example) a recent work by Srivastava [9].

Lemma 4 (Miller and Mocanu [7, Theorem 2]). If a # 0 and c are real numbers and

satisfy ¢ > N(a), where
lal + 3 (lel > 3)
N(a):= (2.7)
5a°+3 (lal < 3),

then ®(a;¢;2) := 1Fi(a;c; z) is convezr in Y.
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3. Two Theorems on Kummer’s Confluent Hypergeometric Function

Throughout this paper, we let 1 F1(a; ¢; 2) = ®(a;¢; 2), just as in Lemma 4.

By using the method of Miller and Mocanu [7], we obtain the following generaliza-
tions of Lemma 4 and of another result of Miller and Mocanu [7, Corollary 2.1]. It should
be mentioned here that, in a recent paper, Noor [8] considered the convexity of Kum-
mer’s confluent hypergeometric function ®(a;c¢;z), but her assertion [8, Equation (2.3)],

corresponding to Equation (3.1) below, seems to be in error.

Theorem 1. Let 0 < o < 1. If a # 0 and c are real numbers and satisfy ¢ > N(a, ),

where
o’ =T ata -
. 6—1a+3 + ll-—a| (|a+al 2 31—2a)
N(a,a):= 9 (3.1)
6—140 [40{2 . 7a + 4 + {(G+C;)£30"'20’)} ] (la + CY' S 31:200') ,

then ®(a;c;2) is convez of order a in U.

Proof. The inequality ¢ > N(a, a) can be shown to imply that
(i) a>-landc>a

or
(i) a < =1 and ¢ > {1 + (a+1)?}5.

Therefore, by Theorem 1 of Miller and Mocanu [7, p. 336], we have

®'(z) = ®'(a;¢;2) # 0. | (3.2)

Setting
z2®"(z)
(-0 @)
where p(z) is analytic in & with p(0) = 1, and noting that the ®-function satisfies the

p(z) =1+

(Kummer’s) differential equation:
z2®"(2)+(c—2)d'(2) —a®(z) =0 (@ = ®(a;¢;2)), (3.3)

we find that

?fg)z-c+1—a=o. (3.4)

zp'(2) + (1 — a){p(2)}* + (c — 2 — z + 2a) p(2) — (
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If we let

a+oz> z—c+1—-«o
l—«o

H(wy,ws;2) 1= wo +(1—-oz)wf+(c——2—z+2a)w1+(

and E := {0}, then

RIH(ist:2) =4 — (1 —a)s® 4 ys— (eto i,
V9O Oy <)) \ / LA \1 a/ Lr LT
(8.5)
—;—[(3 2a)) s? —2y3+2< )m+20—1+2a] Q(s)
(t<—(14s%/2; z==z+1y).
Then the discriminant D of Q(s) satisfies
D=y - [(a+01{)(6a 4a) + 6¢ ——3+7a——4ac——4a2]
(3.6)
<4 —6c—Ta+4dac+4a? — (a+(;z)(6——4a) z — z? = h(z).
-«
If
la+al < l—a
“=3T2a
then

(a + a)(3 — 2a) -

h'(z9) =0 for zo=— o

Using (3.1) we obtain

(a + a)(3 —2a)

l—o

h(z) < h(zg) = 4—6&—7a+4ac+4a2+{ } <0 (-l<z<1). (38.7)

If, on the other hand,
l-«a

3 —2a

la +a] >

then h(z) is monotone on (—1,1), and from (3.1) we deduce

6 —
h(z) < 3 — 6c — Ta + 4ac + 4a* + T

4
:Ia-}-al <0. (3.8)

Hence, in every case, D < 0 for z% +y% < 1.
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Using (3.1) again, we find that Q(0) < 0. Hence R {H(is,t;2)} < 0 for z € U and for
all real numbers s and ¢ with ¢ < —(1 + s2)/2. By Lemma 1, we conclude that

R {p(2)} = % 1+H%%?@] :m[ﬁl—a (1—a+?§—£—’)’—))] >0,  (3.9)

which shows that @ is convex of order « in U.

Remark 2. If o = 0 in Theorem 1, then N(a,0) = N(a), where N(a) is defined by
(2.7). Hence Theorem 1 provides a generalization of Lemma 4.

Making use of Theorem 1 and another known result [3, p. 473, Corollary ?], we can

prove
Corollary 1. If ¢ > N(a,«), where N(a,a) is defined by (3.1), then

1

§R{<I"(a; ¢ z)}l/[2(1—0)] > 5

(z €U). (3.10)

Corollary 2. If a # 0 and c are real numbers and satisfy ¢ > N(a,a), where N(a, a)

is defined by (3.1), then

1/(1-a)
z %@(a—l—l;cﬁ—l;z)]

(3.11)

18 starlike in U.

Proof. From the definition given in Section 1, it is easy to see that f is convex of order

« if and only if there exists a convex function g such that

fiz)=ld'(2)]' ™ (3.12)

Since ¢ > N(a,a), ®(a;c; z) is convex of order a, by Theorem 1.

Hence, by the equation (3.12), there exists a convex function g such that
2[8'(a;6,2)] 7 = 2 ¢'(2). (3.13)

Since ¢(z) is a convex in U, zg'(z) is starlike in U. Thus the proof of Corollary 2 is

completed.
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Corollary 3. If a # 0 and ¢ are real and satisfy ¢ > N(a,a), where N(a,a) is defined

by (3.1), then
(1) ®(a;¢;2z) € H™ (@>3)
(i) @(a;c;z) € HI/(1-20) (0<a<iy

Proof. Since

Y

(1 — zei-r)l—2a

= ,Fi(1,1 - 2a;1; 2¢'") /a # ) (3.14)
\*#3)

N =

for real 7, ®(a;¢; z) is not of the form:
1/(1 = zem)t=2e (o # 3)
{ log(1 — ze'") (a=1).
Hence, by Lemma 2 and Theorem 1, the proof of Corollary 3 is completed.

Theorem 2. If a # —1 and c are real numbers and satisfy ¢ > N(a+ 1) — 1, where
N(a) 1s defined by (2.7), then ®(a;c;z) € H™.

Proof. From the definition (1.2), we obtain
®'(a;¢;2) = %@(a+l;c+ 1; z). (3.15)

Also, by the hypergeometric representation (3.14), we observe that ®(a+1; ¢+ 1; ) is not
of the form 1/(1 — ze'"). Combining (3.15) and Lemma 4, '(a;c; z) is convex in U and is

not of the form 1/(1 — ze'").

Hence, by Lemma 2, we have
®'(a;c; z) € H. (3.16)
Therefore, by appealing to a known result [1, Theorem 3.11}, ®(q; ¢; 2) is continuous in
U:=UUU ={z:2€C and |2| <1},

so that ®(a;c;z) is a bounded analytic function in /. This completes the proof of
Theorem 2.
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4. Results Involving Generalized Hypergeometric Functions

Theorem 3. Let 0 < o < 1. If a, b, and c are real numbers and satisfy —2 < a < 0,
—-1<b,b#0, and ¢ > M(a,b,a), where

M(a, b, a) :=ma.x{2+|a+b], 1-a@+a+b)—ab a(2a+a+b——1)+ab}, (4.1)

1—a ’ l-a
then
F(z):= o Fi(a,b; ¢ 2)

18 convez of order o in .

Proof. The proof of Theorem 3 is much akin to that of an earlier result of Miller and

Mocanu [7, Theorem 4]. Indeed, instead of assuming

_ z F"(z)

which is derived from the proof of [7, Theorem 4], if we assume that

zF"(2)

S e E)

we would get

2(1 - 2)p'(2) + (1 - a)(1 = ) {p(=)}" + {c — 2 + 20 — (a + b+ 20)z}p()

_(atBat(a4ba o (4.2)

l—-«a

By using the condition on M(a,b, o), we can rewrite (4.2) in the form:

1) [28(2) + (1= ) {p(2) ] +8(2) + 5 () = K()] = 0, (43)
where
J(z) = 1-2
" c—2+2a—(a+b+2a)z
and

2 —1+2a— { 1-°<1+2a+2a+2b)-zab} ,

l1—a

(=)= c—2+2a—(a+b+2a)z
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Applying the method of proof of the aforementioned result of Miller and Mocanu [7, The-
orem 4], we find that R{p(z)} > 0 (z € U). This implies that

z F''(z) _ N
éR{l—i— Fiz) }>a (zel; 0<axl),

which evidently completes the proof of Theorem 3.
Remark 3. If @ = 0 in Theorem 3, then M(a,b,0) = M(a,b), where M(a,b) is

defined by [7, p. 340, Equation (27)]. Hence Theorem 3 provides a slight generalization of
the Miller-Mocanu result {7, Theorem 4].

Corollary 4. If a, b, and c are real numbers and satisfy
—1<a<l1l, 0Lb, and c¢>1+M(a—1,b0-1,a),
where M(a,b, a) is defined by (4.1), then
z2F(a,b;c; 2)
18 starlike of order oo 1n U.

Making use of Lemma 3, Lemma 4, and a result of Miller and Mocanu [7, Theorem 1],
it is not difficult to prove

Theorem 4. Let the parameters ay,---,a, and B1,---,Bs be complex numbers such

that
ﬂj?éO,—l,‘2,"' (j=17"'a3)7

and let w be defined by (2.3). If a # 0, b, and c are real numbers and satisfy one of the

following conditions:

(i) ~1<a<ec<0and R(w)>0
or

(i1) ¢ > N(a) and R(w) > 1,
then

3+1F8+1(aa xy,- ’aa;coﬂlv e 7:38;z) € HOO’ (44)

where N(a) is defined by (2.7).
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Proof. We consider the following two cases:

Case 1. —1<a<c<0and R(w) > 0. By a known result [7, Theorem 1], we have
R{®'(a;¢;2)} > 0. (4.5)

Hence ®(a;c;2z) satisfies the conditions (2.5) in Lemma 3. Therefore, by Lemma 3, we

obtain the assertion (4.4) under the conditions (i).

Case 2. ¢ > N(a) and (w) > 1. By Lemma 4, ®(a;c;2) is convex. Hence ®(q;c;2)
satisfies the conditions (2.6) in Lemma 3. By Lemma 3, we have the assertion (4.4) under

the conditions (ii).
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