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CHAPTER 1

INTRODUCTION

As is well known, the nuclear structure problem is a many-
body problem. Even if the exact character of the nuclear force
were known, it would still not be possible to solve the resulting
nuclear many-body vroblem exactly, since in general, only two-
body problems are soluble. In such cases, a useful method of over-
coming this difficulty is to construct a model which apvroximates
the actual system as closely as possible and reduces the insoluble

problem to a soluble one.

Several types of nuclear models have been developed since
the discovery of the neutron in 193%2. The shell model is one of
the most successful nuclear models in correlating a large number
of diverse nuclear data (Elliott and Lane,1957). The shell model,
discussed in more detail in Chapter 2, assumes that each nucleon
in a nucleus is moving independently in a spherically symmetric
potential well with a strong spin-orbit interaction. It achieved
a great success in explaining the nuclear magic numbers as well
as spins and parities of ground states of many nuclei. A further
improvement has been acheived by introducing suitable residual
(effective) two-body interactions between the shell model particles
and rediagonalizing the Hamiltonian. Such an improved shell model
has been shown to explain most of the observed properties of

ground and low excited states of medium and heavy nuclei.
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Among many phenomenological residual interactions suggested,
the so called pairing-plus-quadrupole force model has been widely
used in systematic calculations (Kisslinger et al. 1960 and 1963;
Baranger and Kumar, 1965 and 1968). The model consists of the one-
body shell-model potential plus the pairing and quadrupole-

quadrupole forces as residual two-body interactions.

The pairing force tends to couple a pair of like nucleons
into a state of zero angular momentum. It was introduced following
a suggestion by Pohr, Mottelson and Pines (1958) in order to explain
the energy gap in even-even nuclei and the odd-even mass difference.
The observed energy spectra for even-even nuclei showed a large
gap (Approx. 1 MeV) between the ground and the first excited state
(Bohr et al. 1958), which is indicative of a state similar to the

superconducting state in solids.

The quadrupole force, on the other hand, was introduced
because it was observed that many even-even nuclei have an extra-
ordinarily large (many times a single particle value) electric
quadrupole transition probability from the ground state to the
first excited 2% state. This indicates a collective quadrupole-
type correlated motion in this 2+ state. Besides, in some regions
of the nuclear chart, many nuclei exhibit a rotational spectrum,
showing a deformation with a considerable static quadrupole
moment (Elliott and Lane,1957). Thus the quadrupole force was
considered as a source creating such quadrupole vibration and

deformation. While the vpairing force is essentially a short-range



force, the quadrupole force is a long-range interaction and

capable of producing a collective motion of the nucleus.

Although the pairing-plus-quadruvole force has not been
explained fully from the basic nucleon-nucleon force, it is
undoubtedly an imvortant part of the residual interaction. This
residual interaction, which plays a major role in determining
the ground and low excited states of nuclei, will be discussed

in section 2.3 .

Having the residual interaction specified, it is still
difficult to calculate the properties of nuclear states because
of the large number of particles involved and numerous
configurations which have to be considered. Many further
approximations have been suggested since 1953, the successful
ones being: the Bardeen, Cooper, Schrieffer aporoximation (BCS)
(Bardeen et al. 1957), the Tam-Dancoff Approximation (TDA)
(Dyson,1953 and references suggested in that paper) and its
extension to include the ground state correlations, the Random
Phase Approximation (RPA) (Anderson, 1958). Many calculations
of medium and heavy nuclei have been carried out by using these
approximations. A qualitative discussion of these methods is

given in Chapter 2 (see also Lane,1964).

Recent experimental and theoretical developments show that
certain limitations still exist in these approximations. The

BCS approximation can only be applied to the ground state of
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even-even nuclei. The RPA treats all vibrations as harmonic and
thus has the disadvantage that anharmonicities already apparent

in the data cannot be easily treated. Also the diagonal matrix
elements of the density ovperator in the ground state and in the
lowest one-phonon state (the first .2'P state) are assumed to be
approximately equal in the RPA. This results in a very small
electric quadrupole moment for the first 2+ state, in disagreement
with recent experimental results (deBoer et al. 1965). An improved
RPA method is the Quasi-Particle Random Phase Apvproximation
(QRPA), in which quasi-particles, discussed in Chapter 2, are
introduced into the Hamiltonian and then the method of RPA is
applied. By using the QRPA, Kisslinger and Sorensen (1963) have
done a systematic calculation of low-lying excited states of

nuclei with some success.

To overcome some of the deficiencies mentioned, a self-
consistent core-particle (hole) coupling model (CPCM) has been
developed by Klein and his coworkers (Do Dang et al. 1966,1967
and 1968; Dreizler et al. 1967). Their approach is based on the
equations of motion for the coefficients of fractional parentage
(cfp) (Elliott and Lane,1957) connecting states of even nuclei
with A and A-2 nucleons and states of the intervening odd
nuclei. In a restricted calculation with a 2+ core only, they
showed that the observed large electric quadrupole moment of

the first 2+ state of Cd''™ could be obtained from such a model.



In the present work, the self-consistent CPCM method is

applied to calculate the energy spectra of low excited states

of odd-mass nickel isotopes. The basic configurations of these
étates are considered to consist of either the ground O+ or the
first excited - state of neighboring even-mass isotopes coupled
with a particle or a hole, The states of the odd-mass nuclei are
calculated in a self-consistent manner in a number-nonconserving
approximation similar to the BCS theory. The details of the

formalism and approximations will be discussed in Chapter 3.

The calculation of the energy spectra of Ni isotopes has
been attempted by several people (Kisslinger et al. 1963; Auerbach,
1967; Hsu and Frence,1965; Cohen et al. 1967) using various
apprroximations and effective forces. Although none of them is
completely satisfactory, the results of the present work will be
compared in Chapter 4 to those obtained by Auerbach which are

considered as the best.

The purpose of this work is twofold; that is, to see whether
the self-consistent core-particle (hole) coupling model with the
effective pairing-plus-quadrupole force can give an adequate
description of the states of these relatively simple nuclei, and
to investigate whether such a calculation provides some informa-
tion regarding the validity and limitation of this self-consistent

CPCM approximation.



6.

Although an exact calculation within a truncated space of
nuclear states is still manageable in the mass region around
the Ni isotopes once the interactions are specified, there are
regions where the number of configurations is so large that an
exact calculation becomes practically impossible even with the
modern computer. The present CPCM method is expected to provide

a powerful tool for solving problems in such cases.



CHAPTER 2

THE RESIDUAL INTERACTION AND

RELATED APPROXIMATIONS

2.1 The nuclear shell model

The basic idea of the shell model is that each nucleon in
the nucleus is moving independently in an average potential field
which is spherically symmetric. This vpotential well represents
the average interaction field between each nucleon and all the
others in the nucleus. Therefore, as the first approximation,
the single-particle states and energy levels are obtained by
solving the Schrgdinger equation with an assumed potential well.
The potential is usually taken as a harmonic well, a square well
or a Woods-Saxon well. The first two wells are idealized wells
and have analytic solutions. The Wood-Saxon well is more realistic
but the calculation is laborious. The ground state of the nucleus
is obtained by filling successively the single-particle levels of
the average potential well with nucleons and by forming a Slater
determinant from all occupied states, as discussed in the

following section.

The single-particle model is a special version of the shell
model. It assumes that in the ground state all nucleons except
the last one (for an even-even nucleus, there is no such un-
paired one) are couvled pairwise to a state of zero angular
momentum and therefore they do not contribute to the angular

momentum and parity of the nucleus. In this model, the spin and



parity of an odd-mass nucleus are determined by the last

unpaired nucleon.

The general version of the shell model is the individual
particle model, in which all the particles are taken into
account. One works with the wave function which is a Slater
determinant formed by single-particle wave functions and takes
into account all two-body interactions between the nucleons in
the nucleus. In this thesis, we work on this general version.
However, in an actual calculation, it is a general pratice to
consider explicit two-body interactions for only those particles
outside certain closed shells, leaving the inner part as an

innert core.

Experimental data (Elliott et al. 1957) indicate the presence

of a strong spin-orbit force which can be expressed as follows:
- -
T .

This force couples the intrinsic spin E; with the orbital
angular momentum 'h of each particle. The spin-orbit force splits
the energy level corresponding to each f into two levels with

different values of the total single-particle angular momentum

?:E\’r 3 (2.1.2)

-
Since S-{ is a single particle operator and is a scalar, the

J valur of each particle of an N-nucleon system as well as the
total angular momentum J are good quantum numbers. As a result

of this coupnling, the level with a larger j-value always lies



below the one with smaller j. The svlitting is about an order
of magnitude larger than that in the atomic spectra. The total

angular momentum J is obtained as

= A

=4 (2.1.3)

a=|

where A is the mass number and i labels individual nucleons.
This type of coupling scheme is called j-j coupling. In shell
model calculations, the single-particle potential well is
usually represented by an assumed external well with spin-

orbit force.

2.2 The Hartree-Fock Avproximation

In the Hartree-Fock apvroximation, the nuclear wave functian
of the ground state is assumed to be an antisymmetric combination
of oroducts of single-particle wave functions of N-occupied

states, i.e.

CP»(-%l) ‘G(xz) T Cﬁ(’%\
C-Q;(.X'\\ (-encx’zy T s ‘(Qz(%ﬂ)

\P :(N ‘.S}i

. (2:241)

a&&”b U&k&b o {QK%Q

The single-particle wave functions QLQxA are to be determined
by solving the resulting Hartree-Fock equations, so as to give

the lowest nuclear energy for the nucleus.

In the second gquantization notation, equation (2.2.1) can
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be written in the form

IHE>=jwS> =l ool - 10y (2.2.2)

where (\ is a creation operator which creates a particle when it
operates on the vacuum |0) . The state given by equation (2.2.2)
is called the Hartree-Fock ground state for the N-nucleon systemn.

The Hamiltonian of the nuclear system is

H:%(MT\@}QT& + 42_—_(0‘@\\/140‘5) Opﬂtag ,(2.2.3)

2
where T is the kinetic energy operator '}ﬁfvl and V is the two-

1..
body interaction between the nucleons. The a‘and a“ satisfy

the fermion anticommutation rule as follows:
At Y g —
(ax,o@\g*o*{a‘*)a?}
¥ =%
{QNSO'?k— O(% . (202~L+)

The minimization of the ground state energy <HF|k{U4F>

leads to the following equations of motion (see Brown, 1967):
T +VOOZO —\ VMMM =EQRD ,  (2.2.5
where Vo = ig@*cww(%. X 60 &,
Uity = 2 <) V0 30 40

These are the Hartree-Fock equations. They show that the ith

particle is moving in a self-consistent field which is a result
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of averaging the effects of all the individual two-body interact-
ions. The solution for single-particle energies E; and single-
particle wave functions 4&@ can be obtained by an iteration

process.

In equation (2.2.5), the first sum is called the direct term,
and the second sum is the exchange term. The exchange term shows
that the self-consistent field contains a non-local potential.

For the spherical nucleus, the self-consistent potential can be
approximated by a spherically symmetric potential, such as a
harmonic well, a square well, or a Woods-Saxon well. For the non-
spherical nucleus, each nucleon, instead of moving independently
in the spherically symmetric potential, moves independently in a
non-spherical potential. In the shell model calculation, it is
assumed that the main part of the interactions between the nucleons
is represented by an external potential well and the remaining
part can be considered as the residual (or effective) interaction
between the shell-model particles. The residual interaction

may also come from an indirect interaction through a core exeitas

tion (Brown,1967).

2.3 The residual interaction between shell-model particles

In general, a spin-independent two-body residual interactiam

can be expressed as

V12(r) = }%: fg(r1,r2) P}(cos@12) " {2.3.1)

where r, and r, are the radial distances of particle 1 and 2 from
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the center of the nucleus, 912=O in angular distance:s}@ . Thus
terms with high values of { correspond to the short-range forces
and terms with low values of corresnond to the long-range
forces. It can be shown (Brown,1967) that the state with total
angular momentum J=0 for a pair of particles has a large amplitude

at 919=O. If one compares this characteristic to that of V as

12
shown above, one sees that a short-range interaction affects
this state (J=0) most and its effect diminishes rapidly as the
total angular momentum J of the pair increases. Therefore, the
pairing force which tends to couple two particles to a state of
zero angular momentum is an important part of the short-range
force in the two-body residual interaction and comes from terms
with high values of {  in the expansion (2.3.1). One can

define (see Lane,1964 for more discussions) the pairing force in

the j-J representation as follows:

)

Figure 2.3.1 Plot of PQ(cosQ12) versus @12.
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X GV IBRL Y = = & Byor 6@@’ N (2.3.2)

where O stands for all the quantum numbers of the nucleon ,
i.e. c&::Oxl%jamh) , G is the pairing force constant and

off = (W, gdg,'ﬁ\;) is the time-reversed state of X’

The pairing force will act only on states of total angular
momentum J=0, in which each term is of the type (j m, j -m)

One can write the pairing Hamiltonian as follows:
/ ) P . 4+ At
Hp =2, <36 1108 ¢ (S5 00 ()

=g E %(s“a:a;)(g@aéa@ , (2.3.3)

where the matrix elements <““i“?\?%€25?re taken between the
antisymmetrized states, su::CJﬁiﬂh comes from the time-reversal
operation which gives (0:()*=Sx Q:( . The Qi and (O are
the fermion operators which satisfy the anticommutation rule

(2.2.4).

In the expansion (2.3.1), the term with (=2 is called
the quadrupole force. By using the addition theorem for spherical
harmonics and choosing the coefficient fz(r1,r2) = -kr?rg >
where k is constant, one gets the conventional quadrupole inter-

action
M=K S Y 0.8) 6@

where X, is called the quadrupole force constant. In terms of
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creation and annihilation operators, the Hamiltonian of the

gquadrupole force has the form

Ho= -1 X 22 <X Yol 8 I Tl (K 03,040 - (2.3.)
™
The Hq is a long-range force in contrast to the short-range
pairing force. Much experimental evidence ( such as the large
E2 transition rate from 0% to first 2% excited state) shows that
this force is needed in order to explain the observed collective

vibrations and rotations of nuclei discussed in section 2.5 .

By taking the pairing force and the quadrupole force, one
has included the most important part of both the shortrange and

long-range effective nucleon-nucleon interaction.

In a shell model calculation, the matrix element of the
two-body interaction between two nucleons is small compared with:
the shell spacing. Hence the residual interaction will not greatly
influence the particles in the filled shells. Particles outside
the closed shell are of overriding importance in determining
the properties of a nucleus. Only the particles in the incomplete
shell, in which the residual interaction is important, are treated

explicitly in most calculations.

2.4 The BCS theory

The pairing interaction Hamiltonian can be written in the

second quantization form as

Ho=-% ﬁcs#o; a})(s,a;aux . (2.4.1)

P
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For N identical particles (all protons or neutrons) moving in
a single-particle level of degeneracy 2£2 , the equations of
motion with the Hamiltonian (2.4.1) can be solved exactly (Brown,

1967) and the solution can be given by a simple closed form:

EV(N) = =G/4 (N=-v)(2Q1 -N=-v+2), v=0,2,4,... (2.4.2)

where v, the seniority, is the number of unpaired particles,
and N the total number of particles. The v is even or odd as the
number of particles W is even or odd. The energy gap between the

first excited and the ground state is always
Evza(N) -E _M =62, (2.4.3)

which is independent of N. As long as v<<<)2 , the spacings bet-

ween the successive levels are all aprroximately G2 .

For the non-degenerate case, the solution of the pairing
Hamiltonian becomes very difficult to obtain as the number of

levels and the number of particles increase. The Hamiltonian is

H=Z €050, - % 35 (S 000 (S, G, R,) (2.5.4)

where €, 1is the single-particle energy.

One can perform a canonical transformation (Bogolyubov-
Valatin transformation) (Bogolyubov,1958 and Valatin,1958) from

T +
the operators Qy to the quasi-particle operators CK» .

*
X, :Uv Q: SV, 0;7 )

- U,O,—S,\,(,ag , (2.4.5)
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where y=-) =(n,9,,-3v,—m,}), Sv:(—)j*"m” and U, and V, are real

amplitudes which satisfy

U+y =1 . (2.4.6)

Since the particle created by cﬁ: is not a real particle but a
superposition of a particle and a hole, it is calle& the quasi-
particle. The only purpose of intrudocing the quasi-particle is
to simplify the calculation. The quasi-particle operators

satisfy the fermion anticommutation rule (as can be shown from

(2.2.4) and (2.4.5) )z
t o —
{o(,,)o(y}-o—ﬁo(y,o(),} :

= - |
{%,o(»} = S (2.4.7)

For a system with an even number of varticles, from (2.4.6)

and (2.4.7) one can show that the ground state is given by
o L vk
'BCS>"J£O<UV+VVS>’Q>'OF)IO> ) (2.4.8)
and Nv‘scs>=0 ) (2-[-'}'09)

where ‘0> is the Hartree-Fock ground state. Thus |BCS>
represents the vacuum state of the quasi-varticles. Since
= 2 . 0
— - the BCS wave functio 2alis 8
{RCSIBCS) ;[)T0<Uy FV, ) 5 BCS wa ion (2.4.8) i
normalized - to unity. The physical meaning of the amplitudes
V, and Uy in equation (2.4.8) is that the squares of their values

give the probability of finding a Y-pair occupied and unoccupied
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respectively.

Since the BCS state is not an eigenstate of the particle
number n(= Qjav), one must add to the Hamiltonian a term An
( where A is the chemical potential ) in order to incorporate
the condition that the average value of n is equal to the desired

number of particles N, Thus one works with the Hamiltonian
- . g ¥4t
H=H-xan —ZV. E»ap Gy_%%csﬁarap)(svavah ) (2.4.10)

where E,v:év—)\ , the indices u and Yy include both

positive and negative values. One may compute

BesIHIBesy= & \" = % (FY\) (2.5.11)
Carrying out the variation with respect to Vb P Eres
6 7 =0
gV»<Bcs|H |BCS )
one finds
zavv,—%cguyv,,\(uy—yi\zo : (2.4, 12)

The solution to (2.4.12) is given by

Vii=10-2) ,

U = 1-\® , (2.4.13)
el <&;+ AZYZ * (2.4.13a)
and Py :%<BCS{¥Q:O},‘BCS>:% %UVVV a (2.4.14)

The A is-called the gap parameter. Inserting Uv and V, into
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the above equation, one obtains the gap parameter equation

l;_ — —_— 2 z‘z
Ve, = Y =% KegeoS (2.4.15)

Since we are treating even-even nuclei, the condition SV‘\K=N

gives the auxiliary condition

N=%50-) . (2.4.16)

If single-particle energies E& are given, equations
(2.4.15) and (2.4.16) are sufficient to determine )\ and A
which in turn determine the wave function and energy for the
ground state. From equations (2.4.13), one sees that single-
particle energy levels with €;<JA are occupied with a probabili-
ty V2 of more than one-half. Levels with 6v>>\ are occupied with
a probability of less than one-half, and those levels far above

N are almost empty. The gap parameters A measures the energy
range over which the occupation probability W? varies from
aprroximately zero to approximately 1 . This is shown in Figure

2.4.1

Up to now, only the ground states of even-even nuclei have
been discussed. For the odd-A nucleus, the lowest state is one of

the one-quasi-particle states, i.e.

odd
v :(XV* EIS (2.4.17)

: dd .
Since \Hf is built on the even-A nucleus ground state |BCS),
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its energy should be

- <Besloy Hodres) — <Bcs|H IBCS>

= (E:+Az)yz — E,*= quasi-particle energy . (2.4.18)

This is the same form as equation (2.4.13%a). The first excited
state of the odd-A nucleus is also a one-quasi-particle state.

It has the energy E;_: (%5 3 AF )1/2 , where 4 1is different
from Yy . Thus for odd-A nuclei, the difference in energy between
the first excited state and the ground state is[(E;*Az)&‘(E;*Azﬁ<A.
This shows that in odd-A nuclei, there is no large energy gap in

the vicinity of the ground state.

Similary, the first excited state of the even-A nucleus has

two unpaired particles. The wave function can be written as

follows:
even § 7 +
Yy =0 &y 1BCS) (2.4.19)

101
VZ
)

‘ : \ | |

= = -1 0 1 2

3 A 3

2
Figure 2.4.1 % as a function of E; relative

to the Fermi energy.
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Thus there are two quasi-particles in the first excited state of
even-A nuclei. The difference in energy between the first excited
state and the ground state is (E:-\-Az)y’-!-(c?;-i-ﬁ)yz >RM , This
shows that the minimum excitation energy is approximately 24,
that is, the spectrum will have the character of a ground state
separated by an energy gap of 2A from a group of lowest excited

states.

As mentioned before, the |BCS)> is not an eigenfunction of N.
States that are not eigenstates of N give rise to spurious
components in excited states, i.e. components which would not

exit if the particle number were fixed.

2.5 Collective vibrational motion of spherical nuclei;

Tamm-Dancoff (TD) and Random Phase Approximations (RPA).

Experimental data (Scharff et al. 1955) show that all the
even-even, spherical and non-closed shell nuclei have a O+
ground state and a 2+ first excited state. The electric quadrupole
transition rate B(E2) from the first excited 2* state to the
ground state is always large. The second excited states are
usually found to be a tripletof O+,2+ and 4+ states in these even-
even nuclei. Their excitation energies are roughly twice that of
the first 27 state. These spectra resemble the spectra of
harmonic oscillators. The frequency of the equivalent oscillator
increases as the nucleus approaches a closed shell structure and
the oscillator-like spectrum disappears at magic numbers. An

explanation of the above characteristic of the spectra is that
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these excited states with almost equal spacings are due to a
surface vibration of the nucleus, and the first and second excited
states are refered to as one-phonon and two-phonon states respect-
ively. Since a quadrupole phonon has an energy ia) and an

angular momentum 2, the first excited state should have a corresp-
onding excitation energy and angular momentum. The two-phonon
states in this approximation should have an energy of Zku) and
angular momentum of 0,2 and 4. From a microscopic point of view,
the vibration is produced by correlated single-particle motions,
and therefore the excited states ecan be represented as a coherent

supervosition of single-particle excitations.

16
On the other hand, another group of nuclei, such as O ,012,

Pb208 etc., shows vibrational excited states with negative parities.
Well-known examples of odd-parity vibrational states are the giant
dipole states (at =~ 22.4 and 24.5 MeV for 016) excited by the
absorption of dipole gamma rays, and the octupole states seen at
much lower energy (at 6.14 MeV for 016) in inelastic proton
scattering and other inelastic scattering with various projectiles
(see Spicer, 1969). An explanation of these odd-parity vibrations
is that the excited state can be obtained by lifting a particle
from a closed shell to the next shell at an energy around ﬁ“> 5
where HhW is the distance between two successive major shells,

leaving a hole below the Hartree-Fock Fermi surface. That is, one

would produce excited states by particle-hole excitations.
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In order to deal with such collective vibrational motion of
spherical nuclei, many approximations have been developed, such
as the Tamm-Dancoff (TD) aporoximation and the Random Phase
Approximation (RPA). The following is a brief and formal descrip-

tion of the TD and RPA approximations.

In the TD avproximation, the Hartree-Fock wave function is
accepted as the ground state and then the basis for excited states
can be set up by taking all particle-hole configurations. The
unperturbed particle-hole state of definite angular momentum J
can be written as

&~

Imi)= Z(‘ (’]mm ’JA"m UM>% M ym\HF> i (2.8.4)

where (jmnhj(ﬂkth> are Clebsch-Gordan coefficients, the phase
factor ({ﬁﬂm effectively converts a hole into a particle for
the purpose of a proper transformation under rotation, and[HF>

is the Hartree-Fock ground state. In this section, m and n label

particle states, i and j label hole states.

By diagonalizing the Hamiltonian (2.2.3) between particle-
hole states (2.5.1), the eigenvalues and eigenstates can be
obtained. Each eigenstate thus obtained is a suverposition of the

basis particle-hole states,i.e.
: +

in which the excitation energy is fﬂw . Indices m and i stand

for all the quantum numbers of the particle- and hole- states
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respectively.

The eigenstate (2.5.2) can be obtained by solving the set

of equations

(€~ Ei) Xoni * %[(jm\\/lnb—(jmlvunﬂ)(na=me; , (2.5.3)

where Em and & are Hartree-Fock single-particle energies.

On the other hand, the multipole transition amplitude bet-
ween the Hartree-Fock ground state and the excited eigenstate

is given by the matrix element
Aow) sH| HFD =2 Xmi Dt | , (2.5.4)
where $H is the multivole interaction and [%;=(hﬂéH\j>.

The TD apvroximation works well in calculating the odd-
parity states of 016 (Elliott et al. 1957). Fits to the experimen-
tal energies and lifetimes are good. The major deficiency in the
case of 016 is that the predicted transition probability of the
octupole 3 state is still a factor of 3 to 6 below the experimen-
tal one. This indicates that the TD description does not give
sufficient collectiveness to the 3 state and that a further
development is necessary. ,

In the TD approximation, the basic idea is that the ground
state can be a pure Hartree-Fock ground state and the excited
state is a superposition of particle-hole excitations. The RPA

assumes instead that if there are particle-hole pairs in the

ground states of nuclei, then the excited state can be obtained
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either by creating a particle-hole pair or by annihilating a
varticle-hole pair. The latter would correspond to one of the
particles droooving down to one of the holes in the process of
absorbing the radiation. Thus the vhysical ground state is not

a Hartree-Fock ground state but has some correlation built into

it.

In order to see how the collective vibration arises out of
the formalism, one looks for operators Cﬁ with the following

property
.‘.
(H,00) =0 . (2:5:5

Let the ground state of the nucleus be |p» . With the property

(2.5.5), one has
. +
[H,00 Jloy = HOue> =0, 10> ,(2.5.6)

where one chooses the ground state energy EO =0, i.e. }“q>=;0 .
The C$J0> is, therefore, the one-phonon excited state with
energy (U, and O;O;\O} would corresvond to a two-phonon excited
state. From the equation (2.5.5) and (2.5.6), one sees that the

F !
operator C»A generates a harmonic spectrum.

With correlated pnarticle-hole pairs in ground state, the

operator Q: in RPA is assumed to be of the form

0'= 22 <mea:nai - Xma:am) B

Whereas O;GL creates a particle-hole pair, a:am annihilates
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one, so that the excited state can be reached in two ways.

The ground state }d} is defined by requiring (%]d>::0 for all M .

The Hamiltonian of the nuclear system as given by equation

{2.2.3) is
H:()%(al“rl;s}ai% +i%ﬁ<¢<§|vlsx>a§a{b0ﬁ&5 . (2.5.8)

Substituting equation (2.5.8) into the commutator Uﬁ)Ogam and
expanding it, one obtains terms with 2 operators and L operators,

a form of C . In order to linearize the expansion of

+ 4+
123bral1a2a3all+

the commutator, term C with 4 operators is replaced

P
12342132833,
by the following combination,

+ + + + + + 4+ &
01234{<a2a3>a1a4 - <a1a3> aaaL+ - <a2aL> a1a3 + <a1a®a2a3} )
where the expectation values { ) are taken with respect to the

Hartree-Fock ground state., Thus the exvansion of (2.5.5) contains

only particle-hole terms, such as a;aj and a;an .

After rearranging various terms, one has the following

comnutator
(H,0nls) =(En—£) %0, +%‘[<ys.x|v|jm>-<xmv|3m>]aj]aa
+ R qivimm-uvimn3 o, . @:5.9

where Em and Ek are the Hartree-Fock single-particle energies.

By taking the matrix element of (2.5.9) between the one-

phonon state and |0> , and making a further approximation that
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+
the particle-hole operators Ami=a;ai satisfy the Boson commut-

ation rule:
[A;i , AIJ] =0 =[A,, ,Anj} )
[A:\z ) Ana"} ™~ 5},\,,6;3' , (2.5.10)
one obtains
(R %[(—3m1wm>—<jm|vtmjXnﬂ
+ %Rmnlvhj) = Qmnivigi>) X} = 0 Xm; . (2.5.11)

Similarly, the matrix element of the commutator EH)GIO#J leads
to

(B8  J et vigmy = nivipms) g
' %[Qd‘wm»;<3"“wmh>jx"i it OO R PR R T

Obviously, if there were no correlation built into the Hartree-
Fock ground state, we would have y"J =0 , and the equation

(2.5.11) would te reduced to the TD equation (2.5.3).

The transition amplitude can be obtained in the form
D = <R 5HIO> =2 B (X, Yo) . (2.5.13)

One sees that the equation (2.5.132) is defferent from the TD
result (2.5.5). The presence of the ground state correlation

increases the transition amplitude if the %'s have the same

phase as the X,.'s.
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CEAPTER

SELF-CONSISTENT CORE-PARTICLE

COUPLING MODEL FOR ODD-MASS NUCLEI

3.1 Equations of motion (Generalized Hartree-Fock Approximation)

The generalized Hartree-Fock formalism used in this calcula-
tion originates from the work of Kerman and Klein (1963), in
which a general discussion of the method can be found. A
formalism slightly modified from the original form 8o as to
facilitate the application on spherical nuclei is presented in

the following.

The Hamiltonian which represents the interactions between
the shell model particles with the pairing-plus-quadrupole force
can be written (see vpreceding Chapter) in the second quantization
form:

=5 haly; O — & 2 G (S 0, ) (S 05,0
, “?1 kAT Moy VA S@ @uogn
X SiE4Ir?
?‘:é AQO,Z.E:D< i P > Vﬁ‘\”p% &Aa 3, (3.1.1)
where i and j label both protons midd neutrons, o(:(n,ﬂa,ja,md) .
&—_——o(—_—(n)ka)aa’—mb . ??z—-?, s Byes ._9a“yn« . Gi and ’){,Jla are
the pairing and quadrupole force constants of neucleons respective-

ly. Ruk is the single particle energy.

For the harmonic oscillator wave functions, the following

definitions can be made,



CUFYoglpi> = Sp <o fuM M1 29D <Y >S4 iy 5
= Se<jdM Tl % (T Flab)
Loee Fab) =W (Fan) 2<eany YpdAE |
Vi = N+ 32)h /M, )

28,

(3.1+2)

where &), is the harmonic-oscillator frequency, RMOC:QJ/A1/3MeV

(Bes and Sorensen,1969), M is the nucleon mass and N is the

principal quantum number of the shell considered. Then the quadr-

upole onerator can be written in the form,

Q% - -.(Lya@w Y 3P O, O
= g;% (@) Sy <Ja fo 124> Gd;%-,

(3.1.3)

By using the previous definitions (3.1.2), the fermion

anticommutation rule (2.2.4) of the creation and annihilation

operators Q: and Od , the Wigner Zckart Theorem and the

proverties of the Clebsch-Gordon and Racah coefficients (Appendix),

the Heisenberg equations of motion can be obtained from (3.1.1).

They can be simplified to the following useful form:

(0 H) = ha + 2Fd; = & GiSic i € % Se U5, 0g3)
% 5 ROD Sy o fu M Tl2 D o AL
(05, W= Chas = G0~ £ & S0 (5 S 00 OF)
+ X 5 Rlab)s. <4, gbmqm?\z%w; *% )
where EA;:-LX.*Z@’ SF;-((HO)/ZSICL

o Yoy ajai-i "

(3.1.4)

(3.1.5)
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Aa=Q + X, AR £ % .

X;j = (Zm) Y Nx.a : (3.1.6)

In order to find the eigenvalues and eigenvectors of the
Hamiltonian, i.e. the energy levels and state vectors of the
nucleus, we must express the Hamiltonian in a matrix represent-
ation and diagonalize it. The major endeavor is to extract inf-
ormation from the selected matrix elements of (3.1.4) and (3.1.5)

and from the associated normalization and consistency conditions.

The matrix elements of (3.1.4) between the states |IhuxAi>
of the even nucleus with A particles and those \JF»(A—ﬁ}«af the

intervening odd nucleus with (A-1) particles are:

CTPYA-DI,;, H)ITMSA> =Dt (&) = Wor (A= DTV (A=) Oy TMS A
= by +QE, <TRIA-N O TMSED - £ 6,5 *

3 STz, A~ 3> 00|55, B TMS Ay
=X I BB <y ITURPE TR I

NI NG| TMS@AD
where the closure property %;WKA»(MQ@P:i has been used. Genera-

1lly, the sum over n should cover all contributing intermediate
states. In the present case, n is limited by the fact that 2;5&0&1Qa
carries zero angular momentum and the other operator ,A%

carries an angular momentum 2. The W's are the total energies.
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After rearrangement, one gets the final form:

(Mg (A =W s(A=D—ho = 2R ) KTV~ DIl [ IMS (AY>
= -1 &8 37 SIA-D) Ug A= 1-DIT by Hs >

=Xi25 Fi0) ST 29> 37 P U-DIGyinesy x
NG| AJIMSAP (3.1.7)

Similarly, the martix element of (3.1.5) between the state\1M30h§>

of the even nucleus and the intervening states \3P»QA-§> of

the odd nucleus is

(WJS(A“:')‘"WJ»(A“D* b = Q TRy (- O:—:,-L\IMS(A‘Z»

= =k S TPADI G MO NG| F Sl 1w
+ X}\ %—% F;(a b><']a3‘bynxﬁi%|2 (i> %<:)—Fv(A‘)laédh(A—2)> .

{N(A-2)| /\“%|IMS(A"2)> A (3.1.8)

The derivation of the equations of motion of our core-
varticle coupling model (CPCM) is based on the definition of

the relevant coefficients of fractional parentage (cfp). The

cfp of one-body operators are

Wapol®, TMS) = (TRY(A-D| A | IMS ) . (3.1.9)

@;9(&;1"‘5): <5FV(A‘D\GQ-\‘IM5(A—2)> , (3.1.10)

which connect the states of the A or (A-2)-nucleon system with

those of the intervening (A-1)-nucleon system.
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By using these cfp and inserting the states of the interven-
ing even nuclei lI’M’S’(A)) and odd nuclei ljju’u’(/\-—&)) into
(3.1.7) and (3.1.8), and using the closure properties L ITMsI@M&}=1

™’

and Z|3"}A’9(A-b><j;u’9’QA~b\=i , one obtains the form:
S

(Mas(A-D—Waa- D+ b — &) 4);;;)(5‘ IMS)

68T [, Yt Q19 &, G g one
_f:is’l XJ)_‘_T-‘(cd)S <j QAY“N%D@Z— ‘P;?/, (‘(1 M’S?)

3 4 = ;
P ,/‘,pga,mj Fi(@b) S ey M Wy |2 chm THS)

(3.1.11)

EV\/:SLA)~WWLA—D—FM~ :‘E;J \{/J;v@ IMS)

-1 G; S,,Z[O%PS 42’/ W& M) VY. /‘P(% M) P 3/“’(0‘ IMs?)

N e
:{é"‘“l % T DS <edom Rl D

J_N(élMs)

\p 18] FOD S <fuf M 240, (B 1S

(3.1.12)



From the fermion anticommutation rule {d:i %1}= 60@, , one
)

obtains the exact normalization condition:

CIM @Iy, O} | TMses
= g(%?ﬁa;mﬂ W (RN + S His) @), o)
=9.%,.%,,.% (3.1.13)

2 P11 “Mm’ “ss? )

X e + .
where (Q%}WQX,;MS) —<J}AU(A+|>\0°(X‘IMS(A)> are the cfp connecting
the A-nucleon state with the (A+1)-nucleon state. In the number

non-conserving approximation, we assume that
= -+ -
ITMADI O [TMS WD =2 <Ifiv (A-\)lajﬁ.lm S(A-2)> (3.1.14)
and one reduces (3.1.14) to the following form
/ ) X
‘Z‘_ [\}{Vw(oz TME) J,W (&,1M5) + 477“)(% M s)qz}w(og'IMs))
~ o1 :15)
- é'% 6:rl’étvu/\'éss’ ‘ (3 2

Bquation (3.1.15) can be used to normalize the \¥'s and éP 's

in the equations of motion.

. t .
The matrix element of thejpumber overator N=§aou10‘oa is

X — i - 2
CIMSMY 3 O; B |TMSGAY) -gf}y\kku,ms>\ =A 5 (3.1.16)
where Ai is the number of extra core particles.

Up to now,the only approximation is equation (3.1.14).
Equations (3.1.11) and (3.1.12) constitute a set of nonlinear

equations for the amplitudes qj and 47 and the energies
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W(A-1). The equation (3.1.15) serves as a normalization condition
and (3.1.16) as a condition to determine ), which shall be

explained later.

The equations (3.1.11) and (3.1.12) can be reduced to rotat-
ationally invariant forms by introducing the reduced cfp u and v

as follows:

Wy TMS) = S<T e MTJTA (1), (3.1.17)
P IMY = <TRMBTD UG T, (3.1.18)

where u} and v} are independent of the projection quantum

numbers m and M, that is, they are rotational invariants.

With the following definitions, a set of simple non-linear

equations of motion of the reduced cfp can be obtained:

S5y = WA Wy, (A-1)

)

e A

>

WA= We(A) — w.(A) |

22(A) = W (A)—W. (A=-3) |

2XNW= 220+ &;
™= ﬁx} +Fai - N,

(3.1.19)

where [&&(AJ = WI(A) - WO(A) is the excitation energy of state I
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7ﬁ is the chemical potential and *&1 is the single particle

energy. Thus (3.1.11) and (3.1.12) are reduced to the simple form:

By, V5 (18) = (@ + N, = 2, —hag) Vi (azs)
- 3 7NOTS,bTS) \g, (br'S)

+ 32 AN(IS, TS U5, C0TS) | (3.1.20)

:rv 39(013> ((’OI(A =B~ + "ﬂb Ll L(01S)

+ 3 AL A(018,bT's) W (bT°S)

b1’s’

4 z;_ ANY(1S,178) W)(A1s) ) (3.1.21)

where

A‘(Is 1) =% = (2% ‘> 619 \/;.«V,(bls))

Ty \_IL+)

A 18, bT8)=~ SL er’(IS I s) R & Pwatab, 27)

l"gf (ISI'I’S')-:J% QI ET N DW(@Etc d; 277%

xr-'é(cauvﬂ (CI9) V ,(dIS’))

W(II”ab;2J) and W(II“cd; 2J7) are the Racah

coefficients (see Appendix), (3.1.22)
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The normalization condition (3.1.15) and the matrix element

of the number overator can be written in the following forms:

= \/‘(a]: $%) 3_9(513) Z 34w (1abt’, 3°3)

Uz, AbI’S) UJ,, WIS 2 5, 5 be o
ZC?:::) Vslv(aI5> \5.:,(0135 = A,T) , (3.1.24)

If we replace M%S(A‘a) in equation (3.1.21) by OJIS(A)

then the equations (3.1.20) through (3.1.22) determine the
g 8 j y ;
eigenvalues EJ)’ and the cfp U;)LOIS),\/J;(OIS) up to normali-

zation factors,

3.2 E2 transition probability from the ground state to the

first excited 2+_state

Recall that the quadrupole operator is defined as (3.1.3)
.1' -1 £3 . =2 3 N ¥
Qy =35 W R riir™ g Ipi> 054 O
A P,
=o<z($ F(ab) Sp <da Jo MMl 290 O B (3.1.3)

The ordinary shell-model definition of the E2 transition

probability is
B(E2,1>1) = 21+ }MZM,% |<xMsA| TN D a;a‘.\lmsm}r
(3.2.1)

where ei is the effective charge (wore details in section 4.3) of
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the nucleon that takes part in the transition. From (3.1.3), we .

have
. -\ 2 2 PRI ¢ 2z
B(E2;1‘91>‘"@1+‘)"%4-%i'34 Y; (Z,T\KIMS'\%\IMSN . (3.2.2)

Inserting the states lj“ﬁ’v’} of the intervening odd nucleus,
and using the reduced cfp as defined in equations (3.1.17) and

(3.1.18),0one finds
<TM'SWIQY I TMSRY
== '(‘*“/5Y’<o<m“xq‘\g;>% <My O 1TV A
* LTVA-D| O TMS ()
= 7B g+ T8, T8) T2 M F 1M , (3.2.3)

where the self-consistent TZCISjITS) is given by (3.1.22).

Equation (3.2.1) can be written:

BE2,T>T) =y - [k & %ﬁgﬁ MM E

L B(E2 3O+—>2_*)=%r5-' = e v Y’f (3.2.4)

The equation (3.1.20) through (3.1.24) and (3.2.4) are the :

main formulas used in Chapter L.

3.3 The self-consistent core-particle (core-hole) coupling model

A useful model to describe the low-lying states of odd-mass
nuclei of mass number A+1 is to consider the state formed by

coupling a particle to the core of an even-even nucleus of mass
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number A. Thus the ground state of the odd nucleus will be
obtained by putting the odd nucleon in the lowest allowed orbit
of the average potential created by the ground state core of the
even-even nucleus. Excited states of the odd nucleus will be
obtained either by lifting the odd nucleon to a higher single-
particle orbit or by exciting the core, or both. The core
excitation may produce an excited state lower than that produced
by the particle excitation if the next single-particle state is
high compared with the core excitation energy, which is often
the case if the core has a collective mode of excitation. The
validity of such core-particle coupling model has been demonst-

rated by several previous work (Lawson et al. 1957; deShalit,1960).

Although the simple version of the core-particle coupling
model described above is useful in a weak coupling limit, as
the interaction between the odd particle and the core becomes
stronger, it may become necessary to consider a mixing of several
core-particle configurations due to the interaction. The interme-
diate core-particle coupling model based on such idea is used by
Kisslinger and Sorensen (1963) to calculate the alld nuclear
states of spherical nuclei, in which the ground, one-phonon and

two-pvhonon states obtained from the RPA are considered as the cores.

The self-consistent core-particle coupling model used in
this calculation emerges in a natural way when one looks at the

equations of motion described in section 3.1. The cfp,

Gua-dar \IMS(A-1)><<T/uv(A~§\&QAIMS(A») describes the amplitude im
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the state |[JUVA-D> of the configuration of the core |IMS@-)
(IIMS(AYS ) coupled with a particle (hole) in a state & .
The solution of the equations of motion gives [TUY(A-dH) as

a superposition of these core-particle (core-hole) coupled states.
However, unlike the conventional core-particle coupling model
which assumes a fixed configuration for the core, the structure
of the core is determined through the self-consistent calculation
in our formalism. Thus the core in our model may be quite
different from the one obtained in RPA as was demonstrated in a
previous work (Dreizler et al. 1967). The first excited 2+ state
of a spherical nuclei appears to possess a large electric quadru-
pole moment in contrast with the almost zero value obtained in .

the RPA.

In the equations of motion, we have the intermediate sum
%’S!I’M’S’><I’M’s\:1 which in principle should include a complete
set of even nuclear states. However, such formalism would not have
any practical value unless we can approximate this sum by includ-
ing only a few states. Fortunately, such approximation is possible
for the low-lying states of spherical nuclei. As discussed in
section 2.5, the experimental data show a large electric quadru-
pole transition rate between the ground and the one-phonon state,
while the transition between the ground and the two-phonon states
is neglible. From the preceding derivation (e.g. equation 3.2.3)

one sees that both the quadrupole transition rate and the

quadrupole moment are given by the self-consistent kernellﬂ?SfYSi
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Therefore, in taking the intermediate sum over the even nuclear
states, we may include only those states which are expected to
yield a large self-consistent kernel |*¢xs;1136 . For example,
if the (IMS> is the ground 0" state of even nuclei, the first
2+ state is the only important state in the intermediate sum.
Similarly, if lIMs}- is the first 2+ state of even nuclei, the
ground O+, the first 2* and the two-phonon triplet states O+,2*,4+
are possibly important. However, it is reasonable to assume that
the amplitudes <3‘/Av}0;|IMS> between the low-lying states
E:Mv(A*§> of odd nuclei, which are normally considered as
one-quasi-particle states, and the two-phonon states |Iﬁ48> of
even nuclei are small compared with others. Thus the omission of
the two-phonon core states in the configuration would not affect
much in the calculation of the low-lying states of odd nuclei.
In such an approximation, the low-lying states of odd nuclei can
be considered as a mixture of the ground state core and the 2+
core of the adjacent even nuclei coupled with a particle or a hole.
Of course, if one is interested in the higher excited states of
odd nuclei, such as one-guasi-particle plus one-phonon states,the
two-phonon states should be included as important cores, and .

future studies should be conducted along this direction.

Although the type of core-particle mixing considered in this
calculation is similar to the one considered by Kisslinger and

Sorensen (1963), the additional self-consistent feature of our
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formalism should give a beter description of the nuclear states
of spbherical nuclei. It is worthwhile to point out that the
Kisslinger and Sorensen's calculation fails to produce good

agreement with the experiment for the odd-mass nickel isotopes.
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CHAPTER 4

CALCULATION OF THE ODD MASS NICKEL ISOTOPES

The self-consistent' core-particle (core-hole) coupling
formalism described in Chapter 3 was used to calculate the
ground and low excited states of the nickel isotppes. There are
two reasons for choosing the nickel isotopes in this calculation.
First, protons in the nickel isotopes form closed shells and
therefore the calculation involves only those neutronsoutside the
closed shells. Second, several detailed calculations (Auerbach,
1967; Hsu and French,1965; Cohen et al. 1967) have been carried
out on these isotopes, and it is possible to compare the results
of this calculation with previous results to determine the
validity of this approximation before applying this model to

more comvlex nuclei.

In this calculation, only the two lowest states of even
nuclei,O+ and 2+, are included as the cores contributing to the
low-energy states of odd nuclei. The single particle states ="
included are 2p1/2, 2p3/2 and 1f5/2 for the neutrons. The 1g9/2
state which is known to lie in the same shell is not included
because of its relatively high energy compared with the other

three states, and also because of its different parity.

The choice of the cores and of the'single-particle states
mentioned above puts a limitation on the solution, so that only

the three lowest levels of odd nuclei which are normally called
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one-quasi-particle states can be well-represented by the solutiaom
of this calculation. The higher excited states of the odd nuclei
may have considerable cfp linked to the higher excited states,
particularly the two-phonon states, of even nuclei. Since these
states are not included in this calculation, the solutions of this
calculation corresponding to these higher excited states are not
as reliable as the lower ones. These states may also be affected
by the omission of the 1g9/2 single-particle state. However, if
this method works well for the lower states at this stage of
apprroximation, we would be able to obtain better results on the
higher excited states by simply adding a few more cores,particul-

arly the three sO-called two-phonon states,or even adding the 1g9/2

state.

The details of the calculation are discussed presently.

L.1 Procedure of calculation

The procedure of the self-consistent calculation can be
outlined as follows:

1) The two cores are the ground O+ and the one phonon 2+ ’
states. The single particle orbits are 2p1/2 ,2p3/2 and 1f5/2 .
After having specified the single-particle states and the
corresponding energy k¢ , one shooses an initial set of para-
meters A , [° and chemical potential AN .

2) Solve the equations of motion (3.1.20) and (3.1.21) for

the energy E5y and the reduced cfp qjvand Vyy -
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3) The solutions of the equations of motion have a
redundancy, and only a half of these solutions obtained are
real physical ones. The physical solutions are chosen by the

following criteria:

(EJV = OQL)physical :;7 (;bv— 601)unphysical

4) From the physical cfp obtained in step 3, recalculate &
and [7 .

5) Using the new set of A and [ , return to step 2.

6) Repeat the cycle described above vntil the nth solution
differs only by a prescribed amount from the (n-1)th solution.

7) The number of particles A(I), equation (3.1.24), is
calculated in order to check whether the value of the chemical
potential A has been properly taken in step 1. If A(I) is not
close to the extra core particle number of each Ni isotope , the

N 1is adjusted until the correct value is obtained for A(I).

The normalization condition (3.1.23) is not used in this
calculation and instead the '"machine normalization",i.e.%;@&“\f)=1
is used. For nickel isotopes, the result of the calculation is
not expected to be affected much by the normalization condition
(3.1.23). This fact has been examined in the final calculation.

A further discussion will be given in section 4.2 and Chapter 5.

In this calculation, the pairing force constant Gi=26/A,
where A=mass number, is taken from Kisslinger and Sorensen (1963).

The quadrupole force constant is adjusted according to the
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relation X=54.2A‘3/2 (Kisslinger and Sorensen,1963), where
A=mass number. Single particle energies Ki and the excitation
energies COE(A) are taken from experiments (Way et al. 1967 and

1968). They are listed in Table 4.1.1 and Table 4.1.2 .

Isotovpes ¢} X A LL)Z(A)
N1 0 0.4483 | 0.1227 | 0.120 | 1.4500
N1 60 0.4333 | 0.1166 | 0.945 | 1.3330
N1 02 o.4104 | o0.1110 | 1.335 | 1.1717
N1 Ok 0.4063 | 0.1059 | 1.900 | 1.3480

Table 4.1.1

G, X, AN and CLE(A) for nickel isotopes used

in this calculation.

J h E, /xi
295 /5 0.00 L. 6499
s 5 0.78 L1143
2D, /5 1.08 8.2499

Table 4.1.2 Single particle energies R« and F; .
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FIGURE 4.2.1 Energy levels of N159 . The experimental levels
are taken .  from "Nuclear Data Sheet" (Way et
al. 1968) .
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FIGURE #.2.2 Energy levels of Ni61 . The experimental levels
are taken from "Nuclear Data Sheet" (Way et al.

1968).
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VJv (al) UJV (al)

By |97 |03 (03 (02 (29 @D @] 0y 0D 0 29 @ @I
0 3 - 0.555 0 0 0 0.832 0 0 0
0.496 | 2 — 0.345 0 0 0 0.938 0 0 0
0.673 |5 — | 0.232 0 0 0.973 0 0
1.4kg | £ — 0.555 0 0.832 0
1.946 2 — 0.345 0.938
1,449 |3 — 0 0 0.555 0 0 0 0.832 0
1,449 | 2 — 0 0 0.555 0 0 0 0.832 0
1447 |5 — |0 0.555 0 0 0.832 0
1.946 | 3 — |0 0 0.345 | 0 0 0.938
1.946 |3 — 0 0 0 0.345 0 0 0 0.938
1.946 | > — 0 0 0 0.345 0 0 0 0.938
1.946 | L — 0 0.345 0 0.938
2.123 |3 - 0 0.232 0 0 0 0.973 0 0
2.123 |2 — 0 0.232 0 0 0 0.973 0 0
TABLE 4.2.1. Calculated energies, spins, and cfp of NiS®

*6h



v,, @ u,, (an
£,y | dn 03 (02 @5 @) | 0y 0 0 @23 2
0 3- -0.649 0.131 040  0.190 -0.524 -0.235 .223
0.062 | 2 - 0.523 0.196 0.07h 0.372 0.654 -0.159 215
0.300| 5 — 084 0.332| 0.767 .301
1.128| 2 — 0.104 0.233 0.691 0.124 -0.064  0.24k 061
1147 ] 2 — 692 .722
s3] 3 - -0.102 0.243 0.094  0.661 0.081 0.390 562
1.168 | 2 — 0.075 0.033 -0.130 0.410 -0.183  0.623 431
1.250 %— 434 .677 | -0.129 . 543
1.262| £~ .865 -0.094 .016
1.355| 3 — 0.215 -0.352  0.703 0.1k2 -0.049 -0.463 .189
1.379| £ - 014 0.46] .883
1.522| 3 — 0.099 0.098 0.414 -0.203 0.017 0.633 .383
1.613| 2 — 0.037 -0.122 0.102 0.342 -0.059 -0.577 .705
1.750| 5 — .800  0.406 | -0.109 219

TABLE 4.2.2. Calculated energies, spins, and cfp of Nib!




Vv (al) U,y (al)

Ep |97 ] (0 02 02 @ @ @D 0 0 0D @2d @ @
0 > —| 0.386 0.057 0.249| 0.765 -0.292 -0.337
0.031| 2 - 0.653 0.119 -0.014 0.218 0.624 -0.140 -0.135 -0.290
0.122 3 - 0.800 -0.074 -0.102 =-0.032 0.447 0.193 -0.250 -.195
0.916 2 — 0.082 0.485 -0.047 0.192 -0.086 0.835 =-0.122 -0.00]
0.937| 3 - -0.110 0.470 0.055 0.116 0.054 0.844 0.184 -0.038
1.110| £ - 0.081 0.652 0.080 0.749
1129 2 - 0.780 0.626
1.150| 2 — 0.024 -0.055 -0.551 0.486 -0.045 -0.166 -0.332  0.563
1.170| 3 - ~0.099 0.024 0.053 0.770 0.005 -0.102 -0.031 0.618
1.246| = —| 0.059 -0.305 0.777| -0.080 -0.137  0.525
1.264| 2 — 0.135 0.090 0.652 0.462 -0.042 -0.085 0.373 0.433
1.388| £ — 0.904 -0.101 0.413 -0.054
1.457| 2 - 0.233 -0.163 0.870 0.007 0.010 -0.025 0.401 -0.023
1.674| > —| 0.159 0.872  0.287 | -0.049 0.332  0.143
TABLE 4.2.3. Calculated energies, spins, and cfp of Ni63

18



Vyy (al) u,, (an)

By [0 (0D 0D 02 @ @ @ 0p 0 0 @ R
0 %— 0.405 0.033 0.261| 0.592 -0.285 -0.579
0.277 %— 0.797 0.118 -0.030 0.020 0.425 -0.213 -0.077 -0.343
0. 6kk4 -3—— 0.839 0.102 -0.130  0.058 0.269 0.396 -0.135 0.135
1.000 %— 0.113 0.668 -0.014 -0.058 -0.047 0.732 -0.001 -0.021
1.049 %— -0.351 0.655 0.089 -0.073 -0.014 0.656 0.037 -0.052
1.643 %— 0.895 0.450
1.653| £ — -0.006 0.897 -0.003 0.4k
1.660 %— -0.126 0.032 0.088 0.885 -0.003 0.020 0.030 0.436
1.690 %— 0.110 -0.118  0.880| -0.042 -0.032 0.4l
1.706 %— 0.166 0.033 -0.048 0.887 -0.013  0.025 -0.016  0.427
2.124| - 0.961  0.007 0.278  0.002
2.145 %— 0.068 0.007 0.958 0.037 0.000 0.004 0.274 0.015
2.178 %— 0.135 0.94 0.098} -0.016 0.273  0.042
2.190 %— 0.203 -0.029 0.939 -0.062 0.010 -0.013  0.265 -0.022
TABLE 4.2.4. Calculated energies, spins, and cfp of Ni6%

'es
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4.2 Calculated energy spectrt of odd mass isotopes of nickel

Following the procedures of section 4.1, the calculation
was done by using IBM 360 44 and the results are shown in
Figures 4.2.1, 4.2.2, 4.2.3 and 4.2.4, where the calculated
energy levels are plotted together with experimental levels and
those calculated by Auerbach (1967). In Figure 4.2.2 (N161%the
calculated three lowest levels are in very good agreement with
the experimental levels while those obtained by Auerbach are
not. For Ni65 (Figure 4.2.3), both the experimental and our
calculated ground states have spin 1/2 while the ground state
of Auerbach has spin 5/2. The order of the calculated 5/2- and
3/2- are also in agreement with experiment. Good results for
these three lowest levels of Ni61 and Ni63 are expected within
the approximation scheme described in Chapter 3. The number of

particles outside the closed shell of Ni61

and Ni%> 18 5 andc7
respectively, The external shell is about half filled for these .
two nuclei. Therefore the particle-number nonconserving approxim-
ation is expected to have little effect on the accuracy of the
calculation. In Figure L.2,1 (Ni59), the order of the three lowest
levels is in agreement with both experimental data and those
calculated by Auerbach. The higher levels are not in agreement

2

with experimental levels. Since Ni has only three particles
outside the closed shell, it may be sensitive to the particle
number nonconserving approximation. In Figure 4.2.4 (Ni65),

the calculated ground state is 1/2- while the experimental one
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and that calculated by Auerbach are found to be 5/2-. This may
be an indication that the neglected 1g9/2 in the configuration
has an important effect for this isotope and/or that the error
due to the particle non-conserving approximation is large. In
examining the normalization of the cfp that were picked up in
the procedure % of section 4.2 , one observes that there is a
deviation fromthe cfp of 1/2- level. This shows that the results

will improve if the cfp is normalized in the procedure 3.

Tables 4,2.1, 4.2.2, 4.2.3 and 4.2.4 are tﬁe wave functions
(cfp). From these tables we can see the percentage of the mixing
of different configurations, combinations of even nuclear cores
O+,2+ and the single-particle levels 2p1/2,2p5/2 and 1f5/2 ¥
For example, as can be seen in Table 4.2.2, the ground state 3/2-
of Ni61 has a higher vercentage of the coupling between O+ and
2p3/2 than the others, since its amplitude (u2 R va) is higher

than the others,

L.,3% Ground-state-to-one-phonon-state transition probabilities

in the even mass isotopes of nickel

The electric quadrupole transitions ( ﬂ decay, Coulomb
excitation,etc.) are described by the off diagonal matrix
elements of the electric quadrupole (E2) operator (3.1.3).

The E2 transition rate from a nuclear state IIMS> to another

nuclear state |IT°M'S) is given in equation (3.2.1):

B(E2 ,,1—>I>)'.: @I+ l)"'ﬁ;?,‘ LT M) e;?%(o(\\r‘%\%b@ 0\.,t1h'1$(l’\)>\2 (3.2.1)
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where e; is the effective charge. One often refers to it .as the
sum of the charge of the single nucleon and the vpolarization

charge:

e; = e(1/2 - tz) + e (RS 1)

pol ’

where t_ is the z-comvonent of the iscsovin of the nucleon and
epol is the polarization charge (The polarization effect can be
treated in terms of the coupling between the particles and the

collective oscillators associated with deformations of the cores).

Since the z-component of isospin tz of the neurton is +1/2 ,

equation (4.3.1) gives

(ei)E2 = )EZ .

That is, the effective charge of a neutron is not zero, and the

e
pol

value of e normally used for the nickel isotopes is one (in unit

of e) (Kisslinger and Sorensen,1963%).

After the iteration process of section L4.1,the self-consistent

kernel [~ is obtained. By substituting this |7 into (3.2.4),

B(E2,0t>2%) =22 < V77" (3.2.4)

and choosing the effective charge of the neutron to be O.6e, where
e is the electron charge, the B(E2;0+——> 2+) of the nickel isotopes

are calculated. The calculated values are shown in Table 4.3.1 .




Isotopes B(Ez)th. B(EZ)expt.
10 0.113 0.0970+ 0.0080
§152 0.077 0.0840+ 0.0170
Tha 0.057 0.0870+ 0.0170

Table 4.3.1 B(EE;Of——>2f) of the even-mass nickel isotopes
48

in unit of e~x10™ cn %, The experimental
values are taken from "Nuclear Data" (Stelson

and Gradzins,1965).

56.
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CHAPTER 5

DISCUSSION AND CONCLUSION

As shown in the preceding chapter, our calculated results
are in reasonable agreement with experiments for the one quasi-
particle states (i.e. the three lowest levels) of the odd nickel
isotopes, but the agreement is not so good for the higher excited
states. This is understandable because the solutions for the
higher excited states are greatly affected by the omission of
the two-phonon statesf--0+,2+and 4+ (we would be able to obtain
’ietter results for these higher excited states if the two-phonon

states are included).

The agreement is particularly food for Ni61 and Ni63

where
approximately half of the external shell is filled and where the
effect of the number non-conserving approximation is expected to
be small. A better result at the two ends (i.e. the three-particle

29 and the three-hole nucleus Ni65) could be ohtained

nucleus Ni
if the particle number conservation were taken into account and
if the 1g9/2 single-particle state were included. However the
number non-conserving approximation is a useful method for a
great number of mid-shell range nuclei where an exact shell model

calculation is practically impossible because of too many

configurations which have to be considered.

In the finel calculation , the vhysical cfp chosen in

procedure 3 (section 4.2) was re-examined for the normalization
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condition (3.1.23). It turned out that for N159,Ni61 and Ni63,

the normalization condition was approximately satisfied and in

65

most cases the deviation from it was less than 10%. For Ni 7,

the cfp of the lowest 1/2 state deviated about 40% from the
normalization condition and the rest were within 10%-20%

deviation.

The calculated values of B(EZ;O+———9 2+) are in reasonable
agreement with the experimental values, showing a satisfactory

collective nature of the calculated 2+ state.

The agreement between our calculation and the experimental

61 63

spectra for Ni and Ni is particularly encouraging in view

of the less accurate results obtained by Kisslinger and Sorensen
(1963) for the odd nickel isotoves. They used exactly the same
pairing-plus-quadrupole interaction, but the calculation was
based on the RPA with mixing of the ground O+ and the one phonon

2.+ cores considered. The improvement of this result over theirs

can be attributed to the self-consistent formalism of this theory.

The result of this work suggest that the model is fundamentally
good and that future studies should be conducted towards the
inclusion of a more accurate normalization condition which
incorporates particle number conservation for extending the range
of validity to near closed-shell nuclei,together with the inclus-

¥ +
ion of more cores, particularly the 6% , 22 and 4 triplet stdtes,

e

for obtaining good solutions for the higher excited states.
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APPENDIX
(1) Wigner Eckart Theorem
MITRNM D = @3+ N hm gL mye i
CGuIT RNy = Qi+ ) <frhmiql jm eIy
(2) Racah Coefficient and 6-j symbol

. — _q+L+C+d A be
W(@bcd, ef) =Y {d ; 4

(3) Useful relations of the Clebsch-Gordon and Racah coefficients

in deriving the equations of motion (note: m=-m).

o em, [ famay = ey i om,| oM
— (b o J MMl TSy
— M (Qjst Y o+ ,)"‘ <G ggm. Tﬂa\j.?nJ
SIS ACrY: 3‘,+.Y2<3'3j2 Yﬁsmzlj.)ﬁb
= -y (sy, +D£<-3; M fams
_ (e, @g;+za.'+;§=<.3‘4; .M lfoms
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<Jrgammafm> <4 fatomal >
— e (a3-+'/°;3-3+.¥* o amal > < 4 T my 1,7,
= P Mariviends (sdvy : o) <Jufamam,1gm <4 4o Mg 14,y
— oyl da rhi—mem, cje) ? W<j.~jzjsj4 y a-,) <,§lﬂ-3»m.ﬁ,|3"m.-ms>
x < faMa M) 47 M
:c—)j*ﬁ"*ds‘*""m'“m3<&3'+oéz/ W (4, gag‘sj; 5447 <G JsM s [ m

x (g JaMa ) 47 MMy
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