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Abstract

We consider the semigroup of principal integral ideals, P, in a number field and
study its associated Toeplitz representation. From this specific representation, a
certain covariance relation is obtained and subsequently arbitrary isometric rep-
resentations of P which satisfy this relation are analyzed. This leads to the study
of the universal C*-algebra C*(P) satisfying these relations and to the following
results. We first express C*(P) as a crossed product of an abelian C*-algebra
by endomorphisms associated to P. We then give an explicit characterization of
faithful representations of this crossed product, from which it follows as an imme-
diate corollary that the Toeplitz C*-algebra is in fact isomorphic to the universal

C*-algebra.
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Chapter 1

Introduction

To one studying C*-algebras, one of the most classical and well-known results in
the industry of generating C*-algebras by various families of isometries is Coburn’s
theorem [2]. Published in 1967, it states that if S and S’ are two non-unitary
isometries, then C*(S) is isomorphic to C*(S’). Of course, this problem can
equivalently be considered as a question of representations of the additive semi-
group N U {0} by isometries. Indeed, such a representation is a homomorphism
from NU {0} to B(H) which maps n to S,, where each S, is an isometry. It is
easily verified that the S,’s satisfy one extra relation that we get for free. With
the standard ordering on N U {0}, the natural numbers become a lattice-ordered
semigroup, meaning that every pair of numbers m, n has a common upper bound
in NU {0} which is of course m V n := max {m,n}. Now since S:S, = I for all

n, it follows easily that

(SmS;l) (SHS;) = SmvnS,

mvn (11)
for all m,n. This relation is what is known in the literature (see [5, 6]) as a
covariance relation, and it simply states that the range projections of the S,’s

preserve the lattice structure of (N U {0}, <).



CHAPTER 1. INTRODUCTION 2

While it is by no means readily obvious, this type of relation provides a pow-
erful framework to examine C*-algebras generated by a single isometry. However,
even if one changes from N to another semigroup and a different lattice ordering
while still insisting that a relationship analogous to (1.1) holds true, the same
arguments, developed in various settings by Cuntz, Douglas, Murphy, and (most
generally) Nica, can still be brought to bear on such representations. The full
range of semigroups that fall under such arguments is still unknown. In [6], Nica
analysed a large family of semigroups, which he called “quasi-lattice” ordered
semigroups (P, <) and provided evidence of a crossed product structure of the
associated C*-algebras. Later in [5], Laca and Raeburn reinterpreted Nica’s re-
sults in the context of semigroup crossed products, giving a concrete realization of
the Toeplitz C*-algebras as crossed products that could be studied using methods
developed by Cuntz, Douglas, and others. In this case P is considered to be a
subsemigroup of an ambient group G, where the ordering is defined as z < y if and
only if 271y lies in P. While we won’t give the exact definition of “quasi-lattice
order” here, suffice it to say that it includes all cases where < is a lattice order-
ing (and so includes our above working example) and also some very non-abelian

cases, like the free product N N ... x N where < is the free product ordering.

This thesis examines a separate family of examples of semigroups, all coming
from number theory. We consider the semigroup P of so-called “principal integral
ideals” in a number field K. The order on P is that of divisibility. Unless extra
assumptions are made on P, this semigroup is, in general, not lattice ordered or
even quasi-lattice ordered with respect to divisibility. But P can be thought of as
“almost lattice ordered” in the sense that it can be embedded inside the semigroup
T of all integral ideals, the latter being lattice ordered with respect to the same
divisibility ordering. What is interesting is that this weaker property is enough
to ensure that the arguments of Nica, and Laca and Raeburn can be adapted to

this setting, but our familiar covariance relation (1.1) must be abandoned, for in
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this setting, with a,b € P, the least common multiple [a, b] no longer necessarily
exists in P (which is equivalent to saying that not all integral ideals in a number

field are principal) and so an equation like (1.1) no longer makes sense.

Before searching for a new covariance relation which fits the bill, we begin
with a primer on algebraic number theory in chapter 2, explicitly defining P and
emphasizing those algebraic properties of P which will be most important to the
rest of the thesis. In chapter 3 we look at the Toeplitz representation of P and its
associated C*-algebra and deduce several results on its structure along the way,
one of which being our new model covariance relation. After this, in chapter 4
we shelve the Toeplitz representation for the time being, and focus instead on
the general properties of arbitrary isometric representations of P which satisfy
our new covariance relation. This leads us naturally to introduce the universal
C*-algebra for covariant isometric representations of P, denoted C*(P), and to
a reinterpretation of the covariance condition in a C*-dynamical setting. This
reinterpretation quickly leads to expressing C*(P) as a crossed product
C*-algebra. The fifth and final chapter takes this crossed product and charac-
terizes its faithful representations. This last chapter is by far the most technical
and follows closely ideas and arguments given in [5], which have been modified
and adapted here to handle this new type of covariance relation. As an imme-
diate corollary of this characterization, it follows that the Toeplitz C*-algebra is

isomorphic to the universal C*-algebra, this being the main result of the thesis.
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Chapter 2

Ideas from Number Theory

Before we dive into the C*-algebra theory proper, we need to make precise all the
number theory terminology involved. No other algebraic number theory results
will be used aside from what is in this chapter. To those with no knowledge of this
subject, the definitions and results will seem quite natural and reasonable after

first looking at the simplest example which is comprised of N, Z and Q.

Here we now consider the natural numbers N = {1,2,3...} as a multiplicative
semigroup and equip it with the divisibility ordering. That is m < n if and only
if m divides n, written m|n. This new ordering makes N into a lattice ordered
semigroup, where now the least upper bound of two numbers m,n is of course
their least common multiple, [m,n] := lem {m,n}. Consider now the rationals Q.
This is the most trivial of examples of what is called a “number field”, and there
is a distinguished subring Z which is called, not surprisingly, “the ring of integers
of Q". Now since Z is a principal ideal domain, every non-zero ideal in Z can be
identified with an integer n, modulo units since nZ = (—n)Z. With a naturally

defined multiplication, the semigroup P of non-zero ideals in Z, called integral
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ideals, is then isomorphic to Z/{£1} which is precisely (N, x). Divisibility in N
transfers over quite naturally as well, since m divides n if and only if nZ* C mZ*.
In this picture, taking the least common multiple of two integers corresponds then
to taking the intersection of the associated ideals and taking the greatest common
divisor of two integers corresponds to taking the sum of the associated ideals.

These ideas provide a model for the general case.

Before defining a number field, we first need a couple of a notions from field
theory. Suppose we have two fields E C F. F is said to be an algebraic exten-
sion if every element of F' is the root of a non-zero polynomial with co-efficients
in E. If one views F as a vector space over E, then F is said to be of finite

degree over F if the dimension of F as a vector space over F is finite.

We let K be a number field, that is, an algebraic extension of Q of finite

degree, and denote by O the ring of integers of K,
O :={a € K : p(a) = 0 for some monic p € Z|[z]},

where we recall that a polynomial ) ¢;z? is monic whenever its leading term c,
is 1. A subset a of K is said to be a fractional ideal of K if da C O is a non-zero
ideal of O for some non-zero algebraic integer d. Throughout the entire paper, we

implicitly ignore the zero fractional ideal.

In the simplest case of @ and its ring of integers Z, if f is a fractional ideal,
then df is an ideal of Z for some non-zero integer d. But since every ideal of
Z is principal, there exists a non-zero integer ¢ such that df = ¢Z. Thus every

fractional ideal of Q is, not surprisingly, of the form £Z for non-zero integers c, d.

Now let a, b be fractional ideals. The product of these is defined to be
ab:={>_,a;b; : a; € a,b; € b} and the inverse of ais a™! := {a € K : aa C O}.

Ideals of the ring O are fractional ideals and are often referred to as integral
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ideals, the set of all such objects being denoted Z. Finally, a is said to be a
principal fractional ideal if a = aO for some non-zero a in K. In this case it is
more common to simply refer to a as a principal ideal. Since there are no actual
proper ideals in the K (for K is field) and the notion of a principal fractional ideal
aO coincides with the standard notion of a principal ideal of © when o € O, no

difficulty should arise concerning the context of this abuse of terminology.

As noted in the introduction, O is not necessarily a principal ideal domain.
As an example, consider the ring of integers Z[Z\/ﬁ] = Z +4V/17Z in the number
field Q[iv/17]. In general, for an ideal a of Z[iv/17], one defines the norm N(a)
of a to be the cardinality of the quotient group Z[iv/17]/a. While this is by no
means obvious, it turns out that if a is principal, generated by a = m + ni /17,
then N(a) = m?+17n%. Note that this is just the modulus squared of the complex
number m + niy/17. Now consider the ideal a generated by 2 and 1+ iv/17. One
can show that a consists of elements of the form m + ni\/17 where m and n are
of the same parity. Thus for every z in Z[i1/17], either z isin a, or z = 1+ y for
some y in a. Thus it follows that N(a) = 2. If a is in fact principal then it follows
that 2 = N(a) = m? 4 17n? for some integers m, n which is impossible. So a is a

non-principal integral ideal.

Given integral ideals a, b, we say that a divides b, written alb if b C a or,
equivalently, a='b C O. This yields a partial ordering according to which we can
easily see that the least common multiple and greatest common divisor of

intergral ideals a, b should respectively be

[a,b] =anb and (a,b) =a+b.

As a slight abuse of notation, given a, b algebraic integers we will write (a, b)

to denote (aQ,bO) = aO + bO.
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Recall that an integer p > 1 is prime if and only if whenever p divides mn,
p divides m or n. In ring theory, the same definition is taken- in our setting, an
integral ideal p is a prime ideal if for all integral ideals a, b, p|ab implies p|a
or p|b. And just as is the case for Z, every integral ideal has a unique (up to
ordering of the factors) decomposition into prime ideal factors [8] (Theorem 5.5).
Now recall that all fractional ideals are of the form § where a is an integral ideal
and d is a non-zero algebraic integer. Applying the prime factorization theorem
to a and dO (which we identify with d), one sees that there exists a factorization

of fractional ideals into primes, where negative powers are allowed.

The operations of taking products and inverses of fractional ideals also yields
fractional ideals (this is not altogether obvious; for details see [8]) and this makes
the set Ji of fractional ideals into a group, which turns out to be the free abelian
group on the set of prime integral ideals, in light of the prime factorization theorem
mentioned above. This view of Jx as a free group allows one to define [f,g]
and (f,g) for arbitrary fractional ideals in a way that is consistent with the one
given above for integral ideals. Indeed, using the prime decomposition of the two

fractional ideals

f= J] »™ and g= JJ »>

p prime p prime

one defines analogously to the case for Z

f.o]:== J] p@&tmeml and  (fg):= ] pmnlmer).

p prime p prime

For the most part, we will make use of this extended definition where f is a
principal fractional ideal, ie f = a¢O for some a € K and where g = O = 1, the
symbol 1 denoting of course that O is the identity element in the group Jg. In
this case [f, 1] = [a, 1] can be thought of as “cutting off” { (or @) to its “integral
part” so that the result fits in the integers O. In fact, one has [a,1] = aO N O



CHAPTER 2. IDEAS FROM NUMBER THEORY 8

and, fitting with the nomenclature, it is shown below that every integral ideal a
is the “integral part” of a ratio of two integers, in the sense that a = [§,1]. This
is Proposition 2.2, and if nothing else is remembered from this section, this is the
result which should be taken to heart in what follows. It will be ubiquitous in
the most important properties of the Toeplitz representation and the notions of

covariance in the following sections.

As a last fact to keep in mind, it easily follows that for any fractional ideals
f.9.b, flg,b] = [fe, fb] and f(g,h) = (fg, fh). We frequently make use of these two

relations also in what follows.

Our concern will be on the subsemigroup P of non-zero principal integral ideals.
Let O* and O* denote, respectively, the non-zero elements and the units of O.
Notice that if a,b € O* and a = bu for some v € O, then aO® = bO. Hence
P = O*/O* and from now on we often view an element a in O also as the

principal ideal aO.

One can show that every ideal of O can be generated by two elements.

Theorem 2.1 ([8]). If a is a non-zero integral ideal of a number field and a is

any non-zero element of a, then there ezists b € a such that a = (a,b).

This allows us to prove the following similar fact which will be relevant in what

follows.
Proposition 2.2. Every integral ideal a of a number field is of the form
a=[a/b,1]

for some algebraic integers a, b.

Proof. In general, from the prime decomposition of integral ideals b, ¢ it is clear

that bc = (b, ¢)[b, c].
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!l is a fractional ideal and so there

Now given a non-zero integral ideal a, a~
exists a non-zero a in O such that aa™! C O is an integral ideal. By definition,
1 € a~! and hence a € aa~!. Thus by Proposition 2.1 there exists b € © such

that aa™! = (a,b). Therefore

a= a;—1 = (:b) - [al,)b] - [%’1] '



CHAPTER 3. THE TOEPLITZ REPRESENTATION OF P 10

Chapter 3

The Toeplitz Representation of P

We begin our study of isometric representations of P with what is perhaps the
first concrete example one would think to consider. We work with the Hilbert
space (*(P) with standard orthonormal basis {,}.cp and represent P on 2(P)
as follows. For each a € P, define the operator T, on the basis vectors of ¢?(P)
by

Tabp := bap,

and then extend by linearity and continuity to all of £2(P).

The map a + T, is the Toeplitz representation of P and the Toeplitz
algebra of P, denoted 7 (P) is the C*-algebra generated by these 7,’s. In this
explicit setting we will easily be able to single out four essential properties, listed
in Proposition 3.1, which are satisfied by the operators {7, : a € P} and we will
then study all other representations of P which also satisfy these relations in the

next section.

One has, for a,b,c € P, < T,0p,0, >=< 64,0, >. The right-hand side of this
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is equal to 1 if and only if ab = ¢, which is precisely when a|c. Thus

Ob/a if alb
gy =14 |

a

(3.1)
0 otherwise

and from this one gets the following properties.

Proposition 3.1. For all a,b in P,

(T1) Tv=1I;
(T2) T:T,=1I;
(T3) TaTy="Te;

(T4) (LTI T)TiT.I;Ty) = T, T.T; T, whenever [§,5,1] = [£,1].

< |8

We will prove this proposition shortly. For the moment, let us assume proper-
ties (T1) through (T4) as given and examine the implications of (T4) in particu-
lar. First, since (¢, §,1] = [§, 1], it follows that (T T,T;T;)* = T; T,T: T} and thus
T, T,T;T; is a projection for each choice of a,b € P. Second, (T4) implies these
projections commute with each other, since [§, §,1] = [£, $,1]. Third, if a,b,c,d

are such that [§,1] = [£,1] then [¢,1,1] = [£,1]. (T1) and (T4) imply that
AT = [T T T ET TN = DL,

Now recall from Proposition 2.2 that every integral ideal a can be written as 12, 1],
Thus to each ideal a we can associate the projection 77,7 T}, and this choice is

independent of the a, b such that [§,1] = a.

To get an idea of why (T4) is the right relation to focus on in the general case,
let us look back at the special case where O is assumed to be a principal ideal

domain. In this setting, of course, every integral ideal a can be written as a® for
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some a, that is a = [a, 1] and the resulting semigroup P is lattice-ordered. The

covariance relation from [6] and [5], namely

(TI)(TT}) = TiawTjhy for all a,b € P,

written in a rather convoluted way, states that
(T.T})(TeTy) = T.T; whenever [a,b,1] = [c, 1]

for all a,b,c € P. While this is not very illustrative in this restricted case, it is
perfectly tailored to be adapted to the general case in light of Proposition 2.2.

The result is precisely (T4) of Proposition 3.1, which We Now prove.

Proof. Properties (T1), (T2), and (T3) are easily checked.

For each integral ideal a, let us define L, to be the orthogonal projection of
£2(P) onto the subspace

span{d, : alc}

Since [a, b]|c if and only if both alc and b|c, it follows immediately that

LaLb = LI“: b

We show that if a = [§, 1], then

Ty T T Ty = L. (3.2)

First let @ € P be arbitrary. By the adjoint computation (3.1), it is easily
checked that T,T; = L,. If a = aO is principal, then a = [¢,1]. Thus TyT,T;T; =
T,T; = L,, proving (3.2) in the special case when a is in fact principal. In general,

suppose a = [¢, 1]. Note that

LTI, Ty = Ty (T.T, ToTy) Ty = Ty (Lo Ls)To = Ty Lia 5T
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Let c € P. Suppose that [, 1]|c. Then [a, b]|bc and so

(T3 ToT; Ty)o = Ty LiapyTs0c = Ty Lia,5)06c = Ty Ope = 0c = L0

If [£,1] does not divide ¢, then [a, b] does not divide be. Thus
(T, T,T;T3)0. = Tb*L[a,b]Tb(sc = T,;"L[a,,,]ébc = 0 = L0,.
Hence T;1,T;T, = L.

(T4) follows immediately from (3.2), for if [§, £, 1] = [%, 1], then we set a :=
[%,1] and b := [, 1], and obtain

)= 2.5 = [ [5]) =te
Therefore

(LTI L)T3TT:Ts) = Lals = Ligy = T, TRT2T,,

In the following chapters we will study arbitrary representations of P which
satisfy relations (T1) through (T4) in Proposition 3.1. We will see (Corollary 5.5)
that the Toeplitz C*-algebra studied here is actually the universal C*-algebra with

respect to these four relations.

First, though, we take a slight detour and analyze both 7(P), the Toeplitz
C*-algebra of P, and the commutative C*-algebra, Bp, generated by {T; T, T, Ty
a,b € P} = {L, : a € I}. We obtain dense spanning sets for both of these

C*-algebras and explicitly describe the spectrum of Bp.

In the case of Bp, an obvious choice of a dense spanning set is precisely its

generating set {L, : a € Z} since the equation L,Ly = L5 means that this set is
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multiplicatively closed. Recall that L, = TyT,T, T, where a = [£,1]. In the case of
7 we obtain a similar dense spanning set of elements of the form 7;T,TrT, where
b and c are not necessarily equal. Note that {T;T, 7T, : a,b,c € P} is self-adjoint
- and contains T, = TYT1Ty'T, for all a € P, and so T (P) = C*(T; T,T:T. : a,b,c €
P). Thus to prove that the set has dense linear span, we need only verify that
it is multiplicatively closed. This is the following result, which handles both Bp
and 7 (P).

Proposition 3.2. The sets {T; T,T; Ty|a,b € P} and {T;T,T:T.|a,b,c € P} are
both multiplicatively closed.

Proof. As remarked above, LqLy = Ljq which proves the result for the first set
in question. As for {T;T,T:T.|a,b,c € P}, let a,b,c,a, 3,7 be elements of P.
Then

(ELTTNITATE) = T I T T T T LI (P TIT,
= TypTapTopTesTopTeaTin Tey
= Ty(TRT,T,Ty)T., for some g,h € P
by multiplicative closure of {L,:a € I}
= TysnTyTy They-

To express the commutative C*-algebra Bp as continuous functions on some
compact set, we prove that Bp is isomorphic to an analogously defined C*-algebra
of operators on ¢(Z) (recall that Z is lattice ordered with respect to divisibility)
whose spectrum is explicitly characterized by results in [6]. To this end we define
the Toeplitz operators on ¢*(T) with standard orthonormal basis {§,}qez in the

same way as for P. Namely to each a we associate the operator 7, uniquely
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determined by
70p := Ogp-

Note that each T}, is simply the restriction of 7, to the subspace £2(P) C ¢*(Z).
The map a — 7 is an isometric representation of Z where 7,7} 7,7, = Tjo (@8]
As we did before, we let L, be the orthogonal projection of £2(Z) onto the subspace
span{dy : alb}. Note once again that L, is the restriction of £, to the subspace
?(P). Let Bz be the commutative C*-algebra generated by the £,’s. Similar
to Bp, Bz is densely spanned by {L, : a € Z}. With all these similarities, it is

perhaps not surprising that Bp is the same as Bz. To prove this, we first need a

lemma.

Lemma 3.3. Let ay,...a, be distinct integral ideals in Z. Suppose a € {ay,...a,}
is tanimal with respect to divisibility, meaning a;|a implies a; = a for each j.

Then

a¢UaJ~

a;7a

Proof. Suppose a € {ai,...a,} is minimal with respect to divisibility. Without
loss of generality, we may assume a = a;. To find an a € a; which does not lie in
a; for j # 1, first pick a non-zero cin [ay, as, ..., a,]. Then ¢ € a; and by Theorem
2.1 there exists an a € a; such that a; = (c,a). Suppose now a;|a, that is, a € a;.
Since ¢ € aj for all k = 1,2,...n, it follows that a;|(c, a) = a;, which implies that
J = 1 by minimality of a;. This completes the proof. O

Proposition 3.4. Bp is isomorphic to Bz.

Proof. The obvious correspondence to consider is F': L, — L,. The hard work
lies in proving that this extends in a well-defined, bijective and multiplicative way

to linear combinations of the L,’s and hence to all of Bp.
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To show that F' is well-defined and bijective, it suffices to prove that the sets
of spanning elements, {L, : a € Z} and {L, : a € Z}, of Bp and Br respectively

are in fact linearly independent.

In both cases, the proof is given by induction on the cardinality n of finite
subsets over which the linear combinations are being taken. We handle {L,: a €

Z}. The argument for the £,’s is identical.

For n = 1, the result is trivial since all L, are non-zero, whence AL, = 0

implies A = 0.

Now suppose that for some n > 1 all subsets of cardinality n of
{Lo : a € I} are linearly independent. Note that the correspondence a +— L, is

one-to-one. Let a;,as,...,a,4+; be distinct integral ideals and suppose

n+1
> AjLg, =0
1
for some complex numbers ;. By the induction hypothesis it suffices to show

that at least one A; in the above linear combination is zero.

Choose an a € {ay, as,. .., ,4+1} which is minimal with respect to divisibility.
In other words a is such that a;|a implies a; = a. Without loss of generality, say

that a = a;. By Lemma 3.3 there exists an a € a; which does not lie in a; for all
J#1

Thus it follows that
n+l

Ml = [M8all = 1O AjLa,)dall = 0
1

which yields the result for the L,’s.

Finally, that F' is multiplicative follows from noting that LoLy = Lo and

similarly £,Ly = Lo Hence F is multiplicative on all linear combinations of
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the Ly’s and hence on Bp, the closure of these linear combinations. This proves

the result. O

From now on, we refer to both Bp and Bz as simply B. To complete our study
of B we quote a result from [6] which characterizes the spectrum of B. A subset
S C T is called directed if given any two a,b in S, there exists a ¢ in S such that
both a and b divide ¢. Secondly, S is called hereditary if a € S and b|a implies
that b € S. Letting 2 be the set of all non-empty, directed, hereditary subsets of
7 endowed with the product topology inherited from 2% (where a set is identified
with its characteristic function). The following result is an immediate application

of [6, Proposition 1°, p. 47].

Theorem 3.5. The spectrum of the C*-algebra B = Span {L, : a € I} is the
space §) of nonempty, directed, hereditary subsets of Z, viewed as a subspace of
{0,1}%. For each integral ideal a € T let D(a) := {b € T : bla}. Then D(a) is
the nonempty, directed and hereditary subset corresponding to the multiplicative
linear functional on B which maps A to < Adg, 6s >. Moreover, {D(a) : a € I}

1s dense in ).
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Chapter 4

Covariant Representations of P

Recall that 7 denotes the semigroup of integral ideals of a number field and P

denotes the subsemigroup of integral principal ideals.

Definition 4.1. A representation W : P — B(H) is called a covariant isometric

representation if it satisfies the following.

(1) W)=
(2) WiW,=1I foralla€ P;
(38) W,Wy, =Wy for all a,b e P;

(4)  (WyWaWiWe)(WiW W W,) = Wi W, W2 W, whenever (&, $,1] = [, 1].

y)

We let C*(P) denote the universal C*-algebra with respect to the above four

relations. To construct this, we let 7 be the direct sum of all such covariant
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isometric representations. One takes the *-algebra generated by the elements of
1(P) and completes this with respect to the supremum norm, that is for a, ||i(a)| =
sup{W, : W a covariant isometric representation of P}. Note that condition (2)
guarantees that ||i(a)|| = 1 for all @ € P. Hence the norm extends in well-defined
way to all of i(P). We set C*(P) = C*(i(P)). C*(P) is non-trivial since, as we
have seen, the Toeplitz representation is one such non-trivial covariant isometric

representation.

Remark 4.2. While this is not needed for the rest of the paper, we note at
this stage the connection with the work of Ezel, Laca and Quigg [4] on partial
representations. Suppose W is a covariant isometric representation. For every

a,bxz,y € P,
WeW W W, W, W, = Wy (WyW )W Wy (WaWo )W W, (W W)W,
= Wy WayWaWaeW, Wy
= Wy WeeWa,Wo, W, W,y
= WyWaW;W,.

Thus the map
T

(5) = W% = W;Wx
is a partial isometric representation (see [4]) of the whole group K*/O* of prin-

cipal fractional ideals, meaning that operators Wf satisfy

WeW:=W: = WaW3.
v Yy by v

As further setup, we wish to consider a C*-dynamical system naturally asso-
ciated with P (and with Z). We first rewrite our commutative C*-algebra B from
the last section in a way that makes no reference to the Toeplitz representation.

Consider the C*-subalgebra of £°°(Z) generated by the functions 1, a € Z, where

1 if alb
14(b) = |
0 otherwise
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In other words, 1, is essentially just the characteristic function of a (modulo units).
It is clear then that this C*-algebra is precisely span {1, : a € Z}. In fact, it is
clearly isomorphic to the C*-algebra B generated by the L,’s (defined in chapter
3), because L, is the multiplication operator by the function 1,.

On B we have two actions of P by endomorphisms, « and ¢, which correspond

to left and right translations, respectively. Explicitly, define for z € P and f € B,

(&) if z|a

0 otherwise

(azf)(a) ==

and

(02f)(a) := f(za).

From these definitions one easily checks that o 0a, = id for all z € P and that

az(1la) = lza and 04(1a) = 1jz 1. Therefore, if a = [%, 1], then 1, = (0, 0 az)(1).

Definition 4.3. A covariant pair for the dynamical system (B, P,«,0) is a pair
(m, W) where 7 is a unital representation of B on a Hilbert space H, W is an

wsometric representation of P on H and where for all A€ B and z € P,

w(0z(A)) = Wor(A)W?  and  w(0a(A)) = Win(A)W,. (4.1)

The Toeplitz representation gives rises to a non-trivial covariant pair for the
system (B, P, a, o) and by a standard universality argument, using the direct sum
of all such (cyclic) covariant pairs as in [5], one gets a triple (B x P,ip,ip) which
is universal for covariant pairs for (B, P,a,0). B x P is called the crossed product
of B by the two actions a, ¢ of P. This definition entails that given any covariant
pair (m, W), there exists a unique homomorphism, denoted (7 x W), from B x P
onto C*(m, W) := C*(n(A),W, : A € B,z € P) such that (x x W) oip = 7 and
(mxW)oip=W.
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We now study the connections between covariant isometric representations of
P and covariant pairs, which culminates in a characterization of faithful represen-
tations of C*(P). These connections are studied in the remainder of this chapter
and are direct analogues of Proposition 1.3 and Proposition 2.3 in [5]. We tackle

the question of faithfulness in the next chapter.

Lemma 4.4. (1)  If m is a non-degenerate representation of B, then

E, :=m(1,), for a € T is a family of projections satisfying
EaEb = E[u,b] (42)
foralla,beX.

(2)  Conversely, if {E, : a € I} is a family of projections satisfying (4.2),

then there exists a representation mg of B satisfying wg(1,) = E,.

(3) With E as in (2), ng is faithful if and only if E satisfies

n

H(E“ — Ey,;) # 0 whenever albj, a # b; for all j.

1

Proof. This is [5, Proposition 1.3] for (Jx,Z), the quasi-lattice ordered group of
fractional ideals of K with the semigroup of integral ideals. O

The fact that the word “covariant” was used in two different forms, once in
Definition 4.1 for covariant representations and again in Definition 4.3 for covariant
pairs, is no accident. The next result says that covariant representations and
covariant pairs capture the same behaviour. What we mean by this is that every
covariant isometric representation W induces a natural representation my of B
such that (mw, W) is a covariant pair; conversely if (7, W) is a covariant pair, W

is then automatically a covariant isometric representation.
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Proposition 4.5. (1)  If (m, W) is a covariant pair for (B, P,a,c), then W
s a covariant isometric representation of P and

7(la) = WyW, W; W, whenever a = [£,1], z,y € P.

(2) If W is a covariant isometric representation of P then there ezists a
well-defined representation mw of B such that mw(1s) = Wy W, W;W,
whenever a = [£,1], for z,y € P and such that (mw, W) is a covariant

pair for (B, P,a,0).

(3) If W is as above in (2), then mw is faithful if and only if

H(I — Wy Wo, W, W,,,) # 0 whenever a; := {%—, 1] # (1) for all j.
1

J

Proof. First suppose that (7, W) is a covariant pair for (B, P,a,0). Let a € Z,
with a = [2,1]. Then

m(1a) = m(oy 0 az(1)) = Wym(ae(1))Wy, = Wy Wom(1)W; W, = W, W, W;W,.

Furthermore, with a as above, b = [£, 1], and [a, b] = [%, 1], we have
(Wy W W W) (Wy WoWoWs) = m(la)m(1s) = m(1iag) = WiWWiW;s

and hence W is a covariant isometric representation of P. This proves (1).

Now suppose W is a covariant isometric representation of P. For each integral
ideal a = [¢, 1] define E, := W;W,W;W,. By condition (4) of Definition 4.1, it
follows immediately that E, is a projection defined independently of the choice of
a,b for which [§, 1] = a and that if b is another integral ideal, then E,E, = Ejq.5-
Let mw := mg, the well-defined representation of B which results from Lemma 4.4

(2).
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Now let € P and note that a = [§, 1] = [22,1]. Hence we have

Wermw (1a) Wy = Wo (W Wea W, Wap) W7 = (W W) (WyWao W, We) (W W)
= mw(1le)mw (1jz2,1)mw (1z)
= 7w (e [52,1)])

= mw(ljzazy) = Tw(1ljze o)

= mw(az(la))-

Next, we prove that W} m(1,)W, = mw(0z(1s)). First note that

2= (2 - 12
Therefore liz = 0z(1g). Thus

W;Ww(la)Wz = W;bWaW;be - 7rw(1[ 1]) = Ww(O'y(].a))

a
zb?

and so (mw, W) is a covariant pair for (B, P, a, ), proving (2).

Suppose now W is a covariant isometric representation and, let z1, y1, T2, ¥2, - . - Tn, Yn

be in P. Define

b:=yy2-- -y, and aq;:=z; Hyk for each j.
kj

Thus
T; a; .
—, 1] = [-=,1] for all j.
1=

Hence we may write

By — Ejpay) = Wy(I — Wy W, W2 W, )Wy

for each j, using covariance of W. Thus statement (3) follows immediately by

Lemma 4.4(3). O
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From now on, given a covariant pair (7, W), we write E, = 7(1a) = Wy W, W;W,
whenever a = [£,1]. Before seeing that the universal C*-algebra C*(P) is the same
as our crossed product under study, we first give a corollary of the covariance re-

lations which will be useful later.

Corollary 4.6. Let (m,W) be a covariant pair. For every = in P and integral

ideal a € T we have

WzEa = EI,,W; and W;Ea = E[%,I]W;.

Proof. For the first equation we have

WiEq = (W EW, )W, = (Wor(L)W))W, = m(0z(1a) )Wy = EzoaWe.

For the second equation, first note that

WZE, = W; (W, W;E,) = W} E, (W, W}).

Now write a = [£,1]. Then-

W:E, = W:E (W, W?)
= W (WyW W W,) (W W)
= WeWaW, Wi, W; = Eja yWi.

)=[&,11 =1 =21 Thus

= bz’ z?

But let us observe that |

a
bx?

W;Eo = Ejg yW; = Ejz yW;.
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Corollary 4.7. (1) The mapsig: B— Bx P andip: P — B x P are
both faithful.

(2) (C*(P),i) = (B x P,ip).

(3)  The set span{ip(y)*ip(z)ip(z)*ip(2) : z,y,2z € P} is dense in B x P.

Proof. For the first statement, since (ip,ip) is canonically a covariant pair for
(BxP,P,a,o), we prove that ip is faithful using the equivalent condition given in
Proposition 4.5(3) above. To show this, it suffices by the direct sum construction
of the crossed product, to show the similar statement holds for any one direct
summand. We thus use (mp,T) where T is the Toeplitz representation, for this

task.

So suppose that z1, v, Z2,¥s, . . . Tn, Yn are elements of P such that each a; =

[%, 1] # O. Then

n n

[[e-11,11,) =[]0 - L)

j=1 j=1

is the orthogonal projection of £2(P) onto the subspace
span{d. : c is not divisible by any a;}. (4.3)

It suffices to show that this space is not the trivial space {0}. Since there are
infinitely many prime ideals in O (see [8]) and only finitely many non-trivial
ideals a; under consideration, it follows that there exists a prime ideal p which
does not occur in the prime factorization of any a;. This implies at once that
none of the a;’s divide p. Therefore p is minimal with respect to divisibility for

the set {p,a1,...a,}. By Lemma 3.3 there exists an element p in p which is not
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in any of the a;’s. It follows at once that d, is in the space (4.3) and hence ip is

faithful.

Now suppose that ip(z) = ip(y) for some z,y in P. Then by the canonical
map from B x P onto 7, we have T, = T,. Thus &, = T(61) = Ty(d1) = &y,
whence z = y. Thus ip is faithful.

Now Proposition 4.5 parts (1) and (2) give a one to one correspondence between
covariant isometric representations of P and covariant pairs for the C*-dynamical
system (B x P, P,a,0). Since (ig,ip) is a covariant pair, we have ip(1ls) =
ip(y)*ip(z)ip(z)*ip(y) whenever a = (£,1], it follows that B x P is generated
as a C*-algebra by the range of ip. Thus (B x P,ip) is universal for isometric

covariant representations and hence is isomorphic to (C*(P),) by uniqueness.

Statement (3) follows by exactly the same argument used for the Toeplitz

representation given in the proof of Proposition 3.2. O
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Chapter 5

Faithful Representations of C*(P)

Now that we have realized C*(P) as a crossed product, we can more easily answer
the question of when, given a covariant isometric representation W of P, the
resulting corresponding representation ¢ of C*(P) onto C*(W, : z € P) is in fact
faithful. This amounts to asking, in the language of crossed products, when the
representation my X W : Bx P — C*(W, : z € P) which arises from the resulting
covariant pair (mw, W) is faithful. Remarkably, the faithfulness of (my x W) is
equivalent to the faithfulness of 7y, the proof of which we shall see in Theorem

5.4.

The line of attack for this result is that of [5] (p. 424- 425), which we restate
here. Given a covariant pair (7, W), recall that B x P is the closed linear span
of elements of the form ip(y)*ip(2)ip(z)*ip(z) and, similarly C*(m, W) is the
closed linear of span of elements of the form W;WIW;VV, Inside these two
C*-algebras live similar C*-subalgebras, namely ig(B) C B x P and 7(B) C
C*(m,W). Recall also that ig(B) is the closed linear span of elements of the form

ip(y)*ip(z)ip(z)*ip(y) and likewise 7(B) is the closed linear span of the elements
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Wy W, W;W,.
We will show that the two maps

@(ip(y) ip(z)ir(2)"ip(2)) = 0y.1p(y)"ip()ir(z)"ip(2)

and

SWyWW2W,) = 8, W W, W2W,

extend in a well-defined way to homomorphisms B x P — ig(B) = ®(B x P) and
C*(m,W) — w(B) = ¢(C*(w, W)), respectively. Then it will be obvious that the

following diagram

Bx P 2%, ¢t (x, W)

L ¢
. axW
ig(B) —— 7(B)
is commutative. Assume further that we know that ® is faithful on positive
elements, meaning that ®(A*A) = 0 implies A = 0, and that (7 x W) is faithful
on the range of ®. Then it turns out that (7 x W) is faithful. For if (xW)(A) = 0,
then

(m x W)(®(A%A)) = ¢(m x W)(AA) =0,

and hence ®(A*A) = 0, from which we may infer that A = 0.

This breaks the problem into three manangeable parts. The first part is the
verification that ® and ¢ extend as we would like. This is tackled in Proposition 5.2
and Lemma 5.1. Once we know this, the second stage is to obtain the faithfulness
of ® on positive elements, which is done in Lemma 5.3. After this, we see that
the question of faithfulness of (7 x W) on B x P reduces to the question of its
faithfulness on the range of ®. The main result of this thesis is Theorem 5.4,
which tackles the third part, establishing conditions on covariant pairs (m, W)

which guarantee (in fact, characterize) faithfulness of (7 x W) on the range of ®.
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Lemma 5.1. With the same hypotheses and notation as the above in Proposition
5.2, given a linear combination
> Ay W W W,
z,y,2€F

there erists a projection Q € m(B) such that

QW W, W;W,Q =0 if y # 2 (5.1)
and
1D Ay s Wy WeWW)QN = 1| Y Aaye Wy WaW2 Wyl (5.2)
z,yeF z,yeF

Proof. Let (w, W) be a covariant pair for (B, P, o, ¢) with 7 faithful and suppose
we are given a linear combination
D Aay W WW W,

z,y,2€F
where F' C P is non-empty and finite. After relabelling, we may assume without
loss of generality that (z,y, 2) # (a, b, c) implies that Wy W, W; W, # Wy W, W;W.,.
Finally, let 7 = {[2,1] : z,y € F'} and set, as above, E, = W; W, W;W, for each
0= [f, 1] in F. There exists then, by [5, Lemma 1.4], a non-empty set A C F

which satisfies the following two properties. First,

pPpE

acA

. (5.3)

})mmmmm

acF

Second, letting [A] denote the lowest common multiple of the ideals in the set A,
the projection

Q% = E H (I — Ey)

bEF\A

is nonzero. Consider the following projection

Qa:=1p [] (1-1p)
beF\A
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in B and note Q§ = m(Q4). Thus Q4 # 0 since Q # O. This gives the
following insight into the set A. Suppose that a divides [A] for some a € F\A.
Then [A] = [[A],a]. Thus Q4 vanishes, since it contains the factor 1j4)(1 — 1) =
1j4) — 1jja),q = 0. Therefore, Q4 # 0 implies that A is an initial segment of F, in
the sense that

A= {a € F:adivides [A]}. (5.4)

From this it immediately follows that

QO Aeaa Wy WeWe W) Q% = O Aey) Q5. (5.5)

acF acA

We are now set to define the sought-after projection Q. For distinct a, b in A,
set dop := [§,1] if [§, 1] # O and otherwise set dqp := [2,1]. Since the ideals a, b
are distinct, it follows that dop # O. Now let

Q= II Bu-Epn) I (Ba-Ea.,)

heF\A a,beA,a#b

We first verify that @ # 0. It suffices by faithfulness of 7 to show that the

corresponding product
IT Ge—tpam) JT (a— L)
heF\A a,bEA,a£b

is non-zero in B. To see this, we evaluate this product at the point [A]. This
evaluation is non-zero for the following reasons. h ¢ A implies that [[A], h] does
not divide [A] by (5.4). Thus (14 — 1jap)([A]) = 1. Furthermore, if a,b are
distinct elements of A, recall that dop # O. Thus [A]d,p divides [A] implies that
dap|O which is impossible. Hence (114 — 144, ,)([A]) = 1. Thus it follows that
Q#0.

Since @ is a non-zero subprojection of Q£ above, (5.2) follows immediately

from (5.3) and (5.5).
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We now show that (5.1) in the statement holds, that is that QW W, W;W.Q =
0 whenever y # z in F. So suppose y # z and let a = [%, 1] and b = [£,1]. Then
a # b by our original relabelling assumption. First note that

W WW, W, = Wi(W, W)W,
= (WyE;)(E W)
= (E'[i,l]I/V;)(WzEEJ]) by Corollary 4.6
= EW;W,E,.

Now suppose that one of a, b does not lie in A. If a € A, then QFE, contains the

factor
(Ela) — Eja),09) Ea = Ejja),q — Ejja14 =0,

and so QFE,; = 0. Similarly, b ¢ A implies E,Q = 0. In either case we then have
that
QW W, W W.Q = QEW;W.EyQ = 0.

Finally, suppose that both a and b are members of A, and assume
dap = [§,1]. The case where dyp = [%, 1] is handled similarly. For the rest of the
proof, we denote d,p by d for brevity. Before we begin our calculations, we note

that for integral ideals g, b, g|h implies that E, > Ej,

Now QW W, W;W.Q = QEuW;WzEbQ contains the factor
(E[A] - EIA]d)EuW;WzEbE[A], which we show equals 0.

(Ela) — Eaja) EW;W.EvEly) = (Ejay,e — Ejajaa) Wy W.Epsa
= (Bl — Eaa)Wy W, Ey
= (Bl — E[A]d)E[M l]Wy*Wz by Corollary 4.6
A,
-0
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where the second equality holds because a,b € A and so [[A],a] = [[4],b] = [A].
Furthermore, the last equality is true since (Ej4 — E[A]d)E[#lJ] = 0. To see
this, we show first that [E[bﬂ, 1] divides [i[yél, 1]. Recall that a = [£,1] and that
b= [£,1]. Since 2 = £/%, it follows that [¢, 1] divides £, 1] and so [%24], 1] divides
24, 1).

Therefore we have

(Eta) — E[A]d)E[ilyél,u < (Bray — E[Ald)E[ﬂbdl,u . E[[A],ﬂ;-‘l,l] - E[[A],ﬂ,,dl,ﬂbél,u =0
and the result follows. O

Proposition 5.2. Suppose (m, W) is a covariant pair for (B, P,a, ), where 7 is
faithful. Let F be a finite subset of P. Then
S Y Ay WWaWIWa o D Aoy Wy W WS W,
z,y,2€F z,yeF

is contractive and hence extends to a contraction of
C*(W,; :z€ P)=nwx W(B x P) = span(WyW.W;W, : z,y,z € P) onto
span(Wy W, W;W, : z,y € P) = n(B).

Proof. Consider an arbitrary linear combination
D ey W WWEWL.
I,y,ZGF
It suffices to prove that
1D Ay Wy WaWe Wl < U1 D0 Aay Wy W W W
zyeF z,y,z€F

since the set {W W, W;W. : z,y, 2 € P} has dense linear span in
C*(W, : z € P).
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Lemma 5.1 immediately applies to give a projection @ such that

QW W, W;W.Q = 0 when y # z and such that

1QCD - ey Wy WeWW)QI = [| D Aeyy Wy W W W, .

T,yeF z,yeF

Thus

1D AegaWyWaWoWoll = 11Q( D Aayu Wy WaW2W,)Q||

z,yeF T, yeF

= [1Q( Z ’\I,y,zW;WzW;I’VZ)Q”

zyvaEF

<N DD Ay Wy W W W |

Iyy,ZGF

and the result follows. O

Our last major step before Theorem 5.4 is to show that the map ® : Bx P —
span{ W, W, W}W, : x,y € P} given by Proposition 5.2 is faithful on positive

elements.
Lemma 5.3. Let @ : B x P — span{ Wy W, W;W, : z,y € P} be determined by
O(ip(y)*ir(z)ipr(z) ip(2)) = dy:1p(y)"ip(z)ir(2) ip(2),

as in Proposition 5.2. If ®(A*A) =0 for A€ B x P, then A= 0.

Proof. Welet G = P~ P, which is precisely the group of principal fractional ideals
of K. Equipping G with the discrete topology, we get that the dual group G is
compact. For each v in G, let vip : P — B x P be the map

(vip)(z) == v(2)ip(z).

One immediately checks that that (B x P, P,ip,~ip) is also universal for covariant

pairs, and thus there is an automorphism 6, on B x P such that 6, 0ip = 7ip.
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One can easily check that each 6, is pointwise continuous on the generating set
ig(B) Uip(P). And since automorphisms are automatically isometric it follows

that 6 determines a strongly continuous action of G on B x P, ie. that
7+ 0,(A)
is a continuous map from G to B x P for each fixed A € B x P.

Setting @4 to be the conditional expectation over G defined by
Dy(A) = /G_Qy(A)d'y, foreach Ac Bx P
it follows by Fourier inversion that
Bulip() in(@)in(@)ip()) = [ 0,(ie(0)'ip(a)ie(a) in(2)it

- (/G 7(y‘1xaz“lz)d'y) ir(y)*ip(z)ip(z)"ip(2)

= dy.ip(y)"ip(z)ip(z)"ip(2)
on the spanning set and hence ®; = ® on all of B x P. -

Theorem 5.4. Let W be a covariant isometric representation of P. Then the
corresponding representation mw X W is an isomorphism of B x P onto

C*(Wy : z € P) if and only if

H(I — Wy, Wz, W Wy,) # 0 whenever a; := [%, 1] # (1) for all j. (5.6)

1 J

Proof. Suppose first that my x W is faithful. Recall by Corollary 4.7 that ig is
faithful, whence (mw x W) oip = my is a faithful representation. Thus (5.6)

follows by Proposition 4.5(3).

Now suppose that (5.6) holds. Then by Proposition 4.5(3), 7y is faithful.
Thus Proposition 5.2 applies to give a contraction ¢ on C*(W, : z € P) defined by
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(W, W, W; W) =6, .W;W,W;W,. With ® as in Lemma 5.3, we obviously have
that go(mw x W) = (mw x W)o®. Recall from Corollary 4.7 that B x P is densely
spanned by span{ip(y)*ip(z)ip(z)*ip(z) : z,y,2 € P}. Therefore ®(B x P) =
span{ip(y)*ip(x)ip(x)*ip(y) : ¢,y € P} = ip(B). But ip is faithful by Corollary
4.7 and so ®(B x P) is isomorphic to B. Thus the faithfulness of 7 on B implies
the faithfulness of (my % W) on the range of ®. Thus (mw x W)(A) = 0 implies
that
(mw X W)(2(AA)) = ¢((mw x W)(A™A)) =0

and hence ®(A*A) = 0. Now Lemma 5.3 applies to give A = 0, and this completes
the proof. O

Corollary 5.5. C*(P) is isomorphic to the Toeplitz C*-algebra.

Proof. Letting T be the Toeplitz representation of P, it suffices to show that (5.6)
holds for the covariant pair (7r,7). But this fact was already demonstrated in

the proof of Corollary 4.7 above so we are done. O
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Chapter 6

Conclusion

We began with a number field, K, and its associated semigroup of principal inte-
gral ideals P and studied its most concrete isometric representation, namely the
Toeplitz representation. Just as the principal ideals [a, 1], a € P were not enough
in general to capture all the integral ideals in Z, so too were the associated range
projections 7,7, not enough enough to obtain a covariance relation that could
characterize the Toepltiz C*-algebra. However once division was considered, we
saw that every integral ideal in Z was of the form [¢, 1] for some a,b € P (Propo-
sition 2.2). This algebraic property was realized in the Toeplitz C*-algebra by
taking the range projection 7,7 and conjugating to get T;7,T*T;. The result
was (T4) in Proposition 3.1 and it turned out to be the correct property on which
to focus. Following the Toeplitz representation we studied arbitrary isometric rep-
resentations of P which satisfied this new covariance relation and showed that the
universal C*-algebra C*(P) for relations (1) through (4) in Definition 4.1 could
be expressed as crossed product B x P of a C*-algebra by two actions of P. With
this handle on C*(P) we then proceeded to characterize faithful representations

(m x W) of the crossed product. The culmination of this was Theorem 5.4, from
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which it followed as an immediate corollary that the Toeplitz C*-algebra initially

studied was canonically isomorphic to C*(P).

The approach we took only involved representations and actions of P and was
direct. There is a more abstract approach to this involving the use of partial
isometric representations of the group K*/O* of all fractional principal ideals,
which includes P as a proper subsemigroup. We touched upon this in Remark 4.2
and it is our belief that the results of this thesis could be obtained alternatively
using the results of [4]. This will be investigated at a later date.

Regarding other possible avenues of research, recall that our need to seek out
a new covariance stemmed from the fact that in general not all integral ideals in
a number field are principal. But there is a construction in number theory which
essentially “makes ideals principal” (see [8]). Specifically, given a number field K
with ring of integers Ok there exists a finite field extension L O K with ring of
integers Or, D Ok which satisfies the following. Given any subset S of Oy, let (S)
be the ideal in Of, generated by S. For every integral ideal a in O, there exists an
a € Of such that (a) = aOy and where (a) Ok = a. Note that this does not say
that Oy is a principal ideal domain and in fact it is not always possible, given K,
to find such an extension L where Oy, is a principal ideal domain. Nevertheless,
if one applies the theory developed in this paper to the principal integral ideals
Py and Pp, of K and L, respectively, it remains an interesting question of how

C*(Pk) could fit inside C*(Pp) in light of the above.
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