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1 Introduction

The transmission of communicable diseases in animal populations involves various types
of interactions between individuals carrying the pathogens that cause the disease and
those susceptible to new infection. There are various characteristics of individuals which
affect both their propensity to interact with each other, and the likelihood of an inter-
action leading to the transmission of a disease. These characteristics may include social
and economic status, age, profession, and a variety of other distinctions which affect
interactions with others in the given population. The structuring of a population due
to age differences has been an integral part of two of the pioneer epidemic models due
to Bernoulli (1760) and McKendrick (1926), and this type of modelling continues to
be used (see, for example, Busenberg, Cooke and lannelli (1988), and the references
therein). Most of the classical models of epidemics have tended to neglect other natural
epidemiological groupings of populations.

However, in the more recent literature on mathematical epidemiology there are many
models which include the effects of different internal structures of the population on the
dynamics of disease transmission (see, for example, Lajmanovich and Yorke (1976),
Hethcote (1978), Travis et al. (1980), Hethcote and Yorke (1984), Anderson and May
(1985), Hethcote and Thieme (1985), Sattenspiel (1987), Hethcote and Van Ark (1987),
Busenberg and Cooke (1988), Jacquez ef al. (1988), Sattenspiel and Simon (1988),
Castillo-Chavez et al. (1989)). Most of this work is concerned with populations of a
fixed total size, a condition which is a reasonable approximation only for diseases which
have a short duration in comparison with the time scale of the natural changes in
total population size. The data for human populations in underdeveloped countries in
particular, indicate that this type of steady-state assumption should not be taken as a
valid approximation for any disease which involves multiyear incubation or infectivity
periods. One example of such a disease which is widely being studied at present is
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HIV/AIDS. Serious attempts to find the interplay between variations of population size
and the dynamics of this disease include the work of Anderson, May and McLean (1988),
Brauer (1990, 1991), Busenberg, Cooke and Pozio (1983), Busenberg, Cooke and Thieme
(1991), and Pugliese (1990). In the modelling of insect populations which often act as
vectors of human infections, it is seldom the case that the populations can be regarded
as being of constant size within the time scale of the dynamics of disease transmission.
Models of vector borne diseases, such as the ones in Busenberg and Cooke (1982, 1988),
include this interplay between the disease and the population dynamics; and in their
model of host parasite dynamics with multi-stage infective agents, Bremermann and
Thieme (1989) assume the host population has limited growth.

The purpose of the present paper is to study the dynamic effects of diseases in
populations which are not in a steady state situation, and which are divided into multiple
subpopulations with distinct disease transmission properties. We derive and analyze a
model that describes this type of disease transmission, using a proportionate mixing
force of infection term. There are clear problems in extending the widely accepted
proportionate mixing force of infection term to populations with varying sizes. We show
how to allow the transmission dynamics of the disease for any population subgroup to be
caused by more than one mechanism. This can occur, for example, when an individual
faces disease transmission conditions at the workplace which differ from those at other
social interactions. This “mixing” of the types of the force of infection terms, albeit
in constant total populations, has been studied by Nold (1980) and by Andreasen and
Christiansen (1989), among others. We show that only certain forms of the force of
infection allow for the possibility that endemic proportions can reach steady states when
the total population is varying in size. We analyze in detail the dynamic behavior of our
model and show that there is a unique disease free equilibrium. We derive linear stability
criteria for this disease free state, provide threshold criteria, and obtain conditions under
which the total number of infectives either tend to zero or grow when their proportion is
constant in a growing population. We also discuss the existence of an endemic proportion
steady state. We show that the stability and threshold criteria can be different depending
on whether or not the total population is increasing or decreasing. This occurs in other
disease transmission models which account for changes of population size (see Anderson,
May, and McLean (1988), Busenberg, Cooke and Pozio (1983), Busenberg, Cooke and
Thieme (1991), Busenberg and van den Driessche (1990), Busenberg and Hadeler (1990),
Busenberg and Vargas (1991), and Gao and Hethcote (1992)).

We now turn to the discussion of the force of infection term in a multigroup popula-
tion of varying size. Consider a population that is subdivided into n discrete subpopula-
tions which interact with each other in different ways. Assume that within each of these
groups there are three epidemiologically distinct types of individuals, the susceptibles,
the infectives, and the removeds. Total numbers in subgroup j are respectively denoted
by S}, I;, and R;. We deal with a model which is, within each subpopulation group, of
the S; — I; — R; — 5; type. The total population of group j, denoted by Ny, is given
by N; = S; 4+ I; + R;, and is allowed to vary with time. We assume that there are three
basic modes for disease transmission within each group and between different groups.
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The first mode of transmission does not involve direct person to person contact, but
rather contact with a common environment, such as food or air. In this circumstance,
each infective adds to the general pathogen load of the environment and the force of
infection is proportional to the total number of infectives, perhaps with some saturation
level occurring when the number of infectives becomes very large (see Capasso and Serio
(1978)). Neglecting this saturation at high infective numbers, the force of infection on
susceptibles of group j, takes a mass-action form of the type:

> Njrdi, (1.1)

k

where Aj; = Kjrcj, Ij; is the per capita contribution of pathogen by an infective of
group k to the environment of group j; and c¢; is the rate at which a susceptible from
group j comes into a disease transmitting contact with the affected environment. Unless
indicated otherwise, our summations are over all groups, so k varies from 1 to m in (1.1).

The second mode of transmission that we consider involves personal contacts between
individuals. Such contacts are assumed to occur at random between all individuals in
the total population, but the nature of the contacts, as far as the probability for disease
transmission is concerned, varies with the group. The force of infection term in this case

takes the form I
k :
k

where A;; has the same form as above, however, with K;; now being the proportion of
contacts between an infective of group %k and a susceptible of group j which leads to an
infection, and c¢; being the rate at which a single susceptible of group j has contacts
with other individuals in the total population N = ", Ni. The proportion I /N of
these contacts is with infectives of group &, thus the rate at which the infection is being
transferred to group j individuals, due to such contacts, is given by the k** term in
(1.2). We call this type of force of infection term total proportionate mizing, in order to
distinguish it from the more general proportionate mizing terms that we discuss below.
Most of the detailed analysis in this paper deals with the form (1.2) for the force of
infection.

The third type of disease transmission that we consider involves direct contacts
between individuals in the population. As discussed in Jacquez et al. (1988) in their
model of HIV transmission, where there is a nonconstant but bounded population,
and in Andreasen and Christiansen (1989) for person to person contact situations, the
proportionate mixing hypothesis leads to interaction terms of the form

erdy .
¢ D Likss— (1.3)
T z mNm

where cj, represents the rate at which members of group k& make contacts with other
members in the population. Here Ljj is the proportion of those contacts of members
of group £ which are with members of group j. Now, letting K ;3 be the proportion of
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contacts between an infective of group k¥ with a susceptible of group j which lead to the
transmission of the infection, we obtain the following form for the force of infection in

this case:
crly

Ap—— 4
Zk: 7 Zm CmNm’ (1 )

where Aj = K, Ljrc;. We note that, if the ¢; are all equal in (1.4), then the propor-
tionate mixing force of infection reduces to the total proportionate mixing term given
in (1.2).

A more general form of the force of infection which includes both (1.1) and (1.2) is
given by

Iy,
Zk:’\jkm, (1.5)

with (¢ € [0,1]. Note that this form reduces to {1.1) when {z = 0, and to (1.2) when
¢ = 1. We shall return to this form in what follows. It is important to note that the
units of the Aj; are different depending on the form of the force of infection term that
is used. For (1.2) and (1.4), the units of Az are 1/(time), while for (1.1) they are
1/(time x person). In the general form (1.5) the units of A;j are 1/(time x person!=¢x).
If all three types of contacts, (1.2), (1.3), and (1.4), are present, then the form of the
force of infection becomes:

AZ A
DY SR L. LESE. ¥ /% 1.
Zk: J k + N + an CTI'L NTIl ¢ ( 6)

Since direct contacts between susceptibles and infectives occur between pairs of individ-
uals, there is a natural symmetry condition that needs to be imposed on the coeflicients
which enter through Aj; in (1.2) and (1.4). Dealing with (1.2) first, we note that the
total number of contacts per unit time (say per day) of susceptibles from group j with
infectives of group k is given by ¢;5;1; /N. If ¢}, denotes the rate of contact between one
infective of group & and other individuals in the population, we have

CzIk'S'j/N = ¢ ijk/N.

Thus, we must have ¢; = ¢}, for all 7 and k. Consequently, ¢; cannot depend on the
group index j. Thus, the A vary with j and & only because there is a difference in the
probability of transmission of the disease, given that a contact has occurred between a
susceptible member of one group and an infective of another. We note that A;; need
not be symmetric in j and k, since individuals from different groups may have widely
differing susceptibilities of acquiring an infection upon contact with an infective from
another group.

In the case of the proportionate mixing terms in equations (1.3) and (1.4), the same
symmetry of contacts reasoning applies as for (1.2), and it results in the condition

CL,Cijj SjIk = CjCijkaSj,
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thus, Lg; = Lji. However, Aj; = K Ljc; is not necessarily symmetric in j and k.
Note that the above restriction does not apply to the coefficients ¢; in (1.1) since, in
that situation, the disease is not being transmitted via direct person to person contacts.
The Aj; once again need not be symmetric in j and k.

Each term of the more general form given by (1.5) can be written as the product

I(jijk Iy
(W) (ij\;> : (L.7)

K;wLjx
Neg—1
proportion of contacts between susceptibles with infectives (in a proportionate mixing
situation) which lead to transfer of the disease from the infective to the susceptible
individual. The nonlinear dependence of this term on the total population may reflect
behavioral changes that occur when the total population size varies and which affect
disease transmission.

from which it is seen that the coefficient ( ) can be viewed as representing the

2 Model Formulation

We now formulate our m-group 5; — I; — R; — 5; model with total proportionate
mixing. We assume that the births in each group are proportional to the total popula-
tion number, but with a different birth rate in each group. The parameters, assumed
nonnegative, are

bj = birth rate in group j, assumed positive,
d; = natural death rate in group j, assumed positive,
Ajr = effective contact rate,
v; = recovery rate in group j, assumed positive,
B; = rate of loss of immunity in group j,
€; = excess death rate in infective class in group j,
6; = excess death rate in removed class in group j.
The rate of change of each class in group j, j = 1,...,m, is given by
Si=b;N —d;S;—S; > M\ul/N + B Ry, (2.1)
4
I = —(d; + &)l — 331 + 55 ) AT/ N, (2.2)
k
R = —(dj + 8;)Bj + 7 1j — Bj &;- (2.3)

Here N = Zj(Sj +I; + Rj) = Zj N; and unless indicated otherwise, summations are
over all groups, so the index runs from 1 to m. Adding these gives the equation for the
total population
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N’ =bN — Z(dij + € 1; + 5jRj), (2.4)
J

where b = Zj b;. It is easy to see that, for given nonnegative initial data, the model is
well posed and has nonnegative solution for all subsequent time.

The special case of a 1-group model is completely analyzed in Busenberg and van den
Driessche (19). Asin that case, with a variable population size, we work with proportions
of the population. Thus we define

sj = 8i/N, i =1ILi/N, 1 =Ri/N, nj=N;/N,

and so n; = 8; + i; + r; is the proportion of the total population in a group j. Then
the model equations become

.Sj’ = bj + s [—(lj — b+ Z(r/,w'lk + ety + bpry — Ajg,,i;;)] + ﬁjrj-, (25)
k
i = —1; (dj + €5 + 75 +b) + 45 Z (dpng + exin + Sxrr) + 55 Z Ajxir, (2.6)
k k
rf = —r; (dj + & + B; +b) +vij + 15 > (dena + exin + Gx7), (2.7)
k
giving
njl = bj — Ny ((lj + b) + nj Z (flknk + eptp + 5ka) — Ejij — 5_7'7'_7'. (2.8)
k
Also, defining 7 = Zj i;, we have an equation for the total proportion of infectives,
namely

i = —bi + Z(i((lj?lj + Ejij + 5]'7'_7') — ‘ij ((lj + € + ’)’j:) + 85 Z/\JLZL) ('2.9)
j k

3 Disease Free Equilibrium

The possible disease free equilibrium (DFE) steady-states with s; > 0, z; = 0 for all 7,
from (2.5) and (2.7), satisfy

0=0b;j+s |—dj —b+ Z (dist + (di + 8)re)| + Biry, (3.1)
k

and either r; = 0, or

0= —((lj+5j -}-ﬂj+b)+2(dk8k+(dk+5k)7‘k). (32)
k
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We note that, since b; is assumed > 0, by (3.1) we must have s; > 0 for any DFE, and
S0

—-—(lj — b+ Z (dkSk + (dk + 6k)rk) < 0.
k

Thus (3.2) gives 0 < —(3; + ;) which is impossible. Thus r; = 0 is the only possibility
in a DFE, which means s; = nj. We have the following existence and uniqueness result.

Lemma 3.1 Ifb; > 0 for all j, then there exists a unique disease free equilibrium (DFE)
for the model equations (2.5)-(2.7). The DFE 5 = (51,...,5m )T satisfies

_'j:Fj:O, 0<§j§1f07'j:13"'7ma'nd Zgjzl'

The 3; satisfy
b— Y didi = bj/5; —dj = by /5 —di, (3.3)
k

with the expressions in (3.3) having the same sign as
Z bk/(lk -1,
k

and being equal to zero if and only if Y, by /dy = 1. Moreover, 31 satisfies the equation

dy. by :
0=25b +§|:—(l —b+ 3 _]. 3.4
1 1 1 1¥b1+(dk-‘d1)51 ( )
Proof. The proof that r; = 0 for any steady state precedes the lemma statement.

In the special case when Z bj/d; = 1, then, for m > 2, b;/d; < 1 for all j. Thus
5 = n; = b; /d and so (2. 4) shows that the total populatmn N is constant. When
r; =0, 7= 1 ,m, condition (3.1) can be rewritten as the fixed point problem

_ bj N —(lj + h dp
%_b+h+%[b+h +rb+h%}

£5(3) (3.5)

where h > d; is a positive constant. As Zj 5; =1, we have

) d; 8 dy 35
2:F‘s_b+h §:b+% §:b+h—

Thus F(5) = (Fl(_‘) ) Fm(_)) maps the simplex Z §; = 1 into itself. As h > d;, we
have F3(5) > 0 wheneve1 5; > 0, and the closed convex set Z 55=1,0<35 <1is
mapped into itself by F'. Hence, by the Brouwer fixed point theorem (see, e.g., Deimling
(1985), pg. 17, for a proof), F ha.s a fixed point in this set. Since §; = 0 is impossible as
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b; > 0, I has a ﬁ,?ced point with 0 < 5; < 1, Zj §; = 1. (When there is only one group,
then 5; = 5, = 1.)

To prove uniqueness, assume there are two DFE solutions s = (51,...,3m)T and
5= (81,...,8m )T, where all s;, 5; must be positive (as b; > 0). Then, from (3.1),

0= bj + 8 (——(lj — b+ Z dksk) = bj + 85 (——dj — b+ deEk) . (3.6)
k k

Note that the terms multiplying s; and §; in brackets must be negative for a steady
state to exist. But (3.6) can be rewritten as

(—d; —b)(sj —55) = 5 Zflk 55— sk) + (55 — deSk,
which gives ‘
(Sj - §j) <Z dysy — dj — b) = 5 de(gk — Sk).
k

k

Assuming the right side is positive gives (by the sign statement above) s; < 5; for all
j,s0 Z 55 < Z §;. This is a contradiction as both sums must equal 1. Similarly if the
right 51de is negatlve there is a contradiction. So the right side must be zero, and since
the term multiplying (s; — QJ) on the left hand side of the above expression is negative,
we must have §; = s; for all j, and the DFE is unique.

From (3.6) we also have

degk = Clj +b— bj/gj (3.7)
k

for any j, and in particular for 5 = 1. Hence

- 51 b;
SJ - bl + ((lj — dl)gl’ (38)

or equivalently, the two equalities in (3.3) hold.
Now, from (3.3) we see that

Thus, by/3; — d1, and hence the rest of the expressions in (3.3), have the same sign as

S b d; — 1.
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Using (3.8) for 5 in the equation for §; from (3.6) gives (3.4) as an implicit equation
for 5; in terms of the birth and natural death rates. This completes the proof. O

Note that a DFE with §; = 0 is possible if and only if b; = 0, that is, the gt
subpopulation is non-reproducing, which is ruled out by our assumption. In the special
case with equal natural death rates in each group, the DFE is given explicitly as 5; =
b; /b.

To discuss the local asymptotic stability of the DFE, we need to introduce some
notation. Let I = (A;;) be the matrix of effective contact rates, and set

0;(8) =75+ b/5 + & =7+ & +dj +b—D di5i > 0.
k

Then
B = diag(a;(5;)) and C' = diag(s;)

define m x m positive, diagonal matrices. The spectrum of a matrix A is the set of all
eigenvalues of A and is denoted by o(A). We use p(A) for the spectral radius of 4, i.e.,
p(A) = max{|z]| : = € d(A4)}. We now give our stability result in terms of a threshold
parameter Rg = p(B~1CL), (see Lajmanovich and Yorke (1976) for a discussion of
similar criteria and Diekmann et al. (1990) for a more recent general discussion). We
give an epidemiological interpretation of this threshold in Section 5.

Lemma 3.2 Suppose that Zj bj/d; > 1, then the DFE as given in Lemma 3.1 is locally
asymptotically stable (LAS) if and only if Ry = p(B~'CL) < 1.

Proof. Local stability of the DFE is investigated by linearizing (2.6)-(2.8) about the
DFE (%5, rj, n;) = (0, 0, §;). Setting 1; = Tij, rj = 75, nj = §; + 7, gives the linearized
equations for these perturbations (dropping the™ from the symbols) as

’ij/ = —i; (dj + €+ + b— zdkgk — /\jjgj) + 55 Z Ak, (3.9)
k k#j
7‘j/ = =Ty (dj + 5j + ﬂj +b— Clj.§j) -+ ’)’jij + 1y z dy, 5, (3.10)
k#zj

nj’ = —nj (([j +b— Z di 3, — (lj§j> + S5 Z(Eki]"’ -+ 51;,7’};)
k

k (3.11)
- Ej'ij - 5j7‘j + ;5 denk.
pa—y
We can write the matrix obtained from this system in block form
Ay 0 0
A=1 Ay Aas 0 , (3.1'2)

1431 ABE A-BB



10 Stavros Busenberg and P. van den Driessche

thus stability depends only on the m x m matrices A;;, 7 = 1,2,3. From (3.9) and (3.7),
the main diagonal terms of A1, are —a;(5;) + Aj;3;, and A1y = —B + CL. So, if I
denotes the m x m identity matrix

—An = B(I-B7'CL) (3.13)

has the Z-matrix sign pattern (see, e.g., Berman and Plemmons (1979), Ch. 6). Thus
Aj; is (negative) stable if and only if I — B~*C'L is a nonsingular M-matrix, that is if
and only if Rg = p(B~1CL) < 1. Matrix Ass is diagonal with main diagonal terms equal
to —(B; + 6; +b;/3;) < 0. Matrix Asz has j** main diagonal term equal to d;5; — b; /5;,
and (7, k) term equal to d;5; for j # k, thus

Ass = —diag(b; /5;) + (51, 3m) (di,- -+, dm). (3.14)

The matrix (—Asz) is a Z-matrix, and so is an M-matrix if and only if each leading
principal minor is positive (see, e.g., Berman and Plemmons (1979), Ch. 6). Using the
fact that Ass is a rank 1 perturbation of a diagonal matrix, we find

det(-——A33> = ﬁ (%> 11— Z %j—géz . (315)

8
k=1 k J

Thus each leading principal minor is positive if and only if

d;
1> Z-b—j-s; (3.16)
j

But, from (3.3),

so (3.16) is true if and only if b; > d,5;. Since Zj b;j/d; > 1, this holds by (3.3) in
Lemma 3.1.
Combining these results, as

o(A) = UU(AZ-Z.),

we obtain the local asymptotic stability characterization of our lemma. O
The principal minor method used in our proof of the stability of A3z has been used
by several authors to derive threshold conditions in related models, see for example, May
and Anderson (1984), Hethcote and Van Ark (1987) and Andreasen and Christiansen
(1989).
When } . b;/d; > 1, a simpler sufficient condition for LAS is given by

p[(ding(ay (1)) L] < 1.
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This result is independent of §;, but is not sharp. If Rg > 1 then the DFE is unstable.
When 3. b;/d; = 1, then the linearized method is inconclusive. For the 1-group model
analyzed in Busenberg and van den Driessche (1990) the spectral radius inequality
becomes A < b4 7 + ¢; and the DFE, namely (3,4,7) = (1,0,0), is proved to be globally
asymptotically stable when A < b+ v + e. For this single group model, 5 is independent
of the natural birth and death rates. In the special m-group case with all d; equal,
recall that 3 = b;/ > by, hence §; is independent of the d; but is a monotone increasing
function of ;. It is a monotone decreasing function of each b for k # j. In the general
m-group case, under the LAS conditions imposed by Lemma 3.2, we can determine how
changes in the natural birth and death rates change the DFE values of ;.

Lemma 3.3 Suppose that m > 2, and the d; are not all equal. If 5;, j = 1,...,m, is
the DFE value of the susceptible proportion, then

7 \ / \

d
ng > O, and 'E)'B"— Z:S_k < 0.
k#j T \k#j

ad;

05 0

0, =
<O 7 9d;

Proof. Taking partial derivatives of (3.3) with respect to d; for j = 2,...,m, gives

05 _ 5[, bos
E)dl N bJ §'*17' Odl ’

and since ) §; = 1, we have

O 95 _ 0%
0([1 N a(l1’

J#1
hence ,
03 83 by 03
_95 -y 3 [H.:g_?i]_
Ody e b; 5 J0dy
Thus
5 05 d _ 52
—_— < = nd — ; —.
by < . <0 and 0< 3d, ZSJ < by
J#1
The proofs of the other inequalities follow in a similar way. O

By the continuity of the partial derivatives of the s; with respect to the parameters,
the inequalities of the above lemma hold for s; close to §;. These results show that,
close to the DFE, the value of s;, for a fixed group j, decreases if the natural death
rate in that group increases, and increases if the birth rate in that group increases.
However, an increase in the death rate of the k-th group results in an increase in the
overall equilibrium population level of the other groups. Conversely, an increase in the
birth rate of the k-th group results in a decrease in the overall equilibrium population
level of the other groups. ‘
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Assuming that the population has settled to the proportions given by the DFE 5; as
given in Lemma 3.1, we now derive the demographic threshold condition which deter-
mines whether or not the total population remains stationary, increases, or decreases.

Lemma 3.4 Let ;
R, = Z EJ;
j

If the subpopulation proportions have settled to the disease-free equilibrium wvalues
(37,0,0) then as t — oo the total population N(t) — oo if Ry > 1, N(t) =constant,
if By =1, and N(t) = 0 if Ry < 1. In fact, if Ry > 1 and Ry < 1, then if the ini-
tial population proportions (s;(0),%;(0),7;(0)) are feasible and sufficiently close to their
equilibrium values, N(t) — oo ast — o0

14
ne

Proof. When the proportions are at their steady state values, the result follows from
(2.4) which gives N/ = ( -2 dj3j> = N(b1/81 — dy), from (3.3). Thus Lemma 3.1
shows that the total population is increasing exponentially, decreasing exponentially, or
staying constant according as Ry = » . b;/d; > 1, < 1 or = 1.

When R; > 1 and Ry < 1 the stea(fy state p10po1txons (57,0,0) is locally asymptot-
ically stable by Lemma 3.2. Hence, the limiting form of Eq. (2.4) is N’ = N(b, /51 —d4),
and since this is a one dimensional differential equation, N(t) has the same asymptotic
behavior as the solutions of this limiting equation. O

We now summarize our results concerning the disease-free equilibrium. We have
shown that a unique feasible disease-free equilibrium for the proportions always exists,
and that there are two thresholds, Rg and R;. The first of these determines the sta-
bility of the disease-free state when the total population is growing, while the second
determines whether or not the total population will grow, decrease or stay constant. In
contrast to the case of a single population for which the complete global stability has
been determined by Busenberg and van den Driessche (1990), we have only established
a criterion for the local stability and instability of this unique disease-free equilibrium.

4 Endemic Proportion Equilibrium

For an endemic proportion equilibrium to exist, equations (2.5)—(2.8) with zero left hand
sides must be satisfied. Recall that n; = s; 4+ i; + r; with ). ny = 1,0 3 . nf = 0. If
0 < sj, 1, r; <1, then from (2.5)-(2.7),

s;=0=>s{>0,1;,=0=1¢ >0andr; =0=r/ > 0.
Thus the flow 7(t) induced by this system maps the closed convex set

L=80<s,i,1,<1, > (s5+i+715)=1
;
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onto itself. The point p = {s; = §;, i; = 0, r; = 0} is on the boundary of £ and is a fixed
point of 7 : w(t)-p = pfor all £ > 0. If the disease-free equilibrium were an extreme point
of £, we could conclude that when Rg > 1, there is another fixed point of 7 which is in
the interior of £, that is, it is an endemic state. This does happen in the case of a single
population, however, the disease-free state is in general not an extreme point of £ when
there are several subpopulations. It may be possible to adapt the results of Hofbauer
(1990) on saturated fixed points in order to prove the existence of an endemic proportion
equilibrium in our case also, but this has yet to be done and this problem remains open.
It has recently been proved by Huang, Cooke and Castillo-Chavez (1992) that multiple
endemic equilibria are possible in a multigroup model for HIV/AIDS transmission with
total proportionate mixing and constant input of susceptibles.

5 Thresholds

In addition to the threshold parameter Ro governing local stability of the disease free
proportion equilibrium, we find other parameters are important for governing the model
behavior. From (2.4) we have the equation for the total population number

N =N b-Z(djle-{-Ejij-{-lSjTj) . (5.1)
J

If an endemic equilibrium (s exists, then defining

.7’.7’ .7)
7 b
1= » " w7

we have the threshold result that, for initial data where the proportions tend to the
endemic equilibrium, if R; < 1, we have N — 0, whereas if Ry > 1, then N — oo
as t — oco. Note that, if we substitute the DFE proportions instead of the endemic
equilibrium proportions in the definition of the demographic threshold parameter Ry,
we obtain b/ ) d;5;. By Lemma 3.1, this expression is greater than one if and only if
the threshold parameter £; in Lemma 3.4 is greater than one. Thus, R, is equivalent
to the corresponding demographic threshold parameter for the case of the disease-free
equilibrium when we substitute the DFE proportions in its definition instead of the
endemic equilibrium proportions.
From (2.2) we have the equation for the infective number in group j when z; > 0,

(5.2)

S; , .
IjI:IJ‘ —-(dj+7j+ej)+ﬁ_z/\jkzk . (5.3)
7ok
If an endemic equilibrium (s7, 17, 7; r%) is stable, then defining
. st 1. /\'ki’t
Ra(j) = =2 2ok 24+l (5.4)

i5(dj + 75 + &)
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we have the threshold result that if Ro(j) < 1 then I; — 0, whereas if Ra(5) > 1 then
I; — oo as t — oo. Thus, if max; Ro(j) < 1, all I; — 0 and the disease dies out in
every group, whereas if min; Ra(7) > 1 then I; — oo and the disease spreads in every
group. If the DFE s = 5; > 0 is stable, then I/ > I;[—(d; + 7; + €;) + s;A;;]. So in this
case, we define \

- Sj A
If Ra(j) > 1, then I; — oo.

It is easy to see that the demographic threshold, in either one of its two forms R; and
R1, can be viewed as the ratio of additions from births to net removals due to deaths
in the total population. Similarly, the numerator of R5 when multiplied by the total
population N is the rate at which infectives are being added, while the denominator
when multiplied by N is the net removal rate of infectives due to either death or recovery
from the infection. Thus, R4 is a ratic of net additions to the infective class to net
removals from it. The biological interpretation of the endemic stability threshold R is
slightly more involved. In order to see that it has a similar interpretation as the other
thresholds, we note that

a; = (7_7' + €; —I-d:,)—}- (b— Z(lkgk) > 0,
k

and the group of terms in the first set of parentheses is the rate of removal of infectives
while the second is the net rate of addition of susceptibles to the population. Thus a; is
the rate at which the prevalence of infectives in subpopulation 7 is being diluted. Now,
returning to the notation of Section 3, we note that the matrix B~1C can be written as

B~1C = diag (-S:J—) , (5.6)

Qg

hence,

B-lCL = <\J—q> . (5.7)
a;

The entries in this matrix are ratios of the product of the susceptible fractions and the

force of infection rates due to contacts between the subpopulations to the rates at which

infectives are being removed from each subpopulation. Recalling that B = diag (a;),

denoting by I the m xm identity matrix, and letting 1 denote the vector with components

i;, we can rewrite the linearized equation for the ¢; in the form
i’=B(B™'CL-1I)i (5.8)

When Ry =) (bj/d;) > 1, as the entries in the diagonal matrix B are all positive, the
solutions of (5.8) with positive initial data will tend to zero or infinity according as the
spectral radius of B=1C'L, that is Ry, is greater or less than one. In fact, for initial data
close to the disease-free equilibrium, and for small enough time intervals, we have
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i(t) = i(0) + B(B~'CL — D)i(0)t + o([]i(0)|| + ©). (5.9)

Thus, the introduction of a small proportion of infectives in a population which is at the
disease-free state will result in an initial net increase of the infective when Rg > 1 and
in a net decrease when Rg < 1. In fact, if 15 is proportional to the positive eigenvector
of B~1C L whose eigenvalue is Rg, we have from (5.9)

i;(t) = i;(0) + (Ro — 1)a;1;(0)t + o(|[i(0)]] + ¢).

As suggested by a referee, Rg is also equal to p(CLB~1!), this matrix CLB~! describes
how the next generation of infected individuals arises from the present generation.

The fine structure of the endemic thresholds that we have seen here which occurs
in populations of varying size was first brought out in the work of Busenberg and
van den Driessche (1990) where explicit expressions were derived for the thresholds
which govern the global behavior of a single population S — I — R — S model. The
thresholds derived here generalize those found in this single population model. In this
more general case, we have not obtained the global behavior of the population when
endemic conditions occur. In particular, we have not ruled out the possibility of multiple
endemic states or the possible existence of oscillatory endemic solutions.

We note that, even though the model that we have treated here allows the popula-
tions to possibly grow without bound, this is not a serious limitation to the applicability
of the thresholds that we have derived. In almost all communicable diseases that affect
human populations, the time scale of the spread of the infection is short compared to
the demographic time scales. Consequently, the factors which may eventually limit de-
mographic growth seldom have a major influence on the thresholds that determine the
course of such epidemics. However, as we have seen above, there is indeed a significant
interaction between demography and epidemics since all of the basic thresholds depend
on various combinations of demographic and epidemiological parameters, such as the
birth and death rates and the disease transmission contact rates.
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