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ABSTRACT 

The objectives of this work are to improve the understanding and also to simplify the 

calculation of the entropy transferred by thermal radiation (TR). Thermal radiation plays 

an important role in the thermodynamic analysis of many systems. For example consider 

the Earth. Thermal radiation exchange is frequently the dominant form of energy and 

entropy transfer within the Earth system and is the only significant form of exchange 

between the Earth and the universe ([15], p. 38,39). Moreover, radiation-matter 

interaction is responsible for most of the entropy produced by the Earth system. 

With respect to the energy of TR there has been extensive research and application in 

engineering analysis. The entropy of TR with an arbitrary spectrum can be calculated by 

numerical integration using Planck's [1] fundamental spectral entropy radiance (LJ 

expression. This requires the knowledge of the spectral energy radiance (KJ spectrum 

with position and direction. Exclusive use of numerical integration is straightforward but 

laborious and from an analytical perspective the entropy of non-blackbody radiation 

(NBR) is not well understood. Heat transfer textbooks usually exclude entropy altogether. 

Furthermore, most thermodynamic texts are misleading because they state that the 

entropy flux of 'heat' transfer is the ratio of the energy flux to the local temperature ( q/T) 

with no restriction for TR (e.g. Moran and Shapiro [2], p. 220 and 230; Reynolds and 

Perkins [3], p. 223; and McGovern [4], p. 177). 

u 



In this work simple closed form expressions for the entropy flux of NBR are presented. 

Entropy-to-energy ratios, entropy balance at a material surface, and the nature and 

significance of the family of black body curves are developed and discussed. The entropy 

flux of heat conduction and TR are compared and the error introduced in taking the 

entropy flux of TR as q/T is evaluated for BR and NBR. The results of this research are 

then used in a preliminary discussion of Stephens and Obrien [5] paper on the total 

entropy production rate of Earth and the role of TR in climate modelling. 

Examiners: 

Dr. M.A. Rosen, Co-Su isor, Dep f Mechanical Eng., Ryerson Polytechnic 
University, and Adjunct rofessor, Dept. of Mechanical Eng., University of Victoria 

Dr. F. I. Coop rstock, External Examiner, Dept. of Physics 
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CHAPTER 1 INTRODUCTION 

1.1 Motivation 

The motivation for this research arose from the task of quantifying the entropy produced 

within Earth's various domains and the entropy transport mechanisms that sustain 

approximately constant entropy within these domains. The domains of particular interest 

to our group's research include those of: the Earth as a whole*, the atmosphere, the 

hydrosphere, the biosphere, and civilization's energy system. 

Thermal radiation exchange is the only significant form of energy and entropy transfer 

between the Earth and the surrounding universe. Consequently the total entropy 

produced by Earth reduces to the entropy balance between in-coming (low entropy 

sunlight) and out-going (high entropy) thermal radiation fluxes. Thermal radiation is also 

an important energy and entropy transfer mechanism between the atmosphere and the 

other domains of the Earth system. 

Radiation exchange is also important for the biosphere. The exergy flux** of low entropy 

sunlight supports all life on Earth. Flora on the Earth receives sunlight and the fauna is in 

turn supported by consuming the flora. Thermal radiation emission carries away a 

significant portion of the entropy produced by fauna on the Earth. Consequently, 

radiation is an important energy and entropy exchange mechanism between the biosphere 

and its surroundings. 

Moreover radiation-matter interaction is responsible for the majority of the entropy 

produced by the Earth system . Stephens and Obrien [5] state that "the production of 

global entropy is dominated entirely by radiative processes". This entropy production is 

• The " Earth" refers to the total system including the lithosphere, hydrospere, and the 
atmosphere. 

•• The exergy flow rate is the maximum oork production rate obtainable from TR in a given 
environment 
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caused by absorption of sunlight emitted from a source with a temperature near 6000 K 

by material in the Earth system that is near 300 K. Other entropy producing processes 

such as mass transfer and convection within the atmosphere or processes in the biosphere 

are secondary because the driving force is incoming sunlight that must first be absorbed 

by ' low' temperature material on Earth. 

Clearly the thermodynamics of thermal radiation has a very important role in the analysis 

of the Earth and its subsystems. With respect to the energy of radiation there has been 

extensive research and application in engineering analysis. However an understanding of 

the entropy of thermal radiation is not fully developed. 

Integration of the spectral entropy radiance (L v ) spectrum of arbitrary thermal radiation 

over frequency gives the entropy radiance L in a certain direction at a fixed location in 

space. For blackbody radiation (BR) a simple analytical solution results . However, for 

non-blackbody thermal radiation (NBR) numerical integration is required. As a result, 

calculating the entropy flux is straightforward but laborious. Furthermore, from an 

analytical perspective the entropy of NBR is not well understood. Thermodynamic texts 

are often misleading because they state that the entropy flux of ' heat' transfer is the ratio 

of the energy flux to the local temperature (q/T ) with no restriction for TR For example 

see the system analysis of Moran and Shapiro ([2] , p. 220 and 230), Reynolds and 

Perkins ([3], p . 223), and McGovern ([4], p. 177). 

1.2 Objectives and Scope 

The objectives of this work are to (1) improve the understanding and to simplify the 

calculation of the entropy of non-blackbody thermal radiation (NBR), and with this 

knowledge (2) to review the work of Stephens and Obrien [5] on the total entropy 

production rate of Earth based on satellite measurements . Processes such as scattering are 

not considered here. 
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This research can help us to better model, analyze, design, and optimize systems where 

thermal radiation is important. It can also help in analyzing the accuracy of assumptions 

and simplifications made in thermal radiation entropy calculations. The following are 

three examples of situations in which this research could play an important role: 

(1) Heat transfer including TR: In thermodynamic analysis the entropy of TR is often 

taken as that of conduction or convection. In doing so the entropy production within 

the material system is incorrectly calculated (section 4.6). 

(2) Global Climate Modeling: The majority of current Global Climate Models (GCM' s) 

use the principles of energy, momentum, and mass conservation, but typically do not 

utilize fully the insights available via thermodynamic analysis . Specifically they do 

not incorporate the second law of thermodynamics, and the principle of entropy non­

conservation [5]. An improved understanding of the entropy of non-blackbody 

thermal radiation will support the development of improved climate modeling. 

(3) Entropy Production Rate of the Earth System: Stephens and Obrien [5] have estimated 

the total entropy production of the Earth based on satellite measurements of the 

radiation field at the outer atmosphere. They simplified their analysis by 

approximating the radiation as isotropic with a black body spectrum over relatively 

large space and time intervals. It is difficult to analyze the accuracy of the 

simplifications in their calculations without having a good understanding of the 

entropy of TR. 
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CHAPTER 2 THE FUNDAMENTAL EXPRESSIONS FOR THE 
ENERGY AND ENTROPY OF ELECTROMAGNETIC RADIATION 

2.1 Origin of Planck's Blackbody Spectral Radiance Formulas 

Before the 20th century scientists could not explain the observed blackbody (BB) 

emission spectrum of "heat" radiation. Objects, regardless of their physical or chemical 

character, were observed to begin glowing "red hot" at the same temperature. The 

radiation emitted was continuous, rather than in bands or lines, and was determined 

completely by one parameter, the temperature T. At the time, the frequency (1012 to 1015 

hz) of heat radiation tested the limits of physical measurements. 

At the tum of the century, Maxwell introduced the general electromagnetic equations 

describing the current oscillations in wires. He stated that the frequency of the current 

oscillations was equal to that of the electromagnetic waves generated, and the 

electromagnetic waves behaved in every way like light. This lead to the understanding that 

light was a type of electromagnetic wave created by extremely high frequency electric 

oscillators in matter. The success of Maxwell ' s theory motivated scientists to apply it to 

the long standing puzzle of explaining the blackbody radiation (BR) spectrum emitted by 

a "glowing" solid. 

Wien's exponential law was as far as one could get using Maxwell ' s equations and 

thermodynamics. This law was loosely based on Maxwell ' s velocity distribution for gas 

molecules and agreed very well with experimental results at high frequency . This was 

because Wien's law actually stated the limiting form 

(2.1) 

of the BB formula for high frequency where B is a constant later found equal to h/k. 

When Max Planck learnt that the other limiting form of the BB formula at low frequencies 

4 



was Kv oc v 2T, he used mathematical interpolation between the two limiting forms to 

obtain the blackbody (BB) spectral energy radiance formula [1] 

where: 

phv3 

Kv = Spectral energy radiance (J/m2
• sr) 

v = frequency (s-1
) 

1 
--,-hv--

T= thermodynamic temperature of the emitting body (K) 
p : represents the state of polarization of the radiation 
h = Planck' s constant= (6.626)10-34 J. s 
c = the speed oflight = (2.9979)108 mis 

k = Boltzman's constant= (1.38)10-23 J/K 

(2.2) 

Planck then proceeded to explain his results from an equilibrium statistical 

thermodynamics perspective. The thermally agitated resonators have a distribution of 

vibrational frequencies . To establish agreement with experiment Planck postulated that 

the vibrational energy of each oscillator in a solid was confined to discrete energy levels 

(quantized) 

Ev;b = n h V (2.3) 

where n is a positive integer, his Planck's constant, and vis the vibrational frequency . 

Note that it was later realized that the vibrational energy of any system (pendulum, 

springs, complex systems, etc.) is quantized but for most systems the frequency is such 

that the smallest quanta of vibrational energy (hv ) is too small to observe or measure. 

Planck further postulated that the radiation emitted from a resonator has energy hv . 

As a result, Planck arrived at the monochromatic entropy radiance Lv formula [1] (p . 

169) : 

L (v ,K) = pkv2 { (1+ c2 Kv )1n[1+ c2 Kv ]-( c2Kv )1n[ c2Kv l} (2.4) 
v v c2 phv3 phv3 phv3 phv3 
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The Kv formula (2.2) could then be derived using the definition of temperature (section 

C.1 ). The monochromatic entropy flux Lv is dependent on the energy flux Kv and the 

frequency v only. Monochromatic radiation is referred to by a single frequency but 

exists in a finite frequency interval ([I], p. 16). As a result, radiation with an arbitrary 

spectrum is a superposition of monochromatic rays that do not interact with each other. 

The Lv spectrum of arbitrary thermal radiation is found by substituting measured or 

estimated Kv data into (2.4), and the entropy radiance L is calculated by integration of Lv 

over frequency ([I], p. 87 and 93). For BR the Lv entropy spectrum is found by 

substituting equation (2.2) into (2.4) . 

Recently, Landsberg and Tonge [6] used a non-equilibrium statistical mechanics approach 

to obtain the same result as Planck. They concluded° "This result, usually obtained from 

equilibrium statistical mechanics, is therefore of wider significance and represents a non­

equilibrium entropy." Non-equilibrium radiation is thermal radiation (TR) that does not 

have a blackbody (BB) spectrum (section C.3). 

• Too asslll11ptions were specified for this result to be exact: (1) the probabilites p/N) are 
independent in the probability sen~ where p/N) is the probability of finding Ni bosons in 
quantum state j whatever the occupation numrer of the other quantum states, and (2) the 
probability of an additional particle occupying a state j is independent of the num rer already in 
that state. 
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2.2 Monochromatic Radiation (MR) 

Planck showed that the laws derived for the energy and entropy radiance of BR can be 

applied to monochromatic radiation and thus to radiation with any arbitrary spectrum 

whatsoever. This can be done if the temperature Tv (section 2.2.1) is interpreted as the 

temperature of a hypothetical blackbody that would radiate the same spectral energy 

radiance Kv at the frequency v. Thus we have: 

1 
and 

phv3 1 
Kv(v, T) = 2 ---:-hv--

c 
(2.5) 

For BR Tv is independent of frequency, Tv=T. 

2.2.1 The Concept of Temperature for Monochromatic Radiation (MR) 

Bejan [8] p. 469 provides a good presentation of the temperature of monochromatic 

radiation. Consider an isolated and evacuated enclosure initially devoid of radiation with 

perfectly reflecting walls (Figure 2-1). Body A is made of a material that only emits and 

absorbs monochromatic radiation of frequency v A, and body Bis a blackbody. 

Body placed in 
the cavity 

System is Isolated from its Surroundings 

Figure 2-1: An evacuated cavity in an isolated solid. 

When body A or body Bis placed in the enclosure an equilibrium state will be established 

after a sufficiently long time. From the zeroth law the temperature of the body is 

measurable and equal to the temperature of the radiation in the enclosure. If body A is 

placed in the cavity then the equilibrium state will be monochromatic radiation at some 
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temperature TA. If body B is placed in the cavity then the equilibrium state will be BR at 

some temperature TB . 

If instead both body A and B are placed in the cavity we would again have BR when 

equilibrium was reached. Bejan states that at equilibrium we will have the same 

temperature for bodies A and B which means "that A and B will be in equilibrium, and that 

the temperature of the monochromatic radiation with which A is in equilibrium with will 

be the same as the temperature of the BR sustained by body B. The monochromatic 

radiation is, therefore, the same as that sample of photons that occupy the narrow 

frequency band (vA) to (vA + dvA) in the frequency diverse population of photons that 

make up the BR of the same temperature". And note that since the choice of frequency is 

arbitrary, the BR spectrum temperature is independent of frequency and can therefore be 

defined for the spectrum itself. 

Thus, it is correct to speak of the temperature of monochromatic radiation: this is the 

temperature of a black body that would emit radiation at that frequency and spectral 

energy radiance (KJ Planck' s [l] spectral energy and entropy radiance equations are 

applicable to monochromatic radiation. Thus, the entropy radiance spectrum for arbitrary 

non-blackbody thermal radiation (NBR) can be determined and the energy and entropy 

radiance can be calculated using numerical integration. 
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CHAPTER 3 THE ENTROPY FLUX OF THERMAL RADIATION (TR) 

The character of thermal radiation (TR) emitted from a solid depends on the nature of the 

emitting material and its temperature. Some materials can be approximated as blackbody 

(BB). This means that the material absorbs all incident radiation and emits the maximum 

possible energy for a given temperature, according to Planck's formula (2.2) . Other 

materials can be approximated as gray. A Gray material absorbs a fraction (e) of the 

incident radiation at each frequency and emits the same fraction (e) of the radiation 

emitted by a BB. On the other hand, some materials may have a umque em1ss1on 

spectrum that cannot be adequately modeled as BB or gray body. 

3.1 Blackbody Radiation (BR) 

The energy radiance K (in W/m2•sr) of TR is calculated by integrating the spectral energy 

radiance Kv (in J/m2•sr) spectrum over frequency . In simple terms the radiance is the area 

under the spectral radiance spectrum, see section A 1. For BR a simple analytical solution 

results 

K - a T4 
B - Jr 

(3.1) 

where cr is the Steffan-Boltzman constant. This result can also be obtained from the 

analysis of enclosed equilibrium BR (section C.2). Similarly, the entropy radiance L (in 

WI m2•K•sr) is: 

(3.2) 

The energy irradiance H (W/m2
) is the integration of the energy radiance Kover solid angle: 

r2ir r½ 
H = Jo d¢ Jo sin0 cos0 K d0 (3.3) 

For the BR model the radiation is isotropic so K can be removed from the integrand. 

Thus the energy irradiance H for BR is: 
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f2
/C f½ 

HB = K8 Jo d¢ Jo sin0 cos0 d0 = 

Similarly the entropy irradiance J (Wlm2•K) is : 

4 3 
J B = TC LB = - (J T 

3 

For further discussion on the entropy of BR see Bejan [8]. 

3.2 Gray Radiation (GR) 

By definition the spectral energy radiance and the energy radiance for GR* is: 

and 

(3.4) 

(3.5) 

(3.6) 

The entropy is not as easily calculated** because Lv is not a linear function of Kv . By 

substituting equation (3 .6) into equation (2.4) and integrating over frequency we find 

that the entropy radiance of GR is 

Le = 
2
2k43 T

3 
f"" X

2 {(1 + ~J 1n(1 + ~J-(~J 1n(~J}dx (3. 7) 
ch O e -l e -l e -l e -l 

where x = hvlkT. The definite integral in equation (3.7) is a function of e only named l(e) 

here but first recognized by Landsberg and Tonge [7] as cX(e)4n4!45. Thus, we have 

45 4 (J 3 45 
La= -

4 
/(e) --T = -

4 
/(e) LB= cX(e)L8 

4n 3 n 4n 
(3.8) 

The integral I(e) has not been solved in closed form, but Stephens and Obrien [5] presented 

an infinite series solution 

n (1 £); 
~ In£+ L -. 

2£L i=l I 

n=I (n + 1)3 (3.9) 

and Landsberg and Tonge [7] presented the approximate limiting solution fore < 0.10 : 

X(e) ~ 0.%52 - 0.2777ln(£) + 0.0511(£) 

• Note that Landsberg and Tonge [7] refer to gray radiation (GR) as diluted blackbody 
radiation (DBR). 

•· Petela [9] stated that LG= eL8 for the same emission T. 

(3.10) 

10 



CHAPTER 4 THE DEVELOPMENT OF SIMPLE CLOSED FORM 
EXPRESSIONS FOR THE ENTROPY OF NON-BLACKBODY 
RADIATION (NBR) 

4.1 Approximations for the Entropy of Gray Radiation (GR) 

The entropy of GR is a cubic function of the emission temperature (3 .8) where the 

integral I(&) can be numerically calculated given the emissivity (&). However, attempts at 

fi nding a closed-fonn so lution for I(&) suggest using the approximation 

( 4.1 ) 

where m is optimized for a specific emissivity range, 1(1) gives Lc=L8 , and 1(0) gives 

Lc=O. Thus, we have from equation (3 .8): 

(4 . 2) 

The integral I(&) was calculated numerically for two hundred emissivity values over the 

range 0.005 ~ & ~ 1, in equally spaced steps of 0.005. Using thi s numerical I(&) data the 

corresponding m(&) data is calculated. By finding the "best" fit to them(&) data we obtain 

accurate approximations for the entropy of GR. The percentage error caused by using 

( 4.2) is ca lculated as a fu nction of emissivity. Best fit refers to the so lution that resul ts in 

the lowest maximum percent error in 1(&) over the specified emissivity range. If m is 

approximated as a constant the resulting expressions are within 0.8% of the numerical 

integration result over the emissivity range 0.005 ~ & ~ l (Table 4-1 ). 

Table 4-1: Accuracy of the Approximation for the Entropy of GR (4.2) 
with: m = C1 and m=Cr C3(&). 

Emissivity Range c, Max . % error C) Ci Max.% error 
. 005 to .200 2 .3 19 0.72 2 .336 0 .260 0 .33 
0.005 to 1.0 2 .3 17 0 .77 2 .336 0 .260 0 .33 
0.010 to 1.0 2 .310 0. 71 2 .328 0 .200 0 .33 
0.050 to 1.0 2 .285 0.49 2.311 0 . 175 0 . 16 
0.200 to 1.0 2. 319 0 .23 2.292 0 . 150 0 .03 
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The accuracy of the approximation is increased if m is approximated as a linear or higher 

order function of emissivity. Table 4-1 shows the maximum percent error in the entropy 

calculation for various emissivity ranges, for both m = C, and m = C2 - C3(s). Note that 

the accuracy of the approximation is strongly dependent on the lower limit of the 

emissivity range. 

Figure 4-1 shows the numerical m data and an example approximation for the emissivity 

range 0.050 ~ s; that is m(s) = -0.175& + 2.31 I , the fourth entry in Table 4-1. 

2.35 
• 

2.3 

2.25 

~ 
~ 

2.2 

2.15 

2.1 

0 0.1 

"Best" means the approximation that results in the 
lowest maximum percent error in l(e) over the 

specified emissivity range 

Numerical 
calculation of 

m(e) 

0.2 0.3 0.4 

The "Best" Linear 
Approximation for e>o.oso: 

m(e) = - 0.175 e+ 2.311 

~~- l I 

0.5 0.6 0.7 0.8 0.9 

Emissivity 

Figure 4-1: The function m(s) for the entropy of gray radiation in eqn. (4.1). 

Note that e is sometimes used to denote emissivity (s) in some figures. 

Figure 4-2 shows that the approximation is very accurate. Specifically, it is within 0.16% 

over the emissivity range. Note that on the graph the I(s) data and its approximation 

cannot be visibly distinguished from one another. 
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9..-----------------------------, 
8 

7 

5 
,:,: 
I. 
eJl 4 
~ .... 
C: 

- 3 

2 

+ 

\ 
The numerical data and the approximation 
for J(e) , basedonm(e) = -0.175e +2.311 , 

cannot be visibly distinguished. 
0 _______________________ !~---~ 

0 0.2 04 0.6 0.8 

Emmissivity (e) 

Figure 4-2: The function I(&) for the entropy of gray radiation in eqn. (4.1). 

The Kc expression for GR (3 .6) and the Le expression ( 4.2) give the energy and entropy 

fluxes as a function of emission temperature. For example, if the emissivity ofa surface is 

1/2 then we have K = (9.024lxl0-9 m2_;_K4 )T 4 and L ~ (1.4168xl0-9 m2_; _K4 )T 3
, 

where the entropy is within 0.03% using m = 2.292 - 0.075& in equation (4.2). 
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4.2 Model for Materials with a Unique Emission Spectrum 
(L=CLT 3 and K=CKT 4 ) 

It is common for materials to be modeled as gray by calculating the effective emissivity 

based on measured energy fluxes. The Kc (3.6) and the Le expression (4.2) can then be 

used to estimate the entropy flux as a function of emission temperature. Similarly, we can 

do the same for materials with a unique energy emission spectrum that cannot be 

adequately modeled as BR or GR. 

This is done by approximating the energy spectrum, as is done for the gray model, as 

having a fixed ( 1) polarization, and (2) shape and relative size with respect to BR over the 

temperature range of interest. 

By definition of the shape of the energy spectrum in section C.5 

(4.3) 

the spectral energy radiance can be expressed as 

(4.4) 

From the definition of the relative size of the unique spectrum (NBR) with respect to the 

blackbody spectrum (BR) in section C.5 

we have: 

b = Kv(uch) 
KvBR (uch) 

($ .5) 

(4.6) 

The frequency of the characteristic location in the spectrum can be expressed as Vch = 

gc11T (section C.4). Using equation 2.2 the BR spectral energy radiance KvBR(vch) reduces 

to a constant times the temperature cubed: 

(4.7) 
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The energy radiance is thus 

and after changing variables 

hu 
x = or 

kT 

we have 

u 
kTx 

h 
and -u 

kxd 

h 

(4.8) 

(4.9) 

(4.10) 

where f = klhgch· The definite integral is fixed for any spectrum with a shape and relative 

size that are independent of temperature. Then just as for BR and GR K ex: T 4 and it 

can be shown that Lex: T 3. By introducing constants of proportionality we have: 

and (4.11) 

Knowledge of the Kv spectrum at a single temperature allows Kand L to be calculated by 

numerical integration, and consequently CK and CL to be found. The above expressions 

can then be used to estimate the energy and entropy emissions over the temperature range 

of interest. 

This result can be explained as follows. For a characteristic location in the spectrum the 

frequency v ex: T, Kv ex: T 3, and Lvcx: T 2. Thus, the energy radiance K ex: T 4 because it 

is the integration of Kv over frequency. Similarly, the entropy radiance L ex: T 3 because it 

is the integration of Lv over frequency. 

This approach can also be used to determine the absorption or reflection fluxes at 

different temperatures. By Kirchoff s principle the absorptivity coefficient and 

emissivity are equal. With knowledge of the energy spectrum of the incident radiation we 

can determine the constants CK and CL for absorption and reflection. These constants are 

different from the emission constants and are unique to the combination of the surface 

material and incident radiation characteristics. For example see equation (5.3) for GR. 
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4.3 Entropy-to-Energy Radiance Ratios for Thermal Radiation 

4.3.1 General considerations 

The mathematical form of the spectral entropy radiance L v function provides us with a 

qualitative understanding of the entropy-to-energy ratios for thermal radiation. The L v 

function is concave and monotonically increasing function of K v (appendix B). 

Monotonically increasing means that the slope of entropy versus energy is positive and 

concave means that the slope is decreasing with increasing energy (the second derivative is 

negative). This is to be expected from stability requirements for a BR system in 

equilibrium with a material enclosure (section B.2). In other words, the slope of entropy 

versus energy is the inverse of temperature, the temperature is always positive, and thus 

the slope is as well (higher energy means higher entropy). Furthermore, as energy 

increases the temperature increases and thus the slope decreases. 

To clearly see the functional dependence of L v on K v consider the dimensionless form of 

equation (2.4) 

where the dimensionless spectral entropy and energy radiances are, 

respectively. 

z = c2 L 
V -- V 

pkv 2 
and Y = c

2 K 
V -- V 

ph v 3 

, 
, 

, I _,--' 
, ,' __ ,-( \ The Slope is the L -

vi 

,' ' , - , ' I monochromatic , r .. I , , .,. 
, ,' ,' entropy-energy 

I , A, 

,' ,',, - ratio LJKv ,, ', -
(..' 

K v3 

Fig. 4-3: Spectral entropy radiance L v versus energy radiance K v· 

(4.12) 

(4.13) 
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The derivative dz v /dy v = In(]+ 1 /y J is positive for all values of y v and the derivative 

d1z / dy2 v = -1/(y\ + y) is negative for all values of Yv. Thus, the function z v = z v (y v) , 

and likewise the function Lv=L vCK v ), are monotonically increasing and concave. This 

means that the slope of L v=Lv(K" ) is always positive, but decreasing in magnitude, as 

shown in the figure 4-3. Note that for thermal radiation O < Yv < 1.4. 

As shown in figure 4-3, the entropy-to-energy ratio Lv I Kv is the slope of the line from the 

origin to the point (Kv,L J and the slope increases as K v decreases. Thus, the entropy-to­

energy ratio Lv I K v increases as K v decreases. For example, if K v is decreased by 1/2 

then LV decreases by less than a half; (LV )new > 1/2 (LV )old . 

For a given material emission temperature a blackbody emits the maximum energy (KJ at 

each frequency. Thus the blackbody curve encloses all other thermal emission spectrums 

emitted from materials with the same temperature. This means L v IK" is lower at each 

frequency and thus LIK is a minimum for BR: 

For the same emission temperature. 

Figure 4-4 illustrates BR and NBR emitted from materials with the same T. 

(L/K)NBR > (L/K)BR - - - Locus of Peaks f>r the 
Family of Blockbody Curves 

(see Appendix A) 

Frequency, v 

(4.14) 

Fig. 4-4: Illustration of the energy spectrum K/v) for BR and NBR 
with the same emission temperature. 
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For a given material emission temperature a BB emits the maximum possible energy and 

entropy but the minimum ratio of entropy-to-energy. This may seem to violate the second 

law of thennodynarnics because we think of BR as having the maximum disorder or 

entropy. The equilibrium condition for an enclosed TR system is that of BR at the 

temperature of the enclosure (section C.3). Further, Planck [l] p.80 stated that "the normal 

spectral distribution of energy or that of BR is distinguished from all others by the fact that 

it has the maximwn entropy of radiation". But this statement is referring to the spectral 

distribution of a fixed amount of energy rather than comparing the entropy-to-energy ratio 

of TR emission from materials with the same temperature (4.14). 

The addition of a particle of real matter to a perfectly isolated* enclosed NBR system will 

cause it to spontaneously equilibriate to BR with the same energy, thereby producing 

entropy. In section 4.4 we show quantitatively that there is entropy produced during the 

transition of GR to BR. Thus, the entropy-to-energy radiance ratio of BR is greater than 

that of GR or other NBR with the same energy radiance K: 

L NBR 

K NBR K 

For the same K. (4.15) 

Following this argument, Figure 4-5 illustrates the redistribution of energy from an initial 

NBR spectrum at T; to a final BR spectrum at T1 . Energy radiance K is unchanged while 

entropy radiance L increases. 

~ ., 

Locus ofBR 
energy peaks 

\BR (Ti ) 
I 

NBR (Ti ) 

Fig. 4-5: Isolated transition of NBR to BR: K = est. while L increases. 

It is important to note that equation (4.14) is a comparison of TR emitted from material with 

the same temperature while equation (4.15) and figure 4-5 represent a spontaneous process 

that produces entropy. 

• See section C.3 .1 regarding perfectly isolating enclosures. 
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4.3.2 The entropy-to-energy radiance ratio for gray radiation (GR) 

In this section we will show quantitatively that the entropy-to-energy ratio of GR is 

greater than that of BR emitted from a material with the same temperature. Using 

equation 3.8 and Kc= sK8 the entropy-to-energy ratio for GR is 

~ = ~ I( s) !:_p__ _ 

Kc 4n 4 s K8 

(4.16) 

where C(s) is defined as the coefficient to L/ K 8 ; where L / K 8 = 11 from equation (3.1) 

and (3.2). By utilizing the approximate solution for the entropy of GR, equation (4.1), we 

can quantitatively find the ratio of entropy to energy: 

(4.17) 

The logarithm ln (s) is always negative because O ~ s < 1 and since m is positive the 

coefficient function C(s) is greater than one for all emissivities. That is, the entropy-to­

energy ratio for GR is greater than that for BR at the same emission temperature, i.e. 

(4.18) 

Figure 4-6 illustrates the functional dependence of C(s) on s based on the approximation 

used previously; m = 2.311-0.175&. 

C(e) 
2.2 ----------------~ 

1 .9 

1 .6 

1 .3 

0 0 .2 

C(e) evaluated from eq. 4.17, 
with m=+2.311 -0.175(e) 

(e denotes emissivity) 

0.4 0 .6 0 .8 
Emissivity 

Fig. 4-6: Coefficient to LIK ratio in equation (4.16) for GR. 
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The entropy-to-energy ratio is 20% higher than that of BR for & = 0.5 and 40% higher for 

& = 0.2. Thus, the error introduced is large when the entropy of GR is taken as the 

emissivity times that of BR, Le= &L8 . Petela made this mistake in his paper which was 

first pointed out by Landsberg and Tonge [6]. 

However, the error is much less if the entropy of the GR is approximated as that of BR 

with the same energy radiance (section 4.4). For example the error is within 1 % for & > 

0.5. This is also true for any NBR that has spectral emissivities greater than 1/2 for all 

frequencies . 

4.4 The Entropy Radiance L of BR and GR with the Same Energy Radiance K 

In this section we show that equation ( 4.15) can be numerically verified, as was done with 

equation ( 4.14) in section 4.3.2, using the approximate solution for the entropy of GR 

( 4.2). Consider an isotropic GR system with an initial temperature of T; that is enclosed 

by an isolated evacuated enclosure with perfectly reflecting internal walls. Upon the 

addition of a small particle of real matter the radiation will equilibriate to BR at some final 

temperature T1 The system is isolated during the process so the internal energy is fixed. 

BR at temperature T; has a higher energy radiance than the original GR emitted from 

material with temperature T; . Consequently, the GR must equilibriate to BR of a lower 

temperature T1 < T;. The transition is spontaneous so entropy must be produced*. In the 

previous section the approximate solution for the entropy of GR resulted in (LIK)c > 

(L/K)8 for emission from materials with the same temperature . We will use this same 

approximation here to show that there is entropy produced when an isolated GR system 

equilibriates to BR. 

The initial energy U; 1s Ui = a~
4
V (&) . Using eqn. (4.2), the geometric relationship for 

isotropic radiation S=4nVL/c, and a=4 f, we find that the initial entropy of the GR is: 

• First recognized by Planck ([l] , p. 45) for NBR. 
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s = I 

45 4 3 
-
3 

ar; V J(s ) 
4 n 4 

Since the initial and fi nal energy are the same 

and solving fo r T1 we have T1 = c'• f;. Thus, the final entropy is 

and the entropy produced in the process is 

where the function p(c) is defined as fo llows: 

p(s ) = (s )¾ - ~ l (s) 
4n4 

The percent increase in the entropy during the process is given by: 

0.018 

0.015 

0.012 

~ 0.009 
Cl. 

0.006 

0.003 

0 
0 

= I 00% 4n 4 p(s) 
45 J(s) 

, 45 
(s) • - - J(s) 

4n 4 

100% -~4~5---
- 4 l (s ) 
4n 

Dashed = Numerical 

/ c,1c"'"'•" of I (,) 

' f- ...... , 

~' 
Solid= Approximation for -l 

l (e) : m(e) =+2.3 1 l -0.175e I 

t 

0.2 Emissivity 0.6 

j_ 

0.8 

Fig. 4-7: Dependence on emissivity of the function p(e) in eqn. (4.23). 
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The dependence on emissivity c is illustrated in Fig. 4-7 for p(c) and in Fig. 4-8 for the 

percent increase in entropy. Curves are shown in both figures for the cases where the 

integral I ( c) is ( 1) numerically calculated, and (2) evaluated with the approximation m = 

2.311 - O. l 75(c). Figure 4-7 shows that the entropy produced is always positive and thus 

there is no violation of the second law. 

Figure 4-8 shows that for GR with an emissivity greater than 1/2, the percent increase in 

entropy is very small, less than I%. At c = 0.20 the increase is about 5 % and at c = 

0.10 it is 10.5%. This means that for any NBR that has spectral emissivities greater than 

1/2 over the whole spectrum the percent difference in entropy is within 1 % as well. Thus, 

the error is usually relatively low in approximating the entropy of NBR as that of BR 

with the same energy radiance K. Stephens and Obrien ([5], p. 134) use this 

simplification when calculating the total entropy production rate of the Earth. 

40 

35 
~ 
"1 30 ~ 
~ 
i.. 
CJ 25 C .... 
...... 20 
Q.. 
0 15 i.. .... 
C 
~ 10 

~ 0 
5 

0 
0 

Solid = Approximation of I (e): m(e) = + 2. 311-0.17 5e. 

Dashed= Numerical calculation of I(e) 

J 

0.2 

+ 

0.4 

Emissivity 
0.6 0.8 

Fig. 4-8: Percent Increase in Entropy for an Isolated Transition of GR to BR (4.24). 
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4.5 The Variation of the Entropy-to-Energy Radiance Ratio LIK with Temperature 

For BR, GR, and NBR described in section 4.2 the energy and entropy radiances are 

K = CK T 4 and L =CL T 3 where CK and CL are positive constants particular to each type 

of energy spectrum. By eliminating temperature we have 

(4.25) 

The signs of the first and second derivatives with respect to K 

dL 3 Cl K ¼ 0 for all K (4.26) > 
dK 4 C '• K 

and 

d2L 3 CL K -¾ 0 for all K = --- < (4.27) 
dK 2 16 c¾ 

K 

show that the entropy L is a monotonically increasing concave function of the energy K. 

Following the argument in section 4.3.1 for L v /Kv the mathematical form of L=L(K) 

implies that the entropy-to-energy ratio LIK increases as K and thus temperature T 

decreases. Figure 4-9 illustrates this result using BR and GR as examples. 

T Low 

As T de ere ase s, 
Kand L decrease , 
butl/K increases 

Gray 

F requenc y, v 

Figure 4-9: Entropy-to-Energy ratio L/K variation with temperature. 

Note that a lthough the BR and GR spectrums are mathematically smooth fu nctions they 

appear rough in some figures because of word processing difficulties. 
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4.6 Comparison of the Entropy Flux for Thermal Radiation Emission and Heat 
Conduction 

For heat conduction the entropy flux is the ratio of the energy flux and the local 

temperature ( S= q/1). For thermal radiation this relationship does not hold. Most 

thermodynamic texts are misleading in this regard because they state that the entropy flux 

of ' heat' transfer is q/T without any restriction for TR. For example see the open system 

analysis in Moran and Shapiro ([2], p. 220 and 230); Reynolds and Perkins ([3], p. 223); 

and McGovern ([4], p. 177). 

To compare the entropy of TR to that of heat conduction we can express the entropy-to­

energy ratio in terms of the emission temperature T. For BR, GR, and other NBR 

emission described in section 4.2 that is isotropic we have• 

j . = /1 ( HEmi) Em, T (4.28) 

where n is dependent on the character of the TR and the subscript Emi denotes 

em1ss1on. For BR n = 4/3 and for NBR n > 4/3. For GR with & > 0.05 the upper bound 

for n is about 2.5 (n < 2.5), see figure 4-6. Researchers" have stated that BR is not heat 

because s -:t:. q/T, but there is no indication in the literature that the ratio of entropy-to­

energy for NBR is higher than that for BR with the same emission temperature. 

The error introduced can be large when the entropy flux of thermal radiation is incorrectly 

assumed to be q/T. For example consider heat transfer from the external surface of an 

energy conversion device at steady state. Figure 4-10 shows both cases where the device 

is hot and when it is cold relative to its immediate surroundings. The boundary of the 

system encloses the device and is located immediately adjacent to its outer surface. For 

simplicity the thermal conductivity of the material is large so that the temperature in the 

Note that in general the entropy flux of the emitted and reflected TR cannot be calculated independently, 
see chapter 5. 

For example see Beretta and Gyftopoulos [ I OJ. 
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interaction region 1s approximately uniform and entropy production due to heat 

conduction is negligible. Now consider an area on the surface of the device that 1s an 

opaque• solid and where the surroundings are in the gaseous state. 

Case A: Hot Surface Case B: Cold Surface 

A qr 
SR> q,./T Gas ·~ Interaction 

, ~r Solid 

Region 
,._ 

- - - - - I IT RM > 01- --- -~ 
_ t -----~--------, r ----

SR = q,./T 
T 

Fig. 4-10: Net thermal radiation entropy flux at a solid surface. 

Both convection (qc) and thermal radiation transfer (q,.) occur at the system boundary. 

Whenever•• q,.::f::.0 there is entropy production due to radiation-matter interaction ( IT RM ) as 

detennined by an entropy balance using Planck's spectral entropy radiance equation 

(2.4). This entropy production occurs in a thin layer of material at the surface. This layer, 

referred to here as the interaction region, is defined as the region of material that contains 

TR that has or will travel into/from the region exterior to the solid material. This 

distinction between exterior and interior is required because all atoms including those 

within a solid continuously emit thermal radiation. 

In both hot and cold cases the entropy flux q,. IT occurs at the lower boundary of the 

interaction region. When the entropy flux of the TR is taken as q,. IT the entropy 

production IT RM within the system is neglected. Thus, the irreversibility of the device is 

underestimated whenever q,. is a significant portion of the total q. Significant TR transfer 

• Opaque to the particular incident thermal radiation . 
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is most likely to occur when there are gases involved; gas flow across the system 

boundary or a solid-gas interface at the system boundary. 

As an example consider emission from a solid surface in the absence of incident radiation. 

Referring to equation ( 4.28), the thermal radiation entropy flux at the system boundary is 

33 ½¾ higher than q/ T for BR and up to about 150% higher for NBR. 

" Note that it is possible to have ri: RM> 0 even when q,. = 0. This occurs when the net 
incoming and outgoing energy spectrums are not the same. 
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CHAPTER 5 ENTROPY BALANCE AT THE SURFACE OF A SOLID 

The net entropy flux from a surface can be calculated by numerical integration over 

frequency, solid angle, and position. This is a laborious task because it requires knowledge 

of the Kv spectrum in all propagation directions at each position on the surface. 

Alternatively we can estimate the entropy flux from a surface using the relationships 

discussed in sections 4.1 and 4.2 but we must use caution. 

The radiation emitted from the solid depends on the temperature and the radiative 

characteristics of the material only, not on external conditions. The fraction of incident 

radiation absorbed by the surface is given by Kirchoff s principle: emissivity is equal to 

the absorptivity. This principle allows us to determine the absorbed energy spectrum and 

the net flux of energy is simply the difference between the absorbed and emitted fluxes. 

In contrast, the net entropy flux cannot be calculated in this way . The absorbed entropy 

spectrum cannot be used to calculate the difference between the incident and reflected 

entropy . Furthermore, the emitted and reflected fluxes occupy the same directional 

hemisphere so their entropy flux cannot be calculated independently unless their Kv 

energy spectrums do not overlap. For example consider a gray surface at temperature T 

with incident BR at 300 K. Table 5-1 gives the percent error in the net entropy flux 

calculation if the reflected and emitted radiation are treated independently. 

Table 5-1: Percent Error in the net entropy flux calculation due to 
overlap of emitted and reflected energy spectrums: A gray surface 

with incident BR at T = 300 K. 

Emission Emissivity 
Temperature (K) 0.2 0.5 0.8 

400 26.3 % 10.3 % 3.14 % 
800 5.74% 2.08% 0.61 % 

1200 2.11 % 0.73 % 0.21 % 
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Thus, to evaluate the net entropy flux we must consider the following: (a) the outgoing 

entropy flux is that of the combined emitted and reflected energy spectrums, (b) the 

incoming entropy flux is that of the incident radiation, and (c) the net flux is the difference 

between the outgoing and incoming radiation entropy fluxes. To apply this method we 

need to specify or estimate (a) the radiative characteristics of the material, (b) the 

temperature of the material, and (c) the characteristics of the incident radiation. 

5.1 Net Entropy Flux from a Surface when the Incident Radiation is BR at T; 

Consider as an example the situation shown in Figure 5-1 where: 

1) The incoming radiation is BR at 7;. 
2) The surface has a temperature T and has a unique emission spectrum. 
3) The reflected and emitted energy spectrums do not overlap significantly. 
4) All radiation considered is unpolarized (p=2) and isotropic over the appropriate 

hemisphere of directions. 
5) The energy emission spectrum retains relative size and geometric similarity with 

tern perature. 

[\ Incident 
j i'- BRatT; 

Reflected 
~ 

- -- -- - Fictitious Boundary ----·r------
Ernitted N_bsorbed 

I 

Fig. 5-1: Example of radiation energy balance at a solid surface. 

The energy and entropy fluxes are evaluated at a fictitious boundary. The boundary can 

be arbitrarily close to the surface but it should not pass through any material of the 

surface. The energy and entropy fluxes of the emitted radiation are HEmi = nCKT 4 and 
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J Emi = 1tCLT 3, and for the incident radiation Hine = crT/ and Jlnc = (4cr/3) T/. The 

portion of the incident BR that is absorbed is the same as the radiation that would be 

emitted from the arbitrary surface if it had the temperature T;, that is H Abs= nCK 1';4_ 

The energy spectrum of the reflected radiation has a different shape than the emitted and 

absorbed spectrums. But we can define a new constant CL* such that the energy and 

entropy of the reflected radiation are HRef = (a -nC,:)1';4 and JRef = 1t (CL*) T?, Thus, 

the constant CL is for the entropy of the emitted and absorbed energy spectrum shape, 

and the constant CL* is for the reflected energy spectrum shape. Thus the net flux of 

entropy away from the surface is 

(5.1) 

while the net energy flux away from the surface is: 

(5.2) 

Note that if the surface is a gray body CKG = m~ ln , and the constants CL and CL* can be 

estimated as 

Cw "" 4cr (E) [1 - ~m 1ne] 
3n- 4n4 

and C * lfi "" 
4

c, (l-E) [1 - ~m ln(l-e)] 
3n- 4n- 4 

(5.3) 
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CHAPTER 6 SUMMARY OF RESULTS 

6.1 On the Entropy of Thermal Radiation (TR) 

The entropy flux of any TR can be calculated by numerical integration of Planck' s 

spectral entropy radiance (2.4) over frequency and solid angle. The exclusive use of 

numerical integration is straightforward but laborious and does not lend itself to 

understanding the entropy of TR. In this thesis some basic characteristics of TR were 

uncovered and expressions were presented that make the calculation of the entropy of TR 

easier. 

The entropy of gray radiation (GR) can be approximated by (section 4 .1) 

(4.2) 

where m is a constant that is optimized for each emissivity range (tables 4-1 and 4-2). 

This approximation is within 0.8% of the numerical integration result when m is a 

constant (table 4-1) for any emissivity range where the lower limit is greater than 0.005 . 

For any TR that retains geometric similarity and relative size with respect to BR the 

energy and entropy are quadric and cubic functions of the emission temperature 

and (4.11) 

where CK and CL are constants dependent on the spectrum of the TR (section 4.2). For 

this type of NBR, GR, and BR the entropy-to-energy ratio V K increases as temperature 

T decreases and thus K decreases (section 4.5 and figure 4-9): 

~ increases as T decreases and also K decreases because Koc T 4 

K 

As a result of the mathematical form of the Lv function (appendix B), the monochromatic 

entropy-to-energy ratio (Lv I K J increases as the spectral energy radiance (K J decreases 

(section 4.3.1 and figure 4-3): 



LV . d - mcreases as K v ecreases 
KV 

This implies that the entropy-to-energy radiance ratio for BR is a minimum for any TR at 

the same emission temperature (figure 4-4) : 

For the same emission temperature. (4 .14) 

This is a surprising result because we think of BR as "equilibrium" radiation with the 

maximum disorder and entropy. However, equation (4.14) is a comparison of TR emitted 

from materials with the same temperature while it is true that BR has the highest entropy 

of TR with the same energy radiance. Thus, the spontaneous transition of an enclosed 

NBR system to BR produces entropy and there is no violation of the second law. 

Consider GR as an example of NBR. Using the approximation for the entropy of GR 

(equation 4.1), the entropy-to-energy radiance ratio is quantitatively given by (section 

4.3 .2 and figure 4-6): 

(4.16) 

The entropy-to-energy ratio is 20% higher than that for BR for£ = 0.5 and 40% higher 

for£ = 0.2. Thus, the error introduced is large when the entropy of GR is taken as the 

emissivity times that of BR. In his paper Petela made this mistake which was first 

pointed out by Landsberg and Tonge [6] . 

Many thermodynamic texts can be misleading with regard to TR entropy because they 

state that the entropy flux of ' heat' transfer is q/ T without any restriction for TR (section 

4.6). For example see the system analysis of Moran and Shapiro ([2] , p. 220 and 230), 

Reynolds and Perkins ([3], p. 223), and McGovern ([ 4], p. 177). If the entropy flux of 

TR transfer at a solid surface is taken as q/T the irreversibility of the device is 

underestimated whenever qr is a significant portion of the total q (figure 4-10). This is 
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most likely to occur when there are gases involved; gas flow across the system boundary 

or a solid-gas interface. 

To compare the entropy of TR to that of heat conduction we can express the entropy-to­

energy ratio in terms of the emission temperature T. For BR, GR, and other NBR 

emission described in section 4.2 that is isotropic we have• : 

J . = n (HEmi) Em, T (4.28) 

For BR n = 4/3 and for NBR n > 4/3 . For GR with e > 0.05 the upper bound for n is 

about 2.5 (n < 2.5), see figure 4-6. In percentages the TR entropy flux is 33 ½¾ higher 

than qr IT for BR and up to about 150% higher for NBR. Some researchers have concluded 

that BR exchange is not heat [9] because s * q/ T, but there is no indication in the 

literature that the ratio of entropy to energy for NBR is higher than that for BR with the 

same emission temperature. 

An isolated NBR system has a spontaneous tendency to equilibriate to BR. As Planck 

expected, this means that BR has a higher entropy than NBR with the same energy, or in 

other words the entropy-to-energy ratio of BR is a maximum for any TR with the same 

energy (section 4.4 and figure 4-5): 

LBR <-
KBR K 

for the same energy K (4.15) 
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This result has been shown quantitatively for GR and is consistent with (1) equation 

(4.14) for the entropy-to-energy ratio at the same temperature, and (2) the second law of 

thermodynamics. For GR the percent increase in entropy during a fixed energy transition 

to BR is given by (figure 4-7): 

(e)¾ - ~/(e) 
Percent increase in entropy = 100% 

45 

4
ir 

4
ir 4 l(e) 

Note that in general the entropy flux of the reflected and emitted TR cannot be calculated 
independently. 

(4.24) 



For emissivity values greater than 1/2 the percent increase in entropy is very small, less 

than I%. Thus, the error can be relatively low in approximating the entropy of GR or 

NBR as that of BR with the same energy. Stephens and Obrien ([5], p. 134) used this 

simplification when calculating the total entropy production rate of the Earth. 

6.2 On the Entropy Balance at a Solid Surface 

The fraction of incident TR that is absorbed by a surface can be determined usmg 

Kirchoff's law if the radiative emission characteristics of the material are known. The net 

energy flux from the surface is simply the difference between the absorbed and emitted 

energy fluxes. However, the net entropy flux cannot be calculated in this way. Instead, 

the outgoing entropy flux is calculated from the combined emitted and reflected energy 

spectrum. The net entropy flux is the difference between this combined emitted and 

reflected entropy flux and the incident flux. This method of calculation is necessary for 

TR because the spectral entropy radiance is not a linear function of the energy. 
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The net fluxes from a material depend on the TR that is incident. For incident BR we 

have presented net energy and entropy from a surface for blackbody, gray body, and NBR 

materials modeled in section 4.2. 

6.3 New Contributions in Appendix B on Stability Requirements 

The mathematical form of the spectral entropy radiance (LJ function presented by 

Planck [I] is in agreement with stability requirements for equilibrium between TR and a 

material enclosure. This directly implies that the entropy-to-energy ratio of BR is a 

minimum for all TR at the same emission temperature (section 4.3.1). 

Other material covered in appendix B that we believe is a new contribution 1s the 

dimensionless plot of the spectral entropy radiance versus frequency for spectral energy 

radiance fixed . 



6.4 New Contributions in Appendix C On the Family of BB Curves 

Although TR does not interact with itself the equilibrium BR condition inside an 

isothermal cavity is established because (1) emission of radiation by the enclosure is 

dependent on its temperature only while (2) absorption depends on the character of the 

incident radiation as well . 

At equilibrium the radiative character of the enclosure dictates the equal and opposite 

energy and entropy exchange rates between the enclosure and the radiation system. The 

exchange rates are maximum for BB material, but the ratio of entropy-to-energy rate is a 

minimum. Also the character of the material enclosure dictates how quickly equilibrium is 

established; with BB materials equilibrium is established the fastest, almost 

instantaneously because TR travels at the speed of light. In appendix C we also discuss 

the concept of equilibrium with regard to perfectly reflecting enclosures. 

The frequency (C.23) and spectral energy radiance (C.24) of the BR entropy peak are 

linear and cubic functions of the emission temperature, respectively. Furthermore, from 

these relationships we arrive at the locus of energy and entropy peaks for BR (equations 

C.22 and C.25). 

When considering spectrum overlap it is useful to define cutoff points for the BR energy 

spectrum because it asymptotically approaches zero at the high and low frequency sides 

of the spectrum ( equation C.26). The high and low cutoff frequencies are proportional to 

the emission temperature. The proportionality constants depend on the cutoff limit; the 

fraction of the peak value at the cutoff points (table C-1 ). 

The shape of any NBR energy spectrum can be non-dimensionalised with respect to BR 

at the same emission temperature (equation C.29). Assuming that the shape and relative 

size of the NBR is fixed within the temperature range of interest, this allows us to 

calculate the energy and entropy radiance as a function of emission temperature (section 

4.2). 
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CHAPTER 7 THE ENTROPY PRODUCTION RA TE OF EARTH: A 
PRELIMINARY DISCUSSION OF STEPHENS AND OBRIEN [5] 

TR exchange is essentially the only form of energy and thus entropy transfer between the 

Earth and the rest of the universe ([15], p. 38,39). Thus, the total entropy production 

rate of the Earth is simply the difference between the entropy of incoming (sunlight) and 

outgoing ( emitted and reflected) TR fluxes. 

To obtain the actual instantaneous entropy production rate of Earth the energy radiance 

spectrum as a function of position and direction is required. However, in a practical 

measurement the radiation transfer has to be discretized over time, frequency, position, 

and direction. This simplification of the data collection introduces error into the analysis. 

Stephens and Obrien [5] estimated the total entropy production rate of Earth based on 

satellite thermal radiation energy measurements. These measurements were carried out in 

the Earth Radiation Budget Experiment (ERBE) by satellites orbiting at the top of the 

atmosphere (TOA). Barkstrom [11] provides an overall description of the ERBE 

experiment. Stephens and Obrien found that the monthly entropy production of Earth is 

approximately constant at (6.8)1014 WIK with an annual cycle variation of 1 to 2%. 

Also, they found that the entropy flux of TR emitted from the Earth system is much 

greater than that of reflected sunlight. 

7.1 Sources of Error in the Entropy Production Rate of Earth Calculation 

In the ERBE three satellites were used [11]; two were in sun-synchronous orbits and the 

other was at a 600 km altitude with an inclination of 57° and a westerly precession of 

4.95°/day. The position at the TOA was discretized into a 2.5 ° grid of longitude and 

latitude. Error is introduced in the analysis due to (1) discretization, (2) incomplete data 

collection over the grid ( orbital coverage at the TOA), and (3) the fact that the altitudes of 

the three satellites were not exactly the same. 
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The ERBE fluxes derived from irradiance data of the longwave (5 to 200 µm wavelengths) 

TR scanners were averaged over time. Stephens and Obrien used the monthly averages of 

daily averages for their entropy calculations. This averaging introduces error because the 

TR exchange changes with the time; time-of-day, time-of-month, weather conditions, etc. 

The outgoing (longwave) TR fluxes are greatest in the direction normal to the Earth's 

surface and decrease in directions approaching the horizon. For simplicity Stephens and 

Obrien estimated the outgoing TR as isotropic. Note that the thinness of the atmosphere 

(about 5% of the diameter of the Earth) reduces the error introduced by this 

simplification. Stephens and Obrien stated that it was more important to resolve the 

spectral character of the TR rather than the directional distribution. 

The ERBE scanners measure the energy irradiance of longwave TR with wavelengths 

between 5 and 200 µm [12] and thus the spectral distribution of the TR is not measured. 

Stephens and Obrien use TR transfer models for the atmosphere to estimate the spectral 

distribution of the TR for different scene or land surface types and weather conditions. In 

comparing the NBR entropy to that of BR with the same energy they conclude that the 

error introduced in estimating the entropy in this way is low, probably within 1 % ([5] , p . 

133). This is not surprising because the NBR emitted from Earth with an overall albedo 

(reflectivity) of about 0.29 is likely to have spectral emissivities greater than 1/2 and thus 

the error is within 1 %, as discussed in section 4.4. 

In their conclusion Stephens and Obrien state that the "entropy fluxes calculated from the 

ERBE measurements are estimated to be accurate to 2-3% and this uncertainty arises 

primarily from the measurement error of the ERBE longwave fluxes." Note that Harrison 

[13] provides a detailed account of the uncertainties in the ERBE fluxes. At this point we 

have not determined how accurate this overall error estimate of their analysis is. 
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7.2 Extremum Principle for Climate Modeling 

Thermodynamic modeling and analysis of the Earth' s atmosphere is an alternative 

approach to conventional energy, momentum, and mass balance models. The 

thermodynamic approach is attractive because of its intrinsic simplicity while the 

responses of the conventional models are difficult to unravel. 

Stephens and Obrien state that the fundamental question is whether the climate system is 

at a maximum or minimum entropy production rate ([5], p.147). They conclude that "we 

present an analysis that suggests the earth is near a maximum entropy production for the 

given observed albedo of the planet. This arises from the fact that the long-wave entropy 

flux to space is very closely approximated by the equivalent black-body entropy flux ." 

The phrase "for the given observed albedo" or overall reflectivity of the Earth is 

important because specifying the albedo determines: 

(1) By definition the energy flow rate absorbed by the Earth system. 

(2) The approximate temperature of the planet based on a gray body model of the Earth 

system with emissivity equal to unity minus the albedo (£ = 1- a), and the energy 

emission rate approximated by the absorption rate (steady state). 

(3) How accurately the emitted entropy flux can be approximated by that of BR with 
the same energy (section 4.4). This is true because a low albedo means that in general 
the NBR emitted from the Earth will have spectral emissivities greater than 1/2. 

Thus, by fixing the planetary albedo it appears they have arrived at the conclusion that 

the Earth ' s entropy production rate is near its maximum. Note that if the albedo of the 

earth was lower then the entropy production rate would be greater. 

In their conclusion we believe it might be misleading to say the "equivalent" black-body 

entropy flux . The entropy ofNBR emitted from Earth is approximated by that of BR at 

the same energy and thus lower emission temperature. How the accuracy of this 

approximation is relevant with regards to finding an extremum principle is not clear to us. 
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At this time our view is that the magnitude of the total entropy production rate of Earth 

is not relevant in supporting a principle that governs the behavior of the system . There is 

a continual tendency for the Earth system to reach equilibrium while the system is 

constantly being disturbed by the interaction with sunlight and minor* processes such as 

volcanism. This drive towards equilibrium (maximum disorder) or uniformity constantly 

produces entropy. But, how much entropy the system is producing is not relevant in the 

context of supporting a governing principle. The tendency to establish equilibrium in the 

atmosphere governs circulation. TR processes change the state of the material in the 

atmosphere and are, in this indirect way, the primary cause of circulation. 

7.3 Sources of Entropy Production within the Earth System 

Stephens and Obrien stated that the entropy production of Earth is dominated entirely by 

radiative processes ([5] p. 147). This is directly due to the absorption of sunlight emitted 

from a source near 6000 K by material on Earth with temperatures near 300 K. 

Atmospheric and ocean processes such as fluid flow and non-radiative heat transfer have 

little influence on the total entropy production rate of Earth [5]. They are secondary 

entropy producing processes because the exergy of low entropy sunlight drives these 

processes but the sunlight must first be absorbed. In other words, a small portion of the 

exergy of sunlight supports the biosphere and circulation of the atmosphere and oceans. 

7.4 The Role of the Biosphere in Climate Change Modeling 

The radiative character of the atmosphere and the Earth' s surface determines the overall 

albedo of the planet and thus its approximate temperature and total entropy production 

rate. In turn, the biosphere effects the composition and thus the radiative character of the 

atmosphere ( especially CO2, 0 2, and H20), land surfaces and hydrosphere. Thus, a 

thermodynamic model for studying climate change should include the role of the 

biosphere. However, for strictly modeling the circulation of the present atmosphere and 

ocean system the biosphere would likely be viewed as invariant. 

See the energy balance diagram for the Earth system on page 39 of [15]. 
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CHAPTER 8 CONCLUDING REMARKS 

Plancks spectral entropy radiance (LJ expression (2.4) is the basis for determining the 

entropy of TR. The spectral entropy radiance (LJ spectrum is determined from the 

spectral energy (KJ spectrum. The entropy flow rate ( S) through a surface is the 

integration of Lv over frequency, solid angle, and surface area. The exclusive use of 

numerical integration is a straightforward but laborious task that does not lend itself well 

to understanding the entropy of TR. 

In this thesis approximate methods suitable for engineering applications have been 

developed for evaluating the entropy flux of NBR: 

• The approximate expression for the entropy radiance (4.2) of GR is within 0.8% of 

the numerical integration result for emissivities greater than 0.005 . Expressions (4.2) 

and (3 .6) give the entropy and energy emission rate from a gray surface as a function 

of temperature. Further, in engineering analysis materials are commonly modelled as 

gray by calculating an effective emissivity. The approximation for the entropy of GR 

allows the corresponding entropy flux to be calculated in a quick and simple manner. 

• For TR that cannot be adequately modelled as BR or GR the relationships presented 

in section 4.2 can be used to estimate the energy and entropy emission rates as a 

function of temperature (4.11). 

• Alternatively, the entropy radiance L ofNBR can be estimated as that of BR with the 

same energy radiance Kand accordingly different emission temperature (section 4.4 

and 4.3 .1). For GR this approximation is within 1 % for emissivities greater than 1/2, 

and likewise for any NBR with spectral emissivities greater than 1/2 over the whole 

spectrum . 
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Further, the object of this work is to improve the understanding of the entropy of TR: 

• As recognized by Planck, BR has the highest entropy of all TR with the same energy. 

In this work we qualitatively evaluate the entropy production rate for the isolated 

transition of GR to BR with the same energy (section 4.4). 

• NBR has a higher entropy-to-energy ratio than BR at the same emission temperature 

(sect. 4.3.1) as shown quantitatively for GR (sect. 4.3.2). The validity and 

implications of this result are discussed and a clarification is made from comparing 

NBR and BR at the same energy radiance rather than the same emission temperature. 

This result is a direct implication of the mathematical form of the Lv expression (2.4). 

Further, the validity of the mathematical form of Planck's expression (2.4) is 

supported by stability requirements for a TR system in equilibrium with its material 

enclosure (sect. B .2). 

• The evaluation of the net entropy flux of TR at the surface of a material is not as 

straightforward as calculating the net energy flux. The calculation of the net entropy 

flux from a solid surface is clarified in chapter 5. 

• The entropy-to-energy ratio LIK for BR , GR, and other NBR described in section 4.2 

increases as temperature decreases (sect. 4.5). 

• In appendix C we review and present some new results on the characteristics of the 

family of BR curves, including: the location of the entropy peaks, locus of peaks, and 

cutoff frequencies. 

TR is a significant energy/entropy transfer process in many thermodynamic systems 

especially where high or very low temperatures relative to the environment are involved. 

Significant errors are introduced when the entropy flux of TR is incorrectly assumed to be 

q/T (section 4.6). If this error is made when analyzing a gas-solid boundary of a 

thermodynamic device then the irreversibility of the device is underestimated regardless of 

whether the device is hot or cold relative to its surroundings. Further, the higher entropy-
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to-energy ratio for NBR means that the error introduced is even greater for NBR than for 

BR exchange. 

The results in this work have various applications but a preliminary application to the 

Earth was chosen because it was the motivation for this research (chapter 7). TR transfer 

is a very important in the analysis of the Earth and radiation-matter interaction is 

responsible for the majority of the entropy produced by the Earth system. Stephens and 

Obrien's [5] conclusion that the Earth is near its maximum entropy production rate may 

be misleading and its relevance to finding an extrenum principle for climate modelling is 

not clear to us. The results from this work also provide a basis for analyzing and 

estimating the magnitude of the sources of error in Stephens and Obrien ' s calculation of 

the total entropy production rate of Earth. 

8.1 Recommendations for Future Work 

The following are some recommendations for future work: 

• Improve the physical understanding of the current results; especially regarding the 

fact that (1) the entropy-to-energy ratio for BR is exactly 1/3 higher than q/T, and (2) 

for NBR it is more than 1/3 higher than q/T. 

• Investigate further the role of TR in thermodynamic climate modeling. Conduct an 

error analysis of Stephens and Obrien's [5] calculation of the total entropy 

production rate of the Earth system based on the sources of error described in section 

7.1. 

• Estimate the entropy production rates within various domains of the Earth system; 

such as the atmosphere, lithosphere, biosphere, and hydrosphere. 

• Extend this work into the domain of exergy analysis by utilizing the present results to 

assist in evaluating the exergy flux of TR. 
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• Investigate the temperature dependence of the radiative character of common 

engineering materials used in applications were TR exchange is important. Use this 

information to test the approximate methods for the variation of entropy em1ss1on 

with temperature presented in sections 4.1 and 4.2. 

• Find an analytical solution for the entropy of GR or prove that it does not exist. 

• Determine the equations of the energy and entropy envelops that enclose all TR. 
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APPENDIX A: GE01\1E1RIC a>NSIDERATIONS 

A.1 Description of the Radiation Field 

The description of a radiation field is laborious but straightforward. In general the field is 

non-uniform with position and at any position in the field the frequency distribution (Kv 

spectrum), the energy radiance K (area enclosed by the Kv spectrum), and the 

polarization can vary with direction and time. 

Figure A-1 shows the variation of the frequency distribution (Kv spectrum), and the 

energy radiance K with direction at a particular position in the radiation field . 

The Kv spectnnn and the 
energy radiance K can 

vary with dir~tion 

Figure A-1: The radiation field at a particular position and time. 

The orientation of radiation propogation is usually described by a single direction, but in 

actuality it is never confined to a single direction, in contrast it diverges as a cone of 

directions (pencil of rays). The fraction of possible directions subtended by the cone, 

multiplied by 47t, is called the solid angle of the pencil of rays. 

The solid angle is the 3D quantity corresponding to the 2D angle. Like the radian (rad) 

measure of an angle, the steradian (sr) measure of a solid angle has no physical units of 

time, space, or mass. Consider an infinitesimal pencil of the rays that pass through a 

point in a radiation field, as shown in figure A-2. And imagine a fictitious sphere, of 

radius R, centered at the point in question. 

4: 



-- Infinitesimal surface area dA of 
the fictifrms sphere intersected 

by the pencil of rays . 

dO. = dA = (Rsin0d¢)(RdO) = sin0d0dt1i 
R2 R2 'I' 

The steradian (sr) is the unit of 
the solid angle. 

Qhemisphere = 27tR2 
/ R2 

= 21t Sf 

Q sph ere = 47t sr = I sphere 

Figure A-2: Infinitesimal pencil of rays. 

The solid angle is the fraction of the surface area of the fictitious sphere that is intersected 

by the pencil of rays, times 47t. 

Consider the emission of thermal radiation from a solid surface. The energy irradiance H 

in W/m2 is the flux of energy from the surface at a particular location on the surface per 

. 
unit surface area. The flow rate of energy E in W from the surface is: 

E = f H dA (A.1) 
Surface 

The irradiance H is calculated by integrating the radiance K (W /m2-sr) over all possible 

propagation directions, 

(A.2) 

where Kcos0 is component of K perpendicular to the surface, and the infinitesimal solid 

angle is dQ = sin0 d0 dq, . If the emission is isotropic the radiance K does not depend 

on direction and the irradiance His 

H = K r2
ir d~f '½ ( cos 0) sin 0 d0 = nK Jo -'½ (A.3) 
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The energy radiance K is the area under the spectral energy radiance Kv (J/m2-sr) 

spectrum, as shown in figure A-3 . 

K is the area under 
the K spectrum 

V 

UNITS 

Kv: J / m2 sr 
K: W/m2 sr 

Figure A-3: The energy radiance K is the area under the K v spectrum. 

Moving on from radiation emission, consider the radiation system inside an evacuated 

isothermal cavity. The internal energy U of the radiation is the energy that is contained 

in the volume V of the cavity. The specific internal energy u is the internal energy U of 

the radiation per unit volume. 

If the radiation is uniform in position and isotropic, then the energy radiance K of the 

radiation is geometrically related to the specific internal energy u of the radiation 

K = C U 
4n V 

= 
UC 

4n 
(A.4) 

The fundamental expression for the entropy of monochromatic radiation, the spectral 

entropy radiance L v, is a function of frequency (v ) and spectral energy radiance (Kv) 

alone 

(A.5) 

The entropy variables of the radiation field are analogous to the energy variables. The 

entropy radiance L is the area under the spectral entropy radiance Lv spectrum, the 

entropy irradiance J is the integration of the entropy radiance L over all directions, and 

similarly for the entropy equivalent of (A.4). 

47 



A.2 The Energy and Entropy Flow Through a Surface 

The energy and entropy flows through a surface in a radiation field are calculated in the 

same manner. The energy flow is arbitrarily chosen here, but the procedure is analogous 

for the entropy flow calculation. The net energy flow rate E through the a surface 

located in an arbitrary radiation field is determined by discretizing incident rays from all 

directions into infinitesimal pencils of rays with solid angles dQ = sin0 d0 d</> 

E = f H dA = f s:n d</) ff sin0cos0d0 dA (A.6) 
surf ace surface 

and by replacing K we have 

(A.7) 

If the outgoing and incoming radiation is isotropic and uniform with position on the 

surface then the net flow rate of energy across the surface is 

• 
E = n (surface area)(Kourgoing - K/nco111i11g) (A.8) 

A.2.1 Numerical Approximation 

• 
The energy flow rate E through a surface in an arbitrary radiation field can be calculated 

numerically . This is done by approximating (1) the spectral radiance spectrums and the 

radiances as constant in each pencil of rays with a finite solid angle L1Q, and (2) the 

energy irradiances as constant over each finite element of surface area M . The energy 

flow across the surface is numerically approximated as 

(A.9) 

where 0 is the local angle between the radiation flux direction and the normal to surface 

areaM. 
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A.3 Polarization 

Radiation is emitted when electric charges accelerate. The emission of "heat" radiation 

from a solid is due to the vibrations of atoms and molecules. In general, the atoms in a 

solid can vibrate in any direction. Consequently, the radiation emitted has a random 

plane of vibration and is referred to as unpolarized. In contrast, for plane polarized 

radiation the vibrations are in a single plane. 

An unpolarized ray has a random distribution of plane polarized wavetrains, with 

different planes of vibration, but of equal magnitude. The unpolarized ray can be 

mathematically broken down into two equal, mutually perpendicular, plane polarized 

components, as shown below. 

Direction of Prop~aticn is Peipendcuilr to the page 

Unpolariied raliation has 
a nndom directional 
distribution of plane 
pola-ized w'iNe trains. 

I Two eqial, mutually 
pa-perrlicular, plane polarizro 

cornporents. 

Figure A-4: Unpolarized radiation can be mathematically decomposed. 

Planck's equation (2 .2) was derived for plane polarized radiation. As a result, it must be 

multiplied by two for unpolarized radiation to agree with experimental results . Planck 

states• that " every (unpolarized) ray has just twice the intensity of one of its plane 

polarized components, which could, for example be obtained by passing the ray through 

a Nicole' s prism" . 

A polarization factor p (or l) is included to generalize the equations (2 .2) and (2.4) with 

respect to polarization. For unpolarized radiation p = 2 and for plane polarized radiation 

p = 1 . In this thesis, unless otherwise indicated, the analysis is restricted to unpolarized 

TR for simplicity although there is no inherent limitation for application to polarized TR. 

• Page 6 of "The Theory of Heat Radiation" by Max Planck [1] . 
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APPENDIX B: THE MA THEMA TI CAL FORM OF THE Lv FUNCTION 

As shown in section 4.3 .1 Planck's spectral entropy radiance Lv (2.4) is a monotonically 

increasing concave function of the spectral energy radiance Kv . The implications that 

follow from this mathematical form raise the question of its validity . However, we will 

show here that from stability requirements the mathematical form of Planck's Lv 

expression is expected. First we consider a material system alone and then a combined 

material-radiation system in equilibrium. 

B.1 Material Systems 

For material systems the internal entropy is a monotonically increasing concave function 

of the internal energy. This can be shown by considering the stability of a material 

system. The following approach is taken from Callen's text ([14], p. 203). 

Consider two identical subsystems, each with the fundamental equation S=S(U, V,N), 

separated by a totally restrictive wall. Consider the situation where the volume V and the 

mole number N of each subsystem are fixed, that is S = S(U). Now suppose that the 

dependence of Son U is convex• rather than concave as qualitatively shown in figure B-1 . 

Average Value for the 
Fina Entropy of the 

two Susbsystems 

Initial Entropy for 
Both Subsystems 

s 
, , , , 

___ ~ Final Entropy of 
One Subsystem 

-------------~ I , I ________ _, I 

' , , ~ Final Entropy of the 
---t-----'------ Other Sub;y stem 

------------u 
U-11U U U+/1 U 

Figure B-1: Physically impossible convex S = S(U) with a positive second 
derivative for a material system. 

• The second derivative is always positive for a strictly convex function and always negative 
for a strictly concave function. 
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Ifwe were to remove an amount of energy 11U from one subsystem and transfer it to the 

other subsystem, then the average value of the entropy of the subsystems would increase 

from its initial value. 

This means that if the adiabatic restraint were removed in such a system, energy would 

flow spontaneously across the wall; one subsystem would thereby increase its energy 

(and its temperature) at the expense of the other. Even within one subsystem, it would 

be advantageous to transfer energy from one region to another, developing internal 

inhomogenieties. 

Thus, the condition of stability for material systems is the concavity of the entropy 

dependence on energy . This means that entropy is a maximum at the homogenous 

equilibrium condition, as demonstrated in the following figure. 

Initial Entropy for 
Both Subsystem; 

Average Value for the 
Final Entropy of the 

two Susbsy stem; 

s 

- - - - - - - _J ... 
~ I 

FinalEntropy of 
One Subsystem 

----- ---~---~----
1 I 
I I 
I I 
I I 
I I 

'- Final Entropy of the 
Other Subsystem 

----------u 
U-11U U U+l1U 

Figure B-2 Actual concave S = S(U) with a negative second derivative 
for a material system. 

The slope of the function S(U) is the inverse of temperature T 

i = (:itN (B.1) 

and is always positive because T> 0 . Or in other words, the greater the energy level the 

greater the entropy. This is equivalent to saying that S(U) is a monotonically increasing 

function . In simpler terms this means that as U increases the entropy S and the 

temperature T increase, and the slope of S(U), the inverse of the temperature, decreases. 
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B.2 A Radiation System in Equilibrium with a Material Enclosure 

Consider an isotropic BR system enclosed in an evacuated cavity and in equilibrium with 

the material of the enclosure. For simplicity, the rigid material of the enclosure has 

uniform BB characteristics. The combined system is isolated from its surroundings. The 

internal energy and entropy of the radiation system are U and S, respectively. The 

equation of state for the radiation system is S(U) because the volume is fixed . 

The characteristics of the radiation system depend entirely on interaction with the 

material that surrounds it. This is because the radiation does not interact with itself and 

thus depends on reflection, absorption, and emission at the material surface to change the 

state of the TR in the cavity. 

It is an observable fact that the equilibrium condition for an isolated material system 

containing an evacuated cavity, with uniform properties, and without heat generation 

sources, is the uniformity of temperature. Therefore, the state of the radiation system 

that it is in equilibrium with is uniformity as well. 

From the "0th law" of thermodynamics, at the equilibrium condition the slope of S(U) for 

the radiation system must be the same as the slope of S(U) for material system. This is 

equivalent to saying they must have the same temperature, where temperature is defined 

as: 

(B. 2) 

For the material system S(U) is a monotonically increasing function of the internal energy 

U. That is, the slope is always positive and decreases with increasing energy. Thus from 

the zeroth law of thermodynamics, S(U) for the TR system must be a monotonically 

increasing concave function as well. This conclusion is in agreement with the functional 

form of Planck's spectral entropy radiance function (2.4). 
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B.3 Quantitative Dimensionless Plots of the Lv Function 

The purpose of this section is to investigate quantitatively the dependence of the spectral 

entropy radiance Lv (2.4) on the spectral energy radiance (Kv) and frequency (v ) 

independently . The dimensionless form of the entropy dependence on energy with 

frequency fixed was presented in section 4.3.1, equation (4.12). The dimensionaless form 

of the entropy dependence on frequency with energy fixed is given by 

ZK ~{Xi ~( I+ ;1 J + + ;:J- ;~ !n(~rJ} Kv = fixed (B.3) 

where 

and (B.4) 

are the Kv fixed dimensionless spectral entropy radiance and the dimensionless frequency, 

respectively. The quantitative plots of both zv (4.12) and zK (B.3) are shown in Figure 

B-3 . 

zv = Dimensionless Lv with v fixed zK = Dimensionless Lv with Kv fixed 

10 

goes to (oo,oo) J 0.8 

0 .8 

OA 

goes to ( =,0) 

1 
0.2 

2000 3000 ,ooo 5000 6000 7000 8000 gooo 1 0000 

Yv = Dimensionless K v XK = Dirrensionless v 

Figure B-2: Dimensionless spectral entropy radiance Lv plots; Zv 

represents entropy versus energy with frequency fixed, and zx represents 
entropy versus frequency with Kv fixed. 
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The peak of the zK plot (xK :::::: 1.74) corresponds to a boundary line on the Kv versus 

frequency plane given by Kv = (2.8)10"51 v 3
. To the right of the boundary line Lv 

increases as v decreases for Kv fixed, and on the left vice versa. The locus of the peaks 

for the blackbody spectrums is given by Kv= (9.3)10-52 v 3
. Thus, the boundary line is 

approximately three times the height of the locus of black body peaks. Thus, thermal 

radiation is confined to the region where Lv increases as v decreases for Kv fixed. 

In the literature this has been interpreted as follows. The energy of a single photon is E 

= hv. As the frequency decreases the number of photons required to have total energy Kv 

increases. The greater number of photons means an increase in disorder, and thus an 

increase in entropy L v. 

As an example of what areas in the zv and zK plots are of interest consider a clear-sky 

emission spectrum from the Earth to space. The longwave radiation emitted from the 

Earth has a frequency range of about (4)1012 to (1.5)1015 hz (wavelengths of 0.2 to 75 

µm) , and a spectral energy radiance (K) range of about zero to (2)10"13 J/m2-sr. This 

corresponds to Yv < 0.4 and XK > 20. 
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APPENDIX C: BLACKBODY RADIATION (BR) 

A blackbody absorbs all incident radiation and emits the maximum energy and entropy for 

a given material temperature. Consequently the family of blackbody curves encloses all 

other thermal emission spectrums and provides a reference point for comparing thermal 

spectrums. Furthermore, BR is referred to as equilibrium radiation. This is because a 

radiation system when in equilibrium with an isothermal material enclosure will have a BB 

spectrum regardless of the radiative characteristics of the material . A pore inside an 

isothermal solid is a good example. In this appendix various topics involving BR will be 

considered. The first is the derivation of the blackbody spectral energy radiance formula 

from the spectral entropy radiance expression. 

C.1 Derivation of the Kv Expression from the Lv Expression 

When Planck first introduced the Kv expression (2.2) it was based on mathematical 

interpolation between experimentally observed low and high frequency forms. Later using 

equilibrium statistical thermodynamics he derived the Lv expression (2.4). Then through 

the definition of temperature the Kv expression could be derived analytically . This 

derivation is presented here to show consistency between equations (2.2) and (2.4). 

Consider an isotropic BR enclosed, and in equilibrium with, an isothermal evacuated rigid 

cavity. The internal energy and entropy of the radiation in the cavity are U and S, 

respectively . The equation of state for the radiation system is S=S(U) because the 

chemical potential is zero and the volume of the radiation is fixed . 

The first Tds equation for the radiation system is 

dU = (au) dS as v 

and by defining temperature in the usual manner 

(C.1) 
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r = (au] 
as v 

(C.2) 

the differential equation becomes dU = TdS. Note that at equilibrium the temperature T 

is the same for both the material and the radiation system (zeroth law). 

Since the radiation is isotropic the energy (K) and the entropy (L) radiance are linearly 

related by the same constant (c/41t V) to the energy (U) and entropy (S), respectively . 

Moreover, the volume is fixed so we have a total differential expression 

dL 1 
= (C.3) 

dK T 

From definition 

1 dLV 
- (C.4) 

TV dKV 

and for blackbody radiation Tv = T thus 

dLV 
= 

1 (C.5) 
dKV T 

By differentiating the Lv expression (2.4) with respect to Kv we get 

- - - -ln 1+- + 1 - -ln - + 1 dlv pkv
2 

{ ( c
2 

[ c
2 

Kv l ) ( c2 

[ c
2 

Kv l ) } 
dKv - c2 phv3 phv3 phv3 phv3 (C.6) 

and on substituting (C .6) into (C.5) we have 

(C.7) 

Re-arrangement of this expression produces Planck's spectral energy radiance expression 

(2.2) in its common form : 

K = phv
3 

( 1 J 
V 2 h v 

C kT• 
e O -1 

(2.2) 
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C.2 The Internal Energy and Entropy of Isotropic BR from the First 
Tds Equation 

The internal energy and entropy of BR can be calculated by integrating equations (2.2) 

and (2.4), respectively. Alternatively the energy and entropy can be calculated by 

integrating the first Tds equation for an isotropic and uniform radiation system [l], as also 

discussed by Bejan [7] p.474. 

Consider a piston cylinder enclosure with perfectly reflecting walls with the exception of 

one blackbody wall maintained at a constant temperature T from an external thermal 

energy reservoir (TER). 

Figure C-1: Evacuated piston-cylinder assembly. 

The equilibrium state relations for this radiation field can be derived by considering the 

change in state variables, between two equilibrium states, due to an internally reversible 

process. At equilibrium Tradiation=Tenclosure= T of TER. When in an equilibrium state, just 

as any simple thermodynamic system, this system should satisfy the first Tds equation: 

TdS = dU + PdV 

The radiation pressure [l] is P = u/3, so the differential equation becomes 

dU P dU u 
dS = -+-dV = -+-dV 

T T T 3T 
(C.8) 

and since U = u V then dU = V du + udV and we have 
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V u u 
dS = -du+-dV+-dV = 

T T 3T 

V 4u 
-du+-dV 
T 3T 

(C.9) 

therefore 

V du 
---

T al' 
and (C.10) 

Partial differentiation of both these expressions gives 

a2 S 1 du 4 du 4 u --= -- = --- --arav T dT 3T dT 3 T2 
(C.11) 

By re-arranging this expression we find 

1 du 4 u 
3TdT - 3T2 or du= 4 dT 

u T 
(C.12) 

Integration of this equation produces the expression for the specific (per volume) internal 

energy of isotropic black body radiation: 

u = aT 4 = 47tKlc (C.13) 

where a= 481t a k4/(c2h3
) = (7.59)10-16 J/m3-K4. To find the internal entropy we substitute 

(C.13) into equation (C.9) 

dS =~du dT + 4u dV = ~ (4aT3) dT + 4aT4 dV 
T dT 3T T 3T 

(C.14) 

and on re-arranging 

4a ( 2 3 ) 4a frlT3 ) dS = 3 3VI' dT + T W = 3 d, ~ (C.15) 

Integration of equation (C.15) gives 

4a 
S = -VT3 + constant 

3 
(C.16) 

and since S = 0 when T,adiation = T enclosure = 0 (no radiation) the internal entropy is 

or s 4w3T (C.17) 
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C.3 Equation of State for an Equilibrium BR System 

Consider an evacuated pore inside an isothermal solid. The radiation system will be in 

equilibrium with the material of the enclosure in that (1) it is at steady state, (2) it has 

reached the maximum entropy given the present constraints, and (3) its state is 

independent of its past history. 

Figure C-2: Evacuated pore in an isothermal solid. 

The radiation in the cavity will have a BB spectrum at temperature T regardless of the 

type of material of the enclosure. Because of this BR is sometimes referred to as 

equilibrium radiation. Furthermore, the radiation system will be isotropic and uniform 

because the solid is isothermal. 

The fundamental equation of state is found by combining equations (C.17) and (C.13) 

UB = (¾r a-½ v-½s~ = DB v-½s~ (C.18) 

where Vis the volume of the cavity and DB= (7.46)104 mK½½. The temperature of the 
J 3 

radiation system is 

(C.19) 

The state of equilibrium with the material system 1s completely determined by the 

material temperature. 
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The radiation system must have a black spectrum to be in equilibrium with the material of 

the enclosure. If mistakenly it is assumed that the equilibrium radiation in the enclosure 

has the same spectrum as the emission spectrum from the arbitrary material, then the 

calculated temperature of the radiation system, defined in the usual manner, is less than 

the material temperature; a violation of the 0th law. 

To further illustrate this point consider the following. At equilibrium there is a steady, 

equal and opposite, exchange of energy and entropy between the walls and the radiation 

system, similar to an equilibrium mixture of a liquid and it's vapor. An arbitrary material 

surface does not absorb all radiation incident on it. Therefore, the radiation incident from 

the radiation system must have higher irradiance than the emission from the surface. This 

is the case when the equilibrium radiation has a blackbody spectrum. Furthermore, the BR 

system represents the maximum energy and entropy for a given material temperature . 

Although radiation does not interact with itself equilibrium is established because 

(1) emission of radiation by the enclosure is dependent on its temperature only while (2) 

absorption depends on the character of the incident radiation as well. Note that 

equilibrium is between the material of the cavity and the radiation system. The approach 

to equilibrium is not a maximization of the entropy of the radiation system for a fixed 

energy. It is the maximization of the energy and entropy of the radiation system for a 

given material temperature. However, the blackbody spectrum does not represent the 

maximum ratio of entropy-to-energy ratio for the radiation system itself. 

At equilibrium, the magnitude of the equal and opposite energy and entropy exchange 

depends on the physical character of the walls . Black walls exchange the maximum 

energy and entropy with the radiation system because they emit the maximum amount of 

radiation for a given wall temperature, and absorb all incident radiation. A BB surface will 

ensure the fastest approach to the equilibrium state. In the next section we consider a 

special theoretical type of enclosure. 
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C.3.1 Perfectly reflecting theoretical enclosures and equilibrium 

Now consider a situation where the radiation system is contained by an evacuated 

enclosure that completely isolates the radiation system. This type of enclosure has been 

termed "perfectly reflecting". Note that Kirchoff slaw implies that a perfectly reflecting 

enclosure is a perfectly isolating enclosure. 

This radiation is not in equilibrium because it is not in thermal contact, or in other words 

it does not exchange photons, with the material of the enclosure. Any radiation 

whatsoever could exist in such a theoretical enclosure. However, if a particle of real 

matter was inserted the radiation system would equilibriate to BR, thereby producing 

entropy. This would also be the case for real material enclosures that approach perfectly 

reflecting because there will always be some interaction (absorption/emission) between 

the radiation system and the enclosure. The radiation system, even if very slowly, will 

interact with the material of the enclosure and eventually become BR. 

Now if the enclosure had real material properties with the exception of some finite area 

of its surface being a "special monochromatic material" then the equilibrium condition is 

still BR at the temperature of the enclosure. 

If the evacuated enclosure was initially devoid of radiation and was made of a special 

"monochromatic material" then once the steady state condition is reached the cavity will 

be filled with monochromatic radiation given by Planck's formula (2.5). But, is this type 

of system in equilibrium? If we were to suddenly isolate the radiation system and add a 

minute piece of real material the system would move towards black body radiation, 

thereby producing entropy while the energy remains constant. 

Note that when radiation is traveling through "empty space", then equilibrium doesn't 

have any meaning because the radiation does not interact with itself. Thus, the terms 

equilibrium (BR) and non-equilibrium (NBR) radiation are not applicable. 
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C.4 Some Useful Relationships for the Family of Blackbody Curves 

It is useful to know the basic characteristics of the family of BR curves because they are 

used as a reference point for other TR. By differentiating the spectral energy radiance 

expression (2.2) with respect to frequency and setting the derivative to zero we find that 

the frequency (YmK) of the energy peak (maximum) is given by: 

hv,,,K 

3 e -~ = 3 - hvmK 
kT 

(C.20) 

Thus, this characteristic frequency is a linear function of temperature. By numerical 

calculation we find that 

k 
V,nK z 2.82144 -;; T (C.21) 

where Tis in degrees Kelvin, and the subscript mK denotes maximum (m) and energy (K). 

Equation (C.21) is known as Wien's displacement law and was experimentally observed 

prior to the discovery of equation (2.2). On substituting equation (C.21) into (2.2) we 

find that the spectral energy radiance KjvmKJ in J/m2-sr of the BB energy peak is a cubic 

function of the material emission temperature: 

_ ph ( 2.821439: Ts 
KlVmK) - -

2 282144 1 
z (1.8853)10-19 T 3 J/m2·sr-K3 (C.22) 

C e . -

Consequently, the material emission temperature of BR or GR can be determined from 

the frequency of the peak. 

Similarly, the frequency (v111L ) of the BB entropy peak is a linear function of emission 

temperature 

k 
VmL z 2.53823 Ji T (C.23) 

and the spectral entropy radiance Ljv11u) in J/m 2-sr·K ts a quadratic function of 

emission temperature: 

(C.24) 
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Thus, the frequency of the BB entropy peak is about 10% lower than the BB energy 

peak. 

By substituting (C.21) into (C.22) we find that the locus of the peaks for the family of 

BB energy spectrums is given by 

K 
__ ph v3 

v c 2 e 2.s2144 _ 1 "'" (9.319)10·52 v3 (C.25) 

Similarily, the locus of peaks for the BB entropy spectrums is : 

(C.26) 

The locus of BR energy (C.25) and entropy (C.26) peaks can be used to estimate the 

envelop for TR. This allows the validity of measured or calculated data to be verified; for 

each frequency the approximate maximum allowable values for Kv and Lv are given by 

(C.25) and (C.26). 

The blackbody energy spectrum asymptotically approaches zero on both the low and 

high frequency sides. For determining spectrum overlap it is useful to describe cutoff 

points where the spectral radiance is a certain fraction n of the peak value: 

The low frequency cutoff of the spectrum is vL, and the high frequency cutoff is vH. 

I 
I 

r BR Spectrum 

I I 
I I 

Kv(v cutoff) -- ------- ------------------ I ------

'"'1..;..'-----6-'------~·--=--...... V 

Figure C-3: Low and high frequency cutoff points for the BB spectrum. 

(C.27) 
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Like any characteristic location in the energy spectrum, the frequencies vL and vH vary 

linearly with temperature, VL = gr T and vH = gH T where gr and gH are new 

constants that depend on the cutoff limit given by n. The following table shows the g 

constants for various n values. 

Table C-1: Cutoff constants for BR. 

0.05 II 

0.10 II 

0.25 
0.50 

* The units of g are s· 1K 1 
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C.5 The "Shape" of TR Energy Spectrums 

A 

The dimensionless shape of the blackbody spectrum is found by defining the variable V 

that is the ratio of frequency v to the frequencyvmK of the peak of the BR energy 

spectrum: 

A 

V -
V 

(C.28) 
V,,.K 

The shape of the BR energy spectrum is then given by the function cp(v) 

cp(v) (C.29) 

Thus using equation (2.2) we have 

hv.,,: 

A Kv(v) v3 e kT -1 A 3 e
2
"
821439 -1 (15.801) (v)3 

cp( V) = K ( V ) = ~ ~ :::: ( V) 2.821439(v) - 1 :::: 2.821439(v) - 1 
vmK mK kTl e e e -

(C.30) 

Note that GR has the same shape as the black body spectrum. To determine the 

dimensionless shape of a NBR spectrum consider the unique Kv emission spectrum at 

some emission temperature T as shown in Figure C-4. 

KV [BR C) Kv(v) <p V = 
KV (vch) 

1',,BR (Vch) 

Kv(vch) 1.0 

1'. ⇒ 
V 

V,h 
V vch 1.0 

Figure C-4: Non-dimensionalizing the shape of a unique thermal spectrum 
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For this type of spectrum we define the variable v as the ratio of the frequency v to 

the frequency v ch of some chosen characteristic location in the energy spectrum 

(C.31) 

and the function cp( v) as the ratio of KV (v) to KV (v c,J: 

(C.32) 

Note that if the chosen characteristic location is the peak of the unique spectrum, as 

indicated in figure C-4, then we have O ~ cp( v) ~ 1 . 

If the shape cp( v) of the unique spectrum is independent of temperature, that is if it 

retains geometric similarity and relative size with respect to BR with temperature as 

shown in Figure C-5, then the energy and entropy radiances are simple functions of 

temperature (section 4.2). 

Spectral Fner gy 

Radiance (K,) 
"High" 

Tem~rature 

V 

Figure C-5: A. unique thermal spectrum that retains geometric similarity and 
relative size with respect to BR with temperature. 

The relative size of a unique spectrum with respect to the BR spectrum is given by 

(C.33) 

Note that for gray radiation b is equal to the emissivity (t: ). 
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C.6 Dimensionless BR Energy and Entropy Spectrums 

In section C.5 a dimensionless form of the BR energy spectrum was presented. However, 

the method used there is not easily applied to the entropy spectrum. In this section 

dimensionless forms of the BR energy and entropy spectrums are obtained in a manner 

similar to Beretta and Gyftopoulos (10]. 

By defining the dimensionless groups 

h 
XBB =-V 

kT 
(C.34) 

we obtain the dimensionless BR energy and entropy spectrums 

YBB and (C.35) 

where x88 represents the frequency, y88 the spectral energy radiance, and z88 the spectral 

entropy radiance. The y88 energy (lower spectrum) and the z88 entropy (upper spectrum) 

are shown in Figure C-6. 

2 

l.8 -; Entropy z m 
i.. l.6 .... 
(,J 
4,1 
C. l.4 

V) {I) 

- 4,1 l.2 ~ (,J 

C C 
0 ~ ·; :a 
C ~ 0.8 e~ 
Q 0.6 

I 
C 0.4 0 z 

0.2 

0 

0 2 4 6 8 10 12 14 

Non-Dimensional Frequency X BB 

Figure C-6: The dimesionless BR energy (yBB ) and entropy (z88) spectrums. 
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The peak of the entropy plot is at slightly lower frequency than the peak of the energy 

spectrum (see section C.4). This is due to the fact that the spectral entropy-to-energy 

ratio is higher at lower frequencies . 

Note that the dimensionless form for the BR energy spectrum presented here are related 

to the one presented in section C.5 by 

hv., 

cp(v) = 
e tr - l 
--3 YBB :::: (+o.70351) YBB 

(i) 
(C.36) 

and 

A kT ( ) V = - x88 :::: +0.35443 x88 hvm 
(C.37) 
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