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Abstract

Symmetry reduction for a semidefinite program (SDP) with symmetries makes compu-
tational solution of the SDP easier by decomposing the semidefiniteness constraint into
multiple smaller semidefiniteness constraints. This decomposition requires changing to
a symmetry-adapted basis that block diagonalizes the matrix variable, but this does not
change the optimum value of the SDP because the semidefinite cone is basis-independent.
For other cones that are basis-dependent, if optimization problems over those cones have
symmetries one can still change to a symmetry-adapted basis that block diagonalizes the
matrix. However, this change of basis generally changes the constraint cone and can change
the optimum. In this thesis, we develop a framework for determining when symmetry re-
duction for basis-dependent conic optimization makes the optimum increase, decrease, or
stay the same. The aim is to determine this using general features such as the symmetry
group of the optimization problem, without having to solve the problem computationally.
We then use our framework to prove various results of this type for scaled diagonally dom-
inant programs (SDDPs), which are convex optimization problems over the cone of scaled
diagonally dominant matrices. These results depend on the orbital structure of the under-
lying representation of invariant SDDPs. Using the regular representation, we demonstrate
that analysis of SDDPs of any size can be confined to a smaller SDDP that is invariant under
a particular representation. Our approach uses real *-algebra decomposition of equivari-
ant maps, which is not needed for existing symmetry reduction of SDPs. Because poly-
nomial optimization problems with sum-of-squares and sum-of-binomial-squares can be
represented as SDPs and SDDPs, respectively, our results on SDDPs have implications for
polynomial optimization. Using several polynomial optimization problems as examples,
we give computational results that illustrate our theorems. For polynomial optimization
subject to sum-of-binomial-squares, our examples include cases in which symmetry re-
duction causes the optimum to increase, decrease, or stay the same.
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Chapter 1

Introduction

Cone programming, or conic optimization, is the task of minimizing a linear functional
over the intersection of a convex cone  and an affine subspace  within a vector space
M. WhenM is a finite-dimensional real space, each linear functional endowsM with an
inner product ⟨⋅, ⋅⟩ and acts as ⟨𝐶, ⋅⟩ for some 𝐶 ∈M. These programs have the following
general form

𝑓 ∶= min
𝑋∈M

⟨𝐶,𝑋⟩ subject to 𝑋 ∈ 

𝑋 ∈ .
(1.1)

The linear functional and the minimization region are known as the objective function and
the feasible region. If both are invariant under some action of a group𝐺, cone program (1.1)
has a symmetry of the group 𝐺 and is termed 𝐺-invariant. In such programs, symmetry
can sometimes be exploited to reduce the computational cost of solving the optimization
problems numerically. The initial step to exploit symmetry is to confine the feasible region
into the fixed-point subspace M𝐺 of all elements that remain invariant under the action
of 𝐺. As explained in the next chapter, the optimal value 𝑓 of an invariant (1.1) remains
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unchanged when the feasible region is confined toM𝐺, resulting in

𝑓 = min
𝑋∈M

⟨𝐶,𝑋⟩ subject to 𝑋 ∈  ∩M𝐺

𝑋 ∈  ∩M𝐺.
(1.2)

Although this new program has a smaller feasible region, it does not give immediate com-
putational advantages. Further steps to exploit symmetry rely on the underlying vector
spaceM and cone .

WhenM is the space (𝑁) of𝑁 ×𝑁 symmetric matrices and  is the cone (𝑁)+ of
positive semidefinite (PSD) matrices, program (1.1) is termed semidefinite programming
(SDP). The methodology for exploiting symmetry in invariant SDPs, known as symmetry
reduction, dates back at least to the late 1970s when [Schrijver, 1979] reduced the size
of PSD matrices based on their underlying structure. Gaterman and Parrilo in [Gatermann
and Parrilo, 2004] initiated the systematic way of exploiting symmetry for SDPs by finding
a basis on which the problem turns into a series of smaller-sized SDPs. Their work utilizes
representation theory to find an orthonormal matrix 𝑈 , known as a symmetry-adapted ba-
sis, that transforms each element of (𝑁)𝐺 into a particular block diagonal form through
the matrix similarity transformation. An alternative methodology for exploiting symmetry
in SDPs, utilizing the Artin-Wedderburn decomposition of the semisimple algebra (𝑁)𝐺,
is explored in [de Klerk et al., 2011, Bachoc et al., 2012]. Advances in using symmetry
for SDP relaxations of moment problems are highlighted in [Riener et al., 2013]. For a
contemporary examination of these constructions, along with essential background on rep-
resentation theory and algebra decomposition within the settings of SDP and polynomial
optimization, refer to [Moustrou et al., 2023]. While there have been extensive advance-
ments in exploiting symmetry in SDPs, the potential for doing so in other classes of cone
programs remains largely unexplored, except in relative entropy programming [Moustrou
et al., 2022].
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In this work, we aim to explore symmetry reduction methods for the cases whenM =

(𝑁) but  is a non-PSD cone—of most relevance here, cone of scaled diagonally dom-
inant matrices. The second step, here, is to use the matrix similarity transformation by a
symmetry-adapted basis 𝑈 as a change of variable in (1.2), resulting in

𝑓 = min
𝑋∈(𝑁)

⟨𝑈 𝑇𝐶𝑈,𝑋⟩ subject to 𝑋 ∈ 𝑈𝑇𝑈 ∩ 𝑈𝑇𝑆(𝑁)𝐺𝑈

𝑋 ∈ 𝑈𝑇𝑈 ∩ 𝑈 𝑇𝑆(𝑁)𝐺𝑈.
(1.3)

Although matrices in the feasible region of (1.3) have block diagonal form, cone program-
ming solvers do not utilize this form. When a solver is designed to check the membership
of elements within , it cannot directly check the membership of elements in the trans-
formed cone 𝑈 𝑇𝑈 . Therefore, conic solvers treat the constraint 𝑋 ∈ 𝑈 𝑇𝑈 in (1.3) as
𝑈𝑋𝑈 𝑇 ∈ , which offers no computational advantage. This issue does not occur in the
SDP case, where  is the PSD cone. In this case, 𝑈 𝑇𝑈 =  for any orthogonal matrix
𝑈 , and the cone program

𝑓𝑈 ∶= min
𝑋∈(𝑁)

⟨𝑈𝑇𝐶𝑈,𝑋⟩ subject to 𝑋 ∈  ∩ 𝑈𝑇(𝑁)𝐺𝑈

𝑋 ∈ 𝑈 𝑇𝑈 ∩ 𝑈𝑇𝑆(𝑁)𝐺𝑈
(1.4)

has the same optimal value as program (1.3) (i.e., 𝑓𝑈 = 𝑓 ). This property of the PSD cone
in particular underlies the symmetry exploitation method studied by [Gatermann and Par-
rilo, 2004] and subsequent authors, where one can change the basis to block diagonalize𝑋
without changing the representation of the underlying cone. When  = (𝑁)+, the first
constraint in (1.4) imposes a block structure on 𝑋 while ensuring 𝑋 maintains its positive
semidefinite nature. This arrangement effectively decomposes the PSD cone into a direct
sum of smaller individual PSD cones for each block, reducing the problem to a series of
smaller-sized SDPs. Consequently, program (1.4), termed the symmetry-reduced version
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of the SDP problem, offers computational efficiency while retaining the same optimal val-
ues as the original problem.

Unlike the PSD cone, other cones generally do not remain invariant under similarity
transformations. Consequently, programs (1.3) and (1.4) do not necessarily have the same
optimal value for non-PSD cones . In such a situation, one approach as the third step
would be to develop computational methods that directly enforce membership in the trans-
formed cone 𝑈𝑇𝑈 when solving (1.3) numerically. This approach is a numerical task
and is not pursued in this thesis. Another approach, which we pursue here, is to consider
program (1.4) with optimal value 𝑓𝑈 as the symmetry-reduced version of program (1.1)
(when M = (𝑁)) for any arbitrary cone  and exploring the relation between 𝑓𝑈 and
𝑓 for different symmetry-adapted bases 𝑈 . This approach is consistent with the practical
implementation of symmetry reduction. In fact, when existing symmetry reduction pack-
ages such as SymbolicWedderburn.jl [Kaluba et al., 2019] in Julia programming language
[Bezanson et al., 2017] are applied to cones other than the PSD cone, the solution returned
will be the optimal value 𝑓𝑈 of (1.4), rather than 𝑓 ; this may not be immediately evident
to users.

Establishing the equality 𝑓 = 𝑓𝑈 a priori guarantees that symmetry reduction reduces
the computational complexity without changing the optimal value. However, an inequality
relation between 𝑓 and 𝑓𝑈 is often more desirable than equality for the following reason;
when program (1.1) is considered as an inner (resp. outer) approximation of an SDP, its
symmetry-reduced version (1.4) is also an inner (resp. outer) approximation of the SDP.
This is because whenever  is the subcone (resp. supercone) of the PSD cone, 𝑈𝑇𝑈

for any orthogonal matrix 𝑈 is also a subcone (resp. supercone) of the PSD cone. In this
situation, one hopes that symmetry reduction not only reduces computational complexity
but also provides a closer upper or lower bound for the optimal value of the SDP. It is
indeed possible in some cases to show that 𝑓 ≤ 𝑓𝑈 or 𝑓 ≥ 𝑓𝑈 without computing the
values 𝑓 or 𝑓𝑈 . Here, we prove some such results that depend only on the cone  and the
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symmetry group 𝐺, and sometimes also on the choice of the symmetry-adapted basis 𝑈 .
The present work focuses on the cases where  is the cone of scaled diagonally dominant
(SDD) matrices. Program (1.1) over this cone is called scaled diagonally dominant pro-
gramming (SDDP). [Ahmadi and Majumdar, 2019] showed that SDDP problems can be
solved using second-order cone programming, a computationally faster and more tractable
optimization method than SDP. Since the SDD cone is a subcone of the PSD cone, SDDP
serves as an efficient inner approximation for SDP, offering a trade-off between compu-
tational complexity and solution quality. Approximating SDP with SDDP is particularly
relevant in polynomial optimization problems. Membership in the cone of sum-of-squares
(SOS) polynomials serves as a certification of nonnegativity. This leads to solving an SDP
problem [Parrilo, 2003]. Alternatively but more conservatively, membership in the cone
of sum-of-binomial-squares (SBS) provides such a certificate leading to solving an SDDP
problem [Ahmadi and Majumdar, 2019].

We begin by establishing geometric conditions for a general cone  and a symmetry-
adapted basis𝑈 to guarantee equality or inequality relation between 𝑓 and 𝑓𝑈 . Focusing on
SDDPs, we identify group representations under which the SDD cone is invariant. Among
such representations, we characterize representations that result in 𝑓𝑈 = 𝑓 and 𝑓𝑈 ≤ 𝑓

for some or all symmetry-adapted bases. Our methodology relies on the geometric struc-
tures of the SDD cone and invokes the Wedderburn-Artin decomposition of the semisimple
real algebras. We illustrate the effect of symmetry reduction on polynomial optimization
problems which result in SDDP problems.

The rest of this thesis is structured as follows. Chapter 2 provides background on invari-
ant cone programming and SDDPs, and further characterizes the SDD cone and invariant
SDDPs. Chapter 3 develops the theory of *-algebra decomposition of equivariant maps
and offers an overview of representation theory. Chapter 4 presents the characterization
of finite groups and their representations for the relation between 𝑓 and 𝑓𝑈 in SDDPs.
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Chapter 5 applies our results to polynomial optimization with numerical experiments. We
conclude this work in chapter 6.
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Chapter 2

Invariant cone programming

Invariant optimization problems in this work are defined in terms of group representations.
For our purposes, the reader can refer to any standard textbook on representation theory,
such as [Serre, 1977]. Let 𝔽 be a field. A linear 𝔽 -representation of𝐺 is a group homomor-
phism 𝜎 ∶ 𝐺 → GL(M) from 𝐺 to the general linear group of a 𝔽 -vector spaceM. Each
𝜎(𝑔), which is usually denoted by 𝜎𝑔, is an element of GL(M) and so is a linear bijection
fromM toM. The group 𝐺 acts onM through 𝜎 via 𝑔 ⋅𝑋 ∶= 𝜎𝑔(𝑋) for 𝑋 ∈M, endow-
ingM with the structure of left 𝐺-module, and soM is termed representation module. We
shall also refer toM simply as representation. Defining 𝜎𝑔(𝔛) = {𝜎𝑔(𝑋) ∣ 𝑋 ∈ 𝔛} for any
𝔛 ⊂M, the subset 𝔛 is 𝐺-invariant with respect to 𝜎 if 𝜎𝑔(𝔛) ⊂ 𝔛 for all 𝑔 ∈ 𝐺. A func-
tional 𝐹 (⋅) ∶M→ 𝔽 is𝐺-invariant with respect to 𝜎 if 𝐹 (

𝜎𝑔(𝑋)
)

= 𝐹 (𝑋) for any𝑋 ∈ 𝕄

and all 𝑔 ∈ 𝐺. We shall omit “with respect to 𝜎" when the underlying representation 𝜎
has already been specified. The optimization problems discussed remain invariant under
real representations, which requires representation theory over the reals ℝ, as opposed to
the simpler theory over such algebraically closed fields as the complex numbers ℂ. For
our purpose, the underlying field 𝔽 designated as ℝ or ℂ. When a real (resp. complex)
representation moduleM is additionally equipped with an inner product preserved by each
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𝜎𝑔, (M, 𝜎) is termed an orthogonal (resp. unitary) representation. We frequently consider
three sub-types of orthogonal representations: signed permutation or orthogonal mono-
mial representations, permutation representations, and signed diagonal representations. In
signed permutation representations, each 𝜎𝑔 is a signed permutation matrix, similar to a
permutation matrix but allowing the non-zero entries to be −1 as well as 1. When these
operators are permutation matrices, 𝜎 is a permutation representation. Such representa-
tions are distinct from “sign representations” in representation theory [Serre, 1977], but
optimization problems invariant under signed diagonal representations are said to possess
sign symmetry.

2.1 General formulation

Given a group 𝐺 and representation 𝜎 ∶ 𝐺 → GL(M), program (1.1) is 𝐺-invariant (with
respect to 𝜎) if its objective function and feasible region are 𝐺-invariant. The fixed-point
or 𝐺-stable subspace ofM associated with 𝜎 is defined

M
𝐺 ∶= {𝑋 ∈M ∣ 𝜎𝑔(𝑋) = 𝑋 ∀𝑔 ∈ 𝐺}. (2.1)

When 𝐺 is finite with cardinality |𝐺|, the group average (also known as the Reynolds
operator) of 𝑋 ∈M is well defined by

𝑋𝜎 ∶=
1
|𝐺|

∑

𝑔∈𝐺
𝜎𝑔(𝑋). (2.2)

Every averaged 𝑋𝜎 lies inM𝐺, and if 𝑋 was already inM𝐺 then its average leaves it fixed.
ThusM𝐺 is exactly the group average ofM,

M
𝐺 =

{

𝑋𝜎
|

|

|

𝑋 ∈M
}

. (2.3)
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The key step for exploiting symmetry in invariant (1.1) is the following lemma.

Lemma 2.1.1. Given a finite group 𝐺 and a 𝐺-invariant program (1.1) with optimal value

𝑓 , its fixed-point restricted version (1.2) has the same optimal value 𝑓 .

Proof. The proof is a symmetrization argument that is standard in convex optimization.
The SDP case is given by [Gatermann and Parrilo, 2004, Theorem 3.3], and the same
argument works for cone programs more generally. Since the feasible region of (1.2) is
a subset of that of (1.1), it suffices to show that, for every element in the feasible region
of (1.1), there exists an element in the restricted feasible region such that the objective
function attains the same value at both points. Since taking group average is a convex
combination and the feasible region of (1.1) is convex, for every 𝑋 in the feasible region
of (1.1), 𝑋𝜎 is in the feasible region of (1.2). Additionally,

⟨𝐶,𝑋𝜎⟩ =
⟨

𝐶, 1
|𝐺|

∑

𝑔∈𝐺
𝜎𝑔(𝑋)

⟩

= 1
|𝐺|

∑

𝑔∈𝐺

⟨

𝐶, 𝜎𝑔(𝑋)
⟩

= 1
|𝐺|

∑

𝑔∈𝐺
⟨𝐶,𝑋⟩ = ⟨𝐶,𝑋⟩.

(2.4)

As mentioned in the introduction, program (1.2) does not offer immediate computa-
tional advantages. Further steps are required to decompose the conic constraint  ∩M𝐺

into simpler sub-constraints. This can be done when the underlying vector spaceM is the
space End(V) of linear maps from a vector space V to itself, which possesses the struc-
ture of an (associative) algebra, and 𝜎 ∶ 𝐺 → Aut (End(V)) is a homomorphism where
each 𝜎𝑔 is not only a linear transformation but also an algebra homomorphism. Note that
M = (𝑁) in this context is a specific case, representing the algebra End(ℝ𝑁 )𝑠𝑎 of self-
adjoint operators of End(ℝ𝑁 ).
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We aim to decompose the fixed-point subspace M𝐺 = End(V)𝐺. By the Skolem-
Noether theorem, Aut (End(V)) is isomorphic to the projective general linear group PGL(V)
of V [Gille and Szamuely, 2017, Corrollary 2.4.2]. Thus, 𝜎 is indeed a projective repre-
sentation 𝜎 ∶ 𝐺 → PGL(V). If 𝜎 lifts to a linear representation 𝜌 ∶ 𝐺 → GL(V), i.e.,

𝜎𝑔(𝑋) = 𝜌−1𝑔 𝑋𝜌𝑔 ∀𝑋 ∈ End(V) and ∀𝑔 ∈ 𝐺, (2.5)

then 𝐺 will act on V, endowing V with the structure of 𝐺-module. Consequently, the
fixed-point subspace will be the algebra of 𝐺-equivariant maps

End𝐺(V) ∶= {𝑋 ∈ End(V) ∣ 𝑋𝜌𝑔 = 𝜌𝑔𝑋 ∀𝑔 ∈ 𝐺} (2.6)

If this lift is not possible, 𝜎 can instead lift to a linear representation 𝜌̃ ∶ 𝐺̃ → GL(V), where
𝐺̃ is a central extension of 𝐺 [Gannon, 2007, Chapter 3]. Here, the fixed-point subspace
equals to End𝐺̃(V) associated with 𝜌̃. Henceforth, without loss of generality, we assume
the projective representation 𝜎 is induced by 𝜌 via (2.5), and so the fixed-point subspace is
End𝐺(V). Additionally, if the underlying spaceM is the algebra End(V)𝑠𝑎 (i.e. the linear
representation 𝜌 is orthogonal or unitary), then the fixed-point subspace will be End𝐺(V)𝑠𝑎.
A key property of End𝐺(V) (resp. End𝐺(V)𝑠𝑎) is that its elements have a particular block
diagonal form in a suitable basis (resp. orthonormal basis), known as a symmetry-adapted
basis. The fact that such a basis exists leads to the simplification of the conic constraint. A
comprehensive discussion of this basis is provided in the subsequent chapter.

2.2 Effects of symmetry reduction

In some programs, the underlying cone  is replaced with a simpler cone in terms of
computation. The new program is termed the relaxation of the initial one. Later, we aim to
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investigate 𝐺-invariant (1.1) whose relaxation remains 𝐺-invariant as well, which, in turn,
involves the following definition.

Definition 2.2.1. A strongly 𝐺-invariant program (1.1) is a 𝐺-invariant program whose
underlying cone  and affine subspace  are individually 𝐺-invariant.

The invariance of  and  is a stronger condition than their intersection being invari-
ant. If the underlying cone of a strongly 𝐺-invariant program is replaced with another
𝐺-invariant cone, the new program is still strongly 𝐺-invariant. We focus on strongly 𝐺-
invariant programs (1.1) with M = (𝑁) = End(ℝ𝑁 )𝑠𝑎 and finite group 𝐺. Here, 𝜎 is
induced by orthogonal representation 𝜌 ∶ 𝐺 → 𝑂(𝑁), where 𝑂(𝑁) is the group of 𝑁 ×𝑁

orthogonal matrices. Thus,

𝜎𝑔(𝑋) = 𝜌𝑇𝑔𝑋𝜌𝑔 ∀𝑋 ∈ (𝑁) and ∀𝑔 ∈ 𝐺. (2.7)

Remark 2.2.2. Every 𝐺-invariant SDP is strongly 𝐺-invariant. This is because the PSD

cone is basis independent and always𝐺-invariant. The𝐺-invariance of the feasible region,

hence, necessitates the 𝐺-invariance of affine subspace .

There exists an orthogonal matrix 𝑈 such that, for every 𝐴 ∈ (𝑁)𝐺, 𝑈 𝑇𝐴𝑈 has a
particular block diagonal form. The existence of matrix 𝑈 and detailed discussion about
the structure of blocks will be explained in the next chapter. Matrix 𝑈 is also known as
a symmetry-adapted basis. In our context, it will be clear when referring to a symmetry-
adapted basis, we mean a genuine basis or matrix 𝑈 . The change of variable𝑋 in program
(1.2) to 𝑈𝑋𝑈 𝑇 results in program (1.3). Elements of the feasible region of this new op-
timization have the desired block-diagonal form. However, the underlying cone may no
longer be . This does not offer computational advantages as explained in the introduc-
tion. Thus, 𝑈𝑇𝑈 is replaced with , resulting in program (1.4). This optimization has
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the same underlying cone as the original problem with the desired block-diagonal form for
the elements of its feasible region. The following example illustrates these steps.

Example 2.2.3. LetM = (3) with inner product ⟨𝐶,𝑋⟩ = Trace(𝐶𝑋). Consider

 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

⎡

⎢

⎢

⎢

⎢

⎣

1 1 1

1 𝑎1 𝑏

1 𝑏 𝑎2

⎤

⎥

⎥

⎥

⎥

⎦

|

|

|

|

|

𝑎1, 𝑎2, 𝑏 ∈ ℝ

⎫

⎪

⎪

⎬

⎪

⎪

⎭

,

𝐶 =

⎡

⎢

⎢

⎢

⎢

⎣

0 0 0

0 1 0

0 0 1

⎤

⎥

⎥

⎥

⎥

⎦

,

and a proper cone  ⊂ (𝑁) which is invariant under simultaneous permutation of rows
and columns. The program (1.1) gets the form

𝑓 = min
𝑋∈(3)

𝑎1 + 𝑎2 s.t. 𝑋 =

⎡

⎢

⎢

⎢

⎢

⎣

1 1 1

1 𝑎1 𝑏

1 𝑏 𝑎2

⎤

⎥

⎥

⎥

⎥

⎦

∈ . (2.8)

This problem is invariant under the action of the cyclic group of order two given by the
simultaneous permutation of the last two rows and columns. Restricting the feasible region
to the fixed-point subspace results in 𝑎1 = 𝑎2 = 𝑎, leading to the following form of program
(1.2):

𝑓 = min
𝑋∈(3)

2𝑎 s.t. 𝑋 =

⎡

⎢

⎢

⎢

⎢

⎣

1 1 1

1 𝑎 𝑏

1 𝑏 𝑎

⎤

⎥

⎥

⎥

⎥

⎦

∈ . (2.9)
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A symmetry-adapted basis associated with the fixed-point subspace (3)𝐺 is

𝑈 =

⎡

⎢

⎢

⎢

⎢

⎣

1 0 0

0 1
√

2
1
√

2

0 1
√

2
− 1

√

2

⎤

⎥

⎥

⎥

⎥

⎦

.

Here,𝑈 𝑇𝐶𝑈 = 𝐶 , thus program (1.3), obtained by similarity transform with𝑈 as a change
of variable, has the form

𝑓 = min
𝑋∈(3)

2𝑎 s.t. 𝑋 =

⎡

⎢

⎢

⎢

⎢

⎣

1
√

2 0
√

2 𝑎 + 𝑏 0

0 0 𝑎 − 𝑏

⎤

⎥

⎥

⎥

⎥

⎦

∈ 𝑈𝑇𝑈. (2.10)

Since the membership in the transferred cone𝑈𝑇𝑈 is not defined for optimization solvers,
we replace it with , resulting in program (1.4) with the form

𝑓𝑈 = min
𝑋∈(3)

2𝑎 s.t. 𝑋 =

⎡

⎢

⎢

⎢

⎢

⎣

1
√

2 0
√

2 𝑎 + 𝑏 0

0 0 𝑎 − 𝑏

⎤

⎥

⎥

⎥

⎥

⎦

∈ . (2.11)

This final optimization allows for checking 2 × 2 and 1 × 1 matrices within the desired
cones, rather than 3 × 3 matrices. In the SDP case where 𝑈 𝑇𝑈 =  for any matrix 𝑈 ,
𝑓𝑈 = 𝑓 . This, however, is not true in generality.

In the cases where  = (𝑁)+, since the PSD cone is basis independent (i.e. invariant
under any similarity transform), the optimal value 𝑓𝑈 of (1.4) equals the optimal value 𝑓
of the original SDP. However, this is not generally true, and we aim to characterize the
relation between 𝑓𝑈 and 𝑓 based on the cone  and the symmetry-adapted basis 𝑈 . This
characterization is possible in certain instances.
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Lemma 2.2.4. The following are sufficient conditions for the optimum 𝑓 of (1.3) and the

optimum 𝑓𝑈 of (1.4) to be related by equalities or inequalities.

1. The relation 𝑓𝑈 = 𝑓 holds, if

𝑈𝑇𝑈 = . (2.12)

2. The relation 𝑓𝑈 ≤ 𝑓 holds, if

𝑈𝑇 ( ∩ (𝑁)𝐺
)

𝑈 ⊂ . (2.13)

3. The relation 𝑓 ≤ 𝑓𝑈 holds, if

 ∩ 𝑈𝑇(𝑁)𝐺𝑈 ⊂ 𝑈𝑇𝑈. (2.14)

Proof. Given that programs (1.3) and (1.4) share the same objective function, it is straight-
forward to show the first statement. If the minimizer of program (1.3) belongs to the fea-
sible region of program (1.4), then 𝑓𝑈 ≤ 𝑓 ; conversely, if the minimizer of (1.4) be-
longs to the feasible region of (1.3), then 𝑓 ≤ 𝑓𝑈 . We will demonstrate that the inclusion
𝑈𝑇

(

 ∩ (𝑁)𝐺
)

𝑈 ⊂  ensures the feasible region of (1.4) includes that of (1.3), thereby
guaranteeing that the minimizer of (1.3) lies within the feasible region of (1.4).

𝑈𝑇 ( ∩ (𝑁)𝐺
)

𝑈 ⊂  ⇒ 𝑈 𝑇 ( ∩ (𝑁)𝐺
)

𝑈 ⊂  ∩ 𝑈𝑇(𝑁)𝐺𝑈 (2.15)
⇒ 𝑈 𝑇 ( ∩ (𝑁)𝐺

)

𝑈 ∩ 𝑈 𝑇𝑈 ⊂  ∩ 𝑈𝑇(𝑁)𝐺𝑈 ∩ 𝑈𝑇𝑈

(2.16)

This completes the proof of the second statement. The proof of the third statement follows
a similar argument.
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This lemma provides sufficient conditions for various cones  and orthogonal matrices
𝑈 . Our interest lies in determining when these sufficient conditions hold, particularly when
𝑈 is a symmetry-adapted basis associated with (𝑁)𝐺. As mentioned in the introduction,
it is especially useful to verify the second part of lemma 2.2.4 for some symmetry-adapted
basis 𝑈 when an SDP is approximated by program (1.3) with  ⊂ (𝑁)+, and the third
part of lemma 2.2.4 when an SDP is approximated by program (1.3) with (𝑁)+ ⊂ . In
what follows, we focus on the cases where  is the cone of SDD matrices.

2.3 Gemoetry of the SDD cone

SDDPs are a class of cone programming whose underlying cone  compromises the SDD
matrices. Compared to SDPs, the algorithm to solve this class is more tractable with less
computational cost, making them an effective inner approximation of SDPs. For this rea-
son, we further characterize SDD matrices in this section. Symmetric matrix 𝐴 = (𝑎𝑖𝑗)

is diagonally dominant if 𝑎𝑖𝑖 ≥ ∑

𝑗≠𝑖 |𝑎𝑖𝑗| for all 𝑖. A symmetric matrix 𝐴 is scaled diag-
onally dominant if there exists a diagonal matrix 𝐷, with positive diagonal entries, such
that 𝐷𝐴𝐷 is diagonally dominant. We denote the set of 𝑁 ×𝑁 SDD matrices as (𝑁)2,+.
The choice for this notation is explained after the following lemma which recalls two more
characterizations of the SDD cone.

Lemma 2.3.1 ([Ahmadi and Majumdar, 2019, Boman et al., 2005]). The following are

equivalent characterizations that a real symmetric matrix𝐴 ∈ (𝑁) belonging to(𝑁)2,+:

1. There exists a positive definite diagonal matrix𝐷 such that𝐷𝐴𝐷 is diagonally dom-

inant.
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2. Considering 𝑒𝑖 to be the ith member of the standard basis of ℝ𝑁 . For some 𝐴𝑖𝑗
0 ∈

(2)+,

𝐴 =
∑

1≤𝑖<𝑗≤𝑁
[𝑒𝑖 𝑒𝑗]𝐴

𝑖𝑗
0 [𝑒𝑖 𝑒𝑗]

𝑇 (2.17)

3. com(𝐴) ∶= 𝐴 − |𝐴 − Diag(𝐴)| ∈ (𝑁)+, where | ⋅ | denotes elementwise absolute

value.

For the proof of the equivalence of this lemma’s first and second parts, see [Ahmadi
and Majumdar, 2019] and for that of the second and third parts, seec[Boman et al., 2005].
The matrix com(𝐴) is called the comparison matrix of 𝐴, which has the same diagonal as
𝐴 while giving all off-diagonal entries a nonpositive sign.

Remark 2.3.2. Part 3 of lemma 2.3.1 implies (2)2,+ = (2)+. It also implies that PSD

matrices are SDD if they have a block diagonal structure (up to reordering of indices) with

no blocks larger than 2×2. We will make use of this fact for the proof of theorem 2.3.3 and

also in chapter 3 and chapter 4.

The factor width of a real symmetric matrix 𝐴 is the smallest integer 𝑘 such that there
exists a real (rectangular) matrix 𝐵 where 𝐴 = 𝐵𝐵𝑇 and each column of 𝐵 contains at
most 𝑘 non-zeros. We denote the set of 𝑁 × 𝑁 factor-width-𝑘 matrices with (𝑁)𝑘,+.
Since the set of SDD matrices coincides with the set of symmetric matrices with factor-
width two [Boman et al., 2005], this set is denoted by (𝑁)2,+. We note that (𝑁)2,+ ⊂

(𝑁)3,+ ⊂ ⋯ ⊂ (𝑁)𝑁,+ = (𝑁)+ (the more general case of remark 2.3.2). The set
(𝑁)2,+ forms a full dimensional proper cone within the space (𝑁), meaning that it
is convex, pointed, closed, and solid (with interior). Characterization 2 of lemma 2.3.1
establishes that(𝑁)2,+ is representable as a second-order cone. Consequently, SDDPs can
effectively be solved by second-order cone programming. Existing algorithms for solving
these problems are more cost-effective than SDPs at the same matrix size; for more details
on second-order cone programming, see [Boyd and Vandenberghe, 2004].
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Investigating the relation between programs(1.3) and (1.4) when  = (𝑁)2,+ requires
understanding how conjugation by 𝑈 transforms this cone. Since (𝑁)2,+ = (2)+ and
SDP cones are basis-invariant, (𝑁)2,+ = 𝑈𝑇(𝑁)2,+𝑈 for any orthogonal 𝑈 . When
𝑁 ≥ 3, such a relation holds only for certain𝑈 . These𝑈 are characterized by the following
theorem, which is used repeatedly in what follows.

Theorem 2.3.3. Let 𝑁 ≥ 3 and 𝑄 ∈ 𝑂(𝑁). If and only if 𝑄 is a signed permutation

matrix,

𝑄𝑇(𝑁)2,+𝑄 = (𝑁)2,+. (2.18)

Proof. For the ‘only if’ part, assume 𝑄 is any signed permutation matrix. Note that the
properties of being a diagonally dominant matrix and being a diagonal matrix with posi-
tive diagonal entries are preserved under conjugation by𝑄. For an arbitrary 𝐴 ∈ (𝑁)2,+,
there exists a diagonal matrix 𝐷 with positive diagonal entries such that 𝐷𝐴𝐷 is diago-
nally dominant. This ensures 𝑄𝑇𝐷𝐴𝐷𝑄 remains diagonally dominant. Defining 𝐷̃ ∶=

𝑄𝑇𝐷𝑄, which is also a diagonal matrix with positive diagonal entries, 𝐷̃𝑄𝑇𝐴𝑄𝐷̃ =

𝑄𝑇𝐷𝐴𝑄𝑇𝐷𝑄 is diagonally dominant. Consequently, 𝑄𝑇𝐴𝑄 ∈ (𝑁)2,+, leading to the
inclusion 𝑄𝑇(𝑁)2,+𝑄 ⊂ (𝑁)2,+. Since conjugation by 𝑄 is bijective, it follows that
𝑄𝑇(𝑁)2,+𝑄 = (𝑁)2,+.

For the ‘if’ part, we aim to demonstrate that for every orthogonal matrix 𝑄 which is
not a signed permutation matrix, there exists 𝐴 ∈ (𝑁)2,+ such that 𝑄𝑇𝐴𝑄 ∉ (𝑁)2,+.
Let 𝑚 denote the maximum number of nonzero elements amongst the columns of 𝑄. If
𝑚 = 1, then 𝑄 is a signed permutation matrix. Therefore, we need to consider only the
cases where 𝑚 ≥ 3 and 𝑚 = 2.
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Case 1 (𝑚 ≥ 3): Suppose 𝑎𝑖 is the i-th column of𝑄𝑇 . Consider 𝑎̂𝑖 to be the𝑚×1 vector
whose elements are nonzero elements of 𝑎𝑖. Choose 𝐴 = 𝑒𝑖𝑒𝑇𝑖 . Clearly, 𝐴 ∈ (𝑁)2,+, and

𝑄𝑇𝐴𝑄 = 𝑎𝑖𝑎
𝑇
𝑖 ∉ (𝑁)2,+ ⇐⇒ 𝑎̂𝑖𝑎̂

𝑇
𝑖 ∉ (𝑚)2,+ (2.19)

⇐⇒ com(𝑎̂𝑖𝑎̂𝑇𝑖 ) ∉ (𝑚)+ (2.20)

The last equivalence is a consequence of lemma 2.3.1 Part 4. To prove com(𝑎̂𝑖𝑎̂𝑇𝑖 ) is not
positive semidefinite, we show its determinant is negative. Let ∏ 𝑎̂𝑖 represent the multipli-
cation of all elements of 𝑎̂𝑖, 1𝑚 represent 𝑚 ×𝑚 matrix of all ones, and 𝐼𝑚 represent 𝑚 ×𝑚

identity matrix.

|com(𝑎̂𝑖𝑎̂𝑇𝑖 )| = (
∏

𝑎̂𝑖)2|1𝑚 − 2𝐼𝑚| (2.21)
= −(𝑚 − 2)2𝑚−1(

∏

𝑎̂𝑖)2 (2.22)

where the last equality can be computed by elementary row and column operations on
|1𝑚 − 2𝐼𝑚|.

Case 2 (𝑚 = 2): We also divide this case into two subcases:
I: 𝑄 has a column with one nonzero element.
II: All the columns of 𝑄 have two nonzero elements.

I) Suppose𝑄 has a column with one nonzero element. Then, after appropriately signed
permutation, there exists a 3 × 3 principal submatrix of the form

⎡

⎢

⎢

⎢

⎢

⎣

1 0 0

0 cos(𝜃) sin(𝜃)

0 sin(𝜃) − cos(𝜃)

⎤

⎥

⎥

⎥

⎥

⎦

,

for some 0 < 𝜃 < 𝜋
2
. We, then, can consider 𝐴 to have only nonzero elements correspond-

ing to the 3×3 principal submatrix. For this reason, without loss of generality, we consider
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𝑁 = 3 and

𝑄 =

⎡

⎢

⎢

⎢

⎢

⎣

1 0 0

0 cos(𝜃) sin(𝜃)

0 sin(𝜃) − cos(𝜃)

⎤

⎥

⎥

⎥

⎥

⎦

for some 0 < 𝜃 < 𝜋
2
. Choose

𝐴 =

⎡

⎢

⎢

⎢

⎢

⎣

1 1 0

1 1 0

0 0 0

⎤

⎥

⎥

⎥

⎥

⎦

,

and define 𝐵(𝜃) ∶= 𝑄𝑇𝐴𝑄. It is straightforward to show that while 𝐴 ∈ (3)2,+, 𝐵(𝜃) ≠
(3)2,+ for all 0 < 𝜃 < 𝜋

2
since |

|

|

com(

𝐵(𝜃)
)

|

|

|

= −4 sin(𝜃)2 cos(𝜃)2 < 0.
II) Suppose all the columns of 𝑄 have two nonzero elements. Then, with similar rea-

soning, without loss of generality, we can consider 𝑁 = 4 and

𝑄 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

cos(𝜃1) sin(𝜃1) 0 0

sin(𝜃1) − cos(𝜃1) 0 0

0 0 cos(𝜃2) sin(𝜃2)

0 0 sin(𝜃2) − cos(𝜃2)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

for some 0 < 𝜃1 <
𝜋
2

and 0 < 𝜃2 <
𝜋
2
. Choose

𝐴 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0

0 1 1 0

0 1 1 0

0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

and define 𝐵(𝜃1, 𝜃2) ∶= 𝑄𝑇𝐴𝑄 for all 0 < 𝜃1 <
𝜋
2

and 0 < 𝜃2 <
𝜋
2
. It is straightforward

to show that while 𝐴 ∈ (4)2,+, 𝐵(𝜃1, 𝜃2) ≠ (4)2,+ for all 0 < 𝜃1 <
𝜋
2

and 0 < 𝜃2 <
𝜋
2
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since |

|

|

com(

𝐵(𝜃1, 𝜃2)
)

|

|

|

= −16 sin(𝜃1)2 cos(𝜃2)2 sin(𝜃2)2 cos(𝜃2)2 < 0. This completes the
proof and shows 𝑄𝑇(𝑁)2,+𝑄 ≠ (𝑁)2,+ for every orthogonal 𝑄 which is not a signed
permutation matrix.

Remark 2.3.4. Let 𝑁 ≥ 𝑁 ′ and 𝑃 be 𝑁 × 𝑁 ′ matrix containing only 0, 1, or −1 such

that each column contains exactly one nonzero element and each row contains at most one

nonzero element, then 𝑃 𝑇(𝑁)2,+𝑃 = (𝑁 ′)2,+ and 𝑃(𝑁 ′)2,+𝑃 𝑇 ⊂ (𝑁)2,+.

2.4 Invariant SDDP

Part 2 of lemma 2.3.1 is equivalent to saying that

Σ𝑁0 ∶=
{

[𝑒𝑖 𝑒𝑗]𝐴0[𝑒𝑖 𝑒𝑗]𝑇 ∣ 1 ≤ 𝑖 < 𝑗 ≤ 𝑁, 𝐴0 ∈ (2)+
} (2.23)

contains all extreme rays of (𝑁)2,+. The symmetrized part (𝑁)2,+ ∩ (𝑁)𝐺 remains
in (𝑁)2,+ after conjugation by 𝑈 if and only if its symmetrized extreme rays remain in
(𝑁)2,+, as stated by the following lemma.

Lemma 2.4.1. Let

Σ𝑁 ∶=
{

𝐴𝜎
|

|

|

|

𝐴 ∈ Σ𝑁0

}

. (2.24)

The inclusion (2.13) with  = (𝑁)2,+ holds if and only if

𝑈𝑇Σ𝑁𝑈 ⊂ (𝑁)2,+. (2.25)

Proof. The ‘only if’ part is straightforward since Σ𝑁 ⊂ (𝑁)2,+ ∩ 𝑆(𝑁)𝐺. For the re-
verse, Σ𝑁 generates (𝑁)2,+ ∩ (𝑁)𝐺 by the fact that elements of (𝑁)2,+ ∩ (𝑁)𝐺 are
conic combinations of elements of Σ𝑁 . Given that the SDD cone is closed under conic
combinations, the result follows.
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It is straightforward to show (𝑁)2,+ ∩ (𝑁)𝐺 forms a proper cone. Given this prop-
erty, Σ𝑁 indeed contains all extreme rays of (𝑁)2,+ ∩ (𝑁)𝐺. To certify 𝑓𝑈 ≤ 𝑓 in
invariant SDDPs, it is sufficient to check (2.25) rather than (2.13). This verification pro-
cess can be further simplified when the problem is strongly 𝐺-invariant. As demonstrated
in theorem 2.3.3, (𝑁)2,+ is preserved under conjugation by 𝜌𝑔 if and only if 𝜌𝑔 is a signed
permutation matrix. For this reason, we focus on the cases where 𝜌 is a signed permutation
representation.

Let 𝔅 ∶= {𝑒1, 𝑒2 ⋯ , 𝑒𝑁} be the standard basis of ℝ𝑁 . A signed permutation represen-
tation 𝜌 ∶ 𝐺 → 𝑂(𝑁) is induced by an action of 𝐺 on a set whose elements are either 𝑒𝑖 or
−𝑒𝑖 for each 1 ≤ 𝑖 ≤ 𝑁 . This action partitions that set into a disjoint union of 𝐿 different
orbits. Taking the absolute value of elements of each orbit, each orbit corresponds to a
subset 𝔒𝑙 of 𝔅 such that

𝔅 =
𝐿
⨆

𝑙=1
𝔒𝑙. (2.26)

Let

Σ𝑁0 (𝑝, 𝑞) ∶=

⎧

⎪

⎨

⎪

⎩

[

𝑒𝑖 𝑒𝑗
]

𝐴0

⎡

⎢

⎢

⎣

𝑒𝑇𝑖
𝑒𝑇𝑗

⎤

⎥

⎥

⎦

∣ 𝑒𝑖 ∈ 𝔒𝑝, 𝑒𝑗 ∈ 𝔒𝑞, 𝐴0 ∈ (2)+

⎫

⎪

⎬

⎪

⎭

(2.27)

denote the subset of Σ𝑁0 whose elements are matrices with non-zero rows and columns
corresponding only to 𝔒𝑝 ∪𝔒𝑞. Defining

Σ𝑁 (𝑝, 𝑞) ∶=
{

𝐴𝜎 ∣ 𝐴 ∈ Σ𝑁0 (𝑝, 𝑞)
}

, (2.28)

whose elements are the symmetrized version of the elements of Σ𝑁0 (𝑝, 𝑞), the following
theorem results.
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Theorem 2.4.2. Given a representation 𝜎 induced by a signed permutation representation,

the inclusion (2.13) with  = (𝑁)2,+ holds if and only if

𝑈 𝑇Σ𝑁 (𝑝, 𝑞)𝑈 ⊂ (𝑁)2,+ ∀𝑝, 𝑞 ∈ {1,⋯ , 𝐿} ∶ 𝑝 ≤ 𝑞. (2.29)

Proof. Owing to lemma 2.4.1, it is sufficient to prove that (2.25) holds if and only (2.29)
holds. We have

Σ𝑁0 =
⨆

1≤𝑝≤𝑞≤𝐿
Σ𝑁0 (𝑝, 𝑞). (2.30)

This implies

Σ𝑁 =
⨆

1≤𝑝≤𝑞≤𝐿
Σ𝑁 (𝑝, 𝑞), (2.31)

and the result follows.

As a consequence of theorem 2.4.2, 𝑓𝑈 ≤ 𝑓 if (2.29) holds. We use this result in
chapter 4 to find, in the case of the SDD cone, various symmetry groups 𝐺 and their repre-
sentations for which 𝑓𝑈 ≤ 𝑓 must hold. We close this chapter with an example illustrating
the possibility of 𝑓𝑈 ≠ 𝑓 in SDDP.

Example 2.4.3. Consider example 2.2.3 with = (3)+. This program is an SDP, yielding
𝑓 = 2 with 𝑎1 = 𝑎2 = 𝑏 = 1. Its symmetry-reduced version (2.11) also yields 𝑓𝑈 = 2 with
𝑎 = 𝑏 = 1. Consequently, 𝑓𝑈 = 𝑓 = 2.

Now, consider example 2.2.3 with  = (3)2,+. This program is an SDDP, resulting in
𝑓 = 4 with 𝑎1 = 𝑎2 = 2 and 𝑏 = 0. However, its symmetry-reduced version yields 𝑓𝑈 = 2

with 𝑎 = 𝑏 = 1. Thus, in this case, 𝑓𝑈 ≠ 𝑓 .
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Chapter 3

Involutive algebra of equivariant maps

Chapter 2 provides sufficient conditions to explore the relationship 𝑓𝑈 ≤ 𝑓 between the
optima of programs (1.3) and (1.4), particularly when  = (𝑁)2,+, for any orthogonal𝑈 .
In chapter 4, we introduce more refined conditions to be capable of being checked computa-
tionally specifically tailored to cases where 𝑈 is a symmetry-adapted basis associated with
the fixed-point subspace (𝑁)𝐺 = End𝐺(ℝ𝑁 )𝑠𝑎. These conditions apply for any orthogo-
nal 𝑈 . This section aims to provide prerequisites of Chapter 4, decomposing the algebra
End𝐺(V) into simple algebras, where V is a module representation. Our methodology re-
lies on the Wedderburn–Artin theorem on semisimple algebras. While much of this chapter
involves reviewing existing concepts available in noncommutative algebra textbooks such
as [Lam, 2001], we introduce minor modifications to adapt these concepts to our specific
case. These details are typically not discussed in the context of SDPs, as the precise size of
each block primarily affects computational complexity. However, for our purposes, deter-
mining block sizes is crucial for investigating the impact of symmetry reduction on invari-
ant SDDPs. The construction of symmetry-adapted bases within the general framework
of representation theory is outlined in [Serre, 1977], with a more detailed approach pro-
vided in [Heaton et al., 2021]. In the context of 𝐶∗-algebra of matrices, such construction
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is outlined in [Polak, 2022, De Klerk and Sotirov, 2010, Bachoc et al., 2012]. However,
these works do not address the construction of symmetry-adapted bases in the presence
of quaternion-type real representations. [Murota et al., 2010, Maehara and Murota, 2010,
Kaluba et al., 2019] offer methods for constructing symmetry-adapted bases in the presence
of any type of real representations. Our description of symmetry-adapted bases is funda-
mentally similar to [Kaluba et al., 2019] but takes a different perspective. We construct
each block through block diagonalization, relying on the real *-algebra decomposition of
equivariant maps, which lets us analyze the relationship between symmetry-adapted bases
associated with End𝐺(V) and those associated with End𝐺(S) for submodule representation
S of 𝕍 . This lets us derive, in chapter 4, situations where each block is an SDD matrix.

3.1 Representation theory over reals

We recall the basics of real representations, which can be found in standard references
such as [Fulton and Harris, 2004, Lang, 2002]. For two 𝐺-modules V1 and V2, a 𝐺-
homomorphism 𝜓 ∶ V1 → V2 is a linear map such that 𝑔 ⋅ 𝜓(𝑣) = 𝜓(𝑔 ⋅ 𝑣). The
𝐺-modules V1 and V2 are 𝐺-isomorphic if there exists a 𝐺-isomorphism (bijective 𝐺-
homomorphism) fromV1 ontoV2. Any𝐺-invariant subspace S ofV is a𝐺-submodule or
a subrepresentation of V. A nontrivial representation whose 𝐺-submodules are only {0}

and itself is called an irreducible representation or simple module. For every finite group𝐺
and any field, there are a finite number of irreducible representations over the given field,
the real or complex numbers in this article. Given a finite group 𝐺 and its representation
V, the non-isomorphic irreducible representations of 𝐺 over the same field as V are de-
noted byW𝑖, where 1 ≤ 𝑖 ≤ 𝑚. Schur’s lemma asserts that there does not exist a nontrivial
𝐺-homomorphism between two non-isomorphic irreducible representations, and therefore
Hom𝐺(W𝑖,W𝑗) = {0} whenever 𝑖 ≠ 𝑗. It also reveals that End𝐺(W) is a division al-
gebra for an irreducible representation W [Lang, 2002, Chapter XVII, Proposition 1.1].
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If W is a complex irreducible representation, then End𝐺(W) ≅ ℂ. If W is a real irre-
ducible representation, Frobenius’ theorem on real (associative) division algebras implies
that End𝐺(W) ≅ 𝔻, where 𝔻 is either ℝ, ℂ, or ℍ, the division ring of quaternions. In the
three cases, W is referred to as a real-type, complex-type, or quaternion-type irreducible
representation, respectively.

Let 𝑑 ∶= dim(W) and 𝑘 ∶= dim
(End𝐺(W)

) denote the dimensions ofW and End𝐺(W),
respectively, as an algebra over the ground field ofW. In the case of real representations,
𝑘 is 1, 2, or 4 for real-type, complex-type, or quaternion-type irreducible representation,
respectively, and 𝑑 is a multiple of 𝑘. We use the same notation whenW is an irreducible
representation over complex numbers, with 𝑘 being always one. We refer to representa-
tions that are a direct sum of only one irreducible representation (i.e., W𝑛) as isotypic
representations. In the next section, we decompose the algebra End𝐺(W𝑛) and extend this
to End𝐺(V), where V is any representation.

3.2 Orthogonal decomposition of G-equivariant maps: iso-

typical case

Endowing an irreducible representation W with a 𝐺-invariant inner product makes W
orthogonal if it is a real representation or unitary if it is a complex representation. Conse-
quently, the adjoint acts as an involution in End𝐺(W), and the isomorphism End𝐺(W) ≅ 𝔻

preserves involution. For discussion on the correspondence of adjoint and involution in al-
gebras, see [Jacobson, 2009, Chapter V]. For real division algebras with involution, see
[Badger, 2006]. The *-algebra isomorphism End𝐺(W) ≅ 𝔻 induces another *-algebra
isomorphism,

Mat𝑛
(End𝐺(W)

)

≅ Mat𝑛(𝔻), (3.1)
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where Mat𝑛
(End𝐺(W)

) is the algebra of 𝑛 × 𝑛 matrices whose elements are operators in
End𝐺(W), and Mat𝑛(𝔻) is the algebra of 𝑛 × 𝑛 matrices over the division ring 𝔻. When
W is a real-type irreducible representation, 𝜄

W
is defined to be the isomorphism in (3.1).

For complex-type irreducible representations, define 𝜄
W

to be the composition of a nat-
ural *-algebra embedding Mat𝑛(ℂ) → Mat2𝑛(ℝ) with the isomorphism (3.1), where the
embedding is

𝐴 →
⎡

⎢

⎢

⎣

𝐴𝑅 𝐴𝐼

−𝐴𝐼 𝐴𝑅

⎤

⎥

⎥

⎦

for 𝐴 = 𝐴𝑅 + 𝑖𝐴𝐼 . (3.2)

For quaternion-type irreducible representations, define 𝜄
W

to be the composition of a nat-
ural *-algebra embedding Mat𝑛(ℍ) → Mat4𝑛(ℝ) with the isomorphism (3.1), where the
embedding is

𝐴 →

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐴𝑅 −𝐴𝐼 −𝐴𝐽 −𝐴𝐾

𝐴𝐼 𝐴𝑅 −𝐴𝐾 𝐴𝐽

𝐴𝐽 𝐴𝐾 𝐴𝑅 −𝐴𝐼

𝐴𝐾 −𝐴𝐽 𝐴𝐼 𝐴𝑅

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

for 𝐴 = 𝐴𝑅 + 𝑖𝐴𝐼 + 𝑗𝐴𝐽 + 𝑘𝐴𝐾 . (3.3)

In summary,

𝜄
W

∶ Mat𝑛
(

End𝐺(W)
)

→ Mat𝑘𝑛(ℝ). (3.4)

is a *-algebra isomorphism ifW is a real-type irreducible representation, and a *-algebra
embedding if W is a complex-type or quaternion-type irreducible representation. There
are infinitely many ways to define these embeddings; we have chosen one natural way.
Indeed, any conjugation of the image of these embeddings by an orthogonal matrix with
appropriate size is a *-algebra embedding.
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In the following, we show there exists an *-algebra embedding

End𝐺(W𝑛) → Mat𝑑𝑛(ℝ) (3.5)

whose image consists of block diagonal matrices with a particular form. To this end, a
*-algebra isomorphism between End𝐺(W𝑛) and Mat𝑛

(End𝐺(W)
) is first established in the

following lemma.

Lemma 3.2.1. LetW be an orthogonal or unitary irreducible representation of 𝐺, let 𝜋𝑖
be the natural projection ofW𝑛 onto its 𝑖𝑡ℎ copy ofW, and let 𝜂𝑖 be the natural injection

from the 𝑖𝑡ℎ copy ofW intoW𝑛. Then

𝜃 ∶ End𝐺(W𝑛) ≅ Mat𝑛
(

End𝐺(W)
)

, (3.6)

defined by 𝜃 ∶ 𝜏 → (𝜏𝑖𝑗) ∶= (𝜋𝑖𝜏𝜂𝑗) is an *-algebra isomorphism and so preserves self-

adjoitness and positive semidefiniteness.

Proof. [Passman, 2004, Lemma 4.2] shows 𝜃 is a ring isomorphism. From this, it is
straightforward to show that 𝜃 is an algebra isomorphism. To show 𝜃 preserves involu-
tion, note that 𝜂𝑖 is the Hilbert space adjoint of 𝜋𝑖 for each 𝑖. Hence,

𝜃(𝜏)∗ = (𝜏𝑖𝑗)∗ = (𝜏∗𝑗𝑖) = ((𝜋𝑗𝜏𝜋∗
𝑖 )

∗) = (𝜋𝑖𝜏∗𝜋∗
𝑗 ) = 𝜃(𝜏∗). (3.7)

This implies 𝜃 preserves self-adjoitness. In addition, if 𝜏 is positive semidefinite, then
𝜏 = 𝜏∗0𝜏0 for some 𝜏0, and so 𝜃(𝜏) = 𝜃(𝜏0)∗𝜃(𝜏0) is positive semidefinite.

As a result of Lemma 3.2.1,

𝜄
W
◦𝜃 ∶ End𝐺(W𝑛) → Mat𝑘𝑛(ℝ) (3.8)
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is a *-algebra isomorphism when W is a real-type and a *-algebra embedding when W
is a complex or quaternion-type. For 𝜏 ∈ End𝐺(W𝑛), 𝜄

W
◦𝜃(𝜏) is a 𝑘𝑛 × 𝑘𝑛 matrix. The

Kronecker product of this matrix with 𝐼𝑑∕𝑘, the identity matrix of integer size 𝑑∕𝑘, results
in a 𝑑𝑛 × 𝑑𝑛 matrix. This construction provides the desired *-algebra embedding in (3.5),
as summarized in the following lemma.
Lemma 3.2.2. The map

𝜃
W

∶ 𝜏 → 𝜄
W
◦𝜃(𝜏)⊗ 𝐼𝑑∕𝑘 (3.9)

is a *-algebra embedding (3.5) whose image consists of block diagonal matrices with 𝑑∕𝑘

identical square blocks of size 𝑘𝑛.

A basis 𝜖 for a representationW𝑛 is called symmetry-adapted if, for every 𝜏 ∈ End𝐺(W𝑛),
the matrix [𝜏]𝜖 has the form 𝐴⊗ 𝐼𝑑∕𝑘 for some 𝑘𝑑 × 𝑘𝑑 matrix 𝐴. WhenW𝑛 is identified
with ℝ𝑑𝑛, a matrix 𝑈 is called a symmetry-adapted basis if, for every 𝐴 ∈ End𝐺(ℝ𝑑𝑛),
the conjugate 𝑈−1𝐴𝑈 has the form 𝐴0 ⊗ 𝐼𝑑∕𝑘 for some 𝑘𝑑 × 𝑘𝑑 matrix 𝐴0. Context will
clarify whether a symmetry-adapted basis refers to this matrix or the basis itself. For an
orthogonal or unitary representation (W𝑛, 𝜌), by 𝔈(W𝑛) or 𝔈(𝜌), we denote the set of
orthonormal bases themselves, and by 𝔘(W𝑛) or 𝔘(𝜌), we denote the set of orthogonal
symmetry-adapted bases in the sense of matrices. The next lemma illustrates the relation
between symmetry-adapted bases and the embedding (3.5).
Lemma 3.2.3. LetW be an orthogonal irreducible representation, and let 𝑛 be a nonzero

integer. There is a one-to-one correspondence between each *-algebra embedding (3.5)
and each symmetry-adapted basis (in 𝔈(W𝑛) or 𝔘(W𝑛)).

Proof. The algebra End𝐺(W𝑛) is isomorphic to a simple subalgebra of the central simple
ℝ-algebra Mat𝑑𝑛(ℝ). Due to the Skolem-Noether theorem, the ℝ-embedding (3.5) extends
to an inner automorphism of Mat𝑑𝑛(ℝ). Since (3.5) is a *-algebra embedding, the inner
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automorphism should preserve involution, which corresponds to transpose in the real case
and conjugate transpose in the complex case. Hence, the automorphism is of the form
𝑈𝑇 (⋅)𝑈 for an orthogonal symmetry-adapted basis. Conversely, identifyingW𝑛 with ℝ𝑑𝑛,
for every 𝑈 ∈ 𝔘(W𝑛), 𝑈 𝑇 (⋅)𝑈 corresponds to an *-algebra embedding

End𝐺
(

ℝ𝑑𝑛) → Mat𝑑𝑛(ℝ). (3.10)

The Skolem-Noether theorem is a standard result in central simple algebras–e.g., [Knus
et al., 1998, Theorem 1.4]–but we are not aware of its previous application in the context of
symmetry-adapted bases. For discussion of simple algebras, we refer to [Jacobson, 2009].

3.3 Orthogonal decomposition of G-equivariant maps: gen-

eral case

Lemma 3.2.2 and lemma 3.2.3, whose proofs assume isotopic representations, can be ex-
tended to all representations. By Maschke’s theorem, every real or complex representation
V is the direct sum of isotypic representations, meaning

V =
𝑚

⨁

𝑖=1
W

𝑛𝑖
𝑖 (3.11)

Moreover, if V is an orthogonal (resp. unitary) representation, W𝑖 can be chosen to be
orthogonal (resp. unitary) irreducible representations.

Lemma 3.3.1. Let 𝜒𝑖 be the character ofW𝑖, and let

Π𝑖 ∶=
𝑑𝑖

𝑘𝑖|𝐺|
∑

𝑔∈𝐺
𝜒𝑖(𝑔−1)𝜌𝑔. (3.12)
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1.
∑

𝑖Π𝑖 is a resolution of the identity associated with the decomposition (3.11).

2. If 𝜌 is an orthogonal representation,
∑

𝑖Π𝑖 will be an orthogonal resolution of the

identity.

Proof. In the case of complex representations (where 𝑘𝑖 = 1 for each 𝑖), this argument
is a standard result of character theory and can be found in representation theory books;
including [Serre, 1977, Fulton and Harris, 2004]. Assume then that V is a real represen-
tation. If W𝑖 is real-type, then it is also realizable as an irreducible representation over
complex numbers with the same character, so Π𝑖 is the projection fromV onto the isotypic
component W𝑛𝑖

𝑖 . If W𝑖 is complex-type, then there are nonisomoprhic irreducible repre-
sentations W0

𝑖 and (W0
𝑖 )

∗ over ℂ with dimension 𝑑0
𝑖 and character 𝜒0

𝑖 and 𝜒0
𝑖 such that

W𝑖 ⊗ ℂ =W0
𝑖 ⊕ (W0

𝑖 )
∗, 𝜒𝑖 = 𝜒0

𝑖 + 𝜒
0
𝑖 , and 𝑑0

𝑖 =
𝑑𝑖
2

. Hence,

Π𝑖 =
𝑑0
𝑖

|𝐺|
∑

𝑔∈𝐺
𝜒0
𝑖 (𝑔

−1)𝜌𝑔+
𝑑0
𝑖

|𝐺|
∑

𝑔∈𝐺
𝜒0
𝑖 (𝑔

−1)𝜌𝑔 =
𝑑0
𝑖

|𝐺|
∑

𝑔∈𝐺
(𝜒0

𝑖 +𝜒
0
𝑖 )(𝑔

−1)𝜌𝑔 =
𝑑𝑖

2|𝐺|
∑

𝑔∈𝐺
𝜒𝑖(𝑔−1)𝜌𝑔.

(3.13)
IfW𝑖 is quaternion-type, then there is irreducible representationW0

𝑖 overℂwith dimension
𝑑0
𝑖 and character 𝜒0

𝑖 such thatW𝑖⊗ℂ ≅W0
𝑖 ⊕W

0
𝑖 , 𝜒𝑖 = 2𝜒0

𝑖 , and 𝑑0
𝑖 =

𝑑𝑖
2

. In this case, the
projection ontoW𝑖 andW0

𝑖 is essentially the same, and 𝜒0
𝑖 is real-valued. Consequently,

Π𝑖 =
𝑑0
𝑖

|𝐺|
∑

𝑔∈𝐺
𝜒0
𝑖 (𝑔

−1)𝜌𝑔 =
𝑑𝑖

4|𝐺|
∑

𝑔∈𝐺
𝜒𝑖(𝑔−1)𝜌𝑔. (3.14)
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Lemma 3.3.1 can be extended to the algebra of equivariant maps by the universal prop-
erty of direct sum. (3.5) results in

End𝐺(V) = End𝐺
(

𝑚
⨁

𝑖=1
W

𝑛𝑖
𝑖

)

= Hom𝐺

(

𝑚
⨁

𝑖=1
W

𝑛𝑖
𝑖 ,

𝑚
⨁

𝑗=1
W

𝑛𝑗
𝑗

)

(3.15)

≅
⨁

𝑖,𝑗
Hom𝐺(W

𝑛𝑖
𝑖 ,W

𝑛𝑗
𝑗 ). (3.16)

Additionally, by Schur’s lemma, there is no nontrivial𝐺-homomorphism between non iso-
morphic simple 𝐺-modules. Extending it to isotypic representations, Hom𝐺(W

𝑛𝑖
𝑖 ,W

𝑛𝑗
𝑗 ) is

trivial when 𝑖 ≠ 𝑗. This results in the following *-algebra isomorphism:

End𝐺(V) ≅
𝑚

⨁

𝑖=1
End𝐺(W𝑛𝑖

𝑖 ). (3.17)

From this point, it is straightforward to show 𝜏 → Π𝑖𝜏Π∗
𝑖 is the projection of End𝐺(V)

onto End𝐺(W𝑛𝑖
𝑖 ) associated with (3.17). Finally, combining this with lemma 3.2.2 yields

the extension of lemma 3.2.2 to the general case.

Lemma 3.3.2. There exists the *-algebra embedding

End𝐺(V) → Mat𝑁 (ℝ), 𝜏 →
𝑚

⨁

𝑖=1
𝐴𝑖 ⊗ 𝐼𝑑𝑖∕𝑘𝑖 , (3.18)

where𝐴𝑖 = 𝜄
W𝑖

◦𝜃(Π𝑖𝜏Π∗
𝑖 ) is a 𝑘𝑖𝑛𝑖×𝑘𝑖𝑛𝑖 matrix, and𝑁 , 𝑑𝑖, and 𝑘𝑖 are the dimension ofV,

W𝑖, and End𝐺(W𝑖), respectively. Additionally, If allW𝑖 are real-type, then the embedding

is an isomorphism.

A basis 𝜖 for a representationV is called symmetry-adapted if, for every 𝜏 ∈ End𝐺(V),
the matrix [𝜏]𝜖 has the form of the image of (3.18) for some 𝑘𝑖𝑛𝑖 × 𝑘𝑖𝑛𝑖 matrices 𝐴𝑖. When
V is identified with ℝ𝑁 , a matrix 𝑈 is called a symmetry-adapted basis if, for every 𝐴 ∈
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End𝐺(ℝ𝑁 ), the conjugate 𝑈−1𝐴𝑈 has the form of the image of (3.18) for some 𝑘𝑖𝑛𝑖 × 𝑘𝑖𝑛𝑖
matrices 𝐴𝑖. The following lemma is the extension of lemma 3.2.3.
Lemma 3.3.3. Each orthonormal symmetry-adapted basis for End𝐺(V) corresponds to a

*-algebra embedding in (3.18). Moreover,

𝔈(V) =

{

𝑚
⋃

𝑖=1
𝜖𝑖
|

|

|

𝜖𝑖 ∈ 𝔈(W𝑛𝑖
𝑖 )

}

. (3.19)

The proof of this lemma is similar to that of lemma 3.2.3, so we omit it. We close this
section with two corollaries. Corollary 3.3.4, which is needed for our results in chapter 4,
states the implication of lemma 3.3.2 and lemma 3.3.3 for SDD matrices. Corollary 3.3.5
follows directly from Lemma lemma 3.3.3 and shows an orthonormal symmetry-adapted
basis associated with the𝐺-equivariant maps of an orthogonal (resp. unitary) subrepresen-
tation of V can be constructed with any orthonormal symmetry-adapted basis associated
with End𝐺(V).
Corollary 3.3.4. Let V be an orthogonal representation. Given (3.11) where 𝑘𝑖𝑛𝑖 ≤ 2,

for any symmetry-adapted basis 𝜖 ∈ 𝔘(V) and any positive semidefinite operator 𝜏 ∈

End𝐺(V), [𝜏]𝜖 is an SDD matrix.

Proof. By lemma 3.3.2 and lemma 3.3.3, any symmetry-adapted basis maps 𝜏 to a matrix
with blocks of size 𝑘𝑖𝑛𝑖. Since the embedding (3.18) preserves involution, any PSD oper-
ator 𝜏 is mapped to a PSD matrix, with all the blocks being PSD. Since the size of each
block is smaller than 2, all the blocks are also SDD by remark 2.3.2 and so is the whole
matrix.
Corollary 3.3.5. LetS be an orthogonal (resp. unitary) subrepresentation of an orthogonal

(resp. unitary) representation V, and define

End𝐺(V|S) ∶=
{

𝜏 ∈ End𝐺(V)
|

|

|

𝜏|
S⟂ = 0

}

. (3.20)
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Then, every symmetry adapted-basis associated with End𝐺(S) extends to one associated

with End𝐺(V|S).

3.4 Construction of blocks

This section aims to construct the block matrices 𝐴𝑖 in (3.18) for the orthogonal represen-
tation (ℝ𝑁 , 𝜌). In the previous section, Π𝑖 is shown to be the orthogonal projection of V
onto W𝑛𝑖

𝑖 associated with the decomposition (3.11). In this case where V = ℝ𝑁 , Π𝑖 is
a matrix with rank 𝑑𝑖𝑛𝑖. To construct 𝐴𝑖, we require an orthogonal projection from ℝ𝑁

onto a subspace of dimension 𝑘𝑖𝑛𝑖. If 𝑑𝑖 = 𝑘𝑖, then Π𝑖 does the job since then the rank of
Π𝑖 will be 𝑑𝑖𝑛𝑖 = 𝑘𝑖𝑛𝑖. Let 𝑈𝑖 be the 𝑁 × 𝑘𝑖𝑛𝑖 matrix whose columns are formed by any
orthonormal collection of columns of 𝑝𝑖; for brevity, we denote this with 𝑈𝑖 ∶= orth(Π𝑖).
Then, 𝐴𝑖 corresponding to the image of 𝐴 ∈ End𝐺(ℝ𝑁 ) under (3.18) can be constructed
via 𝐴𝑖 = 𝑈 𝑇

𝑖 𝐴𝑈𝑖.
Groups with quaternion-type representations 𝑊𝑖 whose representations can have 𝑑𝑖 ≥

𝑘𝑖 are quite rare; the smallest group with this property has a degree 48 and is called binary
Octahedral group or conformal special linear group on the field 𝔽 2

3 . However, this is not
the case when 𝕎𝑖 is real-type. The next lemma presents an orthogonal projection from ℝ𝑁

onto a subspace of dimension 𝑘𝑖𝑛𝑖 for real-type irreducible representations.

Lemma 3.4.1. Let 𝑅𝑖(𝑔) be any orthogonal realization ofW𝑖 whose (𝛼, 𝛽) element is de-

noted by 𝑅𝑖(𝑔)(𝛼, 𝛽). Here, 𝑅𝑖(𝑔) are 𝑑𝑖 × 𝑑𝑖 real matrices. Let

Π𝑖(𝛼, 𝛽) ∶=
𝑑𝑖

𝑘𝑖|𝐺|
∑

𝑔∈𝐺
𝑅𝑖(𝑔−1)(𝛼, 𝛽)𝜌𝑔. (3.21)

If 𝑘𝑖 = 1, then the maps 𝑘𝑖Π𝑖(𝛼, 𝛼) are mutally orthogonal projections from V onto its

subspace isomorphic to Hom𝐺(W𝑖,W
𝑛𝑖
𝑖 ) with dimension 𝑘𝑖𝑛𝑖.

33



The proof of this lemma (when each 𝑘𝑖 = 1) is based on the isomorphism W𝑛𝑖
𝑖 ≅

W𝑖 ⊗ Hom𝐺(W𝑖,W
𝑛𝑖
𝑖 ) and can be found in [Serre, 1977]. The author conjectures that

this lemma could also be true when 𝑘𝑖 = 2 and 𝑘𝑖 = 4 by establishing an isomorphism
W

𝑛𝑖
𝑖 ⊗ End𝐺(W𝑖) ≅W𝑖 ⊗ Hom𝐺(W𝑖,W

𝑛𝑖
𝑖 ).

Remark 3.4.2. Let 𝑈 𝛼
𝑖 = orth(Π𝑖(𝛼, 𝛼)) be 𝑁 × 𝑘𝑖𝑛𝑖 matrix whose columns are formed by

any orthonormal collection of columns of Π𝑖(𝛼, 𝛼). Then, When 𝑘𝑖 = 1, 𝐴𝑖 in lemma 3.3.2

can be obtained via 𝐴𝑖 = (𝑈 𝛼
𝑖 )
𝑇𝐴𝑈 𝛼

𝑖 for any 𝛼.
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Chapter 4

Characterization of invariant SDDPs

In this chapter, we identify some symmetry groups and representations that ensure either
𝑓𝑈 = 𝑓 or 𝑓𝑈 ≤ 𝑓 for some symmetry-adapted bases 𝑈 in 𝐺-invariant SDDPs, where
the underlying representation is induced via (2.7). We focus on signed-permutation repre-
sentations since these are the representations that keep the SDD cone invariant, according
to theorem 2.3.3. In section 4.1, we determine groups and representations that guarantee
the existence of 𝑈 ∈ 𝔘(𝜌) such that 𝑓𝑈 = 𝑓 . To achieve this, we determine for which
groups and representations there exists a symmetry-adapted basis 𝑈 satisfying (2.12) for
 = (𝑁)2,+. In sections 4.2 and 4.3, we identify groups such that 𝑓𝑈 ≤ 𝑓 for any
symmetry-adapted basis𝑈 independent of the𝐺-representation 𝜌. We also identify groups
such that, for each of its permutation representations, there exists at least a symmetry-
adapted basis 𝑈 guaranteeing 𝑓𝑈 ≤ 𝑓 . For a group𝐺 that is not in this category, we derive
algebraic conditions that identify those 𝐺-representations 𝜌 that guarantee 𝑓𝑈 ≤ 𝑓 for any
symmetry-adapted basis. We rely on the algebraic conditions that guarantee (2.13) for a
symmetry-adapted basis 𝑈 . Since the SDD elements of End𝐺(ℝ𝑁 ) are self-adjoint, (2.13)
is equivalent to

𝑈𝑇 ((𝑁)2,+ ∩ End𝐺(ℝ𝑁 )
)

𝑈 ⊂ (𝑁)2,+. (2.13’)
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We interchange the inclusion (2.13’) and (2.13) as needed. We denote the set of matrices
that satisfy these inclusions for representation 𝜌 with size 𝑁 as 𝔄(𝜌,𝑁). While 𝑁 is the
size of 𝜌, we do not omit it for clarity.

4.1 SDD-invariant symmetry-adapted bases

Although (𝑁)2,+ is preserved under conjugation by signed permutation representations,
it is not necessarily preserved under conjugation by the symmetry-adapted bases 𝑈 asso-
ciated with these representations, as 𝑈 is not always a signed permutation matrix. The fol-
lowing lemma characterizes the representations whose associated symmetry-adapted bases
do preserve (𝑁)2,+.

Theorem 4.1.1. Given a 𝐺-invariant SDDP, there exists 𝑈 ∈ 𝔘(𝜌) satisfying (2.12) with

 = (𝑁)2,+ if and only if 𝜌 is a signed diagonal representation (without any permutation).

Proof. Assume 𝜌 ∶ 𝐺 → 𝑂(𝑁) is a signed diagonal representation, representing a cyclic
group of order two, 𝐺 = {𝑒, 𝑔}, where 𝜌𝑒 is 𝑁 × 𝑁 identity matrix and 𝜌𝑔 is an 𝑁 ×

𝑁 diagonal matrix whose diagonal entries are ±1. Columns of any symmetry-adapted
basis are formed from any orthonormal collection of columns of Π1 =

1
2
(𝜌𝑒 + 𝜌𝑔) and that

of Π2 = 1
2
(𝜌𝑒 − 𝜌𝑔) by remark 3.4.2. Since these matrices are diagonal, any orthogonal

symmetry-adapted basis is a signed permutation matrix. Therefore, they preserve (𝑁)2,+
by Theorem 2.3.3.

For the reverse direction, assume 𝜌 involves permutation. It is sufficient to show that
any symmetry-adapted basis𝑈 has at least one column with more than one nonzero element
because then Theorem 2.3.3 would imply 𝑈𝑇(𝑁)2,+𝑈 ≠ (𝑁)2,+ for 𝑁 ≥ 3. Let W1

denote the trivial representation of 𝐺 that occurs 𝑛1 > 0 times in ℝ𝑁 . Some columns of 𝑈
are constructed by choosing an orthonormal basis for𝑊 𝑛1

1 in an irreducible-representation
decomposition of ℝ𝑁 . These bases are constructed by choosing any collection of indepen-
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dent columns of

1
|𝐺|

∑

𝑔∈𝐺
𝜒1(𝑔−1)𝜌𝑔 =

1
|𝐺|

∑

𝑔∈𝐺
𝜌𝑔, (4.1)

where 𝜒1 denotes the character of the trivial representation. Since not all 𝜌𝑔 are diagonal
matrices, Matrix 4.1 contains at least one column with more than one nonzero element and
so 𝑈 as well.

The proof of this theorem illustrates that the relation (2.12) holds for any 𝑈 ∈ 𝔘𝜌 if 𝜌
is a signed diagonal representation. This yields the following corollary.

Corollary 4.1.2. When 𝜌 is a signed diagonal representation, 𝑓𝑈 = 𝑓 holds for all orthog-

onal symmetry-adapted bases.

4.2 Group characterization

Theorem 4.1.1 asserts that if 𝜌 is not a signed diagonal representation, then 𝑓𝑈 = 𝑓 is not
guaranteed. This implies that when the underlying representation involves permutation, the
symmetry-adapted bases are no longer signed permutation matrices. Therefore, we aim to
identify situations that guarantee 𝑓𝑈 ≤ 𝑓 in the presence of permutation. We focus on (un-
signed) permutation representations. The existence of an orthogonal symmetry-adapted
basis that satisfies (2.13) is equivalent to saying that 𝔄(𝜌,𝑁) ∩ 𝔘(𝜌) is non-empty. On
the other hand, all 𝑈 ∈ 𝔘(𝜌) satisfying (2.13) is equivalent to 𝔘(𝜌) ⊂ 𝔄(𝜌,𝑁). We
categorize representations into three types: fully adaptable, partially adaptable, and un-
adaptable, all in relation to the SDD cone. A representation 𝜌 is called fully adaptable
if 𝔘(𝜌) ⊂ 𝔄(𝜌,𝑁), unadaptable if 𝔘(𝜌) ∩ 𝔄(𝜌,𝑁) is empty set, and partially adaptable
otherwise. To make use of theorem 2.4.2, we state its stronger version in the context of
equivariant maps as theorem 4.2.2 below. First, the following lemma states the relationship
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among the symmetry-adapted bases associated with an algebra and those associated with
its subalgebras.

Lemma 4.2.1. Let (ℝ𝑁 ′ , 𝜌′) be an orthogonal subrepresentation of (ℝ𝑁 , 𝜌).

1. For every 𝑈 ′ ∈ 𝔘(ℝ𝑁 ′) that satisfies (resp. does not satisfy) (2.13) for 𝑁 ′ and 𝜌′,

there exists a corresponding 𝑈 ∈ 𝔘(ℝ𝑁 ) that satisfies (resp. does not satisfy)

𝑈 𝑇 ((𝑁)2,+ ∩ End𝐺(ℝ𝑁
|ℝ𝑁 ′)

)

𝑈 ⊂ (𝑁)2,+. (4.2)

2. If 𝜌 is partially (resp. fully) adaptable, then 𝜌′ is also partially (resp. fully) adaptable.

Proof. Let 𝑃 ′ be an𝑁 ′ ×𝑁 matrix whose columns are formed by elements of  that span
ℝ𝑁 ′ . Then, 𝑃 ′ ∶ ℝ𝑁 → ℝ𝑁 ′ is a 𝐺-equivariant epimorphism, implying that 𝑃 ′𝐴𝑃 ′𝑇 ∈

End𝐺(ℝ𝑁 ′) for every 𝐴 ∈ End𝐺(ℝ𝑁 ). Additionally, 𝑃 ′(𝑁)2,+𝑃 ′𝑇 = (𝑁 ′)2,+ by re-
mark 2.3.4.

For the proof of the first part, the map 𝑈 ′ → 𝑃 𝑇𝑈 ′𝑃 sends the elements of 𝔘(ℝ𝑁 ′)

satisfying (resp. not satisfying) (2.13) for 𝑁 ′ and 𝜌′ to the elements of 𝔘(ℝ𝑁 ) satisfying
(resp. not satisfying) (4.2). This is a stronger version of corollary 3.3.5.

For the proof of the second part, let 𝜌 be partially adaptable, and suppose 𝑈 ∈ 𝔘(𝜌) ∩

𝔄(𝜌,𝑁). For every 𝐴′ ∈ (𝑁 ′)2,+ ∩ (𝑁 ′)𝐺, 𝑃 𝑇𝐴′𝑃 ∈ (𝑁)2,+ ∩ (𝑁)𝐺, and so

𝑈𝑇𝑃 𝑇𝐴′𝑃𝑈 ⊂ (𝑁)2,+ ⇒ 𝑃𝑈𝑇𝑃 𝑇𝐴′𝑃𝑈𝑃 𝑇 ⊂ (𝑁 ′)2,+. (4.3)

Consequently, 𝑃𝑈𝑃 𝑇 ∈ 𝔘(𝜌′)∩𝔄(𝜌′, 𝑁 ′) and 𝜌′ is partially adaptable. Now, let 𝜌 be fully
adaptable. Every 𝑈 ′ ∈ 𝔘(𝜌′) satisfies (2.13) because otherwise it contradicts the fact that
𝔘(𝜌) ⊂ 𝔄(𝜌,𝑁). Consequently, 𝜌′ is fully adaptable.

We would like to conclude if 𝜌′ and 𝜌′′ were partially (resp. fully) adaptable, then 𝜌′⊕𝜌′′
would be also partially (resp. fully) adaptable. Although this is not generally true, we iden-
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tify situations that guarantee the statement. Let (ℝℕ, 𝜌) be a permutation representation.
As stated in chapter 2, this representation is induced by an action of 𝐺 on 𝔅, resulting in
𝐿 disjoint orbits 𝔒𝑗 . Defining S𝑙 ∶= span(𝔒𝑙), the next theorem is followed.

Theorem 4.2.2. A permutation representation ℝ𝑁 is partially (resp. fully) adaptable if and

only if each S𝑝 ⊕ S𝑞 is partially (resp. fully) adaptable.

Proof. This theorem is another version of theorem 2.4.2. The ⇒ direction is a direct conse-
quence of Part 2 of lemma 4.2.1. For the reverse direction assume each S𝑝⊕S𝑞 is partially
(resp. fully) adaptable, then, by Part 1 of lemma 4.2.1, for some (resp. all) 𝑈 ∈ 𝔘(ℝ𝑁 ),

𝑈𝑇 ((𝑁)2,+ ∩ End𝐺(ℝ𝑁
|𝑆𝑝 ⊕𝑆𝑞)

)

𝑈 ⊂ (𝑁)2,+ (4.4)

holds. This is exactly equivalent to say, for some (resp. all) 𝑈 ∈ 𝔘(ℝ𝑁 ), (2.29) holds. Fi-
nally, theorem 2.4.2 implies for some (resp. all) 𝑈 ∈ 𝔘(ℝ𝑁 ), (2.13) holds, or equivalently
𝔘(ℝ𝑁 ) ∩𝔄(𝜌,𝑁) ≠ ∅ (resp. 𝔘(ℝ𝑁 ) ⊂ 𝔄(𝜌,𝑁)).

This theorem is interesting because it involves algebra while fundamentally utilizing a
set containing the extreme rays of the SDD cone, which is a geometric object. It is also
useful because, if ℝ𝑁 is fully adaptable, one can freely choose a symmetry-adapted basis
and ensure 𝑓𝑈 ≤ 𝑓 . If ℝ𝑁 is partially adaptable, one can find a symmetry-adapted basis
that guarantees 𝑓𝑈 ≤ 𝑓 . We simplify this theorem so that it can be applied to determine
full adaptability using the orbital structure of 𝜌.

Definition 4.2.3 (Mono semisimple representation). We call a representation (V, 𝜌) a mono
semisimple (MSS) representation if each irreducible representationW𝑖 occurs at most once
in the decomposition of V into the direct sum of isotypic components. In another world,
V is an MSS representation if 𝑛𝑖 are either zero or one in (3.11).

This definition helps us to state the simplified version of theorem 4.2.2 more concisely.
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Theorem 4.2.4. Let ℝ𝑁 be an orthogonal representation.

1. Suppose ℝ𝑁 is absolutely irreducible (i.e only real-typeW𝑖 appears in ℝ𝑁 ). If each

S𝑙 (1 ≤ 𝑙 ≤ 𝐿) is MSS, then ℝ𝑁 is fully adaptable.

2. Suppose only real-type and complex-type 𝑊𝑖 appear in ℝ𝑁 . If each S𝑙 (1 ≤ 𝑙 ≤ 𝐿)

is MSS and each complex-typeW𝑖 appears once in ℝ𝑁 , then ℝ𝑁 is fully adaptable.

Proof. For the proof of the first part, each S𝑙 is MSS, implying

S𝑝 ⊕ S𝑞 ≅
⨁

𝑖
W

𝑛𝑖
𝑖 , (4.5)

where 𝑛𝑖 ≤ 2. Since each W𝑖 is real-type, 𝑘𝑖 = 1 and thus 𝑘𝑖𝑛𝑖 ≤ 2. Corollary 3.3.4
implies that S𝑝 ⊕ S𝑞 is fully adaptable, and by theorem 4.2.2, so is ℝ𝑁 . The second part
follows a similar proof. In each S𝑝 ⊕ S𝑞, a real-type W𝑖 appears at most twice and a
complex-type W𝑖 appears at most once. In either case, 𝑘𝑖𝑛𝑖 ≤ 2, and the result follows
from corollary 3.3.4.

We conjecture the following stronger version of theorem 4.2.4. [Boman et al., 2005]
showed that the cone of SDD matrices is equivalent to the cone of symmetric factor-width-
two matrices. The sparsity of a matrix has a close connection with the possibility of having
a smaller factor width. In much the same way a change of basis can make a sparse matrix
dense, we conjecture that there exists a symmetry-adapted basis that increases the factor
width of sparse SDD matrices.

Conjecture 4.2.5. A permutation 𝐺-representation ℝ𝑁 is fully adaptable if and only if

each real-type irreducible representation appears at most twice, and each complex-type

irreducible representation appears at most once, in every S𝑝
⨁

S𝑞.

This conjecture implies that fully adaptable representations would not contain any quaternion-
type irreducible representation. Indeed, if some S𝑝⨁S𝑞 contains 𝑛𝑖 times 𝑊𝑖 such that
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𝑘𝑖𝑛𝑖 ≥ 3, then there would exist 𝑈 ∈ 𝔘(S𝑝
⨁

S𝑞) such that 𝑈 𝑇𝐴𝑈 would not be SDD for
some SDD matrix 𝐴 in End𝐺(S𝑝⨁S𝑞).

One can check whether each S𝑙 is MSS. The number of times eachW𝑖 appears in S𝑙 is
calculated based on the character of S𝑙 andW𝑖; see [Serre, 1977, Fulton and Harris, 2004]
for details. It is also possible to find a stronger condition guaranteeing that each S𝑙 is MSS
based on the orbital structure of 𝜌. This requires establishing a relation between each S𝑙
and the real regular representation 𝑟𝐺 ∶ 𝐺 → 𝑂(|𝐺|) of 𝐺, which the following lemma
provides.

Lemma 4.2.6. Each S𝑙 is isomorphic to a subrepresentation of the real regular represen-

tation 𝑟𝐺.

Proof. Since𝐺 acts on𝔒𝑙 transitively, there is an intertwining from𝐺 onto𝔒𝑙. This makes
𝔒𝑙 a homomorphic image of 𝐺 as a 𝐺-set. Consequently, S𝑙 is a homomorphic image of
the regular representation, and the result follows.

The next lemma identifies a wide range of fully adaptable representations for small
groups and a narrow range for large groups, based on their orbital structure. This lemma
is independent of the size of the representation, rather it depends on the size of the group.

Lemma 4.2.7. If |𝔒𝑙| = dim(𝑆𝑙) < 4, then S𝑙 is MSS.

Proof. Let each𝐺-irreducible representationW𝑖 appear 𝑛𝑖 times in the regular representa-
tion of 𝐺. If the ground field is the complex numbers, then 𝑛𝑖 = 𝑑𝑖 for each 𝑖. If the ground
field is the real numbers, then using the proof of lemma 3.3.1 it is straightforward to show
that 𝑛𝑖 is either 𝑑𝑖, 𝑑𝑖

2
, or 𝑑𝑖

4
. Here, S𝑙 is a subrepresentation of irreducible representation

by lemma 4.2.6. Therefore, the number of times thatW𝑖 appears in S𝑙 is at most equal to
the dimension ofW𝑖. Since dim(𝑆𝑙) < 4, no irreducible representations appear more than
once in S𝑙.
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This lemma can be used along with the fact that |𝔒𝑙| divides |𝐺| (by the orbit-stabilizer
theorem) to identify fully adaptable representations. This is illustrated by the following
example.

Example 4.2.8. Let 𝐺 = 𝔖3 be the symmetric group of order 3, and let (ℝ𝑁 , 𝜌) be any
permutation representation of 𝐺. By the orbit-stabilizer theorem, |𝔒𝑙| is either 1, 2, 3,
or 6. If 𝜌 does not contain any orbit of size 6, then by lemma 4.2.7 all the S𝑙 are MMS.
Additionally, irreducible representations of 𝐺 are all real-type. Therefore, ℝ𝑁 is fully
adaptable if 𝜌 does not contain any orbit of size 6, by Part 1 of theorem 4.2.4. This asserts
that, if an invariant SDDP with any size has the symmetry of group𝔖3, then 𝑓𝑈 ≤ 𝑓 for any
symmetry-adapted basis, provided that 𝜌 does not contain any orbit of size 6. Additionally,
if 𝜌 contains one orbit of size 6, S𝑝 ⊕ S𝑞 can be shown to be fully adaptable. We also
claim that, for cases where 𝜌 contains more than one orbit of size 6, we can construct a
counterexample demonstrating no symmetry-adapted basis with the desired property exists.
This means any permutation representation of 𝔖3 with more than two orbits of size 6 is
unadaptable; otherwise, they are fully adaptable.

While it is possible to find criteria guaranteeing full adaptability based on the size
of 𝜌, we are not interested in such criteria since it would not be useful. This is because
conic optimization problems are often very large in practice. Instead, our results apply to
practical problems, which is a significant advantage of our results. The conclusion of ex-
ample 4.2.8 is independent of the size of the representation. It depends solely on the size
of each orbit, which in turn depends on the size of the group. The drawback of this criteria,
however, is that it does not identify any partially adaptable 𝜌. To deal with this restriction,
we present how one can check the full and partial adaptability of any permutation repre-
sentation of 𝐺 by analyzing only one special representation. This new criterion depends
not on the representation but merely on the group itself. Therefore, we classify groups
into representation-independent and representation-dependent. If some of the permutation
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representations of 𝐺 are partially adaptable, some fully adaptable, and some unadaptable
regardless of the size of 𝜌, then we call 𝐺 representation-dependent. Otherwise, we call
𝐺 representation-independent. The following theorem identifies three sub-cases of the
representation-independent case, providing equivalent conditions for two sub-cases and a
sufficient condition for the third, all in terms of 𝑟𝐺 ⊕ 𝑟𝐺. It is the main result of the thesis.

Theorem 4.2.9. 1. Every permutation representation of𝐺 is fully adaptable if and only

if 𝑟𝐺 ⊕ 𝑟𝐺 is fully adaptable.

2. Every permutation representation of 𝐺 is either fully adaptable or partially adapt-

able if and only if 𝑟𝐺 ⊕ 𝑟𝐺 is partially adaptable.

3. If 𝑟𝐺⊕𝑟𝐺 is unadaptable, then every permutation representation of𝐺 with size equal

or greater than 2|𝐺| that contains at least two orbits of size |𝐺| is unadaptable.

Proof. For statements 1 and 2, the second part of each equivalence is a special case of the
first part, so we only need to prove the ‘if’ directions. Fix arbitrary permutation repre-
sentation ℝ𝑁 . By lemma 4.2.6, ℝ𝑁 is a direct sum of S𝑙 where each S𝑙 isomorphic to a
subrepresentation of the regular representation. If 𝑟𝐺 ⊕ 𝑟𝐺 is fully (resp. partially) adapt-
able, Part 2 of lemma 4.2.1 implies that for every subrepresentation S𝑝 and S𝑞 of ℝ2|𝐺|,
S𝑝 ⊕ S𝑞 is fully (resp. partially) adaptable. This implies that ℝ𝑁 is fully (resp. partially)
adaptable by theorem 4.2.2, which completes the proof of the first and second statements.

To prove the third statement, fix arbitrary permutation representation ℝ𝑁 that contains
at least two orbits of size |𝐺|, and assume 𝑟𝐺 ⊕ 𝑟𝐺 is unadaptable. The only transitive
permutation representation with size |𝐺| is the regular representation. Therefore, each
orbit of size |𝐺| corresponds to 𝑟𝐺. Since ℝ𝑁 contains at least two orbits of size |𝐺|, it
contains 𝑟𝐺 ⊕ 𝑟𝐺. The result then follows from theorem 4.2.2.

We call group 𝐺 representation-independent of type 1 if all of its permutation rep-
resentations are partially adaptable and representation-independent of type 2 if all of its
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permutation representations are either fully or partially adaptable. It is representation-
independent of type 3 if all of its representations with a size equal to or greater than 2|𝐺|

are unadaptable. Given 𝐺-invariant SDDP with any arbitrary permutation representation
𝜌 of size 𝑁 , one seeks to find whether every 𝑈 ∈ 𝔘(ℝ𝑁 ) satisfies 𝑓𝑈 ≤ 𝑓 , or whether
there exists 𝑈 ∈ 𝔘(ℝ𝑁 ) satisfying 𝑓𝑈 ≤ 𝑓 . Theorem 4.2.9 offers that it is enough to
check whether 𝐺 is representation-independent of type 1 or 2 without analyzing the un-
derlying representation. This simplifies the computation considerably since the size of the
representation 𝜌 in practical problems is very big, for instance, a matrix of size 104 × 104

in combinatorial problems from [de Klerk et al., 2011], while the size of 𝑟𝐺 ⊕ 𝑟𝐺 is 2|𝐺|.
Moreover, if one finds the desired𝑈 for 𝜌 = 𝑟𝐺⊕𝑟𝐺, then the desired𝑈 can be constructed
for any 𝜌. Theorem 4.2.9 also can be further simplified by combining it with theorem 2.3.3
to obtain the following corollary.

Corollary 4.2.10. Given a 𝐺-invariant SDDP with permutation representation 𝜌 of size

𝑁 , there exists 𝑈 ∈ 𝔘(ℝ𝑁 ) ensuring 𝑓𝑈 ≤ 𝑓 if there exists 𝑈 ∈ 𝔘(𝑟𝐺 ⊕ 𝑟𝐺) satisfying

𝑈 𝑇Σ2|𝐺|
𝑟𝐺⊕𝑟𝐺

(1, 1)𝑈 ⊂ (2|𝐺|)2,+

𝑈 𝑇Σ2|𝐺|
𝑟𝐺⊕𝑟𝐺

(1, 2)𝑈 ⊂ (2|𝐺|)2,+.
(4.6)

Moreover, 𝑓𝑈 ≤ 𝑓 for all 𝑈 ∈ 𝔘(ℝ𝑁 ) if (4.6) holds for all 𝑈 ∈ 𝔘(𝑟𝐺 ⊕ 𝑟𝐺).

Proof. When 𝜌 = 𝑟𝐺 ⊕ 𝑟𝐺, there are only two orbits, So 1 ≤ 𝑝 ≤ 𝑞 ≤ 2 in (2.29).
Additionally, since the orbits are the same type Σ2|𝐺|

𝑟𝐺⊕𝑟𝐺
(1, 1) = Σ2|𝐺|

𝑟𝐺⊕𝑟𝐺
(2, 2), and the result

follows.

Corollary 4.2.10 provides an algorithm to check if a 𝑈 ∈ 𝔘(ℝ2|𝐺|) satisfies (4.6) and
thus (2.29). If it is satisfied, then one can construct 𝑈 ∈ 𝔘(ℝ𝑁 ) with the desired property
using lemma 4.2.1. Given 𝑈 ∈ 𝔘(𝑟𝐺 ⊕ 𝑟𝐺) and 𝜌 = 𝑟𝐺 ⊕ 𝑟𝐺 , algorithm 1 illustrates
whether (4.6) is satisfied or not.
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Algorithm 1 Existence of symmetry-adapted basis for the direct sum of two regular rep-
resentation
𝐴0 = [𝑥 𝑦; 𝑦 𝑧]
for p=1:1:|𝐺| do

for q=p:1:2|𝐺| do
𝐴 =

∑

𝑔∈𝐺 𝜌𝑔[𝑒𝑝 𝑒𝑞]𝐴0[𝑒𝑝 𝑒𝑞]𝑇𝜌𝑇𝑔
Check each blocks of 𝑈 𝑇𝐴𝑈 is SDD for all 𝑥𝑦 ≥ 𝑧2

end for
end for

This algorithm checks whether (|𝐺|)(3|𝐺|+1)
2

block diagonal matrices with 𝑚 blocks of
size at most 2𝑘𝑖𝑑𝑖 are SDD or not. To illustrate how much our calculation is simplified,
consider𝐺 being𝔖3, the symmetric group of order three. In this case, the algorithm checks
whether 57 block diagonal matrices with 3 blocks of size at most 4 are SDD or not.

4.3 Combined analysis

Combining theorem 4.2.4 with theorem 4.2.9 can identify representation-independent groups
of types 1 based on the orbital structure of their regular representations. This is illustrated
in the next lemma for totally orthogonal groups. A group is called totally orthogonal if all
of its real irreducible representations are real-type.

Lemma 4.3.1. For a totally orthogonal group 𝐺, if its regular representation is MSS, then

𝐺 is representation-independent of type 1.

Proof. When 𝐺 is totally orthogonal, 𝑟𝐺 is absolutely irreducible. Additionally, the repre-
sentation 𝑟𝐺⊕𝑟𝐺 has only 2 orbits each corresponding to 𝑟𝐺. So, if 𝑟𝐺 is MSS, then 𝑟𝐺⊕𝑟𝐺
is fully adaptable by Part 1 of theorem 4.2.4. The fact that𝐺 is representation-independent
of type 1 is now concluded from theorem 4.2.9.

Based on this lemma, we identify some representation-independent groups of type 1 in
the following example.
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Example 4.3.2. Let 𝐺 = 𝑍2 be the cyclic group of order 2. Then 𝐺 has only two real-type
irreducible representations of dimension 1, namely the trivial and sign representations.
Hence, 𝐺 is totally orthogonal and 𝑟𝐺 is MSS implying𝑍2 is a representation-independent
group of type 1. This can be extended to groups that are a direct product of 𝑍2. Let 𝐺
be 𝑍 𝑡

2 ∶= 𝑍2 × ⋯ × 𝑍2 be a direct product of 𝑡 copies of 𝑍2. Then 𝐺 has 2𝑡 real-type
irreducible representation of dimension 1. All of these irreducible representations appear
once in 𝑟𝐺. Therefore, 𝑍 𝑡

2 is totally orthogonal, and 𝑟𝐺 is an absolutely irreducible MSS
representation, implying 𝑍 𝑡

2 is a representation-independent group of type 1. This asserts
that whenever an SDDP has a symmetry of group 𝐺 = 𝑍 𝑡

2 for any 𝑡, 𝑓𝑈 ≤ 𝑓 for any
symmetry-adapted basis.

We used algorithm 1 combined with theorem 4.2.9 to identify some representation-
independent groups and their types. We further derive conditions on full or partial adapt-
ability of the representations of some groups that we identify as representation-independent
groups of type 2 or as representation-dependent groups. Our result is stated in table 4.1.
Any representation with a small enough size is fully adaptable. As mentioned, character-
izing representations based on their size is not practical. For this reason, representation-
independent groups of type 1 aside, the results in table 4.1 is only considered for the rep-
resentation with a size equal to or greater than 2|𝐺|.
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Table 4.1: A non-empty square in the columns RI1, RI2, or RI3 determines 𝐺 is a
representation-independent group of type 1, 2, or 3, respectively. Similarly, RD corre-
sponds to representation-dependent groups. In the columns corresponding to RI2 and RD,
we further determine which orbital structure makes the𝐺-representations fully or partially
adaptable.

Group RI1 RI2 RD RI3
Fully

adaptable
Partially
adaptable

Fully
adaptable

Partially
adaptable Unadaptable

𝑍2 x
𝑍4 never always

𝑍𝑛 for
𝑛 ≠ 1, 2, 4 x
𝑍𝑡

2 for any 𝑡 x
𝔖3

no orbit of
size 6 never orbit of size

6
𝔇4 never always
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Chapter 5

Nonnegativity and polynomial

optimization

This chapter presents the application of symmetry reduction in polynomial optimization
problems, specifically those that result in invariant SDDPs. First, we review some well-
known results in real algebraic geometry and polynomial optimization. That can be found
in books such as [Powers, 2021, Theobald, 2024]. We consider real polynomials in 𝑛 vari-
ables 𝑝(𝑥) ∶= 𝑝(𝑥1,⋯ , 𝑥𝑛). Nonnegative polynomials in 𝑛 variables form a convex cone
in the infinite-dimensional vector space of 𝑛-variate polynomials. We denote this cone by
𝑛, and by 𝑛,𝑑 when we restrict to maximum polynomial degree 𝑑. A subset of ℝ𝑛 is basic
semialgebraic if it is formed by a finite union of polynomial inequalities, i.e.,

𝐿(ℎ1,⋯ , ℎ𝑘) ∶= {𝑥 ∈ ℝ𝑛 ∣ ℎ𝑖(𝑥) ∈ 𝑛,𝑑 ∀𝑖 ∈ [1, 𝑘]}. (5.1)

Equalities are also allowed in basic semialgebraic sets since ℎ(𝑥) = 0 equivalents to ℎ(𝑥) ≥
0 and −ℎ(𝑥) ≥ 0. For the rest of the discussion, we consider 𝐿 ∶= 𝐿(ℎ1,⋯ , ℎ𝑘) a basic
semialgebraic set unless otherwise specified. A set of nonnegative polynomials on 𝐿 is
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denoted by (𝐿). A common simple polynomial optimization problem has the form

𝑝∗ ∶= inf 𝑝(𝑥) subject to 𝑥 ∈ 𝐿, (5.2)

or equivalently,

𝑝∗ = inf −𝜆 subject to 𝑝(𝑥) + 𝜆 ∈ (𝐿). (5.3)

This problem is of NP-hard computational complexity. Solving such problems requires a
certificate of nonnegativity for real multivariate polynomials. Positivstellensatz or certifi-
cate of nonegativity in Dutch is a fundamental problem in real algebraic geometry. If 𝑝(𝑥)
can be written as a sum of squares of polynomials, i.e.,

𝑝(𝑥) =
∑

𝑖
𝑝𝑖(𝑥)2, (5.4)

then 𝑝(𝑥) ∈ 𝑛,𝑑 and called a sum-of-squares (SOS) polynomial. However, not all non-
negative polynomials are SOS. We let 𝑛,𝑑 denote the proper cone of of 𝑛-variate SOS
polynomials of degree at most 𝑑, Hilbert showed that 𝑛,𝑑 = 𝑛,𝑑 if and only if either
𝑛 = 1, 𝑑 = 2, or 𝑛 = 4 and 𝑑 = 2 [Hilbert, 1888]. Let

QM(𝐿) ∶= QM(ℎ1,⋯ , ℎ𝑘) = {𝑠0 +
𝑘
∑

𝑖=1
𝑠𝑖(𝑥)ℎ𝑖(𝑥) ∣ 𝑠𝑖(𝑥) ∈ 𝑛 ∀𝑖 ∈ [0, 𝑘]} (5.5)

define the quadratic module of 𝐿. A quadratic module QM is said to be Archimedean if,
for any polynomial 𝑝(𝑥), there exists a natural number 𝑁 such that 𝑁 ± 𝑝 ∈ QM. Putinar
showed if QM(𝐿) is Archimedean and 𝑝(𝑥) is positive on 𝐿, then 𝑝(𝑥) ∈ QM(𝐿). This is
known as the Putinar Positivstellensatz. [Lasserre, 2001] relaxed problem (5.3) to a series
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of relatively tractable polynomial optimization problems

𝑝𝐾,𝑑 ∶=min −𝜆 subject to 𝑝(𝑥) + 𝜆 = 𝑠0(𝑥) +
∑𝑘

𝑖=1 𝑠𝑖(𝑥)ℎ𝑖(𝑥)

𝑠𝑖(𝑥) ∈ 
(5.6)

where  = 𝑛,𝑑 , and he showed that 𝑘𝐾,𝑑 converges to the optimal value of (5.3) when
𝑑 increases. In other words,

𝑝𝑠𝑜𝑠 ∶= lim
𝑑→∞

𝑝𝑠𝑜𝑠,𝑑 = 𝑝∗. (5.7)

This is known as the Lasserre hierarchy, and problem (5.6) with  being an SOS cone is
an instance of SOS optimization. If the quadratic module of 𝐿 is not Archimedean, 𝑝𝑠𝑜𝑠
may not be 𝑝∗; for a convergence on the cases where 𝐿 is not compact see [Mai et al.,
2022]. However, SOS optimization is still widely used in such cases due to its practical
effectiveness.

5.1 SOS optimization and its relaxations

In contrast to (5.3), SOS optimizations are practically solvable when 𝑛 and 𝑑 are not too
large. Indeed, [Parrilo, 2003] showed this problem can be solved using SDP.
Lemma 5.1.1 ([Parrilo, 2003]). Let the monomial vector basis 𝑚(𝑥) be the 𝑁 × 1 vector

whose elements are monomials 𝑥𝑑11 ⋯ 𝑥𝑑𝑛𝑛 such that 0 ≤ 𝑑1 + ⋯ 𝑑𝑚 ≤ 𝑑 (𝑁 =
(𝑛+𝑑−1

𝑑

)

).

There exists a matrix 𝑄 ∈ (𝑁)+, known as Gram matrix, such that 𝑠(𝑥) = 𝑚(𝑥)𝑇𝑄𝑚(𝑥)

if and only if 𝑠(𝑥) ∈ 𝑛,𝑑 .

This demonstrates that the task of finding a SOS polynomial in 𝑛 variables of degree
at most 𝑑 is equivalent to the task of finding a PSD matrix of size (𝑛+𝑑−1

𝑑

). One can show
problem (5.6) with  = 𝑛,𝑑 is equivalent to (1.1) with  = (𝑁)+, 𝑁 =

(𝑛+𝑑−1
𝑑

).
The first constraint of (5.6) determines the affine subspace  and its second constraint
determines the cone  in (1.1).

50



To find 𝑝𝑠𝑜𝑠 in practice, 𝑑 does not need to go to infinity, instead, there are upper bounds
for the value 𝑑. However, based on𝑁 =

(𝑛+𝑑−1
𝑑

),𝑁 grows very fast with the increase of 𝑑.
Solving SDP with large 𝑁 is not fast nor precise. This challenge has led mathematicians
and optimizers to approximate large SDPs with more computationally efficient optimiza-
tions. [Ahmadi and Majumdar, 2019] suggested instead choosing  to be 𝑛,𝑑 the cone
of sum-of-binomial-squares (SBS) polynomials, in which case (5.3) turns into an SDDP
rather than an SDP.

Lemma 5.1.2 ([Ahmadi and Majumdar, 2019]). There exists matrix 𝑄 ∈ (𝑁)2,+ such

that 𝑠(𝑥) = 𝑚(𝑥)𝑇𝑄𝑚(𝑥) if and only if 𝑠(𝑥) ∈ 𝑛,𝑑 .

Since 𝑛,𝑑 ⊂ 𝑛,𝑑 , problem (5.3) with the cone 𝑛,𝑑 might arise on its own
but arises naturally as a strengthening of an SOS condition, where this cone acts as an inner
approximation to the SOS cone. When viewed as a relaxed version of SOS problems, their
current formulation lacks a convergence guarantee even if the quadratic module of 𝐿 is
Archimedean, unlike SOS problems. Indeed, [Josz, 2017] constructs an example in which
(5.3) with  = 𝑛,𝑑 gives strictly bigger value, i.e.,

𝑝𝑠𝑜𝑠 < 𝑝𝑠𝑏𝑠 ∶= lim
𝑑→∞

𝑝𝑠𝑏𝑠,𝑑 . (5.8)

Recent papers have addressed this issue by either reformulating (5.3) [Roebers et al., 2021]
or modifying interior point methods to achieve similar convergence properties [Roig-Solvas
and Sznaier, 2022]. Although their practical applicability is not yet clear, these develop-
ments suggest an increasing interest in replacing the PSD (resp. SOS) cone with the SDD
(resp. SBS) cone. Thus, extending symmetry reduction techniques to problems involving
the SDD and SBS cones is a logical step.
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5.2 Invariant polynomial optimization

We say problem (5.3) is𝐺-invariant if 𝑝(𝑥) and𝐿 are𝐺-invariant with respect to 𝜌0 ∶ 𝐺 →

𝑂(𝑛). That is, for all 𝑔 ∈ 𝐺, 𝑝(𝜌0𝑔𝑥) = 𝑝(𝑥) and 𝜌0𝑔(𝐿) ⊂ 𝐿. This representation induces
another representation 𝜌 ∶ 𝐺 → 𝑂(𝑁) such that, for each 𝑔 ∈ 𝐺, 𝜌𝑔𝑚(𝑥) = 𝑚(𝜌0𝑔𝑥), where
𝑚(𝑥) in the monomial vector basis defined in lemma 5.1.1 and lemma 5.1.2. The analogous
program (1.1) to invariant (5.3) is 𝐺-invariant with respect to 𝜎, which is induced by 𝜌 via
(2.5).

From now on, we treat (5.3) with = 𝑛,𝑑 with the optimal value 𝑝𝑠𝑜𝑠,𝑑 as (1.1) with
 = (𝑁)+ with optimal value 𝑓 𝑠𝑑𝑝 and (5.3) with  = 𝑛,𝑑 with the optimal value
𝑝𝑠𝑏𝑠,𝑑 as (1.1) with  = (𝑁)2,+ with optimal value 𝑓 𝑠𝑑𝑑 . As discussed, while 𝑓 𝑠𝑑𝑝𝑈 = 𝑓 𝑠𝑑𝑝,
generally 𝑓 𝑠𝑑𝑑𝑈 ≠ 𝑓 𝑠𝑑𝑑 . We also illustrate that 𝑓 𝑠𝑑𝑑𝑈 can provide a better bound for 𝑓 𝑠𝑑𝑑 as
a result of symmetry reduction.

The numerical experiment in this section is solved via MOSEK [ApS, 2024] in Ju-
lia. The optimization problems are formulated with the Julia package "Sumsofsquares"
[Legat et al., 2017] and the symmetry reduction method is used with "Symbolicweddur-
burn" [Kaluba et al., 2019].
Example 5.2.1 ([Magron and Wang, 2023], Example 25). To minimize 𝜆 such that 𝑃 =

1 + 𝑥41 + 𝑥
4
2 − 𝑥1𝑥

2
2 − 𝑥

2
1𝑥2 + 5𝑥1𝑥2 − 𝜆 lies within the SOS cone, an SDP must be solved.

Let 𝑓 𝑠𝑑𝑝 represent the optimal value of this SDP. Approximating this SDP by its (𝑁)2,+-
relaxation leads to an SDDP with an optimal value denoted as 𝑓 𝑠𝑑𝑑 . Given the symmetry
in 𝑃 , where swapping 𝑥1 and 𝑥2 does not alter the polynomial, this property extends to
the corresponding SDP and SDDP, which share a cyclic group of order two symmetry.
While symmetry reduction applied to the SDP maintains its optimal value, applying it to
the SDDP using a symmetry-adapted basis 𝑈 yields program (1.3) with an optimal value
𝑓 𝑠𝑑𝑑𝑈 . As shown in Table 5.1, 𝑓 𝑠𝑑𝑑𝑈 serves as a significantly better upper bound for 𝑓 𝑠𝑑𝑝
compared to 𝑓 𝑠𝑑𝑑 .
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Table 5.1: Optimal values derived from different optimization
𝑓 𝑠𝑑𝑝 𝑓 𝑠𝑑𝑑 𝑓 𝑠𝑑𝑑𝑈-2.2033 -6.9165 -2.2894
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Chapter 6

Conclusion and future works

In this thesis, we illustrated how extending symmetry reduction techniques to cone pro-
gramming with basis-dependent cones entails several difficulties not present in the case of
the SDP cone. A general geometric perspective is given on how one can approach such
challenges. This perspective shows how one can take advantage of algebraic structure to
find geometric properties of proper cones. We focus on the geometry of the SDD cone
which is equivalent to the cone of factor-width-two matrices. However, we have not ex-
tended our results to other proper cones. Exploring the geometry of factor-width-k matrices
or diagonally dominant matrices in the presence of symmetry are natural next steps in this
research program.

The cone of SBS polynomials is isomorphic to the cone of SDD matrices. While we
investigate the decomposition of invariant SDD matrices, one can find an analogous result
for the decomposition of invariant SBS polynomials. Instances of the decomposition of
SBS polynomials with special structure can be found in [Powers, 2021, Chapter 12] due
to Reznick’s work. In most of these examples, the polynomials have symmetry of sym-
metric groups 𝔖𝑛, while our result can be considered for polynomials having symmetry of
a broader range of groups. What we did in this thesis has a counterpart in real algebraic
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geometry. One can seek the algebraic structures of SOS polynomials that guarantee they
are SBS as well.

In real algebraic geometry and optimization, there is a common question of which spec-
trahedron (or the feasible region of an SDP) is second-order cone representable. For in-
stance, [Scheiderer, 2021] answered this question for convex sets in a plane. While general-
izing this result to higher dimensions is a complicated task, one can attempt this generaliza-
tion for spectahedra with group symmetries. There is strong motivation to investigate this
question since, in some instances of invariant SDDPs, while 𝑓 𝑠𝑑𝑑 < 𝑓 𝑝𝑠𝑑 , it is observed that
𝑓 𝑠𝑑𝑑𝑈 = 𝑓 𝑝𝑠𝑑 for some symmetry-adapted basis 𝑈 . Ultimately, a broad direction for future
work involves characterizing symmetry groups and the regions (not necessarily convex)
exhibiting such symmetries, with the aim of lifting these regions into the feasible regions
of semidefinite programming, second-order cone programming, or linear programming.
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