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Abstract

In this thesis we study the ideal intersection property for inclusions of C*-algebras
Ci(Hy) — Ci(G) induced from a family of open subgroupoids {Hy} of a locally
compact Hausdorff étale groupoid G. For such a family of open subgroupoids we
define the notion of relative topological principality and we show that if G is rela-
tively topologically principal with respect to {Hy} then a representation of C;(G) is
faithful if and only if the restriction of the representation to each of the subalgebras
Ci(Hy) is faithful. This gives a new method of verifying injectivity of representa-
tions of reduced groupoid C*-algebras. As an application of our result we prove
a uniqueness theorem for C*-algebras of left cancellative small categories which
generalizes a theorem of Marcelo Laca and Camila Sehnem for Toeplitz algebras

of group embeddable monoids.
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1 Introduction

Gelfand duality states that the commutative C*-algebras are, up to isomorphism, the
algebras of continuous functions vanishing at infinity on locally compact Hausdorff
(LCH) topological spaces and that any such space can be recovered, up to homeo-
morphism, as the spectrum of the corresponding C*-algebra. This imbues the study
of C*-algebras with a topological flavor and many topological concepts such as the
quotient of a space by a group action, topological K-theory, and vector bundles find
natural generalizations to noncommutative C*-algebras. On the other hand, C*-
algebras being, up to isomorphism, algebras of linear operators they are well suited
to representing symmetry. For example to a group G we can associate a C*-algebra
C*(G) with the property that any unitary representation of G factors through C*(G).
Topology, algebra, and operator theory combine in the study of the crossed product
C*-algebras Cy(X) x G associated to a group acting by homeomorphisms on a LCH
space. In this thesis we study generalizations of crossed products called groupoid
C*-algebras which make possible the study of partial symmetry using the techniques
of operator algebras. Let us explain what we mean by partial symmetry.

In all major areas of mathematics the notion of symmetry is reasoned about using
groups and group actions. Groups are incredibly useful for both quantifying and de-
scribing the qualitative structure of symmetries of a mathematical object; however,
they are limited to describing symmetries that are global in nature. In some cases
one is interested in understanding symmetries between parts of a structure such as
a fractal that exhibits high degrees of self similarity that may not be satisfactorily
captured by global symmetries. In this thesis we will encounter two distinct gen-
eralizations of a group that enable a formalized study of partial symmetry: inverse
semigroups and groupoids.

Having indicated our objects of study let us explain our line of research. Given

a morphism of C*-algebras ¢ : A — C one often wants to know whether ¢ is in-
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jective. If B is a C*-subalgebra of A we say that B detects ideals in A, or has the ideal
intersection property, if the only (closed 2-sided) ideal ] of A such that BN ] = {0} is
the zero ideal. If B detects ideals in A, then we can verify injectivity of ¢ by checking
that it is injective on the subalgebra B. An important early result in this direction is
the work of Kawamura and Tomiyama [11] in which they show that if the diagonal
subalgebra C(X) in the crossed product C(X) x G by a discrete group detects ide-
als in C(X) x G, then the interior of the set of fixed points of X for each nontrivial
element of G is empty. Moreover when G is amenable they prove the converse. In
the paper [1] by Archbold and Spielberg this result is generalized to the setting of
discrete C*-dynamical systems where C(X) is replaced by a not necessarily commu-
tative C*-algebra A. They introduce the notion of a topologically free action, which
is the appropriate notion of freeness in this setting, and show that topological free-
ness of the action implies that any ideal I C A x G that intersects trivially with A
must be contained in the kernel of the canonical quotient map A: A X G — A X, G
where A X, G is the reduced crossed product. In particular if G is amenable, so A
is injective, and the action is topologically free, one may verify injectivity of a *-
homomorphism out of A x G on the subalgebra A. It is often the case that results
that can be proved for crossed products with amenable groups still hold for either
the full or reduced crossed product. The result of Archbold and Spielberg indicates
that, if one wants to concretely verify injectivity of maps out of a crossed product
then one should look at the reduced crossed product so that one need not be con-
cerned with the ideal Ker A. Ostensibly armed with this intuition Exel, Laca, and
Quigg [10] generalized the result of Kawamura and Tomiyama on a different axis
than that of Archbold and Spielberg. They show that if I is an ideal in the reduced
partial crossed product Co(X) X G associated to a topologically free partial action of a
discrete group then I N Cy(X) = {0} implies I = {0}. This result generalizes nicely

to C*-algebras of Hausdorff étale groupoids [8]. In the étale groupoid setting the



concept of topological freeness splits into several non-equivalent definitions; how-
ever they all agree in the case that the groupoid is second countable and Hausdorff.
The most commonly used condition in the Hausdorff second countable setting is
the property of being topologically principal which says that the unit space agrees
with the interior of the isotropy. In the same paper Exel gives an example of a
non Hausdorff topologically principal groupoid such that the C*-subalgebra of Cy
functions on the unit space does not have the ideal intersection property in C;(G).
Recently, however, it has become apparent that the correct notion of "reduced" C*-
algebra for a non Hausdorff étale groupoid is a quotient of C; (G) called the essential
groupoid C*-algebra. In the preprint [13] Kennedy, Kim, Li, Raum, and Ursu show
that Co(G(®)) has the ideal intersection property in the essential groupoid C*-algebra
of a non Hausdorff étale groupoid provided the groupoid satisfies an appropriate
topological freeness condition [13, Definition 6.3.]. Finally one would be remiss to
not mention the extensive work of Meyer and Kwasniewski in the setting of actions
of inverse semigroups by Hilbert bimodules [14, 15, 16, 17, 18].

One thing all of the above examples have in common is that they primarily study
the ideal intersection property for an inclusion A C B where A is the unit fiber of
a Fell bundle that satisfies some sort of topological freeness condition. In [3, The-
orem 3.1.] Brown, Nagy, Reznikoff, Sims, and Williams show that if G is a second
countable Hausdorff étale groupoid, which they do not require to be topologically
principal, i.e. one may have G(%) C Iso(G)®, then the reduced C*-algebra of the inte-
rior of the isotropy subgroupoid detects ideals in the reduced groupoid C*-algebra.
This reduces to the previous cases in the event G is topologically principal.

The above theorem represents a conceptual step forward for understanding ide-
als in C}(G) in the abstract, but to use it in concrete situations is not necessarily easy.
Moreover, there are situations where one has an open subgroupoid H of an étale

groupoid G such that H is neither contained in Iso(G)° nor does it contain Iso(G)°



yet one can prove C;(H) detects ideals in C;(G). For example such is the case of
the uniqueness theorem for semigroup C*-algebras proved by Laca and Sehnem in
[19]. For a monoid P embedded in a group G the semigroup C*-algebra C;(P) is iso-
morphic to the C*-algebra of a partial transformation groupoid G x Q). The group
of units P* of P is a subgroup of G and the transformation groupoid P* x () embeds
as a clopen subgroupoid of G x Q). Laca and Sehnem show that C; (P* x Q) detects
ideals in C;(G x Q) [19, Theorem 5.1.].

In this thesis we address the following question. Is there a condition on an open
subgroupoid that guarantees that the reduced C*-algebra of the subgroupoid detects
ideals in the reduced C*-algebra of the groupoid and moreover such that Iso(G)°
always satisfies this condition with respect to G? We answer this question affirma-
tively by introducing the notion of a groupoid being relatively topologically principal
with respect to a family of open subgroupoids and prove that if G is relatively topo-
logically principal with respect to a family of open subgroupoids H then a represen-
tation of C;(G) is faithful if and only if it is faithful on C;(H) for all H € 3. We then
use this theorem to prove a uniqueness theorem for the C*-algebras of left cancella-
tive small categories, as introduced by Spielberg [29], which reduces to the theorem
of Laca and Sehnem if the category is a group embeddable monoid.

Let us now explain the structure of this thesis. Chapter 2 consists of prelimi-
naries on inverse semigroups, étale groupoids, and the C*-algebras associated to
these objects. We make no claim to originality in this chapter. For groupoids our
main reference is the notes by Sims [27] and for inverse semigroups we follow the
book by Lawson [21]. We include almost all the proofs and several examples so
that a reader familiar with C*-algebras but not inverse semigroups or groupoids
has at their disposal a short, but not spare, introduction to the subject and will be
able to follow the arguments in chapter 3. In section 3.1 we introduce the notion

of a topologically principal groupoid and we prove, following [8] with little mod-



ification, that Co(G?)) detects ideals in C*(G) when G is a topologically principal
Hausdorff and second countable étale groupoid. This serves as motivation for sec-
tion 3.2. in which we define relative topological principality of a second countable
Hausdorff étale groupoid with respect to a family of open subgroupoids and we
prove the main theorem of this thesis, Theorem 3.15. In chapter 3 we recall the
basics of C*-algebras associated to left cancellative small categories as defined by
Jack Spielberg [29] and we apply our main result to prove a uniqueness theorem
for these C*-algebras, which reduces to [19, Theorem 5.1.] when the left cancellative

small category is a group embeddable monoid.

2 Preliminaries

2.1 Inverse Semigroups

Definition 2.1. Recall that a semigroup is a set with an associative binary operation
and a monoid is a semigroup with an identity element. A semigroup (resp. monoid)
S is said to be reqular if for every s € S there exists an element t € S such that
sts = s and tst = t. A regular semigroup (resp. regular monoid) is an inverse
semigroup (resp. inverse monoid) if the element t is unique. In this case t is said to be

the inverse of s and is denoted by s
Example 2.2. Any group is an inverse monoid.

Example 2.3. Let X be a set. The symmetric monoid on X is the monoid Z(X) of bijec-
tive functions f : Y — Zwhere Y, Z C X. We call elements of Z(X) partial bijections on
X. The binary operation is function composition on the largest domain where this

makes sense. Thus, for f : dom(f) — im(f) and g : dom(g) — im(g) then f o g is the



partial bijection

g~ (dom(f) Nim(g)) — im(f) N f(im(g))

x = f(g(x)).

With this definition one verifies that the Z(X) is an inverse monoid where the

inverse f~! of f is the function im(f) — dom(f) given by f(x) — x.

The following lemma shows that a semigroup homomorphism between inverse

semigroups automatically preserves inverses.

Lemma 2.4. Let S and T be inverse semigroups and ¢ : S — T a semigroup homomorphism.

then d(s~1) = ¢(s)™! forall s € S.
Proof. We have ¢(s)d(s™)d(s) = d(s) and (s ) (s)d(s™1) = d(s7). O

If S is an inverse semigroup then E(S) (or just E) denotes the set {e € S | e = e?}
of all idempotent elements in S. One verifies that for each s € S the elements d(s) :=

s 'sand r(s) := ss!

are idempotents. The maps d,r : S — E are called the domain
and range maps respectively. Given s € S uniqueness of the element s~' implies
that any idempotent is its own inverse hence any idempotent e may be written as
e = ss”| = t 't for some s,t € Sie. both d and r are surjective. The following

result is fundamental to the theory of inverse semigroups.

Proposition 2.5. ([21, Theorem 1.1.3.]) Let S be a regular semigroup. Then S is an inverse

semigroup if and only if the idempotents commute.

Proof. First suppose that S is a regular semigroup in which idempotents commute.
Let s € S and suppose that both t,r € S are inverses of S. Then rs, ts, s, and st are

idempotents hence

T =181 = 1(sts)r = (rs)(ts)r = (ts)(rs)r = tsr, and
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t = tst = t(srs)t = t(sr)(st) = t(st)(sr) = tsr

sot=r.

We now prove the converse. To do so we show first that in an inverse semigroup
the inverse of a product ef of two idempotents e and f is itself idempotent. Let h be
the inverse of ef. Then (fhe)? = f(hefh)e = fhe so fhe is idempotent. Moreover
fhe = (ef)™! since (fhe)ef(fhe) = (fhe)? = fhe and (ef)fhe(ef) = (ef)h(ef) = ef.

Now suppose S is an inverse semigroup. We claim that ef = fe for any idempo-
tents e, f € S. Let (ef)~! be the inverse of ef. By the result from the previous para-
graph f(ef )~leisan idempotent inverse of ef hence (ef )71 = f(ef) e by uniqueness
of inverses. It follows that (ef) ! is idempotent, hence self inverse, hence ef = (ef )~!
and ef is idempotent. Having deduced that E(S) is closed under multiplication we
have that fe is idempotent as well, hence ef(fe)ef = ef and fe(ef)fe = fe which
implies that both ef and fe are inverses of ef. The result follows by uniqueness of

inverses. O]

One of the most useful properties of inverse semigroups is the existence of a
partial order, called the natural partial order. Given s, t € S we say s < t if there is
an idempotent e € E(S) such that s = te. The following two results will be used
frequently without mention; the proofs are elementary and may be found in [21,

Lemma 1.4.6] and [21, Proposition 1.4.7] respectively.

Lemma 2.6. Let S be an inverse semigroup. The following are equivalent:
(i) s <t
(ii) s = ft for some idempotent f.

(iii) s71 <t

(iv) s = ss L.



(v) s =ts s,

Definition 2.7. Let E be a partially ordered set. An order ideal in E is a nonempty

subset X of E such that e € X implies f € X forall f <e.

Proposition 2.8. Let S be an inverse semigroup and let s,t,u,v € Sand e, f € E.
(i) The relation < is a partial order on S.
(ii)) e < f & e =ef = fe.

(iii) If s < tand u < v then su < tv.

(iv) Ifs < tthens's <t 'tand ss™! <ttt
(v) E(S) is an order ideal of S.

Corollary 2.9. The subsemigroup of idempotents E of an inverse semigroup S is a semilat-

tice.

Proof. The natural partial order restricted to E becomes e < f = ef = e. The
meet operation is just multiplication in E which satisfies the three required axioms:

associativity, commutativity, and idempotency. O

If E has a top element 1 in the natural partial order then el = le = e for all
idempotents E hence s 's1 = s7's = sl = s and similarly 1s = s forall s € S. It
follows that S is a monoid with identity 1 and we call S an inverse monoid. We assume
that all homomorphisms between inverse monoids map the identity to the identity.
Given an idempotent e € E the collection S¢ of all s € S such that s7's = e = ss™

forms a group with identity e. If S is an inverse monoid we give special attention to

the group S;. It is the group of invertible elements of S and we denote it by S*.

Remark 2.10. Sometimes the semilattice of idempotents E of an inverse semigroup

S is actually a lattice, potentially a nice one such as a boolean algebra or frame.



Depending on one’s aims it is often necessary to take into account this richer order

structure when constructing groupoids or C*-algebras from inverse semigroups.
Example 2.11.

e A group is an inverse semigroup with idempotent semilattice E = {1}. Con-

versely an inverse semigroup whose idempotent semilattice is a singleton is a
group.

o A semilattice is a commutative semigroup in which every element is idempo-

tent. All such semigroups are inverse.

o The semilattice of idempotents E of the symmetric monoid Z(X) consists of
identity functions on subsets of X and is isomorphic to the complete atomic

boolean algebra P(X). The group of units Z(X)* is the symmetric group on X.

2.1.1 Partial Symmetries

Recall that one way to define an action of a group G on an object x of a category
is that it is a homomorphism G — Aut(x). If the category is concrete in the sense
that each of its objects is a set with extra structure and its morphisms are structure
preserving functions then we can identify Aut(x) with a subgroup of the symmetric
group Sym(x) on the underlying set of x. We take a similar approach to defining
actions of inverse semigroups; in this case however, it is not immediate what we
should use for Aut(x) when x is an object in an arbitrary category. We skirt around
this issue by only defining partial symmetries for objects of certain concrete cate-
gories as this will be sufficient for our needs. For a more general approach to partial
symmetry see [5].

Let X be a set, Y a topological space, and A a C*-algebra. Recall from Example
2.11 that a partial bijection of X is a bijection between two subsets of X and that Z(X)

denotes the symmetric inverse monoid consisting of all partial bijections of X.
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Definition 2.12. We define a partial homeomorphism of a topological space Y to be
a homeomorphism between two open subsets of Y and a partial automorphism of a

C*-algebra A to be a *-isomorphism between two closed two-sided ideals of A.

The inverse subsemigroups Z1op(Y) € Z(Y) and Zcx.a1g(A) € Z(A) are defined
to be the inverse semigroups of all partial homeomorphisms of Y and all partial

automorphisms of A respectively.
Definition 2.13. Let S be an inverse semigroup.

(1) Anaction of S onaset Xis ahomomorphism 6 : S — Z(X) such that [J;c5 dom(65)
X.

(2) Anaction of S on a topological space Y is a homomorphism 0 : § — Zt,p(Y) such

that Jscs dom(6s) =Y.

(3) An action of S on a C*-algebra A is a homomorphism 6 : S — Zcx_p1(A) such

that Jscs dom(6s) = A.

Above we have stated that all semigroup homomorphisms between monoids will
be assumed to be monoid homomorphisms i.e. they map the identity to the identity.

Hence if S is an inverse monoid the conditions on (1) — (3) are always satisfied.

Notation 2.14. Given an action 0 : S ~ X we set DS,1S := dom(0;). This notation is
suggestive of the fact that dom(6;) depends only on the domain idempotent d(s) =

s 'sofs. Givens € Sand x € DS_1S we often denote O5(x) by s - x.

The basic concepts concerning group actions carry over to inverse semigroups

but we include the definitions below to dispel any confusion.
Definition 2.15. Let 0 be an action of S on X.

(1) Anelement x € Xis a fixed point of sif s - x = x.

10



(2) A fixed point x of s is said to be trivial if there is an idempotent e < s such that

e - x is defined.
(3) An action is free if the only fixed points of each s € S are trivial.

(4) The orbit O of a point x € X is the set of all y € X for which there exists s € S

such thats - x = y.

(5) An action is transitive if O, = X for all x € X.

Example 2.16. Cayley’s theorem states that a group acts faithfully on itself by left
multiplication and thus every group is a subgroup of a symmetric group. This result
may be extended to inverse semigroups and in this context it is called the Wagner-
Preston theorem. Let S be an inverse semigroup and for eachs € Slet D1, = {t €
S|ttt < s 'sl Define A : D,

—D t — st. We call this the Wagner-Preston

—Ts ss— 17

action. See e.g. [21, Theorem 1.5.1] for the proof that this action is well defined and
injective.

We now introduce an action on a space that is intrinsic to a given inverse semi-
group.
Definition 2.17. Let E be a semilattice and let {0, 1} be the two element boolean alge-
bra. A semicharacter is a nonzero homomorphism of meet semilattices x : E — {0, 1}
which is to say x is a function E — {0, 1} satisfying x(ef) = x(e)x(f) foralle,f € E
and such that x(e) = 1 for at least one e € E. The spectrum of E, denoted E, is the set

of semicharacters with the topology of pointwise convergence.

The topology of pointwise convergence coincides with the relative product topol-

ogy E C {0, 1JF. A basis is given by the compact open sets
E(e, F):={x |x(e) =1,x(f) =0forall f € F}

where {e} LI F is a finite subset of E. For e € E we set E(e) = E(e, QD).

11



Proposition 2.18. (cf. [9, Proposition 10.3.].) Let S be an inverse semigroup with semi-

lattice of idempotents E. For s € Sset D1 := E(s's) and 05 : D — Dgg-1,X =

—1s s~ 1s

X(s"-s). Then 0 : s — O is an action of S on E by partial homeomorphisms.

Proof. Lets,t € S,e,f € E,and x € E. We need to check that 0s(x) is a character,
Os: D1, — D

s ss—1 1s @ homeomorphism, s — 05 is a semigroup homomorphism,

and E = Uses D¢—1,. First observe that (s - x)(ef) = x(s7Tefs) = x(sTess™'fs) =
x(s7Tes)x(s7'fs) = (s-x)(e)(s-x)(f) so s -x is a character. Now if x € D, 1, then

1

x(s71s) =1 by definition hence (s x)(ss™h) = x(sTss7's) = x(s7's) = 1. Since

0,1 is the inverse map for 0; it follows that 0; is a bijection D1, — D 1. To

S
see that 8, is continuous and open notice that for every basic open set E(e, F) we
have E(e, F) N E(s‘ls) = E(s‘%es“s,F) and 65 maps E(s_1ses_1s,F) to E(ses™ !, F).
Since D (g4)-1(st) = 051 (Dy-1y N Dgg1) and for x € D )15y we have X )15y (€) =

x(t s Test) = 0,0¢(x), 0 is multiplicative. Moreover if S is a monoid then 6 = 1.

Finally, Uses Dy-15 = Uses E(s7's) = E. O

2.2 Groupoids and Groupoid C*-algebras
2.21 Groupoids

Recall that a category C consists of a class C(%) of objects, a class C'") of morphisms,
class functions s,t : C(V) — €% called the source and target maps, and a binary
operation called composition. Denote the subclass of morphisms a — b by C2. For
every three objects x,y, z composition is the map Clj x CY — C% (g,f) — gf. For any
objects and morphisms w 2 x 5 Y 2 composition is subject to the following two

axioms:
e Associativity: (hf)g = h(fg).
o Existence of identities: There is a morphism idy : x — x such thatidxg = ¢
and fidy = f.

12



Many of the examples of categories one first encounters are large categories of math-
ematical objects and structure preserving maps between them, for example the cate-
gories of sets and functions, topological spaces and continuous maps, or groups and
group homomorphisms. Not only are these categories intuitively large but they are
usually large in a technical sense: at least one of C(*) or C'V) is a proper class. If both
C© and CV are sets then we say that the category C is small. Small categories may
be thought of as a quite general sort of algebraic object. If C is a small category we

write C'?) for the pullback
c®=cWs xecV ={(f,g) € "V x V| () = t(g)}

consisting of pairs of composable elements. Composition then gives a map C?) —
¢, (f,g) — fg which we will refer to as either multiplication or composition. For
notational simplicity we will denote CV) by just C and we will view the set of objects
C%) as a subset of C!!) via the canonical injection x  idy. Elements of C'%) will be
referred to as units. If x y is a morphism such that there exists a morphism y i>
x such that ff~! = idy and f~'f = idy then we say that f and ™ are invertible or that

they are isomorphisms. 1f C is a small category we denote by C* the subcategory of

all invertible elements in C i.e. C*:={f € C | 3t € C}.
Example 2.19.

e A monoid P may be viewed as a small category with one object. Let C(©) =
{x} and C := P. We identify id, with the identity of the monoid and define
composition in the category to be multiplication in P. Conversely any small

category with one object is a monoid.

e A group is a monoid where every element is invertible.

Definition 2.20. A groupoid is a small category G such that every y € G is invertible.

If a groupoid G is also a topological space we say that G is a topological groupoid

13



provided that the multiplication map G@ = G, (x p) — ap, inversion map o —

o1, and source map s : G — G®) are continuous.

Definition 2.21. A topological groupoid is said to be étale if s and t are local homeo-

morphisms.

Given our analytic ends it is necessary to assume at the minimum that G is locally
compact and the unit space G©) is Hausdorff. Thus all étale groupoids encoun-
tered below are assumed to be locally compact and have Hausdorff unit space.
For reasons explored in [8] our main theorem requires us to assume the stronger

condition that G is locally compact and that G is itself Hausdorff.

Definition 2.22. A groupoid homomorphism ¢ from G to H is a functor G — H, i.e,,
itis a map ¢ : G — H such that (¢ x $)(G) C HP and d(xp) = d(x)d(P) for
all (o, ) € G, If G and H are topological groupoids we require any groupoid

homomorphism to be continuous.

Example 2.23. Let G be a topological group with a continuous action on a LCH
space X. The action groupoid G x X has underlying space G x X, source and target
maps s((g,x)) = x and t((g,x)) = g - x, multiplication (g, h - x)(h,x) = (gh,x) and
inversion (g,x)™' = (g7, g x). If G is discrete then for any (g,x) € G x X the source
and target maps restrict to homeomorphisms {g} x X = X so the transformation
groupoid is étale in this case. Conversely if U C G x X is an open set such that sl is

injective then U contains a basic open neighborhood W x V on which s is injective.

It follows that W is a singleton hence G is discrete.

Definition 2.24. A subset U of a topological groupoid G is called a bisection if the
restrictions of s and t to U are homeomorphisms onto s(U) and t(U) respectively. If
U is a bisection and also an open subset of G then we say that U is an open bisection.

We denote by Bis(G) the collection of open bisections.
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Definition 2.25. A topological groupoid is said to be ample if its topology admits a

basis of compact open bisections.

Remark 2.26. The presence of a basis of open bisections implies that an ample groupoid

is étale.
Example 2.27.

e The subcategory C* of all the invertible elements in a small category C is a

groupoid.

o A group bundle G is a topological space X and a collection of groups {Ix | x € X}.
If we identify x € X with the identity of the group Iy and topologize § =
Uyex Ix by pulling back the topology of X along s : § — X then G is an étale

groupoid with unit space §© = X.

e If X is a LCH topological space and R C X x X is an equivalence relation such
that the relative topology on R is locally compact, then R is an étale groupoid
upon identifying X with A = {(x,x) | x € X} C R and defining s((x,y)) =y,

t((xy)) =x (,y) " = (y,x), and (x,y)(y,2) = (x,2).
o If X is a LCH space then X may be viewed as an étale groupoid G where § =
g0 — x.
2.2.2 Groupoid C*-algebras

We now define a C*-algebra from an étale groupoid G. To the reader wishing to learn
more about Hausdorff étale groupoids and their C*-algebras we highly recommend

Aidan Sims’ notes [27].

Definition 2.28. Let G be a Hausdorff étale groupoid. The convolution algebra of G is

the x-algebra with underlying vector space C.(G) of compactly supported complex
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valued functions on G, equipped with convolution product and *-operation

(Fxg)(e) = Y f(B)g(B ') and f*(a) = f(a ).
peGt(e)

We now want to complete the convolution algebra under a suitable norm to ob-
tain a C*-algebra. Similar to group C*-algebras there are two canonical choices: the
maximal C*-norm and the reduced norm. The former leads to what is known as the
maximal, full, or universal C*-algebra of an étale groupoid and the latter leads to

the reduced C*-algebra of an étale groupoid.

Definition 2.29. The universal C*-algebra C*(G) of a Hausdorff étale groupoid G is

the completion of C.(G) in the norm || f|| := sup{7n(f) | 7is a *-representation of C.(G)}.

We refer the reader to [27, Proposition 3.2.1.] for the proof that this is a well
defined norm so that C*(G) is a C*-algebra. There one may also find a proof that

this definition agrees with the original one due to Renault [25].
Example 2.30.

o Let X ={1,2,---,n} and let R be the equivalence relation R = X x X. Ris a
discrete hence étale groupoid. Upon identifying f € C.(R) with the matrix

(f(1,))ij convolution

(f*g)(i,j) Zflk (k,j)
1<k<n

is seen to be matrix multiplication and the *-operation on C.(R) corresponds
to the adjoint operation on M (C). Hence C.(R) = M,(C) as x-algebras.
Moreover since the latter is a C*-algebra we have C*(R) = C¢(R) = M,(C)

by uniqueness of C*-norms.

e If G is a group then C*(G) is the group C*-algebra.
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We now define the reduced C*-algebra. Similar to the group case we will do so

using a regular representation.

Definition 2.31. Let G be a Hausdorff étale groupoid and let x € G!°). The regular
representation Tty : Cc(G) — B(€*(Gy)) is defined by

D fla)d

OCGGt(B)

The reduced C*-algebra C;(G) of G is defined to be the closure of (P, ;0) ) (Cc(G))

inside & B(€2(Gy)).

xeG(o

We refer to the norm on C;(G) as the reduced norm and denote it by ||-||,.
Example 2.32.

e Let G be a discrete group. Then G is an étale groupoid with unit space {idg};
the regular representation g is the left regular representation of G hence

C(G) is the reduced C*-algebra of G.

o If X is a LCH space then the convolution product on C.(X) is the pointwise
product of continuous compactly supported functions. The regular represen-
tation 71y is the evaluation map C¢(X) — C, f — f(x) hence ||f||, = sup, oy [f(x)|

and C*(X) = Co(X).

Lemma 2.33. Let G be a Hausdorff étale groupoid and let T be an open bisection. There is an
inclusion of vector spaces 1 : C¢(I") — C.(G) which extends to an isometric map of Banach

spaces Co(T") — C;(G) and identifies the Banach space Cy(T") with C.(T') C C;(G).

Proof. If g € C.(T") then extending g by zero to all of G gives the map t. For x € G(*

we have

(g"+9)) = > g(egla) = D lgla > =Ig(v)

xeGx xeGx
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where vy is chosen such that s(y) = xandy € Tif TNs'(x) # @ and g(y) = 0

otherwise. It follows that

2 % * 2
lglls = llg* = gll, = sup I(g**g)(x)| =suplg(y)I* = ||g]5
xeG(0) yer

as desired. n

Lemma 2.34. ([24, Proposition 1.9.]) Let G be a Hausdorff étale groupoid and H an open
subgroupoid. Then the inclusion C.(H) — C.(G) extends to an injective x-homomorphism

Ci(H) — C;(G) which identifies C;(H) with C.(H) C Ci(G).

Proof. We denote by n¢ and 711': the regular representations of C.(G) and C.(H) as-
sociated to x € G!% and y € H(® respectively. To prove the result it suffices to show
that, for every x € s(HG), WSICC(H) is a direct sum of representations 7'[]} for some
y € H©). Define a relation on R C Gy X Gy by («,f) € R & xB~' € H. Let
Y:={ax € Gy | (ax,x) € R} = GXH(O). Then R’ := RN (Y x Y) is an equivalence relation
on Y. If E is an equivalence class of R’ then ¢2(E)isa ﬂGICC(H)—invariant subspace of
0?(Gy). Let « € E and sety = t(«x). The map Hy — E given by h — ha is bijective,
hence its inverse induces a unitary map u : >(E) — (*(Hy) by udp = 8pq-1- Then

forall f € C.(H) we have u(ﬁSICC(H))(f)u* = Trlj(f). O
In light of the above lemma we will frequently consider the reduced C*-algebra

of an open subgroupoid as a C*-subalgebra of C;(G).

2.2.3 Inverse Semigroups and Ftale Groupoids

In Example 2.23 we showed how to associate an étale groupoid G x X to any action
of a discrete group G on a topological space. In this section we will define the trans-
formation groupoid S x X associated to an action of an inverse semigroup S on a

space X. Recall from Definition 2.13 that an element s € S acts as a homeomorphism
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D¢-1, — Dg—1 between two open subsets of X. We call D, the domain of s and
D1 the range of s. In the case that s = e is an idempotent then the domain and
range of e agree D, 1, = D = D,.-1 and moreover e acts as the identity map on
De. In this way the restriction of the action S — Z(X) to E represents E as a con-
crete semilattice of open subsets of X. This topological intuition, where arbitrary
elements s € S are thought of as abstractly representing "functions" and idempo-
tents are thought of as "domains" and "ranges" of elements of S, can be an extremely
useful guide when working with inverse semigroups.

Let S be an inverse semigroup with semilattice of idempotents E and suppose
S n X is an action of S on a topological space X by partial homeomorphisms. If
S is a group then every element of S acts on all of X and it suffices to take S x X
as the underlying space for the transformation groupoid. For an arbitrary inverse

semigroup we instead consider the set

SxX:={(s,x) € SxX|x€Dgr1,}

consisting of pairs (s, x) such that s - x is defined. If we equip S * X with multipli-
cation and inversion in the same manner as we did in the group case we find that
the resulting object is not generally a groupoid, at least if we want the unit space to

1 s.x) = (ss7!,s-x) and the

be identified with X, because (s, x)(s,x)~" = (s,x)(s
projection E x X — X is not typically bijective. Thinking of an idempotent e with
x € De as being sort of like a neighborhood of x we define the germ relation as fol-
lows. For (s,x), (t,y) € SxXwesay (s,x) ~ (t,y) & x =y and thereexistse € E
such that x € D, and se = te. This is an equivalence relation; the only nontrivial
verification is transitivity. Let (s,x) ~ (t,y) and (t,y) ~ (r,z). Thenx =y = z and

there are idempotents e, f with x € D N D¢ = D¢ such that se = te and tf = rf. It

follows that sef = tef = tfe = rfe = ref so (s,x) ~ (r,x) = (r,z). Define S x X to be
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the quotient S x X/ ~ and denote the equivalence class of (s, x) by [s, x]. We identify
the subset{[e,x] | e € E,x € D.} with X via [e, x] — x. This map is well defined since
for (e, x), (f,x) € S * X with e, f idempotent we have (e, x) ~ (ef,x) ~ (f,x) and it is

clearly bijective.

Remark 2.35. Let S ~ X be an inverse semigroup action on a space. Recall that the
natural partial order on S is defined by s <t 4= s = te for some idempotent
e. It is then immediate that te < t for any idempotent e and element t. If s,t € S
share a common lower bound r < s,t then r = se = tf for idempotents e, f so
T =1(ef) = s(ef) = t(ef) and we see that the germ relation (s, x) ~ (t,x) is the same

as requiring the existence of a lower bound r < s, t such that x € D,.1,.
Proposition 2.36. ([9]) Given an action © : S ~ X of an inverse semigroup S on a set X
the source and target maps

s:SXX—=X, [s,x]—=x%x, t:SxX—=X, [s,x]—s-x
and multiplication and inversion maps

[s,t-x]-[t,x] := [st,x], [s,x]7":=1Is

make S x X a groupoid.

Proof. One easily verifies that the source and target maps are well defined using the
definition of ~. We now check that multiplication and inversion are well defined.
Let ([s, t - x], [t,x]), (w,v-x], v, x]) € (S x X)& with ([s, t-x],[t,x]) = (w,v-x], v,x]).
Then there exist e, f € E such that se = ue, tf = vf, t-x € D¢, and x € D. Moreover

we can choose e such that e < tt~"vw~! by replacing e with e(tt~'vv ) if necessary.
y rep & y
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Leth:= (t'et)(v'ev)f. Then x € D;—1,, N D,-1,, N D¢ = D}, and we have

sth=st(tet)(v ev)f = st(t 'et)(t et) (v 'ev)f = set(t 'et)(v ' ev)f

= setf(t 'et)(v 'ev) = uevf(t et) (v ev) = (uev)f(v 'ev)(t 'et)

= (uw Tev)f(vTev)(tTet) = wvf(vTev)(t et) = uvh.
Hence [st,x] = [uv,x] as desired. To see that inversion is well defined let x € X
and s,t € S such that [s,x] = [t,x]. Find e € E with x € D, and se = te. We can
choose e < s7'st™'t by replacing it with es~'st~'t if necessary. Then se = te —
s'(ses!) = es7! = et! =t '(tet™!). Since x € D, C D1, N D,-1, we have
s Xx=1-%X€ Dgpe1MNDye—150Is, x|~V = [t,x]7" and this completes the proof. [

ses
Suppose that X is a LCH space and S acts on X. For s € S and an open subset

UC D letfs, Ul ={[s,x] | x € U}

Proposition 2.37. ([9]) Let S ~ X be an action of an inverse semigroup S on a LCH

topological space X.

(1) The collection B :={[s, U] | s € S, U is an open subset of D1} is a basis for a topology
T on S x X

(2) S x Xis a locally compact étale groupoid with respect to the topology T .

Proof. (1) Let [r,x] € [s, U] N [t, V] where [s, U], [t, V] € B. We claim that there exists

e € Eand an open W C D ;)1 such that

[r,x] € [re, W] C [s, U] N [t, V].

Since [r,x] € [s, U] N [t, V] wehave [r,x] = [s,x] = [t,x] and there are idempotents
h, f such that x € Dy, N D¢, rh = shand rf = tf. Let e = hf then re = se = te. Let

W =unvn Dre)-1(re)- Thenx € Wso [r,x] = [re,x] € [re, W]. It remains only
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(2)

to show that [re, W] C [s, U] N [t, V]. Let [re,y] € [re, W]. Theny ¢ W C UNV

so we have [re,y] = [se,y] € [se, U] and similarly [re,y] = [te,y] € [te, V].

We need to show that the multiplication and inversion maps are continuous and
s is a local homeomorphism. Let ([s,t - x], [t,x]) € (S x X)) and suppose [st, x]
lies in a basic open set [r,V]. Then x € V and there exists e € E such that

ste =re. Set U =V N DeN D, 1,. We will show that the product of any
(Is,t-x'], [t,x']) € (Is,Dg1g] x [t,U]) N (S = X)@

is in [r, V]. Now, the product is [st,x'] = [r,x'] and since t-x € D¢ 1, and

x € V C U the open set ([s,D 1] x [t,U]) N (S x X)) is a neighborhood of
([s,t-x],[t,x]) in (S x X)(Z). The proves continuity of multiplication. Conti-

nuity of inversion follows from the fact that [s, u! =[5!

,s - U]. Finally we
want to show that the source map is a local homeomorphism. Let U C X be
open and let F be the set of all s € S such that D1, N U is nonempty. Then
s W ={t,x] |te Fxeun D14 = Userls, D1, N U] so s is continuous.
Moreover s is clearly an open bijection on each [s,D 1] so S x X is an étale
groupoid. Finally we show that S x X is locally compact. Let [s, x] be arbitrary
and let U be an open bisection containing [s, x]. The source map restricts to a
homeomorphism U — s(U). Since X is locally compact and Hausdorff we can
find a compact neighborhood K of x contained in s(U) and containing an open
neighborhood V of x. Then s~'(K) is a compact set containing the open neigh-

borhood s~ '(s(U)) of [s, x] as desired.
O

Example 2.38. The collection Bis(G) of open bisections of an étale groupoid G is

an inverse monoid with zero. The product of two open bisections U and V is

UV ={ap|acl,pcV,s(x)=tp),theinverseis U~ = {« " | « € U}, the iden-
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tity is G(©), and the zero element is the empty set. Each open bisection U determines
a partial homeomorphism I7; : s(U) — t(U) of Gl by setting Iy (x) = (tly o s!a] )(x).
The map U — [y is an action of Bis(G) on G%. We claim that the associated trans-
formation groupoid § := Bis(G) x G(®) is isomorphic to G as a topological groupoid.
Define ¢ : § — G by letting ¢[U, x] = slﬂ] (x) be the unique element of U with source
X, equivalently it is the unique element of U with target I;(x). If [U, x] = [V, x] then
there’s an open neighborhood W of x in G(® with UW = VW. But UW C U and
VW C V so

dIU, x] = sl (%) = slgiy (X) = sl (x) = sl (x) = $IV, ]

and ¢ is well defined. The map ¢ is injective because U, x] = $[V,y] implies, by
definition, that the open bisection U NV is nonempty, but U NV is a lower bound
for Uand V so [U,x] = [UNV,x] = [V,x]. Surjectivity follows from the fact that
Bis(G) covers G. If U € Bis(G) and X C Dy-1y = s(U) then [U,X] = [UX,X] =
[UX, (UX)~T(UX)] and we see that every element of the basis

B ={[U,X] | U € Bis(G), Xis an open subset of Dy;—1y,}

defining the topology on §, is written as [U,s(U)] for some U € Bis(G). Thus
U, s(W)] — ¢([U,s(U)]) = U is bijection between the basis B of § and the basis
Bis(G) of G. In particular ¢ is a homeomorphism. It remains to show that ¢, or
equivalently its inverse, is a groupoid homomorphism. Let («, ) € G'2) and choose
open bisections U, V with « € Uand 3 € V, then UV is an open bisection containing

o« and

o ()d T (B) = W, s(x)][V,s(B)] = [UV,s(B)] = [UV,s(xp)] = ¢~ («B)
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as desired.

The situation now established is that, to any action of an inverse semigroup on
a space we can associate an étale groupoid, the transformation groupoid. To any
étale groupoid we can associate a canonical inverse semigroup action such that,
upon taking the transformation groupoid of this action, one gets back the original
groupoid. This leads to several immediate questions. Does every inverse semigroup
arise as Bis(G) for some étale groupoid? Can this construction be made functorial?
Does it give rise to some sort of equivalence of categories? These questions have
been addressed satisfactorily, mostly through work of Mark Lawson, Daniel Lenz,

and Pedro Resende [22] [20] [26].

3 Uniqueness Theorems

3.1 Topologically Principal Groupoids and the Ideal Intersection

Property

In this section we define principal and topologically principal groupoids, we give
examples which demonstrate why these conditions are considered generalizations
of free and topologically free group actions and we follow [8] in proving that Cy(G ()
detects ideals in C;(G) for a Hausdorff second countable topologically free étale
groupoid G. This motivates the main theorem of the thesis, which appears in sec-

tion 3.2.

Lemma 3.1. ([27, Lemma 2.1.13.]) Let G be a groupoid. The subset
R={(t(v),s(y)) |y € G} C G x G

is an equivalence relation on GO gnd vy — (t(y),s(y)) isa surjective groupoid homomor-

phism ¢ : G — R.
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Proof. R is reflexive because (x,x) = (t(x),s(x)) € Rforall x € GO, Ris symmetric
because (s(v),t(y)) = (t(y'),s(y ")) for all y € G and R is transitive because if
(x,Y), (y,z) € R then there are «, 3 € G such that t(x) = x,s(x) =y = t(), and
s(B) = z. Then (x,z) = (t(xp),s(xP)). Finally ¢ is clearly a surjective groupoid

homomorphism. O
Definition 3.2. We say a groupoid is principal if ¢ : v — (t(y),s(y)) is injective.

It follows from the above lemma that principal groupoids are, up to algebraic
isomorphism, precisely the groupoids which are equivalence relations on the unit
space. Note however that, in the topological setting, the requirement that ¢ be in-
jective does not necessarily imply that it is a homeomorphism. Following [27] we
will only refer to a principal groupoid as an equivalence relation if it has the relative

topology in G(© x G0,

Definition 3.3. Let G be a groupoid and let x € G. The isotropy group at x is the
group G} :={y € G| s(y) = x = t(y)}. The isotropy group bundle or just isotropy of G
is the subgroupoid

Iso(G) := U G}.
xeG(0)

Remark 3.4. An alternative definition of a principal groupoid is that it is a groupoid

such that Iso(G) = G9.

Example 3.5. Let G x X be the transformation groupoid of an action of a group G
on a space X. The isotropy group at x is canonically isomorphic to the stabilizer

subgroup Gy of x, hence G x X is principal if and only if the action G ~ X is free.

We now consider a weakening of the notion of a principal groupoid that has

importance for groupoid C*-algebras.

Definition 3.6. A topological groupoid G is said to be topologically principal if the set
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of units with trivial isotropy is dense in the unit space:

(x e GO | Gx={x}} =G,

Remark 3.7. An étale groupoid is called effective if the interior of its isotropy bundle
is equal to the unit space: Iso(G)° = G©). If G is Hausdorff and has a Baire unit

space then G is effective if and only if G is topologically principal.

We will follow [8] in proving the following result.

Theorem 3.8. ([8, Theorem 4.4.]) Let G be a second countable Hausdorff étale groupoid and
suppose that G is topologically principal. Then any representation 7 : C;(G) — B(H) that

is injective on Co(G'?)) is faithful.

The conclusion of Theorem 3.8 has an equivalent formulation in terms of ideals.
If B — A is an inclusion of C*-algebras then we say that B has the ideal intersection

property in A if any nonzero ideal in A has a nonzero intersection with B.
Proposition 3.9. Let B — A be an inclusion of C*-algebras. The following are equivalent.
(1) B — A has the ideal intersection property.

(2) If m: A — B(H) is a representation such that the restriction of 7 to B is injective then

T is faithful.

Proof. Suppose first that B — A has the ideal intersection property and let 7t be a
representation of A that is injective on B. Then Kermt N B = {0} = Kerm = {0} so
7t is faithful. Conversely suppose that if 7t is a representation on A that is injective
on B then 7 is faithful. Let ] be an ideal in A and let 7t be a representation of A such
that ] = Ker 7. If 7 is injective on B then ] N B = {0} = ] = {0} so B — A has the

ideal intersection property. O
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Let X be a LCH space and let 7t be a representation of Cy(X) with Ker 7 = Cy(U)
for some open subset U of X. By the support of m we mean the complement X\ U
of U in X. The proofs of the following two lemmas and the proof of Theorem 3.8

following are included with little modification from [8].

Lemma 3.10. ([8, Lemma 4.2.]) Let 7t be a representation Cy(X) and let x be in the support
of 7. Then |f(x)| < ||7t(f)|| for all f € Co(X).

Proof. The kernel of the evaluation character evy is Cyo(X \ {x}) hence ev, factors
through Cy(X)/Co(U) = m(Cy(X)). Since *-homomorphisms are contractive the re-

sult follows. O

Lemma 3.11. ([8, Lemma 4.3.]) Let G be a Hausdorff étale groupoid and let 7 : C*(G) —
B(H) be a representation. If x € G'© is an element of the unit space such that G¥ = {x}

and x lies in the support of T g(0)), then for every f € Cc(G) we have [f(x)| < ||7(f)].

Proof. Let V be the collection of open neighborhoods of x € G© partially ordered
by reverse inclusion: v < w &= w C v. Foreachv € V letvy,v; € V be
precompact open neighborhoods such that v; € vi € vy C v and use Urysohn’s
lemma to produce a continuous function g, : G® — [0, 1] such that the restriction
of g, to v; is 1 and such that g, is zero off of v;. Since supp g, C vi and the latter set
is compact we have g, € C.(G1).

We claim that there is a &, € H such that ||&,|| = 1 and 7t(gy)& = &,. Use
Urysohn’s lemma again to produce a continuous function h,, : G — [0,1] such

that h, (x) # 0 and h, vanishes off of v,. The definitions of g, and h, then imply that
gvhy = hy. (3.1)

By assumption x is contained in the support of 7t so Lemma 3.10 gives 0 < |h, (x)| <

||mt(hy)|| so that t(h,) # 0 and we may, therefore, find 1, € H such that ||7t(h,)n,|| =
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1. Set &, = 7t(hy,)n, then we have

1t(gy) & = m(gy)t(hy Ny = 7t(gvhy )Ny = mt(hy)ny = &,

as desired.

Next we claim that
1111)}(7‘((16)((_,\,, &) =T(x) forall f € C.(G). (3.2)
ve

Since an arbitrary f € C¢(G) can be written as a finite sum of f; where each f; is
supported on a bisection we assume, without loss of generality, that K := supp f C
U for some open bisection U. Denote by ¢y the partial homeomorphism s(U) —
t(U),s(y) — t(y) induced by U. The proof of (3.2) will be broken into the following

three cases:
(@) x & s(U),

(b) x € s(U) and dpu(x) # x,
(c) x € s(U) and dpu(x) = x.

First assume (a) then there is a vo € V, with vo N's(K) = @. For every v C vy, we

have

(fgv)(v) = f(v)gu(s(y)) =0, forally € G

since either v ¢ K in which case f(y) = 0 or s(y) € s(K) in which case g, (s(y)) = 0.
Thus 7t(f)&, = m(fgy)& = 0 so the left hand side of (3.2) vanishes but so does the
right side since x ¢ s(K).

Next assume that (b) holds. Let A and B be disjoint open subsets of G'®) with x €

A and ¢y(x) € B. Setvg = AN d)fﬂ (B) and observe that v is an open neighborhood
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of x such that vo N ¢y (vy) = @. For any v C vy we have

(9vfgv) (v) = gu(t(¥))f(v)gu(s(v)), forally € G.

If this is nonzero for some y then vy € U and s(y)t(y) € v, but this is impossible

because t(y) = dy(s(y)) € v du(v) = D. Thus g;fg, = 0 and we have

<7Tv(f)<(-,v/ Ev> = <7T(f)7'[(9v)av/ W(gv)£v> = <7T(gv)*7'[(f)71(9v)£w £v> =0

so the right hand side of (3.2) is zero. To see that the left hand side vanishes as well
observe that if x € U then ¢y fixes x, which contradicts (b), thus f(x) = 0.

Finally assume (c). Then there exists y € UN G} = {x}soy =xand x € U. Let
€ > 0 and let vy be a neighborhood of x contained in UN G () such that [f(y) — f(x)| <
€ for ally € vy. For every v C vy we have (fg,)(y) = f(y)gv(s(y)) forall y € G. If
this is nonzero for some y theny € U and s(y) € v C U hencey = s(y) € vand fg,

is supported in v C G'%. Fory € v we have

(fgv) (y) = Fx)gu(y)l = If(y) — F(X)llgv (Yl < ef[gv]| =€

which implies ||fgy, — f(x)gy|| < €. Thus for all v C vy

[(7t(f) &, &) — T(X)] = [{m(f) &y, &) — (F(X) &y, Ev)]
= |<7T(f9v)5,v/ Eyv> - (f(X)W(gv)Ev, Ev>|
= [(m(fgy —F(x)gv)&w, &) < [[fgy = F(x)gull [ &]1° < e.
It follows that (3.2) holds, hence |f(x)| = 11611]} (7t(f) &y, Ev)| < [|7t(f)|| as desired. O

Let us now prove the uniqueness theorem, which states that if G is a topologi-

cally principal second countable Hausdorff étale groupoid, then a representation of
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C;(G) is faithful if and only if its restriction to Cy(X) is faithful. We follow [8].

Proof of Theorem 3.8. Let m: C;(G) — B(#H) be a representation that is injective on
Co(Gp). The support of 7 is G© hence for every f € Cc(G)and x € G©) such that
G = {x} we have

()| < ||7e()]| (3.3)

by Lemma 3.11. Since G is topologically principal the set of all such x is dense in G(*)
and since G'%) is clopen in G, the restriction of f to the unit space is continuous. Thus
Equation (3.3) holds for all x € G!®) and it follows that sup, _ o) [f(x)| < ||7t(f)]|. Let
E,: CH(G) — Co(G'9) be the faithful conditional expectation extending the restric-
tion map Cc(G) — Cc(G?). Then ||E,(f)|| = sup, g0 [f(x)] < ||7t(f)|| implies that
there is a well defined conditional expectation F : 7(C}(G)) — 7(Co(GO)), 7t(a) —
7(E(a)). Let a € Kerm; then 0 = F(nt(a*a)) = m(E(a*a)) = E(a*a) = 0, but since
E is faithful a = 0 as desired. O

3.2 Relative Topological Principality

In the previous section we explored the concept of topological principality for an
étale groupoid G and showed how the diagonal subalgebra Cy(G®)) has the ideal in-
tersection property in the reduced C*-algebra of a topologically principal groupoid.
This leads naturally to the following problem. Let G be a second countable Haus-
dorff étale groupoid. Is it possible to reduce faithfulness of representations to faith-
fulness on some (preferably proper) subalgebra Co(GY) C B C Ci(G)? In [3]
the authors show that we may always take B to be C;(Iso(G)°), the reduced C*-
algebra of the interior of the isotropy subgroupoid. In practice, there may be other
open subgroupoids H C G, perhaps more naturally defined in terms of the par-
ticular groupoid or combinatorial data one is working with, such that the inclu-

sion C;(H) C C;(G) has the ideal intersection property. An example is given by
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Marcelo Laca and Camila Sehnem in the context of semigroup C*-algebras in [19,

Theorem 5.1.]. This motivates the following definition.

Definition 3.12. Let G be an étale groupoid and let J{ be a family of open sub-

groupoids. We say that G is topologically principal relative to I if the set
Xgc:={u e G :3r e Bis(G)and H € H s.t. w € I 'Tand N'GYT' C H}

is dense in G(9),

In practice the family 3 will often be a singleton H{ = {H} for some open sub-
groupoid H. In this case we will simply say that G is topologically principal relative

to H and write Xy := Xpyy.

Example 3.13. Let G be an étale groupoid and let H := G(%) be the unit space. The
set Xy of Definition 3.12 coincides with the set {u € G% | GY = {u}} of units with
trivial isotropy because if TGXT~! C G(®) for some open bisection I" then the group
MGYT—! is trivial but TGYT ! is isomorphic to GY. Thus G is topologically principal

if and only if G is topologically principal relative to the unit space.

Example 3.14. Let G be a second countable Hausdorff étale groupoid. In [3] the
authors show that the set {u € G(© | Gt C Iso(G)°} is dense in G(©) hence G is

topologically principal relative to Iso(G)°.

The main point of this section is state and prove the following theorem inspired

by [3, Theorem 3.1.] and [19, Theorem 5.1.].

Theorem 3.15. Let G be an second countable Hausdorff étale groupoid and suppose that G
is topologically principal relative to a family of open subgroupoids H. Then a representation

p of Ci(G) is faithful if and only if it is faithful on C}(H) C Ci(G) forall H € K.

In order to do this we will study the partial inner automorphisms of an étale

groupoid and how they interact with C*-algebras. Consider a group G. It is useful
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in group theory to let G act on itself by conjugation. The inner automorphisms of
G are defined to be the automorphisms that arise from this action. Now let G be an
étale groupoid. We want to make G act on itself by conjugation. By the very nature
of the groupoid an element y € G will have a restricted domain since groupoids
model partial symmetry. Explicitly we can only conjugate o € G by vy if s(y) = t(«x)
and s(a) = t(y~ ") but then s(x) = t(x), so « must be in the isotropy bundle of G.
This will not be sufficient for our purposes so we will broaden our understanding
of what it means for G act on itself by conjugation to allow an action of Bis(G) on G.
If G is a group then Bis(G) may essentially be identified with G and we recover the
standard notion of an inner automorphism of groups.!

Let G be an étale groupoid. By a partial automorphism of G we mean an iso-
morphism H — K between two subgroupoids of G in the category of topological

groupoids. Given an open bisection I' € Bis(G) we set
D1 :={H is a subgroupoid of G | HO C s(I')}, and

D/ :={H € D1y His open}.

Once we verify that the map Adr : H — THI ', h — och[3_1, where o, 3 are the
unique elements of " such that s(x) = t(h) and s(f3) = s(h), is an isomorphism of
topological groupoids we will be able to deduce that I' — Adpr is an action of Bis(G)
on the set Sub(G) of subgroupoids of G that restricts to an action on the set Sub”(G)

of open subgroupoids.

Lemma 3.16. Let G be an étale groupoid, I' € Bis(G), and H € Dp—1. Then the map

Adr i H — THI given by o Tl ™" = (s|p! o #)() - o+ (', 0'8) (o)

IThis notion of inner automorphism for étale groupoids is further justified by an equivalence of
bicategories of pseudogroups and étale groupoids [20, pp.21].

32



is an isomorphism of topological groupoids.

Proof. Let (o, B) € H@). Since T is a bisection and H® C s(I") there are unique

elements y1,v2,v3 € I such that

t(x) =s(y1),s(x) = t(y;') =s(y2) = t(B), and s(B) = t(v3').

Thus Tl 'TRM! = y1ocy2_1y2[5y3_1 = v ocByg_1 = TxpI'! so Adr is a homomor-
phism. Continuity follows from continuity of the source, range, and multiplication
maps. Since Adj-1 is a continuous inverse Adr is an isomorphism of topological

groupoids. O

Definition 3.17. Let G be an étale groupoid and let ¢ : H — K be a partial automor-
phism of G. We say that ¢ is inner if there is an open bisection I' € Bis(G) such that
¢(h) =ThI' forall h € H.

Definition 3.18. Let S be an inverse semigroup and let A be a C*-algebra. We denote
by pSym(A) the inverse subsemigroup of Z(A) consisting of *-isomorphisms ¢ :
B — C where B and C are C*-subalgebras of A. An action of S on A by subalgebra

isomorphisms is a semigroup homomorphism o : S — pSym(A).

Remark 3.19. We have chosen to call such an action an action by subalgebra isomor-
phisms to distinguish it from the more common notion of partial automorphisms
given in Definition 2.12. Thus a partial automorphism of C*-algebras is a subalge-

bra isomorphism where the domain and codomain are 2-sided ideals.

Definition 3.20. Let B and C be C*-subalgebras of a C*-algebra A. We say a sub-
algebra isomorphism ¢ : B — C of A is inner if there is a partial isometry v in the
universal enveloping von Neumann algebra A** of A such that ¢(b) = vbv* and

¢ '(c) =v*cvforallb e Bandc € C.
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It is a standard theme that inner automorphisms are somehow more trivial than
outer ones. For us the most important consequence of a subalgebra isomorphism

being inner is the following.

Lemma 3.21. Let B and C be C*-subalgebras of a C*-algebra A. Suppose p : A — B(H) is
a representation and ¢ : B — C is an inner subalgebra isomorphism of A. Then p is faithful

on B if and only if p is faithful on C.

Proof. Suppose p is faithful on B and let p denote the unique weak-* continuous
extension to A**. Let ¢ € C be arbitrary and let b € B satisfy ¢ = vev* = ¢(b), where
v € A** is the partial isometry implementing ¢. Note that ||b|| = ||c|| because ¢ is
an isomorphism. Since p is a *-homomorphism ||p(c)|| < ||c||. As for the opposite

inequality we have

el = [[oll = [le(®)]| = [[e(vvbvv)[| = [[p(v*)p(vbv*)p (V|| < [lp(vbv?)[| = [lp(c] ]

thus p is faithful on C. The result follows by symmetry. O

The next lemma shows that the reduced C*-algebra construction induces an ac-
tion of Bis(G) on C;(G) by subalgebra isomorphisms. Note that the following lemma
and its proof are basically [13, Lemma 3.7.] with some input from [13, Lemma 3.8.].
We have made two modifications: we do not require G'°' to be compact since we
do not use their notion of a G-C*-algebra and also we are interested in the reduced
groupoid C*-algebra C;(G) instead of the universal one. We should also mention
that the set of partial isometries in a Von Neumann algebra does not typically form
an inverse semigroup with the induced multiplication from the Von Neumann alge-
bra as claimed in [13, Lemma 3.7.]. This does not not effect the results as one only

needs the image of the map to be an inverse semigroup.

Lemma 3.22. (cf. [13, Lemma 3.7, Lemma 3.8]) Let G be a Hausdorff étale groupoid let S

denote the collection of partial isometries in the enveloping von Neumann algebra C;(G)**.
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Then there is a multiplicative and involutive map Bis(G) — S,T" +— vr such that for all

I € Bis(G) and open subgroupoids H € D74,

(i) Thenet (f)o<t<1, C Cc(T') converges to vr in the weak-* topology as f increases to 1.
(ii) vivr = Lp—1p and vrvp = L.

(iii) If g € Cc(V) for some V & Bis(H) then vrg = g(r ') e C.(V), and gvp =
g(-T) € Cc(VI).

(iv) The isomorphism ¢ : C:(H) — C¥(THI') induced by the groupoid isomorphism
H — THI = is implemented by conjugation: Ady, : @ — vrav} and is therefore an

inner subalgebra isomorphism.

Proof. Let T € Bis(G). By Lemma 2.33 there is an isometric isomorphism of Banach

spaces Co(I') — C¢(T') € C;(G) and hence we have isometric embeddings B> (I") —

Co(IN)** — Cf(G)** where B>®(T") is the algebra of bounded Borel functions on T
and the embedding B> (") — Cy(I')** is given by sending f € B*°(T") to the linear
functional Cy(I')* — C,u — fr fdu. Since the increasing net (f)o<¢<y. in C¢(T)
converges pointwise to Ir € B*(I") the monotone convergence theorem implies
([r fdw)o<s<t, — [;Irdp which is to say (f)o<¢<1, — Ir in the weak-* topology on
B*°(T") and hence in C}(G)** since Co(I")** is weak-* closed in the latter. Set vr := 1

and let g € C.(V) for an open bisection V of H. Then for all 0 < f <1 we have

f(y)g(y~'x) whenyeTl,y 'xeV
(fxg)(x) =
0 otherwise.

Let g : B®(I") — B*®(T'V),f = fx g. Then by definition of the convolution

product 14 is continuous with respect to the topology of pointwise convergence on
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B>°(T") and B*°(I'V) hence

(vrg)(x) = lim (f*g)(x) =g(I" 'x)

0<f<1r

and similarly

(gur)(x) = _lim (g f)(x) = g(xl)

To see that Bis(I') — S, T" — vr is a semigroup homomorphism observe that

vr,vr, = lim vr
12 0<f<lr, 0<f<1p,r,

0<f<Ip,

and similarly vj: = vp—1. Moreover

* : : —1
vivi= Ilim vprf= Iim f(I'"") =11
rr 0<f<1, r 0<f<T,_4 ( ) m

and similarly vivr = Ir—1r.

Finally we prove (iv). By (iii) we have vrgv} = g(I'-T) € Ce(THI ) for any
g € C.(H). By hypothesis we have I 'THr-'T = H and thus Adv*r : Co(THI 1) —
Cc(H) is the inverse of Ad,,. Since ||a|| = |[vivravivr|| < |[vravy| < ||a| the result

follows. 0

The following lemmas are generalizations of results from [3] to allow for a col-

lection of subalgebras and subgroupoids.

Lemma 3.23 (cf. [3] Theorem 3.2. ). Let B be a collection of C*-subalgebras of a C*-algebra
A. For each B € B suppose that Sy is a collection of states on B such that every state ¢ € Sg
has a unique extension ¢ to a state on A. Let S := Ugcp Sg and suppose that the sum of
GNS representations @ ,cs g of the extensions of the states in S is faithful on A. Then a
representation p : A — B(H) is faithful if and only if it is faithful on B for all B € B.

Proof. Suppose that the restriction of p : A — B(H) to B is faithful for all B € B.

36



Set ] := Kerp, let B € B be arbitrary, and observe that ] N1 B = &. The subspace
Ao = ] + B is a subalgebra of A by e.g. [7, Corollary 1.8.4.]. Lety : Ay — B be the
quotient map and let ¢ € Sg be arbitrary. Every state on Ay extends to a state on A
hence ¢ extends uniquely to a state @[a, on Ay. Since ¢ oy is one such extension
it must be the unique one and we have ¢(a) = @(y(a)) forall a € Ap. Letx € J.
Then a*x*xa € J for all a € A hence (mg(x)h, g (x)h) = 0 for all h € Hg therefore

®(x) = 0. Since Pycs, Ty is faithful and B € B and ¢ € Sg are arbitrary the

element x is zero. O

Lemma 3.24 (cf. [3] Lemma 3.3.). Let G be a second countable Hausdorff étale groupoid
that is topologically principal relative to a family J of open subgroupoids. Suppose that
u € Xgcand T' € Bis(G) satisfy w € T7'T and TGYT—! C H for some H € H. Then
for all f € C(G) there exists b € C.((T""HIM©)* such that ||b|| = b(u) = 1 and
bfb € C.(I"HIN).

Proof. Let f = ) pcf fp where F is a finite collection of precompact open bisections

and supp(fp) € D. For D € F choose open neighborhoods Vp as follows.

e If there exists « € D N GY then D N T 'HT is an open neighborhood of o
hence Vp :=s(DNT"THIM) Nt(D NTTHI) is an open neighborhood of u and
VpDVp C DNTTHT.

o Ifthereisan o € D with r(a) = u # s(a) or () # u = s(«) then take an open
neighborhood of x € U C D such that s(U) Nr(U) = @ and set Vp = r(U) so
that VpDVp = @.

o Ifu ¢ v(D)Us(D) then take an open neighborhood Vp of usuch that fplv,pv, =
0.

Let V := NperVp. Then V is open and contains u. Choose b € C.(V)" such that

b(u) = ||b|| = 1. By construction supp(bfb) C I'""HTI" as desired. O
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The following lemma appears in [4]. Note that it does not require the second

countability and Hausdorff assumptions but that is the generality we use it in.

Lemma 3.25. ([4, Lemma 1.2.]) Let G be a second countable Haudorff étale groupoid and
let w € G, The restriction map C.(G) — Cc(GY) extends to a completely positive

contraction 9, : C3(G) — CI(G}).

Lemma 3.26 (cf. [3] Lemma 3.5.). Let G be a second countable Hausdorff étale groupoid
which is topologically principal relative to a family 3 of open subgroupoids. Suppose that
u € Xg¢and T € Bis(G) such that w € T™'T and TGYT—! C H for some H € K. Let € > 0
and a € C*(G). Then there exists ¢ € C*(I"""HI) and b € Cc(GON* such that |bl| =1
and @(b) = 1 for all states ¢ that factor through C}(GY) and such that ||bab —c|| < e.

Proof. Lete > 0and a € C;(G). Let f € C¢(G) such that ||a — f|| < e. Apply Lemma
324 to find b € C.(G®)* such that ||b|| = b(u) = 1 and bfb € C¢(IT"HI"). Let
du : CHTTHI) — CH(GY) be the completely positive contraction induced by the
restriction map Cc(M™THI) — Cc(GY),f — flgu. Then 9y (b) = & is the identity of
C#(GY) hence if ¢ is a state on C¥(I'""HT") such that ¢ = 1 o9, for some state \ on

C;(G}) we have @(b) =1 (6,) = 1. Moreover if we set c = bfb we have
|bab —c|| = ||bab —bfb|| < e

as desired. 0
Before we prove our main theorem we need one final lemma.

Lemma 3.27. Let G be a second countable LCH étale groupoid and let x € G©). Let
¢ : CHG) — Co(G )Y be the canonical faithful conditional expectation, let 9y : C;(G) —
Ci(GX) be the completely positive contraction extending the restriction map C.(G) —

Cc(GY), let T : Ci(GY) — C be the canonical faithful trace t(a) = (dx, ady) and let
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evy : Co(G©)) = C be the evaluation by x map. Then the following diagram commutes.

CHG) —2— Co(G)

Proof. If f € Cc(G) then T(dx(f)) = (8, flgx0x) = f(x) = evyx o®. The result follows

by continuity. O

In the following proof we make use of [2, Theorem 5.4.]. We state it here for

convenience.

Theorem 3.28. ([2, Theorem 5.4.]) Let A be a C*-algebra and let B be a C*-subalgebra of

A. Suppose that & is a state on B such that for each a € A and € > 0O, there exists b,c € B
satisfying

o [p(b)l=bl[ =T,

e b >0 and

e |[bab—c| <e.
Then ¢ extends uniquely to A. If & is a pure state then so is its extension.

Proof of Theorem 3.15. For each u € Xg¢, H € 3, and I € Bis(G) such thatu € I''T
and FGEF_] C H let Sy, r 1 denote the collection of states on C;“(F_1 HTI") that factor
through C;(G}}). Let p : C;(G) — B(#H) be a representation that is faithful on the
family of C*-subalgebras {C;(H) | H € 3}. Then p is faithful on C;(K) C C}(H)
for any open subgroupoid K of H. Let K := t(I')Ht(I'). Then K C H is an open
subgroupoid, K € DJ._;, and moreover I~1KI = I 'HI. By Lemma 3.22 Ad,: :
CHK) — Cﬁ(F_lHF) is an inner subalgebra isomorphism. Hence by Lemma 3.21

faithfulness of p on C;(H) implies faithfulness on CH(T=THI). By Lemma 3.23 the

theorem follows from a proof of the following statements:
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(1) For each u € X5, H € ¥ and T with H € D1 such that G¥ C I'"'HT, every

state @ € S, r n has a unique state extension to C;(G).

(2) The direct sum 7 := @ 7 of GNS representations of all the extended states is

faithful on C}(G).

Statement (1) follows from Lemma 3.26 and Theorem 3.28. Let7ts , .\, := @@esu,m U
be the direct sum of the GNS representations of the extended states ¢. We now
prove (2). Let @g : C;(G) — Co(G9) be the canonical faithful conditional expecta-
tion. We show 75 ., (a) =0 = ®g(a*a) = 0in which case a = 0 by faithfulness
of @ g. Suppose for contradiction @ (a*a) # 0. Then ¢ (a*a) is a positive function
on G so by density of X4 in GO there is a u € Xq such that ®g(a*a)(u) > 0. Let
€ = w. By Lemma 3.26 we can find b € C.(G'9)" and ¢ € C}(I'""HTI") such
that ||ba*ab —c|| < €/2 and ¢(b) = 1 for all states that factor through C(G}}). By

assumption 7tg (a) = 0 hence ||7s (ba*ab)|| < ||7tg a*a)|| = 0 hence if
p W 1765 004 <l f

u,l,H (

@ € Sy rn and {e,} is an approximate unit in C;(G) we have
(f)(ba*ab) = 11)1\11(7‘[@(})(1*(11))(6}\ + N(p), (6}\ + N@)> =0
and therefore
|@(c)|=1@(ba*ab—c)| < ||ba*ab—c| < e/2.

Let 9y : Ci(G) — C;(Gy;) be the completely positive contraction extending the

restriction map. Then we have

[9u(c)]| = sup{p(Du(c))| | is a state on C; (Gy)} < sup{le(c)|| @ € Syrn} < e/2.

Now let @y : C5 (T=THT") — Co((T"HT")°) be the conditional expectation given by
restricting functions to the unit space. For x € (I""HI") let ev, be the evaluation by

x character on Cy((I~"HI"°). Then evy oOry is a state on C*(I'~THI"); moreover for
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eachx € Xp1yr =1{x € (T=THM)° | GX C I'"THT'} the state evy o@r y factors through
Cy(G}) by Lemma 3.27. Let T : C;(G}}) — C be the canonical tracial state. Since

Oglr-1yr = Ory we have
levy o®@g(c)| = [evy o@rn(c)| = [t(du(c)) < [Dulc)]| < e/2.
Since @ is Cy(G))-bilinear and evy, is a character we have
evy oDg(ba*ab) = evy(b)(evy o®g)(a*a) evy(b) = (evy o®@g)(a*a).
Thus

levy oDg(a*a)| < |evy oDg(a*a) —evy oDg(c) + evy oDg(c)]
< |evyo®g(ba*ab) —evy o®g(c)|+|evy oDg(c)]
< |Jba*ab —c|| +|evy oDg(c)]

< €.

But this contradicts our choice of € hence ®g(a*a) = 0 and therefore a = 0. It

follows that 7t is injective. O

4 Applications

4.1 Uniqueness for Reduced C*-algebras of Left Cancellative Small

Categories

C*-algebras from left cancellative small categories (LCSCs) were defined by Jack
Spielberg in [29] generalizing his earlier work on C*-algebras of categories of paths

[28]. The latter include C*-algebras of k-graphs and quasi-lattice ordered groups. A
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left cancellative monoid is just a LCSC with one object; the aim of this section is to
prove a generalization of the uniqueness theorem for group embeddable monoids
of Laca and Sehnem [19, Theorem 5.1.] in the setting of LCSCs. The inverse semi-
group approach to C*-algebras of LCSCs as described in [23] allows us to make easy

comparison with semigroup C*-algebras so we will follow that approach here.

4.1.1 Basic Definitions

Definition 4.1. A left cancellative small category is a small category C such that xy =

xz = y=zforallx,y,zeC.

Definition 4.2. ([23, Definition 2.3.]) The left inverse hull Z; := Z;(C) of a LCSC C
is the smallest inverse subsemigroup of Z(C) such that the left multiplication maps

s(c)C = cC,x— cxareinZ forallc € C.

Remark 4.3. Recall from Example 2.11 that the semilattice of idempotents of the sym-
metric monoid on a set X is canonically isomorphic to the power set P(X). We will

frequently use this isomorphism to identify idempotents in Z;(C) with subsets of C.

Definition 4.4. Let C be a LCSC and let E be the semilattice of idempotents of Z;.
The boolean closure E of E in Z(C) is the set of subsets of C of the form e\ Ul f;

where fy,--- ,f,e € Eand fy,--- ,f, <e.

The set

T,:={se|seZ,ecEe<s's}

is easily seen to be an inverse semigroup with semilattice of idempotents E.

Remark 4.5. The zero element in the symmetric monoid Z(C) is the partial bijection
whose domain and range are the empty set; it is also the zero of the semilattice of
idempotents E(Z(C)) = P(C). We denote this element by 0. Whether 0 € 7; depends
on whether the empty set may be written as an intersection ();cf dom(s) for a finite

set of elements F C 7.
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We abuse notation and identify an element ¢ € C with the corresponding left
multiplication map ¢ € Z;(C). We denote its inverse in Z; by ¢ '. The latter map is
defined by ¢C — s(c)C, cx — x and in the case where ¢ € C* it coincides with left
multiplication by ¢! € C. An arbitrary element s € Z; may be written in the form
d{‘cn e df1c1 where each d;, c; € C.

A representationT : Z; — B (£2(C)) is determined by mapping ¢ € C to the partial

isometry T : 02(C) — €*(C) where

dex  if s(c) = t(x)
Tcéx =

0 otherwise,

and extending to all of 7, by setting T, dter = T Tep T3 Tey

C1

Definition 4.6. ([23, Definition 2.2]) The left reduced C*-algebra of C is
Ci(C):==C*({Tc | c € C}) =span{T, | s € Iy} € B(¢*(C)).

An important commutative C*-subalgebra of C;(C) is the diagonal.

Definition 4.7. The diagonal subalgebra of C;(C) is
D:(C) :=span{Te | e € E(Z1)}.
Lemma 4.8. The spectrum of the diagonal is homeomorphic to the subspace
Q:={xeE|x(f) = Vi x(ey), whenever f =V e; € I}

of semicharacters which preserve any finite suprema which exist in 1.

Proof. Themap T :E — D;(C), e — T, is a faithful representation of the semigroup E.

We denote by ¥ the restriction of x € Spec(D,(C)) to the semigroup E = (T, | e € E}.
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Then every such semicharacter preserves joins since e, f € E with e V f € E implies
Tevs = Te + Tf — Ter. Conversely every x € Q) preserves the multiplicative and
linear relations among the T, hence extends to a character on D(C) =span{T. | e €
E}. This gives a bijection between Spec(D.(C)) and Q. To show that it is indeed
a homeomorphism we note that D;(C) admits a surjection C*(E) — D;(C) from
the universal C*-algebra generated by a representatation of the inverse semigroup
E. Explicitly C*(E) is generated by projections {t. | e € E} subject to the relations
tetf = ter and te = t). This realizes Spec(D,(C)) as a subspace of Spec(C*(E)). On
the otherhand the universal property of C*(E) gives a 1-1 correspondence between
semicharacters E — {0, 1} and characters C*(E) — C. Since the weak-* topology
on Spec(C*(E)) is the topology of pointwise convergence on E commutativity of the

following diagram proves the result.

b

Spec(C'(E)) X% E
] J
X Q

Spec(D;(C)) —=

t

]

Remark 4.9. For an alternate proof of Lemma 4.8 one may use [6, Corollary 5.6.26.].
For each c € Cletx. : E — {0, 1} be the semicharacter defined by x.(e) = 1 if
cc1C < eand xc(e) = 0 otherwise.

Lemma 4.10. ([23, Lemma 2.12.]) The semicharacters {x. | ¢ € C}are dense in Q.

Proof. One easily verifies that each x. € (). Recall that a basic open subset of the
spectrum E of the semilattice E = E(Z(C)) is of the form E(e, F) := x| x(e) =
1,x(f) = Oforall f € F}. Density follows immediately from the observation that if
E(e, F) #@thene\UF#@soxceﬁ(e,F) where ¢ € e\ UF. O
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Recall from Proposition 2.18 that for any inverse semigroup S there is a canonical
action S ~ E on the spectrum of its semilattice of idempotents. The action is defined

by letting the domain of s be D_1, = {x | x(s~'s) = 1} and for x in the domain of s,

s-x=x(s""-5s).
Lemma 4.11. Q is an Ty-invariant subset of E.

Proof. Let x € Q) and suppose x € D, 1, for some s € Z;. We claim thats - x € Q.
Suppose f is an idempotent which can be written as a join f = \/{_; e; of a finite set

of idempotents. Then
(s-x)(V e) =x(s7" Veis) =x(\/ s Teis) = \/ x(s Tess) = \/ (s -x) (er)
i=1 i=1 i=1 i=1 =1

sox € Q as desired. H

It follows that the action of Z; on E restricts to an action of Z; on Q. Now for
every X € () we may extend x to an element of E by setting X (e \ VI';e;) = x(e) \
Vit x(ei). This gives an embedding QO — f and the canonical action of Z; on %

restricts to an action on Q.

Definition 4.12. The transformation groupoid of a LCSC is the transformation groupoid

flKQ.

The following result from [29] allows us to deduce that our Theorem 4.19 is in-

deed a uniqueness theorem for the reduced C*-algebra of a LCSC.

Theorem 4.13. [29, Theorem 11.6.] Let C be a LCSC and suppose that T, x Q is Hausdorff.
Then C: (T, x Q) = C(C).

4.1.2 The Uniqueness Theorem

Lemma4.14. Let e € C'9. Then [w, xe] € GX¢ forallu € C* such that u'u=e = uu™".

45



Proof. Let f € E(Zy). Then

1 ife<fo
Xe(f) =

0 otherwise,

so we need to show thate < f <= e < u'fu. Ife < fie ef = e then

wf=uw ! = uvTuufu = u'uwuu = uu = e thatis e(u'fu) = e.

1

Conversely if e(u™'fu) = e then (u™'uw)(u™'fu) = uu™' so conjugating by u we get

T -1

(wu ) (uwu ) f(uu") = uwu! which is equivalent to ef = esincee=uu' =u'u

and idempotents commute.
Lemma 4.15. If s € 7}, p,q € C, and p € dom(s) then s(pq) = s(p)q.

Proof. If s = d~'c for d,c € C then cp = dr for some r € C hence cpq = drq
and it follows that s(pq) = rq = s(p)q. We proceed by induction on the word
length of s = d, Tep - - d]_1c1. The desired result holds for k = 1; assume it holds
for all k < {. Let p,pq € dom(s) where s = dej:]c@r] ---df]q. Then dflc] (p)
and df]q (pq) = d1_1(:1 (p)q are in dom(de_j]c%q e dz_]cz). By induction we have

di e dy e (pq) = dglee - dyTea(dy T er(p)g) = dy e - dyler(p)g. O
Lemma 4.16. Let s € Ty such that s~ 's = e = ss~! where e € C°. Then s € C*.

Proof. Letp € eCe. Then s(p) = s(ep) = s(e)p so s is left multiplication by s(e) and

similarly s~ is left multiplication by s~ 1(e) hence s '(e) =s(e) ' and s € C*. ]

Lemma 4.17. Let C be a left cancellative small category, let G = Z; X Q, and suppose

¢ € C. Then G§¢ = {lcuc™!,xc] | u € s(c)C*s(c)}

Proof. Let e =s(c). Then

1

9%& :{[u/Xe] ’U c Il,u_]u: e :LLLL_1} :{[u,xe] ’u c C*,u_ u—==e :uu_l}l
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Where the first equality is from Lemma 4.14 and the second equality is from Lemma

4.16. We then have G%¢ = [c,xeG¥¢c, xel 7! = {lcuc™, xc] | u € s(c)C*s(c)}. ]

Proposition 4.18. Let C be a left cancellative small category such that G = T; x Q is

second countable and Hausdorff. Then G is topologically principal relative to C* x Q).

Proof. Givenc € C thesubset [c, Q(c'c)]of Gisan open bisection with s(|[c, Q(c'e)]) =
Q(c"e) and t([c, Q(c"e)]) = Qcc™). LetT := [c,Q(c 'c)]"". Then roXe r-1 =
9;228 C C* x O hence X := {X. | ¢ € C}is set of units such that the isotropy at each
element of X may be conjugated into C* x () by an open bisection. Since X is dense

by Lemma 4.10, § is topologically principal relative to C* x Q. O
An application of Theorem 3.15 yields the following.

Theorem 4.19. A representation 7 : C¥(T; x Q) — B(H) is faithful if and only if the
restriction of 7t to the C*-subalgebra C;(C* x Q) is faithful. [

Corollary 4.20. If the canonical map C*(Zy x Q) — C}(Zy x Q) is an isomorphism, e.g.
if Ty x Q is amenable, then any representation of C*(Zy x Q) that is faithful on the C*-
subalgebra C*(C* x Q) is faithful. [

Remark 4.21. If the left cancellative small category is a monoid, i.e. it has one object,
and the monoid embeds in a group, then the groupoid Z; x Q is isomorphic to a par-
tial transformation groupoid and is therefore Hausdorff. In this case Theorem 4.19
recovers [19, Theorem 5.1.]. On the other hand there are left cancellative monoids
which do not embed in a group for which the groupoid Z; x Q is Hausdorff so our

result extends this theorem non trivially.

5 Future and Ongoing Work

In [2] Becky Armstrong extends the uniqueness theorem [3, Theorem 3.1.] for Haus-

dorff étale groupoids to twisted groupoid C*-algebras. It is ongoing work of the
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author to extend her theorem to more general Fell bundles. More precisely, for a
C*-algebra A and an étale groupoid G if € is an action of Bis(G) on A by Hilbert
bimodules then there is an action 1, of Bis(Iso(G)°) on A by Hilbert bimodules.
When G is Hausdorff we expect that the reduced cross section C*-algebra of £,
detects ideals in the reduced cross section C*-algebra of €. More generally we ex-
pect to be able to detect ideals in the latter algebra using subalgebras associated to a
family of subgroupoids H such that G is relatively topologically principal to J. In
this setting topological freeness conditions of the groupoid should have a formula-
tion in terms of modules as in [15]. In [13] Kennedy, Kim, Li, Raum, and Ursu make
extensive use of a Furstenburg boundary and its identification with the spectrum
of the G-equivariant injective hull of C(X) to prove a uniqueness theorem for the
inclusion Co(X) — Ci(G) where G is not assumed to be Hausdorff. In our set-
ting of groupoid or inverse semigroup Fell bundles the Hamana boundary should
be replaced with the G-equivariant injective hull of the unit fiber A, see [12] for the
group case. Then one relates ideal detection properties of subalgebras in the essen-
tial section algebra with ideal detection properties of corresponding subalgebras in

the boundary section algebra.
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