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1. Introduction

Among the known exact solutions of Einstein field equations
(EFEs) gravity, the Godel and Godel-type metrics [1-3] play the
special role. It was shown within the usual general relativity (GR)
that these solutions describe rotating universes, allow for the exis-
tence of closed time-like curves (CTCs) and show that the Einstein
theory of gravity is not completely compatible with Mach principle
(MP)! [4-8].

At the same time, the general relativity encounters several fun-
damental problems, such as its non-renormalizability at the quan-
tum level and the need of explanation for the cosmic acceleration.
To solve these problems, different alternative gravity theories were
proposed (for a review on these theories, see [9,10]). Therefore, it
is interesting to study the behavior of the Godel and Godel-type
solutions within these models, looking for the consistency of these
metrics within such theories, and or their corresponding physical
interpretations. Such studies, including discussion of problems of
causality, the existence of CTCs and correspondence with GR in
the respective limit, were performed through verification of the
compatibility of resulting equations of motion in several gravity
models including for example f(R) gravity, Horava-Lifshitz gravity
and bumblebee gravity [11-16].

* Corresponding author.
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(J.R. Nascimento), petrov@fisica.ufpb.br (A.Yu. Petrov), pporfirio@fisica.ufpb.br
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1 According to this principle, the absolute acceleration does not exist, but the
acceleration relative to distant cosmic matter distribution, while such matter de-
termines inertial and geometrical properties of matter and space-time, respectively,
can occur.
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One more example of an alternative gravity model is the Brans—
Dicke (BD) gravity which will be taken as the main subject of this
paper. Here, we shall discuss the behavior and main properties of
Godel and Godel-type solutions in this theory, one of the first and
well-known scalar-tensor theories, built up to be totally Machian
and reducing to the GR in a limiting case [17-19]. To do this, we
use the matter source composed by a perfect fluid and an electro-
magnetic field. Within our study, we verify the causality features of
the possible solutions. Further, we find one completely causal so-
lution corresponding to the empty space case. We note that earlier
the w — oo limit of BD theory was treated in [20].

It is remarkable that the BD scalar field can be interpreted
within different cosmological contexts, mainly within modeling the
very early rapid expansion period known as inflation [21,22]. Ad-
ditionally, this field can be identified with the dilaton within the
string theory context. Therefore, the BD model could be treated as
a low energy limit of some unified and more general theory [23].

However, it is known that the accelerated expansion cannot be
described within a pure BD gravity. So, we must develop its possi-
ble extensions like the inclusion of cosmological constant (fixed or
possessing different dependencies), scalar field potentials or func-
tions of the scalar curvature [24-26]. Thus, we review with the
special attention the structure and solubility of resulting Godel
and Godel-type field equations within BD theory, realistic cases
and possible consequences. The role played by the cosmological
constant and Mach principle as essential components for model
coherence and compatibility is examined using the analogous and
well-known results in GR.

This work is structured as follows. In Section 2, a brief review
of fundamental ideas related to principles and properties of Godel
and Godel-type universes are presented. Similarly, in Section 3, the
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Brans-Dicke theory basics has been presented. In Section 4, the
simple Godel universe in BD-A model is studied. The Section 5 is
devoted to study of the Godel-type universe in BD-A model. In the
Section 6, conclusions and remarks are presented.

2. Godel and Godel-type universes

We start our paper with a brief review of main properties of
Godel and Godel-type solutions of EFEs.

2.1. Godel case

The simplest EFEs exact solution that allows CTCs is the Godel
metric [1]. This solution is compatible with incoherent matter dis-
tribution at rest and can be described by the line element looking
like

2x!
e
ds? = a®[(dx°)? — (@x")? + T(a!x2)2 — (@)% + 2¢* (@x%dx)],
(M)
where a? is a positive constant. This solution, for a # 0, is consis-

tent only if the cosmological constant differs from zero. Therefore,
considering an energy-momentum tensor of the pressureless rel-
ativistic fluid, T*Y = pv#v”, where p is the matter density and
v# is its 4-velocity, it is simple to check that

1
RHV:_a_ZVILVV’ R=—, (2)

so that the EFEs can be written in the form
1
Ruv + (A — ER)g,w =—-8mGTyy, (3)

which implies that, in the system of units with ¢ =1, the cosmo-
logical constant and matter density are

1 1
A 2a%° P=8nca® )

It is worthwhile to mention some specific and important prop-
erties of this solution. We see that the energy-momentum tensor
is the same as that one corresponding to the Einstein static uni-
verse, hence EFEs have two different solutions for the same matter
content, which, from a purely Machian viewpoint, seems to be
totally contradictory, since matter distribution should determine
the space-time geometry uniquely [27]. Thus, the Godel solution
shows that GR has not satisfied Mach principle completely via its
field equations.

Additionally, this special solution describes a rotational cosmic
behavior, which can be seen clearly, comparing (1) with the metric
corresponding to a flat space with cylindrical coordinates r, ¢ and
z, rotating around z-axis with angular velocity w, that is

2 w’rt 5 2 242 2 2
ds =(1—C—2)c dt® —dr® —rede* —dz* — 2wr-dtde, (5)

which is analogous to the Gédel solution (1) through a natural cor-
respondence (x°, x',x%,x3) — (t,r, ¢, z). Now, in order to describe
quantitatively this rotational dynamics, one can introduce the fol-
lowing constants constructed on the base of the 4-velocity:

p efrvy
& =C—/—ga#Vy» Auvy = Vpudy Vo, (6)

where the 4-velocity is given by the vector
vu:(a,O,ae"],O), vt =(1/a,0,0,0), (7)

so, the ©# is the vorticity vector and a,vy is a completely anti-
symmetric tensor characterizing the orthogonality of geodesic tra-
jectories within the Godel solution [28].

2.2. Godel-type case

It is a well-known result that all Gddel-type metrics, i.e., homo-
geneous space-times exhibiting vorticity, characterized by €2, and
a given value of m parameter? [29,30], can be rewritten in cylin-
drical coordinates as

ds? = dt? + 2H(r)dtdg — G(r)dg? — dr? — dz?, (8)
where the functions G(r) and H(r) must obey the relations
H/
D((rr)) =28,
P 9)
D"(r) 2
=m-,
D(r)

the prime denotes the derivative with respect to r. The solution
of Egs. (9) can be divided in three different classes of Godel-type
metrics in terms of m?:

i) hyperbolic class: m? > 0,

2Q
H(r) = W[cosh(mr) — 11,

(10)
1 .
D(r) = — sinh(mr),
m
i) trigonometric class: —u? =m? <0,
2Q
H(r) = —[1 —cos(ur)],
m
1 (11)
D(r) = — sin(ur),
n
iii) linear class: m? =0,
H(r) = Qr?,
() (12)
D(r)=r.

The case m? = 2Q? is a particular case of the hyperbolic class
which corresponds to Gddel solution [1]. It satisfies the relation
m? = —2A = kp =292, where A is the cosmological constant, p is
the matter density, 2 is the rotation and k = 87 G, with G being
the gravitational constant.

An interesting aspect of Godel-type solutions is the possibility
for existence of CTCs. The circle defined by C ={(t,r,0, z); t = to,
r=ro,0 €[0,21],z=2p} is a CTC if G(r) becomes negative for
a range of r¢ values (ry < rc <) [2], where r¢ is the critical ra-
dius, the minimal value of r allowing for existence of CTCs. For the
hyperbolic class (m? > 0) the critical radius is

-1

sinh? (%) - (492 - 1) , (13)

m2

such that it is valid on the range of parameters, 0 < m? < 4Q2,
and consequently there exists one non-causal region when r > re.
On the other hand, the range, m? > 42, does not present CTCs,
i.e,, the region is completely causal, for instance, the limiting case
m? = 42 implies r. — oo. The linear class (m? = 0) presents one
non-causal region, r > r¢, such that the critical radius is given by
o = 1/K. The trigonometric class (m?> = —u? < 0) presents an in-
finite sequence of alternating causal and non-causal regions [14].
So is possible to have CTCs for all three classes.

Additionally, for the sake of the simplicity, we choose the basis®

2 —oco<m?=1/a* <o0.

3 Indices A, B, C, ... correspond to tangent space.
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2 2 2 2
ds? = 140768 = (90) - (91) - (92) - (93) , (14)
where the 1-forms 64 = edx* are given by
0% =dt + H(rydp, 6! =dr,
0> =D(r)dp, 6> =dz. (15)

With this basis in the tangent space [5], it is possible to compute
important quantities such as the Ricci scalar R and the Einstein
tensor Gap, obtaining

R=2(m? - Q?%, (16)
and

Goo = 3Q2% —m?,

G11 =Gy =2, (17)

G33 :m2 — Qz.

These results will be used in the next sections.
3. Brans-Dicke theory

The Brans-Dicke (BD) theory is the first and the best motivated
model introduced within the context of scalar-tensor gravity. It
represents itself as a natural extension for the general relativity
and was originally proposed to be totally compatible with Mach
ideas and the weak equivalence principle (WEP) [23,31]. Within
this theory, inertial masses of bodies and particles are treated as
consequences of their interactions with some cosmic field rather
than fundamental constants [32].

Originally, Brans and Dicke suggested that the action of a new
gravity theory should be similar to the Einstein-Hilbert action but
including an additional non-minimal scalar field coupling:

S— / \/_—g((;,R - %aﬂqsa% + lGan)d4x, (18)

where R is the scalar curvature, ¢ is a scalar field treated as a
some generalization of the gravitational constant (¢ oc G~1), which
measures its scale locally. Further we will refer to it as to the BD
field. Also, Ly, is the matter Lagrangian which does not depend
on ¢, so, 9y Ly = 0. Finally, the w is a dimensionless constant rep-
resenting itself as the unique free parameter in the theory. Varying
this action with respect to ¢ and g, we arrive at the original BD
field equations looking like

w

2w
—U¢ — —=3,90"¢ +R=0, (19)
¢ g2 "
1 81 w 1 o
Ry — Egle = ? Ty + ? 0,00, + _Eguvapd’a ¢
1
+ 5 [Vu(au¢) - guvD(p] ) (20)
with the covariant d’Alembertian operator acts on the BD field as
(V=8 0"9)
O¢ =V, (0"¢) = > = 7 (21)
a VAT
Multiplying the Eq. (20) by the inverse metric gV, we get
871) w 3
R=—|— T+ —0,03°¢ + =00, (22)
( ¢ 92" ¢

which we can combine with the Eq. (19), obtaining

8w
D¢:<3+2w>T. (23)

This equation is evidently consistent with the Mach principle, be-
cause of the direct relationship between matter content character-
ized by T, and the BD field ¢ characterizing the inertial properties
of the gravity. It is important to emphasize that, despite the mat-
ter and the BD field ¢ seem to be decoupled in the action of
the theory, since they correspond to different contributions in the
Lagrangian, they turn out to be strongly related because of this
equation. Additionally, as a consequence of the fact that the mat-
ter Lagrangian does not depend on ¢, there is no possibility for
spontaneous matter creation caused by BD field, since the energy-
momentum tensor of matter obeys the ¢-independent equation

V,THY =0, (24)

hence satisfying the WEP.
Now, we plan to study the consistency of the Gédel and Godel-
type solutions within BD model.

4. Godel universe in Brans-Dicke gravity

Consideration of the Godel solution within the BD gravity is
equivalent to suggesting the possibility to have a non-stationary
Godel solution, since the BD field ¢ should depend at least on
the time t [17]. From now on we suppose that the scalar field
¢ depends either on the time t or on z coordinate. These de-
pendencies have certain physical interpretations, for example, the
t dependence is motivated by cosmological reasons whereas the
z dependence - by the axial symmetry characterizing the metric
of Godel.

To study the Gddel universe in BD gravity, one can rewrite the
field equation (20) as

w_ Yo (8TN\op @ (o 1l p)
RS ZSVR—(¢> v+ 5 (a v — 58 9p90" %
+¢ 1 (Vhate — 8l 0g), (25)

and assume the energy-momentum tensor and 4-velocity of the
matter to be given by

Tuv=pvuvy,
1
v“:(E,O, 0,0), v, =(a,0,ae*0). (26)

As the simplest example, we assume the BD scalar to be only
time dependent, ¢ = ¢ (t), which corresponds to the cosmologically
interesting situation (indeed, such a choice reflects the fact that the
Universe is homogeneous and isotropic) one finds the components
of the equation (25) in the form

350
"2a2_¢p2a2¢’

. 2 .
e 1 (3Y, 16
@,1): T2 2 (¢> + 2 <¢> ) (27)
0.9): 1 _ 81
0,2): a—z—(?>,0,
o (2
1,2)=(2,1): (5)—07 (28)

where i =1, 2, 3.

However, this system turns out to be inconsistent except of the
trivial case. Indeed, from the equation for the component (1, 2) we
obtain:
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) =C, (29)

where C is an arbitrary constant, thus, the BD scalar turns out to
be trivial. Therefore we conclude that for the case ¢ = ¢(t), the
Godel metric in a pure BD model represents itself only as a trivial
solution, with the BD scalar is reduced just to a constant, thus,
the BD theory is reduced to the usual Einstein gravity. The natural
question now is - whether the BD gravity can be extended, and the
Godel metric can be generalized, to achieve the consistency for the
nontrivial BD scalar? To answer this question, we can consider the
Godel-type metric originally proposed in [30] and introduce the
cosmological constant. In this context, we will consider another
possibility for the ¢ field, that is, ¢ = ¢ (2).

5. Godel-type solution in BD-A gravity

The action of the BD-A theory [33] can be written as

_ _z n 4y
1671/“/_ SR —2A) ¢3M¢a ¢+16n£m)d (30)

For this study, we use the tangent space to make calculations sim-
pler. Thus the field equations can be written as

8T 1
Gf —ofa = < 5 ) b <3A¢3B¢ - 55§3c¢3c¢’)

+o7" (Vs0'o - 5300). (31)
where
Gap =e(ye(pGuv, Tas =ee(p Tpuv, (32)
and
NAg = e’(LA)eE’B)gW, 9= ei‘A)aﬂ, Vi =e(p Vu. (33)

Now, we will add to our matter content an electromagnetic
field aligned on z-axis and dependent of z, such a choice produces
the following non-vanishing components of electromagnetic tensor
in frame (15)

—F2)1) =B(2), (34)
with the solutions of the Maxwell equations are

E(z) = Egcos[22(z — z9)],

B(z) = Epsin[2Q2(z — z9)],

Foe =-Feo=E@, Fne=

(35)

where Eg is the amplitude of the electric and magnetic fields.
Hence, the non-zero components of the energy-momentum ten-
sor for the electromagnetic field are

T(ef)

oo =T¢

E? E?
(ef) ,= T(eﬁ 0 T(eD 0 (36)

OH='@= 3 ‘o= 3¢

As a consequence, the new energy-momentum tensor is given by
Tyw = pVyuvy + TAS). (37)
Next, we will find the solutions for the cases ¢ (t) and ¢ (z).

51 ¢=¢()

In this case the d’Alembertian operator gets the form

O =n** [0049) — WS (0ch) |

D? — H?\ ..
Uo = <T) o, (38)

where Wf\ p are the Ricci coefficients of rotation. Thus the diagonal

components of the equations (31) are

s\ 2

2 2 _ 8w 47 w (¢

©.0r 3@ =m _A_<¢>p+<¢)50+2<¢>
. 2 2 . 2

w ¢\ H ¢ H
*5(5) 0 "y D7

T\ g2 é 2 é 22
(?) 0~ (5) *5(5) D2
¢ D% —

; (39)

1,1y —*-

$T
2,2) —QP—A=— _”) 2
¢

s

é
¢
47 o ($\} o (¢\° H?
(?) 0‘5(5) *3(5) D?
42—
¢ D2

and the non-diagonal components are

(3,3) QP-m*—A=

HH ¢

0,1 ﬁa =0,
) .

H ¢ o\

0,2) D |:60 (a) + $:| =0, (40)
. 2 .

H'D — HD' ¢ é]

1.2) —F— |:a) ($> + 5} —0.

A direct inspection of the component (0,1) implies that ¢
should be constant (we note that H cannot be constant since
it is fixed from the requirement of the space-time homogeneity
Eq. (9)). Therefore, in this case the Godel-type solutions in BD-A
gravity reduce to the GR solutions for one well-motivated matter
whose solution is well known [30].

52. ¢ =¢(2)
In this case the d’Alembertian operator acts on ¢ as

O¢ =—¢", (41)

and the non-zero components of the field equation are

2 o (87 ar o (¢ '\
©.0r 3@ =m _A_(¢)p+<¢)50+2<¢>

¢//

ar o (¢ \* ¢
k.k) Q2 A:(—)EZ——<—> -, 42
(k, k) + P 075 P P (42)

N\ 2
3.3) QZ—mZ—A:<4”>EZ ‘”(f) .
¢ 2\ ¢

These field equations imply the relations

4522—m2=(8¢>(,0+E) m%ZA:—% (43)
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Discussing these equations (43), it is possible to differ three cases,
cf. [29,30]:

(i) If p =0 and Eq = 0 the condition 4Q% =m? is found, since
the solution belongs to the hyperbolic class and is completely
causal. We note that this solution is consistent with the equation
of motion of the scalar field

1
—¢" = 8mp +2A¢). 44
3T 20)( o é) (44)
(the trace of the energy-momentum tensor is T = p (it does not
depend of Eg) which in this case gives zero), so, the equation
for ¢ yields the exponential solution ¢(z) = C1e¥ + Cye~*%, with

k= ,/—ﬁ—’z‘w, this form of the solution is valid when A < 0. If
A >0 we get ¢(z) = C3cos(k’z) + Cyqsin(k’z), where k = ik’. Us-
ing Eqgs. (43)-(44) the m parameter is related with k through the
relation

24 m A= _i2(142 (45)
3120 a AT <(Jrz)'
We note that A plays an important role since the parameters of
the metric m? and 2, as well as the field ¢, can be written in
terms of it. Then this case (that is, the vacuum solution) represents
one completely causal solution of the Godel-type universe in the
BD-A formalism. The same solution (m? = 49?) has been obtained
in GR-A context for the massless scalar field as the only matter
source [30]. In addition, in the limit @ — oo we can show the
similarity among BD and GR theory (it is expected that in this limit
the BD field equations reduce to GR field equations for the same
energy-momentum tensor, for more discussions on this issue see
[34-36]). By taking this limit we get ¢ (z) ~ ¢o(1+kz), where C1 =
C2=¢o=1/G.

Using this limit and the vierbein, i.e., 34 = es*d,, 34 = nBa,

one can rewrite eq. (31) as

m? +2A =

1
GABZATIAB—EAUAB'FO(I/\/C_U), (46)

where 0(3)3) = —3 and o = 1AB, with A, B # 3. Therefore, in
this case, the solution for @w — oo does not recover the vacuum
Einstein field equations, as shown in [35] when the trace of the
energy-momentum tensor vanishes the BD theory. However, we
can interpret the term %AUAB in Eq. (46), as one contribution to
the energy-momentum tensor and recover the same completely
causal solution obtained in [30] when w — oo.

In this way, we conclude that the vacuum-solution of BD-A
field equations for Godel-type metrics is completely causal and, in
the limit @w — oo is similar the GR with a non-zero A and a spe-
cific matter source, as for instance the scalar field (¢ (z) o« z) used
in work [30].

(ii) If p > 0, it is necessary to require g = const, in order to get
solutions consistent with the Eqgs. (43)-(44). In addition, the solu-
tions are restricted by the interval, m? < 4w?, thus it is possible to
carry out the following analysis of the solutions (43):

e 0 <m? <492 - solutions of the hyperbolic class, there is one
non-causal region for a given r > r. given by Eq. (13);

e m% =0 - solutions of the linear class, since there is one non-
causal region for a given r > r. given by r. = 1/w;

e m?> = —pu? < 0 - solutions of the trigonometric class, thus
there is an infinite number of alternating causal and non-

causal regions.

However, in this case, if p is constant, one should have ¢ =
const as well, and the situation becomes trivial reducing to the
usual Einstein gravity. The possible nontrivial solutions can look

like p(z) = C1¢(2) = C1/Gefr(2), such that the decrease of the
effective gravitational coupling, Gefs(z), implies the growth of
the density (p) and reciprocally, for C; > 0. However, for the
linear class (m? = 0) we have nontrivial solution. We choose
p = Cycoskz, ¢ = Cycoskz, with Eg = 0. In this case, the equa-
tions (42) become purely algebraic ones:

Cq

Q? =27 —, (47)
C2
2r &L
=—% (48)
14+w

From these equations, one can find €2 and A as functions of
the parameters w,C1/Cy. It is clear that the equation (44) is
also consistent with these solutions yielding the relation k?C; =
3755 8T C1 4+ 2ACy).

(ili) If p < O, the condition 49% < m? takes place when p <
—E%. This condition implies that there is no CTCs in the cor-
responding Godel-type space-time. However, again, a constant p
implies a constant ¢ as well, which reduces the situation to the
usual Einstein gravity, with this solution itself is excluded since it
corresponds to m2? < 2Q? (that is, just the result following from
our equations at ¢ = const), which is incompatible with our con-
dition 4Q2% < m?. So, this situation is inconsistent.

At the same time, one can notice that from equation m% +2A =

—%/ the scalar field is found as

¢(z)=Ccosyz+ Dsinyz,

where y2 =2A 4+ m?. Also, one can see that the original Godel

universe, m% = —2A, is only possible if the scalar field is constant.

6. Conclusions

We discussed the Godel and Godel-type solutions within the
context of the BD gravity. In our study, the consistency of Godel
solution within BD gravitational formalism has been reviewed, and
we showed the importance of the non-zero cosmological constant
A in order to have a nontrivial solution, describing the expected
values of different parameters analogous to the GR. The field equa-
tions of the BD-A formalism were solved for the two cases ¢(t)
and ¢ (z) both for Godel solution and Godel-type solution. For the
Godel solution in BD-A formalism the consistency and correspon-
dence with GR were verified. Afterwards, the Goédel-type solution
with ¢ (t) was considered, and a condition allowing to reduce this
solution to the original Godel metric was determined by the sys-
tem of equations. When the scalar field depends only on z, there
are two possibilities depending on the sign of the matter density:
(i) empty causal Godel-type universe, which corresponds to the ex-
act solution with m? = 4w?, such a solution has been obtained
with the requirement of A # 0. Additionally, we verified that, for
the constant density case (which is a more usual situation within
the cosmological studies since it reflects the large-scale homogene-
ity and isotropy of the space), in the limit w — oo, this solution
reduces to GR with one massless scalar field, with some impli-
cations associated to cosmological constant; (ii) both causal and
non-causal regions are allowed. Therefore, our study also shows
that the idea of BD theory as a totally Machian theory should be
revisited and discussed in more details.
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