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Abstract

Chiral perturbation theory is a useful tool in the study of low energy re-
actions involving light particles. However the inclusion of heavy particles in
chiral perturbation theory results in large contributions from loop diagrams
which violate the standard power counting scheme. We review two methods,
referred to as heavy baryon chiral perturbation theory and infrared regu-
larization, which remove the high energy effects of the heavy particles and
which therefore do not violate the power counting scheme. We then use these
two methods to calculate the amplitude for pion photoproduction to fourth

order and prove that the two amplitudes are equivalent.
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Chapter 1

Introduction

In the Standard Model mesons and baryons are composed of quarks which are
bound together by strong interactions. Quantum chromodynamics is used
to model these interactions, but at low energies the strong interactions of
quarks and gluons become quite large and therefore the perturbation series
fails to converge. As a result it is difficult to model low energy reactions
using the Standard Model.

One alternative method of studying low energy reactions is to use an
effective field theory, referred to as chiral perturbation theory, in which the
mesons and baryons are used as the fundamental fields. The observed sym-
metries of QCD are used to build a set of effective vertices, with the relative
magnitude of the couplings determined experimentally. Although the num-
ber of possible effective vertices is infinite, each vertex can be assigned a
chiral dimension which corresponds to the number of small parameters it
contains. Each Feynman diagram is then assigned a chiral dimension, and
the calculations are performed at low energies where higher chiral dimen-
sions correspond to small corrections to the results [1]. Reviews of chiral
perturbation theory are given in [2, 3, 4]

Chiral perturbation theory has proven to be a useful tool in studying low
energy reactions which involve light particles such as pions and kaons. How-
ever when applied to reactions involving heavier particles such as nucleons,
the power counting methods begin to fail [5]. In diagrams which include a
loop that contains a heavy particle, the loop momentum can become much
larger than the typical low energy scale. The result is that a diagram with an
arbitrary number of loops will be of the same magnitude as a tree diagram,
though the chiral dimension of the loop diagram is greater than the chiral
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dimension of the tree diagram. As such the usual perturbation series will fail
to converge.

The first method which was proposed for studying reactions involving
heavy particles using ChPT was heavy baryon chiral perturbation theory
6], which was based on effective field theories used for heavy quarks. The
mass of the nucleon is assumed to be significantly larger than the typical
energies in the reaction, and as such the effects of antinucleon fields can be
removed. The transformation which removes these effects results in a 1/My
power series expansion of each effective vertex, and the resulting HBChPT
vertices are quite complicated. As a result the amplitude for a reaction can
usually only be calculated to third order, with higher order terms being too
complicated to include in general.

A second method has been proposed [7, 8, 9] in which the effects of
high energy loops are removed by separating the poles in the loop integrals.
The infrared poles correspond to low energy loops which do not lead to
problems with the power counting methods, and so they can be included
in the calculations. The remaining poles in the loop integral correspond
to the high energy loops that violate the power counting scheme. However
these terms can be absorbed into the low energy constants and as such can
be removed from the calculation. This method is referred to as infrared
regularization when applied to a single heavy particle, and effective field
theory dimensional regularization when applied to multiple heavy particles.

The two methods produce the same results, with the amplitudes calcu-
lated using HBChPT corresponding to a low energy expansion of the ampli-
tudes calculated using infrared regularization. Since the method of infrared
regularization does not require transforming the effective vertices, the result-
ing amplitudes tend to be simpler and can be calculated to higher orders.
Infrared regularization also maintains Lorentz invariance, and so the results
are not restricted to the nucleon rest frame. Furthermore, the method of
infrared regularization can be applied to reactions which involve multiple
heavy particles [10, 11] such as nucleon-nucleon scattering.

" In order to study both methods and compare the results, the amplitude
for pion photoproduction and radiative pion capture will be calculated using
infrared regularization. The amplitude for this reaction and the related ra-
diative pion capture amplitude have previously been calculated to third order
using HBChPT [12]. It will be shown in Chapter 6 that the HBChPT am-
plitude can be produced by expanding the infrared regularization amplitude
at low energies.




A review of chiral perturbation theory will be presented in Chapter 2,
with the 7N Lagrangian derived to second order. The heavy baryon formal-
ism and the infrared regularization methods will be presented in Chapter 3
and Chapter 4 respectively. In Chapter 5 the method of infrared regulariza-
tion will be used to calculate the nucleon wavefunction renormalization con-
stant, the electromagnetic and pion nucleon interactions, and the amplitude
corresponding to the irreducible diagrams involved in pion photoproduction.
In Chapter 6 these calculations will be used to calculate the amplitude for
pion photoproduction and radiative pion capture, with the resulting ampli-
tude compared to the results of the heavy baryon calculation.



Chapter 2

Chiral Perturbation Theory

2.1 Introduction

The basis of chiral perturbation theory is that at low energies an effective La-
grangian can be used to describe strong interactions in place of the standard
Lagrangian of quantum chromodynamics. In the effective Lagrangrian, the
guark and gluon fields of QCD are replaced with meson and baryon fields.
The result is that the calculations required for a specific reaction are simpli-
fied by replacing all of the quark interactions by a series of effective vertices.
Since the éffective vertices must reproduce the results of QCD, they must
satisfy the same symmetry properties. It is the Chiral, Lorentz, P, C, and
T symmetries which give the form of the effective vertices. Each effective
vertex also includes one or more low energy constants which may in princi-
ple be calculated using QCD, though in practice these constants are usually
determined experimentally. At higher energies, the effective Lagrangian and
the low energy constants cease to approximate the physical properties of the
particles, and chiral perturbation theory ceases to provide an accurate model.

In general the meson Lagrangian can be used fo describe the complete
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pseudoscalar and vector meson octets, though we will only derive the part
of the Lagrangian which describes the three lowest energy mesons, known as
pions. While the complete SU(3) Lagrangian is not difficult to calculate, the
additional vertices that it contains are not required in pion nucleon reactions.
Similiarly the meson-baryon Lagrangian which contains interactions of the
baryon octet with the pseudoscalar meson octet can be reduced to contain
only pion-nucleon interactions.

In this chapter, chiral symmetry will be defined and both the pion La-

grangian and the pion-nucleon Lagrangian will be calculated.
2.2 Chiral Symmetry

2.2.1 Chiral Symmetry in QCD

The Lagrangian of QCD is

Lgcp = —% < GuG* > +g(iff — Mg - (21)
where we have used the notation & = v*D,. The matrix G, denotes the
gluon ﬁeld strength tensor, the vectors g and q have the N quark fields as
components, D, is tﬁe gauge covariant derivative, and M is the quark mass
matrix.

The quark fields can be written as a sum of the left and right handed

helicity components,

a=311-)g qr=31+") (2.2)
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The QCD Lagrangian is then written as

1 o A
Lacp == 5 < GuG* > +q(iV — M)qn + gL — M)gy,

—qrMaqr, — GLMqr
which leads to the observation that if M=0, the two helicity components

(2.3)

do not interact. In that case gr and g, are each invariant under an SU(N)
transformation, and so there is a new symmetry group SU(N)g x SU (N L
which is referred to as the chiral symmetry group.

The state containing no quarks, known as the vacuum state, is invariant
under SU(N) transformations, but does not obey chiral symmetry. As a
result of this spontaneous symmetry breaking, Goldstone’s theorem predicts
the existence of N2-1 massless bosons with JX = 0=, If ﬁh_e physical masses
of the gquarks do not vanish but are negligible, then the chiral symmetry is
also broken explicitly by the quark mass. It is the explicit symmetry breaking
which gives the N?-1 bosons their observed masses. '

The three lightest quarks, known as up, down, and strange, have masses
that are small compared with the typical reaction energies while the other
three quarks are much heavier than the typical energies. This iniph'es that
the chiral symmetry is valid for the light quarks and so we will take

u
g=|d (2.4)
S

which is invariant under the chiral symmetry group SU(3)g x SU(3).. The
spontaneous breaking of this chiral symmetry predicts eight massless bosons,

which form the pseudoscalar octet.
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At very low enérgies, the strange quark mass may be considered to be

large as well. In this case only the up and down quarks are included

= ["‘; | (25)

and the chiral symmetry group is SU(2)g x SU(2),. When spontaneously
broken, Goldstone’s theorem predicts the existence of three massless bosons,

which are the three pions.

2.2.2 Chiral Symmetry of the Pions

The pion fields also obey an SU(2) symmetry which is based on the isospin
symmetry originally developed to describe the approximate symmetry of the
proton and the neutron. The nucleon masses are nearly identical, which led
to the idea that in addition to spin there is another quantum number known
as isospin. Then the nucleons can be treated as a single particle in either an
isospin up or a isospin down state, with each state representing éither the
proton or the neutron. A general nucleon wavefunction can be constructed

as

w=[é]¢p+[§’_]w{ ‘- 26

where 1, and 1, are the protori and neutron wavefunctions.

A similiar isospin symmetry is used for the three pion states, with the
isospin quantum number taking values of I3 = 0,.:|:1 instead of I3 = £1/2,
although this is not the representation that is used in chiral perturbation
theory. Tt will be simpler to use the SU(2) symmetry with a three dimensional
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basis comprised of the Pauli matrices. Then a general pion wavefunction can

be written as

10 01 B e
q;x[o _1]w3+[1 0}n1+[i Oz]’.'rz (2.7)

The pion wavefunctions 7! and 7? cannot be observed independently, so we

will use the physical pion fields defined by

1 ;.2
7['+ — ™ 1T
V2
el 7l + g
V2
7 =7 (2.8)

which gives the general pion wavefunction as

¢=[ A ‘?jf ] (2.9)

The same method can also be used to describe the full pseudoscalar octet by
using the Gell-Mann matrices as an eight dimensional basis for SU(3).
In chiral perturbation theory, a nonlinear function of the meson field ¢

is used in the Lagrangian [1] . The most common choices are

. 2 -.
U= \/1—%#}?— (2.10)
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and

U=c? (2.11)

where F is a constant with the appropriate dimensions. This constant is
usually taken to be the pion decay constant, though other choices are possible.
We will use the exponential form of U in the deriving the chiral Lagrangian.

Each term in the chiral Lagrangian must be invariant under chiral sym-
metry. A chiral transformation on a matrix is defined as the local transfor-

mation

A(z) — R@)A@) L (z)  R(z),L(z) € SU(2) (2.12)

and the matrices which transform in this manner are referred to as chiral

matrices.

2.3 Pion Chiral Perturbation Theory
2.3.1 Definitions

The basis of chiral perturbation theory is the construction of a general La-
grangian which obeys the same symmetries as QCD. The Lagrangian con-
tains every combination of fields and derivatives of fields which satisfy chiral,
Lorentz, P,C and T symmetries. Since there are an infinite number of such
terms, the Lagrangian is organized into a power series with the smallest
powers of energy and momentum giving the largest contribution to the La-
grangian. In this section only the terms in the Lagrangian which describe

pion interactions will be constructed.
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The pion fields are introduced into the Lagrangian using the representa-
tion from equation 2.11. The matrix U(x) is a chiral matrix, as is its adjoint

Ut(z). The matrix U(x) is also unitary so that

Ul =1

and has unit determinant. The amplitude of the pion fields does not depend
explicitly on the energy of the pions, and so it is said to be of zeroth order.

The chiral Lagrangian will also include derivatives of U(x) which are first
order terms. However the derivative of U(x) is not itself a chiral matrix, since

tﬁe derivative of the transformed field is

U (x) = Bu(R@)U()L!(2))
= (8, R(2))U(z) L} (z) + R(2)(8,U (z))L!(z) + R(2)U (2)(0,L1(z))
(2.13)
The first and third term must vanish if 8,U(z) is a chiral matrix. In order to
restore chiral symmetry, a new derivative must be defined which transforms

in the correct way. This new derivative, denoted Dy, is called the covariant

derivative of a chiral matrix and is defined as

DMA(:r) = 9,A(z) — i(vy + a)U +iU (v, — a,) (2.14)

The two new fields v, and a, are gauge fields which will be used later to
introduce gauge field couplings. The combinations of the two gauge fields

are often denoted by
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Ty =Up+ay

and must transform as

ry — R(@)(ry +i0,)Ri(z) (2.15)
by — L(z)(, + 'iau)LT (z)

Using these transformation laws, a chiral transformation applied to D, A(x)

gives

D,A— 8,(RULY) —iRr,R'RUL' +iRUL'LL,L' + R9,RTRUL' — RU, L'
= RD,UL' + 0,RUL' — R, RTRUL!
= RD, ULt
(2.16)

where in the last line we use the identity

RO,R' = —9,RR! (2.17)

which is true for any unitary matrix. Since the covariant derivative has now
been shown to be a chiral matrix, and since the proof only assumes that U is
a chiral matrix, it follows that multiple covariant derivatives will also form a
chiral matrix.

The chiral Lagrangian must also contain terms describing the gauge

fields, which leads to the defininition of field strength tensors,
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Fu =i[Dy, DU
— FEU — UFY, (2.18)
where
ij, = dury — Opry — i[ru, 1) (2.19)
F’fy = a.u‘ly - ayl'u T i[ly,’ ly]
We will also need the adjoint of the field strength tensors,
(FuU) =U'FE - FLU (2.20)
Under a chiral transformation, these two tensors transform as
FR — RFER! (2.21)

oL L
Fl — LFLL

and so it is the combinations FZU and UF,., which are chiral matrices. The
field strength tensor contributes two powers of energy and momentum, and
50 they are second order terms. |

The final component in the chiral Lagrangian is a term to describe the
explicit symmetry breaking created by the non-zero quark mass. This is

introduced as a complex matrix

X = 2Bo(s + ip) | (2.22)
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where s is a scalar density and p is a pseudoscalar density. By definition x

transforms as

Y — R)(LJr | (2.23)

It is then assumed that for real reactions the scalar density is the quark mass

matrix

my, 0 0
M=|0 mg O (2.24)
0 0 ms

while the pseudoscalar density vanishes. Although x is linear in terms of the
quark masses, it is considered to be a second order term in constructing the

Lagrangian due to the nature of the constant Bj.

2.3.2 Chiral Invariants

The terms which appear in the Lagrangian must be invariant under a chiral
transformation. This requires that each chiral matrix in the Lagrangian
appear with the adjoint of a chiral matrix, since the adjoint of a chiral matrix

transforms as

mngmmm@ (2.25)

and that the trace of such matrices' is taken. The terms are also restricted

by the relations
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UU =1 (2.26)

DUTU = -U'D,U (2.27)

which together imply that each term should contain the minimum number
of factors of U. If extra factors of U are included in one of the terms, then
there must be an equal number of factors of U7 to maintain chiral invariance.
Then using the anticommutation rule from Eq. 2.27 and the unitary relation
Eq. 2.26 the extra factors can be removed. It should also be noted that the
Lagrangian is a Lorentz scalar, so that Lorentz indices may only appear as
contracted pairs.

The lowest order contribution to the Lagrangian can contain only zeroth
order terms. The only possible terms are < UTU >, < UTUTUU >, ... which
are constants. Since a cc)nstém". term in the Lagrangian will not affect the
results, the zeroth order part of the Lagrangian can be dropped.. ﬂext we
must consider terms of order O(p), which can be built from factors of U,
U and a single factor of D,U or its adjoint, However the single derivative
contains a Lorentz index which cannot be contracted with any other index,
and so there are no first order terms in the Lagrangian. The same argument
can be applied to all odd orders, since in each case there must be a derivative
which contains an uncontracted index.

The first non-trivial terms in the chiral Lagrangian appear at second

order. These terms must contain either two derivatives with their indices

contracted, or a single factor of x or xf. The field strength tensors are also
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O(p?) terms, but as the only possible contraction of the two Lorentz indices

18

F#=F*=0 (2.28)

these tensors do not contribute at second order. There are then four terms

which obey Lorentz and chiral symmetry,

< D*UTD,U > (2.29)
< DED U > (2.30)
; x! U > (2.31)
< Uty > (2.32)

This method is also used to derive the fourth order chiral invariant terms
[13]. Each term is composed of either four derivatives, two derivatives and a
factor of x, two derivatives and a field strength tensor, two factors of x, or
two field strength tensors. Due to the large number of chiral invariant terms,

they will not be written explicity.
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2.3.3 Parity

The chiral Lagrangian can be further simplified if it is assumed that each term

is invariant under parity transformations. The original QCD Lagrangian
possesses this symmetry, and so the effective Lagrangian of chiral perturba-
tion theory must also be invariant under parity transformations. The parity

transformation acts on the fields as follows [13, 14, 15].

U(t,x) — Ut(t, —x)
8,U(t,x) — U (t, —x)
v,(t, %) — v*(t, —x)
(2.33)
a’#(t’) L —a#(tv —X)

s(t,x) — s(t, —x)

p(t,x) — —p(¢, —x)

which then leads to the transformation rules for the remaining objects

x—x'
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DU - D*Ut (2.34)

R Lo
Fp -+ FF

with all coordinates on the right reversed in sign by the transformation.
Using these transformation properties, we can take linear combinations
of the four chiral invariant terms to produce a set of terms which are both

chiral invariant and parity invariant. The result is

< D*U'D,U > (2.35)
< D*D,U'U + D*D,UU" > (2.36)
< x'U +xUt > (2.37)

The O(p*) parity invariant terms are calculated using this same procedure

(13, 16, 17], but again are too numerous to list.

2.3.4 Charge Conjugation

The final symmetry of the QCD Lagrangian which will be included in the
chiral Lagrangian is charge conjugation. This symmetry requires the terms

in the chiral Lagrangian to be invariant under the transformations [13, 14]

[F =y TF
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U — 3,U"

T
Yy — _Uu

(2.3¢

TN

ay — a

which leads to the transformation rules

K%
DU — DU (2.39)

R LT
Fm/ e _Fm/

The parity invariant terms in the lowest order Lagrangian are also invariant
under charge conjugation without modification. The trace of a matrix has

the property that < AT >=< A >, and for a pair of matrices,

< ATBY >=< (BA)T >=< BA >=< AB >




2.3: Pion Chiral Perturbation Theory 19

As a result, only the higher order terms which contain the field strength
tensors or which contain more than two matrices will need to be modified to

satisfy charge conjugation invariance.

2.3.5 The Lagrangian

The chiral Lagrangian can be further simplified by removing terms which
are related. The only relation which can be used at lowest order is Eq 2.27,

which allows us to write

DD, U + DFD,UUT = —DHUTD,U — DEU D, U .
= —2D*UTD,U @)
The result is that two of the invariant monomials are related, and as such
there is no loss of generality if only one of these terms is included in the
Lagrangian.

At second order, there are only two independent terms and so there

should be two independent constants in the Lagrangian. The constants are

taken to be the pion decay constant F and By from the definition of x. The

resulting Lagrangian is
F? F? '
L=< D*U'D,U > fiee g X'U+xU" > (2.41)

At fourth order, there are twelve terms which satisfy the same symmetries.
The low energy constants in this part of the Lagrangian cannot be written in
a simple form using known physical constants as was done in Ly, and so we
will define a new set of constants L; and H;. The fourth order Lagrangian
[16, 17] is then -
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Ly =Ly < DPUD,U >2 4Ly < D*UYD'U >< D, UTD,U >
+Ly < DMUTD,UDUTD, U > + Ly < D*UD,U >< x1U + xU' >
+Ls < D*UTD, U (XU + xUY) > +Lg < x1U + xUt >?
+Ly < xTU = xUt >2 4 Lg < X' UXTU + xUTxUT >
—ily < FRDFUD'UT + FL DFUTDYU > +Lyy < FEUFLU >
VH, < FlwpR o plwpls L, < yty >
(2.42)

There are also two additional fourth order terms which are included when

the pions are off-shell [13],

Liosr = P < D*DUDD,U > +P < DD, Uy + D*D,Ux" > (2.43)

though these terms may be removed by a transformation of the Lagrangian.
The sixth order Lagrangian has been calculated [18, 19|, but as the pion-
nucleon Lagrangian is only known to O(p?) these terms and higher order

terms can be omitted without a loss of precision.

2.4 Pion-Nucleon Lagrangian
2.4.1 Definitions |

The derivation of the pion-nucleon Lagrangian is more difficult, since the
presence of fermions requires that the Dirac matrices be included. It is also
complicated due to the magnitude of the typical energy of a nucleon. In
the derivation of the pion Lagrangian it was assumed that the energy and
momentum of the fields were much less than the energy scale of 1 GeV, and so
each derivative was counted as one order of magnitude. However the nucleon

rest mass is close to the 1 GeV limit, which suggests that an expansion in
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terms of the nucleon energy will fail to converge. In this section the pion-
nucleon Lagrangian will be derived up to second order, while the convergence
will be studied in Section 2.5.

As in the derivation of the pion Lagrangian, the first stage in deriving
the pion nucleon Lagrangian will be to determine all of the factors which are

10 be included. The nucleon fields will be included as the doublet

¥n

where 1, and 1, are the proton and neutron wavefunctions. The nucleon

U= [ Up } (2.44)

doublet has an additional symmetry which must be included, known as axial
symmetry. When the quarks are taken to be massless in QCD, the quark

fields are invariant under a U(1) transformation of the form [20]

g— ey (2.45)

The axial symmetry should also be satisfied in the chiral Lagrangian. In
the pion Lagrangian derived previously the terms are unaffected by the axial
transformations, and so it was ignored. However the terms in the pion-
nucleon Lagrangian are transformed, and the axial symmetry must now bc
included.

The symmetry group used in the pion-nucleon Lagrangian is SU(2)g X
SU(2)r x U(1)4 and the nucleon fields transform as [2, 21, 22]

U hg9)¥ T —Th(g,9) (2.46)
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where the compensator h(g, ®) is a nonlinear function of the pion fields ¢
and an element of the chiral symmetry group g € SU(2)p x SU(2)z. The
explicit form of the compensator is complicated, but if the factors from the

pion Lagrangian are redefined by

ty = i(al (8, — ir,)u — u(@, — il )u’) = i’ DUy’
X+ = uixul £ ux'u (2.47)

+ _ iR L
FE = wFRuduFLu

then each factor transforms as

A — h(g,¢)AR™ (g, ) | (2.48)

and the terms in the Lagrangian transform as

TAY — ThhAR Y = TAY (2.49)

It should also be noted t’haf the pion fields enter the pion-nucleon Lagrangian
through the terms u and «! which are defined by

U T =t (2.50)

which in the exponential parameterization gives
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U= emp(é:%) (2.51)

The pion Lagrangian can be written using this form of the pion fields and
the terms given in Eq 2.47, but to be consistent with other papers we have
used the more traditional form of the pion Lagrangian. '
The next factor in the pion-nucleon Lagrangian is the nucleon covari-
~ant derivative. As with the pion Lagrangian, a derivative is required which

transforms as

DY — h(, g)D, ¥ (2.52)

If an ordinary derivative were used, the result of a tranformation would be

BT — B,h(, ) + h(d, 9)3, T (2.53)

The first term must be removed by adding an additional term I', to the

derivative. The covariant derivative is given by

Dy=08,+T, Tu=21ul(8,—ir.)u+u(, —il,)u’) (2.54)

The result is that terms of the form [D,,, A] transform as

[Dy, Al — h(, 9)[Dy, AR (¢, 9) (2.55)

while terms of the form D, ¥ and D,D,¥ transform as required in Eq 2.52.
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e ¥+ x— L Fo Dy
chiral dimension 1 2 2 2 2 1
parity -+ - 4+ -+
charge conjugation + + + - + A+

hermitian conjugation + -+ - + 4+ +

Table 2.1: Pion and Gauge Field Transformation Properties

Y5 Tu Va5 Tue  Guv  Cxupvp D”\Ii

chiral dimension 1 0 0 0 0 0 0
parity -+ - 4+ 4+ - s
charge conjugation I AT R .
hermitian conjugation - + +  + + o4 -

Table 2.2: Transformation Properties of Nucleon Fields and Dirac Matrices

The pion-nucleon Lagrangian also includes the Dirac matrices which were
not present in the pion Lagrangian. The transformation properties of these
matrices are given in Table 2.2, with charge conjugation and the parity trans-
formation also transposing the matrices. There is also a complication with
the chiral dimension, which is not well defined for the Dirac matrices. It is
expected that since the matrices have no dependence on energy or momen-
tum, they should all be zeroth order terms. However the matrix 4° is taken
to be a first order term, ﬁhough the products v,7® and 7°7® are both O(p°)
[22].

Another complication in the derivation of the pion-nucleon Lagrangian
is that the energy and mass of a nucleon is too large to be considered as
small parameters. As a result, D, ¥ and My are both taken to be O(p°) in
the expansion. However the difference of the two quantities is assumed to be
small, so that the combination (z,Ef — My) has a _chjral dimension of 1.

As in the derivation of the pion Lagrangian, the terms of the pion-nucleon
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Lagrangian can now be constructed by forming monomials from these factors
which are invariant under all of the symmetry transformations used before.
The only differences are that we can now construct terms with odd order since
we have O(p°) objects that contain a Lorentz index, and that the matrices
can now be included outside of a trace since the product of the matrices with

the nucleon doublets result in scalar terms.

2.4.2 Chiral Invariants

In this section we will combine the quantities listed in Tables 2.1 and 2.2
to form a complete list of O(p) and O(p*) monomials which are invariant
under chiral and Lorentz transformations. The higher order terms in the
Lagrangian have been calculated up to fourth order [22, 23, 21, .247 25]. The
O(p?) terms will be listed in Section 2.4.5, while the O(p*) terms which are
required for the calculations will be introduced in the Chapter 5.

We expect that the leading term in the pion-nucleon Lagrangian will be
the Lagrangian for a free Dirac field

Lf'ree = ;17(’&,9/—' MN)W (256)

which is O(p). As a result there cannot exist any terms in the Lagrangian
at O(p°), although this is not apparent based on the possible combinations
of factors which have a chiral dimension of zero.

Since the pion fields and guage field terms in Table 2.1 have non-zero
~ chiral dimension, they cannot be used to construct O(p°) terms. One set of

possible O(p°) terms are the combinations of the Dirac matrices
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"urt®s 7#'}'5'}’#—1 O',uv'}““’)’%: - W e i ﬁpuf\p'Y“'Yy')’p'YJ\:

However each of these terms can be reduced to a constant term, or to a
constant multiple of 4°. The constant terms do not alter the physical results
and thus can be ignored, while constant multiples of v* are O(p) terms. This
is an example of one of the complications in the pion-nucleon Lagrangian,
where the product of the three zeroth order terms g*”,,, and 7,7° forms a
first order term 44°. The other possible O(p®) terms include the covariant
derivative of a nucleon field or the micleon mass. However for each term of

the form

TAD, ¥

there is a corresponding term of the form

U A"y, My

The two terms can be rewritten in terms of (i — My) and My, the first
part being a higher order contribution while the second part is a constant
which can be dropped.

The first terms in the pion-nucleon Lagrangian which cannot be removed

are at O(p). The terms which are chiral invariant and Lorentz invariant are

V(i — My )W (2.57)
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Wrybay, U (2.58)
WrytrySag, W (2.59)
Uy (2.60)
W, DMV + h.c. (2.61)
At second order, the chiral invariant terms are
Yoy, utW (2.62)
Wk, u, U (2.63)
U Dby, U (2.64)
Uy, DA + h.c.. (2.65)
Wat™ D,u, U (2.66)
W, u, DDV + h.c. (2.67)



2.4: Pion-Nucleon Lagrangian . 28

U < uyu, > DEDYY 4 hec. (2.68)

W, DY DMV + h.c. | (2.69)
¥ < wuu, > DVD*E 4+ hee. (2.70)
WPy, D,DyY + h.c. (2.71)
Ty T | | (2.72)
T <yt " | (2.73)
Uy~ W (2.74)
V<y >" ' (2.75)
et Fr W _ (2.76)
Vot < Ff >0 (2.77)

VE; D' DYV + h.c. . (2.78)
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VFL D" DMV + h.c. (2.79)
WP FE D, DAV + h.c. | (2.80)
¥ < Fif, > D*D"W + h.c. (2.81)
T E ‘> DY D*W + h.c. (2.82)
Werr < Fit > DDy + hece. (2.83)
Vo F, W (2.84)
Vot < F > W (2.85)
VF,, D*D*¥ + h.c. (2.86)
UF, DY D*¥ + h.c. (2.87)
WA D, DAY + h.c. (2.88j
V¥ < F, > D*D"VU + h.c. (2.89)
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U < F, > D"D*¥ + h.c. (2.90)
T < Fr, > DyDAV + hec. (2.91)

The terms which involve derivatives of the nucleon field ¥ are not hermitian,
aﬁd so these terms represent the sum of the term and its hermitian conjugate.

Some of the terms can be removed using the properties of the factors
involved and other relations between the terms. However these relations
will not be considered until after parity and charge conjugation have been

included.

2.4.3 Parity

The list of chiral invariants can be further reduced by allowing only com-
binations of terms which are invariant under a parity transformation. The
parity transformation of each factor is given in Tables 2.1 and 2.2. The O(p)

parity invariant terms are

Ui — My)¥ (2.92)

Wryknyu, U (2.93)

The O(p?) parity invariant terms are

U, ¥ (2.94)
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T < wu, > U
Wk u,u,

Vo < uyu, > T
@"{Su};D“lIf + h.c.

v < wy, > DRU A+ hee

Wu,u, D DYV + h.c.

U < uyu, > DFDYW + h.c.

W, u, DY DU + hec.

U < uuuy, > DYDY + hec.

Uy

T<x™>T

(2:95)
(2.96)
(2.97)
(2.98)
(2.99)
(2.100)
(2.101)
(2.102)
(2.108)
(2.104)

(2.105)
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o F, ¥ & (2.106)
Vgt < Fif, >V (2.107)
VI DEDY + hec. (2.108)
VF DY D*¥ + h.c. (2.109)
U < Fp, > D'D"U +he (2.110)
U < Ff, > D"D*¥ + h.c. (2.111)
WP F.D,DyY + h.c. (2.112)
TP < Fioy > D,Dy¥ + h.c. (2.113)

2.4.4 Charge Conjugation

The parity invariant O(p) terms which are also invariant under charge con-

jugation are

(il - My)¥ (2.114)

WeybryPay, W . (2.115) -
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and the O(p*) invariant terms are

U < ybuy, >0 (2.116)

Wt [uy,, u, | U (2.117)

V(< uyu, > D*DV + h.c. (2.118)

CUytw (2.119)

T<yt >0 (2.120)

Yo Fl W (2.121)

Vo < Ff, >0 (2.122)

Ut P Fr D, DAY + hec. (2.123)

TP < F > D,DAT + hec. (2.124)

The chiral Lagrangian must also be hermitian and invariant under time re-

versal, though neither of these symmetries will reduce the number of terms

or require the terms to be combined.



2.4: Pion-Nucleon Lagrangian 34

2.4.5 The Lagrangian

The construction of the second order pion-nucleon Lagrangian is almost com-
plete, with two O(p) terms and nine O(p?) terms which satisfy the required
symmetries. The list of terms can be further reduced using the curvature

relation [22]

1 A
[D,u,:Dv] s Z[umuy] — EFJL (2125)

The terms on the right hand side are both second order quantities, and so

the term 2.123 can be rewritten as

"I"E,t,prF#— (DAD,D ik O(pﬁ))q} ny @EMUP'\F‘;D}\‘D‘(}I’ (2126)

1

The Lorentz indices A and p can be interchanged, which gives

T F7 D,DU = —Ue“F, D,DyU (2.127)

The result is that the term 2.123 is not actually a second order term, since

it has now been shown that it is of the form

@E“UPAF{;DPDJ\‘I' - %—{IEEMHPAF;,APA\B (2128)

where A, has chiral dimension 2. The same proof can be applied to eliminate
2.124.
The first order pion-nucleon Lagrangian contains two independent terms,

and so it will also contain two low energy constants. We expect the first term




2.4: Pion-Nucleon Lagrangian. : 35

to be the free nucleon Lagrangian, and so we can set its constant equal to one,

while the simplest choice for the second term is the axial coupling constant

ga.

LY =TGP — My + %ﬁ'}""’yﬁu”)‘lf (2.129)

The second order pion-nucleon Lagrangian can be formed with the seven
terms listed above, with each given a low energy constant that can be deter-
mined experimentally. However the convention is to rewrite the pion mass

term as

Xt xt=x"-5<x > (2.130)

and to define the low energy constants ¢; as follows,

Lfg, =0(c; < x* > — (< Uyl > D*DY + h.c.)

81\4 X

+ % < ufuy, > +——cr“"[u”,u,,] + et + ———owEy,  (2.131)

4
o™« I 0

8M
¢t

il 8My

The third order pion-nucleon Lagrangian is given by 23 terms [25, 21}, with

low energy constants d;
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d 13 d 4 14
Loy =¥(—3 MiN i (D 01D = 5 (D, 2,]D
¥ 12M3 [y, (Do, w ]| D* DV DP — 2M N i€ < wutn, > Dy
+—“‘li—[x” ) D" + 305 [D*, FH1D” + idy [D*, < Ft >|D"
Myt T 2My % QM- 7 Lk
1d,
+ Qﬂ;N P < Ftu, > Dy + 2MNE”””)‘ < Ff, > u,D;
d di1
10,.yp,y <TL >U’,u+"'§""y 'Y <1LM'UW>'U.
d12 DPFDY — e D.\Dv
SM-,g'Y ¥° < Uplhy > Uy, SMZ’} ~? < Uty > Uy
tdyq v A idys ) by
-+ m;(f Ll [DA-,’ZLM]’U,U > DM+ MO‘ < H“[Dy,'u.).] >D
di6 u 5+, diz_, 5 + id18#5D _
T <X >“ﬂ‘+‘2—"/ Y <Xt > 77" D X J
id
+ 21'3 1 5[D“,<X >] SMZ’}’ [F:;;,U)JD'\DU
ido u’ dos o i
+—5 2 p 5[ pr? ]+_2_"u 5[D’ uu]
d A
+ 7‘7 Y PPN oy, A >\

(2.132)

It should be noted that each term in Lﬂ, also includes all possible permuta-
tions of the Lorentz indices, and for each term which involves a derivative of
the nucleon field ¥ there is an analagous term that includes a derivative of
the nucleon field 117 These additional terms have not been listed, but they
will be used in the form factor calculations in Chapter 5 . |

The O(p*) Lagrangian has also been calculated [22] and contains 118
terms with low energy constants labelled as e;. Since only a few of the fourth

order terms will contribute to our calculations using infrared regularization,
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and since the previous calculations using heavy baryon chiral perturbation
theory have not included fourth order contributions, the Lagrangian Lﬁf will
not be reproduced. Those terms which are required for the caleulation will

be listed in Chapter 5.

2.5 Power Counting

In this section the order of a Feynman diagram will be defined analagous
to the order of each term in the Lagrangian. It will Itheﬁ be shown that
any series of Feynman diagrams which involves heavy particles will either
converge slowly or will not converge, with the two most common solutions of
this problem given in Chapters 3 and 4.

In traditional gquantum field theory, all of the tree level diagrams must
be calculated first, with single loop diagrams representing a small correction.
However in chiral perturbation theory there are an infinite number of vertices
and thus an infinite number of tree level diagrams. The single loop diagrams
cannot be considered to be small correction terms, as the contribution to
the amplitude from loop diagrams is larger than the contribution from most
of the tree level diagrams. The power counting scheme which is used in
chiral perturbation theory assigns each Feynman diagram a number, which
is referred to as the chiral dimension or the order of the diagram. Then the
contributions from first order Feynman diagrams are calculated, with the
higher order diagrams representing corrections.

The chiral dimension of a diagram is calculated by summing the chiral
dimen.éion of each vertex, each propagator, and each loop integral. The chiral

dimension of a vertex is the same as the order of the corresponding term in
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the chiral Lagrangian. For example, each vertex derived from an O(p™) term
in the chiral Lagrangian contributes n to the order to the diagram. Each

propagator of the form

z
k? —m? + de

contributes -2 to the order of the diagram, while each propagator of the form

(¥ + m)

reduces the order of the diagram by one. If the diagram (iont.a-ins_ a loop, then
the momentum integral increases the order of the diagram by four.

In reactions which do not involve heavy particles, the power counting
scheme provides an ordering of the dia,gréms which simplifies the calculations.
The higher order diagranls can be omitted as théy provide a very small
correction to the ampﬁtude. Consider the reaction yn® — ym® and the
corresponding Feynman diagrams in Figure 2.1. This is not the complete
set of diagrams for pion Compton scattering, but the power counting scheme
can be applied to the remaining diagrams with no complications.

In the first diagram there are two leading order vertices, which are O(p?)
terms in the pion Lagrangian, and a pion propagator which is O(p~%). There-
fore the lowest order diagram has chiral dimeﬁsion 2. The second diagram is
identical to the first, except that one of the O(p?) vertices is replaced with
é.n O(p*) vertex and so it is a fourth order diagram. In the remaining tree
level diagram, both vertices are O(p*), and so it is a sixth order diagram.

The sixth order diagrams are usually omitted, since they include diagrams




2.5: Power Counting ; 39
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Figure 2.1: Pion Compton Scattering Diagrams

which contain either a single sixth order vertex or two loops. Although the
sixth order Lagrangian has been calculated [18, 19] and two loop diagrams
can be included, both types of diagram lead to complicated amplitudes.
The fourth diagram contains only leading order vertices, and represents
the lowest order contribution from a loop. In this case the loop momentum
also contributes to the order of the diagram. The lowest order loop diagrams

are all fourth order. Using the topological equation

V-E+L=1 (2.133)

with V,E, and L representing the number of vertices, propagators, and loops
respectively, it can be shown that any diagram with n; vertices of order d; ,

and L loops will have order [21]

D=2+2L+) ni(d;—2) (2.134)

If the sixth order diagrams are omitted, then we ohly need to consider tree
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level diagrams with at most one fourth order vertex, and one loop diagrams
which contain only leading order vertices.

The power counting scheme does not work as well when heavy particles
are present. Consider the nucleon Compton scattering reaction, N + vy —
N+, where N represents either nucleon. A sample of the Feynman diagrams
for this reaction are given in Figure 2.2.

The leading order diagram contains two O(p) vertices and a nucleon
propagator which has chiral dimension -1, and so diagram has chiral dimen-
sion D=1. In the second diagram, one of the vertices is replaced by a second
order vertex, and so the diagram has chiral dimensjon D=2. In the third dia-
gram both vertices are second order, and so the diagram has chiral dimension
D=3. The chiral dimension of the loop diagram is calculated using the same
method, with the loop momentum integral assumed to have chiral dimension
4, and is also D = 3. Then for a general diagram which contains n; vertices
of order d;, Ey external nucleon lines, and L loops, the chiral dimension is

[21, 3]

Ep : "
D=2+2L—T+§m(d,;—l)+§;m;(di—2) (2.135)

where the sums are over pion vertices and pion-nucleon vertices.

The power cc;unting scheme for nucleon reactions produces the correct
ordering of the termﬁ, but in practice the contribution from the loop diagrams
is larger than expected. In pion Compton scattering, the loop integral was
taken to be an O(p*) term because the only poles in the integrand were in

the pion propagator and were of the same order as the pion mass. When
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Figure 2.2: Nucleon Compton Scattering Diagrams

the loop integral includes a nucleon propagator, there exists a pole in the
integrand at the nucleon mass. As a result the loop integral is separated into
a series of terms corresponding to low energy poles and a series of terms which
correspond to the high energy poles. The first series is an O(my) ~ O(p*)
term as required by the power counting scheme, but the second series is an
O(Mp) term.

The result is that the second part of each loop integral will effectively
have a smaller chiral dimension, and therefore the loop diagram in Figure
2.2 may be larger than the O(p) leading order tree diagram. Higher order
diagrams which contain multiple loops may also contribute at O(p). As a
result, the calculations of any reaction involving heavy particles at any order
must include an infinite number of loop diagrams. In Chapters 3 and 4 two

methods of resolving this problem will be given.
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Chapter 3

Heavy Baryon Chiral
Perturbation Theory

3.1 Introduction

In this chapter wé will introduce a modified form of chiral perturbation the-
ory referred to as heavy baryon chiral perturbation theory [6]. This theory
will allow heavy baryon fields, such as the nucleon fields, to be included in
the Lagrangian without introducing the high energy poles that are normally
present in the corresponding Iﬁropagators. As the propagators have only low
energy poles, the power cdﬁnting scheme introduced in Section 2.5 will be
valid for Feynman diagrams derived from the heavy baryon Lagrangian.
However heavy baryon chiral perturbation theory requires a complicated
Lagrangian which is not necessarily Lorentz invariant. Each vertex in the
Feyn.man diagrams will be a complicated series of terms, with each vertex
from the chiral Lagrangian being transformed into an expansion in powers
of the nucleon mass. As a result the calculations which have been performed

have been restricted to O(p®) diagrams.
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The derivation of the heavy baryon Lagrangian also requires the nucleon
kinematics to be nonrelativistic, which restricts the use of HBChPT to re-
actions involving a single nucleon. This method is further complicated by
the heavy baryon Lagrangian not being manifestly Lorentz invariant. Once
the amplitude for a reaction is calculated, it must be rewritten in a Lorentz

invariant form.

3.2 Heavy Baryon Expansion
3.2.1 Free Dirac Lagrangian

Heavy baryon chiral perturbation theory is based on the assumption that the
baryon mass is signficantly larger than any of the other masses or energies
involved in the reaction. In this case the baryon can be treated at first order
as an infinite mass particle which remains at rest during the reaction. The
recoil effects are introduced at higher orders and are proportional to powers
of the inverse baryon mass.

The‘ derivation of the heavy baryon Lagrangian from the chiral La-
grangian is complicated, since each term in the pion-nucleon part of the
chiral Lagrangian must be expanded in powers of 1/Mpy. To introduce the
methods of deriving the heavy baryon Lagrangian with less complication,
in this section we will derive only the part of the heavy baryon Lagrangian

which corresponds to a free nucleon in the chiral Lagrangian,

Lfree = V(i — My)¥ (3.1)

Since the nucleon is considered to be very heavy, its four-momentum can be
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written as

Pu= Mnvu+ b (3-2)

where v, is the nucleon four-velocity which has the property v* =1, and [, is
a small off-shell momentum which satisfies v-1 < My. Then the nucleon field
can be separated into two components using the velocity projection operators

[26]

o (3:3)
2
This results in two fields defined by
N'u — eiMNv—:z:R;}-qf
(3.4)
H'u e e'iﬂ/INv-mP;\p
and the nucleon field is
¥ = ¢ MNv(N, + H,) (3.5)

In the nucleon rest frame, v, = (1,0,0,0), this tra.nsformation. reduces the
nucleon spinor to its upper and ldwer components.
‘The form of the nucleon field given in Eq 3.5 is then substituted into the

Lagrangian,
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Lree = eiMNﬂ'I(m+ E) (’La — ﬂfN)G*iMNv'x(M, + H,)

= N,(i#)N, + H,(i# — 2My)H, + Ny, (i — 2My)H, + H,(id) Ny

(3.6)
where we have used the properties
ﬁ(N‘u - N'u
(3.7)
wH, = HH‘U

These two equations can be used to prove several other identities 3], such as

N:: ”Nu = 'j\_fv_')fM%Nv = Qm’if“Nu = —N;—ﬁFMNU = E’U‘UNH (38)
HA"H, = —Hy"H, = —2H ", — H*H, = —H,v"H, (3.9)
N,H, = NywH, = ~N,H, =0 ' (3.10)

These three identities allow the Lagrangian to be rewritten in terms of v,,

Liree = Ny(iv - )N, — Hy(iv - 8 + 2My)Hy, + No(i8) Hy + Hy (id) Ny
O (3.11)
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The equation of motion of the field N, is the Dirac equation for a massless

particle at lowest order

v-ON, =0 (3.12)

and the propagator of N, is then

1

Sk =T

(3.13)

where k is the four-momentum of the field N,. If the nucleon is at rest, then

the spacetime representation of the propagator is [3]

5(t,7) = )i (7) (3.14)
which is consistent with an infinite mass static source.

3.2.2 General Expansion

In HBChPT the same method is used with the free Lagrangian replaced by
the N Lagrangian. The nucleon spinor is separated into two component
fields, and then substituted into the 7N Lagrangian. In this section the
heavy baryon expansion will be applied to a general Lagrangian which is

expanded in a power series

L=LW 4+ 1® 4104
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while the method will be applied to the chiral 7V Lagrangian in Section 3.3.
Although this method is valid for any heavy baryon field, we will restrict the
discussion to nucleon fields. The generalization to the baryon octet is not
difficult, and requires only that the nucleon mass is replaced by an average
baryon mass [24].

The explicit form of the expanded Lagrangian is often complicated, but
it willlta.ke the form [21, 2]

L = N,AN, + H,BN, + N,y’B\~°H, - H,CH, (3.15)

where A,B, and C are operators which are expressed as chiral expansions

A= AU) -+ A{g) -+ A(g) A | (316)
B = By + By + B + ... (3.17)
C=Cu+Cag+Ca+ . _ (3.18).

and the térms Agy, By, Cliy are calculated using the terms from L, The
explicit form of these terms for the 7N Lagrangian will be given in Section
33, -

The terms in the Lagrangian in Eq 3.15 lead to four possible forms for
the vertices. The N, AN, term produces a series of vertices in which light
fields couple to the light mucleon field N,. The H,CH, term represents
~ the vertices in which light fields can interact with the heavy nucleon field
H,. The remaining two terms produce vertices in which a light field can be
transformed into a heavy field, which allows diagrams with only light external

lines to contain heavy propagators.
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In Jow energy reactions it is not possible to produce a heavy field, and
as such the terms which involve H, can be removed from the Lagrangian.
It is possible that heavy virtual particles will be produced in a reaction,
and so these effects must be included in the Lagrangian. The decoupling
theorem states that if the low energy theory is renormalizable, then all of
the effects of the heavy fields are included as either a renormalization of the
coupling constants or are suppressed by powers of the heavy mass [20]. In
HBChPT the effects are included as correction terms which include powers
of the nucleon mass.

In order to decouple the two fields, the Lagrangian must be rewritten as

L = N,AN, — (H, - NA*B4°Cc™YC(H, — C*BN,)
+ N,/°BA°C~'BN,

(3.19)
= N,(A+4°B'5°C~'B)N, + H,CH,
where the H) is a new heavy field defined by
H' = H,—C™'BN, | (3.20)

The heavy and light fields have now been decoupled. As a result the heavy
field can be dropped from the Lagrangian at low energies, since the only
diagrams which contain the heavy field are those that have a heavy external -
line.

The decoupled form of the Lagrangian also contains a factor of C%,
which cannot be calculated explicitly. In the heavy baryon Lagrangian, the




3.3: HBChPT Lagrangian , ' 49

operator C~! is included as a power series expansion with powers of 1/My.
Each power of 1/My is added to the chiral dimension of the resulting vertex,
so that an O(p”) term in the chiral Lagra.ngian will appear in the heavy
baryon Lagrangian as separate terms at every order m > n.

The final form of the heavy baryon Lagrangian is

L =N, (A++°B"’C~'B)N, (3.21)

where C~! is a power series expansion.

3.3 HBCHPT Lagrangian

The HBChPT Lagrangian can now be derived using the pion-nucleon La-
grangian from Chapter 2 and the general form of the heavy baryon La-
grangian from Eq 3.21. The first step is to calculate the explicit form of
the operators A,B and C from the #N Lagrangian with the nucleon wave-
function written in terms of H, and N, as in Eq 3.5.

The lowest order contribution to the HBChPT Lagrangian is Ay, which
is given by [21]

Agy=1tv-D+gab-u (3.22)

where

S, = %'y‘r’am;u” (3.23)
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is the 'Spin—vector or spin operator. The first order part of the Lagrangian is

Lips = Ny(iv - D+ gaS - u)N, (3.24)

The second order terms can be either from A gy in which case they contain
the low energy constants ¢;, or from the expansion of C(;y in which they

contain a factor of 1/My. The terms from A@) are [23, 21]

Ag) =¢; < xT > —I«% < (v-u)? > +2 cuu> +c§4[8‘*, 5" g,

2
; | g (3.25)
~ iCg iCy
vyt — QU B QU] « FT

The remaining second order terms are given by the first term in the chiral

expansion of B,
- ga 5 : )
By =i(F —av - D) - -?(v Uy (3.26)
and the power series expansion of C!,

s 1 1 iv-D+ga(u-58)

gl Ea — 2
T w-D+2My+gau-S  2My 4M3 +0(p’)
(3.27)

The terms in the Lagrangian are given by

NA"Bjjy°C ™' ByyN, = Q—;EWT((U - D) — D* —iga{S - D,v - u}) Ny,
| (3.28)
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" The term (v-D)?is propoftionai to the equation of motion, v- D, and as such
it can be removed by a transformation of the nucleon field [21]. The result of
this transformation is to renormalize the low energy constants. Although we
will not transform away the terms proportional to the equation of motion, the
procedure is given in Section 3.3.1 for comparison with previous calculations.

The third order terms in the heavy baryon Lagrangian are calculated

using the same method [21, 22]. The first set of terms are mA(3)Nv where

Ay =tdy[uy, [v - D, ub]] +idefuy,, [D*,v - u]] +idsfv - u, [v- D,v - ul]
4 idgePruy < uut, > sy, v - u) + dget [DH, ﬁ"‘,j;]
+ dp*[D¥, < Fif, =]+ dge"’Puy, < ﬁ’;;up > +dgePruy < Fl>uy
+ dioS - u < u? > +dy S < wuy, > +dipS cu < (veu)® >
+diz<S-uv-u>v-ou+t z'd.’l;[S'”, S <v- D,.u#]uy et
+ ddys[S*, 8”] < uu[Dysv-u] > +digS - u < x> +d¥~; < S uxt >
+idsg[S - D, x7| + dyolS - D, < ¥~ >] + idoS*v” [FL, v - u]

pe?

+ idn SUE, ] + dnSHDY, F) + dase S, < u, Fy >
(3.29)
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The remainder of the term are derived from the expansion of ¢!

1
CT7 Y*BhyY" By + 1" Bi1°Ba) — ')’0321)’? (i - D+ gaS - u)By
g4 94 A
— p cull — —ZA__ v e & T
SMF‘V[D 1Dy, S - ul] 32M12V6 v, < lev u > 41”2 (v - D)?
24 =v-DS-uv- D+ 12 (iD%v - D) —%({S-D,v-u}v-D)
T A 8% M3
39% By pA
+ 6.4.MN(Z < (v u)v-D > +32M2 (#P v, [y, uylv - D)
_ ; P -+ 2y
lﬁM}%{(ZE ’UPSAFWU D)~ 8[\[2 (S-uD?): 4_Mr, (S - Du- D)
_1+2c5( Py, S\ Fhv’D,) — (ie"Pu,8y « FL: > v°D,)
8M2 PRA v 4M2 P po =V Ly
1+ g4 +8Mncs,
gfﬁ]\/f}{, kT P2,55 [y, v - u) D) + 32M2 (ze“”")‘ﬁpF . Dy)
2 .
~ I8y g D)4 i oM (D))
ToM3 (v - uu - D) B v u, [D*, u,l]
o (3 < v - uuy, > DH)
2ﬂffN .

(3.30)
where ﬁ“ is the covariant derivative acting on N,. Several of the terms listed
can be included as a renormalization of the low energy constants d;, and the

heavy baryon Lagrangian ca.n be further reduced if the terms proportional
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to the equation of motion v - D are eliminated by a transformation of the

nucleon field. These renormalized constants are listed in Section 3.3.1.

3.3.1 Reduction of the Lagrangian

The form of the HBChPT Lagrangian derived in Section 3.3 can be sim-
plified by removing terms proportional to v - D, and by déﬁning a new set
of low energy constants [21]. The redefined low energy constants are mea-
sured experimentally and will not complicate the Lagrangian. However it
has been argued that the equation of motion terms should not be eliminated,
and several amplitudes have been calculated without removing these terms.
The method of removing the EOM terms will be presented in this section,
although both forms of the HBChPT Lagrangian will be used.

The equation of motion terms in the Lagrangian are of the form

Liom = Ny(X(iv - D® —v-DYv-D+ Ziv- D —iv- DZY)N,  (3.31)

where X.Y, and Z are combinations of pion fields and operators. In order to

eliminate these terms, a new field N is defined by

N,= (1=Z(v-DP?+3(Y +ga X8 -U)iv- D+ UXliw-D,S - u

~ZX(S - u)? - BYS - u— ZNN,
(3.32)

When this transformation of the field is applied to the HBChPT Lagrangian

the equation of motion terms are removed, but additional terms of the form
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o4

Loew= N, (~g3X(8 -w)® +2X[S - u,[iv-D,S -u]

(3.33)
—g%S uY S -u—ga(ZS-u+8-uZ))N,

are produced [21]. These new terms can be expressed as a linear combination

of the terms in A, and as such the low energy constants can be redefined to
include the field transformation.

The Lagrangian can be further simplified if the redefined low energy
constants also include the contribution from the expansion of v°B'y°C~1B.
Then the second order HBChPT Lagrangian can be written as

LYy = Ny(—g5-(D?+iga{S - D,v-u})

(o <w-u>+ay < (v w)? > +az < x* > 4kt (3.34)

+et P, S, (tasum, + asFl, +ar < Fi, >)))Ny

where N, is the transformed field and the new low energy constants a; are
defined by

2 2
cs g ¢
a].zMN§3+T§ (I.g=MN-“2-2~H*-g-{1" as = Myes

3 a4 = MNC5

1 1
| GGZMN66+E ar = Mycy + =

2

The new form of the third order HBChPT Lagrangian is
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B 1 )
Ly =No(2 22 (D, [D*, S - ul] + 5o ((i(as
20,

1—3¢%

3 Yy,

SM2
1 1

+ (0.6 = g)fﬂ; + (a-; = i) < F:;, >)€“UpgSaiDp

. i T wroy 8D
+—§— - D - —g{u-u,uy_}e v,5,D,

?:gA #-UPU'F— D l ‘b D H
ST R pVplle + W(Z 1[t, [ - D, uf]]
+ ihﬁ[um [Dﬂa v- U‘]] it ?:63{'0 * U, [U - D U’]]
+iby < uv - u > DF 4 ibgua P < wpuu, + belx T, v Ul
+ by [D*, FL 0" + bgd* < Fir, > 0¥ + boe™™ + byg < Fiy, > v,
+ b S u<u-u> +bu,S, < vy’ > +bhaS-u < (v- u)2 >
+ b - uS, < v ou > +b15eP 0,8y < [v - D, wlu, >
+ big€™ P 0,5y < uu[Dy,v - u] > +bS - u < xT >
+ g S* < u,gﬁ > +ib1oS* Dy, x| A+ thooS* < Gux” >
+ i SV [Ff, v - ] + thga SH[Fy, 4]

i

+ bpsSH[D, F] + b S, < u,Frgy >))N,
(3.35)
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The low energy constants which will be required in the pion photoproduction

calculation are related to the relativistic low energy constants,

3
4
'b]1 = (47TF)2(d10 - mé'!%’—')

(3.36)
b, = (4rF)%d;y  i=19,10,17,18,19,20,21, 22,23

The fourth order HBChPT Lagrangian has been calculated [22}, but as yet no
calculations have been performed with the reduced form of the Lagrangian.
As the redefined fourth order low energy constants will not be needed, the
reduced form of the Lagrangian will not be listed.




Chapter 4

Infrared Regularization

4.1 Introduction

The method of infrared regularization [7, 8, 9] has been proposed as an alter-
native to heavy bﬁryon chiral perturbation theory. Infrared regulan'zaﬁon is
based on separating each loop integral into two components. One component

contains only poles from light particle propagatoi's and is retained, while the
| remainder of the integral is absorbed into the low energy constants of the
Lagrangian. The advantag.es of infrared regularization are that it does not
require a new form of the Lagrangian, and that manifest Lorentz invariance
is maintained. It also can be applied to reactions which contain multiple
heavy particles. In this chapter, two forms of infrared regularization will be
presented.

The first infrared regularization method [7], which will be presented in
Section 4.2, is based on an expansion of all loop integral integrands. The loop
momentum is assumed to be Signjﬁcahtly smaller than the nucleon mass, so
that .the integrand can be expanded in powers of k/My. Once the expansion

is performed, the lowest order terms in the series are integrated while the
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terms which are of higher order can be omitted. The remainder of the loop
integral is removed by redefining the low energy constants. This method
evaluates the part of the loop integral which corresponds to low loop momenta
while removing the high energy component which violates the power counting
écheme.

The second form of infrared regularization [9], which will be presented in
Section 4.3, also separates the loop integrals into a low energy component and
a high energy component. However the separation of the integral is based on
classifying each singularity in Feynman parameter space as either an infrared
singularity or a regular singularity. The integral over the regions of parameter
space which contain infrared singularities is the infrared component of the
loop integral. The remaining part of the integral is absorbed into the low
energy constants. This method also has an advantage in that it can be

applied to reactions with multiple heavy particles [10, 11].

4.2 Chiral Expansion Method

In this section the original method of infrared regularization |7, 8] proposed
by H.B. Tang will be presented. Although alternate methods have since
been developed which simplify the calculation of loop integrals and which
provide more accurate results, the chiral expansion used in this method will
be necessary to prove that infrared regularization and heavy baryon chiral
perturbation theory provide consistent results. '
The method of infrared regularization uses the m N Lagrangian derived in
Section 2.4 and the corresponding Feynman graphs for a given reaction. The

tree level diagrams will not violate the power counting scheme, and so the
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regularization scheme will not be applied to them. The loop diagrams will

be modified, with the regularization scheme applied to each loop integral.
Let G represent a one loop Feynman diagram, with loop momentum g

and let Q represent a low energy of the same order as the pion mass. Then

the diagram can be separated into two components,

G = RSG+ (G~ RSG)

— T4+ B (4.1)

where S is an operator that eliminates the high energy part of the loop and
R is an operator which renormalizes the diagram; The two components are
often referred to as the soft part or infrared part I, and the regular part
R. The unrenormalized soft part of the diagram is calculated by assuming
that the loop momentum is of order Q, and then expanding the integrand
in powers of Q/My. The individual terms of the resulting series éu‘e then
integrated to produce SG. The infrared component of the diagram is derived
from SG by standard method of renormalization.

As an example, consider the self energy diagram in Figure 4.1. The loop
integral in this diagram is

G 30 / d'q P+ 4+ My)gy° (42)
4F2 | (2m)2 (¢ — m2 +ie)((P + q)? — M3 + i€) i

where P* is the nucleon four-momentum and ¢ is the loop momentum. It

is assumed that the loop momentumn is of the same order as the pion mass,

and the integrand is expanded in powers of ¢/Mpy,
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#° P+ g+ My
(¢ — m2 -+ ie)((P + q)* — MY + ie)
- L WP +g+ Mgy’ CerP gt Mgy )
¢? —m2 +ie 2P -q+ P2 — M +ie (2P-q+ P?— M3 +1ie)?

(4.3)

The series is then integrated term by term, with each term containing only
low energy poles. The high energy poles which resulted from the nucleon
propagator are removed when the order of integration and summation is

reversed.

o (44)

Go - 394 [ d'q 2P - g4 — (P + My)g®
(2m)t (2 — m2 +ie)(2P - q + P2 — M% +ie)

T 4F?
For this example, the pole at g> = m2 allows each factor of ¢° in the series
to be replaced by m2. This allows the self energy loop integral to be written

as

o [ &g (Pt My)m?— (2P g+ ml)y
(

S6=ir | Gri@-miTioeP ¢+ P-Mh+mivig

which can then be evaluated using dimensional regularization.

In order to prove that the operation S extracts the soft part of each dia-
gram, consider the integral over the time component of the loop momentum
q. The contour is closed with a semicircle at infinity, and the contributions
to the integral are due to the integral over the semicircle, the low energy or
soft poles of order Q, and the high energy or hard poles of order My. It

must be assumed that the poles can be separated into soft poles and hard
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Figure 4.1: Nucleon Self-Energy Loop

poles, which is valid for theories containing only Goldstone bosons and mas-
sive baryons. For other fields this separation may not be valid, in which case
infrared regularization cannot be used. |

The standard renormalization methods of quantum field theory can be
used to remove any divergent terms produced by the semicircle, and the
remainder of the terms produced by the semicircle can be included in the
infrared component or absorbed into the low energy constants. The soft poles
in the loop integral are not affected by the operation S since they cannot be
expressed as a Q/My expansion. The hard poles can be represented as
a Q/My expansion since we have assumed that the loop momentum is of
order (3 and that the hard poles are of order My.

The resulting series expansion of the integrand will contain only soft '
poles, since hard poles do not appear in the terms in the expansion. When
each ﬁerm is integrated, only the soft poles will contribute, and so the sum of
the integrated terms will contain only contributions from the soft poles. Since
the original soft poles were not affected by the ope'ratd,r S y and since the hard
poles are removed by exchanging the order of summation and integration, e

is the soft part of the graph G.
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Since SG contains all of the soft poles, it follows fhat the regular part
of the graph, (G'— RSG) must contain only hard poles. The hard poles
correspond to large momenta and small interaction distances, and so the
regular part of the graph corresponds to loops which are small compared
with the wavelength 6f the particles. The loop integral must also obey the
same symmetry properties as the chiral Lagrangian. Therefore the regular
part of the gmph can be included as a term in a modified form of the chiral

Lagrangian,

L;.N = [N+ HLT;N

where L.y is #N Lagrangian derived in Section 2.4, and 6L,y is the con-
tribution from the regular part of the graph. Since the chiral Lagrangian
contains all terms which are invariant under the required symmetry trans-
formations, it follows that 8 L,x can be written as a combination of terms in

the Lagrangian

5LT,N"= Z se;L;

where L; are the terms in the chiral Lagrangian, and that the regular part
of the graph can be absorbed into the low energy constants through a, trans-

formation

G — ¢ — bg
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Although the low energy constants have been transformed to absorb the
regular part of the loop integral, the modification cannot be detected exper-
imentally. A reaction Whicﬁ includes a diagram containing a specific vertex
from the 7N Lagrangian must also include all possible diagrams that con-
tain a one loop corrections to the vertex. As a result the original low energy
constants cannot be measured independent of the contribution from the high
energy loop integrals.

The proof that infrared regularization produces the same result as HBChPT
has been completed for several one loop and two loop diagrams [8, 27, 28],
but a general proof has not been attempted as it would require complicated
diagrams with an arbitrary number of loops. As an example we will consider
the nucleon self-energy diagram shown in Figure 4.1. The loop integral for
this diagram was given in Eq 4.2, with the soft part of the integral given in
Eq 4.4.

The first step in comparing the two methods is to express the soft part
of the loop integral in terms of the non-relativistic momentum of the nucleon
and to replace the nucleon field with the light components of the nucleon

field. In HBChPT the momentum of the nucleon is written as

P, = Myv, +1,

while the light components of the nucleon field are extracted using the pro-
jection operator %(1 + ). The light components of the nucleon field are
extracted by multiplying SG by the projection operators
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S0 LE¥aslty
2 2
Then using the relation
1+x 1+ 14
() w

the soft part of the integral can be written as

Ltwg l+x 1+23g% [ d'q (8-¢q)? N
2 2 2 F?2 | Qr)t(g2—mEtie)v-l—v-q+ie)
(4.7

which is identical to the loop integral obtained from HBChPT.

4.3 Infrared Regularization

In this section an alternate form of infrared regularization [9] will be pre-
sented. The loop integrals will again be separated into an infrared compo-
nent and a regular component, with the regular component absorbed into the
low energy constants. However the separation is performed using Feynman
parameters and does not require a chiral expansion. As a result infrared
regularization can be applied to diagrams in which the chu'ai expansion does
not converge and to diagrams which are too complicated to calculate using

the heavy baryon methods.
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4.3.1 Nucleon Self-Energy

To introduce the method of infrared regularization, we will first apply it
to the nucleon self energy diagram in Figure 4.1. The loop integral in d

dimensions is given by

. dtk 1
"] @) (2 —m2 +ie) (P — k)2 — M3, + i€)

H= (4.8)

and contains a soft pole at £? = m2 and a hard pole at (P — k)? = M%,. As
in Section 4.2 the loop integral is divided into an infrared component which

contains the soft pole and a regular component which contains the hard pole.

H=I+R (4.9)

However in this method the separation of the two compohents is based on
isolating the infrared singularities using the Feynman parameterization.

In order to evaluate a loop integral which contains multiple propagators,
the denominators of the propagators are combined into a single polynomial
using the Feynman parameterization. For two propagators a single Feynman

parameter is used,

The " dz
S /ﬂ (A=2)at )P W8

which leads to two terms

W 1
ab alb—a) b(b—a)

(4.11)
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If 1/(b-a) does not contain a pole, then this form of the integrand separates
the two poles in the integrand. It will be shown that if 1/a is the pion
prOpagatbr and 1/b is the nucleon propagator then the first term is the
infrared component and the second term is the regular component of the
loop integral. |

The nucleon self energy loop integral can be written as

d?k; RS
f dzf 2m)? (1 — 2)(k? — m2) + 2((P — k)? — M3,) + de)?

(4.12)
and the integral over the loop momentum can be evaluated using dimensional
regularization,

d d d d
Boin f 042 k= (am) M- ) (4.13)
0

C’=z—-(—~—)2z(1-z)+( )(1 z) — i€

The infrared singularity is located at z = 0, where C = (m, [My)? vanishes
in the chiral limit. Since the integrand vanishes as z — 0 in the chiral limit
of m, = 0, the infrared singular part of the integral can be extracted by
extending the upper limit to oo

I=n/ @C“ﬁ (4.14)
0

and the regular part is
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R=H-~I= —-*h‘.‘/ dzC5? (4.15)
1

As in Section 4.2 the regular part of the integral can be absorbed into the
low energy constants.

When the dimension d is not an integer, this separation of the loop
integral can also be expressed as a separation of the terms in the chiral
expansion of the integrand as in Section 4.2. In d-dimensional spherical

coordinates, with d ~ 4, the factor of d% can be written as

d%k = k% sin?2(0,) sin®2(0,) dked0ydfdeb (4.16)

and as such the location of the poles in the integrand will appear in the
integral with a non-integer power. In the infrared component the poles are
at small values of the loop momentum and the expansion of €22 produces

terms with fractional powers,

I = 0(™%) +O(p*2) + O(p™) + .. (417)

while the expansion of the regular part of the integral, which contains large

values of the loop momentum, is a Taylor series

R = 00" +0(") +0(®*) + ... (4.18)

The fractional powers in the expansion also indicate that only soft poles are
contained in the infrared component of the integral, while the absence of

fractional powers in the regular part indicate that it contains no soft poles.
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4.3.2 General Infrared Regularization

The method of infrared regularization can now be expanded to the most

general form of the loop integral,

4%k ki, ki
Blfr — g "
Hmﬂ, { / (211—)& ay .. ._a.mb]_ TS bn (4 19)

where a; and b; represent the pion and nucleon propagators

a; = (k — q;)* —m?2 +ie (4.20)

and where ¢; and P, represent the pion and nucleon momenta. The nu-
merator is generated by the derivative couplings in the vertices and by the
numerators of the nucleon propagators. However Lorentz invariance allows
the integrals to be written as tensor polynomials in which the factors of the
loop momentum in the numerator are replaced with factors of the external
momenta. As a result each loop integral can be written as a combination of
scalar integrals Hyy,.

If the loop contains only pion propagators, then the loop integral contains

only soft poles and the separation is trivial

Imo = Hig Bmg =0 (422)




4.3: Tnfrared Regularization 69

Similiarly if the loop contains only nucleon propagators, the loop integral

does not contain soft poles.

If the loop contains both pion and nucleon propagators, then the loop integral
will contain both an infrared part and a regular part.

The general form of the loop integral is separated into two components
by first combining the pion propagators into a single polynomial A, and "
combining all of the nucleon propagators into a secand polynomial B. The

pion propagators are combined using the formula

1 8 -y [ ! X
= (amz )(’m 1)/0 d.’L"_{.../D‘ dﬂ:ﬂ1_1z (4.24)

a‘l .e .aam

where the numerator is given by

X = 25(23)% . (Tm1)™” (4.25)

and the denominator is defined by the recursive relation

Apiy = TpAy + (1 — 2p) Apr

A:Am A1=G1

(4.26)

The nucleon propagators are combined using a similiar formula

1 0 s Py
= N B R T 4.2
bb. - oz /0 & _/0” 'B (£27)
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where

Y = yo(ya) (gur)" (4.28)

Bpi1 = 4pBp + (1 — ) Bp1
(4.29)
B=x, By =b

The loop integral can then be written as

H O yme1( 9y f " drdy XY (—i f A% 1y )
T =\ m2 BMN i (2n)d AB P

where the integral over the m-+n-2 Feynman parameters is represented by
[ dady.

The form of the loop integral in Eq 4.30 is the same as the nucleon self
energy loop givén in Eq 4.8 with A replacing the pion propagator and B
replacing the nucleon propagator. Following the method used to derive the
infrared component of the self energy inte'gral, the infrared part of the general
loop integral is derived by using a Feynman parameter to combine the two
factors in the denominator. The upper limit of integration is extended to oo

to isolate the infrared singularities, and the infrared component is given by

5}

ym—1
I'mm, 8 2 (

3M2 et f drdyXYI o (4.31)

where
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d'k A%k 1
/ dz / (271' (I—Z)A_|_ 7,B)2 —“Z‘/ (27]—)5{ A(B-—-A) (432)

The regular part of the loop integral is given by

o
Iinm:(.

1
- )m“l(éﬂrg—)“_1 /ﬂ drdyXY R (4.33)
© My

where

d’k [ d% i
f dﬂ/ (2m)2 ((1 — z)A + .,B) — (2n)¢ B(B — A) (4.34)

However as in Section 4.2 the regular part of the loop integral can be ab-
sorbed into the low energy constants and is not required in the amplitude
calculations.

The combined propagators defined in Eq 4.26 and Eq 4.29 can be written

as quadratic polynomials in k,

A=(k—qP—A+ic (4.35)

and

B=(P—k)>—B+ie | (4.36)

where 7 and P are linear combinations of the momenta g; and P; respectively,

and A and B are constant terms. Then the integral in Eq 4.32 gives the same
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result as the infrared part of the nucleon self energy loop integral in Eq 4.14

if P,Mx and m., are transformed as

e e 5 XN

Therefore the general form of the infrared integral is

L = F(m +n-— d/2 / d.ﬂ'd‘y/ d,.. m 1, ne— lcdfﬁ—m-n.

(4ﬂ- d/2

=(1—2)A+ 2B —2(1—2)(P —7q)* —ic

(4.37)

(4.38)

The explicit form of the infrared components for the common loop integrals

are listed in Appendix.A.
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Chapter 5

Form Factors

To simplify the pion photoproduction amplitude calculation in Chapter 6,
we will first use the method of infrared regularization to calculate the form
factors for each of the three nucleon vertices as well as the overall renormal-
~ ization constant. The pion electromagnetic form factor and renormalization
constant, which were calculated in [13, 29|, will also be required but as they
do not include nucleons the method of infrared regularization leaves them
unchanged.

By first calculating the form factors, the amplitude calculation in Chap-
~ ter 6 will require only four tree diagrams, with each vertex replaced with
the corresponding form factors. The: remainder of the diagrams which in-
clude higher order vertices and loops are inclﬁded in the calculation of the
form factors. The renormalization constant is required to compensate for the

effects of loops in the nucleon propagator and external nucleon lines.
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5.1 Nucleon Self Energy
5.1.1 The Nucleon Propagator

The nucleon propagator which has been used in previous chapters represents
the amplitude for a free nucleon to propagate from one point in spacetime to
another. However it does not include the effects from the self interactions of
the nucleon, such as the possibility that the nucleon emits a pion and then
re-absorbs it. Such particle loops will result in a shift in the physical mass of
t.he nucleon, and will require the external nucleon fields to be renormalized.

Let G(P) represent the free nucleon propagator,

G(P) = m (5.1)

where Mj is the bare nucleon mass, and let - 1 £(P) represent the sum of all
one particle irreducible diagrams. Then the full propagator can be written

I'(P) .=.G(P) + G(P)(—iZ(P))G(P) + G(P)(—iZ(P))G(P)(—iZ(P))G(P) + ...
= G(P) + G(P)(—iZ(P))(G(P) + G(P)(—iZ(P))G(P) + ...)

= G(P) + G(P)(—iZ(P))T(P) it
5.2

The full nucleon propagator ¢an then be written in terms of the free nucleon

propagator,
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(P) = G(P) - i
T 1-G(P)(—iZ(P))  F - My—X(P)+ie

(5.3)

The propagator still has a simple pole, but the position of the pole is shifted
away from P? = M.

The physical mass of the nucleon is given by the pole in the full propa-
“gator. The mass of the nucleon is given by % = My where P, satisfies

Fi— My —5(Py) =0 (5.4)

When the nucleon momentum is close to the pole, the nucleon propagator is

of the form

iZ(P + My)
P)= : 5
TP P2 — M% +ie 55)

where the renormalization constant is

oy
37"

The external nucleon fields must also be renormalized, which results in a

Zl=1- Py) (5.6)

factor of v/Z in the amplitude for each external nucleon field.

5.1.2 O(p*) Calculation

In this section the nucleon self energy ¥(P) will be calculated to fourth

order using the method of infrared regularization. This same calculation was
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performed in [9] in which X(P) was shown to be equivalent to the results
obtained with HBChPT, and the nucleon renormalization constant Zy was
calculated in [30] to renormalize the nucleons in the nucleon electromagnetic
form factor.

The five Feymman diagrams which must be included are given in Figure
5.1, with the standard notation of a solid line for a nucleon propagator, a
dashed line for a pion propagator, and the solid dot, square and diamond
denoting vertices of order p? p® and p*. The number of diagrams can be
reduced by absorbing the second order insertion in diagrams 5.1(a) and 5.1(c)
into the bare nucleon mass [30], however we will include these terms in the
calculation. .

The leading order term in X(P) is given by the second order diagram
5.1(a) and involves a single second order vertex. This vertex arises from the

Wey < x> U term in Lﬂ, The leading term in the expansion of y* is

cLxt> =<x4x>
= 4 By(ma, + ma) (5.7)
= 4m?

and so the contribution to (—iZ(P)) is 4 i ¢ym?2, and the leading term in the

self energy is

Ba = —dcym] (5.8)

The loop diagram 5.1(b) is the only third order contribution to ¥(P), as

the first order vertex with two pions vanishes by symmetry. The vertices are
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Figure 5.1: Nucleon Self-Energy Diagrams
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given by the first order term

‘11——7“7511#111 ‘lf 7 R K (5.9)

where a is the pion isospin index. Then using the commutation relations for
+°, the contribution to the matrix element from each pion-nucleon vertex is

%’ﬁ’}ﬁaﬂ‘ er% The total matrix element is

i'gA 5ef @ 9 3(F+%+Af0) i ZQA Seaf b _b
hg ](z )d( v )(P+k)2—M§+iek2 m2 —i—fe(?.F (Ll
. ig5 / &k . . KPP+ K — MoK sab
T 4F2 | (27)d (k2 — m2 +i€)((P + k)2 — Mg + ie)

The isopin indices are summed over to include the neutral and charged pion
loops, and the sum contributes a factor of 3 to the matrix element. The loop

integral can be written as a sum of the integrals in Appendix A,

K(P + ¥ — MoK
(k2 — m2 + ie)((P + k)? — M3 + ie)

_ (P K+ Mo)(P+ K~ MoK — (P + Mo) (P + K — Mo)kK
(k2 — m2 +ie)((P + k)2 M2+ze)

=y, AL — (F 4+ Mym2I(P) + (P — MAHFIV(P)
Then the third order contribution to X£(P) is

&y = z?z((l’ + Mo)mz I(P) +_(M§ — PYPIO(P)) (5.10)
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The remaining three diagrams are fourth order contributions to the self
energy. The contribution from diagram (c) is given by the three terms in
the Lagrangian which contain two pion fields, ;¥ < y* > ¥ | —Zﬁj{ &
Uptt, > WDFD*W, and § < u,u* > UW. The second nonvanishing term in

the expansion of < y* > is

< x* S XU 4 YU S — 2 a0 (5.11)
KT =y x'U > T T T .
which leads to
Gzc;m d%k 1
—i¥,, = — 5.12
i¥ /(Qﬂ'dkz——mz—{-?e (5.12)
and

The other two terms can be calculated in the same manner, with the final

result for 32,

- 3m2 P2
Te = S5 Ax{2e — R ¢s} (5.13)
The contribution from diagram 5.1(d) is
P dp. - _ 2
v, = _ Bicigamy dk KPP+ K — MoK (5.14)

£? (2m)d (k2 — m2 +ie) (P + k)2 — MZ + ic)?
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As the loop integral in £4 can be written as the derivative of the loop integral

in ¥, with respect to My, it follows that ¥4 can be written as

B4 = —4c1_mf_m (5.15)

The fourth order insertion in diagram 5.1(e) is calculated using the term
~& < xt >? WY from L,ﬂ,. The expansion of‘ < x* > is given in Eq 5.7,
which leads to

T, = eymi (5.16)

The total self energy L(P) at O(p?) is the sum of the terms calculated

B(P) = —4eym? + B + T + Ta + exm;, (5.17)

5.1.3 Nucleon Mass Shift

The self energy of the nucleon can be used to calculate the physical mass of

the nucleon. Letting Py be a solution of

Py— My —5(Py) =0 (5.18)

and defining the physical mass by

My = My +S(Py) (5.19)
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it follows that

2 2
My — My =5(Fs) = ~deum, + AN
¥ 5.20)
3m? o) 6eygimi oI (5
-+ F?2 AW(QC] - ‘4'_ = 63) - —Fz—(_[ - Mﬂm

The infrared integrals can be expanded in powers of the bare mass (9], which

gives the nucleon mass shift as

DB
My — My = S(Py) = ~deym? + T4 4 g o210 ™5 Lt (5.21)
VL

327 F? M, H

where

5

e 2 i

ky = '".m(gA — 8ey My + co My + 4e3 M) (5.22)

B L s (9 ) (5.23)
128m2F2 M, 4

and where €7 is the renormalized coupling constant e; given by

3MES 1 1 ) .
- 3271_2}?2'(——— (logdm + T"(1) + 1))(g% — 8cr My + caMy + des M)

d—4 2
(5.24)

€L =¢e1

5.1.4 Renormalization

The renormalization constant, defined by

¥ 0%
ZNI - 1 b b}-—}; I);’=MN (525)
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is used to renormalize the nucleon propagator and the external nucleon fields.
Using the O(p*) nucleon self energy given in Eq 5.17, the renomalization

constant is [9]

2 |
Zn =1+ 324 (2 I(MR) - 2MATO(M3)

 (5.26)
3m?2 m2

T ke )

_ 1
+ AMEm2(115(0) — 21 fz) 0} —c2 3272

5.2 Nucleon Electromagnetic Form Factors
5.2.1 The Nucleon Electromagnetic Vertex Function

The electromagnetic interactions of the nucleons can be written in terms
of two form factors for each of the nucleons[31, 30]. In this section the
calculation of each of the fourth order form factors using the method of
infrared reguiarization, originally derived in [30], will be presented.
According to quantum electrodynamics, the form of the nucleon electro-

magnetic vertex must be

Vinn = eWI*TA, (5.27)

where e is the electric charge of the proton, A, represents the photon field,
and ['* is a combination of Dirac matrices. At leading order the vertex is

derived from the covariant derivative in the Lagrangian

L=T0H — My)¥ = (i — My)¥ + 601" A, (5.28)
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and so the leading order term in I'* is v#. In geﬁeral I'* will also depend on
the momenta of the nucleon fields ¥ and ¥, denoted by p* and p*, as well
as the nucleon mass, the electric charge, and the low energy constants. Since
the electromagnetic interaction is assumed to be parity conserving, I'* will
not contain factors of 45 or e#P* [31].

Lorentz invariance requires I'* to transform as a vector, and so it must
be a linear combination of vectors. The nucleon momenta are coxﬁbined for

convenience, and the general form of I'* is

¢ =~4*A+ (p* +p*)B+ (" - p*)C (5.29)

The coefficients A,B and C could involve factors of p or p, however since
p¥ = MyV and ﬁp' = WMy these factors can be removed. T'* can be
further simplified using the Ward identity,

g = (py — P )" =0 (5.30)

The first two terms in I'* vanish, but the third does not and as a result C=0.
By convention the coefficients A and B are not used as the form factors.

Instead the Gordon identity

i 14 Gertv 3
4 2Mi + 2]\; I8 (5.31)

Wb = W {

is used to rewrite I'* in the form

ot 0
2My

I* =y*Fi(¢°) + (¢ (5.32)
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(a) (b)
() (d)
Figure 5.2: Nucleon Electromagnetic Form Factor Tree Diagrams

where Fi(g%) and Fy(g*) are the nucleon electromagnetic form factors.

5.2.2 Tree Level Calculations

The first step in calculating F1(g?) and Fy(g?) is to calculate the contribution
of the electromagnetic interactions which are included as terms in the chiral
Lagrangian. The corresponding tree diagrams are given in Figure 5.2. The
leading order diagram corresponds to the vertex given in Eq 5.28. It was
observed fha,t the contribution from this vertex is I'* = ", and at lowest.
order Fy(0) = 1 and F3(0) = 0. |

There are two O(p?) vertices which contribute to diagram 5.2(b). The

second order pion-nucleon Lagrangian contains the terms
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Ce ‘WF+ 117 +
SMNU + SMNG < Fj

which contribute to F3(q*). The field strength tensor F, can be written as

F} =2F,, = ~2ieQ(q, Ay — ¢, Ay) (5.33)

where Q is the charge matrix for the nucleons

P ‘L e | (5.34)

As a result, the two second order vertices are

ecg 173 ecy

(2) e Jr . 7 5.35
VN = a7 T T g e
and the contribution to Fy(g?) is
5 1
Fés"db)(qg) = —;T‘% + ¢y (536)

The third order tree diagram 5.2(c) contributes to both form factors.

The electromagnetic terms in the third order pion-nucleon Lagrangian are

( idg
2My

1 (1 o Bt S1DP+ he)

[D”‘.' F;;}le + h"‘c‘) + (2]1/[ [ (75

and £, can be written in terms of the photon momentum as in Eq 5.33.

‘The resulting vertex is
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e T | y v
V= o (do2 + dr)(¢* — qua™) (0" + ") (5.37)
My 2

The term g,q* can be removed using the transversality condition g -€ = 0
and the Coulomb gauge with ¢® = 0. The vertex can be put into the required

form using the Gordon identity,

' ; ot q,
"513‘21"( = ie(deTs + 2d7)q*( 21‘42; -4 (5.38)
and the contribution to the form factors is
FP2(q%) = —(dg7s + 2d7)¢° (5.39)
F32(g%) = (deTs + 2d7)g” (5.40)

The fourth order Lagrangian contains four electromagnetic terms which

contribute to F5(q?),

~ 2D, (D, < Fy >]| = Fo*(D(D, BL]] (5.41)

€105 b na e €106 -+ +
—-—-2-0“ o B R —TU“”FW Wl B

The contribution of the first two terms is calculated in the same manner as

the contributions third order electromagnetic interactions, while the second
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two terms are calculated in the same manner as the contribution from the

second order diagrams.

F 2(5'2@ (¢*) = 2M N(2€s4 + Taers) g’ — 8MumZ (2e505 + Tae106) (5.42)

5.2.3 Loop Calculations

The next step in calculation Fy(g*) and F3(g?) is to include the contributions
from the loop diagramns given in Figure 5.3 and Figure 5.4. In each diagram
the pion propagator répresents the three i)ossible pion states, although in
most of the diagrams one of the pion states vanishes. The calculation of the
loop diagrams will also require the infrared regularized loop integ;'als which
are listed in Appendix A.

The amplitude corresponding to diagram 5.3(a) is

S an2
) eq

where H is the loop integral

H— / dk o KPP A K— M) v (P + K — MK
] (Pt k) — MZ +ic) (k2 — m2 + i€) (P + k)2 — M7 + de)
(5.44)

To evaluate the loop integral, the first factor of K is replaced with (& -+ K +
Mpy) — (P + My) and the second factor of ¥ is replaced with (Z+ K+ My) —
(# + My). The first term in the integral is

%k oia
i
/2ﬂdk2—m2+if
(2m) g

=7 (5.45)
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Figure 5.3: O(p®) Nucleon Electromagnetic Form Factor Loop Diagrams
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and the remaining terms are

iy [ d®k (P + My) (P + K — My)y*
") @ (P + k)2 = ME + i€)(* —m2 + ie)

= 2MEA T (ME)
(5.46)

= IMZAID (MZ) (5.47)

Cf A (P K — M) (P M)y
- f n) (P 1 kP — M3+ ie) (B2 —m2 1 56)

[ d% (P + My)(P + K~ M)y (P + K~ My)(P + My)
"] @A (P T R)E — ME +ae) (k2 —m2 + ie) (P + k)® — Mp)

(5.48)

= —AMEM2IA(%) + 8MENIS (%) + 16MR (0 + p*™) IS

The Gordon identity can be applied to the last term to eliminate the factor
of (p*+ p'*). The contribution to the form factors is

2
FE(q?) =243 — 1) {Ag — AMRIO(ME) — B2 a()  (5.49)

+ 8MEIP (%) + 32MAI ()

43 My

22 B-mID?) (5.50)

F33(g?) = —

For diagram 5.3(b) the amplitude is

2 i
r__ - egy

where H is the loop integral
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B =i / d"’“ K + K - My)(2¢* = HK
" (e —m2 + ie)((P+ k)2 — M}, +ie)((q — k)? —m2 + ie)
(5.52)

As before the integral is evaluated by replacing the second factor of ¥ with
(P + K+ My) — (P -+ My) and using the Gordon identity to replace factors
of (p* -+ p'*). The resulting contribution to the form factors is

2 o
Fp3(g?) = ~ S5m0 (@) + 4AMRIR) + 18MALY (@)} (5:58)

, :
FE3(g?) = — MY ISR (6?) (5.54)

The amplitudes for diagram 5.3¢ and 5.3d are related, and as such the
sum of the two amplitudes will be calculated. Using the pion-photon vertex
given in Eq 5.107, the amplitude is found to be

ieq
M= —éﬁTgH (5.55)
where
/ d?k { V(P + K — MK (5.56)
(2m)d (k2 — m2 + ie)((P + k)2 — M3 + ie) '

i KPP + K — My)y") )
(k2 — m2 +ie)((P' + k)% — M% -+ ie)

Inthe first integral, ¥ is replaced with (& -+ ¥ + My) — (P + My) to give
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Hy = Ay — y2METV(MZ) (5.57)

In the second integral X is replaced with (P + K+ My) — (P' -+ My) to give

Hy = y* Ay = #2MEINV(ME) (5.58)

The contribution to Fi(¢?) from these two diagrams is then

2
e y g
F153 +d(qz) = F—.‘;‘TS{A« _ QM%I(I)(M]%,)} (5.59)

The O(p) vertex in diagram 5.3(e) is

e Ty
VIEVR’?TWT =3 *ZF—-E’Yﬂ(2F+7T T3) (560)

This vertex also contains two terms in which the pion fields cannot be con-
tracted into a single loop, and as such these terms have been omitted. The

amplitude for the diagram is

ie dk 1
'\ S e 1 ik '].
M 2F27T3“,/ G R —m2 T ie’ ey

The loop integral is the definition of A,, and so

2 T '
F () = g A (5.62)
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Figure 5.4: O(p*) Nucleon Electromagnetic Form Factor Loop Diagrams

Diagram 5.3(f) is calculated in the same manner using the two pion vertex,

l ] e
Vi aien = a2 T3(n" Ot — ntPumT)) (5.63)

This vertex also contains additional terms which do not contribute to the pion

loop and which have been omitted. The contribution to the form factors is

- |
Fy¥(¢?) = Hmd®(¢) (5.64)

The remaining three diagrams, listed in Figure 5.4, are fourth order
corrections to the form factors. The calculation of each diagram is analagous

to the third order calculations, and so only the results will be listed.

2 aq2

(@) = £ A;f N ((3— 73)ce + 6er)? I (¢%) (5.65)
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A4 A2
F3o(g?) = — M0 (3 — g + Ger) Ay — AMBID(MR)

+ AMEM2I4(¢%) — 16MEID (%) + 8MEPUID () - IV ()} (5.66)

3com? m2
5.4b7 2\ __ 2
Fe) = s+ +m){8pi — 3555 (5.67)
o) =~ (s | ryiA, - My T p (5.68)
2 4 AMyF2Y VT gondt T om T '
deg M, 24
F25.4c(q2) i ;2 N’quZJ(l)(qz) (5.69)

5.3 Pion Nucleon Form Factors

5.3.1 The Nucleon Pion Vertex Function

The pion nucleon interactions can also be written in terms of four form

factors. In this section the four pion form factors will be calculated to fourth

order using the method of infrared regularization. '
The first order pion-nucleon Lagrangian contains a single interaction

term,

LY =Tl — My)V +l11g VP,

The single pion term in the expansion of u,, is — 9™ which gives the first
B F

order pion-nucleon vertex as

7 g |
Vienn = ZF’Y V1 d,m® (5.70)
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As in Section 5.2, the higher order contributions to the pion nucleon vertex
can be included by replacing v* with ['* where ['* is a combination of Dirac

matrices and momenta. The general form of I'* is [31]

Pt =s "}-’“Ag, -+ (}')‘u +p'”)85 -+ (pm = p”)C’g, (571)

where As,Bs, and Cs represent the axial form factors. However since the
vertex contains a factor of 8,7 = i(p, — p,)m the second term vanishes,
and as such By can be set to zero without loss of generality.

The result is that the complete pion nucleon vertex is of the form

1 -‘a 3 a a
Ve = 55(CHE) + 57 GA(@ ) (5.72)

where G1(¢%) and Ga(g¢?) are the two form factors for a single nucleon and
a represents the pion isosj)in index. Using Eq 5.70, it is expected that at
lowest order G%(m?) = g47* and G§(m2) = 0.

If “ﬁhe pion is on-shell and the incoming and outgoing nucleons satisfy

Dirac’s equation, then the interaction can be written as

. 1 a 2 ?n'?r a 2 5-id
Veny = 5F (2MnGY(my) + M Go(my))y'n (5.73)

The pion-nucleon interaction can also be written as [31, 20]

Vanw = Govny ' (5.74)

which gives the relation
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MyG§(m2) 4 m2Gy(m3)

G,,NNTQ = (5.75)

The pion coupling constant G,y can also be written in terms of physical

axial coupling constant, G 4, using the Goldberger-Treiman relation ! [31, 20]

GrrNN = MNGA (576)
F
which gives
af, 2 Ma vy 3
Gata = Gi(m3) + —5G5(mz) (5.77)
4M%

5.3.2 Tree Level Calculations

The tree level diagrams which contribute to the form factors are given in
Figure 5.5. rI-‘he first diagram corresponds to the first order vertex in Eq
5.70 and gives the leading order axial term? G’l(qz) = g47°. The only higher
order tree contribution to the form factors occurs at O(p?) since there are no
O(p?) or O(p*) vertices which contain a single pion field.

At third order there are four terms in the Lagrangian which can con-

tribute,

IThe form of the Goldberger-Treiman relation which is used is only valid in the chiral
limit with the axial current conserved. In general there is an additional term which is
proportional to average of the two quark masses [31]. However as this correction term is
only required at higher orders, is has not been included.

?The pion isospin index has been dropped from the pion form factors in this section
to avoid confusion. Hence G and Go will denote the form factors, while G and G5 will
represent the contribution to the form factors from diagram x.
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Figure 5.5: Pion Nucleon Form Factor Tree Diagrams

die , 5 d 5
—;'97"7'0<X+>“u“|"‘%z’¥”’)’ < XUy >

id id
77D x -] + —23’-“/“’1/5 [Dys < x>

In each vertex the single pion field term in the expansion of u, is used,

a
O

F

Uy = ~Tg

When the first term in the expansion of x. is used, the first vertex becomes

4id15m2

2F #"Yu’YaTaan'”a (5.78)

and the contribution to Ga(g?) is 4 dmﬂiifa. The next vertex contains a
factor of < 47, >. At lowest order x,. = 4BM, where M, is the quark

mass matrix, and so

< XaTa >= (Mg — Mg)0a3 (5.79)
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In the isospin limit m, = m4 and so this vertex vanishes. The third term
gives a contribution of —2digm?i7,, and the fourth term in the Lagrangian
vanishes in the isospin limit. Therefore the total contribution to the form

factors is

GY¥(¢%) = 2m2(2dys — drg)Ta (5.80)

5.3.3 Loop Calculations

The loop diagrams which will be required to ealculate the axial form factors
are given in Figure 5.6 and Figure 5.7, with each internal pion line represent-
ing the three pion states. The loop integrals will be written in terms of the
infrared regularized integral listed in Appendix A.

The amp]itude‘ corresponding to the first loop diagram is

3
M = ~Jh(3+ 2m)0 — T °H (5.81)
where
eFitg dik KPP + K+ My)g(P + K — My)K |
' R (P k)R = ML+ i) (P + k) — M2)(k* —m2 +ie)
(5.82)

The first factor of K can be replaced with (# + K — My) — (' — My) and
the second factor is replaced with (Z+ ¥ + My) — (P + M ~)- The result is

a four simple integrals,

d1. 5
- f (d o oy (5.83)

o) k? — m2 +ie



5.3: Pion Nucleon Form Factors 98

- am e e e
-

N II -
(a) (b)
! ]
o ]
! 1
! 1
] 1
! ]
! [
; ]
/r\\\ | '\-‘ ’l
©) (@

Figure 5.6: O(p?) Pion Nucleon Form Factor Loop Diagrams

ek (P — My)Ky

T o 2 (1) ag2
Ho=—i | P+ R = IR i (e =i g MW (M)
| (5.84)
: d’k gﬁ()’ + My) o
Hy = —1i (2m)d ((P+ k)2 — M% + i€) (k2 — m2 + ie) —2g}lINI L (JMN)
(5.85)
s gLtk (P~ My)KgK(P + My)
YT (PR - MR i) (P + k)P - MR, + i€)(k? — m2 + ge)
A (5.86)

= AMEmMEgIA(q?) — 8BMEGIY (%) — 8MEPaI P (6P)
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The total contribution to Gy(g?) is

G (g% = 3+ 273)005 — Ta{ Ar — AMETO(MZ) + AMEm2Ia(?)

4F2 ((
—8MyIY(¢") — SMAGTL (4}

(5.87)

The two diagrams 5.6(b) and 5.6(c) are related, and so the sum of the

two diagrams is calculated. These diagrams require the first order two pion

vertex, which is derived from the covariant derivative in the first order La-

grangian

M@%q’”(ufauu + ud,u’ ) (5.88)

and gives the vertex

VarNN = K1y (n0,a® — 7°9,na™) + 7_ (28~ — 77 8,n")

1
a7 (5.89)
+ 73(n" Bt — 7))

Then the amplitude for the two diagrams is

M= 4F37 (Hy+ H.)Ta (5.90)
where the loop integrals are
d
e ] i 0 g+}é)cf+15 MK (5.91)
(2m)d ((P + k) - MN + i€)(k? — m2 + ic) -
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and

_i [ 4k KPP + K+ MN)(gﬁj{) |
B[ G iR T T O

The integral H, can be evaluated by rewriting the factor of ¥ in the numerator

as (P + K+ My) — (P + My). Then the integral can be written as

Hy = Ay — 2MEgID(M2) — 2Mym2 I(M3) (5.93)

Using the same procedure with ¥ —(P+K-My) — (P"— My), H. can be

written as

H, = gy — 2ME I (M} + 2Mym2I(M3) (5.94)

Then the amplitude is

M=—Zrf (A —2MIOME g (595)

and the contribution to G4(¢?) is

GES0H (g2 %% ra(Ay — 2MZIO(MZ)) (5.96)

The amplitude for diagram 5.6(d) is calculated by summing each of the pos-

sible contractions of two of the pion fields in the three pion vertex,
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Figure 5.7: O(p*) Pion Nucleon Form Factor Loop Diagrams

f';'rrr'.'rN N =

g .u, 5 + —_—
=158 ((x%7° + 27 )'ra s (5.97)
— T m (108, 7" + nT BT 4w OmT))
However the pion fields which appear as a derivative do not need to be

included, as the symmetry of the loop cancels odd powers of the loop mo-
mentum in the numerator. The amplitude for this diagram is

M= —
and

6 F3Q7JA”T“

(5.98)

5. 94
Gl Gd(qZ) 3F2AﬁTa

(5.99)
The two O(p*) diagrams are given in Figure 5.7, and contain part of the
second order two pion vertex

—4eym?
VR = F; w( g + 2T +

P(a“?roa”?r + 207 0,m”) (5.100)
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The terms which do not contribute to the amplitude of the diagrams have

been omitted. The sum of the amplitudes for the two diagrams is

C3gA

. 2
c1gams s
e N=E

M = ( 73 V1) Hy + (— ’YaTa)Hz (5.101)

where

[ A% KZP + K+ My
= “/ (2afr)f'f{(f‘s2 —mj +(;S((P' +k)? 1 My + ie)
(P + K — My)K )
(k2 —m2 + ie) (P + k)? — MZ + i€)
=20, — AMZ IV (ME)

(5.102)

i KK My,
= (2m)8 (k2 — m2 + ie)((P' + k)? — M3 + ie)
— "k, (P + K — My)K )
T —m2 + i) (P + k) — M2 + i€)

= —2My(2gI®(MZ) + Mng*T® (M)

(5.103)

The contribution to the form factors is

T(at+b) 8caMiga
G ) =

T I ®(M2) (5.104)

_ 8Mycigams
- q2 2

4M§r¢39A
—i

G;IT(WH)) (92) Ta(Avr - zMifI{l)(Mlz\f)) (5’105)

o IO (MR)
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5.4 Nucleon Pion-Photon Vertex

The final vertex which must be included in the pion photoproduction calcu-
lation is the contact term in which the pion and photon couple to the nucleon
at the same point. The first order vertex is derived from the axial term in

the Lagrangian,

I = WGP — M)+ T2

The photon is included in the covariant derivative in u,. For a single pion

and photon u,, is given by

w, = i (eQAU Yu! |
= (;—;Au{qb, Q}) + .(EFEAMQ@ (5.106)
= ::;%Aﬂ[d)a Q]

where (@ is the cha.fge matrix. Then the first order pion-photon vertex is

aF (5.107)

5.4.1 Tree Diagrams

The three tree diagrams which contribute to the pion-photon vertex are given
in Figure 5.8. The first diagram is the first order contribution to the vertex
function given in Eq 5.107. The second diagram is a third order contribution

which results from several terms in the Lagrangian Lﬂ,,
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Figure 5.8: Pion-Photon Vertex Tree Diagrams

(== idg e””“ﬁ<F+ua>Dg+hc)+( b < FF > uaDy + hoc.)

2My 2]\[ ol
dis_, 5 : idgo 5[ f Ay

+?7”'y <X+>“ﬂ‘(gﬂ,¢ﬂ” VI, u|D DY + h.c.)
&dg i d i 5

i 21 o S[Ful;v u’] + 5 5 '}5[D =F.uu]

The resulting third order vertex is

%
V(il)VN — }Tsfﬂmﬂ(kuqa(fjlﬁ + Ps)(dgn® + dgram®)

em?(2dg — d
_ e — die) s gt g

F
Pr'a\ PY + prpv . N
F’Y | Fp,v(d‘ZO 4ﬂ4}2\r ax — d?lq )(T'-Fﬂ-+ =TT )
2 Hofn
- 22 (kg; ') Y (rymt — 7_mT)

(5.108)

At fourth order the contribution to the vertex is
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4 Z'ELF)t : ”
V’J’E’YJ)VN = ﬂJN_;'T%{(&ISTa + 667503)(])\(1:17“(13“) + P )

+ (es07a + €sdaz) gy (P + P*)

1 1
- "6(6507 o+ €600a3)4 qu’](*( PEPY P 4 PP pYpr)

1 - (5.109)
4 5(3517]1 =+ (-:70503)q - ]C’}‘ (P + P‘u)

1. v s
+ -2-(6527'9, + en16a3)quk Yy (P + PY)

]' 1% Hd
- 5(6531},, = efgﬁas)qyk)"yﬁ'y"(P + P}

The terms which depend on ess, €53, €71 and ers vanish when the photon is on-
shell. The terms in the Lagrangian which contribute only to isospin violation

have been omitted.

5.4.2 O(p*) Loop Diagrams

The O(p?) loop diagrams which contribute to the pion-photon vertex are
given in Figures 5.9 and 5.10, and the O(p*) loop diagrams are given in Figure
5.11. As the method of caléulating the infrared regularized loop integrals has
| already been presented in detail in previous calculations, only the results of
these calculations will be listed.

The amplitudes for the diagrams in Figure 5.9 written in terms of the

variable ¢ = (g — k)? are

T 8F3

3
Mo =g (re = -} {Br = AMFIOOMR) + AMEmITA®)  (5:100)
_ SM)%;I,(E) (t) — SJ\J%;tIJ(f) (£)}y#4° :
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(9) (h)

Figure 5.9: Pion-Photon Vertex Loop Diagrams
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e
Myte = 4%‘; Sy { (4 — K) (M) + LIV (M) (5.111)
+ 2My (P — MN)gIA(t)}'y

My _Sf;s( bas — 7o + TV { Mng“TD (M2) — AMym2~4+ 10 (1)}

(5.112)
'- 2ieq’ 2
Mf = - F3A6a3a# quY IOD(]" ) (5113)
__€94 5

My =225 An(re — 7)™y (5.114)
My =— 234 (7, — )T () e (5.115)

- 4F?

The amplitudes for diagrams d, e and f also contain several higher order

terms which do not contribute to the fourth order calculation and have been

omitted. The amplitudes for the diagrams in Figure 5.10 are

Mase = — 222 5,37 7" (A — 2ME IO (ME))

2F3°
€ga (1) (a2
Mpyg = RE? —— (71, + 5a3){(4ﬁ/fg\rg + 4m? )’}’ I (ﬂff )
— 2 * — 2MN g TV (MF)}
Vo =C9A s VOA A 2 u () g2
Mty T RF3 (Ta a3){ Y+ AMyyH (My)

+ 2Mpg" T (M)}

(5.116)

(5.117)

(5.118)
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Figure 5.10: Pion-Photon Vertex Loop Diagrams
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Y 6—5’4 LRIV () + AMZ IO () — 16MEIS (K2)*y®  (5.119)
+ 8iIMEIZ () o" k")
The amplitudes M., and My, also contain higher order terms which do
not contribute to the O(p*) pion photoproduction calculation.

The O(p*) diagrams are given in Figure 5.11, and the corresponding

amplitudes are

3
i €44 5 / : 1)/ 472
Moy =— T6My F? (26 — (c6 + 2¢7) (74 — ) {Mn (g — q - ky") I (M)
(5.120)

+ 4iMym2o"k, 1D ()}

M.y =0 (5.121)

My 3@%}%( e — T_)(2MyA* — 10", ) (M) (5.122)

Moy <IN o5, — MRIO MR (5123)
209l (1, 1 by LD (M) + PLO(ME))

My =rsi%fﬁ(<cﬁ b 2en)ra — o) (20e0, + MBI IO

| (5.124)
+ 2My(2Ke" ~ k- gy IV (M)}

M, =0 | (5.125)
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Figure 5.11: Pion-Photon Vertex Loop Diagrams
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where the higher order terms have been omitted. The amplitudes M,; and

M., contain only terms of fifth order or higher and can be set to zero for

this calculation.
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Chapter 6

Pion Photoproduction

In this chapter the form factors derived in Chapter 5 will be used to calculate

the amplitudes for the pion photoproduction reaction,

(k) -+ N(P) — n*(q) + N(P)

and the radiative pion capture reaction,

m(q) + N(P) — (k) + N(P')

at fourth order. The amplitude can then be written as a low energy expan-
sion and compared to the results obtained using the heavy baryon methods

outlined in Chapter 3.

6.1 Kinematics

In the pion photoproduction amplitude calculation the external fields corre-
spond to physical particles, and as such the momentum of each field is taken

to be on shell,
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P2=P’2=M§I Iﬂ2=0 qg"—‘"TF'LQ

™

The results of the calculation will be given in the center of mass frame, and

in that frame the particle four-momenta can be written as

PV = (ENa 0-: 0, mw)
P" = (Ey,0,~|afsin(6), —|q] cos(9)) (6.1)
E* = (w,0,0,w)

¢ = (Ex,0,|q|sin(f), |q| cos(6))

where 0 is the angle between the photon and pion three-momenta.
In the calculation, the amplitudes will be written in terms of the Man-

delstam variables

s=(P+k)?=M:+2P k (6.2)
= (P +q)?= M, +m2+2P .q

t= (P — P =2M2%—2P P (6.3)

=(g—k)P=m2—2¢k

u= (P —k)?=2M;~2P -k (6.4)
=(q— Py =m2+ M5 —-2P-q
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S0 that the amplitude does not depend on the reference frame used. In the
center of mass frame, the definition of the four-momenta. given in Eq 6.1 can

be used to write the Mandelstam variables as

s= M2 +2w(Ey +w) = (Ex +w)? (6.5)
= M% + 2(ExFr + ) = (By + Ex)?
t =2(My — ExEy — wgqcos()) (6.6)

=m? — 2(Eyw + wlg| cos())

u=2(M% — EyEy — wgcos(h)) (6.7)
=m2 + My — 2EnE, + 2wlg| cos(h))

These relations will be required when the results of the amplitude calculation
are compared to the results obtained using HBChPT and when the results
are compared to experimental data.

In the center of mass frame, the differential cross section for pion photo-

production with the initial particles unpolarized is given by [31]

3“) . lal 1=y
a0 = 0 W o M
(39- _— 4wEN{1+ ’1;-:;) 1671'2\/54%' l
(6.8)
_ g 1 3
~ 6dntws4 Z |M]
pol

where M is the amplitude for the reaction and |g| is the magnitude of the pion

momentum. The squared amplitude for radiative pion capture is equivalent
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to the squared amplitude for pion photoproduction, and so the differential -

cross section is

oo 1 b
(56) oM 4E E'y ql) 16W2(4 Z -

1y ,
647rz|q]94 Z’ o

It should be noted that in [12] the nucleon fields are normalized in a different
mailner, resulting in a different form of the amplitude and a different relation
between the differential cross section and square of the amplitude. Although
this will not affect the results, it will be important when the amplitude
calculated using infrared regularization is compared with the results of the
HBCHPT calculation given in [12].

6.2 Pion Photoproduction Amplitude

The pion photoproduction amplitude will be calculated in two parts. In the
first section, the first and second order tree diagrams in Figure 6.1 will be
used to calculate the amplitude to second order. The amplitudes for these
diagrams do not contain loops, and as such can be calculated without using
infrared regularizai:ioﬁ or heavy baryon Iﬁethods. In the second section the
O(p*) amplitude will be calculated using the form factors given in Chapter
5. The amplitude will then be expanded and compared with the results
obtained from HBChPT [12].
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6.2.1 O(p?) Amplitude
The diagrams used in the O(p?) amplitude calculation include the vertices

V{l)

I ~8 ot ot o
e = €A (nT O — O

VﬁfﬁN = jey" A,

@ _ ﬂea‘”"ky e 1+
L ERERTY

Ci)
1 gA a
V‘rr(“g‘fN QFQ :5 a

V(l) €ga

Ty NN = “Q'E;’Y“W’5(T+7T+ —7n")

which were derived in Chapter 5. Using these vertices and the Mandelstam
variables defined in the previous section gives the amplitude corresponding

to each diagram in Figure 6.1 as

. €g4 1 1+ T3 5 4, a
M, = @6”2FSHM§,(T“ : Y (P + K+ My nt ¥ (6.10)
e AT €94 1 L+ i = F 5, a ;
M, = W, e‘g‘éq””'y‘r’ (ront —r_n7)W (6.12)

2F
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Figure 6.1: O(p?) Charged Pion Photoproduction Diagrams
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My = _@—euig‘ﬂt f;i g75(7+7f+ — )Y (6.13)
M= —Te, ﬁ??p WWJ;{TLMM;NW% (m s +erm)r e (6.14)
My = Ty et T A M (LD crmyev (619

and the total amplitude is
M = M, + My + M, + My + M, + My (6.16)

The isospin matrix products in M,, M;, M. and M; can also be rewritten as

Ta(l 4 73) =Ty + 843 — 1*%

(14 13)70 =To + a3 + 1630,

which is the form of the matrices used in Section 6.3.

6.2.2 O(p') Amplitude

The amplitudes for the fourth order diagrams given in Figure 6.2, can be ob-
tained from the amplitudes for the diagrams in Figure 6.1 by replacing each
bare vertex with the appropriate form factors from Chapter 5, and multiply-
ing each propagator and external field by the appropriate renormalization

constants. The resulting amplitudes are

— 72 A '
M, = -m%g—%;\;m (0)g7* (P + K+ My)y*n®w (6.17)




6.2: Pion Photoproduction Amplitude 119

Figure 6.2: O(p*) Pion Photoproduction Diagrams
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= Zz\/
M, = —Fe,— N

“3F o F1 (0)G 4" (F — g+ Mp)gr ¥ (6.18)
M, =_‘§fue29;ZN\/ WV (T+7r — T )W (6.19)

ek

My =Te,=(Gr(O) + o7 4Mg GO (a a0 — ks )WW ~ )

(6.20)

= eIy, gv (Pt K+ My)otky , .

M, = —Te,—i " et P N i v (6.21)
— jeZ? \/— gl + M, e

My = e, Ve B(0)Ga W_”Mz W rag (6.22)

where the pion electromagnetic form factor is represented by I'*(q,, ¢, — kv.),
and the pion renormalization constant is represented by Z.

The remaining contribution to the O(p*) amplitude is the pion-photon
vertex calculated in Section 5.4, with the external fields taken to be on-
shell. Several of these diagrams contribute only to the difference between
the physical constant G4 and the bare constant gA'a.nd can thus be omitted.
The remainder of the diagrams must be included e.xpli(:itly in the amplitude
calculation.

‘The amplitude can be simplified by absorbing several of the form factors
and renormalization constarits intb the.-l'ow energy constants. The electro-
magnetic form factors F;(0) and F(0) represent the electric charge and the

magnetic moment of the nucleon in units of e, and as such can be replaced
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with the measured values. Using similiar arguments, the renormalization
constants Zy and Z, can be ahsorbed in the nucleon and pion electromag-
netic charge and the constant G 4.

The amplitude terms can then be written as

= eG4 1 .
M, = “‘Fﬁp% Ve GV (P + K+ My )y (1o + 8oz — i€*P1)n*0  (6.23)
S N '
My = —Te ST V(P — o + M,\;W(T + 0,3 + €)W (6.24)
HAF w— M}J
— e(Gy(t) + m? [AMEGH(E) ., # . .
Md — \I’E‘u ( 1( ) 11;/ N 2-( )I\#(qu’qu _ kv)t—_‘t_z—n‘l—?QTs(@faBbTb)W /]
(6.25)
= iEGA ﬁ’Yﬁ (F +}( -+ ﬂ'fN )aﬂuks/
= 1 : 6.2
Me=—YeupppeF —  s—3 (6.26)
X ((tip + fn)7a =+ (Hp — fin)az — Wi — fin) €T )W
— L& v — 5
My =T, 208 T — i Mgy (6.27)

““IMNF w— M%

X ((#tp + tn)Ta + (p — n)Ba3 — i(ttp — fin) ™1 ) 7" T
with the contact term M, calculated separately. In My, the pion form factors
are used as the pion which is emitted by the nucleon is not on-shell. However

these form factors can also be written as

m2

N [
aMz,

since the correction to G4 due to G»(t) is of higher order.

Gi(t) + Ga(t) = Ga+ (Gi(t) — Ga(m3) (6.28)
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6.3 Low Energy Expansion

The pion photoproduction amplitude can now be written as a low energy
expansion and compared with the results obtained from HBChPT. In this
section the nucleon momentum will be taken to be nonrelativistic and will

be written in terms of the nucleon four-velocity

PM = fl‘[NUM P’” = A-i’N’U',_, (629)

where

lq|sinf |g|cos@

2 )
E'xy ' E'n

2, = (1,0,0, ~En

] vl =1{1;0,

(6.30)

At low energies the nucleon can be approximated as being at rest, and the
nucleon three-momenta can be treated as a higher order correction. It should
also be noted that in this form the external nucleons are taken to be slightly
off-shell.

When the nucleon is at rest, the heavy baryon fields H, and N, corre-
spond to the upper and lower components of the relativistic nucleon spinor
which will be written as x and . Then at low energies, the nucleon spinors

_ can be approximated as

\F=[i‘;}—+[§] (6.31)

The higher order effects of the spinor n are included using the separated form

of Dirac’s equation,
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o-Pn= (P~ My)x (6.32)

o-Px = (P°+ My)y (6.33)

For P® = My, this relation becomes

og-P

gk e = 6.34
1= 55X (6.34)

Since the nucleon spinor is divided into upper and lower components, it is
convenient to write the Dirac matrices in terms of the Pauli matrices and the

2 x 2 identity matrix,

1 0

0 _

4 = [ il jl (6.35)
& 0 o° _

CEks { e ] G =123 (6.36)

i1k

8 L

= [ 10 } - (6.37)

Each of the remaining quantities in the amplitude can be expanded as a
low energy power series, with O(p®) terms omitted. Using the non-relativistic
off-shell momentum P, = My, +q,, the nucleon propagator can be written

as
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P+My MyQ+w)+g PMy1+w)+4)

P ML 2Myv-q (2Myv - g)? (6.38)
q4(MN(1 +,‘Eﬂ -+ g) 4 O(p5) ‘
(2Mnv - q)°

Using the kinematics given in Section 6.1 and the approximation PV = PP =

My, the factors of 1/v' - g and 1/v - g can be expanded as

1 1
- . 6.39
2N -q  2Mu(E, + 52) (6.39)
b 1 laf? 4
= 5,5, g T OP)
1 1
- 6.40
2Myv-q  2My(E, + %) e
- 1 zwlq|

+0O(p")

T 2MyE, 2MZE?

The propagators can also be expressed in terms of the photon four-momentum

k,, with a similiar expansion. The low energy expansions of the infrared reg-
ularized loop integrals are given in Appendix A.4. |

In [12] the amplitude and the renormalization of the nucleon spinors are

not defined the same as in Section 6.2.1. The relation between the amplitude

defined in [12] and the amplitudeé derived in Section 6.2.1 and Section 6.2.2

18

1
M
84/

M'yN—mN (6.41)_
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and the nucleon spinor referred to as y in [12] is equivalent to % using
the definition in Eq 6.31.

The amplitude can be written in terms of four structure amplitudes,

My
4rry/s
= F(E, z)ix'o - ex + Fo(Er, 2)x'0 - do - (k x €)x (6.42)

M'y.N—rﬂ‘.N L P e

+ F3(Ex, $)'£)(TG - ke - ax + Ffl(E‘m iﬂ)ixid - ge - gx
where z = cos 6 measures the angle between the pion and photon momentum.

Each structure amplitude is further divided into the three iéospin channels,

F*(Ey,3) = FN By, 2)ie™n, + FOEy, 2)ra + FCN By, 2)00  (6.43)

The structure amplitudes written in terms of the physical pion states are

P = 42 '[F;(U) = E(“)] | (6.44)
FPm R i3 [F,}”) + Fj‘)] ' (6.45)
Fremr =59 4 FY (6.46)
Fren = F — F® (6.47)

The first and second order contributions to the structure amplitudes are
the leading order terms in the low energy expansion of the amplitude given

in Section 6.2.1. The amplitude M, can be written as
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— eG4 il m2
f,=—T
4 PV ACTym ¢ AMEv
X (75 + da3 — ze“BbTb)vr“‘If

)Q’Y (Mpw+ ¢ + My )7 (6.48)

When the Dirac matrices are written in terms of the Pauli matrices, the

product of the matrices can be written as

Ugy*(Mn(1+2) + g)¢ (6.49)
| - : E, oMy +E, 0
=x"[1 —2MN]l:iE(: _U.q][ Ng _E,

» 0 o€ 1
—o-6 0 ke X

2
=TE2"— ﬂ'[q| s T
X' (EZo - ¢ oMy’ e+wlglo-go-eo-k
E2
- By ooy

The fourth term is of higher order and can be dropped. The third term can
be removed using a specific gauge which corresponds to the gauge v-e =0

that was used in [12]. Then the amplitude is given by

y __.BGA
A = 4F(

Ex(Er —|af*/2Mn)  mikE7 Sl
OMyv g D - g

adb

(6.50)

Tb)ﬂ'a

_BGA( E. 3IQ|2 5 m2 a3b
AF *2My  4ME

Vx'o - ex(Ta + Oaz — $€*1)m*

and the contribution to the O(p?) structure amplitudes is
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© _ My eG4 (B 3|ql* +m2
V7 dny/s 2F Y AMy 8M%,

) (6.51)

i) My eGa, By 3la* +m}
V' T 4ny/s 2F V 4My 8M2,

) (6.52)

-y My eGa, E, 3|q?+m?
Fl = - (-_‘ 1 5 a2 )
dr+/s 2F * 4My 8M?2,

(6.53)

The same procedure can be used to derive the expansion of the amplitude

My,

EGA 1 ’I'I’I.2 : 2 E?riqlg

My = — 4
= "IF SMyv-g  (@Myo g2~ (B My

Jo- € (6.54)

E‘K ~ =~ . s G
—2|q)*(1 - —M;)q €0« §)X(Ta + 843 + 1€°¥m))mr

_ eGa, 1 2wula—m2. ., Eqf
=~1F yE g X (B e
E‘N ~ ~ . @ a
X 2’Ql2(1 - M_)q TET - Q)X(Ta + 6:13 + 1€ SbTb)ﬂ-
N

and the contribution to the structure amplitudes from A,

©_ My eGa,  E. a*  2zw|g|—m3

* 90z T TEIRE, ) (6.55)

"= /s or ity

P My eGa, Ex |’ | 2owla) —my i

= s iy T T T SMEE, ) (6:56)
M 2 Golaf 2

FO N eGa, Bx  |qf? 2azw|q| iy (6.57)

T dmy/s 2F oty ~ 2MZ ~  8MZE,
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FO _ My Ga laP(l— En/My) 2ewlal’ —lal'ma, (6.58)
4 T Unifs OF 2MyE, AM}E? '
17 4m\/s 2F 2My Er 4 M3 E? ’
¥ My eGa, |q*(l—E,/My) 2azw|q® — |g*m?2
) 2| i ™ 6.60
4 4my/s 2F ( 2MNE, i 4M3 E? ) (6:80)
The low energy expansion of M, is
M, = Z‘g—;xf(a e+ :)AI/E%O' o - €0 - k)x(ie*®) (6.61)
Then by using the identity
o ko-e=k-e+io-(kxe)
and k- € = 0, the contribution to Fl(_) and Fz(_) is
(=) - My €Ga 6.62
& 4m\/s 2F (6:62)
=) _ My eGa, wlq|
b2 4my/s 2F ( 4Mﬁr) (6.68)
The low energy expansion of M, is
1
My =22~ _t(o - (q—Kk)e- Q)x(ien) (6.64)

F 2g-k
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which gives the contribution to F:..E“) and Féﬂ),

(=) My ega At lq] " m2|q )
= dmy/s 2F ((Eﬁ ~az) | ML (E, - :r[q[)) (6.65)
o) o MrN €GA lq]? mwlqlz‘ ‘

or using the expansion

L% 2 m2 . n;;”"r % 3?7&% B Sm?rfﬁ 'rrifr - (6.67)
W E,  2MyEX 3MRE, 2M% ML ' IMLED
the contribution to F,f—) is
i 2 2 2 302
4:rr\/- 2F\ (B, — |q|z) B, 21’\1’NF2 ~ 2MYE,  2M3
i m bmiE, mj’;

AMZEE  3M3% :zE;ﬁMg,) |
The remaining second order contributions to the structure amplitudes

are the leading order terms in the expansions of M, and M;. At lowest order

the low energy constants cg and c} ca:u be written in terms éf the nucleon

magnetic moments,

C6=ltp—fn  C7T=fin (6.69)

The contribution to the structure amplitudes from the sum M, + My is

O _ My FGA{w|QI(1+Ex/2MN) _w?|g* | miw|q|
VT dry/s 2F 2MnE, 2M}E? ' 4AM3EE2

Hetp + pn)
(6.70)
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) _ My eGA{w|q|(1+EW/2MN) B xw2lq|2 m w]qi}( )
1T Iny/s 2F My E, M ER T aMEER W T e
| (6.71)
o My CGA{_WIql_(]."‘Eﬁ/QMN) n w?lql?  miw|q) Wt — )
Y dmy/s 2F 2MyEr SMLEE  AMLEE M T Hn
(6.72)
© _ My eGa, z|qg? ) ,
My eGas . zlq)?
oo = M Gag s,y (6.74)

4y /5 2F ¢ 4M3

My eG W Efr - X U)Efr
pO o My Gay wlal | (B -dldlal _wBdaly, 6

" 4my/5 2F ¢ 2MyE; aM?, &M
My eGa, wlal(l~E/2My)  awla]?  miwlq)
F(G) _ N . T . r .
3 = Ings 2F © E T amE anE 0
w(l + w/2My)|q]
4-&4"{% }(”‘P + lu"n)
3 T ims 2F 2MyE, IMLE2  AMZE? o
w(l +w/2My)|q]
4M12{r }(ﬂp #’n)
5 ~ Ary/s 2F 2MyE, OMZE2 ~ AM%E2 '

wils :ﬁ; 14) Iql}(ﬂp ~ fin)
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B = g G i (679)
F = 41455 6? i ;ﬁé/zMN) Htp — tin) (6.80)
F = Mx E’GA{IQlZ(l ;ﬂfgr/ZMN)}(“p e i) (6.81)

47r\/_ 2F

When the higher order irreducible diagrams are included, the O(p*)

structure amplitudes are given by

Fl(()} My eGA{_ Er  2zuwlql—
ir\/s 2F U 2My | SMZE,
L 511 1 S5
- ;’;f;'fg; (i ittes )+ ;n—ﬂit%ig%(ﬂp + ftn)
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4643£¢JE ( —:T}!qD SCE,OLUEZ 2651(1) (E ‘—‘.’L‘{QI)

G4 3G
F(+) MN EGA {_ E,,- ZIL‘qu] v
! 4my/s 2F © 2Mp 8M%E,
Lt)lql(l -+ ETI’/MN) (ﬂ' — ) 2xEﬂIQ|bQ
QﬂfNEw 4 o GA(4TFF)2
zw?|qf® maw|ql
9M2E2( — Un )+4M2E2(MP p’ﬂ)

(6.82)

(6.83)



6.3: Low Energy Expansion 132

GZ 2
2F2 (zM

+ 2MilalPLa(t) - 4B I(0)) -

I(M5) + (m; — 2u(Ey — 2|q)IW (M)

1
553 (Or + IMETV(ME)
+ 202 1%(0) — 8MZ IS (0) + 4MEwIS(0))

1 G4 a1 (M) + 2m2u( — 239 1D(6)) (ap — )

4}‘12 21\1
SbIMNm 2 (1) ) 4b3E MN (2 9
.+ (47TF2)F2(AW 2MNI (MN))+ (4 F)QFQ ( N)
_ U(P‘P - p‘ﬂ) 2 . I(l) ]\f_f‘?
_ degrwEr(Er —zlq|) Seggw F2 5 2e70w(Ey — .c|q[)}
GA 3GA GA

7O My eGa,. 2aw|q|— m? _ wlg|(1+ Er/My)
: 4mfs 2F 8M3 Ey QMyE,
2m2byg 2E?> ‘ Ga m?2
- - 1+ Gy)log —=
Go(4rF)? +GA(4 F)Z( (1) = 2 5 (14 Ga)log )
Ey(Ex — z]q]) 3
T 1 __ T
GaldrFY? (2b55 + bos + G og )

la* | zw’lal® mwiql
~ 8 T I EE W T ) T g e~ o)

G (el TOME) + 221~ 51 0) ety + 1)

(o — tn) (6.84)
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miw|q w(l+w/2My)|q
4M2 Ezl’( - l""ﬂ) - ( 4M§r ) l(n’-"p ~ fin)}
© _ My eGa lgP(l — Ex/My) 2zw|q]® — |gf*m]
P = dm\/s 2F { 2MyE, 4MF E2 3
IQ|2(1 - wazMN) 4e4gw|q|2
YY) s e P
4 47r\/_ 2F QMNE 4M2 Ez? '
|Q| {1~ ?:/2MN) : GA |Q| 1 2
4863Lu'|qi }
-y _ My eGay _|QI2(1‘—Ew/ﬂ-'fN)
B l= dry/fs 2F { 2MNE, (58
jaf? i 1 my
 (Bx—lqle) B, 2MyE?
_mg F 3'm,2T 5 my  SmiE.  mg ) la*(1 — E,/2My) PR
OMALE,  2M3  4AMEZE3  3My  2EIMY, 4M% o
e zm’grlqlzblg ' 251""-’]‘-1'3 ""_ lq|2 |q]2 J(O)
G 4(4rF)2E, (B, — z|q}) 4M3Z E2
GA 19 1y ns2
T 4?2 — 1My}

The two low energy constants, by and byg, are renormalized to remove higher
order divergences and as such are dependent upon an energy scale u.

Using the low energy expansion of the loop integrals and the expansion of
w in terms of E, and m,, the contribution to the O(p®) structure amplitudes

from the third order diagrams as
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which are equal to the structure amplitudes obtained using HBChPT [12].
In [27, 28] it was indicated that HBChPT would not reproduce certain
terms in the low energy expansion of the loop integrals which could not be
written as an integer power of the nucleon mass. However in the case of pion
photoproduction and radiative pion capture these terms do not appear until

the O(p?) , and as such it is not possible to determine if this claim is true.
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Chapter 7

Summary & Conclusions

Using the chiral 7N Lagrangian to model the possible interactions of a nu-
cleon, the method of infrared regularization was used to derive the physi-
cal nucleon mass, the nﬁcleon wavefunction renormalization constant, and
the nucleon electromagnetic and axial form factors. The nucleon mass and
renormalization constant wé_re then compared with the results obtained using
HBCHhPT and found to be equivalent.

The contribution to the four-point Green’s function G, v (ks @us Puy P'y)
by irreducible diagrams, denoted by T'yrny, Was also calculated using the
method of infrared regularization. However due to the number of form fac-
tors which are required to describe the four-point interaction, these terms
were left in their original form and not written in terms of form factors. It
was determined that I,y depends on the previously calculated O(p?) low
energy constants byg, big, b1, bao and bos, as well as by for the special case of
a neutral pion. At O(p?) the Green’s function also depends on the six low
energy constants €4s, €49, €50, €51, €52, and ess, with the neutral pion case also

depending on egr, €gs, €69, €70, €71, and e7o. However these constants have not




139

yet been calculated from experimental data. The additional terms in the 7N
Lagrangian which explicitly break chiral symmetry and which vanish when
My = Mg were not included.

In Chapter 6 the nucleon form factors and the Gréen’ s function [, nn
were used to calculate the O(p?) infrared regularized amplitude for pion pho-
toproduction and radiative pion ca[‘)ture. The resulting amplitude was then
separated into the twelve structure amplitudes which are required for anal-
ysis of the amplitude in terms of multipoles. It was then shown that when
the infrared regularized amplitude is expanded at low energies, the resulting
contribution to the structure amplitudes is equivalent to the O(p®) structure
amplitudes which were previously calculated using HBChPT. However it was
noted that the when the amplitude corresponding to a specific diagram was
calculated using the two methods, the results were not eqﬁivaleﬁt and as such
the comparison cannot be performed for individual diagrams.

The O(p?) structure amplitudes calculated from HBChPT are known to
be consistent with the experimental data, and as such the O(p®) infrared
regularized structure amplitudes are consistent with the experimental data.
The O(p*) structure amplitudes contain eight fourth order low energy con-
stants which have not been measured, and as a result numerical values for
the fourth order multipoles and cross sections cannot be calculated. It is
expected that the O(p*) differential cross section can be fitted to accurate
data to measure the values of these LECs, though there does not appear to
be sufficient data at present.

In calculating the pion photoproduction amplitude, it was observed that

the method of infrared regularization reproduced the results of HBChPT.
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However this method does not require a transformation of the 7N Lagrangian
and as a result the third order calculations were less complicated and involved
fewer diagrams. The fourth order terms could not be calculated with the
heavy baryon methods due to the complexity of the required vertices, how-
ever it was possible to calculate these terms using infrared regularization.
Although the two methods were compared using the pion photoproduction
amplitude, it is expected that in general the two methods will produce equiv-
alent results for any reaction and that the method of infrared regularization

will require less calculation than the heavy baryon method.
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Appendix A

Infrared Regularized Loop
Integrals

A.1 Notation

Mg 1
N {5 — S (log4r + I'(1)+1)}
(4r)2'd—4 2

_ Q:s—Mﬁ—mi

A.2 Definition of the Loop Integrals

d%k 1

b= | P A

dok k#
; Gyl —m?

(A.2)

i
Al =14

[ d% 1
AN—%‘/I.(ETT)'!]{}:Z—M)?V (A3)
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u [ A%k
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01y =i @) (2 —md) (P — k% = M%) (A8)
e . {1, k", bk}
{Ion, Iy, 157} = i | @m)8 (k2 —m2)((k — q)2 — m2)((P — k)2 — M3)
(A7)
vy . | &k {1, k", k*E}
Un B =4 | e =)
(A8)
I = —i ] & .
BT @)t (2 —m2)(P— k)E — M) (P — k)2 — ME)((Ps — k32 }M%)
(A.9

In general each of these integrals also includes a factor of p*~%, where g is a
constant with dimensions of energy, so that the integral will have the correct

units.

A.3 Infrared Integrals

1 Meson

1
1672

Ap =2mZ(X+ Ina) (A.10)
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B =) (A.11)
1 Nucleon
Ay =0 : (A.12)
A¥ =0 (A.13)
2 Mesons
1 dm2 — ¢? . g e 1
2N i - T Y i e o BV ey Dot
J(g*) = 57 (1—4f 7 arcsin Qm.,r) 2) 62 (2lna+1) (A.14)

i 2 L m 2
THe) = 59" (") (A.15)
T = (¢"¢" — g IV (@) + ¢“¢" T2 (%) (A.16)

. ‘

(1) TR s 0. .
TO) = g5 (@~ am2) () + 28} (A1)
JO(G?) = 20(¢) — 550 (A18)

4 22"

1 Meson, 1 Nucleon
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I(P?) =~ v 7 |

() 872 1 4 2aQ + a? s W) (A.19)
1 a(af - Q) P2 —m? — M;%r—-

- o Bl 2 v
1672 1 4 2082 + az( ne—1) P2 A (A.20)
(P = PAIMI(P?) | (A21)
(P = (¢ TO(P) + PP IO(P)) (A.22)
it zpz{(P * = M +m)I(P?) + Ar} (A.23)

The integrals 1@ (P?) and I®(P?) are related to I®)(P?) and I(P?),
however the relation is complicated and as such only the low energy expan-

sion of these integrals will be given.
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In [9, 32] a different notation is used. For comparison

B = 1P (d 5P = I3(d?) (A.31)

2% = I2(¢?) IE(¢) = I (P

1 Meson, 2 Nucleons
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For comparison, the integrals in [9, 32] are related by

Ta(g?) = Lio(M%,¢) @) = 15 (ME, ¢%) (A.39)
1P(¢%) = I (M3, ¢ IP() = £D(M3, )

19(¢%) = I5(ME, &)

The integrals I'2)(s, ) and I3 (s,t) vanish when s = M3,
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A.4 Low Energy Expansion

The low energy expansions of the integrals can be written in terms of the

constant

and the three functions

F(Q) = 8713\/1 =7 arsooe(—53)
- 1 4—7 . AT
“d 2441 1 o
= e, e LB o i
PTG T e e il il
e T 22—-1) &
T Y e S o L
2 Mesons
.t 1
J(t) = J(E{ﬁ_) ~ gz~ 2
t—4m2—, 1 m 1
W () = LAy iy DR e SR
FI 12t / (mg) 5762 + t 6))‘”
-, ¢t 1 2m2 +t
(2) 7. — Ty _ T
T2 4J(m§) 642 2t An

(A.40)

(A.45)

(A.46)

(A.47)
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1 Meson, 1 Nucleon

1(P?) = —a(l — 2a0) f(Q) + ?-(%;-23‘-1 ~20(0+ a — 200y + O(a®)
(A.48)
200277 _ 9
IO(P?) = —a*(Q + & — 4002) £(Q) + = ¥ (llﬁﬂzzan) (A.49)
+ a?(1 — 20* — 609 + 8a¥*)\; + O(a)
@ p2y — Mfe? g 2 _
(P = (1 —4a)(Q* — 1) f(£2) (A.50)
2 3
+ Afg;f (6 — 502 — 1500 + 1402%)
Mo® o 3 2 4 5
— (30 — 200° + 3 — 1202 + B2 )\ + O(”)
3
1P = %(1 — 40? — 1200 + 2400%) £() (A.51)
" |
s ;”2;2 (792 — 3 + 18082 — 3000°)
3
+ ?%_(35) —40° + 30 — 240Q® + 2400\, + O(a®)
2 Mesons, 1 Nucleon
1 ¢ ' -
In(t) = M—QW(Q(m—Er') + adr) + O(a) (A.52)

L) = & =

o™

0@~ )0 + 2T () — T — a0
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bis 24— L 97 A.54
()= {204 - )olery) +olog ~ DT() (A59)
4W*ka(E§——4) ¢ ‘ i
T +4o(4 - @)AW} + O(e”)
(3) t t 9 AS
Iy'(t) = 64M2 20(—5 —4)g(—) + 3a%(2 ——)J(t/’m ) (A.55)
_qug 2(____4),\ 14 0(a®)
1672 Yz o
190 = —™ 103 _a)gt/md)+ @ Lad/md)  (AS56)
= 16M%at m2 g m2 5
4 + a8 — ;;) Sat
1 Meson, 2 Nucleons
R SRR SR, SN, 0 S Y (A.57)
12\%, 4M§;Q2 ; Afjf T .
1 2 3 3
+ 6411:[}%%292(27&”%20 e — 20 + 2a60°) 4+ O(e”)
(1) — _ 2
18(s,) = =5 4M? (60 +a — 16007 £(9) (A.58)
E L 2 _ _ 3
+.1152A42W2Q(189 + 3ma — 21afl — Baf)?)
1 2
MG (60 + 90 — 16aQ%) . + O(a?)
@ (s,8) = — 2 (67 +120— %) (A5
L5 (s,1) 12%2&2(2—!—9 )f(Q)+r767T2M]2VQ2(bﬂ+ ) (A.59)
af
—— A + O(a?)

61\{[ 6M2
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18(s (92 =120 —~a~ 6a92)f () (A.60)

,t) = 1292

2
2 {20(3 + 62 — 50°) — a(31 + 60 + 130° — 180%)}

576 20
- F('?’ — 207 — 802 + 6aP) A, + O(a?)

2

48 M3 02
2

1D (5,t) = ——— {20 — 80 — (1 + 140% — 360"} f(w) (A.61)

o

- W {20(3 + 60 — 140°) — (3w + 60 + 220° — 720°)}

(3 — 49% — 1608} + 18a0*)\, + O(a*)

12]\{2
19(s. 1) = 0(e?) (A.62)
I9(s,8) = - % ———(1 + 20?), (Q)+—L(3 64 + 49
8= "onrg Tisaamn o 6+ 4T)
(A.63)
2
o 0

6M2
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