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Abstract. Let M be a II, factor, let N=Me F(H) be the

1
corresponding II(D factor, and let jgN be the closed two—sided ideal in N
generated by the elements of finite trace. For an arbitrary C*-algebra A,
we define the abelian groups, Kg(A) and K?(A). Kg(A) is roughly speaking
the "groupification" of the equivalence classes of projections in A @ JﬁN,
while K?(A) is the group of connected components of invertible operators in
(Ae j?N)l. Our main result states that K§(A) and Ki(A ® M) are naturally
isomorphic and thus KE is a stable, half-exact, homotopy function satisfying
Bott periodicity. This generalizes (with completely different proofs) the

results of M. Breuer who had defined the function KE

for commutative
C*—algebras using the idea of vector bundles relative to Fy-

Ve also exhibit a B.D.F. pairing:
N N -1
Kl(A) ®y Ext (A) " - R

where ExtN(A)_1 is the group of invertible extemsions of A by Jy
defined by P. Fillmore. For a large class of algebras, A, this pairing
yields a "universal coefficient theorem", that is, an isomorphism of R-vector

spaces:
Ext™ ()™ ¥ Homg [K) (4), R].

This is, of course, closely related to the universal coefficient theorem of

J. Rosenberg and C. Schochet.
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Introduction

In reading Georges Skandalis’ paper [13] "On the group of extensions relative
to a semifinite factor" I began to wonder if there might be some analogous results
for K~theory. This paper is the end product of that wondering.

Before going further, let me state Skandalis’ result and the attendant
definitions. Let M bea II, factor and let N=M ® F(H) be the corresponding
IIOD factor, where H is a separable Hilbert space. Let j@& be the closed
two—sided ideal in N generated by the elements of finite trace. Then, roughly
speaking, ExtN(A) is the semigroup of equivalence classes of extensions of the
form 0~ Jy-+B-A-0 fora fixed C*—algebra A. Ina similar vein, Ext(A, M) is
the group of equivalence classes of extensions of the form 0-Me F~B-A-0.
Now, it is known that J”/N is much larger than M® & and, in fact, does not contain
a countable approximate identity. Thus, a priori, ExtN(A) does not fit into

Kasparov’s extension theory. Nevertheless, Skandalis proved that ExtN(A)—l v

Ext (A, M) where Ex’uN(A)—1 denotes the invertible elements in ExtN(A).

In searching for a similar result for K—theory, I discovered that the
K-theory relative toa II  factor had only been defined (by Breuer [5]) for
commutative C*—algebras. His definition was in terms of vector bundles, naturally
enough. Part of the problem then, is a suitable definition for the functors Kg
and KI;I. The obvious answer is to replace %, the ideal of compact operators,
wherever it appears in the definition of ordinary K—theory with the ideal %
Thus, for example, Kg(A) should be the "groupification" of the equivalence
classes of projections in A ® Jf& This is exactly what we do. The next question
is: What is the analogue of Ext(A, M) for K-theory? Here, the answer is: replace

% with Me J#. Thus, for example, we should look at the "groupification" of the



(1)

This is, in fact, our main result. One nice corollary of this theorem is that Kli
is a stable, homotopy functor satisfying Bott periodicity.

In section 1 we begin by quickly reviewing ordinary K-theory with definitions
most suited to our purposes. We then briefly examine the difference between the
algebras M® % and % Here ve give completely new and more conceptual proofs of
some results of Brown, Green, and Rieffel, and Akemann and Pedersen. We then

carefully define our functors Klg and KI;I

and prove our main result that the
embedding M® %~ J induces a natural isomorphism Ky (AeM) o KE(A) for any
¢ —algebra A.

In section 2 we observe that the long exact sequence relative to an ideal; the
Pimsner—Voiculescu exact sequence relative to a crossed product by Z; and Connes’
Thom Isomorphism relative to a crossed product by R all hold to some degree in the

KE setting.

In section 3 we exhibit the analogue of the B.D.F. pairing:

N

=N, N,.\-1
K} () @ Ext ()~ - R.

For a large class of algebras, this pairing yields an isomorphism of vector spaces:
Bt (4) ™1 - Homg {K?(A) , [R]

which is naturally dubbed the "universal coefficient theorem". 0f course we are
forced to examine these vector space structures more closely, which we do. Ve
explain here the close link of our universal coefficient theorem with that of
Rosenberg and Schochet.

Finally, in section 4 we give the expected connection of the KN—theory with



§1 K-Theory

1.1 Grothendieck group.

If S is an abelian semigroup, then we let Gp(S) denote the Grothendieck
group of S. That is, Gp(S) consists of equivalence classes of formal
differences, x-y, of elements x, y € S where x —y~x’ —y’ if and only if there
exists z € S suchthat x+y’ +z=x"+y+z. Then Gp(S) is an abelian group with
the obvious operations. Moreover, the map xw~ [x-0] is a semigroup homomorphism
of S into Gp(S) with the property that any homomorphism S - H where H isan

abelian group extends uniquely to a homomorphism Gp(S) -+ H. See [14] for details.

*
1.2 K—theory of C algebras.

Vith this in mind, let A be a unital C —algebra and let % denote the
compact operators on a separable Hilbert space. Let P(A®.%) denote the set of
projections in A ® & Ve define equivalence in P(A®.%) to be the usual
Murray—von Neumann equivalence of projections. That is, e~f in P(A®%) if
there exists v e A® J# with v*v = e and vv* =f. Let [e], [f] e P(A®F)/~. Ve
define [e] + [f] = [e’+f’] where e’ ~e and f’~f are chosen so that
e'f’ =0="f’e’. This addition is well-defined and makes P(A®.%)/~ into an abelian

semigroup with zero element. We then define:

Ky(h) = 6, [P(A@Jé) /~] .

*
The map Aw KO(A) is easily seen to be functorial from unital C —algebras with
unit preserving homomorphisms to abelian groups with homomorphisms. If A isnot
necessarily unital then let A1 denote the unitization of A and let ¢: A1 - C be

the canonical homomorphism. We define K, to be the kernel of the map



Gx: KO(Al) - KO(GZ) . On easily checks that the two definitions of KO(A) agree if A
already has a unit (see section 1.3.4).

Now, if A isa C*—algebra ve let Ul(A) (respectively, 6L, (A)) denote the
group of unitaries (respectively, invertibles) in A1 of the form 1 + a where
a€A. Velet U?(A) (respectively, GL(l)(A)) denote the subgroup consisting of the
connected component of the identity. It is well-known (and not hard to prove) that
the inclusion of U (A) into GL,(A) and the polar decomposition map
x b u(x) = x|x|~1 are homotopy inverses and so we have that U1(A)/U§)(A) =
6L, (A) /61O (4) . We then define K, (4) = U, (A8.%) /T (&%)

= 6L, (A® %) /GL] (A0 ).
As usual, one can prove that K, (4) is anabelian group and that the map Av K, (4)

is functorial.

1.3 K-theory relative to a II(D factor.

Now, let M bea II; factor andlet N=M ® B(H) be the corresponding II_
factor, where #H) denotes the algebra of all bounded operators in the
(separable) Hilbert space, H. Let J denote the closed two sided ideal in N
generated by the positive elements of finite trace. We observe that Me J#C ‘%T\I
That these algebras are different is due independently to Brown, Green and Rieffel
[8] who refer to Blackadar, and Akemann and Pedersen [1] who refer to Elliott. We

give a completely different and much simpler proof of their result in the following

proposition.

1.3.1 Proposition: If N isa IIm factor, then ‘Za& does not have a countable

approximate identity.



Proof: Let {Xn}gzl be a countable approximate identity for J with 0<x <1
for all n. Then by spectral theory we can find projections e, in %& with

lle. x_—x || <% for each n. By an % argument , wve see that {en ®  isan

nn n n=1
approximate identity for J. If welet E = sup{e1 yenn ,en} then {En}$_1 is an
n 171 n| n|n=1
increasing approximate identity of projections in J&T\I, vhich we can assume is
strictly increasing. For each n > 1 choose a nonzero projection fn < [Eml—En]
1

with trace(f ) < —=.
n/ = o0

®
Let a= 2 f . Then ae J and |Ea-al =1 forall n>1,
n=1

which is an obvious contradiction. g

1.3.2 Corollary: If N=Me () where N isa II, factor, then Jy ismnot

stably isomorphic to M.

Proof: M® % has a countable approximate identity. If .%ﬁ ® % had a countable
approximate identity, {Xn} then {(1®e)xn(1®e)} would be a countable approximate

identity for Ju& ®eV ‘7%1 where e is a rank one projection in %. g

We now give a new and very different proof of a theorem of Brown, Green and
Rieffel [8] which shows that even if we weaken our notion of stable equivalence to
allow for non—separable Hilbert spaces, ﬁa& is never equivalent to any 111

factor.

*
1.3.3 Theorem: Let M be any unital C -algebra, let N be any IIm factor and let
H, for i=1, 2 be (possibly nonseparable) Hilbert spaces. Then, M ® j@(ﬂl) is

not isomorphic to Jg ® J(H,).



Proof: Let {En};";:1 CMe Jvf(Hl) be any increasing sequence of projections. Then
we can find projections F =1y@(Q in Me jﬂHl) which we can take to be
increasing such that

1
1. |[FE-E || <= for each n, and

2. I_-Te M[M@ %’(Hi)] strictly (here F=1,®( vhere Q=sup( ), where
n

clearly F> E for all n.
If %& ® %‘(Hz) also had this property then we could choose En in the
following way. Let {En} be an increasing sequence of projections in % so that

E = sup En is infinite in N. Let e be a rank one projection in %(H2) and let
n

E = En ® e. Then {En} is an increasing sequence of projections in JB& ® %(H2) .
Suppose we can choose projections {Fn} in e HH,) such that
1
1. |[FE-E || <z for each n, and
2. F -Fe M[J’&&Z’Tﬂz)] strictly vhere F>E forall n.

Let E:fl@e:supEn in Ne Z(H,) . Then EEN@eQM[%&@%’(HQ)J. Now
n

F__=bamby (bee) [%@%(Hﬁ] (Eee) = (FE) [%&@%(Hz)] (FE)
ENE

since FE=FE=FEF. But, EF E is in this latter algebra and since EF E - EFE = E

strictly, we see that {EFHE} is a countable approximate identity for this latter

algebra. Thus, ‘%JNE has a countable approximate identity, contradicting
1.3.1. g

1.3.4 %’g—theory. Now, given a countably decomposable IIm factor N, one can

*
show directly that for any C —algebra A, P(A® JJN) /~ is an abelian semigroup with

0. However, this will follow from theorem 1.3.7. We then define Kg(A) for unital



A tobe Gp [P(A®%)/~] . If A isnot necessarily unital ve define Kg(A) to be the
kernel of the induced map Kg(A1) - Kg(C) . To see that this does not conflict with
out previous definition in case A isunital we observe that if A has a unit, e,

then Al=Ae C(1-e) as algebras and so we get Kg(Al) = Kg(A) ® Kg [G(l—e)] . Since

Al 5 ¢ has the obvious splitting € - C(1-e), the kernel of the map Kg(Al) - Kg((t)
is just Kg(A) in the sense of unital algebras. For completeness, we observe that
a choice of trace on N yields an isomorphism Kg(‘li) v R.

We now define K\ (4) = U, (Ae.%) /U0 (A8 7) = 6L, (e %) /GLY (Ao ) . Clearly,
KI;I is a functor from C*—algebras to groups which preserves direct sums. It follows
from results below that KIf(A) is an abelian group for any C*—algebra, A. Ve
observe that an easy application of the Spectral theorem shows that KI;I(C) = {0}.

N N

By considerations similar to those used in defining Kg we see that K1(A) o Ki(Al)

via the injection A - Al

1.3.5 Lemma. If e is aprojectionin A® ‘7%1 amd ¢ > 0, then there is a
projection f in A® %& and a unitary u in N so that
(1) |/f-e]l < €, and
(2) (1,eu)y(1,8u) eAele % forall y in f(Ae.)f.
*
Inparticular, 1, ®u isin M(A®.J%) and so (148u)£(1,8u ) is equivalent to f

in A® J via the partial isometry (1A®u)f.

Proof: Since the net of increasing projections in ,ﬁ% form an approximate
identity for % ve can find a projection E in % so that 1@ E almost
dominates e. Then, by the usual functional calculus arguments we can find a
projection f in (1,®E)(A® ) (1 @) =A@ EFE with |le-f[| <e. Since

Tr(E) < +o, we can find a projection F=1y®( in M® J with Tr(F) > Tr(E). By

*
the comparison theorem there is aunitary u in N with uFu <F so that



* *
(uEu )N(uFu ) C FNF. Now,

(1y%0) [£ (0 ) £] (1 00)
C (A®u)[(1A®E A@JJN (1)88)] (1,00 )
= (uE)%N( ")
C Ae(ub )( ")
- Ae (uFu )N(uEu)
C A®FNF
= Ao [(1,@0) (W& .Z(H)) (1,80)]
= A ®[Me}.F(H)0]

= Ae[Me( BH)(Q] since § is finite-dimensional

C Ao (Me%) asrequired. g

*
1.3.6 Theorem: Let A be aunital C —algebra. Then the inclusionmap AeM® &=

A ® Z induces an isomorphism P(AcMe %)/ ~ - P(Ae Ay )/ ~. This yields a natural
isomorphism KO(A®M) N Kg(A) and hence Kg defines a stable homotopy functor on

*
unital C —algebras.

Proof: Surjectivity. Let e be aprojection in A® J;& and let 0<e<1 then by
the lemma choose f in A® J with [e—f[| <€ sothat f~e, andalso ueN
satisfying (2). then f’ = (1A®u)f(1A®u*) isin A®M e % and is equivalent to f
and hence equivalent to e. Hence, the obvious map P(AeM® %)/ ~ P(A&%&)/ ~ 18
surjective. It is clearly a well-defined map. The surjectivity also shows that
addition makes sense in P(A® JL&)/ ~ and that the map is a homomorphism of
Semigroups.

Injectivity. Suppose e and f are in A®Me J% and are equivalent in the
larger algebra A e J@J Then we can find a finite rank projection § in & so that

1, ®1; @0 alnost dominates e and f. Therefore, there exist projections &, f



dominated by 1A ® 1M® 0 which are equivalent to e and f respectively in

AeMe % Let v beapartial isometry in the larger algebra A ® Ay implementing
the equivalence between & and f. Inparticular,v= &vf and hence
v=(1,e1e0)v(1 elyel) isin AeMe(FH)QCAele & Thus & and f (and
hence e and f) are equivalent in A® M ® % Thus the map is injective, and hence

extends to an isomorphism KO(A®M) N Klg(A) - B

*
1.3.7 Theorem: Let A be an arbitrary C —algebra. Then the inclusion map
AeMe # = A® J induces anatural isomorphism KO(A®M) N Kg(A). Hence, Kg is a

stable homotopy functor for CT—algebras.
Proof: Consider the commutative square

Mene j@f—-»ﬂe%
! l
(ole H— C@JJ&

This induces the commutative square

Ky (Aleir) ¥ KD (A1)
l |
K, (Celt) & KD (C)

which induces a natural isomorphism of the kernels of the two vertical maps. The
kernel of the right hand map is KI(\)I(A) by definition. On the left hand side we

apply the long exact sequence of K—theory to the short exact sequence:



O-AeH-AleNoCel-0

and observe that K, (CeM) = {0} to see that the kernel of the left hand side is just

KO(A®M) as required. g

Now, in order to prove a similar result for Klf, one could attempt to work
directly along the lines of the previous theorem. Some difficulties are
encountered in this approach, however, While it is not hard to show directly that
the map K, (AeM) - I(If(A) is surjective, injectivity seems to be much more difficult
to prove.

We get around this difficulty by using the result for Kg together with the
suspension isomorphism for ordinary K-theory. It is curious (and extremely
fortunate) that this approach does not first require proving a suspension

isomorphism in the KI,E theory. First, we need a lemma.

1.3.8 Lemma. Themap BeM® K= Be .7be induces an isomorphism

KO(B®M®%’) - KO(BG’%) ;
Proof: We calculate:

K, (Belie %)
= GP(P ((BeMe ®)e %)/ ~)

e

G_(P(.#(BeMe. %))/ ~) via switch isomorphism

P
Gp(P(J@(B@.ﬁ;N))/ ~) via theorem1.3.7

ne

v Gp(P((B® Jhy)® %)/ ~) via switch undoing previous switch
KO(BG%) -



1.3.9 Theorem. The embedding A®@Me F <A@ fn& induces a natural isomorphism
N

Kl(A®M) N Kl(A)'

Proof: We first apply the suspension isomorphism of ordinary K—theory to the

previous lemma with B =S4 and see that the embedding A®Me F< A e J induces

an isomorphism K, (AeH®.%) o K, (A2 7).

Now, we have the commutative diagram:

K, (AeMe %) — = K, (40 %)
GL, ( (A@ililoa J5)® ) N GLl((A® %)@jg)
617 ( (Aelle H)o %) O al((ex)en
XHX®e v Xhxee
GL, (AsH® %) GL, (A® )
6L (Aslle %) T M
[ [
K, (Ael) S kY (4)

This clearly implies that the map Kl(A®M) - KT(A) is injective. To see that it is
surjective let a be an element in GL, (A® ) so that a=1+x with x in Ao Jh.
Since the injection A = A1 induces isomorphisms in both K1 and Klf we can
without loss of generality assume that A has an identity. Thus, given e¢> 0 we
can find a projection e in A ® J with [lexe—x|| <e. Now, choose f in A® J
and ueN according to lemma 1.3.5 so that |[fxf—x|| <2¢ and (1,8u) (fxf) (1A®u*) €
AeMe % Then 1+fxf isin GL,(A®.%y) and is equivalent to 1 +x there
provided e> 0 is sufficiently small. Let U, e [0, 1], be a norm—continuous

path of unitaries in N connecting u to 1y. Then, (1A®ut) € M(A® %) forall t
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and
* *
(1j8u,) (1+fxf) (1,8u,) =1 + (1480, )f x £(1,0u,)
is a path of invertibles in GL,(A® ) connecting [1+fxf] to
*
[1+(1A®u)fxf(1A®u )] € GL, (AeM®.%) . Thus the map K, (AsM) - KI;I(A) is surjective

and hence an isomorphsim. g

1.3.10 Corollary. There are natural isomorphisms:

N N
1. K(4)v KO(SA)
2. KD(A) ¥ K] (SA)
N N, o2 N N, 2
3. Kl(A) N Kl(S 1), KO(A) N KO(S A)
4. KI,E(A) oY KI,E(J%A) induced by aw~ e ®a where e is aminimal projection in .

Proof: This follows immediately from the corresponding properties for ordinary

K-theory and the natural isomorphism KI,E(A) v Ky (AcM). g

2. Exact sequences in the KI,E theory

2.1 Ideals

If J isan ideal in the C*—algebra A, then the exact sequence
0+J-A-A/J-0 induces a sequence 0-JeH-AeM-A/JeM-0 whichmayfail to
be exact in the centre. However, if A/J is nuclear then one can easily show that
we have a short exact sequence, 0-JeM-AeM-A/JeM- 0. Then the long exact

sequence of ordinary K-theory coupled with theorems 1.3.9 and 1.3.7 show that we
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get the long exact sequence for Kl,\j:

3(J) — K (A) — KD (4/3)
T l

K (4/3) — K () — K} (3).

K

Now, even though a 111 factor M is not nuclear, it is possible but not
likely that it is C*—exact so that one would have 0 ~JeM-AeM-A/JeM-0 is
exact, in general. This, of course, would imply that the long exact sequence for
KE holds in general. More hopeful, perhaps, is the possibility that the map
AeM/JeM- (A/J) ® M is some sort of Kk—equivalence: we have no idea how this

might be proved.

2.2 Crossed Products

*
If o: G- Aut A is an action of the locally compact group G on the C —algebra
A, then a® id defines an actionof G on A @M and there is a natural isomorphism

(AeM) x G (AxaG) ® M. Theorems 1.3.7 and 1.3.9 then allow us to obtain a

x
(07

Pimsner-Voiculescu exact sequence [2] in the KIE theory when o is anaction of I

on A:

Similarly, if o is anactionof R on A, we get Connes’ Thom Isomorphism

N
1-1

[2): K} (Ax Ry 2 K], (4) for i=0, 1.
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3. Pairing with Ext.

Let [u] € KI;I(A) and [7] € ExtN(A)"l. Then u is aunitary in U, (A®.%) and
7: A= N/ A is a *-monomorphism. Wewant 7®id: A® J4 - N/ F @ JF todefinea

map into N®N/.% . However, tensor product difficulties make this a little
NeN

tricky. Ve proceed as follows. Let ¢: A- N be a completely positive lifting for
7, 50 that ¢ isamultiplicative modulo J. Then, ¢@id: Ae F-Ne J CN 8N
is completely positive. Moreover, an easy calculationon A e J% shows that

¢ ®id is multiplicative modulo %N %N C & ,and, that ¢ ® id is independent

NeN
of ¢ modulo 7% ® JéNQ J& . Thus, we obtain a *~homomorphism
NeN
Ae % -NeN/J% _ which we denoteby 7@id. Then
NeN
(reid)': U, (A ) - U, (N&N/ % ) w U(NeN/% _) since the algebra N& N/ _
NeN NeN NeN

has an identity. If we fix a trace, Tr, on N we get a trace Tr on N@N and so we

define ([u], [7]) = ind_ ((T®id)1(u)) € R. Vhere ind_ 1is the Breuer index [3, 4]
Tr Ir

for unitaries in N®e N/ & _ relative to the trace, Tr. This is easily seen to
NeN

define a group homomorphism KI;I(A) 8y Ex’cN(A)_1 - R which we also think of as a
homomorphism: ExtN(A)_1 - HomE(KII(A) , R). This construction of the homomorphism,

using the extension 7 to define a homomorphism from A @ N eN/ % isa
NeN

(rough) analogue of the construction used in [7, section 4] for # #) in place of
N. The other way of constructing this homomorphism is to consider the short exact

sequence
0= ]@—oD——T—»A—»O

(vhere D = W—l(T(A)) CN and 7: N- N/ is the canonical map). One then applies
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the long exact sequence of KE~theory and uses the connecting map

If(A) - KIg( %&) ~R to obtain the image of [7] in Homﬂ(KT(A) , R). Ve note that the

fact that [7] is invertible implies that we can assume as above, the existence of

K

a completely positive splitting ¢: A-D for this short exact sequence and this
implies that 0 - L%I\I @B-DeB-A®B-0 isexact for any C*—algebra B. In
particular, the sequence is exact for B =M and so by 2.1 we have the long exact
sequence for Kli—theory even though A may not be nuclear. A slight variation on
this would be to look at the exact sequence 0 - .7%& ® 7:& -De Ja& +A® %& -0 and
to construct the connecting map directly in the Kg—theory: this would yield
directly a map fron Uy (A8 ) =K\ (4) to 6 (P(He ) /) = Ky(J) - By the
arguments used in theorem 1.3.6 one can show that the injection J& ® J - g

NeN
induces an isomorphism [P( @A) /~] ¥ P[(% _ )/~]. Using this isomorphism and
NeN
the construction of the connecting map, one easily checks that the two definitions

-1

of the homomorphism ExtN(A) - HomZZ(KIf(A), R) agree.

N

3.1 Vector space structure on Ky and Extl,g( )_1

Suppose a: R" - Aut N isa representation of the multiplicative group R
which satisfies Tro a, = t - Tr. Such actions often exist: for example, if N is
the hyperfinite IIUD factor. For a fixed action a of this kind, we can define

. -+ .
actions of R via

t - [u] = [(id,8a) (w)] for teR", [u] eX)(A)

)
t - [e] = [(id;8a,) (e)] for teR", [e] €KJ(4)
t - [r] = [ayor] for teR', [r] € Ext’(A) 77,
where by 1is the induced automorphism on N/j%l' Clearly, in each case we have
1-x=x and (ts) -x=t - (s-x). One can also show that t - (x+y) =t -x+t - y:

this requires a little thought in the case of ExtN(A)—l, for one must first modify



14.

ay by an inner automorphism of N to insure that at(E) =E for some infinite,
co—infinite projection E in N.

However, it is far from clear (to us) that we have (t+s) -x=t-x+s5-x in
any of the above cases. However, if we assume that A is in the category /4 (i.e.,
the smallest subcategory of the category of separable nuclear C*—algebras which
contains the separable Type I algebras and is closed under the operations of taking
extensions, inductive limits, stable isomorphism and crossed products by Z and
R) then by Schochet’s Kiinneth formula for tensor products [12] we have that

(A) e, R

i
and one easily checks that in this case our action of R" on Kg(A) corresponds to
the obvious one on K;(A) ;R and so gives KI(\)I(A) a vector space structure
independent of «. A similar statement holds for KI;I(A) via the suspension
isomorphism.
Now, under the assumption that A € ., if we fixa [7] € ExtN(A)_1, then

N
1

(-, [7]) regarded as an element of Homy (K (A), R) is easily seen to be R—linear

and so we have a natural homomorphism

Ext (4) ™" - Homg(

3.2 Theorem (Universal Coefficient Theorem): If A is in the category . then

the natural map ExtN(A) - Hom[R(KT(A) , R) is an isomorphism which carries the R"

action on ExtN(A) (when it exists) to the (vector space) action of R on
Hom[R(KIf(A), R). Thus, the action of R" on ExtN(A) extends to a scalar

multiplication by R and ExtN(A) N Hom[R(KI;I(A), R) as vector spaces.



15.

Proof: Ve have only to check that it is an isomorphism. By Skandalis’ result [13]
we have that ExtN(A) v Ext (A, M) and so ExtN(-) is a stable, periodic,
homotopy—invariant functor satisfying the usual long exact sequence. As pointed
out by Rosenberg [15], this implies (by an argument of Brown [6]) that ExtN(-)

.1
lim
satisfies a "Milnor « sequence". Now the usual arguments as found in Rosenberg

and Schochet [11] (see also [9], [10], and [12]) show that the map is an isomorphism
forall Ae A B

3.3 Remarks

1. Since K| (A) ¥ K (AsM) ¥ K (A) @ K,(i) =K, (A) ®R by Schochet’s Kimneth

Theorem for tensor products (when A € ), we have that Hom{R(KT(A), R)
Homp, (K, (A)®R, R) v Homy (K, (A), R). As observed by Skandalis the resulting

isomorphism ExtN(A) v Homy (K, (4), R) also follows directly from his result
and Rosenberg and Schochet’s universal coefficient formula in KK-theory.

2.  On the other hand, if we could show that ExtN(-) is a stable, periodic,
homotopy functor satisfying the long exact sequence (without resorting to
Skandalis’ theorem) then we could use theorem 3.2 and Rosenberg and
Schochet’s universal coefficient formula to deduce Skandalis’ theorem at

least for Ae A
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4. Homotopy groups.

Here we give the expected connection of the KN—theory with the homotopy
groups of GLl(A® j"ﬁ) . The following lemma is certainly known, but we give the

proof for the sake of completeness.
4.1 Lemma. If B is a Banach algebra then there is a natural isomorphism:
™ (6L, (B)) ¥ 7rn_1(GL1(SB)) for n> 1.

Proof: Ve observe that S™ = (R™)" so that elements of 7rn(GL1(B)) are (homotopy
classes of) continuous functions f: R" - {1 +b|beB and b is quasi-invertible}
satisfying f(wo) =1. Equivalently, we can look at functions g: R"- B’ ={beBb
is quasi—inversible} and g(wo) = 0. This is exactly the set of quasi—invertible
elements in the Banach algebra CO(IRn, B). Similarly, 7rn_1(GL1(SB)) consists of
(homotopy classes of ) quasi—invertible elements in the Banach algebra

CO([Rn"l, CO([R, B)). Since these two Banach algebras are naturally isomorphic as

Banach algebras, the result follows. g
*
4.2 Theorem: If A isa(C -algebra and n> 0 then there are natural isomorphisms

(A) if n is even

(A) if n is odd.
So, in particular,

{0} if n iseven

R if n is odd.

m (6L, () {
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Proof: By repeated applications of the lemma

7 (6L (ke &) ® 7y (GL, (S"Ae 7))

KIE(A) if n is even
K(A) if n is odd.

Where the last isomorphisms follow from1.3.10. g

4.3 Corollary. The injection AeM® ZH-Ae J"b@ induces a homotopy equivalence

between GL1(A®M®jZ) and GL“A@J;&).

N
Proof:  (GL,(AsMe&.%)) o K[n+1] (AeM) v K[n+1] (A) @ m (6L, (A® ) where [n+1]
denotes n+1 reduced mod 2. Thus the two groups are weakly homotopy equivalent,

and hence homotopy equivalent by theorem is of [16]. g

4.4 Remark. If we knew that UM(A®.J%y) is contractible (as it probably is), then

applying the homotopy long exact sequence to

0+ U, (Ao ) - U (Ao ) - U0 (M (A7) / (Ao 7)) = 0

would yield

r (ko) /e k) ¥ m (U, (8 )) = 7, (6L, (Ao ) ¥ K-“En] (A) for ny1.

upported by research grants from NSERC (Canada) and the University of Victoria.
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