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ABSTRACT

In biological research, traditional multiple regression models assume homoscedas-

ticity — constant variance of error terms — an assumption that is difficult to main-

tain in complex biological data. This thesis introduces AdaptVarLM, a novel linear

regression model specialized in dealing with non-constant error variance dependent

on one covariate. AdaptVarLM integrates an auxiliary linear relationship between

the logarithmic variance of the error term and a specific explanatory variable, and

uses maximum likelihood estimation (MLE) in the iterative updating process to im-

prove the parameter estimation accuracy. By modelling non-constant error variance,

AdaptVarLM outperforms the traditional regression model in capturing the complex

variability inherent in biological data. Applying to the study of Alzheimer’s dis-

ease, AdaptVarLM detects genetically linked genes associated with the disease and

error variance. The results of analyzing both bulk and single-cell data validate the

effectiveness of AdaptVarLM in detecting significant genes.
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Chapter 1

Introduction

The homoscedasticity assumption-that error terms have constant variance-is a foun-

dational assumption of some statistical models such as the traditional multiple re-

gression model. Although this assumption helps simplify the analysis process, it

ignores the inherent complexity of biological data. The multiple regression model

assumes that all error terms in the data have constant variance, thus failing to cap-

ture small changes in error variance of the data [5] [8] [12]. This simplification step

may result in unsatisfactory parameter estimation and prediction performance of the

multiple regression model in some data scenarios. Non-constant error variances that

depend on covariates occurs in the field of biological gene expression. For example,

the variability in gene expression data, particularly when influenced by diseases or

environmental factors, can introduce significant bias in statistical estimates, thereby

challenging the assumption of constant variance and affecting the reliability of ge-

nomic analyses. In summary, the inherent complexity in biological data challenges

the homoscedasticity assumption in the multiple regression model. Therefore, how

to capture the non-constant error variance in the data and include the covariance-

dependent characteristics in the model has become an important content in the field

of statistical modelling.

Over recent years, the problems caused by non-constant error variance in regres-

sion analysis have received considerable attention. Weighted Least Squares (WLS)

and Robust Standard Errors are the two most common methodologies for correcting

non-constant error variance. In the WLS approach, each data point is assigned a

different weight, which is generally the inverse of its square of residual [7]. In this

way, the weight ensures that observations with larger uncertainty have less impact on

the model estimates [7]. The Robust Standard Errors approach eliminates the effects
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of non-constant error variance on the model by adjusting the covariance matrix of pa-

rameter estimates [14][17]. Specifically, the Robust Standard Errors method provides

a corrected standard error for parameter estimates, which makes statistical inference

valid even if the error variance is not constant. These two traditional methods, WLS

and Robust Standard Errors, use a transformation mechanism to eliminate the im-

pact of non-constant error variance in linear analysis as much as possible. A new

Bayesian approach distributes error variance by leveraging the Dirichlet process mix-

ture prior [16]. This Bayesian method is shown to provide more accurate parameter

estimates and predictions, especially in the case of non-normal error terms[16]. Al-

though these three approaches have proven effective in solving the non-constant error

variance problem, they don’t adequately account for the error variance dependence

of covariates in the model.

To make full use of the inherent dependence of non-constant error variance on

covariates in the data, rather than eliminating its impact in the regression analysis,

this thesis proposes a novel approach, AdaptVarLM, based on the multiple regression

model. AdaptVarLM aims to improve parameter estimation accuracy in the linear

regression model by removing the restriction of the homoscedasticity assumption and

exploiting the dependence information between error variance and covariates. Adapt-

VarLM introduces an auxiliary linear relationship between the logarithmic error vari-

ance and one specific explanatory variable. In the process of parameter estimating,

AdaptVarLM uses a method similar to the Expectation-Conditional-Maximization

(ECM) [10][15]. In detail, maximum likelihood estimation (MLE) is iteratively ap-

plied to update the parameter estimates in two linear relationships alternately: the

linear relationship between the output variable and the explanatory variables, and

the auxiliary relationship between the log error variance and a specific covariate.

In this way, AdaptVarLM progressively improves parameter estimation accuracy in

the linear regression model and is not restricted by the homoscedasticity assump-

tion. Additionally, while the regression model is limited to identifying factors that

significantly influence the mean of the explained variable, AdaptVarLM can detect

significant factors associated with the error variance of the explained variable.

This thesis is structured to provide a detailed explanation and study of the Adapt-

VarLM methodology. Section 2 introduces the notation and mathematical model

representation of AdaptVarLM, followed by a description of the model fitting and

parameter estimation algorithms. Section 3 provides a simulation study, including

model parameter settings (Section 3.1), simulation procedure (Section 3.2), and sim-
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ulation results (Section 3.3). Section 4 contains the application of AdaptVarLM to the

Religious Groups Study and Memory and Aging Project (ROSMAP) on Alzheimer’s

disease [1]. Real data analysis includes two datasets: Bulk RNA-Seq data analy-

sis (Section 4.1) and Single-Cell RNA-Seq data analysis (Section 4.2). This thesis

concludes with the discussion in Section 5, where we summarize conclusions about

AdaptVarLM, and reflect on the limitations and future research directions in Adapt-

VarLM.
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Chapter 2

Methods

2.1 Notation and Statistical Model

In our research, we consider a continuous outcome variable Y and its possible associa-

tion with k explanatory variablesX1, X2, . . . , Xk. We hypothesize that these variables

may influence Y but do not prescribe any particular distribution for the explanatory

variables X. The vector y = (y1, y2, . . . , yn)
T comprises the observed values of Y

from n samples. The n× k matrix x contains observed data of explanatory variables,

where each row xi = (x1i, x2i, . . . , xki) encapsulates the values of the k explanatory

variables for the i-th observation, for i = 1, . . . , n.

Our model is tailored to accommodate situations where certain factors, like treat-

ment or disease status, may influence both the mean and the variance of the outcome

Y . This leads to a variance that is not constant but varies in response to a specific

predictor. We enhance the multiple linear regression framework as follows:

yi = a0 + a1x1i + a2x2i + . . .+ akxki + ϵi, (2.1)

ϵi ∼ N(0, σ2
i ),

log(σ2
i ) = b0 + b1x1i, i ∈ {1, . . . , n}.

In this formulation, a = (a0, a1, . . . , ak) denotes the regression coefficients, similar

to those in a traditional multiple linear regression, reflecting the influence of the

predictors on the mean of Y . Notably, X1 is identified as a key predictor that impacts

the variance of the outcome. The coefficients b = (b0, b1) are unique to our model,

illustrating the effect of X1 on the variance of Y . This aspect distinguishes our
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approach from standard multiple linear regression, where the variance is considered

constant.

2.2 Model Fitting and Parameter Estimation

To fit the model with data (y,x) and estimate parameters (a,b) from model (2.1),

we maximize the log-likelihood:

l(a,b;y,x) = −n

2
log(2π)− 1

2

n∑
i=1

log(σ2
i )−

1

2

n∑
i=1

(yi − a0 −
∑k

j=1 ajxji)
2

σ2
i

, (2.2)

= −n

2
log(2π)− 1

2

n∑
i=1

(b0 + b1x1i)−
1

2

n∑
i=1

(yi − a0 −
∑k

j=1 ajxji)
2

eb0+b1x1i
.

(2.3)

Given the complexity of the likelihood (2.3), there is no analytic solution to max-

imize it with respect to parameters (a,b). We develop an algorithm that mimics the

Expectation-Conditional-Maximization (ECM) approach. This algorithm simplifies

the maximization process by conditioning on certain information. We focus on three

elements: σ2
i , a, and b. By conditioning on one element, maximizing the likelihood

with respect to another becomes more manageable.

First, we treat σ2
i as a latent variable, analogous to the E-step in the ECM al-

gorithm. Given the values of b, the values of σ2
i can be directly calculated as per

model (2.1).

Second, with σ2
i known, maximizing the log-likelihood (2.2) with respect to a

reduces to a weighted least squares (WLS) problem with a closed-form solution:

a = (x⊤wx)−1x⊤wy, (2.4)

where the diagonal weight matrix w is defined as

wij =

0 i ̸= j,

1/σ2
i i = j,

i, j = 1, . . . , n. (2.5)

Third, given the values of a, the maximization of the likelihood with respect to b

demands a numerical approach. For this purpose, we employ the Nelder-Mead method

[11], a well-established technique for finding solutions to problems where analytical
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methods are infeasible, to solve the equation:

∂

∂b
l(a,b;y,x) = 0. (2.6)

To implement this in R, we utilize the optim function with the ‘method=Nelder-Mead’

option. This iterative process, involving calculating σ2
i , updating a, and updating b,

mirrors the E-step and two CM-steps in the ECM algorithm. We iterate these steps

until convergence is achieved for the final solution of (a,b). The procedure requires an

initial value, for which we use the traditional multiple regression model to initialize a.

To ensure practical convergence, we set a threshold ε = 10−6 and define convergence

as the condition where the change in every element of both a and b is less than this

threshold in a single iteration. Like the EM algorithm, each update monotonically

increases the log-likelihood, leading to convergence. Typically, significant changes do

not occur after several iterations. When computational efficiency is crucial, we may

impose a maximum number of iterations (for example, no more than 100) to balance

precision and computing speed. The complete method is outlined in Algorithm 1.

Algorithm 1 ECM-like Algorithm for Parameter Estimation in Model (2.1)

1: Input: Data (y,x), Convergence threshold ε, Log-likelihood l(a,b;y,x)
2: Initialization:
3: Fit linear regression on (y,x) to obtain initial a = (x⊤x)−1x⊤y
4: Iterative Update Loop:
5: while not converged do
6: Update b: Solve b from ∂

∂b
l(a,b;y,x) = 0, numerical solution (e.g., Nelder-

Mead method)
7: Calculate σ2

i and diagonal weight matrix w: wii = 1/σ2
i = 1/eb0+b1x1i

8: Update a: Solve a from ∂
∂a
l(a,b;y,x) = 0, solution a = (x⊤wx)−1x⊤wy

9: Check for convergence by comparing the change in a and b with threshold ε
10: end while
11: Denote â and b̂ as the estimation of parameters in the last iteration.
12: Estimate SE of point estimation :
13: Compute the observed Fisher Information matrix Iobs(â, b̂)
14: Invert the Fisher Information matrix to obtain the covariance matrix Cov(â, b̂)
15: Calculate SEs as the square roots of the diagonal elements of the covariance

matrix
16: Output: The final point estimation â and b̂; SE of point estimation.

To calculate the Standard Error (SE) of the parameter estimations from Algorithm

1 output, we employ the Observed Fisher Information [6], which evaluates the second
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derivative at the maximum likelihood estimate (MLE) θ̂ = (â, b̂). The covariance

matrix of the parameter estimates is the inverse of the Observed Fisher information

matrix. The standard errors are the square roots of the diagonal elements of this

covariance matrix. More detailed formulas for each element in the Observed Fisher

Information matrix are shown in the Appendix. The relevant formulas are:

Iobs(θ̂) = − ∂2 logL(θ)

∂θ2

∣∣∣∣
θ=θ̂

(2.7)

Cov(θ̂) = Iobs(θ̂)
−1 (2.8)
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Chapter 3

Simulation Studies

3.1 Simulation Settings

In our simulation study, we investigate various scenarios for the true values of a and

b, with a focus on both moderate (n = 100) and large (n = 1000) sample sizes. We

configure our experiments with k = 2, using a2 = 0 or a2 ̸= 0 as a means to explore

scenarios both with and without additional covariates beyond the key variable X1.

We set a0 = 0 , as it merely introduces a consistent shift in the outcome, thus not

influencing the assessment results. Likewise, b0 is fixed at 0, establishing a baseline

variance of σ2
i = 1 for the regression error. We vary b1 to examine how the predictor

X1 influences the variance of Y . The values of a1 are selected to represent different

signal-to-noise ratio levels, considering the fixed value of b0 [3]. Similarly, the settings

for a2 correspond to the strength of association with additional covariates.

In summary, as displayed in Table 3.1, the above simulation plan involves 150 =

2× 5× 5× 3 settings as combinations of values in 4 parameters, and set a0 = b0 = 0

without loss of generality in model evaluation.

Table 3.1: The Table of Simulation Parameters and level Settings

Variable Possible Values
Sample Size (n) 100, 1000
Effect of X1 on Outcome Mean (a1) 0, 0.1, 1, 10, 100
Effect of Covariate (a2) 0 (No Covariate), 0.1, 1, 10, 100
Effect of X1 on Outcome Variance (b1) 0 (Standard Linear Model), 1, 3
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3.2 Simulation and Analysis Procedure

For each setting described above, the simulation and analysis procedure includes the

following steps:

• GENERATE DATASETS

1. Generate explanatory variables from a standard normal distribution:

x1i, x2i ∼ N(0, 1), for i = 1, . . . , n.

2. Calculate σ2
i using σ2

i = eb0+b1x1i

3. Generate regression errors ϵi from ϵi ∼ N(0, σ2
i )

4. Calculate the response variable yi using the model:

yi = a0 + a1x1i + a2x2i + ϵi

5. Repeat Steps 1-4 to generate a data set (x,y).

• EVALUATION

6. On the data set, fit AdaptVarLM and other compared models to obtain estimated

parameters θ̂ = (â, b̂), Observed Fisher Information Matrix using (x,y) and θ̂,

and calculate parameter estimation standard errors (SEs).

7. Calculate Criteria 1: Estimation bias δθ = θ̂ − θ, which is defined as the

difference between estimations and true parameter values used in simulation

setting.

8. Record the Coverage Indicator Icoverage, which indicates whether the 95% CI of

parameter estimation covers the real value: θ̂ − 1.96 × SE(θ̂) ≤ θ ≤ θ̂ + 1.96 ×
SE(θ̂)

9. Record the Detect Indicator Idetect, which indicates whether the null hypothesis

is rejected (e.g., parameter estimate is significantly different from zero).

• REPLICATES
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10. Repeat 100 times of Steps 5 to generate and analyze 100 data sets.

11. Repeat the above Steps 6-9 100 times to assess the model’s performance. Specif-

ically, use 100 Coverage Indicators to calculate the Criteria 2: Type I Error

and Criteria 3: Power in the test. Finally, use 100 Coverage Indicators to

evaluate the 95% confidence interval (CI) rejection rate to determine the propor-

tion of times the null hypothesis is rejected when the true parameter values fall

within this interval.

3.3 Simulation Results

To compare the performance of AdaptVarLM against existing models, we selected

the multiple regression model, WLS, and RSE for comparison. For each parameter,

these steps above produce 15, 000 = 150× 100 estimating values for the three criteria

mentioned above for both AdaptVarLM and the other models being compared. We

analyzed these criteria to explore the impact of different settings on the parameter

estimation of AdaptVarLM, and compare the performance of AdaptVarLM across

various parameter settings against other models.

Figure 3.1: The Boxplots of Estimation Bias, Type I Error, and Power in Four Models
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Figure 3.1 presents boxplots that compare the performance of the AdaptVarLM

with other models in terms of Parameter Estimation Bias, Type I Error, and Power

across all 150 simulation settings. The left subfigure shows the boxplots of Param-

eter Estimation Bias, and the red horizontal line at zero bias serves as a reference,

indicating where the model’s estimates are equal to the true parameter values. The

subfigure show that AdaptVarLM produces parameter estimates with less overall vari-

ability, suggesting greater accuracy in parameter estimation. In contrast, the other

models have more spread in their biases. The middle subfigure shows the boxplots of

Type I Error for AdaptVarLM compared to other models across different parameters

a0, a1, a2, b0, and b1. The red vertical line at 0.05 represents the nominal significance

level (α = 0.05). The boxplots for AdaptVarLM are closer to the nominal significance

level, with less variability in Type I Error for most parameters. This indicates that

AdaptVarLM performs more reliably in maintaining the error rate. In contrast, the

multiple regression model shows greater variability in Type I Error, especially for

the a1 parameter, suggesting difficulties in controlling the error rate when the error

variance is not constant. The WLS model increases power at the cost of significantly

increased Type I Error for parameters a0, a1, and a2, which highlights a trade-off by

sacrificing control over false positives to enhance its ability to detect true effects. The

right subfigure displays boxplots of Power for parameters a1, a2, and b1, as power

values are not applicable for a0 and b0 since these parameters are consistently set

to zero. The white boxplots representing AdaptVarLM are very short and appear

almost as lines close to 1, which suggests its strong ability to correctly detect true

effects of covariates on error variance with minimal variability in power across differ-

ent simulation settings. In contrast, the WLS and RSE models have a much wider

spread in their power values, which suggests their ability to detect true effects is less

consistent in some cases, potentially leading to unstable performance across different

conditions. Overall, AdaptVarLM shows greater consistency and effectiveness in all

three criteria, making it a more dependable model for scenarios that require accurate

detection of true effects of the covariate on error variance.

In our simulation study, we conducted 150 simulation settings, as detailed in

Table 3.1, to investigate the performance of AdaptVarLM and other models. To

accurately compare the performance of the AdaptVarLM and other models across

the criteria mentioned above on a pairwise basis, we define a metric for each criteria
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as follows:

Absolute Bias Difference (ABD)(θ) = |θ̂AdaptVarLM − θtrue| − |θ̂Other − θtrue|,

Absolute Type I Error Difference (ATD)(θ) = |α̂AdaptVarLM
θ − 0.05| − |α̂Other

θ − 0.05|,

Power Difference (PD)(θ) = (1− β̂AdaptVarLM
θ )− (1− β̂Other

θ ).

These metrics provide a direct comparison of AdaptVarLM with other models: the

Absolute Bias Difference(ABD) assesses which model’s parameter estimates are closer

to the true value, the Absolute Type I Error Difference(ATD) evaluates which model’s

Type I Errors are closer to the nominal level of 0.05, and the Power Difference(PD)

measures which model has greater power.

Figure 3.2: The Boxplots of Three Criteria for Parameter a1 across Sample Sizes
and b1 True Values

We focus on analyzing the three criteria for parameter a1 across different simu-

lation settings since a1 is the coefficient of the explanatory variable that also affects

error variance. The results were grouped based on different simulation settings, and

boxplots were created to visualize the outcomes. Figure 3.2 displays the boxplots

of ABDs, ATDs, and PDs across different sample sizes and b1 true values. The top
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row of boxplots shows the performance of AdaptVarLM compared to other models

in terms of ABD, ATD, and PD for the parameter a1 across various sample sizes.

The negative ABDs suggest that AdaptVarLM produces more accurate parameter

estimates with less bias compared to other models. The nearly negative ATDs in-

dicate that AdaptVarLM maintains Type I Error closer to the nominal significance

level. The PDs are generally positive when comparing AdaptVarLM to the multiple

regression and RSE model, showing that AdaptVarLM tends to achieve higher power

than these two models. It should be noted that WLS produces higher power than

AdaptVarLM, but this outperformance is achieved by significantly raising the Type

I Error. The bottom row of boxplots shows the performance of AdaptVarLM com-

pared to other models in terms of ABD, ATD, and PD for the parameter a1 across

various b1 true values. The performance of AdaptVarLM across various b1 true values

shows a similar pattern to its performance across various sample sizes. As the true

value of b1 increases, reflecting a stronger effect of X1 on error variance, all three

metrics show a greater deviation from the red line and increased variability. This

suggests that AdaptVarLM’s performance advantage becomes more evident when the

covariate has a significant impact on error variance. Overall, AdaptVarLM shows a

better performance compared to the other three models across various sample sizes

and b1 true value settings, providing more accurate parameter estimates and a better

balance between Type I Error control and power.
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Chapter 4

APPLICATION

We analyze data derived from the Religious Orders Study and Memory and Ag-

ing Project (ROSMAP), generated by the Rush Alzheimer’s Disease (AD) Center

[1]. The ROSMAP dataset aims to investigate the underlying mechanisms and risk

factors of Alzheimer’s disease by collecting detailed clinical, neuropathological, and

genetic data from participants [1]. This dataset helps to understand the progression

of Alzheimer’s disease and identify treatment options and prevention strategies [1].

The dataset includes bulk RNA-seq and single-cell RNA-seq (snRNA-seq) data from

637 postmortem samples across 8 individuals. We demonstrate AdaptVarLM by an-

alyzing bulk RNA-seq data, which does not include or require cell type information.

Paired single-cell RNA-seq data, serving as a known reference, validates our model’s

effectiveness in capturing variance changes resulting from shifts in cell abundance.

4.1 Bulk Data Analysis

Several data cleaning and pre-processing steps were implemented to ensure the compa-

rability of the data. In detail, we removed sample records containing missing values,

excluded genes with zero expression levels in more than 90% of the bulk samples,

and standardized the expression levels for every gene to ensure comparability across

samples.

To explore the association between gene expression levels and common clinical

characteristics in Alzheimer’s disease, we applied the AdaptVarLM and multiple re-

gression model to bulk data. The response variable, Y , represents the expression

level of one specific gene. Our fitted model includes four important clinical predictors
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and two Principal Component Analysis (PCA) predictors. The clinical predictors

are: Clinical Cognitive Diagnosis Summary (CCDS) [2] [4], using integers from 1 to

6 to reflect the severity of Alzheimer’s disease from mild to severe (X1); age at the

last visit (X2); sex (X3); and APOE gene type (X4), a known Alzheimer’s risk factor

[13]. To capture major sources of variation in all gene expression, we incorporated the

first two principal components from PCA on all genes as predictors, with PCA1 (X5)

explaining 18.20% of the variance and PCA2 (X6) explaining 9.82% of the variance.

Additionally, we modelled the logarithm of the error variance as a linear function of

X1 to address covariance between Y and X1.

We used volcano plots to visualize the association between gene expression levels

and CCDS, focusing on the association coefficient values and their p-values. We

identify significant genes based on two criteria:

1. The p-value of the association coefficient is smaller than 0.05, represented by

the red line in the volcano plot.

2. Among the genes that satisfy the above criterion, the top 20 genes with the

largest absolute association coefficient values are selected as significant.

Figure 4.1 presents the volcano plots illustrating the strength of association be-

tween gene expression levels and CCDS by fitting both the multiple regression model

and the AdaptVarLM. In the multiple regression model, we considered only the asso-

ciation coefficient a1 between the mean of Y and X1. The volcano plot of a1 values

and the corresponding p-values is presented in Subfigure (a). In the AdaptVarLM

model, we considered both a1 and the association coefficient b1, which represents the

association between the error variance of Y and X1. The volcano plots of a1 and b1

are presented in Subfigure (b) and Subfigure (c), respectively. In each volcano plot,

genes above the red line (p-value less than 0.05) and outside the blue lines (absolute

coefficient values greater than the threshold) are considered significant.

Table 4.1 presents the significant genes detected by the multiple regression model

and the AdaptVarLM model. The regression model identifies genes whose ”mean”

gene expression levels are significantly associated to disease status (CCDS), the

AdaptVarLM extends this analysis by detecting genes whose error variance also as-

sociated with disease status. These significant genes provide insights into genes that

may be related to Alzheimer’s Disease. It is noteworthy that the genes in the third

column of Table 4.1 are supported by the AdaptVarLM model, which shows that

CCDS significantly affects the error variance of expression levels in these genes.
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(a) a1 in regression model (b) a1 in AdaptVarLM (c) b1 in AdaptVarLM

Figure 4.1: The Volcano Plots of Significant Genes Associated with Clinical
Cognitive Diagnosis Summary(CCDS)

4.2 Single Cell Data Analysis

To verify the effectiveness of AdaptVarLM and the significant genes detected by the

AdaptVarLM in the third column of Table 4.1, we performed analysis on single-cell

RNA-Seq data derived from 24 bulk samples from patients with varying degrees of

CCDS. Each bulk sample comprises 9 distinct cell types, and for each cell type, the

expression levels for 28,781 genes were measured to offer detailed information at the

single-cell level [1].

To investigate which cell type proportions are affected by CCDS, we combined

the single-cell data with clinical CCDS information to determine the CCDS for each

bulk sample. A proportion matrix of size 9 x 6 was created to store the cell counts

for each cell type across the 6 CCDS categories. For each bulk sample, cell counts of

9 cell types were added to the corresponding CCDS column in the proportion matrix.

The proportions of each cell type per CCDS were calculated. The proportion matrix,

displayed in Table 4.2, shows the proportions of each cell type for the various CCDS

categories, providing a clear representation of how cell type proportions vary between

CCDS1 and CCDS5. From Table 4.2, the cell types Exc and Oligodendrocytes show

the most significant changes in proportion between CCDS values of 1 and 5.

Focusing on the differences in gene expression density between Exc and Oligo-

dendrocytes cell types, we only consider bulk samples with CCDS values of 1 or 5

because the cell type proportions varied the most in these two CCDS values, resulting

in 13 bulk samples. For each gene, the single-cell gene expression levels in 13 bulk

samples were extracted separately for Exc and Oligodendrocytes, and subjected to a
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Table 4.1: Significant Genes Detected by Regression Model and AdaptVarLM

Genes by a1 in Regression Genes by a1 in AdaptVarLM Genes by b1 in AdaptVarLM
SLC6A9 SLC6A9 LIPF

AQP6 SLC4A11 ENSG00000231656
PRELP PRELP PGA3

CCDC69 CCDC69 CTRB2

SLC4A11 AQP6 PGA4
NRIP2 APLN TXNDC2

APLN NRIP2 ICAM4

SYTL1 HSPB2 FABP4
HSPB2 SYTL1 CPB1

OLMALINC SLC6A12 EGR2

ZC3H12A-DT ZC3H12A-DT ENSG00000224413
TMCC2 ARRDC2 LAMB3

GAREM2 TMCC2 IGHD
CSRP1 CSRP1 SAA2

SLC6A12 GAREM2 AQP10

ADAMTS2 CLIP2 FAT2
CDC42BPG OLMALINC SLC30A2

ARRDC2 CDC42BPG MTND4P12

ISYNA1 SLC25A48 SEMG2
TMEM184B ISYNA1 SEMG1

Kullback-Leibler Divergence (KL Divergence) calculation to quantify the difference

in gene expression distributions between the two cell types [9]. To implement this in

R, we utilize the KL function with the ‘unit=log2’ option. This analysis produced

17,578 KL Divergence values for all genes.

The b1 values from model fitting results in bulk data set were extracted and merged

with KL Divergence values by gene names. To study the KL Divergence values in

b1 significant genes and non-significant genes, we selected genes with the biggest

positive b1 values as significant gene group and genes with the smallest positive b1

values as non-significant gene group. Figure 4.2 shows the gene expression level

density plots in Exc and Oligodendrocytes of the top 1 significant and non-significant

genes and the KL Divergence value, which indicates the degree of divergence between

the distributions. Significant genes ICAM4, display bigger KL Divergence values

compared to non-significant genes IZUMO1. This figure visually shows that the

gene expression densities between Exc and Oligodendrocytes have more significant

differences in the b1 significant gene set, compared with the b1 non-significant gene

set. Figure 4.3 shows the box plot of KL Divergence values for different selected

sizes of b1 significant and non-significant gene groups. The p-value evaluates the

statistical significance of the difference in KL Divergence between the two groups.

This plot highlights that significant genes generally have higher KL Divergence values,

and there are greater differences in gene expression distributions between Exc and
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Table 4.2: The Table of Cell Type Proportions Across CCDS Categorie 1 and 5

Cell Type CCDS 1 CCDS 5 Proportion
Change

astrocytes 0.16 0.18 0.02
endothelials 0.01 0.01 0.00
Exc 0.42 0.38 -0.04
Inh 0.14 0.12 -0.02
microglia 0.01 0.03 0.02
oligodendrocytes 0.17 0.23 0.06
opcs 0.04 0.05 0.01
pericytes 0.01 0.01 0.00
VLMC 0.03 0.00 -0.03

Oligodendrocytes in b1 significant gene group.

Figure 4.2: The Density Plots of Gene Expression Levels and KL Divergence in Exc
and Oligodendrocytes

The single-cell analysis provides evidence that the severity of Alzheimer’s Disease

significantly affects the cell type proportions of Exc and Oligodendrocytes, which

in turn influences the distributions of gene expression levels. The results from the

bulk and single-cell data analysis validate the robustness of AdaptVarLM in detecting

significant genes associated with the severity of Alzheimer’s disease.
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Figure 4.3: The Box Plots of KL Divergence for Significant and Non-significant Genes
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Chapter 5

DISCUSSION

This thesis addresses a critical limitation of traditional multiple regression models

in biological research: the assumption of homoscedasticity. By introducing Adapt-

VarLM, we provide a framework for analyzing data with covariate-dependent error

variance, overcoming the limitations of traditional models.

This thesis addresses a critical limitation of traditional multiple regression models

in biological research: the assumption of homoscedasticity. By introducing Adapt-

VarLM, we provide a framework for analyzing data with covariate-dependent error

variance, overcoming the limitations of traditional models.

AdaptVarLM solves the problem of variability in error terms by establishing an

auxiliary linear relationship between the logarithmic error variance and a specific ex-

planatory variable. This allows for more accurate modelling in scenarios where error

variance is not constant but varies with one certain covariate. The iterative maxi-

mum likelihood estimation (MLE) process is employed in AdaptVarLM to improve

parameter estimation accuracy. We apply AdaptVarLM to the ROSMAP dataset

to identify significant genes associated with Alzheimer’s disease, particularly those

highlighted in gene expression distribution variance.

AdaptVarLM assumes that the error variance has a linear relationship with only

one covariate. This may limit its applicability in situations where multiple covari-

ates influence variance. To address these limitations and expand the effectiveness of

AdaptVarLM, future research could extend this approach to adapt multiple sources

of variability, which leads to greater flexibility to a wider range of datasets.
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Chapter 6

APPENDIX

6.1 Formulas for the Observed Fisher Information

Matrix Iobs(θ̂)

Each element in Iobs(θ̂) is derived based on the partial second derivatives of the like-

lihood function with respect to the model parameters. First, we define the notations

used in the formulas of Iobs(θ̂):

• n represents the number of data points.

• (Xi, Yi) represents the i-th data point, where i ∈ {1, . . . , n}.

• k represents the number of predictor variables X.

• êi represents the i-th residual of (Xi, Yi) , calculated as:

ei = yi − a0 −
k∑

j=1

ajxji

• Qi represents the exponential transformation between error variance σ2
i and x1i:

Qi = eb0+b1x1i .

• l is the log-likelihood function of AdaptVarLM with respect to the model pa-

rameters.
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For each element in the m-th row and n-th column of Iobs(θ̂), where 1 ≤ m ≤ k+1

and 1 ≤ n ≤ k + 1, the formula for Im,n is:

When 1 ≤ m ≤ k + 1, 1 ≤ n ≤ k + 1:

I(m,n) = I(am−1, an−1) = − ∂2l

∂am−1∂an−1

=
n∑

i=1

(x(m−1)i)(x(n−1)i)

Qi

When 1 ≤ m ≤ k + 1, n = k + 2:

I(m,n) = I(am−1, b0) = − ∂2l

∂am−1∂b0
=

n∑
i=1

(ei)(x(m−1)i)

Qi

When 1 ≤ m ≤ k + 1, n = k + 3:

I(m,n) = I(am−1, b1) = − ∂2l

∂am−1∂b1
=

n∑
i=1

(ei)(x1i)(x(m−1)i)

Qi

When m = k + 2, n = k + 2:

I(m,n) = I(b0, b0) = − ∂2l

∂b0∂b0
=

1

2

n∑
i=1

e2i
Qi

When m = k + 2, n = k + 3:

I(m,n) = I(b0, b1) = − ∂2l

∂b0∂b1
=

1

2

n∑
i=1

(e2i )(x1i)

Qi

When m = k + 3, n = k + 3:

I(m,n) = I(b1, b1) = − ∂2l

∂b1∂b1
=

1

2

n∑
i=1

(e2i )(x
2
1i)

Qi

Notes: Given that Iobs(θ̂) is symmetric, we present the formulas for the elements

in the upper triangular portion of Iobs. The elements In,m in the lower triangular

portion of Iobs can be calculated as I(n,m) = I(m,n), where m ≤ n.
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6.2 Other Simulation Result Figures

Figure 6.1: The Boxplots of Three Criteria for Parameter a0 across Sample Sizes and
b1 True Values
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Figure 6.2: The Boxplots of Three Criteria for Parameter a0 across a1 True Values
and a2 True Values
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Figure 6.3: The Boxplots of Three Criteria for Parameter a1 across a1 True Values
and a2 True Values

Figure 6.4: The Boxplots of Three Criteria for Parameter a2 across Sample Sizes and
b1 True Values
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Figure 6.5: The Boxplots of Three Criteria for Parameter a2 across a1 True Values
and a2 True Values
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