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ABSTRACT

The relativistic Vlasov-Maxwell system (RVM for short) is a kinetic model that
arises in plasma physics and describes the time evolution of an ensemble of charged
particles that interact only through their self-induced electromagnetic field. Collisions
among the particles are neglected and they are assumed to move at speeds comparable
to the speed of light. If the particles are allowed to move in the three dimensional
space, then the main open problem concerning this system is to prove (or disprove)
that solutions with sufficiently smooth Cauchy data do not develop singularities in
finite time. Since the RVM system is essential in the study of dilute hot plasmas,
much effort has been directed to the solution of its Cauchy problem. The underlying
hyperbolic nature of the Maxwell equations and their nonlinear coupling with the
Vlasov equation amount for the challenges imposed by this system.

In this thesis, we show that solutions of the RVM system with smooth, compactly
supported Cauchy data develop singularities only if the charge density blows-up in
finite time. In particular, solutions can not break-down due to shock formations, since
in this case scenario the solution would remain bounded while its derivative blows-up.

On the other hand, if the transversal component of the displacement current
is neglected from the Maxwell equations, then the RVM system reduces to the so-

called relativistic Vlasov-Darwin (RVD) system. The latter has useful applications in



v

numeric simulations of collisionless plasma, since the hyperbolic RVM is now reduced
to a more tractable elliptic system while preserving a fully coupled magnetic field. As
for the RVM system, the main open problem for the RVD system is to prove whether
classical solutions with unrestricted Cauchy data exist globally in time.

In the second part of this thesis, we show that classical solutions of the RVD system
exist provided the Cauchy datum satisfies some suitable smallness assumption. The
proof presented here does not require estimates derived from the conservation of the
total energy nor those on the transversal component of the electric field. These have
been crucial in previous results concerning the RVD system. Instead, we exploit the
potential formulation of the model equations. In particular, the Vlasov equation is
rewritten in terms of the generalized variables and coupled with the equations satisfied
by the scalar and vector Darwin potentials. This allows to use standard estimates for
singular integrals and a recursive method to produce the existence of local in time
classical solutions. Hence, by means of a bootstrap argument, we show that such

solutions can be made global in time provided the Cauchy data is sufficiently small.
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Chapter 1
Introduction

A plasma is, simply said, an ionized gas. In contrast with a neutral gas, where the
particles have no charge and they interact almost entirely through collisions, in a
plasma the particle dynamics is also determined by long-range interactions. Specif-
ically, charge separations produce electric forces, and charged particle flows produce
currents and magnetic fields that exert forces on the moving charged particles them-
selves. If the ionized gas is sufficiently dense so that collisions among the particles
are frequent, then the plasma can be considered as an electrically conducting fluid.
In this regime, unique phenomena arise that can not be described by the equations
of neutral fluid dynamics. The so-called magnetohydrodynamic equations should be
used instead. Such plasmas are characterized by the high density of particles, high
frequency of collisions and the low temperatures. Magnetohydrodynamic models find
applications in power-up fusion reactors and the physics of stars.

On the other hand, for dilute or low density plasmas, the collisions among the par-
ticles are relatively rare or almost non-existing. In such a regime, the fluid approach
mentioned above is no longer accurate. Moreover, the lack of collisions keeps the sys-
tem far from the statistical equilibrium, and therefore we must work explicitly with
the non-equilibrium distribution of the particles in the phase-space. This is precisely
the realm of the kinetic theory of plasmas. In this framework, the plasmas studied
are essentially characterized by the low density of particles, the absence of collisions
and the high temperatures. They are usually called Vlasov plasmas, as we make clear
below. Kinetic plasma models are used, for instance, in the study of solar winds,
nebulae, Van Allen radiation belts and tails of comets [1]. They also find applications
in the study of the Earth’s ionosphere, which is considered a partially ionized gas [2].

For a detailed characterization of these types of plasmas see, for instance, [3] and [4].



In this work, we shall primarily be concerned with the Cauchy problem for the
relativistic Vlasov-Maxwell system (RVM). This is a kinetic plasma model that de-
scribes the time evolution of an ensemble of relativistic charged particles that interact
only through their self-induced electromagnetic field. In particular, collisions among
the particles are neglected, thus the RVM system is suitable to describe dilute and
hot plasmas as those mentioned above. The corresponding model equations for a

single species particles of rest mass m and charge e consist of the Vlasov’s equation®
Of+v-Vof+e(E4+vxB)-V,f=0,

coupled with the Maxwell’s equations

1 4

VxB—-0,E = %4 V.B =0,
& C
1

VXE+-0,B = 0, V-E = 41p,
C

by means of the charge and current densities, defined respectively by

p::e/ fdp, j::e/ v fdp.
R3 R3

Here v := m~'p (1 +m~2c"2|p|?)”"/? denotes the relativistic velocity, ¢ being the
speed of light. The one-particle distribution function f = f(¢,z,p) depends on time
t €]0,00[, position z € R?® and momentum p € R3. The vector-valued functions
E = E(t,x) and B = B(t,x) stand for the (self-induced) electric and magnetic
fields respectively. The Cauchy problem for this system is defined once we impose
appropriate values for (f, F, B) at time ¢ = 0.

If we formally set ¢ = oo in the relativistic velocity, then v = m~!p and the
set of equations given above becomes the non-relativistic Vlasov-Maxwell (nRVM)
system. In contrast with the RVM system, the former is not invariant under Lorentz
transformation and it is considered a hybrid. Several results have first been obtained
for the nRVM system and then been adapted to the relativistic case.

The global in time existence of solutions for both the RVM and nRVM systems
with sufficiently smooth, unrestricted Cauchy data remain unsolved. Local existence
of unique solutions of the nRVM system, with sufficiently smooth Cauchy data and
fl,—, having compact support, was first proved by S. Wollman in [5] by generalizing

"Which explain the ‘Vlasov plasma’ nomenclature used earlier.



an abstract theorem due to T. Kato [6, Th. II, p. 195]. This result can be easily
adapted to the relativistic counterpart. In [7], P. Degond slightly improved Wollman’s
result by avoiding the compact support of fy in the space variable. His proof relies
on energy estimates and a bootstrap argument derived from a Sobolev embedding
theorem. A similar result was given independently and about the same time by K.
Asano in [8].

However, the break-through in the existence problem for the RVM system came
with the work by R. Glassey and W. Strauss in [9]. They not only proved the local
existence and uniqueness of solutions for smooth, compactly supported Cauchy data,
but also gave conditions for which these solutions can be extended globally in time.
Specifically, they showed that if the momenta of the particles are controlled, i.e. if the
momentum support of the (local in time) distribution function remains bounded, then
the solution exists for arbitrary times. Hence, the implication that a singularity could
occur only if some particles travel at speeds arbitrary close to the speed of light. Later
on, this continuation criterion was used to prove the global existence of solutions for
small data [10], for close to neutral data [11], and for close to spherically symmetric
data [12]. In lower dimensional scenarios, analogous results have been obtained for
unrestricted Cauchy data in [13, 14, 15, 16]. A global existence and uniqueness result
for a modified RVM system can be found in [17]. Also, the result given in [9] has
been revisited in [18, 19] following two completely different approaches. For a more
detailed account on the relevant literature for the RVM system, cf. [1].

Based on [9], additional continuation criteria for the RVM system have been given
in [20] and [21]. These results will be briefly discussed in Chapter 3. In the same spirit,
we shall introduce another continuation criterion that weakens the previously cited.
Precisely, we shall prove that a solution of the RVM system having smooth, compactly
supported Cauchy data, can be continued globally in time provided that the charge
density remains bounded. The proof relies on the observation that, via characteristics,
one can estimate the time integral of the electric field acting on the individual particles
in terms of the kinetic energy of the (individual) particles themselves, provided the
charge density remains bounded. Hence, the kinetic energy of the single particle,
irrespective of the particle chosen, can be estimated uniformly in time via Gronwall’s
lemma, which in turn implies a uniform bound on the momentum support of the
one-particle distribution function. The problem is then reduced to the one studied
by Glassey and Strauss in [9], from which the existence of global in time classical

solutions follows. Thus, we conclude that singularities could occur only if the charge



density of the particles blows up in finite time, that is, only if some particles can
reach positions sufficiently close to each other. Therefore, no break-down could occur
due to shock formations, since in this case scenario the solution itself would remain
bounded while its derivative blows up. This result is proved in Chapter 3.

On the other hand, the existence of global in time weak solutions corresponding
to both the RVM and nRVM systems was first proved by R. DiPerna and P. Lions
in [22]. This result can be also found in [1, Chapter 7], where the approach in [23]
is used. In [24], the existence result for the RVM system is revisited. Uniqueness of
this type of solutions, however, remains unsolved. It is also unknown whether weak
solutions preserve the total energy at least almost everywhere in time. Notice that
the latter is a desirable feature of a meaningful solution concept for a conservative
system. As part of this work, we have shown that weak solutions of the RVM system
conserve the total energy in time, provided that they satisfy some additional reqularity
and wntegrability conditions. We do not include this result in the present thesis, but
we provide the corresponding reference at the end of this section.

It is well known that the Maxwell system of equations can be rewritten in terms
of scalar and vector potentials as a system of two second order partial differential
equations. An important fact is that, although the equation satisfied by these poten-
tials depend on the gauge condition chosen, the electromagnetic field does not. On
the other hand, if we study the trajectories of the charged particles in the generalized
phase-space, a Vlasov-like equation can be derived whose structure is determined by
an incompressible vector field independently of the imposed gauge condition. There-
fore, the RVM system can be conveniently reformulated in terms of the scalar and
vector potentials. In the second part of this work, we use this formulation to prove
a small data result for the Darwin approximation of the RVM system. Specifically,
we show that the so-called relativistic Viasov-Darwin (RVD) system, supplemented
with a sufficiently smooth compactly supported Cauchy datum fy, has a unique global
i time solution provided fy satisfies additional smallness conditions. We do so by
first producing a local result, and then showing that under suitable conditions on the
Cauchy datum, the local solutions are actually global in time. Both local and global
results are obtained in Chapter 5. We present the state of the art as well as the rel-
evant references for this system in Section 5.3 of Chapter 5. We emphasize that the
formulation we shall present here is essentially different from those previously used.

This thesis is organized as follows. In Chapter 2, we present the system of equa-

tions and define the Cauchy problem for the RVM system. We discuss the main



properties of the equations involved, deduce a representation of the field in terms of
the charge and current densities -the so-called Jefimenko representation-, and finally
discuss the main conservation laws. Chapter 3 is devoted to the study of the Cauchy
problem previously defined. First, by following a somehow different approach to that
of Glassey and Strauss in [9], we recall the local existence and uniqueness result for
the RVM system. Then, in Section 3.3, we discuss the continuation criteria to extend
local solutions globally in time. It is in this section that we introduce our main new
result concerning the RVM system. In Chapter 4, we explore the potential repre-
sentation of the RVM system in terms of the two most common gauges. Hence, in
Chapter 5, we present the Darwin approximation of the Maxwell equations and study
their solutions: the so-called Darwin potentials. Then, we define the RVD system in
Section 5.2 and present our local and global existence results for small Cauchy data.
A detailed review on this system will be given in Section 5.3. Finally, we provide the
concluding remarks in Chapter 6.

The papers supporting this thesis are:

o C(lassical solvability of the relativistic Vlasov-Mazxwell system with bounded spa-
tial density. R. Sospedra-Alfonso and R. Illner. Mathematical Methods in the
Applied Sciences, 33:751-757 (2010).

e On the energy conservation by weak solutions of the relativistic Viasov-Mazwell
system. R. Sospedra-Alfonso. Communications in Mathematical Sciences, in
press. Available online at archiv:math.AP/0910.3956, 20009.

o Global classical solutions of the relativistic Vlasov-Darwin system with small
Cauchy data: the generalized variables approach. R. Sospedra-Alfonso and R.

[llner. In preparation.

1.1 Notation

Although the notation we use throughout this work is standard, it is opportune to
provide some additional specifications. We denote by I -sometimes J- an open interval
of R with 0 € I. The interior of I is denoted by I° and its closure by I. We shall
deal with scalar and, in general, tensor valued functions whose arguments are time
t € I, position z € R?® and momentum p € R3, or some of these. We shall frequently

use the shorthand notation z := (z,p).



We denote the standard basis of R" by {¢;}}. For points z,y € R", = - y denotes

the Euclidean scalar product
Ty = Z 'y,
i=1

and |z| := /z -z denotes the Euclidean norm. We shall use the (repeated index)
summation convention, thus z - y = z'y*. We may use both upper or lower indexes
without distinction. Occasionally, we set r := |y — 2|, and we make extensive use of
the unit vector w := r~! (y — z). The open ball of radius R > 0 about x is denoted
by
Qp(z) :={y eR®: |y —z| < R},

and its boundary by 0Q2g. The symbol ® is reserved for dyadic products. Thus, the
object w ® w is a tensor of entries [w ® W], 1= w'w’, with i, j € N. In particular, we

denote the identity matrix by id = §;;é; ® €;, being d;; the Kronecker delta function

-recall summation convention!-. For any tensor 7" of entries Tj, we define |T'| by

1/2
2)

For any differentiable vector function G = G(t, z, p), we denote by 0,G the vector

syl

the Frobenius norm, i.e.,

7] (z---zmh._,ik
i ik

function of components 9,G*, i = 1,...,n. We denote by 9,G the tensor of entries
0xG i = 1,...,n, k = 1,2,3, and similarly for 9,G. In particular, for scalar
functions g = ¢(t, z,p), we have that 0,9 = Vg is the gradient of g. For the sake
of clarity, we may specify the variables for the gradient. For instance, V,g is the
gradient of g with respect to the momentum variable p, etc. If no confusion arises,
we may simplify 0,G" = 9,+G'. We may also combine 0 ,)G, etc, which is defined
in the obvious way. Similarly, for higher order derivatives, we denote, for instance,
92G = 0,0,G as the tensor of entries 9;0,G", etc, and thus we may write 92,G, etc.
The cross product of R3 is denoted by ’x’, thus the curl, of G € R? reads V x G.
For t € I fixed, we denote by g(t) the map g(t) : R® > 2 — g(t,2). If g(t)
is continuous on R then we write g(t) € C(RS; R). If it is also bounded, then
g(t) € Cy(R%R). We denote by suppg(t) the support of g(t), that is, the clo-
sure of {z:¢g(z) # 0}. In particular, we may use p-suppg(t) meaning the closure
of {p:3x: g(x,p) # 0}, and similarly for x. Clearly, if suppg(t) C RS is bounded,
then ¢(t) has compact support. In that case we write g(t) € Co(R% R). Trivially,



Coy C Cp. On the other hand, if ¢(t) is Hélder continuous of order 0 < o < 1, then
g(t) € C*(R%R). Also, if g(t) has all derivatives up to the order k continuous on
RS, then we write g(t) € C*(R5 R). The definitions for CF(R%R), C¥(RS; R) and
CH*(R%; R) are now obvious, with the understanding that C° = C, etc. Lastly, if g(t)
has continuous derivatives up to order m with respect to z € R® and it is continuously
differentiable up to order k with respect to t € I, we write g € C*(I,C™(R%); R).
The spaces Cy, Cy, C¥, etc are all normed with the (uniform) sup-norm ||-||; .

As usual, LY(R® R) with 1 < ¢ < oo is the Lebesgue space with norm |[|-||,,. We

may write [|-[| 4, etc if we want to specify variables. We also write
1/s

s/r
LpiLs ©T (/ (/ |g(x,p)|rdp) dx) :
R3 R3

with the corresponding definition for either s = co or r = oco. In particular, we write

g1

Al;a = ||'||;a.7a. For tensor valued functions of entries G;, . ; , we generalize the
Lz p Ly;Lz 1500052k

definition of the L-norm by

1/q
1G]l == <Z--'Z!|Gi1,...,z’k”‘iq> :
i

i1

Sobolev spaces are denoted by W#4(RS; R) with the usual norm

q 1/q
Lip '

Mostly, we will be concerned with the cases k = 0, 1. Finally, for ¢t € I we define

v, T oo+ 09l

lgllwsg = (g%, + [|0enal

1/q
L9l pra = (9@ 110 + 1097 ) -
P Wx,p P

Little ¢ will always denote the speed of light, which in occasions may be set to
one. Capital C' denotes a universal constant unless we specify otherwise. We allow
‘constants’ to depend on time, the Cauchy data, etc. In such cases we may write, for
instance, C'(t) and C° or C( fy), or, for both dependences combined, C°(¢) or C(t; f).

In general, all such constants may change values from line to line.



Chapter 2
Equations and the Cauchy Problem

We present the equations that define the relativistic Vlasov-Maxwell (RVM) system.
On one hand, we have the Vlasov equation which is a scalar linear first-order partial
differential equation. On the other hand, we have the full set of Maxwell equations
which are linear as well. The two components are non-linearly coupled to form the so-
called RVM system. First, we shall discuss the properties of the Vlasov and Maxwell
set of equations separately. In doing so, we obtain the Jefimenko representation of
the electromagnetic fields in terms of the charge and current densities. This will be
the prelude to the representation of the fields in terms of the one-particle distribution
function, which is given in Chapter 3. Then, we define the RVM system and state

the Cauchy problem. Finally, we provide the main associated conservation laws.

2.1 The Maxwell equations

Definition 1. Let j € C(I x R3R?) and Ey, By € CY(R3;R?) be given. The field
E, B e CY(I x R3;R3) is said to be a classical solution of the Mazwell equations if

1 4

VXxB--0E = —j (2.1.1)
C C
1

VxE+-0,B = 0 (2.1.2)
C

holds on I x R3. In addition, the field (E, B) is said to be a classical solution of the
Cauchy problem if (E,B)|,_, = (Eo, Bo).

Lemma 1. The classical solution (E, B) of the Cauchy problem to the Mazwell equa-

tions is well defined and unique. Moreover, it satisfies



(a) Let p e C(I x R%R) be given and satisfy the continuity equation
dp+V-j=0 1in D(I°xR?) (2.1.3)
Denote py = pl|,_o- Then, we have that

V. -Ey=4dnp, onR®* & V-E=drp onl xR

(b) We also have

V-Bp=0 onR}® & V-B=0 onl xR>.

Proof. The equations (2.1.1)-(2.1.2) form a non-homogeneous, linear symmetric hy-
perbolic system. The existence and uniqueness of solutions of their corresponding
Cauchy problem is proved, for instance, in [25, Corollary 12.1.b.2].

To prove (a), notice that V - (0;F +47j) = ¢V - (V x B) = 0 in D'(I° x R?).
Therefore, from (2.1.3) we find that 9, (V- E — 4mwp) = 0 in D'(I° x R?). The con-
tinuity of the function V - E — 4mp provides the result. As for (b), the proof runs
exactly the same way since 9; (V - B) =0 in D'(I° x R?) and V - B is continuous. []

In view of the previous definition and lemma, we will refer to the following set of

equations as the Mazwell equations:

vxB-tor = 1 (2.1.4)
C c

VxE+ 0B = 0 (2.1.5)
V-E = 4dnp (2.1.6)
V-B =0 (2.1.7)

The functions p and j are the charge and current densities respectively. Starting
from the top, the first three equations are known as the Ampére-Mazwell (2.1.4),
Faraday (2.1.5) and Coulomb (2.1.6) laws. V - B = 0 (2.1.7) denotes the absence
of free magnetic poles. This system is consistent as long as the continuity equation
(2.1.3) holds, since by Lemma 1 the relations (2.1.6) and (2.1.5) can be regarded as
mere initial data. We point out that the continuity equation implies the conservation

of charge, which we discuss in the Section 2.5 as well as other conservation laws.
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Among the phenomena predicted by the Maxwell equations, the propagation of
the field as electromagnetic waves is perhaps the most remarkable of all. This is
better understood if we rewrite the Maxwell equations in their second order form.
To this end, consider a smooth solution of (2.1.4)-(2.1.7). After rewriting (2.1.4)
conveniently, take its partial time derivative and combine the resultant equation with
(2.1.5). We obtain

FE+ 410, = <V xOB = —*VxVxE
= —V(V-E)+AE = —4n *Vp+ AAE,

where in the second line we have used the elementary vector identity for the double
rotational and the equation (2.1.6). Similarly, by taking the time derivative of (2.1.5)
and combining with (2.1.4) we find

O’B = —cVXxOE = 41cV xj—c*V xV xB
= 47cV x j— AV (V-B)+AAB = 47ncV x j+ *AB,

where the same vector identity and (2.1.7) have been used. Gathering these two

relations yield the electromagnetic wave equations:

1 4

AE - SOE = 47Vp+ —dyj, (2.1.8)
C C
1 4

AB— =B = ——Vxj (2.1.9)
C c

The Jefimenko representation

Based on (2.1.8)-(2.1.9), we now look for a representation of the electromagnetic
field in terms of the charge and current densities. To that effect, we first recall some
standard results useful to our purposes. Details can be found, for instance, in [25, 26].

Let g € C*(I x R%R). Denote r = |y — x| and the unit vector w = r~! (y — z).

Consider the Cauchy problem of a generic wave equation:

1
Au — gﬁfu = —4mg (2.1.10)

u|t:0 = U, atu|t:0 = U1, (2111)

where 1y € C3(R3;R) and u; € C%(R3;R). By virtue of the Duhamel principle, the
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general solution u € C?(I x R%R) of (2.1.10) is

1 dy
gt ——\|y —x|,y)—, 2.1.12
(1=l al )2 (2.1.12)

u(t,r) = ug(t, ) +/

Qet ()
where the function uy solves (2.1.10) for g = 0 and is given by the Kirchhoff formula

B 1
42

t
ug(t, ) /amt( | {uo(y) +ec(y—x) - Vyu(y) + Eul(y)} dS,. (2.1.13)

The second term in the right-hand side of (2.1.12) solves (2.1.10) when up = 0 = u;.
It is obtained by the method of retarded potentials and it is often called the retarded

solution. If we set y = x + cw(t — s), it can be also written as

1 d !
/ gt — =y —z|,y) Yy = c/ (t—s)/ g(s,x + cw(t — s))dwds.
Qet(z) ¢ ly — x| 0 |w|=1

In the future, we shall use either representation without further notice. We shall also

use the notation .
(90t Y)rer (2) := 9(t =~ |y — 2], y),

meaning that the function ¢ is evaluated at a retarded time. If we write the space
gradient as V, = (01, 02, 05), it is straightforward to check that

O [g<t7 y)]ret = [atg(ta y)]ret (2'1'14)

Ok [g<ta y)]ret = [akg(t: y)]ret - % [atg(ta y)]ret . k=1,2,3. (2'1'15)

In particular, if G : I x R? — R? we have

Vo9t = V090 = = 109 9o (2.1.16)

YV, (G = [V, Gty — - - [0G( ) (2.1.17)

ret

Vy x [G(tay)]ret = [Vy X G(t7y)]ret

~ X DOty (2118)

Indeed, the identity (2.1.14) is trivial and (2.1.15) is a straightforward consequence of
the chain rule. Identities (2.1.16) to (2.1.18) follow easily from linearity and (2.1.15).
They will all be used several times throughout this work.

We now turn to the representation of the field.
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Lemma 2. Let Ey, By € C3(R*R?) and Ey, B, € C*(I x R%R3). Let also j €
CHI x R%R?) and p € C'(I x R*R). The solutions E, B of the electromagnetic
wave equations (2.1.8)-(2.1.9) with Cauchy data given by (E,B)|,_, = (Eo, Bo) and
(OE,0,B)|,_y = (E1, B1) satisfy the representation

Bt =B (t0) ~ [ o)

Qct(x)
1/ wdy 1 ‘ dy
—— Op(t,y)] e ———/ O gt y)l,ee —— (2.1.19
. %m[t(>]tw_ﬂ CQmwﬂt( ”tw_x’( )

and
Blta) = (B (ta) =+ [ Gl x 2
Qet(2) |y — =
N R CIEY
where
Elta) = g [ Bo) et (0 93) Buly) + 49, x Bufw)] s,
—% [ ploes, (2.1.21)
Bla) = g [ 1Ba(0) 4t V) Boly) =19, x Bofy)] S,
! 30, ) x wdS,. (2.1.22)

t Joou (@)

We shall refer to the retarded solutions in (2.1.19) and (2.1.20) as the Jefimenko
representation of the electromagnetic field [27, Sec. 15.7].

Proof. Consider the wave equation for the electric field in (2.1.8). Owing to (2.1.12),

the solution is

dy
ly — |

i) = Bnto) = [ (1900 5 00 )

dy
= Fy(t,x —/ Vylp(ty))por ——
H( ) Qer ) y[( )] t’y_x’

1/ wdy 1 : dy
—= p(t, y)l e ———/ (6 Y) per T
¢ Qct(m)[ t ( >] i ’y _'r’ C2 Qct(a:)[ ' ( )] K |y - :C|
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where Fy is given by (2.1.13) with ug = Ey and u; = E; = ¢V X By. Notice in
the last step that we have used the identity (2.1.16) introduced above. Now, as a
consequence of the divergence theorem, the second term in the right-hand side of the

last equality becomes

dy wdS Wdy
/ Vy [t Y)] e W] / PO, y)— =+ / oY) iee T— -
Qe () y—x 000 () c Qe (@) ly — x|

Hence, by combining the last two equations, the expression (2.1.19) for the electric

field easily follows. In particular, the boundary term added to Ey provides (2.1.21).

As for the magnetic field, we proceed in the same way, but now with the source
term ¢V X j in the corresponding wave equation, as given by (2.1.9). Thus, following
(2.1.12) and recalling the identity (2.1.18), we obtain

1 , dy
wBe) = Balta) [ 9
1 , wdy
" Jou )[@J(t,y)]m Ty =]
1 , wdS 1 , wdy
= Bu(t,x) —E/m ( )J(Qy) X —~ = E/Q ( )[J(t,y)]ret Xy
1 , wdy
) [a](t7y)]re X bl
c? Qet(z) ' |y — o

where By is given by (2.1.13) with ug = By and vy = By = —c¢V x Ey. Again,
the second equality is a consequence of the divergence theorem. Since the above

expression is precisely (2.1.20), the proof of the theorem is complete. O]

2.2 The Vlasov equation

Definition 2. Let fy € CY(RS;R). Let the vector fields v € C(I,C*(R®);R?) and
K € C(I,CHRY);R®) be bounded on J xRS for every compact subinterval J C I, and
given such that V, -v+V, - K =0. The function f € C'(I x R%R) is said to be a

classical solution of the linear Viasov equation if
Ohf+v-Vof+K-V,f=0, onlxR° (2.2.1)

Moreover, f is said to be a classical solution to the Cauchy problem if f|,_, = fo.
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Definition 3. Denote z = (z,p) € R> x R®. For everyt € I and z € RS, the set of

ordinary differential equations

X(s,t,z) = wv(s,X(s,t,2),P(s,t,2)) (2.2.2)
P(s,t,2) = K(s,X(s,t,2),P(s,t,2)) (2.2.3)

is called the characteristic system of (2.2.1). The curves Z := (X, P)(+,t,z) : I — RS
satisfying (2.2.2)-(2.2.3) and Z(t,t, z) = z are called the characteristic flow of (2.2.1).

Lemma 3. For anyt € I and z € R® fized, there exists a unique solution Z(s,t,z)
of the system (2.2.2)-(2.2.3) with Z(t,t,z) = z. Thus, the characteristic flow is well

defined and we have
(a) Z € CY(I x I x R%RY).
(b) For any s,t € I fived, the map Z(s,t,-) : R® — RS is a C1-diffeomorphism with

inverse Z (s, t,z) = Z(t, s, z) and Jacobian determinant

07Z(s,t,2)

det
¢ 0z

1,

i.e., it satisfies the volume preserving property.

(c) If f is a classical solution of the Cauchy problem corresponding to (2.2.1), then
f s constant along the characteristic flow. Conversely, the function defined by
f(t,2) == fo(Z(0,t,2)) on I x R® is the unique classical solution of the Cauchy
problem to (2.2.1). If fo > 0, then f > 0. Also, fort eI

suppf(t) = Z(t,0, suppfo)

and for each 1 < g<oo,tel,
1F @ Le, = [[follzg, -

Proof. The first part of the lemma, including (a) and (b), can be proved by standard
theory of first order ordinary differential equations, cf. [28, ch. Il and V]. In particular,
part (b) follows from -cf. [28, Corollary V.3.1]-

0Z(s,t,z

det P ) = exp /ts Ve -v+V,-K|(0,Z(0,t,2))do # 0, (2.2.4)
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which implies that for every s,t¢ € I fixed, the map z — Z(s,t,2) is of class C' and
so is its inverse. By uniqueness, Z(s,t, Z(t, s, z)) = Z(s,s,2) = z, thus Z 1(s,t,2) =
Z(t, s, z). The volume preserving property is consequence of the vanishing divergence
assumed in Definition 2, i.e., (2.2.4) equals 1.

As for the part (c), the proof follows the standard Cauchy’s method of character-
istics (cf. [28, ch. VI]). In particular, if z(s) is a solution of (2.2.2)-(2.2.3), then

d
L f(s2(8)) = [0 0 Ve + KT, f] 5 2(5).
The properties of the solution f are straightforward consequence of part (b). O

Remark 1. To ease notation, we shall write the characteristic low emanating from
z € RS at t = 0 simply as Z(s, 29), i.e., Z(s,0,2) = Z(s,2), s € I, zo € R, unless

we specify otherwise.

Remark 2. The velocity field v in Definition 2 is given in a very general setting.
Throughout this chapter, C*°(R3;R3) 5> v : p — v(p) and thus trivially V, - v = 0.
The generality of v will become apparent in Chapter 4.

Let us briefly discuss the nature of the so-called Vlasov equation. Consider a set
of N interacting particles with identical rest mass m. Associate to the i-th particle
the six phase-space coordinates z; = (z;,p;) € R® x R?, being x and p position and
momentum respectively. We assume that the interaction is by pairs, so we denote the
force exerted on particle ¢ by particle j as F; ; with ¢ # j.

Any particular state of this system can be represented as a point in the 6/N-
dimensional space [R3 x R?’]N. The probability of finding that point in the volume
dz1dzy - - - dzy at the time ¢ is given by the quantity D(t, 21, 22 ... 2x)d2z1d2zs - - - dzy,
where D(t,z1,25...2y) is the N-particle probability distribution function. In the
absence of external forces, the Liouville’s theorem for statistical mechanics asserts

that D evolves in time according to

N N N

1

8tD + E V; - V%D + E E E Fz‘,j . VpiD = 0, (2.2.5)
i=1 =1 j#i

where v; stands for the velocity of the i-th particle. In the non-relativistic regime
velocities and momenta satisfy the trivial relation v; = m~'p;, but this not need to

be the case in general. For the time being, no distinction is made.
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The Vlasov equation is obtained via the BBGKY hierarchy [3, 29] as a limit case
of the Liouville’s equation (2.2.5). In such scenario, it can be written as

Ouf(t21) + v1 - Vi, F(E, 1) + % UR Fiaf(t, ZQ)dzz} Y, ) =0, (226)

6
where f denotes the one-particle probability distribution function, normalized so that
N=1 [ f(t,z)dz = 1. The field in brackets denotes the mean force exerted on particle
1 by the remaining particles in the system. Thus, the Vlasov equation provides a
mean field approach to the dynamics of the particle ensemble and it avoids having to
deal with each pair of interactions separately®. Clearly, the latter is prohibitive when
the system is made of a very large number of particles.

To actually study the evolution of f, the force F} o must be specified. Typically,
potential forces are considered, where the force is the gradient of some scalar function.
That is the case, for instance, of the Coulomb force?, where Fyo = V®;, with
15 ox 1/r%, being r = |x1 — 23|. But even with such apparently simple interactions,
the equation (2.2.6) is far from simple, since the scalar function @, 5 is singular and
the term involving the force is non-linear. If the mean force is given, then the equation
(2.2.6) simplifies enormously. In such a case it reduces to a linear Vlasov equation as

the one we introduced in Definition 2.

2.3 The Vlasov-Maxwell system

Now, consider a system of several species of collisionless charged particles moving at
speeds comparable to the speed of light. In this regime, we can not simply assume
the interactions by pairs as we did earlier, since the induced electromagnetic field
propagates at finite speed and so the force at one particle due to others depends on
their state of motion at retarded times. This is hinted by the Jefimenko representation
in Section 2.1, cf. (2.1.19)-(2.1.20), where the electromagnetic field is given in terms
of the retarded charge and current densities. Nevertheless, a Vlasov equation can
still be deduced. Its derivation, however, must rely on heuristic arguments that we

present next.

!'Notice that in such a limit, collisions have been neglected. If collisions are to be taken into
account, then a Boltzmann equation should be considered instead. If such collisions produce only
small changes in the momenta of the particles, then the simpler Vlasov-Fokker-Planck equation is
preferred. Details can be found, for instance, in [3, 29, 30].

2Coulomb interactions yields the widely studied Vlasov-Poisson system; cf. Chapter 5.
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Indeed, consider a relativistic particle of species o, with charge e, and rest mass
Mg, under the influence of some given smooth electromagnetic field (F, B). Its equa-

tions of motion are
. . Vo
T =1y, P=Ee€q <E—|—— ><B> =: K,, (2.3.1)
c

where K, denotes the Lorentz force acting on the particle and v, stands for its

relativistic velocity, i.e.,
cp

\/mae + [pl”

The Lorentz force satisfies V,, - K, = 0, which can be easily verified. At a time

Vo = (2.3.2)

t, the probable number of particles of species « in the volume dxdp of the phase-
space is equal to dN = f,(t,x,p)dxdp. After the infinitesimal time interval dt, their
location must change according to the transformation (z,p) — (z + v.dt, p + K,dt),
as suggested by (2.3.1). But this is essentially the map in Lemma 3 (b), which is

volume preserving. Therefore, in the absence of collisions we have
[fa(t +dt,x + vodt,p+ Kodt) — fo(t, z,p)] dedp = 0.
It follows that the total differential of f, equals zero, thus -compare to Lemma 3 (c)-
8tfa+va-vxfa+ea(E+%axB)-foa:O. (2.3.3)

We recognize (2.3.3) as a linear Vlasov equation.

Now, if we regard (E, B) as the mean electromagnetic field induced by the charged
particles themselves, then E and B can be computed by means of the Maxwell
equations (2.1.4)-(2.1.7) once we have defined the charge and current densities as

-summation runs over all particle species-
p(t,x) = Z /3 eafalt,z,p)dp, j(t,x)= Z /3 Valafa(t,x,p)dp. (2.3.4)
(0% R (0% R

The equation (2.3.3), coupled via (2.3.4) to the Maxwell equations (2.1.4)-(2.1.7)
and complemented with (2.3.2), describe what is known as the relativistic Viasov-
Mazwell system. They model a hot, low density plasma formed by charged particles
interacting only through the self-induced electromagnetic field and moving at speeds

comparable to the speed of light.
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2.4 The Cauchy problem

We can now define the Cauchy problem for the relativistic Vlasov-Maxwell (RVM)
system. For simplicity, we shall consider a single particle species only since all results
can be trivially adapted to the multi-species case. Also, we shall set all physical
constants to one, namely the rest mass and charge of the particles as well as the

speed of light.

Definition 4. Let fo € C*(R%R), fo > 0 and Ey, By € CY(R3R3). The triplet
(f, E, B) is said to be a classical solution of the RVM system if f € C1(I x R% R")
and B, B € CY(I x R*;R®); for every compact subinterval J C I the electromagnetic
field (E, B) is bounded on J x R?; and (f, E, B) satisfies

Of+v-Vof+(E+vxB)-V,f=0, (2.4.1)
V x B—0,E = 4nj (2.4.2)
VxE+9B=0 (2.4.3)
V-E=4rp, V-B=0 (2.4.4)

where
j= / ofdp, p={ fdp. (2.4.5)

]R3 R3
and

Y (2.4.6)

V1+ Il

Moreover, the triplet (f, E, B) is said to be a classical solution of the Cauchy problem
Zf (f7E7B)|t:O = (f07anBO)'

2.5 Conservation laws

In this section we introduce the main conservation laws that are formally satisfied

by the solutions of (2.4.1)-(2.4.6). Indeed, let (f, E, B) be a classical solution of the
RVM system. As pointed out earlier, the Lorentz force satisfies V,,- (E + v x B) = 0,

thus the Vlasov equation (2.4.1) can be written as

Ohf+Ve-[vfl+V,-[(E+vxB)f]=0.
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Integrating with respect to p yields the continuity equation
dp+Vy-7=0

which denotes the local law for the conservation of the charge. If we further integrate

over all x € R3, we obtain the global counterpart, i.e., o)z = lp(0)]| 1, ¢ € 1. In

view of (2.4.5), the latter is just the particular case of the Lemma 3 (c¢) when ¢ = 1.
To derive the law for the conservation of the total energy we proceed as follows.

Let W be the total energy of a single relativistic particle of rest mass m in the absence

of interactions, defined by

|2

W(p) = mc*\| 1+

m2c?’

We shall call W the kinetic energy of the single relativistic particle®. Setting m and

¢ equal to one, we define the kinetic energy density function by
h(t,x) = /3 1+ |pl* f(t, 2, p)dp. (2.5.1)
R

Now, take the partial time derivative in both sides of (2.5.1). A use of the Vlasov

equation implies

on = = [ 1l (Ve fof 4V (KA dp
= = [ VuePesars [ Vil K

= —V,- | pfdp+j-E. (2.5.2)

R3

Notice the integration by parts in the second equality. Also, the use of the identity

Vpr/1+|p|*- K = v- E resulting from v - (v x B) = 0, as well as the definition of the
current density j in the third equality.
On the other hand, we define the electromagnetic field energy density as

u(t,z) = 8% (Bt 2) + |B(t, 2)[) . (2.5.3)

3 Actually, the kinetic energy is W — mc?, where mc? is the energy of the particle at rest.
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By taking the partial time derivative in both sides of (2.5.3) and invoking the Maxwell
equations (2.4.2) and (2.4.3), we find

1
47

1 , 1
= EE-(VXB—ALWJ)—FEB-(—VXE)

1 .
= — V- (ExB)-j-E, (2.5.4)

where in the last equality we have used the elementary vector identity for the diver-
gence of the cross product. Incidentally, integration in (2.5.4) with respect to x yields
the so-called Poynting theorem [31].

Hence, by combining (2.5.2) and (2.5.4), we obtain the local law for the conser-

vation of the total energy

3,56 + V-o= O,
where
1
lt.) = [ 1P e+ o (B + B,
RS
1
o(t,z) = / pf(t, 2, p)dp + — (E(t,z) x B(t,))
R3 47T

denote the total energy and flux densities respectively. In addition, if we integrate
over all # € R3, the corresponding global conservation law follows, i.e., the total

enerqy

//R . V1+|P|2f(t,x,p)dxdp+%és (IE(t,2)* + |B(t,2)]*) dz  (2.5.5)

is preserved in time.

Gronwall-Bellman-Bihari lemma

For the sake of reference, we conclude this chapter by stating the well-known and

useful Gronwall-Bellman-Bihari lemma:

Lemma 4. Let u,h € C([ty, T]), T < oo be non-negative functions. Let the constant
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C > 0 and assume that w € C(]0,00][) is non-negative and non-decreasing. If

u(t) < C+ /th(s)w(u(s))ds, t € fto,T), (2.5.6)
then, fort € [to, t1]
u(t) < Q1 {Q(C) —|—/ h(s)ds] ) (2.5.7)

where u g
z
Q(u) ::/u ) ug, u > 0.

0

and ty € [ty, T is the largest number such that
t1
Q(k) + / B(s)ds < Q(c0)
to
Proof. The proof was originally given by I. Bihari and can be found in [32]. [

We distinguish two particular cases used several times throughout this work.

Corollary 1. (i) If w(u) = u, then (2.5.6) reduces to the Gronwall’s inequality and
(2.5.7) becomes

u(t) < Cexp /th(s)ds. (2.5.8)

to
In particular, if C'= 0 then (2.5.8) holds for every C > 0 and by letting C' — 0,

we have u(t) = 0.

(ii) Foru>1, if w(u) =ulnu, then (2.5.7) becomes

t
u(t) < Cexp exp/ h(s)ds.

to

Similarly, if C =0, then u(t) = 0.
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Chapter 3
Classical Solutions

This chapter is devoted to the study of the Cauchy problem for the RVM system.
The main open problem concerning this system is to prove whether solutions with
sufficiently smooth Cauchy data develop singularities in finite time. In this direction,
the new result of this chapter is that a classical solution of the RVM system launched
by smooth, compactly supported Cauchy data, becomes singular only if the charge
density blows up in finite time. In particular, this result weakens previous assumptions
used to extend classical solutions globally in time.

For the sake of consistency, we shall recall the local existence result for the RVM
system as given in the pioneering work by Glassey and Strauss in [9]. However,
our approach differs from the latter in several aspects. Among others, we do not
use the abstract operators introduced in [9] to represent the field and its deriva-
tives. Instead, we deal directly with the more ‘natural’ Jefimenko representation of
the electromagnetic fields and the identities for the derivatives of retarded solutions,
previously given in Chapter 2. We obtain an explicit representation of the electro-
magnetic field in terms of the velocity and acceleration fields -cf. Remark 4-, which
somewhat simplifies the computations needed in the reminder of the section.

The chapter is organized as follows. In Section 3.1 we provide the preliminaries
and a-priori bounds used to produce the local existence result in Section 3.2. Then,
we discuss the continuation criteria for the local solutions in Section 3.3. We review
the known conditional results for the existence of global solutions and then we con-
clude with our result: if the charge density remains bounded, then the corresponding

classical solution of the RVM system can be extended globally in time.
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3.1 Preliminaries

Let fo : R® — R be smooth, non-negative and with compact support. Also, let the

pair (Ep, By) : R® — R? x R? be smooth and satisfy the compatibility conditions

V'E0:47T fodp, VB(]:O

RS

Define the map v : R* 3 p — p (1+ |p|2)_l/2, thus v € Cg°(R?; R?) satisfies |v| < 1.
Throughout this section, we shall assume that the vector field (£, B) : R — R3 x R?
is given and smooth. We abbreviate the Lorentz force by K := E + v x B and let
Q = K —v(v-E). For the given field, we denote by f* the solution of the linear
Vlasov equation (2.4.1) with initial datum f*|,_, = fo. Then, for the characteristic
system (2.2.2)-(2.2.3) associated to (2.4.1), the boundedness of (v, K) yields

’Z(s,t,z)‘ <CO(s,t), (sit)elxI.

As a result, and by virtue of Lemma 3(c), the compact support of f, implies that for
each t € I the function f*(t) has compact support in R® as well. Define p* and j*
according to (2.4.5). Integrating (2.4.1) over all p € R? yields the continuity equation

O:c?tp*—i-vx-j*—i-/ Y, (Kf*)dp = d,p* + V - j*.

Rd

Then, we denote by (E*, B*) the solution of the Maxwell equations (2.4.2)-(2.4.4) with
charge and current densities p* and j* respectively. Notice that by virtue of Section
2.1, the pair (E*, B*) also solves the wave equations (2.1.8)-(2.1.9) with Cauchy data
(Eo, E1) and (By, By), where

El =V X BO — 47T/ /Ufodp, Bl ==V x E(].

R?)

For t € I, we further define
P*(t) :=sup{|p| : 0 < s <t,x €R®: f*(s,2,p) #0} . (3.1.1)

Remark 3. P*(t) is non-decreasing in t. Thus, for all p € suppf*(s), 0 < s < t, we
have that [p| < P*(t). Since for every ¢t € I and x € R? the function f* has compact
support in p, then P*(t) < oo. Therefore, [v] < P*(¢) (1 + 15*2(75))71/2 < 1 strictly on
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the p-suppf*(s), 0 < s < t. We heavily exploit this fact throughout the section.

For z,y € R3, set r := |y — x| and the unit vector w := r~! (y — ). In order to

ease future calculations, we collect some identities which are easily verifiable:

Vyr = w (3.1.2)

vy% - —% (3.1.3)

V' = % (6 — w'w) (3.1.4)
V,(v-w) = % (v—w(v-w)) (3.1.5)
vV, (v xw) = % (ékvj —é0F —w (v x w)z) (3.1.6)
v o= (14 |p|2)_1/2 (& —v'v) (3.1.7)
Vy(vow) = (1+ ]p\2)71/2 (w—v(v-w)) (3.1.8)
V(v xw)' = (1+ |p|2)_1/2 ((éjwk —épw’) — v (v x w)l> (3.1.9)

Here @ # j # k and 1,7,k = 1,2,3. Finally, we recall the elementary vector identity

for the triple cross product: for any vectors a, b and ¢
ax((bxc)=(a-c)b—(a-b)c. (3.1.10)
In particular, if v is a unit vector and b is perpendicular to u, we have

(uxb) xu=0. (3.1.11)

3.1.1 Representation of the electromagnetic field

The aim is to deduce a representation of the field (E*, B*) in terms of the one-particle
probability distribution function f*. We will do so by combining the Jefimenko rep-
resentation (2.1.19)-(2.1.20) with the Vlasov equation (2.4.1). We start by setting

U+ w VX W

CL(’U,W) = m, b(v,w) = m

(3.1.12)

on the support of f*. By virtue of the Remark 3, |[v| < 1 and so we have the strict
inequality 1 4+ v - w > 0. Therefore, a and b are not singular on the p-suppf*.
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Lemma 5. Forr > 0, the following identities hold:

a_ (vt (1- ’”f) . (3.1.13)
r r2(l1+v-w) r

(v-Vy)

and

<5-vp)a: wx (@xvtw)y 1_W. (3.1.14)

r r(l+v-w)’
Proof. We prove (3.1.13) first. Helped by (3.1.2-3.1.5), a lengthy but elementary

computation shows that
a w4 w) 6 — w'w (V' +w) (v —w(v-w))

V.-
Yr r2(l+v-w) rP1l+v-w) r2(14v-w)’

Hence, recalling that v* = v - é;, we have

—(v4+w (v w+v—w- w) (v+w)(]vl2—(v-w)2)

(U'Vy); - r2(1+v-w) B r2(1+v~w)2
L e (mvw—wl4vw) 04w (o - (0-w))
r2(14+v-w) r2(1+v-w)
— e ) (1 ) el

— (+w) (o] = (v-w)’)],

from where we easily get (3.1.13).
As for (3.1.14), by using (3.1.7) and (3.1.8) we have

Vi = é; — vv (W) (w-v(v-w)

JIHIP A +0-w) 1+l +o-w)?

Hence, noticing that v- (v x B) = 0 so v- K = v- E, and recalling the identity (3.1.10)
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and that |w| = 1, we have

(5.%)@ K-vw-E)  (wtw)w (K-v( E))

" r\/1+|p|2(1—|—v-w) T\/1+|p|2(1+v-w)2

Q+Qw-w —vw-Q)-—w(w- Q)

7“\/1—|—|p|2(1—|—v-w)2

Qu-w-—ww-Q)+Q v w) —vw-Q)

r\/1—|—|p|2(1+v-w)2

wX (@ Xw)+wx(Q xv)
r/ 1+ pf (14 v-w)?

Since (1 -+ |p|2)71 =1 — |v]? as it follows from (2.4.6), it is straightforward to check
that the identity (3.1.14) holds. This concludes the proof of the lemma. O

Lemma 6. For r > 0, the following identities also hold:

(U-Vy)éz <<U+w) (1—|U‘2) _E) X W (3‘1‘15)

r r2(1+v-w)? 72

and

X w. (3.1.16)

K C(ox@x (0 rw) 1 [of
(%)

ki v/
r P r(1+v-w)2

Proof. Similarly, a lengthy but elementary computation, and the use of (3.1.2-3.1.6),

imply that
Vbi— w (v x w) +ékv7—éjvk—w(v><w)i_(vxg})i(v—w(v-w))
Yr r2(14v-w) r2(1+v-w) r2(1+v-w)?
Thus, noting that v - (607 — é;0%) = v*v? — /v = 0, we obtain
b 2(v-w)(vxw) (Vxw) (|U\2 —(v- w)Q)
(v-Vy) = = ——3 N 2 2
r r2(1+v-w) r2(14+v-w)
VX W 2 2
= ——— ((vw) 20w (l+v w)—|v
T (09 =200 1+ v-0) - bf)
v X w

= m(l—M —(1—|—v~w)),
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from where (3.1.15) readily follows.
As for (3.1.16), we use (3.1.7-3.1.9) to find

Wk — é’ — v (v X w)' (vxw)i(w—v(v'w)).

St blPatvw  JLrpP 4o o)’

Hence, since (v - K) = (v - F) and recalling that Q = K —v (v - E), we get

Vb =

(E-Vp)b (K—v(-E)xw (vxw)|w (K-v(-E))]

" r\/1—|—|p|2(1—|—v-w) m/1+|p|2(1+v~w)2

QXw+(Q-w) —vw- Q) xXw

7"\/1+]p|2(1+v~w)2

_ wa—l—(wx(QX'z)))Xw. (3.1.17)

7“\/1+]p\2(1+v~w)2

But it is elementary that (w x (Q X w))Xw = QXw, as we recalled in (3.1.11). Thus, if
we substitute this in (3.1.17) and use that (1 + ]p]z)fl — 1—|v|?, the identity (3.1.16)

easily follows and the proof of the lemma is complete. O

Theorem 1. Let QQ := E+v x B—wv(v- E). Denote the kernel

(v +) (1= o)
(14+v-w)’

Kv,w) = (3.1.18)

The electromagnetic field (E*, B*) satisfies the representation

Ewmzw%mm—/é(mﬁmmww%mmj?%

//ﬂ o L) X QS (Y, D)] e Wiy (31.10)

/1 |v| ly — x|

and

B*(t,x) = (B"), (t,x) — //Q s (wx K(v,w)) [f*(t, Y, P)] es %

’C(U7w> * dpdy
+//Q el e ——=x QN Y. D)es | | 77> (3.1.20)

/1= |v)? ly — |
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where (E*), (t,z) and (B*), (t,x) are functionals of the Cauchy data only.

Remark 4. The acceleration of a single relativistic charged particle is given by v =
p-Vyo= (14 |p\2)_1/2 Q. Thus, if we exclude the first term in (3.1.19) and (3.1.20)
respectively, which depend on the Cauchy data only, we have that the electric and
magnetic fields are both 'naturally’ decomposed into velocity and acceleration fields.
The velocity fields do not depend on the acceleration of the particles and can be
essentially regarded as the contribution of the static fields induced by the charges,
with decay O(|z|™®) as |#] — co. On the other hand, the last term in (3.1.19)
and (3.1.20) respectively depend linearly on the acceleration of the charged particles.
They amount for the radiation fields of the system. Finally, notice the mutually
transverse nature of the electric and magnetic fields induced by each particle. More

on the physics of radiation by moving charged particles can be found in [31, Ch. 14].

Proof of Theorem 1. We show (3.1.19) first. To this end, we use the definition of the
charge and current density functions (2.4.5) and rewrite the Jefimenko representation
for the electric field (2.1.19) as

wdpdy

) = () [ [ T

dpd
- / / (0+0) O 6y P)ee 2L (3.1.21)
Qi (z)xR3 |y 5U|

Helped by the identity (2.1.17) in Section 2.1, the linear Vlasov equation and the

chain rule imply

Ouf (6 y, D)o = — (- Vy "+ K-V, ") (£, y,0)],0
—[Vy - of* (6,4, p)]rer — [V - Kf* (4,4, D)) es
— (W) [0 f" (6, Y, P)]ree — V- [0 (Y, D)] e
—Vp- [Kf <t7y7p)]ret :

Hence, in view of the Remark 3, we have that |v| < 1 and so 1+v-w > 0. Therefore,

DS (D) g = = (L 0-0) ™ (Vy - [0f (6,4, 0) e + Vi - 7 (8,9,0)]e) -
(3.1.22)
Recall r = |y — z|. We may now write the right-hand side of the above equality into
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the expression (3.1.21), to find that
* * w *
E(ta) = (B )= [ [ S dedy
Q(z)xr3 T

v+ w N
//Q R3 7,, + v - W) y ) [Uf (t7yap)]ret dpdy
f ><

//Q L, K (ty. )] dpdy. (3.1.23)

yxrs T (L+v- r(l+v-w)

Abbreviate a = (1+v-w)™" (v +w). As a consequence of the divergence theorem,

and since [f*(r,y,p)],.. = fi(y,p), the second integral becomes

/ /Q Y [vf*(t Y, p)lyes dpdy
t XRJ
= ;// a(v-w) f5(y,p)dpdS,
A (z) xR3

a\ ...
_// (U . Vy_) €; [f (t7y7p>]ret dpdy (3124)
Qs (z) xR3 r

Notice that the first integral in the right-hand side of the latter equation depends on
the Cauchy data only, so we include it in (E*),(¢t,x). As for the third integral in
(3.1.23), we apply the divergence theorem as well, noticing that the boundary term

vanishes in view of the compact support of f* in the p variable. Hence, we find that
* * w *
Eta) = (Bt~ [ [ ) dedy
Q4 (z)xR3 T

G/i “ *
_// (?} . Vy—) €; [f (tayap)]ret dpdy
Qt :D)XRS r

//Q (6)xE ( = %ﬂp”m v a) [ (9, D)) ee dpdy.

If we now invoke Lemma 5, it is easy to check that (3.1.19) hold, which proves
the representation for the electric field. As for the magnetic field, the proof runs

similarly. The corresponding Jefimenko representation in terms of the charge and
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current density reads,

Bt =)o)~ [ [ oy, P

dpd
_// (’U X (.U) [atf*(t)y7p>]ret P ’
Qt(.Z’)XR3 ‘y B x‘

Denote b= (14 v -w) " (v x w). If we now use the representation of the time deriva-

tive (3.1.22) in the above expression, and then apply the divergence theorem, we find
that

Bite) = o)~ [ [ )y

r

b\ ..
_ // (U . Vy_) €; [f (t7 y7p>]ret dpdy
Qt XRS r

t ) o [F*
// ( YD) et Vpb’) e [f*(t, Y, p)ler drdy,
Qi (z)xR3 "

where the boundary term corresponding to the integration in y has been already
included in (B*), (t,x), and the one corresponding to p vanishes due to the compact
support of f*. Invoke Lemma 6. It is easy to check that (3.1.20) holds and the proof

of the theorem is complete. O

3.1.2 Representation of the derivatives of the field

Theorem 2. Denote the space gradient V = (01, 0o, 03). For each k =1,2,3 we have

OE*(t,x) = (OREY), (t, ) + /R 3 SE)f*(t, x, p)dp

e

//Q B KT kfpdf

//Q . C(v,w) [(f*kQ + QO ™) (£, Y, )] ey ’dpd (3.1.25)

where the kernels S* : R3 — R3, A¥ : R3 x R3 — R3 and B,C : R3 x R3 — RY are
smooth and bounded on the support of f*. Moreover, for all v € R with |v| < 1, the
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average of the kernels A* on the unit sphere vanishes, i.e.,
/ A* (v, w)dw = 0. (3.1.26)
|w]=1

The magnetic field B* satisfies an analogue representation with kernels S*, A¥ B and
C' having the same properties as those for the electric field. In particular, the average

of A% on the unit sphere vanishes as well.
Proof. For K defined as (3.1.18), denote by C the matrix whose columns are given by
wx (K(v,w) x &)

1= o’

C’i(v,w)’ < C(14wv-w) > Thus, in view of the

Cilv,w) = (3.1.27)

A direct estimation shows that

Remark 3, all elements of C' are smooth and bounded on the support of f*. Now,
after changing variables y = x + z, take the partial space derivative 05 to both sides
of the representation (3.1.19) of E*. Then, after returning to our original variables,

we obtain

a(ta) = @E) )= [ [ ) Bl T

Y (v w i o M
+//Qt(~’v)xR3 Ci(v, )[ak (Qf ) (t,%p)]mt . (3.1.28)

where (0, E%), (t,x) = O (E*), (t,x) depends on the Cauchy data only. By the prod-
uct rule, the last term in the right-hand side of (3.1.28) is just the last term in the
right-hand side of (3.1.25). Therefore, we only have to find the terms in (3.1.25)
involving the kernels S*, AF and B respectively.

To this end, notice first that by combining the identity (2.1.15) with the repre-
sentation (3.1.22) of [0,f*(¢, v, p)],.. We have

[akf*(ta y7p)]ret = ak [f* (t7 y7p)]ret + wk [atf*(t7 y’p)]ret

k
= ak [f* (t, yvp)]ret - JTVZ/ ’ [Uf*(t, yap)]ret
k
L K (YD) er (3.1.29)

1+v-w
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Hence, we can rewrite the second term in the right-hand side of (3.1.28) as

// K(v,w) [0 f*(t, Y, D)) o
Qi (z)xR3

= IC(U7 W) wkv . Vy i}

N //Qt (z)xR3 r2 <ak - m [f (t7 y;p)]ret dpdy

k
//Q XR31+UZJ KT (YD) e ffdy. (3.1.30)

Now, consider the last integral in (3.1.30). Integration by parts yields

[ A, e e, S

dpdy

R31+v~w r?

[ *dpd
//Qt(x X R3 <1 —i(-vvw) ) [K’f (t,y,p)}ret & :29 L

wrdpdy

= _// Bj(v,w) [Kif*(ta%p)}ret 2
Qt(x)XR3 "

which is the term in (3.1.25) involving the kernel B. The explicit form of the B;’s
are unimportant, although we can easily verify that they are smooth and satisfy
’Ei(v,w)) < ¢(14wv-w)™>. Hence, they are bounded on the support of f*.

The first integral in the right-hand side of (3.1.30), on the other hand, needs extra
care due to the singularity =2 at r = 0. To overcome this difficulty, let ¢ > 0 and

define Q¢(z) := {y € R?: ¢ < r < t}. Integration by parts then implies

K(v,w) Wk -V,
- I dpd
//:u)xu@ 72 (ak lto-w L2, Y, )] er dpdy

WEIC(v w"K(v,w)
- — f dpdS
//(’9(2,5(me3 l+v- o(:p) Y
le (v,w
[ e,

Qe () xR3 1+v-w

(Uk v, W
L (@ vt ) S s 3131
¢(z)xR3 +v-w r

The first of the two boundary terms depends on the Cauchy data and so we include
it in (OpE*), (t,x). It is easy to check that it is bounded for all t € I. As for the
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second one, notice that after changing variables y = x 4+ we we have

o
lim/ / Kvwf(t—e,m—i-we,p)dwdp
R3 J|w

e—0 ‘11—|—Uu)

W (v, w) .
/Rg/ ————f*(t,x, p)dwdp = S*(v) f*(t, z, p)dp.

-1 1+v-w R3

Clearly, Sk is smooth and bounded on the support of f*. Therefore, the last integral
in (3.1.31) also converges and we can pass to the limit as e — 0.

Finally, we must show that

{(ak o ) ’C(”’w)} _ Aww) (3.1.32)

y1+v w 72 73

We omit this elementary but lengthy computation which is done in [9, Appendix].
There, it is shown that A* is smooth and satisfies [A*(v,w)| < ¢(14v-w) ™, so it is
bounded on the support of f*. Moreover, it is found that the average of A on the
unit sphere vanishes, cf. [9, p.69], which provides (3.1.26) and completes the proof of
the theorem as far as the electric field E* is concerned.

The analogue results for the magnetic field can be verified with little extra effort,
since the representation (3.1.20) of B* is very similar to that of E*. In particular,
the analogue of (3.1.25) holds with kernels S¥, A*, B and C that can be found in a
similar fashion. They are smooth and satisfies the same estimates as S*, A*, B and
C respectively. Hence, in order to conclude, it has to be shown that (3.1.26) also
holds for the kernel A*. This result can be found in [9, p.70] as well. O

3.1.3 Estimates on the field

The following lemma is almost trivial but useful:
Lemma 7. (i) v+w]?<2(14+v-w) and (i) 1— | <2(1+v-w).

Proof. Tt is straightforward that |v + w|> = [v|* + |w|° +2(v-w) < 2(1+v-w). On
the other hand, the elementary identity (v - w)® + [v X w|> = |v|* is used to find that

1= = 1—(-w)?—=|vxw
< 1-w-w<l-v-w(l+v w)
< 2(1+v-w),
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which completes the proof. O]

Lemma 8. The kernel K defined in (3.1.18) satisfies
K(v,w)] < 44/1+|p*. (3.1.33)
Also, for Q = E+v x B—wv(v-E), we have that
Q(w-K) <4([E|+|B]) and |K(w-Q)| <8(|E[+[B]). (3.1.34)
Proof. We use (i) first and then (ii) from Lemma 7 to estimate K, namely

(v+w) (1— o)
(1+v-w)

3
2

(1+v-w) 1— l+tv-w

22

—— =41+ /",
V1= Iof

which proves (3.1.33).

To prove (3.1.34), we first notice that w - K = (1+v-w) " (1-— |v|2), and that
Q| < 2(|E|+ |B|). Hence, owing to Lemma 7 (ii), |Q (w-K)| < 4(|E|+ |B]). On
the other hand, since the triple product v - (v x B) = 0, we have that

\/5(1_ |U|2> _ \/5 <1|’02)3/2
[of*

IN

w-Q = w-(E+vxB—-v(v-FE))
w—v(-w)) (E+vxB)
v+w—v(l4+v-w)) (FE+vxB).

(
(

Thus, another use of (i) and then (ii) from Lemma 7 yield

v+ wl|? (1- |v|2) o] v+ w| (1 - |U]2)
K(w- + El+ B
Ko Q) ( e ) (11 + 1B
4(1—|U|2)
———~ (|E|+|B|) <8(|F|+|B
< S B+ 1B) < 8 (18] +1B),
which concludes the proof of the lemma. n

With these results at hand, it is an easy matter to estimate the field.
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Lemma 9. Denote K := |E| + |B|. The electric field E* satisfies

|E*(t,x)] < C°t) +4// 1+ [l [ (t, v, p)]..oy ~
Qi (z)xR3 |y o $|
[~ L% dpd
+12// Lt ol [Kf(ty,p)],,, et (3.135)
Qi (z)xR3 ‘y _ x‘

where C°(t) is a non-negative, continuous function of t, otherwise depending on the

Cauchy data only. The same estimate holds for the magnetic field B*.

Proof. Consider the representation (3.1.19) of the electric field E*, which we rewrite

here for the sake of convenience

Bt =00~ [ [ K s,

ly —x

K
// <v W) [Qf*(tyyap)]ret |d2f1y :
Qt x)XR3 y

i "

Estimating the second term in the right-hand side it is a straightforward consequence
of (3.1.33) in Lemma 8. To estimate the third one, the vector identity (3.1.10) pro-

duces

wx (Kx Q) =[K(w-Q)-Qw-K)<[L(w-Q)+]Q(w-K)].

Then, since (1 — ]v|2) = (1 - |p|2)_1, the expected estimate follows from the relations
(3.1.34) in Lemma 8.

Finally, we show that there is a non-negative continuous function C°(t) of t,
otherwise depending on the initial data only, such that |(E*), (t,z)] < C°(). To
this end, we first recall that (E*), (t,x) is defined by

ENltn) = g5 [ )+ V) Boy) +49, % Bo)] 45,
w—v(v-w)
__//BQt(m . mfo(%p)dpdsw (3.1.36)

which is the result of the boundary term in (3.1.24) added to (2.1.21). In view of the

assumptions made on (fy, Eo, By) at the beginning of Section 3.1, a direct estimate



36

shows that there is a constant C' = C(Py, || foll ;oo » | Eollyyree s || Bollyyre) such that
(B, (6,2)] < OB, lfoll s, N Bl | Bull )t = €O, (3.137)

which proves the claim. Here Py denotes the upper bound on the p-supp fy, which is
defined according to (3.1.1).
As for the magnetic field, the representation (3.1.20) trivially implies that the

same estimate holds for B*, thus concluding the proof of the lemma. O

It will be convenient to rewrite (3.1.35) in terms of the kinetic energy density

function (2.5.1), which we recall:

h*(t,x) = /R3 \/ 1+ plf*(t, y,p)dp. (3.1.38)

By doing the change of variables y = z 4+ w (¢t — s) in (3.1.35), we end up with the

following alternative formulation of Lemma 9:

Corollary 2. Denote K = |E| + |B|. The electric field E* satisfies

|E*(t,z)] < Co(t)+4/0t/||1 h*(s,x 4+ w(t —s))dwds

12 /Ot (t —s) " Kh* (s,x +w(t —s))dwds.  (3.1.39)

The same estimates hold for the magnetic field B*.
We conclude this paragraph with the following result.

Lemma 10. Let
w' (1) =14 (1 ()l + 1B @)z )

The field (E*, B*) satisfies the estimate

wt(t) < CO(t) (1 + /Otu(s) 17 ()] ds) : (3.1.40)

where u is defined accordingly and C°(t) is a non-negative, continuous function of t,

otherwise depending on the Cauchy data only.
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Remark 5. In view of Remark 3 and the boundedness of f*, it is straightforward
from (3.1.40) that there is a positive C*(t) = C(t; P*(t), || foll 1 [ Eoll e+ [[Bollws )

which for each ¢ is continuous in its arguments, such that

ut(t) < C(t) (1 + /0 tu(s)ds) .

Recall that P*(t) is defined by (3.1.1).

Proof of Lemma 10. The estimate (3.1.39) from Corollary 2 produces
t
Bt < W+ [ B ds
0

121 [l (1) s + 1B ) ds

But the same estimate holds for the magnetic field, so we have that
1+ [E*(t, )| + |B*(t, )]
¢
<0+ ) [ WOz [+ (1B + 18G5 )] ds
0

irrespective of € R3. Take the supremum over all z € R? and use the Gronwall’s
lemma. The estimate (3.1.40) then follows. O

3.1.4 Estimates on the derivatives of the field

Abbreviate the representation (3.1.25) of the space derivatives of E* as

Ol (t,x) = (Ox L"), / Sk *(t,x, p)dp
+8kEA( , ) + (‘3kEB(t, x) + 8kEC(t, x) (3141)

The meanings of O, E%, Oy £ and 0y Ef. are obvious as they correspond to the terms
in (3.1.25) with kernels A* B and C respectively. We estimate one at a time.

We start with 9y E%, whose singularity r=3 at r = 0 precludes us from taking a
direct estimate. We overcome this difficulty by using the vanishing average of the

kernel A* on the unit sphere (3.1.26). After changing variables y = z 4+ w (t — s) and
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by virtue of (3.1.26), we may rewrite this term as

¢
OEy(t,x) = // /Ak(v,w)f*(s,x+w(t—s),p)dpdwtds
0 Jw|=1 JR3 - S

- /Otd//Ak(U’w)f*(Sal’-l-w(t_5)7p)dpdw ds

t—s

(3.1.42)

ds
t—s’

+/ttd//21k(v,w) [f*(s,z +w(t = s),p) = [*(s,z,p)] dpdw

where the parameter 0 < d < t is to be determined. Since the time integral corre-
sponding to the first term in the last equality is taken on [0,¢ — d], no singularity

occur there and the estimate is straightforward, namely

t—d dS

su
p r_

v,w

) t
s < C*(t) HfOHLi‘,’p loga-

) 4 D* (113

0,0)| T2 O Wl [
" Jo

As for the second term, the mean value theorem provides the bound

sup

v,w

~ 47 — % ! * *
A0, TP O NV s, [ 5 < CO IV N,
D fy ST,

Then, we chosed:tHme*HZ;o if |[Vaof*||pee =1, otherwise d =t ||V f*[| o, to
»T,P »T,P »T,P
find that (henceforth the constant C*(¢) may change from line to line)

OEL (L) < C(1) (log % n d)

< o (1ot w17y, ). GL

0<s<t

where we have defined log"a =a for 0 < a <1 and log" a =1+ loga for a > 1.

On the other hand, the term 0, E} can be written as
t A
OEL(t,x) = / / / B(v,w)K f*(s,z + w(t — 5), p)w"dpdwds.
0 Jw|=1JIp|<Py
Thus, by the boundedness of the kernel B on the compact support of f*, we get

(0] < 0O [ (1B + 1B ) 1 (g, b (:149)
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which is the estimate for the term involving the kernel B.

Lastly, we proceed to estimate 0y E(, which we split in two integrals

dpdy

ly — x|
dpdy

+f /Q o QO @O ) P

Since |](9kQ(t)HLgOp < 2 (HﬁkE(t)HLgo + HakB(t)HLgo), and the elements of C' are
bounded on the support of f*, the first integral can be estimated by

OEA(L ) / /Q o SO QD)

C0) [ (1B o + 18l ) 1773, . (3.1.45)

The second one, on the other hand, needs some extra care. Indeed, let us first recall

the identity (3.1.29), which we rewrite here as

wkz

—V, - [Kf* .
1+U.va [ f (t7y7p>]ret

[akf*(t7y>p)]ret = (ak B m

wk'U .
%)wm%mm—

Hence, after using this identity and doing integration by parts, we obtain

[ we)Qos )., ‘dpdy
Q¢ (z)xR3 Y ‘

_ LAV é[Q]ret §
_//Qt(fﬂ)XR?’ {(ak 14w (j) ly — | } Lf (t,y,p)]ret dpdy
% « M
+\/\/§‘2t(z)XR38p <1+U‘w> [Kf (tyyap)]ret |y—],'|

=1+11.

For the sake of simplicity we have not written the boundary terms as they depend on
the derivatives of the Cauchy data and can be included in (9, E*),. Notice that the
singularity 7~! does not produce a boundary term because of its small power.

Now, it is straightforward from (3.1.7) that |0,Q| < C (|E|+ |B|). Also, it is
not difficult to check that ‘8,,(1 +v- w)_lé" < C(1+v-w)™, cof definition of C
n (3.1.27). Then, after applying the product rule and doing the usual change of
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variables we find that the second integral satisfies

<@ [ (1B + 1B ) 170, ds

As for the first integral, recall that 0 [Q],., = [0kQ),.. — " [0:Q)],,, In view of the

identity (2.1.15). Hence, since the resulting singularity in I after differentiation is at

2

most 7~*, we can directly estimate this integral to find that

1= [ (1Bl + 1Bz ) 1 (), ds

Combining the last two estimates with (3.1.45), we obtain

t
L) <00 [ (IEGE +1BOI
0
+E(S)] pee + ||B(8)”Dg°> 177 ()]l oo, s (3.1.46)
Finally, estimating (0xF), and the term involving the kernel S¥ in (3.1.41) are
easy since the former depends on the derivatives of the Cauchy data, and the latter is

dominated by C* || fo|| ;o in view of || f*(¢)]l;c < ||foll o - Hence, we gather (3.1.43),
(3.1.44) and (3.1.46), and use the boundedness of f* to find that

O (62)] < C*(8) | 1+log* sup 177 (5) g, + 1B, + 1B,

<s

# [ (B + 1B ) ds] 3147

With the help of Theorem 2 and Theorem 1, it is not difficult to check that the
same estimate holds for the space derivatives of the magnetic field B*. Actually, it

holds for both space and time derivatives of the electromagnetic field:

Lemma 11. The field (E*, B*) satisfies the estimate

IE* (Dl pge + 1B*(0)l| pge < C7(2) [1 +log™ sup [[f*(s)llpgs,

0<s<t

t
B + 1B + [ (1B o + 1B oz ) ds} . (31.48)
’ ’ 0

where for each t the positive C*(t) = C(t; P*(t), || foll oo » | Eollyyroe 5 | Bollyyee) 8 con-
z,p x x
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tinuous n 1ts arqguments.

Proof. We have already shown that the estimate (3.1.48) holds for all space derivatives
of the field with C*(t) satisfying the stated properties. To prove that it also holds
for the time derivatives of the field, we invoke the Maxwell equations (2.1.4)-(2.1.7).
Since |v| < 1 so that |5*| < p* = (47) "' V - E*, we have for each t € I and z € R

0.E"(t,z)] < |V XB(t2)[+[V-E(t )]

|0,B*(t,z)| < |V x E*(t,z)|.
Hence, since the time derivatives can be estimated by means of the space derivatives,
the estimate (3.1.48) readily follows. O

3.2 Local existence

This section is devoted to prove the following result:

Theorem 3. Let fo € C}(R®), fo > 0, and let Ey, By € C*(R3) satisfy the constraints
(2.4.4). Then, for some T > 0 there is a unique classical solution (f, E,B) of the
RVM system on [0,T[ satisfying (f,E,B)|,_, = (fo,Eo,Bo). Moreover, for each
0 <t <T the function f(t) is non-negative and has compact support.

In essence, the proof we present here follows the one by Glassey and Strauss in [9)].
However, they did not explicitly show the existence of local solutions there. Their
result basically states that, for any given time T > 0, if the momentum support of any
sequence of approximative solutions (as defined below) is uniformly bounded, then
a unique classical solution of the RVM system exists on [0,7[. Here, we show that
there exists a finite time for which this condition holds, thus providing local existence
and uniqueness of classical solutions.

The plan is to construct a sequence of approximations { f", E”, B"} and to show
that for some time 7" > 0 the momentum support of the f’s are uniformly bounded.
Then, all the estimates found in previous sections will hold on { f™, E™, B"} uniformly
in n. As a result, we can show that this sequence is Cauchy in the C-uniform norm
and in the C'-uniform norm, on any subinterval of [0,7[. Hence, the limit exists
which is the classical solution of the RVM system on [0,7[. For the sake of clarity,
we shall present the proof in several steps or claims. Also, notice that henceforth all

constants may change values from line to line.
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Proof of Theorem 3. By density arguments, we can assume fy € Cg°(R®), fo >0
and Ey, By € C™ N Cy(R?). Set Ey := V x By — 4~ ng vfodp and By := —V x Ej.
We construct the iterative scheme as follows. For ¢t > 0 and (z,p) € R3 x R3 define

fot,z,p) = folz,p), E°(t,x) = Eo(x), B°(t,z) = Bo(z).

For n € N, assume that E" !, Bt € C? N Cy(I x R*R3) are already given. Let
K1 := E"!' + v x B"! and denote by Z, := (X, B,)(s,t, 2) the solution of the

characteristic system

Xu(s,t,2) = v(Pu(s,t,2)) (3.2.1)
P,(s,t,2) = K" 't, X,(s,t,2), P(s,t,2)), (3.2.2)

with Z,(t,t, z) = z. We define the n-th iterate of the one-particle distribution function
by
fn(t7 Z) = fO(Zn(()? t Z>>>

which in view of Lemma 3(a) and (c) is a C? solution of the (linear) initial value

problem

n . n n—1 n _
{atf F UV T+ KV, =0 (523)

f™(0,2) = fo(2).
Since E"! and B"! are both bounded functions, then f™ has compact support in

the p variable as follows from (3.2.2). Therefore,

p(t,x) == fRS f™(t, z,p)dp, j"(t,x):= fRS vf™(t,z,p)dp

are well defined C? functions. Thus, integrating (3.2.3) over all p € R?® yields the

continuity equation

0=0p" + V- j" + / Vp (K" ") = 0" + V- j™.
R3
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Hence, we define £ and B" as the solution of the Maxwell equations

V x B"—0,E" = A4mj"

VXxE"+oB" = 0
V-E" = A4drp"
V-B" = 0,

which as shown in Section 2.1 also solve

AE" — O?E" = 4nVp" + 470 5" (3.2.4)
AB" — 0?B" = —47V x j" (3.2.5)

with the initial conditions (Ey, E1) and (By, B;) given above.

Step 1. The sequence {(f", E™, B")} is well defined. To see this, we prove that
if f™is a C? solution of (3.2.3) and (E", B") solves (3.2.4)-(3.2.5), then E™ and B"
are C? bounded functions. Notice that the solutions E™ and B™ are known to be C*
in view of the Jefimenko representation (2.1.19) and (2.1.20) and the fact that p" and
4" are C? functions. We prove that E™ and B™ are C? and bounded by induction.

Indeed, the field (E°, BY) is in C*°NC}, as given by the Cauchy data. Now, assume
that E"~1, B"~! are C?NC), functions and so is Q! = E" 4o x Bt —y (v - E"71).
The equation (3.2.2) implies that f™ has compact support in p. Hence, we can use the

representation of the electric field in Theorem 1 with the iterative scheme abbreviated
as f* = (f" 1", E" = (E™ )" and B" = (B"1)" to find that

Bt 2) = (B, (1, 7) — / /Q K@) 0y, |yd’idz|2

/) D e ), |
Qi (z ><]R3

/1 |v| |?J_$|

For the given Cauchy data, the term (E™), (¢, ) is C? N C}, as follows from its
definition (3.1.36). Also, the assumption made on E"~! and B"~! readily implies that

the remaining terms in the above representation are C? N Cj, as well. Hence, the field

E™ is C? N Oy and since we can do similarly with B”, the claim follows.
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Step 2. Next, let Py(t,0,2) = P,(0,0,2) = p € suppfy and for n € N define

P,(t) = sup{lp|:I0<s<t,xeR’: f'(s,z,p) #0}
= sup{|P.(s,0,2)|:0<s <t 2z € suppfo},

where the equivalence is a consequence of Lemma 3(c). Notice that P,(¢) is a non-
decreasing function of t. We claim that for some 7" > 0 there is a non-negative
function P € C([0,T[; R) depending on the Cauchy data only such that

P,(t) <P(t) forallneNy, 0<t<T. (3.2.6)

In order to prove the claim, we first notice that for n € N, the equation (3.2.2) of the

characteristics implies that

t
Pealtan o)l < ool + [ (IF"G)s + 1Bl ) s 327)

Then, helped by the results presented in the previous section, we aim for a suitable
estimate on the approximate field (E™, B™). To this end, define the n-th iterate of
the kinetic energy density function as, cf. (3.1.38)

Wt = [ VLB )
R

In view of the support of f™, this is a well defined C? function which satisfies

W) < / L P p)dp
|p|§Pn(t)

IA

47 _ -
T e, POV 1+ P2

< Ol g, (14 PO

Hence, since by Lemma 3(c) we have |[f"[; = [foll; , n € N, then Lemma 10
TP T,p
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implies
(O = 1B O] + 1B
t
< W+ ) [ 0 ) 06 s
0

< C'(t)+C°(1) /Ot u"Y(s) (14 P2(s))* ds, (3.2.8)

where C°(t) is a non-negative, continuous function of ¢, otherwise depending on the

Cauchy data only. We now define the sequences

a"(t) = supuF(t), P,(t) = sup Py(t).

k<n k<n

Fix n and consider (3.2.8) for every k < n. If we take the supremum over k < n, we

obtain the Gronwall’s inequality
t ~
(1) < CO(t) + CO(1) / @ (s)(1 + P2(s))ds.
0

It follows that

a"(t) < C°(t) exp {Co(t) /Ot(l + Pj(s))%ls} : (3.2.9)

But (3.2.9) dominates the integrand of (3.2.7), irrespective of the characteristic curve

chosen. Then, we may take the supremum over all characteristics to find that

t
Poa(t) < P+ / " (s)ds
0

t
< B +/ C%(s) exp {C’O(s)(l + P,f(s))?}ds. (3.2.10)
0
Here we have used that P,(t) is a non-decreasing function of ¢ and the value of C°(t)

for each t have changed from the previous line. Now, let 7" > 0 be the life span of the

solution of the integral equation
t

Pt) = Py + / C%(s) exp {C°(s)(1 + P*(s))*} ds. (3.2.11)
0

Clearly, Py(t) = Py(t) < P(t). Suppose that P,(t) < P(t) for some n € N. Then,
if we write P,(t) instead of P,(t) in (3.2.6), the claim holds by induction due to
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(3.2.10). Therefore, we have P,(t) < P,(t) < P(t), 0 < t < T, uniformly in n.
The function P(t) depends via C°(t) = C(t; Py, [ foll e+ | Eollyyee > [ Bollyyee) on the
initial data only. We emphasize that C°(t) is a non—negative continuous function of
its arguments, essentially given by (3.1.37).

Step 3. Fix 0 < T < T. In view of (3.2.9), for all 0 <t < T we define

t
u(t) = C°t) exp {Co(t)/ (1+ 772(8))2d5} ,
0
which is non-negative and continuous on [0, T]. We further define

Py = sup P(t), up = sup u(t). (3.2.12)

0<t<T 0<t<T

Notice that P; < oo and us < oo depend on 7 and the Cauchy data only. In
particular, us does not depend on t € [O, T] . This fact will hold true along the proof
although the actual value of us may change from line to line.

Now, by the definition of the sequence u"(t) provided in (3.2.8), the uniform bound

u"(t) < up readily follows. Thus, since || f"(t)|| ;o = || foll ;= , We conclude that
17 Ols, + IOl + B Ollx Sur, neNo 0<t<T.  (3213)

Furthermore, we claim that there is a constant u;7 also depending on 7' and the

Cauchy data only, such that
1P Ol s, + 1@l + [B" @)l pse < rpe neNo, 0<t<T.  (3:2.14)

To proceed, we first take the time and space partial derivatives d ) to the Vlasov

equation (3.2.3), namely

[0+ v Vot (B 40 x B™) - V,] ) [
— [04m) E" " 4 v x Oy B™ ] - V£ (3.2.15)

Thus, on each characteristic curve solution of (3.2.1)-(3.2.2), we have

+/ot<HEn_1(S)HD:°+HB" 1 HDoo) £ ()| pee, s (3.2.16)
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Similarly, if we apply the momentum partial derivative 9, to (3.2.3) we get

[0+ v-Vo+ (E" ' +0vx B ) V,]0,f"
= —0yv - Vuf" — 0 x B" 1.V, f" (3.2.17)

Hence, since v € C§°(R?; R?) so that |9,v] < C, we have on each characteristic curve
that solves (3.2.1)-(3.2.2)

0,1 < 10,5 Ol +2 [ (1870 ) 157G ds. (3219

Now we gather the estimates (3.2.16) and (3.2.18) for the time, space and momentum
partial derivatives of f". Since the right-hand side of the resultant inequality does

not depend on the characteristic curve chosen, we find that

17 Ollos, < C+C [ (1F Ol + 18| ) 1576V s, .

Therefore, the Gronwall’s lemma applies and we obtain

170, < e {C [ (I,

At this point, we invoke Lemma 11 in the previous section. In terms of the

B ) ds} S (3219)

iteration scheme, and by virtue of (3.2.13), this lemma states that

IE™ ()l pge + 1B™(#)l| pge < C™(2) {1 +log* Sup (1)l g, + ur

+ [ (1)

where C™(t) is a non-negative continuous function of ¢, which for each 0 <t < T is

e+ 156 ) .

continuous with respect to B,(t) and depends otherwise on the Cauchy data only.
But as it follows from (3.2.6) in Step 2 and the definition of Py in (3.2.12), for all
p € suppf™(t) we have |p| < P,(t) < Pr uniformly in n € Ny, 0 < ¢ < T. Thus, there
is a non-negative constant C’% depending on T and the Cauchy data only, such that
cn(t) < C’% for all n € Ny, 0 < t < T. Hence, since log" s < max {1,1 + log s}, we
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can combine the last two inequalities to find that

t
17" Olloz + 1B Ollos < 2+ 3 [ (1),

If we now iterate this inequality we have (recall that C% may change from line to line)

mn n CQt " 0T
W@MWWBWWS%C+%HW+%%JS%&ﬂ

o HB”_l(s)HDgo> ds.

which in turn provides a bound on (3.2.19). It is now clear that there is a constant

uy7 such that the uniform bound (3.2.14) indeed holds
Step 4. We claim that {(f™, E™, B")} is Cauchy in the C-uniform norm. Indeed

for m,n € Ny abbreviate
E™ B™" =PB™— B", (3.2.20)

fm,n — fm o fn7 Emn — pmeo_
with K™ = K™ — K" = E™" 4y x B™" and Q™" = K™ —y (v - E™"). Also, let
) = 1" Ol e s E™ (@) = [E™" ()| oo » B™"(t) = [IB™" () 10 »

and K™ (t) = [ E™(t)] y + | B™"(¢)]| e Clearly, f"(0) = f®(t) = 0 and the

same holds for the iterates of the field.
Q"1 f™" the representation (3.1.19)

Since melfm _ anlfn — mel,nflfm +
of the electric field implies
E t CC // [f ’ (t7y7p)]ret 2
Qt XR5 r
K(v,w dpd
Kow) X [QMTHTHME y,p)] o, };y

//Qt(a: xR3 1— |v|2
dpdy

//Qt(x xR3 lcl(U_T;)F [Qn 1fmn(’ yp ﬂret r
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We now apply the Corollary 2 of Lemma 9 to the above representation to find that

t
e < [ [ i plmedpdads
0 Jlw|=1JIp|<Pz7

t
+0/ (t—s)/ / 1+ [p)PQm 1t frdpdwds
0 lw|=1J|p|<Pz
t
+C'/ (t—s)/ / i \/1+|p|2Qn_1fm’”dpdwds,
0 jwi=1J|p|< Py

where the integrands are evaluated at (s,z + w(t — s),p). The same estimate holds
for each B™™. Hence, in view of the uniform estimate (3.2.13), and by noticing that
QM < CK™™, it is easy to check that

K™™(t,x) < Cp /Ot (K™ 5 (s) 4+ f™"(s)) ds. (3.2.21)

On the other hand, by subtracting the Vlasov equations (3.2.3) corresponding to

the index m and n respectively, we obtain that
atfm,n +o- fom,n + Kn—l 3 fom,n — _Km—l,n—l . vpfm

The structure of this equation implies that along the solutions of the characteristic
system (3.2.1)-(3.2.2) we have

fm,n _ (Km—l,n—l . fom) (S, Zn(S, t, Z))

We then estimate the right-hand side of this equation along the characteristic curves.
Hence, since the resultant estimate does not depend on the characteristic curve chosen

and since f™"™(0, Z,(0,t,z)) = 0, we find that
—_ t —
() < Cp / KM= l(s)ds. (3.2.22)
0

Here we have used that ||V, f"(t)|| ;.. < uypforalln € Ngand 0 <t < T as it follows
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from (3.2.14). With (3.2.22), we can now estimate (3.2.21) by noticing that

t ps t ot
//Km_l’"_l(a)dads = //Km_l’"_l(a)dsda
0 Jo 0 Jo
¢

_ / (t — o) K™ " (0)do (3.2.23)

0

t
< C’T/ K™Yo do.
0

Therefore,

t
™) < O / Rm1m1 () ds. (3.2.24)
0

Bearing the equality (3.2.23) in mind, we then iterate the above relation to find

t
K™"(t) < C’%/(t—a)[_(m_Q’”_2(a)da
0
< -
t k—1
(t—O’) [om—k,n—
< Céi/o WK k, k(O’)dO’
Tk
< ufcgﬁ (3.2.25)

for m > k and n > k. Notice that in the last inequality we have used the uniform
bound K™" < us which is consequence of the triangle inequality and (3.2.14). It fol-
lows that K™" — 0 as m,n — oo, uniformly on [0, T]. Hence, the iterates {(E™, B")}
are Cauchy sequences in the uniform norm, and so is {f"} in view of (3.2.22).

Step 5. Moreover, we claim that {(f", E", B")} is Cauchy in the C'-uniform

norm. To proceed, we further abbreviate
() = 1" Ol BV () = [E™" ()]l pe » B () = [ B™"(t) ]| pee

and let K{""(t) = | K™"(t)]] peo -
Now, for the indexes m and n, consider the representation (3.1.25) of 9, E™ and
0. E"™ respectively. We write their difference 9, E™™ as, cf. (3.1.41)

0, E™ (¢, 1) = / S(0) f™" (¢, x, p)dp
RB
+0, BV (t, x) + 0, ER " (t, x) + 0. EL " (¢, ),
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where the last three terms in the right-hand side correspond to those with kernels A,
Band C respectively. We estimate one at a time. Notice that estimating the integral
with kernel S is straightforward from (3.2.22).

To bound the term 0,E7"", write it as in (3.1.42) and use the property (3.1.26)
of kernel A. It is then immediate that

t
0. E (1, 2)| < Cp / 7 (s)ds.
0

To bound 9,ER™, recall that K™~ fm — Kn=lfn = gm-ln=lgm 4 n=lfmn,
Hence, exactly as we did for (3.1.44), and by using the uniform estimate (3.2.14) on

the sequence of solutions, we find that

0, B (1, 2)| < Oy /0 (B2 (s) 4+ ™ (s)) ds.

Finally, the same steps used to obtain (3.1.46) combined with the uniform bound
(3.2.14) on the iterates yield

t
0BT (¢, 2)| < Cy / (R (s) + fmn(s)) ds.
0

Collecting terms, we have the bound on 0, E™". As usual, the bound for 9, B™"
follows suit. Then, we use the linearity of the Maxwell equations and we reason as in
the proof of Lemma 11 to find that

|atEm’”(t, LL’>| + ]ath’"(t,xﬂ
< Cr ([/™" (8 2)| + [V x Bt )| + [V x B™(t,x)|)

t
<Cp [ (RPN 4 1) ds
0
Notice in the last inequality that we have used (3.2.22) as well. Hence, we gather

these estimates on the time and space partial derivatives of the field and take the

supremum over all x € R? to find that
— t — —
K" (t) < CT/ (K72 (s) + f"(s)) ds. (3.2.26)
0

On the other hand, to estimate f{™", we first invoke (3.2.15) which we rewrite
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here for the sake of convenience,
[0+ 0 Vo + K71 V] 0 f* = =00y K" - Vi f.
The associated characteristic system reads, cf. (3.2.1)-(3.2.2)

Z, = (v, K"7Y) (s, Zn(s,t, 2)) (3.2.27)
Oua " = —(Opm) K™ Vo f™)(5, Zu(s, 1, 2)), (3.2.28)

with Z,(t,t,z) = z. To simplify notation, we subsequently drop the dependence on
the initial positions and momenta unless we specify otherwise. Now, consider (3.2.27)
with the index m instead. The difference of the two implies that

| Zm(s) —

t
< / K™Y (0, Zn(0)) — (0, K™ (0, Zu(0))| do

< [ (0K (0. Zn(o)) — (0K (0. Zufo)
+] (v, K1) (0, Z0(0)) = (v, K" ") (0, Za(0)]) do

Zn(s)|
(v,

< OT/ (1Zm(0) = Zn(0)| + |K™ 0, Zn(0)) = K" (0, Zn(0))]) do

where the first term in the last inequality follows since the relativistic velocity v is
by definition a C* function with bounded first derivative, and the field K™ ! has
uniformly bounded C'-norm in view of (3.2.14). The second term is obvious. Now,

as it was shown in Step 4, the sequence { K"} is Cauchy in the uniform norm, thus
t
Z0(s) = 25 <57+ Cr [ |Zu(o) = Zu(o)]do
0

for some 07" — 0 uniformly on [0, T] as m,n — oo. By taking the supremum over

the initial positions and momenta, and applying the Gronwall’s lemma, we find that

| Z(8,t,2) — Zyn(s,t,2)] — 0, uniformly on [0,7] x [0,T] x RS (3.2.29)
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as m,n — oo. Now, the differential equation (3.2.28) in integral form reads

Ot [ (t, 2) = O,0) fo(Zn(0)) — /0 (8(,5@)]("—1 -V ™) (s, Zy(s))ds.

Hence, by taking the difference between this equation and the same one but with

index m, we find that

|Ot,) [ (8, 2) = ey [ (1, 2) | < [0t,2) f0(Zin(0)) = Oyt fo(Zn(0)) |
+/0 ‘(3(,573;)Km_1 V"8, Zm(s)) — (8(,5736)}(”_1 -V ™) (s, Zn(s))‘ ds.

In view of the assumptions on the Cauchy data, the first term in the right-hand side

converges to zero as m,n — 0. As for the second term, it can be estimated by

[ 10 K Zu D 1935, Z(5)) = B35 Zat ) ds
195 2l K5 Zn(5) = K75 ) s
10 K Zul D 193575, Za(5) = V5 25D s
190876 2D K5 ) = D K75 25 s

<" o [ (0K 2l + 9,5 o, Zols))) s

t
< Cr [ (RPN ) ds (3.2.30)
0

with €2 — 0 as m,n — co. We justify the first inequality as follows. Lines 1 and
4 in the left-hand side are bounded by €2 in view of the uniform bound on the
derivative of the functions given in (3.2.14), and the continuity of the derivatives of
the functions and (3.2.29). The estimate for lines 2 and 3, on the other hand, follows
from the uniform bound (3.2.14) and the definitions (3.2.20). Hence, it is clear that

t
06,00 ™ (1, 2) = Oy [ (1, 2)| < €27 + Cp / (K71 (s) + fi7"(s)) ds
0

for some other ™ — 0 as m,n — oo. We can now take the supremum of the left-

hand side over all z € RS. Hence, since as a consequence of (3.2.17) we essentially
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have the same estimate for derivatives of the type 0,, we find that

t
(1) < m 4 O / (R7=1071(s) 1 Fm(s)) ds
0

m,n

T
implies (below, both C7 and € keep changing from line to line)

with yet another € — 0 uniformly on [0, 7] as m,n — oco. Gronwall’s lemma then

t
() < ep + CT/ K77 (s)ds, (3.2.31)
0

which combined with (3.2.26) gives
_ t _ t s
K{"'(t) < e +CT/ Klm_l’"_l(s)ds+C'T/ / K7 " Yo)dods
0 o Jo
t
< E"Tl’"—l-CT/ K (s)ds.
0
Notice the use of (3.2.23) to obtain the last inequality. The triangle inequality and

the uniform bound (3.2.14) imply that K{""(t) < uys uniformly in m,n € Ny and
0 <t < T. Then, iteration similar to that in (3.2.25) implies that

t
K™"(t) < " (1+Crt) +Cp / (t = o)KT""(0)do
0

<

|
~i

m,n _CqT l
< e e T +upCr—

for m > 1 and n > [ and e:’?’" — 0 uniformly on [0, 7] as m,n — oo. It follows that
the sequence {(E", B")} is Cauchy in the C' uniform norm, and so is {f"} in view
of the estimate (3.2.31).

Step 6. Hence, there exist f € C([0,7] x R%R) and E, B € C*([0,T] x R3;R?)
such that f* — f uniformly on [0, T]xR% and E*, B® — E, B uniformly on [0, T] x R?
as well as their derivatives. It is an easy matter to check that the limit (f, F, B)
satisfies the Vlasov equation and the second order form of the Maxwell equations in

the sense of distribution. Since this is true on any subinterval [0, T] of [0, T, then
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(f, E, B) exists on [0,T[. Clearly, f > 0 on [0,7] and for each 0 <t < T
suppf(t) C {(z,p) € R® x R+ [a| < X(t), |p| < P(1)},

where P(t) < oo was already found in Step 2 and, as a result of (3.2.1) and |v| < 1,
we have defined X (t) :=t +sup {|z|: Ip € R? : fo(z,p) # 0} < co. Moreover, (E, B)
satisfies the representation (3.1.19)-(3.1.20) on [0, T[. In particular, Remark 5 adapted
to (f, F, B) implies that the electromagnetic field is bounded on J x R® for every
compact subinterval J C I. Thus, we have established the existence of local classical
solutions of the RVM system.

Step 7. Regarding uniqueness, we let (f1, E1, B1) and (f2, Ea, By) be two such
solutions on [0, 7] with the same Cauchy data. These solutions satisfy the represen-
tations and estimates of Section 3.1. Also, the estimates (3.2.13) and (3.2.14) hold

for these solutions as well. We define
f=f—-f, E=E —-E, B=DB —Ds.

Exactly as we obtained for indexes m and n the estimates (3.2.21) and (3.2.22) in
Step 4, we get here for both solutions that on any subinterval [0, 7] of [0, T

1Bz + 18Ol < or | (1Pl + 1B e + 173, ) ds

and
1Ol <er [ (1Ol + 15,z ) ds.

Hence, we combine these two inequalities and use the Gronwall’s lemma to find that
forany 0<T <T, fi=foon[0,T] xRS and E; = Fy and B; = By on [0,T] x R?,

which proves uniqueness. This concludes the proof of the Theorem 3. ]

3.3 Criteria for continuation of solutions

In this section, we show that a classical solution (f, F, B) with smooth, compactly
supported initial data becomes singular only if the charge density p blows-up in finite
time. That is, a local solution can be extended globally in time provided the charge
density remains bounded. Hence, we conclude that no break-down could occur due to

shock formations since, in this case scenario, the solution itself would remain bounded
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while its derivative blows-up. In order to prove this result, we show that the size of the
momentum support of f is controlled as long as the charge density remains bounded.
Hence, we invoke the celebrated result by Glassey and Strauss in [9]: if the solution
were to develop a singularity, then the size of the momentum support of f would
become infinite in the same time.

Recently, C. Pallard [21] has shown that a break-down of the solution implies a
blow-up of a range of non-zero moments of f in the momentum variable. Here, what
we prove is that the 0-moment limit case also holds true, which corresponds to the
boundedness of the charge density p. In order to be systematic, we state his result
in Theorem 6 below and we recall the simpler 1-moment case (in Theorem 5), given
earlier by Glassey and Strauss in [20].

We start by introducing some notation. Let (f, E, B) be a C! solution to the
RVM system with life span 7. We recall that the characteristic flow associated to
the Vlasov equation (2.4.1) are the solutions X = X (¢, x¢,po), P = P(t,xo,po) of the

ordinary differential system

X(t,x0,p0) = v(P(t,z0,p0)) (3.3.1)

P<t7$07p0) = K(taX(tax(]?p(])?P(t?anpO))a (332)

satisfying the initial condition (X (0, zo,po), P(0,x0,p0)) = (z0,p0) € suppfo. To
ease notation, we subsequently drop the explicit dependence on the initial positions
and momenta, unless we specify otherwise. Thus, we denote the characteristic flow
simply as X = X (¢) and P = P(t). We recognize (3.3.1) and (3.3.2) as the equations
of movement of the particles, while the characteristic flow denotes just the trajectories

of the particles in the phase space. For all ¢ < T, we further define the quantity

P(t) = sup{\p[ A0 <s<t,x eR®: f(s,m,p) # O}
= SUP{‘P(SJO,?O” 0<s< t (xoapo) S Suppf0}7 (333)

where in the second line the supremum is taken over the time interval [0, ¢] and the
volume in the phase space accessible to the particles at time ¢ = 0. In view of
Lemma 3(c) this is equivalent to take the supremum over the support of f spanned
on the time interval [0,¢], as given in the first line. It follows that P(t) is a non-
decreasing function of ¢. By definition of the relativistic velocity (2.4.6), we denote
o(t) == P(t) (1 + P(t))_1/2. As stated in the Theorem 3, for any fixed 0 < ¢ < T the
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solution f(t) has compact support in p and so
X ()] < o(t) < 1. (3.3.4)

The map t — X (t,zo,po) satisfying (3.3.4) is called a time-like curve, to emphasize
that it lies within the light cone with vertex (t = 0,2 = zy). The condition (3.3.4)
will be exploited in the Theorem 7 below. We now establish the first continuation

criterion shown in this section, which is essentially the achievement of [9]:

Theorem 4. Let fo € C;(R%R), fo > 0, and let Ey, By € C*(R3R3) satisfy the
constraints (2.4.4). For the Cauchy data (fo, Eo, By), let (f,E,B) be a classical
solution of the RVM system with life span T > 0 (whose existence is quaranteed
by Theorem 3). Then

Pr= sup P(t)<oo = T=o0.
0<t<T

That is, if Pr < 0o, then the solution is global in time.

Proof. Assume that Pr < oo but T < oo. We show that this is a contradiction.
Set Py = P(0). As shown in Step 6 of the proof of Theorem 3, for each 0 <t < T
and p € suppf(t), we have |p| < P(t) where P € C[0, T solves, cf. (3.2.11)

P(t) = Py + /Ot C°(s) exp {C’O(s) (1+ 772(5))2} ds. (3.3.5)

The actual function C°(t) = C'(&; P, || foll s » | Eollyyree 5 | Bollyyee) is unimportant al-
z,p T T

though we know it is non-negative and continuous in its arguments. On the other

hand, in view of (3.2.13) and Pr < oo, for all 0 < t < T the solution (f, E, B) satisfies

the uniform estimate
1F Ol pee, + I1E@D) pge + 1BE)| pge < ur < 00, (3.3.6)

where u7 depends on 7" and the Cauchy data (fy, Eo, By) only.
Now, fix 0 <ty < T and consider

fo(a,p) == f(to, x,p), E°(x):=E(ty,x), B°(x):= Blto, )

as Cauchy data of the RVM system. By invoking a density argument if necessary,
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Theorem 3 implies that (f°, EY, BY) launches a unique classical solution on [tg, to+ €|,
for some € > 0. We claim that € does not depend on .

Indeed, the analogue of (3.3.5) for the new Cauchy data (f°, E°, B®) involves
a non-negative C(t;ty) = C(t; P(to), 1 (o)l e, - IE (o) llywge 1B (t0) lyyre) which is

continuous in its arguments. Hence, since Pr < oo, in view of (3.3.6) we have that

Cr:= sup sup C(t;ty) < oo
0<t<T 0<to<T
does not depend on (f° E° B°). Now, let € > 0 be the life span of the solution to

the equation

P(t) = Pr+ Cr /t exp {Cr(1 + P*(s))*} ds.

to
It follows from Steps 2 and 3 in the proof of Theorem 3 that all necessary estimates on
the corresponding sequence of approximate solutions, which guarantee the existence
of a classical solution on [ty,to + €[, hold there. Since neither C7 nor Pr depend on
to, then neither does ¢ and the claim follows.
Now, we could have fixed t, arbitrary close to T' < oo, and so extend the unique
solution (f, E, B) beyond its life span 7. But this is a contradiction. Therefore

Pr < oo implies T = oo and the solution is global in time. O]

Next, we show that the boundedness of the kinetic energy density h on [0, T[ suf-
fices to control the momenta of the particles, and therefore, to extend local solutions

globally in time. For convenience sake, we recall that h is defined as

h(t,z) = /R3 \/ 1+ |p|2f(t,y,p)dp. (3.3.7)

Essentially, we just have to estimate the characteristic equation (3.3.2) to obtain

[P(t)] < |pol +/0 (1E(s, X (s))| + |B(s, X(s))]) ds (3.3.8)

and invoke Lemma 10, which guarantees the boundedness of the field (F, B) provided
that h is itself bounded. This combined with the previous inequality provides the

result. We make the statement precise:

Theorem 5. Let fy € CH(R%R), fo > 0, and let Ey, By € C*(R3R3) satisfy the
constraints (2.4.4). For the Cauchy data (fo, Eo, By), let (f,E,B) be a classical
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solution of the RVM system with life span T > 0. Then

hr = sup sup h(s,z) <oo = sup P(t) < co. (3.3.9)
0<t<T zcR3 0<t<T

In particular, the solution is global in time, i.e., T = oco.

Proof. As we pointed out in the Step 6 of the proof of Theorem 3, the field (E, B)
satisfies the representation (3.1.19)-(3.1.20). Therefore, (F, B) also satisfies the es-
timate (3.1.40) in Lemma 10. But our assumption is that hr < oo, thus there is a

positive constant C7 which may depend on 7' such that

t
sup (|E(t,z)| +|B(t,x)|) < Cr {1 +/ sup (|E(s, x)| + |B(s, x)|) ds}
z€eR3 0 zeR3

for all 0 <t < T. The Gronwall’s lemma applies and the field is uniformly bounded
on [0,T[. This, together with the compact support of fy in the momentum variable,
provides the uniform bound on P(t) via (3.3.8). The implication (3.3.9) then follows.
But the situation is now reduced to the one in Theorem 4, thus the solution can be

continued for all times. O

In [21], Pallard observed that to bound the momenta of the particles via (3.3.8),
we actually do not need a sharp estimate on the L°°-norm of the field. Instead,
we could look for an estimate on its time integral taken along characteristics. By
doing so, he was able to improve the previous result, at least for initial fields having
compact support. Incidentally, the latter is used to control the L?-norm of the field

via conservation of the total energy (2.5.5), a required ingredient of the proof.

Theorem 6. Let fo € CHR:R), fo > 0, and let Ey, By € C3(R*;R3) satisfy the
constraints (2.4.4). For the Cauchy data (fo, Eo, By), let (f,E,B) be a classical
solution of the RVM system with life span T > 0. Define the set

F={(0,q9):0>4/q,6 <q<o0}.

Then for any pair (0,q) € F, we have that

<oo = sup P(t) < oo. (3.3.10)
L2 0<t<T

sup
0<t<T

|Gy st

In particular, the solution is global in time, i.e., T = oco.
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Remark 6. The inequality 6 > 4/q in F is strict!
Proof. Reference [21] is devoted to the proof of this theorem. O

Notice that (3.3.9) is a particular case of (3.3.10) with # = 1 and ¢ = co. Hence,
as far as a compactly supported initial data is concerned, Theorem 6 weakens the
assumption made in Theorem 5, since 0 < # < 1 instead of 6§ = 1 suffices to extend
local solutions for all times. Moreover, for § = 1 we could replace the sup-norm in
(3.3.9) by any L%-norm with 6 < ¢ < oco. Notice that for a such choice of 6, the
value ¢ = 1 is desired since the global existence would follow as a consequence of
the conservation of the total energy'. On the other hand, Theorem 6 says nothing
about the limit case # = 0, which corresponds to the boundedness of the charge
density function p. As commented earlier, this would rule out singularities of the
solution caused by shock formations and it would weaken even further the previous
continuation criteria. The remainder of this section is devoted to prove that this limit

case also holds true.

Theorem 7. Let fo € CH(R%R), fo > 0, and let Ey, By € C3(R* R?) satisfy the
constraints (2.4.4). For the Cauchy data (fo, Eo, By), let (f,E,B) be a classical
solution of the RVM system with life span T > 0. Then

sup sup p(t,z) <oo = sup P(t) < oo. (3.3.11)
0<t<T zeR3 0<t<T

In particular, the solution is global in time, i.e., T = oco.

We first introduce some preliminary results and postpone the actual proof of

Theorem 7 to the end of this section. We start by recalling that the kinetic energy

W(p) =1+ bl

Clearly, W(p) = v - p. Then, noticing that the scalar triple product v - (v x B) = 0,

of the relativistic particle is

we have that along the characteristic flow solving (3.3.1)-(3.3.2)
W(P(t)) = v(P(t)) - E(t, X(t)). (3.3.12)

It follows that .
W) < W(0) + / E(s, X(s))]| ds, (3.3.13)
0

n fact, it can be showed by interpolation methods that ¢ = 4/3 would suffice, cf. [33].
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where we have abbreviated W (t) = W(P(t)) and will continue to do so unless we
specify otherwise. We further define W (t) := /1 + P2(t), with P(t) given by (3.3.3).
Clearly, W (t) dominates P(t). Therefore, in contrast with [21] where P(t) was esti-
mated directly, our strategy will be to reduce (3.3.13) to a Gronwall’s type inequality
by estimating the time-integral of the electric field along characteristics in terms of
W (t). In turn, this will provide the desired uniform bound on the p-support of f.
Notice that the equation (3.3.12) is the one-particle analogue to the equation
(2.5.4) in Section 2.5. As commented there, W (p) is just the kinetic energy of a single
relativistic particle in the absence of interactions, while the equations (3.3.2) and
(3.3.12) describe its general motion under the influence of an external electromagnetic
field. For the present case, that field is induced by the remaining charges of the system
and is computed by means of the Maxwell equations (2.4.2)-(2.4.4). Both (3.3.2) and
(3.3.12) arise naturally in the covariant formulation of the electrodynamics for the
relativistic particle, cf. [31, Sec. 12.5]. On the other hand, notice the elementary
fact that the magnetic force does no work on charged particles, and so it does not
contribute to their change of kinetic energy per unit time. Indeed, as we have already
noticed v - (v x B) = 0. Consequently, a representation of the magnetic field is not

needed in any of our next calculations.

Bounding W (p)

For an arbitrary non-negative function g, define the integrals

t s
I(g;t) = / / (s — 0)”‘/ g(o, X(s) + w(s — 0))dwdods
0 JoO |w|=1
t ot
= / / (s — O‘)k/ g(0, X(s) +w(s — 0))dwdsdo, (3.3.14)
0 Jo |w|=1
with £ = 0,1. For 0 < 01 < 09 < t, we further define

Zk(g;al,ag):/@(s—a)k/ 4(0, X(5) + (s — o) )dwds. (3.3.15)

o1 lw]=1

It follows that .
I(g;t) = / Ti(g;0,t)do. (3.3.16)
0
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Now, in view of the Corollary 2, the electric field E can be estimated as

t
|E(t,z)] < CT+4// h(s,z +w(t —s))dwds
|w|=1

t
12/ (t —s) Kh (s, +w(t—s))dwds,
0 |w|=1

where K = |E| + |B| and h is the kinetic energy density function. Hence, if we
combine this estimate with (3.3.14), we find that

/]ESX )| ds

W(t)

IN

Bounding W (t) is now reduced to estimate the integrals Io(h;t) and I,(|K|h;t).
To that effect, we first focus on the generic integrals Zy(g; 0,t), k = 0,1, as defined
n (3.3.15). The following lemma is due to C. Pallard [21] and provides a change of
variables that is crucial to our purposes. For the sake of reference, we give its proof
in the Appendix A.

Lemma 12. Let Q,, ,, be the set (o1,02) x (0,27) x (0, 7). The map defined by

Qo0 = To (Qo1,05) C R?
(s,6,0) — X(s) +w(s — o)

My -

and satisfying (3.3.4) is a Ct-diffeormorphism with Jacobian determinant

det J;, (5,0, ¢) = — (1 +X(s)- w) (s — o) sin o.
Proof. cf. Appendix A. O
With this result at hand, we can now prove the following lemma:

Lemma 13. For 0 < o < t, the integrals Ty(g; 0,t), k = 0,1, satisfy the estimates

Zo(g;ont) < Cllg(o)llpeet (3.3.18)

T

g
Ti(giot) < Hgi ”L?”/ 1+ In T (s)] ds. (3.3.19)

q
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Proof. Let k=0 in (3.3.15). It is straightforward that

To(gio,t) < //lel (0, X () + w(s — 0))dwds

drllg(o)ll e t,

IN

which is (3.3.18). As for (3.3.19), let us rewrite Z;(g; 0,t) in spherical coordinates

Ti(g;0,1) :/:(s—cr) /OF/O%g(J,X(S)+w(s—a))sin¢d0d¢ds,

where w = w(f,¢) = (cosBsin ¢, sinfsin ¢, cos ¢). Lemma 12 shows that the map
7o i (5,0,0) — X(s) +w(s — o) is a C! diffeomorphism whose Jacobian determinant

has the form
To (5,0, 0) = — (1 + X(s)- w) (s — o) sin o.

Therefore, the Cauchy-Schwarz inequality implies that

Ti(gio.t) < (/// +w(s—o))|J7TU(3,6’,¢)|d9d¢ds>
(LI ?Ti?@d‘bds)
< ool ([ [ fﬁﬁ?edm)

To estimate the angular integral, we notice that

N[

IIn (1= V(s))| =2ImW(s) +In(1 + V(s)) <2(1+InW(s)).
Hence, since without lose of generality we can assume that | X (s)| # 0, we have
/ / sin gbd@dqb B /1 2mdu
1+ X(s 14| X(8)|u
< C(1+|In(1—=V(s))|)
< C(1+mmW(s)).
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Finally, combining these estimates yield

Tigiot) < cwmwm@(Aﬁ1+mw«$hk)%
(0)

o t -
< Dl / [1+InWW(s)] ds

t—o

which is (3.3.19). Notice that we have used 0 < t — o < f; [1+InW(s)] ds in the
final step. The proof of the lemma is complete. m

We now turn to the proof of Theorem 7.

Proof of Theorem 7. The assumption made in the theorem is that for some con-

stant Cr which may depend on T’

sup sup p(t,x) < Cr. (3.3.20)
0<t<T zeR3

Then, in view of (3.3.3), and recalling the definitions of p and h given by (2.4.5) and
(3.3.7) respectively, we have that

hwm;/_\hHme@@s%ww
|p|<P(t)

It follows that || (t)]| ;. < CTW (). Since classical solutions preserve the total energy
in time (2.5.5), then |H[_(](t)||L2 < C uniformly on [0, 7| and

[(BIET) @)]] 2 < 1B@) ] [IKIO] 2 < CoW ().

Now, combining these inequalities with Lemma 13, we find that the integrals
Io(h;t) and I,(|K|h;t) satisfy the estimates -recall (3.3.16)-

Io(h;t) < CTt/t W (s)ds, (3.3.21)
L(h|K|:t) < CT/t/t\;T/% [1+InW(s)| dsdo (3.3.22)

= C’T/O /08 \I;V% [1+InW(s)] dods
C’T\/Z/t W(s) [1+InW(s)] ds,

IN
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where in the last inequality we have used that W (t) is non-decreasing in ¢. If we now
go back to (3.3.17), we see that

W(t)

IA

W(0) + Cr 4 Cly(h; t) + CI (| K|h; t)
< W(0)+ Cr+ Cr /t W(s) [1+InW(s)] ds

irrespective of the characteristic curves. Therefore,

W(t) < W(0) + Cr+ Cr /t W(s) [1 +InW(s)] ds.

But f, is assumed to have compact support, thus W (0) < C. Hence, we can invoke
Corollary 1 to conclude that P(t) < W(t) < Cr for all 0 <t < T, where Cr depends
on T and the Cauchy data only. This proves the implication (3.3.11). Therefore,
Theorem 4 applies and the solution can be continued globally in time. This concludes
the proof of the theorem. n

In view of Theorems 3, 4 and 7, we can summarize this section with the following

theorem, concerning the well-posedness of the relativistic Vlasov-Maxwell system:

Theorem 8. Let fo € CHR%R), fo > 0, and let Ey, By € C*(R*R3) satisfy the
constraints (2.4.4). Then, for some T > 0 there is a unique classical solution (f, E, B)
of the RVM system on [0, T[ satisfying (f, E, B)|,_y = (fo, Eo, Bo). For each 0 <t <
T the function f(t) is non-negative and has compact support. Moreover, if T > 0 is
the life span of (f, E,B), then

sup{|p| J0<t<T,x cR®: f(t,x,p) #0} < 00

implies that the solution is global in time. If the initial field (Eo, By) is assumed to

have compact support, then also
sup {p(t,x) 0<t< T,z € RS} < 00

implies that the solution is global in time, i.e., T = oco.
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Chapter 4
The Potential Representation

In this chapter, we reformulate the RVM system by introducing the generalized Vlasov
transport equation -to be specified in Section 4.2- and the potential representation of
the Maxwell equations in terms of the two most common gauges, namely, the Lorentz
and Coulomb gauges. As we know from classical electrodynamics, the electric and
magnetic fields can be expressed in terms of a scalar and vector potential so that the
full set of Maxwell equations can be replaced by two second-order partial differen-
tial equations satisfied by these potentials. Those equations -and so the potentials
themselves- depend upon the imposed gauge condition, while the electromagnetic
field remains invariant to the gauge under consideration. In Section 4.1, we briefly
recall the concepts of gauge invariance and gauge transformation.

The potential framework in the Lorentz gauge has already been used in the study
of the RVM system. In particular, applications of the smoothing effect resulting from
the coupling of a transport and wave equations have been discussed by Bouchut et
al. in [34]. Also, they used this formulation in [18] to provide an alternative proof
of the local existence result by Glassey and Strauss [9]. In their proofs, however, the
Vlasov equation was kept unchanged and so the electric and magnetic fields were still
part of the model equations. In the present chapter, we not only reformulate the
Maxwell equations but we also deduce a Vlasov-like equation whose structure derives
naturally from the Hamiltonian of the relativistic charged particle; cf. Remark 9
below. In Section 4.2, we introduce the generalized momentum-space variables to
obtain the Vlasov-like equation which is determined by an incompressible vector field
irrespective of the gauge chosen. To our knowledge, this representation has not yet
been used in the study of the RVM system. We shall use it in Chapter 5 to investigate

the Cauchy problem for the corresponding Darwin approximation.
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4.1 The scalar and vector potentials

In classical electrodynamics, it is well known [27, 31, 35] that a given electromagnetic
field (E,B) : I x R? — R3 x R? that is a smooth solution of the Maxwell equations
(2.1.4)-(2.1.7) can be represented by a set of potentials (¥, A) : [ x R® — R x R?

according to the expressions

E(tz) — —V@(t,x)—éat/l(t,x) (4.1.1)
Blt.z) = V x A(t,z). (4.1.2)

Essentially, the relation (4.1.2) is a consequence of the vanishing divergence of the
magnetic field, i.e., V- B = 0; and the relation (4.1.1) follows from inserting (4.1.2)
into the Faraday’s law (2.1.5), that is, from

Since for any smooth scalar function A we have V x VA = 0, it is clear that such

potentials are not uniquely determined. We may find another pair (&', A’) given by

Al(t,z) = A(t,z) + VA(t,z) (4.1.3)
Ot ) — @(t,x)—%@t/\(t,x) (4.1.4)

which also satisfies (4.1.1)-(4.1.2). The relations (4.1.3)-(4.1.4) are called a gauge
transformation while A is called the gauge function. We see that, even though both
sets of potentials (@, A) and (®’, A’) may satisfy different dynamical equations, they
are both fully equivalent, since they yield the same electric and magnetic fields. There-
fore, we say that the electromagnetic field is invariant under gauge transformations.

Usually, the explicit form of the gauge function is overlooked and the potentials
are found by solving the equations that result from the gauge condition imposed. In
Section 4.3, we shall discuss the two most common gauges and the corresponding
dynamical equations. They are: the Lorentz guage, where the scalar potential prop-
agates with finite speed v = ¢; and the Coulomb gauge, where the scalar potential
propagates with infinite speed v = co. In a sense, they can both be thought as limit

cases of a more general class known as the r-gauges, for which the scalar potential
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propagates with an arbitrary speed ¢ < v < oo!. For a detailed discussion on the
v-gauges and the equivalence of potentials under gauge transformations cf. [35] and
the references therein. In the following section, on the other hand, the results we

present are irrespective of the gauge condition imposed to the potentials.

4.2 The Vlasov equation in terms of the potentials

Throughout this section, we assume that ® € C?(I x R3;R) and A € C?(I x R3;R3)
are given in some gauge, and by virtue of (4.1.1)-(4.1.2) the electromagnetic field
E,B € CYI x R*R?) is given as well. The aim is to introduce the generalized
or canonical variables [31, Sec. 12.6] (z,P) € R? x R? and to deduce the Vlasov-like
equation satisfied by the one-particle distribution function f = f (t,z,P), to be defined
later on. As we shall prove, the resulting linear transport equation is determined by
an incompressible vector field irrespective of the gauge under consideration. Therefore,
all the 'nice’ properties introduced in Lemma 3 will also apply in this case.

To start with, we recall that the Lorentz force K acting on a single particle moving
at the relativistic velocity v is given by, cf. (2.3.1)-(2.3.2)

cp

K=E+-xB, v= (4.2.1)
C

2+ |p|”

For simplicity, we have set the mass and charge of the particle equal to one. Con-
sider the characteristic system (2.2.2)-(2.2.3) in Definition 3 associated to the (lin-
ear) Vlasov equation (2.2.1) for K given by (4.2.1). Denoting (X, P)(s) instead of
(X, P)(s,t, z) and using the relations (4.1.1)-(4.1.2) for the electromagnetic field, the

characteristic system (2.2.2)-(2.2.3) can be written as

X(s) = v(P(s)) (4.2.2)
Pls) = |-V - %asA PO (VX A)| (5, X() Pls)). (423)

Hence, since by total differentiation

. d
A(s, X(s)) = EA(S, X(s)) =[0sA+ (v-V)A] (s, X(s)),

L As pointed out in [35], the restriction v > ¢ is artificial since smaller values of v may be considered
as well. Regardless, we emphasize that the causality of the electromagnetic fields with propagation
speed ¢ remains unaltered by the arbitrary propagation of the v-gauge potentials.
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we have that (4.2.3) can be rewritten as

i 1.
Pls) = |—-A- Vo + % x (V x A) + (% V) A} (5, X(s), P(s)).  (4.2.4)
The structure of this equation suggests that we could define a generalized or canonical
momentum .
P=p+ EA (4.2.5)
such that (4.2.4) becomes
. v v
[1(s) = |-V@+= x (V x 4) + (E V) 4] (5. X(5), P(s)). (4.2.6)

Here we have denoted II(s) := P(s) + ¢ *A(s, X(s)). On the other hand, the rela-
tivistic velocity can be redefined in terms of the generalized momentum P by inserting

(4.2.5) into the expression for v in (4.2.1), namely

2p _
S (4.2.7)

v+ [P — Al

We denote the velocity by v4, and will continue to do so, to emphasize the dependence

on the vector potential A. Thus, we can reformulate the characteristic system (2.2.2)-

(2.2.3) in terms of the generalized variables £ := (x,P) as

X(s,t,f) = wva(s, X(s,t,£),11(s,t,£)) (4.2.8)

H(s,t,f)

- |:vq) - U?AVA1:| (S,X(S7t,f)7n(8,t,§)), (429)
where v4 is given by (4.2.7) and (4.2.9) follows from (4.2.6) by virtue of the identity

% x (V x A) + (% : v) A= %VA". (4.2.10)
The computation of (4.2.10) is elementary and we postpone it to the Appendix B.
As usual, repeated index means summation.

If we now go back to the proof of Lemma 3(a), we see that it can be easily
adapted to show that for every t € I and £ € RS fixed, there exist a unique local
solution = = (X, II)(s,t,&) of (4.2.8)-(4.2.9) satisfying Z(t,t,£) = £ Moreover,
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E e OYI x I x RS R%). In turn, uniqueness implies that
1 1
Z = (X, 1 — —A)(s,t,x,P — —A) (4.2.11)
c c
is the unique solution of (2.2.2)-(2.2.3) with initial data Z(¢,t,2) = (z,P — ¢ ' A).
Lemma 14. For vy given by (4.2.7), we have
vy i —

Proof. Lengthy but elementary computations show that

V-A—2vy(vg-V)A

\/ 2+ |cP— Al

- —Vx V4.

i 4 1 . .
Vp - (—VCD + %AVN) = EVP- (ngA’) =

]

As a consequence of Lemma 14, the proof of Lemma 3(b) can be easily adapted
as well to the solutions of the characteristic system (4.2.8)-(4.2.9). Specifically, for
any s,t € I fixed, the map Z(s,t,-) : R® — RS is a C'-diffeomorphism with inverse
=71(s,t,€) = E(t, 5,€) and Jacobian determinant

0=(s,t
det J= <S7 ’ 5)

= (§) = =7

9 1.

Therefore, the solutions of (4.2.8)-(4.2.9) satisfy the volume preserving property.

Lemma 15. Let ® € C(I,C?*(R3);R) and A € C(I,C*(R3);R?) be given in some
gauge and let vy be given by (4.2.7). Let fo € CY(R%; R) and denote by = := (X, T1) the
characteristic flow solving (4.2.8)-(4.2.9). Then, the function f(t,€) = fo(2(0,t,€))

defined on I x RS is the unique classical solution of the Cauchy problem for
Of +va-Vauf — [V(I) — “?va} - Vpf = 0. (4.2.12)
Moreover, if fo >0 then f > 0. Also, fort e I

suppf(t) = Z(t,0, supp fo)
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and for each 1 < g<oo,tel,

fo

i)

Lll

¢
x,P L:c,P

Conversely, if f is a classical solution of the Cauchy problem for (4.2.12), then fis
constant along each solution of the characteristic system (4.2.8)-(4.2.9).

Proof. By virtue of Lemma 14, this result is analogous to part (c) of Lemma 3. [

As we may expect, the solution of the Cauchy problem for (4.2.12) yields the
solution of the Cauchy problem for (2.2.1).

Corollary 3. For (9, A) as in Lemma 15, define (E, B) by (4.1.1)-(4.1.2). Also, for
fo € C(R®) given, let fo(x,P) = fo(z,p+ ¢ YA(0,z)). Then, the function defined
on I xRS by f(t,z,p) = f(t,x,P— cYA(t,x)) is the unique classical solution of the
Cauchy problem for the linear Viasov equation (2.2.1), with v and K given by (4.2.1).

Proof. Combine Lemma 15, relation (4.2.11) and Lemma 3 to find that

ftap = A(a) = T ((X, m— %A)(O,t,x,P - %A))
= fO((X7 P)(O,t,]},p))
= f(t,l‘,p),

which proves the statement. O

Remark 7. Obviously, the transformation p — p + ¢ *A has Jacobian determinant
equal to one. Therefore || f(t)|/;s = Hf(t)H , foralll<g<oo,tel
> Lm,P

Remark 8. Clearly, |va| < cfor all t € [ and (z,P) € R? x R3; the constant ¢ being
the speed of light.

Remark 9. Perhaps, it would have been more elegant to introduce these results
by using the Hamiltonian formulation of the relativistic charged particle?. Under
the action of an external electromagnetic field of potentials (®, A), the Hamiltonian

associated to the charged particle reads [31, Sec. 12.5]

H = \/m204 (P — ZA)Q + ed,

2Referring P as the canonical momentum becomes apparent in this framework.
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where m and e denote its mass and charge respectively. Then, the ’characteristic

system’ (4.2.8)-(4.2.9) can be obtained by means of the Hamilton equations
T = VPH, P - _va,

and Lemma 14 becomes a consequence of 9%H = 93, H. However, in order not to
introduce additional nontrivial concepts and definitions, we have preferred to work in

a more elementary setting.

4.3 Equations satisfied by the potentials

Formally, if we substitute the electric and magnetic fields given by (4.1.1)-(4.1.2) into
the Ampere-Maxwell and Coulomb equations, cf. (2.1.4) and (2.1.6) respectively, we
find that & and A satisfy

1
AP = —dmp— -0, (V- 4) (4.3.1)
1., 4m 1

These expressions can be further simplified once we impose a gauge condition on the

potentials. For instance, if we set V - A = 0, these equations reduce to

AP = —4mp
1 4 1
AA— SBPA = ——Zj4 Voo,
C C C

Then, we say that the potentials satisfy the Coulomb gauge condition, for which ®
satisfies a Poisson equation while A is determined by a wave equation whose source
term depends on 0,®. On the other hand, if we let V- A 4+ ¢719,® = 0, we obtain

1

A@—gafcb = —4mp
1 4

AA—RA = -5
C &

in which case the potentials are related by the so-called Lorentz gauge condition and
they are both determined by wave equations, coupled only through the continuity

equation which is assumed to be satisfied by the charge and current densities.
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Conversely, if the pair (®, A) solves (4.3.1)-(4.3.2) in some gauge, then the field
(E, B) given by (4.1.1)-(4.1.2) is a solution of the Maxwell system of equations. We

make this statement precise in terms of the two most common gauges:

4.3.1 The Lorentz gauge

Lemma 16. Let p € C*(I,C?*(R?);R) and j € C(I,C?*(R?); R?) satisfy the continuity
equation (2.1.3). Let Ay € C3(R3R3) and A; € C*(R3;R?) such that V - Ay = 0.
Then, the following holds:

(a) There exists a unique &, € C*(I x R3;R) that solves

1
AD — =00 = —dmp,

C
Pl_, =0, 0®l,_,=0. (4.3.3)

(b) There exists a unique A, € C*(I x R* R?) that solves

AA — %8314 _ i
C C
Al_g = Ao, A, = Ar (4.3.4)

(c) The pair (¥, AL) satisfies the Lorentz gauge condition, i.e.,
1 3
V-AL+—8t(I>L:O, on I x R”.
c

Moreover, if we chose Ay and A, such that By = V x Ay and Ey = —c 1Ay,
then the electromagnetic field (E, B) defined by

1
E = —V(I)L - E@AL
B = Vx AL

on I x R? is the unique classical solution of the corresponding Cauchy problem
to the Mazwell equations (2.1.4)-(2.1.7).

Proof. (a) and (b) are standard results for wave equations. For instance, cf. |26,
ch. 2]. To prove (c) set g, = V- A + ¢ '9;®;. Owing to (4.3.3) and (4.3.4), the
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conditions on Ay and A;, and the assumptions on p and j, we have that g, satisfies

1 4 )
AQL—C—Q EQLZ—?(@P‘FV']):O,

9rli—o =0, Bigrli—o = 0.
in D'(I° x R3). Thus, g;, = 0 in D'(I° x R?), and since it is also continuous, then
gr = 0 on I x R3 On the other hand, if the pair (&, Ar) satisfies the Lorentz
gauge condition, then the wave equations (4.3.3)-(4.3.4) can be rewritten as (4.3.1)-
(4.3.2). Therefore, (F, B) as defined satisfies the equations (2.1.4) and (2.1.6). It is

easy to check that the other two Maxwell equations are satisfied as well. Uniqueness

completes the proof. O

4.3.2 The Coulomb gauge

Lemma 17. Let p € CY(I,C*(R?);R) and j € C(I, C*(R?); R?) satisfy the continuity
equation (2.1.3) and have compact support on R®. Let Ay € C3(R? R3) such that
V - Ag=0. Then, the following holds:

(a) There exists a unique ®c € CH(I, C3(R3);R) that solves

A® = —4rp,  lim O(t,z) =0 (4.3.5)

|z|—o0

for each t € I.

(b) There exists a unique Ac € C*(I x R3;R?) that solves

1 4 1
AA— ZPA= -4 -vo,
C C C

Al = Ao, 0:A|,_;=0. (4.3.6)
(c) The vector potential Ac satisfies the Coluomb gauge condition, i.e.,
V-Ac=0, onl xR

Moreover, if we chose Ay such that By =V x Ay and let V - Ey = p|,_,, then
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the electromagnetic field (E, B) defined by

1
E = —Voo—-0Ac
B = Vx AC

on I x R? is the unique classical solution of the corresponding Cauchy problem
to the Mazwell equations (2.1.4)-(2.1.7).

Proof. (a) is a standard result for Poisson equations. cf. [26, ch. 2] for both (a) and
(b). As for (c), the proof goes exactly as in the proof of Lemma 16(c) after replacing
gL by go = V- A and (4.3.3)-(4.3.4) by (4.3.5)-(4.3.6). Indeed, notice that g¢ satisfies

1 47 .
AgL—g tsz = —?(VJ—@ACI)) =0,

9rlimo = 0, Owgrl,—g = 0.

in D'(I° x R?), thus the rest of the proof follows suit. O

4.4 The RVM system in terms of the potentials

In view of Lemma 16 and Lemma 17, the Cauchy problem for the Maxwell system of
equations (2.1.4)-(2.1.7) can be replaced by either (4.3.3)-(4.3.4) or (4.3.5)-(4.3.6). On
the other hand, by Corollary 3, we can replace the Vlasov equation (2.4.1) by (4.2.12).
Therefore, we can combine these results to introduce two equivalent formulations of
the Cauchy problem for the RVM system.

Lemma 18. Let fo € C3(R%R), fo >0 and Ey, By € C*(R? R?) satisfy
V'E0:47T fodP, VBOZO
R3

Let Ay € C3(R%R3) such that V - Ay = 0 and V x Ay = By. Then, solving the
Cauchy problem for the RVM system can be reduced to solving the Cauchy problem

for the following system of equations:



?P—cA

VA =
\ct + |ePp— AP

on I x R3 x R3, coupled with either

1
AD — 5% = —dmp,
1 4
AA— SPA = -5,
C C

or

AP = —4rp, lim P(t,x) =0

|z|—o00

1 4 1
AA— SBPA = ——j 4 ~VOP
C C C

on I x R3, via

j= / oafdp, p= | fdp
R3 R3
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(4.4.2)

(4.4.3)

(4.4.4)

(4.4.5)

The Cauchy data is chosen as follows. For (4.4.2), ®|,_, = 0:®|,_, = 0. For (4.4.3),

Al,_y = Ao and 0,A|,_y = —cEy. As for (4.4.5), Al,_, = Ao and 0,;A|,_, = 0.
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Chapter 5
The Darwin Approximation

Although the potential representation discussed in the previous chapter provides a
promising framework to study the RVM system, the coupling between the time and
space derivatives -due to the retarded solution of the electromagnetic wave equations-
still brings significant difficulties to the problem. This coupling disappears if we
simplify the system in the right way. For instance, if we formally let ¢ — oo in the
model equations given in Lemma 18, then the generalized variables become the usual

momentum-space variables, i.e.,

1
('I'ap + EA> - (x7p)a
and the RVM system reduces to the so-called Vlasov-Poisson system

Of+p-Vof +VO-V,f=0 (5.0.1)
AP = —Ax [ fdp, |1|im O(t,z) = 0. (5.0.2)

R3
This limit was rigorously studied in [36] and similar results were obtained in [7, 37].
Incidentally, none of them used the potential representation presented in the previous
chapter. The system (5.0.1)-(5.0.2) was actually introduced as a model for collision-
less plasma with negligible magnetic fields, and it has been extensively studied since
the pioneering work by A. Vlasov in [38]. If the source term in the Poisson equation is
taken positive, then we are dealing with the attractive version of the Vlasov-Poisson
system. The latter was used as early as in 1915 to study the evolution of stellar
cluster and galaxies, cf. [39]. In both the repulsive and attractive cases, the existence

of global classical solutions for unrestricted smooth Cauchy data was obtained inde-
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pendently, and following completely different approaches, by Pfaffelmoser [40] and
Lions-Perthame [41]. An extensive review on the Cauchy problem for the Vlasov-
Poisson system as well as on the stability of its steady states® is given in [42].

On the other hand, if we replace the Vlasov equation (5.0.1) by
cp

Ve +Inf?

and couple it with (5.0.2), we obtain the relativistic Vlasov-Poisson (RVP) system.

O f + Vof + VP -V, f =0 (5.0.3)

Contrary to the non-relativistic case, the existence of global classical solution for
unrestricted Cauchy data of (5.0.2)-(5.0.3) remains an open problem. It has been
suggested in [43], that the difficulties are a consequence of the lack of Lorentz invari-
ance in the system, since the non-relativistic Galilei invariant field equation is coupled
with a relativistic transport equation.

The underlying elliptic structure of both the non-relativistic and the relativistic
Vlasov-Poisson systems avoid the coupling of time and space derivatives mentioned
earlier. However, these models provide a "poor’” approximation to the full RVM system
when the intensity of the magnetic field is significant?. In this chapter, we study the
relativistic Vlasov-Darwin (RVD) system, which has elliptic features yet preserves a
fully coupled magnetic field. As discussed in Section 5.3, these are desirable properties
for numerical simulations of collisionless plasma.

The structure of this Chapter is as follows. In Section 5.1 we define the Darwin
approximation of the Maxwell equations. Then, we introduce the Darwin potentials
as the unique solutions of the resulting equations, and we present their most relevant
properties. We define the Cauchy problem for the RVD system within the potential
framework in Section 5.2, and provide our main results of this chapter. First, we
show that under suitable conditions on the Cauchy datum, there exists a time until
which the RVD system has a unique classical solution, cf. Theorem 9. Then, we
show that if the Cauchy datum is 'small’ enough, this solution is actually global in
time, cf. Theorem 10. In doing so, we obtain the decay estimate satisfied by the
corresponding charge and current densities as well as the space derivatives, up to a

second order, of the potentials induced by this solution. Finally, in Section 5.3 we

IThe stability question is mainly considered in the attractive case.

2Except perhaps, if we assume spherically symmetric Cauchy data. In this case, the magnetic
field can be shown to be constant in the whole space and thus, without loss of generality, can be set
equal to zero. Then the model equations reduces naturally to the RVP system [43].
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explore the advantages of the potential representation of the RVD system with respect
to the usual representation. There, we discuss the state of the art for this system as
well as open problems and the main difficulties to solve them.

We emphasize that the approach followed here is reminiscent to the one used for
the RVP system, as given, for instance, in [42]. We have taken advantage of the
potential representation of the RVD system -especially for the Vlasov equation- to
adapt the techniques used previously to solve the Cauchy problem for the Vlasov-
Poisson system. Clearly, we still have to deal with the difficulties introduced by the

vector potential, which is not present in the Poisson case.

5.1 The Darwin potentials

Consider the generic wave equation Au — ¢ 20?u = —4mrg with vanishing initial data.
As shown in Chapter 2, the solution of this equation is given by the method of retarded
potentials according to the expression (2.1.12). We shall define the quasi-static limit

of the solution (2.1.12) by absence of retardation in the source term, i.e.,

1 dy dy
/ gt —=ly—z|,y)—> — / 9t y)——,
Qr(2) c ly — | RS ly — 2|

where ¢ denotes the speed of wave propagation. That is, we have formally let ¢ — oo
and have replaced the retarded solution of the wave equation by the solution of
a Poisson equation with source term —4mg. Therefore, this definition is formally
equivalent to neglecting the term ¢ ?0%u in the wave equation given above.

We define the Darwin approximation of the Maxwell equations as the quasi-static

limit of the Maxwell equations given in the Coulomb gauge, cf. (4.3.5)-(4.3.6).

Definition 5. Let p € C*(I x R%;R) and j € C(I,C*(R3); R3) satisfy the continuity
equation (2.1.3). The set of potentials (P, A) is said to be a classical solution of the
Darwin equations if ® € C'(I,C*(R?);R), A € C(I,C*(R?);R?) and on I x R?

AD = —dmp (5.1.1)
ar 1
AA = —%jJrEV&@. (5.1.2)

In this section, we shall introduce and investigate the Darwin potentials (®p, Ap)

as the unique classical solution of the system (5.1.1)-(5.1.2). We also explore their
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most relevant properties and deduce the a-priori estimates to be used in Section 5.2
below. Clearly, &, must be the solution of the standard Poisson equation, but finding
Ap turns out to be a bit more involved. For the sake of simplicity, we shall omit the

dependence in time, to be recovered later on in Remark 10.

Definition 6. For the charge density p : R® — R and current density j : R® — R3
we formally define the set of Darwin potentials (Pp, Ap) : R3 — R x R3 by

_ dy
o) = [

1 _ d
Ap(e) = o R3[¢d+w®w]1(y)‘yf1x‘-

It will be convenient to introduce a different but equivalent representation for Ap.

We do so in the form of a lemma.

Lemma 19. Let j € C3(R?;R?) be given. Then, the Darwin vector potential Ap in

Definition 6 has the equivalent representation

1 . dy 1 Y-
= - — . . 1.
Ap(z) 043J(y)|y_x| +20/RgV J(y)|y_x|dy (5.1.3)

Proof. In view of the compact support of the current density 7, standard arguments
imply that the integrals in the right-hand side (RHS) of (5.1.3) are well defined. Hence,
the divergence theorem and the identity (3.1.4) applied to the second integral yield

wis = = [ =g [ ) V)eds

c ly — x|
_ %/Ra {j(y)—%[j(y)_w(j(y)'w)]} Iyd—y%\
_ 2i 3 U<y>+w<j<y>-w>1%’

which is precisely the Darwin potential Ap in Definition 6. The use of the divergence
theorem is justified by the following standard argument: we remove a small ball
about x € R? in the domain of integration of the second integral so we can avoid the
singularity at y = x, we shift variables and then use the divergence theorem, noticing
that the boundary term corresponding to the small ball vanishes as its radii tends to

0. This completes the proof of the lemma. n

A useful tool will be the following estimate:
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Lemma 20. For 1 < m < 3 set rg :=3/(3—m) and let r < ro < s. Then there
exists a positive constant C' = C(m,r,s) such that for any ¥ € L™ N L*(R"; R)

/n L) ly iy-lm

where X = (1 —=1/ro)/(1 —r/s). In particular, C(m,1,00) = 3 (47/m)™* / (3 — m).

< C(m,rs) [ W, |

L

A
L

Proof. cf. [44, Lemma 2.7]. O

orollar . Let p € N ; an S N ; e given. en
Corollary 4. Let p € L' N L®°(R3:R) and j € L' N L=®(R?; R?) be gi Th

1/3 2/3 1/3 1/3 — 112/3 .111/3

1Pplle <3 (/22 o2 o2 . I1ADl e < 3% (m/2)* M 1115 Nl

Lemma 21. Let p € Cj(R*R) and j € CF(R*;R?). Then, the following holds

(a) The scalar potential ®p is the unique C*(R?;R) solution of

A®(x) = —4mp(z), lim &(z) =0.

|z|—o00

It satisfies

vao(e) = [ o) (.14

(b) The following estimate holds,
IV @Dl <3 @m)* loll2 ol
In addition, for any 0 < h < R, we have
620, < [R ol + 1 [Vl + L+ Ia(R/R) ol ]
where C' > 0 s independent h, R and p. In particular,
|02l < C [Iolly + (1 + llellyze ) (1410 190l )]
(c) The vector potential Ap is the unique C*(R?* R?) solution of

AA(z) = —7Pj(a:), lim |A(z)| = 0. (5.1.5)

|z|—o0
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where . P
P = — . .
J(@) =3(z) + -V RSV J(y)|y_x|
For i,k =1,2,3, it satisfies
i 1 k i ik m] m dy
OAY(z) = — [&mw — Opmw"’ + (3w Wt — 5ik) W ]] (y)—=.
2 Jps ly — |
In particular
1 . dy
V-Ap(x) =0, VxAp(z)=- [ wxjly)——s. (5.1.6)
¢ Jrs ly — |

(d) We have the estimate,
102 Apll e < 3% (2m)** M I511° 117
Moreover, for any 0 <h < R
10240 < © [B2 51y + b 10uilgs + (L4 (R [7],]
where C > 0 is independent of h, R and j. In particular,

0240 < C [illyy + (1 Uil ) (1107 11025120 ) |

Remark 10. If p and j satisfy the continuity equation (2.1.3), then as a consequence

of items (a) and (c), we have

47 1 . dy
AAp(t,x) = ——j(t,x)— -V V- j(t,
p(t,x) it ) =~ g J( y)|y_x|
47 1 d
= ——J(t,x)+—V8t/ plt,y) ——
c c R3 ly — x|
4

1
= —ilt,z) + -Vo,Pp.
C C

Thus, (®p, Ap) is the unique classical solution of the Darwin equations (5.1.1)-(5.1.2).

Remark 11. As expected, the vector potential Ap satisfies the Coulomb gauge con-
dition V - Ap = 0. On the other hand, in general V x Ap # 0, and so despite of the

approximation made to the Maxwell equations, we still have a system with a fully
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coupled magnetic field; cf. (4.1.2). However, if the current density j has spherical
symmetry, then it is clear that V x Ap = 0. Therefore, the magnetic field vanishes
and the div-curl representation of Ap [26, p. 139] implies that Ap = 0 on R3. In this
case, the Darwin equations (5.1.1)-(5.1.2) are simply reduced to the Poisson equation

for the scalar potential .

Proof of Lemma 21. Parts (a) and (b) are standard results for the Poisson equation,
cf. [42, Lemma P1], [45, Propositions 1 and 2] and the references therein. In par-
ticular, the existence of the solution (in a much weaker sense) can be found in [46,
Theorem 6.21] while its regularity is given in [46, Theorem 10.3]. Uniqueness is usu-
ally called Liouville’s theorem [25, Theorem 7 Sec.4.2]. Also, the L* estimate on
V®p is a straightforward consequence of Lemma 20 given above. Estimating 9>®p,
on the other hand, is the result of the following consideration, cf. [46, Eq.(10) p.227]:
for any h > 0 and z € R3

0,0kPp(x) = / (3wlwk—5lk) p(y) dy

3
ly—a|>h ly — x|

fwk — — p(x _Ame
+ /|y e (3w'w® — ) (p(y) — p(2)) —of 3 Suop(x).(5.1.7)

Notice that the singularity at |y — x| = 0 in the second integral is avoided by the
difference p(y) — p(x). Thus, by letting 0 < h < R, we obtain

dy dy
2op) < aloly [ Hsea )t
h<ly—al<R |y — 7| p-al>r |y — 2]
dy 4T
Aol [ s )
y—al<h [y — |

< C [111 (R/0) ol e + B2 olly + AUV Al + 1ol e | -

which yields the first estimate. The second estimate on 92®p then follows by setting
R =1 and letting h = ||Vp|| = if | Vp|| . > 1, otherwise h = 1.

To prove (c), we first rewrite the Poisson equation for the vector potential as

AA(z) = —7PJ'($)
= i = [ Vi 5.18)

which follows by the regularity and compact support of j, and the same standard
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arguments needed to represent V®p in (a); i.e., we remove a small ball about z € R?
in the domain of integration of the second term in the right-hand side of (5.1.5) so
we can avoid the singularity at y = x; we then shift variables and take derivatives
of V - j under the integral; and finally integrate by parts noticing that the boundary
term corresponding to the small ball vanishes as its radii tends to 0. This argument
will be used several times in the remainder of the proof without further notice.

We want to show that Ap in Definition 6 is a C? solution of (5.1.8), where Pj has
a decay O(]x|72) as |z| — oo but does not have compact support. To this end, we

rely on the representation for Ap given in Lemma 19, namely

1 : dy 1 L Y-
Ap(z) = C/st(y)ly—ﬂ + o /RSV J(y)|y_$|dy- (5.1.9)

We shall deduce the Poisson equation (5.1.8) from (5.1.9) by direct computation, in

view of the regularity and compact support of j. To do so, we first notice that

st [ = =it (5.1.10)

for all x € R3, exactly as it does for the scalar potential ®p in part (a). Hence, we
only have to deal with the second integral in the right-hand side of (5.1.9). Indeed,
let € > 0. Since j € CZ(R3;R3), integration by parts yields

/| | V {V-ily)}u'dy = —/I | V-j(y)Vywider/ V- j(y)w'wds,
y—zx|>€e y—z|>e

ly—x|=e
- _/ Vi) [6 - ww]
ly—z|>e

dy
ly — |
+€2 V- j(r + we)w'wdw,
|w]=1

where the identity (3.1.4) has been used in the first term of the last equality. Clearly,
all the above integrals converge as ¢ — 0. In particular, the last integral converges to
zero. Thus, after shifting variables once, then taking the derivative under the integral,

and shifting variables again, we obtain that

Vx{ V-j(y)widy} = lim V, [V j(y)]w'dy
R3 TV ly—a|>e
. : dy
- _ V-ily) |é —w'w 5.1.11
/R Vi) | Y (G
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Set r := |y — x|. By using the identities (3.1.2)-(3.1.4), it is straightforward to check

that w - V,w" = 0 and so for > 0, we obtain
Vy-{rtfe—ww]} =WV, w=-2rw (5.1.12)
Therefore, similar arguments to those used to find (5.1.11) yield

vx-{— V-j@)[a—wiw}d—y}:‘? VoL (s

e ly — 2 RS y —

Hence, since for any vector field A we have that AA = ¢,V - VA?, we can combine
(5.1.11) with (5.1.13) to find that, for each x € R3,

1 L Y- 1 4 y—x
A —/v- —d}:——/ Vo jly) ———dy. 5.1.14
{20 g J(y)|y_x‘ y . ](y)ly_mlg y (5.1.14)

Thus, by adding (5.1.10) to (5.1.14), we conclude that AAp = —4wc™'Pj holds on R3,
and so Ap is a C? solution of the Poisson equation (5.1.5). Moreover, this solution is
unique by Liouville’s theorem; cf. [25, Theorem 7 Sec. 4.2].

We conclude by obtaining the explicit representation of d,Ap. Indeed, since Ap
is a C? solution of (5.1.5), we have for every = € R? that

O:Ap(x) = [ 0:K(x,y)j(y)dy, (5.1.15)
R
where K(z,y) == (2¢) ' |y — 2| ' [id + w ® w]. Then, similarly to (5.1.12), we find
for r > 0 and i,k,m = 1,2, 3 that

Ok {7“_1 [5Z~m + wiwm} } =2 [—&-mwk + Opmw’ — Bwiwkw™ + 5ikwm} ) (5.1.16)

This relation combined with (5.1.15) provide the result. The vanishing divergence
and the relation for the rotational of Ap readily follow.
To prove (d), we start by noticing that the estimate on 0, Ap is a straightforward

consequence of Lemma 20. Then, we are only left to prove the estimates on 9?Ap.
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In order to do so, consider

| | o
00LA" = {81/ [Simw" — Spmw’ — Sixw™] J (y)—y2

2e |7 Jes |y — x|

, Wiwkw™d
vaa, [ )=o)
R3 ly — |
1
= — (I I7). A1
50 (I +3I1) (5.1.17)

Estimating I is exactly as estimating the function 0,0,®p. We just split I into
five integrals: one corresponding to j°, another to j* and the remaining integrals
corresponding to the dot product in the third term of I. These integrals are essentially
the same as 0, (0x®); we just have to replace the charge density p by the components
of the current density j; cf. (5.1.4). Thus, for each 0 < h < R,

1<C [ (B llge + R 0lls + 0106l + 1] (5.1.15)

Estimating /1, on the other hand, can be done as follows. We first compute for r > 0

w wkwm}

T(y — ) == 0, { =

1 . .
=3 [6mlwlwk + 0uwFw™ + Spwiw™ — 5w wkwmwl}

with 4, k,1,m = 1,2, 3. Hence, since y'y*y™ |y| is homogeneous of degree —2,

U, i,,k,m
/ F(y)dyz/ R ———dS, - / - Iids, =0,
Ri<|y|<Ro wiers B2 [y’ wi=r: & |yl

and thus

/ I(y)dy = 0. (5.1.19)
R3
Therefore, we can proceed as it is done for 9,0, ®p in part (a) to obtain

dy
ly — |’

7 = / (bw'wfw'w™ — dpw'w® — Suwruw™ — Suw'w™) 5™ (y)
ly—z|>h

n / LI )
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As a result, for 0 < h < R

. dy i dy
I < C{”]”Lg"/ 3T Sup / 7' W)] - 5
h<ly-zl<r |y —z|°  1<i<3 Jyy—ap>R ly — |

. dy y
ol [ s+ sup |70
y—el<h [y — @7 1<iss

< O [ (B il + R Uillgy + A 0Owile + il ] (5:1.20)

By combining (5.1.17), (5.1.18) and (5.1.20), the first estimate on 9?Ap readily fol-
lows. Finally, by setting R = 1 and letting h = [|0,j|| 1 if [|02j]l . > 1, otherwise

h = 1, the second estimate follows as well. This concludes the proof of the lemma. [J

Remark 12. In the proof of part (c), where we showed that Ap is a C? solution
of the Poisson equation (5.1.8), we encountered some difficulty due to the lack of
compact support in the source term?® Pj. Otherwise, we could just have reasoned as
follows. On one hand, we have that the vector field A : R® — R? defined as

O R

y
c ly — o

1/ 4 dy 1 / (/ N ) dy
- Jy + — V-j(z dz 5.1.21
C JRr3 ()\y—x\ 4re R3 R3 ()|z—y|3 ]y—x]( )

is a solution of the Poisson equation (5.1.8), at least in the sense of distributions.
Notice that A is well defined, since we know that Pj satisfies [Pl s < C(q) [l .4
for all 1 < ¢ < oo -e.g., see [44, Lemma 2.3]-. Thus, in view of Lemma 20 and the

compact support of 7, the integrals in the right-hand side exist almost everywhere.
On the other hand, in view of Lemma 19, the vector field A : R? — R3 defined by

. 1 , dy 1 . z—y dy
A = - [ - V - d
@ = LT g LY 6 </ P |y—x|) :

1 dy 1 z—x

_ = () —— + — V- j(2)——dz 5.1.22
C/Rsm),y_x, ol A e (5.1.22)

is the Darwin vector potential Ap. Here we have used the integral

_ d _
/ kL ) Sy (5.1.23)
s |2 —y[” |y — 7| |z —x

3Even though j has compact support, the vector field Pj does not. However, we do know that it
satisfies Pj(z) = O(|#|~?) as |#| — oo, which can be inferred from (5.1.8).
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whose computation is relegated to the Appendix C, cf. (C.0.1).

Now, the right-hand side of (5.1.21) is formally the right-hand side of (5.1.22),
with the corresponding exchange of integrals. Hence, if Pj had compact support, we
could have used Tonelli’s and then Fubini’s theorem to show that A = A = A p almost
everywhere. This, and then showing that Ap has the required regularity, would have
proved the claim. However, the vector field Pj is not compactly supported, and
the issue of whether the exchange of integrals holds for the whole space is not as
simple as before. Therefore, in the proof given above, we have opted for using direct
computation to show that A = Ap is a C? solution of the Poisson equation (5.1.8).

Incidentally, uniqueness then implies that, indeed, A = A on R3.

Remark 13. For simplicity, we have assumed j € CZ(R3; R?) in Lemma 21(c)-(d).
Nevertheless, it seems plausible to relax the regularity of the current density by
j € Cy®(R3R3) with 0 < o < 1, and still be able to show that the Darwin vector
potential Ap is the unique C?*(R3; R?) solution of

4
AA = —"Pj(x), Tim [A2)| =0,
C T|—00
Indeed, if j € Cy*(R3; R?) with 0 < a < 1, then by standard arguments we can show
that both A and A, as defined in (5.1.22) and (5.1.21) respectively, are C? vector-
valued functions. Hence, the result would follow if we could justify the exchange of

integrals mentioned in Remark 12.

5.2 The Vlasov-Darwin system

We defined the relativistic Vlasov-Darwin system by the coupling of the Vlasov equa-
tion (4.2.12) with the Darwin equations (5.1.1)-(5.1.2) via the charge and current
densities, i.e., '

Oif +va-Vuf — [V(IJ — U?AVAI} -V, f =0, (5.2.1)

% — cA
SR (5.2.2)

VA )
v\t + Jep — AP
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on I x R? x R3, coupled with

AD = —dmp, ‘li|m0CI>(t,x) =0 (5.2.3)
dr . 1 .
on I x R3, via
j=/ vafdp, p=/ fdp. (5.2.5)
R3 R3

Notice that in contrast with the previous chapter, here we have denoted the gen-
eralized momentum variable by p instead of P. Also, we have dropped the tilde from
the one-particle distribution function in (4.2.12) to simplify notation. Moreover, in
order to emphasize the dependence of j on the vector potential A, we shall henceforth
denote the current density by ja.

As shown in the Section 5.3 below, this definition of the RVD system is formally
equivalent to the usual one, where the Darwin approximation is the result of neglect-
ing the transverse part of the displacement current 0,F in Ampere’s law [44, 47, 48].
The system (5.2.1)-(5.2.5), on the other hand, deals directly with the potential rep-
resentation of the corresponding equations. As usual, the electric and magnetic fields
can be recovered by means of the relations (4.1.1)-(4.1.2). Notice, however, that
Definition 5 is gauge dependent and thus the resulting field is not invariant under
gauge transformations. We emphasize that the relativistic velocity satisfies |v4] < ¢
for all t € I and (z,p) € R3 x R3; ¢ being the speed of light. This fact will be used
extensively and without further notice in the upcoming computations.

Now, let the triplet (f,®, A) be smooth and satisfy the system (5.2.1)-(5.2.5).
Assume that f has compact support in the (generalized) momentum variable. Then,
as a result of Lemma 14, integrating (5.2.1) over all p € R3 produces the continuity

equation
R3

Hence, by Lemma 21 and Remark 10, after combining Definition 6 with (5.2.5) we find

that the potentials (®, A) can be represented in terms of the one-particle distribution
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function f according to

dpd
O(t,7) = /R Rgf(t,y,m‘yp_i‘ (5.2.6)
At,z) = /R3 /]1&3 [id+wuwlvaf(t,y, p)|yclpdy| (5.2.7)

where v, itself depends on A via (5.2.2). Now, assume that f is given and consider
(5.2.7) as an integral equation of unknown A. The following lemma shows that there
exists a unique C? bounded solution of this equation provided that f satisfies some

suitable conditions. Precisely, we have

Lemma 22. Fizt € I and let f(t) € C;(R%R) be given. Define p by (5.2.5) and

assume that f is such that
Cu(ts ) = 3(Am) P2 |p) |30 o)l < 1, tel (5.2.8)

Then, there exists a unique A(t) € Cy N C?(R3;R3) satisfying (5.2.7).

Proof. Without loss of generality, we omit the time dependence. First, we show that
there exists a unique A, € Cp(R? R?) solving (5.2.7). To this end, consider the map
T : R? — R3 defined by

dpdy ?p —cA

// [id+w@uw|vaf(y,p)——, va= .
T2 R3 JR3 ly —z|’ /c4+\cp—A\2

For every fixed p € R3, the map A — vy is Cf° and so for all Ay, Ay in Cy(R3) an
estimate |va, —va,| < C'|Ay — Ay holds. Actually, C' = 6¢~! will do. Therefore

T[A|(

WMﬂ@—Tmmwwszwfﬂ/N&<> Au()] ply) 2

ly — |
2/3 1/3
< 33(dm)iem 2Hp||L/ ol 1| Az — Al e, (5:2.9)

where Lemma 20 has been used. Hence, after taking the supremum over all € R3,
the assertion follows in view of (5.2.8) and the Banach fixed point theorem.

Now, if we define j4_ according to (5.2.5), then the vector potential A, satisfies

Anto) = [ K(ag)iac iy (5.2.10)
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where K(z,y) :== (2¢)"' |y — | ' [id + w ® w]. Clearly, A, has the form of a Darwin
potential Ap with current density j4 € Co(R?*; R?). We want to show that A, has
the required regularity, but in contrast with Lemma 21(c) here j4__ does not have
enough regularity to proceed by direct computation. Therefore, we must rely on the
theory of distributions. We shall only sketch the proof as it is similar to the analogous
result for the Poisson equation, cf. [46, Theorem 10.2].

Indeed, we do know that ja. € C(R3;R?) has compact support, and so we can

prove that the distributional derivative of A, is a function given by

O Aso(z) = k(2 y)jan (y)dy (5.2.11)
R3
for almost all z € R3 -cf. Lemma 21(c) for the explicit representation of 9,K(x,y)-.
To prove so, we must show that the right-hand side of (5.2.11) is well defined for
almost all z € R?, and that for any test function ¢ € C§°(R3; R)

/}RS 0: () Ao (x)dr = — /RB ¢(z) { 9 ale(x,y)jAw(y)dy} dz. (5.2.12)

The former is consequence of |9,K(z,y)| < C |y — x|~ and Lemma 20. To prove the
latter, we notice that the integrability of the function d,¢(x)K(z,y)ja.. (y) on R? x R3

allows to use Fubini’s theorem so that
[ owacmar - | { / amcb(x)/cw,y)dw}mw(y)dy
R3 Rr3 LJR3
- - { (x)axicw,y)dx}m(y)dy,
Rr3 LJR3

where the second equality is justified by a limiting process and integration by parts,
similar to the argument following (5.1.8) in the proof of Lemma 21(c). Then, another
use of Fubini’s theorem yields (5.2.12), which is (5.2.11) in the sense of distributions.

Next, we have to show that the distributional derivative 0,A. is a continuous
function. If so, then A, € C'(R3;R3) in view of the theorem for the equivalence of
classical and distributional derivatives, cf. [46, Theorem 6.10]. We start by noticing

that for any 0 < ae < 1 and z,y, z € R3 not equal, we have

(0:K) (2,2) = (8:K) (y. )| < Cla = y|" (lo =2 "+ |2 —y[77),  (5.2.13)
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whose proof is sketched in Appendix D. Hence, we obtain

R3|

< Oz —y|” sup |z—:17|727a |74 (2)|dz
z€R3 JR3

«@ . 1—a)/3 . a+2)/3
< O(@) |z = yl* a5 g (5.2.14)

Notice the use of Lemma 20 in the last estimate, provided 0 < «a < 1. Therefore,
Ay € CHR*R?) and so ja, € Cj(R*R3). But such a regularity in the current
density allows to proceed by direct computation, just as in the proof of Lemma 21(c).
Thus, we conclude that A, € C?(R3;R?) and the proof of the lemma is complete. [

Remark 14. From (5.2.14), it follows that 0,A is actually Holder continuous of
order o, i.e., Ay € CH*(R3;R?) with 0 < a < 1. We claim that A, € C%%(R3;R?).
Indeed, we still have that ja_ € C}(R3 R?) since we have assumed f € CJ(R? R?)
-we omit the time dependence-. Thus, after shifting variables once, taking derivatives

under the integral, and shifting variables again, we have
Dy A (z) = / K(z, 2) (0uja) (2)dz. (5.2.15)
R3

But (5.2.15) has the form of (5.2.10) with j4__ replaced by 9,j4.. € Co(R?R?).

Therefore, we can reason as above to conclude that A, € C%*(R3; R?).

Remark 15. We could obtain such a regularity for the vector potential even with
less regularity for the current density. More generally, for £ > 0 and 0 < o < 1, if
Ja., € CHFY(R3;R3) with compact support, then Ay, € C*2%(R3; R3). The analogous
result for solutions of the Poisson equation is standard, and can be found in [46,

Theroem 10.3]. It can be written mutatis mutandis for the Darwin vector potential
Anl) = [ KG)in. )i
provided |02K (z,y)| < C'ly — 2|~ and
02K (y)dy = 0.

R3

These properties of the kernel can be easily verified along the lines of the proof of
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Lemma 21(d). In particular, we use (5.1.19) to obtain the vanishing integral.
We shall define the Cauchy problem for the RVD system as follows:

Definition 7. Let fy € CY(R%R), fo > 0. The function f is said to be a classical
solution of the RVD system if f € CY(I x R%R); it induces the scalar and vector
potentials ® € CY(I,C*(R?);R) and A € C(I,C?*(R3);R3) wvia (5.2.6)-(5.2.7); for
every compact subinterval J C I the fields V® and v, VA" are bounded on J x R?;
and the triplet (f, ®, A) satisfies the RVD system (5.2.1)-(5.2.5) on I x R® x R3.

Moreover, f is said to be a classical solution of the Cauchy problem if f|,_, = fo.
We conclude this section with a technical lemma that we shall use later on.

Lemma 23. Let fi; and fy be two classical solutions of the RVD having the same
Cauchy datum fo, and let Ay and Ay be the corresponding induced vector potentials.
Define C.(t, fa) according to (5.2.8) in Lemma 22. If Ci(t, f2) < 1, then for allt € I
there exist positive constants C° = C(fy) and C°(t) = C(t; fo) such that

142(t) = A(®)ll < COllL(t) = AL (5.2.16)
and
10:42(t) = 0.1 (1)l e < C°O) Ifolt) = O (5:27)

The function C(t; fo) is continuous in t.

Proof. The estimate (5.2.16) is proved first. Indeed, since the pairs (fx, Ax), k = 1,2
satisfy the RVD system, we can represent the vector potentials according to (5.2.7).

Hence, since A — vy is Cp° and so |va, —va,| < C'|Ay — Ay|, we have that

VA, fo —va fil < va, —va| fo+ [ fo = fil [va,]
< ClAs— Aot |fo— fil. (5.2.18)
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Therefore, the use of Lemma 20 yields

d
|Aa(t, ) — As(t, )] < C \Ag(t,y)—Al(t,y)\pg(y)’y yx’
R3 -
dpd
+/ / |f2(t7yap> - fl(t7y7p>| Py
R3 JR3 ly — |

< Cult, fo) [[A(t) — As(t)]] o
+C || f2(t) — fl(t)llifp | f2(t) — fl(t)HlijLgo . (5.2.19)

Notice that estimating the second term in the right-hand side of the first inequal-
ity follows by letting U(t,y) := | fo(t,y) — fl(t,y)||L11) in Lemma 20. Now, take
the supremum over all z € R3. The structure of the Vlasov equation implies that
||f1(t)||L;7p = Hfo”L;,p = ||f2(t)||L;,p§ cf. Lemma 15. Hence, since we have assumed
Ci(t, f2) < 1, it is easy to check that (5.2.16) holds indeed.

To prove (5.2.17) we proceed similarly, except that we start with the representation
for the space derivatives of the induced vector potentials. First, we denote the kernel
K(z,y) == (2¢)"" |y — 2| 7' [id + w ® w]. Then, it is clear that

10, As(t, ) — D, A (1, 2)] < / / 0K () [0a folt v 1) — v fr (v p)]| dpdy.
R3 JR3

Thus, since |9,K(z,y)| < C'ly — 2| cf. (5.1.16), we have by virtue of (5.2.18) and
Lemma 20 that
0, Ax(t,2) — 0,416, ) < C a2 a1 4x() — Ar(8)]
+C |l f2(8) = A@IE 10 = O (5.220)

It is now an easy matter to check that (5.2.17) holds, we just have to use (5.2.16) to
estimate the first term in the right-hand side and the triangle inequality to estimate
the second one. Then, the regularity of solutions for the RVD system easily implies
that the resulting C°(t) = C(¢; fo) is continuous in t. O

5.2.1 Local Solutions

Theorem 9. Let fy € C2(R%R), fo > 0 and set

Py:=sup{|p|: Jz € R’ : fo(x,p) # 0}.
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If the Cauchy datum satisfies
A = 32120) 2 | foll 1 1 foll s, Po < 1, (5.2.21)

then for some T' > 0 there is a unique classical solution f of the RVD system on [0, T
satisfying fl,_o = fo. For each 0 <t < T the function f(t) is non-negative and has
compact support. Moreover, if T' > 0 s the life span of f, then

APy tsup{|p| : 30 <t < T,z € R : f(t,z,p) # 0} <1 (5.2.22)

implies that the solution is global in time, i.e., T = 0o

One of the advantages of the formulation (5.2.1)-(5.2.5) is the similarity it has
with the Vlasov-Poisson system. As the latter is well understood, it seems reasonable
to transfer some of the known techniques to the Darwin model case. Our proof leans
on the existence result for local solutions of the Vlasov-Poisson system as presented
in [42]. In contrast, here we must deal with additional non-linear terms in the Vlasov
equation that result from the inclusion of the vector potential A. Moreover, we have
a non-linear equation satisfied by the vector potential itself.

The idea of the proof is the following. First, we construct a sequence of smooth
approximations {f"} which induce the approximated potentials {®", A, }. Then, we
show that there is a time interval [0, 7] on which the momentum supports of the f™’s
are uniformly bounded and the condition (5.2.8) holds, uniformly in n. In view of
the known estimates and the smallness assumption (5.2.21), we are able to show that
{f"} is uniformly Cauchy on [0, 7] x RS and so is {®", A,} on [0, 7] x R®. Hence, a
limit (f, ®, A) exists which, as it turns out, has the required regularity and satisfies
the remaining properties of Definition 7.

As we did for the RVM system in Chapter 3, we shall present the proof in several
steps. For simplicity, we shall omit details already discussed in the RVM’s proof.
Finally, notice that henceforth the speed of light is set to be one, i.e., ¢ = 1 and that

as usual all constants may change values from line to line.

Proof of Theorem 9. Let fy € C3(R5;R), fo > 0 be fixed satisfying (5.2.21) and
let Ay : R? — R? be the solution of the integral equation

dpdy . p— Ao

1
Ao(x) = 5/ / [1d—|—w ®W] UAOfD(y,p)m, Va, = 2.
R Y V1+1p— Al
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In view of Lemma 22, Ay € C, N C*(R?* R3). We construct the iterative scheme as
follows. For t € I and 2z = (x,p) € R x R3, define

fo(t2) = fo(2),  Ao(t,z) = Ao(a).

For n € N, assume that f*: 1 x R® — R and A, : I x R? — R3 are given. We set

p_An
UAn = s
\/1+ |10—An\2
)= [ o s, 2= [ P,
R3 R3

and p
Y

d"(t, x ::/ Pty .

0= J

Then, we define the (n + 1)-th iterate of the vector potential by

1 N
Avalta) =5 [ a+woul 6y
R

ly — o

and, if we denote by Z,, := (X,,, P,)(s,t, z) the solution of the characteristic system

Xo(s,t,2) = va,,, (5, Xu(s,1,2), Pu(s,t,2))
P(s,t,z) = — (VO™ — vl VA, ] (5, Xn(s,t, 2), Pu(s,t,2))

with Z,(t,t,z) = z, we define the (n + 1)-th iterate of the one-particle distribution

function by
(¢, 2) i= fo(Z,(0,t, 2)).

Step 1. By virtue of Lemmas 15, 21 and 22, it is not difficult to check that the
iterates are well defined. In particular, we have that f* € C'(I x R%R), f* > 0
and A, € CY(I,C?(R3);R?); thus j € C'(I x R3;R3). Notice that by construction,
A (t, ) = Ag(z) for all t € T and = € R3, so A, has the regularity of f,,_; with respect
to t, for alln > 2. Finally, p" € C'(I xR?; R), which produces ®" € C'(I, C*(R?); R).

On the other hand, for each ¢ € I we have suppf™(t) = Z,-1(0,t,suppfo). Set
Xo(t) := sup {[z] : Ip € R*: fo(w,p) # 0}, Po(t) := sup {|p| : 3w € R*: fo(x,p) # 0}
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and let Py(t,0,z) = P,(0,0,z) = p € suppfy. For n € N define

P,(t) = sup{lp|:I0<s<t,xeR’: f'(s,z,p) #0}
= sup{|Pu-1(5,0,2)|: 0 < s <t,z € suppfo}.

It is clear that suppf™(t) C {(z,p) e R*x R®: |z| < Xo+1¢,|p| < Pu(t)}, t € 1.
Also, by Lemma 15, the iterates satisfy the estimates

1Ol = I follgg,» 1<g<oo,tel,neN

and A
10" (O]l o < 3™ 1 foll Lee P(t).

In view of |j"| < p" and Corollary 4, there exists a positive C° > 0 depending on the
Cauchy datum only such that

H(I)n(t)HLgo + HAnJrl(t)HLgo < COPTL(t)'
Finally, another use of Lemma 21 produces
109" ()] e + 105 Ansa (D) oo < CUL)PEE),  Clfo) = 302m)* 2 (| foll ¥ 1 ol 72 -

Step 2. For some T' > 0 there is a non-negative, non-decreasing P € C([0, T[; R)
which depends on the Cauchy datum only, such that

P,(t) <P(t) forallneNy, 0<t<T.
Indeed, for n € N the characteristic equations and the previous estimate imply that
P02 < o+ [ (10870 s+ 10:A v ()
< Py+C(fo) /t P2(1)dr. (5.2.23)
0
Now let T" > 0 be the life span of the solution of the integral equation

P(t) = Py + C(fo) /t P (7)dr. (5.2.24)

0
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Trivially, Py(t) < P(t). Suppose that P,(t) < P(t) for some n € N, 0 <t < T. Using
(5.2.23), it is straightforward to check that it also holds for n + 1. Thus, the claim
follows by induction. As a result, all estimates in Step 1 are uniform in n on any
subinterval [0, 7] of [0, T[. In particular, for all n € N, 0 <t < T

" )z + 15" Ol e + 102" ()| o + 1102 An ()0 < C7 = C(T' fo). (5.2.25)

For future use, in view of the assumption (5.2.21) and the continuity of P(t), we can

and will choose a smaller time, again denoted by 7', such that it guarantees
) Y 2/3 2/3 1/3
Cults o) = B2 Al Il PO <1, 0<e<T.  (5226)

We can actually find such a time explicitly. Indeed, the maximal solution of (5.2.24)
is given by -
By 1
0 < :
1 —C(fo)Fot C(fo)Po

P(t) =
Therefore, in view of (5.2.26), we can set

1-C.(fo) Py

L= etm

Cfe) = PP U LAl (5.2.27)

Notice that by the smallness assumption (5.2.21), C.(fo)Po = Ap < 1, thus T > 0.
Step 3. We claim that for every fixed 0 < T < T

106" (1) + 105" (Ol s + [|028" (D) + [2A40(0)]] o < €% (5.2.28)

for all n € Ny, 0 <t < T. To show that this holds, we first compute the partial space
derivatives of the characteristic curves (X, P,)(s) = (X, P,)(s,t,z,p). Recall that

VA, (8, X0 (), Pa(s))

V(Pu(s), Anti(s, Xn(s))),
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where v is Cy° in its arguments. Hence, we have

@x@ﬂS\@&wH/W@Mavw%MWammmT

< 140 [ (0P + 100 Ausa(D] 1 10:X, (7)) dr

IA

1+@/&@x¢»ﬂmammw.

Similarly,
@ﬂwfé@ﬂw+/(@@wh&WMH@@&Mn&Wm
1A (Dl 10 PP (7). A (7. X ()] ) dr

g<ﬁ/XHW%wm

Lee + HaﬁAnJrl(T)HL;O)

X ( 10, X, (7)] + [0, Py (7)) ) dr

After combining these two estimates and using Gronwall’s lemma we find

t
|00 Xn(5)] + 10 Pa(s)] Sexp{C%/ (1+ 072" ()] o + ||8§An+1<T>HLgo)dT}.

(5.2.29)

Take the supremum over all characteristic curves. It follows that
o)l < [ 0t dr
lp|<P(t)
< O3 (10:X0(0. 1), + 19 Pa0,8)] 5 )

t
< cgexp{cg/o (1+ o207 () Lgo+||a§An+1<T>HLgo)dT}.

Similarly, after using the product rule and the above estimates,
’axjn+l(t>$)’ < / ‘a:t: [U(pa AnJrl(ta w))fO(Zn<Oat>$ap)>”dp
lp|<P(t)
< O3+ O (10:X0 (0, D)l e, + 10:Pal0,8)], )

t
< o {ad [ (141800 + 10200, ) ar |
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Thus, we invoke the estimates in Lemma 21(b) and (d) to obtain on [0, 7] that

022 (0)]] e + 1|0 Anr2(®)] e

< €8 (11 [l ()] + o 0. 0]

t
< O;+Cg/ (lloz0"(r)
0

L + Ha’%A"JFl(T)”LgO> dr
Bounding ||(9§(I>0(7')||Lgo + ||6§140(7')||L§;o < C%, the iteration in n implies that
280+ [020a()], < Chesp {COTY

for all n € Ny, 0 < ¢ < T. In turn, this provides the uniform bound on the iterates of
the derivatives of the current and density functions, which proves the claim.

Step 4. We show that {f"} is Cauchy in the C-uniform norm on [0, T] x RS,
To start with, notice that for n € N, ¢ € [0,T] and z € RS

|fn+1(t7 Z) - fn(tv Z)| = |f0<Zn(0= t, Z)) - fO(Zn—l(Oa t, Z))‘
< C°Z,(0,t,2) — Zn_1(0,t,2)]|. (5.2.30)

On the other hand, denoting (X, P,)(s) = (X,, P,)(s,t, 2) and bearing (5.2.25) in
mind, it is easy to check that

| X (s |

) = Xna(s)
< / [0(Bu(7), Anga (7, Xa(7))) = 0(Poa(7), An(7, X1 (7)) d7
< C/ (1a(7) = P (7)] + [ An (7, X0 (7)) = An(7, Xona (7))

[ Anta (7, X (7)) = An(7, Xo(7))]) d7

<0 [ (1Xl0) = XorsD+1Pur) = P (0] + [ A (7) = Aa(7)] 1) dr
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and, by also using (5.2.28)

[Pa(s) = Paca(s)]
< /t (|Ve™(r, X, (1)) — V" ! (1, X1 (7))
S + ‘(UilnHVAiLH) (s, Xn(s), Pu(s)) — (qunVAi) (s,Xn_l(s),Pn_l(s))D dr
<y / t (2.0 (7) = 00" (7). + |00 (7, X (7)) = 00" (7, X1 (7))
| 0(Pa(), Ania (7, Xa(7))) = 0(Paca (7), A, X a (7)) |
102 An1(5) = DeAn(9)l] e + 100 An(5, Xa(5)) = (s, X1 (5))]] ) dr

LO(}

T

<0 [ (1X(0) = XursD+1Pur) = Paa(7)] 4 0.8(7) - 2,07 ()

+[[Anta (1) — An(T)”Lgo + 10 Anta (1) — axAn(T)”LgO> dr.
Hence, these estimates and Gronwall’s lemma, yield

Z0(0,1,2) — Zo_1(0,1, 2)]
t
<04 [ (I02") = 00 (0] o + [Auialr) = Aullhz) e

1/3

<4 [ (o) - @l
A (7) = A7)y ) A7

< /Ot (Hp"(T) B pn_l(T)HLgo + | Apss(T) — An(T)HW§O> dr

() = )

<0 [ (170 = g, + 140) = Ancs ()

where we have used Lemma 21(b) in the second inequality, and the uniform bound of
suppf™(t) on [0,T] in the third and last inequalities. Also, in the last inequality we
have used, adapted to the iterates, (5.2.16) and (5.2.17) from Lemma 23; cf. (5.2.19)
and (5.2.20) respectively. Thus, if we combine the above estimate with (5.2.30) and

take the supremum over all z € R®, we find that

17770 = s, < €5 [ (1700 = 77 O, + 140(7) = Ara ()
(5.2.31)
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At this point, we wish to have a suitable estimate on the second term in the integrand
of the latter inequality in order to close the ’Gronwall’s loop” for the term in the left-
hand side. Such estimate is provided by (5.2.16) in Lemma 23, which for the iterates

can be rewritten as

HAn(t) - An—l(t)HLgo <C. [HAn—l(t) - An—Q(t)HLgo + C:% an—l(t) - fn—2(t)||Lg?p
< C2|Apa(t) = Aps(t)|| e + Cp [Cf [ fr2(t) = fa-s(®)ll Lo
+C. | fat(8) = a2t s, |

n—1
< CIHIA(E) = Aol + CF DS CE 1P = 71
k=1

where C, = C.(T; fo) < 1 is given by (5.2.26). But by the definition of the A™’s, we
actually have that A (¢t,2) = Ag(z) for all 0 <t < T and = € R®. Therefore,

n—1
[4(8) = Aua @)l < CES €25 5() = £4(r) (5232
k=1
It is now an easy matter to estimate (5.2.31), namely
|1 = ()] . < C% / ZC” @) = O dr (5:2.33)

Now, consider (5.2.33) for n = 1,2,3.... If we add the resultant inequalities, it is not
difficult to check that for each n € N

n+1 t
SO -0, < €8 [ ST ) = )y i
k=2 ’ 0 k=1 m=0 ’
< gy cr [ S - 10y, dr
m=0 0 k=1 ’
[
< = [ I = P

Notice in the last step the use of the smallness assumption, i.e., C, < 1. To prove
the claim, it is enough to show that the latter sum converges as n — oo, uniformly

on [0,T]. Then, in view of the uniform bound on the L®-norm of the f™’s, we can
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add the missing term to the sum in the left-hand side to find that

n+1

t
a0 = 310~ 1O, < OB | sutir

Finally, iteration in n produces S,(t) < C%exp {CAT'}, for all n € No, 0 < ¢t < T,
which implies the desired convergence.

Step 5. Hence, there is a function f € C([0,T] x R% R) such that f* — f
uniformly on [0, 7] x R®. The limiting function satisfies f > 0 and

suppf(t) C {(z,p) eR* xR*: |z| < Xo+¢t,[p| < P(t)}, 0<t<T. (5.2.34)

Also, if we define
dy : _
p(t7x) = f(taxap)dpa (I)(ta'r>: p(t7y>—7 relR ) OStSTa
R3 R3 ly — |

it is straightforward that p" — p and ®" — ® uniformly on [0, T] x R3.

As for the vector potential, the situation is a bit more involved. We have to
explicitly show that {4, } is Cauchy in the C-uniform norm, since the current density
depends on the vector potential itself. To this end, and in view of the estimate

(5.2.32), similar arguments to those in Step 4 yield (recall A; = Ay)

n n n—k
S A — A (Bl < C%Z Z ol — P,
k=1 k=1 m=0

0

<
= C*

exp{C’OT} neN, 0<t<T.

This implies that the sum in the left-hand side converges as n — oo, uniformly on
[0, T]. As a consequence, the sequence {4, } is uniformly Cauchy and there is a vector
field A € C([0,T] x R3;R?) such that A® — A uniformly on [0, 7] x R*. Also, if we
define

_A _
= P jA(t,:zr):/ vaf(t,z,p)dp, reR 0<t<T,
RS

VA 3
V1+lp—AP
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it not difficult to check that v, — va and va, f* — vaf uniformly on [0,7] x RS,

and thus j" — j4 uniformly on [0, T] x R®. Moreover,

1 d _

Step 6. Actually, (@, A) € C([0,T], C?(R?); R x R?) and f € C'([0,T] x R5R).
Indeed, let us first show the regularity of the vector potential A. By Lemma 21(d),

for every i = 1,2, 3 we have

100 An(t) = 0 A ()l e < Cll5™(0) = T (OIF2 57(8) — 5™ (DI
< OO () ~ 5 (D)l -

A

and by letting R = h

|o2a () = 247 @) e < C (BTG = 5Ol + A 10" (1) = o™ (8)]

) = 0 e )

< U+ 170 = Ol + 2]

where in the last inequality we have used that [|0,j" (¢)|| is uniformly bounded on
[0, 77, a fact already proved in Step 3; cf. (5.2.28). It is now an easy matter to show
that A is C*, since j" is uniformly Cauchy on [0, 7] x R®. On the other hand, since
h > 0 is arbitrary, for any given € > 0 we can let 0 < h < € and n, m large enough
such that the left-hand side in the last estimate is dominated by e, uniformly on [0, 7).
Again, it is now easy to show that A satisfies the expected regularity.

As for the scalar potential @, in view of the estimates in Lemma 21(b) we can run
the proof in a similar fashion; it is a bit easier considering that we are now dealing
with a scalar function. Then, due to the regularity of the potentials (®, A), we have
that the curves Z(s,t,z2) = (X, P)(s,t,x,p) defined by the uniform limit

7 = lim Z,, on [0,T]x[0,T] x RS

n—oo

are the C! solutions of the characteristic system

X(s,t,z) = wva(s, X(s,t,2), P(s,t,2)) (5.2.35)
P(s,t,z) = — [VO — v, VA (s, X (s,t,2), P(s,t,2)) (5.2.36)
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with Z(t,t,z) = z. Therefore,

f(t,z) := lim fo(Z,(0,t,2)) = fo(Z(0,¢, 2)) (5.2.37)

n—oo

and the claimed regularity follows.

Step 7. To conclude the existence proof, we have to show that the triplet (f, ®, A)
fulfills all the properties demanded by Definition 7. There is only one of those proper-
ties that is not trivially satisfied. Specifically, we must show that A solves the Darwin
equation (5.2.4). In view of Lemma 21(c) and Remark 10, this would readily follow
if for each 0 < t < T, we have j4(t) € C%(R3;R?) with compact support. We prove
next that j4 has such a regularity.

Fix 0 < t < T. By the regularities of f(t) and A(t), and the compactness of
suppf(T) 2 suppf(t), we have that j4(t) € C*(R? R?) with compact support. But by
virtue of Remark 14, this implies that A(t) € C%%(R3; R?) with 0 < o < 1. Similarly,
we have p(t) € C*(R?* R) and so ®(t) € C**(R3;R). Hence, by computations as those
in Step 3 and 4, which we postpone to the Appendix E, we obtain via characteristics

(5.2.35)-(5.2.36) that
0.7 (s,t,21) — 0.Z(s,t, 20)| < C |21 — 29|, (5.2.38)

for all z1, 2o € suppf(t) and 0 < s < ¢, with 0 < o < 1. Therefore, by (5.2.37) and the
assumption on fy, we can easily verify that f(t) € C1*(R%; R). This, together with the
definitions of j4 and p, readily imply that j,(¢) € C1*(R?; R3) and p(t) € C1*(R?; R),
both with compact supports*. We are now half way to have proved the claim.

To prove the other half, we can reason as follows. In view of the regularities
of the charge and current densities, we can invoke Remark 15 to find that A(t) €
C3(R3; R3) and similarly ®(¢) € C**(R3;R). Moreover, since suppf(T) 2 suppf (t)

is compact, then for each 0 < s <t
[02205.8)| s, + |520(5) o + |2A05) . <

The estimates for the derivatives of the potentials can be found as in Lemma 21(b)
and (d), once we replace the charge and current densities by their derivatives in (5.1.7)
and (5.1.17), respectively. Notice that estimating ((9.p) (y) — (9.p) (z)) uses the C1*

41f the claim in Remark 13 was proved, then we could have relaxed the regularity of the Cauchy
datum to fo € C1*(R%) with 0 < o < 1, and stop here; cf. Remark 17.
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regularity obtained above, and similarly for j4. Also, the needed estimates for d,p
and 0,74 follow from (5.2.28) in Step 3, written in terms of the solution. Arguments
similar to those in Step 3 are also used to estimate 9?7, in particular the analogous
to (5.2.29), obtained after taken a further derivative to the characteristic curves.

Hence, we can proceed as in the Appendix E to show that Z(s,t) € C%(R% R)
for all 0 < s <. This, and the regularity of the Cauchy datum fy, imply via (5.2.37)
that f(t) € C*(R%R). As a result, and by the definition of j4, the claim follows.

Having proved that, and since 0 < T < T was arbitrary, we conclude that the
function f € C*([0, T[xR% R) is a classical solution of the Cauchy problem for the
relativistic Vlasov-Darwin system.

Step 8. To prove uniqueness, we consider two classical solutions f; and f5 that
exist on [0, 7] and have the same Cauchy datum f, satisfying (5.2.21). The size of

the momentum support of each of these solutions can be estimated by
Py(t) :==sup{lp| : 0 < s <tz e R: fi(s,z,p) #0}, k=12

and in view of Definition 7, in particular the boundedness of the fields induced by the
potentials, there is a positive time, again denoted by T, such that C.(¢; fo) < 1, 0 <
t < T, where C.(t; fo) is given by (5.2.26) after replacing P(t) by sup { Pi(t), P»(t)}.
Therefore, by (5.2.16) we obtain

142() = A (O]l < Crllf2(t) = AB)] s, -

and thus (5.2.31) written in terms of the solutions f; and fs yields

120 = @),z < Ch [ A7) = FiDdr 0T,

This combined with Gronwall’s lemma provide the uniqueness result.
Step 9. To prove the continuation criterion we proceed similarly as we did for
the Vlasov-Maxwell system in Theorem 4 above. Let f be the previously obtained

classical solution of the RVD system which satisfies f|,_, = fo and whose life span is

T:= (C(fo)lf’o)_l (1= Cu(fo)Py), cf. (5.2.27). We recall that
Culfo) =320 | foll 4" IfollZs, s Clfo) == 30(2m)* || foll ¥ 1 fol 2=

Define the quantity Pr = sup{|p| : 30 <t < T,z € R3: f(t,x,p) # 0} and assume
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that Aj := C.(fo)Pr <1 but T < co. We claim that this is a contradiction.
Indeed, fix 0 < tg < T and consider f(ty) as Cauchy datum of the RVD system.

In view of Lemma (15), we have that

”f(tO)HL}D,p - ”fOHLng ) Hf(tO)HLg?p - HfOHLg;fp :

Thus, C,(f(to)) = Cu(fo) and C(f(to)) = C(fo). Define e := (C(fo)Pr) ™" (1 - Ap),
which is clearly not dependent on ty. Steps 1, 2 and 3 imply that all uniform estimates
on the sequence of approximate solutions induced by f(ty) hold on [to, to + €[. Then,
f(to) launches a unique classical solution of the RVD system on that interval.

Now, we could have fixed t; arbitrary close to the life span T < oo of f and
so extend this solution beyond the time 7', which is a contradiction. Hence, the
assumption A := C,(fo)Pr < 1 implies T = oo and so the solution f is global in
time. This concludes the proof of Theorem 9. n

Remark 16. As long as the classical solution f exits, the relativistic velocity of the
particles satisfy |va| < 1 strictly. To check this, notice that (5.2.34) implies that f
having life span T satisfies for each 0 <t < T

P(t):==sup{lp| : 30 < s < t,x € R*: f(s,2,p) # 0} < <. (5.2.39)

In addition, Corollary 4 implies that the induced vector potential can be estimated
by
JA®Il,z < CXZB2 ol s, P(1) <00, 0<t<T.

Therefore, |p — A(t,x)| < C(t; fo) for all (z,p) € suppf(t), 0 < ¢t < T. Hence, the

strict inequality follows from the definition of v 4.

Remark 17. For simplicity, we have assumed that f; is a C? function. However, by
virtue of Remark 13 and Step 7 in the above proof, it seems reasonable to relax the
regularity of the Cauchy datum to fy in € C%*, with 0 < o < 1.

5.2.2 Global Solutions

It turns out that if some additional conditions are imposed to the Cauchy datum of
the RVD system, then the local classical solution found in the previous section can be
made global in time. The aim of this section is to prove this result. To this end, and by
taking advantage of the formulation (5.2.1)-(5.2.5) of the RVD system, we adapt the
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analogous result for the Vlasov-Poisson system given in [42]. As commented earlier,
in the Darwin case we must overcome some non-trivial difficulties arising from the
inclusion of the vector potential in the model equations.

We start by defining the set where the Cauchy datum will be taken from. Let
Xo > 0 and Py > 0 be given such that

By := 3*(4n)3X2P3 < 1.
We define

D={foe C®R): fo>0,lfoll s, < LIl ol <1,

By < 1,suppfy C Qx, (0) x Qp, (0) } .

Clearly, the condition imposed on By guarantees that for any fy € D the smallness

assumption (5.2.21) in Theorem 9 holds, i.e.,
a2 2/3 2/3 13 B
Ao = 3°(12m)" | follZy” W foll e, Po < Bo [l foll pge, < 1. (5.2.40)

Hence, any fy € D launches a classical solution of the RVD system at least locally
in time. The goal is to prove that such solution can be made global if the Cauchy

datum is “small” enough.

Theorem 10. There exists 6 > 0 such that, if fo € D with || fol; < 0, then
z,p
the classical solution of the RVD system with Cauchy datum fo is global in time.

Moreover, fort > 0 this solution satisfies the decay estimates

IN

7A@ e + POl oo Ct™?
[0: ()| oo + 102 AR oo Ct?
[020(1)]| . + [|02A(1)]],. < CtPIn(1+1).

IN

The proof relies on a so-called bootstrap argument. That is, we show that a
solution f of the RVD system with small enough Cauchy datum induces potentials
whose space derivatives satisfy some suitable decay estimates. In turn, this estimates
imply an even stronger decay of those derivatives on the whole interval of existence
of f, and so we can continue the solution globally in time.

We first introduce some technical results and postpone the actual proof of the
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Theorem 10 to the end of this section. To begin with, we show that a sufficiently
small Cauchy datum yields a classical solution of the RVD system which exists on
any given time interval and induces potentials whose space derivatives up to a second
order can be made as small as desired. In particular, the self-induced electromagnetic

field remains small as well®.

Lemma 24. Fix ¢ > 0 and T > 0. There exists 0 > 0 such that, if fo € D with
| follzee < 6, then the classical solution of the RVD system with Cauchy datum f

exists on the time interval [0, T| and induces potentials satisfying the estimate
||6?I(I>(t)||Li_o + Hé?IA(t)Hgo + ||6?§<I>(15)HL;,;> + H@gA(t)HLgo <e 0<t<T. (5241)

Proof. As a consequence of (5.2.27) in Theorem 9 and the estimate (5.2.40), any
fo € D produces a classical solution f of the RVD system on the time interval
[0, (C’(fo)pg)fl (1 —By) [, where

C(fo) = 302m)*"* [l foll i° I follZ2 < Coll foll s,

with a positive constant Cy = C'(Xy, Py). Now, for T > 0, assume that the Cauchy da-
tum satisfies || fol| oo < 6 = (2CoRT) " (1= By). Then, C(fo) < (2RT) " (1 By)
and so the solution f exists on the time interval [0,7] C [0, (C(fo)Po)_1 (1 — Bo)l.
This proves the first part of the lemma.

In order to prove (5.2.41), we notice that by (5.2.34) in Step 5 of Theorem 9 and

uniqueness, the size of the momentum support of f defined in (5.2.39) satisfies

_ _ F Fy
P(t) <P(t) = 1— C(fo) Pyt = 1— (QT)_1 (1 =Byt

= Pt), 0<t<T,

where P(t) is the maximal solution of (5.2.24) and the second inequality follows from
the above estimate on C(fy). Then, it is straightforward that

) 47
174 e < PO < gPS(T) [ foll e,

5Actually, here we get control only on the longitudinal part of the electric field V® and on the
magnetic field V x A4; cf. (4.1.1)-(4.1.2). As shall be clear in Section 5.3, one of the advantages of
our approach is that we do not have to deal neither with the transversal component of the electric
field Eqr = —0; A nor with its derivatives.
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and also )
. 4m >3 D3
174 < el < 5 ) Xl [ foll Lee -

In addition, we have that [|0,p(¢)|| e + 0zja(t)|| o < Cp, for all 0 <t < T. This
can be proven exactly as for the iterates in the Step 3 of the proof of the Theorem 9.
Hence, we invoke Lemma 21(b) and (d) to estimate the first and second order space
derivatives of the potentials, in terms of the charge and current densities. Thus,
by making 0 smaller if needed, it is easy to check that (5.2.41) indeed hold, which

concludes the proof of the lemma. O

To proceed, we now define the so-called free streaming condition for classical

solutions of the RVD system. More precisely,

Definition 8. Fix o > 0 and a > 0. A classical solution of the RVD system is said to
satisfy the free streaming condition of parameter o« (FSa) on the time interval [0, a],

if it exists on [0, a] and induces potentials satisfying the estimates

a(l4+1)73/2

1022 ()|l oo + (102 AW e <
< a(l+1t)7%2

|z 2(0)]] 5. + [102A@)]|

for all0 <t <a.

Lemma 25. There exist 6 > 0, a > 0 and a positive C = C(Xy, Py) such that any
classical solution f of the RVD system having Cauchy datum fy € D with || fo|l ;o <6

and satisfying (FSa) on some interval [0, a], also satisfies the estimates

10: @)l e + 10 AWM I < CE2, (5.2.42)
|020(t)|| . + [|OZA()) < Ct3In(1+1), (5.2.43)

L —

x

for all0 <t <a.

Proof. From Lemma 21(b) and (d), it is straightforward that the induced potentials

satisfy the estimates

10,20l + 12 A < C AN o2 (5.2.44)



111

and, for t > 1,

|20l + 024G, < C [0 1holles, + 7 (100 (0) e + 10274 (0) )

+ (1 + lnt4> lo(t)]l } (5.2.45)

where the latter is consequence of setting R =t and h = t~2 < R in the cited lemma.

In addition, if the charge and current densities satisfy

lia@®ll e + o)l < O (5.2.46)
100p()| oo + 10272l e < C, (5.2.47)

then it is immediate that (5.2.44) and (5.2.45) yield (5.2.42) and (5.2.43) respectively.
Thus, we are led to show that for some C' = C(Xy, Py) > 0, both (5.2.46) and (5.2.47)
indeed hold. To this end, we shall prove several technical results that we present as
a series of steps:

Step 1. For the relativistic velocity v,, consider the matrix Dv, of entries

5i ik
[Dualy, = —2—ZATA (5.2.48)

1+[p— A

with d;, being the Kronecker delta function. Clearly, we have |[Dvy| < C. Denote
Duvy(s) :== Dva(P(s), A(s, X (s))) where the curves (X, P)(s) = (X, P)(s,t,z,p) are
the solution of the characteristic system (5.2.35)-(5.2.36) satisfying |P(0)] < Py. We
claim that if the Cauchy datum f, satisfies the assumptions of the lemma, then for
all 0 < s <t < a there exists a positive C' = C(Xj, Py) such that

|Dva(t) — Dua(s)] < Cla+ (1+a)d]. (5.2.49)

This will enable the left-hand side to be arbitrary small as we shall need later on.

We start by noticing that in view of (FS«), the characteristic curves satisfy

PO < P [ (1080 +10:AG ) ds

t
< R+ / a(l+5)"¥%ds < Py +2a, (5.2.50)
0

and so P(t) < Py + 2a, where P(t) denotes the size of the momentum support of the
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solution f up to the time t; cf. (5.2.39). We emphasize that P(t) is a non-decreasing

function of ¢. Hence, since vg = v(p, A) is C;° in its arguments, we have that
[Dua(t) = Dua(s)] < € (([P(t) = P(s)] + A X (1) = Als, X (5))] )
t
< C (/0 | P()ldT + [|A®)]] o + HA(S)HLgO)
< Cla+ (Xol)* Iollz, PO)] (5:251)

where the first term in the last inequality is consequence of (FSa) via (5.2.50) and
the second term follows from the usual estimates on the vector potential A; cf. Corol-
lary 4. Thus, by the assumption on the Cauchy datum, we have || fo| P(t) <
5 (By + 2a), which combined with (5.2.51) imply (5.2.49).

Step 2. Let 0 <t < a and z € R? be fixed. Denote (X, P)(s) = (X, P)(s,t,z,p)

and consider the system

Notice that £(t) = n(t) = 0. We claim that for some C' = C(Xy, Py) > 0
£(5)] < Ce*C Ja+ (1+a)d] (t—s). (5.2.52)
Indeed, on the characteristics curves solution of (5.2.35)-(5.2.35), we have that

£(s) = 0,X(s) —DUA()
— Dua(s [ 9, A(s, X (s ))8,)((5)] — Dua(t)

— 0:A(s, X(s)) [€(5) + (s — 1) Dva(s)] }+DUA(8) — Dua().

/—’H

= Duga(s)
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Therefore,

[€(s)]

IN

c / in(r)| dr + C / 0. A() | €(7)] dr

+C /: 10 ATl (¢ = 7) + [ Dua(t) = Doa(r)l] dr

IN

c/ yn(7)|d7+c/ a(l4 7)) dr
—I—C'(t—s)/ta(1+7')3/2dT—I—C’/t[a+(1+a)5]d7’,

where in the last inequality we have used (FS«a) and the estimate in Step 1. Hence,
after combining the last two terms in the right-hand side of the above inequality, we

deduce by Gronwall’s lemma that

€(s)] < C© ([a +(1+a)8](t—s) + /St In(r)] dT) exp {aC /: (1+7)7%2 dr}
< 0o ([a ) (t—s) + /: n() dT) . (5.2.53)
On the other hand, since 7(s) = 9,P(s), we also have
0(s) = — [020(s, X(s)) — v}, 02A1(s, X ()] B,X (5) + 0, X7 (5) VA (5, X (5)).

Then, by using as above 9,X (s) = Dv4(s) [0,P(s) — 0, A(s, X (s))0,X(s) ] and the

free streaming condition (FS«), we estimate

wel < o [ (e

t
+C [ 10.A() 5 10,P(7)] dr

i HIO2AM) | o + 104G ) 18,X (1) dr

IN

C’/:oz [(1+7’)_5/2+ (1—1—7')_3] <|§(7')| + (t—1) )dT

+C’/:04(1—1—7')_3/2(\7)(7')|+1>d7

IA

aC’/ (1+7)"2 \5(7)]dr+a0/ (1+7)"*2 In(r)|dr

+aC /t [(1 F) R ) (1 T)—?’/?} dr.
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As in (5.2.53), a use of Gronwall’s lemma yields
t
) < a0 [ (14 n) T g(rlar
t
+aCeac/ [(1 + 7')_5/2 (t—7)+(1+ 7')_3/2 dr. (5.2.54)

Thus, if we combine (5.2.53) and (5.2.54) we find that

g < e (larra)iie—s)+a [ [ 140y io)dodr
ta /: /: (14+0) 2 (1 —0) + (140)"] dod¢>
CeoC <[a+(1+a) 5] (t—s)+a/st/sa(1+0)5/2 €(0)|drdo
ta /: / (140" (=) + (14 0) ] dea)

Ce™® <[a+(1+a) ] (t—s)+a/ (1+0)*?|¢(0)|do

IN

IN

+a /t [(1 Yoyt — o)+ (1+ a)—l/ﬂ do) .

Finally, since the last integral in the last inequality can be estimated by 3a(t — s),
another use of Gronwall’s lemma readily implies (5.2.52).

Step 3. Therefore, |£(0)] < Ce® [a + (1 4 «) 8]t where £(0) = 9,X (0)+tDva(t).
We claim that for some o > 0 and 6 > 0 small enough and for some positive constant
C = C(Xy, Py), the map X(0,t,z,-) : R® — R? has Jacobian determinant satisfying

|det 9,X(0,t,z,p)| > Ct*, 0<t<a, xR’ pecR’.

For t = 0 this is obvious. Let 0 < ¢t < a. Without loss of generality, we shall assume
that 0 < o < 1/2. Then, as shown in the Step 1 above, the size of the momentum
support of f on the time interval [0, a] satisfies P(t) < Py+ 1. Also, as a consequence
of the known estimate on the vector potential, cf. Corollary 4, and recalling that

fo € Dso || foll ;e < 1, there exists a universal constant C' > 0 such that,
z,p

A < CXGFF (R0 +1).
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Hence, by Remark 16 in the previous section, the relativistic velocity satisfies the
estimate |v4| < 8 < 1, where 3 depends only on X and Py. Now, denote g = |p — A
so that Dvy = (1 + 92)_1/2 [id — v4 ® v4], whose components are given by (5.2.48).
Clearly, g < C = (X, P). Then, if we write 9,X(0) instead of 9,X(0,t, x,p), we
find that for small enough o > 0 and 6 > 0

N N
‘%apX(o) +id %g(e) + s ®ua

< Ce*’la+(1+a)d]+p
= oy <1 (5.2.55)

Therefore, a positive constant C' = C(X, Py) exists such that

1 2
det [—V:gapX (0) + id — id

3

v > Ct.
(1+g2)°?

|detd, X (0)| =

Step 4. Moreover, for every 0 < ¢t < a and z € R3, the map X (0,¢,z,-) : R® — R?
is injective. Indeed, for p,q € R3, let

b = )\p+(1_)\)Q7 g)\:g(t>$7p)\) = ’p)\—A<t,.Z')‘, OS)\Sl

Then, in view of (5.2.55), we have
’X(Oataxap) - X(Oatax7Q)‘ =

1
J

2tlp—al [ At [ 2
>tlp—al | == —tlh—dl | ==
o VItgE 0 V1+g3

> (1 =) p—dlt, (5.2.56)

1
[ ox.tzm- q)dx\
0

V1t 93 tp—q)
—=0,X —
" Op X ( - g?\d)\

= —id+id +

0>tax>p)\)

and the assertion follows. In addition, we claim that the open range X (0, ¢, z,R3) is
all R3. If not, a boundary point xq exists so that X (0,¢,z,p,) — xo & X(0,t, 2, R3)
as n — oo, for some sequence {p,} C R3. By (5.2.56), we have p, — poy for some
po € R? and so continuity implies that X (0,¢,z,pg) = xo. But this is a contradiction

and so we conclude that X (0,¢,,-) : R® — R? is actually a bijection.
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Step 5. Therefore, Steps 3 and 4 imply that for every 0 < t < a, x € R? the
map X (0,,,-) : R® — R3 is a C'-diffeomorphism. In particular, Step 3 implies that
for some C' = C(Xy, Py) > 0, the inverse map X 1(0,¢,z,-) : R® — R3? defined by
X — p(X) has Jacobian determinant satisfying

‘detﬁpX_l(O,t,x,p(X))‘ <Ct3, 0<t<a, zeR>

Hence, we can now deduce the decay estimates (5.2.46)-(5.2.47) on both the current
and charge densities as well as their space derivatives. Indeed, bearing in mind that

fo € Dso ||foll ,= <1, we have for the charge density

p(t,x) = RSfo(X(O,t,x,p),P(O,t,x,p))dp

=/, fo(X, P(0,t,2,p(X))) |det 3,X (0, ¢, 2, p(X))| dX

< Ct73,

where C' = C(Xo, Py) > 0. Since |j4| < p, it is clear that the (5.2.46) indeed holds.
Finally, we are done if we show that for some C' = C(Xy, Py) > 0

102p(O))l oo + 1102ja(B)]l e <C, 0<t<a (5.2.57)
To that end, recalling that [0,va| < C'|0,A| and in view of (FS«), we notice that

10l ee < C(Po+1)" 10 (B)l] e,
10:5400 < C (Bt )" (104D s 1 oll e, + 1007 (1) )
C(Po+1)" (Ifolls, + 10:F Dl )

IA

IN

and

100 Ol e, < [0 foll (10X (0,82, )] + 18P0, 1, 2.p)] )

Hence, since fo € D 50 || foll ;e < 1 and ||Op) fo < 1, we obtain that
z,p

s,
Haxp(t)HLgo + HaxjA(t)HLgo <C (PO + 1)3 ( 1+ |8a:X(07tafE7p)| + |8wP(0,t,:E,p)| ) .
(5.2.58)

Thus, we are led to estimate the space partial derivatives of the characteristic curves.
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To do so, we proceed as in Step 2 but with 0, instead of J,. We find that for all

0 < s <t<aand some universal constant C' > 0
¢
0.X) < 14C [ (0P + 1A 10X (7)) dr,
and in view of (FSa)) and Gronwall’s lemma
t
0.X(s)| < C (1 + / \8IP(7)|dr) | (5.2.59)
Similarly,

0PG5 < C [ (|80 + [8AG) | + 104G ) 10X dr

t
+C [ 10:A) - 0.P() dr
t
< c/ (14 7)°/210,X(7)| dr. (5.2.60)

Therefore, both (5.2.59) and (5.2.60) yield

t t
10, X(s)] < c+c/ / (1+0)"°?10,X (0)| dodr
t o
< C+C// (1+0)""%10,X (0)| drdo
t
< C+C/ (1+0)"*?10,X (0)| do.

Gronwall’s lemma applied to the above inequality provides a uniform bound on
|0, X (s)|, which in turn produces a uniform bound on |0, P(s)| via (5.2.60). As a

consequence
0. X(0,t,z,p)| + |0 P(0,t,z,p)| <C, 0<t<a,z€ R3, p e R3,

with combined with (5.2.58) imply (5.2.57) and concludes the proof of the lemma. [
With this results at hand, we can now turn to the proof of the theorem.

Proof of Theorem 10. Let 0 < a < PyBy* (1 —By), 6 > 0and C = C(Xo, Py) >0
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be suitable for Lemma 25 to hold. Fix Ty > 1 such that for all t > Tj

e}
2

«

1+ Cc+mt)t3< 5

Ct?< (14872 (5.2.61)
It is not difficult to see that (5.2.61) still holds even if 6 > 0 is made smaller while
keeping a > 0, C' = C(Xy, Py) > 0 and Ty > 1 as chosen.

Now, by letting 6 > 0 be smaller if necessary, Lemma 24 implies that the Cauchy
datum fy € D with || fo|l; < d produces a classical solution f of the RVD system

on the maximal interval of existence [0, 7| with Ty < T, and
« _
10:2() | 5e + 102 AW 15e + [|020®)]| e + [[02A@)| 1o < 5 1+ T5) 2,

for all 0 <t < Tp. Hence, f satisfies the free streaming condition (FS«) on [0, Tp].
In fact, the continuity of the left-hand side of the above inequality implies that there
exists a maximal 7, < Ty < T such that f satisfies (FSa) on [0,7[. Therefore,
Lemma 25 and (5.2.61) imply that for all T, <t < T}

10:2(8) | e + 10:A®) e < CE? < S(1+8)77,

[ERI0] < OO+t < S(14+0)72

g 2

et |02A(t)]

Then, a continuation argument yields 77 = T. Also, by means of the characteristic
equation (5.2.36), the first of the last two inequalities and the upper bound on the
chosen 0 < o < By ' Py (1 — By) imply that for all 0 < ¢ < T

APy 'P(t) < APyt (Po+a) < AgByt < 1.

The strict inequality and the continuation criterion (5.2.22) implies that 7" = oo.

Thus, the solution f is global in time and the proof of Theorem 10 is complete. [

5.3 Remarks on the Vlasov-Darwin system

In classical electrodynamics, when describing phenomena in which the electric and
magnetic fields are time-dependent, the static models derived from the Coulomb and

Biot-Savart laws together with the static continuity equation are no longer accurate®.

6We recall that the Coulomb law for Electrostatic is (5.3.3) and (5.3.5) while the Biot-Savart law
for Magnetostatic is (5.3.4) and (5.3.6). The static continuity equation is V - j = 0.
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Instead, we must deal with electromagnetic fields that should, in principle, be deter-

mined by the full set of Maxwell equations

VxB-lop = 4 (5.3.1)
C C

VxEJr%@tB _ 0 (5.3.2)
V-E = 4mp (5.3.3)
V-B = 0 (5.3.4)

However, if the variations of the fields are much slower than the speed of light, then
the so-called quasi-static limits provide an easier modeling alternative to the system
(5.3.1)-(5.3.4). The quasi-static limits of (5.3.1)-(5.3.4) are: the electro-quasi-static
(EQS), the magneto-quasi-static (MQS) and the Darwin approximation.

The EQS limit is used when capacitive but not inductive effects are taken into

account. In this case, the term 0,B is neglected in the Faraday’s law (5.3.2), and so
V x E=0. (5.3.5)

Conversely, if inductive but not capacitive effects are taken into consideration, then
the MQS limit is preferred. This limit is defined by neglecting the displacement
current O;F in the Ampere-Maxwell law (5.3.1), which yields

47

VxB=—j (5.3.6)

Lastly, if both the capacitive and inductive effects are to be considered, then the
Darwin approximation is our best choice. In this case, we do not neglect the whole
displacement current in the Ampere-Maxwell law, but only the transversal part 0; Er.
Clearly, the Darwin approximation is more inclusive than the EQS and MQS limits,
and it provides a better approximation to the full set of Maxwell equations. For a
detailed discussion on quasi-static limits, cf. [49] and the references therein.

To better understand the Darwin approximation, we decompose the electric field
E=FEr+E;

where

V-Ep=0, VxE, =0. (5.3.7)
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The component E7p is called the transversal or solenoidal part of the electric field
while F, denotes its longitudinal or irrotational part. In [47], sufficient conditions to

uniquely determine this decomposition are given. The Darwin approximation is then
defined by

VB %@EL - 47”3' (5.3.8)
v x ET+%8,§B _ 0 (5.3.9)
V-E, = 47p (5.3.10)
V-B = 0 (5.3.11)

together with (5.3.7). Notice that (5.3.8)-(5.3.11) differs from the Maxwell equa-
tions (5.3.1)-(5.3.4) only by the absence of 0, Fr in the Ampere-Maxwell law, i.e., the
transversal part of the displacement current. As a result, and as we shall make clear
below, the Darwin system features an elliptic behavior with infinite speed propaga-
tion, in contrast to the hyperbolic nature of the full Maxwell system.

The well-posedness of (5.3.7)-(5.3.11) for perfectly conducting boundary condi-
tions was studied in [47], where the tools used are likely to be adaptable to more
general settings. From the physical point of view, the Darwin model is valid when
there are no high frequency nor rapid current changes within the system of charged
particles. This translates into slow variations of the electromagnetic field when com-
pared to the speed of light. Actually, it is proved in [47] that the Darwin model
gives first and second order relativistic corrections to the magnetic and electric fields,
respectively. In this regime, the Darwin approximation is preferred for numerical pur-
poses to the full Maxwell system, since its elliptic structure avoids error propagations
inherent to hyperbolic equations [48, 50, 51]. Additional references on the numerical
implementation of the Darwin model are [52, 53, 54], just to mention a few.

Now, if the system (5.3.7)-(5.3.11) is coupled via the charge and current densities

to the Vlasov equation
v
Of +0-Vof + (BL+ Br+ 2 x B) -V, f =0, (5.3.12)

with

v=—F (5.3.13)

Ve +Inl?
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then we obtain the relativistic Vlasov-Darwin system as usually defined. In contrast
with our definition in Section 5.2, here the model equations are given in terms of
the electromagnetic field and the ordinary momentum-space variables. Although
formally equivalent -shown below-, these formulations have a crucial difference already
exploited in our proofs. In particular, the component Er does not appear in the
potential representation of the RVD system. We shall return to this point later on.

The first existence result concerning (5.3.7)-(5.3.12) seems to be that in [48],
where global weak solutions are shown to exist for sufficiently small Cauchy data.
The smallness assumption was later removed in [44], where also the existence of local
classical solutions was proven. We have learnt while preparing this work, that the
existence of global classical solutions for small Cauchy data has recently been proven,
cf. [55]. On the other hand, the global result for unrestricted Cauchy data remains
unsolved. In Chapter 6, we discuss the possibility of using the potential framework
to solve this problem at least in the non-relativistic setting.

We stress that all of the previous results on the RVD system rely on a-priori
estimates derived from the conservation of the total energy as well as non-trivial
estimates obtained for the transversal component Er of the electric field. Deducing
the latter has been the main difficulty when dealing with the RVD system. In our
proofs, neither the energy estimates nor those on the transversal component of the
electric field are required. Actually, as far as our results are concerned, no control
on Er is needed at all since Fp is given by the partial time derivative of the vector
potential, which is absent from the Vlasov-Darwin model equations once they are
written in terms of the generalized momentum-space variables; cf. (5.2.1)-(5.2.5).

Indeed, if the electromagnetic field is defined by
1
EL = —VCI)D, ET = ——8tAD, B =V x AD, (5314)
c

where (®p, Ap) denotes the Darwin potentials given by Definition 6, then (Ey, Er, B)
formally solves the system (5.3.7)-(5.3.11) provided the charge and current densities
satisfy the continuity equation (2.1.3). To see this, we first recall the equations
satisfied by the potentials themselves, which we rewrite here for convenience’s sake,

cf. Definition 5. In view of Lemma 21 and Remark 10, they are

A1
Adp = —drp, AAp = —%j Vo). (5.3.15)
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Also, we know that Ap satisfies the Coulomb gauge condition V - Ap = 0, which is

proven in Lemma 21(c). Hence, it is straightforward that

VxB = Vx(VxAp) = V(V-Ap)— Adp

4 1 47 1
= —J—-0V®p = —j+ -0E],
c c c c

which yields (5.3.8). Similarly, (5.3.9) and (5.3.10) are the result of
1 1
V X ET = —Eatv X AD = —EGtB,

and
V- -E,=-V-V& = —Ad = 4np.

It is immediate to check that the equations in (5.3.7) and (5.3.11) also hold. Con-
versely, since the electromagnetic field (F = Er, + Er, B) satisfies

E(t,l‘) = —V@D(t,m)—%@AD(t,x)
B(t,z) = V x Ap(t,x),

then the equations for the potentials in (5.3.15) can be obtained as in Section 4.3.
That is, we impose the Coulomb gauge condition V - A = 0 to (4.3.1)-(4.3.2) and
neglect the term ¢ 20?A = —c~ 19, Er, which defines the Darwin approximation.

On the other hand, we know from Corollary 3 that the (linear) Vlasov equation
written in terms of both the potentials and the electromagnetic field are equivalent.
Hence, the formulations (5.2.1)-(5.2.5) and (5.3.7)-(5.3.12) for the RVD system are
also equivalent, at least formally. We emphasize that the equivalence is formal since
our classical solution for (5.2.1)-(5.2.5) does not require C'-regularity of the vector
potential Ap with respect to time, cf. Theorems 9 and 10. Therefore, the relation
—c'9,Ap = Epr may be satisfied only in the sense of distributions.

As commented earlier, previous results on the Cauchy problem for the RVD system

rely on a-priori estimates provided by the conservation of the total energy, defined by

//R R mm’x’p)dm“siw/m (IEL(t, 2)* + | B(t, 2)[*) da.

Since bounds on this functional provide no control on the component Er of the electric
field, then the latter has to be estimated differently. To this end, the elliptic structure
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of the Darwin system plays a crucial role. If we take the curl in (5.3.9) and combine
the resulting equation with (5.3.8), then we find eventually that AEr = —P0,j; cf.
Lemma (21)(c) for the definition of Pj. A major issue is the lack of regularity in 0.
Then, the Vlasov equation is used to replace 0,5 and the resulting equation is treated
by means of duality-type arguments. This is basically the approach followed in both
[44, Sec. 2.3] and [48, Sec. 3.1].

Actually, a representation of E7 in terms of the electromagnetic field can be found
by substitution of the Darwin vector potential Ap, as given in Definition 6, in the
relation By = —c10,Ap. This, combined with the Vlasov equation, provides the
result. Indeed, if (f, F = E|, + Er, B) solves the system (5.3.7)-(5.3.12) and we let
Q:=E+vxB—wv(v-E), then by virtue of (5.3.14) and after setting ¢ = 1, we find

that the electromagnetic field satisfies the representation

wdpdy
EL = / f(ta yap) 2
R3 JRS ly — x|

1 dpd
Bro= gy [P 2,

2
y — x|

=5 [ [ Vi1l e+ e ot

ly — |

w X vdpd
5= [ [ seapn
R JR3 ly —

As expected, Fy, and B are given by (5.1.4) and (5.1.6), respectively. On the other
hand, the representation for Er consists of two terms, the second one depending on
the electromagnetic field itself. This representation hints at the difficulties to be faced
when the component Ep, as well as its derivatives, are to be estimated.

We conclude by noticing that, as presented in (5.3.7)-(5.3.12), the RVD is an
hybrid system whose field equations provide relativistic corrections to the electric
and magnetic fields -of order one and two as mentioned above, cf. [47]- while the
transport equation is itself assumed relativistic. As follows from [31, Sec. 12.6], the
Darwin approximation is actually an order two inclusive relativistic correction to the
interaction of charged particles and the self-induced electromagnetic field. Hence, if
we Taylor expand the velocity (5.3.13) in powers of (p/c) and collect the terms up to

the order two, the ‘proper’ Vlasov-Darwin system should read

2
atf+p<1—%) Vo + (By+ Br+ 2 x B)-V,f =0,
2c c
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coupled with (5.3.7)-(5.3.11) via

_ - _@)
p—/RSfdn J—/RSP< 502 fdp.

This was noticed in [56], where the Vlasov-Darwin system was introduced as the next
order approximation after the Vlasov-Poisson (5.0.1)-(5.0.2) to the RVM system, -cf.
[31, 57, 58] for a physical perspective of this approximation-. Equivalently, the above

model equations in the potential framework read

1 1
8tf+vA~fo—V[@—EP.AJFC—Z\AF] -Vpf =0

coupled with
4
AD = —4x | fdp, AA= —lp/ v fdP,
C R3

RS

—(p_1 e Ly
e () (1 L ).

For simplicity, we have dealt with the relativistic hybrid version of the Vlasov-Darwin

where

system, although the results obtained are likely to be adapted to the ‘proper’ version

presented above.
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Chapter 6
Concluding Remarks

In this work, we have proved that the relativistic Vlasov-Maxwell system comple-
mented with sufficiently smooth, compactly supported Cauchy data, has global in
time solutions provided that the charge density is controlled for all times. As a result,
we conclude that a classical solution of the RVM system could develop a singularity
only because of a blow-up of the charge density, i.e., only due to a concentration
effect. In particular, shock formations are not allowed. This result weakens previous
continuation criteria used to extend local solutions of the RVM system globally in
time, provided that the Cauchy data are compactly supported.

Indeed, Glassey and Strauss [9] had showed that if a classical solution of the
RVM system breaks down in finite time, then the size of the momentum support
of the one-particle distribution function f would become infinite in the same time.
This assumption was later relaxed in [20]. Afterward, Pallard [21] showed that the
singularity of a classical solution would lead to the blow-up of a range of moments of
f in the momentum variable. If the initial electromagnetic field is assumed compactly
supported, then the result in [20] is a particular case of that in [21]. Here, we have
weakened those assumptions by showing that the zero-moment limit also holds true.

In essence, the approach we followed was to control the kinetic energy of each
particle separately. To do so, we singled out a particle and estimated its kinetic energy
in terms of the time-integral of the electric field acting on the particle itself, which is
induced by the remaining charges of the system. In turn, the latter was estimated by
the (time-integral of the) suprema among the kinetic energies of the particles in the
system. This was done after using a clever change of variables introduced by Pallard
in [21], and by assuming that the charge density was uniformly bounded. Hence, since

the resulting estimate was irrespective of the particle chosen, we used the Gronwall’s
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lemma to control the single-particle kinetic energies, which in turn provided a control
on their momenta. The result then followed by virtue of [9].

We have also proved in this work the global existence and uniqueness of classical
solutions of the relativistic Vlasov-Darwin system with small Cauchy data. The ap-
proach we have followed does not require the estimates derived from the conservation
of the total energy nor those on the transversal component of the electric field. These
have been crucial in previous studies of the Cauchy problem for the RVD system. We
have sorted this out by reformulating the Vlasov equations in terms of the generalized
space-momenta variables. The resulting Vlasov equation has coefficients that does
not depend on the transversal component of the electric field -i.e., the partial time
derivative of the vector potential-, and therefore it is determined by a vector field that
only involves the potentials and their space derivatives. This formulation allowed to
adapt techniques previously used to study the Vlasov-Poisson system.

For a suitable small datum, we first produced a local result for the RVD system.
Then, we showed that the local solution obtained induces potentials whose space
derivatives, up to a second order, satisfy some suitable decay estimates. As it turns
out, these estimates imply an even faster decay of those derivatives on the whole
interval of existence, which allows to continue the solutions globally in time -a boot-
strap argument-. It should be noticed, however, that the proof we provide requires a
smallness assumption for the local as well as the global result. We used it to find a
fix point to the integral equation deduced for the vector potential, c¢f. Lemma 22, and
also to prove that the approximate sequence of vector potentials is uniformly Cauchy.
It would be desirable to get rid of this assumption. To this end, a closer look at the
integral equation (5.2.7) will be needed.

The general existence and uniqueness of global in time classical solutions of both
the RVM and the RVD systems with un-restricted Cauchy data remain open. We
expect that the potential formulation used here, in particular the generalized Vlasov
equation, will shed some light on the solution of these problems. It may be possible,
for instance, to adapt the Lions-Perthame proof [41] for global classical solutions of
the Vlasov-Poisson system to the (elliptic) Darwin case, at least in the non-relativistic
setting. This seems possible due to the generality of the Lions-Perthame’s approach,
which may be adapted to similar scenarios. We remark that the relativistic setting
may be harder, since it has not been solved for the less demanding Poisson case. On
the other hand, the existence result for the RVM system seems to require more than

just adapting the proof in [41], due to the hyperbolic nature of the Maxwell equations.
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Appendix A

Proof of Lemma 12. The map 7, is injective. Indeed, suppose that (sy,6;,¢1) €
Q.00 and (sg, 02, 92) € Q,, 5, are such that 7,(s1, 01, ¢1) = 7 (52, 02, 2). Thus,

X(Sl)—X<82> = w1 (51—0'>—(.d2 (SQ—O') (AOl)
with w; = w(by, ¢1) and wy = w(hs, o). Hence
| X (s1) = X(s2)| = [wi(s1 — 0) —wals2 — 0)| = [|s1 — o] = [s2 — | = [51 — 59 .

But s — X(s) is a C! curve satisfying (3.3.4) and

X(s1) = X(s3) = / X (s)ds.

1

Therefore, if s1 # s9,

51— 2] < X (51) — X (59)] < / N

S1

X(s)‘ds < |s1 — saf,

which is a contradiction. Thus s; = so and (A.0.1) becomes 0 = (wy — wsy) (51 — 7).
Since 0 < 07 < sy, it follows that wy = wy and so (61, ¢1) = (62, ¢2), which concludes
the proof of the claim. But 7, is clearly surjective, so 5, 5, — 75 (20, o, ) 18 actually
a bijection.

Now 7, is a C! map, thus, it remains to show that its Jacobian determinant is

not singular on Q,, »,. Recalling that w(6, ¢) = (cos 8 sin ¢, sin # sin ¢, cos ¢), we have

Xi(s) +cosfsing —(s—o)sinfsing (s — o) cosbcose
Iy (8,0,0) = X2(5)+sin98m¢ (s —o)cosfsing (s—o)sinfcoso

X3(s) + cos ¢ 0 —(s —o)sin¢g
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and so we get that
T, (5,0,0) = —(14 X(s) - w)(s — 0)*sin ¢.

But again, s — X (s) is a C" curve satisfying (3.3.4), therefore 1+ X (s)-w > 0. Thus,
since ¢ € (0,7) and (s — o) > 0, we conclude that J,, does not vanish on €, ,, and

the proof of the lemma is complete. O
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Appendix B

cf. (4.2.10). We show that for any smooth vector fields F, G : R* — R3 we have
Fx(VxG)+(F-V)G=FVG', (B.0.1)

where as usual, repeated index means summation. If we denote the space gradient as

V = (01,04, 03), a direct computation yields

A~ ~

é1 €2 €3
Gx(VxF) = G! G? G3
OoF3 — 3 F?  O3F' — O F3 01 F? — O, F!
= G (F' — O;F") ép. (B.0.2)

Hence, we use the elementary vector identity

Fx(VxG)+((F-V)G = V(F-G)—(G-V)F-Gx(VxF)
= F'VG'+ [G'VF' —(G-V)F] =G x (V x F).

Since the term in brackets is clearly (B.0.2), then (B.0.1) readily follows.
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Appendix C

cf. (5.1.23). Let u € R3/{0}. We show that

ey " (C.0.1)

e o -0 ul
Indeed, let 0 < 6 < 27 and 0 < ¢ < 7 and set

= u|tu,  |v|7'v = cos O sin ¢pé; + sin @ sin péy + cos dés.

Therefore,

sin ¢ cos ¢d |v| do
I = 27T€3
¢|u|+|v —2Jul o] cos

Jul sin ¢ cos ¢d |v| d¢p
= 27é
’ </ /Iul ) / \/|u| + |U| — 2ul |v| cos ¢

= 27T€3 (Il + ]2) .

To solve I, we set r := |v||u|™' < 1. Hence
7 _/1/7r singcosodrdg 1
e S V1472 —2rcos¢p 3

To solve I, we set r := |u||v|™' < 1. Hence

I _/1/7T sin ¢ cos ¢drdeo _g
) Jo r/14+72—2rcosgp 3
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Appendix D

cf. (5.2.13). A similar proof is given in [46, Theorem 10.2 (iii)]. Fora > 0, (b/a) > 1,
m > 1 and 0 < a < 1, we have by Holder’s inequality that

b/a
(1—(b/a)™™) :/1 e

< (/1b/a dt)a (/loo t—<m+1>/(1—a))la < ((b/a) = 1)*.

Therefore, we have the estimate

1
m

b —a ™| <mlb—al"max {a""* b}

Let z,y, 2z € R? not equal. Since by triangle inequality ||z — z| — |z — y|| < |y — =],
it follows that

e =™ = e =y <mly —2|* (e ="+ [ =y "77).
Now, consider 9,K(z, z) = Q(x, 2) |# — z| >, where the entries of Q(z, z) are
i 1 k i i k m
Oz, 2) = % [Simw" — Spmw’ + (Bw'w® — G wW™] .
c
Clearly, |Q(z, z)| < C and so |0,K(z, z)| < C'|x — z| . Hence,

(0.K) (2, 2) — (0.) (5, 2)] < Clw—y|* (|2 — 2] > + |2 — | >7%).
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Appendix E

cf. (5.2.38). Fix 0 <t <T. Since suppf(T) D suppf(t) is compact, then for each
0<s<t

10:Z (5, )| 2o, + 10:® ()| o + 102 A(3) [ e + 1022 (5)|[ oo + [|OFAS)]] oo < CF

(E.0.1)
Also, since ®(t) € C?(R3;R) with 0 < a < 1, for any zy, 29 € R® we have

020 (s, X (s,21)) — 2@ (s, X (5,22))| < CLIX(5,21) — X(s,22)|", (E.0.2)

and similarly for A(t) € C**(R3; R3).
Now, consider the characteristic system (5.2.35)-(5.2.36). In integral form, it reads

X(s,t,z) = 1—/ v(P(1,t,2), A(T, X (7,t,2)))dT (E.0.3)
Pls,t,2) = /t VO — o\, VA (r, X(r,1,2), P(r,t,2))dr.  (E.0.4)

Take partial derivatives 0, in both sides of (E.0.3). If we write Z := (X, P)(2) instead
of Z(s,t,z), then

0.X(2) = — / 8. [v(P(2), A(r, X (2)))] dr

_ / (Dua) [0.P(2) + D, A(r, X (2))0. X (2)] dr,

s

where Duvy is evaluated accordingly and satisfies | Dvy| < C -recall that vy = v(p—A)

is Cp°; cf. (5.2.48) for an explicit representation of Dvs-. Hence, in view of (E.0.1),
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a lengthy computation shows that for any zi, 2o € suppf(t)
t
0. X (21) — 0:X(22)] < Cg/ ( [ X (21) = X(22)| + |P(21) — P(22)]
0
0.X (21) = 0.X (22)| + 0. P(21) = 0.P(22)| ) dr(E.0.5)

Similarly, by taking the partial derivatives 0, in both sides of (E.0.4), we obtain

0.P(2) = [ { [220() + vh()RA)] 0.X() + 0,40, [0(0] }

Thus, bearing (E.0.1) and (E.0.2) in mind, an even lengthier but elementary compu-
tation yields, for any z1, zo € suppf(t)

0.P(1) = 0.P(2)| < €5 [ ((1X(20) = X (o) + |P(a1) = P
FIX(21) = X(2)[* + [0.X(21) — 8.X (25)] + |0.P(21) — 0. P(2))| ) dr.(E.0.6)

Hence, by combining (E.0.5) with (E.0.6), using Gronwall’s lemma, and recalling that
for every 0 < s < ¢, we have Z(s,t) € C'(R%R"), i.e., Z(s,t) € C*(suppf(t); R
with 0 < a < 1, we obtain

0.2(5,21) — 0.2Z(5,22)] < C |21 — 22|™, 21,22 € suppf(2).
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