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Abstract 

The maxnnum absolute value of the determinant of n x n nonsingular (0,1) matrices 

that have constant row and column sums h 1s mvest1gated Recently the mm1mum 

absolute value of the determmant for matrices m tlus class has been proved to be 

k gcd(n, k) for all (n,k) -/- (4,2) However, there appears to be no such general 

formula for the maximum determinant For n -/- 4, k = 2, the maximum determi­

nant 1s proved to be 2t 1f n = 3t or 3t + 2, and 2t-l 1f n = 3t + 1 Restnct10n to a 

subset of these matrices, namely those that are symmetric and have zero trace ( their 

graphs are regular of degree k) , leaves this mm1mum and maximum unchanged for 

k = 2 For this restricted class, when n ~ 7, k = n- 3, the mmimum agam remams 

unchanged and the maximum absolute alue of the determinant 1s (n - 3)3Ln/4J- 1 

This maximum gives a lower bound for the maximum absolute value of the determi­

nant of the larger class, but m general this bound 1s not tight Other determmantal 

values and bounds for specific n and k are derived For reference a table 1s given of 

presently known values of the mm1mum and maximum absolute value of the deter­

mmant of n x n nonsmgular (O,l) matrices with constant rov:, and column sums k, 

and of the associated restricted class In add1t10n to evaluat10n of the maximum ab­

solute value of the determmant, matrices are exlubited that attam these maximum 

values Add1t10nal relat10nsh1ps are sho\\ n to exist between n x n nonsingular (0,1) 

matrices that have constant row and column sums 2, and the associated restricted 

class A locahzat10n result 15 established for the subdommant eigenvalues for the 

matrices m the restnctf'd clascs 
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Introduction 

In this thesis the problem of maxim1zmg the absolute value of the determmant of 

nonsmgular (0,1) matrices with constant row and column sums is discussed The 

discuss10n 1s aimed at a reader who IS familiar with basic facts about lmear algebra, 

matrix theory and graph theory 

Background and History 

The problem of maximizmg the determmant of certam families of matrices has been 

studied extensively One of the classical bounds is Hadamard's bound for positive 

semi-defimte matrices (see Theorem 1 2 3) Analysis of this bound leads to the study 

of matrices known as Hadamard matrices, see, for example, [15), [19] Cheng [5] and 

Cheng et al [ 6] were mterested m maxumzmg the determmant of a restricted class 

of positive sem1-defimte matrices, known as Laplac1an matrices ThIS maximization 

problem 1s eqmvalent to max1m1zmg the number of spanmng trees ma connected 

graph, which, as stated m [5], has applicat10ns m network reliability and statistics 

We now turn our attention to (0,1) matnces, where (0,1) matrices are defined to 

be matrices m which each entry is either zero or one In 1956, Ryser [18] proved a re-
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markable theorem (see Theorem 1 2 6) that motivates maximizmg the determmant 

of (0,1) matrices Williamson [22] was concerned with the connections between the 

problems of maximizmg the determmant of matrices with ±1 entries and (0,1) ma­

trices Williamson [22] established that the maximum determmant of an n x n (±1) 

matrix is equal to 2n- l times the maximum determmant of an (n - 1) x (n - 1) 

(0,1) matnx With our restriction of constant row and column sums placed on 

(0,1) matrices, this bound is of little use Brualdi and Solhied [3] were mterested m 

maximizmg the determmant of (0,1) matrices whose zeros form an acyclic pattern 

In 1970, Newman [16] discussed determmantal results specifically concern.mg 

the set of all n x n (0,1) matrices with constant row and column sums k, where 

1 :S k :S n - 1 A matrix with constant row and column sums k is said to have 

constant lme sums k Newman [16] estabhshed that this set contains nonsmgular 

matrices for all n, k with one exception when n = 4, k = 2 Thus it is reasonable 

to consider the extremum of the determmant of nonsmgular matrices m this set 

Newman [16] conJectured that the mm1mum positive determmant in this set is 

k gcd(n, k), for (n,k) i= (4,2) Later Grady [9] also considered minimizing the 

absolute value of the determinant of n x n nonsingular (0,1) matrices with constant 

hne sums k He described an algorithm for constructmg matrices that obtained 

this mm1mum pos1t1ve determinant, and used this algorithm to numerically verify 

Newman's conJecture for several thousand cases with n :S 90 In 1995, L1 et al (14) 
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proved Newman's conJecture for the mm1mum positive determmant for all n, k (see 

Theorem 141) Specifically, Li et al [14] verified Grady's algorithm for (n,k) = 

(6,2) and n = 2k They then constructed n x n nonsmgular (0,1) matrices with 

constant lme sums k for other choices of (n,k), with determmant k gcd(n, k), by 

usmg a Schur complement techmque along with some of the results m [16] Grady 

and Newman [10] have very recently presented a proof that Grady's algorithm [9] 

holds m general 

Hence we are concerned with maxumzmg the absolute value of the determmant 

of nonsmgular (0,1) matrices with constant lme sums Although Newman was 

mterested m mmimizmg the determmant, he gave basic results pertammg to the 

determmant of such matrices, which we expl01t throughout 

Mam Purpose of the Thesis 

This thesis presents results on the maximum absolute value of the determmant of 

an n x n nonsmgular (0,1) matrix with fixed constant hne sums k, 1 S k Sn - l, 

for n ~ 2 The motivat10n for this came from a recent proof of a formula for the 

rmmmum absolute value of the deternunant for this set As some classical upper 

bounds are known, we determme lower bounds and formulae m general To derive 

lower bounds we consider a subset of these matrices, namely the set of all n x n 

symmetric, nonsmgular (0,1) matrices with zero trace and constant lme sums k 
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These are related to finite regular graphs of degree k Employmg results from 

graph theory aids m constructmg lower bounds, or m particular cases gives general 

formulae for the maximum absolute value of the determmant for the subset The 

rrumrnum absolute value of the determinant for the subset is also considered 

Organization of the Thesis 

In Chapter 1, we discuss basic defimtions and notation related to the problem of 

maximizmg the absolute value of the deterrnmant of a nonsmgular (0,1) matnx with 

constant lme sums, and give some immediate consequences We mclude some of the 

results of Newman [16] and reprove some of these as our defimtions are slightly 

different We give a concise survey of other related results Our analysis utilizes 

techmques from graph theory and combmatorics, thus we state a few standard 

defimt10ns and results from these areas Specific examples are given to clarify some 

of the mtroductory techmques developed 

In Chapter 2, we consider the problem of maximizmg the absolute value of the 

determmant of n x n nonsmgular (0,1) matrices with constant lme sums 2 In this 

case we denve a formula for the maximum as a funct10n of n Our first step is to 

describe a canomcal form for nxn nonsmgular (0,1) matrices with constant line sums 

2 We show that every such matrix is permutationally eqmvalent to a block diagonal 

matrix where each block has the same (0,1) pattern, but the blocks may vary m 
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size This reduces our study to these block matrices From our analysis we derive 

a recurrence relat10n mvolvmg the maximum absolute value of the determmant m 

this case, thus determmmg the formula for this maximum 

Smee the correspondmg values for n x n nonsmgular (0,1) matrices with con­

stant lme sums 2 are known, the determmahon of the maximum and the mm1mum 

determmant of absolute value of then x n symmetric, nonsmgular (0,1) matrices 

with zero trace and constant lme sums 2 is now less complicated However, we also 

den ve a canomcal form for the matrices m this restricted class U smg the restric­

tion of symmetry and zero trace, we show that every such matnx is permutat10nally 

similar to another block diagonal matrix 

In Chapter 3, we consider another restricted class, namely n x n symmetric, 

nonsmgular (0,1) matrices with zero trace and constant hne sums n- 3 We derive 

general formulae for the mmimum and for the maximum absolute value of the 

determmant of such matrices usmg the canomcal form described m Chapter 2 This 

then gives nse to lower bounds for the maximum absolute value of the determmant 

of the larger classes of n x n nonsmgular (0,1) matrices with constant lme sums 3 

and n -3 

In the final chapter we supply a few mdependent but related results We prove 

that m the case n odd there are additional relationships between n x n symmetnc, 

nonsmgular (0,1) matrices with zero trace and constant lme sums 2, and n x n 
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nonsmgular (0,1) matrices with constant lme sums 2 We establish that m order for 

this relationship to hold it is also sufficient that n is odd This relationship gives 

nse to a method for computmg the eigenvalues of a certam class of real tridiagonal 

matrices We also give a localization result on the subdommant eigenvalues of n x n 

symmetric, nonsmgular (0,1) matnces with zero trace and constant hne sums k 

We conclude by summanzmg the mam results of the thesis, and present a table of 

presently known values for the extrema of the absolute value of the determmants 

for the two classes of matrices descnbed above In addition, we show open problems 

that remam 
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Chapter 1 

Definitions and Preliminary Results 

In this chapter we give some defimtions that are related to the problem of max­

ummizmg the absolute value of the determmant of nonsmgular (0,1) matrices with 

constant line sums (that is, constant row and column sums) We also elaborate on 

the results briefly mentioned m the Introduct10n 

1 1 Basic Facts and Notation 

We begm by reviewmg some basic facts and notation that are used throughout 

For more defimtions and facts about matrices and lmear algebra, see [13] Let R, 

R +, and Z denote the set of real numbers, positive real numbers, and mtegers, 

respectively Let a,1 ER Then A= [a,1 ] E Mn is an n x n real matrix with entries 

a,3 Let In and Jn denote then x n identity and the matrix of all ones, respectively, 

the subscript is dropped when the order IS clear from the context Let e denote the 

n x 1 vector of all ones, and AT denote the transpose of A It IS easy to see that 

Jn = eeT Let tr A denote the trace of A, which is defined to be I:~=i au 
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The determmant of A, denoted detA, 1s defined to be 

n 

detA = L sgn a IJ aw(,), 
aESn 1=1 

where Sn denotes the symmetric group on n elements An eqmvalent defimt10n of 

the determmant 1s known as the Laplace expans10n of the determmant U smg this 

defimt1on, 

n n 

detA = L(-1)'+1 a,3 det(A(i,J)) = L(-l)s+3a,3 det(A(i,J)), 
1=1 

for all 1 ~ i,J ~ n, where A(i,J) 1s the (n -1) x (n - 1) submatrix obtamed from 

A by deletmg row i and column J 

Note that the determmant 1s a multilmear function actmg on n x n matrices If 

A IS an nxn matrix and A' 1s obtamed from A by mterchangmg two rows (columns), 

then detA' = -detA If A' IS obtamed from A by addmg a scalar multiple of any one 

row (column) to another row (column), then detA' = detA These results are easy 

to prove usmg the Laplace expansion of the determmant and can be found m [13] 

The characteristic polynomial of A IS by defimt10n det(,\.l - A), where A IS a scalar 

We denote the character1Stic polynormal of A by PA(A) If A IS an n x n matrix, 

then an eigenvalue of A IS a root of PA(A) = 0 Eqmvalently, A 1s a complex number 

such that Ax = ..\x, where x IS an n x 1 nonzero vector It IS an easy mduct10n 

argument to show that detA = TI~=I A,, where Ai, A2, , An are the eigenvalues of 

A 
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For n ~ 2 and k an mteger, let S(n, k) denote the set of all n x n nonsmgular 

(0,1) matrices with all lme sums equal to k (l ~ k ~ n -1) In the Introduct10n we 

stated that Newman [16] showed that S(n, k) #</>for all n, k with the one exception 

when n = 4 and k = 2 We discuss thIS fact m more detail m Chapter 2 Also note 

that our set S(n, k) does not mclude smgular matrices, cf [14], [16] We let 

M(n, k) = max{ldetAI A E S(n, k)}, and m(n, k) = min{ldetAI A E S(n, k)} 

We c011s1der a subset of S(n, k) that is m one to one correspondence with a 

special class of fimte graphs A graph G = (V, E) has (fimte) vertex set V and 

edge set E where E 1s a subset of the unordered pairs of V All graphs considered 

here have no multiple edges or loops For more defimtions and facts concernmg 

graph theory, see [21] If V1 n ½ # </>, G1 = (Vi, Ei) and G2 = (½, E2 ), then 

Gi U G2 = (Vi U ½, Ei U E2) If A = [a,1 ] is an n x n symmetric entry-wise non­

negative matnx with zero trace, then the graph of A, denoted G(A), has vertex set 

V = {1, 2, , n} and { i, J} E E if and only if i # J and a,3 = a1, # 0 If G IS any 

graph, then A(G) = [a,1 ] IS called the adJacency matnx of G if a.1 = a1, = 1 when­

ever i # J and { i, J} E E, and a,1 = a1, = 0 otherwise The degree of a vertex v m 

G, denoted by deg(v), is the number of edges mcident with v A graph G is regular 

of degree kif every vertex m G has degree k A graph G with V = {xi, x2 , , xn} 

IS an n-cycle, n ~ 2, denoted by Cn , if its edges consist exactly of { Xn, x1}, and 

{x,, xi+1} for 1 ~ i ~ n - l Let G(n, k) C S(n, k) denote the set of all nonsmgular 
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n x n symmetric (0,1) matrices with all lme sums k and zero trace We let 

W(n, k) = max{ldetAI A E G(n, k)}, and w(n, k) = min{ldetAI A E G(n, k)} 

If A E G ( n, k), then G (A) is a graph on n vertices that IS regular of degree k, 

with adJacency matrix A (up to permutation similarity) Also if A E G(n, k), then 

kl - A IS a Laplacian matnx of G(A) We noted that S(n, k) #¢for all n, k with 

one exception when n = 4, k = 2 However, this is not the case for G(n, k) It 

IS a simple combmatorial argument to verify that LvEV deg(v) = 2IEI, hence the 

number of vertices with odd degree must be even, whence if both n, k are odd, then 

G(n, k) = ¢ Add1t10nally, 1f A E G(n, n - 2), then there exists an i # 1 so that 

ai,, = 0 hence a,,1 = 0, and smce ai,1 = ~., = 0, row 1 and row i are identical Thus 

G(n, n-2) = ¢ For other values of n, k, it 1s also possible that G(n, k) is empty, for 

example G(6, 3) = ¢, see Example 1 4 7 If for a given n and k with 1 ~ k ~ n - l, 

G(n, k) # ¢, then, smce G(n, k) C S(n, k), it follows that 

0 < m(n, k) ~ w(n, k) ~ W(n, k) ~ M(n, k) 

The above mequalities are useful m many propositions 

1.2 Classical Upper bounds for M(n, k) 

We begm by discussmg some well known upper bounds for M(n, k) If A E S(n, k), 

then A 1s a (0,1) matrix and hence an entry-wise nonnegative matrix. Entry-wise 
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nonnegative matrices have been studied extensively (see, for example, [2]) One of 

the well known results is the Perron-Frobenms Theorem (see [2], [13]) The spectral 

radius of A, denoted by p(A), is defined to be 

p(A) = max{l.~I A is an eigenvalue of A} 

It is well known that for any matrix norm 11 11, 

(see [13] p 299) Some examples of matrix norms are 

IIAll2 = (:E la,312) 
112 

and IIAlloo = max (t la,31) 
l<i<n 

1,1 - - J=l 

It follows easily that p(A) ~ IIAII for any matrix norm II II Usmg the hm1t relat10n 

above and the II 11 2 norm, it can be shown that if A, B are entry-wise nonnegative 

matrices and A - B is an entry-wise nonnegative matrix, then p(A) ~ p(B) We 

state the followmg version of the Perron-Frobenms theorem (see (13] p 503) 

THEOREM 1.2.1 (Perron-Frobemus) If A is an n x n entry-wise nonnegative 

matrix, then p(A) is an eigenvalue of A, and there is an entry-wise nonnegative 

vector x =/- 0 such that Ax= p(A)x 

PROPOSITION 1.2.2 If A = [a,1 ] is an n x n entry-wise nonnegative matrix, 

then for 1 ~ i ~ n 

n n 

mm(I: ai1 ) ~ p(A) ~ max(I: a,1 ) 
I 1=i I 3=i 
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n n 

Proof. If mm(E a,3 ) = 0, then the result IS trivial Suppose mm(I: a,3 ) = a # 0, 
1 J = l 1 J = l 

then let B = [b,,], where b,, = aa,,Jcr:,;=l a,,) s a., Then A-B lS entry-w1Se non-

negative, and so p(B) S p(A) However, p(B) S IIBll 00 = a S p(B), as Be = ae 

Hence p(B) = a, therefore p(A) ~ a Sumlar arguments can be applied to the 

maximum as well □ 

If A E S(n, k) , then p(A) = k with a correspondmg eigenvector e Hence if 

A E S(n,k), then 

jdetAj S M(n, k) S kn 

However, for k ~ 2 this bound is not tight for A E S ( n, k) 

The followmg theorem is known as Hadamard's mequahty and can be found m 

[13] p 477 Ann x n matrix A is positive semi-definite if xT Ax~ 0 for all n x 1 

real vectors x 

THEOREM 1.2.3 (Hadamard) If A = [a,3 ] is an n x n positive semi-definite 

matrix, then 

n 

ldetA I S IT au 
1= 1 

Equality holds if and only if A is a diagonal matrix 

If A is an n x n matrix, then it IS easy to see that AAT is an n x n positive semi-

defimte matnx. This follows smce xr AA r x is equal to the square of the Euclidean 
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length of the real vector AT x, and hence 18 nonnegative ThlS observation together 

with Theorem 1 2 3 gives the following corollary 

COROLLARY 1 2.4 (Hadamard) If A= [a,3) is an n x n matrix, then 

( ) 

1/2 

ldetAI ~ "!J t. a~, 

Proof. The ith diagonal entry of AAT 18 I:;=1 a:
3

, and smce (detA) 2 = det(AAT), 

the result follows usmg Theorem 1 2 3 D 

If A E S(n, k), then for i = 1, 2, , n, I:;=1 a:,= k, and by Corollary 1 2 4 

ldetAI ~ M(n, k) ~ k"12 

Note that this is a sharper upper bound then the one obtained by usmg the Perron­

Frobemus theorem Equality holds m Corollary 1 2 4 if and only if AAT 18 diagonal, 

that is, if and only 1f A has orthogonal row vectors (hence ldetAI = k"l2 if and only 

if A has orthogonal rows) Smee A 18 also a (0,1) matnx, no row or column of A 

can have more than one nonzero entry Hence A= Q, where Q is a permutation 

matrix, which by definition 1s an n x n (0,1) matnx such that QQT = QTQ = In 

Thus Hadamard's bound is never attained for A E S(n, k), when k ~ 2 

Before d1scussmg our next and final classical upper bound, we begm with some 

basic defimt10ns and facts from combmatonal design theory For a comprehensive 
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reference concernmg combmatonal mathematics, see [19) Let T be a v-set with 

elements xi, x2, , Xv Let Ti, T2, , Tv be v subsets of T Then T1, T2, , Tv is 

a (v,k,>-.)- configuration if the followmg hold 

(i) IT.I = k for all 1 Si S v, 

(ii) IT,nT1l=>-.Joralllsi-/=JSV, and 

(m) 0 < ,\ < k < 11 

For 1 S i,J S v, let a,1 = 1 if x1 E T,, and O otherwise Then the v xv matnx 

A= [a,1 ] is called the incidence matnx of the (v,k,>-.)-configuration By (i) and (ii) 

1t follows that 

AJ = kJ, and AAT = (k - ,\)J + )..J 

By (iii) and the equation above, it follows that A is nonsmgular Usmg the equat10ns 

above, J AJ = kJ2 = kvJ, and AAT J = (k - ).. + v>-.)J Smee A 1s nonsmgular, 

AT J = (k - ).. + v,\)A- 1J Takmg the transpose of both sides and usmg the fact 

that A-11 = (1/k)J, gives JA = ((k - ).. + v>-.)/k)J Therefore 

JAJ = (v(k - ).. + v>-.)/k)J From above this means that 

kv = (k - ).. + v>-.)v/k 

Hence there is a relat10nship between >-., v and k, namely 

>-. = k(k - 1)/(v - 1) 
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In order to find the determmant of an mcidence matnx we give the followmg 

general lemma Usmg the Jordan canomcal form theorem (see [13] p 126), it is 

easy to see that the rank of an n x n matnx A is an upper bound for the number of 

nonzero eigenvalues (countmg multiphcities) of A This lemma is well known (see, 

for example, [17]) 

LEMMA 1.2.5 Let B be an n x n rank one matnx Then 

det(I + B) = 1 + trB 

Proof. Smee B IS a real n x n rank one matnx, by the remarks above, there 

exists at most one nonzero eigenvalue of B, say ,X 1 It is a well known fact that 

E~=l A,= tr B, where A1, A2, , An are the eigenvalues of B, see [13] p 42 Hence 

trB = A1 , as ,X3 = 0 for 2 ~ J ~ n If A 1s an eigenvalue of B, then 1 + A is an 

eigenvalue of I + B Therefore, 

n 

det(I + B) = IT (1 + ,X,) = 1 + A1 = 1 + tr B □ 
s= l 

Usmg Lemma 1 2 5 it follows that, for a, b ER, det(ain + bJn) = an- 1(a + nb) 

Thus, 1f A 1s the mc1dence matnx of a (v,k))-configuration, then 

ldetAI (det((k - ) )J + ).J)) 1l2
, 
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((k - -X + v-X)(k --X)"-1)112
, 

k(k _ _x)<v-1)/2, 

16 

by usmg the above formula for A Note that above we have also shown that J A = kJ, 

hence if A IS the mc1dence matnx of a (v,k,-X)-configurat10n, then A E S(v, k) The 

next theorem due to Ryser [18] deals specifically with (0,1) matrices and gives some 

motivat10n for ma.ximizmg the absolute value of the determmant of (0,1) matrices 

THEOREM 1.2 6 (Ryser) For n ~ 2, let A be an n x n ( 0, 1) matrix with a total 

oft ones Set k = t/n and A= k(k - 1)/(n - 1), and suppose that 0 <A< k < n 

Then ldetAI ~ k(k - ..X)(n-l)/2 , with equality holding if and only if A is the incidence 

matrix of a (n,k,..X)- configuration 

Thus Theorem 1 2 6 gives another upper bound for M ( n, k), namely 

M(n, k) ~ k(k - ..X)<n-l)/2 , 

where ..X = k(k - 1)/(n - 1) Equality holds if and only if A is the mcidence matnx 

of a (n,k,..X)-configurat10n If the parameters n,k,..X admit a (n,k))-configuration, 

then M ( n, k) is determmed, see Example 1 4 5 However, smce it is reqmred that 

..XE Zand positive, there are mfimtely many values of n, k for which there does not 

exist a (n,k,,\)-configurat10n, so m general thIB bound IS not tight 
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If a (s2 + s + 1, s + 1, l)-configurat10n exists, it is called a proJective plane of 

order s It is well known (see [19] p 93) that ifs = p0
, where p is a pnme number 

and a 2: 1 an mteger, then there exists a proJective plane of order s In this case, 

M(s2 + s + 1, s + 1) = (s + l)s<"
2
+s)/Z 

For example, M(13, 4) = 2916 

1.3 Z(n, k) and Z+(n, k) 

For completeness we consider two sets related to S(n, k) Taken 2: 2 and k E Z 

Let Z(n, k) denote the set of all n x n mteger matnces with all lme sums equal to 

k, for k f. 0 Similarly let Z+(n, k) denote the set of all n x n nonnegative mteger 

matrices with all hne sums equal to k, for k 2: 1 We state the results for the 

mmimum positive determmants m Z(n, k) and Z+(n, k) as established m [14] Th 

2 

THEOREM 1.3.1 Let n 2: 2 and k be nonzero integers 

(a) Then min{ldetAI A E Z(n, k), detA f. O} = lkl gcd(n, k) 

(b) If k 2: 1, then min{ldetAI A E Z+(n, k), detA f. O} = k gcd(n, k) 



13 Z(n, k) and Z+(n, k) 18 

We give the followmg general lemma to aid the proof of the next theorem 

LEMMA 1.3 2 Suppose x, E R + U 0, and E~=l x, = k Then E~=l x~ S k2
, with 

equality holding if and only if there is a unique J 1 s J s n, so that x1 = k and 

x, = 0 for i =/= J 

Proof. Smee each x, ~ 0, 

Therefore I:~1 x~ s k2 Equality holds if and only 1f L,i=J x,x3 = 0 Also smce each 

x, ~ 0, there can eXISt at most one x3 nonzero Hence, smce E~=l x, = k, it follows 

that there exist a umque J so that x3 = k and x, = 0 for i =/= J □ 

Now to determme sup{ jdetAj A E Z(n, k)} and max{jdetAj A E Z+(n, k)} is 

not difficult 

THEOREM 1.3.3 Letn ~ 2 andk be nonzero integers Thensup{jdetAI A E Z(n , k)} 

is unbounded, and max{jdetAj A E Z+(n , k)} = kn 

Proof. Let x E Z, and let 
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k k-x 0 0 x-k 
0 X k-x 0 0 
0 0 X k-x 0 

B= (11) 

0 0 0 X k-x 
0 0 0 0 k 

Then B E Z(n, k) and jdetBI = k2 lxln-2 , smce B 1s upper triangular Thus 

sup{jdetAI A E Z(n, k)} ~ k2 lxln-2 , and this mequahty holds for every x E Z 

Hence sup{jdetAI A E Z(n, k)} IS unbounded However, if B as rn (11) were rn 

Z+(n, k), then x = k, and therefore ldetBI = kn Usrng Lemma 1 3 2 and Corollary 

1 2 4 implies that max{ldetAI A E Z+(n, k)} = kn Tlus proves the desired result 

D 

1 4 Basic Propos1tions and Examples 

In this section we discuss some more basic results concernrng matrices rn S(n, k) 

and G(n, k), and we denote gcd(n, k) by d For reference, we state here the theorem 

evaluatrng m(n, k) discussed rn the Introduct10n, and proved rn [14] 

THEOREM 1 4 1 For n = 3 and n ~ 5, 

m(n, k) = kd 
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The next proposition restricts the values of the determmant of matrices m 

S(n, k) This proposition can be found m [16] We present a proof here for com­

pleteness 

PROPOSITION 1.4.2 If A E S(n, k), then kd divides ldetAI 

Proof. Add rows 2, 3, , n to row 1 The resultmg matrix A' has first row 

[k, k, , k] Hence ldetAI = ldet(A')I = kldet(A")I, where A" has rows 2, 3, , n 

the same as A, and row 1 is eT Now add columns 2, 3, , n to column 1 The 

resultmg matrix A"' has first column [n, k, , k]T, from which we can factor out d, 

resultmg m A(iv) Thus 

ldetAI = kldet(A")I = kldet(A"')I = kdldet(A(,v))I 

Smee A(,v) has mteger entries, det(A(iv)) E Z Thus kd divides jdetAI □ 

The followmg result was given by Newman [16] We present a different proof 

here 

PROPOSITION 1.4.3 If A E S(n, k) , then 

(n-k) det(J -A)= (-1r- i -k- detA 
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Proof Smee A E 8(n,k), A- 1 exists Thus 

det(J - A) = (-ltdetA det(I - J A-1 ), where JA- 1 has rank one smce J has 

rank one So by Lemma 12 5, det(J -A)= (-ltdetA(l + tr(-JA-1)) Smee 

A E 8(n, k) 1t follows that tr(-J A- 1) = -n/k Hence 

det(J - A) = (-1t- 1(nkk)detA □ 

Proposition 1 4 3 establishes a duality between 8(n, k) and 8(n, n - k) For 1f 

A E 8(n, k) and jdetAI = M(n, k), then J - A E 8(n, n - k) and 

jdet(J - A)I = nkk M(n, k) = M(n, n - k) and conversely, smce the constants m 

Proposition 1 4 3 are fixed for any matrix m S(n, k) Fork= l, M(n, 1) = m(n, 1) = 1, 

smce 8(n, 1)={ Q Q is an n x n permutation matnx} When k = n - l, usmg 

Proposition 1 4 3, 1t follows that M(n, n - l) = n - l = m(n, n - l) 

We give two examples to illustrate the above ideas 

EXAMPLE 144 Let A E 8(6, 3) By Theorem 126, jdetAI ~ 13 04 Then by 

Proposition 1421t follows that jdetAI = 9 Hence m(6, 3) = M(6, 3) = 9 

EXAMPLE 1.4.5 Let A E 8(7, 3) Usmg Theorem 1 2 6 with k = 3 and A = 1, 

gives jdetAI ~ 24 It is well known that there exists a (7,3,1)-configurat1on that 1s 

a pr0Ject1ve plane o~ order 2, hence M (7, 3) = 24 A matrix attammg this bound 

is I + P + P3
, where P = [p,1 ] is the fundamental circulant, 1 e p,,,+1 = 1 for 

i = 1, 2, , n - 1, Pn,1 = 1, and p,1 = 0 otherwl.Se By Proposition 1 4 3, M(7, 4) = 
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32, and we note that m(7, 3) = 3 from Theorem 141 

For the case G ( n, l), we need only c01isider n = 2r, for some r ~ 1 The 

only regular graph of degree one is a perfect matchmg, from which it follows that 

W(2r, 1) = w(2r, 1) = 1 The only regular graph of degree n - l is the complete 

graph, denoted by Kn, and it follows that W(n, n - 1) = w(n, n - 1) = n - 1 

As previously mentioned, Proposit10n 14 3 establishes a duality between S(n, k) 

and S(n, n - k) Unfortunately, due to the restriction of zero diagonal, the same 

does not hold for G(n, k) The next result rmphes a more complicated relationship 

between G(n, k) and G(n, n - k - 1) 

PROPOSITION 1.4.6 If A is an n x n (0,1} matrix with zero trace and constant 

line sums k, then 

(
k + 1- n) 

det ( J - A - I) = k + l PA ( -1) (12) 

Proof. If A satisfies the hypotheses, then I+ A ism S(n, k + 1) if and only if 

-1 is not an eigenvalue of A If -1 is an eigenvalue of A, then the nght hand side 

of (1 2) is zero Notice that 

det(J -A-I)= (-1)" · P1-A(l) 
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Smee A has constant hne sums k, A commutes with J, hence the eigenvalues of J-A 

are µ 1 = n - A1, µ, = ->.,, for i = 2, 3, , n, where A1 , , An are the eigenvalues 

of A arranged m some order (see [13] Th 2 4 9) Smee J - A 1s an entry-wise 

nonnegatrve matrix with Perron root n - k, 1t follows that A1 =/=- -1 Thus µ, = 1 

for some i ~ 2, hence det(J - A - I) = 0 So (1 2) holds m this case 

If -1 1s not an eigenvalue of A, then I+ A E S(n, k + l), and by Propos1t10n 

14 3, 

det( J - (A + I)) = ( -1) n - i ( n -k ~; l)) det( A + I) = ( k : : ~ n) PA ( -1) 

Hence (1 2) holds, and this completes the proof D 

If A E G(n, k) and (1 2) IS not zero, then J - A - IE G(n, n - k - l) We note 

here that 1f A 1s an adJacency matrix of G, then J - A - I 1s an adJacency matrix 

of the complement of G (see [1] p 20) 

We give two examples to illustrate Propos1t10n 1 4 6 

EXAMPLE 1.4. 7 The set G(6, 3) IS empty To prove this, assume to the con­

trary that there exists A E G(6, 3), and let B = J - A - I By Propos1t10n 1 4 6, 

ldetAI = ldet(J - B - I)I = IPB(-l)I On 6 vertices there are only two graphs (up 

to 1somophism) regular of degree 2 They are C6 and Ca U Ca, and m either case 

-l 1s an eigenvalue (see [1] p 17) Hence A IS smgular, and thus G(6, 3) = </> 
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EXAMPLE 1.4.8 Consider G(lO, 3) and G(lO, 6) Let A E G(lO, 3) Then we 

need to consider two cases Suppose G(A) 1s connected In [7] Table 3 there 1s a hst 

of all connected graphs on 10 vertices regular of degree 3 From this table 1t follows 

that W(lO, 3) ~ 48, and w(lO, 3) ~ 3 By Theorem 1 4 1, m(lO, 3) = 3, hence 

w(lO, 3) = 3 Now suppose G(A) 1s disconnected Then, smce every component 1s 

regular of degree 3, there exist exactly two components of G(A), say G1, G2 , with 

either IV(G1)I = 4 and IV(G2)I = 6 or else IV(G1)I = IV(G2)I = 5 Smee a graph 

must have an even number of vertices of odd degree, the latter 1s 1mposs1ble Hence 

G1 IS isomorphic to K 4 Thus G(A) IS ISOmorphic to K4 U G2 where G2 is regular 

of degree 3 with IV(G2)1 = 6 From Example 1471t follows that A IS smgular, this 

IS a contrad1ct1on Therefore W(lO, 3) = 48 

If A E G(lO, 6), then G(B) is a regular graph of degree 3, where B = J -A- I 

If G(B) is connected then we can find lp8 (-l)l m [7] Table 3, otherwise G(B) IS 

disconnected and 1s 1SOmorph1c to K4 U G2 as above Smee -1 IS an eigenvalue of 

A(K4 ) this implies p8 (-1) = 0 From [7] Table 3 and Proposition 1 4 6, it follows 

that w(lO, 6) = 12 and W(lO, 6) = 192 We remark here that W(lO, 3) is attamed 

by the adJacency matrix of the Petersen graph (see [21] p 10) Also, W(lO, 6) 1s 

attamed by the adJacency matrix of the complement of the Petersen graph 



25 

Chapter 2 

Maximum Determinants in S(n, 2) and G(n, 2) 

In this chapter we begm our study of determmmg M ( n, k) and W ( n, k) by consid­

ering the case k = 2 Our first step is to describe a canonical form for matrices 

m S(n, 2) We show that every matnx m S(n, 2) 1S permutat10nally eqmvalent to 

a block diagonal matrix, where each block has the same (0,1) pattern The sizes 

of each block may be different This reduces our study of matrices m S(n, 2) to 

these block matrices From our analys1S we are able to derive a recurrence relat10n 

mvolvmg M(n, 2), thus determmmg M(n, 2) 

To determme W(n, 2) and w(n, 2) 1S easier, smce M(n, 2) and m(n, 2) are known 

and we al\\'ays have the mequalities 

m(n, 2) ~ w(n, 2) , and W(n, 2) ~ M(n, 2) 

However, we also derive a canonical form for matrices m G(n, 2) Usmg the restric­

tion of symmetry and zero trace, we show that every matrix m G(n, 2) 1s permuta­

t10nally similar to another block diagonal matrix 
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2.1 Maximum Determmants m 8(n, 2) 

When k = 2, we stated m the Introduction that 8(n, 2) -=I-¢ for every n except 

n = 4 (see [16)) We present a proof that shows 8(4, 2) = ¢ It will become evident 

that 8(n, 2) -=I-¢ for n = 3 and n 2'.: 5 as we go through thIS section 

PROPOSITION 2.1.1 8(4, 2) = ¢ 

Proof. Suppose the contrary, and let A E 8(4, 2) Smee there are exactly two 

ones m row and column 1, we can permute the rows and columns of A so that the 

resultmg matnx has the followmg form 

I!!~ ~1 
0 * * * ' 
0 * * * 

where * means either a O or 1 Smee A IS nonsmgular, and J2 IS smgular, thIS 

rmphes that the (2,2) entry of the above matnx must be zero Thus by permutmg 

rows and columns 3,4 so that the (2,3) and (3,2) entries are one, this forces the 

resultmg matnx to have the followmg form 
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The (3,3) entry of the above matrix cannot be one smce then the (3,4) and ( 4,3) 

entries must be zero, but this implies that row 4 does not sum to two Hence the 

resultmg matnx must be m the form 

1 0 0 I 0 1 0 
1 0 1 

0 1 1 

That 1s, there exist permutation matnces Q, R such that QAR = B It 1s 

straightforward to verify that detB = 0, thus A is smgular ThIS 1s a contradiction, 

therefore S( 4, 2) = ¢ D 

Motivated by the proof above we define the followmg matnx For n 2:-: 2, let An 

denote the followmg n x n matnx 

1 1 0 0 0 0 

1 0 1 0 0 0 

0 1 0 1 0 0 

An= (2 1) 

0 0 1 0 1 0 
0 0 0 1 0 1 
0 0 0 0 1 1 

LEMMA 2.1.2 Forn 2:-: 2, 

ldetAnl = { ~ , if n even, 
, if n odd 
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Proof Let R, denote row i of An Consider the followmg row operat10ns, R2 

R2 - R1 , Ra Ra+ R2 , and m general for 1 ~ J ~ n - 1, R,+1 R3+1 - R3 if J is odd 

and RH1 RH1 + R3 if J 18 even Here Rk Rk + cR. means Rk lS replaced with 

Rk + cR,, which does not alter the value of the determmant Now if n is even then 

n-1 is odd, and therefore the final row operat10n is Rn Rn-Rn-i leadmg to a zero 

row, hence detAn = 0 If n is odd, then the final row operat10n is Rn Rn+ Rn-i, 

givmg an upper triangular matrix with mam diagonal (±1, ±1, , 2), which implies 

that jdetAnl = 2 D 

Hence when n is odd An E S(n, 2) The followmg describes a canomcal form 

for matrices m S(n, 2) up to permutation equivalence, see also [4] p 5 Recall that 

B EB C denotes the direct sum of the matrices B and C, which by defimtion is 

LEMMA 2.1.3 If A E S(n, 2), then there exist permutation matrices Q, R such 

that QAR = An1 EB An2 EB EB Ant, with t 2:: 1, where I:!=1 n, = n 

Proof. The proof is by mduction on n The lemma is readily verified when n = 

3 Suppose the lemma 18 true for A E S(r, 2) where 3 ~ r ~ n - 1 Let A E S(n, 2) 

Smee there are exactly two nonzero entries m the first row (resp first column), 

the rows (resp columns) of A can be permuted so that a11 = a 12 = °'2l = 1 Thus 
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a1i = a,i = 0 for i ~ 3 Smee A lS nonsmgular, a 22 = 0 m which case rows (resp 

columns) 3, 4, n of A can be permuted so that a23 = a32 = 1 Consider two cases 

If a33 = 1, then there ex1St permutat10n matnces Q', I( so that 

Q' AR! = [ Aa O l 
0 A' ' 

where A' E S(n - 3, 2), and the result holds by mduct10n Otherwise a33 = 0 

Then as above, rows (resp columns) 4, 5, n of A can be permuted so that 

a 34 = a 43 = 1 Now by Lemma 2 1 2, A4 is smgular so it follows that a 44 = 0 

Contmumg this argument leads to one of two cases Suppose there exists an odd 

mteger J , 5 ~ J ~ n - 2, with a33 = 1 Hence there eXIBt permutation matrices Q", 

R' so that 

Q"AR!' = [ A1 0 l 
0 A" ' 

where A" E S(n - J, 2), and the result holds by mduct10n If no such J exists, 

then either an-l ,n - l = 1 or O If an- i ,n - l = 1, then row n cannot sum to two, so 

an- 1,n-1 = 0, hence by the construction Cln-1,n = Cln,n- 1 = 1, and this forces Clnn = 1 

This completes the proof □ 

As seen m the proof of Lemma 2 1 3, each block matrix An, has odd order at 

least 3 For small n, we can now easily construct all matnces m S(n, 2) and thus 

compute values of M(n, 2) We have already shown that S(n, n - I) =I </>, hence 

S(3, 2) =/ </> Lemma 2 1 3 implies that if A E 8(3, 2) , then there exist permutation 
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matrices Q, R such that QAR = A3 Smee this IS true for all A E S(3, 2), 1t follows 

by Lemma 2 1 2 that M(3, 2) = 2 

EXAMPLE 2.1.4 We prove that M(5, 2) = M(7, 2) = 2, and M(6, 2) = 4 Let 

A E S(5, 2) Then by Lemma 2 1 3 there exist permutat10n matrices Q, R such 

that QAR = A5 Smee this IS true for all A E S(5, 2), 1t follows by Lemma 2 1 2 

that M(5, 2) = 2 Similar arguments hold for S(7, 2) For S(6, 2), A6 1s smgular by 

Lemma 2 1 2, and there exist permutation matrices Q, R such that QAR = A3 EBAa 

by Lemma 2 1 3 Hence M(6, 2) = 4, by Lemma 2 1 2 

EXAMPLE 2.1.5 Let A E S(9, 2) By Lemma 2 1 3, A 1s permutat10nally eqmv­

alent to either A9 or A3 EB A3 EB A3 Usmg Lemma 2 1 2 1t follows that M(9, 2) = 8, 

whereas usmg Theorem 1 4 1, m(9, 2) = 2, for k = 2 this IS the smallest value of n 

where these extrema are different 

LEMMA 2.1.6 For n ~ 8, 

M(n,2)=max{M(p,2)M(q,2) p,q~3,p+q=n} (22) 

Proof. Smee for any fixed r ~ 3, r =/ 4, S(r, 2) IS a fimte set, there exists B E 

S(r, 2) so that ldetBI = M(r, 2) Let p, q ~ 3, with p, q-=/ 4 so that p+q = n Notice 
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that for n ~ 8 we can always find such a p and q Let C E S(p, 2), D E S(q, 2) so 

that ldetCI = M(p, 2) and ldetDI = M(q, 2) Then C EB D E S(p + q, 2) = S(n, 2) 

and therefore M(n, 2) ~ M(p, 2)M(q, 2) It follows that 

M(n, 2) ~ max {M(p, 2)M(q, 2) p, q ~ 3,p + q = n} 

Now let A E S(n, 2) Then by Lemma 2 1 3 there mast permutat10n matrices Q, R 

so that QAR = An1 EB An2 EB EB Anti with t ~ 1 If t > 1, then smce detA # 0 

1t follows that n1 ~ 3 and n1 # 4 Thus QAR = An1 EBB, where the order of Bis 

also not 4 Then BE S(n - n1, 2), and smce ldetAI = ldetAn1 lldetBI, this implies 

ldetAI ~ max{M(p,2)M(q,2) p,q ~ 3,p+q = n} 

Smee A E S(n, 2) IS arbitrary, 

M(n, 2) ~ max {M(p, 2)M(q, 2) p, q ~ 3,p + q = n} 

If t = 1, then usmg Lemma 2 1 2, ldetAI = 2 and n must be odd Smee for n ~ 8 

the right hand side of (2 2) IS always greater than 2, the mequal1ty still holds This 

completes the proof □ 

We come to our mam results for the maximum determmant of matrices m 

S(n, 2) 

THEOREM 2.1. 7 For n ~ 8, 

M(n, 2) = 2M(n - 3, 2) 
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Proof. The proof IS by mduct10n on n The cases n = 8, 9, 10, , 15 have been 

verified separately as is necessary because of the restriction on p or q needed m the 

mduction step Suppose the theorem holds for alls 15 ~ s ~ n - 1 Now consider 

s = n By Lemma 2 1 6, 

M(n , 2) ~ M(3, 2)M(n - 3, 2) = 2M(n - 3, 2) 

Also usmg Lemma 2 1 6, there exist p, q ~ 3 and neither equal to 4, so that p+q = n 

and M(n, 2) = M(p, 2)M(q, 2) Smee n ~ 15, at least one of p or q is~ 8 Suppose 

q ~ 8 Then by mduct1on 

M(n, 2) = M(p, 2)M(q, 2) = 2M(p, 2)M(q - 3, 2) 

Thus by Lemma 2 1 6, M(n, 2) ~ 2M(n - 3, 2) Therefore M(n, 2) = 2M(n - 3, 2) 

D 

COROLLARY 2.1.8 For n = 3 and n ~ 5, 

M(n 2) = { 2t , ifn=3t orn=3t+2, 
' 2t- l , if n = 3t + 1 

Proof. We use mduct10n on n CoilSlder the case n = 3t + 2 By Theorem 2 1 7 

1t follows that M(n, 2) = 2M(n - 3, 2) = 2M(3(t -1) + 2, 2) So by mduct1on 
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Similar arguments can be applied when n = 3t and n = 3t + l D 

COROLLARY 2.1.9 For n = 3 and n ~ 5, 

M(n n _ 2) = { (n - 2)2t-I , if n = 3t or n = 3t + 2, 
' (n - 2)2t-2 , if n = 3t + l 

Proof Follows from Proposit10n 1 4 3 and Corollary 2 1 8 D 

Note that not only do we determme M(n, 2), our proofs also identify matrices 

attammg M(n, 2) For example, if n = 3t, then A3 EB A3 EB EB A3 , where there 

are t copies of A3 , is m S(n, 2) and has determmant with absolute value 2t Sim­

ilar arguments can be used for n = 3t + 1, 3t + 2 Notice that if n = 3t, then 

By Proposition 1 4 2 if A E S(n, k), then ldetAI is a multiple of kd, where 

d = gcd(n, k) By Lemma 2 13 it follows that if A E S(n, 2), then ldetAI = 2r, 

for some r ~ 1 Thus m the case k = 2, the distribution of the values of ldetAI 

IS restricted even more than Just bemg a multiple of 2d For example, if n = 9, 

then for A E S(9, 2), ldetAI E {2, 23
} , so ldetAI -=I- 4 or 6 For general n, write 

n = E~=l n., where r ~ 1, n, ~ 3 and odd Then for A E S(n, 2), ldetAI = 2\ 

and every such value can be achieved Fork= 2, this answers a question posed by 

Grady and Newman m [10] concermng the distribution of the values of ldetAI when 
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A E S(n, k) 

2.2 Maximum Determinants in G(n, 2) 

Now we consider the set G(n, 2), and begm with some graph theoretic results, 

the first of which can be found m [21] p 11 Recall that Cn is an n-cycle, as defined 

m Chapter 1 

LEMMA 2 2.1 Let G = (V, E) be a connected graph on n vertices that is regular 

of degree 2 Then G is isomorphic to Cn 

Proof. Smee G is connected and IVI = IEI it follows that G contams a cycle 

(see (21]) Smee any vertex m this cycle has degree two, any vertex m the cycle 

cannot be connected to any vertex not m the cycle However, G 1s connected, hence 

the cycle must mclude every vertex, that is G 1s isomorphic to Cn □ 

COROLLARY 2.2.2 If G = (V, E) is a regular graph of degree 2, then G is a 

union of cycles 

The adJacency matnx of Cn 1s written out below as it will be useful later 
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0 1 0 0 0 1 
1 0 1 0 0 0 
0 1 0 1 0 0 

A(Cn) = 
0 0 1 0 1 0 

0 0 0 1 0 1 
1 0 0 0 1 0 

The followmg 1s a well known result and can be found m [7] p 306 

LEMMA 2.2.3 If A( Cn) is an n x n adJacency matnx of Cn, then 

{ 

0 , if n = 0 ( mod4), 
ldetA(Cn)I = 2 , if n = 1 or 3 (mod4), 

.. 4 , if n = 2 (mod4) 
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(2 3) 

If A E G(n, 2), then Corollary 2 2 2 characterizes G(A) Knowmg this fact and 

usmg Lemma 2 2 3, we determme W(n, 2) and w(n, 2) 

THEOREM 2 2 4 For n = 3 and n ~ 5, 

W(n, 2) = M(n, 2) and w(n, 2) = m(n, 2), 

where M(n, 2) 1,S given by Corollary 2 1 8 and m(n, 2) by Theorem 1 4 1 

Proof. The case n = 3 has already been done m Section 1 4 So suppose 

n ~ 5 Fust, let n = 3t for some t ~ 2 Let B = A(C3 ) EB A(C3 ) EB EB A(C3 ) 
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be the direct sum oft copies of A(C3) Then B E G(n, 2) and by Lemma 2 2 3, 

ldetBI = 2t Hence by Corollary 2 1 8 

W(n, 2) ~ ldetBI = 2t = M(n, 2) ~ W(n, 2), 

smce G(n, 2) C S(n, 2) For the case n = 3t + 1, let 

B = A(Ca) EB A(Ca) EB EB A(Ca) EB A(C1), where there are t - 2 copies of A(Ca) 

and apply similar arguments as above Slfilllarly 1f n = 3t + 2, let 

B = A(Ca) EB A(Ca) EB EB A(Ca) EB A(Cs) with t - 1 copies of A(Ca) 

For the mm1mum, similar arguments can be applied dependmg on whether n is 

even or odd For example, if n is odd, then m(n, 2) = 2, and 1f we let B = A(Cn), 

then BE G(n, 2) and by Lemma 2 2 3 

w(n, 2) :::; ldetBI = 2 = m(n, 2) :::; w(n, 2) 

Hence w(n, 2) = m(n, 2) D 
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Chapter 3 

Maximum Determinants in G(n, n - 3) and S(n, n - 3) 

In this chapter we begm our analysis by considermg G(n, n - 3) We determme 

W(n, n - 3) and w(n, n - 3), for n = 4, 5 and n ~ 7 Knowmg W(n, n - 3) gives 

nse to new lower bounds for M(n, n - 3) and M(n , 3) 

3.1 Prehminar1es 

If A E G(n, n - 3) , then let B = J - A - I Usmg Corollary 2 2 2 we know that 

G(B) is a umon of cycles By Propoo1tion 1 4 6, 

(n-3) ldetAI = ldet(J - B - I)I = -
3
- IPB(-1)I 

So m order to maximize I detA I we need to maximize IP B ( -1) I However, first we 

need to understand more about p A( en) ( -1) smce G ( B) is a umon of cycles As m 

Example 1 4 5, we denote the fundamental circulant by P It is readily verified 

that the characteristic polynomial of P IS ,\n - 1 Hence the eigenvalues of P are 

the nth roots of umty, w1 =cos(~)+ ism(~), 0 ~ J ~ n - l Referrmg to (2 3) 

gives A(Cn) = P+P- i, note that p -i = pn-i If/ IS any polynomial, then/(>..) 
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is an eigenvalue of J(A), where ,\ 1s an eigenvalue of A Thus the eigenvalues of 

A(Cn) are w1 + w;1, 0 ~ J ~ n - 1 Smee w1 IS on the umt circle, its mverse IS 

equal to its complex conJugate Hence the eigenvalues of A(Cn) are 2cos(~), for 

J = 0, 1, , n - 1 (see also [7] p 306) Therefore -1 IS an eigenvalue of A(Cn) 

if and only if there eXISts J such that cos(~)= -1/2 This implies that either 

~ = 2
; or ~ = ~ In either case we have that n = 3t, for some positive mteger 

t Therefore PA(Cn )(-1) = 0 1f and only if n = 3t, fort~ 1 We give an example 

for 1llustrat10n 

EXAMPLE 3.1.1 We claim that up to permutation s1m1lar1ty there IS only one 

matnx m G(7, 4) Let A E G(7, 4) and B = J - A - I There are essentially only 

two graphs on 7 vertices regular of degree 2, namely C7 and C3 U C4 If B 1s the 

adJacency matnx of C3 UC4, then from the remarks above -1 IS an eigenvalue of B 

(see also [1] p 17) However, if Bis the adJacency matrix of C7 , then -1 is not an 

eigenvalue of B, and lp8 (-l)I = 3 (see [7] p 306) Hence, w(7,4) = W(7,4) = 4 

by Proposition 1 4 6 

Recall that we have already shown that G(6, 3) = </> (see Example 1 4 7), and 

we will show that G(n, n - 3) #</>for n = 4, 5 and n ~ 7 Compare thIS with the 

fact that 8(4 , 2) =</>,and S(n, 2) #-</>for n = 3 and n ~ 5 
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3.2 Maximum Determmants m G(n,n - 3) 

LEMMA 3.2.1 For n ?::: 3, 

( ) { 
0 , if n = 3t, 

PA(Cn) -1 = _
3 , otherwise 

Proof. When n = 3t, we have already shown m Section 3 1 that PA(Cn)(-1) = 0 

For n ?::: 3, we claim that the followmg holds, 

PA(Cn+3)(-l) = PA(Cn)(-1) 

To prove this claim, notice that 

-1 -1 0 0 0 -1 
-1 -1 -1 0 0 0 
0 -1 -1 -1 0 0 

PA(Cn+a)(-1) = det 

0 0 -1 -1 -1 0 
0 0 0 -1 -1 -1 

-1 0 0 0 -1 -1 

hence, 

1 1 0 0 0 1 
1 1 1 0 0 0 
0 1 1 1 0 0 

PA(Cn+a)(-1) = (-It+3det (3 1) 

0 0 1 1 1 0 
0 0 0 1 1 1 
1 0 0 0 1 1 



32 Maximum Determinants m G(n, n - 3) 40 

Thus 

where Ln+3 is defined M the matnx m (3 1) above 

We use elementary row operations to compute the determmant of Ln+a Perform 

the followmg row operat10ns R2 R2 - R1 and Rn+a Rn+a - R 1 Then 

1 1 0 0 0 1 

0 0 1 0 0 -1 

0 1 1 1 0 0 

det( Ln+a) = det 0 0 (3 2) 

1 1 1 0 
0 0 0 1 1 1 
0 -1 0 0 1 0 

Now replace Rn+2 by Rn+2 + R2, and replace Ra by Ra+ Rn+a This does not alter 

the value of the determmant of (3 2) and gives 

1 1 0 0 0 0 0 1 

0 0 1 0 0 0 0 -1 

0 0 1 1 0 0 1 0 

0 0 1 1 1 0 0 0 

det(Ln+a) = det (3 3) 

0 0 0 0 1 1 0 0 
0 0 0 0 1 1 1 0 
0 0 1 0 0 1 1 0 

0 -1 0 0 0 0 1 0 

Expand th.is determmant by the first column, and then expand the resultmg de-

termmant by the first column The final step 1s to expand the resultmg determmant 
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by the last column, givmg 

1 1 0 0 0 1 
1 1 1 0 0 0 
0 1 1 1 0 0 

det(Ln+3) = (-1)2(n+3}+ldet (3 4) 

0 0 1 1 1 0 
0 0 0 1 1 1 
1 0 0 0 1 1 

where the above matnx is n x n Hence (3 4) implies that 

Thus combmmg this and (3 1), it follows that 

This proves the clarm It is readily verified that PA(c3)(-1) = 0, and 

PA(C4 )(-1) = PA(C5 )(-1) = -3, thus the result follows by a srmple mduct10n argu-

ment D 

THEOREM 3.2.2 For n = 4, 5 and n ~ 7, 

( ) ( ) { 
3(n - 3) , if n = 3t, 

w n, n - 3 = m n, n - 3 = (n _ 
3
) 

, othen.v'tSe 

Proof The result for m(n, n - 3) follows from Theorem 141 For w(n, n - 3), 

suppose n # 3t If B = A(Cn) 1t follows that J - B - IE G(n, n - 3), smce 
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J - B - I IS nonsmgular by Lemma 3 2 1 Usmg Proposition 1 4 6 and Lemma 3 2 1 

agam, 

(
n-3) ldet(J - B - I)I = -

3
- IPB(-1)I = n - 3 

If n = 3t, then wnte n = 4 + 3(t - 2) + 2 Let B = A(C4 ) EB A(Ca(t-2)+ 2 ) Usmg 

similar arguments as above, it follows that ldet(J - B - I)I = 3(n - 3) D 

In order to determme W(n, n - 3) it is convement to let 

µn = max{IPB(-1) I Bis an nxn adJacency matrix of a regular graph of degree 2} 

By the remarks m Section 3 1, for n = 4, 5 and n 2:: 7, 

(
n-3) W(n,n-3) = -

3
- µn (3 5) 

The proof of the followmg lemma IS similar to the proof of Lemma 2 1 6 and is 

ommited 

LEMMA 3.2 3 For n 2:: 8, 

Evaluation of ~ leads to our mam results for the maximum absolute value of 

the determmant of matrices m G(n, n - 3) 
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THEOREM 3.2 4 Forn ~ 11, 

Proof The proof is by mduct10n on n The cases n = 11, 12, , 21, have been 

verified separately as is necessary for the mduction step So suppose the result is 

true for s, where 21 ~ s ~ n - l Now considers= n By Lemma 3 2 3, 

However, by Lemma 3 2 3 there exist p, q ~ 3,p + q = n, such that µn = µP µq , 

and we may assume without loss of generality that q ~ ll Therefore by mduction 

µq = 3 µq-4 Usmg Lemma 3 2 3, it follows that µn ~ 3 ~ -4 D 

For x E R, let l x J denote the largest mteger smaller than or equal to x The 

followmg can be proved easily by venfymg the smaller cases separately, and usmg 

mduct10n for n ~ 11 

COROLLARY 3.2 5 For n = 4, 5 and n ~ 7, µn = 3Ln/4J 

Combmmg Corollary 3 2 5 and (3 5) , gives the followmg 

THEOREM 3.2.6 For n = 4, 5 and n ~ 7, 

W(n, n - 3) = (n - 3)3Ln/4J-l 
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Smee G(n, n - 3) C S(n, n - 3), and usmg the duality m Proposition 1 4 3, Theo­

rem 3 2 6 gives the followmg new bounds for M(n, n - 3) and M(n, 3) 

COROLLARY 3 2. 7 For n = 4, 5 and n ~ 7, 

M(n, n - 3) ~ (n - 3)in/4J-i, and M(n , 3) ~ 3ln/4J 

Note that m general the bounds given m Corollary 3 2 7 are not tight In 

particular, for n = 10, it was shown m Example 1 4 8 that W(lO , 3) = 48 This 

rmphes that M(lO, 3) ~ 48 However, the bound given m Corollary 3 2 7 gives 

M(lO, 3) ~ 9 Combmmg Corollary 3 2 7 and Theorem 126 implies 
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Chapter 4 

Related Applications 

In this final chapter, we present some mdependent but related results concernmg 

S(n, k) and G(n, k) Specifically, we show that there exist permutation matrices 

Q, R such that QAnR = A(Cn) if and only if n IS odd We also establish an­

other relationship between An and A( Cn) that leads to a method for computmg the 

eigenvalues of the class of tridiagonal matrices aln + bAn, where a, b ER 

As a final topic we use a result of [8] to give a localizat10n result for the sub­

dommant eigenvalues of symmetric (0,1) matrices with constant lme sums and zero 

trace We then establish a better localizat10n result for the subdommant eigenvalues 

of the matrices above, and show that m general this region cannot be improved We 

conclude the chapter with a brief summary of the results contamed m the thesis and 

present a table of presently known values of m(n, k), w(n, k), W(n, k) and M(n, k) 

4.1 Relationship between S(n, 2) and G(n, 2) 

In thIS sect10n we provide a relat10nslup between An and A( Cn) We already 
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know that smce A(Cn) E S(n, 2) there exist permutat10n matrices Q, R such that 

QA(Cn)R is equal to a direct sum of matrices of the form An, However, we will 

prove that more is true First we need some defirutions and basic facts for (0,1) 

matrices, see [4] Chap 3 and 4 for more details 

DEFINITION 4.1.1 If A 1s an n x n (0,1) matnx with n 2: 2, then A 1s partly 

decomposable 1f there exist permutat10n matrices Q, R such that 

where O 1s at x (n - t) matrix, 1 ~ t ~ n - 1, and B, Dare square matrices Oth­

erwise A 1s fully indecomposable A is said to be nearly decomposable 1f A is fully 

mdecomposable, and 1f any 1 1s replaced by a zero the resultmg matrix is partly 

decomposable A 1s reducible 1f there eXISts a permutat10n matrix Q such that 

where O 1s at x (n- t) matrix, 1 ~ t ~ n - 1, and B, Dare square matrices Oth­

erwise A 1s irreducible 

If A 1s an n x n symmetric (0,1) matnx with zero trace and A 1s 1rreduc1ble, then 

1t follows that G(A) 1s connected (see [2] p 30) 

The case when n = 1 IS either tnval or non mstruct1ve, so we assume henceforth 

that n ~ 2 The followmg lemma can be found m [4] p 113 
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LEMMA 4.1.2 If A IS an n x n (0,1} matrix, then A IS fully indecomposable if 

and only if there exist permutation matnces Q, R such that QAR is irreducible, with 

each diagonal entry equal to 1 

COROLLARY 4.1.3 If A IS an n x n (0,1} fully indecomposable matrix, then A 

contains at least 2n ones 

Proof. This result follows directly from the defimt10n of irreducibility and 

Lemma 412 D 

PROPOSITION 4.1.4 An IS fully indecomposable 

Proof. Let C, denote the ith column of An m (2 1) Consider two cases If 

n is odd, then for i = 1, 2, , Ln/2j, mterchange C2, and C2,+1 The resultrng 

matnx has each diagonal entry equal to 1 Thus there exist permutat10n matrices 

Q' , R' ( Q' = I) such that Q' AR' = I + H, where H is a permutat10n matnx given 

by the permutat10n (1, 3, 5, , n, n - l , n - 3, , 2) Hence H is an irreducible 

matnx, and therefore Q' AR' is an irreducible matnx By Lemma 4 1 2, An IS fully 

rndecomposable For the case when n IS even, let i = 1, 2, , Ln/2j - 1 and apply 

similar arguments D 

PROPOSITION 4.1.5 An IS nearly decomposable 
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Proof By Proposit10n 4 1 4, An lS fully mdecomposable Moreover smce An 

has exactly 2n ones, An is nearly decomposable by Corollary 4 1 3 D 

PROPOSITION 4.1.6 A(Cn) is nearly decomposable if and only if n is odd 

Proof. Suppose n 1s odd Recall from (2 3) that A(Cn) = P + p-i, where P 1s 

the fundamental circulant Smee n is odd, P2 is an irreducible matrix Thus smce 

PA(Cn)I =I+ P2, by Lemma 4 1 2 A(Cn) lS fully mdecomposable Usmg similar 

arguments as m Proposition 4 1 5, it follows that A(Cn) 1s nearly decomposable To 

prove the converse, suppose n is even To show A(Cn) is not nearly decomposable it 

IS sufficient to show that A(Cn) IS partly decomposable Let n = 2s, for some s ~ 1, 

also let X = {2,4, ,2s}, and Y = {1,3, ,2s-1} Permute the rows of A(Cn) 

so that all the md1ces correspondmg to Y are before the md1ces correspondmg to 

X, and permute the columns of A(Cn) so that all the md1ces correspondmg to X 

are before the md1ces correspondmg to Y Thus there exist permutation matrices 

Q,R so that 

[ 
A' 0 l QA( Cn)R = O A" , 

where O 1s s x s Hence A(Cn) IS partly decomposable when n is even D 

The followmg can be found m [4] p 122 

LEMMA 4.1.7 Suppose A is an n x n {0, 1} matrix If A is nearly decomposable 
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and the total number of ones in A is 2n, then there exist permutation matrices Q, R 

such that QAR =I+ P 

THEOREM 4.1.8 There exist permutation matnces Q, R such that QAnR 

A(Cn) if and only if n is odd 

Proof. Suppose n is odd By Proposit10ns 4 15and41 6, both An and A(Cn) 

are nearly decomposable Thus by Lemma 4 1 7, it follows that there ex1St permu­

tat10n matrices Q', I(, Q'', R" such that 

Hence there exist permutat10n matrices Q, R such that QAnR = A( Cn) To prove 

the converse, suppose there exist permutation matrices Q, R such that QAnR = 

A( Cn) Smee An is fully mdecomposable by Proposition 4 1 4, it follows from Def­

imt10n 4 11 that A(Cn) is fully mdecomposable Hence n is odd by Proposit10n 

416 D 

Note that Theorem 4 1 8 gives another proof of Theorem 2 2 4 m the case n odd 

4.2 Eigenvalues of a Class of Tridiagonal Matrices 

In this section we derive a formula for the eigenvalues of the class of matrices m 
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the followmg form 

(a+ b) b 0 0 0 0 
b a b 0 0 0 
0 b a b 0 0 

aln +bAn = (41) 

0 0 b a b 0 
0 0 0 b a b 

0 0 0 0 b (a+ b) 

where a,b ER 

If A is an eigenvalue of A, then A2 IS an eigenvalue of A2
, smce if Ax = Ax, then 

Moreover a partial converse IS true, that is if A IS an eigenvalue of A2
, then there 

eXISts /3 an eigenvalue of A such that /32 = ..X As there are only n eigenvalues, this 

rmphes that either /3 = JX or f3 = -JX We use thIS fact later 

The followmg is a well known result on the eigenvalues of a tridiagonal matrix 

(see [17], [12]), although we present a different proof here for completeness 

LEMMA 4 2.1 Let T be an n x n matnx m the following form 

ai bi 0 0 0 0 
C1 a2 b-i 0 0 0 
0 C2 a3 ~ 0 0 

T= (4 2) 

0 0 Cn-3 an-2 bn-2 0 
0 0 0 Cn-2 On-i bn-i 
0 0 0 0 Cn-1 an 
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If b,c, > 0, for i = 1, 2, , n - l, then the eigenvalues of T are real and have 

algebraic multiplicity one (i e are simple} 

Proof. Let D = [di,] be then x n diagonal matnx where d11 = 1, and fork> l , 

dkk = b1"2 b1,; I Then 1t 1s readily venfied that 
C!Cl •CA, - 1 

a1 v'OiCi 0 0 0 0 

v'OiCi ~ ~ 0 0 0 

0 ~ a3 ~ 0 0 

DTD- 1 = 

0 0 ...Jbn-3Cn- 3 an-2 Jbn-2Cn-2 0 

0 0 0 Jbn-2Cn-2 an-1 Jbn-1Cn-1 
0 0 0 0 Jbn-lCn-1 an 

Smee DT n-1 1s symmetnc and T and DT n-1 have the same eigenvalues, this 

rmphes that the eigenvalues of T are real Moreover thIS relation implies that 

the algebraic multiphc1ty (1 e the multiphc1ty of the zero m the charactenst1c 

polynomial) equals the geometnc mult1phc1ty (1 e the dimens10n of the e1genspace) 

for each eigenvalue of T (see [13] p 103) Suppose ).. 1s an eigenvalue of T Then 

)..J - T is also of the form (4 2) If the first row and last column of )..J - T 1s 

deleted, then the resultmg matnx IS an (n - 1) x (n - 1) upper tnangular matnx 

with no zero entnes on the diagonal smce b,ei > 0, for i = 1, 2, , n - l Hence 

this submatnx has rank n - l So, 1t follows that )d - T has rank at least n - l 

(see [13] p 13) However, )..J -T has rank at most n - l smce).. IS an eigenvalue of 

T So by defimt10n).. has geometric multiphc1ty one Tlus completes the proof □ 
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The followmg proposition gives nse to another relationship between An and 

PROPOSITION 4.2.2 If n ~ 3, then AnA~ - 21 = A~ - 21 is permutationally 

similar to A(Cn) In particular, if n is odd, then~ - 21 E G(n, 2) 

Proof. It is an easy computat10n to verify that 

0 1 1 0 0 0 
1 0 0 1 0 0 
1 0 0 0 1 0 

A2 
- 21 = n 

0 1 0 0 0 1 
0 0 1 0 0 1 
0 0 0 1 1 0 

The first assertion can be verified by considering G(A~ - 2/) and checkmg that 

this graph is isomorphic to Cn For n odd, A(Cn) is nonsmgular by Lemma 2 2 3, 

givmg the second assert10n D 

Proposition 4 2 2 gives as a corollary, a srmple method of computmg the eigen­

values of An, see [11] for a statement of this result 

COROLLARY 4 2 3 For n ~ 2, the eigenvalues of An are 

7rJ 
A3 = 2cos(-), for O 5: J 5: n - 1 

n 
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Proof. For the case n = 2, note that A2 = 12 and smce the eigenvalues of 12 are 

0 and 2 the result holds Suppose n ~ 3 Then by Proposition 4 2 2 the eigenvalues 

of A~ - 21 are equal to the eigenvalues of A(Cn) The eigenvalues of A(Cn) are 

2cos(~) for J = 0, 1, ,n-1, see Sect10n 31 If >.2 is an eigenvalue of A~ , then 

2rrJ rrJ 
).

2 = 2 cos(-)+ 2 = 4 cos2
(-) , 

n n 

for some J, 0 ~ J ~ n - l Thus>.= ±2cos(~), and either>. or->. is an eigenvalue 

of An For each J, 0 ~ J ~ n - l, let >.1 = 2cos(-~) Then 

rrJ rr(n-J) ->.1 = 2 cos(rr - -) = 2 cos(--'------) = An- 1 n n 

Thus for J ~ 1 either >.1 or >-n-i lS an eigenvalue of An Smee An is a tridiagonal 

matnx with positive super and subdiagonals, the eigenvalues of An are simple by 

Lemma 4 2 1 Hence for J ~ 1, >.1 lS an eigenvalue of An For the case when J = 0, 

it is easy to see that 2 is an eigenvalue of An, and this completes the proof D 

THEOREM 4.2.4 Forn ~ 2, the eigenvalues of the matnx given by (4 1}, namely 

aln + bAn, are 

rrJ 
>i_3 =a+ 2bcos(- ), far J = 0, l , , n - l 

n 

Proof. Follows from Corollary 4 2 3 
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4.3 On the Eigenvalues of Matrices in G(n, k) 

In this section we give a new localization result on the eigenvalues of symmetric 

(0,1) matrices with constant lme sums and zero trace, and m particular the matrices 

m G(n, k) One localization result is a direct consequence of the Perron-Frobemus 

theorem (Theorem 1 2 1), which gives that if A E G(n, k) , then any eigenvalue ). 

of A satisfies I.XI ~ k, and ). E R However, Theorem 1 2 1 is satisfied by any 

entry-wise nonnegative matnx, and matrices m G(n, k) have a lot more structure, 

namely, they have constant lme sums and are symmetric (0,1) matrices with zero 

trace 

We state a result that was proved m [8] The authors of [8] were concerned with 

the location of eigenvalues of real matrices B that sat1Sfied Be= p(B)e, sometrmes 

called stochastic matrices Smith [20] also used this result to describe the location of 

the eigenvalues of a special class of matrices known as Z-matrices We also assume 

that n ~ 2 We say that ). is a subdommant eigenvalue of A if I.XI < p(A) 

THEOREM 4 3.1 (Deutsch-Zenger) If B = [bi,] is an n x n real matrix W'l,th 

Be= p(B)e, then all the eigenvalues other than p(B) lie m 

IT(B) = U,;t., II,,(B), 
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where 

II,3 (B) = {m,3 + ur,3 + zh,3 z E Z', lul S 1}, 

1 
d,3 = 2 L lbu - b3d, r,3 = d,3 - h,3 /2 and 

lc:/;1,.1 

Z' = {z lz - 1/21 ~ 1, lz + 1/21 ~ 1} 

PROPOSITION 4.3.2 Let A be an n x n symmetnc {0,1} matrix with zero trace 

and constant line sums k Then for each 1 S i, J S n, 

where h,3 , m,3 , r,3 , and di, are defined m Theorem 4 3 1 Moreover, if A E G(n, k) , 

then 

/ { 
k , if k ~ n/2, 

-1 2 S r,3 S n _ k / , if k > n 2 

Proof. Usmg the fact that A is a symmetric (0,1) matrix with zero trace, the 

results for m,3 and h,3 follow immediately from the defimtions m Theorem 4 3 1 

Smee h,3 = 0, this rmphes that r,3 = d,3 For r,3 consider the followmg, 
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smce a11 = 0 for all i Hence the first result for r,1 follows 

To prove the second assertion notice that the quantity m the brackets repre­

sents the differences m the row sums of rows i, J of A Let R,,, R1 denote rows i, J 

of A, respectively For the lower bound on r,1 , if El la.i - a1ll = 0, then R,, = R1 

which implies that A is smgular Thus smce A E G(n, k), E, la.i - a1d > 0 Smee 

A 1s also a (0,1) matnx we must have El la.i - a1d ~ 1, hence r,1 ~ -1/2 For the 

upper bound, we note that the sum El la.i - a11 I is mvanant under any column per­

mutat10n, hence we can assume that R,, = (1, 1, , 1, 0, 0, , 0), where there are k 

consecutive ones followed by n-k consecutive zeros m R,, Now 1t 1s straightforward 

to venfy that 

n { 2k , if k S n/2 
~ la.i - a,ll S 2(n - k) 'if k > n/2 

Smee a,1 = 0 or 1 the bounds for r ,1 follows D 

By Propos1t10n 4 3 2 1t follows that 

Thus for each 1 s i,J s n, II,1 (A) IS a chsc m the complex plane centered at m,1 of 

radms r,1 Note that for A E G(n, k), m,1 = -1 or 0 

First we consider the case when k s n/2 Then r,1 s k by Proposit10n 4 3 2 

Thus all we can conclude about the subdommant eigenvalues of A E G(n, k) is 
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that they hem the set {z lzl ~ k}, which lS exactly equal to the disc given by the 

Perron-Frobemus theorem (Theorem 121) One of the reasons that Theorem 4 3 1 

lS not very useful lS the fact that when A E G(n, k), with k ~ n/2, then A may be 

reducible Hence p(A) may not be a simple eigenvalue (see [13] p 508) Thus we 

expect the discs for the remammg eigenvalues to mclude the disc given by Theorem 

1 2 1 

Consider the case when k > n/2 If A E G(n, k), with k > n/2, then it is easy 

to see that G(A) is connected Hence A 1S irreducible Therefore p(A) is a srmple 

eigenvalue of A (see [13] p 508) Thus the discs given by Theorem 4 3 1 give a 

better estimate on the locat10n of the other eigenvalues of A 

THEOREM 4.3.3 Let A be an n x n symmetnc (0,1} matnx with zero trace and 

constant line sums k If k > n/2 and A =I= k is any eigenvalue of A, then 

Proof. If k > n/2, then r,3 ~ n - k by Propos1t10n 4 3 2 This implies that 

IT,3 (A) 1S centered at O or -1 and has a maxrmum possible radms n - k Thus the 

maximum absolute value of A 1s (n - k) + 1 D 

We remark here that Theorem 4 3 3 holds for any matnx m G(n, k) By Theorem 
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4 3 3, if A E G(n, n - 3), then any eigenvalue A =/ n - 3 of A satisfies IAI S 4 

However, we now show that this bound IS never attamed, and obtam a sharper 

bound, that m general cannot be improved 

THEOREM 4.3.4 Let A be an n x n symmetnc {0,1} matnx with zero trace and 

constant line sums k If k > n/2 and A=/ k is any eigenvalue of A, then 

Equality holds for some A =/ k if and only if J - A - I is reducible 

Proof. For srmphcity of notat10n let B = J - A - I Then B satisfies the same 

hypotheses as A except that B has constant line sums n - k - I Smee J and B + I 

commute it follows that the eigenvalues of A= J - (B + I) are A1 = n - µ 1 - 1 and 

A,= -µ, - 1, i ~ 2, where µ 1, JL2, , µn are the eigenvalues of B arranged m some 

order We claim that A1 = p(A) = k To prove this, suppose not, that is, suppose 

there exists A, with i ~ 2, such that A, = k Smee k > n/2, A is irreducible, and this 

A, must be umque Therefore-µ,= k + l, 1mplymg that lµ,I = k +I> n - k + I, 

as k > n/2 This is a contradict10n smce the spectral radms of B is n - k - I 

Hence A1 = k and µ 1 = p(B) Thus if i ~ 2, then 

This proves the first assertion 
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Suppose there exISts i ~ 2 such that I.A,I = n - k Thus Iµ,+ 11 = n - k, which 

unphes either µ, = n - k - 1 or -µ, = n - k + 1 Notice the latter cannot hold 

smce p(B) = n - k - 1 Hence there exists i ~ 2 such that µ1 = p(B) ThIB unphes 

that p(B) lS not a simple eigenvalue and therefore B is reducible (see [13) p 508) 

For the converse suppose B 1s reducible It follows that B 1s the direct sum 

of (0,1) matrices with lme sums n - k - 1 Therefore there eXISts i ~ 2 so that 

µ. = n - k - 1, that IS, I.A, ! = n - k This proves the result □ 

In particular if A E G(n, k), with k > n/2, then any eigenvalue .,\ =/ k of A 

satisfies I.Al ~ n - k However, th1S bound on .,\ =/ k IS no longer tight m general, 

smce A must also be nonsmgular For example, if A E G(7, 4), then J - A - I is 

irreducible (see Example 3 11), and m fact, if.,\ IS a subdommant eigenvalue of A, 

then it is easy to verify (by MATLAB) that I.Al ~ 2 247 < 3 Usmg Proposit10n 

1 4 6 and Lemma 3 2 1, it follows that J - (A(C4) EB A(C4)) - IE G(B, 5), and it 

lS readily verified that there exists a subdommant eigenvalue .,\ such that >. = -3, 

thus the bound IS tight m this case 

4.4 Summary and Final Remarks 

In this final sect10n, we give a brief summary of the results presented m this 

thesis We mclude for visual reference a table of the values of M(n, k), W(n, k), 
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m(n, k) and w(n, k) determmed thus far We also give some ideas for future research 

on the topic of this thesIS 

In Chapter 2 we derived a formula for general n for M(n, 2), see Corollary 

2 1 8 We also determmed m general W(n, 2) and w(n, 2), and m fact proved that 

w(n, 2) = m(n, 2) and W(n, 2) = M(n, 2), see Theorem 2 2 4 For general n we 

determmed M(n, n - 2), see Corollary 2 1 9 

In Chapter 3 we derived general formulae for w(n, n - 3) and W(n, n - 3), see 

Theorems 3 2 2 and 3 2 6 These results gave rise to new lower bounds for M(n, 3) 

and M(n, n - 3) In Chapter 1 we presented known upper bounds for M(n, k), for 

all n, k Throughout the thesis we determmed M(n, k), W(n, k) and w(n, k) for 

many specific cases of n and k, see also Table 4 1 

There remam many unanswered quest10ns when 3 ~ k ~ n - 3 for the extreme 

values discussed here We have only lower and upper bounds for M ( n, k) when 

k = 3 or n - 3 Many of the results m Chapters 2 and 3 rely on the fact that (0,1) 

matrices with constant lme sums 2 or n - 2 can be decomposed mto a simple block 

diagonal form However, the situation for (0,1) matrices with constant lme sums 

k, where 3 ~ k ~ n - 3, IS vastly more complicated, and thus means for denvmg 

formulae for M(n, k) are more difficult From Example 1 4 6 and Theorem 3 2 6, 

M(7, 4) = 32 > W(7, 4) = 4 This is the smallest value of n + k where 

M(n, k) -=/- W(n, k) when G(n, k) -=/- </> Applymg similar arguments as m Example 
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1 4 9, and notmg that the only disconnected graph on 8 vertices regular of degree 3 is 

K 4 U K 4 , it follows that W(8, 3) = 15, whereas w(8, 3) = 3 We know only a bound 

for M(8, 3), namely M(8, 3) 2'.: 15 Similarly usmg [7] Table 3 and Proposition 1 4 6, 

we can show that W(8, 4) = 16, thus W(n, k) is determmed for all n, k such that 

n + k ~ 12 However, W(9, 4) is currently unknown From the list of characteristic 

polynomials for all adJacency matrices of connected graphs on 12 vertices regular 

of degree 3 given m [7] Table 3, and usmg similar arguments as m Example 1 4 9, 

W(12, 8) = 384, and w(12, 8) = 64 > m(12, 8) = 32 This is the smallest value of 

n + k where w(n, k) # m(n, k) when G(n, k) # <p Usmg the general formulae and 

particular values given m this thesis, Table 4 1 summarizes results for M(n, k), 

W(n, k), m(n, k) and w(n, k) for n ~ 12 
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n k 
1 2 3 4 5 6 7 8 9 10 11 

2 1,1 * * 
' 

1,1 * * 
' 

3 1,1 2,2 ** 
' * * 2,2 ** 

' ' 
4 1,1 ** 3,3 ** 

' ' 
1,1 ** 3,3 ** 

' ' 
5 1,1 2,2 3,3 4,4 * * 

' ** 2,2 ** 4,4 * * 
' ' ' 

6 1,1 4,4 9,9 8,8 5,5 ** 
' 1,1 4,4 ** * * 5,5 * * 

' ' ' 
7 1,1 2,2 3,24 4,32 5,5 6,6 * * ) 

** 2,2 * * 4,4 * * 6,6 * * 
' ) ' ' 

8 1,1 4,4 3? 16,? 5? 12,12 7,7 * * 
' ' ' 1,1 4,4 3,15 16,16 5,15 * * 7,7 * * 

' ' 
9 1,1 2,8 9? 4? 5? 18,? 7,28 8,8 ** 

' ' ' ' * * 2,8 ** ?? * * 18,18 * * 8,8 ** 
' ' ' ' ' ' 

10 1,1 4,4 3? 8,? 25,? 12,? 7? 16,16 9,9 ** ) ' ' 
1,1 4,4 3,48 ?? ? ? 12,192 7,21 * * 9,9 ** 

' ' ' ' 
11 1,1 2,8 3,? 4? 5? 6? 7? 8,? 9,36 10,10 ** 

' ' ' ' ' * * 2,8 ** ?? * * ?? ** 8,24 * * 10,10 ** 
' ' ' ' ' ' ' ' 

12 1,1 4,16 9? 
' 

16,? 5? 
' 

36,? 7? 
' 

32,? 27,? 20,80 11,11 

1,1 4,16 9,108 ? ? ?? ? ? ?? 64,384 27,81 * * 11,11 
' ' ' ' ' 

Table 4 1 Presently known values of m(n, k), M(n, k), w(n, k) and W(n, k) for 

n ~ 12 
For each n, k the followmg values are given m each cell 

m(n, k) , M(n, k) 

w(n, k), W(n, k) 

Here * md1cates that the value does not exISt, and ? md1cates that the value 1s 

unknown 
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