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" Abstract

We discuss steady boundary value problems for the Boltzmann equation with inflow
‘and diffusive boundary conditions in .1, 2 and 3 dimensions, with suitable truncations
of the collision kernel. General existence and uniqueness results are obtained if the
domain is sufficiently small. ‘In one dimension, the existence of solutions on general
intervals is obtained by abstract fixed point theory. A-priori estimates for solutions
in more than one dimension and some numerical examples are also given:

1 Introduction
We consider the steady Boltzmann equation

v-Vof =Q(f), z€Q,veR® (1.1)

on the multidimensional domain ) ¢ JR™ with various boundary conditions on 6} and n=1,2 or
3. Here Q(f) denotes the collision operator written in the form

Q(f) = Q+(f) - FL{)-

where Q4 (f) stands for the gain term, fL(f) for the loss term due to binary collision of gas
particles, :

Q) = / [ Bito = v 16 £ end,
R3S, )

L) = / / B(jv - v.|,m) f(u.)dndv,.
RS,
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and S, is the hemisphere corresponding to (v—v.,n) > 0. The pair (v',v,) is given by the collision
transformation
J: (vyn,v.) = (', —-n,vl)
by
v\ = v-n(v-v.,n),
v, = wv.+n(v-v,n)

Unless mentioned otherwise we assurne the following kind of interaction law for binary collisions:
For v € IR® and n € S, we assume that

B(jv - v.|,n) = v - v.|*h(6), (1.2)

where 8 is the polar angle of n relative to a polar axis in direction v — v.. The function h is
assumed to be integrable on [0, 7] with [ h(f)dn = 1 and the integer k is chosen out of the set
F

+
{=1,0,1}, which describes Maxwellian molecules (k = 0), hard-sphere gas (k = 1) and soft-sphere
gas (k = —1). Hence we cover three classical examples of molecular interaction laws.

In Section 2, we usé the Kaniel-Shinbrot iteration scheme (see [1}) to prove a general existence
and uniqueness result for a truncated problem; the collision kernel is modified such that collisions
in which one of the (pre- or post—collisional) velocities has modulus less than ¢ are disregarded,
and the size of the domain must be bounded in terms of e. ' '

Subsection 2.2 deals with precribed influx boundary conditions, whereas partial results on
diffusive boundary conditions are presented in Subsection 2.3. In this subsection, the Albedo
operator is introduced and used to reduce the boundary value problem to a suitable fixed point
operator.

In Section 3, we generalize the existing global existence results for-one-dimensional slabs from
Refs. [2] and [3] to purely diffusive boundary conditions.

Finally, in Section 4, we derive some a priori estimates for the full, 2- or 3~dimensional bound-
ary value problem for the steady Boltzmann equation, in the hope that these estimates will even-

tually turn out to be useful for existence theorems. The last section is devoted to numerical
examples.

2 Local Existence Results

2.1 Truncation of the Collision Kernel

Due to the singular limit v = 0 of equation (1.1) we have to eliminate collisions between particles
with small velocities. A formal solution of (1.1) can be derived by integrating along a characteristic
line starting at some boundary point z € 8. The reason to eliminate small velocities from the
collision process is to get an upper bound on the ‘travelling time’ of a particle through the domain
Q. :

We introduce the following truncation of the collision kernel B: for € > 0 arbitrary but fixed
let
| clv—v.fFR() if min{jvl, v, V'], jou]} > €
Be(v,v.,n) = { 0 otherwise
with ¢, > 0 such that [ B.(v,v.,n)dn = |v —v.| and k € {~1,0,1}. Further, let Q¢ be the
St
collision operator with B replaced by B*.



The local proof is based on some a-priori estimates on L(f) where f is a Maxwellian distribu-

tion. For the collision kernels B and B¢ given above we find

Proposition 2.1 Assume that f is a (normalized) Mazwellion

3/2
flw) = <ﬁ) e'ﬁ”z, ve RS,

T

then
1 ifk=0
erf(y/Blul) —_—
Lo ={ if=-1
1_a—Bv? L 2\ erf(v/Blsl)  sey
75-;6 +(2ﬁ+|v|)—%,:—— lfk—].
Proof

Because f is a (normalized) Maxwellian, we obtain using spherical coordinates

B 3/2 m f ' k/2 5 _pp?
LHw)=2r— (r? + v — 2rjviz)"™ " r2e~P dzdr

1

and, if k =0, L(f)(v) =1 for all v € IR3, If k = —1, equation (2.1) reads

. 3/2 I - o0
L(f)(v) = 4rm (g) /%;'e"ﬁ'?dr+/re"ﬁ’2dr
0 v
ext(V/Blu)
I

If k = 1, equation (2.1) reads

o0

L(f)(v)

T

|l

R 1 erf(Blv)) -
= " (g er) T

9|

Remark 2.2 Especially, if v =20,
1 ifk=0
1/2
L(H0) ={ 2 (g) ifk=-1

2 7 3 -

For the truncated collision kernel B® we get

Ll
3/2 2 2
%71 (—ﬁ—> / z—-:-*—-—:il-l—ll—ﬂje"a"zdr + /(31‘2 + lulz)re'ﬂrzdr
)

(2.1) .



Proposition 2.3 Assume that f is a (normalized) Mazwellian
3/2
flv) = (g—) e'ﬁ"z, v e IR3,

and € > 0, then.
LF(f)(w) = L(fHlv) + Ay

where

4 1/2 . ’

2 (7@;) e~Pe* — erf(y/Be) ifk=0
: 1/2
Aj = j T%T (25- (?;) ehe? —erf(ﬁe)) ifk=-1
12 4 )

™ [(g) e (210l + 2% + §) e = (Fr + P) erf(\/E’a)] ifk=1
Proof
Using the same technique as given above, the results are obtained by changing the limits of the
outer integral on the right hand side (2.1) to the interval {8, oo]. . |

Remark 2.4 The explicit formula given in Proposition 2.3 is used in the following subsection to
show that the “beginning conditions” of the Kaniel-Shinbrot iteration scheme can be satisfied if
the domain Q is sufficiently small.

2.2 Existence Theorem for Prescribed Boundary Values
Consider for given € > 0 the boundary value problem
v Vof + fL5(f) = Q3(S) ' (2.2)
with some instream conditions at the boundary 9Q 4
f(z,v) = &(z,v), ze€dQ,v -n(z)>0. (2.3)
We assure that we have upper and lower bounds on & of the type
Cle"’"2 < ®(z,v) < Cge""’"’2 . (2.4)
For simplicity we use in the following the notation L = L and Q4 = Q%.

Theorem 2.5 For anye >0, k = —1,0 or 1 and Q(g) sufficiently small, them eTists a solution
of the boundary value problem (2.2)-(2.4).

Proof

We construct a solution via the Kaniel-Shinbrot iteration scheme [1]. Define two sequences {In}nen
and {uUn}nen by -

v Vzln—{-l + ln+lL(un) = Q+(ln) (25)
v+ Vatnt1 + tnp1 L(ln) Q+(un) (2.6)



together with boundary conditicns

lnt1 =tnn =9, z€0Q,v-n(z)>0

and let lo = lo(v).and up = uo(b) be two global Maxwellians with lo(v) < ®(z,v) < uo(v) for
all z € 5Q0. A straightforward induction shows that the iteration defined by (2.5)-(2.6) leads to

monotone and bounded sequences in the form
0<hshh< . SlhhSupSun1 <0 LU
as long as we are able to choose I and uo such that the “beginning condition”
| bh<h

and
u < U

will be satisfied. If |v] < e we simply get

ln(z,v) = ®(2(z,v),v) = un(z,v) VneN

where
2(z,v)=zc—-tv €0, t= ix;%{r;z—-méaﬂ}.

What remains is to investigate the case where |v| > e.
The equations for /; and u; read

v- Vel + 4 Lw) = Q4(lo)
v-Vour +wL{le) = Q+(uo)
Because we assume that lp and ug are (global) Maxwellians, we have

Q+{lo) loL(lo)
Q+(uo). = uoL(uo)

2.7)

(2.8)

(2.9)
(2.10)

Denote Lo = L(ly) and Up = L(uo). Integrating equations (2.9) and (2.10) along a characteristic

vields
| ~Uos(z,v) —Ups(z.w)\ Lolo
Liz,v) = e &S (z - s(z,v)v,v) + (1-e 03T )——
U
L _ L
= E%lo + e~ Vos(@) <§)(m — s(z,v)v,v) — '5%[0)
and
w(z,v) = e Les@¥g(z — 5(z,v)v,v) + (1 - e”L"‘(z’”)) Touo
Ly
Uo —Lgs(z,v) ( Uo )
= —ug+e % &(z ~ s(z,v)v,v) — —u
I, Y(I (z,v)v,v) = 7t

with Lo = Lo(v) and Uy = Up(v).



Here s(z,v) denotes the ‘time’ a particle with velocity v rieeds to move from a boundary point
z — s(z,v)v to z [4], ie.

s{z,v) = ’1_r>1t(‘){7'; z —1v € 00, v-n(z—7Tv) > 0}.
Inequalities (2.7) and (2.8) will be satisfied if

e—Uos(z,u) > Uo — Lo

> 0T 0 2.11)
£Uo = Lo (
and UL
emloslew) > 20 (2.12)
Uo— Lo
which should hold for all z € § and v € IR® with |v] > e.
The right hand side of (2.11) can be estimated by
Up— Lo < _l_(_)_
%Uo L, T &
Hence, assuming that [y and uo are given by
' b = ce”™ (2.13)
Uy = o=V : . (2.14)

with ¢; < C; and ¢; > Cy according to (2.4), we can choose, for a given ¢, €1 sufficiently small to
fulfill (2.11) as long as s(z,v)Up is uniformly bounded with respect to z € Qandv € IR3, v > e
Equation (2.12) turns out to be more restrictive: using the estimates

e~ Los(z¥) > 1 — Loys(z,v)

and Up—L & \L
o— Lo 0
—_—— Ll | =1 =,
Uy — %Lo - (’“0 ) Uo
we see that (2.12) will hold while
&\ 1
y < —_—— ) —
s(z,v) < (1 uo) o

which obviously restricts the size of (2. Because we use the truncated collision kernel as introduced
in Section 2.1, we have

s{z,v) £

<91a‘r—2—(§-22 VzeQvelR, | >e,

where diam(f) is the maximal distance between two boundary points. So we are able to satisfy
the “beginning conditions” for lo and uo, if

diam(Q) < (1 . %) % (2.15)

where we still have to fix the constant ¢a.



For the following estimates we use the explicit formula for Lo and Up as given by Proposition 2.3
to show that s(z,v)Up is uniformly bounded and equation (2.15) can be satisfied for a sufficiently
small domain . :

In the simplest case, i.e. k = 0 (Maxwellian molecules), Lo and Up are uniformly bounded for
z €9 and v € IR?, |v| > ¢ by Proposition 2.3.

Hence s(z,v)Up is uniformly bounded and the restriction on the domain {2 may read

& Q) < so\3/2 g .
m@=<(7) 15
with e; = 2C5.
If k = —1, we estimate using Proposition (2.3)
Up £ —=me
a

and therefore s(z, v)Up is uniformly bounded for z € Q and v € IR?, |u| > ¢. The restriction on Q2
may read . :

AR

€
i <
d1a;n(Q) T
with ¢; = 2C.
Finally, if £ = 1, we estimate

diam(£Y)
=

s(:I:,U)Ud Le (M1 +eM, + e2 M3)

where M;, M ‘and M, are some constants depending only on a respectively 7. Furthermore we
have
, diam(Q) ( @) 1
s{z,v) <. <{l=—=] =
( ) l’ul up Uo

which should hold for all v € R3, |v| > e. Because‘J[-}’BL is strictly positive and monotonically
increasing with |v|, we get

3/2 ¢
2o

aani) < (2)
with ¢y = 2Cs.

The two sequences {I }ne v and {un}nev are monotone and bounded and therefore convergent.
If we assume, that '

= lim I,
T?—)OO
and
v= lim uy,
n—o0
we find that

vVl +ILw) = Qi)

v-Veu+uL(l) Q4+ (u)

together with the boundary condition

u—1=0, z.€98Quv n(z)>0.



It remains to show that [ = u.
Define h(z,v) = u(z,v) — I(z,v). Then the equation for h reads

v+ Vh+hL(I) - IL(k) = Q4 (u) — Q+(0) .
Integrating over IR3 and the domain {2 gives

/ / v - Vhdvdz = / / (@4 (1) = Q) + IL(R) — RL(D)) dvdz.

Because "
/ / (Q+{u) — Q4 (1) dvdz = f / (uL u)—-lL(l))dvd:z:
we get o
//v Vhdvd:c-// (u +1)L(h)dvdz.

Q RS
Applymg the divergence theorem yields

/ / |v - n]h(z, v)dvda(z) = / / (u + 1) L(h)dvdz .

8 v-n<0 Q RS

Because h(z,v) > 0 and therefore L(h)(z,v) > 0, we get that h(z, v) = 0 a.e. on Q x IR%, which
completes the proof. - |

Remark 2.6 The restrictions on the size of the domain Q depend - by constructxon strongly on
the truncation parameter . There is also a strong dependence on the given boundary flux &. If @
is sufficiently small, i.e., if the gas conditions are near to a vacuum, the restrictions on {1 become

. weaker.

Within the given upper and lower bounds the solution of Theorem 2.5 is unique.
Theorem 2.7 Suppose ¢ > 0 given and g is a solution of (2.2)-(2.4) with
lo(v) < g(z,v) Sup(v) Vzedve IR3,

where lo and uq are the lower and upper bounds on the solution f given by Theorem 2.5. Then
f = g almost everywhere.

Proof

Because g is a solution, we have v - V.9 = Q+(g) — gL(g). Suppose that I, and un are the n—th
iterations as formulated in Theorem 2.5. Then

- Va(g—In) + (g —1n)L(un-1) = gL(un—1=9) +Q+(9) = Q+(ln-1)
v+ Va(un ~g) + (un = g)L(in-1) 9L(g — In-1) + @+ (un-1) — Q+{9)
and with lp € g € uo we get inductively

ln<g<un, YnelN.
By Theorem 2.5 both sequences {{x}nen and {Un}nen are convergent with
‘ lim I, = f= lim u,
n—oo n—od

hence f = g almost everywhere. B



2.3 Existence Theorem for Diffusive Boundary Conditions

For diffusive boundary conditions we consider for any & > 0 the steady Boltzmann equation (2.2)
together with the boundary condition

£(z,0) = mage) (o) / v -0l f(z,0.)dv. ¥z €00, ven >0 (2.16)

v.-n<0

where "
26°(2) s

ma(z) (V) = -

(2.17)

ahdasﬂ(z)s'y Ve dQ. '
The diffusive boundary conditions are more difficult to handle. Obviously, f = 0 is a trivial
solution of the problem. The homogeneity of the boundary condition suggest that a free parameter

enters the problem, e.g., the mass M = [ [ f(z,v)dvdz. More about the choice of a free parameter
QR
can be found in Section 3.

Remark 2.8 For the free transport equation, i.e. equation (2.2) without collision integral, the
diffusive boundary conditions were already studied in [4].

In the following we try to prove an existence result based on the theorems presented in Sub-

section 2.2. The idea is to investigate the so—called Albedo operator A which connects the in- and
outgoing fluxes at the boundary 0Q.

With the result of Section 2.2 we are able to obtain a solution f(z,v) of the steady Boltzmann
equation (2.2) by prescribing the ingoing flux ®(z, v). Hence the Albedo operator A is well defined:

suppose that ®(z,v) is given for z € dQ and v € IR? such that v-n(z) > 0. Then we have a
solution f(z,v) on 2 x IR?® with

f(z,v) = &(z,v), z€dQ v-n(z)>0.
The outgoing flux f(z,v) at the boundary 89 exactly defines the Albedo operator A,
Al8)(z,v) = f(z,v), ©€8Q,v-n(s) <0

Now we are able to transform problem (2.2) with boundary condition (2.16) into a fixed point

problem: given the (inverse) temperature profile A(z) on the boundary 09 we are looking for a
fixed point of the operator R defined by .

(R®) () =ma®) [ o nlAB] (2, v.)dv.
v.-n(z)<0
for z € 80 and v - n(z) > 0.
Remark 2.9 Due to the bounds on the solution f(z,v), the operator R is well defined.

If a fixed point @ of R exists, then using the results of Section 2.2 we get a solution of (2.2) which
fulfills the diffusive boundary conditions formulated in (2.16).

For simplicity we first consider the simpler problem of a free transport equation -

vV f=0 (2.18)



with boundary condition f(z,v) = ®(z,v), z € 0%, v-n(z)> 0.
The solution is given by

flz,v) = ®(2(z,v),v) (2.19)

where 2(z,v) is the corresponding boundary point for z € Q following the characteristic line
{z — sv,s5 > 0}.

Remark 2.10 Obviously (2.19) holds for arbitrary bounded domains  without any restriction
on the size of {1 as discussed in the previous section.

Moreover, A is a linear operator with
Al@l(z,v) = &(z(z,v),v)

for z € O and v - n(z) < 0.

Now consider equation (2.18) together with the diffusive boundary condition (2.16). We are
then looking for a fixed point of the operator R defined by '

RO =ma®) [ Donlbeeo)od (@20
v,-n<0

Because A is linear, one fixed point & of (2.20) directly leads to infinitely many fixed points by
multiplying & with a non-negative constant ¢. Furthermore we have

Theorem 2.11 Let ® be a global Mazwellian
- P(z,v) = ce‘“”z, zeN,velRd

and B(z), = € 8Q, a given (inverse) temperature profile along the boundary 8Q. Then R?2® =R&
and R® is a fized point of R.

Proof
If @ is a global Maxwellian

er ¢ _
(R®)(z,v) = So38(e) = E.;ﬂz(z)e Blap® (2.21)

and .
R(R®)(z,v) = Mmp(z) / |ve - n|A[R®](z, v\ )dv. .

v.:n<0
Using (2.21) yields
R(RE)(z,9) = s / (v, -1l (2(z, v.))ePEEP Mgy (2.22)
v.:n<0

The right hand side of (2.22) can be written as 4]

[ o enipre . = / e+l [ 1. PRI e,
0

v.n<0 e-n,lef=1

10



where y is the corresponding boundary point of z € 0Q in direction e.
Substituting 7 = 4/B|v.| and calculating the remaining integrals gives

/ lv. - nlB%e " dv, = ;—E

e n<0
Hence, - i
R(R®)(z,v) = -§§B2(z)6"ﬁ(""z = (R®)(z,v)
and R® is a fixed point of R, which completes the proof. |

The Albedo operator A of the Boltzmann equation is obviously nonlinear. However, if ® is a
fixed point of R, then, multiplying ® with an arbitrary constant ¢ € Ry, ¢c® isa fixed point of .
the equation .

vVl = QU f)

together with boundary condition (2.16).

Because of the nonlinearity of A4, the existence of a fixed point of (2.20) is nontrivial. For a
given flux &, let '

i@ = [ WnlAe v
vn<d -
along the boundary 8Q. Assuming that & is a fixed point of (2.20), € must be of the form
(z,v) = j(@)mpe (), €09, v-n(z)>0.

Hence, we are looking for a function j(z) such that

i@ =R = [ v nlAlimele,v)d (229)
vn<0
Remark 2.12 For the free transport equation the fixed points of (2.23) are given by the constant
functions, i.e. j{z) =c € IR,.

Lemma 2.13 Let j € L1(6Q) then

f (Rj)(@)io(a) = [ i(z)do(a).

an a0

Proof
Consider the problem

v-Vof =Qf ) (2.29)

with boundary condition f(z,v) = j(z)mp(s)(v) for all z € 89, v-n(z) > 0. Integrating (2.24)
with respect to z and v and applying the divergence theorem yields

//|v-nlj(z)mg(,)(v)dvda(z)=/ / jv - n|f(z,v)dvde(z). (2.25)

ot vn>0 80 v'n<0

11



Because of mass conservation at 92, we have

/ v+ n|j(z)mpz) (v)dvdo(z) =/j(z)da(a:).

oQ v:n>0 aQ

Hence, equation (2.25) reads ,
[ixo@ = [ [ lo-nidiimoliev)dodota
8a 8Qvn<0
= /(‘R,j)(z)da(m).
a0

The energy flux of A[jmg](z,v) can be estimated by
Lemma 2.14 Let j € L}(8Q) and B(z) be a bounded (inverse) temperature profile along 6. Then

/ lv - nlu? Aljma)(z, v)dvdo(z) = 2 f B(z)j(z)do(z).
a0 -

8Q ven<0
Proof '
Multiplying (2.24) by v and integrating with respect to z and v yields
/ / vV, fdzdy = 0. ‘ (2.26)
Q R2

Applying the divergence theorem equation (2. 26) reads

/ / lv - njv¥j(z)mp() (v)dvda(z) — f / [v - n|o® A[jmg)(z,v)dvdo(z) = 0.
8Q v-n>0 50 v-n<0
Finally, .
[ ] oenti@mae eina) = 2 [ @it
8Q vn>0 80
B

In the one—dimensional case, ) is an interval [0, a], a > 0 on IR, we have exactly two boundary . -
points and the lemma above reads

(R)(0) + (Ri)(a) = §(0) + j(a) - (2.27)

Because all terms on (2.27) are non-negative, R is a mapping from L. = {(z,y) € Rz +y=j}

into itself, where j is an arbitrary positive constant describing the amount of mass flux into the
intervall [0, a}.

If @ is small enough (with respect to j) to apply the emstence theorem of Section 2.2, we
automatically get the existence of a fixed point, because R : Lc — L. is a continuous mapping.

Theorem 2.15 On a sufficiently small intervall [0,a] C IR there exists a solution of the boundary
value problem (2.2) with diffusive boundary conditions (2.16).

The generalization to multidimensions remains an open question — due to the lack of local
estimates on (Rj).

12



3 Global Exist»ent:e Results in the One—-Dimensional Case

Global existence results for the steady one-dimensional slab problem were given in Ref. [3] for
discrete—velocity models and in Ref. [2] for the full Boltzmann equation. The boundary conditions
were either prescribed fluxes at both sides — used in [2] and [3] ~ or prescribed flux at one side and
diffusive conditions on the other side [3]. In the following two sections it is shown how to. generahze :
" these results to the case of purely diffusive boundary conditions.

3.1 Discrete—Velocity Models

We recall the global existence result for discrete-velocity models as formulated in [3]. The discrete-
velocity model in one space dimension is given by the set of ordinary differential equations

g,‘-iﬁ Q) i=1,.mm, (3.1)

where f = (f!,..., f*) are the particle densities associated with the n admissible velocities u; € IR3
and ¢; are the z—components of the vectors u;. Each Q* has the form

QU =D AL - 1)
gkl
such that conservation of mass, momentum and energy is fulfilled.

Remark 3.1 The result given in [3] even holds for more general types of collision terms Q'. For
example, conservation of energy is not required.

We consider (3.1) in the slab 0 < z < a under the additional assumption that & # 0 for all
i =1,...,n. In [3] it was shown that (3.1) together with the boundary conditions

fl(o) = aia €i>01 (CY'ZO) (3'2)
fila) = B'TTE ), &<0, (B°20) (3.3)

has a global solution for arbitrary slab length a. Here, Z“" (3-7) means that the sum is taken over
all positive (negative) velocities ¢; and the coefficients 8; are normalized such that ST LB =

Theorem 3.2 [3]
The problem (3.1) with boundary conditions (8.2),(3.3) has a solution in [C3]".

€9 denotes the nonnegative, continuous functions in the interval [0, a] and [C2]" is the Cartesian
product of n copies of C3.

The boundary condmons formulated in (3.2) and (3.3) are not exactly diffusive boundary
conditions as given in Subsection 2.3 because the ingoing flux on the left hand side of the slab is
prescribed. Complete diffusive boundary conditions will be of the form

£y = BEYTES(0), &3>0 (34)
fila) = BLLTEf(e), &<O (3.5)
with V&l =1and 37 &8 = —

However, the result formulated in [3] can be used to show the existence of solutions of problem
(3.1) together with the purely diffusive boundary conditions (3.4) and (3.5). As the boundary

13



conditions {3.4), (3.5) are homogeneous in f, we expect a family of solutions (note that f = 0
is a solution). It turns out that the outgoing flux j=(0) = > |l f1(0) can be chosen as a free
parameter.

Denote by. j(z) the mass flux inside the slab, i.. jlz) = S &ifi(e), i) = T &ifie) and
j=(z) = 7 |&|fi(z). Because of mass conservation, every solution of (3.1) satisfies
dj(z)
dz

and with the boundary condition (3.3) we have j(z) =0forall0< z < a.
Now consider equation (3.1) with boundary conditions -

FO) = Bi7(0), &>0 : (3.6)
fila) = BT f(), & <0, (3.7)

where 7~(0) is some given positive constant, SteBh=1and 3~ &AL = —1. Due to the result
of [3] there exists a solution and
dj(z)

dz
Hence j(0) = 0 and j=(0) = 77(0), so we can state the following result.

Theorem 3.3

- The problem (3.1) with boundary conditions (8.4), (3.5) has a one parameter family of solutions
in [C3]. The outgoing fluz j~(0) parametrizes these solutions.

Proof .
Consider equation (3.1) with boundary conditions (3.6), (3.7). By Theorem 3.2 the problem has

a solution in [C$]". Because of j~(0) = j~(0), the solution also fulfills the boundary conditions
(3.4), (3.5).

=0

=0, j(a)::O.

3.2 Measure Solutions in a Slab
In this section we consider the steady Boltzmann equationinaslab0 <z < o
d
exf=Qf), (38)

where ¢ denotes the z—component of the velocity v. Our final goal will be to show the existence of
a solution of (3.8) together with the diffusive boundary conditions

f0v) = j7(0)mo(v), £>0 (3.9)
fla,v) = jH(a)ma(v), €£<0 (3.10)
andj~(0) = [ l1f(0,0)dv, 7(e) = [ ||f(e,v)dv. Here, mg(v) and mq(v) are two (normalized)
£<0 £>0
half-space Maxwellians,
2 2
mo(v) = ?%e’ﬁ"”z and m,(v) = ?_'gie-ﬁavz_ (3.11)

In [2] an existence result for problem (3.8) together with the boundary conditions

f0,0) = folv) (3.12)
fla,w) = falv) (3.13)
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was given. The solution was found in the space of measure—valued functions of x,
T - pg, [0,0] = M,

where M denotes the set of bounded measures on IR3. We outline the strategy followed in Ref.
[2], without giving all the technical details.

The single steps to the existence result are the following: first of all one passes to the measure
formulation of problem (3.10) which yields the equation

d
€a‘;ﬂz = Qe fiz) (3.14)

in the sense of weak*—convergence of measures. The collision kernel is assumed to be of the form
(1.2) with =1 < k < 0. The kernel is first truncated in the same way as in Subsection 2.1 and
further by a crude truncation of the form

B® = B.k;
with

po [ 10402 <52 minflel L €L IEY > Sor o -0 >
$= 1Y 0 otherwise

so that equation (3.14) is replaced by

Eiﬂz = Q‘s(ﬂz,ﬂz) » (315)

with boundary conditions #01{5>o} = l‘o and flalge<o} = K5 - In the following we will use the
notation ||p.|| = sup fduz (v).
[0,a

z€
The collision operator Q%(pz, pz) can be written in the form

Q (P':ml-"a:) Q+(ﬂx1ﬂz) La(l-‘z)ﬂz y
where Q3 (12, z), L (11z) e are measures defined by

(@ i) = [ [ [ B wmv w08 o)

with dM, = dw(n)dp. x dy, and

(L8 () s 0) = (pzy L () ep) -

Because of the truncation of B, we have

1L (ue) (@)]] < 4nC(6) f dza (w)

with B® < C(6).
Let. X = (C[0,a]; M) be the cone of all continuous functions [0,a] - M and Bg(0) C X the

set of all continuous measure-valued functions p. such that |ju.|| < R. For 7 > 47C(6) one studies
the operators

T(r): Br(0) » X, v.=T(m)p. (3.16)

15



defined by

Volge>oy = Ky Val{g<o) = ka » (3.17)
d
fgzv==0 (3.18)
for |¢] < 6,1¢| = 1/6 and
d
EEV:: +rplp(z)ve = Qi(i"m p2) + Tolp)(z) i — Lé(ﬂz)if'z (3.19)

for § < €] < 1/6, plp.] = [ dp.(v).

The boundary value problem (3.17)—(3.19) has a unique solution v., and the mapping p. — v.
is continuous from Bg(0) into X. Because T'(r) will in general not map Bg(0) into itself, one
introduces the retract T : X — Br(0), defined by

e i€ lall > R (3:20)

. i M <

o= { ST
Now TroT(r)Br(0) is relatively compact and has a fixed point in Br(0).. To proof the existence of
a fixed point of T(r) in some Bg(0) it remains to show that the set of all fixed points of Tr o T'(r)
is uniformly bounded. This was achieved using the conservation quantities of the Boltzmann
equation. Finally it was shown — using the usual Cantor diagonalization - how to get rid of the
crude truncation. '

In order to-handle diffusive boundary conditions (3.9), (3.10) we first generalize the existence

result-given above to the case where the boundary condition (3.13) is replaced by general stochastic
scattering conditions of the form .

7@ = [ Rl + 1S v)dv

>0

with an appropiate boundary kernel R,. In a second step we show ~ similar to the consideration in
the previous section — how to extract the case of purely diffusive boundary conditions (3.9), (3.10).

As in [2] we consider the measure formulation of problem (3.8) together with the boundary
conditions

Hole>0y = Hy . (3.21)
Palie<oy = ) [o Ra(v'—*v)—fg—lldua('v) (3.22)

Here, the boundary kernel R, (v' — v) should fulfill the following conditions (5]

R>0, (3.23)
/ Ra(v' = v)dv =1 (3.24)
£€<0
(mass conservation),
Jc¢; >0 suchthat / R.(v' = v)|¢|dv 2 o (3.25)
£<0

16



(“spreading condition”} and

Je; >0 suchthat / R.(v' = v)vidv < ey ‘ (3.26)
£<0 .

(“energy condition”).
Using the same truncation B of the collision kernel as above, we define the operator T(7) as
in (3.16) where the boundary conditions (3.17) are replaced by (3.21). Following the same analysis
és in [2] we are able to prove the existence of a fixed point of Tg o T(r)Bgr(0) where Tr is the
retract defined in (3.20). As mentioned above it remains to prove that the set of all fixed points
of Tr o T{r) is uniformly bounded. This can be done following similar arguments as in [2]:

Lemma 3.4 For any solution uT of the equation
TroT(r)ul = pl

with boundary conditions (3.21) we have

/ £dui(v) < C(ud)

zEOa]

Proof
Let j*(z) = fédﬂz (), i~ (z) = f |€ldpz(v), j = j* —j~ and p*(z) = £>fo€2d#x(v),p‘(:ﬂ)=

fo dpg(v ) p pt+ p~, then by the usual conservation laws,
<

/ (W)AIQE (g ta) — L (z) iz () = 0,

‘where ¢(v) = 1,v or v%. Hence, if u7 is a fixed point of Tr o T'(7),
dj

. =\ -1rp?
and d
D .
de - (A 1)Tp] 3 (3-27)

where X = min { prey 1}-
Because p(z) > 0, we have j(z) = j7(z) — 7~ (z) <j*(0) — j~(0) and

i@ = if@-i)
= / €duz(v) ~ / 1€lda (v)
£>0 £<0
- / €dpia(v) / / Ra(v’ = v)|¢'|dpza o) do
£>0 £<0E >0

= 0.

Therefore; j(z) > 0 for all 0 < z < a and especially 7(0) < 7%(0). Furthermore, by (3.27), p is
nonincreasing and we just need to find an estimate on p(0) = p*(0) + p~(0).

17



The ingoing momentum flux p*(0) is given by the boundary condition at = =0, so it remains
to estimate p~(0). By the Cauchy-Schwarz inequality,

O = [ Il

£<0

/ 1/
{/ [ ’ ()\‘1 2 ( [|£|3dyg(v\\ 2

< €ldso(v ]
\o )\ )
< GO @), (328)
where g+ ) !0 £vidp,(v), ¢~ (2) = fo |élv2dp, (v) and g(z) = ¢"(z) — ¢~ (z). Furthermore,

the energy flux g fulfills 1
d_g:; =(A-1)7pe<0, e= /uzdp,,(v)
and

g*(a) +¢7(0) < ¢*(0) + - (a).
Hence, from (3.28)

p=(0) < () (O +a" @) 7" .
Now
g~ (a) < caj* (a) : (3.29)
because of (3.26) and

; 1 ' .
it(a) < ap‘f (a) : (3.30)
because of the “spreading condition” (3.25). Using (3.29), (3.30) and p(a) < p(0) ylelds

1/2 Ca 1/2
0 < (*0)" (¢ 0+ 2670 +2" o) -
Recognizing that )
ab < -é-ag +eb?, Ve,a,b>0,

we get
p~(0) < -z-j+(0) +e (q+(0) + %p+(0)> +ez—2p'(0), Ve>0,
v 1 1
from which we conclude that p~(0) is bounded. |

We consider the problem (3.15) together with the (partial) diffusive boundary conditions

Lol{g>0) = /mﬁu(v)|l€|duo (v) (3.31)
£'<0
Palig<oy = . Zo Ro(v' —*v) ] dua(v) (3.32)

Here, mo(v) is a normalized Maxwellian with (inverse) temperature Bo as given in (3.11) and R,

~ should satisfy the conditions (3.23)—(3.26). This is indeed the case for the conditions (3.9) and
(3.10) as pointed out in Ref. [6].
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Theorem 3.5 For any § > 0, the problem (3.15) together with the boundary conditions (3.31),

(3.32) has a one parameter family of measure solutions p. € X. These solutions can be parametrized
by the outgoing mass flur at = = 0.

Proof
Let pT be as in Lemma 3.4, then

| r
el < sup f dud + / /Ra(v —-HJ)I ‘du dv+ = /g?dp;
z€[0.a] €l
0<e<sd —s<e<o € :
1/6<¢ ~1/5>¢
< Ci(9).

Here, C;(8) is a constant which depends on the boundary values and on 6, but not on 7 and R.
Then, by the same argument as in Ref. {2], one concludes that for 1, = 47 C(8) there exists a fixed
point u™ of T'(r1), i.e. T(m)ul = pm.

Now we consider at z = 0 the. (prescnbed) measure g with density j~(0)mo (v), where 7~(0)
is some positive constant and my is. defined as in (3.31). What remains to show is that the
corresponding fixed point u" fulfills the condition

/ I€lduo = j=(0).

£<0.

This can be done with the same arguments as in the previous subsection. Because 4™ is a fixed
point of T(m1), we get by mass conservation the equation

g _o

where j(z) = [ fdu” At = = a we have, because of the mass conservation of the boundary kernel,
#{a) = 0, from which we conclude that j(z) = 0 for all z € [0,a]. Hence, at z = 0, this yields

= / éldpug = / £dug - (3.33)

£<0 £>0

Because g is the measure with density 3“‘(0)m0(1)), we get

i~ (0) = / 5= (0)emo(v)dv = 5 (0).

£>0

Hence, the fixed point ™ is a solution which fulfills the boundary conditions (3.31), (3.32).
Moreover, because j~(0) is some positive constant, there exists a one parameter family of

solutions for fixed boundary conditions (defined by the (inverse) temperature 8y-and the boundary

kernel R,) and j~(0) parametrizes this family. B

Remark 3.6 The result given in Theorem 3.5 is more general than the problem formulated at the
beginning, i.e. the steady Boltzmann equation (3.8) together with the boundary conditions (3.9),

(3.10). At z = a an arbitrary boundary kernel R, which satisfies the conditions (3.23)-(3.26) can
be used.
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4 A-Priori Estimates for the Steady Boltzmann Equation
We consider the steady Boltzmann equation for f = f(z,v)

vVof'=Q(f) (4.1)

on the bounded domain @ ¢ IR®, n = 1,2 or 3. Let v = (£,79,¢), then the invariants of equation
(4.1) are

div ( /‘v f(, v)dv) =0 | 4.2)
(mass conservation),

div ( / v f(z, v)dv) =0 (4.3)
for w € {¢,7,¢} (momentum conservation) and

div ( / w0t (g, u)dv) =0 (4.4)

(energy conservation).
Integrating (4.2) and applying the divergence theorem yields

[ [ weni@lise o) = [ ] bn@ire i), (45)

8§t v-n<0 a8 v'n>0

where the term on the right hand side is given if the ingoing flux is precribed as boundary condition.
The same holds taking the energy equation (4.4), yielding ‘

/ / |v-n(z)|vzf(:c,v)dvdc(z)=/ / lv - n(z)|v? f(z,v)dvda(z) . (4.6)

9Q v-n<0 8 v-n>0
This proves
Proposition 4.1 Consider equation (4.1) together with a boﬁndary condition f(z,v) = ®(z,v)

for z € 80, v+ n(z) > 0 and assume that the ingoing mass and energy fluz are bounded. Then, for
every solution f(z,v) of (4.1),

/ v - n@)|f(z v)dvdo(@) < o
S vn<l
/ [ o n@h? e vdndota) < o
S v-n<0

for all S C 8Q measurable. Here, ¢; and ¢y are two constants which depend only on the boundary
values.

In Ref. [7] the conservation quantities (4.2)-(4.4) were used to prove a-priori estimates for
general steady discrete-velocity models in two space dimensions. The solutions of the discrete
model on a bounded domain Q) C IR? - with prescribed fluxes at the boundary - were estimated

in terms of the boundary values by integrating the solution along a line which bisects (2 into two
subdomains.
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This result can be generalized to the full, 2- or 3-dimensional boundary value problem for the
steady Boltzmann equation: let H} be an arbitrary hyperplane in IR™ such that Ho = HyNQ # 0
and ng be the normal vector on Ho, '

ngp=a-i+b-j+c-k

Multiplying (4.3) for w = ¢ by a, for w =7 by b and for w = ( by ¢ yields

div (/(v-no)vf(:r:,v)dv> =0.

Let zo € H' N be an arbitrary but fixed reference point. Applying the divergence theorem on
the domain Q; = {z € OQ; (z — Zo) - no > 0} (i.e., the part of Q on one side of H'), we get

/ [ (0 no)? £z, v)dvdo(z) + / / (v 0) (v - n(2)) f (&, v)dvdo(z) = 0
Ho R 80, Ro
with 8Q; = 80N ;. Hence,
/ /(v-no)zf(z,v)dvda(z) = - / / (v no)(v - n(z)) f(z,v)dvde(z) (4.7)

Ho R3 ) 8 v-n(z)>0

- / / (v-0)(v - n(2))f (2, v)dvdo ().
oty uvn(xj<0

The first term on the right hand side of (4.7) is controlled by the ingoing flux at 9. The second
term can be estimated as follows:

v« no|lv - n(z)|f (z, v)dvdo(z)
Q) v-n(z)<0 _ Q) vn(z)<0

IA

v - n(z)| |v|f (2, v)dvda(z)

IA

lv - n(z)|f(z,v)dvdo(z)
801 v-n(z)<0 N

+ |v - n(z)? f(z,v)dvdo(z) .
5‘9/; v-n(-:t/)‘<0

and the last two terms are bounded in terms of the ingoing mass and energy flux by (4.5) and
(4.6). Hence we have

Theorem 4.2 Consider the steady Boltzmann equation (4.1) with boundary condition f(z,v) =
&(z,v) such that the ingoing mass and energy flur are bounded. Let Hy be a hyperplane with
normal vector ng and Ho = H N Q # 0. Then, for every solution f(z,v) of (4.1),

[ [o-mirenwse,

Ho R?

where C is a constant which depend only on the boundary values.
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5 Numerical Examples

While the theoretical investigation of the Boltzmann equation still offers a interesting variety of
open problems, e.g., the existence and uniqueness of solution for the multidimensional steady Boltz-
mann equation with arbitrary boundary conditions, during the last decade, numerical simulation
methods became efficient tools for the prediction of rarefied gas flows for real applications, e.g.,
the description of the reentry path of space vehicles. We refer the reader to Ref. 8].

In the following, two examples for the numerical simulation of boundary value problems are
given. An elaborated version of the numerical studies can be found in Ref. [9]. A detailed
description of the particle method used is given in Ref. [10].

5.1 One-Dimensional Slab Geometry

We consider the steady Boltzmann equation in the slab0 <z <1,

df _
L=om, | (51)

where the boundary conditions are a prescribed (Maxwellian) flux at z = 0 and a diffusive boundary
condition at z = 1.

. For the simulation we use an instationary particle method which solves the corresponding
time-dependent version of (5.1).

Remark 5.1 Particle methods for the Boltzmann equation are in general simulations of instation-

ary problems. Recently it was shown how to derive a particle scheme directly for the stationary
equation [11}].

1t is shown in the following that the result of Subsection 3.2 is rediscovered in the numerical
simulation. It is expected, that — in the stationary state — the outgoing mass flux at z = 0 will
balance the ingoing flux prescribed by the boundary condition at z = 0.

For the numerical simulation we use the dimensionless form of (5.1) and the following set of
numerical parameters: the mean free path is assumed tobe 0.1 compared to the slab length equal
to 1 which results in 2 Knudsen number of 0.1. The (monatomic) gas interactions are modelled by
the hard-sphere gas, i.e. B(|v — v,|,n) = (v — v, n).

The (scaled) temperature of the ingoing flux is 0.2, the temperature for the diffusive boundary
condition at z = 1 equal to 2. Initially, the gas is assumed to be in an equilibrium with temperature
1 and zero mean velocity. )

The slab is divided into .20 equisized cells and in every cell the density is assumed to be
homogeneous and 4000 particles per cell are used to approximate the density function at time
¢t = 0. The boundary condition at z = 0 is realized by adding an artificial cell at the left side

of the slab which is filled — in every time step — with 8000 particles according to a Maxwellian
distribution with temperature 0.Z and zero mean velocity.
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Fig. 5.1. Instationary Total Particle Number.

Figure 1 presents the instationary behaviour of the (normalized) total particle number in the
slab. It can be seen that after nearly 500 time steps this quantity becomes stationary at about 1/2
- of the initial value. The results are obtained using 20 independent samples.

1.4} Density «— -
Temparature ——

0.2 A 1 A

0.4 0.6 0.8
Slab Geometry

[y

1

ig.

FE:
(45

.2. Density and Temperature Profile along 0 <z < 1.

Typical stationary solution profiles are shown in Fig. 2, namely the density and the tempera-
ture.
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Fig. 5.3. Instationary In— and Outgoing Mass Flux at z = 0.

Finally, Fig. 3 shows the (normalized) in— and outgoing mass flux at z =0. At the beginning
of the simulation the outgoing flux increases up to a maximal value and drops down later on —
in the stationary state — to the ingoing mass flux prescribed by the time~independent boundary

conditions. Due to the overshoot of the outgoing mass flux the total particle number drops down
to the stationary value.

Changing the free parameter of the problem, the outgoing mass flux, will produce a different
solution. We refer the reader to Ref. [9]. -

Remark 5.2 If the boundary condition at £ = 0 would be diffusive with the same temperature
as above, due to mass conservation, the particle number would remain constant. In this case, the
total mass described by the initial condition is the free parameter of the problem.

5.2 A Two-Dimensional Problem

In this section we present one example for a two-dimensional problem on the square [0,1]%, i.e. we
consider the two—dimensional Boltzmann equation

af of _
55; +T)B? = Q(f)

with the periodic boundary conditions

f(z,0,v) =
f(zY 17 U)

and the diffusive boundary conditions

(3:1 1””)7 77 > 0! 0
<0, 0

il
Sy
—

B
o
<

:—/

"ff(o,yy?)) = j_-(y)ma(y)v E <0, 0< ¥y < 1
gf(lvysv) = j+(y)m'y(y)v £> 0, 0<y<l1
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where

aly) = B if0Sy<jori<y<i

fo ift<y<tori<y<l

) = !% fo<y<jory<y<i
, ifl<y<lori<ygt’

| B fg<y<jorisys

fBo and B, are two given (inverse) temperatures and j~(y) (j*(y)) the y-dependent outgoing mass
fluxat z =0 (z=1). » ' . .

For the following example 8y = 0.2, /i = 2, and the mean free path is equal to 0.1. The domain
[0,1)? is divided into 400 small squares and 200 particles per square are used to approximate the
initial condition. The binary collisions are modelled by the hard-sphere interaction law.

Figure 5.4 shows the density profile in the stationary state obtained after 1000 time steps and
500 time steps to average the result. The corresponding temperature profile is given in Fig. 5.5.

Fig. 5.4. Density Profile.
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Fig. 5.5. Temperature Profile.
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