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Heat transfer in solids is modeled by deriving the macroscopic equations for phonon transport
from the phonon-Boltzmann equation. In these equations, the Callaway model with frequency
dependent relaxation time is considered to describe the Resistive and Normal processes in the
phonon interactions. Also, the Brillouin zone is considered to be a sphere, its diameter depends
on the temperature of the system. A simple model to describe phonon interaction with crystal
boundary is employed to obtain macroscopic boundary conditions, where the reflection kernel is
the superposition of diffusive reflection, specular reflection and isotropic scattering. Macroscopic
moments are defined using a polynomial of the frequency and wave vector of phonons. As an
example, a system of moment equations, consisting of 3 directional and 7 frequency moments, i.e.,
63 moments in total, is used to study one-dimensional heat transfer, as well as Poiseuille flow
of phonons. Our results show the importance of frequency dependency in relaxation times and
macroscopic moments to predict rarefaction effects. Good agreement with data reported in the
literature is obtained.
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I. INTRODUCTION

Miniaturization of devices in the last 50 years has attracted the attention of many researchers [1]. The rapid
development of micro/nano electro mechanical systems (MEMS/NEMS) requires a deeper understanding of the flow
characteristics and heat transfer mechanisms at micro/nano scales. Effects that are negligible at macro scales can
dominate at micro and nano scales. For example, the characteristic length of a flow can become small enough that
surface effects at interfaces dominate over the bulk properties of the flow, and subsequently lead to a breakdown at
the classical laws of continuum mechanics.

The Knudsen number [2] is defined as the ratio of the mean free path (\) to the characteristic length of flow (L),
Kn = %, and indicates the degrees of rarefaction. The classical assumptions in continuum mechanics [2] start to break
down as Kn becomes larger than 0.001.

One important area of research in nano-technology is the study of heat transport. The tiny size of modern electronic
systems combined with the relative large power of lasers can lead to huge changes in temperature. Therefore, we need
accurate models for heat transfer that guarantee an effective long-lasting thermal design of modern micro/nano scale
systems [3].

Heat transport in solids is due to the exchange of energy between the particles that vibrate on the crystal lattice,
with respect to their mean position [4, 5]. These vibrations lead to an energy wave inside the solid, that can be
quantized into particles, known as phonons. The macroscopic properties of a crystal, such as temperature, internal
energy and heat flux can be obtained by taking suitable averages of phonons properties, such as energy and momentum
[4].

Phonons can interact among themselves, and with other particles, including photons, electrons and crystal bound-
aries. In phonon-phonon collisions, phonons always conserve energy, but can lose momentum [4]. The interactions in
which phonons conserve both energy and momentum are called Normal processes. The phonon processes in which
the momentum does not remain conserved are called Resistive processes [4, 5].

Based on the magnitude of the Knudsen numbers for Resistive and Normal processes, we distinguish three modes
of heat transfer in solids:

e The diffusive heat transfer, that dominates the heat transfer mechanisms when the mean free path for Resistive
processes is much smaller than the characteristic length of the flow, A\ << L. In this mode, phonons mainly
undergo interactions that do not conserve momentum, as a results, the energy waves are damped in a very short
length. In this regime the Fourier law governs the heat transfer process [4].

e The second mechanism happens when the mean free path for the Resistive process is much larger than the
characteristic length of the flowAr > L, while the mean free path for the Normal process is smaller or comparable
with the characteristic length of the flow, Ay $ L. In this regime, Normal processes by conserving the phonon
momentum dominates the heat transfer mechanism, and leads to a wave like energy transport known as second
sound [6, 7].

e The energy can also be transported in solids via ballistic phonons [8]. In this regime the mean free path for
Resistive and Normal process are both larger than the characteristic length of the flow, i.e., Ag, Ay > L . In
this Knudsen flow, phonons travel inside the crystal without any interactions.

In general, the energy transport in solids is a combination of the above mechanisms. Depending on the temperature
range and the crystal properties, each of the above transport regimes can dominate.

The phonon-Boltzmann equation, first formulated by Peierls [9], describes the transport of phonons in the crystal
lattice. This equation relates the time evolution of the phonon distribution function to phonon convection and
collisions with other phonons, as well as other particles. While the phonon-Boltzmann equation is valid for all degrees
of rarefaction, its direct solution, due to the complexity in the phase-space dimension as well as the non-linearity in
the collision term, is a formidable task [10].

As an alternative to the direct solution, one can use discrete particle methods to track each individual phonon
in the crystal, and use the deterministic approach (a branch of molecular dynamics) to study the phonon transport
[11]. Another approach, known as direct simulation Monte Carlo (DSMC), is using statistical assumptions to group a
cloud of phonons, and study their behavior [2]. Employing the stochastic assumptions in the DSMC method compared
to the deterministic nature of molecular dynamics significantly reduces the computational costs. However, DSMC
still suffers from expensive computational overheads [12]. More recently, a variance-reduction formulation has been
proposed to improve the traditional Monte Carlo method, when the temperature difference is small [13]. In this
method, the stochastic particle description is only solved for the deviation from a nearby equilibrium, that leads to
significant speed up compared to standard DSMC. Peraud and Hadjiconstantinou [14] also showed that in the case



where the governing deviational formulation for solving phonon-Boltzmann equation can be linearized, additional
speed up will be obtained,which provides a suitable algorithm for using DSMC in three-dimensional geometries.

Due to the complexity of the collision term in the phonon-Boltzmann equation, the well-known Callaway model [15]
was proposed to provide an approximation for this term. In this model, the collision is described as a process that
relaxes the distribution function of phonons to the appropriate equilibrium state for collision type, with the relaxation
time 7 that needs to be provided.

When the mean free path for the Resistive process is very smaller than the length scale of the flow, i.e., Kng <« 1,
by performing the Chapman-Enskog expansion [16] on the phonon-Boltzmann equation equipped with the Callaway
model, one can obtain the Fourier law as the heat flux equation. The Fourier law provides an explicit expression for
the heat conductivity, which can be determined by experimental measurements. However, since the second sound and
ballistic phonons are not included in the Fourier law, it cannot provide satisfactory results when diffusion does not
dominate the heat transport process [17-20].

By considering certain ratios between Resistive and Normal relaxation times, researchers derived macroscopic
equations to extend the validity of classical hydrodynamics beyond the Fourier regime. Guyer and Krumhansl [8,
21, 22] solved the linearized form of the phonon-Boltzmann equation in terms of eigenvectors of the Normal process
when the ratio of Resistive and Normal processes are very small or very large. They showed that this condition leads
to the Fourier law in the former, while a set of equations that can capture the second sound was obtained in the
latter. Although these equations predicted the second sound effect, they were only valid at low temperature where
the employed assumptions held.

Another approach to obtain a system of macroscopic equations with extended validity beyond the Fourier’s regime
is using higher order moments of the distribution function. This method, known as moment method, has been
successful in rarefied gas dynamics, and shown to be capable of predicting and explaining the flow behavior up to
mid-transition regime (Kn < 0.5). In the seminal work of Grad, a generic form of macroscopic moments was considered,
and a set of transport equations were derived by taking integral moments of the Boltzmann equation [23, 24]. This
approach provides an infinite number of transport equations for macroscopic moments, where in theory, its solution
is equivalent to the solution of Boltzmann equation. However, in order to make this system of infinite number of
equations practical, we need to truncate it at some point. Using Grad-type distribution function to provide closure for
the system of moments is a common approach; however, this closure brings approximation to the system [23, 25]. In
this method, the Knudsen number determines degrees of rarefaction in the flow, and subsequently, the required extra
terms and equations to capture non-equilibrium. A big advantage of accessing to macroscopic equations compared to
particle methods is the opportunity to relate non-equilibrium phenomena to macroscopic terms. These macroscopic
terms in the system of moments can be simply switched on and off so that we study their effect to help us explain
the non-equilibrium phenomena. So far, we had a great success in capturing and explaining thermal driven flows by
system of moments in rarefied gas dynamics [26-28].

Struchtrup and co-workers [6, 29] followed Grad’s moments method, and presented a simple model for the phonon
transport in solids. Although this model described the interplay between Normal and Resistive processes, and included
the second sound and ballistic phonon effects, due to its simplifying assumptions it could not provide good agreement
with experimental data. The main simplifications considered in their model were (a) linear dispersion relation between
phonon energy and momentum, (b) extension of the Brillouin zone to infinity, and (c) considering a constant relaxation
time for the Callaway model. These simplifications provided fast access to a system of moments that could describe
the rarefied phonon gas in principle, but fail to give accurate results at room temperature.

By aiming to access to a system of moments that can indeed capture the phonon transport at room temperature,
we replace the simplifying assumptions employed in Ref. [29] with a more realistic model. We consider a quadratic
dispersion relation to accurately describe the dependency of frequency on wavevector at room temperature. Moreover,
the Brillouin zone is considered to be a sphere with finite radius, which depends on the working temperature of the
system. Most importantly, the dependency of relaxation time on frequency is considered in the Callaway model, to
account for phonon interactions at low and high frequencies.

Macroscopic moments are defined using a polynomial of frequency and wavevector of phonons. Using the aforemen-
tioned assumptions, the resulting transport equations for macroscopic moments are derived, and presented. The finite
size of Brillouin zone as well as the frequency dependency in relaxation time makes the derivation of the transport
equations more complicated compared to Ref. [29]. In particular, providing a closed form of integration at room
temperature becomes a formidable task, and most integrations have to be numerically calculated.

In order to describe the phonon-surface interactions, we used an extension to the boundary condition model pre-
sented in Ref. [29]. In this model, three types of interactions are considered: thermalization, specular reflection and
isotropic scattering. Based on the proportions of these three types, the free parameters in the reflection model can be
altered to fit to the experimental data.

In order to fix the free parameters in our model, we use the experimental data for specific heat and thermal
conductivity. We use the specific heat to fix the dispersion relation, and then by employing this relation, we use the



thermal conductivity to fix the relaxation time in the production term. Then, the resulting equations are used to
analytically solve the heat transfer problem in two simple geometries.

As the first application we model the thermal grating experiment [30], considering infinite width for the silicon
specimen to neglect the effects of boundary conditions. This assumption leads to a one-dimensional flow problem,
that can be solved using eigenvalue-eigenvector analysis. We compare the predicted results of our system with the
reported data in Ref. [30]. The results show the importance of considering low frequency phonons as well as high
frequency phonons in the relaxation time model, to get a good agreement with the reported data in Ref. [30]. Then,
we use the system of moments to solve Poiseuille flow of phonons in a heat conductor with adiabatic boundaries. In
this problem, the effect of boundary conditions on the heat transfer is studied. Moreover, we show the deviation of
our results from the Fourier’s solution, and discuss the role of relaxation time model on this deviation.

The remainder of the paper is organized as follows: In Sec. II we recall the kinetic theory of phonons, and introduce
the dispersion relation as well as the specific heat. Then we do a quick review on the Callaway model, and introduce
the relaxation times considered in this study. Macroscopic moments are presented in Sec. III, and the system of
moment equations are derived from the phonon-Boltzmann equation. This system is then closed using the Grad
distribution function in Sec. III B. The details of phonon-boundary interactions are presented in Sec. IV. Then, the
closed system of moment equations as well as their boundary conditions, and the thermal conductivity predicted by
this system is presented in Sec. V. In Sec. VI the system of moments are used in two simple geometries to solve heat
transfer problems. The paper closes with conclusion is Sec. VII.

II. PHONONS
A. Phonon model

The energy is transported in solids when atoms vibrate around their mean positions on the crystal lattice. The
particle representative of the resulting energy wave due to these vibrations is called phonon. Phonons have energy
and momentum; they can interact among themselves and with other particles, including photons, electrons, and
crystal boundaries. They can also interact with crystal impurities and dislocations and lose momentum [4]. The
thermal properties of the crystal, such as temperature and heat flux can be obtained by taking appropriate averages
of microscopic properties of the phonon gas.

In the phonon model the crystal is replaced by a box containing the gas of phonons, such that the energy transport
can be treated analogous to the transport processes in gases [31, 32]. The eigen-vibration of the lattice with the
frequency w and the wave vector k in the crystal corresponds to phonons with the energy fiw and the momentum %k,
where A is Planck’s constant. The dispersion relation w (k) determines the relationship between the frequency and the
wave vector, which follows from the quantum mechanics equation of motion for atoms in the crystal [4]. This relation

is periodic in nature, with a full period equal to the Brillouin zone. Phonons travel with the group velocity, ¢ = g—“li.
In contrast to the transport process for gas molecules, phonons do not follow the law of number conservation;
they can be created or destroyed during interactions. The energy, on the other hand, is always conserved in the

phonon-phonon interaction [9],

m 1 " "

hwl+hw” =hw or hw =hw +hw

In this process two phonons with frequencies w and w interact, and create a phonon with the frequency w , or a

m

phonon with frequency w splits into two phonons with frequencies w and w . Phonon momentum is generally not,
conserved, but obeys

fk +hk =hk +hG or Kk =fhk +hk +hG

where G is the reciprocal lattice vector. The phonon momentum is conserved when the reciprocal lattice vector is
zero. This interaction is called Normal process. If the interaction between phonons leads to a momentum vector
outside the Brillouin zone, the non-zero reciprocal vector G brings back the momentum vector to the Brillouin zone.
This type of process is called Umklapp (flip over). The phonons can also interact with the lattice imperfections and
boundaries, and lose momentum while conserving energy. All processes that do not conserve momentum are called
Resistive processes [4, 5].

We distinguish two different types of phonons: optical phonons and acoustic phonons. Optical phonons appear in
crystals with more than one atom in the smallest unit cell, and only have high frequencies. Therefore, they can be
neglected in single element crystals, and at moderate temperatures range [4]. Acoustic phonons, on the other hand,
can have very low to high frequencies. Acoustic phonons have 3 polarizations, 2 transversals and 1 longitudinal. In



the current study we only consider acoustic phonons, and group their three polarizations into a single mode with a
single velocity and single deformation potential [31].

B. Kinetic theory of phonons

In kinetic theory, the state of the phonon gas is described by the distribution function, f (x,k,t), defined such that
the number of phonons in a phase space element, dkdx at time ¢ is given by

dN = f(x,k,t)dkdx .
Here, x is the three-dimensional space vector. The phonon-Boltzmann equation reads [6, 9]

0 0
s = sulf)+ 5 () (1)

where ¢; = % is the group velocity of phonons, and S (f) is the collision operator including the Resistive Sk (f) and

the Normal process Sy (f).
Moments of the distribution function provide the macroscopic properties of phonon system. The energy density,
energy flux and momentum density in the phonon gas are obtained as

e(t7x)=/hwf(x,k7t)dk (2a)
BZ

0 (tx) = [ e (x, k1) di (2b)
BZ

i (tvx)thkif(xa kvt)dk (QC)
BZ

where BZ denotes the Brillouin zone of the lattice. We assume that the dispersion relation only depends on the
absolute value of the wave vector. This assumption leads to a spherical Brillouin zone [4] with the boundaries of

™
SkiSE, (3)
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where a is the lattice spacing.
Phonons are Bose particles [4], and their entropy density reads

SR O N A T T A o

where kg is the Boltzmann’s constant, and y = 8% is the density of states [4]. Note that the factor 3 in this constant
is related to the 3 phonon polarizations, with 2 branches for transversal and 1 branch for longitudinal modes. In the

equilibrium state, phonons follow the Bose distribution function [4],

fo=——— (5)

exp(kf;—wT)— 1

C. Dispersion relation and specific heat

In order to relate the microscopic properties of phonons to the macroscopic properties of lattice, we need to express
the dependency of frequency on the wave vector. We use an isotropic quadratic function, as suggested in Ref. [33], to
approximate the dispersion relation as

w (k) = v k+vok” (6)

where v; and vy are constants. The group velocity is obtained by

C; g (v1 + 2v9k)n; (7)

:a—ki



where

=~| &

n; =

is the phonon direction vector.
Specific heat is obtained by taking the temperature derivative of the energy moment in equilibrium, where f is the

Bose distribution function
0 / hwf Edk)
_ Oe Z

Crorc o - (®)

We set v; to the Debye speed cg, and choose vy such that we get the best fit to the experimental values for specific
heat at room temperature. The Debye speed ¢ is defined as

1 3
-5

which is an appropriate average in the 3 polarizations for phonons [4]. Using literature [4] to set ¢y = 5883 =, we

[ —

oﬁwl =
w

)
C:

N

choose vy = —1.0103 % 107" mTQ to fit to the experimental values for specific heat. Figure 1 shows the variation of
specific heat with temperature obtained from the considered model, compared with the experimental data in Ref. [4].
The deviation that occurs around 7" = 100 K is due to the value of v, employed in the dispersion relation, that we
chose to, specifically, fit to the values around room temperature. Note that we can extend the comparison to higher
temperatures, however, in the current study we are interested in the room temperature comparison.

L "‘
20 - ol :
15, ]
g 10 |
O ﬁ
5| ,
0 50 100 150 200 250 300 350

T(K)

FIG. 1. Specific heat for Silicon predicted with the quadratic dispersion relation.



D. Callaway model

We use the Callaway model [15] to describe the production term in the phonon-Boltzmann equation. This model
is analogous to the BGK model in the kinetic theory of classical gases [34]. In this model, the phonon distribution
function, f relaxes to the reference distribution functions, fr and fy, with the relaxation times 7z and 75 for the
Resistive (R) and Normal (N) processes, respectively. The idea behind this model comes from the concept of maximum
entropy at the equilibrium state. All phonon interactions are supposed to increase entropy, and drive the distribution
function toward the equilibrium state corresponding to their type of interactions. The relaxation time relates to the
phonon mean free path, and shows the rate of this increase in the flow. The Callaway model reads

S(f) = ———(f = fr) = ——(f = /) - (9)
TR(W) TN(W)

The equilibrium distributions fr and fp, must be chosen to satisfy the conservation conditions for energy and
momentum. In all R-processes the energy is conserved, hence

hw
/ (f = fa)dk =0, (10)
Bz Tr(w)
and in all N-processes both energy and momentum are conserved,
hw hk;
|/ (f=fx)dk =0 and [ —i(r_ fi)dk=0. (11)
Bz Tn(w) Bz Tn(W)

In order to obtain the appropriate expressions for the equilibrium distributions fr and fy, we maximize the entropy
density Eq. (4), under the constraints of Eq. (10) and Eq. (11), respectively. This leads to

Yy Yy
fr=—— and fy=—r— (12)
eks’ -1 e(EV+T)_1

where 7, 'y’ and §; are the Lagrange multipliers. We assume that the phonon gas is not very far from the local
equilibrium, so that the above distribution functions deviate only slightly from the local equilibrium distribution
functions. This allows us to linearize these distribution function in Lagrange multipliers to get

0

= fo+ 2= ) (13)
0 ' ' 0

In=fe+ aijha(V —VE)+ %M(ﬁj -¢m) -

Note that by comparing Eq. (12) with the Bose distribution function, we have

' 1
e=vp=7 and §p=0.

The relaxation times in the Callaway model plays a very important role in predicting the phonon transport char-
acteristics. The relaxation time for the R-processes reads [35]
11 N 1 N 1
R(w) W TBW)  Tx(W)

)

where 7y denotes the relaxation time for the Umklapp processes, 7g denotes the relaxation time for the phonon-
boundary interaction, and 7x takes the effects of impurities into account. The effects of phonon-surface interactions
will be considered in the boundary condition model in Sec. IV. Moreover, we consider a pure crystal without any
imperfection, i.e., #(w) =0.

For the relaxation time in the Umklapp processes we use the results reported in Ref. [36]. Ward and Broido [36]
employed the first principle approach to obtain the relaxation times, and observed that at low frequency 7 o< %,

while at high frequencies this dependency is stronger, 7y o< ﬁ
Considering that at low frequency this relation is in accordance with the well-known Klemens’s expression [35, 37|

1 1
o (W) = (14)
BUTexp(—?) w



with By =1.73 X 10_19% and D = 137.39K, we used Eq. (14) for the relaxation time at low frequency in U-processes.
Considering that the relaxation time has a stronger frequency dependency at higher frequencies [36], we employed
a similar expression to the well-known Eq. (14), but with larger powers of frequencies to express the relaxation time

at higher frequencies. We considered that the relaxation time follows

1

1
BuTepl D)&? WSWo
T B i (15)
SUTexp(—g)W‘“ =%c

where wce is the cross-over frequency. Here, Sy is chosen such that we observe a continuous relaxation time at wc,

By
)
c

Su
w

The cross-over frequency, w¢, is then chosen to fit to the experimental data for thermal conductivity.
For the N-process we follow Ref. [38], and assume that the relaxation time is approximated as

1

= —, 16
BnTw? (16)

7~ (W)

where By can be used to adjust to the experimental data.

III. SYSTEM OF MOMENTS
A. Moment equations

Following Grad’s moment method [23], we derive a set of macroscopic transport equations that can approximate
the phonon-Boltzmann equation. For this means, we define the general macroscopic moment

u?il,..z'n> =/BZ wne,..ni > f (% k,t)dk | (17)

to relate the phonon properties to the macroscopic properties of the crystal. The indices in the angular brackets
denotes the trace-free and symmetric part of the tensor. Our moment definition contains the powers of frequencies

k<i1min>

w with @ =0,1,2, ..., and the wave vector in the form of direction vectors, ne;, ;> = —7=

Following Eq. (17), the energy density is obtained by

e(x,t)

= =ug (x,t) .

The energy density flux and the momentum density of phonons will be related to the vectorial moments u; , by using
the constitutive relations in the sequel.
In order to get a hierarchy of balance equations for the moments, we multiply the phonon-Boltzmann equation with
the generic term
Y5 s o=wingng (18)

U1sely,
and perform an integration over the k-space in the Brillouin zone. This leads to a system of moment equations of the
generic form

ouy ,  OF;

11,.-0n 1r-tnlngy

ot D,

- P (19)

1yt 0
with the fluxes
« «
Fil i inn —/BZ ¢, w ng . n; fdk,

and the productions

onfz =[ wanil...nins(f)dk .
" BZ



For the scalar moments ug, we separate the equilibrium part from the non-equilibrium part, and define
vy = ug — U3|E . (20)

Here, the equilibrium part of the scalar moment is defined as

ug|E =/BZ w” fpdk .

Note that onfzn has been defined as a rank n tensor. It is helpful in the further calculation to decouple the trace
and trace-free parts of tensors, and indicate the trace-free tensor by angled brackets around the indices. For example,
for the second order tensor we can write
1
3
where §;; is the Kronecker delta function. Using similar tensorial calculation [25], we can decouple the trace and
trace-free parts of a rank n tensor. Therefore, the hierarchy of moment equations, using the trace-free symmetrical
tensors, can be written as

(0% (07
Fij=Fejs +

(0%
j = F05z'j,

au(l) 8Fi1
_ 21
ot t om0 (21)
oS Ougp oFr  9F*
Fo " OBTH LT _pt a20,#1,

dui + —anj i laF(? P,

e o4 .
6U<ij> N 8F<ijp> + 2(9F<i _po
ot 6g;p 5 63?j> <ij>
(03 o o
Oug iy ins  OFiin i > L OFS i i, o .,
= L. . n )
ot %41 2n+1 0x; > <iyig..ipn>

Note that based on the definition of moments, we have w;,;,. ;. gk = Ui, i,..i, - Moreover, a is the number of frequency
powers in the non-equilibrium moments. The first equation in this hierarchy is the conservation of energy, where
production term is zero in the right hand side.

B. Closure for system of moments

Taking moments of the phonon-Boltzmann equation generates a large system, consisting of an infinite number of
balance equations (21). This system includes flux terms F31i2-4~inin+1>’ as well as production terms Pf‘ilizmin>, that
need to be determined to get a closed system of equations. The solution to this closure problem in kinetic theory,
was first proposed by Grad [23], and then extended to the phonon kinetic theory in Ref. [6, 29]. Since flux and
production terms are expressed through the distribution function, the closure problem is solved when we find the
distribution function, that indeed depends on the moments. For this means, we follow the Grad’s [23] idea to express
the distribution function as a function of moments in Appendix A. Here, we present the final result as

n n

3 = S
fo=fp+ a X (2m+1)”q)an+1 Uehysgm> ~ Yhrjm>E n n (22)
c=JE _— _— <j1... 1G>
327T S ml M OJ;\]4 J1 Im
+E
2y - hwyr s . . .
where wy; = % is the reference frequency, and X,; = kw—é‘ﬁ is the non-dimensional inverse of temperature. For the
B

detailed derivation of the distribution function, as well as the expressions for ®” see Appendix A.

1. Flux terms

Using the Grad distribution function, we can determine the fluxes as functions of moments. The fluxes have the
general form

(0 «
Foiigiiip> =/BZ Cip@W My M > fadk . (23)
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Substituting Eq. (22), and rearranging the equations gives

ul nr o7
cowiy | AR—2E + ) Ag"n% , n=0
o Wir -0 “r
F<i1i2..in> = n¢1 ) (24)
nre uwl
Cowny (Z A" =Ly ) ) n#0
n=0 M

The detailed derivation of this relation, as well as the expressions for A;,"" and A% can be found in Appendix B.

2. Production terms

Similar to the flux terms, we use the Grad distribution function to express the production terms as functions of
moments. The production terms have the general form

n

P<ai1iz..in> =/ Wan<i1...ni >S(fe)dk (25)
BZ

where S (fg) is obtained by using the Callaway model in Eq. (9). It is worth noting that by using the moment method
R and N-processes can be treated completely independently

(e} (e} (e}
Pgin i = Peiig.is R+ Peiyig. i >N - (26)

a. Resistive process Considering the conservation of energy in the R-process Eq. (10), and expressing fr as a
function of the non-equilibrium moments, we obtain the production moments for R-processes as

W& nrg a,n o7
_ W 1 Yo —
0 Z JO,R o n=>0
P - e (27)
<i1ig...01,>,R " g o uzil . )
M ) i
-—5 —= n+0
T - R W),
n=0

Here, 7'1% is the reference relaxation time for R-process that depends on the crystal, and will be discussed in the sequel.
Note that we have Jé ’17; = 0, which implies zero production in the case of energy moment, i.e., n =0 and a = 1. The
detailed derivation of the above production matrix, as well as the expression for JS"IZ can be found in Appendix C.

b. Normal process Using Eq. (11), we express fy as a function of non-equilibrium moments, and obtain the
N-production moment as

[ e nrg an 7
M Jen Yo —
—u o n=0
0 m
™ X 0,N wy,
n=0
*1
ng n
(e% (3
P =4 _wWum a,n Ui — . 28
<i112...0,>, N Tz(ir Z JLN o7 n=1 ( )
=0
we ne an ul )
M <iyig...in>
—To Jn ’Nw—n n>1
N ) M
n=0

Here, 7'1(\)[ is the reference relaxation time for N-process that also depends on the crystal, and will be discussed in the
sequel. The detailed derivation of the above production matrix and an expression for JYD:;Z, can be found in Appendix
D.

IV. BOUNDARY CONDITIONS

So far, we have derived the system of moments equations, and provided expressions for the flux and production
terms to it. In this section we will derive the appropriate boundary conditions for this system of equations.
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A. Microscopic model for the phonon-Boltzmann equation

In order to describe the phonon-surface interactions we need a microscopic boundary condition that can be used
to solve the phonon-Boltzmann equations. Later, this microscopic model will be utilized to obtain the macroscopic
boundary conditions for the moment equations.

We use a phonon-surface model similar to the Maxwell boundary condition in classical theory [39], where the
reflection kernel is a superposition of the kernels for diffusive reflection and specular reflection.

For phonons, we consider three possible scenarios when colliding with the surface [29, 40] :

e Thermalization: This process occurs when the impacting phonon with the surface is absorbed at the wall, and
new phonons are emitted from the surface to the gas. The generated phonons will leave the surface at the
equilibrium Bose distribution (5), with the temperature of the surface. In this process, impacting phonons
exchange energy and momentum with the surface, which subsequently leads to an energy transfer across the
crystal boundary.

e Specular reflection: In this process the energy and tangential momentum of the impacting phonons with the
surface remain conserved, and only their normal momentums become inverted. This interaction does not lead
to any energy transfer, or drag (like) forces across the crystal boundary.

e Isotropic scattering: This process accounts for the adiabatic interactions, while phonons transfer tangential
momentum to the surface. The incoming phonons are reflected in a random direction, while keeping their
impacting energy. This process is in analogy to the collision of a light gas particle to the heavy surface particle
for classical gasses [41].

In order to describe the phonon-surface behavior we need the distribution function in an infinitesimal neighborhood
of the wall, that we write as

. f*(kaat)y n;v; 20
f _{ f(X,k,t), nv; <0 7 (29)

Here, v; is the surface normal unit vector, and n; = — is the unit phonon direction vector. The distribution function

for phonons leaving the surface (n;v; = 0) is expressed by f*, and is described by the reflection model.

We define 8 as the portion of phonons that are scattered or specularly reflected from the wall. Noting that the
number of phonons are conserved in these two process, we assume that v of them are specularly reflected, and (1 — )
are isotropically scattered. Moreover, « is the relative amount of thermalized phonons. Thus, the distribution function
for the particles leaving the surface reads

* 1-
f* = afp (Te, k) + By f (ki = 2kv14) +5( TW)%[ <OC(—nka)f(kj)dQ : (30)

Here, the first term in the right hand side denotes the thermalized phonons, which will be emitted with the equilibrium
distribution function at the wall temperature, T,. The second term describes the specular reflection of phonons, in
which only the normal momentum will be inverted. The isotropic scattering of phonons, where phonons are reflected
with a random angle, is described in the third term of Eq. (30).

This relation must also hold in the equilibrium state, when both incoming and outgoing particles follow the equi-
librium distribution fz at T = Ty. Substituting this condition in Eq. (30) gives

a=(1-0).

Therefore, based on the crystal properties, this model for boundary condition introduces S and -y as the free parameters
to fit to experimental data.

B. Boundary conditions for moments

To obtain the macroscopic boundary conditions for moments, we follow the ideas of Grad as outlined in [23, 42]. In
this method, first we assume that the phonon distribution function can be approximated with the Grad distribution
Eq. (22), and set f = fg. Then, we require the continuity of certain normal fluxes over an infinitessimal surface
element, that by using Eq. (29) gives

/TAnkdek =/TAnkz/kadk (31)
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where T 4 is the polynomial of the frequency and the direction vector, that we already defined in Eq. (18). Following
this method we obtain relations between the macroscopic moments and the wall properties, which shall be used as
the boundary conditions for the macroscopic moments. Since f and fg agree for the incident particles, the above
relation simplifies to

/ wanilmninnkukf*dk = wanilmninnkykfcdk . (32)
n;v; >0

n;v; >0

In order to perform the directional integration on the half space, it is best to use the normal-tangential frame with
respect to the surface, where the phonon direction vector can be expressed as ny = {74, v},. In this frame, the normal
and tangential components to the surface can be written as

v=ngy, =cosf and T4 = {sinfcos,sinfsin ¢},

Using this notation, Eq. (32) simplifies to

f Ow Tayma VT A / W, a VT fadk (33)
v>

where r < n. Grad [23] observed that in order to get a meaningful set of boundary conditions Y 4 must be even in the
normal component of the directional vectors, hence n —r must be even. Performing the integration in Eq. (32) leads
to the general relation for the boundary conditions

327 a ra m
axm (177) ( /BZ X (fe - fe(T)C (X)dX)as 88,3}

n

_ 5 (1 _ "Y) ZMQ (u<l/1~.vn> _:<V1“-Vn>|E)f::n(;{Bl_“BS} _ Z Z 2TL + 1|7j: O_;L::n _ gf:;n)

n Y n r=0

a
(u<A1...ATu1...vn,T> - u<A1...ATV1...vn,T>|E)

— 0iA,..A,B,..B,) (34)
M
Here, X = I:;—"JT is the non-dimensional frequency. Moreover, the capital indices refer to the tangential, v refers to

the normal directions with respect to the surface, and (g, . g, is the generalized tangential unit tensor. Note that
the above boundary conditions are an extension to the simplified form of boundary equations presented in Ref. [29].
Details for derivation of this relation can be found in Appendix E and F .

V. CLOSED SYSTEM OF MOMENT EQUATIONS AND BOUNDARY CONDITIONS

A. DMacroscopic equations

Substituting the description for the flux term Eq. (24), as well as the production terms Egs. (27) and (28), provides
a closed system of equations that can be solved to describe the thermal behavior of the crystal. We introduce the
non-dimensional moments, time and space as

(35)

h
=Is

where L is the length scale of the system. Based on the desired accuracy, we can use a specific number of transport
equations for the direction and frequency. In the current study we employ three directional moments (ug, ug, ufij>).
As a required condition, we will show that further increase in the number of directional moments, i.e., ug;;xs, Usijis---»
will not cause any noticeable change in the solution. Considering three directional moments will lead to a set of 9xn g
macroscopic equations, where ng is the number of considered powers of frequency. By considering a small deviation
from the equilibrium state, we can linearize the convection term in the non-equilibrium moments, and write Eq. (21)



13

as
U, & ,ou!
—_— + 2 A 3_55‘1 =0, (36)
n=0
Wy & a,n aU‘;TE 1, ann My N
7 +2(A1 T b XJ V) az0,%1,
7n=0 0 7] 0
1
8Uza +§Aa 7)8Ugl]> nZFA ,navn + la(A%UgiE) 8U01 _ Zja nUn
oF 2 0z, "3 0z, 3  9Ut oz, Kn
7n=0 n=0 0 7n=0
*#1
nF 8U77 1 ng
<U> a,m <t _ a,nrn
ot 5 Z ai‘-j> - KHR %J U<2J> .

Here, « is the number of frequency powers in the non-equilibrium moment, which can be up to ng. Moreover,

KDR
Jaﬂ? — Jo‘v"] + Ja»"]
n n,R KHN n,N

and

0
CoTN
L b

0
C0TR
L

Kng = and Kny =
are the reference Knudsen numbers for the R and N-processes. The temperature and heat flux implicitly appear in
the moments equations, and will be discussed in details in the sequel.

The boundary conditions for this system, are obtained from Eq. (34) as

o _ (1_5) AT _ o 1 (]- B) 5( B) «
UV__2(6+1)T_SY (T)UO (ﬁ+1)‘/0 __G(ﬁ‘f‘l) <vv> O[Z()?#]'? (37)
. 1
U<A1v>=—%§ ﬂ-;—yf;UAl az0,#1.

Here, we linearized the first term of Eq. (34) in the temperature difference AT =Tg — T, to get

/ xo+ exp(X)G(X) 5y

(exp(X)-1)*
ye(r) =22 ™ .
a1 XG(X
XM / cxp(X)—ldX

BZ

The first equation in the system of moments (36) represents the transport equation for the energy moment, with
no production on the right hand side, and will be discussed in the next section. The transport equations for the
non-equilibrium scalar moments and vectorial moments are shown in the second and third equations (36).

The vectorial moments will be related to the phonon momentum using the constitutive relations. The transport
equations for the vectorial moments include second-rank tensorial moments UZP, that can be related to the phonon
stress. Dreyer and Struchtrup [6] showed that using the system of moment including the phonon stress can success-
fully express the second sound in the crystal. Therefore, the system of moments (36) are expected to include the

corresponding terms for the second sound.

B. Energy, temperature and heat flux
The energy moment Uo1 appearing in the system of equations (36) varies with temperature as

.

L dnkhy ( / X?WXG(X)dX

Uy =
0 Bz exp(X)-1

h4cgwM
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Note that in the above equation X and X,; are also a function of temperature. In the case of linear dispersion
relation with infinite Brillouin zone, i.e., Debye assumptions [4], this relation simplifies to

5,4
T Amkpy 4
O 15h4cgwM

However, this assumption is only valid at low temperatures. Variation of the energy moment relative to the Debye
energy moment with respect to the temperature is shown in Fig. 2. It is observed that at room temperature the
energy moment deviates from the Debye energy moment, which reiterates the limitation of the Debye assumptions.

1-0,\ \ \ \ ]

0.8 - .

0.2 - _

0.0*\ \ | | L]
0 100 200 300 400

I(K)
FIG. 2. Variation of the energy moment relative to the Debye energy moment with respect to the temperature for Silicon

Another look into Eq. (36) shows that energy flux appears as a summation over the vectorial moments

Qi=) 40! (38)

n=0

Note that the non-dimensional heat flux @Q;, relates to the dimensional heat flux g; as

i
Qi, = :

Co (th) .

We use Eq. (38) to obtain the energy flux as a function of energy gradient, and derive the thermal diffusivity.
C. Thermal diffusivity and thermal conductivity
The thermal diffusivity, s relates the heat flux to the gradient of energy as

oup
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Equation (36)-3 shows the dependency of the vectorial moments on the gradient of energy moment, that will be used
to obtain the thermal diffusivity. Considering that Fourier’s law Eq. (39), is valid in the first order of Kn, we perform
a Chapman-Enskog (CE) expansion [16] on the system of moments, to identify the first order terms contributing to
the Fourier’s heat flux.

We expand the non-equilibrium moments in the smallness parameter Kng as

Vo' = Vo + KngVyy + O (KnR) | (40)
U = Ufy + KngUfy + O (Kng) |
U3]> = <aij>,0 + KHRU3j>71 + O (KHQR) .

Then, we substitute this description in the system of moments. For example, Eq. (36)-2 reads

2Vl + KnRin*1 +0(Kn%)) . % (A?’" _dUg e o(Ul + KnR({;fl +0(Kn%)) _
ot = lops oz;

- ni KLHRJ(;*’" (Viy + KngVy', + O (KnZ)) .
n=0

Collecting the powers of Kn;%1 in the system of moments gives
Voo =Uio=Udjs0=0,

that implies non of the above moments have zeroth order contributions. Applying the CE expansion to (36)-3 with
the updated form of (40), and collecting the contribution of order KnOR gives

0(AUge) oud 1

1 N
3 aU& 0%, __KHRZJI Ui,l' (41)

n=0

Using the description of energy flux from (38), and the first order contribution of the vectorial moments (41), the
thermal diffusivity can be written as

= Ti AT (J1—1)m _8(AEU3|E)

(42)
1
ot oU,
where
LoLor
- 3 R0 >

is the reference thermal diffusivity, obtained by considering a constant relaxation time at the reference temperature.
Equation (42) shows that the thermal diffusivity predicted by the system of moments is a correction to the reference
value, due to the frequency dependency in the relaxation time, i.e., the contribution of the production term Jf”. It
has been shown in Ref. [38] that the correction resulting from the Normal scattering process can be disregarded in
the case of Silicon. Therefore, in order to adjust our relaxation time we assume that we only have R-process in our
system, and neglect the N-process contribution.
Figure 3 shows the variation of the thermal conductivity with the temperature. Thermal conductivity,  is related

to the thermal diffusivity as
Kk = xpC |

where p is the mass density of the solid, and C is the specific heat obtained in Eq. (8). We considered 6 powers of

frequency in our system, i.e., np = 6. In order to fit to the experimental data for thermal conductivity, we chose

)
the cross-over between the two relaxation times in Eq. (15) to occur at 0.3 of the length of Brillouin zone, i.e., %
= 0.3. Note that since BZ in this expression also depends on the temperature, the considered value for the cross-over
frequency does not vary with the working temperature. The predicted results from the system of moments are in

very good agreement with the experimental values for the Silicon. We could extend the comparison of the thermal
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FIG. 3. Variation of the thermal conductivity with the temperature for Silicon, line: system of moments, dots: experimental
data in Ref. [4]

conductivity to larger temperatures, however, we are interested in the room temperature comparison in the current
study.
The effect of increasing the number of frequency powers on the thermal conductivity is depicted in Fig. 4. Here

|K’nF _KnF—l'

we show the relative changes in the thermal conductivity ¢, = with successive increase in the number

ng
of considered frequencies, np at T = 300K. We observed that the predicted results for thermal conductivity do not
change noticeably by increasing the number of frequency powers to more than 6. Thus, we set np = 6 for the following
results in this study.

VI. ANALYTICAL SOLUTION IN SIMPLE GEOMETRIES

The system of moment equations (36) equipped with the boundary conditions (37) are a set of linear partial
differential equations that can be analytically solved in simple geometries. First we study the behavior of one-
dimensional wave obtained by system of moments, and then we investigate the one-dimensional Poiseuille flow for the
phonon gas.

A. 1-D Heat conduction with periodic initial condition

As the first application we look into the decay of energy amplitude with time in a one-dimensional body with
periodic initial conditions such as Fig. 5 . Nelson et al. [30] experimentally studied this problem by interfering two
laser beams, and exposing a wafer to the diffraction pattern. In this experiment, a sinusoidal energy pattern was
initialized in a thin silicon wafer at room temperature, and the thermal decay was measured to determine a wavelength
dependency of the damping coefficient. They observed that at room temperature, the thermal transport in Silicon
significantly deviates from the diffusion model already at micron distances. More specifically, they showed that low
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FIG. 4. Variation of the relative change in the thermal conductivity with the number of considered frequency powers.

frequency phonons, with rather large mean free paths that cannot be described by the diffusion model, significantly
contribute to the heat transfer at micron distances.

E

\VARVERVER

FIG. 5. One-dimensional body with periodic initial condition

Maznev et al. [43] investigated this problem by proposing a model in which the high-frequency phonons are described
by the thermal diffusion equation, while the low-frequency phonons are described by the phonon-Boltzmann equation.
They reported good agreement with the experimental data.

We use the moment method to predict the damping behavior as a function of the grating’s wavelength, and compare
it with the data reported in Ref. [43]. Due to the periodic nature of this problem, we do not need to use boundary
conditions at both ends of the specimen, and will study the flow behavior in the bulk.
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The depth of wafer used in Ref. [30] was much smaller than its length and width, such that the sinusoidal pattern
remains homogenous throughout the entire specimen. Moreover, Nelson et al. used wafers with different thickness
to study the effect of thickness (boundary conditions) on the heat flow. For simple analysis, we only consider a
one-dimensional flow with infinite thickness to neglect effects of boundaries. Then, we validate our numerical results
with the reported data in Ref. [30] for the infinite thickness.

1. System of moment solution

In one-dimension, we can write the linear system (36) as

oU oU,
a_tA + AABa_f =-CupUsp , (43)

where A and C'4p correspond to the variable vector
1
U= {UO ) Voav Uiav Ugij>} Q= 07 17 N

Here, « is the number of frequency powers in the non-equilibrium moment, which can be up to np. Considering the
periodic nature of the problem, we make the harmonic wave ansatz

Ug(z,t)=Uqexp(i(Fz-Qt) ,

where U, is the complex amplitude, £ and § are, respectively, wavenumber and frequency of the harmonic wave. By
inserting this relation in Eq. (43) we get the algebraic equation

(iQ(SAB —iFAAB +CAB)UB =0 s

that only has non-trivial solutions when the determinant of the matrix inside the parenthesis becomes zero. This
will lead to an eigenvalue problem, where 2 is the vector of eigenvalues for the matrix of F Ayg +iC4p. For each
eigenvalue there is a specific solution to the wave ansatz. By considering that only the energy moment was initially
non-zero and equal to Eexp (iF z), the general solution can be obtained by adding all individual solutions together to
form

Un(e,)=EY QapQrexpli(Fa—Qpt)) . (44)
B

Here, Q4p is the matrix of eigenvectors. We use our MATHEMATICA code to obtain the solution for the above
expression. Note that the solution can be generated for an arbitrary number of moments, by simply expanding the
dimensions of Uy, Ayp and Cyp.

2. Fourier’s law solution

The linearized heat equation in one-dimension reads

ouy  9’U,

ot % or?

=0.
Using the wave ansatz leads to a quadratic relation between the frequency and the wavenumber
Q= —isef” ,

that is the case when diffusion is the dominant energy transfer mechanism. Using the Fourier law to solve the
one-dimensional heat conduction problem gives

Uy = Eexp (—%FQt) cos(Fz) . (45)

This equation shows that the Fourier law predicts a pure exponential decay for the energy moment by time. This
exponential decay depends on the thermal diffusivity and the initial wavevector.
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8. Results and discussion

Nelson et al. [30] conducted the thermal decay experiment on 15 transient gradient periods ranging from 2.4 to
25um, and reported that within the whole range of grating periods the thermal decay remains exponential.

First, we use the system of moments to investigate if the energy moment follows an exponential decay. For this
means, first we assume that the energy moment follows an exponential function such as Eq. (45), however, the
coefficient in the exponential argument is not necessarlily the thermal diffusivity . Then, we consider t; and ¢y as
two arbitrary times during the decay, and plot —log % as a function of £t in this period. This curve is compared
with the predicted results from Eq. (44) for different values of grating period in Fig. 6.

3.0F
[ Fourier's

250

0.5]

00! | | | | | -
5 10 15 20 25
Ft

FIG. 6. Variation of the energy decay with time for various grating periods, Markers: solution to Eq. (44), Lines: exponential
function passing through ¢, and ¢,, Red line: Fourier’s solution in Eq. (45)

For t; and t, we obtained the required time that the predicted energy by the system of moments drops to 80%
and 20% of its initial value, respectively. We observed that as long as the grating period remains larger than 0.5um,
the decay follows a pure exponential curve, which is in accordance with the reported results in Ref. [30]. Moreover,
it is observed that by increasing the grating length, the solution of system of moments approaches the Fourier’s law
solution, which is depicted by the red line.

Considering that the decay curve remains exponential for L > 0.5um, we define the decay parameter

in(65)

ty— 1

r(F?) = (46)
Note that as long as we have an exponential decay, the choice of ¢; and ¢5 are arbitrary, and will not change the value
of the decay parameter. For the Fourier law we have ' = sF 2, that shows a quadratic decay with the wavenumber.

Figure 7 shows the decay parameter I' relative to the bulk Fourier decay as a function of the grating period for the
moment solutions and the reported data in Ref. [30]. Nelson et al. [30] employed an effective thermal conductivity
model, that takes into account the diffusion and ballistic transport of phonons, to report the energy decay when
boundary scattering is not present.
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For our numerical results we employed three forms of relaxation times: the cross-over relaxation time model Eq.
(15) depicted by the black curve, Klemens model Eq. (14) depicted by the blue curve, and the constant relaxation
time model as shown by the red curve. Although all employed relaxation time models predict the exact thermal
conductivity (first order contribution) at this temperature, this figure demonstrates their short-coming in capturing
higher order non-equilibrium phenomenon, and suggests the importance of employing appropriate relaxation times in
the Callaway model.

We adjusted the free parameter in the relaxation time for the N-process Eq. (16), to get the best agreement with
reported data. It is seen that at larger grating period the decay parameter approaches to unity, which shows the
domination of diffusion in the heat transport mechanisms. It is observed that employing the appropriate relaxation
time in the system of moments provides very good agreement with the reported results in Ref. [30].
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FIG. 7. Variation of the decay parameter relative to the bulk Fourier decay with the grating period, green: reported data in
Ref. [30], black: cross-over model, blue: Klemens model, red: constant relaxation time model

In order to ensure the independency of the solution on the number of moments, we increase the number of directional
moments np, and compared the relative deviation from the most accurate solution. Figure 8-a shows the variation of

P — |F”D_FS|
np

np — T
with np = np = 7. The comparison is conducted for 3 grating periods, L = 1.5um (square), L = 2.5um (circle) and
L = 10pm (triangle). It is observed that by considering 3 directional moments, the relative deviation from the solution
of large system will be around 1%, and the solution is more or less converged. This system, that includes second rank
tensorial moment, is rather simple for our analytical calculation, and will be used in the sequel.

with the number of considered directional moments, where I'g is the solution of our largest systems

Figure 8-b shows the energy decay traces for grating periods from 3.2 to 18um. This figure corresponds to the
experimental results of Fig. 2 in Ref. [30]. It is seen that the thermal decay becomes slower at larger grating period.
At larger grating period, it takes longer for heat to move from the peak to the null.

Note that in the experimental results of Ref. [30] the scattering of the phonons at the boundaries reduces the
thermal conductivity (thickness effects). However, for our simple analytical calculation we assumed that the silicon
specimen is wide enough that the boundary conditions do not play a role in the solution. The obtained results from
the system of moments in Fig. 8-b are qualitatively similar to the experimental data of Fig. 2 in Ref. [30].
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FIG. 8. a) Relative changes in thermal decay parameter with the successive increase in the number of directional moments
for L = 1.5um (squar), L = 2.5um (circle) and L = 10um (triangle). b) Energy decay for grating periods of L = 2.3 to 18um,
corresponding to the reported results in Ref. [30].

B. 1-D Poiseuille flow of phonons

As another application we use the system of moments to solve one-dimensional Poiseuille flow of phonons in a heat

1
conductor of thickness 2L, as depicted in Fig. 9. We assume that there is a constant energy gradient of 88% along the
z-direction inside a semi-infinite silicon specimen, with adiabatic boundaries at y = +L. This problem is analogous
to the one-dimensional pressure driven flow in fluid dynamics, where the pressure gradient in the fluid is replaced by

energy gradients inside the solid.

FIG. 9. One-dimensional Poiseuille flow

As the first step to solve Poiseuille flow, we replace one of the vectorial moments with the energy flux @;, to have
an explicit relation for energy flux in our equations. By this change of variable, providing the solution becomes more

straightforward. Using the description for energy flux from Eq. (38) we replace Ul-1 as

1 ng 1,n
1 _ 1 n
Ui _A1,1Qi_ QL (47)
1 n=0 “71
n#l

By considering the steady state condition, where all moments except for energy have zero gradient in z-direction,
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we can decouple Eq. (36) to get

0Q,
27 = 4
=0, (18)
%Aa n U:IZCZP +18(A%U6¥|E) aU(} - _ 1 Jf(,l _ 1 nZF Ja,n_Ja,l A?n U’r]
oy 39Ut 0z Kng 4341 %" Kng 1 Loy
0 1 n=0 1
n#l
a,l
].A 8@;5 ng A - a ng -
5 Al’l ay 5 Z( - Al = ZJ U<a:y> )
1 1 n=0
17#1

0
where Kng = 02 7+, and « is the frequency power in the non-equilibrium moment, which is considered to be up to np.
The corresponding boundary conditions for this problem are obtained from Eq. (37)

«a 3(1_7ﬁ)
U<:cy> =-3

8(vﬂ+1)Ux '

Note that by substituting Eq. (47) in the above relation, we can obtain the boundary condition for the energy flux
moment.
We derive an expression for (054 <

(49)

from Eq. (48)-3 as

TY>
nEp Np
8 _ RNl
U<:vy> - KnR ( ) F Um
=0 n=0
where
1 7,1
A% A s
R/ 1 ym _ 71 1,m
FY = =26, + | A" - =747
1 1

and U, is the vector of vectorial moments, with the energy flux @, on its second row, i.e., for n = 1. Moreover, we
can obtain the contribution of Fourier-like energy flux from Eq. (48)-2, and define

(A UOlE‘) 8U3

R® 1 <
R, = —§ Z( ) G—Ué 9 (50)
where
Ja 1 Al,n
B = 2oy + | - =
Ay Ay

Note that we have the Fourier law for R,lc, where we can see the relation between the energy flux and energy gradient.
In order to get a compact form of the governing equations, we subtract the Fourier-like contribution of the fluxes
Eq. (50), from the vectorial moments, and define the variable vector

_{U RxaQr_ xa"'aUgF_R;LF}a .

Noting that the energy moment only has a gradient in the z-direction, the system of moments in (48) simplifies to an
eigenvalue problem as

°Z!

N7 T
z8 5KnR2M r (51)

where

MO = Z (H—1)a,s A;'B (J2—1)57ny,n .

€,8,vy
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Solving Eq. (51) gives the energy flux as

Q. =Qr|1- ZDLWCA’ cosh
Y

] 5
K—H,JA:) ’ (52

where >%7 is the matrix of eigenvectors, and A7 are the eigenvalues of M ", that depends on the considered relaxation
time, dispersion relation and the number of frequency powers. Moreover, C”7 are the constants of integration that
need be found from the boundary equation (49), and Qp is the Fourier’s heat flux

L% e 2AEe) | g
QF=—§KDRZA1JI (Jll)w aU&OE 3%0 )

Y

The system of moments gives a Knudsen layer correction to the Fourier solution. Figure 10 shows the changes in
the heat flux due to the increasing number of considered frequency moments np for two models of relaxation time.
In the case of constant relaxation time, the production matrix is diagonal, and increasing the number of frequency
powers does not change the solution of the system. In this case, the deviation from the Fourier solution is mainly
observed in the vicinity of the crystal boundaries.
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FIG. 10. Heat flux predicted by the system of moments relative to the Fourier’s heat flux for the Poiseuille flow of phonons at
Kngr = Kny = 0.2, =1 and v = 0.5. a) Constant relaxation time model for ny = 2,3,5,6,7. b) Cross-over relaxation time
model for np =2,3,5,6,7.

By considering the frequency dependency in relaxation time we need sufficient number of frequency moments to get
a converged solution. By employing 2 frequency powers, i.e., the red line, the rarefaction effects are mainly observed
at the boundaries. As we increase np, the deviation from the Fourier’s solution is also predicted in the bulk of the
phonon gas, and the solution will be more or less the same for np =5,6,7.

The effect of Knudsen number on the energy flux is depicted in Fig. 11-a. As the Knudsen number decreases the
energy flux approaches to the plug flow solution, that is predicted by the Fourier law. Increasing rarefaction effects
leads to a deviation from the Fourier’s solution first at the boundaries, and then in the entire flow field.

Figure 11-b shows the effect of changing the relative portion of specularly reflected and isotropically scattered
phonons on the energy flux. The plug flow solution is obtained when the reflection is purely specular v = 1, which
means that boundaries do not have any influence on the bulk. Increasing the portion of isotropically scattered phonons
imposes a drag on the gas at the crystal boundary, which leads to Knudsen layer development, and emerging the
rarefaction effects in the flow field.

VII. CONCLUSION

We presented a set of macroscopic equations for phonon transport to describe the thermal properties of a crystal.
We employed a quadratic dispersion relation in the finite Brillouin zone to express the dependency of frequency on
the wave vector. The collision term in the right hand side of the phonon-Boltzmann equation is described by the
Callaway model, where the relaxation time is depending on the frequency of phonons. Using this model, we proposed
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FIG. 11. Heat flux predicted by the system of moments relative to the Fourier’s heat flux for the Poiseuille flow of phonons. a)
Effect of the Knudsen number Kng = Kny =0.0001-0.3, 8 =1 and v = 0.5. b) Effect of v on the solution v = 0,0.25,0.5,0.75, 1
and Kngp = Kny =0.2

macroscopic moments that depend on the powers of frequency, and the polynomial of phonon’s direction vector. Then,
the transport equations for macroscopic moments are obtained from the phonon-Boltzmann equation. The closure to
this system of equations is provided using the Grad distribution function.

We used the Grad method to provide boundary conditions for the system of moments. We considered three types
of microscopic interactions between phonons and crystal boundaries: thermalization, specular reflection and isotropic
scattering. The reflection kernel in the proposed boundary model is considered to be the superposition of kernels for
these microscopic interaction types.

In order to validate the system of moments, we studied the thermal decay in a one-dimensional body with periodic
initial condition. This problem was experimentally studied in Ref. [30]. We observed that the thermal decay deviates
from the heat equation already at micron level. We employed different relaxation times in the Callaway model, and
observed that by accounting for both low frequency and high frequency phonons in the relaxation time model, we get
a good agreement with the reported data in Ref. [30]. As we employed different relaxation time models, we observed
that although they all agree in predicting the thermal conductivity (first order rarefaction effect), not all of them can
predict the thermal decay curve (higher order rarefaction effect).

As the second application, we solved the one-dimensional Poiseuille flow of phonons in a crystal with adiabatic
surface. We observed that in this case, the system of moments predict a Knudsen layer correction to the Fourier’s
solution.

This study confirms the main role of frequency dependent relaxation time in predicting non-equilbrium heat transport
in solids. By comparing our results with the reported data in Ref. [30], we get a validation that the current form of
moment equations is capable of capturing the deviation from equilibrium state properly. We now aim to employ the
boundary conditions to solve the two-dimensional flow of phonon gas to investigate the effect of thickness on the heat
transport in the silicon specimen.

Appendix A: Distribution Function

Maximizing the entropy density function for phonons under the constraint of our moment definition Eq. (17), leads
to

Yy
o= : (A1)
B ng np 3 5
R Y Y Ay w5 -1
B=0 m=0 m
where Afil-.,i , are the Lagrange multipliers. Comparing this form with the equilibrium distribution function, Eq. (5),

suggests that in equilibrium, i.e., m = 0 and 8 =1, all A are zero, except for

1

1—_
A =7
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Now we separate the equilibrium part from the non-equilibrium contribution, and define
B 4B 1o
AL =A i Tdmdﬁ ,

<iy...0,,> <i1..

that leads to A' = 0 in the equilibrium. By considering a small deviation from the equilibrium state, we can linearize
the distribution function in the non-equilibrium Lagrange multipliers to obtain

yexp(5) neope huw
fo=fp-—— =N S W ) i ) |
R < EETR A .
(exp(5) - 1 Sy R T
The unknown )\fil__i , are determined as functions of the moments, by substituting this distribution function into

Eq. (17), and performing the integration over the Brillouin zone. For this means, first we switch to the spherical
coordinates with dk = dkd), where Q as the solid angel, and define the density of states g (w) as

dk
=k — A2
olo) = (42)
to only deal with the frequency in our system of equations. Moreover, we introduce non-dimensional functions
hw ch
X=— and G(X)= —g(w), (A3)
ICBT w2
M
where ¢q is the Debye velocity, and w,; is the reference frequency
200
Whr = T .
By introducing the matrix I,5 as
X exp (X) G (X)

and the frequency function

exp Jé]
o = X1,
(exp(X) - 1 Z Bn

we obtain the Grad distribution function as in Eq. (22).
Appendix B: Flux term
By substituting the distribution function in Eq. (23), we get
Y(X)X " G(X)
/BZ exp(X)-1 dXx

X2G(X)
/BZ exp(X)- ldX

« 0
Feiiyi>=Co U0|E5n +

ng
X(/w(X)Xa@?XX/[—aG(X)dX)( g >_“Zi1,..in>|E) ;
BZ

n=0
+E

where the first term only has contribution to the scalar flux term, n = 0. By separating the above relation for the two
cases of scalar, and non-scalar flux terms we get Eq. (24) with

W(X)X*G(X)
/BZ exp(X)-1 dx

X*G(X)
—/BZ exp(X)-1 ax

Note that w(X) is the non-dimensional group velocity

A% =

and  AS7 = X7 / 9 (X) X°B"G(X)dX .
BZ

1 Ow

L*J(X)= %% .
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Appendix C: R-process production term

By considering a small deviation from the equilibrium state we express the distribution function for R-process as

e X exp (X) _
fr=/E y—(exp X) - 1) (vrT-1) . (C1)

Using the distribution function Eq. (22), and solving Eq. (10) for vg, to express this deviation as a function of
moments gives

ng
n+l X®"G(X)
nzzo XM /BZ X dX
_1 1- a* +E i (C2)
TR T 327y X2 exp(X)G(X) _dX wnM ’
BZ W r(X)(exp(X)- 1

Here, Uy is the non-dimensional relaxation time for R-process

kpT
v - )

Qj\]o >

Using Eq. (C1) to obtain the R-production moment in Eq. (25) we get Eq. (27) with

; / X®"G(X) 5 "
o o X® W R(X) X X)G(X
Jon = X / G(X)dX - —2BZ *© / exp (X) G )QdX ,
’ Bz Vg (X) / X2 explX)GX) _jxJ BZ W (X) (exp (X) - 1)
Bz YR(X)exp(X)-1)?
a g
Jol = X7 X ¢ G(X)dX .

A Y Ur(X)

Appendix D: N-Process production term

Similar to the R-process, first we assume a small deviation from the equilibrium state to express fy as

o X exp (X) B exp (X) yu (X) G (X) hwpy .
fn=le y((expo()—l)? o= ()1 Fwey

Then we solve Eq. (11) for vy and &; to get

ng
n+1 X®"G(X)
2 X [, SR

1 a U:EQ vy
=—|1= _0
w T 327Ty / X2 exp(X)G(X) dx WT]\]/[ ’ (Dl)
Bz ¥n(X)(exp(X)-1)?

and

n n+1 3
yelXje Xy, G2 iy
_ 3a k‘B Z X) ui
i T 64T hy / W(X) exp(X)G(X)2dX w’]\’/[

Wy (X)(exp(X)-1)*

Here, W is the non-dimensional relaxation time for N-process

kT
7y (2% X)

0

N

Uy (X)=
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By accessing to the distribution function for the N-process, we can obtain the production moments in Eq. (28) with

. / X2G(X) 1y ‘i
o o o W N (X) xX° X)G (X
J > =X"7 / X G(X)dX— BZ N / exp( 2) ( ) dX 7
Bz Yy (X) / X2 exp(X)G( X) _ax 57 (exp (X) = 1)* ¥ p(X)
BZ Uy (X )(exp(X)-1
JeX)2"G(x)2 % .
dX o 3
—a *p" ‘I’(X) X Wu(X X)G(X)2
Jf‘:”] =X]7\’4 / X G(X)dX— BZ N / ( )eXp(2 ) ( ) dX
: Bz Yy (X) / (X JIX)G) v (exp (X) - 1)> U n(X)
Bz ¥n(X)(exp(X)-1)?
7
- X7 “/ X ‘I’ G (X)dX .
BZ \IJN

Appendix E: Distribution function for the isotropic scattering

As mentioned in IV A, for this type of interaction the impacting phonon with the surface is reflected in a random
direction
1
fse =7 c(=nyvy) fadQ
N V<0

Using Grad distribution function in the above relation, and further simplification gives

n -

3 (2m + ]_)” U,_. . ’U,n. . J|E
o n+l <J15--Jm> <J15--Jm>
fse=1e =357 nzm A ol /k o M VY (E1)

Note that here we use the direction vector with trace to simplify the integration over the half space. Without losing
the generality, we consider a surface with the normal in the z-direction, so that the normal unit vector to the surface
reads v; = {0,0,1};. Moreover, we use the normal-tangential framework with respect to the surface, where the direction
vector can be written as n; = {v, 74}; with v = n;v; = cos and 74 = {sin 6 cos ¢, sin 6 sin ¢}. Using this notation we can
express the tensorial moments with normal and tangential components. For example the second order tensor u;;>
can be written as
« «
Ugip - |: u<OéAB> UZAW i|
Uepr> Uwr>

where the capital indices, A and B denote the tangential directions. Note that the trace-free condition reads ug 4 45 +
u%,,» = 0. Following the same method, the higher order tensors can be expressed as

n _ N m
Y<jiim> = Ui B _2 m!
n J1--m T | |
w rl(m—r)!
M r=0
n .
u<A1...A.,J/...l/> u<A1...A,‘y4..u>|E m—r
wn TA,--TAV
M

Using this relation in Eq. (E1) we can get

a’ (2m + 1)1 i !
n n+1 m:
fe=fo=237 Y oTxy T

s m! ! (m—r)!

n N
U<A1...ATV...V> U<A1...A7,y...1/>|E m-r+1
TA, - TAV ds) .
wn v<0 ! "

M

The integral only has non-zero value for even numbers of r, which can be written as

1 m-r+1 o _ [ 0014, 4} T even
—E/D<OTA1...TATI/ dQ—{ 0 t r odd (EQ)
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here 04,. 4, is the generalized tangential unit tensor, that has (r — 1)!! terms. For example

daBy=0ap and dapepy =04B0cp +0acdBD +9ap0BC
By taking the traces from Eq. (E2), we obtain

M1+ =25)r{1+<
0_:’7, — (_1)m—r ( 2 ) ( 2)

n m '
0 (2+ 2)

where I" is the Gamma function. Using the tensorial calculation, we simplify the product of the tonsorial moments

with the unit tangential tensors as

n n n n
u<A1.<.Ar,~V~.I/> - u<A Anv. v |E P u<v...u>|E
— iay..a = (r=1)11(-1)2 0 (E3)
W W m

now be written as

Here, the subscript m denotes the moment with m indices. The distribution function for the isotropic scattering can

<v..v>E

7
W

where

3 ul -
_ a n 7I+1 m <v...U>
f&;—h*‘%Z‘PXMM ( ) ;
nm |

(E4)

3

mo

N s | (r— 1)1 (2m+ 1) (S) T (14 2)
2 5

il rl(m—r)!

r

('D

Equation (E4) relates the distribution function for the particles that isotropically scattered from the surface to the
normal components of the non-equilibrium moments

Appendix F: Obtaining Eq. (34)
Starting from Eq. (E

), first we need to substitute the Grad distribution function. In here, the directional integration
has a different sign compared to Eq. (E2),

f;né{Al__AT} r even
0
where &' = |O';n

1 m—r+1 _
_E—/;>OTA1...TATV dﬂ—{ r odd
|. The right hand side Eq. (33) can be written as
a m—s+1 _ 87(-‘*)?\[4 « m
‘/wow TB, .- TB,V fadk = Fxe BZX feG(X)dX |& 0B, .. B,

422 (2n+1)! n+m(a

' r+s UcA,.
n r=0

VALV g

USA, Ay 5|B) OA, . A, By B}
The contribution for the diffusive particles on the left hand side of Eq. (33) can be written as

(1- ﬁ)/>0 waTBl...TBS Vm_SHfE (T,)dk =

3 ot 1-8) X" fe (1) G(X)dX | & 0B, ..B.)
a’ X3 BZ
For the specularly reflected particles we have

« m—s 8 by (e m
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and for the isotropic scattering, by using Eq. (E4) we get
B1=9) [ wrp, " fdk= B(1-7)
XafEG (X) ax |+ l /La (u3y1...l/n> - uzul...l/n>|E) gfé{Bl...Bs} .
BZ 4 &
Substituting these relations in Eq. (33), we obtain Eq. (34).
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