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Abstract: The main objective of this paper is to establish some sufficient conditions so that a class of
normalized Mittag-Leffler-type functions satisfies several geometric properties such as starlikeness,
convexity, close-to-convexity, and uniform convexity inside the unit disk. Moreover, pre-starlikeness
and k-uniform convexity are discussed for these functions. Some sufficient conditions are also
derived so that these functions belong to the Hardy spaces H? and H*. Furthermore, the inclusion
properties of some modified Mittag-Leffler-type functions are discussed. The various results, which
are established in this paper, are presumably new, and their importance is illustrated by several
interesting consequences and examples. Some potential directions for analogous further research on
the subject of the present investigation are indicated in the concluding section.

Keywords: Mittag-Leffler-type functions; univalent functions; analytic functions; starlike functions;
convex functions; close-to-convex functions; Fox-Wright function; Bessel-Wright function; general
Wright function; Srivastava Mittag-Leffler-type functions

MSC: primary 30C45; secondary 30C80; 33E12

1. Introduction and Motivation

Geometric Function Theory is one of the important branches of complex analysis.
It deals with the geometric properties of analytic functions. The main foundation of
Geometric Function Theory is the theory of univalent functions, but a number of new
associated areas have emerged and led to various strong results and applications. Geometric
Function Theory has applications in several fields of pure and applied mathematics such
as mathematical physics, mathematical biology, fluid mechanics, fractional calculus, and
mathematical chemistry. Recently, several researchers have constructed some new classes of
functions involving fractional g-calculus operators, which are analytic in the unit disk and
have established several interesting results with applications. It is remarkable to note that
researchers in the field are interested nowadays in obtaining new theoretical methodologies
and techniques with observational results together with their several applications. Let us
now recall some known definitions and results in Geometric Function Theory.

Suppose that the class of analytic functions in open unit disk

D={z:z€C and |z| <1}
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is denoted by H. Assume that A denotes the collection of all analytic functions g(z) in X,
satisfying the normalization g(0) = ¢’(0) — 1 = 0 such that

g(z) =z+ i bk (z e D).
k=2

We denote the class of all univalent functions in A by S. A function g € Ais known as a
starlike function (with respect to the origin) in D if ¢ is univalent in D and the domain g(DD)
is starlike with respect to the origin in C. Let us denote the class of starlike functions in D
by &*. Then, the analytical description of S* can be stated as follows (see, for details, [1]):

geS = 8‘%<Z§;g)> >0 (VzeD).

Moreover, we recall the class of starlike functions of order #(0 < a < 1), denoted by S*(«),
which is defined as follows:

/
S*(a):{géA:?R(Zg(z)> >a  VzeD; O§a<1}.
8(z)
An analytic function g(z) in A is said to be convex in D, if g(z) is a univalent function
in D with ¢(D) as a convex domain in C. We denote this class of convex functions by I,
which can also be described as follows:

geK %<1+Z§,/éz))> >0 (VzeD)

Moreover, if g satisfies the following condition:

1
%(1+ng (Z>) S« (YzeD;0<a<l),
8'(z)

then g is known as a convex function of order « in ID. This class of functions is denoted by
K(a).

An analytic function g in A is called close-to-convex in the open unit disk I if there
exists a function h(z), which is starlike in I such that

éR(Zf;;S)) >0 (z e D).

It can be noted that every close-to-convex function in ID is also univalent in D.

A function g in class A is called uniformly convex (or uniformly starlike) in D), if,
for every circular arc ¢ contained in D with center 7 € D, the image arc g(g) is convex (or
starlike with respect to g(#7)). This class of functions is denoted by UCV (or UST) (see, for
details, [2]). It was introduced by Goodman (see [3,4]). On the other hand, Renning [2]
considered a newly-defined class of starlike functions S, as follows:

Sp:={g:8(z) =2zG'(z) (GeUCV)}.

Assume that ¢(z) and h(z) are analytic in D. Then, g(z) is subordinate to h(z) in D,
denoted by f(z) < g(z) or f < g (z € D), if there exists a Schwarz function w(z), which is
analytic in D satisfying the conditions w(0) = 0 and |w(z)| < 1 for any z € D, such that

g(z) =h(w(z) (zeD).

It can be verified that, if ¢(z) < h(z) (z € D), then g(0) = h(0) and g(D) C h(D). Moreover,
if h(z) is univalent in D, then g(z) < h(z) if and only if ¢(0) = h(0) and g(D) C h(ID). For
more information on the various geometric properties involving subordination between
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analytic functions, we refer the reader to the earlier works [1,5-11] and also to the references
cited therein.

The celebrated and widely used Mittag—Leffler function E,(z) and its two-parameter
version E, g (z) are defined by (see [12-14])

o k (o] Zk
kzo T ak—}— 1 and E,X”B(Z) = Z m (1)

(z,a, p € C; R(a) > 0),

respectively.

The above-defined Mittag-Leffler functions E,(z) and E, 4(z), which obviously pro-
vide extensions of the exponential, hyperbolic, and trigonometric functions, are contained
(as a very specialized case) in the Fox-Wright function ,%¥; (p,q € Np), which was investi-
gated by Fox [15] in the year 1928 and, subsequently, by Wright (see [16,17]; see, for details,
an article on the legacy of Charles Fox by Srivastava [18]). By definition, we have

(all Al)/ Tty (ap/ Ap)/ (ﬂ]', Aj)j:l,-n,p;
py z| =y z
(bllBl)/"' /(bq/Bq); (b]’Bj) /.A/q;
[eS) j=1 2N
=Y 7 ] 2
=0 ] T(b; + B; n)
j=1

(aj,bk € C and Aj, By ERT(j=1--,pk=1,--,9).

The series in (2) converges uniformly and absolutely for any bounded |z| (z € C) when

9 P
A=1+Y) Bi—) A;>0.
j=1 j=1

Recently, Al-Bassam and Luchko [19] introduced a multi-index (or vector-index)
Mittag-Leffler function involving 2m parameters, which we recall below:

o Zn
Es (2) = E(uy ) ) () = L
n=0 TT T'(ax n + B)
k=1
(1,1);
=1%m z|, (3)
(ﬁl/lxl)/ Tty (,BWl/ D‘m)/

(l’ék,ﬁk E]R+ (k:1,"' ,

m); meN; z € C),

which they applied to solve a Cauchy-type problem for a fractional differential equation

and obtained explicit solution in terms of Egam/)s) (z). It is easily seen that EEZ%) (z) is a
generalization of both the classical Mittag-Leffler function E,(z) and the two-parametric

Mittag-Leffler function E, g(z)

Eu(z) =E{{(z) and  Eup(z) = El)(2),
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as well as the Bessel-Wright function )i (z) given by (see [20])

1 (2 N el (_Z)n
Jv(2) = EQy sy (52) = 1 ! T(un+v+1)

n=0

’ —z]. (4)
(v+1,u);

In the year 2009, the following inequality was established by Poginy and
Srivastava ([21], p. 133, Theorem 4)

=¥

(aj, Aj)j=1,- p;
Yo eXP(i(l) |Z|) S Yy Z] S o — (1 —€|Z|)¢1 ©)

(bj, Bj)j=1, 45

for all suitably restricted z,a;, Aj, by, By € R Gj=1,---,p; £=1,---,q) and for all ,¥,|z]
satisfying the following inequalities:

P1> ¢ and ¢7 < g P2,

where )
1T 1—'({1]' + A]' k)
=1

Py = (k=0,1,2).

:]\m Il

l"(bj + B]' k)
i=1

-
Il

The general Wright function €, 4(¢;z) emerged from a systematic study of the asymp-
totic expansion of the following Taylor-Maclaurin series (see [22], p. 424):

Cupltrn) = 1 i (R >0 pec), ©

where ¢(t) is a function of t satisfying appropriate conditions. For a reasonably detailed
historical background and other details about the following interesting unification of
the definition (6) and some multi-parameter extensions of several functions occurring in
Analytic Number Theory, the reader is referred, for example, to the recent works [23-25]:

Eup(@;z,5,K) = ; o n)f(r”(l(n vy 2 (R(a) >0; a,peC), @)

where for a suitably restricted function ¢(7) of the argument 7, the parameters «, 8, s, and
« satisfy suitable conditions.

We remark in passing that Prabhakar [26] considered a singular integral equation
involving a three-parameter Mittag—Leffler-type function in its kernel, which happens to
be a special case of the general Wright function &, g(¢; z) in (6) when

o) =TI weN v eo),
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so that

Cup(932) = I(y) = T(an+p) n!
¥ v (R(w) > 0; 7 €C) ®)
— z a)>0; B,ve
T'(7y) i (B,); 7

in terms of the Fox-Wright function ,'¥; (p,q € Ng) defined by (2). For a potentially useful
further investigation of this three-parameter Mittag—Leffler-type function, the reader is
referred to a recent article by Garra and Garrappa [27]. Other Mittag—Leffler-type functions
of the above class were used by Gorenflo et al. [28] and Srivastava et al. [29,30] as (for
example) the kernel of some fractional integral operators.

If, in the general Wright function €, g(¢;z) defined by (6), we set

1
¢(n) = Tlan+ BT (n € Np)
or, alternatively, if we set
o) = g et

in the definition (7), we immediately lead to the following Mittag—Leffler-type function
considered by Gerhold [31] and, subsequently, by Garra and Polito [32]:

n

El%)(z) - ’i) WZW (a,B,7>0; z€C). )

In particular, whena = g =1, E,%) (z) leads to the following function studied by Le

Roy [33] more than one century ago:

Ry(z) = é (nz'")W (y>0,z€C).

Some other special cases of the function Ei ﬁ) (z) are given below:

EN(2) = Euplz), E(2) = Ry(2),

sinh v/z
E(z) = SURVE - p )

where J,(z) = J1(z) is known as the Bessel function of the first kind of order v, Z(A,v) is
the COM-Poisson renormalization constant (see [34]), and ¢, (z) denotes the a L-exponential
function (see [32]).

The rest of the paper is organized as follows. We recollect some known results
in Section 2, which will be helpful to establish the main theorems of this investigation.
In Section 3, we derive some sufficient conditions so that the normalized Mittag—Leffler-

)

type function ]Ei 5 (z) satisfies such geometric properties as starlikeness, convexity, close-
to-convexity, and uniform convexity inside the unit disk. In Section 4, some sufficient
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conditions are established so that these functions belong to the Hardy spaces H? and
‘H. Moreover, the inclusion properties of some modified Mittag-Leffler-type functions
are discussed in Section 5. As an application of our results, the inclusion properties of
the Mittag—Leffler-type functions are also studied in this section. Pre-starlikeness and k-
uniform convexity are studied in Section 6. Finally, in Section 7, we present several potential
directions for analogous further research on the subject of the present investigation.

2. A Set of Useful Lemmas

In this section, we recall the following lemmas, each of which will be helpful to derive
the main results.

Lemma 1 (see [5]). If g € A satisfies the condition:

‘(8(;))—1’0 (VzeD),

then g € S* in
:{z:zeC and |z|<1}.

b 2

1
2
Lemma 2 (see [6]). Ifg € Aand |g'(z) — 1| <1 (VzeD),then f € Kin D%.
Lemma 3 (see [35]). Suppose that § € A and the following inequality holds true:

|g’(z)—1|<\% (Vz € D).

Then, the function g(z) belongs to the class S* in ID.

Lemma 4 (see [36]). Assume that ¢ € A.

/
i) If ZE(S) —1‘ < % then g € S,.
(i) If 28" (2) <1 then g € UCV
gz | 2 "E '

Lemma 5 (see [37]). Assume that g(z) can be expressed as follows:

glz)=z+) Byz-.
k=2

If

\Y
1\
o

122By=---2nBy 2 (n+1)Byy1 =

orif

IA
A
)

~

1S2By<---SnB, £ (n+1)Byyq <

then, g(z) is close-to-convex with respect to —log(1 — z).

Lemma 6 (see [38]). Suppose that
g(z) =z+ ) By 125!
k=2

is analytic in D. If
1S3B3S - S (2k—1)By 1 < ---

A
)

orif

~

123B32:-- = (2k—1)By_1 2

\
1\
o
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then, g(z) is univalent in D.
Lemma 7 below can be proved fairly easily, so we omit the proof.

Lemma?7. Ifc,d = 1, then

k 1
O = c(cr1)f2 (ke N\ {1}), (10)
1 1
@y S a@rer kel b
and
4 -1 gey (12)
T(ck+d) = (d) !
where
(M = F(F)\(I)k)
1 (k=0; A € C\ {0})
_{/\(A+1)---(A+k—1) (keN; A€ ()

denotes the Pochhammer symbol [39].

Lemma 8 (see [40]). Suppose that p = py +ipp and q = qq1 + iq with py, p2,491,92 € Rand
A € C?. Suppose that @ : A — C admits the following assertions:

(i) O(p,q) is continuous in A.

(i) R{O(1,0)} is positive and (1,0) € A.

(iii) R{D(ip2,q1)} = 0 forall (ipp,q1) € A such that

(14 pp)?
5

A

71

Consider the analytic function G(z) in D, which satisfies the conditions G(0) = 1 and
(G(2),zG'(z)) e A (VzeD).
If R{P(G(z),2G'(z))} is positive in D, then R{G(z)} is also positive in D.
Lemma 9 (see [41]). Suppose that g(z) is convex univalent in D and also assume that w(z) and
h(z) are analytic in D with h(0) = g(0) and a real part of w(z) is non-negative in . Then, for
any z € D, the following subordination:
h(z) + zw(z)H (z) < g(z)

yields
h(z) < g(2).
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3. Starlikeness and Convexity of Normalized Mittag-Leffler-Type Functions
Since Eiﬂyﬁ) (z) ¢ A, we consider the following normalization of Eyﬁ) (2):
(T "
E) z) = < ) Skl
wp kg) I'(B + ak)
=) Al B (wBy>0,2€0) (13)
k=1

where
v
A, B,7) = (M) '

Although Formula (13) holds true for a, 8,y > 0 and z € C, yet in this article, we
will restrict our attention to the case involving positive real-valued parameters &, 8, and 7,
and the argument z € D.

Theorem 1. Suppose that one of the following hypotheses holds true:
(@) o, Bf>0,v=21land

(i) TGx+p) > 20 (2 +p);
(Hy):{ () 2[[Qa+p)] >T(a+p)T(3a+p);

L ) L)
i) Toarp T raim <

b)) a,pz1,9>0and Y < (B+1)7(BY —1).

Then, Egyﬁ)( )€ S*in ]D)%.

Proof. (a) Foranyz € Dandy = 1, we obtain

<L (e ton)

irk—'—l ( iflak))wljl

E\)(2) B
z

k=0
- (r T(k+1) 1)7
= T(a+ B+ ak) k!
(1,1); !
= ( ) 1%, 1]) : (14)
(a+ B, a);
In this case, we have
B 1 B 1 d B 2
W=t M T Tarp M T TG p)

It can be noted that the assertions given by (H;j) : (i) and (Hj) : (ii) are equivalent to
¥y < 1 and Y3 < Yoip,. Therefore, by (5), we find that

(1,1); 1] e—1 1
(a+ B, a);

N

11 (15)

=T2a+p) T@rp)
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Using (14), (15), and (H;) : (iii), for any z € D, we have

( )
”()—1<1

Furthermore, with the help of Lemma 1, we get the required result.
(b) Using Lemma 7, for any z € D, it follows that
EY)(2) 0 y
L ol L
z =\ L(B + ak)

</%1” <ﬁ+1 )
<

IS
- PIB+DT 1]
under the given hypothesis. Finally, applying Lemma 1, we conclude that E(vﬁ) (z) € §*
inD 1.
2
O

Remark 1. From Part (a) of Theorem 1, we note that the functions EY EW, and E( ) 4 belong

0,27 “u3,37

to S* in D% if ap € [0.839,1.897], a3 € [0.59,2.156], and ay € [0 474,2.376), respectively.
Similarly, we can observe that for any p = 2, I a, € (0,1] s.t. ]Egjl)/3 e S*in D%for anyn = 2.
Again, upon setting v = 1 in Part (b) of Theorem 1, we obtain that IES;3 (z) € S*in ]D)%, if

B = HT‘E and « = 1, which is the same condition as that given in ([42], Theorem 2.4). However,

([42], Theorem 2.4) can study the starlikeness of E‘% (z) for the case when & = 1. On the other

hand, Part (a) of Theorem 1 can also discuss the case for « € (0,1). Hence, Theorem 1 improves
the corresponding results given in ([42], Theorem 2.4). Other appropriate normalizations of
the Mittag—Leffler-type functions and their applications in Geometric Function Theory of
Complex Analysis can be found in (for example) [43].

Example 1. The following functions belong to the class S* in D i

sinh(z
B (z) = SE),
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and

)y 3 Vreerf(Vz) —2yz
Egi(z)_z;( vz )

where erf(z) denotes the error function, which is known also as the probability integral ®(z), which
is defined by (see [39])

erf(z = P(z).

ke

Theorem 2. Suppose that one of the following assertions holds true:
(@) wa,p>0v=1and

(i) 3rBa+p)>8r(2a+p);

(Hp) :{ (i) 16[T(2x + B)]*> > 9T (a + B)T'(3a + B);
3(e—1)T 2r
(111) (1"(2041-[;5) + F(vcgf,g) <1l

(b)) w«,p=1,v>0and
(B+1D)"2(B+1)7 —1]
Br((B+1)7 1)

<L

Then, E(Vﬁ)( ) € Kin ]D)%.

Proof. (a) For any z € D, under the given condition (b), we get
3 I'(g) !
E('Y) ‘ k 2 ( > k+1
‘( wp ) kz(:) + T(ak+a+p)) ~
B i T(B)T(k+1)C(k+3) 1\
rk+2 (ak +a + B) k!

k=0
(1/1)/ (3/1); i
1]) e
(2,1), (a + B, a);

Moreover, it can be seen that the asertions (Hy) : (i) and (Hy) : (ii) are equivalent to
P2 < 1 and Y3 < Yoy, where

2 3 4o 8
P Tarpy T M T TGt )

= (F(ﬁ) 22

Now, by using (5), we get

2¥2 (17)

(1,1),(3,1); 1. » N 3(e—1) |
(2,1), (a + B, a); I(a+p)  T(2a+p)
Using (16), (17), and (Hp) : (iii), we obtain

’[Eﬁjg] )—1‘<1 (z e D).

Again, by using Lemma 2, the desired result can be established.
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(b) By using Lemma 7, for any z € DD, we get

H]Ea7ﬁ>(z)]'—1‘ < i(kﬂ)(r(ll;(fzw7

k=1
2 k+1
ékg[(ﬁ)k]7
1 & k 2 &= 1 k
<ﬁ%§m+w+mk§(<ﬁ+l>v>
(B+1)7 2(B+1)7

T B+ -1 B BT 1]

_ (BT -1

BT(B+1)7 — 1]

under the given hypothesis (b). Finally, Lemma 2 helps us to establish the desired
result.
The proof of Theorem 2 is thus completed. [

Remark 2. It can be shown from Part (a) of Theorem 2 that Egi)él, ]Ei?5, and IE,E‘QG belong to IC in

D 1 if g € ]0.88,2.09], a5 € [0.77,2.26], and wg € [0.699,2.43], respectively. Similarly, it can be

easily proved that for each B = 4, there exist a, € (0,1] such that ES} 8 belongs to K in D 1 for

all)s (z) belongs to K

in ]D)%, if B = 3.0796 and « = 1. In ([42], Theorem 2.4), it was derived that the function E‘% (2)
belongs to IC in D%, if

any n = 4. Moreover, by putting v = 1 in Part (b) of Theorem 2, we see that

g>3 +2*/ﬁ ~ 3.561552813 and a = 1.

Thus, clearly, Theorem 2 improves the corresponding result available in the literature ([42],
Theorem 2.4).

Example 2. The following functions belong to the class IC in D 1

Eilé (2) = S(Sﬁez erf(v/z) 6 4)’

3
72

—4(23 + 322 + 6z — 6€% + 6)
z3

and

(1), 105y e* erf(y/z)  7(4z% + 10z + 15)
1, - N

E
1623 822

(2)

NI —

Theorem 3. Consider that one of the following assertions is valid:
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(a)  The parameters o, p > 0, and v 2 1 satisfy the following inequalities:

(i)  T(3a+p)>Bl(2+p);
(Ha):{ (i) 3[[(2a+p)J? > 2T (a+ BT (e + p);

B, eDr@E)\T, [ T, 2e-1r(p)\?
i) (rfasp + Tagr) + (i + ) <L

(b)  The parameters a, B = 1, and vy > 0 satisfy the conditions given by

(B+1)*
[(B+1)7=1][Br((B+1)7 =1) — (B+1)7]

Then, Eaﬂg (z) € S* inD.

<L

Proof. Suppose that

5(7)(2) _ Z{ ‘5‘7/3)(2)}
E3(2)

Then, clearly, £ 0579) (z) satisfies the condition £ 0575) (0) =1, and it is analytic in .

(z € D).

In order to establish the required result, it suffices to show that

Rl @) >0 (vzeD)

For this objective in view, it suffices to establish that

ERe) -2

Z[E(“Y) (Z)]’

«,
(

B
By (2)]

(a) A simple computation leads us to

, ]E(’Y)( oS ¥
[ER@)] - kzlk( ak+)ﬁ)> 2

[e0]

1"(,8) Y Sk+1
“Lf +2rarg) T

which yields

()

E,5(2)
M)y wp
EQ @) -~

< (r(ﬁ)lTl

In our case, we get

! 2 L 6
W=t T rtarp M 2T g

(2,1); l
1] ) (z eD).
(a+ B a);

(18)
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We see that the assertions (H3) : (i) and (Hj) : (ii) are equivalent to ¥, < ¢ and
1,[7% < Popo. Therefore, by (5), it follows that

(2.1); 2(e—1) 1
4 B 1] = Tt p) @t p) 49

Moreover, with the help of the inequality:

11

|21 4+ 22| 2 ||z1] —

(1,1); !
1 .
(a+ B, a);
Furthermore, by applying the inequality (5), we have
(11); e—1 1
1| = + ,
(a+ B ) ree+p) T(a+p)

where T'(a + )T (3x + B) < 2[['(2a + B)]? and 2T'(2a + B) < T'(3a + B). Hence, we
find that

IN

11

(=T, TE) \
> (F(2a+ﬁ)+r(“+ﬁ)) >0 (VzeD). (20)

Using (18) and (19), together with (20), for any z € D, we have

E(j)(z)
, E 4(z) — £
ERE | [
E{)(2) E7 ()
(e—1T(B) ., T(B) \"
<< T(2a+p) *r(ws))
eI ., T 7"
{ ( T(2a+ B) *r(w;&)” <l

where we have made use of the given hypothesis.
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(b) Under the given hypothesis, by using Lemma 7, we obtain

v ED@)| e ki)
) ap\F | [T(B)]"z
ERE) - == k;[r(akwm
ad k+1
égwm N
12 1 & 1 k
7,;0 ﬁ+1] ﬁ7,§)<(ﬁ+1>7>
_ R L - 3 Vil
B [(B+1)r =1 BT[(B+1)7T—1]
_ (™
BY [(B+1)7 — 1)
and
E(Ar)(z) o 7 k
w, zZ
z 21 ; ock—I—B]
1 & 1
S My

BB+ 1) (B 1)
P+ -1

Using the above inequalities, we get

Eyj () (B+1)>
Egpg@ == e
E7 () BT((B+1)T—1)—(B+1)7
= FTFFT-1)
(B+1)»

<1 (21)

TIBrDT 1B [(B+ )T 1] - (B+1)7)

under the given Condition (b).
O

Remark 3. It can be verified from Part (a) of Theorem 3 that IEIE;)4 and E;?S belong to $* in D if
ay € [0.88,1.65] and as € [0.766,1.805], respectively. In the same manner, it can be concluded
that for each B = 4, there exist ay, € (0, 1] such that the function ]ES;) 8 belongs to the class S* in D

forall n 2 4. Now, putting v = 1 in Part (b) of Theorem 3, we claim that ES) (z) € S*inD, if

B
B = 3.0796 and « = 1. In ([42], Theorem 2.2), it is established that Eill)%(z) e S*inDif
g>3 +2\/ﬁ ~ 3561552813 and a > 1.

Again, in ([44], Theorem 6), it is derived that E\\) () € S* in D, if p > 3.214319744 and & 2 1.

Consequently, Theorem 3 improves the corresponding results available in [42,44].
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Example 3. The following functions belong to the class S* in D:

Eil (z) = S(Sﬁez erf(v/z) 6 4)

’

8

NIN ~—

3
z2 z

and

(1), 105y e* erf(y/z)  7(4z% + 10z + 15)
N2 = _

E
1623 822

(2)

NI —

Similarly, using Lemma 4, the following result can be established.

Corollary 1. Assume that one of the following hypotheses holds true:
(a) a,p>0andy =1 such that

(i) T(Ba+p)>3r2a+p);
(H3) 4 () 3[T(2a+p)J2 > 2T (a+ B)T(3a + p);
(iii) ( L(B) (efl)r(ﬁ)>7 +2<rr(ﬂ) N 2(671)1"(@)7 o1

T'(a+p) T(2a+B) (a+pB) T(2a+B)

(b) w«,p=1,andy > 0with

(B+1)*
Br(B+1)7 =1[(B+1)7 —1] = (B+1)7

<1
>

Then, Eivﬁ) (z) € Sp.

Each of the following results can be proved in a manner that is analogous to the proofs
of the earlier results in this section. Therefore, we omit the details involved.

Theorem 4. Suppose that one of the following assertions holds true:

(a)  The parameters w, B, and <y satisfy the hypothesis (a) of Theorem 2, together with the following
hypotheses:

(i) T(Ba+p) >4r(2a+p);
(Hy) :{ (i) 4L+ p)] >3C(x+ B)T(3a + B);

2T'(B) 3(e—1)T(B)\7 2T'(B) 6(e—1)T(B)\7
i) by + Faip) + (it + e ) <1

(b)) w,pz=1,v>0and

(B+D)[(B+1)7 -1
2[(B+1)7 —4][BY[(B+1)7 =12 = (B+1)7[2(B+1)7 —1]]

<1

Then, E;ﬁ) (z) € KinD.

Corollary 2. The normalized Mittag—Leffler-type function E alg € KinDif B = 4.52416 and
x =1

Remark 4. It can be observed from Part (a) of Theorem 4 that Ei?g e KinDifayg € [0.84,1.87].

Similarly, we can verify that for each p = 9, there exist a, € (0,1] s.t. ]ES;),S € K in D for any
n 2 9. In ([44], Theorem 7), the condition for convexity of Egl; in D was given by B = 3.56155281
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and a 2 1. However, Theorem 4 studies the case for « € (0,1) also. As a consequence, Theorem 4
improves the result available in [44].

(P32 4 6n .
Example 4. The function Eglg (z) = —Hz4% ;62 646 is convex in .

Proceeding in a similar way and using Lemma 4, we obtain the following result.

Corollary 3. Assume that one of the following assertions hold:
(a) wand B satisfy the hypothesis Hy of Theorem 2 as well as the following hypothesis:

(i) T(Ba+p)>4r(2a+ B);
() ¢ (i) 4[T(Q2a+ p)]* > 3T (a + B)T(3a + p);

2T'(B) 3(e—1)T(B)\7 2T'(B) 6(e—1)T(B)\7
(i) (ratp + Tatg) + 2t + Tde) <1

(b)) w,p=21v>0and

(B+1)7 [(B+1)7 -1

B+ 4P+ )7 —1P— B+ )RBL7—1]

Then, Egyﬁ) (z) € UCV.

Remark 5. Using Corollary 2 and proceeding similarly as in Remark 4, we observe that the func-
tions BV (z) and EY (z) are in UCV, if ag € [0.885,1.78] and ag € [0.84,1.87], respectively.

ag,8 9,9

In ([45], Theorem 2.6) it is derived that the function Eilg(z) € UCV, if B = 9.111259774 and

« = 1. As a consequence, Corollary 3 improves the known result ([45], Theorem 2.6).
Corollary 4. Ifa, =1, > 0,6 € [0,1), and if the following condition is satisfied:

B+1)7[(B+1)7 =1

AE T AP(BI ) -G —1]

Then, Egyﬁ) (z) is convex of order & in D.

Theorem 5. Suppose that a, B,y = 1 and the following inequalities are satisfied:

(i) T(3+pB)>3r(2+p);
(Hs):{ (i) 3[[(B+2)]? >72r(5+1)r(5 +$);
@ (1) + (Fm+3) <1

Then, the normalized Mittag—Leffler-type function E 07/3) (z) is close-to-convex with respect to the
starlike function ]EYQ (z) in D.

4. Hardy Space of the Mittag-Leffler-Type Functions

Let H* denote the space of all bounded functions in D. We also assume that 1 € H
and set

1
27 . ?
S [ (e )P de) (0 < p <o)
My (r, ) = <2”/0

max{[h(z)] : [z| =} (p = o).
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It is known from [46] that i € HP if M, (r, h) is bounded for r € [0,1) and
H® C HT C HP 0<g<p<l).
Let us consider the following known result [47] for the Hardy space H?:
R{W(z)} >0 = HeH (Vp<1)
— he N (VOo<g<1). (22)

Suppose that the following power series:

f(z) = io " (2] < Ry)
and -
s@)= L b (e <Ry

have R and R; as their radii of convergence, respectively. Then, their Hadamard product
is given by (see, for example, [48])

(f*g)(z) = ioanbnzn (|Z| < Ry 'Rz).

The following lemmas will be useful in proving the main results in this section.
Lemma 10 (see [49]). If0 S 0,A <land y =1—-2(1—06)(1 — A), then
Ro(d) * Ro(A) C Ro(p)

or, equivalently,

Po(6) * Po(A) C Po(ph).

Lemma 11 (see [50]). If the function h, convex of order § (0 < & < 1), is not of the following
form:

m+d-z(1— ze)20-1 ((5 # %)
h(z) = (23)
m+d-log(1— ze') ((5 = %)

ford,m € C, and for n € R, then each of the following statements holds true:
(i) If5€[0,}), then3 o =o(h) > Osuch that h € H™ T,

(ii) If6 =1, thenh € H™.
1
(ii)) 3 p = p(h) such that i € H° 20,

Our first main result in this section is now given below.
Theorem6. Ifa =21,21,7v>0,0=6<1,z€ Dand

(B+1)7
pr(1=9)[(p+1)7 —1]

<1,

Y

&

(2)

2

N

then € P(9).
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Proof. We establish the result asserted by Theorem 6 by proving that |i(z) — 1| < 1, where

™)
he) = (E“'i(z) _ 5) .

Indeed, by using Lemma 7, we get

1 (BRG )
1-9 z

> [r(p)e
L. T(an + BT

© 1
= BA=0) = BT (B )
1 1 1

RECIEET R A sVl T (e p———

<1,

under the hypothesis of Theorem 6. [J
Theorem 7. Assume thata 21,21,7>0,0=6 < 1, and

B+ 1) [(B+1)7 1]

5 <1-4.
2[(B+1)7 —4](B7 [(B+1)7 —1]" = (B+1)7 2(B+1)7 —1])

Then,

. Wz @§5<%)
E 2(z) € " (5 N 1) (24)
=35

Proof. From the definition of the hypergeometric function F; (a,b;c;z), we have

d-z ; 1
—_— = . —25:1:ze" Z
R T mtd-zF (1,1 -25;1;z¢") <5¢2)
and
i i 1
m+d.log(1—ze’7):k+d'zzFl(1,1;2;ze'7) (5:2>,
Hence, clearly, the normalized Mittag-Leffler-type function Eyﬁ) (z) is not of the following
forms:
i 1
m+d-z(1—ze)21 <(5 # 2)
and

m+d -log(1 — ze') <(5:;>.

Thus, by applying Corollary 4, we observe that Egyﬁ) (z) is convex of order ¢ in . Finally,
if we apply Lemma 11, the desired result would follow readily. O

Theorem 8. Consider thata =21, 21,y > 0, and

2B+ 1)7-B7[(B+1)T —1] <O.
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If g € R, then, the convolution E( ) xgisin HC N'R.

Proof. If ¢ € R, then ¢’ € P. Upon setting

ap
we have )
E,p(2)
w'(z) = =2 +g(2)
E(”’)( )
Using Theorem 6, we obtain —— € 77( ) under the given hypothesis.

Now, using Lemma 10 and (22), we see that w'(z) € P, which yields w'(z) € H1 for

all g < 1. Therefore, we get w(z) € T forall 0 < g < 1 or, equivalently, w(z) € HP for
0<p<oo.

Applying the known bound for the Carathéodory function, it can be observed from ([51],
p- 533, Theorem 1) that if

g(z)=z+) az"€R,
n=2

then |a,| < 2. Moreover, applying Lemma 7, we find that
)P%VW
% (B + F (n—1)]7

. f Ty 2
g ot

H/\

/\

[ﬁ”( (n—-1))]" n
7 2
[ﬁ”(om)]7 (n+1)
2 1
S L ) (@ <

which yields that the power series for w(z) converges absolutely for |z| = 1.

Next, by using a known result ([46], p. 42, Theorem 3.11), we see that w'(z) € H1,
which implies that w(z) is continuous in the closure D of ID. Since continuous functions
on the compact set DD are bounded, the function w(z) is a bounded analytic function in D.
Hence, w(z) € H®. O

Remark 6. Setting v = 1 in Theorem 8, we observe that ]ES% * g is in the Hardy class H*® N'R, if

B > 1+ /3. This leads to the known result ([52], Theorem 4.5). Hence, Theorem 8 generalizes the
result given in [52].

Example 5. Suppose that g € R. Then the functions E515) * g and Eglg * g are in the Hardy class
’ 2
HZNR.
Finally, in this section, we prove the following theorem.

Theorem 9. Suppose thatw =1, 21,y > 0 and

(B+1)
BA—o)(p+1y—1 =

Ifg € R(A) (A <1), then B} g € R(p), with jp =1 —2(1—6)(1— A).
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Proof. If g € R(A) (A <1),theng € P(A). Assuming that

we have

Now, if we apply Theorem 6, we observe that the normalized Mittag—Leffler-type
]E(V)
function —2— i € P(4) under the given hypothesis. Therefore, by using Lemma 10, we

find that w’ ( ) € P(u), which is equivalent to w(z) € R(u). This completes the proof of
Theorem 9. O

Remark 7. Upon setting v = 1 in Theorem 9, we deduce that ]ES% xg € R(X),if

1+ /(5 - 4)
Ty

This leads to the result given in ([52], Theorem 4.6). Hence, Theorem 9 generalizes the corresponding
known result ([52], Theorem 4.6).

5. Inclusion Properties

Let us consider a modified Mittag—Leffler-type function defined as follows:

G('Y) -

wpap(Z) = k; T(Bk + A)[T(Bk +a)]7- 1’

(25)

where A, B, a, B,z € C with min{R(B), R(B)} > 0and v = 1.

Remark 8. Setting A = aand B = B in (25), we obtain the Mittag—Leffler-type function as defined
in (9), which is also known as the Le Roy-type Mittag—Leffler function [33]. Similarly, for A = a,

B=pfand y=1, Glyﬁ) A p(2) reduces to the Mittag-Leffler function. Moreover, the Bessel-Wright

function ] (z) given by (4) can be derived as a particular case ifset A=B=1,a =v+1,=pu
and v = 2, and replace z by —z, in the definition (25). In particular, upon setting A = «, B = B,
and v = n in (25), a multi-index Mittag—Leffler function can be obtained. These are important
special functions, which have several applications in fractional calculus [53-56], mathematical
physics and related branches of science and engineering [27,57-59]. Hence, clearly, the modified

Mittag—Leffler-type function z) define 25) has the votential for applications in SicS,
ittag yp ' foﬁ),A,B defined by (25) has the potential for applications in physi

biology, fractional dynamics, and other branches of science and engineering.

Since Glyg a5(z) € A, we consider the following normalized form of (25):

i (A+B)[(a+p)]7 "2

(A+ Bk)[ @t pop—1 € (26)

()

We now consider a linear convolution operator H, BAB A — A defined, in terms of
the Hadamard product (or convolution), by

H) ,5f(2) =G 1 5(2) < f(z)  (z€D,f(z) € A), (27)
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Then, by using (26) and (27), we get

; A+B A
Z[Hi’,yﬁ),A-&-l,B (z)] = B ngﬁ),A,Bf (z) — B H%,AH,B (z). (28)

With the help of the linear operator Hgyﬁ) 4 g» we define new subclasses as follows:

zmﬂwﬂmj>§

ap,A,8(0) = {f:f €A and R
H) 4 5f(2)

(0§5<1;ze]1)>)}, (29)

Ka,,B,A,B((s) = {f :fe A and §R(1+ Z[

(OS(S<1;Z€D)}, (30)

zmﬁﬂﬂmj

Cap,4,8(0,0) = {f :f€A and Jg€S;5,5(d) suchthat 8‘%( o
2,488 (2)]

&

(O§(5;p<1;z€]D))} (31)
and
() Ay
(Z [Ha’,yﬁ,A,Bf (z)] )
Capap(p6) = {f :feA and JgeS;5,p(5) suchthat R o) ; >0
[Ha,ﬁ,A,Bg (z)]
(O§5;p<1;z€]D))}. (32)
The linear operator Hm satisfies the following properties:
P ,B,A,B g prop
f(Z) € Kv&,ﬁ,A,B(‘S) <~ Zf/(Z) S S;,‘B,A,B((S) (33)

and

f(z) € Cupaplp,6) <= zf(z) € Cupaplp,d) (34)
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Theorem 10. Let A€ R, B> 0,a,8,z€ C,R(B) >0,0=5 < land B(B6 + A) = 0. Then,

Sap,4,8(0) C Sy g at1,8(0)-

Proof. Suppose that f € Sup, 4,5(6) and the function ¢ : C — C is defined by

H('Y) !
¢<z>—1i(s(z[ spanal ) —5)~ (35)
o /S A+1, Bf( )]
Then, ¢(0) = 1 and ¢ is analytic in D. From (28), we get
HS[%A,B]((Z) _ A n B Z[Hgyﬁ) as1,8f ()] /. (36)
chf,y/;,A—i-l,Bf(Z) A+B A+E Hi /3) a+1,8f(2)
Combining (35) and (36), we obtain
H(’Y) f(Z)
w,B,A,B A B
= + [(1=0)p(2) + 4], (37)
chﬂ,yﬁ),AH,Bf(Z) A+B A+B
which leads to
z[H 573 asf@] 2B 46/ (2] L B0/
zx/SABf(Z) H(ﬁ)A—H Bf(z) B[(1-06)¢p(z)+6]+ A
which, in view of (35), yields
1 (2[H) 45 2)]) Bz¢/(z)
T -0 | = . 38
1-0 ( H) 4 5f(2)] Bl—o)p@) +o+4 (38)

Next, we consider another new function ® : C2 — C defined by

Bov
B[(1—6)u+d6+A

d(u,v) =u+

where u = uj + iup and v = vy + ivp with uq, u, v1,v2 € R. It can be easily observed that
® is continuous on A = {(C\ B’“;Bf } x C with (1,0) € A and £{P(1,0)} > 0. Since
fe S;‘(’ﬁ,A,B(é), it follows that

R{®(9(2),2(p(2)} >0  (VzeD).
Moreover, for (iup,v1) € A, with

B (1 + M2)2
2 7

A

u,v1 € R and U1
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we have

. . Bo
R(D(iup, v1)) = §R{zu2+ B _5)iu21+5] +A}

B Boy(BS + A)
"~ B2(1—0)2ux? + (Bo + A)?
(1+up)? B(Bé + A)
2 B2(1-906)%up2+ (Bs+ A)?

A

[IA

0,

which leads to R{®(iup, v1)} = 0. Hence, by Lemma 8, we claim that R{¢(z)} > 0.
Finally, by using (35), we see that f € S B,A+1,B (6), which is the desired result asserted
by Theorem 10. O

Remark 9. Setting A = a, B = B and v = 1 in (25) and using Theorem 10, the inclusion
relation S}, /5((5) CSin 8 (0) for a subclass associated with the normalized Mittag-Leffler function

Eq5(z) = 2I'(B)Eq,p(z) can be deduced.

Theorem 11. Let A€ R, B> 0,a,8,z€ C,R(B) >0,0=5 < 1land B(B6+ A) 2 0. Then,
Ka,p,4,8(0) C ¥y pa11,8(0).

Proof. Using (33) and Theorem 10, we get

f € xupap(d) <= zf €555 45()
= zf'€ Sup,4+1,8(0)

> fExypar1,(9)

Hence, the proof of Theorem 11 is completed. O
Theorem 12. Let A€ R,B>0,a,8,z€ C,R(B) >0,0=p,6 < land (B6+ A) = 0. Then,

Cap,4,8(0,0) C Cypa11,8(p,6)

Proof. Let f € Cyp4,8(0,0). Then, 3 g € SZ,/S,A,B(‘S) s.t.

H('Y) !
R (Z["‘ﬁ‘”;f(z)]) > p. (39)

Define a function ¢ : C — C by

1 (2[HD) 441 (@)
9(z) = = ( A . (40)
P Ha,ﬂ,A+1,Bg (z)
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Then ¢(0) = 1 and ¢ is analytic in D. Thus, by using (28), we have

2[Hp anf @) [H 457, (2)]
H) 4ps@)]  HY 4 ps(2)
AE—BZ[Hi/SA+1 p2f (2)] + A+BH§c/3)A+l pzf'(2)

(
ALiBZ[ aﬁA—H 58(2)) + 745 z(x,ﬁ),A+1,Bg( )

B Z[Hz(xﬁ)AHBzf( )] A Htgcﬁ)AJrlef,( z)
A+B A¥B
N LE(,,B),AJrl,Bg( ) + H;ﬁ)AH 58(2)

— . (41)
B Z[ z(x,B)A+1Bg(Z)] + A

A+B A+B
H:(xﬂ)»A+l 58(2) +

Now, we consider a new function g : D — C, defined by

/

1 (= [Hg;y/g,A+1,Bg (2)]

7@ =15 g o 42)
Hep,a+41,88 (z)

Since g € Sj 5 4 5(9), by Theorem 10, we have g € 57 5 4 .4 5(0). Hence, R{q(z)} > 0in D.
Then, by using (40) and (42) into (41), we have

LY PO
(B 45f () AT g T ALl 0)9(2) + 0]

Hzgc’,yﬁ),A,Bg(z)] - AL;B[(l —08)q(z) + 0] + AL;B

(43)

With the help of (40), we obtain

2[H) 44157 (2)]'
He,p,441,88(2)

=(1-p)z¢'(2) + 1= p)[(1 = p)P(2) +p][(1 = 0)q(z) +6]. (44)

Using (44) in the Equation (40), we get

1 (=[H a/SABf(Z)] B2 (2)
B . 45
1=e ( Htgc,ﬁ),A,Bg(Z) - pa)+ B(1—46)g(z) +Bs+ A (45)
Assume that
w(z) = B o)

B(1—0)q(z) + B6+ A’

which is analytic in D. Therefore, using (39), we see that R{¢(z) + w(z)z¢'(z) } is positive
in D.

Since ${q(z)} is positive in D, by using the inequality (BJ + A) > 0, we observe that
R{w(z)} is positive in D. Moreover, if we apply Lemma 9 with

1+z
g(z)i 1_2’

we find that R{¢(z)} is positive in D.
Finally, by using (40), we see that f € C,p 4118, which completes the proof of
Theorem 12. [
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Remark 10. Putting A = a, B = B and v = 1 in (25) and using Theorem 12, the inclusion
relation CJ 5(p,0) C Cy4 g(p,6) for a subclass associated with the normalized Mittag—Leffler
function given by

Ea,ﬁ (Z) = Zr(ﬁ)Ea,/B (Z)

can be established.
Theorem 13. Let A€ R,B>0,4,8,z€C,R(B) >0,0=p,6 <1and (Bé6+ A) = 0. Then,

Capa8(p.0) CCypaiiplp,d).
Proof. Using (32), (34), and Theorem 12, we get
fe C;,ﬁ,A,B(P/‘S) — zf' € Cup,4,8(0,90)

— zf' € Cypa+1,8(0,0)
= feCparpp9)

which completes proof of Theorem 13. O

6. Pre-Starlikeness and k-Uniform Convexity

In this section, we consider the class of pre-starlike functions, which was introduced
by Ruscheweyh [60]. The class of pre-starlike functions of order y is denoted by £, and
defined as follows:

LF—{f:feA and ﬁ*fes*(y) (zeD;Ofy<1)}.

In particular, £y = C. An interesting generalization L]p, ] of the class £, was considered
in [61]. Tt is known that f € L[p, u] if

feA and ﬁ*fes*(y) 0Sp<L;,0Z5u<1).

Clearly, we have
Llu, u] = Ly
A function f € A, which is real on (—1, 1), is said to be a typically real function, if it
satisfies the following condition:

S(2)S(f(z)) >0 (zeD).

A function f € A is called convex in the direction of the imaginary axis, if (D) is convex
in the direction of the imaginary axis, that is,

%{Ml} = %{uz} (V Uy, Uy € f(]D)))

It is seen from [62] that a function f € A is convex in the direction of the imaginary axis
with real coefficients if the function zf’(z) is typically real. Equivalently, we have

R{(1-22)f'(z2)} >0 (zeD).

Let k-UCV and k-ST be the subclasses of the normalized univalent function class S,
which consist, respectively, of k-uniformly convex functions and k-starlike functions in D.
The classes k-UCV and k-ST were introduced and studied by Kanas et al. (see [63,64]; see
also [65]) as follows:

z2f"(2)
f'(z)

k-UCV:{f:feS and %<1+ZJ{,';(ZZ))>>1<

(ZED)}
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and

k-ST = {f feS and %<z]j;((zz))> >k ZJJ:,';S) (z€ ]D))}.

We now discuss some theorems related to the classes k-UCV and k-ST.

Theorem 14. Assume that f € H. If

ad 1
Y on(n=1lan| = ——
o k+2

forsomek (0 <k < o), then f € k-UCV. The number ﬁ cannot be increased.

Theorem 15. Suppose that f € H. If

e

[n+k(n—1)]|a,| >1

n=2

for somek (0 < k < o), then f € k-ST.

Let us consider the following class:

7T

— . in (gl _ . A E
R, (8) {f.fe?—l,%{e (f'(z) — 6)} > 0 (ze]D),5<1, 2<;7<2)}.
If the function f € A is in the class R (J), then

lan] < 2(1—6)cosy
= n

(n e N\ {1}).

We now define a linear convolution operator, which is associated with the normalized
(7)
w,B

Japy : H — H such that

Mittag-Leffler-type function E'’; (z), as follows:

Upn (D] (2) =ER(2) Fz)  (FeH).

Theorem 16. Let the parameters w > 0, > 0,y 2 1,and k € [0, 00) be such that f(z) € Ry(9).
In addition, let the following conditions hold true:

(i) r(s%ﬁ) < r(2a1+ﬁ);3
He) 3 ) raarpr < rarproars)

coe e ,Y
(ili) 2(1—0)cosy [r(ra(f)ﬁ) + 2%(2ifé/)5)}

A

1

k+2°

Then, [Jop,,(f)](2) € k-UCV.

Proof. We make use of Theorem 14 to prove the result asserted by Theorem 16. It is
sufficient to show that

1

< —.
~k+2

i”“”\(wf—(%y”n

Since f € R;;(6), we have

la] < 2(1—B)cosy
= n
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and
= I'(g) K
nzz"("_l)‘ (F(m—aﬂﬁ)) o
- I'(B) 72(1 - B)cosy
§n_O(n+2)(n+l)<I“(o<n—oc+/5)) n+2

n=0

(2,1); T
§2(1—ﬁ)cos;7(l"(,8) 1Y 1 ) (VzeD). 47)
(a+ B, a);
In this case, we have
1 2 PP
Nt g M T T M T TG

We observe that the parametric conditions in (Hg) : (i) and (Hg) : (ii) are equivalent to

P < ¢ and Y7 < YPoipo. Therefore, by (5), we have

(2,1); 7
1
(a+ B, a); ])
rg)  20-1rE)\" . 1
éz(l_ﬁ)m”(r(wﬁﬁ T2+ p) > =32

2(1 - ) cosy (F(ﬁ) 1

Hence, the required result is proved. [J

Theorem 17. Assume that o, > 0,7 = 1 and
. 4-20 1 .
(i) r(3a+25 < T2arp)’
3—2p 4-2p

(Hy) 3 () [reppr < Faspriats) X
..on 2—u (T(B)F(3=2p)  (e—1)T(B)T(4—2p)
(i) 2—2’/;)( /Sr(uc+/3)p - T(ZiJrﬁ) - ) <l=p

Then Ey’ﬁ)(z) e Llpulfor0<p<1land0 < pu < 1.
Proof. Let the function g be given by
_ z <
g(Z) - ]Ea,‘B (Z) * (1 o Z)z_zp (0 =p0 < 1)

To prove the result asserted by Theorem 17, it is sufficient to show that

ls(@)) ]
%< e >>” (z€D).

Thus, clearly, its sufficient to show that

) | [s@) -2
roRR
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by using the following convolution:

- B)  \? T(—20+k)
Z+2( ak—a+ﬁ)) Fa o)k i C

A simple computation leads to
1 8(2) _ ¥ I'(g) TOT(-204k)
s - £ = Y00 () res e

2 r'(B) T T(1-20+k) 4_
_Z<F(ak—w+ﬁ)) r(2—2p)(k— 2) 2

_\ I'(B) TT(3-20+k)
_Z<F(¢xk+rx+/§)) F(Z—Zp)(k)!ZkH

1 (3—20,1); 7
< ___ -
= T2 -2) (F(ﬁ) 1‘1’1[ ot B 1]) (VzeD). (48)

In this case, we have
3-2p P = 4—2p
T(a+pB) "' T(a+p)

We observe that the parametric conditions in (Hy) : (i) and (Hy) : (ii) are equivalent to
P2 < ¢y and Y7 < Yoyho. Therefore, by means of (5), we have

5-2p
I'(Ba+p)

P = and ¢, =

1%

(3-2p,1); | <TB=20) (1—er(-20) (49)
) = T@+p) F2a+p)

Now, using the following inequality:
71+ 22| 2 [|z1] = |z,
we find that

(2)

zZ

z1-

o () T T(1-204k)
k_22<r(akzx+ﬁ)> F(272p)(k71)!2k l

3 T(B) T T(3-2p+k)
k):o<F(ak+w+ﬁ)> r(2—2p)<k+1)k!"’kH

1 (3—20,1); U

:1—

Moreover, by applying the inequality (5), we have

. (3—2p,1); 1] < I(3—20) (1—¢)l(4-2p)
(o4 B, (a +B) T2+ B)
where
4-2p 1

I'(3a + [3) I'(2a+B)



Fractal Fract. 2022, 6, 54 29 of 31

and
3—-20 4—-2p

[T (2a + B)]? < T(a+B)TBa+p)

Therefore, we get

21o L (TOME-20)_ A-0FOIE-20" vz ). o

2-20\ T(a+p) T (2« + B)

8(z)

zZ

Finally, by using (48)—(50) and (Hy) : (iii), we obtain

2 IR [ize 22|
8(2)

which completes the proof of Theorem 17. [J

Remark 11. Upon setting p = y in Theorem 17, it can be proved that Etgﬁ) (z) € L[p], that is,

the function Efjﬁ) (z) is pre-starlike of order y for all z € D.

Remark 12. If we set p = p = 0 in Theorem 17, we obtain

(7) z *
Ea,ﬁ(z) * A=z e S

It is clear that z(]Eajﬁ) (2)) € 8*, which yields ]anﬁ) (z) € C; that is, E“'yﬁ) (z) is a convex function.

7. Concluding Remarks and Observations

In our present investigation, we have established some sufficient conditions so that a
class of Mittag-Leffler-type functions satisfies several geometric properties such as starlike-
ness, convexity, close-to-convexity, and uniform convexity inside the unit disk ID. For each
of these functions, we also discuss pre-starlikeness and k-uniform convexity. Moreover,
some sufficient conditions are derived so that these functions belong to the Hardy spaces
‘H? and H™. Moreover, we have derived the inclusion properties of the modified Mittag—
Leffler-type functions. The various results, which we have established in this paper, are
believed to be new, and their importance is illustrated by several interesting consequences
and examples.

Several potential directions for further research on the subject of the present inves-
tigation can be based analogously upon Wright’s general Mittag-Leffler-type function
€8 (¢;z), defined by (6), and Srivastava’s unification Ea,,g(qo; z,5,x) of the Mittag-Leffler-
type functions as well as such important functions of Analytic Number Theory as the
Hurwitz-Lerch-type functions, which are defined by (7). Yet another novel direction of re-
search can possibly be motivated by some of the related developments on Analytic Function
Theory of Complex Analysis, which are presented in the monograph by Alpay [66].
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