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Abstract

Making use of certain operators of fractional calculus, we introduce a new
class Fg(n, A, ) of functions which are analytic in the open unit disk I
and obtain a necessary and sufficient condition for a function to be in
the class Fs(n, A, ). We also determine the radii of close-to-convexity,
starlikeness, and convexity. Finally, an application involving fractional

calculus of functions in the class Fs(n, A, a) is considered.

1. Introduction and Definitions

Let F(n) denote the class of functions f(z) of the form:

fey=z- > az® (ax20; neN:={1,23,-]), (1.1)
k=n-+1

which are analytic in the open unit disk
U={z:2z€C and |z| <1}.

Let Fs(n, A, a) be the subclass of F(n) consisting of functions which also satisfy the
inequality:

R{L2 -6 [1-NDif(z) + XD f(2)]} >a  (6+a<1) (1.2)

for some § (0 < 8§ <1),A(0<A<1),and a (0 £ a < 1), and for all z € Y. Here, and
throughout this paper, D® denotes an operator of fractional calculus, which is defined as

follows (cf., e.g., [3] and [4]):
Definition 1. The fractional integral of order p is defined by

1 [ Q)
T(p) Jo (z=Q)t*

where f(z) is an analytic function in a simply-connected region of the z-plane containing

D7* f(z) = ¢ (p>0), (1.3)

the origin, and the multiplicity of (z — ¢)*~! is removed by requiring log(z — ¢) to be real

when z — ¢ > 0.



Definition 2. The fractional derivative of order p is defined by

1 d [T A0
Tl-pdz Jo G-0F

where f(z) is constrained, and the multiplicity of (z — )™ is removed, as in Definition 1.

D f(2) = o (0<p<l), (1.4)

Definition 3. Under the hypotheses of Definition 1, the fractional derivative of order

k- + i1 1e dafined hy

Q
fro 1o UT1atu Wy

d

pEe f() = & Z_DEf(z) (0<p<1; keNp:=NU{0}). (1.5)

The object of the present paper is to investigate various interesting properties of func-

tions belonging to the class Fs(n, A, ). We remark in passing that
Fo(1,\, @) =Fy(a) (0<A<1; 0<Lax<l), (1.6)

where the class F)(a) was studied recently by Bhoosnurmath and Swamy [1].

2. A Theorem on Coefficient Bounds

Theorem 1. A function f(z) € F(n) is in the class Fs(n, A, a) of and only if

(o]

1+ XMEk—-1=8)T'(k+ 1)
Z I'(k+1-6)

<1-XM-a (§+a<l). (2.1)
k=n+1

The result 18 sharp.

Proof. Suppose that f(z) € Fs(n, A, «). Then we find from Definitions 1 and 3, and
the inequality (1.2), that

2 [+ Me=1=8)]T(k+1) 1
é}%{1—,\5—k§1 TE T8 ay z* }>a (z €U).

If we choose z to be real and let z — 1—, we get

X [T+ ME-1=98)]T(k+1)
1-X6— Y T 5) a >

k=n+1

(6+a<l;, 0<a<l; 0<6<1),
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which is equivalent to the assertion (2.1) of Theorem 1.

Conversely, let us suppose that the inequality (2.1) holds true. Then we have

IT(2—6)2°" [(1 = X) D] f(2) + z2A D £(2)] — 1 + 78|

B i [1+Xk—1-8T(k+1)

W T(k+1-96)

© L4+AG—1-Tk+1) 4,
<
_k;n;l NCESTy ax | 2|

<l—-XM-—a (zel; é+a<l; 0<a<l; 0<6<1),

which implies that f(z) € Fs(n, A, a).

Finally, we note that the assertion (2.1) of Theorem 1 is sharp, the extremal function

being
_ _(1—)\6—a)I‘(n+2—6)zn 1 n
&=~ "Tmontmsy - €N (2:2)
Corollary 1. If f(z) € Fs(n, A, a), then
Gy < 1-X—-a)T(n+2-246) (neN). (2.3)

1+ A\(n—8)T(n+2)

Corollary 2. A function f(z) € F(n) is in the class Fo(n, A, a) if and only if

Yo l4+Ak-—Dlar<l-a (0<A<L 0<a<l) (2.4)
k=n+1
Corollary 3 (c¢f. Bhoosnurmath and Swamy [1, p. 90, Theorem 1]). A function
f(2) € F(1) is in the class Fo(1, A, ) if the only of

Yo+Mk-Dlar<l-a (0<A<L 0<a<), (2.5)
k=2

Corollary 4. If f(2) € Fo(n,1,a), then R{f(2)} > a for all z € U.

Proof. Since f(z) € Fo(n,1, a), we have (¢f. Silverman [5])

Y kap<l-a (0<a<l) (2.6)
k=n+1



The result now follows from Theorem 1.

Corollary 5. If f(z) € Fo(n,0,a), then
m{ﬂ”}> L mewm
n+1

4

Proof. Since f(z) € Fy(n,0,a), we have

(n+1) Z ar < Z kar<l-a (0<a<1l; neN), (2.7)
k=n+1 k=n-1
by applying the known inequality (2.6). Therefore, we obtain
(o ] 1 =
Y a<—= (neN) (2.8)
n+1
k=n+1

Corollary 6 (¢f. Bhoosnurmath and Swamy [1, p. 91, Corollary 1.2]). If
f(z) € Fo(1,0,), then

SN
z 2
forall ze U.
Theorem 2. Let the function f(z) defined by (1.1) and the function g(z) defined by
g(z) =z — Z by, 2F (b 20; n€eN) (2.9)
k=n+41
be in the same class Fs(n, A, a). Then the function h(z) defined by
R(z)=(1-8)f(z)+B9(2) =2z — z cr 2F
k=n+1

(cki=(1—PB)ar+pPbr>0; 0<B<1; neN)
is also in the class Fs(n, A\, «).

Proof. By the hypotheses of Theorem 2, we find from (2.1) that

oo

1+ AMk—1—8)]T(k+1)
k;ﬂ T(k+1—0) k
_ X L+ ME-1-8)T(k+1)
_“_ﬂnggl Thri-o) %
X [I+ME-1-8T(k+1)
+ﬂk§;1 Tk +1-38) b

<(A-PB)(1=-X—-a)+B(l-X—a)=1—6\—a,
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which completes the proof of Theorem 2.

3. Distortion Theorems Involving Operators of Fractional Calculus

Theorem 3. If f(z) € Fs(n, A, a), then

| IH'" / ( ——AO-—CM)T(2+[L)1UL+A—U) A
D# va-sanecdll I} 3.1
P S sy (U Tm- otz ) G
and
|z| ( 1-X-a)T2+p)(n+2-10) )
D;# 1-— 3.2
| )] 2 1"(2+,u) 14+ AXn—=8T(n+2+p) 2 (3:2)
for p >0 and n € N, and for all z € U.
Proof. Suppose that f(z) € Fs(n, A, ). Then we find from (2.1) that
14+ An—96)]T(n+2) Z
I'(n+2-6) W
(3.3)
2 [T+ Me—1=8)|T(k+1)
< Z ak,
W T(k+1-46)
which evidently yields
> (1-X-a)T(n+2-9)
< . .
k_z ="+ An-0)]T(n+2) (n€R) (34)
n+1
Making use of (3.4) and Definition 1, we have
1+pu o0
s 2 (o Heemaen o)
e\, e )
(3.5)

R o0
-t (1= 5, owm)

where, for convenience,

T(k+1)T(2 + )

Ok) = T(k+ 1+ p)

(p>0; k>n+1l; neN).



Clearly, the function ©(k) is decreasing in k, and we have

T(n+2)T(2 + p)
F'(n+2+p)

0<O(k)<On+1)= (3.6)

Thus we find from (3.4), (3.5), and (3.6) that

|D I‘f(z)l_~ I"I(2l+ ) (1+|z|@(n+1) E ak)

. k=n+1

| 2|t 1-X—-a)T(2+p)T(n+2—6)
S1"(2+u) (1 1+ An—-8)T(n+2+p) | l)

which is precisely the assertion (3.1), and that

|D Hf(z )l‘“I‘(2+ m (1—|z|@(n+1) Z ak)

k=n+41

> |2|t+o (_(1~/\6—a)1"(2+p)]."(n+2—5)M)
T T(2+p) 14+AXn—=8)|T(n+2+p ’

which is the same as the assertion (3.2).
Theorem 4. If f(z) € Fs(n, ), a), then

e (1=26=a)T@ = wl(n+2-6)
T2~ p) (1 T T A = OT(n + 2 - ) lzl) (3.7)

|D% f(2)] <

and

|z|t—# (1 (=X -a)T(2—p)T(n+2-24) Izl) (3.8)

Dt >
1Dz £(2) 2 5 =5 1+ An—06)]T(n+2—p)
for0<pu<1landn €N, and for all z € Y.

Proof. Suppose that f(z) € Fs(n, A, «). Then we find from (2.1) that

14+ An—-8D(n+1) —
T(n+2-96) > kax

< i 14+ Mk -1_6)]1-‘(}6—!_1)@}:,

Wi I'(k+1-6)
which evidently yields
= (1-X-a)T(n+2-9)
kap <
k__;ﬂ P A= 8)T(n+1) (3.10)

(0<A<1; 0<é<1; neN)



Now, making use of (3.10) and Definition 2, we have

D* f(z) = =" (1 _ i T+1I@—p) zk-l)

L2 — p) oy T+1-p)
| (3.11)
2 (1 i ®(k)ka zk_1>
= —— — k )
I'2-p) it
where, for convenience,
T(K)T(2 - 4)
_ < A - .
®(k) Tk +1—p) (0<u<l; k>2n+1; neN)
Since the function ®(k) is decreasing in k, we also have
F'(n+1)T(2 — u)
< == . .
0<®(k)<P(n+1) Tnt2— 2 (3.12)
Thus we find from (3.10), (3.11), and (3.12) that
ot <
lfo(Z)ISf(—z-:—) 14 2| @(n+1) Y ka
K k=n+1
|z|1—# 1+(1—A5—a)F(2—p)I‘(n+2—6)| |
= T2 - p) [+ Xn-OTn+2-p) )
which is precisely the assertion (3.7), and that
D# e 1—|z|® k
D s 2 (s (1= ko4 Yk
k=n+1
S |z|t—# <1 _(1-M-a)T2-p)T(n+2-29) |z|)
~I2-p) 1+ Xn=8)T(n+1-p) ’
which is the same as the assertion (3.8).
Theorem 5. If f(z) € Fs(n, A, a), then
-6
146 < 2| (1-X—-a)(n+1-6T1-96)
D% £ < 57 =5 (1+ T+ Xn —8) 12l (3.13)
and
145 |z|~¢ _(1-A-a)n+1 - §HI'(2-6)
e ¢ ST 4 (3.14)



for0<é<landn €N, and forallze lU.
Proof. Suppose that f(z) € Fs(n, A\, ). Then we find from (2.1) that

i Pk+DIA-¢8) _(1-M-0a)(n+1-8§T1-56)

ar >
o D(k—9) L+ A(n —4) (3.15)
(0<A<1; 0<6<1l; nmneN).
On the other hand, by applying Definition 3 (with k =1 and u = é) we obtain
778 > T(k+1)T(1-9)
1+6 _ k—1
D, f(z) = T =96 (1 kzzn;l Tk —6) ak z . (3.16)

Thus, by combining (3.15) and (3.16), we immediately get the assertions (3.13) and
(3.14) of Theorem 5.

Setting 6 = g = 0 in Theorem 4, we have

Corollary 7. If f(z) € Fo(n, A\, a), then

_ 2 < < — o 2 .
ol = e | < S S Jel + 1 I (317
for all z €U and n € N.
For § = 0, Theorem 5 yields
Corollary 8. If f(z) € Fy(n, A\, a), then
(I-o)(n+1) : (1-0)(n+1)
— < < .
1= EE D < <14 SRR (3.18)

forallz €U and n € N.

Next, setting § = p = 0 and n = 1 in Theorem 4 (or, simply, n = 1 in Corollary 7),

we have

Corollary 9 (¢f. Bhoosnurmath and Swamy [1, p. 91, Theorem 2}). If
f(z) € Fo(1, A, @), then

|2

lz

(3.19)

1+)\ 1+/\



forallz € U.

If we set § = 0 and n = 1 in Theorem 5 (or, alternatively, if we just let n = 1 in

Corollary 8), we obtain

Corollary 10 (¢f. Bhoosnurmath and Swamy [1, p. 92, Theorem 3]). If
f(z) € Fo(1, A, @), then

2(1 — @)
1+ A

{ A
2 < |F() < 14 228 (3.20)
"' - 1

forall z e U.

Numerous further consequences of Theorems 3, 4, and 5 (and of Corollaries 7, 8, 9,

and 10) can indeed be deduced by specializing the various parameters involved.

4. Radii of Close-to-Convexity, Starlikeness, and Convexity

A function f(z) € F(n) is said to be close-to-convez of order f if it satisfies the
inequality (¢f. [2] and [6]):

R{f'(2)} > 8 (4.1)
for some A (0 £ B < 1) and for all z € Y. On the other hand, a function f(z) € F(n) is
said to be starlike of order B if it satisfies the inequality (cf. [2] and [6]):

TN
for some B (0 < # < 1) and for all z € U. Furthermore, a function f(z) € F(n) is said to

be convez of order § if and only if zf'(2) is starlike of order f, that is, if it satisfies the
inequality (cf. [2] and [6]):

m{1+5£%(z—z)l}>ﬁ (4.3)

for some § (0 < f < 1) and for all z € U.

Theorem 6. If f(z) € Fs(n,\ «), then f(z) is close-to-convez of order B in
|z| < r1i(a, A, 6, B), where

(1=-BTH*)[1+Ak—1— 5)]] 1/(k=1)

ri(a, A, 6, B) =ir£f [ (1-X—a)T(k+1-6)

(k>n+1; neN).
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Proof. It is sufficient to show that |f'(z) — 1| < 1 — . Indeed we have

1f'(2)=11< > kaxle* ' <1-p

k=n+1
and -
Z P+ 1)1+ Mk —8-1)] g <1— X —a.
M M(k+1-6)

Hence (4.4) is true if

Blzf*=1 _ Tk + DL+ A(k = 6 — 1)
1-8 ~1-M-a)T(k+1-96)

(k>2n+1; neN).

Solving (4.6) for |z|, we obtain

— B)T(E)[1 + A(k — 1 — )]/ *
(1—X6—a)T(k+1—8)

|z| < (L (k>n+1; neN),

which obviously proves Theorem 6.

Theorem 7. If f(z) € Fs(n, A, a), then f(z) is starlike of order 5 in
|z| < 7'2(0{, ’\)6713)3

where
(1= B)T(k+1)[1+Mk—1-86)]]/¢D
(k—B)(1=XA—a)(k+1—26)

ro(a, A, 8, B) = i%f [
(k>n+1; neN).
Proof. We must show that

zf'(z)
f(2)

—1‘51—,8 for |z] <ra(a, A, 6, 06).

In fact, we have

S k—1)ag|z|F?
zf'(z)m1\< k=zn:+1( Jar 2]

1) 1= 5wl

k=n+1

Sl”ﬁ)

if
(k= B)lzI"* _ T(k+ D+ Mk —6—1)]
1-8 ~(1-M-a)l(k+1-29)

(k>n+1; neN),

11
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which evidently proves Theorem 7.

Corollary 11. If f(z) € Fs(n, A, ), then f(z) s convez of order 8 in
IZ[ < 7‘3(0{,)\,6, IB)a

where L/(k—1)
[ 1=k 4+ AEk—-1-16)) 1

ralen 8 B) =t | T A (R 1= 6)

(k>n+1; neN).

Corollary 12. If f(z) € Fo(1,A, a), then f(z) is close-to-convez of order f in
|z] < ra(e, A, B), where

(1-B)1+AMk-1
E(1—a)

1/(k=1)
ro(a, A, B) = i%f [ )]] (ke N\ {1}).

Corollary 13. If f(z) € Fo(1, A, @), then f(z) is starlike of order B in |z| < rs(a, A, B),

where

(1 =81+ Ak - 1)]] 1/(k—1)
(k=B)1-a)

Corollary 14. If f(z) € Fo(1, A, ), then f(z) is convez of order §in |z| < r¢(a, A, B),

where

ro(a ), 8) = inf | (k € N\ 1))

) g/
(1= B+ Ak 1”] (k e N\ {1}).

k(k—B)(1—a)

In their special cases when f = 0, Corollaries 12, 13, and 14 were proved earlier by

ro(a,\ ) =inf |
Bhoosnurmath and Swamy [1, pp. 93-94, Theorems 5 and 6].
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