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two-particle irreducible (2PI) strong-coupling approach to the disordered BHM that allows us
to treat both equilibrium and out-of-equilibrium situations. We obtain equations of motion for
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1. Introduction

Isolated strongly interacting quantum systems with quenched disorder may fail to thermalize and enter a phase in which the
entire spectrum is composed of localized states [1,2]. Such many-body localized (MBL) states have been studied intensively in recent
years [3-40]. In addition to their interest from a fundamental point of view, MBL states have also been suggested as having potential
for use as quantum memories.

Aside from perturbative calculations [2,41-43] most of the evidence for MBL states comes from numerical calculations in one
dimension [4-9,11,13,15-19,23,24,26,44,45]. Imbrie [21,22] has also provided rigorous arguments for the existence of MBL in
one dimension under reasonable assumptions, although recent work has raised the question of whether particles are fully localized
[34,39,40] or whether it is possible to reach large enough system sizes to study the MBL phase [32]. In dimensions higher than
one, which is beyond the reach of many numerically exact methods, the situation is less clear and there is theoretical evidence and
arguments for and against MBL [3,46-58].

Experimentally, there are indications of localization in disordered, interacting many body cold atom systems in optical lattices in
two and higher dimensions [59-63]. Of particular interest for our work is the experiment by Choi et al. [61], in which the relaxation
dynamics of disordered bosons in a two dimensional optical lattice were studied. Starting from an initial condition in which all of
the atoms were localized on one side of a trap, Choi et al. observed the imbalance as a function of time and found that beyond a
critical disorder strength, the system failed to thermalize in the time window of their experiment. Yan et al. [64] applied Gutzwiller
mean-field theory (GMFT) to the two-dimensional disordered Bose Hubbard model and were able to reproduce the main experimental
results, even though GMFT is unable to capture MBL, raising the possibility that the experiments probe glassy dynamics rather than
MBL. This highlights the need to develop theoretical methods to investigate the out-of-equilibrium dynamics of the disordered Bose
Hubbard model in dimensions greater than one.

There has been considerable study of the out-of-equilibrium dynamics of the Bose-Hubbard model realized in optical lattices
[65-73]. In order to obtain spatial as well as temporal information, correlations are of particular interest, and a variety of methods,
such as exact diagonalization (ED) and time-dependent density-matrix renormalization-group methods (t-DMRG) have been used
in one dimension [74-83]. In two dimensions, where many of these approaches become less effective, methods for calculating
correlations include perturbative corrections to Gutzwiller mean-field theory [84-87], time-dependent variational Monte Carlo [88],
doublon-holon pair theories [89] and tensor network methods [90].

An alternative approach has been developed by two of us that is based on a two particle irreducible (2PI) out-of-equilibrium strong
coupling approach to the BHM (2PISC) [91-95]. This approach allows the treatment of the dynamics of the order parameter and
correlation functions on an equal footing and we have previously used it to demonstrate excellent agreement [96] with experiments
investigating the spreading of correlations for bosons in optical lattices in one and two dimensions [78,97]. It also has the attractive
feature that it allows for the inclusion of disorder averaging, which we make use of to study the disordered Bose-Hubbard model.

The presence of disorder in the BHM can lead to an additional phase in between the superfluid and Mott insulator, the Bose
glass [98], and can reduce the size of the Mott lobes [98,99]. The experiments by Choi et al. [61] have focused attention on the
out-of-equilibrium dynamics of the disordered Bose Hubbard model and both many-body localization and glassiness for bosons in
one [100-104] and two or more dimensions [53,57,64,102,105-111]. This activity motivates our extension of the 2PISC formalism
for the BHM to include disorder to provide an additional route to investigate the out-of-equilibrium dynamics of the disordered BHM.

The main result of this paper is that we develop a 2PI framework that allows us to treat both the equilibrium and out-of-
equilibrium behavior of the disordered Bose Hubbard model. This allows us to obtain equations of motion for the superfluid order
parameter and spatio-temporal correlations. We obtain solutions of these equations in the equilibrium case and investigate the Mott
insulator phase boundary as a function of disorder strength and calculate the collective excitation spectrum both in and outside the
Mott phase. We find that our results compare favorably with quantum Monte Carlo (QMC) simulations in two [112] and three [113]
dimensions. We also note that the disorder strengths at which Ref. [61] found the emergence of non-ergodic dynamics appear to
correspond to the Mott insulator — Bose glass phase boundary.

This paper is structured as follows: in Sec. 2 we introduce the disordered Bose Hubbard model and formalism, deriving an effective
theory. We use our effective theory to obtain 2PI equations of motion which we then solve for equilibrium properties of the model
in Sec. 3. We conclude and discuss our results in Sec. 4.

2. Model and formalism
In this section, we introduce the disordered Bose Hubbard model and discuss the generalization of the strong-coupling approach

developed in Refs. [91,92,114] for the standard BHM to the disordered case allowing for both equilibrium and out-of-equilibrium
behavior. The Hamiltonian for the disordered BHM is
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Fig. 1. Contour for a system initially prepared at time ¢,. ¢, is the maximum real-time considered in the problem, which may be set to 7, — co without loss of
generality.

Ads (e)=HA; + Ay + A, ¢
where
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with ﬁ; and a; annihilation and creation operators for bosons on lattice site 7 respectively, A; = é;@ the number operator, U the
interaction strength, V- a harmonic trapping potential, 4 the chemical potential, and ¢, an on-site disorder potential. The hopping
strength is J; z, and we allow the possibility that this is time dependent, as is in the case of some out of equilibrium cold atom
experiments. The disorder potential is drawn from a Gaussian distribution

4(In2)e2

P[e;]:”%e_ aZ ) 5)
€

with A, being the full-width at half maximum for the distribution. The choice of a Gaussian disorder distribution is made for
comparison with experiment [61] and for analytic convenience. The notation (7,7, ) indicates a sum over nearest neighbors only.

In the strong coupling approach to the BHM that we extend to the disordered case here, one starts from the Hamiltonian and then
obtains a generating functional. Then, one performs two Hubbard-Stratonovich transformations on the hopping term, which gives
an action which allows for expansion about the strong coupling limit [114]. This approach was generalized to an out of equilibrium
Contour formalism in Ref. [91]. From the action of the effective theory thus obtained, one can determine the 2PI equations of motion
that allow calculation of excitations, correlations and phase boundaries [92,93].

2.1. Contour-time formalism

The general formalism that we discuss and adopt in this paper was developed in a previous paper by two of us; we refer the reader
to Ref. [92] for further details on the formalism. We use the contour-time formalism [115-120], which replaces the notion of real
time along the real line with contour time, a complex valued time on a contour in the complex plane. Furthermore, an appropriate
choice of contour is particularly attractive for studying disordered systems as it eliminates the need to use replicas in carrying out the
average over the quenched disorder because the generating functional is automatically normalized to Z =1 [121,122]. For systems
initially prepared in out-of-equilibrium states, one can work with a contour C of the form illustrated in Fig. 1. A popular alternative to
this contour is the Schwinger-Keldysh (SK) closed-time path [115,116] which is also suitable for certain out-of-equilibrium problems.
However, unlike contour C, the SK contour ignores transient phenomena and, more importantly, information about the initial state.
Given that we are interested in comparing long-time density profiles with that of the initial state, contour C is a more appropriate
choice. We assume that the dynamics due to the disordered potential are not correlated with the initial state.

2.2. Contour-ordered Green’s functions

In deriving our effective theory of the disordered BHM, we calculate various contour-ordered Green’s functions (COGFs). We
define the n-point COGF as [120]

ap...ay . _ n—1 N Al . Ay .
GFII..fn (715estps€) = (=) Tr{piTC [a?: (715€) ... a;' (T,,,S)] }
_ n—1 NG . ~dp .
= (—i)" <Tc [0711 (z15€) e (‘r,,,e)])ﬁi , 6)
where j; is the state operator representing the initial state of the system, and the a; upper indices are defined such that

a

al, 7)

a,, a N
F’ F

S
SR
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and ﬁ; (z; €) are the bosonic fields in the Heisenberg picture with respect to HBHM (r;¢€) [Eq. (1)]
&; (r;6)=U¢ (T[-,T;é‘) ﬁg Uc (1,@-;6) s (8)

s M fdis (. .
T, [e 1 fe ey 47" Higing ( 'e)] , if r later than 7/,
Ue (T’ T/;€) _ " 9
" 1S ".
T, [ /c )dt H (r e)] R if 7/ later than 7.

Here we have introduced explicitly the complex contour time argument r, the sub-contour C (z, ") which goes from  to ' along the
contour C, and the contour time ordering operator T, which orders strings of operators according to their position on the contour,
with operators at earlier contour times placed to the right.
Given the somewhat cumbersome notation in expressions such as that in Eq. (6), we make extensive use of a compact notation
where we write an arbitrary function X as
Xgll:;:n e = X:ll‘-l}“nn (Tl Ty e) N (10)

and introduce the following implicit summation convention

PERGIEDY /dw‘”“lx"l (T1:€) Y (150), (1

ajay ¢,

where o, is the i Pauli matrix, 1 =2 and 2 = 1. Note that we only include the ¢ parameter in Eq. (10) if the function X depends on
the disorder configuration.

2.3. Generating functional Z [f;e]

The COGFs above can be derived from a generating functional Z [f;e], which can be cast in the following path integral form
[91,92,94,118]:

Z[fiel= / [Da) (a (Ti) |,3i(€)| a (Tf)> e‘%{a(fi)-a(f:)+3(T/)3(?/)}eiS[a;e]HS/v[a]’ (12)

where 7; and 7, are the initial and final points on the contour, chosen to be the same as C in Fig. 1, and S [a; €] is the action for the
disordered BHM

Sla;el =Sy [al + Sy lal + S, [al, 13)
with
_1 ajay a a
Sylal= 21 _Z_ {2J7172~Tl ) } aFMl aFNz’ (4
rirz
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VTZ
ajayazay a2 a5 a
Z {U§TITZT3T4 F.ry rrzar T3ar 74’ (15)
ajay\ ay @
S lal = 21 Z{ €7 ngT rT] a?,fz’ (16)
with
aa aja;
JFIFZ T AT a7z
Colry =0507' (18)
and
{:111;27?1'24 251112 )73 51314 192038 (19
where
. 4
pamaa _ ) 1 if {a,}, € P({1,1,2.2}), 20)
0, otherwise.
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Sy lal is the source term
— a .a
Sylal= Y S at . (21)
r

and f [Da] is the coherent-state measure. Note that in the path-integral formalism a; =a, and ag = a;. In this formalism, we can
rewrite averages of the form (T [...]); as follows

(relag an 1) ={a al ) (22)
Fl.75€ Fptuiel [ p,; r1sT1 'nstnl S

where contour ordering is now implicit in the path integral representation [123]. Occasionally, we drop the action subscript (...)¢ —

(...) for brevity.

To derive the COGFs in Eq. (6) from Z [f;¢], we take appropriate functional derivatives with respect to the sources and set the
sources to zero afterwards

61‘1 ;
G:l.“:,yr . =i(—1)" _Lfe]ai (23)
LTl Tne 5 _”1 LS
f’lf"’l f’mfn =0
2.4. Disorder averaging
We are ultimately interested in calculating disorder averaged COGFs
o
xaj...a, _ . aj...ay,
GT‘I P T Ty, - U / dé‘; P [Er] GFI Pty --»Tn:e’ (24)
—0

where for a quantity § we denote the disorder average § with a carat. Using Eq. (23) we can determine an expression for calculating
the disorder-averaged COGFs:

8"Z[f]
S LM

T InTn | f >0

Gar--an —i(=1y"

FleoFp Tl Ty

s (25)

where Z [f] is the disorder-average of Z[f;e].
2.5. Effective theory of the disordered BHM

We develop an effective theory that is suitable for studying the dynamics of the disordered BHM in the strong coupling regime.
The approach can be outlined as follows: first we calculate the disorder average of Z [f;e¢], and decouple the resulting quartic term
with a Hubbard-Stratonovich transformation which introduces an additional field Q. This gives us an effective theory szifs in terms
of the original a-fields and Q for which we follow the same procedure as in the clean case, but with extra terms that arise from
the disorder. The resulting effective strong coupling theory introduces two auxiliary fields z and Q. We derive identities relating the
correlators of these two auxiliary fields to those of the original a-fields. One can then apply a two-particle irreducible effective action
approach [124] to the effective theory to obtain equations of motion for the correlation functions.

We begin by performing the disorder average of Z[f;e]

Z[f] — / [Da] <a (T[_) |/3i|a (T/_)>e—%{a(r,).a(r[)+a(rf).a(rf)}eisA[a]eiSJ[aJ+iSO[aJ+is/ lal (26)

where

[se]
etSalal — H / de; P [e;] !Selal 27)
; —00
Next, using Eqs. (5) and (16) we calculate e/Salel:

o]
e'Salal = H / de; P [e;] exp { % (—er ;111:22) a;TTl a?{z }
;o :

_ i L laallezad\ @ @ @ a5
=oxp { 21 Z (_Z M|I71 7] [7374] ) Uiy ey By ey (0 (28)
r
where
MY =~ (29
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and
~ A?
A= _—°. 30
€~ 8ln2 (30)

To decouple the quartic a-field term in Eq. (30), we perform a Hubbard-Stratonovich transformation (similarly to e.g. Ref. [125])

iSalal — £ —11laazllazas] ~aya; azaq i aa @ @
= / [DQ] xp { 2! Z [M ][[“'172]] [r37al er TerQ?r',f3r4 + 2! Z Qﬁ*’lfzarﬂ'l az‘fz
r r

E/[DQ]eiSM_l[Q]HSQ[a]’ (31)
where
_11la1ax][azas] _ aja; payay
[M ][[Tlfz]][[fsf4]] Z""1 Com > (32)
Sy [0] = Z [ [[0102]] [azas] Qm Q@ 33)
M= 21 [[Tlle] [r374] =FFryey Trr3ey”
and
ajay ay ay
SQ la] = 2Y Z er 7T ar |7 ar 7y (34)

and Q is an auxiliary field introduced by the transformation.
At this point, the generating functional Z [f, K] can be written as

211= [ Daa()la(sy)) e B0 ie)a0)
X/[DQ]ef(s,[aHs(,[aHsM,l[Q]+S,[a1+sg[a1) . a5

Next, following Refs. [91,92,114,126], we decouple the hopping term by performing a Hubbard-Stratonovich transformation on the
hopping term

211= [ Daa () [p]a (s)) 0Dl a0)

» / (DO / (Dy] ei(_sj—l [wl+Solal+S,, 1 [Q]—sw[a1+sf[a1+sg[a1)’ (36)
where
_ 1 1 ajay H E
Sy [W]_Z_LZ (5 [J ]V1’27172>W71»T1W72’T2’ (37
rry
with
S [a] 2 I' T r ‘L' (38)

and y is another auxiliary field. By making a field substitution, vl o>yl +f2, and rearranging terms in Eq. (36) we get

S, ly=f1+5,-11Q1)

Z[f]=/[DQ] [Dy] ei(_ Zyly,Ql, (39)
where
Zyly, Q] = Molv-2l
_ / (Dal (a () |51]a (Tf)>e-%{a(f,),a<r,.)+a(ff)4a(f,)}ei(so[u]+sw[u]+sg[a]). (40)

In this context y and Q take the same form as f and K in the 2PI generating functionals introduced in Ref. [92], i.e. by taking
functional derivatives of Z [y, Q] (or W, [y, Q]) with respect to y and Q one can generate all n-point COGFs (or CCOGFs). In this
case the generating functionals Z [y, Q] and W}, [y, Q] are governed by a different theory than that introduced in Ref. [92].

W, [y, Q] generates all the n-point CCOGFs in the limit of zero disorder and hopping for a system prepared in the initial state j;

gLyt Pl ’ “

Flo Fpty...T, 51[/ a,
7.7y o ly .00

as well as a set of generalized CCOGFs defined by:
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These functions are connected in a particular sense: indices that are paired inside a pair of brackets [...] should be thought of as
indices belonging to a single field. If we assume an initial state of the form

i =8z |niz) (miz, (43)
the CCOGFs defined in Egs. (41) and (42) vanish unless all site indices are equal. Moreover, when Eq. (43) holds, correlators of the
form <a;' e a;" ol vanish unless the number of a*-fields equals the number of a-fields. By inverting Eq. (42) we may rewrite W,

1-*1 ntn 0

as

n

) 2ny 2]
Wyl 01 =0 (n+m—172) 3 3 — ) T2 2

\n,12m2
V‘]—OV‘Z—0 2° my=1\"rm Jmy=1 r:rlzr:r/xz

i
.-y |I f 1]] Hanzanzﬂ c

X
g? = / /I s ! "
1++F2my r r,,zr,,2 ST Ty [T 7y || o [Ty Ty
J— - / //
a a ﬂ

aj 2m) D n Cny

Xyl oy ...Q (44)
F1,T] I N ) J 1 ! n
171 2ny %20y T Tiny Tty Ty Ty

where O (x) is the Heaviside function. Following Refs. [91,92,114,126], we perform a second Hubbard-Stratonovich transformation
to decouple the inverse hopping term such that

210 :/[Dz]/[DQ] ei(SJ[zHSM,l[QHWU[Z,QHS/[Z])’ 45)
where

oWolz0) _ / [Dy] ¢ (Wolw Q1S 1w1). 46)
with

S, [y]= zz”u/;r- 47

7

The effective theory is obtained by adding all of the action terms excluding sources

S%e 12,01 = 8 [2]+ S -1 [Q1+ Wy [2,Q]. (48)

We next perform a cumulant expansion of %, similar to that found in Refs. [91,92,114,126] although the calculation is more
complicated in the disordered case.

Even in the compact notation we introduced in Sec. 2.2, the resulting expression for the effective theory is quite cumbersome to
write out. We therefore condense the notation further such that

X
( XQ,v/,-n >

a;
X? \T;
! a! s (49)

;/ ;// T/ ‘r”

XXI'

XXiYXi = X%5Y?% + Xy Qi

Ya i ” a
- Z "1 7 ;‘ 7 + Zxﬁw/ / II «/«// / // (50)

A i
il

Using the above shorthand notation, the effective theory can be expressed as follows
Sdls [@] = ( [ —1])(1)(2)4)11 o + Z _g)n In A1 Pin, (51)

where
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aj

Fi,ti
o4 =| (52)
7(’?(”,1:’1:”
The couplings for quadratic terms in the theory are:
212 _1]%1%2
R (ol (53)
rira,nn
17121923
o' =0, (54)
~119122
&' =0 (55)
—11212934 _ —17la1az][a3a4]
le'] = 315,751 1770 [M ][[rlfz]][[r3f4]] , (56)
with
1, ifF|=F=F=7F
D I = . (57)
QTG {O, otherwise

and the vertices g#1--#» are combinations of the CCOGFs generated from W,,. The presence of the contour ordering operator T, in
the CCOGFs leads to symmetry under permutations { Dlseees pn} of the sequence {1,...,n}:

[&5'17 = [g5 '], (58)
gh1An =g101"'1p,,. (59)

The action in Eq. (51) contains an infinite sum, therefore for practical calculations we truncate the action keeping only terms to
order O[y"Q™] where 4 —2m > n >0 and 2 > m > 0. Out of these terms, the only non-vanishing terms (modulo index-permutations)
are

9, _ Lplmarle + 1 [ajay]aza4.¢ [ ¢ fl]m 60
§ 2g[[7172]]’[[f172]] 4 7R R]RR[n ]y Fafyt3ty (60)
g =201 it (61)

F1Fp,117) F1Fp,T 1Ty

01203 _ 1 plaia]lazaql.c 62

§ 4g[[r1’2]]|I’3r4]]»[[flfzﬂ[[f374]]’ (62)
1 [aza4]

2129934 — _ualﬂz 3d4 63
§ RTINS (63)
g21222314 — ufle_”}_‘M , (64)

FIFyF3Fy,T1 T)T3T4
where
e = 1§ mnny {tgm’“ } (65)
F1F.T 1T 2| FIFal3Fy,T| T T3 Ty Fargt3y J 7

r3ry
is an “anomalous” [126] term generated in the cumulant expansion which has an internal inverse bare propagator line. It is required
to ensure that the 2PI equations of motion are correct in the atomic limit (see Ref. [92] for additional details). We also have

.2 ’ -
44192 [azas] _ 2 H Z [(gc)_l]amam ga’l ) [azay].c 66)
iRl nnlnau] — 2 i |4 A S YA A A
= "'m
and
4 ! T

ajarazay __ (gc)_l ama,, a\ a,aza;.c (67)
u???? 1Ty T3Ty - ’ FHF T

1727374,117127374 =1 7;,, P msTim T 1"27374°71 %2 %%

In this work, we do not consider a trapping potential for simplicity. Therefore, local quantities such as n-point CCOGFs in the
atomic limit have no spatial dependency, and henceforth we will drop the 7 index for these quantities.

3. Equations of motion

We now apply a 2PI [124] approach to our effective theory to obtain equations of motion for the mean-field and the full
two-point CCOGF for the ®-fields (the “full propagator” from now on). In a related work [92], we applied this approach to the
homogeneous BHM in the strong coupling limit. We follow the same general procedure in this work with a few modifications to
account for the additional vertices and auxiliary fields that appear in our effective theory of the disordered BHM as compared to that
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of the homogeneous BHM. Here we only briefly outline the 2PI calculation. For a more detailed exposition of the 2PI approach, see
Ref. [92].
We define the mean-field V%1 and full propagator V#1%2: as follows

(zre)

VI = (1) = < a\a > , (68)
Yl
a;a” ¢
Glazta) (B0
iVNae = <q))(l (I))(2> = a’ a” ¢ add’ : z;:;r : ¢ (69
171
<Q,I V” T,‘L'” W"z %) > <Qr’l’,l,vfl"[i/ Qr/zr;!’ré_rél>
Next, we consider the 2PI Dyson’s equation
[v—l]lllb" — [D—l]lllz _ [E(ZPI)]IIZZ , (70)
where
[D—l]lllz _ 828 V1]
T syngyn
— [galllllz _ [2(1)]1112 . (71)
[Z®]#1#2 is the “1-loop” self-energy
[2(1)])(112 = —gXh _ g IPIS — %gmnnmvu Vi, (72)
[Z@PD]¥1#2 is the 2PI self-energy
5T, [VI,V”'*"]
(2PD) 14142 _ .
[E#PD] 12 = 2i —svnne 73)
and T, [P, V@] is the sum of all 2PI connected vacuum diagrams in the theory with vertices determined by the action
Sint [q) % 1)] 31 g3 DX HL2 P
1,
L XXX P2 P3P
+3!g12%4q)|q) [OYERVZZ!
+ % gD DN PO P DI, 74)
To first order in the vertices we have
[z@P0] 4122 - _%gmnhmwamq (75)
If we define the full self-energy X4142 to be
SXX = [2(1)])(112 + [Z(ZPI)]IIIZ , (76)
then we may rearrange the Dyson’s equation as follows
y 8 y q
VXX = [go]llh + [go]){l KED W EYIRVIEPOR 77
Additionally, the equation of motion for the mean field V#1 is
. —1]4243
o8 1 [&WQMI] =0. (78)
[ %4 [ %4

As will be clear shortly, we are mostly interested in finding V*1 and V?1%2-, that can be calculated from Egs. (78) and (77) respectively,
for the equilibrium and out-of-equilibrium scenarios. First, we start with V1?2, From Dyson’s equation (77) we can write

PF122C = [g ]ZIZZ [go]zlz3 SF3Z4PEAZ2C 4 [gO]ZIZB 523s VQ4522’C, (79)
where

F7% — _g2122 _gzlzzQ34vQ34 _ %g21222324vZ3vZ4 _ %gzlzzz&uqu%c’ (80)

¥21923 = _g21Q2324vZ4_ (81)

To make further progress, we cast Eq. (79) in terms of the correlation functions of the original a-fields. By inspection, one can see
from Eq. (45) that Z[f, K] is the generator of COGFs of the z-fields in addition to the a-fields. This implies that
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V=G =g | (82)
7 1.7

VA2 = é’jlevC , (83)
rr,T Ty

where ¢ denotes the superfluid order parameter. Since we consider hopping strengths below the critical value of the Mott insulator
to superfluid transition and assume that our initial state is of the form given in Eq. (43), we may safely assume that V?1 = 0. Note
that this assumption is not valid when the system is in the superfluid phase as will be discussed in Sec. 3.2.2. For V<12, we follow a
similar calculation to that in Ref. [127]: using Egs. (25) and (39) we can write

xajay.c  _ xapap
Fifpniny | FRT
#2111
Iillmi—ff
f—>05f01 5f”2
Fop C Pty

*13‘[»‘81" a|\tr).alt
=_2}i%/[pa]<a(fi)|ﬁi|a(ff)>e Ha(m)a(s)+a(er)a(ey))

5 {ei(sf[u]+sg[u]) }

X/[DQ]ei(s,[aHsO[aHSM,l 01 (84)

ayay
FiF,T17

then integrate by parts to get

F1F2.1 1T

Xda)an,c . A —laT'.aT a(7tr).alt
G =2}1L%/[Da]<a(fi)|pi|a(ff)>e 5{a(n)a(n)+a(ry)a(zy)}

5{ i(Sy-t [Q])}
X/[DQJei(SJ[a]+S0[a]+Sf[a]+SQ[a])

ajay
F1F2.71T)
— 9 [M_l] [a1a;][a3a4] [DO] QW #5101 (85)
- [r1720[7374] 7374.7374 ’
where
. 1
2SIl — / [Da] <a (Ti) |ﬁ1| a (Tf) > 675{B(Ti>»2(T,’)+a(rf)ﬂ(‘r/)}
9 ei(SJ lal+Solal+S,,-1 [Q1+S[al+Slal ) (86)
Continuing with Eq. (85), we have
Xa1ay,¢c - —17lar1a2]aza4] < a3ay >
GF, P21ty 2i [M ][[Tlfz]][[fsf4]] Q7374,7374
S 2 (g )
A2 \TFRnT
€
— _Ninlz’ (87)
A2
hence
yon = _Lx2pmanc (88)
2 € Fhrn

Substituting Egs. (53), (61)-(64), (82), (83), and (88) into Eq. (79) gives

%a1a2,¢ _ ~41a2,C ajas,c vz azay xagay,c
G?] P, 71T gTITZ + ng’} [ ]?3)74,1314 GF4?2,1—412’ (89)
where
zz] 4192 _ zz] 4192 SN zz] 4192 zz] 4192
[Z ]7172~7172 - [21 ]71;2,111—2 %7, ([22 BEIE) + [23 ]71»711'2)’ 0
aja
[z =g (o1)
FIFp. 71Ty FiFT1 72
and the contributions to the self energy are
zz]414y _ _~a1ay _ l ajayazay (. xazag.c
[22 ];-7172 - urlrz 2”111'21314 (lGF,TS‘M )> (92)

and

10
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[Zzz]alaz _ _izzuanazﬂaza4ﬂ ([(“;W’f> ) 93)

3inn T 67 ¢ unlnul Fr37y

The next step is to calculate the mean field V?1. Using Egs. (51), (71) and (72) we can rewrite Egs. (78) as

—1 2122
0= (211112 iR 4 [(gC) )vzz

+ g120u PP 4 %gzllzzam V2RPHBYPA 94)

+igf19237ap0aZac 4 ig212223l4v12 V234
3 ,
where we used V21273-¢ = P71923.¢, Next we need to calculate V21273, Using Eq. (77) again, we get
PQiaz3c — [gO]leZ3 + [gO]Q12Q45 304526 P2623.C 4 [gO]Q12Q45 5045067 Q6723:¢ (95)

In order to make progress we treat the disorder strength perturbatively. Our results here are based on keeping terms to © (Zg) Since

]Q12045

[go is of order Zg, it forces the last term in Eq. (95) to be of order Z‘:. Therefore we approximate Eq. (95) by

VOuine = [g] 008 st pieise 1 0 (&), 96)

where we also used the fact that [gO]Q'ZZ3 = 0. Now, using Egs. (56), (61), (80), (81), (82), (83), (88) and (96) we can rewrite Eq. (94)
as follows

Tt F1F,T1 72 nn

1 aara @y, yar vai 1 Ty ~Tdy. a1,
2034y 1d) a3 a4 a1a2d3ay yap (h93a4,C ;394:C
+ —u,! 2 d3 Pt +—u -2 (iG2E —iG3e 97
31 71727374 ¢r172¢r113¢r174 21 T1T2T37 ¢r112 FIF|.1374 grlr],r3r4 ©7)

A2 — R A2 p—
Ze aailmasl [aaslasas yas xasaxre  _ Ze aialazas] yay  xazagc
9 “unlnsl "lonlsy “fing Afsn 6 nnlnul Thn  AFLnn

We will also be interested in calculating particle number to obtain the Mott insulator phase boundary, which can be calculated from
G. To calculate G, we solve Eq. (89), however, the form shown here is still not particularly amenable to solution. We now discuss
simplifications that allow us to obtain more tractable equations of motion.

3.1. Low-frequency approximation

Equation (89), whilst having a compact form in our notation, contains as many as four time-integrals, making it computationally
expensive to solve the equations numerically. This suggests that some level of approximation beyond simply truncating the self-energy
is required in order to obtain physical insight from the equations above. Following Refs. [91,92], we focus on the low-frequency
components of the equations of motion, specifically the self-energy terms X? and 3.

I 4+ X3 is almost identical in form to the self-energy obtained in Ref. [93], the only difference being that the u-vertices have a
trivial spatial dependency. Therefore the low-frequency calculation of X3* is almost identical to that in Ref. [93] and can be written
as

[Zéz]a”h ~25(7y,1,) Gflazu] {iz (7)) = fip(z=0)}, (98)

P

where 7iz(7) is the disorder-averaged particle number at site 7 and contour time z, and u; comes from taking the low-frequency
approximation of uﬁllfzzf;;: #, the expression for which is given in Appendix B. Provided p/U is not close to an integer, then u, /U <« 1
[91,92]; and we also focus on the small Zg limit, we keep terms of either order u; or Zg but not terms of order u, Zg or higher.

aja [azay]

7172 [7374]

Now, to calculate the low-frequency approximation to [Z;Z]”‘ai it is helpful to rewrite u
2

Fry

4
/ )
yalasal _ —i§ H e 1]
r172[7374] 2.5 z 717,7}7)
m=

T, /
mTm 3%
+ 3 {5 1B } {5 o2 } + 3 {6 0u1a4} {5 2B } (99)
2 7171391 77491 2 TIT47 1 7371 :
By casting uzljz&[:f“]]]] in this form, one can then perform a similar calculation to that for X* to obtain
17217374
[Zgz];’mzw(R,A,K) (TI i 7-'2) ~ _%Zz {ié;laz’(R’A’K) (Tl , 72) } ) (100)

After applying the low-frequency approximation, we obtain a self-energy that is identical in Keldysh structure to the low-frequency
self-energy obtained in Ref. [93] (for a discussion about Keldysh structure, see Ref. [92]). Therefore the equations of motion of the full
propagator for the disordered system are identical in structure to those obtained in Ref. [93]. With this in mind, it is straightforward
to show that the equations of motion can be written as follows:

11
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GEN (11,1,) =6 (11,1,) +Z//dt dty G (1,1 1) [277]5 (13.12) G (14,1) (101)
G8 (11.1) =6 (11, +Z//dt dty G (11,1 3) [27]%) (15 1) G5 (14.12)

+2//dr dty G2 (1,1 ) 2% (13.14) G, (14:12) (102)

where é;g) (t, t’) and Gvf_f,) (t, t ) are the disorder averaged full retarded and advanced Green’s functions respectively obtained from
performing a disorder average (as in Eq. (24)) of the quantities

G (1,1'5€) =—i® (1 1) <a;(t;€) a, (f';e) —d, (1';¢) a;(t;€)>s, (103)
G;’:,) (t, t';e) =i@ (t’ - t) <a; (t;€) a;, (t';e) - a; (t’;e) a;(t;e)>s, (104)

and G;K) (1,¢') is the disorder averaged full kinetic Green’s function obtained from disorder averaging
K ; T T
G&) (1.1'1€) =i <a; (e)a, (1'e) +a, (1';€) ap (1; €)>S- (105)

The quantities Q;R) (r=1), Q(FA) (t—1), and Q(FK) (r—1") that enter Egs. (101) and (102) are the W) -generated retarded, advanced and
kinetic Green’s functions, respectively, which are all time-translational invariant (expressions for each are presented in Appendix A).
It is important to note that s (r) can be obtained from Gvg,) (t, t ) as follows:

PPN I S109) _
i ()= 3 {;Gﬂ ) 1}, (106)
which introduces an element of nonlinearity into the equations of motion above.
Finally, in the low-frequency limit, we can approximate Eq. (97) as
0= 22.}*—*; tl ¢;f tl [(Qc)_l ¢r (11)—2111(5?(“) [%(H)"@(’; =0)]
(107)
— i <Iv5; (

GI2R
o (1) ‘ -A:(1)G ,( M (11:12)
where [(gc)’l]fﬁo is the low-frequency approximation of the inverse retarded Green’s function obtained from W), the expression for
which is given in Appendix B.

3.2. Equilibrium solution

In studying the equilibrium solution to the equations of motion derived in Sec. 3.1 we consider the system to be at zero tempera-
ture. We also work in k-space rather than real space. Whilst disordered systems are not homogeneous due to the random potential in
the Hamiltonian, the disorder-averaged COGFs respect translation invariance. Therefore we follow the same procedure as Ref. [92]
in order to obtain the Mott insulator phase boundary in the presence of disorder. The only difference being that now the COGFs are
replaced by disorder-averaged COGFs. In k-space Eq. (89) becomes

(V;;laZs(R) (@)= galaz,(R) () + gala3,(R) (@) [Zzz]f,zi"zb(R) (@ )004“2 (R)( ), (108)

where [Z“J‘“‘24 “® (w) is the Fourier transform of [£%4]”'> . Now we can write

F1Fp,T1 Ty

a 12 1~y x ~
[£=2]. 2B ()= —27 ; cos(k;a) + 2u, ‘(p‘ + (=) | + §A§G;*(R) (@) +0 (u, Af) , (109)
(=5 (@) = %ul [2 (") + zG” "“ (s= 0)] AZG” ® (@), (110)
22122.(R) 1 Y . %22, N2 522,
(== @ = 5w [2 () + zG;"’:(()K) (s =0)] + EAszz B (@), (111)

where /i is the average local particle number for J # 0

1 (112)

7

i= (i) = 2

ite =
site %

Now, from Eq. (108) we can write

12
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[ ® @)} - 1220 ()]
- (113)

élZ,(R) _
0 @)= -
[{er® @)} - 2= @) [{¢2® @)} - 12212 )] - ‘[zu]iz“‘) (a))‘
2z %2-(R)
G0 (@)= TR @ - (114)
[{gzum @) - [Zzz]%l'(R) (a,)] [{gmm @} =z ;z.(R) (w)] _ ‘[ZZZ]?(R) (w)‘

In the following, we will discuss equilibrium solutions for the Mott insulator and superfluid phases. For simplicity we only
consider the static limit, i.e., ® = 0. As we demonstrate later, this assumption is acceptable at least in equilibrium.

3.2.1. Mott insulator
In the Mott insulator phase ¢ and [Z“]zz‘(m (w) are zero and [E“];‘(R> (w) is

[ZZZ] 12 (R)

d
-2J Y cos(k;a) +2u; (i —ig) + %zgég’“‘) (@=0). (115)

i=1

Therefore Eq. (113) reduces to

G2 () = ! (116)
<O Tomay m]
which we can rewrite as [92]
GIR) () = 53 1 _50 1 ) 117)
P EY i ULy PRV e
MLK MLK
where
=B, +1/(By)" —4G;
AE® = , (118)
MLE 2
By =—{AEW — g0} —x2, (119)
==+ ) [£PP — (g (o =0)} 7], (120)
L WD AES.
§ ) = 121
Mg AEC + AR : 21
MI k
and AE® are the excitation energies in the atomic limit (i.e. J =0)
AED =€, 1= (122)
AED =€, =& (123)
As explained in Ref. [92], the local particle number can be expressed as
=L {z”’_ 420 1} (124)
ko2 UMk "MLk

() )

In Fig. 2 we show the excitation energies AE o and the spectral weights z(+ for different disorder strengths A, in the Mott insulator

phase where the relation between A, and Ae is given in Eq. (30) and from now on we drop the ¢ index in A, to avoid confusion. In
addition, we compare the quasi-momentum distribution #; for two different disorder strengths: A/U =0.1 and A/U = 0.3. Here we
have a 1000 x 1000 square lattice, the chemical potential is /U = 0.42, the hopping strength is chosen to be J /U =0.02, and pU = co.
As can be seen from Fig. 2, in the Mott phase, the excitation energies decrease with increasing disorder strength. In addition, with
increasing disorder strength, the quasi-momentum distribution 7; becomes more localized, which implies that for the same hopping
term, the system is closer to the transition point.

3.2.2. Superfluid

In the superfluid phase, ¢ and [Z“]22 B

are non-zero, hence we must use the full forms of Egs. (113) and (114). We begin

by calculating ¢ from Eq. (107). Note that in writing Eq. (107), in order to obtain a gapless energy spectrum, we used the HFB-
Popov [128] (HFBP) approximation as explained in detail in Ref. [92]. Here, we extend the HFB-Popov approximation to the
disordered case (see Appendix C). Therefore we have

13
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Fig. 2. Collective excitations of the Mott phase of the 2-dimensional disordered-BHM (a) Quasi-particle excitation energies AE”[, (b) Quasi-hole excitation energies

AE( [, (c) Quasi-particle spectral weights z(”‘, (d) Quasi-hole spectral weights z A, for different disorder strengths. Panels (e) and (f) show quasi-momentum

dlstrlbutlon iy for A/U =0.1, and A/U =0.3 respectlvely The parameters used were N =1000%, u/U =0.42, J /U =0.02, and U = co. Note that T = (0,0), M

and X = (x, 0)

-l R 2B,
{¢® (@ =0)} " +247 Ag{G} (w_O)}

_Z(ﬁ_

where

SR
s=0
r/ S ( )=

i

2u

iA2 .
S [62 P @=0+ P w=0).

o i %22,
o) = 567 (s=0),

2

Now, in the superfluid phase, using Eqs. (109), (110), (111) and (125) we have that the self-energy is

[ZZZ] 12,(R) (

[ZZZ] 11,(R) (a))

d
=-2J Z cos(k,
i=1

—u @+ %zgc:

1a) + 2u; [‘J)‘z + (-

LR ()

14

. 1+
"0)] +3862 P @=0).

A2
e (2B _ <1L(R)
(650 w=04 64 w=0),

=(z,m),

(125)

(126)

127)

(128)



A. Mokhtari-Jazi, M.R.C. Fitzpatrick and M.P. Kennett Nuclear Physics, Section B 997 (2023) 116386

and

X2
2122,(R) v, Lo x00(R) A ( SR . )
b = LY e = =0)). 12
== @ =wd® + 38T @= (62T @=0+ G P (@=0) (129)
Next, we calculate G(®): starting from Eq. (114), one can show that

+ i (+) }{ + _ ~(—)} +
{o +0ED Mot - AED ot +(u+0))

lez.(R) (@) = - . - - , (130)
k {w+ _AED } {w+ +AED } {w+ _AE®. } {w+ +AE®_ }
SF.k SF.,k SF.,k SF,k
where
~ ~ 2 -
B —B. — (=1)*/(B;)” - 4C;
AE(A)ﬂz\J * ( k) k’ asn
SE,k 2
5 2,R) |2 = 12 T
By === - (4B} - {aED V7, 132)
k MILk MLk
and
2 2
A AR ApO 221 22(R)
G= {AEMLEAEMLE} +U) ’ = ]E ’ ) as3)

It is important to note that the expressions for B and C differ from those for the Mott insulator in that B has units of energy for the MI
but units of [energy]2 for the SF. Following the same approach as Ref. [92], the quasi-momentum #i; for k#0is

! {z“'t‘ +200 4200 4 500y } L ifE#£0
SF,k SF,k SF,k SF,k

iy = , , (134)
%{z“’t’+z(sl’*)+zzvs,m qé‘ —1}, ifk=0

SF.k F.k

where

{AE(S{ + AED. } {AE(”Q FAED. } {(M +U)+ AEY }
() (gt SFk MLE SFk MLE SFk
SFk N - 2 N 2
’ 2AEW {AE(I) } +{AE(2) }
SF.k SFk k

(135)

z

In Fig. 3 we show the collective mode spectra and quasi-particle spectral weight in the superfluid phase for different disorder
strengths as calculated from Egs. (131) and (135). To perform the numerical calculations we used a 1000 x 1000 square lattice, and
set the chemical potential u/U = 0.36, the hopping to J /U =0.03, and pU = co.

3.2.3. Mott insulator phase boundary

To obtain the Mott Insulator — Bose Glass (MI-BG) phase boundary, we calculate the critical hopping J, at which ¢ = 0. This can
be done numerically using Eq. (125). In Fig. 4 we show the phase boundary for different disorder strengths for dimensions one, two,
and three.

In Refs. [112,113], the MI-BG transition for the chemical potential at the tip of the Mott lobe was calculated for two and three
dimensional cubic lattices with random disorder uniformly distributed on the interval [-A, A]. In Fig. 5, using the disordered BHM
in the strong coupling regime, we calculated the MI-BG transition and compared our results keeping terms to @ Z? with those
obtained using QMC simulations [112,113]. We find good agreement between our results and QMC simulations. It should be noted
that we consider a Gaussian distribution of disorder, while Refs. [112,113] used a box distribution.

Finally, we consider the same set of parameters reported in Ref. [61] in which thermalization-MBL transition occurs. As is
demonstrated in Fig. 6 we note that the reported critical point in Ref. [61] sits on top of the QMC determined phase transition.

4. Discussion and conclusions

In this work, we extended the 2PISC approach to the BHM to include the effects of disorder. We obtained a disorder-averaged
effective theory from which we obtained the 2PI equations of motion for the superfluid order parameter and two, three and four-
point correlations. These equations apply both in and out of equilibrium. A strength of the 2PISC is that it is applicable in one, two,
and three spatial dimensions. This is particularly advantageous for out-of-equilibrium dynamics, where numerical methods that are
essentially exact, such as exact diagonalization or DMRG, are limited to one dimension or very small system sizes.

A weakness of the 2PISC method is that in order to make progress, one needs to truncate the effective action, which was done at
quartic order, and this is an uncontrolled approximation. However, previous results in the clean case for both the phase boundary in
equilibrium [92] and agreement with exact diagonalization for out-of-equilibrium dynamics [93] give confidence in its usefulness.
It should be noted that the accuracy appears to be greatest for larger U/J [96]. The main result of this paper is the derivation of
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Fig. 3. Collective excitations for the superfluid phase of the two-dimensional disordered-BHM (a) first quasi-particle/hole excitation energy branch AE'“)A, (b) second
quasi-particle/hole excitation energy branch AE‘ZF); (c) quasi-particle spectral weights z(l ) for the first branch, (d) quasi-hole spectral weights z“ ’ for the first
branch, (e) quasi-particle spectral weights z(2 +) for the second branch, (f) quasi-hole spectral weights z(z ) for the second branch for different dlsorder strengths The

parameters used were N, = 1000%, u/U =0. 36 J/U 0.07, and pU = . Note that I'=(0,0), M = (x, :r), and X =(x,0).
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Fig. 4. Mott insulator phase boundaries for different disorder strengths for (a) d=1, (b) d=2, and (c) d=3. Calculations performed keeping disorder terms to © ( Zf)
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Fig. 5. Comparison of the results from effective theory to © (Zf) and QMC for the Mott insulator — Bose glass transition for (a) d =2 and (b) d = 3. QMC data for both

the Mott insulator — Bose glass and Bose glass — superfluid transition taken for d =2 from Ref. [112] and for d =3 from Ref. [113].
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Fig. 6. Comparison of the experimentally identified thermal-MBL transition point (Red circle) at U/J =24.4 for unit filling with the Mott insulator — Bose glass
transition curves for A/J =5.1 and A/J =5.5 (corresponding to A/J =5.3(2)) obtained using the effective theory to © (Af ). Blue and green stars are the corresponding
QMC Mott insulator — Bose glass transition points for A/J =5.1 and A/J =5.5, respectively taken from Ref. [112].

the effective theory and the 2PI equations of motion, but as a check on the theory, we solved the disorder-averaged equations of
motion in the equilibrium limit. We obtained the collective excitation spectra for the disordered BHM in both the Mott and superfluid
phases and also obtained the Mott insulator phase boundary at a variety of disorder strengths in one, two, and three dimensions.
We compared our results with QMC simulations performed for two and three dimensions in Refs. [112,113] and found very good
agreement with the exact phase boundary.

Previous comparison of Mott insulator phase boundaries with QMC calculations in the clean case [92] found the 2PISC method
gave a big improvement over the mean-field theory but was not in complete quantitative agreement with QMC calculation. We find
a similar situation in the disordered case. However, there are caveats, in that we consider a Gaussian distribution of disorder rather
than the box distribution used in Refs. [112] and [113]. We also treat the disorder perturbatively and keep the highest-order term
only (calculations to order Ag). Given that there are uncontrolled approximations in the 2PISC method, these results give confidence
in the results here and future applications to the out-of-equilibrium dynamics of the disordered Bose-Hubbard model. One limitation
of our method is that we have not been able to determine the Bose glass — Superfluid phase boundary, which corresponds to the
vanishing of the superfluid stiffness.

We noted that a motivation for our work was the experiments by Choi et al. [61] on thermalization in the disordered two-
dimensional BHM. In that work, there was an identification of a thermal to MBL transition at a critical disorder value of A/U =5.3(2)
when U /J =24.4. Using these same parameter values, in Fig. 6, we show that this point appears to lie essentially at the Mott insulator
— Bose glass phase transition identified in QMC simulations. While our calculations and the QMC calculations in Ref. [112] do not
include a trap, this result adds further to the questions raised in Ref. [64] as to whether the experiments in Ref. [61] probe an
MBL transition or a glass transition. We intend to explore this question further in future work on out-of-equilibrium dynamics of the
disordered BHM.
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Appendix A. Propagator in the zero disorder and hopping limit

In the zero disorder and hopping limit, for an initial state p; of the form given in Eq. (43), the spectral function .A4; () and the
kinetic Green’s function Q;K) (1) can be expressed as follows:

g;m ) = —i0® @) { (n:+1) o~ H{EFn+1)=€(Fnz) }1 _ n;ei{é'(F,n;—l)—é'(F,n;)}r } (A1)
g;m (t) = i0 (1) { (nz+1) o~ H{EFnz+1)=E(Fonz) bt _ nFei{é‘(F,n;—l)—f(F,n;)}t } (A.2)
QEIO (t) =— { (n; + 1) e*i{é‘(?,n;wtl)fé'(?,n;)}t + nrei{é’(?,n;fl)ff(?,nﬁ}t} , (A3)

where n; is particle density profile of the initial state, and

s(;,n;)=%Zn;(n;_1)+Z(V;_ﬂ)n;. (A.4)

7

Appendix B. Local quantities in the self-energy x?*

In obtaining the effective self-energy X2, we introduced two local quantities that are non-trivial functions of the initial particle
density profile n; and the chemical potential u:

R _ I’l;+1 ny

Fo=0" e (R 1) =€ (o) E(Fonz—1)— € (7omp)

7

(B.1)

and

il =-2{6i2.o}”

(7
X{{f(r,";+2)—5(2"7)}{5(7’”#1)—5(”’?)}2
. nz (nz—1)
(€ (Fnz—2) — € (Foms) } {€ (Fonz— 1) — € (Fumz) )
(ns +1)° _ n
{EFEm+1) =€)} (€ (Fm—1)-€(Fn)}

ny + 1 ) }
, (B.2)

(& (Fomz+1) =€ (Fomz) ) {€ (Fony—1) — € (Fomz) )
where & (F,n;) is given by Eq. (A.4). Note that the expressions for Q(;B% 0 and [u]]; are very similar to those introduced in Ref. [92]

for G'2(® (0 — 0) and u; respectively, with the biggest difference being the spatial dependence in the present case. In our numerical
work, we do not consider a trap, and so u; can be taken to be independent of 7. We present the more general expression here for
completeness.
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Appendix C. Gapless spectrum in the HFBP approximation for the disordered-BHM

In this appendix, we extend the HFBP approximation presented in Ref. [93] to the disordered-BHM. In the SF phase, in order for
the excitation spectrum to be gapless, we require that

¢y =0, €1

where C‘z was defined in Eq. (133). Following the same approach as presented in Ref. [93], for é’:g we obtain

T2 S12R) gy SR
Iy (szo ©=0- P 0))

Cio=WU+p)’ 5 - 2u ¢
B (6P P @=0+62P 0=0) )
x k=0 =t +u { G20 (5 =0) 33 (€.2)
i

From Eq. (C.2) it is clear that to have Eq. (C.1) satisfied we should have
SR (g iA? GI2R) 04 2B 0 c3
i 85 )_2_141( o @=0F G = ))’ €3

Using the same procedure for Gl,/l'(:) (s =0) we can write
=

.52
LK) oy P (12R) SILR)
Gy 5=0=3 (G}=0 @=0+¢""@ 0)). (C.4)
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