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ABSTRACT OF THESIS 

There does not exist, at present, any definitive 

method of calculating nuclear spin-spin coupling con­

stants. The main contribution to nuclear spin-spin coup­

ling between hydrogen atoms is due to what is called 

"Fermi contact" interaction. Unfortunately the tradi­

tional operator used to represent this interaction is 

valid to only first order in perturbation theory and 

results in infinite second order self-coupling energies 

when either perturbation or perturbation-variation methods 

are applied. Phenomenological operators have been devel­

oped which remove the singularities at the nucleus which 

cause the diverging second order energy. 

This thesis summarizes general nuclear spin-spin 

coupling theory and the derivation of appropriate opera­

tors, reviews previous work in this area, and presents a 

number of variational calculations of the Fermi contact 

part of the spin-spin coupling constant of hydrogen 

deuteride , all using a phe nomenological operator developed 

by T.W. Dingle. There were two different approaches to 

the problem: 

1) The first set of calculations used a one ­

electron approximation which allowed comparison with 



previous work reported by other researchers who used a 

similar operator. 

L) The second set of calcµlations used a more 

accurate method that allowed for the retention of two­

electron interaction terms. 

While the one-electron calculations gave good 

results under specific constraints, the two-electron 

calculations yielded rather poor results. The trial wave 

functions used in the latter instance were probably 

inadequate to describe the effect of spin-spin coupling 

on the electronic charge distribution in the molecule. 

A discussion of the criteria which should be used to 

select such a wave function and some tentative proposals 

as to the form of the wave function are presented at the 

end of the thesis. 

Thomas w. Dingle 

Paul R. West 

iii 



TABLE OF CONTENTS 

ABSTRACT OF THESIS . 

LIST OF TABLES 

LIST OF FIGURES 

ACKNOWLEDGEMENT 

Chapter 

1 INTRODUCTION TO SPIN-SPIN COUPLING 
CALCULATIONS 

1.1 

1. 2 

1. 3 

1. 4 . 

General Theory •.•. 

Formulism of Spin-Spin Coupling 
Operators . . . . . . .. 

Perturbation Calculations 

Variational Methods 

2 CALCULATIONS OF J3HD 

2.1 

2.2 

One-Electron Calculations 

Two-Electron Calculations 

3 DISCUSSION 

BIBLIOGRAPHY 

APPENDIX 1 . . . . . . . . . . . . . . . . . 

Page 

ii 

V 

vi 

vii 

1 

10 

19 

27 

49 

69 

101 

116 

120 

iv 



Table 

1 

2 

3 

4 

5 

6 

7 

8 

9 

LIST OF TABLES 

Relationship between M1 and Nuclear 
Spin Wave Functions of HD ..... 

1st and 2nd Order Hyperfine Splitting 
Energies of the H atom as Calculated 
using the Operators Discussed in 
Section 1. 4 . . . . . . . . . . . . . • 

Results of the One-electron Calculations 
of J3HD · • • • • • • · • • · • 

Dependence of the Coupling Constant J 3HD 
and the Self-Coupling Energy E388 on 
the Scaling Parameter ....•..... 

Possible Combinations of Electron Spin 
and Nuclear Spin Functions for the 
Anisotropic Hydrogen Molecule. 

Energies and Scaling Parameters for the 
Ground State Wave Function used in the 
Calculation of J3HD .. • • • • · · • • 

Comparison of J 3HD as Calculated using 
the Wave Functions in Section 2.2 
(Two-electron Calculations) ...... . 

J 3HD as Calculated using Scaling 
Parameters which provide an Optimum 
Electron Density Match at the Nucleus 

J3HD as Calculated using · P tot 4 
(Variational Determination) ..... 

V 

Page 

9 

39 

62 

62 

74 

90 

90 

93 

93 



Figure 

1 

2 

LIST OF FIGURES 

NMR Spectrum of HD .. . . . . . . 
Energy Levels of HD in the Presence of 
a Magnetic Field. . . . ..... 

vi 

Page 

5 

9 



vii 

ACKNOWLEDGEMENT 

I would like to thank my supervisor , Dr. T. W. 

Dingle, for all the advice and suggestions he has given me 

during the time I was conducting the research contained in 

thi s thesis. 

'I would also like to thank Tim Miles and the patient 

group of people at the University of Victoria Computer 

Services for their help in the computer work required for my 

research. 



CHAPTER 1 

INTRODUCTION TO SPIN-SPIN COUPLING CALCULATIONS 

1.1 GENERAL THEORY 

The magnetic behavior of a nucleus depends upon the 

interaction of the magnetic moment, associated with its 

spin angular momentum, with external fields and the elec­

trons and other nuclei in the molecule. As with electronic 

systems, nuclear angular momentum is expressed in terms of 

a spin number, I. For any given type of nuclear isotope, 

1 I is constant and its value is always some multiple of 2. 

The largest measurable value of the square of the spin 

angular momentum is I(I + 1)~2 , where n = h/2 TT and h = 

6.626 X 10-34 Js is Planck's constant. Its projection 

along the axis of the main field is quantized, i.e. it will 

have the value m
1
~ where mis the magnetic quantum number: 

rt\ = :r. 

This represents a total of 2I + 1 s tates. 

The magnetic moment of a nucleus is given by: 

(1.1) 

(1. 2) 

where gN is the nuclear g factor (also called the • 

~ 

Lande or spectroscopic splitting factor) which is a 

measure of spin motion of the nucleus in relation 

to its total angular momentum. 



is called the nuclear Bohr magneton, which is 

defined in terms of the hydrogen nucleus: 

2 

(1.2(a)) 

where MH is the mass of the hydrogen nucleus 

c is the velocity of electromagnetic radiation 

e is the charge on one electron. 

For a hydrogen nucleus, gH = 5.58490 and 

-27 
~H ' = 5.050951 x 10 J/T. 

I f I is non-vanishing, the magnetic moment vector is always 

parallel to the angular momentum vector and has a maximum 

o bservable componen t fl : 
. N 

(1. 3) 

Magnetic properties are sometimes expressed in terms of the 

magnetogyric ratio: 

(1.4) 

7 For a proton, iN = 4.2577 x 10 Hz/T 

In the absence of external magnetic forces, the 

2I + 1 states all have the same energy, but upon the appli­

cation of a magnetic field,~, they split into 2I + 1 
0 

equally spaced energy levels. Nuclear magnetic resonance 

spectra are the results of transitions between these energy 

levels. Such a system can be described in mathematical 



{dN is called the nuclear Bohr magn~ton, which is 

defined in te~ms of the hydrogen nucleus: 

2 

(1. 2 (a)) 

where MH is the mass of the hydrogen nucleus 

c is the velocity of electromagnetic radiation 

e is the charge on one electron. 

For a hydrogen nucleus, gH = 5.58490 and 

~~ = 5.0S095i x l0-27 J/T. 

If I is non-vanishing, the magnetic moment vector is always 

parallel to the angular momentum vector and has a maximum 

observable compon·ent .),{N : 

· (1. 3) 

Magnetic properties are sometimes expressed in terms of the 

magnetogyric ratio: 

(1. 4) 

For a proton, iN = 4.2577 x 10 7 Hz/T 

In the absence of external magnetic forces, the 

2I + 1 states all have the same energy, but upon the appli­

cation of a magnetic field, H, they split into 2I + 1 
0 

equally spaced energy levels. Nuclear magnetic resonance 

spectra are the results of transitions between these energy 

levels. Such a system can be described in mathematical 



terms by applying an operator, based on the interaction 

between an external magnetic field operator and the 

angular momentum operator I that coiresponds to the spin 

number I, to a set of spin functions which represent the 

2I + 1 states. ·The operator which corresponds to the 

nucleus - magnetic field interaction is: 

3 

~f\.S - (1. 5) 

where H
0 

is the external magnetic field operator 

A 
and_µ, is the magnetic moment operator such that: 

/\ 

:::. -y; 'h I 
N 

( 1. 6) 

The energy levels are given by: 

E = ( 1. 7) 

However, in a molecule the energy levels and hence the 

frequencies of absorption can be affected by two other 

factors: 

(i) Chemical Shift: Nuclei of the same species 

in different chemical environ~ents absorb energy at 

different frequencies(\/~) due to the fact that they are 

shielded to different extents from the applied magnetic 

field by the electrons in the molecule. The operator in 

Eq. (1.5) must then be modified: 

( 1. 8) 



where 0_ is the shielding coefficient of the 

nucleus under consideration. 

•rhe details of chemical shift are not of concern here and 

will not be discussed further. 

(ii) Spin-spin Coupling 

4 

Compounds with nuclei in more than one chem­

ical environment and Ii O may exhibit multiplet splitting. 

This splitting is due to coupling between the nuclear spins 

and occurs directly thro~gh space and also via the bonding 

electrons. Each energy level can be shifted and this may 

lead to an increase in the number of lines in the NMR 

spectrum. The separation of ·lines due to spin-spin coup­

ling is independent of external field strength and is 

described in terms of a coupling constant JNN' where N and 

N' are the two coupled nuclei. In a first order spectrum 

( J.,.,, < < & Nt-1' where S'NN'=-J~ -&"",I= Iv~ -vJ is the difference 
~ V 

between chemical shifts), a nucleu~surrounded by n indis-

tinguishable nuclei will be split into 2nI + 1 components, 

where I is the spin number of the surrounding nuclei. For 

1 example, for HD, IH = 2, ID= 1, and n = 1, so that the 

absorption for the hydrogen is split into three components 

and the absorption for deuterium is split into two. Thus 

the spectrum of HD has the qualitative appearance given in 

Figure 1: 
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Figure 1 

NMR Spectrum of HD 

. 14 

Since each nucleus in this case is coupled to only one 

other nucleus, all lines in V~ and in V~ have equal 

intensity. For cases in which n > 1, the situation is more 

complex and the lines within a given splitting can have 

different intensities. 

Spin-spin coupling is not observed between nuclei 

which are magnetically equivalent, but this does not neces­

sarily mean that there is no coupling between them. It can 

be proven1 that the transition energy in such cases is 

independent of the coupling term so that only a single 

resonance is observed. 

It is possible to obtain a fairly exact estimate of 

the magnitude of the coupling constant in some cases from 

known values for the same molecule in which one of the 

nuclei is replaced by one of its isotopes. For example , 



in the case of the hydrogen molecule, JH0 /JHH is equal to 

the ratio of the magnetogyric ratios of the two nuclei: 

6 

(1. 9) 

This conversion is not exact and for very accurate calcu­

lations it must be corrected to account for the different 

amplitudes in the g~ound vibrational states of the mole­

cule, but for the accuracy required by the work in this 

thesis, these corrections can be ignored. 

Spin-spin coupling can occur when there is no 

external magnetic field. Therefore, the operator repre­

senting spin-spin coupling must contain terms which depend 

on the internuclear interaction only. This operator, 

'Ins, can be expressed at two levels of sophistication. 

The first is a purely phenomenological operator in which 

the spin-spin coupling constants, JNN'' occur as para­

meters: 

(1.10) 

where the first term represents the internuclear 

interaction and the second term represents the 

external field - nuclear field interaction. 

If the total Hamiltonian is considered, that is, the 

familiar~
0 

representing the electronic interactions is 

included: 



7 

= (1.11) 

then the energy of the system is given by: 

(l.12(a)) 

where <f = 7f . 
1 1 

. . 
spatia + e ectronic spin 

x~ 
nuclear spin 

= 7/ se 1/r_ ns (1.12(b)) 

is a normalized wave function. 

Thus: 

( ~e ~s l~o ~ '{M \ ~ ks'> 
< 1/;~ ~o ~e.) <~s ~) + <;t, '-tr\~ Y) 

= E0 + <'¥"~"S ~) 
(1.13) 

Substituting Eq. 1.10 into 1.13: 

E~ - Eo + ( cf ""s 'lf) 
" " - Eo + (~ 7/;s I;~~ JNN' (Iw' · I.) 

+ Lo~ ( H · IM) \ ~~ ¥,;s) (1. 14) N 

This expression gives the possible energy levels for the 

system when spin-spin coupling is taken into account, and 

al lows f or the analysis of the NMR spectrum. However, a 

quantitative analysis requires a knowledge of the coupling 

constants JNN'. 

In a first order situation (JNN' L.<. \v..,-vi:/) the 
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energy associated with spin-spin coupling can be considered 

independently of the interaction with the applied field. 

For hydrogen deuteride, the spin-spin coupling operator is 

given by: 

" " I' I\ " " 

~l'\S = J ~Hi 11-1 · Iii + Jt>t> II>· Il> ~ J~t) 1\.1 · II> 
(1.15) 

The relationship between the magnetic quantum number 

( ±3 ±1) m1 = 2 , 
2 

and the possible wave functions is given in 

Table 1. 

In the presence of a magnetic field, the ground 

state of the HD molecule will be split by the interaction 

of the two nuclei with the field; the hydrogen nucleus 

(I=½> will yield two separate states and the deuterium 

nucleus (I= 1) will split each of these into three. Spin­

spin coupling will further affect the energies of the 

states. An energy level diagram for such a system is shown 

in Figure 2. 

From Figure 2 it is obvious that there are three 

possible energy transitions for the H nucleus and two 

possible energy transitions for the D nucleus: 

H VH - JHD D VD - JHD 

VH Vn+ JHD 

VH + JHD 

These yield the spectrum given in Figure l. It should be 



E 

Table 1 

Relationship between Mr 

and Nuclear Spin Wave Functions of HD 

+3 
2 

+l 
2 

-1 
2 

-3 
2 

Wave Functions 

Parallel Spins 

aA 

Antiparallel Spins 

aO bA 

aB bO 

bB 

Lower case letters represent the hydrogen nucleus 
1 1 

(a= 2 , b = 2). Upper case letters represent the 

deuterium nucleus (A= 1, 0 = 0, B = -1). 

Figure 2 

Energy Levels of HD 
in the Presence of a Magnetic Field 

Solid arrows indicate energy transitions 
which are allowed for the H nucleus. 
Dashed arrows indicate energy transitions 
which are allowed for the D nucleus. 

9 
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noted that for a non-first order case, mixing occurs 

between states and the position ~f the energy levels and 

hence the transitions between them is more complex than 

depicted in Figure 2. 

A more sophisticated approach is to t .ry to develop 

an operator which expresses the JNN' in terms of the inter­

action between the magnetic effects due to the nuclear 

spins and those associated with the spin and orbital motion 

of the electrons. Since particle spin is essentially a 

relativistic effect, the nuclear spin operator should, in 

theory, be derived from relativistic considerations of the 

electromagnetic interactions. However, relativistic calcu­

lations are difficult for one and two particle systems and 

impossible for many particle systems. The effects of spin 

are usually expressed as "relativistic corrections" to the 

non-relativistic Schr~dinger description of the system, so 

that the resulting operator is only an approximation. A 

detailed discussion of this approach follows in the next 

section. 

1.2 FORMU~ISM OF SPIN-SPIN COUPLING OPERATORS 

"The conceptual framework of chemistry consists of 

an uneasy combination of quantum and classical (mechanistic) 

ideas. When one comes to consider the possibility of a 

theory of spin interactions in molecul s one must take 
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cognizance of the radically different interpretation of the 

quantum uncertainty relations wh±ch is forced by the 

existance of a limiting velocity (the velocity of light). 

This leads to the conclusion that particle co-ordinates 

and momenta cannot act as dynamical variables since they 

have no precise significance in a relativistic theory and 

so the entire formalism of non-relativistic quantum mech­

anics predicted on the probablistic interpretation of the 

wave function must be given up if one is to achieve a con­

sistent relativistic theory. Consequently one cannot give 

a precise meaning to the idea of spin-spin coupling within 

a molecule, and if one insists on retaining the idea the 

most one can hope to achieve is a non-relativistic phenom-

49 enology." 

In light of the above comment, the essential 

effects of particle spin are usually formulated as small 

"relativistic corrections" to the non-relativistic Schro­

dinger description. For the one-electron atom the relati­

vistic Dirac Hamiltonian'f
0 

as the most satisfactory way 

to describe the nuclear-electronic interactions: 

,,/_ A /\ " 
et+ c.o<.. <p -+-ef\) 

(1.16) 

where m, -e, and pare the mass, charge, and 
e 

canonical momentum of the electron, respectively 

I' • 
oZ. and /3 are the Dirac operators, usually 
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represented by 4 x 4 matrices so that the wave 

functions associa ted with the Dirac Equation have 

four components (two corresponding roughly to 

positive energy and two corresponding to negative 

energy) and are called spinors. 

The electronic potential ,¢' and the magnetic 

potential A are given by Eq. (1.17) and (1.18): 

(1.17) 

/\ 

A :: ( 3N P-N /7tTTE.o C?.) i {\ r / r 3 (1.18) 

The Dirac formulism ignores radiative effects (which may 

b e introduced Rhenomenologically if necessary) and 

a pproximates the nucleus by a point charge. 

There are a number of methods used to reduce the 

Dirac Equation to a non-relativistic form: 

(i) a partitioning technique known as "the 

method of large and small components" 55 

(ii) a unitary transformation utilizing a series 

expansion (the Foldy and Wouthuysen method) 56 

(iii) the proj e c~ion technique of Feynmann and 

Gell-man. 57 

In all cases the resulting Hamiltonian is an 

infinite series in powers of an appropriate parameter. 

The higher order terms result from the elimination of 

coupling between the four components of the spinors. 
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For calculation of second order hyperfine energies the 

relevant terms are: 

/\ 
/\ 1... 

~~ =- t'YLC ,._ + p / 2.rR - e f (1.19 (a)) 

( e/m.) ~ /\ 
+ . f (1.19 (b)) 

(e. -t/rf'l) /\ /' I' 
+ s . V (\ A (1.19(c)) 

+ ( e'l. /2m) R 'l. 
(l.19(d)) 

+ ( Le l. /rn) 
,.. ,,... /\ 

s • Pt(\(\ (l.19(e)) 

+ ... higher order terms 

Eq. (1.19(a)) corresponds to the zeroth-order one­

electron Hamiltonian. Substituting Eq. (1 . 18) into 
A /\ 

(1.19(b)) results in a term proportional to I•l, which 

goes to zero when only s states are under consideration 

and does not contribute to second order energies. The 

perturbationl.19(c), which involves the magnetic field due 

to the nuclear magnetic moment, yields both the dipole­

dipole interaction operator (Eq. 1.20) and the Fermi 

contact term (Eq. 1.21): 

( 3 ~ N ,P~rN I ~n Co C
2

) 

x [ ( s ·I)/ r '.3 - 3 ( s · r) (i .';.')/rs] (1. 20) 

(1. 21) 
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Equations 1.19 (d) and 1.19 (e ) compensate for the r emoval 

of the contribution from re l a tivistic negative e n e rgy 

states to the second order pe r turbation energy . 50 

Mathematical r e p resen tation for systems with more 

than one electron c anno£ be f ormulated exactly. Such 

systems include an inter actio n term bet1een the two 

electrons. The usual me t hod o f treating a two-body s yste m 

is to assume tha t the operator may b e expressed as : 

'(=/(1 • +'f
2

' + i nteraction term where (1.2 2) 

~I and-'f2' are Dira c operators reduc ed to the expanded 

form of 1.19 and the interaction term is derived by con­

sidering each e l e c tron s eparately and assuming t he o t her 

electron is a sourc e o f electrical anG magnetic f ie l ds. 

For a two-electron syst em , the Breit Equation (1.2 3 ) i s 

analogous to the one - e l ectro n Dirac Equation: 

(1..23(a)) 

(1.23(b)) 

(l.23(c)) 
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(1.23(d)) 

+ 
¾- -n e O rn I m~ c.; r,/ 

x [ s, • ( r,1-(\ TI :2-) - s2- • ( (~ /\ ~\ 
1
)] ( 1. 2 3 ( e ) ) 

+ 

[ 

I' /\ 
x S·5 

I 1 
3 

f'l'.2-

+ •.. higher order terms 
/' 

where lT 
(., 

(1.23( £ )) 

( 1. 24) 

Equation l.23(b) is the normal zeroth-order electrostatic 

repul sion term. The term in Eq. l.23(c) represents orbit­

orbit coupling while Eq. l.23( d ) and Eq. l.23(e) represent 

spin-orbit coupling. Eq. l.23(f) represents spin-spin 

coupling and is analogous to Eq. 1. 20 and 1.21 combined. 

The Dirac theory ·correctly predicts the nuclear g­

factor (gN) but fails to predict the anomalous magnetic 
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moments that are obtained experimentally. These magnetic 

moments may be included phenomenologically provided. that no 

terms characteristic of . the Dirac theory remain in the 

non-relativistic formulism. In effect this limits the use 

of the Breit · Equation in perturbation theory to first 

order and some but not all second order phenomena. 

In orqer to calculate spin-spin coupling constants, 

Eq. 1.23 must be extended to molecules: 

I\ 

S· 
' 
[ lf. /\ E-

e. " 
- E. A -rr-] 

l, ' 

+ electron repulsion terms 

+ electron spin - electron spin interaction 

terms 

+ smaller relativistic terms 

+ purely nuclear terms such as nuclear kinetic 

energy and electrostatic terms 

+ nuclear spin magnetic interaction (1.25) 

where 

/\. A A 

TI · - r~ + eA. (., I, 

I' 
A 

- pc: "' ..e. L 'tN (I "'(\r~ N ') 
C. N 

r . 3 
c.N 

(1.26) 
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The terms in Eq. 1.25 for which no formulae are given are 

unimportant in this work and can be ignored. Substitution 

of Eq. 1.2h into Eq. 1.25 and expansion leads to an opera­

tor which is often partitioned into five sub-operators: 

'f = ~ + ~lns + 'f-2ns + %ns + ~ns 

where ;Jf:. is the usual electronic operator 
0 

with no nuclear spin terms 

L L 
A 

" (\ f C ~ ins 
::::: --.f:._ ON TN . '(: 

N me. L N r-. '.'J 
tN 

L L 
/' A 

-- e tN T . t. -- -~ l-

rY\C.. i, N J 

'i.N 

] 

(1. 27) 

(1.27(a)) 

(1.27(b)) 



= - 8,r 
3 
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(1.27(c)) 

LIL 
I, N 

(1.27 (d)) 

Since there is no external magnetic field in the system 

considered here, the magnetic interactions represented by 

~ in Eq. 1.27 are restricted to intramolecular and ns 

intermolecular effects. Electron orbital-orbital, orbital-

spin, and spin-spin interactions have been ignored because 

these are negligible for singlet molecular states. The 

operator'{- consists of magnetic shielding terms. In 
lns 

both l.27(b) and l.27(c) the operators describe nucleus-

electron-electron-nucl~us spin interaction. ~ 3 , which ns 

according to Ramsey 3 represents the interaction of the 

nuclear spins through magnetic polarization of nearby 

electrons, is referred to as the Fermi contact operator. 

9trns represents direct nuclear dipole-dipole interaction. 
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For fluids in which all molecular orientations are equally 

probable,-9¥
4 

averages to zero. 
ns 

1 . 3 PERTURBATION CALCULATIONS 

The operator given by Eq. 1.27 is the starting 

point for most calculations of spin-spin coupling, 

although simplifications are sometimes made. The first 

and most commonly used non-relativistic nuclear spin oper­

ator was derived by Ramsey 2 ' 3 • The nuclear interaction 

energy ENN' for two nuclei N and N' in a molecule with a 

specific orientation A may be written as: 

(1.28(a)) 

where:lJNN' is a tensor. 

If there are frequent intermolecular collisions (as in the 

liquid state) ,.JJ averages to zero. 

(l.28(b)) 

The operator in Eq. 1.27 contalns both self-coupling and 

cross-coupling terms. Ramsey calculated the cross-term 

energy by selecting only those parts of the operator which 

depend upon both IN and IN,. Since the nuclear spin con­

tribution to the total molecular energy is small, Ramsey 

and others using his approach decided to use the 



perturbation method (cf Appendixl .). A perturbation 

calculation to the second order gives the energy: 

2Q 

(1. 29) 

Thus the contributions to the coupling constant represented 

by"lf ffJJ and<YJ.r
3
ns are given by: 

-"ins ' -""r 2n s ' -"T· 

(I, '30('bY) 
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Evaluation of the summations in Eq. 1.29 and 1.30 is in 

practice impossible because it requires a knowledge of 

all of the exact excited state wave functions. Ramsey and 

other early researchers 4151617 approximated these expres­

sions using the average energy approximation (AEA). Using 

this method, Eq. 1.29 reduces to: 

( 1. 31) 

where ~Eis determined semi-empirically, Ramsey 

used the AEA approach to calculate the contributions of 

JlHD' J 2HD' and J 3HD to the coupling constant of HD.
3 

He discovered that J 3HD contributed about 40 Hz out o f the 

total of ~43Hz. Since the Fermi contact term accounts for 

most of the nuclear coupling via the electrons in H2 and 

HD, many calculations of the coupling constants of these 

molecules omit the contribution from other terms entirely. 

The main problem of the AEA method is that it 

requires some systematic scheme to determine ~E, if the 

method is to be applied routinely to a large number of 

molecules. Since the summation over excited states 

depends upon the electron density at the nucleus, which 

falls off rapidly for states with increasing energy, later 

researchers proposed calculating the lower level states 

7 8 9 and truncating after a few terms. ' ' Unfortunately, 

this tends to lead to convergence problems and the results 



are not consistently accurate. The excited state wave 

functions for this "sum of states" (SOS ) method are 

c ommonly constructed using ground state virtual orbitals 

b · 819 b h· . . . 1 d t as a asis , ut tis approximation can ea o errors 

because the results tend to be highly dependent on the 

form of the wave function_ 7 ,s, 9 ,io,ll 

22 

Both valence bond and molecular orbital wave 

f unctions have been used as bases for AEA and SOS calcula-

t ions , with varying results. In general,. MO calculations 

tend to be low and predict a positive sign even for 

molecu l es with a negative coupling constant. This latter 

error is due to the absence of elec tron correlation in 

t he mathematical representation. (Since the major contri-

bution to spin-spin coupling occurs via the electrons, 

electron correlation can have a large effect. ) Attempts 

to .include correlation by introduc ing configuration inter­

action into the wave function for the HD molecule have had 

a variety of success. 71819111112113 Ditchfield et al 7 and 

Kirtman et a1
13 

obtained good results (JHD = 40Hz and 40.5 

Hz respe ct~ve ly), but only at the expense of a large amount 

of computation. Correlation effects can also be intro-

d d . b . t 14,15,16,17,18 uce via a pertur ation opera or. Although 

d lt 1 . bl . h. h d 16 ' 18 goo resu s are a so possi e using tis met o , the 

computations involved are, again, extens ive . For larger 

molecules the combined calculation of both the excited 
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states and correlation effects would be prohibitive. 

Even if the c omputationa l difficulties can b e over­

come or discounted , the validity of the AEA and SOS methods 

is doubtful. Th e preceding calculations have considered 

only the cross t erm energy rather than the entire second 

order energy: 

(1. 32) 

Un fortunately the se l f-coupling contribut ions ENN and 

ENN' due to the Fermi contact term are infinite. The 

exact first order wave function calculated by Schwartz19 

for second order perturbat i ons in the hydrogen atom con­

tain s singularities which r esult in infinite self­

coupling terms when operated on by the delta function 

(see discussion in Section 1 .4 ). This is because the 

d e lta function is valid only to first order in perturba­

tion theory. 

Since the Fermi contact t erm contributes the 

l argest part of the spin-spin coupling ene~gy in H2 and 

HD, it can hardly be neglected, so in order to preserve 

physical sense the self-coupling energies are assumed to 

cancel so that : 

E( 2 ) = E 
NN' 

(1. 32 (a) ) 

However , this has never been proven and is probably not a 

valid assumption. A less stringent assumption is to 
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assume that the transition energy, which is related to the 

coupling constant, depends only upon the difference between 

the cross-coupling energies: 

(1.32(b)) 

i . e. the self coupling energies are the same in both energy 

levels and the transition energy is equal to the differ­

ences between the cross-coupling energies in the two levels. 

One method that has been proposed to avoid both 

the difficulties o f the excited state expansion and the 

problems caused by the limitations of the delta function 

in calculating second order energies is the finite pertur­

bation method. This method expresses the second order 

energy as a Taylor expansion: 

(1.33) 

where the expectation value of ~ /A) in LCAO-MO theory is 

dependent on the first order density matrix fpv(A): 

(1.34) 
i., 

The method allows the calculation of JNN' between nucleus 

N and any other nucleus N' by introducing an artificially 

large nuclear moment centered on N directly into a 
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self-consistent field (SCF) wave f unction and calculating 

the effect of the perturbation on the second nucleus as 

the size of the perturbation interaction g oes to zero. 

Since the perturbation causes an uneven distribution of 

o< and ,Belectrons, the perturbed wave function must be 

calculated , in an unrestricted formulism. Th e spin density 

matrix can then be defined a s: 

(1. 35) 

where ~~ {>i"i is the first order density matrix for 

<>( spin and P; (:~) is the corresponding matrix for 

/3 spin 

so that t he calculation of the coupling constant JNN' 

involves derivatives of the form [ d f),.",' (A) l . 
~:)~ j>,~o 

For any basis set %i- the expression for the coupling 

constant is given by: 

2.'h 
3n 

The FP method was introduced by Pople et a1 20 who applied 

it to a number of different molecules (including H
2

) using 

INDO (approx i mate) wave func tions. Unde r this approx imation, 

the integral in Eq. l.36(a) becomes: 
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(1.37) 

where ·SN 1

2 (0) , the density at the nucleus of the 

valences orbital of atom N', is evaluated semi­

empirically. 

The expression for JNN' after implementing the perturba­

tion then bscomes : 

where h ~ = <811 (3 J-1 N SN 2-( 0} 
..J 

(1.36(b)) 

(1.3 8) 

Since /sl-l,sN.,(hr-1) is an odd function of h and small in 

magnitude, only one value of ~need be used to calculate 

the wave function. The coupling constant is then approxi­

mated by: 

Sr-t(O)S~~{OJ 

X [ 01.l] 
(1.36(c)) 

21 In a later calculation, Pople et al used a more 

accurate STO basis. Other FP calculations of JH or JHD 
2 

were performed by Chuvylken and Zhidarnov 22 using INDO 

wave functions and Ditchfield et a1 23 using an extended 



STO basis. In general, results were variable and for H
2 

they were poor (very high). Chuvylken and Zhidamov 

suggested that results might be improve d by determining 
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the SN(O) functions variationally rather than empirically. 

However, calculations by Fukio and Hiroyuki , 24 using this 

method did not give better results. Kirtman 63 reported a 

similar calculation using a coupled valence bond perturba­

tion method, which is a modification o f t~e finite perturb­

ation approach. His results (J3HD = 43Hz ) show promise, 

but the method is relatively new and still in the process 

of refinement. 

1.4 VARIATIONAL METHODS 

Calculations of JHD using the variational method 

were first proposed as a means of avoiding the arduous 

computation r equired by the SOS approach . The earliest 

25 such calculation was done by Stephen. Like Ramsey in 

hi s perturbation derivations, Stephen broke his operator 

into parts: 

I r:i1 c1') 
No( _/"'{o( 



:::: 

where the~ denote tensors 

til( includes contributions from the magnetic shielding .l'f'nsl 

a nd e l ectronic orbital interactions, while~( 
2 

and'f 
3 "\ns ,ns 

r epresent contributions from nucleus-electron spin 
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angular momentum. · Stephen calculated the coupling con­

stants ~ o<.(3 ( l) and Jcr-,e, (2 ) due to the two parts separately, 

c hoosing wave functions corresponding to each part: 

(1.40(a)) 

where ps is an antisymmetric spin function and 

((Jris a symmetric triplet spin function. 

The unknown functions Jo<.. and p"" are found by minimizing 

the energies: 

(1.4l(a)) 

( l.4l(b)) 



where E = E 
NN' NN' 

(1) 
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(1.42) 

0 1 Reilly 26 performed similar calculations of J 2HD and 

JjHD only, sinte the major contribution to the coupling 

constant seemed to come from these parts. He found that 

the results were highly dependent on the form of the 

zeroth order wave - function (~) used to generate the total 

wave function (~. 

Later variational calculations were performed using 

perturbatibn variation theory. The first order perturba­

tion equation: 

(1.43) 

27 can be proven equivalent to the variation principle: 

C c2.1 
e, (1.44) 

l'V{i.~ 

where t, = < '1/(I)\ ~io - ~o\'2f\')) + <--P(\)\ '){/\~0ro)) 

+ ( ~co'> ))f 1 \ ycu) (1. 45) 

where . '1/ co) is the exact zero order wave 

7//(1) 
function and 1 is a trial variational 

wave function. 

The equality in Eq. 1.27 is true only when the variation 
l"\,-

function '$L-(l) = 1 (l), the true first order wave function. 

However, e7en if the first order equations cannot be 

solved analytica lly, it may be possible to obta in a good 

approximation to £,( 2 ) and J"(l) by inserting a trial 
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,....,, f"'\J 

f t . '2/,, ( l ) . 1 4 5 d k . r ( 2 ) . . h unc ion T in Eq. • a n ma i ng~ stationary wit 
rv 

respect to the variational parameters contained in 1/"(l). 

28 This principle was first formulated by Hylleraas and 

also first empl oyed by him i n calculating second order 

energies. 29 A more detailed discussion of the theory is 

presented in Appendix 1. 

The spin-spin coupling operator in the perturba­

tion variation method is usually chosen to describe a 

double perturbation: 

'f '31\S, .:: fa~10 -+- v.?f o, (1.46) 

wherep = 2i--iB'h YN IN"c. (1.46(a)) 
3 

V = 't 131-t ):(NI I,-/~ (1.4 6 (b)) 

~ 10 = L i-TT ~(~~-,J JS~e (1.46(c)) 

" 

~'01 = I .lt--rr ~ c;c: ~ 1) s- t:~ (1.46(d)) 

In Equation 1.46 t h e contact pertur bation is 

assumed to be isotropic so that the nuclear spins can be 

quantized in the z direction. The corresponding trial 

function i s formulated as a similar expansion: 

+ V (1. 47) 



The cross term ENN' can be derived from Eq. 1.45 (see 

Appendix 1 ) : 
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ENN 1 - 2 <$\o I ~01 \ io) + 2(?/~, \ ?{ 1ol'?foo) 

+ 2 (~o \ ~ o - Eo I <fo, / 
(1.48) 

Since ENN' is a cross product the sign is ambiguous; hence 

there is no minimization principle for ENN' and it can at 

best be made stationary: 

(1. 49) 

Calculations of JHD using Eq. 1.48 have not been very 

successfu1. 30 , 31 , 32 , 33 , 3s Convergence tends to be poor as 

the size of the basis set is increased systematically, and 

results using molecular orbitals in the basis set are 

usually low (this is characteristic of perturbation calcu­

lations using MO bases as well). 

The total second order energy consists of the 

cross-coupling and self-coupling energies combined: 

(1. 50) 

Both the total and self-coupling energies can be minimized; 

e.g., for the self-coupling energy ENN: 
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"-.._2.. -

~ I= NN 
> 0 (1.51) 

?t;U-, 
Un f ortunately the Fermi c ontact part of the self-

coupling energies (E)NN) becomes infinite just as it does 

in perturbation theory. Some researchers have trie d to 

counteract this effect by modifying the trial wave func­

tion so that it does not yield singularities under the 

Dirac delta function. 34135136137138139140 Although most 

of these calculations do give reasonable results for 

particular wave functions, they tend to display conver­

gence problems when the size of the basis set is 

increased systematically. 

The Fermi contact operator is successful for first 

order energy calculations in the H atom, suggesting that 

the main effect is to sample the electron density at the 

nucleus. Since p and higher states have zero density at the 

nucleus, it is common to work withs orbitals only in these 

calculations. The '{-lns and '6ns operators contain dir::.olar 

terms and integrate to zero energy when only s orbitals are 

considered. Thus the Fermi contact term accounts for the 

total hyperfine splitting energy in the H atom under these 

conditions. For the H atom: 

~ - '?to + '{ .9ns (1. 52) 

where 'fo =- - J... 'v?.. ..L ( 1. s-2 (a) ) ~ r 



where Q \+ = ~ "TT 5 H- (3 H Se /3e 
.3 

v( 1);::: ~Cr ) :=: ¥ r") ( ½-11r'-J- 1 
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(1.52(b)) 

(l.52(c)) 

(1.52(d)) 

However, the Dirac delta function results in singularities 

in the first order wave function because it assumes a 

point dipole for the nucleus. Schwartz 19 calculated an 

exact first order wave function for the H atom by solving 

Eq. Al. 8 (b) (see Appendix 1): 

(~o - E(OJ) st/!1 +('+I_ E0))?f Co'')= 0 Al. 8 (b) 

where in this case '-( 
1 

==- ~ 3Y\S 

For the ls state perturbed by the Fermi contact operator 

he obtained the wave function: 

(1. 53) 

-1 
The r and ln r terms are singular at r = 0 and are 

responsible for the infinite self-coupling terms, E3NN and 

E3N'N' obtained in spin-spin coupling calculations. 

It seems reasonable to replace the delta function 

by an operator which describes nuclear size. One such 

modification which has been suggested is the Blinder oper­

ator: 
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V (r) - B (r) lo) ::::. (1-y-rrr 2 r 1 

lo (r-+- r-o)-~ 

- r _,. k' ( r) 'o ') 
(1.5 4) 

where r = ze/2mc2 
0 

(1.54(a)) 

where a 0 is the atomic radius of hydrogen (Bohr 

r adius ) 

This operator was originally developed as part of an alter­

nate derivation of the Fermi contact operator from the 

Dirac equation, but it has a weaker singularity at the 

· · l th d l f t · Power and Pi' tzer 43 , 44 
origin t1an e eta -unc ion . _ 

replaced the Fermi contact operator in Schwartz' calcula­

tions with the Blinder operator and obtained the following 

r esult for o's. 
I I • 

+ negligible terms] 

-1-

(1. 55) 

Examining the equation in the limit as r ➔ 0 reveals the 

~ ( r + r-;) term as the source of the weak singularity. If 
r 

the operator in Eq . 1.54 is used to calculate the 
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self-coupling energies, the results are finite. Gregson, 

42 Hall, and Rees suggested that 'the Blinder operator could 

be replaced by the approximation: 

(1. 56) 

Both operators have been used in calculations of 

JHD" Power and Pitzer43 , 44 used the Blinder operator and 

obtained rapid convergence but a rather high result (53Hz). 

On the other hand, Paviot and Hoarau 45 , 46 used the Gregson, 

Hall, and Rees operator and found convergence (when the 

size of the basis set was increased systematically) was 

slow. The Blinder and GHR operators succeed to some extent 

because they incorporate the i d ea of finite nuclear size. 

This is achieved by imposing a non- re lativistic cutoff 

near r = 0 via the constant r , wh ich approximates the 
0 

radius of the hydrogen atom nucle us. Unfortunately this 

parameter has no counterpart in the relativistic results 

(i.e., the relativistic calculation of hyperfine splitting 

in the hydrogen atom) and Woolley 49 and Moore and Moss
50 

criticize the operators on this ground. If this approach 

is used, the operator should be significant not only in the 

region of r ""JO, but it should also be sufficiently smooth 

so that the self-adjoint property of the Hamiltonian is 

preserved. 

A. non-relativistic phenomenological approach to 
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the effects of nuclear size was developed simultaneously by 

Dingle 49 , 51 and S~nger and Voitlander. 52 , 53 The perturba­

tion operator used in both c a ses had the fo r m: 

::: (1.57) 

wher e (1.57(a)) 

and (1. 57 (b)) 

\{ is a parameter such that 1{_ ha s the dimensions _, 
o f length (typically I{ "'10-5 a. u.) 

Dingle also used a modified form of this operator in wh i ch 

V(r) 
' 

wa s replaced by \( r) : 

(1.57(c)) 

Both t he se operators approach the Fermi contact operator 

in the limit as .K. ~ oo. 

Using t he operator given in Eq. 1.57 in an e xact f i rst 

order perturbation calculation for the H atom yields the 

f ollowing expression f or f 11': 

(1. 58) 

whe re 

(1.58(a)) 
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and 

This function has been separated into a "short-range" part, 

which rapidly decreases within the subatomic region 

0 ~ r ~ IO/~, and a "long-range" part which reaches to 

atomic molecular dimensions. Note that the long-range part 

which is contained in square brackets is identical to the 

solution for the Fermi contact operator given by Schwartz 

IS 
(Eq. 1. 53). The "short-range" part allows f \ to have a 

very large but finite negative value at the origin. This 

operator and wave function produce a finite second order 

energy but the first order energy now deviates in the 5th 

significant figure from the rather exact value obtained 

using the delta function. While this difference does not 

seem large, it does become significant when second order 

corrections are added to the total energy. The second 

order energy is about four orders of magnitude smaller 

than the first order term, so any second order corrections 

to the total energy become meaningless because the error 

in the first order energy is of the same order of magni-

tude as the second order term. In fact, the second order 

energies calculated using the operators in Eq. 1.54, 1.56, 
' 

and 1.57 are two orders of magnitude too large. 48 (See 



Table 2 for a comparison of the first and second order 

splitting energies calculated for the H atom using the 

operators discussed in this section.) This problem is 

discussed later in this chapter. 
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Dingle also calculated the "second order" hyperfine 

splitting energy of the H atom using the operator given in 

Eq. 1.57 in a variational calculation. His original wave 

function had the form: 
\s -"'-,r -"½_r :-"½r-- f{J O (y-')+ C

1 
e + C.:2.e. + C3e, (1. 59 (a)) 

Using the v2 (r) form of the operator, a variational treat­

ment using this wave function gave slightly worse results 

for the second order energy than the perturbation method 

(see Table 2). A later, more accurate wave function was 

slightly more complex: r ~ (r) r ~'c r) + c, [e-~;- e-,<r]+ C;[e.-if r (1. 59 (b)) 

This wave function gave better results than the perturbation 

method when the exponents o< , ~ , and 't were varied, but is 

still simpler than the first order perturbation wave func­

tion in Eq. 1.58. This suggests that reasonably accurate 

results for the molecular coupling constant could be 

obtained from variational calculations by using simpler 

trial wave functions than those derived direct ly from the 

first order perturbation function for the H atom. 

Sanger and Voitlander performed an approximate (one­

electron) calculation of JJHD using an operator similar to 
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De H a Function 
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I ;~~ el i nder
41 

3/ld 
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42 

Rt:-e:5 O:>erato r 
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wave Function 
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1.56 

i. 57, l.57(bl, 1.58 
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E''l 
1, 

E'.'\ 
IS 

E' '' 
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Table 2 

lat and 2nd Order Hyper-fine Splitting Energies or tho 

H atOffl as Calculated using the Operators Oiscueaed in Section 1.4 

lat Order Energy { E <•') 
II 

Equation NuneriCAl Value 
( Hartrees )&. x 10 - 7 

= ~ 1, 2.16002 

• [.1 - 2.. e1
,.· E (l.)J).' 

K, I K. 
2.15941 

= lK/CK.-+.2)] ~ 2.15991 

2.15967 

E
t,.) ... 

,.-o\ 
i::.,s = 

2nd Order Energy ( E !1 ) 

Equatio,, 

- ').'" r..' < o I W f" > 2. 
I'\ 

E. - t " 

-'>." (2.1{-¼--R.r.1. +iJr'-1,-)' 
K J 

E::' :: ->t (-{: 4-(K-lj-)Q..l + ~ K] 

.E,, .. -I\ __!s._ s-~ + n + .. • (>l ,,. {. [ ]cl 
Cl{_ ... 1)' n n. 

"'-mtrical Value 
(Hart~sla. x 10...g 

- 00 

-3-.SOt\8 

-l.2149 

-.2 7423 

E'') 
1$ 

- [ I{/ (K_-1-1..)]3 )i 

::. (I - (,/K_ + .•. )). 

.. ut/(l\,➔ 1)]%)i 
=- + )." [-5 K./37.. + ~(1/K.)-t- 2.~Z + 7/3.Z] 

A:te~nate Dingle 

Cc-er-1';.o r 

A:t e rnate Di ngl e 

~ntor ( Varia t ional 

Calculation I 

Exper .imentalc;g 

1. 57, l . 57(cl, 1.58 

1,57, l.57(c), l.59(a) 

1.57, l.57(c), l.59(bl 

a These energies can be converted to frequency unita (Hz) by dividing by l.~l • 10-10 

b .A • Q,.frt • 2.16002 x 10-
7 

2 
c ~ • ltr0 • :ze • 37559.38 a.u. 

. E'~ d The full expaJ1sion or this energy is 11 . 

• The full expansion or thle _,.gy is I:.,~, 
•S 

, ~~--- r-!.!!. 
~ 3.1. 

--~~[Ji. 
(i,e.2.)~ '#--

-..s:.L +-~ "-(!{-rt) 
32. (K.:•2.) 

• !L -4- ~ ~1+.2); "'I- ~ ... , 

2 . 15979 

2. 15984 

2.15984 

2.1004371 

- (>.\ 

l::.1, 
1 ,. r -.e 

.. -)\ K L~ ... 1 •... J 
('rt;.,..2)'t- 4- i,. 

4, ½ - _<t__~'3 - I S- I ] 
lCWO 7v=t" IC.(K.+1)' 1" }~K(~+I) + 3ZK.(K•l}t 

-__?f:_ + I ] 
~+2.. . ~ 

- ... :;as-: 

- • .t;J5i39 

-.-439424 

w 
\0 
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that in Eq. 1.57 52 , 53 : 

WN ( i,) = Q'< (~) ""'f (- f{_ r,a\ <;..,l -=c.,._N (1. 60) 

where N = H,D (nuclei), i = 1,2 (electrons) 

Since their trial wave function was based on the exact 

solution of the first order perturbation equation of atomic 

hydrogen in the ls state (Eq. 1.58), it contained some 

fairly complex terms: 

where i O =- NO < r OH + r/) ) (1.6l(a)) 

N
O 

; [ 2_ ( \ 4- < po H \ fJ/>) ) ] -\/2_ 

~ [. 2 ( \ 1- S) J -v~ (1.6l(b)) 

((}N :. fs-s)Y~ e,;ti) (-E:r ~ N=H \) (l.61(c)) ro \ir ~ , , "" ) ) 

i.e.,~ is the simplest LCAO-MO type wave function 

representing the ground state of HD such that: 

(l.61(d)) 

(1.61(e)) 

where (l.6l(f)) 

"s" denotes the away from the 

nucleus) part of the wave function 

"l" denotes the long-range part of the wave function 
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-1-{_~ (-k 1 \{r~) 

x [ k 1 \{ r\-\ + \] fJ0 1-t (1.6l(g)) 

(1.61(h)) 

where k1, k2 are constants obtained by fitting 

(001+ f . [ 
1 

to the irst order perturbation function for 

the H atom. 

The result s obtained were good when the cross-coupling 

energy was made stationary (39. 01 Hz ) but were somewhat 

poorer if the t6tal energy or the self-coupling energy 

alone was minimized. 

Pyykk0 48 criticized both the Blinder/GER and 

Voitlander-Dingle type operators because the hyperfine 

self - coup ling energy derived from a first order perturba­

tion calculation is over tw6 orders of magnitude too large 

(see Table 2 ) . This could lead to inaccuracies in the 

mol e cular coupling constant calculations, since a coupling 

constant which is dependent upon the self-coupling term 

may also be unphysic4l. EyykkO analyzed both Paviot and 

Hoarau's GHR calculations 45146 and sanger and Voitlander's 

c alculatio~s using the operator in Eq. 1.60 to d etermine 

the dependerice of the cross-coupling energy E3HD on the 

self-coupling energy E3HH" While Paviot and Hoarau 1 s 
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trial function was similar in form to S&nger and Voit­

lander 's (Eq. 1.61), the variational parameters were dif­

ferent: I{ in Eq. 1. 61 (g) and 1. 61 (f) was held constant and 

k
1 

and k 2 were varied independently . Thus it appears that 

Paviot and Hoarau's cross-coupling energy was not dependent 

on the self-coupling term, but that sanger and Voitlander's 

wa s dependent and is perhaps unphysical. S&nger and 

Voitlander referred to Moore and Moss' discussion of the 

50 Fermi contact interaction in the hydrogen atom and 

suggested that the large "self-coupling'' (hyperfine split­

ting) energies could be due to neglect of the first order 

terms quadratic in the vector potential (Eq. l.19(e)). 

In a later calculation54 , S&nger and Voitlander 

modified their trial wave function in order to eliminate 

the dependence of E)HD on E)HH" The new trial function 

contained both a long range and short range variational 

parameter: 

:::: 

( 1. 62) 

"-> 
\-t t> "" I+ I~ s s 

where - c\ <(Jo + c~y," + f},,s s 
(l.62(a)) 

~1+ t ~ l t> - t+ 
and t e = c., <f o + c.2 f o ..... <f1) t (1.62(b)) 

N 'V "' 
~ 1-t 

<fo ) cp,)S) Pi)e as in Eq. 1.61 



43 
~ ~ 

f\)~can be interpreted as the wave function - of the electron 

'' entering" the perturbing nucleus (contact) and leading to 
~H 

t he self-coupling term , while (lJ r 11e. describes the electron 

carrying its spin polarization away from the perturbing 

nuclear spin. Since the second order energies calculated 

from the short and long range parts differ greatly in order 

o f magnitude they can be varied independently. S~nger and 

Vo itlander solved the resulting system of linear inhomo­

geneous equations .and d ete rmined that the coupling constant 

appeared to be independent of the short range variational 

~N parameters c and hence of the short range term to the 
s 

order Cr(\/~. Using this procedure, the results obtained 

by minimizing the entire second order energy are now 

equivalent to those obtained by making the cross-term 

energy sta t ionary (39 Hz) ~r by varying one of the self­

c oupling t erms and employing only the long range parts of 

t he wave function. 

Hoarau and another colleague, M.T. Rayez-Meaume, 

later deve lope d an alternative method o f dealing with the 

47 
singularities caused by the Fermi contact operator . In 

✓ 

this approach, the delta function was removed by a trans-

formation which allowed a minimization of a finite part of 

the second order energy. (The remainder of the self-

coipling energy was still infinite but did not need to be 

determined since it did not d epend on the functions 
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c ontaining the variational parameters .) While the results 

using this approach were low, especially in the absence of 

configuration interaction, the convergence with increasing 

size of the basis set was greatly improved over the GHR 

45 46 results. ' Hoarau had worried about the accuracy of the 

previous calculations because of large differences between 

some of the integrals used in the energy equations. These 

large differences did not appear in the set of calculations 

using the transformation operator. Since Rayez-Meaume and 

Hoarau did not distinguish between the GHR and Voitlander­

Dingle operators in discussing this possible inaccuracy, 

spin-spin coupling calculations using the latter operator 

(as described in Chapter 2) should be checked for similar 

instability. 

The transformed Fermi-contact operator of Rayez­

Meaume and Hoarau is interesting, but it has not been fully 

tested. Furthermore, its use is hampered by the fact that 

the operator transformation complicates the calculations. 

Hoarau's research group tend to use complex trial wave 

functions to begin with; in the GHR calculations the trial 
I 

wave funct.ions had the form: 

f\ 

where I 
k=I 

(1. 63) 

(1.63(a)) 
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(1. 63 (b)) 

(l.63(c)) 

(1.63(d)) 

The wave function used by Rayez-Meaurne and Hoarau in the 

transformation calculations was: 

1 The -
riN 

1f. N 
(1.64) 

where (1. 64 (a)) 

and (1.64(b)) 

where the pK. represent excited state atomic 

orbitals (usually Slater-type orbitals) 

and the Q.k are variational parameters. 

, log riN, and riN (k- 2 ) terms in Eq. 1.63 and 1.64 

were apparently chosen because similar terms appear in the 

solution of the first order perturbation equation for 

hyperfine splitting in the H atom. If the method is to be 

applied to a wide range of hydrogen-containing molecules, 

complexities in the operator and in the trial wave function 
\ 

are clearlJ a drawback. 

The search for a relatively simple form of trial 

wave function which will yield a good and reliable result 
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for J 3HD with a minimum of computation constitutes a large 

portion of this thesis. S!nger and Voitlander demonstrated 

that even an approximate, one-electron determination of 

J 3HD using the Voitlander-Dingle operator (Eq. 1.60) can 

yield good results if only the long-range contribution to 

the trial wave function is used in the calculations. 

Dingle's variational calculation of hyperfine splitting in 

the H atom gave slightly worse results than the S!nger­

Voitlander perturbation calculations and used a simple 

trial wave function: 

This suggests that fairly simple wave functions will also 

yield comparable results to the more complicated ones used 

by S!nger and Voitlander in their variational calculation 

of J 3HD" Two sets of calculations are presented in this 

thesis: 

(1) One-electron perturbation-variation calcula­

tions similar to those of S!nger and Voitlander but using 

simpler trial functions. Two different wave functions are 

con·sidered: 

(i) a trial wave function containing both short 

and long range terms 

(ii) a trial wave function containing long range 

terms only 
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(2) Two-electron variational calculations of JJHD. 

In this more rigorous approach, both the ground state and 

trial wave function are composed of simple LCAO-MO func­

tions: 

+- C,- </IT (1.65) 

where l-0 ~ ( d-_(.3 - (3 o() 

X nuclear spin functions (l.65(a)) 

~ ~1 

X triplet electronic spin function 

X nuclear spin functions (1.65(b)) 

where 

9t fa 

~ < >75, ¢1~ - P.1.1\) (1. 65 {d)) 

where f 0 , ¢0

1 

are ground state wave functio ns 

( ¢
0 

symmetric, <j>/ antisymmetric) 

and r), , rj,_ are trial wave functions 

(9
1 

symmetric, ¢'~antisymmetric) 

The results of these calculations are presented in Chapter 

2. Although the results of the two-electron calculations 

to date have not been impressive, the operator should 

give better results for wave functions which more ade­

quately describe the effects of spin-spin coupling on the 

electronic distribution in the molecule. Chapter 3 
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consists of a discussion on the form of trial wave function 

which should be most suitable for future two-electron 

calculations . While such a wave function could result in 

self-coupling energies which are too large and hence 

unphys ical , this inaccuracy is due to spurious terms arising 

from the form of the operator and it is speculated that 

these terms will cancel in the cross-coupling energy calcu­

lation. The wave function should yield a good result for 

J
380 

without excessive computations and be relatively easy 

to transfer from molecule to molecule in order to facili­

tate a general method of calculating spin-spin coupling 

between hydrogen atoms. 
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CHAPTER 2 

CALCULATIONS OF J 3HD 

2. 1 ONE-ELECTRON CALCULATIONS 

S&nger and Vo~tlander performed a number of calcu­

l ations of the contact contribution to the spin-spin coup­

ling constant of HD . 52 , 53 , 54 Since the purpose of their 

c alculations was to study the qualitative consequences of 

i ntroducing a phenomenological non-singular contact per­

t urbation into the problem , they chose an approximate, one­

electron method in order to avoid mathematical and computa­

tional difficulties which would occur in two-electron 

c alculations. 

The one-electron perturbation Hamiltonian is: 

·;t 

~ I_ [~6c~) + QH UY~ (c.,) + QD Cul-'(.~)] 
i, == \ 

+ \ /R 
2. '2. 

l 

L l,faDCCl 1 + Q l4 L GYi-+ a) 
l::. I t.==- l 

'7--

+ Q~ L wl) Ci.,') -+ \/R_ 
~ =- \ 

~o 
-t- Q 1-t 

~I+ 
+- Q~.?t3~S (2.l(a)) -

6Y\5 
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'(" iD 
(2.l(b)) 

R is the internuclear distance and in the calcula­

tions presented here is set equal to the equilib­

rium distance for H2 (Re= 1.4) 

6 (=0.2) is an electronic screening constant 

which represents approximately an average of the 

two-electron repulsion terms 

the QN are constants representing the strength of 

the electron-nucleus spin-spin coupling inter­

action: 

(2.l(c)) 

For simplicity's sake, the contact perturbation can be 

taken to be isotropic so that nuclear spins are chosen to 

be definitely quantized in the z-Uirection. The perturba­

tion operatorslJN(i) which represent the contact inter­

actions between the ls electrons and the nucleus N are 

given by: 

W-"' CC:') - _tC_ ~ (-1{ f"i;N) S'ct. ¾N 
<i? 1T 

(2.l(d)) 

where I{ is a phenomenological parameter which 

describes a spatial extension of the magnetic 
-1 

moment distribution. Typically\{ ~ 10- 5 a.u. 
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It is not necessary to integrate over the operator 

in Eq. 2.l(a) directly. Using the Dalgarno interchange 

theorem 27158159 (see Appendix 1) , it is possible to express 

the perturbation energies of a singly perturbed Hamiltonian 

4'o 1- QH (.D-H (\,2) 
( 2. 2) 

where 
W-,lt ( \)'2] ::: uf"l-t(\) +- WH(2) 

rv 
The expression for E380 is obtained by substituting 

w--
8 

(1,2) for'-(
10

, ~\t for 1f
10

, and Yil) for ?/"
01 

into 

Eq . Al. 2 6 (a) : 

- ~<~ \QH (Jj-tt(1)1)IQt)~t>) 

4- 2 <Q~ ~t \~ll -~o\Q\) 7/?b) 
( 2. 3) 

Similarly, the expression for E3HH (= E300 by symmetry) is 

derived from Eq. Al.24: 

2 < '¥0 \ Q~ wt+ C1112') \ Ql.f Yi») 

~ <Q\\ ~,~\9fo- E0 \Q~ -r;;,~> 
( 2. 4) 

Equations 2.3 and 2.4 can be reduced by summing over spins 

in the one-electron scheme: 
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r-..., 

=: ~ f 2. < ~o \ Q" ~ ( l) \ QE> p /) ) 
4- (QH ii~ \~o £0\ Qt> ¢~)] 

( 2. 5) 

rv 

1-- < Q \i 1?. \\t I Q ~ w ~ ( \ ') \ 1? 0 > 
AJ ~ 

-t- 2. < Q ~ li" \ fao - £ o \ Q ~ f t > 
( 2. 6) 

,v 

~ :+:_IK 
where Lo and ~ are the spatial parts of the 

zeroth order (ground state) and first order 

(trial variational) wave functions respectively. 

£0 is essentially a simple LCAO/MO approximation to the 

+ molecular energy of H
2 

: 

( 2. 7) 

For f 0 , S~nger and Voitlander chose a simple 

LCAO-MO type function: 

(2.S(a)) 

(2.B(b)) 

and (2.S(c)) 

The exponential scaling parameter was set equal to 1.2 

(If the function in Eq . 2.8 is used in a variational 



53 

calculation of the electronic energy of H
2

, where€ is the 

variational parameter, the minimum energy occurs at a 

value of€.= 1.1895.) 

Their first order (variational ) wave functions had 

the form: 

(2.9(a)) 

"' where CN is a variational parameter 

and c
1

, c
2 

are determined by orthonormalization 

conditions: 

(2.9(b)) 

0 (2.9(c)) 

,v"' <p I consisted of a short-range and a long-range 

part: 

,v N '\.,"' "v t4 

<f1 
::: <p,)s + p,,e (2.9{d)) 

,v ~ 

- K. ~ (-k\~r,/) where pl)S' :::: 

x [ k
1 
I{ r "'« + \] p. w 

(2.9(e)) 

'V"' 
k2. 

,.,, 
<p ,,t ; 

r~ rt~ (2.9(f)) 
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(2.9(g)) 

o(. was set equal to 1. 0 

k
1

, k
2 

are fitting constants and the scaling 

parameter d:... = 1.0, so that the trial function 

rv\\ . rp, gives a good fit to the atomic function 

(see Eq. 1.57) over the ranges 0 ~ r ~ 10/1{. 

and 0 . 1 a. u. ~ r <. 00 

Essentially the long range part describes an electron 

carrying its spin polarization away from the perturbing 

nuclear spin and transferring this polarization via the 

chemical bond to the other nucleus, while the short range 

part describes the electron ''in contact" with the perturb­

ing nucleus. 

The trial wave function seems complex and it 

would be difficult to extend this formulism to molecules 

which are not as simple as hydrogen deuteride. It was 

decided to perform an analogous calculation using the 

same operator but with a simpler trial function: 

4- C. 
I 

+ (2.10) 

where (2.l0(a)) 

In this work,\-( was set equal to 30,000, i.e., the approx­

imate value of I{_ which gave the best energy when the 
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Voitlander-Dingle type operator was u sed in variational 

calculations of hyperf ine splitting energy in the H atom 

N 
( see Chapter l) . 'I'he sealing parameter E in p O was set 

equal to the zero-order value (E = 1.2). Comparing 

""v /"' 
Eq. 2.10 (a) to Eq. 2. 9 (d) -7 (g) indicate s that p1 is 

essentially a short range function. 

'V 
The v a lue of CN may be determined by minimizing 

the total s econd order energy or the se lf-coupling e nergy 

only, or by making the cross-coupling energy stationary. 

It was d e cided to minimize the self-coupling energy (given 

by Eq. 2.6) since this method is given in most detail by 

Sanger and Voitla nder 5 3 and the comparison is hence more 

direct than for the other methods. 
"-'N 

If the wave function f , or 
01./N: 

,,-h determined by x ,' 
rv l'v 

minimizing EHH with respect to CH , i s exact, then: 

(f 0 \w ~(1)\qt) i~ ) 
. r\.., I, .:y 0 -< Q ~ i I I fao - C.o \ Qt) ~ I l (2.11) 

(see Appendix 1, Eq. Al.20). The cross-coupling energy 

then r educ es to: 

~ 

~r- < 10 l Q ~ 6-.~-t c l ') ·\ Qt) 12 t > 
(2.1 2) 

Conversion t o the coupling constant is straightforward ; 
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,v 

( 211 )-1 
Q 14 Q~ E1t1\) ( -1i ~ I/)-' (2.13) 

In order to convert from atomic units to cycles per 

second, Eq. 2.13 must be divided by a factor of 

1.521 X 10-16 . 
,-v IN 

The calculation of JJHD using ! 1 consisted of 

two s teps: 
rv ,"V 

1) Determination of CH by minimizing E3HH 

2) Calculation of J3HD using Eq. 2.12 and 2.13. 

Both these steps were carried out using the University 

Victoria's IBM 370 computer. The programming required 

three main types of subroutines: 

1) A minimization subroutine. This routine 

of 

was based on the Fibonacci search method, which is highly 

efficient for one parameter minimizations. 

2) A subroutine to solve for the orthonormal­

ization constants c
1 

and c
2 

(see Eq. 2.9). Since the 

values of c
1 

and c
2 

depend upon the value of the 
"v 

variational parameter CH, c
1 

and c
2 

had to be recalculated 

for each iteratjon of the minimization subroutine. 

Solution of c
1 

and c
2 

consisted of solving a quadratic 

equation determined by solving Eq. 2.9(b) and 2.9(c) 

simultaneous ly. The subroutine was based on the Pegasus 

method . 
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3 ) Various functional subroutines to calculate 

the integrals required by Eq. 2.6 and 2.12 . 

(a ) /V . /V 

< Q * j : ~ I fao - Eo \ Q~ f :~ > 

The integrals containing 

u sing the formulae given 

the molecular electronic 

The <i\"H \~0- eJ ~ t H) 

(2.14 ) -

tJ 
only fo functions were calculated 

62 
by Slater for calculation of 

energy of H
2 

(Chapters 3 and 4). 

and ( Po H \ fa
0

- C.o } P1/~ > 
integrals were also based on these formulae but the sub­

r outines had to be modified to cope with the large 

magnitude of the perturbation parameter, t-{_, and the 

presence of two different exponential parameters (E-, r(.). 

The < <p O I> \ ~o - £ 0 \ f/5/ I-+ ) integral was based on formulae 

given by McGlynn et a1 65 for general overlap integrals 

(Chapter 2). Once again the subroutines had to be 

modified to cope with the magnitude of~ 



These integrals expand into a summation of overlap-type 

integrals. For example: 

'V < Q11 l ,1 

,+ \ Q" (>.r~ 0) \ "!o > 
- t C I ( < <p. '* \ Q 4 C>Y ~ (l I l f O t+ > 
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+ < pc,'~ \ Q~ w\t~) \ ~ <> >) + C2 (<pot> \(()ij (Af~~) f6 H> 

+ < P~b \ Q.~ Wlf) \ fo t>>) + ctt ( < p/" \ qH WI-\(\} \Po") 

+ (p~" \ Q~ w~(\) \ fo t\>) f No Q ~ 

- "lo Q,_?.. ~ C. 1 ( ~ [ -(2& -1- l{_)r,J+ (""'f [-(e+l{)r" - Gr0J: 
+ c. l. ( ( e:>c.\> [- (Gd-\t) r\~ - &rt) l > + < er.>'f [:- 2€::rJ> - \tr 1; l)) 

-\- Ci.I ( <~ t2f(__+ E:)r~J) ~ <~ [- i K:_rH - 6 rtJ >)? 
( 2.IS) 

The expansion of is similar. 

Those integrals involving only one nucleus were calculated 

using formulae based upon those of Slater and those in­

volving both nuclei were calculated using formulae based 

upon those of McGlynn et al, with suitable modifications to 

cope with the magnitude of~-

The e xpression for the self-coupling energy 

(Eq. 2.6) requires a value for the ground state energy, 
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C
0

, which can be calculated by solving the integral in 

Eq. 2 . 7. Since this is essentially a simple LCAO/MO 

approximation to the molecular electronic energy of H
2

+, 

this integral contains terms similar to those needed to 

perform a simple LCAO/MO calculation for H
2

. All necessary 

formulae are given by Slater. The programme used to 

calculate t expressed the energy as a function of the 
0 

exponential parameter 6, the internuclear distance R, and 

the screening constant 6) which allowed for a check against 

the values given by Slater in Chapter 2. For E = 1 . 2, 

R = 1.4, and 6 = 0.2, 2 = - .886 a.u. 
0 

rv 
The results of the computations of E

388 
and 

,.._,, 
J 3HD are given in Table 3. The equation given for E

3
HD 

in this thesis (Eq. 2.12) differs from SMnger and 
'\, 

Voitlander's equation for EJHD (Eq. 33 in Ref . 53) by a 

factor of four. Checking the de~ivation of this equation 

indicates that the factor of four should, in fact, be 

included . This factor does appear in s£nger and Voitlan-
,.._,, 

der's equations for E
3

HD which are derived for the cases 

where the total second order energy is minimized and the 

cross-coupling energy made stationary (Eq. 37 and 38 in 

Ref. 53), so it appears that it was omitted from Eq. 33. 

If their result for J which is obtained by first 
3HD 

minimizing the self-coupling energy is multiplied by four, 

it agrees with the value obtained from the calculations 
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presented here. 

1148 . As noted by Pyykko (see Section 1.4), the sel f -

coupling energy calculated by this method is much too 

large. If the trial function has only one variational 
e:- N "'"' / i-J 

parameter, as it does for both 1, and 12
1 1 the 

cross-coupling energy depends upon the self-coupling 

energy and may also be unphysical. sgnger and Voitlander 

reformulated the problem so that the short and long range 
,v 

parts of!~ could be varied independently: 

,...., "-' "V 

cf> N [ ~N ~ N 
,v 

~ ~ J ]~ N - Cs s + c; -, -e. (2.16) 

where 

"'- t4 s I-¼ > ,;;> ""' N 
~$ c, Po +- c,_ <(Jo + P1/,., (2.16(a)) 

~ -1\1 e 1+ 
-t- c2..~ <fo I) + "-' 1?.i = c1 Po ~)e 

N 
(2.16(b)) 

and are as given in Eq. 2.9 

Since the second order energies ca l culated from the short 

and long range parts differ greatly in order of magnitude, 

Sgnger and Voitlander varied the two parts independently: 

0 
(2.17) 
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Solving the linear inhomogeneous system so obtained, they 
~ 

concluded that the heterocoupling energy E
3

HD was inde-

pendent of the short range parameters CN to the order 
s 

The numerical result obtained by minimizing 

the entire second order energy was 39 Hz, which is very 

close to the experimental value. Varying one of the self­

coupling terms using the long range parts defined in 

2.16(b) or making the cross-coupling energy stationary 

yielded the same result . 

If the short range term in Eq. 2.10 is omitted, 

the result is a non-variational function: 

(2.18) 

where C = -C since the first order function 
1 2 

mu st be orthogonal _to 1
0 

and hence antisymmetric . 

Since this function is not an exact first order solution, 

the cross-coupling energy cannot be calculate d using 

Eq. 2.12 so Eq. 2.5 must be used. Substituting Eq. 2.5 

into Eq. 2.13 allows a direct calculation of J
3

HD without 

variation. The programme used for the variational 

calculations including th~ short range part of the wave 

function was modified to bypass the minimization process 

N 
and set CH to ze ro. As predicted , the solution of the 

orthonormalization parameters gave c1 = -c
2

. The results 
rv 

for E
38

H and J
380 

are given in Table 3. Once again the 



Parameter 

Coupling 
energy 

Table 3 

Results of the One-electron 
Calculations of J 3HD 

Trial function 
including short 

range term 

-3 l.2xl0 

Hartrees Hz 

Trial function 
with long range 

terms only 

Hartrees Hz 

62 

-1. 55xl0-ll 5 -1. 02xl0 -3 . 06xlo-14 -201 

* 

67.7 5.98xlO-l 5 

Table 4 

Dependence of the Coupling 
Constant JJHD and the Self-Coupling 

Energy °E3HH on the Scaling Parameter G 

39.3 

J 3HD *(Hz) Q~l½HH*(Hartrees) 

0.5 -48.2 3.74xio-14 

1.0 6.71 -5.23xlo-15 

1.2 39.3 -3.06xlo-14 

1.5 116 -9.05xlo-14 

2.0 328 -2.55xio-13 

,...,, 
J3HD and E3HH were calculated using the long-range­
only trial wave function given in Eq. 2.18 



hetero coupling constant was identical (to two signifi­

cant figures) to the value obtained by S!nger and 

Voitlander. While the self-coupling energy calculated 

using the trial function in Eq. 2.18 canno t be taken as 

exact since the zero order function is not exact, the 

magnitude is vastly improved over the result obtained 

when the short range term is included . 

One of the more notable aspects of the one­

electron results pre sented here is their agreement with 

those of S!nger and Voitlander, even though in both the 

short-range-included and short-range-deleted calcula-

~. ","' and ~ ,"" tions the trial wave functions :£. X 

are not the same. S!nger and Voitlander's trial wave 

functions were more complex (i.e. contained more terms) 

than those presented here. Comparing Eq. 2.9 with 

Eq. 2.10 shows that, in both sets of calculations, the 

V IN. 
r"i. rN rp

0 
term which is included in Eq. 2. 9 was omitted 

from the long-range part of the wave function in 

Eq. 2.10, and that, in the short-range-included calcu­

lation, the short-range part of the wave function: 

rvN 

63 

p ,,':. == - ~ enc..p (- \<){ rN) 
(2.9(e)) 

x Lk1 \\,r"'~\1<p;"' 

1{'· k, Y-N ~ "f er.<f [:-(Is, K. +a<) rN ] 

- I{ ~') ½. =f [- O<, \.{ h<) r N J 
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was replaced by: 

(2.lO( a )) 

The single term in Eq. 2 . lO (a) is somewhat s i milar to the 

s econd term in Eq. 2 . 9(e). (The first term is a multiple 

of r N ). It i s possible that the omitted ter ms do not 

contribute much to the cross-coupling energies. However , 

the wave functions also differ in the scaling parameters 

us ed in the exponential terms. Sanger and Voitlander's 

scaling 

~
0

) and 

parameters E (used in the ground state function 
~ l'l 

O<: (used in the trial function 1?, are not 

1 i nked (i.e. E: ::: I, 2 f C><.. = \, O ) whereas they are 1 inked 

( E: -=- o<. == \ , 2. ) in the calculations presented here . The 

coupl i ng constant is sensitive to the value of the scaling 

parameter; varying E produces a range of values for 

J
3

HD (see Table 4 ). This is not unexpected, since nuclear 

spin-spin coupling should be sensitive to the calculated 

electron density at the nucle us, which depends upon the 

1 f h 1 . 1 d 1 . . 60 v a ue o t e sea ing parameter. Koos an Wo niewicz 

give the optim~m density for the hydrogen molecule (which 

should be the same as that for HD) at the nucleus as .2299 

a.u. Using the one electron approximation and taking 

as given in Eq. 2.8, the densityf at the nucleus is 

related to the parameter e as follows: 
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(2.19) 

S(<S (<_) == < <prtJ B I fo t> > 
= e.-G~ ( l + e R .\- <E: ({) 1. l 

3 l(2.19(a)) 

The comparison of- the known density H
2 

at the nucleus 

with values of the density calculated using Eq. 2.19 was 

done using the computer. The programme selected the 

value of E.. in . Eq. 2.19 which yielded the best density 

match with the known value to± . 00005 . If R = 1.4, 

f = . 2299 when ~ = 1.1977. This is very close to the 

value of 1.2 used in the calculations presented in this 

chapter . 

The scaling parameter OC has the same order of 

magnitude as the ground state scaling parameter E , but 

it was assumed to have a negligible contribution to the 

density at the nucleus because it appears in the trial 

wave function only (the spin-spin coupling contribution to 

the total wave function is effectively just a small 

perturbation). Possibly this explains why changing its 

value has n6 discernible effect on the value of the 

coupling constant. 
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The coupling constant is not very sensitive to the 

value of the phenomenological parameter K_. The term 

exp (·- \{. r..,) represents a "peaking" of electron density 

at the nucleus due to the s p in-spin coupling perturbation 

and, as long as l{ is sufficiently large (Z 3000), it 

mimics the behavior of the Fermi contact operator without 

leading to infinities. If I{ is multiplied by a factor 

of 10, the cross-coupling constant J
3

HD changes by a mere 

0.1 Hz. 

There is an alternate hypothesis which may explain 

why the differences between Sanger and Voitlander's trial 

wave functions and the trial wave functions used in the 

preceding calculations seem to have no effect on the value 

of the coupling constant. It is possible that, under the 

constraints of the system, the minimization process (in 

the short-range-included case ) and the relationship 

between the various terms in the formulae for the self­

coupling and cross-coupling energies may adjust to 

compensate for changes in the scaling parameter G and/or 

differences 
rvN 

and ~ 1 

::::-, I f\l 
in the comple~ities of the wave functions 2 

I 

In the calculations including short-range 

functions, the variation constant is first determined 

by .minimization and its val ue then substituted into 

Eq. 2.12 to calculate the cross-coupling energy. It is 

possible that the minimization proce ss adjusts the value 
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of CH to compensate for the changes involved in 
!r' /N 

substituting <p -, 
rv 

for ~IN In the long-range-only 

calculations, the cross-coupling energy is given by: 

~ < J_ / cp J Qtt W-l-\ ( l 1 \ Q!> ~ \t>) 
r"v ' '"\.,.. 

+- < QI-\ ~IH jjo -E,o \ QC 1
1
°} 
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( 2. 5) 

The two integrals are not equal when the wave functions are 

not exact , but it is possible that they are related in 

such a way that their values 
' ~"' 

differences between cp I and 

adjust to compensate for the 
,,...,IN 

sf1 and hence give the same 

heterocoupling energy for both. If this is true, then the 

form of the trial wave function for this particular system 

is not too important. What is important is that, in order 

to o btain a cross-coupling constant which is not dependent 

on a minimized s elf-coupling energy which is unphysical, 

only the long-range parts of the trial wave function must 

be used to calculate the cross-coupling energy. 

It should b e noted that Rayez-Meaume and Hoarau 47 

" criticized Sanger and Voitlander's calculations because 

large differences in the integral values led to difficult­

i es with the accuracy o f the calculations. The calculat­

ions presented here were examined for such instabilities 

but none were found. Either the more complex terms in the 
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II 

Sanger - Voitlander trial wave function were the source 

of the large differences or the criticism was invalid. 

II 

The one-electron calculations of Sanger and 

Voitlander and those presented here were intended to 

give a qualitative indication of the applicability of the 

.spin-coupling operator given in Eq. 2.1; since the method 

is only an approximate one, it was not necessarily expect­

ed to give good results and certainly not meant to be 

extended to molecules other than the relatively simple 

HD. In fact, the result obtained for the long-range-only 

calculations was very close to the experimental value of 

JJHD. This does not necessarily mean that two-electron 

cal~ulations using the analogous two-electron form of 

the operator in Eq. 2.1 and similar trial wave functions 

containing only long-range terms will also give accurate 

values for J 3HD. 

section. 

Such calculations presented in the next 
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2.2 TWO-ELECTRON CALCULATIONS 

The calculations i n this sect i on us e the Voit­

lander - Dingle operator in a series of var i ational spin­

spin coupling calculations which include two-electron 

repulsion terms. In the one-electron calculations, the 

contact perturbation was assumed to be i sotropic and the 

spin parts of the operator reduced to their z components. 

The derivation presented for the two-electron calculations 

uses the operator in its anisotropic form: 

~ ~ l'\S (2.20) 

t (-"~ 
e,::1 2 

+ \/r,2.. + (2.20(a)) 

(2.20( b )) 

(2.20(c)) 

(2.20(d)) 

Since the derivation is easier f or H
2 

than for HD, both 

nuclei are chosen to be hydrogen. The coupling constant 



for JJHD can be calculated from JJHH by substituting in 

Eq. 1. 9: 

j\-tt) /J~I-\ ( 1. 9) 
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The variational trial function is assumed to have the form: 

(2.21) 

where </'0 

x nuclear spin functions (2.2l(a)) 

is the singlet (ground state) wave function 

and ~v = JV x electron triplet spin function 

x nuclear spin functions is a triplet (variational) 

wave function (2.2l(b)) 

As is usual in a variational treatment, the total energy 

is given by the integral: 

=·<Co~ + Cv ~v \ ~{, + J{ns) Co~ {. Cv '¥v \ 
~~ +- C,_, ~ I C0 ~ t Cv ¥v) (2. 22) 

This integral can be expressed as a secular determinant. 

Since the operator given in Eq. 2.20 is anisotropic, all 

possible combinations of electron spin and nuclear spin 



functions must be considered (see Table 5). This yields 

a 16 x 16 matrix consisting of singlet , triplet , and 

cross-term elements: 

-<~o~~)-r 
. -~ ~m-s I 

-f;_ J.f--,c ~ t-
~ I 

<Y-0 ?f <fv) -E kV'N,) 
( 4- X \ 2/ 
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\ ?f v 4. ?.fa'> I 
-L=" -kc-~ I 
( l ?.__x4-') 

(2.23 ) 

Fortunately many of the elements are zero due to the 

orthogonality of singlet and triplet wave functions under 

the operator~ 

< k A-hs ~) ~ S k~ < k J{ r\~ k ) 
~ Ek.= Ee 

( 2. 24) 

Moreover, since all these functions are orthogonal under 

~e , it is sufficient to consider 9...fns only. The 

determinant can be solved using standard linear algebraic 

techniques to give expressions for the wave function and 

energy. For the nuclear singlet, the wave function is 

given by: 

A./ 

So C0 ~o \ So So) 

+- Cv iv\~ (-Iola+ 4T_ ~ T_ T➔ )j (2.25) 
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(2.25(a)) 

where 

~v ::: f,/ - Po 6ov 
1 

N \ - ( 60/) 1 (2.25(e)) 

(2.25(f)) 

I < <?o 1>v') 6$'1 = {2.25(h)) 

To - 1- ( a. b 4- bo.. ') (2.25(i)) -
,ff. 

T+ :. 0..0... (2.25(j)) 

T_ ::. bb (2.25(k)) 

So = j_ ( o.,b - ba.) 
lfi. 

(2.25(1)) 



The corresponding total energy is given by: 

E 

+ 
EV - Ac\ - E 

~ vv c,, ~ (Jv Q ~\ ¢v) 

E o = < l.o \ ?{o \ ~) 
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(2 .26) 

(2.26(a)) 

(2.26(b)) 

(2.26(c)) 

( 2. 26 (d)) 

( 2.26(e)) 

(2.26( £ )) 

(2.26( g) ) 



Table 5 

Po ssible Combinations of Electron Spin and 
Nuclear Spin Functions for the Anisotropic 

Hydrogen Molecule 
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Wave 
Function Electron Spin Function 

Nuclear Spin 
Function 

Yo 

T ::: _I ( d-(3+ A ol..) 
o ~ e..., 

s CJ_ ( a.b-bQ) 
0 ~ 

T+ ::: a.0-

TO-=- j_ (a.b+-ba.J 
IQ 

T - b\, 

$ -:: _I ( Qb- 6.) 
0 

tr2 

-r+ ~ o.0-.. 

Io :: h(qh-\- bQ) 

T_-=-b'o 
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The wave funct i on for the nuclear triplet is given by : 

I"\.) 

1/ - C 0 P. 0 \ So \ o) 4- C. y :£ v 

x [ lTo So)+ I ;h (11 T_ - T_ T+))] 
"' (2.2 7) 

and the corresponding energy is given by: 

E E C> 

(2.28 ) 

Since d«E, d~~E, Eq. 2.26 and 2.28 can be reduced: 
V 

E S ir)~ = \:: o - -} ( 1
0

} )) :2. 

Ev-£ 

::;:" E 0 

( 2 . 30) 
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Each o f the coupling terms in Eq . 2 .29 and 2.30 can be 

related to the coupling terms J
11

, J
22

, and J 12 by c on­

sidering the expres sion for the coupling energy derived 

from the point nucleus approximation for H
2 

(two nuclei , 

with spin , but no electrons). The appropriate energy 

expression c a n be obtaine d b y using an operator similar to 

that given for HD in Eq. 1.15, replac ing H with H
1 

and D 

with H
2

, and by using nuclear spin functions appropriate to 

the hydro~e n nucleus for both H1 and n2 (see Table 5). 

For the nuclear singlet, the energy is related to the 

coupling constants by the equation: 

Similarly , the nuclear triplet energy is related to the 

coupling constants by the equation: 

E 
0 

-+- '3 I, --1-..l. \ J +11J 4 r\ J\ \ Lf I"'\ I~ 'f I"\ • l.2. ( 2. 32 ) 

The total spin-spin coupling energy is given by the differ­

enc e between the triplet and singlet energies. Consider the 

cross-term energy only: 

A El:L E,2. (-\v{~ I ~~')..(<;i~} 
(2.33) 

-

From Eq . 2.29 and 2.30: 

AS - - ~o}1 io/2..) - E 31-\ I \J, 'l. 
(2.34(a)) 

E - G V 
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and from Eq. 2.31 and 2.32: 

(2. 34 (b)) 

Thus the Fermi contact contribution to the coupling constant 

is given by: 

(2.35) 

J
3

HD max be calculated using the same formula by substitut­

ing Q for Q into q ( 2 ). Since J
3

~ID is positive, this 
D H2 ov r 

implies that fv must be antisymmetric. 

If ::: (\1 I 
~ ov Q 11 I 

(2.36(a)) 

and (2.36(b)) 

then (2.36(c)) 

Thus the expression for J
3

HD becomes: 

(2.37( a) ) 

The coupling constant J
3

HD was de~rmined using three differ­

ent s ets of functions for ~o and Iv· The first consisted of 

very simple LCAO/MO HD molecular wave functions: 
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,..._, 

Co ( p 
0
0; (j)oc2)) 

+ C v _J__ ( ¢
0 

(\) ¢v(2) - c)J\ ) p)2) 
"'"i_ (2.38) 

(2.38(a)) 

(2. 38 (b)) 

The second used the slightly more complex Coulson-Fischer 

wave function for f
0

: 

=- Co ( f b G) ¢0 (2) - CF /vC\) 1JvC2)) 

4- Cv--l ( 9tG')¢vc2)- fvu)/5oC2') n (2.39) 

where <j.;
0

, />v are the same as in Eq. 2.38 

This wave function introduces electron correlation into 1.o 
via configuration interaction by introducing the ionic term 

CF <J~l)¢J 2 ). 62 , 66 In the third case, the Coulson-Fischer 

function was again used for I 0 but / 0 and fv were "unlinked" 

so that their exponential scaling parameters were not neces­

sarily the same: 

(2. 40 (a)) 
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(2.40 (b)) 

For the Coulson-Fischer wave functions, the expression 

given for JJHD is not quite correct. The one-el ectron 

integral Q / (l) is derived from the expansion of the 
vov 

two-e l ectron integral : 

(2.41) 

In the previous derivation: 

(2 .25 ( a) ) 

In the Coulson-Fischer d e rivation: 

(2.39(a)) 

The introduction of the CF term yields the same integral, 

9) :~l), but it now must be multiplied by a factor of 

(1 +CF). As a result, the expression for JJHD becomes: 

= 

The values of the exponential parameters in the 

three wave functions were determined by varying the ground 

state energy: 

( 2.26(f)) 



with respect to E:- (or E. and cl.._ in the third case). The 

resulting wave functions, energies, and parameters are 

given in Table 6 on page 90. 
"" 

Since the parameters inivwere determined by the 
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parameters in ~
0

, no further minimization was necessary and 

J
3

HD was determined directly using Eq. 2.37 . In all calcu­

lations, the total energy E in the denominator was approxi­

mated by E0 since the ground state energy is much greater 

in magnitude than the coupling energies. 

Two types of computer programmes were necessary to 

perform the required calculations: 

1) Programmes to determine the ground s tate 

energy E and to minimize it with respect to the exponential 
0 

parameters. 

2) Programmes to calculate the coupling constant 

J3HD. 

1) The ground state energy was obtained by solving 

the integral: 

Eo ~ < jo ~o lo) (2.26(£)) 

,....., 

where for ~4t,\- I ) lo f>/J) ¢r/2> ( 2. 38) 

,....., 

) j+ol- ~ for I~ '2.. 

(2.39) 
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For f , the integral 2. 26 (f) expands as follows: 
tot 1 

E o - < y> o (\ 1 0 <J ( J ) \ ~ o \ ¢a Ct'\ ~ o (2) ) 

- < i o (2\ ¢e (2.)><~oUl l-~ ~ - J_ - _L_ \9bO) > 
~ r11+ r;!) 

+< 9{G') P0 (\) > < ¢0 (2; l-s 2- __ \ - _l_ \ ~Ci)) 
:2 r--z. ~ r2c l 

+ < ~c U) fc (2) \ J_ \ <foCt)fobJ \ + _I 
r1'2.. / R 

\
-\/\ ,,__ _ _L_ _ j_ \ ( e - E=ri+ + e. -6r1 )) 

2.. ' 'rl-i 'rl> 

+ Ne 2+ G " < ( e - &r,rt + e.-G:;r,o)( e - €;'<"2-1t + e.-E:rw) 
1fA. \ 

(2. 42) 
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The one-electron integral is simply£, , the one-electron 
0 

hydrogen molecular energy calculated and programmed as out-

lined in Section 2.2. The two-e lectron integral is new. 

It can be expanded into a series of integrals having the 

. form: 

where N. =Hor D 
l 

(2.43) 

(2.4 3(a)) 

The formulae for integrals of this form are given by 

Slater 62 in Chapters 3 and 4 and the derivations in 

Appendix 6. These were easily transformed into subroutines 

for the compute r. 

For ;_tot 2 and !tot 3 , the integral 2.26 (f) expands 

as follows: 

~e ~ (p0 U) c/4c2) - ~ j5vUI /v (2-) 

\ '{e> \ ¢0 G) ~o (2.') - CF fv~) f✓C?) > 
<pc>(\') n c2) \ ?{ o \ ¢0 G'\~ C2) ') 

+ C\:: z ( y) v C,) ;bv(i) \ ')fo \ tvu.) fv(i) > 
- 2cF ( 5'6

0 
G \ <fe, L2-) I ?f o \ f v(\ J p v(2.)) 

(2.44) 
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The first term is obviously the same as the E 
0 

derived for 
'"\.. 

Foritot 2 , <p..., differs from Po only in symmetry: 

(2.38(a)) 

(2.38(b)) 

2 Thus the expansion of the CF and CF terms in Eq. 2.44 will 

result in the same types of integra ls as the expansion of 

the first t erm , with the individual integrals in the summa­

tion differing only in sign. For example : 

--

(2.45) 

1 This can be compared with the term in Eq . 2.42, and it rs').. 
expands into terms of the-sort given in Eq. 2.43. 

C 2 
F 

rv 

For~ 
""tot 

term inf t ot 

3 , the cf term will be the same as the 

2 with all the parameters E rep laced by 

o<. =I e . 'l
1 he CF term, however , is different: 
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-2c.- ( 2 N 
2 

1- ( 0 

-+- ~E: j 3 < ( e-E:-r,1-\ t ~-e:r 1()) (e.- &'rz.i-, + e.-c.1'"-z.()) 
lf 2. 

(2.46) 

The first term can be expanded into a summation of one­

electron integrals. Subroutines for these integrals were 

based upon the same formulae taken from Slater 62 (modified 

to fit two different scaling parameters) and McGlynn et 

a1 65 as were used for the one-electron calculations. The 

second term is a two-electron integral which c an be 

expanded into a summation of terms which have the form: 

where N. =Hor D 
l 

(2.47( a )) 
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The formulae given for two-electron integrals by Slater 

in Chapters 3 and 4 are not appropriate for wave functions 

containing two different scaling parameters. In some 

cases, the derivations given in Appendix 6 of Slater can 

be modified to give formulae fo r the two-parameter case. 

However, for some of the terms having the form given in 

2.47, the derivations result in integrals which are not 

soluble ana lytically. Two possible recourses are available: 

a) The use of recursion formulae 

b) Transformation into a coordinate system in 

which the integral s are more easily soluble . 

Re cursion f o r mulae adapt well to c omputer program­

ming and may be applied to integrals of the type in Eq. 

2 .47, but i f a wave f unction containing short-range terms 

n -H.r (i.e., terms such as r e ) were to be considered in 

future calculations, difficulties would ar i se because the 

H{.r recursion f ormulae would contain terms such as e which 

are too large f or the computer to handle. For this reason 

it was decided to use method (b). A subroutine based on 

h th d h b d 1 db . l 51 sue a me o as e en eve ope y Ding e. 

The programmes used to calculate E for all three 
0 

wave functions required a variational subroutine to minimize 
l'V "" 

E
0 

with respect to E (in ~t 
1 

and I 
2

) or E and o( (in _ ot tot 

I.tot 3 ) . The minimization for! tot 3 required a two para-

meter procedure, and since the sections on the hydrogen 
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molecule in Slater•s 62 and Coulson 1 s
66 

books supplied a 

check on the correct answers, the calculations did not 

require a highly effic i ent minimization routine such as the 

one based on Fibonacci search which was used in the one-

. electron , one-parameter calculations. For these reasons 

it was decided to use the internal programme MINFUN from 

the University of Victoria's Academic Systems Public Disk. 

The Coulson-Fischer calculations required an evaluation of 

the parameter CF for each iteration, since its value 

depends upon the value of the scaling parame ters. 

2) A second programme calculated the coupling 

c"onstant JJHD using the formulae in Eq. 2.37(a) and 

2 .37 (b ) . Since no minimization subroutine was necessary, 

the bulk of the programme was d e voted to subroutines used 
I (\) 

in calculating Ev and ~ ov 

a) Ev. For all three wave functions, the triplet 

energy is given by: 

E v ~ 1 < p: u 1 rjJ" c '") - ¢i I J 7JJ2.) 

l ~o \ J)0 GJ fvC2)- <?vl'-J Po(2) > 

- 'i 1 po G) ¢vC2; \ Y1 0 \ r}oO) [bv(2') > 
+ < ?v(J) ¢0 C2 ) \ Jf O \ ¢'v (0 p0 C2J > 
- ,Z < fo (\ 1 <?v (2; \ °1{

0 
I ¢vG) 9 o (2)) J 
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(2. 4 8) -

The first two terms are one-electron i ntegrals which were 

r equ i red for the calculation of E. For the first two wave 
0 

functions in which the parameter inp
0 

has the same scaling 

p a r ameter as<fv ' the formulae of Slater 62 were u sed wi thout 

modif i cation. In t he t hird wave function , the sca l ing para­

meters differ, and both the overlap formulae of McGlynn e t 

a1 65 and those of Slater (modified) were used. 

The last three terms are two-electron integrals. 

For the first two wave functions these integrals were 

c a l culated using the formulae in Slater directly since there 

was only one screening parameter,E: . For the third wave 

function these last three terms expand into integrals having 



the form: 

< c+2.) Le- C&t\N, ,i.c:it-rzw~ +--<ri"'.s +€:r'zw..,.'J) 

where N. =Hor D 
1. 
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(2.49(a)) 

(2.49(d}) 

Formulae f or some of these can be derived analytically 

using the methods outlined in Appendix 6 of Slater but for 

others this is not possible. For the latter integrals the 

calculations were accomplished using Dingle's two-electron 

integration subroutine. - """' / (\) ~ ':+:' 
b) q()V For~tot 1 and~tot 2 , the integral 

,en u 
~ov can be expanded as follows: 

(2. 50) 
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This integral is similar to the <! 1, "'lw\\c~\iJ integral 

used in the one-electron calculations of J
3

HD (it is, in 

fact, the same as the integral used in the long range 

calculations, if Nv is replaced by c
1

)~ so the same sub-
,.._ / (\) 

routines were used for both. For f tot 3 , ~ov expands 

into integrals in three different parameters: 

lov1 ~) " < ¢0 Q" Pv > 
::. "-Jo N v ( G o() ~~ ~ '3 

7T i-rr 

X < ( e -6:f\~ + e_-cr1>) \ e ~\""~ \ (e,-o<rH _ e-'11-f',> 

No t'·L~ ( E -<) l-i. ~ ( < e. - C 6-t \'(_ + o<. )r~ > 
1" ~iT ( 

-+ < e - c:c ~-;-..(),11 + EX1:J > 4 i- (.C6.-H{.)rri -1- c,,(r1:1]) 

-1- < e..- c.~r"' ~ CG +o<)rt>1 > ( 2. 51) 

The overlap formulae of McGlynn et a1 65 were used to calcu­

late the integrals in Eq. 2.51, but they had to be modified 

to cope with three different exponential parameters as well 

as with the large magnitude of\-(. 

The results of the E calculations are given in 
0 

Table 6 and the results of the J
3

HD calculations are given 

in Table 7. Since for all three wave functions the scaling 

"""".....,, 
parameters were close to the same value (€= . o<.-::::: 1.2), it 



Table 6 

Energies and Scaling Parameters for the 
Ground State Wave Function (~

0
') 

used in the Calculation of . J 3HD 

Wave Function E (Hartrees) €: 
'v 0 

1 tot 1 
-1.128 1.19 

rv 

~ tot 2 -1.148 1. 20 
'"\,, 

! tot 3 
·-L 148 1. 20 

Table 7 

Comparison of JJHD as Calculated using 

the Wave Functions in Section 2.2 
(Two-electron Calculations) 

Wave Function J3HD ( Hz) E= 

.....__ 

i tot 1 
102.8 1.19 

rv 

l tot 2 
127.6 1.20 

I tot 3 126.0 1. 20 

90 

o<. 

1.19 

1.19 
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was decided to investigate the effect of varying the t wo 

parameters on the value of the coup l ing constant . Since 

t he charge density at the nucleus depends u pon the va lues 

o f E and«, the effect was expected to be l arge. 

The e~ectron density f 
2 

at the nucleus as 

described by rF;" 
2 

is: ~:~tot 

( ( \ + ~UR-\. 2e-G~ ) 
( 2 ( \ + SCG::r<) ) 

' 2. ( -'2.6R. 2 -~'R) 2 ( \ -ZE:~ ) ] .... c~ 1 + e - e.. - c;: - e. 
:v.i2.52 ) 

2.(1- ~~R) .2 (1 - S2C<=1<1)1-

where S(GR)::::. e-GR(\+ <:::R +(E~)2) (2 . 52 (a )) 

For itot 3 the expression for f 3 is mofe complex: 

(\ + e - 2E:,R + 2e. -G\<.) 
2 ( I+- <;c'=='~')') 

+ _/3 C .2 
U'\ f 

( \ + e-2-c✓-~ - 2e - <><~ ) 
2-(\- SCo<1~')') "TI 

IT 

(2.53) 

The densities calculated using these formulae with various 

values of G and d.. (or G alone for f 
2

) were matched against 

60 the optimum density of .2299. The programme used to 

perform the density match for the two-electron case was 
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similar to that used for the corresponding one-electron 
"' 

case. Forftot 3 , the density d epends upon two scaling 

parameters, which effective ly increases the numbe r of 

iterations from n ton x n, so the accuracy was limited to 

±.025. The result s of the density match and the hetero­

coupling constant calculated using the optimum parameters 

are given in Tabl e 8. Note that, unlike the wave function 

used in the one-electron calculations (and unlike lot 1 , 

which woul~ give a similar result), the parameters which 

give the best density at the nucleus are not the same as 

the parame ters which g ive the best ground state energy. 

Foritot 
3

, the best density match was obtained for a 

combination in which 6 > o( (1. 48, 1. 40). However, for some 

cases where .,/. '> E: , the match was almost as good. The ( 1. 11, 

1.31) combination was the best of these. 
~ 

The parameter(s) in the trial wave function Py for 

the preceding two-electron c alculations were determined by 
,....., 

their values inf. A further calculation used a wave 

functi on i 
4 

i: which ~v was not so linked to f : 
tot o 

c.o ( ¢vu) foci) 1 
+ Cy ( ~ 1 O) ¢,_ (2.; - f--;_Cl) ?i (2)) 

(2.54) 



Table 8 

J 3HD as Calculated using Scaling Parameters 

which provide an Optimum Electron 
D~nsity Match at the Nucleus 

Wave Function J3HD (Hz) E 

'V 

! tot 2 
106 1. 36 

j 
tot 3 

148 1. 48 

~ I tot 3 
98.0 1.11 

Table 9 
~ 

J 3HD as Calculated using Si: tot 4 
(Variational Determination) 

Parameter 

1.536 (optimum) 

1.19 

"-, 

Energy (E <2.)) (Hz) 

-116 7 (minimum) 

-1004 

J 3HD (H z) 

119.5 

102.9 

o<. 

1. 40 

1. 31 

93 
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(2. 54 (b)) 

(2.54(c)) 

(2.5 4 (d)) 

B = f"!/)"'· 
If <A A-)-==- 0 , then : 

(2. 54(e)) 

c.,ei. = CZB 
(2. 54(f)) 

(2.5 4 (g) ) 

,r-.; 

so that} Y reduces to: 

,"\,-

~v 
(2. 55 ) 

- -iz_ (c\: ~ c., 92-) ( Pi-(\> BC2)- €{\\Pib."il 

If the wave function is normalized then: 

\ (2 .56 ) 

(2. 56 (a)) 
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The formula for the total energy is given by: 

E = E(O) + 1(2 ) 

= E. - 'J 
0 --------:----:-----

( \ - Op..e
2

) ( E "- E ') 

X C j_ ( (1) 6 Q (j) 6 ) 2. 
(. ~ ~or, oe - l°a. 0"1 

+ _l ( (2) (2) \ '2... 
Sl ~O ~ 60~ - ~OB 60,,_ ) 

- iJ. ( ~ o~
1
) 4s - i o1) 6of\) ( i•t·\~,B -1~,l 6Jf ( 2 

• 
5 7 1 

where E~ = (p/\)yici)t){b\,¢/i)ji<v) (2.57(a) ) 

Ev = ½ < (9iCl) ¢~c2-')- ¢2-C11~c2.'> 

\ ~D \ ( /5JL) P2-L2)- 9z C\) /, (2'))) 

lr 2. i.)/.'. l'l \ (2.s1 (b)) 
:=: 2\.C,{1 + Cl e. \F\(\)~(2)-aj)Fi2) /~b fi(\)'3(2)-9'.))\j(?_)) 

Ci.) 
io~ ::: < Po Q '-1 A) (2.57(c )) 

U) - <yi Q~, 8) QoG (2.57( d)) 

6
0 Pi = s ID R di (2. 57(e)) 

6os - J~Bd'Y (2.57(f)) 
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An expression for J
12 

may be obtained from Eq. 

2.57 by the same method that was used for the linked­

parameter calculations: 

In order to calculate JJHD' deuteride must be substituted 

for the second hydrogen: 

(2.59(a)) 

(2.59(b)) 

(1) < Pe Qi, r-{) °baPi' -
Q\,\ I 

( 2. s1fo)) 

U') 

( ~o Q~\ G') io61 -
(~2.s-1(J.1) 

Q ~l-

'> ) E ( 2) (~) ci') (1) (2) 
Since E 

~OA
1 = <to~' ~oe' -=- ~oo' and 

0 ' ) 

6 Of'\' ·=- 6oe' , the equation for JJHD reduces to: 

2. 

- Q~Qt> 0:~, 
\. ( l - 6~~,l 

(2.60) 

The E in Eq. 2.60 is the same as the E previously deter-
o NO 

mined for calculations of J JHD using ! M I Inspection 

of Eq. 2.54, 2.55, and 2.56 and comparison to Eq. 2.38 and 



2.39 shows that the trial wave functions in - ,...,, 
JM l and J~ 2. differ only in the scal,.tng parameter ,..._ 

€. from the trial wave function' fv in J-to+ lr 
rv 

Thus Ev for ~1+ 

equations for E 
V 

can be calculated using the same - ,..., 
as derived for J +t,t l and i-to\--2.. 
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by simply replacing the scaling parameter d.... for c 
Since the same formula for E was used for three of the 

V 

four wave functions used in the two-electron calculations 

of J
380

, it provided a good 11 checkpoint" for t~e accuracy 

of the calculations. The trial wave function f...., in all 

three cases corresponds to the 
3Lµ..) ffis :::=. 0 state of 

H2 as documented by Slater62 in Table 4-1. His Figure 

4-1 provides a graph of molecular energy versus the inter­
"'-' 

nuclear distance R for the case where 6- or IX.. in ~ y 

is equal to 1. Using values of R = 1 and R = 2 

(the value of R = 1.4 used in the calculations of J 380 

could not be read accurately from the graph), Ev cal­

culated using the formula derived in this section attained 

values of -.29 Hartrees and -.85 Hartrees , respectively. 

These results agree well with those of Slater. 

The integral ~o~'Q) can be expanded to yield: 

(\') - < rl, /1"'1 ,, 
~op;' - ~o \.)(n f\ 1 < e.(6'f'u,~ ~re\ \ e..-\.tr11 \ e o<r» > 

(2.61) 
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and Q_ en b . ·1 1 d d Vo~' can e simi ar y expan e : 

~0(/~\ = <.¢0 QI\ \SI> 

These integrals are obviously similar to the integral -~ (\) d . 1 . . "' ( 't)ov use in calcu ating J 3HD with X ~ 3 see Eq. 

2.51) and the same overlap subroutines were used for both. 
rv 

Since f v 
""-' 

is not linked to~ via its scaling 

parameter, the total energy as given in Eq. 2.57 can be 

minimized with respect to the parameter o< in ~v 

The value of E is much greater than the value of E( 2 ), 
0 

but the ground state energy is not affected by the value 

of~ so it is only necessary to minimize the second order 
~ 

term. In the computer programme used for the l +o+ 11-

calculation of J 3HD' the internal subroutine MINFUN was 

used to minimize E( 2 ) with respect too<.. . The optimum 

value of o( , along with the minimized energy and hetero­

coupling constant, are given in Table 9. In addition, 

the coupling constant has been calculated using a value 

of 1.19 for o<.. in order to compare the results for I tu\-
rv 

and i ~ >+ • These results should be the same since at 

o< = e = 1.19 the wave functions are the same. Within 

the margin of error, they do, in fact, agree. 

The results for the two-electron calculations of 



J
3

HD are obviously not very good, since comparison with 

the experimental value of 39 Ez demonstrates that they 

are two and a half to three times too large. Moreover, 
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,...., ""' 
the results for ~ 2 and ½-\-ct~ , in which some electron 

correlation was introduced into the ground state wave 
'V 

function, and for~~ , for which the second-order 

energy was minimized with respect to the scaling parameter 

in the trial (triplet) wave function, are worse than for 
~ 

the relatively simple _1:~
1 

• There are two possible 

reasons for these unimpressive results, both of which 

concern the form of the trial (triplet) wave function. 

1) In the derivations of the formulae for 
rv 

E( 2 ) and J
380 

which have been described in Section 2.2, 

the trial (triplet) wave function was assumed to have the 

form: 

= ~ ( ¢, c \) ¢~ci) - ¢2. C\) p/-z1 ') 
(2.25) and (2.54) 

where p\ is a symmetric wave function and 

is either symmetric or antisymmetric, but was 

assumed to be antisymmetric to give the correct 

sign for J
380

. 

Further analysis indicates that the triplet wave function 

should, in fact, be composed of both a symmetric and an 
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antisymmetric part: 

(2.63) 

where 

(2. 63 (a)) 

such that ¢1 is symmetric in both P+ and 1-
and f4. is symmetric in ~+ and antisymmetric in 

~ _ . Obviousl~ if 7>,_ is symmetric it cannot 

have the same scaling parameter asp, . 
2) The one-el~ctron calculations gave good 

results when a t riplet wave function constructed of long­

range terms only was used as the trial function. It may 

be, however, that th is i s only true for the one-electron 

derivation pre sented in Section 2.1, in which the short­

range terms cancel out and the long-range terms are 

related in · such a way that the long range expression for 

E
3

HD automatically yields the correct value. Further 

analysis indicates that short-range interactions should, 

in fact, contribute to the spin-spin coupling in the more 

general two-electron case and that the trial wave function 

should contain some short-range terms. 

Both of these suggestions are discussed more fully 

in Chapter 3. 
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CHAPTER 3 

DISCUSSION 

It was suggested at the end of Chapter 2 that the 

form of the total spatial part of the wave function should 

be: 

( 3. 1) 

(3.l(a)) _ 

(3.l(b)) 

such that the po are symmetric, ?5 1 is symmetric, 

and p,._ is symmetric in :{2 +- but antisymmetric in 

f_ . The case where fJ.2> is antisymmetric 

corresponds to the wave functions used in the two­

electron calculations in Section 2.2. 

C
0 

is related to c+ and c_ by: 

C () -\-C."'.2--+C2. + -
(3.l(c)) 
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The effect of including the symmetric term C+ ~+ 

in the wave function can best be studied by deriving an 

expression for the total energy. The one-electron cal­

culations in Chapter 2 were based on energy expressions 

derived using an isotropic operator while the two-electron 

calculations were based on energy expressions derived 

using an anisotropic operator. It can be shown that both 

the isotropic and anisotropic operators will eventually 

give the same relationships, but it is much easier to 

use the isotropic operator in the derivations. In the 

following analysis , the magnetic field is assumed to be 

polarized along the z-axis of the molecule so that the 

operator is given by: 

( 3. 2) 

where (3.2(a)) 
I\ 

~· 
'.3 -\o{.t•• 

Qji: l{_ e. ~j t,...r~ A· = Q· 
l J ~ 

~ 1T 
A. 

\-{ 2. e. - \-<1 • .'I'".: j 
or Q,,= ~- (3.2(b)) 

J'- iJ 
~r .. 4,.) 

It is assumed that there are two different nuclei, both 

with spin of ½ so that Ac:t\j for C:JJ . 

The general expression for the total energy (spin­

spin coupling energy added to the electronic energy which 
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accounts for most of the energy in the molecule ) is 

simila r to the one given in Eq. 2.22: 

( 3. 3) 

where~ = c~ Jo X electronic spin func t ion X 

nuclear spin function (3. 3 (a)) .,,,., 

~ = Cc+ JJr -+ c_ j_) X electronic spin funct ion 

x nuclear spin functi on 

(3.3(b)) 

an d (3.3( c )) 

For the system de scribed above , where m = ± ½, the elec­

tron ic and nuclear spin functions are the same as those 

(})( / 
given in Table 5 (see Chapter 2). The operator ~ns acts 

upon the spin functions in such a way that coupling is 

only non-zero between states which have opposing symmetries 

in their electronic spin functions. Equation 3.3 can be 

written in the form of a determinant; 

920 ~+ ~-

10 ~0- ~ Hot 
I 

Ho-
I 

!~ 1-\ o+ 
I 

[+ - b. 0 
( 3. 4 ) 

j_ ko} 0 E_-~ 



where \-\C>-\' = ( ]? o \ ~ns \ J+) 

H o-
1 

:: ( ~o \ ?~ "s. \ ':Q -) 

\=
0 

=- ( ½o \~o \ ~D) 

E + - \12+ \ ~o \ l➔) 

E_ - ( '!- \ ~o 11-) 
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(3.4(a)) 

( 3 .4 (b)) 

(3.4(c)) 

(3 . 4 (d)) 

(3.4 (e)) 

The other possible terms are equal to ze r o by either 

symmetry o r spin: 

H+~ ~ < ~+ \ ~ e \ ~ - ) 

\-\ +./ : < 2 ~ \ ~f\S \ £_ + ) 

~--

1 

~ < f - \ :l{"s \ ~-) 

1-\00
1 

= <i o \ ?-4ns. \ ~ o) 

1-i 0t
0 

= < i o \Ao\ l +) 

i-+ 0 - o = ( ~o \ ?..( o \ ~-) 

(3.4(f)) 

(3.4(g)) 

(3.4(h)) 

(3 . 4(i)) 

(3.4( j )) 

(3.4(k)) 
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( 3.4 ( 1 )) 

= 0 

Expanding the determinant and solving for E r educes the 

d eterminant to a relatively simpler equation : 

E == E 
0 

( 3 . 5 ) 

For the case where the nuclear spins are parallel to each 

othe r then : 

Since 1± are antisymmetric with respec t to ele ctron 

exchange and 9) 
0 

i s synm1etric : 

( 3.6 (b)) 

d • ( 3.6 (c)) 
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Now take: 

(3.6(d)) 

Then using the spatial symmetry of f+ and ~-

Substituting Eq. 3.6(f) into Eq. 3.5 reformulates the 

equation in terms of the integral Q ,?0
: 

Similarly for the case where the nuclear spins are anti­

parallel: 

(3.8(b}) 
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- A I -=i= ~:2.. <~o }Q1,o\~t) = ~?~-~ Q,;o (3. 8 (c)) 

~ 1. 

so that: 

E t-1.- -.. Eo - (A l'Z.+ \_') ((Q ,;o )2 + (Q,~oy, 
1- l £"-+ - £ E - E:. 

For the isotropic case (presence of a polarizing nuclear 

field): 

(Note that Et-~ is not the same as Et-~ for the anise-

tropic case in which Et~ = . ) Taking the 

difference between Eq. 3.lO(a) and 3.lO(b) and equating 

it to the difference between Eq. 3.7 and 3.9 yields an 

expression for J
12

: 

- ~\\-or) 
t:_-\.; ) 

(3.11) 
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In the two-electron derivation of J 12 as described in 

Section 2. 2, G( ~o = O a nd \, - \2. = O, i.e. ~ 1-= A2 

The expression f or J
12 

under these conditions reduces to: 

:::: 

where 

--

Q~ '2 ~o-) '2. 

h. ( E_ -E.) 

2 <y./·{ Q\l~o)' 
h (t;:_-E) 

~o- = < ¢0 ~,,-o P,._) 

(3.12) 

(3.12 (a)) 

This agrees with Eq. 2.37( a ) ( t he equation f or J3HD) if one 
Is 

of the Q~ · is replaced by Q b . However, neglect of the 
I'\, 

symmetric contribution toJv may not be valid. If the 

expression for J 12 is expanded in terms of one-el e ctron 

integrals then: 

(3.13) 

where to~ :::: < ¢ t.> Q 11-t b r/>!2._) (3.13(a)) 

\oo < ¢~ Ql:o ¢0) (3.13(b)) 

6oi : < r/4 I>~+> (3.13(c)) 

(3.14) 
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The ioo 60 _ term is zero because ,6
0 

is symme tric while A­
is antisymmetric. 

JI.._= - A,),,_ u~ 0-1 _yoo 6,.,.) 
2 

- (10-~ j 
\ E +- \; E_-E 

('3,\':>) 

~ - A, :>-,. 1 ( '\ ot ._ }l°<~•o 60+ + ~•0

2 

6,,.." - ( '1P-\' ? 
E + -E E_-E") 

Now suppose the trial (triplet) wave function is dominated 

by some term which is sharply peaked at the nucleus. Both 

of the triplet energies E+ and E will then be dominated 

by the kinetic energy term which will be very large due to 

the short range contribution, so that 

will be approximately equal to '\o- . 
E ~ E • 

+ -
2. 

The io± 
Eq. 3.15 will then cancel each other so that: 

~.,__-= A\\~ ( 4oi-300 6~ - ~Otl 2- 60+2.) 

E + - E. 

Also, Do+ 
terms in 

(3 . 16) 

Since ~ 00 is very small, the dominant term in J 12 will be 

2 lo+ <too 6 0 + • This is not, however, true of the self­

coupling energies. The self-coupling terms are proportion­

al to: 

(Q \to )'2.. 
E➔ -E 

-t-
(3.17) 
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If these terms are expanded under the assumption that the 

triplet wave function is dominated by a peaked short-range 

term, the ( ~± 0 
) 2 terms are addi tive and contribute the 

larges t portion of the ene rgy. Since 1)±.o >) ~
00 

6o+ , the 

self-coupling energies will be much larger than the cross-

coupling energies. This suggests that the trial wave 

function should be determined by doing a variational 

calculation on the self-coupling energy, and the result 

then used to calculate the cross-coupling energy directly. 

The question should then be asked: what form of 

trial wave function will give a reasonable self-coupling 

energy? The desirable wave function should have both a 

short-range and a l ong-range contribution. In the first 

set of calcu lations for the one-e lectron approximat i on, 

the trial function contained both short and long-range 

terms: 

and the analogous two-electron functions would be: 

c , ( e - 1 r-" + e. - J rb) (3.18(a}) 

+ C.2_ (e - ~'4 + e..-Kr-1>) 
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(3.18 (b)) 

(3.lB(c)) 

However, this may not be the best form of the wave 

function to use. The first-order wave function obtained 

for hyperfine splitting in the H-atorn using the operator 

V 1 ( r) in Eq. 1. 5 7 (i.e. Eq. 3. 2 (a) ) is: 

r':(r)= -r Qr! \{ 'S ft 1 (I{•) + e.. t-(_ r + ~ J + r e -fi 1T (~+2.)3 

( \ - e_:-~r) (Ii.+ 2. )'- e- 't\.r f (3 . 19) 
+\) +-

2r 4- \{ 
where (3.19(a)) 

t)=: - S' -~~ , 5 < IS \$> 
I rp, <(Jo = 0 X 

and the corresponding second order energy is: 

- ('2,.) Q ?. t{ " l -S-1{ rr 4- ~ -¼-O{·\-\) I:::. -::: 
~ 

111- (~ ~2.) '- 12. j2_ Ck t-2) 'L 

+ 3 ~ ~ 3 + \ 
=4,J{ \ G:, Ct{+\) ~+2 \ ~( rl--+-1) '2-

+ 32. I{ (I{.+\)'- ] 

(3.20) 
~ s 

3 2. \{(\{_+\) 
For the operator v2 (r) (see Eq. 3.2(b)) the quations a re 



similar: 

where 

-r e. 
,Rf 

The corresponding second order 

Ec2.) - '2. I{ 1r 

energy is: 

j_ -Qti Lt +-
1f i (~+2)4- i-

1-(l+1) ] 
-)f + 

K.+ 2. 
The second order energy is of the order of 

Q'n?./,r"' so only the terms -5 51 in 32 32 
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( 3. 21) 

~(\{+2.}2-4-
4CH..+\) 

(3.22) 

magnitude of 

Eq. 3.20 and 

~+¾in Eq. 3.22 contribute significantly. In both cases 

the part of the first order wave function that gives rise 

to these terms is the term. 

A reasonable trial wave function for spin-spin-coupling 

in HD based on this type of term would be: 

p, - wt ( //1' ( e.-t r-. +- e.-+ ro) 

f ~ E U\ ¢0 
(3. 23 (a)) 
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rj 2 ± :!: (- - •<re e -olro) == c, e ! 
'('~ r!) 

+ 
i. e -- C -( -iSr~ + e.-/1r•) (3.23 (b)) 

r'+ rl) 

where o<. is of the order of magnitude of 10° and 

(3 = \\-\-0\ is of the order of magnitude of 1 0+ 5 • 

The parameters o( and (3 can be varied to give an 

optimum value for the self-coupling energy, and the wave 

funct ion with the optimized parameters then used to 

calculate JJHD" Preliminary, approximate calculations 

indicate that a wave function like the one in Eq. 3.23 

with o<.. = 1 and (i = 30000 + 1 should l ead to heterocoup-

t:) '2./-n- 2. ling cons tants o f the order of magnitude of ~ ., 

which is correct. In contrast, a wave function without 

1 
the - dependence (see Eq. 3.18) appears to lead to 

rN 

coupling constants which are too large. While both 

wave functions are peaked at the nucleus, the function 

which is dependent on! falls off faster as distance from 
rN 

the nucleus increases, indicating that the short range 

contribution is only important very close to the nucleus. 

The wave function proposed in Eq . 3.23 will 

probably result in self - coupling energies which are too 

large and hence unphysical. However, this feature results 

from spur i ous terms introduced by the form of the operator. 

In the expression f or the self-coupling energy, these 
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terms are significant, but it is possible that they 

cancel in the calculation of J
38

D. Detailed calculations 

for HD using such a wave function have not yet been 

attempted. Such calculations must test the tentative 

conclusions that: 

1) The trial (triplet) wave function must 

consist of both a symmetric and an antisymmetric part. 

2) The trial wave function must contain both 

short-range and long-range contributions. 

3) The trial wavefunction should be based on 

terms similar to those which give the main contribution 

to the hyperfine splitting energy in the H-atom. It is 

possible that, in a molecule, other long-range terms 
-t­

such as te._ 
fi 

-r 
and e.. 

t[=ff r 
may also contribute to the 

heterocoupling energy and this should be examined . 

4) A variational calculation of the self-coupling 

energy with respect to the short and long-range scaling 

parameters (3 and o<. could lead to results which are too 

large. However, the optimized wave function can still 

be used to calculate J)HD if the unphysical terms cancel 

in the equation for the cross-coupling energy. 
-cxr -fsv-

If the e - e. type term does provide the 
r 

main contribution to the self and cross-coupling 

energies, the trial wave function for spin-spin coupling 



between hydrogen atoms in any molecule could likely be 

based on this type of term. The major part of the cal­

culation would then consist of finding an appropriate 

ground state wave function. Such a situation is 

obviously desirable, but its testing must wait for the 

future. 
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APPENDIX l 

A Few Notes on Basic Perturbation Theory 
and the Perturbation-Variation Method 

Perturbation theory assumes that the total system 

described by the Schrodinger Equation: 

may be 

system 

Al.l 

represented by the sum of a Hamiltonian'f: for some 
0 

for which the solution, '?f (O), is known (usually~ 

is the non-relativistic electronic Hamiltonian) and some 
I 

perturbation operators ~t- such that: 

where 

is the zeroth order (unpe rturbed) Schrodinger 

Equation and the ~rare strength parameters 

which measure the contribution from each 

perturbation. 

Al. 2 

Al. 3 

To solve Al.2 it is assumed that the total wave function 

and total ene rgy may be expressed in terms of the zeroth 

order wave functions,?t_(o), and eigenvalues, E(O) , and 

the appropriate number of nth order perturbation functions 

and energies. These may be writteP as a Taylor series 

expansion in the ~r= 
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+ . ' . 

+ ... 
For a single p~rturbation ) 1/{,

1 
equations Al. 4 (a) and 

Al. S(a ) reduce to: 

'E(A \ -::; £Co\-+ A E(\ \ -\.- \ ~ E (2-')-t-. I • AL 4 (b) 

"4.I (A) = \.jl Co) +- )/Y, ~) --\- ';?- ?f (?.-)-+ ' • I Al. 5 (b) 

and the Schrodinger Equation may be written as: 

('* o -+ A ~ 1 
) ( SL' (o) + ~ ~ (\) + , , , ) 

~ ( E. (o) + J\ E(l'i +" I) ( rJ•{O) + A r-t/1(\ )~ ' I I) 

Collecting terms common ~n powers of A yields the follow­

ing expression: 
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{ <!J{o 7..f Co) _ E (o) ?,JI' o) ) 

!!! s. 
+ b, A'S ( - ~o [; ( t - s;) sV l -e) + ~ t> c/' ( s) 

+ ,, I st' Cs-\) ) =- Q 

If this equation is to be independent of~, then the 

bracketed expressions must equal zero; thus the solution of 

Al.7 reduces to a set of s + 1 differential equations: 

Al. 8 (a) 

Al. 8 (b) 

(~o - E(o))'")f(z) -1- (7{, - ~)Yl/fa)_ ECiJq}o) Al. 8 (c) 

• ==o 
• 
• 

The first order energy can be calculated from 

Al.8(a) and Al.8(b) and requires only the zeroth order 

wave function and the perturbation operator provided~(l) 

is defined on the same space as¥'(o) and -'( is Hermitian: 
0 

Al. 9 

I£1/(0) is normalized, the denominator reduces to unity. 

Properties such as spin-spin coupling which require 

second order or higher energies cannot be calculated unless 

first or even higher order wave functions are known since 
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from Al.B (a ), Al.B (b), and Al.B (c ): 

Al.10 

For spin-spin coupling in molecules with singlet ground 

states, the calculation of E (2 ) is simplified since the 

f . t d . 1· E(l) . l _._ 1rs or er spin-couping energy is equa ~o zero. 

However, it is still necessary to obtain t he first order 

wave function by solving Eq. ALB (b). In general, the 

solution of this equation is not easy, although in some 

c ases it can be solved analytically. 

The perturbed wave functions are usually expressed 

in terms of an .expansion of 1" ( 1 ) in terms of zero order 

excited state wave functions: 

(?/ lo) ~ 1 ~~ Co)) ~Co) 

C lo) _~ (o) 
i.:..o - n 

Al.11 

so that E( 2 ) is given by: 

<~>to))~ I ~to) )_S~to) }f '?.fo(OJ > 
E(o\ - E (o\ 

0 

Al.12 

wher. the summations are over all of the discre-'-e states 

plus an integral over the continuum. 

Perturbation ~ave fun ctions may also be obtained 
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by a variational approximation. Consider a system repre­

sented by the following operators and wave functions: 

Then 

Al.13 

Al.14 

where ~f.l' 1j)-O) are the e lectronic Hamiltonian 

and ground state wave function, repectively 

~
1
is th~ Hamiltonian representing the 

perturbation 
"'\; 

'?V(l) is an arbitrary trial wave function 

assuming 1/(0) , 7/(1) are normalized 

Expanding the integral in Al.15 results in a collection 

of terms which may be characterized by their order in 

analogy to perturbation theory: 

(0th order ) Al.16 (a) 

E (\) ::: < ~ Co\ \ '?,{ 1 \ ~ {o)) +- < yJ' (I ') \ ~ 
0 

_ (
0 ~ ?/ ( o)) 

+ <"?! lo'\ I .4o - E4 ~ m) 

(1st o rder ) Al.16 (b) 
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l"V 

E {2> - (~(\) \fat/ l '?/'Co)> + < s/-'Co)\~/) if')) 

+ < ~(\ \ \ <){ o - E Co)\ yn) > 
(2nd orde r) Al.16 (c) 

--== (··J) < ~c,\ 1c-ir '\""'nr')) t: = ¥ /~ "/'~ (3rd order) Al.16(d) 

For spin-spin coupling in molecules with singlet ground 

states·and?/(O) orthogonal toi(l), ~(l) = O. The spin-

coupling operator ~ 1 
changes the symmetry of the wave 

functions while -'{.0 preserves it. 

If ~ 01 ~
1 

are Hermitian, the second order energy 

becomes: 

rv C.'2..) 
E :: 2 <~(\>I?{ 1 l 1/(o)) 

+ < cl G) ~ ?.(o _ E o) \ ¥ c,) > 
Al.17 

Hylleraas' principle states that for the ground state of 

a system: 

Al.18 

where E ( 2 ) is the exact second order perturbation 

energy. 

27 The proof is as follows - : 

,._,. ;'\.J 

Subs tituting for'0 (l) ='¥'(l) +ff(l) in Eq. Al.17: 



126 

E('l..) - E (, 'l = 2 < £1/(l) \ [(~
0 

- E(e))st, (\) 

+ ?-f 1
~ 1 '> + < £~0) \ '-to - E0

) \ ~VU)) 

Al.19 

where¥(l) is the exact first order wave function. 

The term in ~ vanishes because of Eq. AL 8 (b) and the term 

in 62 is positive because E(O) is the lowest eigenvalue 

of !2f_, so E ( 2 ) - E <2 ) is positive. Notice that if 
,., 0 

~(l} ='¥'< 1 \ then Eq. Al.17 should be equivalent to Al.10. 

This means that if '¥1 1 ) is the exact first order wave 

function then: 

Al.20 

Us ually the first order equation Al.8(b) cannot be 

solved analytically. The perturbation-variation method 

approximates E( 2 ) and ~(l) by inserting a trial function 

"""' rv 
7r(l) in Eq. 1.17 and making E( 2 ) stationary with respect 

to the variational parameters present in1/(l). In cases 

whereo/'(O) is not known exactly, Eq. 1.17 may still be 

used to approximate'¥'(l) by making 'i"( 2 ) stationary, but 

~(2) 
E is no longer a correct variational approximation to 

E ( 2) • 

Spin-spin coupling constants are sometimes calcu­

lated using double perturbation theory. Recasting 
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Eq. Al.13 and Al.14 as a double perturbation one has: 

Al.21 

Al.22 

Equation Al.16(c) can be expanded and divided into self­

terms and cross-terms: 

where 

r',,; 

µv E. ,i 

=- 2 < ?/Joo \ V ~ 01 IV ~I) 

+ < V ~\ \ ~o -Eoo \ V ?ft!,\) 

2 < 11-'oo l__µ. %f1o \ V st'o\ > 
+ 2 < '1/lo o \ \-J ~o\ \ µ.. ""Wo '> 

Al.23 

Al.24 

Al . 25 

-\- 2 ~c/ lo \ ~ o - E00 l ·v ?/lo\) 

Al.26 
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Equation Al.26 may be further simplified by using 

Dalgarno's interchange theorem, 27 ,ss, 59 which states that 

any integral involving'f 01z,t;_ 0 may be interchanged for 

others involving ~l 
O 
~l. Hence the equation becomes: 

,».v E\,-== 2t<~o }_,µ. 'f 10 \v~, > 
+ 2 <~ 7"o I ?{0 - Eao) V ?I{, r ) 

Al. 26 (a) 

35 Das and Bersohn showed that the Hylleraas Variational 

principle also applies to the second order energy in 

Eq. Al.23. In spin-spin coupling calculations,~
0 

is 

rarely, if ever, exact. However, the variational prin­

ciple would .fail only if the total wave function (~ or 

the difference between the exact first order perturbation 

function and the trial wave function (~~l)) were a 

better approximation to the lowest wave function than t 0 • 
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