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ABSTRACT OF THESIS

There does not exist, at present, any definitive
method of calculating nuclear spin-spin coupling con-
stants. The main contribution to nuclear spin-spin coup-
ling between hydrogen.atoms is due to what is called
"Fermi contact" interaction. Unfortunately the tradi-
tional operator used to represent this interaction is
valid to only first order in perturbation theory and
results in infinite second order self-coupling energies
when either perturbation or perturbation-variation methods
are applied. Phenomenological operators have been devel-
oped which remove the singularities at the nucleus which
cause the diverging second order energy.

This thesis summarizes general nuclear spin-spin
coupling theory and the derivation of appropriate opera-
tors, reviews previous work in this area, and presents a
number of variational calculations of the Fermi contact
part of the spin-spin coupling constant of hydrogen
deuteride, all using a phenomenological operator developed
by T.W. Dingle. There were two different approaches to
the problem:

1) The first set of calculations used a one-

electron approximation which allowed comparison with



previous work reported

similar operator.

2) The second

iii

by other researchers who used a

set of calculations used a more

accurate method that allowed for the retention of two-

electron interaction terms.

While the one-electron calculations gave good

results under specific constraints, the two-electron

calculations yielded rather poor results. The trial wave

functions used in the

latter instance were probably

inadequate to describe the effect of spin-spin coupling

on the electronic charge distribution in the molecule.

A discussion of the criteria which should be used to

select such a wave function and some tentative proposals

as to the form of the wave

end of the thesis.

function are presented at the
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CHAPTER 1
INTRODUCTION TO SPIN-SPIN COUPLING CALCULATIONS
1.1 GENERAL THEORY

The magnetic behavior of a nucleus depends upon the
interaction of the magnetic moment, associated with its
spin angular momentum, with external fields and the elec-
trons and other nuclei in the molecule. As with electronic
systems, nuclear angular momentum is expressed in terms of
a spin number, I. For any given type of nuclear isotope,

1

I is constant and its value is always some multiple of 5

The largest measurable value of the square of the spin

2

angular momentum is I(I + 1)Kh°, where © = h/27 and h =

6.626 x 107 35  is Planck's constant. Its projection
along the axis of the main field is quantized, i.e. it will

have the value miﬁ where m is the magnetic quantum number:

ml - I.>1‘\)...) "I (1.1)
This represents a total of 2I + 1 states.

The magnetic moment of a nucleus is given by:

Rt * L, (1.2)
where IN is the nuclear g factor (also called the
Landé or spectroscopic splitting factor) which is a
measure of spin motion of the nucleus in relation

to its total angular momentum.



is called the nuclear Bohr magneton, which is

defined in terms of the hydrogen nucleus:

a, = eR/am,c - (1.2(a))

where MH is the mass of the hydrogen nucleus
c is the velocity of electromagnetic radiation
e is the charge on one electron.

For a hydrogen nucleus, = 5.58490 and

2

9
B = 5.050951 x 10727 g/r.

If I is non-vanishing, the magnetic momeﬁt vector is always
parallel to the angular momentum vector and has a maximum

observable component ,, :

- Vo, :
A = g, W, g TT T+ (1.3)
N §
Magnetic properties are sometimes expressed in terms of the

magnetogyric ratio:

Y = v/ LHh (1.4)

7

For a proton, ¥, = 4.2577 x 10

N

Hz/T

In the absence of external magnetic forces, the
2I + 1 states all have the same energy, but upon the appli-
cation of a magnetic field, ﬁo’ they split into 2I + 1
equally spaced energy levels. Nuclear magnetic resonance
spectra are the results of transitions between these energy

levels. Such a system can be described in mathematical
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where MH is the mass of the hydrogen nucleus
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e is the charge on one electron.

For a hydrogen nucleus, = 5.58490 and

27

9H
Bi = 5.050951 x 107%" g/T.

If I is non-vanishing, the magnetic moment vector is always
parallel to the angular momentum vector and has a maximum

observable compbnent'/4N:

: - V.

A = gu My B, CT(I+N1 (1.3)
My :

Magnetic properties are sometimes expressed in terms of the

magnetogyric ratio:

- IR iy ‘ (1.4)

For a proton, ¥, = 4.2577 x 10’ Hz/T

In the absence of external magnetic forces, the
2T + 1 states all have the same energy, but upon the appli-
cation of a magnetic field, ﬁo' they split into 2I + 1
equally spaced energy levels. Nuclear magnetic resonance

spectra are the results of transitions between these energy

levels. Such a system can be described in mathematical



terms by applying an operator, based on the interaction
between an external magnetic field operator and the
angular momentum operator i that corresponds to the spin
number I, to a set of spin functions which represent the

2I + 1 states. The operator which corresponds to the

nucleus - magnetic field interaction is:

5 A
%as = M Ho (1.5)

where Ho is the external magnetic field operator

A
and)u,is the magnetic moment operator such that:

= N 3
M = =Y hI (1.6)
The energy levels are given by:

E = yhkmH, (1.7)
However, in a molecule the energy levels and hence the
frequencies of absorption can be affected by two other
factors:

(i) Chemical Shift: Nuclei of the same species

in different chemical environments absorb energy at
different frequencies (V) due to the fact that they are
shielded to different extents from the applied magnetic
field by the electrons in the molecule. The operator in

Eq. (1.5) must then be modified:

M. = = H, (1~6) (1.8)



where &, is the shielding coefficient of the
nucleus under consideration.
The details of chemical shift are not of concern here and
will not be discussed further.

(ii) Spin-spin Coupling

Compounds with nuclei in more than one chem-
ical environment and I # 0 may exhibit multiplet splitting.
This splitting is due to coupling between the nuclear spins
and occurs directly through space and also via the bonding
electrons. Each energy level can be shifted and this may
lead to an increase in the number of lines in the NMR
spectrum. The separation of lines due to spin-spin coup-
ling is independent of external field strength and is
described in terms of a coupling constant J where N and

NN'

N' are the two coupled nuclei. 1In a first order spectrum
( J".‘:(( SNN' where XNNF‘SN-SN/F'V”—\JA is the difference
between chemical shifts), a nuclszs surrounded by n indis-
tinguishable nuclei will be split into 2nI + 1 components,
where I is the spin number of the surrounding nuclei. For
example, for HD, IH = %, ID =1, and n = 1, so that the
absorption for the hydrogen is split into three components
and the absorption for deuterium is split into two. Thus

the spectrum of HD has the qualitative appearance given in

Figure 1l:



Figure 1

NMR Spectrum of HD

Iﬂo jHD

M 0

) He
VD

\Vp "\JH,
Since each nucleus in this case is coupled to only one
other nucleus, all lines inV, and in V, have equal
intensity. For cases in which n > 1, the situation is more
complex and the lines within a given splitting can have
different intensities.

Spin-spin coupling is not observed between nuclei
which are magnetically equivalent, but this does not neces-
safily mean that there is no coupling between them. It can
be provenl that the transition energy in such cases is
independent of the coupling term so that only a single
resonance is observed.

It is possible to obtain a fairly exact estimate of
the magnitude of the coupling constant in some cases from
known values for the same molecule in which one of the

nuclei is replaced by one of its isotopes. For example,



in the case of the hydrogen molecule, JHD/JHH is equal to

the ratio of the magnetogyric ratios of the two nuclei:

JHD/JHH = YD/XH = 0.154 (1.9)

This conversion is not exact and for very accurate calcu-
lations it must be corrected to account for the different
amplitudes in the gréund vibrational states of the mole-
cule, but for the accuracy required by the work in this
thesis, these corrections can be ignored.

Spin-spin coupling can occur when there is no
external magnetic field. Therefore, the operator repre-
senting spin-spin coupling must contain terms which depend
on the internuclear interaction only. This operator,
3%3  can be expressed at two levels of sophistication.
The first is a purely phenomenological operator in which

the spin-spin coupling constants, J occur as para-

NNII
meters:

95(,\5 o ZZ JNN, (ini) + z';_- Xu (pio' j\:"\ (1.10)

N <N

where the first term represents the internuclear
interaction and the second term represents the
external field - nuclear field interaction.
If the total Hamiltonian is considered, that is, the
familiargyé representing the electronic interactions is

included:



Y, WP (R, 1 (1.11)

then the energy of the system is given by:

Eua = S¥AL¥) (1.12(a))

where’y-= y;patial + electronic spin

x
nuclear spin

=¥ %ns (1.12(b))
is a normalized wave function.

Thus:

(Vo YoM Ml B %
W A, Voo g Y 3 SHafs V)
E, + <¥%.¥)

Substituting Eq. 1.10 into 1.13:

S

I

H

{1:.13)

E, + ¥ M. ¥
Eo i <?’€e ‘%\sl§<§‘ JNN’(fN"IN\
AR NCER TN A,

This expression gives the possible energy levels for the

i

E

(1.14)

system when spin-spin coupling is taken into account, and

allows for the analysis of the NMR spectrum. However, a

quantitative analysis requires a knowledge of the coupling

constants JNN"
. . . <

In a first order situation <3-NN, < \\{.—\Juz,)the
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energy associated with spin-spin coupling can be considered
independently of the interaction with the applied field.

For hydrogen deuteride, the spin-spin coupling operator is
given by:
o~ 0 ~ A ~ A

gL&‘\s . J\N 1H.IH o JDDID.Ib g JHD I‘“.I" (1.15)
The relationship between‘the magnetic quantum number
(m, = 3%, E%) and the stsible.wave functions is given in
Table 1.

In the presence of a magnetic field, the ground
state of the HD molecule will be split by the interaction
of the two nuclei with the field; the hydrogen nucleus
(I = %) will yield two separate states and the deuterium
nucleus (I = 1) will split each of these into three. Spin-
spin coupling will further affect the energies of the
states; An energy level diagram for such a system is shown
in Figure 2.

From Figure 2 it is obvious that there are three
possible energy transitions for the H nucleus and two

possible energy transitions for the D nucleus:

H VH - JuD D Vp - JHD
Vy Vp + Jup
VY Hu + Jup

These yield the spectrum given in Figure 1. It should be



Table 1
Relationship between Mg

and Nuclear Spin Wave Functions of HD

M ' Wave Functions
Parallel Spins Antiparallel Spins
+3 - aA

+1 a0 bA

e aB b0

2 .

_2 bB
2

Lower case letters represent the hydrogen nucleus

w8 Pl

1 1

b = ). Upper case letters represent the

deuterium nucleus (A =1, 0 = 0, B = -1).

Figure 2

Energy Levels of HD
in the Presence of a Magnetic Field

E o .:M...L S
.‘.. vb [ Vg‘f_j:uz
o "

<

‘\" ;\)> 2 /]l\ }VD‘- Tup
(8 'I'_.' 2’

Solid arrows indicate energy transitions
which are allowed for the H nucleus.
Dashed arrows indicate energy transitions
which are allowed for the D nucleus.
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noted that for a non-first order case, mixing occurs
between states and the position of the energy levels and
hence the transitions between them is more complex than
depicted in Figure 2.

A more sophisticated approach is to try to develop
an operator which expresses the JNN' in terms of the inter-
action between the magnetic effects due to the nuclear
' spins and those associated with the spin and orbital motion
of the electrons. Since particle spin is essentially a
relativistic effect, the nuclear spin operator should, in
theory, be derived from relativistic considerations of the
electromagnetic interactions. However, relativistic calcu-
lations are difficult for one and two particle systems and
impossible for many particle systems. The effects of spin
are usually expressed as "relativistic corrections" to the
non-relativistic Schrddinger description of the system, so
that the resulting operator is only an approximation. A
detailed discussion of this approach follows in the next

section.

1.2 FORMULISM OF SPIN-SPIN COUPLING OPERATORS

"The conceptual framework of chemistry consists of
an uneasy combination of quantum and classical (mechanistic)
ideas. When one comes to consider the possibility of a

theory of spin interactions in molecules one must take



11
cognizance of the radically different interpretation of the
quantum uncertainty relations which is forced by the
existance of a limiting velocity (the velocity of light).
This leads to the conclusion that particle co-ordinates
and momenta cannot act as dynamical variables since they
have no precise significance in a relativistic theory and
so the entire formalism of non-relativistic gquantum mech-
anics prédicted on the probablistic interpretation of the
wave function must be given up if one is to achieve a con-
sistent relativistic theory. Consequently one cannot give
a precise meaning to the idea of spin-spin coupling within
a molecule, and if one insists on retaining the idea the
most one can hope to achieve is a non-relativistic phenom-
enology."49

In light of the above comment, the essential
effects of particle spin are usually formulated as small
"relativistic corrections" to the non-relativistic Schro-
dinger description. For the one-electroﬁ atom the relati-
vistic Dirac Hamiltonian}¥b as the most satisfactory way

to describe the nuclear-electronic interactions:

2{» -~ ﬂmec' —e/d + c:< (P *e’f:\) (1.16)

-~

where me, -e, and p are the mass, charge, and
canonical momentum of the electron, respectively

N
A and/e are the Dirac operators, usually



32
represented by 4 x 4 matrices so that the wave
functions associated with the Dirac Equation have
four components (two corresponding roughly to
positive energy and two corresponding to negative
energy) and are called spinors.

The electronic potential}é and the magnetic

- potential A are given by Eq. (1.17) and (1.18):

525 =.%e/7>bﬂ E,r Lo ¢ s b

A
R = (g p e, )TN/ P (1.18)
The Dirac formulism ignores radiative effects (which may
be introduced phenomenologically if necessary) and
approximates the nucleus by a point charge.
There are a number of methods used to reduce the
Dirac Equation to a non-relativistic form:
(1) a partitioning technique known as "the
méthod of large and small componenfs"55
(ii) a unitary transformation utilizing a series
expanéiOn (the Foldy and Wouthuysen method)56
(iii) the projection technique of Feynmann and
Gell-man.57
In all cases the resulting Hamiltonian is an
infinite series in powers of an appropriate parameter.

The higher order terms result from the elimination of

coupling between the four components of the spinors.
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For calculation of second order hyperfine energies the

relevant terms are:

A

X,

(1.19(a))

I

3

(g
P

+
>
rﬂ
P

E

|

2]
9.

+ (e/m) A \g (1.19 (b))

» ~
* (e.'ﬂ/m)g - VNA (1.19 (c))
-
+. (e*/2m) A (1.19(d))
. A Val
+ (Lﬁl/m)g - A NA (1.19 (e))
+ .,. higher order terms

Egq. (1.19(a)) corresponds to the zeroth-order one-
electron Hamiltonian. Substituting Eq. (1.18) into
(1.19(b)) results in a term proportional to f'f, which
goes to zero when only s states are under consideration
and does not contribute to second order energies. The
perturbationl.19(c), which involves the magnetic field due
to the nuclear magnetic moment, yields both the dipole-
dipole interaction operator (Eq. 1.26) and the Fermi

contact term (Eg. 1.21):

* (33N/4,,/L~/’+Treo c*)
« (8- D)/e* -3 (5 NTHV/F) a2

(23 u My My, [3e, N SG) (8 i) (1.21)
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Equations 1.19(d) and 1.19(e) compencsate for the removal
of the contribution from relativistic negative energy
states to the second order perturbation energy.50

Mathematical representation for systems with more
"than one electron cannot be formulated exactly. Such
systems include an interaction term between the two
electrons. The usual method of treating a two-body system
is to assume that the operator may be expressed as:

?f:=5¥i' +5¥é' + interaction term where {1.22)
ﬁ%i' andj%é' are Dirac operators reduced to the expanded
form of 1.19 and the interaction term is derived by con-
sidering each electron separately and assuming the other
electron is a source of electrical and magnetic fields.
For a two-electron system, the Breit Equation (1.23) is

analogous to the one-electron Dirac Equation:

Al = 7*{,/ * 2{; (1.23(a))

e,ez/k/vn €oNia _ (1.23(b))
- A A
o [h @)
Cre,mm, e> Vg

| 8

+-<fi .Fm)_J_. (i%z' ;L ) ]
3

12 (23 e))



£5

= €2, [ Sl . (r‘L[\ TT,\
8ne,ctr, iy
~ ~ A -3
g (F‘lf\ﬂL> ' (1.23(d))
P J

1%

< [ §‘ '(ﬁl/\ﬁl) -—gz' (ﬁ;/\/l\\‘)] (1.23(e))

3
¥pe,mm,c? r

+ ee, R

*ne, [Hre, mm,c>

x {_/S\lSA ~ 3 (/g\l ) ?‘nz(é”i&l

2
3
Ty

- 8u S(F) (5, §1)]
3

-~
‘l')—

(L 230ENY
+ ... higher order terms
/s N . A ]
where [, = P° + e R, (1.24)

Equation 1.23(b) is the normal zeroth-order electrostatic
repulsion term. The term in Eg. 1.23(c) represents orbit-
orbit coupling while Eq. 1.23(d) and Eg. 1.23(e) represent
spin-orbit coupling. Eqg. 1.23(f) represents spin-spin
coupling and is analogous to Eg. 1.20 and 1.21 combined.
The Dirac theory correctly predicts the nuclear g-

factor (gN) but fails to predict the anomalous magnetic
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moments that are obtained experimentally. These magnetic
moments may be included phenomenologically provided that no
terms characteristic of the Dirac theory remain in the
non-relativistic formulism. In effect this limits the use
of the Breit Equation in perturbation theory to first
order and some but not all second order phenomena.

In order to calculate spin-spin coupling constants,

Egq. 1.23 must be extended to molecules:
: A2 A
Ko R T eh) F gep (B
2m

—SNéN é\; [T?c/\Eu "Ez/\‘ﬁ\.‘-]
A me?

+ electron repulsion terms

+ electron spin - electron spin interaction
terms

+ smaller relativistic terms

+ purely nuclear terms such as nuclear kinetic

energy and electrostatic terms

+ nuclear spin magnetic interaction {1.25)
where

A A

TTL‘Fc+e-

i

N
r.

o

R,
b+ 2 ¥, (T N

(1.26)



1
The terms in Eqg. 1.25 for which no formulae are given are
unimportant in this work and can be ignored. Substitution
of Egq. 1.26 into Eq. 1.25 and expansion leads to an opera-
tor which is often partitioned into five sub-operators:
%ﬁ% Jrg‘llns +ﬂbns +%ns +%ns buE
wheref%é is the usual electronic operator

with no nuclear spin terms

%(msz-—e— ZZ: b’NI ',Y\‘N/\{D\é

N\
(b
M
=M
;K
>
#
J§>>

(1.27(a))

(1.27 (b))
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(1.27(c))

(1L.271(4))
Since there is no external magnetic field in the system
considered here, the magnetic interactions represented by
ﬂﬁm;in Eg. 1.27 are restricted to intramolecular and
intermolecular effects. Electron orbital-orbital, orbital-
spin, and spin-spin interactions have been ignored because
these are negligible for singlet molecular states. The
operatoraf' consists of magnetic shielding terms. 1In
both 1.27(;f and 1.27(c) the operators describe nucleus-
electron-electron—nucléus spin interaction. g¥;mﬂ which
according to Ramsey3 represents the interaction of the
nuclear spins through magnetic polarization of nearby

electrons, is referred to as the Fermi contact operator.

Qﬁns represents direct nuclear dipole-dipole interaction.
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For fluids in which all molecular orientations are equally

probable,9¥hns averages to zero.

1.3 PERTURBATION CALCULATIONS

The operator given by Eq. 1.27 is the starting
point for most calculations of spin-spin coupling,
although simplifications are sometimes made. The first

and most commonly used non-relativistic nuclear spin oper-

ator was derived by Ramsey2'3. The nuclear interaction

energy E for two nuclei N and N' in a molecule with a

NN
specific orientation A may be written as:

NN' NN' N'
~ N
Rt Iyt Iy (1.28(a))

wherejTNN, is a tensor.
If there are frequent intermolecular collisions (as in the

liquid state),:j:averages to zero.

-~

( = hg I (1.28 (b))

Exnt)avg an' I Ine

The operator in Eq. 1.27 contains both self-coupling and
cross-coupling terms. Ramsey calculated the cross-term
energy by selecting only those parts of the operator which
depend upon both EN and EN"
tribution to the total molecular energy is small, Ramsey

Since the nuclear spin con-

and others using his approach decided to use the
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perturbation method (cf Appendixl ). A perturbation

calculation to the second order gives the energy:

g;u, E,. = Zﬁ <Ol9§%ln><nmm,0>

(1.29)

Thus the contributions to the coupling constant represented

g“ins ﬂ%Zns' and5¥5ns are given by:

jN’::)—%:XX"Ig O {\1 Kl I"\' n>
iy < 1Y
o ke (O
2;; EH'E; ku r N
(. 3o(ao)
3—2w' Tt (2/61:‘ )2— X”X“’ Z [—__L_J
=3 ns'k En—Eo
; <ic) g.?éi(,?i;) .?1u iy %
" r’
x<h gz(s Fu) Pl = 58 \ o>
k§~ kJN’
. (1.30(%))

T 7 (ﬁ%x‘j@ﬂﬁ‘ﬁ‘ Y % ¥ Zﬁ E,,l—E,,]

b

~

O] SR §Kln><nlg(\”ﬂjh,\- 3 ]o} (1.30(c))
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Evaluation of the summations in Eqg. 1.29 and 1.30 is in
practice impossible because it requires a knowledge of
all of the exact excited state wave functions. Ramsey and

other early researchers?s3/6:7

approximated these expres-
sions using the average energy approximation (AEA). Using

this method, Eg. 1.29 reduces to:
ot 2‘
?;—N, ENN’ —A'IE <O I}gns O> (1..31)

where AE is determined semi-empirically, Ramsey
used the AEA approach to calculate the contributions of
3

JlHD' JZHD' and J3HD to the coupling constant of HD.

He discovered that J3HD contributed about 40 Hz out of the
total of ~43Hz. Since the Fermi contact term accounts for
most of the nuclear coupling via the electrons in H, and
HD, many calculations of the coupling constants of these
molecules omit the contribution from other terms entirely.
The main problem of the AEA method is that it
requires some systematic scheme to determine AE, if the
method is to be applied routinely to a large number of
molecules. Since thg summation over excited states
depends upon the electron density at the nucleus, which
falls off rapidly for states with increasing energy, later
researchers proposed calculating the lower level states
T1+8,9

and truncating after a few terms. Unfortunately,

this tends to lead to convergence problems and the results
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are not consistently accurate. The excited state wave
functions for this "sum of states” (SOS) method are
commonly constructed using ground state virtual orbitals

8,9

as a basis , but this approximation can lead to errors

because the réesults tend to be highly dependent on the
form of the wave function_7’8’9’10'll
Both valence bond and molecular orbital wave
functions have been used as bases for AEA and SOS calcula-
tions, with varying results. In general, MO calcﬁlations
tend to be low and predict a positive sign even for
molecules with a negative coupling constant. This latter
error is due to the abéence of electron correlation in
the mathematical representation. (Since the major contri-
bution to spin-spin coupling occurs via the electrons,
electron correlation can have a large effect.) Attempts
to include correlation by introducing configuration inter-
action into the wave function for the HD molecule have had

1;8,9,11,12,13

a variety of success. Ditchfield et al’ and

Kirtman et al13 obtained good results (JHD = 40Hz and 40.5

Hz respectively), but only at the expense of a large amount

of computation. Correlation effects can also be intro-

14,15,16,17,18

duced via a perturbation operator. Although

16,18

good results are also possible using this method,
computations involved are, again, extensive. For larger

molecules the combined calculation of both the excited
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states and correlation effects would be prohibitive.

Even if the computational difficulties can be over-
come or discounted, the validity of the AEA and SOS methods
is doubtful. The preceding calculations have considered
"only the cross term energy rather than the entire second

order energy:

(2)
= .+
E Egv ¥ Byt By (1,32}
Unfortunately the self-coupling contributions ENN and
ENN' due to the Fermi contact term are infinite. The

exact first order wave function calculated by Schwartz19

for second order perturbations in the hydrogen atom con-
tains singularities which result in infinite self-
coupling terms when operated on by the delta function
(see discussion in Section 1.4). This is because the
delta function is valid only to first order in perturba-
tion theory.

Since the Fermi contact term contributes the
largest part of the spin-spin coupling energy in H, and
HD, it can hardly be neglected, so in order to preserve
physical sense the self-coupling energies are assumed to
cancel so that:

(2)

E = B (1.32(a))

NN'
However, this has never been proven and is probably not a

valid assumption. A less stringent assumption is to
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assume that the transition energy, which is related to the
coupling constant, depends only upon the difference between
the cross—-coupling energies:

AE(Z) = AE + AE + AE = AE

NN'

i.e. the self coupling energies are the same in both energy

levels and the transition energy is equal to the differ-

ences between the cross-coupling energies in the two levels.
One method that has been proposed to avoid both

the difficulties of the excited state expansion and the

problems caused by the limitations of the delta function

in calculating second order energies is the finite pertur-

bation method. This method expresses the second order

energy as a Taylor expansion:

HEL o (0,
[s;g,m }
A=0

DY,

where the expectation value of‘SrIX)in LCAO-MO theory is

I

{(1.33)

dependent on the first order density matrix /wv(h\:

ocC

{oﬂv/k\ - }: IR il (1.34)

The method allows the calculation of JNN' between nucleus

N and any other nucleus N' by introducing an artificially

large nuclear moment centered on N directly into a
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self-consistent field (SCF) wave function and calculating
the effect of the perturbation on the second nucleus as
the size of the perturbation interaction goes to zero.
Since the perturbation causes an uneven distribution of
& and ,8 electrons, the perturbed wave function must be
calculated.in an unrestricted formulism. The spin density

matrix can then be defined as:

/%uv(>\ = %7:¢(§\ 1 {Div (>\

{1.35)
where fﬁ:CX\ is the first order density matrix for
o spin and ;3(%\ is the corresponding matrix for
B3 spin

so that the calculation of the coupling constant J

involves derivatives of the form [3 }V(>\]>‘ "
S =0

For any basis set @, the expression for the coupling

NN'

constant is given by:

j—wu’ . _& XNXN’ 6” Z— ¢/‘ g(w)@ A7
3T ;MY
y {_29fbuuC#Hh

SETE

qu (1.36(a))

The FP method was introduced by Pople et al20 who applied
it to a number of different molecules (including HZ) using
INDO (approximate) wave functions. Under this approximation,

the integral in Eq. l1l.36(a) becomes:
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§ B, S NP 4T = S, (0)

{1.37)

Where'SN.z(O), the density at the nucleus of the

valence s orbital of atom N', is evaluated semi-
empirically.

The expression for J after implementing the perturba-

NN'

tion then becomes:

T = o h % ¥es g2 5500) $,°(0)

9
> ‘:QPSN,SN,(\\N\ ]
She b0 (L-36(0)

2
where \qN = 8_311 .5/1'\1 SN (O> (1.38)
Since /%%uﬁﬂ(kéj is an odd function of h and small in
magnitude, only one value of h need be used to calculate

the wave function. The coupling constant is then approxi-

mated by:

T =16 W %Y 82 S0, (0)

7
><‘ [ loswsy:: (m] (1.36(c))

In a later calculation, Pople et al21 used a more

accurate STO basis. Other FP calculations of JH or JHD
2

were performed by Chuvylken and Zhidamov22 using INDO

23

wave functions and Ditchfield et al using an extended
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STO basis. In general, results were variable and for H2
they were poor (very high). Chuvylken and Zhidamov
suggested that results might be improved by determining
the SN(O) functions variationally rather than empirically.
'However, calculations by Fukio and Hiroyuki,24 using this
method did not give better results. Kirtman63 reported a
similar calculation using a coupled valence bond perturba-
tion method, which is a modification of the finite perturb-

ation approach. His results (J = 43Hz) show promise,

3HD
but the method is relatively new and still in the process

of refinement.

1.4 VARIATIONAL METHODS

Calculations of JHD using the variational method
were first proposed as a means of avoiding the arduous
computation required by the SOS approach. The earliest
such calculation was done by Stephen.25 Like Ramsey in
his perturbation derivations, Stephen broke his operator

into parts:

%"‘5‘ - 1N°< ;QY[DL(\\ = IN ‘e 9{0‘ =

)
+ lNok 1N’B 9\(%(3

(1,39(a))
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- ( i ¢
Koo ¥ Hogn = T 3.+ T 045

+ (@ b
:IN“ ;4x '+jIN$(;¥d
(1.39(b))

where the K denote tensors
6¥;Sl includes contributions from the magnetic shielding
and electronic orbital interactions, whileﬁ¥ and?%
ns2 ns3
represent contributions from nucleus-electron spin
angular momentum. Stephen calculated the coupling con=

stants:I*B(l) and j;ﬂ(2) due to the two parts separately,

choosing wave functions corresponding to each part:

: 2t b
7/ 3//0 (\ . -‘-Nxﬁo\(m +IN’¢ '§c<N )
(1L.40(a))

’y/o (-%s +'pr [qu F:N\"' Ly Fo«CN/)JB

(1.40(b))

1

Y

1l

where Fk is an antisymmetric spin function and
?Qris a symmetric triplet spin function.
The unknown functions j;\and P* are found by minimizing

the energlas:

E .5k Jua )IN‘,g 1 (1.41(a))

( . —
= Foh Tegbth) Lo cdaitoc i (1.41(b))

e/
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‘ = (1) (2) _
where ENN‘ ENN‘ + Egne (1.42)
O'Reilly26 performed similar calculations of Joup and
J only, sinc¢e the major contribution to the coupling

3HD

constant seemed to come from these parts. He found that
the results were highly dependent on the form of the
zeroth order wave- function (9:) used to generate the total
wave function (&%.

Later variational calculations were performed using
perturbation variation theory. The first order pérturba—

tion equation:

©>

(ﬂ&__vazAﬁ ' (Q{A_Euv7ﬂ “ B e

can be proven27 equivalent to the variation principle:

(1.44)
where %/,(D = <:§VL(\W\9{D"EO|’?M>+ <’2;;(‘)\’)\{_/\“¢(0\>
+ <’;VCO}]%/\/‘}2’(U> 45

; (o) .
where ?V' )1s the exact zero order wave

A S = )
S Ry S

function and ?%/Owis a trial variational
wave function.
The equality in Eq. 1.27 is true only when the variation
oy
function?%(l) =2Z(l), the true first order wave function.
However, even if the first order equations cannot be
solved analYtically, it may be possible to obtain a good

approximation to 8}2) and?ﬁ(l) by inserting a trial
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~ o
functionzk(l) in Eq. 1.45 and makingg:(z) stationary with
respect to the variational parameters contained in;Lxl).
This principle was first formulated by Hylleraas28 and
also first employed by him in calculating second order

energies.29

A more detailed discussion of the theory is
presented in Appendix 1.

The spin-spin coupling operator in the perturba-
tion variation method is usually chosen to describe a

double perturbation:

%&ng & /‘4%&'0 v Vg(’on (1.46)

where u = H—gf\ YN IN’t (L.46(a))
3
VAR 7 3 ) (1.46 (b))

%uo
Mo

In Equation 1.46 the contact perturbation is

Z o S(F., )Se, (1.46(c))

Z A S(?CN,\S‘C} (1.46(d))

assumed to be isotropic so that the nuclear spins can be
quantized in the 2z direction. The corresponding trial

function is formulated as a similar expansion:

N

[ b /q’Z/,O + v ‘7%/0‘ (1.47)
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The cross term ENN' can be derived from Eg. 1.45 (see

Appendix 1):

s = 28T 124,180 ) + 2¢% K )
+ 2(22.’0 lj‘éo_Eo‘%l\>

(1.48)
Since ENN' is a cross product the sign is ambiguous; hence
there is no minimization principle for E and it can at

NN'
best be made stationary:

PN ST | el (1.49)
M SV

Calculations of Jyp using Eg. 1.48 have not been very

successful,30'31r32.33,38

Convergence tends to be poor as
the size of the basis set is increased systematically, and
results using molecular orbitals in the basis set are
usually low (this is characteristic of perturbation calcu-
lations using MO bases as well).

The total second order energy consists of the

cross-coupling and self-coupling energies combined:
(2) &
= 4 2 |
E a1~ Tl "y +/qu”

i =) + B, * E

NN NN NN/ (1.50)

Both the total and self-coupling energies can be minimized;

e.g., for the self-coupling energy ENN:



32

2 Pl T 8 (1.51)
Eyn

Unfortunately the Fermi contact part of the self-

coupling energies (E ) becomes infinite just as it does

3NN
in perturbation theory. Some researchers have tried to
counteract this effect by modifying the trial wave func-
tion so that it does not yield singularities under the

Dirac delta function.34'35'36’37’38'39’40

Although most
of these calculations do give reasonable results for
particular wave functions, they tend to display conver-
gence problems when the size of the basis set is
increased systematically.

The Fermi contact operator is successful for first
order energy calculations in the H atom, suggesting that
the main effect is to sample the electron density at the
nucleus. Since p and higher states have zero density at the
nucleus, it is common to work with s orbitals only in these
calculations. The5¥ins and:q%ns operators contain dipolar
terms and integrate to zero energy when only s orbitals are
considered. Thus the Fermi contact term accounts for the

total hyperfine splitting energy in the H atom under these

conditions. For the H atom:

A = A, + %m\s (1.52)

2
where X, = -5V - + (1.52(a))
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Q, Very (8-1) (1.52 (b))

E%V\S

where Q

]

f%f u Bu Ge Be (1.52(c))

Vin)= SGEY = S (e (1.52(d))

However, the Dirac delta function results in singularities
in the first order wave function because it assumes a
point dipole for the nucleus. Schwartz19 calculated an
exact first order wave function for the H atom by solving

Eg. Al.8(b) (see Appendix 1):

(%O‘E@\W/m + (- )% 9=0 Al.8 (b)

/
where in this case 9‘( . ’2(3“5

For the ls state perturbed by the Fermi contact operator

he obtained the wave function:

P = [(%) b d-lar +dr Gl ausy

The r-l and 1n r terms are singular at r = 0 and are
responsible for the infinite self-coupling terms, E3NN and

E3N'N' obtained in spin-spin coupling calculations.
It seems reasonable to replace the delta function
by an operator which describes nuclear size. One such

modification which has been suggested is the Blinder oper-

ator:
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-1 -2
Vir) = B(rr) =@/Trr") Co (rety)
' L : (1.54)
= k(v )
where ro = ze/2mc2
= -5
2.7 x 10 ag (1.54(a))

where ag is the atomic radius of hydrogen (Bohr
‘radius)
This operator was originally developed as part of an alter-
nate derivation of the Fermi contact operator from the
Dirac equation, but it has a weaker singularity at the
origin than the delta function. Power and Pitzer43’44
replaced the Fermi contact operator in Schwartz' calcula-

tions with the Blinder operator and obtained the following

result for f9r:

0" () = %% fn(rer) + [wzwmn
ris r

+&QJ\Q‘_4‘;_\”_J)_]+r + Cq
= Sy

S
+ negligible termsjg ?90 (r) (1.55)

Examining the equation in the limit as r = 0 reveals the
4Qh(1'+ra) term as the source of the weak singularity. If
r

the operator in Eq. 1.54 is used to calculate the
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self-coupling energies, the results are finite. Gregson,
Hall, and Rees 42 suggested that the Blinder operator could
be replaced by the approximation:

Viey = G(r,r) = Bre)” ro“eyx)P (‘L) (1.56)
£

Both operators have been used in calculations of

JHD' Power and Pitzer43'44 used the Blinder operator and
obtained rapid convergence but a rather high result (53Hz).
45,46

On the other hand, Paviot and Hoarau used the Gregson,
Hall, and Rees operator and found convergence (when the
size of the basis set was increased systematically) was
slow. The Blinder and GHR operators succeed to some extent
because they incorporate the idea of finite nuclear size.
This is achieved by imposing a non-relativistic cutoff

near r = 0 via the constant Iy which approximates the
radius of the hydrogen atom nucleus. Unfortunaﬁely this
parameter has no counterpart in the relativistic results
(i.e., the relativistic calculation of hyperfine splitting

49 and Moore and Moss50

in the hydrogen atom) and Woolley
criticize the operators on this ground. If this approach
is used, the operator should be significant not only in the
region of r ™~ 0, but it should also be sufficiently smooth
so that the self-adjoint property of the Hamiltonian is

preserved.

A.non-relativistic phenomenological approach to
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the effects of nuclear size was developed simultaneously by

49,51 52,53

Dingle and Sd8nger and Voitlander, The perturba-

tion operator used in both cases had the form:

~ ~

9{.\33 e CQo N LS (1.57)

where Qg = 331 Ju B Ge fe (1.57(a))

and Wiy K3m‘> (—Kﬂ/%ﬂ“ (1.57 (b))

}{ is a parameter such that {{ has the dimensions
|
of length (typicallyl{,“-lO'5 a.u.)
Dingle also used a modified form of this operator in which

\ﬂ(r) was replaced by \gfﬁ :

V,(r) = R.z?/f-‘i - Re)/Zwr (1.57(c))

Both these operators approach the Fermi contact operator
in the limit as K= °°,

Using the operator given in Eq. 1.57 in an exact first
order perturbation calculation for the H atom yields the

following expression for fpf:

p:s(r\ B ?’D\: (r) + P:; (r) (1.58)

'S 3
where p\;t (r) =(_K%\ [(‘r\ + 2/'@!\\"

+ 3+ Cﬁ] SD: () (1.58(a))
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an = = » + 2\ g Y
@ Pl (0 (&Piz) [ﬁt&z\ oxcp (R

* L exp RN+ HE (A Z0) 58 )

This function has been separated into a "short-range" part,
which rapidly decreases within the subatomic region

O£rt \D/\{, and a "long-range" part which reaches to
atomic molecular dimensions. Note that the long-range part
which is contained in square brackets is identical to the
solution for the Fermi contact operator given by Schwartz
(Egq. 1.53). The "short-range" part allows ﬁ?f’ to have a
very large but finite negative value at the origin. This
operator and wave function produce a finite second order
energy but the first order energy now deviates in the 5th
significant figure from the rather exact value obtained
using the delta function. While this difference does not
seem large, it does become significant when second order
corrections are added to the total energy. The second
order energy is about four orders of magnitude smaller
than the first order term, so any second order corrections
to the total energy become meaningless because the error
in the first order energy is of the same order of magni-
tude as the second order term. In fact, the second order
energies calculated using the operators in Eqg., 1,54, 1.56,

48

and 1.57 are two orders of magnitude too large. (See
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Table 2 for a comparison of the first and second order
splitting energies calculated for the H atom using the
operators discussed in this section.) This problem is
discussed later in this chapter.

Dingle also calculated the "second order" hyperfine
splitting energy of the H atom using the operator given in
Eq. 1.57 in a variational calculation. His original wave
function had the form:

~

oyl = g&f(r% c,e_d'r+ Cze&zr*r c3ép‘3r (1.59(a))
Using the Vz(r) form of the operator, a variational treat-
ment using this wave function gave slightly worse results
for the second order energy than the perturbation method
(see Table 2). A later, more accurate wave function was
slightly more complex:

~ 7 is ~syr =@ -3r
fpv(ﬂ = P" (v +'C, [g ‘:g }+C1Y‘Q (1.59(b))
This wave function gave better results than the perturbation
method when the exponentbs <, ﬂ , and X were varied, but is
still simpler than the first order perturbation wave func-
tion in Eq. 1.58. This suggests that reasonably accurate
results for the molecular coupling constant could be
obtained from variational calculations by using simpler
trial wave functions than those derived directly from the
first order perturbation function for the H atom.

S8nger and Voitlander performed an approximate (one-

electron) calculation of J3HD using an operator similar to



Table 2

1st and 2nd Order Hyperfine Splitting Energies of the

H atom as Calculated using the Operators Discussed in Section 1.4

wave Function 1st Order Energy (E ')
Hame Equation Equation

W b
Delta Function 1.52, 1.53 E, =
(c2a Schvar’.zlg)

2 2r, <
elirdar Opcrator 1.94, 1.55 E': - [.l ad LW E, (.Z.)] )
( Bli o1 K K

zee Elinder and =

©rwar ard Pitzer“')

O
Gregsan, Hall, and 1.56 Ef“_ - LK/(K"’Z}] )

4
Rees Operator 2

¢ (1 3
Cirgle-Voltisnder 1.57, 1.57(b), 1.58 - E, = LR/(K+2T )
Oceri:or“‘g'm'52'53 = (l " ‘;/K"‘...) )

(O} 2

Alternate Dingle 1.57, 1.57(¢), 1.58 E-u & [-K/(K."z)] ))
Cperator
Alternate Dingle 1.57, 1.57(¢), 1.59(a)
QOrerator (Variational
Calculation) 1.57, 1.57(c), 1.59(b)
E-perimentuog

a These energies can be converted to freéuency units (Hz) by dividinc by 1.521 x 10'“

b X =Q/fM=2.16002 x 107
el = 1/e, = 26 = 37559.38 a.u.

Numerical Value -
(Hartrees)* x 10 ~

2.16002

2,15541

2.15991

2.15967

2.15979

2.15984

2.15984

2.1604371

2nd Order Energy (ES )

Equation Numerical vValue

(Hartrees)™ x 10™°

")‘Zl <°l}'§!‘2|“2!. - o

E™.
T a8
Eg = =X (2K~Mn_‘%+ﬂ‘—n-\‘ ~3.5068
: 3
EX = =N (-f *(K-$)%2 + K] 12149
ED ~ -X‘._L:. SK St Do 4 - 2742
" (K"l)‘ ?f - 3_2’ 3 ] 3
= +2* [-5K/32 + 2(/K)+28n2 + 7/32]
e ~-.au854
B 2 ¥ Tk +1+...]°
(Re2)* LT ¥
-.4£3513%
-. 430424

, ) - Lol Sk = 2n 2L s 9 o S ' s 1
d The full expansion of this energy is E“' - )z_li_ﬁ_‘ [ 3‘2{“ ﬁ -« 5 + et ]gm:n “"K—f,, 'z{—sxl T L TTRIRT) . 32&(‘(‘0"] g

e The full expansion of this emergy is E:’ -.);:t—lg‘;.) ['E‘ - % + & K‘:é_: -'K,é['

* o
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that in Eq. 1.57°2r°3;

. = 3 N
w (L) = Q, (5 oxp ( Rr.) See Lp  (1.60)
g
where N = H,D (nuclei), i = 1,2 (electrons)
Since their trial wave function was based on the exact
solution of the first order perturbation equation of atomic

hydrogen in the 1ls state (Eg. 1.58), it contained some

fairly complex terms:

~

{E“ =L@ , Jtbds ?,“]}LL(%@*/@“) (1.61)
where P = N, (Po“ + 0 (1.61(a))
L2014 <At 1o T

[_2(\&8)]-\/’* (1.61(b))

N,

i

"

N 3\ Y%

= (e )\* - = 1.61(c
500 <—1?) e/;.\a(et‘N\)N HD ( (c))
185, §i)is the simplest LCAO-MO type wave function

representing the ground state of HD such that:

IP; e [.h i]ﬁ%‘ (X8 —2=) (1.61(a))

§& = Cy ( N\HCI o“+c :)I“ (1.61(e))
| 2 >

~J ’V“

wtigg 3l S8cw
where ?2 = ?DUS ?D”Q (L.61(£))

10
R

nucleus) part of the wave function

"s" denotes the short range (< away from the

"1" denotes the long-range part of the wave function
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~ "

pl)s = —R—@d?(_k\\‘{_rﬁ\
x|k, Rr, +1] Wo“ (1.61(g))

N~ | - + K8
Pie = Kty gﬁo (1.61(h))

where kl; ko are constants obtained by fitting

?%? to the first order perturbation function for

the H atom.

The results obtained were good when the cfoss—coupling
energy was made stationary (39.01 Hz) but were somewhat
poorer if the total energy or the self-coupling energy
alone was minimized.

Pyykk548 criticized both the Blinder/GHR and
Voitlander-Dingle type operators because the hyperfine
self-coupling energy derived from a first order perturba-
tion calculation is over two orders of magnitude too large
(see Table 2). This could lead to inaccuracies in the
molecular coupling constant calculations, since a coupling
constant which is dependent upon the self-coupling term
may also be unphysicagl. Pyykkd analyzed both Paviot and

45,46

- Hoarau's GHR calculations and Sdnger and Voitlander's

calculations using the operator in Eq. 1.60 to determine

the dependence of the cross-coupling energy E3HD on the

self-coupling energy E While Paviot and Hoarau's

3HH"®
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trial function was similar in form to S8nger and Voit-
lander's (Eq. 1.61), the variational parameters were dif-
ferent: K in Eq. 1.61(g) and 1.61(f) was held constant and
kl and k2 were varied independently. Thus it appears that
Paviot and Hoarau's cross-coupling energy was not dependent
on the self-coupling term, but that S&nger and Voitlander's
was dependent and is perhaps unphysical. S&nger and
Voitlander referred to Moore and Moss' discussion of the
Fermi contact interaction in the hydrogen atom50 and
suggested that the large "self-coupling" (hyperfine split-
ting) energies could be due to neglect of the first order
terms quadratic in the vector potential (Eqg. 1.19(e)).

In a later calculation54, S8nger and Voitlander
modified their trial wave function in order to eliminate
on E The new trial function

3HD 3HH"
contained both a long range and short range variational

the dependence of E

parameter:

I IS A I e

(1.62)

where §: - Cs\ p: +C:-}’0,° + &:s (1.62(a))
v ¢ i p byriald

and . $, = ¢ Do afo + P (1.62 (b))
(3] 2w

N ~o
in Bg. 1.61
?ﬂo : ?hs . fD')e as in Eq 6
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I
f7h$can be interpreted as the wave function of the electron
"entering" the perturbing nucleus (contact) and leading to
the self-coupling term, while §5;2 describes the electron
carrying its spin polarization away from the perturbing
nuclear spin. Since the second order energies calculated
from the short and long ranée parts differ greatly in order
of magnitude they can be varied independently. Sdnger and
Voitlander solved the resulting éystem of linear inhomo-
geneous equations and determined that the coupling constant
appeared to be independent of the short range variational
parameters 32 and hence of Fhe short range term to the
order C?Tﬁ/Hb. Using this procedure, the results obtained
by minimizing the entire second order energy are now
equivalent to those obtained by making the cross-term
energy stationary (39 Hz) or by varying one of the self-
coupling terms énd employing only the long range parts of
the wave function.

Hoarau and another colleague, M.T. Rayez-Meaume,
later developed an alternative method of dealing with the
singularities caused by the Fermi contact operator47_ In
this approach, the delEa function was removed by a trans-

- formation which allowed a minimization of a finite part of
the second order energy. (The remainder of the self-
coupling enérgy was still infinite but did not need to be

determined since it did not depend on the functions
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containing the variational parameters.) While the results
using this approach were low, especially in the absence of
configuration interaction, the convergence with increasing
size of the basis set was greatly improved over the GHR

results.45'46

Hoarau had worried about the accuracy of the
previous calculations because of large differences between
some of the integrals used in the energy equations. These
large differences did not appear in the set of calculations
using the transformation oper;tor. Since Rayez—Méaume and
Hoarau did not distinguish between the GHR and Voitlander-
Dingle operators in discussing this possible inaccuracy,
spin-spin coupling calculations using the latter operator
(as described in Chapter 2) should be checked for similar
instability.

The transformed Fermi-contact operator of Rayez-
Meaume and Hoarau is interesting, but it has not been fully
tested. Furthermore, its use is hampered by the fact that
the operator transformation complicates the calculations.
Hoarau's research group tend to use complex trial wave
functions to begin with; in the GHR calculations the trial

Y
wave functions had the form:

Y = (consont) 5; Fia Sig ¥l (1.63)

n
where o, = Z__.‘ gty (i) (1.63(a))
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(1.63(b))

"
ru\'\
L S :
‘81 o i “Qoﬂ o (1.63(c))

TN k=2
SK (¢) = rqf " Sor K>2 (1.63(d))

The wave function used by Rayez-Meaume and Hoarau in the

transformation calculations was:‘
: =  (1.64
W irissad, o st s 1.0
where FN = Cy 2‘; ("._Q__j gc% (1.64(a))

Con

and Pu = z_ &KN A (1.64 (b))

where the}ﬁL.represent excited state atomic
orbitals (usually Slater-type orbitals)
and the Qk.are variational parameters.

(k=2)

The T , log riy, and Tiy terms in Eq. 1.63 and 1.64

iN
were apparently chosen because similar terms appear in the
solution of the first order perturbation equation for
hyperfine splitting in the H atom. If the method is to be
applied to a wide range of hydrogen-—-containing molecules,
complexities in the operato¥ and in the trial wave function
are clearly a drawback.

The search for a relatively simple form of trial

wave function which will yield a good and reliable result
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for J3HD with a minimum of computation constitutes a large
portion of this thesis. Sd8nger and Voitlander demonstrated
that even an approximate, one-electron determination of
J3HD using the Voitlander-Dingle operator (Eq. 1.60) can
yield good results if only the long-range contribution to
the trial wave function is used in the calculations.
Dingle's variational calculation of hyperfine splitting in
the H atom gave slightly worse results than the Sdnger-
Voitlander perturbation calculations and used a simple
trial wave function:

e s ~ o\ r s\ —A v

Pv(N= @)+ ce  +ce  +cge (1.59(a))
This suggests that fairly simple wave functions will also
yield comparable results to the more complicated ones used
by S8nger and Voitlander in their variational calculation
of J3HD' Two sets of calculations are presented in this
thesis:

(1) One-electron perturbation-variation calcula-
tions similar to those of Sdnger and Voitlander but using
simpler trial functions. Two different wave functions are
considered:

(i) a trial wave function containing both short
and long range terms

(ii) a trial wave function containing long range

terms only
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(2) Two-electron variational calculations of J3HD

In this more rigorous approach, both the ground state and
trial wave function are composed of simple LCAO-MO func-

tions:

AR IR N, o . (1.65)
where Vo = §o 'ﬁ"i(*ﬁ—ﬂ"(\

X nuclear spin functions (1.65(a))

Yoo R q

X triplet electronic spin function

X nuclear spin functions (1.65(b))

(1L.65(c))

R =B B o AA B
§1 . “)5; (¢- 93/1"}5154\ (1.65(d))

’ = .
where f50,¢L are ground state wave functions

where

( ¢o symmetric, ¢o/ antisymmetric)

and ¢‘ i sb/lare trial wave functions

(;{lsymmetric, ¢;antisymmetric)
The results of these calculations are presented in Chapter
2. Although the results of the two-electron calculations
to date have not been impressive, the operator should
give better results for wave functions which more ade-
quately describe the effects of spin-spin coupling on the

electronic distribution in the molecule. Chapter 3
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consists of a discussion on the form of trial wave function
which should be most suitable for future two-electron
calculations. = While such a wave function could result in
self-coupling energies which are too large and hence
-unphysical, this inaccuracy is due to spurious terms arising
from the form of the operator and it is speculated that
these terms will cancel in the cross-coupling energy calcu-
lation.‘ The wave function should yield a good result for
J3HD without excessive computations and be relatively easy
to transfer from molecule to molecule in order to facili-

tate a general method of calculating spin-spin coupling

between hydrogen atoms.
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CHAPTER 2

CALCULATIONS OF J3HD

2.1 ONE-ELECTRON CALCULATIONS

S8nger and Voitlander performed a number of calcu-
lations, of the contact contribution to the spin-spin coup-

52,53,54  gilce the purpose of their

ling constant of HD.
calculations was to study the qualitative consequences of
introducing a phenomenological non-singular contact per-
turbation into the problem, they chose an approximate, one-
electron method in order to avoid mathematical and computa-
tional difficulties which would occur in two-electron

calculations.

The one-electron perturbation Hamiltonian is:

v
N = :L;\ [/{\,acd) +Q, w0 + ) u>cd)]
+ /R

2 2z ’
# Z [}}\DCCU] o ¢ 4 Gy, )
BE W

=\

+ Ry 2 wy(d) + /R

=\

H b
- N 233
{}£ o) CQ&% jl<3“$ +'<QD:2{3ns ; ko)
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where j’l,o(ﬂ: “V-?‘ - Cl“'é) - (i“é)

?\ \”C\.\ Y‘c.b

(2.1(b))
R is the internuclear distance and in the calcula-
tions presented here is set equal to the equilib-
rium distance for H2(Re= 1.4)
O (=0.2) is an electronic screening constant
which representé approximately an average of the
éwo—electron repulsion terms
the Qy are constants representing the strength of
fhe electron-nucleus spin-spin coupling inter-

action:

Q,, = %1 Qe Be Y B (2.1(c))

For simplicity's sake, the contact perturbation can be

taken to be isotropic so that nuclear spins are chosen to

be definitely quantized in the z-direction. The perturba-

tion operators®W (i) which represent the contact inter-

actions between the 1s electrons and the nucleus N are

given by:

Gy e =1 eal AW Ve LT (2.1(a))
g

where K is a phenomenological parameter which
describes a spatial extension of the magnetic

= |
moment distribution. Typically K = 1075 a.u.
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It is not necessary to integrate over the operator
in Eq. 2.1(a) directly. Using the Dalgarno interchange

27,58,59

theorem (see Appendix 1), it is possible to express

the perturbation energies of a singly perturbed Hamiltonian

%(F 9{50 oM %\o

i

. (2.2)
X, + @, o, (42D
h
RSy (42) = e () o, (2) (2. 2(a))
The expression for E;HD is obtained by substituting
g P oYy,
urH(l,z) for 10° : for 10" and , for 01 into
Eq. Al.26(a):
-~ ND
Q,Q, E3H\> LY <% | Q. wﬂ("ﬁIQb% >
~ ¥ b
+ 2 <62q7%u \5¥;-E;\C% Zq
(2.3)

Similarly, the expression for E3HH (= E3DD by symmetry) is
derived from Eq. Al.24:

VA%

Qr €, = 2<% |, w,olQ, ¥
% <QQ4"iZ:*l€l(o__ E;,\GQH‘ngj>

(2.4)

Equations 2.3 and 2.4 can be reduced by summing over spins

in the one-electron scheme:



Qu@Eq = *§2<3. 1@, w e, P

32

N‘o >

+<q, 8" \h —elq, 3°)3

S

Q) Bay = < Bl V|8

(2.5)

»

+ 240 R L - €.\, B

N
where @o and é. are the spatial parts of the

zeroth order (ground state) and first order

(2:.6)

(trial variational) wave functions respectively.

80 is essentially a simple LCAO/MO approximation to the

molecular energy of H2+:

= (3, 1A18.)

For §o: Sdnger and Voitlander chose a simple

LCAO-MO type function:

(pow + @b\ (2.
where Po“ = (_TéFg>&a O'x_‘) (-ery) (2.
and N, = El(l -+ <f7,“\p‘,°>)jy’" (2.

The exponential scaling parameter was set equal to 1.

(If the function in Eq. 2.8 is used in a variational

(2.7}

8(a))

8 (b))

8 (c))
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calculation of the electronic energy of H_, where € is the

2
variational parameter, the minimum energy occurs at a

value of € = 1.1895.)
Their first order (variational) wave functions had

the form:

~J
(oA (p + C‘Pf +c2?90°)IZN (2.9(a))

o
where CN is a variational parameter
and Cl' C2 are determined by orthonormalization

CHER
(Bl T

?9| consisted of a short-range and a long-range

I
-

(2.9(b))

O (2.9 (c))

part:
%\u = %:‘s + %I,NQ (2.9(d))

—\{V’df (—\k\\‘(vrhl)
[k Rree+ 110"

)
=
o
a)
®
P\Q 2
W =
v
|

(2.9 (e))

gk
il

N

k, v ?:" (2.9(£))
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/N
e (i’—“—?yz oxp (= =) (2.9(g))
n

A was éet equal to 1.0

kl' k2 are fitting constants and the scaling

parameter & = 1.0, so that the trial function

%i“ gives a good fit to the atomic function

(see Eq. 1.57) over the ranges 0 £ r$10/R

and 0.1 a.u. & r L e
Essentialiy the long range part describes an electron
carrying its spin polarization away from the perturbing
nuclear spin and transferring this polarization via the
chemical bond to the other nucleus, while the short range
part describes the electron "in contact" with the perturb-
ing nucleus.

The trial wave function seems complex and it
would be difficult to extend this formulism to molecules
which are not as simple as hydrogeh deuteride. It was
decided to perform an analogous calculation using the

same operator but with a simpler trial function:

S
@l" = (EN'?"-N * C, fp"u * c,z}oob)I: (2.10)

where %;” = (ig )yl exp Ry (2.10(a))
. = |

In this work,‘{_was set equal to 30,000, i.e., the approx-

imate value ofl{_which gave the best energy when the



55
Voitlander-Dingle type operator was used in variational
calculations of hyperfine splitting energy in the H étom
(see Chapter 1). The scaling parameter € in F&ﬁ was set
equal to the zero-order value (& = 1.2). Comparing
"Eq. 2.10(a) to Eq. 2.9(d) - (g) indicates that ﬁilnis
essentially a short range function.

The value of 8& may be determined by minimizing
the total second order energy or the self-coupling energy
only, or by making the cross-coupling energy stationary.
It was decided to minimize the self-coupling energy (given
by Eq. 2.6) since this method is given in most detail by
Sanger and Voitlander53 and the comparison is hence more
direct than for the other methods.

A (i VY

If the wave function E@l or §3 , determined by

l
. - . . ,V - N
minimizing EHH with. respect to CH’

(%, lw,M\q, %ﬁ?)
2~ o BV ) e la B

is exact, then:

(2.11)

(see Appendix 1, Eq. Al.20). The cross-coupling energy

then reduces to:

Q“_QQ Eg-'ﬂ) = >\[’ <—§2° 1 QH wH' (D \ QD @'b >
(2.12)

Conversion to the coupling constant is straightforward:
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~/

5y e (2w)" Q. Qy E?»HD (I; I;)ﬂ (2.13)

In order to convert from atomic units to cycles per

second, Eq. 2.13 must be divided by a factor of

1,521 %10 %, 2
/N
The calculation of J3up using §§‘ consisted of
two steps:
. . fie . . . . ~/
1) Determination of CH by minimizing E3HH
2) Calculation of J3HD using“\BEqg. 2.12 and 2.13.

Both these steps were carried out using the University of
Victoria's IBM 370 computer. The programming required
three main types of subroutines:

1) A minimization subroutine. This routine
was based on the Fibonacci search method, which is highly
efficient for one parameter minimizations.

2) A subroutine to solve for the orthonormal-
ization constants C, and C, (see Eq. 2.9). Since the

& 2

values of Cl and C2 depend upon the value of the

Lacd
variational parameter CH' Cl and C2 had to be recalculated

for each iteration of the minimization subroutine.
Solution of Cl and C2 consisted of solving a quadratic
equation determined by solving Eqg. 2.9(b) and 2.9 (c)

simultaneously. The subroutine was based on the Pegasus

method.
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3) Various functional subroutines to calculate

the integrals required by Eg. 2.6 and 2.12.

WO %f“ RSN §I“>

$ <o - L 87> + 248" D -l
+ 282, Wooel @7+ 2 el g™
BRI T el

(2.14) -

The integrals containing only Pglfunctions were calculated
using the formulae given by Slater62 for calculation of
the moi?cular electronic energy of H2 (Chapters 3 and 4)
The <¢LIH \/?f\o“Eo\@\/H> and <POH /t\ -go\ N/“>
integrals were also based on these formulae but the sub-
routines had to be modified to cope with the large
magnitude of the perturbation parameter, HL and the
presence of two different exponential parameters (6,%{).
The < ?Zj)\,g\- \éi/H'> integral was based on formulae
given by McGlynn et a165 for general overlap integrals
(Chapter 2). Once again the subroutines had to be

modified to cope with the magnitude of HL
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(b) <QH@'M\Q“ WH(OI§O> ond. n
<§o\ QH(’JHU)\QB ?‘g\’b\}

These integrals expand into a summation of overlap-type

integrals. For example:

(R, 8" q, &, Y
= fo (Kpt e, o ">
+ g Qw0 1g™)) + ¢, Kp° g, wr® ">
+{pll e w0 2) + &, &P g, 01"
<P w0 B )Y Nea,

= N, Q, " {c‘ (O/L\a [-(2e + x)r, |+ (m‘; [~eroon,~ 5],
s (<“<‘P I erdr,- ery ] >+<&>g&> Foer, - \1“;,]»
14 eu (<c,x‘p 2+ e§q]> + (eocp [-2Kr, - rb]w ?

(215)
- N4
The expansion of <§° \waﬂCﬁ \Q‘\@: ) is similar.

Those integrals involving only one nucleus were calculated
using formulae based upon those of Slater and those in-
volving both nuclei were calculated using formulae based
upon those of McGlynn et al, with suitable modifications to
cope with the magnitude of K.

The expression for the self-coupling energy

(Eg. 2.6) requires a value for the ground state energy,
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85, which can be calculated by solving the integral in
Eq. 2.7. Since this is essentially a simple LCAO/MO

approximation to the molecular electronic energy of H,+,

2
this integral contains terms similar to those needed to

perform a simple LCAO/MO calculation for H All necessary

9
formulae are given by Slater. The programme used to
calculate So expressed the energy as a function of the
exponential parameter &€, the internuclear distance R, and
the screening constant 6, which allowed for a check against
the values given by Slater in Chapter 2. For € = 1.2,
R=1.4, and 6= 0.2, & = - .886 a.u.

4"

The results of the computations of EBHH and
[

J3HD are given in Table 3. The equation given for EBHD
in this thesis (Eq. 2.12) differs from Sdnger and

.
Voitlander's equation for E, (Eg. 33 in Ref. 53) by a

HD
factor of four. Checking the derivation of this equation
indicates that the factor of four should, in fact, be
included. This factor does appear in Sdnger and Voitlan-
der's equations for E;HD which are derived for the cases
where the total second order energy is minimized and the
cross-coupling energy made stationary (Eq. 37 and 38 in
Ref. 53), so it appears that it was omitted from Eqg. 33.
If their result for J3HD which is obtained by first

minimizing the self-coupling energy is multiplied by four,

it agrees with the value obtained from the calculations
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presented here.

As noted by Pyykk548 (see Section 1.4), the self-
coupling energy calculated by this method is much too
large. If the trial function has only one variational

N =7 7 N
parameter, as it does for both EE‘ and 3§| ’ the
cross-coupling energy depends upon the self-coupling
energy and may also be unphysical. Sdnger and Voitlander

reformulated the problem so that the short and long range

~v
N
parts of i‘ could be varied independently:

B Yo = ofcpuedyto: Eueigh] 3,

(2.16)
where
E: = c\s %H # C;@b +ﬁ|; (2.16(a))
%: . C\QPO“ b C,_Q?Z,D b ﬁ)eN (2.16 (b))
and po“ g <['0°°) %,SN> {Z'”Ne are as given in Eq. 2.9

Since the second order energies calculated from the short
and long range parts differ greatly in order of magnitude,
Sdnger and Voitlander varied the two parts independently:

~(2) /\'c'z.)
piicion agoiice, copy

by o 2, (2.17)

G ¢



61

Solving the linear inhomogeneous system so obtained, they

~/

concluded that the heterocoupling energy E3HD was inde-
N

. to the order

(D%ﬁ/HQ. The numerical result obtained by minimizing

o (4™
pendent of the short range parameters C

the entire second order energy was 39 Hz, which is very
close to the experimental value. Varying one of the self-
coupling terms using the long range parts defined in
2.16 (b) or making the cross-coupling energy stationary
yielded the same fesult.

If the short range term in Eg. 2.10 is omitted,

the result is a non-variational function:

A%l
§/N= (C “+C. D>—1—H

\ x% z% 2 (2.18)
where Cl = —C2 since the first order function

must be orthogonal,tc»§; and hence antisymmetric.
Since this function is not an exact first order solution,
the cross-coupling energy cannot be calculated using
Eq. 2.12 so Egq. 2.5 must be used. Substituting Eg. 2.5
into Eq. 2.13 allows a direct calculation of J3HD without
variation. The programme used for the variational
cdlculations including thé short range part of the wave

function was modified to bypass the minimization process

s
and set CH to zero. As predicted, the solution of the

orthonormalization parameters gave Cl = —C2. The results
5, )
for E and J are given in Table 3. Once again the

3HH 3HD



Parameter

c
H

Coupling
energy

2
Q4 E3ug

J3up

Table 3
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Results of the One-electron

Calculations of J

3HD

Trial function
including short
range term

¥, 20102

Hartrees Hz

11 5

-1.55x10 -1.02x10

14

1.03x10" 67.7

Table 4

Dependence of the Coupling

Trial function
with long range
terms only

Hartrees Hz
-3.06x10"14  —201
5.98x10 12 39.3

Constant J3ygp and the Self-Coupling
3HH on the Scaling Parameter €

Energy

J * (Hz)

3HD
-48.2
6.71
39.3
116
328

Qzér * (Hartrees)
H 3HH
3.74x10-14

-5.23x10"15

-3.06x10-14

-9.05x10-14

-2.55x10-13

NS
* J3gp and E3gy were calculated using the long-range-

only trial wave function given in Eq.

2.18



hetero coupling constant was identical (to two signifi-
cant figures) to the value obtained by S8nger and
Voitlander. While the self-coupling energy calculated
using the trial function in Eg. 2.18 cannot be taken as
exact since the zero order function is not exact, the
magnitude is vastly improved over the result obtained
when the short range term is included.

One of the more notable aspects of the one-
electron results presented here is their agreement with
those of S8nger and Voitlander, even though in both the
short-range-included and short—range-deleteglcalcula-

N N
tions the trial wave functions §E' and E@l
are not the same. S#dnger and Voitlander's trial wave
functions Qere more complex (i.e. contained more terms)
than those presented here. Comparing Eqg. 2.9 with
Eq. 2.10 shows that, in both sets of calculations, the
k&}}lgi: term which is included in Eq. 2.9 was omitted
from the long-range part of the wave function in
Eg. 2.10, and that, in the short-range-included calcu-
lation, the short-range part of the wave function:

~s

Pis = =K enp ChK ry)

i [\K‘ K,V'N-V\]POIN
ko) emp Bl 1

55 0(3)\‘4'/1%[,0<\\.{+0() Yy

(2.9 (e))

i

63
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was replaced by:

[0'73 <J‘ W}o(‘ “{W\ (2.10(a))

The single term in Eq. 2.10(a) is somewhat similar to the
 second term in Eq. 2.9(e). (The first term is a multiple
of ry ). It is possible that the omitted terms do not
contribute much to the cross-coupling energies. However,
the wave functions also differ in the scaling parameters

used in the exponential terms. Sanger and Voitlander's

scaling parameters € (used in the ground state function

= & N
g%) and ¢©X (used in the ‘trial function q“ ). are not
linked (i.e. €& =1.2# X=1,0 ) whereas they are linked

(€& =cX=|,2 ) in the calculations presented here. The
coupling constant is sensitive to the value of the scaling
parameter; varying & produces a range of values for

J3HD (see Table 4). This is not unexpected, since nuclear
spin-spin coupling should be sensitive to the calculated
electron density at the nucleus, which depends upon the
value of the scaling parameter. Kolos and Wolniewicz60
give the optimum density for the hydrogen molecule (which
should be the same as that for HD) at the nucleus as .2299
a.u. Using the one electron approximation and taking

as given in Eq. 2.8, the densityfg at the nucleus is

related to the parameter € as follows:
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(D(é({) . \ (\ = ze—e\”\ . e~'2£=R

2 (1 + %R))

, 152 2100
Ser= <p," e,

= e_—.é«<'\ 4 eK - (PR\Z)
3 (2.19(a))

‘The comparison of the known density H2 at the nucleus
with values of the density calculated using Eg. 2.19 was
done using the computer. The programme selected the
value of € in Eq. 2.19 which yielded the best density
match with the known value to £ .00005. If R = 1.4,

/9 = ,2299 when &€ = 1.1977. This is very close to the
value of 1.2 used in the calculations presented in this
chapter. .

The scaling parameter OC has the same order of
magnitude as the ground state scaling parameter € , but
it was assumed to have a negligible contribution to the
density at the nucleus because it appears in the trial
wave function oﬁly (the spin-spin coupling contribution to
the total wave function is effectively just a small
perturbation). Possibly this explains why changing its
value has no discernible effect on the value of the

coupling constant.
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The coupling constant is not very sensitive to the
value of the phenomenological parameter\{ . The term
exp (—\{rh) represents a "peaking" of electrOn density
at the nucleus due to the spin-spin coupling perturbation
and, as long as H is sufficiently large (&2 3000), it
mimics the behavior of the Fermi contact operator without
leading to infinities. If R is multiplied by a factor

of 10, the cross-coupling constant J changes by a mere

3HD
0.1 H=z,

There is an alternate hypothesis which may explain
why the differences between Sﬁnger and Voitlander's trial
wave functions and the trial wave functions used in the
preceding calculations seem to have no effect on the value
of the coupling constant. It is possible that, under the
constraints of the system,'the minimization process (in
the short-range-included case) and the relationship
between the various terms in the formulae for the self-

coupling and cross-coupling energies may adjust to

compensate for changes in the scaling parameter & and/or

-
="/ N
differences in the complexities of the wave functions |
NN
and Qél . In the calculations including short-range

4 (4% 4
functions, the variation constant CH is first determined
by minimization and its value then substituted into
Eqg. 2.12 to calculate the cross-coupling energy. It is

possible that the minimization process adjusts the value
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" ~
e} CH

/N NN
substituting ﬁp_: for Z_é' . In the long-range-only

to compensate for the changes involved in

calculations, the cross—-coupling energy is given by:

Q,Q, Epy = 2<2< B, R0 |2, &

(R, -6 @,

{Z2.5)

The two iﬁtegrals are not equal when the wave functions are
not exact, but it is possible that they are related in

such a way that their values adjust to compensate for the
. s s i

—_—

N /N

differences between fEl and éﬁ‘ and hence give the same
heterocoupling energy for both. If this is true, then the
form of the trial wave function for this particular system
is not too important. What is important is that, in order
to obtain a cross-coupling constant which is not dependent
on a minimized self-coupling energy which is unphysical,
only the long-range parts of the trial wa@efunction must
be used to calculate the cross-coupling energy.

It should be noted that Rayez-Meaume and Hoarau47
criticized Sgnger and Voiflander's calculations because
large differences in the integral values led to difficult-
ies with thg accuracy of the calculations. The calculat-

ions presented here were examined for such instabilities

but none were found. Either the more complex terms in the
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Sanger - Voitlander trial wave function were the source
of the large differences or the criticism was invalid.
The one-electron calculations of Sgngér and
Voitlander and those presented here were intended to
give a qualitative indication of the applicability of the
.Spin-coupling operator given in Eqg. 2.1; since the method
is only an approximate one, it was not necessarily expect-
ed to give good results and certainly not meant to be
extended to molecules other than the relatively simple
HD. In fact, the result obtained for the long-range-only
calculations was very close to the experimental value of
J3HD' This does not necessarily mean that two-electron
calculations using the analogous two-electron form of
the operator in Eq. 2.1 and similar trial wave functions
containing only long-range terms will also give accurate
values for J . Such calculations presented in the next

3HD

section.
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2.2 TWO-ELECTRON CALCULATIONS

The calculations in this section use the Voit-
lander - Dingle operator in a series of variational spin-
spin coupling calculations which include two-electron
repulsion terms. In the one-electron calculations, the
contact perturbation was assumed to be isotropic and the
spin parts of the operator reduced to their z components.
The derivation presented for the two-electron calculations

uses the operator in its anisotropic form:

W o= Dot Ko 220
2

=i 2 N= | rN
A \//r\z L/WQ (2.20(a))

2 = il
e ) Y- LA (LR (2.20(b))

¢=l N=|
o 3
T Qu K P»df(‘ '{VNC\ (2.20(c))
g

QN = %‘3?—6"- gﬁ(gN (2.20(d))

Since the derivation is easier for H2 than for HD, both

nuclei are chosen to be hydrogen. The coupling constant
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for J3HD can be calculated from J3HH by substituting in
B L0109 .

T /'3‘HH =% /¥, = 0.4 (1.9)

. The variational trial function is assumed to have the form:

~ Y
E A K e (2.21)
.where % - §O—Iﬂ'—i (Xﬁ”ﬁd\
X nuclear spin functions 2. 21 (a))

is the sing%9t (ground state) wave function

and % = §V x electron triplet spin function

X nuclear spin functions is a triplet (variational)

wave function (2,21 (b))
As is usual in a variational treatment, the total energy

is given by the integral:

E = ¥
PN

:'<:C10%€ 4 (:ngi,\§¥)4':léhglcb’93 . CLvi;i>>

e, Fla re ) .22

This integral can be expressed as a secular determinant.
Since the operator given in Eg. 2.20 is anisotropic, all

possible combinations of electron spin and nuclear spin
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functions must be considered (see Table 5). This yields
a 16 x 16 matrix consisting of singlet, triplet, and

cross—-term elements:

SEEET LA EY—E Yorms
—E derms | (& x\2?
G g e e ™™ e ) T

Py A F,9—E dermw (2.23)

(V2> 1|2)

Fortunately many of the elements are zero due to the
orthogonality of singlet and triplet wave functions under

the operator:

<k9~(~n30> = SKQ <k9‘(nsk>
Ser B = By

Moreover, since all these functions are orthogonal under

(2.24)

ELQO , it is sufficient to consider 54ns only. The
determinant can be solved using standard linear algebraic
techniques to give expressions for the wave function and
energy. For the nuclear singlet, the wave function is

given by:

~s

Y = Co-@o\gcgo\>

s . \%(‘TOTOJWD"[*T._T,;» (2:25)



where §-o = ¢o Q) 52506'23

g, = (,08@-g) B35 .

% _en
¢o - No(f‘-a) (€™ +e ™) .

T

%
where N, = [2(\ -+ <e.er“‘ lé:erﬁl{_éf)] = (2.

?’/v e P,v’ I ¢° 6°v’

'\/\ =3 (dov/)’.

4,/ =N, @) (e e e

i

(2.

(2.

whare Ny = [2 (1E (™™ \é”"’)é’)]%(z

6o = < Po B

To = 1 (0.\:4-‘:0.\
NZ

2
T, = aa
T = bb
82 =L ib b))

(2.

(2.

(2.

(2.

(2.
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25(a))

25(b))

25(c))

25(d))

.25(e))

25(f))

.25(9))

25(h))

25(1))

25(3))
25(k))

25(1))
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The corresponding total energy is given by:

E = EC‘ P 38 (Obovm>2’
| e P
+ %« ovU\ QDO\,CL7 = % (C!Lo\,@32
:V—ZA—E Ev"sz"E

{2.26)

were ¢, = {4 Q, B, 226 @)
‘ %ov @ = <75,, Rz ;5\» | (2.26 (b))
d= 3z (Oqeom . %Wm) (2.26(c))

Cboo(‘\ o <¢0Qn @Q» (2.26 (d))

%Wm = </5v Ry D, (2.26(e))
B, = <§°\9{0\§> (2.26(£))
<&, 12,12,  cxo
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Table 5

Possible Combinations of Electron Spin and
Nuclear Spin Functions for the Anisotropic
g Hydrogen Molecule

Wave
Function

i

Electron Spin Function Nuclear Spin

Function

S ;,LE (28-B%) /S, 7%(@“"\’“\

T+.= QO—

: TO:-L-&lE+Ea)
A2

T.=bb

’Z/‘V e 'r—‘—z (AB+B L) go-,—N_):l(Qh, ba )

Fn
1
;

T-\—-:: a.oo
To - ;}:i[o\}y*' &)Q}
T_=bb

i

il
®
™



75

The wave function for the nuclear triplet is given by:
g
v i CO QQ \SO—T0> B CV 9\(

ek el et Bl

(2.27)

and the corresponding energy is given by:

| f'%(%wm"%%fa)z
B~k

N % (%ov(\)+ C()OVCZ))

st i (2.28)

Since d<<Ev, d44E, Eq. 2.26 and 2.28 can be reduced:

Esinaﬁmt 1 Eo i %(Cbovcwyl

e ey (2.29)

(2:30)
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Each of the coupling terms in Eq. 2.29 and 2.30 can be

11" J22, and le by con-

sidering the expression for the coupling energy derived

related to the coupling terms J

from the point nucleus approximation for H, (two nuclei,

2
with spin, but no electrons). The appropriate energy
expression can be obtained by using an operator similar to
that given for HD in Eqg. 1.15, replacing H with Hl and D

with H and by using nuclear spin functions appropriate to

2’
the hydrogen nucleus for both Hy and Hy (see Table 5).
For the nuclear singlet, the energy is related to the

coupling constants by the equation:

Eoingar = Eo™ £0T, "2 0T # ¢h T oon

Similarly, the nuclear triplet energy is related to the

coupling constants by the equation:

e = Bo NIRRT 44T, e

The total spin-spin coupling energy is given by the differ-
ence between the triplet and singlet energies. Consider the

cross—term energy only:

4. constant.d., g S oy (2.33)
A\;‘\Z_ e E\Z(MPL:H \:'n.(s:ir\%ﬂ,o}\
From Bg. £.29 abd 2;307%
) Y Ei
GVW % M (2.34(a))

i E
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and from Eq. 2.31 and 2.32:

— 2.34 (b

Thus the Fermi contact contribution to the coupling constant
is given by:

2

- . O
3—3\’\1\’\1 o C%OV‘ (\ov
h (E.-E) 2.3

J3HD may be calculated using the same formula by substitut-
(2)

i : ! : S .
ng QD for QH2 into qOV . 8ince J3HD is positive, this

implies that yﬁ, must be antisymmetric.

ot ) B ()
If %ov ‘) = | %ov /QH‘ (2.36(a))
j o % S (&3
and Gov Gov /' Qus (2.36 (b))
L% T G
then C‘bov —.—%ov (2.36(c))
Thus the expression for J3HD becomes:

3-3m> T OTQuQ, [C{)o/\rm]
h (E,-E) (2.37(a))

was determined using three differ-
3HD ~

ent sets of functions for §o and iv- The first consisted of

The coupling constant J

very simple LCAO/MO HD molecular wave functions:
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?EM, = Co (B,0) 4@)
%Gy _Nl:")l ( @ OB, 2) - c;d,(\)yi,(?.)

(2.38)

) —&r, ~E¥,
where ¢° - ,,(63)‘* (e "re °) (2.38(a))
Al

= N
Y —&r -
A 3\ & " _ [
¢v NV(%) e e™") (2.38 (b))

The second used the slightly more complex Coulson-Fischer

wave function for §°:

iﬂz = ¢ (8,0 4,0) - ¢ L0 d.0)
*CV 06 v( by v C
L (A04,3- 204

(2.39)

where ¢°, ﬁv are the same as in Egq. 2.38
This wave function introduces electron correlation into §o
via configuration interaction by introducing the ionic term
CF ¢\(,1)¢V(2).62’66 In the third case, the Coulson-Fischer
function was again used for §, but%, and/d( were "unlinked"

so that their exponential scaling parameters were not neces-

sarily the same:

~&r - &\
By = No e")’i ik R ) (2.40(a))
I
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y s e A
¢v= Ny ég)z (5% <& 0er . (2040 )
N

For the Coulson-Fischer wave functions, the expression

given for J is not quite correct. The one-electron

(1)

3HD

; / ; . .
integral (ﬁov is derived from the expansion of the

two-electron integral:

< E‘o \ 9"{’_%’wns \E:Z v> (2.41)

In the previous derivation:

8. = 40 g e

In the Coulson-Fischer derivation:

Eo : gﬁo(\\¢o(23~ Cpﬁ,(\)gﬁv(z\ (2.39(a))

The introduction of the CF term yields the same integral,
/
Cboél), but it now must be multiplied by a factor of

T CF). As a result, the expression for J3HD becomes:

Sl g N
\\ (’E:v _‘E;\ {2,37({b))

The values of the exponential parameters in the
three wave functions were determined by varying the ground

 state energy:

Eo Sia 8. ) (2.26(£))
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with respect to € (or € and & in the third case). The
resulting wave functions, energies, and parameters are
given in Table 6 on page 90. -

Since the parameters in ﬁ.zivwere determined by the
parameters in X,, no further minimization was necessary and
J3HD was determined directly using Eq. 2.37. In all calcu-
lations, the total energy E in the denominator was approxi-
mated by E5 since the ground state energy is much greater
in magnitude than the coupling energies.

Two types of computer programmes were necessary to
perform the required calculations:

1) Programmes to determine the ground state
energy Eo and to minimize it with respect to the exponential
parameters.

2) Programmes to calculate the coupling constant

3HD®

1) The ground state energy was obtained by solving

the integral:

E, = {93, }‘3{0 $.) (2.26(£))

where for é-\&l ) &Q = 52506) ¢°(2\ (2.38)

for §HZ ) ‘§H3

T, = 2OARD-C. gMNAE @39
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Forjztot 17 the integral 2.26(f) expands as follows:

Eo = ££0d, 0%\ 40 4,@)
CEo@ G NS0 |-v, v L - -1 |day

TR T

HANAO (A OFR L - L (e

A

+<¢Q)y§(2)\ \ q;é@)ﬂ

o T Cubltiey’ 5 T
s “L- .L\ i ot
o
- No i <(€~ Vg, e‘erm>(e CY‘?_V,+e‘—C_F7_°>
l
A

"%

(2.42)
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The one-electron integral is simplyfio, the one-electron
hydrogen molecular energy calculated and programmed as out-
lined in Section 2.2. The two-electron integral is new.

It can be expanded into a series of integrals having the

. forms

<.L <€.—e(r"“\+ Faw, * Mg + r2N¥\) >
Mo

(2.43)
where Ni = H or D (2.43(a))

The formulae for integrals of this form are given by
slater®? in Chapters 3 and 4 and the derivations in
Appendix 6. These were easily transformed into subroutines

for the computer.

D
For Qtot 5 and the integral 2.26(f) expands

Tt ig*
as follows:

E. = (A0der - 4,0 4
12, | 4,60 46 - e 4O 4,6))

= {AOEDI Y 14O A)
+ A B O B, 12 4.0 A0
- 2c {0 £ &) | X, | 40 B2

(2.44)



83

The first term is obviously the same as the F derived for

Etot 1 For?itOt o fs differs from}é only in symmetry:

| ). -€ - €t
= Noé@)z(e T (2.38(a))
T

N N

Thus the expansion of the CF2 and Cp terms in Eq. 2.44 will

result in the same types of integrals as the expansion of

the first term, with the individual integrals in the summa-

tion differing only in sign. For example:

<;35°(\3§zfo (2))']1{ \ ¢ O &, (2)>

= Ny ' <<e'er‘“+ P! | il

\_L

Mo

( e—-erm s (i- e“m) (Q-C:ZH 2 e—-(:%) >

(2.45)

This can be compared with the o term in Eq. 2.42, and it
12
expands into terms of the.sort given in Eq. 2.43.
s
, 2 -
Forj?tot 37 the CF term will be the same as the
2 ; :
CF term lngEtot 5 with all the parameters € replaced by

K# €. The C, term, however, is different:
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ol LB EoeTh Fo (2 12, | ,0) &,(2)
L —éc\= 2N, @0 ( (€% ae™ ™)
ot &t C

R

Can watans' sEb

4 0(61)3 <(€‘erm s e:—é\" \0) (8- AP +€:érzo>
Ll

\-": ‘ (e'..cxr,,, 5 6‘okr'\b )(e_ o &sokY‘zb>)
\2

(2.46)
The first term can be expanded into a summation of one-
electron integrals. Subroutines for these integrals were
based upon the same formulae taken from Slater62 (modified
to fit two different scaling parameters) and McGlynn et
al65 as Qere used for the one-electron calculations. The
second term is a two-electron integral which can be

expanded into a summation of terms which have the form:

<(_L) (e~c—Cr.N‘+\~2Nz\—-o&(rN,+ rm“\)>
(2.47)

N2

where Ni = H or D (2.47(a))



85

The formulae given for two-electron integrals by Slater

in Chapters 3 and 4 are not appropriate for wave functions
containing two different scaling parameters. In some

cases, the derivations given in Appendix 6 of Slater can

be modified to give formulae for the two-parameter case.
However, for some of the terms having the form given in
2.47, the derivations result in integrals which are not
soluble analytically. Two possible recourses are available:

a) The use of recursion formulae

b) Transformation into a coordinate system in
which the integrals are more easily soluble.

Recursion formulae adapt well to computer program-
ming and may be applied to integrals of the type in Eq.
2.47, but if a wave function containing short-range terms
(i.e., terms such as rne-dr) were to be considered in
future calculations, difficulties would arise because the
recursion formulae would contain terms such as e“{‘r which
are too large for the computer to handle. For this reason
it was decided to use method (b). A subroutine based on
such a method has been developed by Dingle.51

The programmes used to calculate Eo for all three

wave functions required a variational subroutine to minimize

~J o
E with i i
B respect to €& (in itot 1 and étot 2) or € and & (in
gitot 3). The minimization forgEtot B required a two para-

meter procedure, and since the sections on the hydrogen
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& and Coulson's66 books supplied a

molecule in Slater's
check on the correct answers, the calculations did not
require a highly efficient minimizétion routine such as the
one based on Fibonacci search which was used in the one-
.electron, one-parameter calculations. For these reasons

it was decided to use the internal programme MINFUN from
the University of Victoria's Academic Systems Public Disk.
The Coulson~Fischer caiculations required an evaluation of
the parémeter CF for each iteration, since its value
depends upon the value of the scaling parameters.

2) A second programme calculated the coupling
constant J3HD using the formulae in Eqg. 2.37(a) and
2.37(b). Since no minimization subroutine was necessary,
the bulk of the programme was devoted to subroutines used
in calculating Ev and %olv (\\.

a) Ev' For all three wave functions, the triplet

energy is given by:
Ev= 3 (A0 d@-ga) 4.
12| 014,@)- 4,0 4.

=3 LA DL | 40 4 20)
F PO 4,6) 21 4,0 4,00
“2{40 B34, | 4,0 F DD 3
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s
Z
-1 -
T
- <5zfo(0 5?5v(z)\ L | dang,@ >
+1 {fOd@| L | §.0 gz/v(2>>
+ L {0 B HZ \ B D }‘/o(z\>
(2.48) -

The first two terms are one-electron integrals which were
required for the calculation of Eo' For the first two wave
functions in which the parameter in?go has the same scaling
parameter as;ﬁv, the formulae of Slater62 were used without
modification. In the third wave function, the scaling para-
meters differ, and both the overlap formulae of McGlynn et
al65 and those of Slater (modified) were used.

The last three terms are two-electron integrals.
For the first two wave functions these integrals were
calculated using the formulae in Slater directly since there
was only one screening parameter,& . For the third wave

function these last three terms expand into integrals having
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the form:

< (_‘L_\{C— (ehN‘ *\‘9“"2“1"' ‘(ﬁua+&rzw*\J> P Pt
2 3
< (_‘L_\l[e~ (€N, + AVan, + er,,‘,+o<r,_N*)]> (2.49 (b))
} ¥

<<_%2> [ e..(txf'm, TET o0, +-\’In3 +e r‘qu_)_]>(2.49 ()

where Ni = H or D (2.49(4))

Formulae for some of these can be derived analytically
using the methods outlined in Appendix 6 of Slater but for
others this is not possible. For the latter integrals the
calculations were accomplished using Dingle's two-electron
integration subroutine.
e -~
N b) %"‘: ® . For§tot 1 and§tot o0 the integral
/

ﬂfv can be expanded as follows:

{gla,\ g, >

g )

T Wi Pl e MY O

Q!

i

Qo

(2.50)
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/
This integral is similar to the <§ "lw(mi\) integral

used in the one-electron calculations of JBHD (it 18, 1in
fact, the same as the integral used in the long range

calculations, if N, is replaced by Cl); so the same sub-
routines were used for both. For§tot 37 Cb:\,(\\ expands

into integrals in three different parameters:

Ct)ov/ Y- <¢o Qu ¢v>

= “L:qu (€5°<)$i )i:

b ST

W <(e-er“ & e-er.) \e—&m \(e'-o‘rn -d“t»
(e “)}' \{3 %‘<E_~Ce+*(.+o<)m>

N ¥

+ e LERr=OT, + enl) | é— TlEe+)ry +o<T‘D]>

+ < e LA 4 (6] >

The overlap formulae of McGlynn et al65 were used to calcu-

(2.51)

late the integrals in Eqg. 2.51, but they had to be modified
to cope with three different exponential parameters as well
as with the large magnitude of\{.

The results of the Eo éalculations are given in
Table 6 and the results of the J3HD calculations are given

in Table 7. Since for all three wave functions the scaling

Mo o
parameters were close to the same value (€= «=1,2), it
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Table 6
Energies and Scaling Parameters for the

Ground State Wave Function (§,)
used in the Calculation of J3up

Wave Function E, (Hartrees) & A
A%
[ cot 1 -1.128 1.19 -
~o
3,3_ tot 2 -1.148 1.20 -
(4"
@ ok 3 ~1.148 1.20 1.19

Table 7

Comparison of J as Calculated using

3HD
the Wave Functions in Section 2.2
(Two-electron Calculations)

. = <
Wave Function J3HD (Hz)

kok 1 102.8 1.19 =

-
b
b 127.06 1.20 -
[0

tot 2

tot 3 126.0 1.20 1,19
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was decided to investigate the effect of varying the two
parameters on the value of the coﬁpling constant. Since
the charge density at the nucleus depends upon the values
of € and K, the effect was expected to be large.

The electron den51tyf>2 at the nucleus as

described bygztot 5 isz:

( |+ ZéF(+ 22-—6@)
12 o “ g 2<\+3@m)

"LC (l* o -2eR 2&—G‘Q) b 2CF (\_ -—ZeR)

2(1- SEr) 20-%R)>
where S(cQ = e ¢®(\+ R +£___) R)?) (2.52(a))

For§ the expression for/o 3 is more complex:

F; < e (1r ¥R 4 9,R)

i pe st SESRD
+-°£ CF.? ( \ + e—-?.e(&_ Ze_.°<R>
T | 20\ - SxRY)

*{xc\’- QC\ (H —°R~—e,'dﬂ-e-Cé+°OR\
2 (1+ SErRY*(1- S &R)Y>

(2.53)

The densities calculated using these formulae with various
values of &€ and & (or & alone forf?z) were matched against
the optimum density of .2299.60 The programme used to

perform the density match for the two-electron case was
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similar toﬁ}hat used for the corresponding one-electron
case. Foraétot 37 the density depends upon two scaling
parameters, which effectively increases the number of
iterations from n to n x n, so the accuracy was limited to
+.025. The results of the density match and the hetero-
coupling constant calculated using the optimum parameters
are given in Table 8. Note that, unlike the wave function
used in the one-electron calculations (and unlike Eiot 17
which would give a similar result), the parameters which
give the best density at the nucleus are not the same as
thefgarameters which give the best grouhd state energy.
For §tot ;o

combination in which € >« (1.48, 1.40). However, for some

the best density match was obtained for a

cases where « »¢ , the match was almost as good. The (1.11,

1.31) combination was the best of these.

el

The parameter (s) in the trial wave function..A.V for
the preceding two-electron calculations were determined by
>
their values ingﬁo. A further calculation used a wave

functlon_E;.ZtOJC 4 in which y Was not so linked to ot

By = o (A0 A
e (460 B @) - A0 E )

(2.54)
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Table 8

as Calculated using Scaling Parameters

which provide an Optimum Electron
Density Match at the Nucleus

J3mp

Wave Function J3HD (Hz) &

e
E?'tot 2 106 1.36 -
1.48 1.40

tot 3 ok
98.0

Fok ke

tot 3

Table 9

o
JBHD as Calculated using Eﬁ tot 4
(Variational Determination)

N
Parameter Energy (E*) (Hz) Jaup (Hz)

-1167 (minimum) 119.5

1.536 (optimum)

1.19 -1004 102.9
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where F{O = N, (g;___g ) - (e. €%, 4
! n

g, = Ca® *CpB

%-—c G+ C B

20 gac
V. =
' \l}
- XY
B = @)k e
LE </q§'gé>=- 0( then: o
Ca= Cop
Can®C

v
SO that?\iv reduces to:

~r

2y =T (O G2 - AG) b, )

(2.
(2.
(2.
(2.
ﬂZ.

(2.

(2

94

54 (a))
54 (b))
54(c))
54(d))
54 (e))

54 (£} )

.54 (g))

(2.55)

= £ (¢ + ) (rOVBR) - e AG))

If the wave function is normalized then:

4 :
Cnl ¥ Cg i ® |
: \ (\'— 6‘:\3?-))/2‘

Cpg = IP‘BO\?

(2.586)

(2.56 (a))
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" The formula for the total energy is given by:
a4
=g +E?

= E, - 3
<\—6p,gz)(EV"E§

s {’% (CBOQ (‘)603 "3 C‘oem éog}z

e C})oqm e “choe‘?" ol
" 5 G 4o A G ™ P Tl
where  Eo = (A0 ¢,2)|2, éﬂ);ﬁo@> (2.57(a))
= L < (B0 @D~ 404
\ 2, | (B0 4,00~ G0 £,60))

- ( (b)
= (0,2 + ¢ 2RO~ B0 R 124, | AR - 58 2))

Cf)of) = <§Z§o QR By (2.57(c))

%0003 =<4 Q, B (2.57(d))
{

Don, = f;ﬁoﬂ av (2.57(e))

Gog. ™ j%&&’? (2.57(£))
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An expression for J may be obtained from Eq.

12
2.57 by the same method that was used for the linked-

parameter calculations:

T == 5 (400 ¥ °~ Yoo 6,\\ %oeékz 58)
h(1— g, ) Ev-

In order to calculate J deuteride must be substituted

3HD'
for the second hydrogen:
H / po e-b(r“
(2.59(a))
P I ©
e At i (2.59 (b))
(@) b ‘
%oﬂ' s @e R, A > ‘
Q“‘ (2.59())
(A l
Gosr = g, Q:, B2
Q (2.59(d))
Wy
. @)1a dar N f%hie &0
Since E_ ¥ E(z), %on' - (honv , CSOB, ‘C‘oe/ and
éoa’ = 600; , the equation for J3HD reduces to:
Q)
j?\-\b Q“Q donl qu’il Q\OG ] (2.60)

h(1-64)  E -E,

The Eo in Eq. 2.60 is the same as the Eo previously deter-
o~

mined for calculations of J3HD using bt s Inspection

of Eq. 2.54, 2.55, and 2.56 and comparison to Eq. 2.38 and
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2.39 shows that the trial wave functions giv in

N s

Eﬁh*l and.aé**z differ only in the scaling parameter

~ “\s
€ from the trial wave function Qv in jé*o* ¥ .
Thus E for 3&&- can be calculated using the same
v l‘. [ N\

equations for E = as derived for}h“ and Qh\*l
by simply replacing the scaling parameter A for & .
Since the same formula for E, was used for three of the
four wave functions used in the two-electron calculations

of J it provided a good "checkpoint" for the accuracy

3HD' s
of the calculations. The trial wave functixn1§§v in all
three cases corresponds to the SZM )ms = O  state of
H2 as documented by Slater62 in Table 4-1. His Figure

4-1 provides a graph of molecular energy versus thﬁx}nter—
nuclear distance R for the case where & or ® in §v

is equal to 1. Using values of R = 1 and R= 2

(the value of R = 1.4 used in the calculations of JBHD
could not be read accurately from the graph), E, cal-
culated using the formula derived in this section attained
values of =-.29 Hartrees and -.85 Hartrees, respectively.

These results agree well with those of Slater.

oy can be expanded to yield:

door = <PB. QKD

No Ged® 17 Ceont o] Sl )
v g

The integral C$

i

(2.61)
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G

and %OB' can be similarly expanded:

{4 Q, 8"

= N, (e:(‘)"’- R> <e_ -cer"+er°)|€.’{r"|€_dm> (2.62)
T L

Q\

Gee

]

These integrals are obviously similar to the integral
A

3HD with zﬁ-kkz (see Eq.

2.51) and the same overlap subroutines were used for both.
s

e
Since §v is not linked to?o via its scaling

7 Q) . .
cbov used in calculating J

parameter, the total energy as given in Eq. 2.57 can be

minimized with respect to the parameter X in gtic

The value of Eo is much greater than the value of E(2),

but the ground state energy is not affected by the value

of &€ so it is only necessary to minimize the second order
~

term. In the computer programme used for the EM‘#

calculation of J the internal subroutine MINFUN was

3HD'

B i (2]
used to minimize E

with respect to ®% . The optimum
value of &« , along with the minimized energy and hetero-
coupling constant, are given in Table 9. In addition,
the coupling constant has been calculated using a value
of 1;39 for X in order to compare the results for 3§hﬂ~\
and §H¥ . These results should be the same since at
e = &= 1.19 the wave functions are the same. Within

the margin of error, they do, in fact, agree.

The results for the two-electron calculations of



L

J3HD are obviously not very good, since comparison with
the experimental value of 39 Hz demonstrates that they

are two and a haif to threefsimes too large. Moreover,
the results for ildz and Eidg , in which some electron
correlation was introduced into the ground state wave
function, and for §E¥*¥ , for which the second-order
energy was minimized with respect to the scaling parameter
in the trial (triplet) wave function, are worse than for

the relatively simple g There are two possible

ok L T
reasons for these unimpressive results, both of which
concern the form of the trial (triplet) wave function.

1) In the derivations of the formulae for
£(2) ana Jyp Which have been described in Section 2.2,
the trial (triplet) wave function was assumed to have the

form:

&, = —dli(gﬁ\(\\ B -F.OF@)

(2.25) and (2.54)

wherelgﬁ is a symmetric wave function and

is either symmetric or antisymmetric, but was

assumed to be antisymmetric to give the correct

si for J .
gn tOT Yamp

Further analysis indicates that the triplet wave function

should, in fact, be composed of both a symmetric and an
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antisymmetric part:

~r

D =L R L By (2.63)

where

=2

N"-%_(ﬁ.(\);é,_(z) 5 525,_(0 ;5\(23) (2.63(a))

such that ¢. is symmetric in both ?.,. and i‘ﬁ_

and ;52_ is symmetric in @_‘_ and antisymmetric in

EE__ . Obviously if;f; is symmetric it cannot

have the same scaling parameter as }5‘ .

2) The one-electron calculations gave good
results when a triplet wave function constructed of long-
range terms only was used as the trial function. It may
be, however, that this is only true for the one-electron
derivation presented in Section 2.1, in which the short-
range terms cancel out and the long-range terms are
related in such a way that the long range expression for
E3HD automatically yields the correct value. Further
analysis indicates that short-range interactions should,
in fact, contribute to the spin-spin coupling in the more
general two-electron case and that the trial wave function
should contain some short-range terms.

Both of these suggestions are discussed more fully

in Chapter 3.
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CHAPTER 3

DISCUSSION

It was suggested at the end of Chapter 2 that the
form of the total spatial part of the wave function should

be:

Sy e T ah AT (3.1)
where @O = %(\) %o(?‘\ (3.1(a)).

%, = L4040~ gOd@) caen

such that theﬁg are symmetric) ¢{| is symmetric,

(o]
and ;Kz is symmetric in 324_ but antisymmetric in
§i, . The case where yﬁ523 is antisymmetric

corresponds to the wave functions used in the two-

electron calculations in Section 2.2.

CO is related to €. and C_ by:

Brpd=thid IndrEate 160 |
{3.14c))

= 1+C+7'“_§:2
o 2
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The effect of including the symmetric term Cq_ia
in the wave function can best be studied by deriving an
expression for the total energy. The one-electron cal-
culatiéns in Chapter 2 were based on energy expressions
derived using an isotropic operator while the two-electron
calculations were based on energy expressions derived
using an anisotropic operator. It can be shown that both
the isotropic and anisotropic operators will eventually
give the same relafionships, but it is much easier to
use the isotropic operator in the derivations. In the
following analysis, the magnetic field is assumed to be
polarized along the z-axis of the molecule so that the

operator is given by:

/ 4 A A _/: A A ~
Q.(M il S\a' -L|-é e Qza ™ Iza oin
+ A A A s g A ( : )
Qi Szz' B PR 22'129-
where L 3 (3.2(a))
- : P Pl ' B .
NI GOTLA Tt WK UM O oY
2 m
A - AN
or ®5c= A R* e i (3.2(b))

)y'rb"s‘
It is assumed that there are two different nuclei, both
with spin of % so that‘k£¢>5 for C*j .
The general expression for the total energy (spin-

spin coupling energy added to the electronic energy which
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accounts for most of the energy in the molecule) is
similar to the one given in Eq. 2.22:

=< TNy A % DD

(3.3)

where% L @OX electronic spin function x

nuclear spin function (3% .34(a))
La%d

;//l = (C+ "@+ e @_\ x electronic spin function

X nuclear spin function

(3.3(b))

and j@{, +§Zl)(%+2/ﬂﬂ&’}’zl (3.3(c))

For the system described abovc, where m = T %, the elec-
tronic and nuclear spin functions are the same as those
given in Table 5 (see Chapter 2). The operator 5%3: acts
upon the spin functions in such a way that coupling is
only non-zero between states which have opposing symmetries
in their electronic spin functions. Equation 3.3 can be
written in the form of a determinant:
éo §+ E.E..
¢

éo EO'E H(ﬂ_ l.‘o--

(3.4)
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wnere B, = o | Has| By (3.4 )

W ORI ALIRD (3.4(b))
g, = <&\ 1T (3.4())
E, = RN LED (3.4(a))
_o= <2128 (3.4(e))

m
i

The other possible terms are equal to zero by either

symmetry or spin:

0 = <3, %] 35 (3.4(6))
My = (BL12)BLD
Ho' = {8l Yo\ B (3.4 (1)
Hoo' = <8 | 4o By (3.4(1))
Ho' = <812 18.> (3.4(5))
H,* = (BB (3.4 00)
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H. = <8, \ 2,18 (3.4(1))

=0
Expanding the determinant and solving for E reduces the
determinant to a relatively simpler equation:
oy N, e’ W /\7.
B e (W
. E -E - _-E
(3.5)

For the case where the nuclear spins are parallel to each

other then:
/ Sy
\*-to =:<<§Eol-h(kQu e sz_+'cé{'q%2\§§t (3.6(a))

Sinme§§+ are antisymmetric with respect to electron

exchange and Qéo is symmetric:

<ZE° | Qi 18y ) = - <§o\&Jz\§t> (3.6 (b))

¢

S e =K B, 9, 1B (3.6())
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Now take:

<§olen]§i>= >\&<§O\Q\\o‘§t> (3.6(a))

Then using the spatial symmetry of é,,. and ?é_ :

>‘1 <%, | Qno \ :@t> =3 ,_<§¢, \Q‘\°l§:\;> (3.6(e))

S e T Ah (B, IQ71BL) MR G G5 (e
2 2

Substituting Eq. 3.6 (f) into Eq. 3.5 reformulates the

o
equation in terms of the integral CQ“i s

Ear Lo+ 02N ) {(Qu“\’ r @)
A E,-E E.~%

E éﬁs.-.{(@\.” o (@ﬁ)‘; (3.7)
R B,k E_-E

Similarly for the case where the nuclear spins are anti-

parallel:

Hio = <3, 4(Q,-Q,.-Q. Q) P, ) 3.8

i <i§§o‘ GQ\\-' GDZl\-git\> (3.8(b))



107

=XNF 3,190 l§t> Q“ °(3.8(c))
vy LA

so that:

Y M{(arv L@

E_-E
Y )\ %( Gt il P I
E. -E (3.9)

For the isotropic case (presence of a polarizing nuclear

field):
- _ \
B o tidy Jia gy (3.10(a))
SR
I # S (3.10 (b))
(Note that EPL is not the same as ErL for the aniso-
tropic case in which EPL = = 3/4 J12 .) Taking the

difference between Eq. 3.10(a) and 3.10(b) and equating
it to the difference between Eg. 3.7 and 3.9 yields an

expression for le

.= 288 o2 WA %@2\ V- @ )‘?

h h E,-E E.-E

(3.11)
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In the two-electron derivation of le as described in

+0
Section 2.2, Q" = 0 and X\—\z =0, i.e. >(""'>\z

The expression for le under these conditions reduces to:

—J\z: 2AE\2 - ZQ;( i d

1)

h(E_-E)

(3.12)

1]

Qu? Qo)
h(e_-g)

where cbo_ = {&RYU°E)D (3.12(a))

This agrees with Eq. 2.37(a) (the equation for J3yp) if one
ls
of the Q“- is replaced by Qb . However, neglect of the
P
symmetric contribution to é‘r may not be valid. If the

expression for le is expanded in terms of one-electron

integrals then:

@\ " = % (%M— qoaéoﬂz (3.13)
rizs - 4Rus = (o, °H2 (3.13(a))
oboo
G0y = <}4 Bour (3.13(c))
Q') = &%_\2 (3.14)

1

<¢o &l|+°¢o> (3.13 (b))
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The C%,o 60_ term is zero because %o is symmetric while /5

is antisymmetric.

3l'l-= —>\|>\7_ {(Cho-# ol Cboodc»)z i (jo_ﬁz

E;— E E_"E
(3.15)
= ’>‘l >‘1 § (%Ot ‘2%04%0060++%00260+2 —(%o—\z
E, -E E_-E

Now suppose the trial (triplet) wave function is dominated
by some term which is sharply peaked at the nucleus. Both
of the triplet energies E_ and E_ will then be dominated
by the kinetic energy term which will be very large due to
the short range contribution, so that E+¢t E_. Also, %o+
will be approximately equal to %,,_ . The %0; terms in

Eg. 3.15 will then cancel each other so that:

A )\XZ(Z%WCXQO 6o - C‘uzéof' (3.16)
Ei4. T Ei

Since(t)°° is very small, the dominant term in le will be

2 (bN . 6°+ . This is not, however, true of the self-

coupling energies. The self-coupling terms are proportion-

al to:

+0\2 -0\2
(Cé:‘_g‘ y ——-——(g:‘_\:_} (3.17)
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If these terms are expanded under the assumption that the
triplet wave function is dominated by a peaked short-range
term, the (<1to )2 terms are additive and contribute the
largest portion of the energy. Since c‘bto'>>%°° 6,,, , the
self-coupling energies will be much larger than the cross-
coupling energies. This suggests that the trial wave
function should be determined by doing a variational
calculation on the self-coupling energy, and the result
then used to calculate the cross-coupling energy directly.

The question should then be asked: what form of
trial wave function will give a reasonable self-coupling
energy? The desirable wave function should have both a
short-range and a long-range contribution. In the first
set of calculations for the one-electron approximation,
the trial function contained both short and long-range

terms:

W -1 -GV ~ RO,
= Ce “+(Ce + Cy €
P \ Ca - (2.10 (b))

and the analogous two-electron functions would be:

%Ii = C\(E‘?r"’fe-’“) (3.18 (a))

#IC e T 0y

(F ¥e€)
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-t s
¢2+ = C\* (€. ™y C. i o

i ~Kr
WG, (6T TN 1 ") (3.18 (b))
= ey -
¢Z— - C\+ (e o P
- - -
i c, CC.K'“ _e‘K"b) (3.18(c))

(¢ =)
However, this may not be the best form of the wave
function to use. The first-order wave function obtained
for hyperfine splitting in the H-atom using the operator

vy(r) in Eq. 1.57 (i.e. Eq. 3.2(a)) is:

fp ﬁﬁ— (Q ¥{ {[E\(ﬂ{€)+ Qh}(r-+ ¥]4+r
v Tr(mz\
o . (3%19)
+D -\ r (M) e
2r 4 R
where {3, 19(a))

D=‘5 Qnﬁ‘ig,_ \f(‘s‘

and the corresponding second order energy is:

E = o8  gb ~§R - &1 + dnkrn)
T R+ 32 22 R+D*

* 3., <xi $ 3 i \
AR e (R+) R+2 \e(R+*
(3.20)
T ¥ + | ]
32RRAY 32 R (R

For the operator V,(r) (see Eq. 3.2(b)) the equations are
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similar:

o= ot '%Y_E R+ dn -+ ¥]

TT CV@D"
£ (3.21)
+r+)D “(\-e,&r)?
VAS

where

$<am “> 0

The corresponding second order energy is:

E("\ - "QHQ R [i-}- 3 & 01\(»5*2)?_
¥ Ty

et H(R+)
(3.22)
-4 + |
R+ 2 #(R+) ]
The second order energy is of the order of magnitude of
Qu 7* so only the terms _-3—2 - %—% in Eq. 3.20 and

% + % in Eq. 3.22 contribute significantly. In both cases

the part of the first order wave function that gives rise

-Xr -r
to these terms is the (\" ) ( e 3 term.
vl

2 AT

A reasonable trial wave function for spin-spin-coupling

in HD based on this type of term would be:

po (P et
} o e (-n¢° (3.23(a))
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L i
t+
= oo (Q"ﬂ"“ s *5r°) (3.23(b))
e N

where @ is of the order of magnitude of 10° and

ﬁ = \-&-\-o( is of the order of magnitude of 10%3,
The parameters &< and (3 can be varied to give an
optimum value for the self-coupling energy, and the wave
function with the optimized parameters then used to
calculate J3HD' Preliminary, approximate calculations
indicate that a wave function like the one in Eqg. 3.23
with &K =1 and.ﬂ'= 30000 + 1 should lead to heterocoup-
ling constants of the order of magnitude of CQQV/TYZ
which is correct. In contrast, a wave function without
the %N dependence (see Eq. 3.18) appears to lead to
coupling constants which are too large. While both
wave functions are peaked at the nucleus, the function

which is dependent on % falls off faster as distance from

N
the nucleus increases, indicating that the short range
contribution is only important very close to the nucleus.
The wave function proposed in Eg. 3.23 will
probably result in self - coupling energies which are too
large and hence unphysical. However, this feature results

from spurious terms introduced by the form of the operator.

In the expression for the self-coupling energy, these
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terms are significant, but it is possible that they
cancel in the calculation of J3HD' Detailed calculations
for HD using such a wave function have not yet been
attempted. Such calculations must test the tentative
conclusions that:

1) The trial (triplet) wave function must
consist of both a symmetric and an antisymmetric part.

2) The trial wave function must contain both
short-range and long-range contributions.

3) The trial wavefunction should be based on
terms similar to those which give the main contribution

to the hyperfine splitting energy in the H-atom. It is

possible that, in a molecule, other long-range terms

such as tf:h and €
AT NTT P

heterocoupling energy and this should be examined.

may also contribute to the

4) A variational calculation of the self-coupling
energy with respect to the short and long-range scaling
parametersp and &« could lead to results which are too

large. However, the optimized wave function can still

be used to calculate J3HD if the unphysical terms cancel
in the equation for the cross-coupling energy.
- B
If the € -~ €  type term does provide the

r

main contribution to the self and cross-coupling

energies, the trial wave function for spin-spin coupling
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between hydrogen atoms in any molecule could likely be
based on this type of term. The major part of the cal-
culation would then consist of finding an appropriate
ground state wave function. Such a situation is
obviously desirable, but its testing must wait for the

_future.



10.

2k

12.

13.

14.

15.

16.

i7.

18.

BIBLIOGRAPHY

EMSLEY, J.W., FEENEY, J., and SUTCLIFFE, L.H. High
Resolution Nuclear Magnetic Resonance Spectro-
scopy, (Vol. I).

RAMSEY, N.F. and PURCELL, E.M. Phys. Rev. 85,
143 (1952).

RAMSEY, N.F. Phys. Rev. 91, 303 (1953).

MCCONNELL, H.M. J. Chem. Phys. 24, 460 (1956).

MCCONNELL, H.M, J. Chem. Phys. 26, 1347 (1957).

POPLE, J.A. and SANTRY, P.P. Molec. Phys. 8,
1,(1964).

DITCHFIELD, R., OSTLUND, N.S., MURRELL, J.N., and
TURPIN, M.A. Molec. Phys. 18, 433 (1970).

EMANUEL, R.V. Molec. Phys. 19, 399 (1970).

MOULSON, T. and LOWE, J.R. Molec. Phys. 22, 723
(1971).

HINCHCLIFFE, A. and.COOK, D.B. Theor. Chim. Acta 17,
294502978},

KOWALAWSKI, J., ROOS, B., SEIGBAHEN, P., VESTIN, R.;
Chem. Phys. 3, 70 (1974).

ODDERSHEDE, J., JOERGENSEN, P., BEEBE, N.H.F.; Chem.
Phys. 25 (3), 451 (1977).

KIRTMAN, B., KIRTLEY, K.B., HASMAN, D.A. J. Chem.
Phys. 65 (4), 1357 (1976).

MUSHER, J.T. Phys. Rev. Lett. 15, 1015 (19€5).

r
DUTTA, C.M., DUTTA, N.C., and DAS, T.P. Phys. Rev.
Lett. 25, 1695 (1970).

ibid., Phys. Rev, A, 1, 561 (1970).

SCHULMAN, J.M. and KAUTMAN, D.N. J. Chem. Phys. 53,
477 (1970).

ibid., J. Chem, Phys., 57, 2328 (1972).




19.

20,

2k,

2ds

23,

24.
25,
26.

-
28.
29.

30.

31,
32

e & 08
34.
35.

36.

L by g

117

SCHWARTZ, C. Ann. Phys. 6, 156 (1959).

BORLE, JsA. , MCEVER;wI . W. ; JE.,+OSTLUND, 2N S. ;
J. Chem. Phys. 49, 2960 and 2965 (1968).

OSTLUND, N., NEWION, M.D., MCIVER, J.W., Jr.,
POPLE, J.A.; J. Mag. Res. 1, 298 (1969).

CHUVYLKEN, N.D. and ZHIDOMIROV, G.M. Zh. Structl.
Khim. 14, 148 (1971) and 14, 128 (1973)
(English translation).

DITCHFIELD, R., OSTLUND, N.S., MURRELL, J.N., and
TURPIN, M.A.; Molec. Phys. 18, 433 (1970).

FUKUI, H. .. J.+Chem.:Phys..65.4(2), 844, (1976).

STEPHEN, M.J.  Proc. R. Soc. A. 243, 275 (1957).

O'REILLY, D.E. ' J. Chem. Phys. 36, 274 (1962).

HIRSHFELDER, J.0., BYERS BROWN, W., and EPSTEIN, 8.T.
in Adv. Quantum Chem. (ed. P.O. Lowdin) 1, 278
(1964).

HYLLERAAS, E.A. Z. Physik. 65, 209 (1930).

HYLLERAAS, E.A. and MIDTLAL, J. Phys. Rev. 103,
829 (1956).

DE JEU, W.T. Molec. Phys. 20, 573 (1971)2

WRUBLE, H. and VOITLANDER, J. Molec. Phys. 25, 323
L9731 &

PAVIOT, J. and HOARAU, J. C. R. Acad. Sci. ‘(Paris)
C267, 1396 (1968).

PAVIOT, J. J. Chim. Phys. 66, 1269 (1969).

ISHIGURO, E. Phys. ‘Rev. 111, 203 (1958).

DAS, T.P. and BERSOHN, R. " Phys. Rev. 115, 897 (1959).

ARMOUR, E.A.G. and STONE, A.J. Proc. Roy. Soc.
(London) A302, 25 (1967).

ARMOUR, E.A.G. J. Chem. Phys. 49, 5445 (1968).




38.
39.

40.
41.

42.
43.

44.

45.

46.

47.

48.
49.

50.

T B

52,

53.
54.
55.

56.

57.

118

SCHAEFER, J. and YARIS, R. J. Chem. Phys. 46, 948
(1967).

HOARAU, J. and PAVIOT, J. Theor. Chim. Acta 35,
243 (1974).

ibid., Chem. Phys. Lett. 33(2), 390 (1975).

BLINDER, S.M. J. Molec. Spectr. 5, 17 (1960).

GREGSON, M.J., HALL, G.G., and REES, D. J. Phys. B
3, 1195 (1970).

POWER, J.D. and PITZER, R.M. Bull. Am. Phys. Soc.
16, 309 (1971).

ibid., Chem. Phys. Lett. 8, 615 (1971).

HOARAU, J. and PAVIOT, J. Theor. Chim. Acta 35, 251
(1974).

ibid., Theor. Chim. Acta 42, 345 (1976).

RAYEZ-MEAUME , M.T. and HOARAU, J. Chem. Phys. 27,
RIS 280

"
PYYKKO, P. Theor. Chim., Acta 39, 185 (1975).

WOOLLEY, R.G. Molec. Phys. 30, 649 (1975).

MOORE, E.A. and MOSS, R.E. Molec. Phys. 30, 1297
and 1315 (1975). t

DINGLE, T.W. Private communication.

SANGER, W. and VOITLANDER, J. Z. Naturforsch. 28(a),
1866 (1973); 29a, 364 (1974).

ibid., Chem. Phys. 9, 183 (1975).

ibid., Z. Naturforsch. 30(a), 1491 (1975).

LOWDIN, P.O. J. Molec. Spectr., 14, 131 (1964).

FOLDY, L.L. and WOUTHUYSEN, S.A. Phys. Rev. 78,
29 (1950).

FEYNMANN, R.P., and GELL-MANN, M. Phys. Rev. 109,
193 (1958). ,




APPENDIX 1

A Few Notes on Basic Perturbation Theory
and the Perturbation-Variation Method

Perturbation theory assumes that the total system

described by the Schrodinger Equation:

e T g
may be represented by the sum of a Hamiltonianfqb for some
system for which the solution,;/(O), is known (usually?%a

is the non-relativistic electronic Hamiltonian) and some

’
perturbation operators @{b such that:

KON = 2v TN Y fro

where 940 ’-;/’ s E = 211/ o 4 Al.3
is the zeroth order (unperturbed) Schrodinger
Equation and the Xv are strength parameters
which measure the contribution from each
perturbafion.
To solve Al.2 it is assumed that the total wave function
and total energy may be expressed in terms of the zeroth
order wave functions,;i“”, and eigenvalues, E(O), and
the appropriate number of nth order perturbation functions
and energies. These may be written as a Taylor series

expansion in the >r=
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YO = 24‘°‘+Z MON + % 2 2 AP
e T (R TP

IO L FE D DR
e

- rs 1
Py Al.5(a)

. ¢
For a single perturbation.>t¥, equations Al.4(a) and

Al.5(a) reduce to:
\:_(X\ - CO\-—L XEC\\ e X?_ =@, i AL, 4 (b)
W) = Wy *X’}”Q)Jr Ny AL.5(b)

and the Schrodinger Equation may be written as:

(Ho XFad( 32 X Py, )
o (E(o)+>\t(\\+‘ /) (’Z/’/(°)+>"Z/J(n-\~” 13

Al.6
Collecting terms common in powers of‘k yields the follow-

ing expression:
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(Q(o y,CoB L1 E(o)wlo))
S NS 4 S Q) @) <)
+I N (-2 ETVYY vy

S=1

/ (s\Y \ .
R . 4 )“0 Al.7
If this equation is to be independent ofA , then the

bracketed expressions must equal zero; thus the solution of

Al.7 reduces to a set of s + 1 differential equations:

(X, -EY¥ =0 Al.8(a)
(%o~ E) PO+ (R -EMP =0 arsm)

(o) D ¢ ~ (¢
(2~ EOYV%@ & (24— EV) O EDYD a18(0)
. =0
The first order energy can be calculated from
Al.8(a) and Al.8(b) and requires only the zeroth order
wave function and the perturbation operator provideday(l)

is defined on the same space assp(O) and3¥; is Hermitian:

E Q) - (2”(039.( / ?(o\>
<@ o) 'z7yco)> Al.9

If%f(O) is normalized, the denominator reduces to unity.

Properties such as spin-spin coupling which require
second order or higher energies cannot be calculated unless

first or even higher order wave functions are known since
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from Al.8 (a),; Al.8(b),and Al.8(c):

Eczw <z,(o\ ;yd\) EQ)(’y/“”’;//“’) o

For spin—spln coupling in molecules with singlet ground

(2)

states, the calculation of E is simplified since the

(1)

first order spin-coupling energy E is equal to zero.
waever, it is still necessary to obtain the first order
wave function by solving Eq. Al.8(b). In general, the
solution of this equation is not easy, although in some
cases it can be solved analytically.

The perturbed wave functions are usually expressed

: ) 1) e
in terms of an .expansion of?&( ) in terms of zero order

excited state wave functions:

;,,cﬂ___ Z <e2/,m Q{ g// ‘°)>?pl03

n#o EZ is) E: )

o

Al.ll
(2)

! so that E is given by:

E('?—) p Z < V (o\/’?){ ;ﬁto\ ><?[/(o) /'2/ lgy(o'>

(o) (' O\
E 0

Al.12
where the summations are over all of the discrete states
plus an integral over the continuumn.

Perturbation wave functions may also be obtained
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by a variational approximation. Consider a system repre-

sented by the following operators and wave functions:

2 o A O - LSO A1.13
=N 3
o= YO Y n Al.14

where 9~(°, %0) are the electronic Hamiltonian

il

and ground state wave function, repectively
"o y : :

9% is the Hamiltonian representing the

perturbation

e
3”‘1’ is an arbitrary trial wave function

Then E i <.?[’(O)+. '\’O)l 9‘(04— %'\3”(0)'* N(‘)> Al.15

assuminggé“)),iz(l) are normalized
Expanding the integral in Al.1l5 results in a collection
of terms which may be characterized by their order in

analogy to perturbation theory:

gt <'§/’(°)\9~(° Py e e AT Teind
é"(\) - <3&(o\\%/ \Q’[/(o\> - <@(\\\Q(o_,é°)\y(o)\>
+ PO -E1TOY

(1st order) Al.16 (b)
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E(?A <7# () \% l rzlb (o) > <?/.Co)\?(/‘ ??-(l)>
+ PO -EIPOD

(2nd order) Al.16(c)

= K NNANDDY (3:d order)  al.16(@)

For spin-spin coupling in molecules with singlet ground

S\ -\
states-and?y«O) orthogonal to?b(l), E(l)

= 0. The spin-
coupling operatorsxlchanges the symmetry of the wave
functions while 9£>preserves 1t
’ o
If Q(O)Q( are Hermitian, the second order energy
becomes:
@) St AR VT (o)
e DG
~Q) ‘—(o\ 7 (1)
+ LV o ~EC| MY
Al.17

Hylleraas' principle states that for the ground state of

a system:
e C2)
- > 2)
= = Al.18
where E(Z) is the exact second order perturbation

energy.

The proof is as follows?7:

e A
Substituting forzﬁ(l) ='¢(l) +§?’(l) inrEqg. Al.l7:
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E('z.)__ £ - 5 <S§70)\ [(Q(O_E(o))y(\)
P H KD+ ST N, ENNEPY)

Al.19
whereg/(l) is the exact first order wave function.
The term in 3 vanishes because of Eq. Al.8(b) and the term

in 62 is positive because E(O)

is the lowest eigenvalue
Of}le so g2 - g(? ;g4 positive. Notice that if

‘éﬁl) =7”(la then Eg. Al.17 should be equivalent to Al.1l0.
This means that if'ahl) is the exact first order wave

<TONY, [POy = =Y 13

Al.20

Usually the first order equation Al.8 (b) cannot be
solved analytically. The perturbation-variation method
approximates E(z) and ?“l) by inserting a trial function
/(1) 3
%k( in Eq. 1.17 and making E stationary with respect

(o

to the variational parameters present inﬁy(l). In cases
where?’“” is not known exactly, Eq. 1.17 may still be

~
used to approximate’?/(l) by making E(Z) stationary, but

o
E(z) is no longer a correct variational approximation to

2)

E( :
Spin-spin coupling constants are sometimes calcu-

lated using double perturbation theory. Recasting
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Eq. Al.13 and Al.14 as a double perturbation one has:

9{ : =/u9{,o + v")‘m Al.21

300) il * ?//\o + v 3”0\ Al.22

Equation Al.16(c) can be expanded and divided into self-

terms and cross-terms:

2 () . - -~
E St ks & YhE + v S Al.23
where

/4?-1220 =, & <f'2e>c \/J';g\o\/U ;#u;>
¥ Cpndligel KB bu W)

Al. 24

\,1),:__"\‘;1_ = 24Y. v X, v %)
* £ Vv y{\\ a4o"fzgo|\’2éé|j>

Al. 25

JIRe E.,’- 2<’;ﬁool/&%(;o\ v ¥,
+* 2<% v W ?
* ;Z<;Ey,\° \:2(0_— EEool.V?’”O\>

Al.26
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Equation Al.26 may be further simplified by using

Dalgarno's interchange theorem,27’58'59

which states that
any integral involvinggfofyio may be interchanged for

others involvingsqiogzl. Hence the equation becomes:

AN\ g\\ = ’+<%o ],u %\O\V?‘p@n >
+2 </u- 2/\0 l’)'('o“E.ocs\V'z'/J"' >

Al.26(a)
Das and Bersohn35 showed that the Hylleraas Variational
principle also applies to the second order energy in
Eg. Al.23. In spin-spin coupling calculations,zfgo is
rarely, if ever, exact. However, the variational prin-
ciple would fail only if the total wave function (96 or
the difference between the exact first order perturbation

function and the trial wave function (S?‘ ) were a

better approximation to the lowest wave function than‘%;.
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