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ABSTRACT

This work has three parts. In the first part, we show that the measured resonances
observed in proteins using Extraordinary Acoustic Raman (EAR) spectroscopy are in fact
low-frequency acoustic modes, or protein collective modes. We explore the use of elastic
network models (ENM), specifically the anisotropic network model (ANM), to compute
EAR spectra that are in good agreement with experiment. In the second part, we build a
electromagnetic mode solver based on complex coupled-mode theory (CCMT). In the third
and final part, we examine epsilon near zero (ENZ) field enhancement and cloaking in a
spherical plasmonic nanoparticle. We use a quasi-static, quantum-corrected model (QCM)

to obtain our result.
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Chapter 1

Introduction and Motivation

My interests now are very similar to what they were when I did my master’s thesis work.
I wish to use light to get information about physical (especially biological) systems. This
work is another step in this direction.

An attempt will be made to showcase how interesting “modes and model systems” can
be in the physical sciences. So, what is a “mode”? A mode is “any of various stationary
vibration patterns of which an elastic body or oscillatory system is capable” [1]. When a
system is in a given mode, the system as a whole vibrates at a single frequency. The different
parts may oscillate at different amplitudes, however. What is a “model system”? For the
present purposes, a model system is an idealized system that is less complicated than the
physical system being modelled but reproduces its essential features.

This said, three physical systems that I study here are an Extraordinary Acoustic Raman
(EAR) nanoaperture optical tweezers setup, microstructured optical fibers, and a spherical

plasmonic nanoparticle.



1.1 Extraordinary Acoustic Raman Nanoaperture Op-
tical Tweezers

The first system is a single-molecule optical tweezers setup where proteins are trapped in an
“optical tweezer” and scanned for vibrational resonances. It turns out that these vibrational
modes correspond to the Raman active modes. There are a number of things that need to

be discussed here that will now be presented.

1.1.1 Single Molecule Studies

In a biological cell one has discrete units, such as proteins and small molecules which can be
studied independently. Such systems can be studied via ensemble measurements, or at the
single-molecule level.

Ensemble measurements of proteins and small molecules make measurements on many
identical copies of the system of interest. Some examples are nuclear magnetic resonance
(NMR) spectroscopy [2], X-ray crystallography [3,4] and infrared spectroscopy [5]. These
methods can provide atomic-level information about structure and dynamics, while their
ensemble nature improves the signal-to-noise ratio. The nature of ensemble measurements
means that certain classes of information will be averaged over and thus inaccessible to the
experimenter.

Single-molecule methods can access information about single molecules and their inter-
actions, while avoiding the issues of ensemble averaging [6]. Some examples include single-
molecule microscopy and single-molecule biosensors. That said, it should be noted that in
some cases ensemble averaging can make the corresponding theory simpler. As an example,
consider Casimir’s trick, where one averages over particle spins in a beam of particles [7].

Another benefit of ensemble averaging is an improved signal to noise ratio.



Single-Molecule Microscopy

Fluorescence microscopy can study molecular diffusion and interactions in whole, live cells,
a strong benefit for using the method. Ensemble fluorescence microscopy [8] has evolved to
the point that single-molecule resolution is possible. An advance that made this possible
was the discovery of photoactivatable fluorescent proteins; this class of fluorescent proteins
allow the experimenter to control the effective fluorophore density (i.e., for reducing it in
crowded intracellular environments). Super-resolution imaging follows. As the image of each
point consists of signal from only a single molecule, sub-diffraction resolution is achieved by
finding the centroid position [9].

Single-molecule microscopy can be efficaciously combined with Forster resonance energy
transfer (FRET) techniques to achieve single-molecule FRET. Such measurements can yield,

for example, detailed information on single-molecule reaction trajectories [10,11].

Single-Molecule Biosensors

As an alternative to imaging, another approach to single-molecule detection and mea-
surement is to build specialized sensors that can directly monitor interactions with single
molecules. A benefit of these methods is that they are not dependent on fluorescent labels.

One example is the use of whispering-gallery modes (WGMs) (circularly circulating
modes) of small, resonant dielectric microcavities [12-15]. The principle of operation is
this: an externally excited whispering-gallery mode will undergo a shift in resonant fre-
quency when an analyte molecule is brought close to the surface of the sphere. This happens
because the analyte interacts with the evanescent field of the mode. It is the resonant nature
of the system which enhances the interaction and makes single-molecule detection feasible.

Other approaches to biosensing may involve plasmonics. Plasmonics is the study of
optically excited electron oscillations in metals. With appropriate metal-structure geometry,
such excitations can provide concentrated electric field enhancements and sub-diffraction

localization [16] (see also Section 1.3.1). One study used gold nanorods coated with biotin.



Detection of single protein binding events was made using a photothermal measurement [17].
By combining plasmonic gold nanorods with whispering-gallery-mode microcavities, single

oligonucleotides have been detected [18].

1.1.2 A General Discussion of Optical Tweezers

Optical trapping, or optical tweezers, is a technique that uses light to immobilize, measure,
and manipulate small particles using light. The first optical trapping experiment [19], pub-
lished in 1970, passed laser light through a glass cell filled with micron-size dielectric particles
solvated in water. The interaction of the Gaussian profile laser beam causes the dielectric
particle to be pulled back toward the beam center, towards the region of highest intensity.
The particles are confined to the center of the beam but are pushed forward by radiation
pressure until they come up against the cell wall.

By additionally focusing the incoming Gaussian beam to a point, using i.e., an objective
lens, a point-like gradient in optical intensity is constructed. This allows the light to hold onto
the particle in all directions. Known as gradient force optical trapping [20], this technique
was soon leveraged to study biological species such as viruses and bacteria [21].

Many optical trapping experiments followed this initial pioneering work. However, this
type of gradient force optical trapping is generally unable to trap small biological particles
such as proteins and deoxyribonucleic acid (DNA). Instead, these types of small molecules
are tethered to a pair of larger dielectric beads. Experimental measurements then optically
trap the tethered beads to assay properties of the target molecule [6,22,23]. As an example,
consider a trapping experiment where beads tethered to a DNA hairpin are slowly pulled
apart. By measuring the force on the beads in the trap over time, the energetic (folding)
landscape of the hairpin is reconstructed [24].

Smaller particles require a higher optical power to trap, but at a certain point the trapped
particle will be destroyed by further increases in intensity [25]. To alleviate particle size

limitations and directly trap smaller particles, such as single proteins, variations of gradient



force optical trapping have been sought.

1.1.3 Nanoaperture Optical Tweezers

One such variation uses nanophotonic cavities or nanoapertures to enhance optical trapping
via self-induced back action (SIBA) effects [25-27]. SIBA describes an interaction between
the trapped particle and the trap which stabilizes the trapped particle in the trap by opposing
changes to the particle’s position. Plasmonic effects can also be utilized [28]. Herein, we
will use results obtained using double nanohole (DNH) optical tweezers [28], which relies on
both SIBA and plasmonic effects.

One thing worth mentioning here is nanofabrication. This is the process by which our
DNH optical tweezers were created. Nanofabrication refers to the creation of structures pos-
sessing a minimum dimension of less than 100 nm [29]. Nanofabrication methods may be
divided into two main categories: top-down methods, and bottom-up methods. Top-down
methods include optical lithography, e-beam lithography, soft and nanoimprint lithography;,
and scanning probe lithography. Focused ion beam (FIB) milling is included here [30]. Gen-
erally, top-down methods involve removing material from the substrate to create the pattern
of interest. For example, optical lithography will use a light-sensitive photoresist. Bottom-up
nanofabrication includes methods such as atomic layer deposition, sol-gel nanofabrication,
molecular self assembly, and physical and chemical vapor—phase deposition [29]. Bottom-up
methods involve nanostructure assembly starting from smaller components and assembling
them together. Developments in nanofabrication are closely linked to advances in nanopho-
tonics. Our DNH tweezers originally used top-down fabrication—they were created on a

FIB. More recently a bottom-up method has been used instead [31,32].

1.1.4 What Is a Protein?

A protein is an amino acid polymer. Protein structure is described in terms of primary,

secondary, tertiary, and quaternary structural elements [33]. Primary structure refers to the



sequence of amino acids. Each amino acid is distinguished, and given unique chemical prop-
erties such as hydrophobicity, by its side chain. Secondary structure identifies a-helices and
B-sheets—common spatial structural motifs. Tertiary structure describes a protein’s spatial
structure—its coordinates. When more than one amino acid chain makes up a protein, the
description of how the different units fit together is called quaternary structure. The primary
structure plays a substantial role in determining the secondary and tertiary structure, but

environmental factors such as pH and type of solvent also play a role [34].

1.1.5 Protein Motion

The protein is not rigid. Rather, proteins are responsive machines. Proteins can change
their conformation; for example, a protein might “open up” like a hinge to bind a ligand for
transport [35]. Proteins also exhibit allostery; allostery means that ligand binding at one
site will cause a change in binding affinity at another, possibly distant, binding site [36].
Biological systems make extensive use of allostery and conformational change to build up
molecular signal transduction networks [37, 38].

Protein conformational changes and allosteric responses are affected through the set of
intramolecular motions associated with a particular protein [39,40]. For example, a protein
supporting hinge-like motion will have vibrational modes that overlap with (vibrate in a
direction similar to) the motion needed for the conformational change. Thus, it is important
to study protein dynamics, just as it is to understand structure. Direct consideration of pro-
tein vibrational modes has been found to be valuable to problems involving pharmaceutical
drug design [41-43].

The set of vibrational modes a protein has are products of its structure and conformation,
just like the set of normal modes in a macroscopic mechanical structure. Of special interest
here are the set of low frequency modes in a protein [44-50]. These low frequency modes are
also called acoustic modes or collective modes. Collective modes feature a concerted motion

across many atoms, as opposed to localized modes where only a few atoms are vibrating with



any appreciable amplitude. Collective modes do not refer to an interplay between molecules,
but to concerted intramolecular motion. These low frequency modes have good overlap with

the thermal motions of the protein [51].

1.1.6 Protein Elastic Network Models

A useful tool for calculating the set of native motions supported by a protein is normal mode
analysis (NMA) [52,53]. NMA is typically limited to the harmonic motions supported by a
protein.

Molecular dynamics simulations combined with principal component analysis are another
powerful tool for numerical studies of protein dynamics. An advantage of NMA compared to
(time domain) molecular dynamics simulation is that it can sample slow temporal dynamics
at the same time as fast dynamics, without an increase in simulation time [54,55]. That
said, the two methods have been shown to agree [56]. It should be noted that both methods
accept the protein coordinates as input; as such, one sees that structure defines dynamics in
a fundamental way.

The question of how well a set of harmonic normal modes describes arbitrary motion
arises, as low frequency collective modes are often appreciably anharmonic [57,58]. To an-
swer this, consider a theorem of classical dynamics known as the Kolmogorov-Arnold-Moser
theorem which states that the anharmonic modes are quasi-periodic if the perturbation is
sufficiently small [59]. The motion will be approximately harmonic within a certain ampli-
tude range. We consider the perturbation in this case to be the driving field from the optical
trapping laser. Also, it has been found in numerous numerical studies of proteins that even
large conformational changes are well approximated by harmonic modes [51,60-63]. Using
linear algebra terms, a protein’s low-frequency harmonic modes span the space of, and have
good overlap with, the types of anharmonic motion required for conformational changes to
occur. In other words, the harmonic motions facilitate the larger, anharmonic motions.

The idea of NMA is to look for harmonic normal modes associated with some molecular



potential surface. This molecular potential surface can be calculated using semiempirical
force fields (the same ones used in molecular dynamics simulation) [64]. Conveniently, this
is not necessary when computing the low-frequency modes of proteins. These modes can be
calculated to good accuracy using an elastic network model (ENM) [46,65]. An ENM builds
the molecular potential surface using a network of springs connected to point masses; the
flavor of ENM used here is the anisotropic network model (ANM) [66,67]. Further to the
use of a spring potential, ANM typically represents a protein using only the C, atoms of the
protein backbone, and is thus called coarse-grained. (The a-carbon, C,, in each amino acid
is the carbon that the side group is connected to [68].)

Here, ANM is used to compute the set of vibrational modes in a protein. Following ANM,

the Raman intensity of each mode can be computed.

1.1.7 Raman Spectroscopy

Smekal predicted the Raman effect in 1923. Raman observed his effect in 1928 using focused
sunlight and optical filters [69]. The Raman effect measures inelastically scattered light
from a sample; an incident photon scatters off the vibrating molecule to produce a frequency
shifted outgoing photon. If the scattered photon is of lower frequency than the input light,
it is called Stokes Raman scattering; if the scattered photon is of a higher frequency than

the input light, it is called anti-Stokes Raman scattering.

1.1.8 Extraordinary Acoustic Raman Optical Tweezers

A variant of the optical trapping setup introduced in Section 1.1.3 was constructed where
instead of using a single trapping laser, two trapping lasers were interfered to produce gi-
gahertz (1-200 GHz) beats in the optical intensity. This previously published [70] work
presented a set of vibrational spectra; for simple polystyrene nanoparticles, it was shown
that the measured vibrational lines matched with those predicted by theory. The authors of

that work named their method EAR spectroscopy.



Those authors also reported a set of vibrational spectra for proteins. A method by which
these latter spectra are associated with the low frequency modes of proteins was constructed

and published [71]. This is one of the main contributions of this work.

1.1.9 Other Methods for Measuring Protein Collective Modes

EAR is one method by which protein collective modes have been measured. A brief survey of
some other works where these modes are measured is now given. We split these measurements

into two classes:

1. methods that collect information about collective modes indirectly by measuring shifts

and correlations in localized measurements, and,

2. methods that directly measure collective modes as resonances.

EAR falls into the second category.

One type of indirect measurement that can probe collective modes in protein is NMR
[2,72-75]. Another possibility is Fourier-transform infrared spectroscopy [76]. X-ray crys-
tallography also samples atomic fluctuations relevant for collective modes [77-80]. It is also
possible to probe these dynamics with a combination of NMR and X-ray crystallography [81].

Direct, resonant measurement of protein collective modes is also possible. Electromag-
netic absorption experiments are now possible, thanks to the appearance of sources radiating
in the gigahertz to low terahertz [82], but can be challenging due to high solvent absorp-
tion [83]. A couple of other possibilities are time-domain terahertz spectroscopy [84] and
optical Kerr-effect spectroscopy [85,86]. It is possible that these existing measurements have
not probed the collective modes in proteins with the same resolution and intensity contrast

as EAR due to ensemble averaging.
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1.2 Microstructured Optical Fibers

The second system to be discussed here is a microstructured optical fiber. The propagating
electromagnetic modes of a few such fibers will be computed using a technique known as
complex coupled-mode theory (CCMT).

A few topics that need to be discussed are:
1. what computational electromagnetics is,
2. what a waveguide mode solver is, and,

3. what complex coupled-mode theory is.

1.2.1 Computational Electromagnetics

The ability to efficiently simulate the behavior of light in nanostructures is an important
development which has led to the growth of the field of nanophotonics. When dealing with
classical electromagnetic waves, this means solving Maxwell’s equations in some form. A
couple of possibilities are the finite-difference time-domain (FDTD) method and the finite
element method (FEM) [87].

When interested in the behavior of the electrons in the material, one may invoke various
material response models, although this falls outside the scope of traditional computational
electromagnetics. One possibility is the use of the Drude model (see Section 2.7) [88]. More
sophisticated treatments that require quantum effects in the material to be included may
use time-dependent density functional theory (TDDFT) [87,89,90], or a quantum-corrected
model (QCM) (see Section 1.3.3).

1.2.2 Waveguide Mode Solvers

Both plasmonic (see Section 1.3.1) and dielectric waveguides [91] are useful for guiding light.

One example of a purely dielectric waveguide is an optical fiber. Another example is a
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photonic crystal fiber. The propagation of light in electromagnetic waveguides [92-95] can
be described in terms of electromagnetic modes [96]. Solving for these modes is possible
analytically in systems like a simple step-index fiber [97] or the dielectric-metal interfaces
where surface plasmon polaritons (SPPs) live [16], but numerical methods become important
for solving more complex waveguides.

There are many existing numerical tools available for solving waveguide systems, includ-
ing finite-difference eigenmode (FDE) solvers [98-105], FEM solvers [106-110], and solvers

generally based on series expansions [111-120].

1.2.3 Complex Coupled-Mode Theory

Another tool useful for waveguide analysis is coupled mode theory [96,121,122]. Coupled
mode theory is typically used to describe coupling between physical waveguide modes in the
presence of a perturbation. The coupling is a refractive index perturbation; for example, a
periodic structure of appropriate wavelength may couple light from one mode to another.
Coupled mode theory can be applied to lossy (complex refractive index) materials, such as

metals [123]. In this case one must use the non-conjugated mode orthogonality relation, and

the theory is called CCMT.

1.3 A Plasmonic Nanosphere

The third system to be discussed here is a spherical plasmonic nanoparticle. In this system,

we will explore field enhancement and cloaking.

1.3.1 Plasmonics

Plasmonics is concerned with plasma electron excitations [92]. One can treat the valence
electrons in a metal as a plasma, meaning that they are free to move around as if there

was no lattice. A special frequency, relevant for studying optical excitations, is the plasma
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frequency. Above the plasma frequency, the electron response is not fast enough to respond
to the driving field, and the metal becomes transparent. Below the plasma frequency, the
optical field is capable of partial penetration into the metal, and interesting things can
happen.

One interesting thing that can happen is that the metal can support what is called a
SPP. SPPs are propagating electromagnetic modes that exist at dielectric-metal interfaces
and are also solutions of Maxwell’s equations [124]. The real part of the dielectric function
of the two materials at the interface must have opposite signs in order to support SPPs; this
is easily achieved across a metal-air or metal-glass interface. As the SPP dispersion curve
lies outside of the free-space light cone, SPPs feature evanescent decay on both sides of
the metal-dielectric interface [124], allowing for sub-wavelength confinement [125]. Tapered
structures can bring propagating SPPs to a narrow point in space [126], creating a localized
hotspot of electromagnetic energy. In 1899, Sommerfeld described electromagnetic surface
waves along a metallic wire [127]. Sommerfeld waves are essentially the SPPs described here.

Another interesting thing that can happen is that small metallic nanostructures can
support localized surface plasmons (LSPs). A LSP is a non-propagating resonance in a

subwavelength metallic particle [124].

1.3.2 Field Enhancement and Cloaking

Plasmonic structures can give rise to strong field confinement and enhancement due to their
ability to confine or localize energy in subwavelength structures. In this work, we talk about
a different way in which metal nanostructures can produce strong field enhancements: the
electron spill-out creates regions in the gap where electric permittivity is near or equal to
zero. The normal component of the electromagnetic boundary conditions across a planar

interface can be written as

€1E1 = EQEQ; (11)
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when €; goes to zero, this suggests that the field F; diverges. In this way, additional field
enhancement is expected to occur in subwavelength plasmonic structures.

Electromagnetic cloaking refers to a process by which scattering of light is reduced around
a particle such that it becomes invisible to some degree. We will discuss a method by which

subwavelength plasmonic structures with permittivity near zero can cloak in Chapter 5.

1.3.3 Quantum Plasmonics and the Quantum-Corrected Model

Quantum plasmonics is a broad name for plasmonics studies that include quantum effects.
One may, for example, write down a full quantized theory of SPPs [128]. Here we will be
looking more narrowly at the quantum effects that arise when subwavelength nanoparticles
are placed in an optical field.

The QCM refers to a method by which quantum effects in plasmonic systems can be
studied using classical computational electrodynamics. By introducing an artificial material
in the region surrounding the structure edge—one which mimics the effect of electron spill-

out—we can calculate some aspects of the quantum behavior of the system [129].

1.4 Contributions of this Dissertation

Theoretical modelling of the experimental results from the EAR nanoaperture optical tweez-
ers setup [71], and the development of the CCMT mode solver [130], was done independently
by myself under the direction of my research supervisor, Dr. Reuven Gordon. I am the first
author on these publications. Although I did perform optical trapping experiments in the
lab, the EAR experimental results that are associated with theory herein were obtained by
others, as cited. My contribution to the publication [131] on plasmonic field enhancement
and cloaking in a spherical nanoparticle was the numerical evaluation of the power absorption
integral and preparation of the related plots. Subsequent to publication, I rewrote the com-

plete code (field calculation and numerical integration) for publication in this dissertation



and added a second method of numerical evaluation of that integral.

14
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Chapter 2

Background Theory

In this chapter necessary background theory for Chapters 3, 4, and 5 will be introduced.
For Chapter 3, we introduce the theory behind optical tweezers, ENM NMA, and Raman
spectroscopy. For Chapter 4, we introduce CCMT and theory behind a FDE solver. And for
Chapter 5, we introduce theory for deriving an electromagnetic power absorption formula,

the Drude theory of the optical response of metals, and the theory of LSPs.

2.1 Optical Tweezers

The theory of nanoaperture optical trapping, using a DNH aperture, is presented here. A
quick summary of the theory describing how a gradient in optical intensity traps a particle
will be presented, followed by a discussion of nanoapertures and their role in trapping.

Finally, the overall optical trapping setup, including lasers and optics, is reviewed.

2.1.1 Gradient Force Optical Trapping

Analytic treatments of the interaction between a dielectric particle of radius @ and an optical

field with wavelength A can be divided into three categories [132]:

e the Rayleigh regime, where a < \;
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Figure 2.1: The principle of optical trapping, shown in the ray optics regime. A particle drifts
into a laser beam (travelling downwards) that has a Gaussian spatial profile (red gradient).
The black arrows show the refraction of light as it passes into and out from the particle. The
net force on the particle is shown schematically by the green (almost horizontal) arrows; the
result is that the particle is pulled into the beam. This artwork is inspired by a published
figure [133].

e the Mie regime, from a < A though a > A;
e and, the regime of ray optics, where a > .

It is easy to understand optical trapping in the ray optics regime [6,133]. In Fig. 2.1 the
particle has come into contact with a Gaussian beam. A ray of light coming on either side of
the particle bends. The light has momentum, and bending light imparts momentum to the
trapped particle. But the particle does not sit symmetrically in the beam, so there is a higher
net force on the side of greater optical intensity, and the particle is pulled into the beam.
Once the particle has been pulled into the center of the beam, the forces balance, and the
particle is trapped. By focusing the Gaussian beam with a high numerical aperture objective,
the optical gradient forms a potential well confining the particle in three dimensions. An
optical scattering force is also present, which results in some additional forward momentum
being imparted such that the particle rests slightly past the spot of maximal intensity in the
trap. Mie particles will not be discussed here.

The particles used in nanoaperture trapping are in the Rayleigh regime, so the particle

is treated as a dipole. The trapping laser wavelength is usually in the 800 nm to 1000
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nm range, and the particle sizes are between 1 nm to 100 nm. Two competing forces are
the Rayleigh gradient force Fgaq and scattering force Fi,t. Stable trapping is achieved
when Fy,,q dominates compared to Fiy,, any force associated with fluid motion [134], or the

strength of thermal fluctuations.

2.1.2 Nanoapertures

The addition of an appropriate nanoaperture to a gradient force optical trapping setup
enables the trapping of smaller particles and the use of lower optical intensity. In this

section, three topics pertaining to nanoaperture optical trapping will be discussed:

e optical transmission through subwavelength apertures;
e the interaction of the particle with the aperture (SIBA);

e and, plasmonic field enhancement.

First, the problem of how light of wavelength A propagates through a hole of radius
r is addressed. In general, aperture transmission is a diffraction problem [135]. A 1944
paper by Bethe—Bethe’s aperture theory—suggests that when r < A, the transmitted
radiation intensity is reduced by a factor of (r/\)* compared to standard diffraction theories
[136]. Measurements of nanofabricated subwavelength holes and hole arrays suggest that the
optical transmission is much better than that predicted by Bethe’s theory [137-139]. Thus,
nanoapertures have “higher than expected” transmission of light. A convenient side-effect
of this high transmission is improved detection of the transmitted signal.

This high transmission (forward momentum) is also important for SIBA. The idea of
SIBA is that the trapped particle plays a role in stabilizing the trapping [25,26]. When
a dielectric particle with refractive index higher than that of the trapping medium (e.g.,
water) is present, the optical path length in the aperture increases, effectively increasing

the aperture size, and the optical transmission goes up. This is the self-induced part of
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SIBA. The back-action aspect is given by Newton’s third law: when the particle is trapped,
displacements of the particle that would change the total momentum of transmitted light
will be countered by equal and opposite forces on the particle, pulling it back into the trap.
Changes in momentum pulling a particle into the trap will also be opposed. The important
thing is that SIBA acts as a stabilizing factor, working to keep a trapped particle trapped.
(This said, SIBA can sometimes be destabilizing [27].)

The third item of consideration is how plasmonic materials (e.g., thin films of gold) can
play a role in the design of optical traps. Plasmonic confinement and enhancement can be
achieved simply by changing the shape of the aperture. For example, by milling two holes
side-by-side—a “double-nanohole”—sharp cusps are introduced, separated by only tens of
nanometers [28]. The optical field is strongest directly between the tips of the cusps. The
double-nanohole trap allows for trapping of smaller particles and as such is well suited to
trapping single proteins [28, 140-142]. One reason for this is the field confinement and
enhancement. A second reason is the fact that larger particles do not fit between the cusps.

The trap geometry can be tuned for optimal trapping of a particular particle size.

2.1.3 Nanoaperture Optical Tweezers

Fig. 2.2 shows a nanoaperture optical trapping setup. A half-wave (A/2) plate rotates a
linearly polarized laser input to achieve maximal nanoaperture transmission. The laser
source is coupled into a beam expander to fill the objective. (It is okay to slightly overfill the
objective; this can improve the gradient to scattering force ratio [133].) The transmitted light
can be monitored using for example an avalanche photodiode (APD). Several elements—
the two dichroic mirrors, the light-emitting diode, and the charge-coupled device (CCD)
camera—are provided so that the user may readily observe the alignment of the laser beam
on the aperture. The nanoaperture sample, a small rectangular piece of glass with the
nanofabricated gold layer on top, is fastened to a microscope slide with the liquid analyte

mixture sandwiched in between.
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Figure 2.2: The DNH optical trapping setup. In (a), the complete setup is shown. The fiber
laser is coupled to free space by the fiber coupler FC; polarization is tuned with a half-wave
plate (HWP) and linear polarizer (POL). A beam expander lens pair (BE) broadens the beam
spatial profile. The two dichroic mirrors (DM) allow the laser beam to counter-propagate
along the same optical path as light from an LED, which is imaged onto a charge-coupled
device (CCD) camera. The magnification is shown on two objective lenses. The laser light
transmitted through the sample (e.g., a protein solution) plus the DNH is attenuated using
a neutral density (ND) filter and detected using an avalanche photodiode (APD). In (b),
a close-up of the sample plus DNH assembly is shown. A double-sided tape with a hole
adheres the gold-coated glass with the DNH to a thin microscope slide. The liquid sample
fills the hole in the spacer tape.
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2.1.4 The Extraordinary Acoustic Raman Optical Tweezers Ex-

periment

In EAR, the setup in Fig. 2.2 is modified to include a second laser, slightly detuned from the
first. The two lasers are coupled into the setup using a pair of fiber polarization controllers
and a 50/50 fiber beamsplitter [70]. The resulting optical field is an optical carrier field
modulated by a 1 to 200 gigahertz envelope. This optical field resonantly excites Raman-
active modes of the optically tweezed particle. In EAR, the inelastically scattered light
measured in a conventional Raman spectroscopy experiment is not measured. Instead, the
spectrum is the root-mean-squared (RMS) transmission through the double nanohole at each
measured beat frequency. When the beat frequency hits a resonance, more noise is observed

in the optical transmission signal.

2.2 Elastic Network Normal Mode Analysis

It turns out that modelling molecular systems as a collection of point masses connected by
springs is an incredibly useful thing to do. In Chapter 3 the vibrational modes of proteins
will be computed—using an elastic network model known as ANM—to subsequently estimate
their Raman spectra. As such, some theory of molecular elastic networks and NMA will be

developed here.

2.2.1 The Simple Harmonic Oscillator

A point mass tethered to an unmovable wall by a spring is just the classical linear harmonic
oscillator. The force F', in this system, from a spring attached to a mass m and having

spring constant k, is given by [143,144]
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The displacement from equilibrium is represented by x. Equating this expression for F' with

Newton’s second law, F' = ma, where a is the acceleration, the equation

mm = mi = —kx (2.2)

is obtained, where ¢ is time. One of several possible mathematical forms [145] for the solution
is

x = Acos (wt + ¢), (2.3)

with the angular frequency w, where

W= \/g (2.4)

Here, w = 27v, where v is the classical frequency of the oscillator, and ¢ is the phase.

2.2.2 Diatomic Molecule

As a next step, briefly consider two free point masses (not attached to any walls) connected
by a spring, shown in Fig. 2.3. Let x; be the displacement coordinate of mass m, and x5 be
the displacement coordinate of mass M. Again, k is the spring constant of the single spring.

Two equations will be needed,

miy = k(zg — x1) (2.5a)

Miy = —k(xy — x1). (2.5b)

Notice the signs: the mass m feels the force in the opposite direction of the mass M.
Add or subtract these two equations to decouple them. Subtracting the second from the
first yields [146]

1 — X9 = —E<l’1 — 1'2) — M(l'l — 1’2). (26)
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”

Figure 2.3: A model diatomic molecule. Two “point” masses, mass m and M, are connected

by a spring of spring constant k.

This simplifies to

.. .. m+ M
I1—$2——]€< mM >(JI1—.T2), (27)
or in other words
m*i = —kx, (2.8)

where xr = 1 — 25 and the reduced mass m* is

mM
* ) 2.9
m= (2.9)

As Eq. 2.8 is again the harmonic oscillator equation, we get a collective vibration of the
molecule where both atoms have the same frequency but different amplitudes. The difference

x1 — To “breathes”—the atoms periodically move together then away. The frequency of this

mode is
k
= : 2.10
w=yf2 (2.10)
On the other hand, adding Eqs. 2.5 yields

mi, + My = 0. (2.11)

Recalling the definition of center of mass,

M

Roy = A0 (2.12)
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Figure 2.4: A model triatomic molecule. Three “point” masses, mass m, M, and m, are
connected by two springs of spring constant k. Their displacement coordinates are as shown,
1, To, and x3.

where the total mass Mror = m + M, this equation can be written as
Mror——— = 0. (2.13)

This other solution of the coupled equations is not really a vibrational mode but corre-

sponds to translational motion of the center of mass. It has frequency w = 0 [147].

2.2.3 The Linear Triatomic Molecule—Via Newton’s Laws

Fig. 2.4 shows a linear triatomic molecule modelled as masses and springs [146, 148]. One

writes down three instances of Newton’s second law—one for each atom in the system:

m:i’l = k(.CCQ — 271) (214&)
miz = —k(z3 — x2). (2.14c)

The displacements from equilibrium are xy, x5, and x3. The universal spring constant in the
problem is k.

As we are seeking normal modes, the ansatz

zi(t) = a;e™! (2.15)
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is made. This yields

(—mw? + k)a; — kag = 0 (2.16a)
—kay + (—Mw? + 2k)ay — kaz = 0 (2.16b)
—kag + (—mw? + k)as = 0. (2.16¢)
Written as a matrix equation,
—mw? + k —k 0 ay
—k — Mw? + 2k —k as | = 0. (2.17)
0 —k —mw?+ k| \as

If this matrix is not invertible, non-trivial solutions can be found [149,150]. This means that

—mw? + k —k 0
—k —Muw? 4 2k ~k | =0. (2.18)
0 —k —mw? + k

Expanding out the determinant gives

—2k*mw? — K2 Mw? + 2km?*w* + 2kmMw* — m*Mw® = 0. (2.19)

Factoring this,
—w?(k — mw?)(2km + kM — mMw?) =0 (2.20)
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means three solutions exist for the longitudinal modes. These are

W(l) =0 (2.21&)
| k
W(g) = E (2.21b)
k- 2k

What are the mode vectors? These can be found by evaluating the cofactors of the matrix
in Eq. 2.17 [151]. Specifically, the mode vectors X ;) for mode i are X ;) = (X1, X(),2: X(3),3)
where X(;) ; are the cofactors evaluated along the top row (row 1, column j) of the matrix.

Thus, the mode vectors here are

—Mw? + 2k —k —k —k —k —Mw?+ 2k
» 5 . (2.22)
—k —mw? + k 0 —mw?+k|l |0 —k
Using the values of w; in this mode vector,

Xy = (K, —(=k), k%) o< (1,1,1) (2.23a)

X = (—#*,0,k%) o (—1,0,1) (2.23b)

2m
X:<2_2ﬂ 2> Ay .
(3) k ’ 2k MJ k X ) M y (2 23C)

These modes are visualized in Fig. 2.5. Mode X(y) is a zero frequency translational mode.

2.2.4 General Theory for Coupled Oscillators

Computing coupled oscillations by writing down Newton’s second law for each atom in
a system, especially with complex spring couplings in three dimensions, quickly becomes
impractical. Fortunately, there exists a general theory by which one can solve for the modes

of an arbitrary molecular system [148,151]. Taking a moment to appreciate this now will
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Figure 2.5: Modes of the model triatomic molecule shown in Fig. 2.4, as given in Eq. 2.23.
Original artwork inspired by an existing figure [151].

lead to a better understanding of ANM when it is presented in Section 2.2.6.
Consider the Lagrangian L,
L=T-V. (2.24)

A general potential V' can be expanded in terms of a multivariable Taylor series as [148]

oV 1 9%V
Vg, 2, an) = Vo + (—) QG+ = ( ) qqr + - (2.25)
zk: oqr ) 2 Jzk: 0q;0qr ) o

The ¢; are generalized coordinates. The subscript 0 means to evaluate the partial derivative

quantities at equilibrium. For a system of oscillators at equilibrium,

(g—qvk)o = 0. (2.26)

Also, the reference potential energy Vg can be chosen so that V; = 0, and higher order terms

can be ignored for approximately harmonic motion. Thus,

1 0*V
V(g1 g2, Gn) =~ = (—) 44k (2.27)
2%; 0q;0qi ) o

This leads to the definition of the potential energy tensor as

v = ( OV )0. (2.28)

3%'3%
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The elements v, define the matrix v. For harmonic potentials, such as the spring network
discussed above, Eq. 2.27 is exact.

By defining the column matrix of generalized coordinates,
at) = | (1) | (2.29)

and its transpose q7 (), the potential energy in Eq. 2.27 can be written

1

For kinetic energies T' quadratic in the generalized variables g;, a similar definition of a

kinetic energy tensor t can be made,

92T
po= (21 2.31
7 <f9qj3%>o (2:31)

which allows the kinetic energy in the Lagrangian to be written as

1
T = 5qT t-q. (2.32)

Using this, the Lagrangian can be written

1. ) 1
LzéqT-t-q—ﬁqT'V-q. (2.33)

By substituting this into the Euler-Lagrange equation,

d /0L oL
i (5) o =" 230
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the equation of motion (EOM)
t-q+v-q=0 (2.35)

is obtained.

Making the normal mode ansatz, as in Eq. 2.15,
g(t) = aze™”, (2.36)

or,

q(t) = Xe™*, (2.37)

the EOM are transformed from a system of second order coupled differential equations to a

system of coupled linear equations,
(—w*t+v)-X=0. (2.38)

At this point, the matrix in Eq. 2.38 is different than the basic eigenvalue problem as t

is not the identity matrix 1.

2.2.5 The Linear Triatomic Molecule—Via General Method

The linear triatomic molecule of Fig. 2.4 will now be solved using the machinery just intro-

duced. The Lagrangian is [148]

m . M . m . k
b= {3“@% t gt 5‘”3} — 5 {@—2)’ + (o5 — )} (2.39)
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Using this Lagrangian, Eq. 2.31 gives the kinetic energy tensor,

m 0 0
t=0 M o], (2.40)
0O 0 m

recognizing that here the generalized coordinates are just equal to the Cartesian ones, ¢;(t) =

z;(t). Eq. 2.28 gives the potential energy tensor,

v=k|-1 2 -—=1]. (2.41)

Then, these together with Eq. 2.38 give Eq. 2.17. The two approaches give the same

answer, but the latter approach is easier to extend to complicated systems.

2.2.6 The Anisotropic Network Model

How is the elastic network normal mode theory presented so far scaled up to molecular
systems like proteins? The extension of these elastic network models to proteins is called
ANM [66]. Although the treatment of protein vibrations by ANM is standard, we believe
that our use of ANM to resolve the protein modes into well-resolved Raman spectral lines,
is novel.

ANM represents the atoms in a protein as point masses connected by springs. One
possibility is to connect all of the atoms by springs of varied spring constants according to
their separation distance. ANM does not do this. Instead, it connects all neighboring atoms
within a certain cutoff radius r. by springs of a fixed spring constant, k.

Consider a single spring between two atoms with indices ¢ and j; the potential energy
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is [66]
V= %k(sij — 502 (2.42)

ij

The quantity s;; gives the atom 7 to atom j distance,

Sij = \/(l"j —z)? + (Y — vi)? + (2 — )% (2.43)

The z;, y;, and z; give the Cartesian coordinates of each atom j. The quantity 3% gives the
equilibrium distance between atoms 7 and j.

The goal is to again compute —w?t+v (Eq. 2.38), and as such an evaluation of t (Eq. 2.31)
and v (Eq. 2.28) is necessary. In ANM all masses are considered equal and set to 1, and
thus t is taken to be 1. As such, the problem of finding the frequencies and modes reduces
to the problem of numerically finding the eigenvalues and eigenvectors of v.

Now on to computing v. Using Eqs. 2.42 and 2.43, the first derivative of V' with respect

to x; is
oV 5(.).
= —k(x; —x;) ( — i) . (2.44)
81’1‘ / Sij
Using this, the second derivatives can be found,
AV ( gV sV,
T =k (14 (z; — 2?2 — i) (2.45a)
0x? ! S
PV sy,
— ks — 2\ (s — )22 2.45b
axzayj (l'] Il)(yj yZ)S?j ( 5 )

All other derivatives not shown are similar and can be computed in like manner. The
potential energy tensor requires the derivatives to be evaluated at equilibrium, where s;; =

s Doing this gives

02V , 1
O*V 1
= —k(z; — 2:)(y; — yi)— 2.4
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The ANM potential is [152]
1 02
Vanm = 5 Z k(Sij - Sij) ) (2'47>
ij

where only neighboring atoms within the cutoff radius r. are connected. As such, the ¢ # j

entries Eq. 2.46b are unchanged,

PVanu) 1
( 95,0y, )0 = —k(z; — i) (y; — yi)%. (2.4%a)

but two new equations arise from Eq. 2.47, which are related to Eqgs. 2.46,

2
(a aV;VM) =k (- acz-)2i (2.48b)
) 0 j

2

Vanm\ 1
( 02:0y; )0 = kY (z;—a)(y; — vi) o (2.48¢)

J K

The sums over j are sums over all neighbors within r. of atom or residue i.

As a result of these considerations, the resulting matrix v, called the Hessian, is organized

as follows:
Hin Hiz - Han
7’[21 HQN
v = . (2.49)
Hyni Hye -+ Hww

There are N atoms in the spring network. Each super-element #,;, where ¢ # j, has the

form

Hij=—3 |y —u (ﬂfj — T Y —Yi % Zz) ) (2:50)
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which is shorthand for

(; — @)@y — ) (x5 — @)y —yi) (x5 — @)z — 2)
Hig=— | vy —2) (y—v)ly—v) (5 — )z — ) (2.51)

(zj —mi)(z5 —m) (25— 2)(ys —vi) (25— 2) (2 — 2).

These super-elements #,;; are as given by Eq. 2.48a. The diagonal super-elements #;; are
given by the sum Eq. 2.48b. The off-diagonal super-elements of H;; are given by Eq. 2.48c.
The coordinates for ANM-modeled proteins typically come from the Protein Data Bank
(PDB) [153], an online repository for protein structures. The implementation of ANM used
in this work is the Python package ProDy [154]. ProDy is open source.
3N — 6 modes with non-zero frequencies are obtained from diagonalizing the Hessian v.

These are the eigenvectors. The frequencies associated with each eigenvalue A, are [66]

U.J(k) =\ k)\k (252)

The remaining six modes with zero frequency are the global rotational and translational
motions of the protein or other molecule [144,155]. Each mode is described by a mode vector
(an eigenvector) X(. The higher frequency modes correspond to increasingly localized

motions.

2.3 Raman Spectroscopy

EAR and conventional Raman spectroscopy are different in how the vibrational resonances
are measured, but EAR modes are still primarily those modes which are Raman-active [156].
There may also be a contribution to EAR spectra from infrared absorption [156], but this is
not considered here. To compute a theoretical EAR spectrum, known results from Raman
spectroscopy will be used.

Before doing so, a quick review and comparison of infrared absorption, Rayleigh scatter-
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v=1
v=0 -
Infrared  Rayleigh Raman  Raman
Absorption Scattering Stokes Anti-Stokes

Figure 2.6: A summary of infrared absorption, Rayleigh scattering, and Raman spectroscopy.
This summary is made from the point of view of quantum mechanics. The vibrational levels
are marked v = 0 and v = 1. The virtual energy levels are represented by dashed lines.

ing, and Raman scattering will be made. Fig. 2.6 shows a (quantum mechanical) summary
of these three types of spectroscopies. In infrared absorption, the energy difference matches,
or is resonant with, the exciting photon energy. It is called infrared absorption because this
is the range of the electromagnetic spectrum where molecules typically absorb. In Rayleigh
scattering, the photons enter and leave at equal frequencies—they are elastically scattered.
There are two possibilities in Raman spectroscopy. The first is called Raman Stokes scatter-
ing, where a photon leaves at a lower frequency than that of the incident photon. The result
of the Raman Stokes interaction is to transition the system to a higher vibrational energy
level. In Raman anti-Stokes scattering, the atom or molecule emits a photon of higher energy
than the incident photon, pulling the extra photon energy from the transition of the system
back to a lower vibrational energy state.

A molecular vibration (normal mode) can be described by a normal coordinate (). Normal
coordinates describe the coupled motion of each mode [148,157]. If a mode is infrared active,

it means that the vibration causes a change in the dipole moment g [144],

(g’_g)o 40 (2.53)
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A mode is Raman active if [144]

(2—2‘2)0 £0. (2.54)

Here « is the polarizability. The polarizability « is the proportionality constant relating the

induced dipole moment p’ to the electric field E [144],

,LL, Qg Oy Oy Em
W=l =ae ay a.||EB | =cE (2.55)
% Oz Qzy Oy Ez

To get a flavor of how a molecular vibration causes Raman Stokes and Raman anti-Stokes
scattering, consider a series expansion of the molecular polarizability in terms of the normal

coordinate @y, of the kth vibrational mode [144],

0
o = op + (_a) q5, cos Wit + - . (2.56)
Q) 0

Eq. 2.52 gives the mode frequencies w. This expression for a, is multiplied by the incident
field
E = E; cos wyt, (2.57)

(where Ey is the incident electric field amplitude and wy is its angular frequency) to give the

induced dipole moment (to first order)

0
u'(k) = apEqg coswyt + (_a) ngo oS wWot €oS Wkt
OQ (k) 0
B 1 [9Je" 0 B
= agEq coswpt + apEo {cos (wo — wy)t + cos (wo + wry)t} - (2.58)
2 8Q(k) 0

There are terms in this expression for Rayleigh scattering (the first on left), Raman stokes

(the middle term), and Raman anti-Stokes (the term at the right), respectively [144]. Importantly—
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for what is to come next—it is seen that the strength of the Raman scattering is proportional
to the change of polarizability.
The Raman intensity of a mode k is proportional to the Raman scattering activity [144,
158],
Ty o 450(%) + Tv(F)- (2.59)

The isotropic 6/(%) and anisotropic 7@) parts of the change of the molecular polarizability are

given by [144, 158]

@/(k) = (O/(k),mc + O/(k:),yy + a/(k:),zz) (260)

Vi =

N = W =

((O/(k),xx - a,(k),yy)2 + (a(k),yy - Oézk),zz>2

+

—~

O/(k),zz - a/(k)7xx)2 + 6(0/(%:),:531 + a/(?c),xz + a/(?c)zy))' (261)

The values

Oov(k) i
Ay 7 = (#) 2.62
(k),ij 8Q(k) . ( )

are the changes of the components of the (usually symmetric [144]) polarizability tensor
during the normal vibration Q). Thus, it is seen that the derivatives of the polarizability
with respect to the vibrational normal coordinate appear in the Raman intensity extensively.
We do not know if the molecule in the trap samples all orientations, but the model assumes

that it does.

2.4 Complex Coupled Mode Theory

CCMT will be derived in this section [96]. It will be used in Chapter 4 to build an optical

waveguide mode solver that produces results comparable to those produced by FDE solvers.
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2.4.1 Maxwell’s Equations

The behavior of the electromagnetic fields in time, ¢, is described by the coupled partial

differential equations known as Maxwell’s equations [96, 159]:

0B
E+ = — 2.
V xE+ BT 0 (2.63a)
oD
V.-B=0 (2.63¢)
V.D=p. (2.63d)

The electric field, E, has units of V/m. The magnetic field, H, has units of A/m. The electric
flux density, D, has units of C/m?. The magnetic flux density, B, has units of T [159]. Units
are SI units; note that the names of these vector fields are not always consistent and authors
differ [160]. The charge density p has units of C/m? and the current density J is measured
in A/m?.

The relations between D and E, and H and B, vary depending on the material. Here an

isotropic, linear material will be assumed, such that

D =¢E (2.64a)

B = uH. (2.64b)

These are called constitutive relations [160]. The electric permittivity € is given by

€ = €€, (2.65)

Here, € is the vacuum electric permittivity and e, is the relative permittivity. The magnetic
permeability is given by

1= fioftr- (2.66)
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In this relation, pg is the vacuum magnetic permeability and p, is the relative permeability.

The refractive index n relates to €, and pu,., as

n = /€ l. (2.67)

In nonmagnetic materials, y, = 1 such that p = pg, n = /€, and thus € = eyn®.

2.4.2 Harmonic Time Dependence

It will be useful to find the form that Maxwell’s equations, Eqs. 2.63, take when there exists
a (complex) harmonic time dependence. Let E = Ee~™* and do likewise for all of H, D, B,

J and p. This yields

V xE —iwB = (2.68a)
VxH+iwD=1J (2.68b)
V-B=0 (2.68¢)
V-D=j. (2.68d)

The vacuum dispersion relation for these fields is [96]

w = ck, (2.69)

where the angular frequency is w, the vacuum wavenumber is k& = 27/A, and A is the
vacuum wavelength. The speed of light ¢ is related to the vacuum permittivity and vacuum

permeability by

(2.70)
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Using these relations along with the constitutive relations Eqgs. 2.64, the Maxwell equations

can be expressed as [96]

V xE=i,/"kH (2.71a)
€o

VxH=J—i | kn’E (2.71b)
Ho

V-H=0 (2.71c)

V - (n’E) = p/eo. (2.71d)

2.4.3 Useful Expressions for Waveguides

Consider a waveguide with a refractive index profile n(x,y). The waveguide is extended
along the z direction. The goal of CCMT is to study refractive index perturbations along
the z direction, but for now some useful relations for this waveguide where n(z, y) is constant
along z will be derived.

Our waveguide will support a superposition of modes with propagation constant (3, each
mode being given by e(x,y) and h(z,y). The electric and magnetic fields of each mode in

the waveguide are [96]

E(z,y,2) = e(x,y)e"” (2.72a)

H(z,y,2) = h(z,y)e”?. (2.72Db)

A further decomposition can be made: the fields e and h can be decomposed into longitudinal
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(z-directed) and transverse components,

e(x,y) = e(,y) + ze,(x,y) (2.73a)

h(z,y) = hi(z,y) + zh,(z,y). (2.73b)

In these expressions, the vector field a; represents

a, = Xa, + yay,. (2.74)

The fields E and H can likewise be split into transverse and longitudinal components.

The vector operator V; is equal to

Using a generic version of Eq. 2.72, namely

A =xA, +yA, + 24, = a(v,y)e’”* (2.76)
= Xa,(z,y)e"* + ya,(z,y)e™ + za.(z, y)e'”, (2.77)

the vector identity
VXA:VtXAt‘i‘iBiXAt—ZXVtAZ (278)

is found.

Setting J = 0 and p = 0, Eqgs. 2.72 and 2.73, and the vector identity Eq. 2.78 can be
substituted into the two Maxwell equations Eqs. 2.71a and 2.71b to yield
V. X e, +ifz x e, — X Vie, = ik, | 22 (hy + 2h.) (2.79a)
€0

V. x hy +if2 x hy — 2 x Vih, = —ikn?, | (e, + ze.) (2.79h)
Ho
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From this point, take the inner product of Eqgs. 2.79 with z to yield

=1 'l:—;)z (Ve x hy) (2.80a)

i €o .
h,=——\/—2z-(V 2.80b
2 MOZ (Vi xe) ( )

and the inner product of Eqgs. 2.79 with x + y to yield

1 Ho ~ .
= _W gz X (Bht -+ thhz) (281&)

1
h = =, |22 x (Be, +iVses). (2.81b)
k' 1o
The modal fields in Eqgs. 2.73 can be forward-propagating modes travelling in the positive
z direction, associated with a positive value of 3, or backwards-propagating modes, that
is modes having a negative 5. The relation between forwards- and backwards-propagating

modes is given by [96]

e” =e; +ze, =€ —ze (2.82a)

h™ =h, +2h, = —h{ +zh}. (2.82b)

These relations can be deduced from Eqs. 2.80 and 2.81. The + superscript denotes the

forwards-propagating modes. The - superscript denotes the backwards-propagating modes.

2.4.4 Reciprocity Theorem

The reciprocity theorem will be used to derive mode orthogonality and normalization, as

well as the integro-differential equations of CCMT. Let

F=ExH-E x H. (2.83)
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E and H are electric and magnetic fields, and E and H are different electric and magnetic

fields. Now consider the divergence of F. To compute this, the vector identity
V.- (AxB)=B-(VxA)—A-(V xB) (2.84)
is useful. It is found that
V- F={H (VXE)-E- (VxH)} -{H-(VxE)-E-(VxH)}. (2.85)

Subbing in the quantities involving a curl from Maxwell’s equations Eqs. 2.71a and 2.71b

and simplifying, it is found that

V. F=i/2k@-n)E-E+E-J-E-J. (2.86)
Ho

Here J and J are associated with the set of unbarred and barred electric and magnetic fields,
respectively.

Now consider the integral of V - F over the cross-sectional area A of the waveguide,

/dAV-F:/dA (&3+yﬁ>-F+/dA (22)-F
A A al' 6y A 8

:/dAVt-F—l—E/dAF-Z. (2.87)
A 0z Ja

The two-dimensional divergence theorem [161] identifies

/dAVt.F:fsz.ﬁ. (2.88)
A l

In this equation, the line integral is along the waveguide boundary. The unit vector n points
outward, normal to the boundary line. To make this line integral term vanish, the area A

can be extended to infinity. Especially when dealing with bound modes, as will be done
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here, the fields go to zero quickly as the size of the contour approaches infinity, and so this

term contributes nothing [96]. Having done this, the result is the reciprocity theorem,

Q/ dAF~i:/ dAV -F, (2.89)
82 Ao Ao

where the integration is now over the area A, of the whole transverse plane.
The quantity F - z on the left-hand side (LHS) of Eq. 2.89 can be simplified to include

only transverse fields. Using Eqgs. 2.73 and the vector identity [96]
A-BxC)=B-(CxA)=C-(AxB)=-A-(CxB), (2.90)
the longitudinal field components drop out, leaving
F-z=(E; x H, — E; x Hy) - 2. (2.91)

The final source-free (J = J = 0) form of the reciprocity theorem with F substituted in

explicitly is

3/ dA (E; x H, — E; x Hy) - 2 :/ dAi, [ k(@2 - n?)E - E. (2.92)
0z Ja.. Ao Ho

2.4.5 Mode Orthogonality and Normalization

The desire in this section is to derive an orthogonality relation for modal fields. To begin,

define two modal fields,

E = e;e’* (2.93a)

H = h;e'i* (2.93b)
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and

E = e e't* (2.94a)

H = hye™=, (2.94b)

These modal fields will be inserted into the reciprocity theorem, Eq. 2.89, with J = J = 0.
Also, n = n as the two modes exist in the same waveguide. Doing this, the reciprocity

theorem yields

(ﬂj + /Bk)/A dA (ej X hk — e X h]) -z =0. (295)

Now a second pair of modes is considered; Eqs. 2.93 are unchanged, while the second

mode will be a backwards-propagating mode,

E =e_ e+ (2.96a)

H = h_,e"-+=. (2.96b)

= (eq — zez)e P (2.97a)

E
H = (—hy, + 2h.)e P, (2.97b)
Putting this into the reciprocity theorem, again, gives
(ﬁj — ﬂk)/ dA (ej X (_htk + ihzk) — (etk — Zezk) X h]) -z =0. (298)
Ao

The longitudinal components again drop out of the expression, as they did in Eq. 2.91. That

means that we can convert this expression into

(ﬂj — 6k>/A dA (ej X hk + e; X h]) -z =0. (299)
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Adding and subtracting Eqgs. 2.95 and 2.99 yields the pair of equations

/ dA(e; x hy) -2 =0 (2.100a)
Aoo

/ dA (e x hy) -2 = 0. (2.100D)

loo]

These expressions express orthogonality between two modes for j # k. (For the case of

degenerate modes, symmetry allows these expressions to hold.) When j = k, define

Thus,

Aoo Aoo

This is the orthogonality relation for electromagnetic modes; d;; is the Kronecker delta.

2.4.6 The Equations of Complex Coupled Mode Theory

The core results of CCMT can now be derived. The derivation begins by inserting the proper
fields into the reciprocity theorem, Eq. 2.89. As introduced in Section 1.2.3, CCMT describes
how modes e and h of a waveguide couple in the presence of a refractive index perturbation.

Thus, the “barred” transverse fields of the waveguide are

E =) (bi(z)ey +bj(2)ey—y) = D (bi(2) +b5(2)) ey (2.103a)

Ho =) (b5(2)hy +bs(2)huy) = > (05(2) = by(2)) by (2.103b)

The b;(z) and b_;(z) are z-dependent coefficients describing how the forwards- or backwards-
propagating modal fields makes up the perturbed fields. These coefficients are what is being

solved for. The second equality in each equation in Eqs. 2.103 follows by using Eq. 2.82.
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The barred longitudinal fields are a bit trickier; to compute them put Eqgs. 2.103 into

Eqgs. 2.80. For E., the first step is

B - k:ﬂ\/‘T (Ve x H,)
N (U ()

Then using Eq. 2.80a again, which is

—ikn?, /%ezj — 2 (V. x hy),
0

the resulting expression for F, is

N>

3

_Z z) = b_j(z)) ez

3|

The derivation of H, proceeds in the same fashion. The first step is

H *—11160/\ (VtXEt>

_ ——\/iZ ) +boy(2) 2 (Ve x ey).

Now using Eq. 2.80b means

I
N>

iky [ 2oh,,;
€o

(Vi x ey),

which gives

H. = (b;(2) + b-5(2)) hay.

J

- (Vy x hyj).

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)

Having gotten the barred fields, the unbarred fields are just a single mode. Whether these

unbarred fields are forwards- or backwards-propagating determines which of two coupled
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integro-differential equations are obtained. So, to start, let

E = e e’ = (ey + 2e.;)e (2.110a)

H = hye"* = (hy, 4+ zh.;,)e". (2.110b)

Then substitute the barred and unbarred fields, Eqgs. 2.103, 2.106, 2.109, and 2.110, into the

reciprocity theorem, Eq. 2.92. For the LHS of the reciprocity theorem, this yields

0 .
&/AoodAFZ

0 iBrz ) _ . | .7
:& /Aoo dA <etkeﬁ X ;(53(2) b_](z))hm>

< —aE/A dA (Z (bj(2) +b-;(2)) ey X htkeiﬁkz) 2. (2.111)

z -
J

Then using the orthogonality relation, Eq. 2.102,

0 .
&/AoodAFZ

0 .
za(—QNkb,k(z)emkz)

db_i(2) | ,
— _2N, (%aﬁw + z’ﬁkbk(z)eW) . (2.112)

Inserting Eqgs. 2.103a, 2.106, and 2.110a, and using E = E +ZE., the right-hand side (RHS)

of the reciprocity theorem becomes

/ dAV - F
A

:/ dAi, /E—Ok(ﬁ2 —n?)(ey + ze,y)e P
Ao Ho

— (Z (bs(2) + b5(2)) e + 7y 3 (b3(2) = b5(2)) ) (2.113)

J J
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Equating the LHS expression, Eq. 2.112, to the RHS, expanding, and using Eqgs. 2.69 and
2.70 in the form w = k/,/€ofig, one obtains the final form of one of the CCMT coupled mode

equations,

N, (db;‘l’jz) + iﬁkb_k(z>> = =i > (it (2) + kaibs(2)) (2.114)

In this equation, the definitions

Kij = %/ dA Ae (etj ey — gezj . ezk> (2.115a)
Aco €
Xkj = g/A dA Ae (etj cey + gezj . ezk> (2.115b)

have been made. These are the CCMT overlap integrals. The permittivity perturbation Ae

is defined as

Ae =€ —, (2.116)

where again € = ¢yn? and € = ¢yn?.
The second integro-differential equation is obtained by using the reciprocity theorem

again, but this time with the unbarred fields set to a backwards-propagating mode,

E =e_ e = (ey — ze.)e P (2.117a)

H = h_j;e+* = (—hy, + 2h.;,)e P+ (2.117b)

The computation proceeds in the same manner as the one leading to Eq. 2.114, again com-
puting the LHS by invoking orthogonality, computing the RHS side, and equating the two.

This gives

CCMT is thus defined by Eqs. 2.114, 2.118, 2.115, and 2.101.
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2.5 A Finite Difference Eigenmode Solver

In Chapter 4, FDE solutions are compared to those obtained using coupled mode theory. As
such, the implementation of a FDE mode solver will now be discussed. The following analysis
is as presented in the literature [100]. Although the programming of this available recipe for
a FDE solver was not necessary, it provides insight into exactly how already existing solvers
function and was a good learning exercise.

We want an expression for electromagnetic modes on a 2D lattice in terms of finite

differences. Starting with Maxwell’s curl equations in medium,

0B

oD
H=— 2.11
V x 55 (2.119Db)

along with B = puoH, D = ¢ye, E, w = cky, ¢ = 1//lio€p and E; H ~ e e get, after
scaling E — Z,E = ‘;—(?E,

ikoH, = aaiz —iBE, (2.120a)
ikoH, = iBE, — aai"’ (2.120b)
ikoH, = % — aai‘” (2.120¢)
—ikoe, By = 68—% —ipH, (2.120d)
—ikoe, B, = ifH, — % (2.120¢)
—ikoe, B, = % — a;;“. (2.120f)

Referring to Fig. 2.7 and expressing all derivatives as finite differences, Eqgs. 2.120 become



|Ez(j,l+1) AHY(,1+1) |Ez(j+1,l+1) |Hz(j-1,l) AEY() |Hz(J',I)
Ex(j,1+1) g HxG)

“E‘y(j,l) L HzG) “Iiy(j+1,l) kIiy(j-l,l) Ez(j,1) “ﬂy(j,l)
Hx(, ) HX(+1,1) Ex(j-1,1) Ex( 1)
E2(j.)) AHYGD E2(j+1,1) |HzG-1-1) ABYOID ] g1y

) HX(,1-1)
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Figure 2.7: The 2D Yee cell centered about H, and FE,. Original artwork based on Fig. 1
in [100]; compare the 3D Yee cell [162].

ikoH, (j,1) = [E.(j,1 + 1) — E.(j. /Ay — iBE, (j. k) (2.121a)
ikoH, (3,1) = iBE,(,1) — [E.(j + 1.1) — E.(j,1)]/Ac (2.121b)
i H. (1) = [B,( + 1,1) = B,(.D)/Ax — [E(i.1 +1) = E.(.D/Ay  (2.121¢)
—ikoers (G ) Eo (G, 1) = [H.(.1) — H.(j,1 — D] /Ay — iBH, (5. ] (2.121d)
—ikoery (3, D E, (i, 1) = iBHL(.1) — [H.(3,1) = H.(j — 1),/ Aa (2.1210)

_ikoerz(jwl)Ez(j7 l) = [Hy(j7l) - Hy(] -1, l)]/A‘T - [Ha:(jvl) - Hm(]wl - 1)]/Aya (2121f)

the permittivities are written as averages over neighboring cells,

era(J: 1) = [e:(5,1) + & (.1 = 1)]/2 (2.122a)
Ery(ja l) = [ET(jvl) + er(j - 1’ l)]/2 (21221:))
6, D) = [6,(G, D) + e (j — 1,1 = 1) + .(j, 1 — 1) + ¢.(j — 1,1)] /4. (2.122¢)



These finite difference equations can be written as matrices:

The €,; are diagonal matrices.

—iky

0
0

0

67‘2

8

<

8

<

mom oEm oD

I}

when zero boundary conditions are used.

0 —ipl U,
=it o -U,
~U, U, 0
0 —iBl V,
=it 0o -V,
-V, V, 0

—1

g2 =
8

<

=

SN

I3

The matrices U and 'V are given by
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(2.123a)

(2.123b)

(2.124a)

(2.124D)



Combining equations and solving in terms of E, and E, yields

E, P, P, E, E
Pl |- = 7.

Y PZJﬂ? Pyy Ey Ey

with

Poy =~k *Us€, ) Vy Vo Uy + (koI + Use Ve (€ + 5"V, U,
Py, = _ko_gUyer_lexVyUx + (koL + Uyer_zlvy)(ery +k PV, U,)
Py = Uxer_zlvy(ery + kO_QVwa) - ko_Q(kgI + Uwer_zlvx)VyUfc

P,. =U,e 'V, (€, + Kk >V, U,) — kg 2(k31 + Uye, ' V,) V.Y,

o1

(2.125)

(2.126a)
(2.126D)
(2.126¢)

(2.126d)

On the other hand, combining equations and solving in terms of H, and H, yields

Q - ! — B ,
Hy ny ny Hy Hy

with

Qoz = —ko*Vo U, Ure, 'V, + (€ + ko 2V Uy ) (K1 + Uye, ' V)

Qyy = _k0_2VyU:cUy€r_z1Vx + (€ra + kO_QVyUy)(kSI +U,e,, V.,

z

Quy = —(€ry + ko_2V:cU:c>Uy€r_1Vx + ko_QV:rUy(kgI +U,e, V)

z 4

Que = —(€r + ko "V, Uy Us€ )V, + kg *V, UL (KT + Uye, 1V,

(2.127)

(2.128a)
(2.128D)
(2.128¢)

(2.128d)

The matrix P and Q appearing in these eigenvalue equations can be numerically diag-

onalized to yield the modal eigenvectors along with the modal wavevectors 5. MATLAB

source code implementing these equations is given in Section B.2.10 of Appendix B. The

matrix math is implemented in terms of sparse matrices to not exhaust typical computer
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memories (as of the time of writing), and for speed, as the finite difference matrices are
mostly zero.
Note that our implementation of FDE does not include conformal mesh technology, a

method of smoothing out staircasing effects at a material interface [163].

2.6 Electromagnetic Power Absorption

We will need to calculate electromagnetic power absorption. The Lorentz force law is [160]
F =¢(E+v x B). (2.129)

F' is the force on a charge ¢, and v is the velocity of the charge. E and B are, again, the

electric and magnetic fields. Then, as dl = v d¢, the work W on the charge
W=F -dl=¢E+vxB)-vdt =¢E-vdt. (2.130)

Taking ¢ — pd®z and then pv — J, we get the power P [160],

P:M: dPzE-J. (2.131)
dt y

The integration volume is V.
This is the instantaneous power. We want the time average of the power over one period
of the oscillating field. To see how this will be achieved, first consider the following general

result [164]. Write two complex quantities A and B as

A = |Aleiltte) (2.132a)

B = |B|e!@HA), (2.132b)

As seen, the quantities A and B have exponential time dependence at angular frequency w
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and time coordinate ¢. An arbitrary phase (« and () for each quantity is included. As it is

the real part that we are after in our physical fields, we take the real part of A and B. Let

a=ReA = |A|cos(wt + ) (2.133a)

b= ReB = |B|cos(wt + ). (2.133b)

The time average is then computed:

(a(t)b(t)) = %/0 dt|A] cos(wt + «)| B| cos(wt + )
= ZIAl|Blcos(a — ) = 5 Re (4°B). (2.134)

The averaging period is 7' = 27 /w. As such, we see that the average power is [165]

1
Pzﬁm/ﬁ%Eﬂl (2.135)
v

as both E and J have harmonic time dependence, as in Section 2.4.2.

The next step is to eliminate J in favor of E. This can be done using [124, 160]
J(w) =o(w)E(w), (2.136)
as long as there is no spatial dispersion. This means the averaged power is
P:%m/ﬁ%ﬂm? (2.137)
v

To proceed further, we want a relation relating conductivity to the complex permittivity.
This can be obtained in the following way [124]. The polarization P provides an alternative

(to Eq. 2.64a), more fundamental, way to define the electric flux density D:

D(w) = ¢E(w) + P(w). (2.138)



Then we use Eq. 2.64a,
D(w) = eoer(w)E(w).
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(2.139)

This introduces the complex permittivity. The relation connecting polarization to current

density is [124,160]
_oP

J_E'

(2.140)

Eq. 2.140 refers to an effective polarization, not the polarization of a bound charge. Taking

the derivative with harmonic time dependence,
J(w) = —iwP(w).
Substituting Eqgs. 2.139 and 2.141 into Eq. 2.138,
co6r(W)E(w) = ¢gE(w) + gJ(w).
Eliminating J with Eq. 2.136 yields
coer(W)E(Ww) = egE(w) + ga(w)E(w).

That is [124],

Solving for o,

o(w) = —ieqw(e (w) — 1).

This o is substituted into Eq. 2.137, yielding

1
P = D) Re/ Pz iegw (e (w) — 1B
v

(2.141)

(2.142)

(2.143)

(2.144)

(2.145)

(2.146)
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This is equivalent to

pP= % &3z (Im e, (w))[EJ. (2.147)
%

2.7 Optical Response of Metals: Plasmonics

The goal in this section is to model the optical response of metals using the Drude model
[16,166]. The derivation here presents an equation of motion for an electron in the Drude

plasma as its starting point [16]:
mv + myv = —eE. (2.148)

In this equation, from left to right, there is a kinetic term, a damping (or collision) term, and
a driving term. The effective electron mass is m; 7 is the Drude collision frequency v = 1/7,
where 7 is the Drude relaxation time; and, e is the magnitude of the electron charge. The
velocity of the electron is given by v, while E gives the external electric field strength. To

solve this differential equation, we insert the ansatz

E(t) = Ee™™! (2.149a)

v(t) = ve ™", (2.149Db)

Eq. 2.149a just factors the harmonic time dependence out of the electric field, as done in
Section 2.4.2. w is the angular frequency of the field and ¢ is time. Eq. 2.149b means that we
are looking for the particular solution of our differential equation; phase shifts between E(t)
and v(t) are absorbed into the complex factor v. Substituting Eqs. 2.149 into Eq. 2.148, we
get

e

v = —mE. (2.150)

We then need to relate the velocity v(¢) to the macroscopic current density J. This



relation is given by [166]
J = —Nev,

where N is the electron number density. Substituting in v from Eq. 2.150,

We can then use Eq. 2.141 to express

N 2
P = ——e,E.
m(w? + iyw)

This polarization P can then be substituted into Eq. 2.138, yielding

w2
D o(1- 5% )m
W+ 1yw

The plasma frequency, w,, is given by

_ Neé?

w .
€gm

2
p
Thus, the complex dielectric permittivity of a Drude metal is

2
OJp

(w)=1——2
er(w) w? 4+ iyw

o6

(2.151)

(2.152)

(2.153)

(2.154)

(2.155)

(2.156)

This Drude model can be modified slightly to account for the fact that the electrons are

not truly free, but see the charge background of the atomic lattice. This modification means

that a term

Pbg = GQ(Ebg — 1)E

(2.157)

is added to the polarization in Eq. 2.138, and thus that the complex dielectric permittivity
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1s written

2
_ Y
w? + iyw

(2.158)

& (w) = €bg —

2.8 Localized Surface Plasmons: A Metal Sphere in an

Electric Field

The LSPs observed when a metallic nanosphere is placed in an optical field can be modelled
quasi-statically. As such, we will review the calculation of a dielectric sphere placed in a
static electric field [165]. Results from this calculation will be used in Chapter 5.

To determine the electric field in and around the sphere, Laplace’s equation,
V2V =0, (2.159)

will be solved. There are no free changes in the problem at hand, so the approach of solving
Laplace’s equation is valid [165]. V is the electric potential. Written explicitly in spherical

coordinates, Laplace’s equation is [160]

10 ov 1 0 oV 1 o0*V
2y, = Y[ 29 ——  ~ (sinfg=— - = 0. 2.1
ViV r20r (r 87") + r2sin § 00 (sm 89) * r2sin? § O¢? 0 (2.160)

The variables r, € and ¢ are related to Cartesian coordinates by

x = rsinf cos ¢ (2.161a)
y =rsinfsin¢g (2.161b)
z=rcosf (2.161c)

As our V will not depend on ¢, Eq. 2.160 simplifies to

vy = L9 (TZZ—V) 4 0 (sin@a—v) = 0. (2.162)
T

72 Or r2sin @ 00
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This equation can be solved by separation of variables. The general solution can be

written as [160]

o0

Vo) = Y- (n'+ 5) Atcoso) (2163)

=0

The coefficients A; and B; are constants to be determined by the boundary conditions.
The values Py(x) are the Legendre polynomials, which can be computed by the Rodrigues
formula [160]:

P(z) i (%)l (22— 1) (2.164)

Py(z) =1 (2.165a)

Pi(x) = z. (2.165Db)

The Legendre polynomials form a complete set on the interval —1 < 2 < 1, and they are

orthogonal [160]:

1 ™
/ dx P(z)Py(x) = / df Py(cos @) Py(cosf)sinf = &, 2 : (2.166)
1 0 2041

Equipped with Eq. 2.163, we consider the problem of a dielectric sphere placed in an
electric field. The radius of the sphere is a, the relative permittivity of the sphere is €, the
relative permittivity of the surrounding medium is €,,, and the initial electric field (before
the sphere is inserted) is given by E = Eyz.

The scalar potential inside the sphere is

Vin = Z Ayr' Py(cos 6) (2.167)

=0
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as the 1/7*! term diverges at the origin. Outside the sphere, the scalar potential is

= C
Vit = Z (Blrl + rl_+ll> Pi(cosb). (2.168)
1=0
The potential of the static field is
Vitatic = —FEpz = —Eyr cos 0. (2.169)

To solve for the coefficients A;, B;, and C; we consider boundary conditions. To start

with, V. will be matched with the static field Vige:

ZBlrlPl(cos 0) = —Eyrcosé. (2.170)
=0

This yields By = —Fy, and B; = 0 for [ # 1.
A; and C} can be found by considering electromagnetic boundary conditions across the

interface [160,165]. First, there is the continuity of the electric flux density D in the normal

direction:

Dajiaove = Dé_elow‘ (2171)
Second, there is continuity of the tangential electric field E:

Elal,bove = El|f|)elow' (2172>

As D = ¢p¢, E, the electric field must be computed from the potential in both cases. As

usual, this is achieved using £ = —VV, but here in spherical coordinates,

g OV 10V 1 oV,

or oo rsinea_qﬁqb' (2.173)

We observe that # is normal and thus gives D+ continuity, and that 0 is tangential and thus
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gives Ell continuity.

The normal D condition, Eq. 2.171, can be written as

_6065% - —€0Em @g‘;‘“ ) (2.174)
Inserting Eqs. 2.167 and 2.168 into the above condition, we obtain
€ ilAlal_lPl(cosH) = €m i (lBlal_l —(+ 1)%) Pi(cos ). (2.175)
1=0 1=0 @
Multiplying by d@ P;(cos 6) sin 6 and integrating from 0 to 7 on both sides yields
€A = —€, (Eo + 2%) ) (2.176)

We have used the orthogonality of Legendre polynomials, Eq. 2.166. This is the result for
[ =1. For [ # 1 we multiply both sides of Eq. 2.175 by df P,(cos#) sin §, where [ # 1, and
integrate from 0 to :

el A = —en (1 + 1)% for | # 1. (2.177)

The tangential E condition, Eq. 2.172, can be written as

1 a‘/;n 1 a‘/;Jut
—— =—— 2.1
a 90 | a 90 | (2.178)
Inserting Eqs. 2.167 and 2.168, we get
i Ayt Pl (cosf) sin = i By + G P/(cosf)sinb (2.179)
l rl+1 ! ) :
=0 =0
Here,
op,
P =—. 2.180

To pick out the value of the coefficients A; and C} we use the orthogonality of the P/ [165].
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Eq. 2.179 then yields

The coefficients A; and C; for [ # 1 are obtained in a similar manner. The result is that

A=Y i 21, (2.182)

a2+l

If we compare Eqs. 2.177 and 2.182, we see that the solution is A; = 0 and C; = 0, for

[ # 1. The case of [ = 1 provides a nontrivial result. Solving Eq. 2.176 and Eq. 2.181 yields

3em
A = —ﬁEO (2.183a)
Ci = a® (%) E, (2.183b)

Substituting Eq. 2.183 into Eq. 2.167 and Eq. 2.168, we get

3e

Vin = _TZQEOT cos 6 (2.184a)
—€m + € cos
Vous = —Eor cos 0 + a® < 2e 1e. ) Ey = (2.184b)

Eq. 2.184a describes the potential of a constant electric field inside the sphere. The first
term in Eq. 2.184b is a constant electric field, while the second is the potential of a dipole.

The dipole moment p is [124]

p = 4megena® (;::%) Eo. (2.185)

Using this dipole moment, Eq. 2.184b can be rewritten as

p-r

Vout = —Eorcos 0 + —.
dmege,,T

(2.186)
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By defining the polarizability o with the formula
P = €€k, (2.187)

one sees that the dipole component of our sphere’s field distribution has the polarizability

—€, + €
=d4ra® [ —2—2) . 2.188
« Ta <2€m+€s) ( )

This polarizability, Eq. 2.188, diverges when 2¢,, + €, is minimized. For small Ime¢g, the
resulting condition

Rees(w) = —2¢p, (2.189)

is called the Frohlich condition [124]. We are computing quasi-statically, but the mode in
an oscillating field associated with this resonance is called a dipole surface plasmon and is a

type of LSP [124].

2.9 Concluding Remarks

In this chapter, we provide background theory for our EAR, CCMT, and QCM epsilon near
zero (ENZ) studies.
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Chapter 3

Protein Acoustic Modes and
Extraordinary Acoustic Raman

Spectroscopy

The main ideas of the work in this chapter have been published [71].

The method of EAR spectroscopy (see Section 2.1.4) was used to scan nanoparticles and
proteins [70]. The five proteins studied are summarized in Table 3.1. These proteins were
part of a molecular weight standards kit.

For each protein, the PDB file gives the equilibrium coordinates. We assume our proteins
in solution are well represented by these coordinates. The question may arise as to whether
crystal coordinates are suitable for describing collective modes, but past works have shown
that there exists good agreement between the equilibrated proteins studied in molecular
dynamics and the predictions of the ANM model [67].

Visualizations of each protein are given in Figs. 3.1, 3.2, 3.3, 3.4, and 3.5.
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Name Molecular PDB ID
Weight
(kDa)
pancreatic trypsin inhibitor 6.6 5PTI [167]
carbonic anhydrase I 29.7 1CRM [168]
streptavidin 52.8 3RY2 [169]
ovotransferrin 76.2 10VT [170]
cyclooxygenase-2 274.4 5COX [171]

Table 3.1: A list of the proteins measured using EAR, and for which theoretical spectra
are computed using the associated PDB structures. References to the original papers where
these structures are derived are given. A similar table appears in [71].

(a) 5PTI visualized as a surface around all (b) 5PTI visualized as a cartoon representa-
atoms, including sidechains. tion, where secondary structure is shown.

Figure 3.1: Visualization of pancreatic trypsin inhibitor (5PTI).
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(a) 1CRM visualized as a surface around all (b) 1ICRM visualized as a cartoon represen-
atoms, including sidechains. tation, where secondary structure is shown.

Figure 3.2: Visualization of carbonic anhydrase I (1CRM).

(a) 3RY2 visualized as a surface around all (b) 3RY?2 visualized as a cartoon representa-
atoms, including sidechains. tion, where secondary structure is shown.

Figure 3.3: Visualization of streptavidin (3RY2).

(a) 10VT visualized as a surface around all (b) 10VT visualized as a cartoon represen-
atoms, including sidechains. tation, where secondary structure is shown.

Figure 3.4: Visualization of ovotransferrin (10VT).
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(a) 5COX visualized as a surface around all (b) 5COX visualized as a cartoon represen-
atoms, including sidechains. tation, where secondary structure is shown.

Figure 3.5: Visualization of cyclooxygenase-2 (5COX).
3.1 Methods

Three different ANM (see Section 2.2.6) elastic network models are constructed for each

protein using the Python package ProDy [154]:

e an all-atom ANM with r, = 7.9 A. All protein atoms are selected, including all side
chains. Hydrogen and deuterium are excluded. An ANM elastic network model is built

where all atom pairs within the distance r. are connected to their neighbors.

e a coarse-grained C, atom ANM with r, = 12 A. The a carbons along the protein

backbone are connected if they are neighbors within the radius r, = 12 A.
e a coarse-grained C, atom ANM with r, = 15 A. As above, with a larger r, = 15 A.

Fig. 3.6 shows the number of atoms in each model for each of the five proteins.

In each case, the ProDy default spring constant of 1.0 is used in the numerical model. A
maximum of 3000 modes are requested from the numerical diagonalization routine. (Recall
that 3N — 6 modes, where N is the number of atoms in the model, exist for a given model.)
This chosen maximum allowed us to obtain all of the low-frequency collective modes in each

case. The eigenvector matrices would have been prohibitively large otherwise.
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Figure 3.6: The number of atoms in the coarse-grained (C,) and all-atom models used here.

After the mode frequencies w(;) and mode vectors Xy (unit normalized eigenvectors)
are obtained from ProDy, they are fed into a script that computes a Raman intensity at each
frequency.

The following outlines how this Raman intensity calculation is accomplished:

1. Choose a scaling factor s by which the modes will be scaled to compute the coordinate

displacements under vibration. Here, s = 0.0001 is chosen.
2. Get the protein’s equilibrium coordinates, ry.
3. In a loop over each mode:

(a) Compute the displaced coordinates at each extent of the vibration, rgy)+ =
ro £ sX(). These coordinates represent the two extents of the Raman stretching

motion.

(b) For each r( 4, find the best-fitting ellipsoid and write down semi-principal axis

lengths a, b, ¢ and axis unit vectors 1, Uy, U, for that ellipsoid.
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(c) Compute the polarizability tensor ay for each ellipsoid using known analytical

expressions.

(d) Rotate one of the pair of polarizability tensors a1 as a rank-2 tensor according to
the relative rotation of the two sets of unit vectors from best fitting the ellipsoids,

producing oy yo.

(e) Approximate the derived polarizability tensor a’(k) as
o' oy — . (3.1)

(f) Finally, compute the Raman intensity /) as given by Eq. 2.59.

Some details will now be provided. The best fitting of the displaced coordinates to an

ellipsoid is accomplished by constructing the matrix

Z m;r; @ r; (3.2)

and then numerically diagonalizing [172]. The r; are the R? atomic coordinates of each atom
¢ in the model. The eigenvalues and eigenvectors of this 3 x 3 matrix are related to the
semi-principal axis lengths a, b, ¢ and axis unit vectors t,, Uy, ..

Next, the polarizability of each extent of the motion must be computed. Dielectric

polarizability tensors a for the ellipsoids are given by [173]

4 b e\t = Ce PN
a= 0% (6 — <) ;. (3.3)

The internal permittivity (inside the eillipsoid) is ¢; = n* = 1.6% and the external permittivity
(outside the ellipsoid) is €, = 1.33%; these are estimates for protein and water. The ; are
unit vectors. The N; are depolarization factors and account for the degree to which the

ellipse is elliptical and not spherical. A convenient numerical representation of the N, is
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given by [173,174]

b
No= e b;‘) e (F(6.m) — B(9.m)) (3.4)
N,=1-N, - N, (3.5)
b
N, = (b - J%Ew,m)) (3.6)
a? — b? c
m= ¢ = arccos e (3.7)

The incomplete elliptic integrals of the first and second kind, denoted here by F and E, can

be found in numerical libraries like SciPy [175]. These integrals are given by

[ty
F(d)’m)_/o V1 —msin?y

E(¢,m) = /j \/1 —msin? v do. (3.9)

These numerical representations for N; require a > b > c.

The procedure so far provides two diagonal polarizability tensors. It is possible that the
semi-principal axes of the best-fitting ellipsoid have rotated relative to each other by the
motion of the Raman mode. This relative motion between the two tensors is accounted for

by explicitly constructing the rotation matrix [151]

~

Ug,+ * Ug,— Ug,4 * Up,— Ugq+ * Ue,—
R= [y Ga— Ups -Gy Upy - U (3.10)

)

Ue,+ * Ug,—  Uct  Up,— U+ * Uc,—

and then rotating o} as a rank 2 tensor, oy ;o = R'a R.

To construct spectra from these Raman intensities, Lorentzian functions at the frequency
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position w;) of each mode are summed. That is, the plotted Raman intensity I(w) is

T 1
)= e ooy + (2T (3.1

The height of each mode is proportional to the Raman intensity Iy (Eq. 2.59) for that
mode. A constant Lorentzian linewidth I" is selected (not computed, but chosen by hand)
for all spectra (one linewidth for all of the spectra). The Lorentzian line shape was chosen
because it is a finite-width feature which can approximate the spectral broadening seen when
multiple spectral lines appear in proximity.

There is a free parameter in our theory. This is the scaling parameter (effective spring

constant) in Eq. 2.52,

W(k) =\ k‘)\k (3.12)

The calculations are initially done with £ = 1, but to align the spectra with experimental
data, a spring constant £ must be chosen for each protein and each model. Scaling the spring
constant does not change the relative location or prominence of peaks, but just the global
frequency scaling of the resonances.

Python code implementing the elastic network model, ellipsoid best fitting, polarizability

and Raman intensity calculations is given in Appendix A.

3.2 Results

The computed Raman spectra are plotted next to the experimental EAR spectra for each
protein in Figs. 3.7, 3.8, 3.9, 3.10, and 3.11. We see good agreement in each case. Note
that in Fig. 3.9, the prominence of peak/feature 4 in the theoretical spectra does obscure
the other peaks, but we still believe there is good agreement in the locations of the peaks,
despite this. The effective spring constant (the scaling factor) chosen for each model and

each protein is shown in Fig. 3.12.
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Figure 3.7: Comparison of experimental and calculated EAR spectra for 5PTT.
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Figure 3.8: Comparison of experimental and calculated EAR spectra for 1CRM.
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Figure 3.9: Comparison of experimental and calculated EAR spectra for 3RY2.
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Figure 3.11: Comparison of experimental and calculated EAR spectra for 5COX.
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Figure 3.12: Effective spring constants k in wg) = VkA;.

3.3 Discussion

Computing the protein frequencies and modes in more than one way builds confidence in
the method. We have also shown what other authors have shown: that the information
obtained from all-atom and coarse-grained models can be comparable [176]. The fact that
the coarse-grained models mostly reproduce the experimental spectra even though they have
fewer atomic coordinates in the model is useful as it substantially lowers the computational
cost of computing EAR spectra. This is especially significant for large proteins such as
5COX.

One weakness of the model is the presence of different spring constants for each protein,
shown in Fig. 3.12. The solvent damping [177] (which is not accounted for in our model)
may affect these proteins differently, causing a different frequency shift for each protein.
ANM does not explicitly consider local environment, but others have used ANM combined
with molecular dynamics to capture the influence of the environment on the linewidth and

resonance frequency [178]. Interestingly, we see from Fig. 3.12 that the coarse-grained,
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r. = 12 A, spring constants are in most cases comparable to those obtained using the all
atom model at 7, = 7.9 A. The detailed spectral resolution of EAR allows a direct fitting of
the spectral modes to experimental data. Past works have fit, for example, the density of
states [66].

A possible future improvement for these computed EAR spectra would be a more accurate
model of protein polarizability [179]. Quantum mechanical methods could also compute
polarizabilities for each protein mode, but this would be computationally intensive, since
two structures must be computed for each spectral mode. One could also refine the ENM,
making it more accurate [180].

We are assuming that the proteins are not being unfolded or otherwise denatured by
the optical trapping beam. If they were being unfolded, we would not expect the crystal

coordinates in the PDB files to give rise to matching spectra.

3.4 Concluding Remarks

In this chapter, we have presented a method by which the experimentally measured EAR
resonances are associated with the low-frequency, collective Raman modes of proteins. This
has been achieved using ANM and the theory of Raman spectroscopy. It is remarkable that

the experimental EAR data matches so well with the modes predicted by ENMs.
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Chapter 4

A Complex Coupled Mode Theory

Electromagnetic Mode Solver

Related to nanophotonic design, a numerical electromagnetic mode solver based on CCMT
was constructed. As noted in the previous chapter, CCMT is typically used to describe the
coupling between modes in a physical waveguide. CCMT is here used in a different way.
Instead of using the physical waveguide modes as input, the CCMT mode solver uses an
arbitrary but convenient orthogonal basis of electromagnetic modes. These may be vacuum
modes of a metal pipe, for example. The coupling perturbation is then the structure—such
as an optical fiber—being solved, and the basis modes couple to yield the physical waveguide
modes.

This work has been published [130].

4.1 Methods

The method by which the CCMT eigenmode solver is implemented using CCMT is now

discussed.
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4.1.1 CCMT Eigenmode Solutions

From Section 2.4.6, Egs. 2.114 and 2.118 can be written as

dGSLZ) = ifpar(z) + le Z (Kija;(2) + xiribi(2)) (4.1a)
dbgiZ) - _Nik Z (Xkjaj () + Kb (2)) — iBxbi(2). (4.1b)

J

The coefficients b, and b_; have been relabelled a, and by; ay are the forward propagating
modes while by, are the backward propagating modes. Recall also the definition of the overlap

integrals x and x from Eqs. 2.115,

/{kj = %J/A dA AE (etj € — gez] : 62’k’> (42a)
w €
Xkj = E/A dA Ae (etj s e + %623 : ezk) ) (42b)
with
Ae =€—¢, (4.3)

and the normalization Ny from Eq. 2.101,

Ao

We want to use the CCMT machinery to build an eigenmode solver. To do this, a
set of analytically known basis modes—the modes of a metal waveguide pipe [181]-will be
used. These basis modes have known analytic expressions for the modal fields e and h, the
propagation constants . The permittivity € is then just the vacuum permittivity, as the
pipe is hollow. The “perturbation” to the basis modes is the permittivity € of the waveguide
of interest—the waveguide whose modes one wants to compute. One then just has to plug

everything in, and compute the coefficients a; and by.
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To compute the coefficients, insert the ansatz

ar(2) = ape™ (4.5a)

bi(2) = bre™=. (4.5b)

(In this notation, ay is a different quantity than a(z).) Making the insertion into Egs. 4.1,

one obtains

dai = fran(z) + 5 3 (aga(2) + sty (<) (1.62)
M= =5 30 (s (2) + mighy(2) = i (2) (4.6

This can be written as a matrix eigenvalue and eigenvector problem,

+K a a
Ptky Xy —\ . (4.7)

-XN —ky—pP b b

This is the central equation used by the CCMT mode solver. It converts the problem of
finding new modes with index n.g = A/k into an eigenvalue problem. (Here k is the free
space wavevector for the frequency of interest.) The B is a diagonal matrix made up of
entries (B, and the Ky and Xy are matrices made up of entries ri; and xj;, with each row
divided by Ng.

The result of diagonalization is a set of coefficient vectors, each representing a coupled
mode, and associated effective indices n.g. Equipped with these coefficients, the electric and
magnetic field for a particular coupled mode can be computed using Eqgs. 2.103, 2.106, and

2.109. One substitutes, for example, these quantities for E into [182]

CEO

[ = —n|E] (4.8)
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to compute the optical intensity, where n is the refractive index in the transverse plane.

4.1.2 Metal Pipe Basis Modes

The modes of a cylindrical metal pipe are presented [181].

The transverse electric modes TE,,,, are given by

e, = —szn(A cosng — Bsinng)J,(kep), ey = Z:N(A sinng + B cosng)J, (k.p),
Cp C
1B ) , —18n )
h, = _k:_(A sinng + Bcosng)J, (k.p), hy = 2 (Acosng — Bsinng)J,(kep),
¢ cP
/
e, =0, and, h, = (Asinng—B cosnd)J,(k.p), with k. = Prm (4.9)
a
The transverse magnetic modes TM,,,,, are
13 ) , —ifn .
e, = _k_<A sinng + B cosng)J, (k.p), es = =P (Acosng — Bsinng)J,(kep),
h, = Z:;n (Acosng — Bsinng)J,(kep), hy = —;we (Asinng + Bcosng)J, (k.p),
cP c
e. = (Asinng + Bcosng)Jy(kep), and, H, =0, with k, = 2 (4.10)
a

The modal fields are given in cylindrical coordinates; p is the radial coordinate and ¢ is the
angular variable. The expressions are given at z = 0 so no z dependence must be considered
in the functional form. The magnetic permeability is equal to that in vacuum, p = g, and

the modal wavevectors
B =/k?—k? (4.11)

are expressed in terms of the cutoff wavevectors k.. When k. > k, the mode propagation is
attenuated. The mode numbers n > 0 and m > 1 index the Bessel function order and the

Bessel function zero (for a Bessel function of a particular order). The Bessel functions J,
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are of the first kind, and J/ are the first derivatives, given by [97]

(Ju1(6) = T () = =Tusn () + =T (©). (4.12)

Jn(&) = ¢

N —

The Bessel function zeros are called py,,; zeros of its first derivative are p{,,. The radius of
the pipe waveguide is a. The basis set of TE,,, or TM,,, modes, with either A = 1 and
B =0,0or A=0and B =1 are used as input to CCMT, as the modes e; and h; (and are
associated with wavevectors [3;).

Notice that the TE/TM modes are not considered separately in Eqs. 4.2, but are enu-

merated and computed in a unified manner.

4.1.3 A Choice of Lattice

There are two types of lattice considered here. Other types may be possible too. For example,
an overlap integration inspired by the triangular meshes of the FEM should be possible as

well.

A Cartesian Solver

In the most general case, where Ae = Ae(z,y) (and is not expressible in the form Ae =
Ae(p)) we do 2D numerical integrations on a Cartesian lattice to evaluate the overlap inte-
grals. Note the method by which we deal with the singularity at the origin: we simply offset
the lattice. For example, we choose the origin so points -0.5 and 0.5 appear, but not 0.

The transformation for converting the transverse part of the cylindrical coordinates modes
of Egs. 4.9 and 4.10 into Cartesian coordinates is

€y cos¢p —sing €p (4.13)

ey sing cos¢ ¢

The transformation for the magnetic fields is the same as above but with h instead of e. The
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normalization (Eq. 4.4) is computed as
Ny = / dA (eyhy — eyhy). (4.14)
Aso

A Solver in Polar Coordinates

In this case, Ae = A€e(p), or in other words there is no angular dependence in the permittivity
map of the structure being solved. Then the overlap integrations (e.g. Egs. 4.2) can be
separated into products of functions of only p and only ¢. To see this, substitute e, and e,

from Eq. 4.13 into Eq. 4.2. Beginning this process gives

€xj * Exk = (€, COS P — €45 SINP) - (€1 COS P — €4 SIN @) (4.15)

and

€yj ey = (€ SIN P + €45 COS P) - (€1 SIN P + €4, COS P). (4.16)

This means that the transverse term in Eq. 4.2 is
€j " €tk = €qj - Exk + €yj * Eyk = €pj * Epk T € * Egil- (4.17)

The normalization factors N}, (again, Eq. 4.4) can be likewise shown to be

Nk = / dA (eph¢ - ed,hp) (418)
Aoo

using Eq. 4.13 and the magnetic field complement of that equation.

This means that functions that start separable (which our basis functions do) stay sep-
arable; the rotation matrix does not play a role in the calculation of the overlap integrals
or normalization constants. Numerical integrations on a lattice can thus be reduced to 1D

integrations along p, with the angular part evaluated analytically.
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4.1.4 GPU Parallelization

The (possibly large) matrices full of overlap integrations are well suited to evaluation on
a parallel processing platform. We use NVIDIA’s Compute Unified Device Architecture
(CUDA) parallel computing platform to build the basis set and run the CCMT overlap
integrations on a graphics processing unit (GPU). This resulted in a huge speed-up over
attempts to code a CCMT mode solver in MATLAB only. This involved writing code in
CUDA C/C++. This CUDA code is called directly from MATLAB.

CUDA provides a very large number of computational cores compared to a typical central
processing unit (CPU). One must write code (a special type of function) called a kernel
for each computation. It is the kernel that is invoked across each of the many cores to
complete the computation. The CUDA platform arranges the cores geometrically, based on
the specifications of the caller (for us, the caller is the MATLAB script). Each kernel that

is invoked on a given core is passed information about where it sits in this geometry.

4.1.5 Code

The source code for the Cartesian and polar coordinate CCMT mode solvers discussed here

is presented in Appendix B.

4.2 Results

In this section, the CCMT mode solver is tested with a number of waveguide structures
and compared to analytic results as well as results obtained using an FDE solver. Here
only the simple FDE solver presented in Section 2.5 and Appendix B is used. (Our paper
[130] provides comparisons using a commercial conformal mesh enabled FDE solver.) The
waveguide structures used are presented in Fig. 4.1. Each structure highlights an aspect of

the solver. The cladding of each waveguide is n = 1.0.
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(a) Step-index fiber; n = 1.6. The fiber ra-
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(b) Dielectric shell; n = 1.6 + 0.2¢ (only the
real part is shown in the index map). The
shell outer radius is 4.2 pm, and the inner

radius is 3.0 pym.
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(d) Plasmonic nanowire; ¢, = —12.953 + 1.1214
(only the real part is shown in the permittivity
map). The Au nanowire radius is 25 nm.

Figure 4.1: The structures used to test the CCMT mode solver. Refractive index maps n(p)
are presented in (a)-(b), an index map n(z,y) is presented in (c), and a relative permittivity

map €.(z,y) is presented in (d).

The white background represents the refractive index

n = 1.0. In each case the metal waveguide pipe (not shown) of the basis modes touches the

boundaries of the plot.
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4.2.1 Step-Index Fiber

The step-index fiber showcases the basic functionality of the polar coordinates CCMT solver.
The fiber core has a refractive index of n = 1.6 and a radius of 4.2 ym. The wavelength is
A = 1.5 um. The p array for 1D integration has 7000 points; the reconstructed 2D basis set
modes and constructed fiber modes have a grid size of 215 x 215. The metal pipe radius is
6.0 pm. 600 basis modes are used out of the modes enumerated by the solver (based on the
input Bessel zeros files); in this case the zeros of the Bessel function of the first kind J,, and
its first derivative J/ have been computed for order n = 0 up to n = 99, with 30 zeros (the
m index) for each order.

The modes of a step index fiber are known analytically [97]. These will not be presented
here. What will be presented here is an expression for computing the propagation constants
or effective indexes of a step-index fiber. This analytic expression can be solved numerically,

and is [97]

(e 5 (B e ()LL)

In this equation, n is the order of the Bessel function. J is a Bessel function of the first kind,

while K is a modified Bessel function of the second kind. The primed versions are their first
derivatives. The modal wavevector 3 (and thus the effective index n.g = 3/k) appears in
these expressions explicitly, but also appears in the quantities u? = k% — 3% and w? = 3% — k2,
where k; = n;k (n; is the refractive index). The value k; is the value in the core, while k5 is
the value in the cladding. The fiber radius is given by a.

Fig. 4.2 shows the normalized optical intensity (Eq. 4.8) of two sample modes of this step-
index fiber. Table 4.1 compares effective indexes for this step-index fiber, showing values
from the CCMT mode solver, as well as the FDE mode solver and the analytic expression.
Fig. 4.3 shows the convergence behavior, with respect to the basis size, for this structure

using the CCMT mode solver. Fig. 4.4 shows the convergence behavior with respect to the
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(a) Mode 1; neg = 1.5944. (b) Mode 7; neg = 1.5748.

Figure 4.2: Normalized optical intensity of two step-index fiber modes obtained using the
CCMT solver.

lattice size.

Effective Index, nqg
Method | Mode 1 Mode 7
CCMT 1.5944  1.5748
FDE 1.5945  1.5749
Analytic | 1.5945  1.5749

Table 4.1: Computed effective indexes for the step-index fiber.

4.2.2 Lossy Dielectric Shell

The shell has inner and outer radii of 3.0 um and 4.2 pm. It has refractive index n = 1.6+0.2:.
The fact that the angular integrals are done analytically in the CCMT solver means there is
no staircasing on the circular boundary of the structure. On a Cartesian lattice, FDE solvers
benefit from the use of a conformal mesh to get accurate solutions for structures like this.
Again, a conformal mesh is not implemented in the FDE solver used here. The wavelength
is 2.5 pm and the number of basis modes is N = 1300. The 1D p array has 7000 points, and
the basis set and modes are made on a 250 x 250 2D array. The metal pipe radius is 6.0 pum.

The same Bessel zeros table is used as in the step-index fiber solution.
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Figure 4.3: Convergence behavior of the first mode of the step-index fiber in the CCMT

solver, with respect to the basis size.
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Figure 4.4: Convergence behavior of the first mode of the step-index fiber in the CCMT
solver, with respect to the lattice size.

Effective Index, nqg
Method Mode 1 Mode 2 Mode 3
CCMT 1.44634-0.19691 1.4430+0.19721 1.4430+0.1972i
FDE 1.4466+4-0.1972i 1.443440.19741 1.4431+0.1973i

Table 4.2: Computed effective indexes for the lossy dielectric shell fiber modes. Note that
the FDE eigenmodes have some staircasing artifacts in their computed optical intensity

profiles (not shown).
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Figure 4.5: Normalized optical intensity of three dielectric shell waveguide modes obtained
using the CCMT solver.
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Figure 4.6: Electric field components of the fundamental dielectric shell waveguide mode
obtained using the CCMT solver.
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Figure 4.7: Convergence behavior of the first mode of the lossy dielectric shell, with respect
to the basis size.

Effective Index, nqg
Method | Mode 1 Mode 19 Mode 39
CCMT 1.4938 1.4745 1.4617
FDE 1.4940 1.4749 1.4628

Table 4.3: Computed effective indexes for the microstructured optical fiber modes.

Fig. 4.5 shows the normalized optical intensity of a few sample modes. Table 4.2 shows
the computed effective indexes along with those from an FDE solver. Fig. 4.6 gives the
vector field components for the fundamental mode. The convergence behavior of the first
mode, with respect to the basis size, is shown in Fig. 4.7. Observe how the convergence

jumps when basis modes having high overlap with the structure are added.

4.2.3 Microstructured Fiber

In this third structure the full 2D Cartesian lattice solver is used. The wavelength is A = 800
nm, and 1200 basis modes are used. The computations are done on a 213 x 213 lattice. The
basis pipe is 7 um in radius. Fig 4.8 shows sample modes from this structure. Table 4.3
shows effective indexes compared with FDE. Fig. 4.9 shows the convergence behavior of the

fundamental mode, with respect to the basis size.
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Figure 4.8: Normalized optical intensity of microstructured dielectric waveguide modes
obtained using the CCMT solver.
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Figure 4.9: Convergence behavior of the first mode of the microstructured optical fiber, with
respect to the basis size.
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Figure 4.10: Normalized optical intensity of the Sommerfeld mode in a Au nanowire, cal-
culated using the CCMT mode solver.

Method | Effective Index, n.g
CCMT 1.7440.091
Analytic 1.774+0.071

Table 4.4: Effective indexes for the plasmonic nanowire shown in Fig. 4.10.

4.2.4 Nanowire

The Au nanowire is 25.0 nm in radius and has permittivity €,, = —12.953 + 1.121i. The
wavelength is 650 nm, and the basis set has 1000 basis modes, but has been restricted to the
set of pipe modes with having n = 0 only. This matches the expected radial distribution of
the Sommerfeld mode to the basis. The modes have been computed using a 1D lattice of 7000
points. The 2D reconstructions are done on a 400 x 400 array. Some sinusoidal artifacts can
be seen; this is a Gibbs phenomenon manifestation. Fig 4.10 shows the Sommerfeld mode;
Table 4.4 compares the CCMT-computed effective index with theory. A convergence plot is
not provided as one must use a high number of Bessel order n = 0 basis modes to achieve a

good solution in this case.
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4.3 Discussion

The convergence curve for the lossy dielectric shell, Fig 4.7, suggests a possible improvement
to the CCMT solver: first scan a structure through basis modes up to high n and m and
pick out only the basis modes with highest overlap. Then run the CCMT solver as has been
done here on this curated basis set. The resulting solutions will be of higher quality and
have faster convergence.

The CCMT method can be seen to be a reasonable approach to computing fully vectorial
fields for waveguide modes, along with their effective indexes. The method can be seen as
a generalization of Fourier transform methods; it uses a series representation but is not
limited to a harmonic basis set. Rather, an arbitrary basis set can be selected which fits the
geometry of the problem.

One possible future direction for this CCMT mode solver is an application to mode
matching [181]. Usually in mode matching one must match different bases on each side of
the interface. But with our mode solver, we arrange to have already expressed the problem
on both sides of the interface with the same basis. Thus, the mode matching problem may

become very simple.

4.4 Concluding Remarks

In this chapter, we see that CCMT provides an interesting new way to construct an elec-
tromagnetic mode solver. Comparison between the CCMT method, analytic results, and
an FDE solver shows that the CCMT method can provide good accuracy, provided that a

suitably sized basis set is used.
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Chapter 5

Epsilon Near Zero Field Enhancement

and Cloaking in a Metal Nanosphere

In this chapter, we will explore effects of electron wave function spill-out in metal nanopar-
ticles. These effects can be treated with the quantum corrected model introduced in Sec-
tion 1.3.3. We observe field enhancement and cloaking. The work in this chapter has been

published [131].

5.1 Methods

We use the main result of Section 2.7, namely Eq. 2.158,

w2

(W) = €pg — m (5.1)
p

to model the permittivity of the silver nanoparticle. The relative permittivity is €,. w is
the angular frequency. We use a background permittivity e, = 5 inside the metal. Drude
parameters for silver give the plasma frequency as w, = 8.9 eV /h and the relaxation time as
T =1/, =17 fs [183].

Just outside the nanoparticle, we have the region of electron spill-out. In this region, we
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use the QCM, which says

w2

€r<w) = €pg — m (52)
g

In this region, we assume that the background permittivity e,, = 1, as it is assumed that
the bound positive ion core background does not spill out much. The Drude parameters of

this effective QCM material must now be assigned. We take v, = v,. We take

W2 = W2l (53)
This makes sense as
Ne?
2
- 5.4
= (5.4)

so we are effectively scaling the electron number density N by the wavefunction. We use the

wavefunction
Y(r) = et (5.5)
in the region r > r(, with
2mie
k= 2 (5.6)

The particle radius is 79, the effective electron mass in silver is m} = 0.99m, [184], where
m. is the electron mass, and ¢ = 4.5 eV is the work function (the barrier height [185]) for
silver [186].

Next, we want to evaluate the Frohlich condition (see Section 2.8) to find the resonant

wavelength where the greatest field enhancement happens. The Frohlich condition,

Rees(w) = —2¢p, (5.7)

gives A = 368.60 nm when €, is the Drude permittivity in Eq. 5.1 and ¢, = 1 is the
permittivity of the surrounding medium.

We will now discuss the quasi-static model by which the electric field distribution is
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calculated. As discussed in Section 2.8, the electric field distribution of a sphere immersed
in an initially constant electric field is represented by Eqs. 2.184, and can be decomposed
into parts that are either constant or dipolar in nature. This can be extended to multiple
layers—for example, a spherical core with three surrounding concentric spherical shells [187]
(see the supporting information). What we do here is a further extension of that. We extend
the system to a very large number of very thin layers (on the order of one million picometer
thick layers).

The potential of two neighboring concentric shells in this model is

A,
Vi = - LcosO+ C,_17cosh (5.8a)
A
Vo = — cos + Cyrcosf (5.8b)
T

The values A,, and C), are matching coefficients. To determine them, the boundary conditions
given by Egs. 2.171 and 2.172 must be applied on both sides of each interface. To do this,

we calculate the electric field of the two shells using Eq. 2.173:

A, . Anq . . A
E, =— (—2 2 LcosO+C,_, cos 0) r+ ( 3 Lsing + O, ,sin 9) 7] (5.9a)
r r
An A~ An . . N
E,=—{-2—cosf+C,cos0 |1+ ( —sinf+C,sind | 6 (5.9b)
r r
The normal boundary condition, D} . = DiL, | gives
An An—l
—€o€y | —2— cosf + Cycosb | = —epep1 | —2 3 cost + C,_1cosb ). (5.10)
a

The value a is the radius at a given interface. The values ¢, are given by Egs. 5.1 and 5.2,

depending on whether we are in the core or exterior (spill-out) regions. This equation can

A, A,
€n (Cn - QE) = €1 <Cn1 -2 1) . (5.11)

be simplified to
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The tangential boundary condition, E! = Eﬂelow, gives

above

A A,
_;‘ sinf + C, sinf = "3 Lsing + C,_ sin 6. (5.12)
a a

This can be simplified as

An Anfl

Cn_‘_?: n—1 T a3

(5.13)

Egs. 5.11 and 5.13 are two equations with two unknowns, A, and C,,. (A4,-1 and C,_4

are known at each iteration.) Solving this system gives

1 _ _
A = - {a3 (1 _ 1) Coy + (1 +2n 1) An_l} (5.14a)
3 En 617,
Gl oY e  p 2 (1= 2) gy (5.14b)
n — 3 € n—1 CL3 . n—1 . .

Our model allows us to compute the electric field in this system by means of these

recursion relations. We begin the recursion with C,, = 1 and A,, = 0. Physically, this is
correct as the electric field is constant in the center, with no dipolar component. At the
end we normalize the field to the value of C,, furthest from the center. We ensure that the
outer radius is far enough from the sphere that the field is very close to its asymptotic value.
Physically, this says that for every different sphere radius we put into our calculation, the
external field is always of the same strength.

The final step is to numerically integrate the field distributions to compute the power
absorption density. The electromagnetic power absorbed in the integration volume ) is given

by Eq. 2.147. The power absorption density for a spherical nanoparticle of volume

V = -7mrg (5.15)

is thus

€ow 1 2.2

PITV (Im €, (w))|E(r, 0)|* r° sin 6 dr df de. (5.16)
.
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Figure 5.1: Number of layers in the quasi-static model, versus particle radius. See also
Fig. 5.3.

We compared two approaches to doing this integral. In the first approach, we built a polar
matrix and integrated this matrix numerically. In the second approach, we did the # integrals
analytically, and integrated the remaining r integrals numerically. The two approaches gave
equivalent results.

The code used to realize the above model, and to produce the figures, is given in Ap-

pendix C.

5.2 Results

Fig. 5.1 shows the number of layers used in the quasi-static model as a function of particle
radius. The spill-out/exterior region always has two million layers.

Fig. 5.2 shows a close up of the electric field (at # = 0) and the permittivity of a
nanoparticle with a 70 nm radius, in the ENZ region when computed using the QCM.

Fig. 5.3 shows the electromagnetic power absorption density.
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5.3 Discussion

We see that the QCM predicts a region where the real part of the complex permittivity (e,)
is near zero, due to the electron spill out. The strong field enhancement is seen to cloak the
particle—its absorption density decreases. The cloaking effect becomes more prominent as

particle size decreases.

5.4 Concluding Remarks

In this chapter, we have shown how the QCM predicts ENZ. ENZ, in turn, predicts plasmonic
field enhancement and cloaking. We thus see how interesting quantum plasmonic effects can
happen even in a simple system such as a spherical metallic nanoparticle.

A possible future direction for this work is to explore different geometries, such as the

effect of QCM considerations on SPPs at a planar interface.
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Chapter 6

Conclusion and Citing Literature

Nanophotonics is a vast subject. Herein, we have studied EAR spectroscopy, built a CCMT
mode solver, and studied plasmonic field enhancement and cloaking using the QCM. In so
doing, we have studied ENMs, microstructured fibers, and spherical plasmonic nanoparticles.
And all of these systems involved modes: vibrational modes of elastic networks (or physically,
atoms in molecules) for EAR, electromagnetic modes for the fibers studied using our mode
solver, and plasmonic modes (LSPs) for the spherical nanoparticle.

A summary of citing literature will now be given.

6.1 Extraordinary Acoustic Raman Spectroscopy

Our theoretical EAR work has been mentioned in various publications. In 2016, our work
is mentioned in a work that models the EAR spectra using an alternative approach [156].
In 2018, our work is mentioned in a work that uses DNH optical tweezers to analyze the
composition of egg white [188]. In 2018, our EAR theoretical spectra are mentioned in a
review which also discusses the mechanics of experimental EAR spectroscopy [189]. Also in
2018, EAR is mentioned in a Ph.D. dissertation studying the dynamics of a-solenoid repeat
proteins [190]. In 2019, our EAR work is mentioned in a review article that highlights the

use of ENMs to produce theoretical spectra [191]. Also in 2019, our EAR work appears in a
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review on WGM sensors as a way to access low-frequency vibrational modes [192]. Tt points
out that these low-frequency modes can be challenging to measure in conventional Raman
spectroscopy. Again in 2019, our EAR work is mentioned in a work on super-resonances in a
dielectric sphere in water as a possible refinement to EAR [193]. This work is also mentioned
in an associated conference paper on these super-resonances [194]. In 2020, our theoretical
EAR work is mentioned in a paper that discusses a technique for identifying the sites in a
protein which are important for allosteric motion [195]. In 2021, a review article mentions
how EAR probes the acoustic modes of proteins [196]. In 2022, our work is mentioned in a
book chapter on WGM sensors used for single molecular characterization [197]. Also from
this book, EAR is mentioned in a chapter on trapping and protein analysis [198]. Finally,
and also in 2022, a discussion of EAR and our ANM-based theoretical spectra appears in a

book on plasmonic optical tweezers [199].

6.2 A Complex Coupled-Mode Theory Mode Solver

Our CCMT mode solver paper has been cited. In 2019, it is cited by a paper discussing third-
harmonic generation in graphene [200]. In 2020, it is cited in an arXiv preprint discussing
the use of CCMT in planar multilayer waveguides [201]. In 2021, our mode solver is cited in

an article where multilayer films are studied using CCMT [202].

6.3 Plasmonic Field Enhancement and Cloaking Using

The Quantum-Corrected Model

Our field enhancement and cloaking paper has also been cited a number of times. In 2018,
a review article discussing the ultimate limits of plasmonic enhancement in subnanometer
structures cites our article [203]. In 2018, a work on subnanometer gaps cited our work in a

discussion about field enhancements in gaps [204]. In 2018, an article on subnanometer gaps
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and high-speed switching cited our work [205]. In 2019, our paper was cited by a review
article while discussing the QCM [206]. In 2019, our work is cited by an article that discusses
ENZ in metal-insulator-metal nanocavities [207]. In 2019, a conference paper cited our work
in conjunction with DNH optical tweezer field enhancement [208]. Again in 2019, our work is
cited by an article that includes a discussion on cloaking [209]. In 2020, an article cites us for
our work on quantum ENZ, placing it in the larger landscape of metamaterials and classical
ENZ [210]. In 2020, an article on upconversion in a nanostructures cites our work [211]. In
2020, a book chapter mentioned our QCM model [212]. Again in 2020, a Ph.D. dissertation
on trapping and plasmon-assisted emission from a nanocrystal cited our work [213]. In 2022,
a Ph.D. dissertation on using nanostructured metals for enhancing light-matter interaction

cited our work [214]. A master’s thesis on DNH optical tweezers also cited our work [215].
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Appendix A

Code for Elastic Network Model and

Ellipsoid Polarizability Calculations

A.1 License

All code provided in this thesis, in all of the appendices, is released under the following
license:

All code is (©) Timothy DeWolf, University of Victoria, 2023. Redistribution and use
in source and binary forms, with or without modification, are permitted provided that the

following conditions are met:

1. Redistributions of source code must retain the above copyright notice, this list of

conditions and the following disclaimer.

2. Redistributions in binary form must reproduce the above copyright notice, this list of
conditions and the following disclaimer in the documentation and/or other materials

provided with the distribution.

3. Neither the name of the copyright holder nor the names of its contributors may be

used to endorse or promote products derived from this software without specific prior
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written permission.

THIS SOFTWARE IS PROVIDED BY THE COPYRIGHT HOLDERS AND CON-
TRIBUTORS “AS IS” AND ANY EXPRESS OR IMPLIED WARRANTIES, INCLUD-
ING, BUT NOT LIMITED TO, THE IMPLIED WARRANTIES OF MERCHANTABILITY
AND FITNESS FOR A PARTICULAR PURPOSE ARE DISCLAIMED. IN NO EVENT
SHALL THE COPYRIGHT HOLDER OR CONTRIBUTORS BE LIABLE FOR ANY DI-
RECT, INDIRECT, INCIDENTAL, SPECIAL, EXEMPLARY, OR CONSEQUENTIAL
DAMAGES (INCLUDING, BUT NOT LIMITED TO, PROCUREMENT OF SUBSTI-
TUTE GOODS OR SERVICES; LOSS OF USE, DATA, OR PROFITS; OR BUSINESS IN-
TERRUPTION) HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY, WHETHER
IN CONTRACT, STRICT LIABILITY, OR TORT (INCLUDING NEGLIGENCE OR OTH-
ERWISE) ARISING IN ANY WAY OUT OF THE USE OF THIS SOFTWARE, EVEN IF
ADVISED OF THE POSSIBILITY OF SUCH DAMAGE.

A.2 Code

This appendix lists the Python and MATLAB code involved in generating the spectra pre-

sented in Chapter 3. Line wrapping in all listings is indicated with a <.

A.2.1 prodynma.py

The following Python file, prodynma.py, constructs the elastic network model for a protein

and writes down the eigenvectors and eigenvalues obtained.

1 from prody import =
2 import numpy as np
3 import sys

4

5 pname=sys.argv[1l]

6 cutoffA=7.9
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nummodesReqg=3000

print (pname)

print (' Cutoff is ’'+str(cutoffA)+’ A’)

protPdb=parsePDB (pname+’ /’ +pname+’ .pdb’)
s=protPdb.select (' protein’)

anm=ANM ()

anm.buildHessian (s, cutoffh)
anm.calcModes (nummodesReq)

nummodes=1len (anm)

print (' Retrieving computing modes’)
evals=anm.getEigvals ()

evecs=anm.getEigvecs () .transpose ()

print (' Saving eigenvalues’)
np.savetxt (pname+’ /evals.txt’, evals)
print (' Saving eigenvectors’)
np.savetxt (pname+’ /evecs.txt’, evecs)

The code above is shown for the all-atom model. For the other models, change line 6 to

cutoffA=12 or 15 and line 13 to select ’calpha’.

A.2.2 calcRamanEllipsoid.py

The following Python file, calcRamanEllipsoid.py, constructs the coordinate displacements,
best-fitting ellipsoids, polarizabilities, derived polarizability tensor and Raman intensities

from the outputs of prodynma.py.

from prody import =
import numpy as np

import sys
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from copy import deepcopy
import scipy
import scipy.special

import os

pname=sys.argv[1l]

e0=8.854187817e~-12 #F/m

def mass_from_name (name) :

mass=0

atom=name [0]

if atom=='C’:
mass=12.01

elif atom=='N’:
mass=14.01

elif atom=='0':
mass=16.00

elif atom=='S':
mass=32.07

else:
print ("atom ’+atom+’ not found’)

return mass

evecsarray=np.loadtxt (pname+’ /evecs.txt’)
evecslen=len (evecsarray)

4 o~

spec=np.loadtxt (pname+’ /evals.txt’)
evals=spec #/[:,0]

scale=0.0001

print (' scale =’+str(scale))

stype='u’
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if stype == ’"utf’:

flucts=[ scale* np.sqrt( 1./ (l.xev) ) for ev in evals ]
else:

flucts=[ scale for ev in evals ]
#print flucts[0:10]

print (pname+’: based on your input we\’ve loaded ’+str(evecslen)+’ evecs’)

p=parsePDB (pname+’ /' +pname+’ .pdb’)
pref=p.select (' protein’)

print (' this protein has radius gyration = ’+str(calcGyradius (pref)))

numats=pref.numAtoms ()
atomnames=pref.getNames ()
masses=[mass_from_name (atname) for atname in atomnames]

totalMass=sum(masses)

print ('protein mass = ’'+str(totalMass))
def calc_axis_rot(ml,m2): # mn lists of 3 unit vectors defining axes
return np.array([[np.dot (m2[0],m1[0]),np.dot (m2[0],m1[1]),np.dot (m2[0],ml
— [2])], [np.dot (m2[1],m1[0]),np.dot (m2[1],m1[1]),np.dot (m2[1],m1[2])], [np.
— dot(m2[2],m1[0]),np.dot (m2[2],m1[1]),np.dot (m2[2],m1[2])11)
def calc_pol (ee,ei,depol): #sans vol
return eOxeex (ei-ee)/ (eetdepol* (ei-ee))
def calc_alpha_pol (coords) :

center = np.mean (coords, 0)
coords = coords - center
# parts of the below principal value calculation were found on the internet,

— at a site no longer available.
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66 # compute principal axis matrix, http://iopscience.iop.org/article
— /10.1086/318674/pdf, FIRST STRUCTURE FORMATION: A SIMULATION OF SMALL-
< SCALE STRUCTURE AT HIGH REDSHIFT, JANG-CONDELL and HERNQUIST

67 masscoords=np.array ([np.dot (masses[i],coords[i]) for i in range (len(coords))
— 1)

68 inertia = np.dot (masscoords.transpose(), coords)

69 e_values, e_vectors = np.linalg.eig(inertia)

70 for i in range(len(e_values)):

71 # find biggest eigen value

72 if e_values[i] == max(e_values):
73 evall = e_values[1i]

74 axisl = e_vectors[:,1]
75 # find smallest eigen value

76 elif e _values[i] == min(e_values):
T eval3 = e_values[i]

78 axis3 = e_vectors[:,1]
79 # middle eigen value

80 else:

81 eval2 = e_values[i]

82 axis2 = e_vectors[:,1]
83

84 ellipsoidabc=np.sqgrt (np.dot (5.0/totalMass,np.array([evall,eval2,eval3])))
85 ellipsoidvec=np.array([axisl,axis2,axis3])

86

87 # print ellipsoidabc

88 # print ellipsoidvec

89

90 #calculate depolarization factors, ximportantx that a>b>c
91 a=ellipsoidabc[0] #+1e-10

92 b=ellipsoidabc[l] #*x1e-10

93 c=ellipsoidabc[2] #+1e-10

94 phi=np.arccos (c/a)

95 k=np.sqrt ( (a**x2-b*xx2)/(ax*2—-c**2) )
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Nx=axbrc/ ((a**2-b**2) xnp.sqgrt (a*x*2-c**2)) * (scipy.special.ellipkinc(phi,k
— **x2)-scipy.special.ellipeinc (phi, kx*2))
Nz=b/ (bx*2-c**2) * (b—axc/np.sqrt (a*x*2-c**x2) * scipy.special.ellipeinc(phi,k
3 xx2))
Ny=1-Nx-Nz
# print [Nx,Ny,Nz]
ee=1.33*%2
ei=1.6%x%2
alpha=np.dot (4xnp.pi*a*b*c/3, [calc_pol (ee,ei,Nx),calc_pol (ee,ei,Ny),calc_pol
— (ee,ei,Nz)])
# print ’“alpha=’+str (alpha)

return ellipsoidabc, ellipsoidvec, np.diag(alpha)

def calc_Raman_intens(al, a2):
ap=a2-al
abarp=1.0/3.0x(ap[0] [0]+ap[1l][1l]+ap[2][2])
gammap=np.sqrt ( 0.5x( (ap[0]1[0]-ap[l]1[l])**x2+(apl[l]l[l]l-apl2][2])**2+(ap
— [2][2]-ap[0][0])*x2+6% (ap[0] [L]x*2+ap[1l] [2]**2+ap[2] [0]*x2) ) )
rami=1.0/45.0x (45+abarp**2+7xgammap2)
# rami=1.0/45.0+ (45+abarp*#*2)

return rami

rglist=[[0,0]]*evecslen
abcl=[[0,0,0]]*evecslen
abc2=[[0,0,0]] *evecslen
ri=[0]xevecslen
for i in range(0,evecslen):
themode=evecsarray[i]
#print np.shape (pref.getCoords())

moders=np.array (themode) .reshape (numats, 3)

dU=flucts[i]

pul=deepcopy (pref)
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pul.setCoords (pref.getCoords () -moders=dU)

ellipsabcl, ellipsaxesl, alphal=calc_alpha_pol (pul.getCoords())

pu2=deepcopy (pref)
pu2.setCoords (pref.getCoords () +tmoders=dU)

ellipsabc2, ellipsaxes2, alpha2=calc_alpha_pol (pu2.getCoords())

#print alphal

#print alphaZl

rot=calc_axis_rot (ellipsaxesl,ellipsaxes?2)
alpha2rot=np.dot (np.dot (rot.transpose(),alpha2), rot)

#print alphalrot

ri[i]=calc_Raman_intens (alphal,alphal)

ri[i]l=calc_Raman_intens (alphal,alpha2rot)

rglist[i]=[calcGyradius (pul),calcGyradius (pu2) ]
abcl[i]=ellipsabcl

abc2[i]=ellipsabc?2

146 #ri=ri/np.linalg.norm(ri)

147 #print ri

148

149 np.savetxt (pname+’ /raman—-intensity.txt’,ri)

o\o
o\o

For the coarse-grained models, change line 47 to select ’calpha’.

A.2.3 plotanm.m

be used to plot the coarse-grained models.
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The following MATLARB file, plotanm.m, plots the all-atom ANM results. Similar code can
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clear

%% Spti

pname='5pti’;

evals=load ([pname,’ /evals.txt’]);
ramani=load ( [pname,’ /raman—-intensity.txt’]);
evalFregScaling=61

gamma=0.03;

trimRight=0;

annoX=[0.275, 0.32]1%x1.18;

annoY=[0.39, 0.531%0.95;

yLimits=[0,1.05];

xLimits=[0,400];

%% lcrm

pname=’"1lcrm’ ;

evals=load([pname,’ /evals.txt’]);
ramani=load ([pname,’ /raman—intensity.txt’]);
evalFregScaling=21

gamma=0.03;

trimRight=500;

annoX=[0.471;

annoY=[0.77];

yLimits=[0,1.3];

xLimits=[0,80];

2% 3ry2
pname='3ry2’;

evals=load([pname,’ /evals.txt’]);
ramani=load ([pname,’ /raman—-intensity.txt’]);
evalFreqgScaling=60

gamma=0.03;

trimRight=800;
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annoX=[0.39 0.44 0.482 0.5487 0.59591%1.05;

annoY=[0.25 , 0.29, 0.27, 0.76, 0.37];
yLimits=[0,1.25];

xLimits=[0,170];

%% lovt

pname=’"1lovt’;

evals=load([pname,’ /evals.txt’]);
ramani=load ([pname,’ /raman-intensity.txt’]);
evalFregScaling=50

gamma=0.03;

trimRight=500;

annoX=[0.225, 0.335,0.437;

annoY=[0.5, 0.67,0.75];

yLimits=[0,1.35];

xLimits=[0,170];

pname=’'5cox’;

evals=load([pname,’ /evals.txt’]);
ramani=load ([pname,’ /raman—-intensity.txt’]);
evalFregScaling=80

gamma=0.03;

trimRight=400;

annoX=[0.238, 0.284,0.36]%1.2;

annoY=[0.44, 0.49,0.75];

yLimits=[0,1.35];

xLimits=[0,1701];

evalsFreg=sqgrt (evals);
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nummodes=length (evals) ;

dimX=2000;

evgrid=linspace (0, max (evalsFreq)x1.1,dimX);

lor=@(x,x0,gamma) 1/ (2+pi)+gamma./ ((x-x0)."2+(1l/2+xgamma) "2) ;

spec=zeros (1,dimX) ;

for m=1:nummodes

spec=spectevalsFreqg(m) "Oxramani (m) lor (evgrid, evalsFreq(m),gamma); % exp(—
— evalsFreqg(m))

end

plot (evalFregScaling*evgrid(l:end-trimRight), spec(l:end-trimRight) /max (spec))

axis tight

% for m=1:100

3 xline (evalsFreq(m) xevalFreqScaling);

% end

gtitle ([pname]);

xlabel (' Frequency (GHz)');

ylabel (' Raman Intensity’);

set (geca, ' XMinorTick’,’on’,’YMinorTick’,’on’);
set (gca, ' YLim’ ,yLimits);

set (gca, ' XLim’ , xLimits) ;

numAnno=length (annoX) ;

for i=1:numAnno

X = [0.0 0.0]+annoX (i) ;

Y

[0.08 0.0]+anno¥Y (1) ;
str=num2str (i) ;
annotation (’ textarrow’,X,Y,’String’, str,’HeadStyle’,’vback3’,’'FontName’,’

— times’);
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98 annotation (’textarrow’,X,Y,’String’,str,’HeadStyle’,’vback3’,’FontName’,’
— times’);

99 end

100

101 x0=200;

102 y0=400;

103 width=700;

104 height=200;

105 set (gecf, ’Position’, [x0,y0,width, height]);

106

107 set (geca,’ fontname’,’times’)

108 exportgraphics (gef, [pname,’-original-ellipsoid.pdf’])

109

110 $figure;

111 $histogram(evalsFreq)
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Appendix B

Code for the Complex Coupled Mode
Theory Mode Solvers

B.1 License

All code provided in this thesis, in all of the appendices, is released under the license given
in Section A.1.

All code is (©) Timothy DeWolf, University of Victoria, 2023.

B.2 Code

This appendix lists the MATLAB, CUDA C and Python code used to create the CCMT

mode solvers presented in Chapter 4. Line wrapping in all listings is indicated with a <.

B.2.1 CCMTSolverCartesian.m

1 %% CCMT Eigenmode Solver
2 % Cartesian Lattice
3

4 % Timothy DeWolf @ University of Victoria, 2022
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5 % Copyright (c)2022 Timothy DeWolf

6

7 %% 1: Input Parameters and Permittivity Map Setup
8

9

clear all $#0k<CLALL>

10

11 gpudev=gpuDevice;

12

13 lambdas=0.8e-6;

14

15 im=double (imread (’ fiveInPipe.png’));

16 box=14.0e-6; % radius of the CMT pipe/box, m

17

18 im=mean (im, 3) ;

19 dimx=size (im, 1) ;

20

21 fiberCenterPx=(round (dimx/2)*[1 1]1-[-1 -1]); % centering

22 rpipePx=(round(dimx/2)-2); % pixels across the pipe/box

23 rfiberPx=77; % # pixels across the fiber, only used to visualize the cropping/
— centering of the fiber in the pipe/box

24

25 grayLevFiber=255.0; % fiber gray level and corresponding index

26 grayLevInclusion=0.0; % inclusion

27 nFiber=1.5;

28 nAir=1.0;

29

30 maxModes=1200; ¢ number of basis modes to use

31 % the pre-computed bessel/bessel derivative zeros matrix must

— be be enough that ALL

32 % modes in this energy range have been computed (or they
33 % won’t be included)
34

35 % Code Begins
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o

imres=box/dimx; % image resolution in m/px

rpipe=rpipePx*imres;

disp([’Fiber radius = ’,num2str (rfiberPxximres),
box0=14.0e-6; % numerically stable base

rscale=box/box0;
rpipeO=rpipe/rscale;

imresO=imres/rscale;

"um’ 1) ;
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imap= (im—grayLevInclusion) / (grayLevFiber—-grayLevInclusion) * (nFiber—nAir) +ones (

— size(im)) *nAir;

imapFiber=imap (fiberCenterPx (1) —-rpipePx:fiberCenterPx (1) +trpipePx, fiberCenterPx

— (2)-rpipePx:fiberCenterPx (2) +rpipePx);

Je)

dimx=size (imapFiber,1l); % re-set dimx to the new dimensions

o)

% Display fiber and zoom for centering

disp ([’ fiber radius rpipe=’,num2str (rpipexleb6),’

micron’]);

disp ([’ fiber radius rpipel0=’,num2str (rpipelxle6),’ micron’]);

figure (1)

title (’Waveguide Section to Overlap with Cylindrical Modes’);

xyLimits=box/2x1e6;

imagesc ([-xyLimits xyLimits], [-xyLimits xyLimits],

set (gca, ' YDir’, ' normal’)
axis image

Cc = gray;,

c flipud(c);
colormap (c) ;

colorbar;

x0=200;
y0=400;

width=400;

real (imapFiber))



67
68
69
70
71
72
73
74
75
76
7
78

79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95

96
97

120

height=300;
set (gcf, 'Position’, [x0,y0,width, height]);
set (gca, ' XMinorTick’,’on’,’YMinorTick’,’on’);

set (gca, ’ fontname’ ,’times’)

xlabel ('x ({\mulm)’);

ylabel (‘y ({\mu}m)’);

$exportgraphics (gcf, [’figs/’,’figsMicrostruc.pdf’])

figure (2)

imapZoom=imapFiber (rpipePx-rfiberPx:rpipePx+rfiberPx, rpipePx-rfiberPx:rpipePx+
— rfiberPx);

imagesc (imapZoom) ;

title ('’ Zoom to ensure the waveguide image is well centered’);

axis image;

clear imapZoom

% 2: Enumerate basis modes

c=299792458; % m/s

mulO=4e-7+pi; % N/A"2
mu=mu0;
$eps0=8.854187817e-12; % F/m

eps0=1/ (mul*c~2);

eps=eps0xnAir~2;

deltaepsMap=epsO0* (imapFiber. 2-nAir~2);

deltaepsMap=reshape (deltaepsMap, [1,1);

epstild=epst+deltaepsMap; % note: reusing a built in symbol (eps) is not the

— best

bjzZzeros=load (' besZeros/bjZeros.txt’);
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bjPZeros=load (' besZeros/bjPZeros.txt’);

if size(bjZeros) "= size(bjPZeros), error(’'Dimensions of bjZeros.txt and
— bjPZeros.txt don’’t agree’), end

[maxn, maxm] = size(bjPZeros); maxn=maxn-1; % Bessel order starts at 0

Q

modesnum=zeros (maxn+1l,maxm,2); % format : [ n, m, TE=0 or TM=1, A=0 or B=1 ]
modeskcTE=zeros (maxn+1l,maxm); % kc=pnm/a or p’nm/a for TM or TE mode
modeskcTM=zeros (maxn+1l,maxm) ;
for n=0:maxn
for m=1:maxm
modesnum (n+l,m, :)=[n,m];
modeskcTE (n+1,m)=bjPZeros (n+l,m) /rpipe0l;
modeskcTM (n+1,m)=bjZeros (n+l,m) /rpipel;
end
end
modesnum=reshape (modesnum, [],2) ;
modeskcTE=reshape (modeskcTE, [],1);
modeskcTM=reshape (modeskcTM, [],1);
z=zeros ( (maxn+1) xmaxm, 1) ;
o=ones ( (maxn+1l) *maxm, 1) ;
modesnum=[ [modesnum,z,z]; [modesnum,z,o0]; [modesnum,o,z]; [modesnum,o,0]; ];
modeskc=[modeskcTE; modeskcTE; modeskcTM; modeskcTM];
[s,i]=sort (modeskc) ;
modesnum=modesnum (i (:,1),:);

modeskc=modeskc (i (:,1),:);

clear bjZeros bjPZeros maxm maxn modeskcTE modeskcTM

%% 3: Build lattice/setup coordinate system

coords=imresOx (linspace (-dimx/2,dimx/2-1,dimx)+0.0);

dA=imres0°2;

r=zeros (dimx) ;
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130 phi=zeros (dimx) ;
131 cosphi=zeros (dimx) ;
132 sinphi=zeros (dimx) ;

133 for i=1:dimx

134 for j=1:dimx

135 r (i, j)=sqrt (coords (i) "2+coords (Jj) "2);
136 thisphi=atan2 (coords (]j),coords (1)) ;
137 phi (i, j)=thisphi;

138 cosphi (i, j)=cos (thisphi);

139 sinphi (i, j)=sin (thisphi);

140 end

141 end

142

143 mask=double (r<rpipe0) ;

144

145 %% 4: Coupled mode theory: Construct basis, Compute overlap integrals

146 % Computationally intensive part.

147

148 kCylmode = parallel.gpu.CUDAKernel (' CCMTSolverCartesian.ptx’,’
< CCMTSolverCartesian.cu’,’cylmode’);

149

150 gpuR=gpuArray (reshape(r, [],1));

151 gpuPhi=gpuArray (reshape (phi, []1,1));

152 gpuCosphi=gpulArray (reshape (cosphi, [],1));

153 gpuSinphi=gpuArray (reshape (sinphi, [],1));

154 gpuMask=gpuArray (reshape (mask, [], 1));

155

156 vecsz=dimx*dimx;

157 gpuEx=zeros (vecsz, maxModes, ’'gpulArray’);

158 gpuEy=zeros (vecsz, maxModes, ’gpulArray’);

159 gpuEz=zeros (vecsz, maxModes, ’gpulArray’);

160 gpuHx=zeros (vecsz,maxModes, 'gpulArray’);

161 gpuHy=zeros (vecsz,maxModes, ’gpulArray’);
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numElements = maxModesx*vecsz;

bs=kCylmode.MaxThreadsPerBlock;

kCylmode.ThreadBlockSize = [bs,1,1];
kCylmode.GridSize = [ceil (numElements/bs),maxModes, 1];
modeNs=gpuArray (int32 (modesnum (1 :maxModes, 1)) ) ;

modeTeTms=gpuArray (int32 (modesnum (1l :maxModes, 3)));
modeAbs=gpuArray (int32 (modesnum (1 :maxModes, 4)));

modeKcs=gpuArray (modeskc (1 :maxModes) ) ;

tic

[gpuEx, gpuEy, gpuEz, gpulHx, gpuHy]=feval (kCylmode, gpuEx, gpuEy, gpuEz, gpuHx
— , gpuHy, gpuR, gpuPhi, gpuCosphi, gpuSinphi, gpuMask, modeNs, modeTeTms,
— modeAbs, modeKcs, eps, mu, vecsz);

wait (gpudev)

toc

%

oo

eOverEtild=eps./epstild;

kOverlap = parallel.gpu.CUDAKernel (' CCMTSolverCartesian.ptx’,’
— CCMTSolverCartesian.cu’,’overlap’);
gpudeps=gpulArray (deltaepsMap) ;

gpueOetild=gpulArray (eOverEtild) ;

bs=sqgrt (kOverlap.MaxThreadsPerBlock) ;
kOverlap.ThreadBlockSize = [bs,bs,1];

kOverlap.GridSize = [ceil (maxModes/bs),ceil (maxModes/bs),1];

gpuovXY=zeros (maxModes, maxModes, ' gpuArray’);
gpuovzZz=zeros (maxModes, maxModes, ' gpuArray’);

gpuNj=zeros (1, maxModes, ' gpuArray’) ;
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blocksz=round (maxModes/8) ;

ktimes=[1];
outsidetic=tic();
for startj=0:blocksz:maxModes-1
for startk=0:blocksz:maxModes-1

insidetic=tic();

[gpuNj, gpuovXY, gpuovZ]=feval (kOverlap,

gpuNj,
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gpuovXY, gpuovZ, JgpuEx

— , gpuky, gpukEz, gpuHx, gpuHy, gpudeps, gpueOetild, dA, startj,

— blocksz, vecsz, maxModes);
wait (gpudev)
tt=toc(insidetic);
ktimes=[ktimes tt]; $#o0k<AGROW>
end

end

disp([’Avg kernel time ’,num2str (mean (ktimes)),’

toc (outsidetic);

3

oo

ovXY=gather (gpuovXY) .’ ;
ovZ=gather (gpuovz) .’;

Nj=gather (gpulNj) ;

% reflect symmetric matrices
ovXY¥=ovXY+tril (ovXY,-1).’;

ovZ=ovZ+tril (ovZ,-1).";

s"1);

%disp([’Electric field modes are ’,ByteSize (EcacheEx),’

mkc=modeskc;

Q

x3 in RAM’]);

% scale kappa and chi coupling mat by 1/Nm, throw away zero modes and

startk,
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Q

% reduce matrix

newToOldIndices=zeros (length (modesnum), 1) ;

modesnumRed=zeros (size (modesnum) ) ;

modeskcRed=zeros (size (mkc)) ;

ovNormXY=zeros (size (ovXY) ) ;

ovNormZ=zeros (size (ovZ));

nzJ=1;

for j=1:maxModes

if Nj(J) "= 0
modesnumRed (nzJ, :)=modesnum (j, :);
modeskcRed (nzJ) =mkc (J) ;

newToOldIndices (nzJ)=73;

nzK=1;
for k=1:maxModes

if Nj(k) "= 0

ovNormXY (nzJ, nzK) =ovXY (J, k) /N (7J);

ovNormZ (nzJ, nzK)=ovZ (j, k) /Nj(3);

nzK=nzK+1;
end
end

nzd=nzJ+1;

end
end
newToOldIndices=newToOldIndices (l:nzJ-1);
modesnumRed=modesnumRed (1:nzJ-1, :);
modeskcRed=modeskcRed (1l:nzJ-1);
ovNormXY=ovNormXY (1l:nzJ-1,1:nzK-1);
ovNormZ=ovNormZ (1l:nzJ-1,1:nzK-1);

maxModesRed=nzJ-1;

%% 5: Compute coupled modes

3 Also, draw a dispersion curve 1f computing more than one wavelength
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256 % Can solve using eig or eigs;

257

258 plotwhichmode=1;

259

260 k0s=2+pi./lambdas;

261 betas=zeros (1, size (lambdas,2));
262 neffs=zeros (1l,size(lambdas,2));
263

264 for i=1:length (lambdas)

eigs may be better for large basis sets

265

266 thislambda=lambdas (1) ;

267 thisk=2xpi/thislambda;

268 thisomega=cxthisk;

269 omegaScale=thisomega;

270

271 nomp=0@ (x) x;

272 $mpx=0@mp;

273 mpx=nomp;

274

275 modeskcSec=mpx (modeskcRed.’) ;

276 modeskVec=mpx (ones (1, length (modeskcRed) ) xthisk*rscale) ;
277 modesBeta=sqrt (modeskVec.modeskVec-modeskcSec. »modeskcSec) ;
278 betaScale=modesBeta/rscale;

279

280 rscalesg=rscalexrscale;

281

282 ovNDXY = mpx (zeros (size (ovNormXY))) ;
283 ovNDZ = mpx (zeros (size (ovNormZ)));
284 for j=1:maxModesRed

285 JTE=modesnumRed (], 3) ;

286 for k=1:maxModesRed

287 kTE=modesnumRed (k, 3) ;

288
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end

end
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oo

all adjustments include radius scaling factor for numerical

oo

stability, also dispersion scaling (noted below)

% adjust normalization scaling for dispersion terms (E,H)
oVvNDXY (j,k) = ovNormXY (j,k) / (omegaScalexbetaScale(]j)) * rscale;

ovNDZ (j, k) = ovNormZ(j,k) / (omegaScalexbetaScale(]j)) / rscale;

% adjust mode overlap part (E only), for j part of overlap

if §TE == 0 % is TE

ovNDXY (7, k) ovNDXY (j, k) * omegaScale;
else % is TM

ovNDXY (7, k)

ovNDXY (j, k) * betaScale(]);

end

% adjust mode overlap part (E only), for k part of overlap
if kTE == % is TE

ovNDXY (j,k) = ovNDXY (j,k) » omegaScale;
else % is TM

ovNDXY (j,k) = ovNDXY(j,k) % betaScale(k);

end

kappaND=thisomega/2+ (ovNDXY-ovNDZ) ;

chiND=thisomega/2+* (ovNDXY+0ovNDZ) ;

modesBetaMat=diag (modesBeta) ;

FcmtMat=[ -modesBetaMat-kappaND, —-chiND; chiND, modesBetaMat+kappaND ];

cmtMat=[ modesBetaMat+kappalND, chiND; -chiND, -modesBetaMat-kappaND ];

eigOrEigs = 0;
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if eigOrEigs ==

[evecs,evals]=eig (cmtMat) ;

evals=evals/rscale;
else

nguess=nFiber;

guess=-thisk*nguess;

nmodes=20;

clear options

options.disp = 0;

options.isreal = isreal (cmtMat) ;

[evecs,evals] = eigs (cmtMat, nmodes, guess,options);

end

o

evecs=evecs.’'; % convert vectors to be on rows

oldevals=diag(evals);

[7,evindx]=sort (real (oldevals));

evals=diag(oldevals (evindx));

evecs=evecs (evindx, :);

neff=-diag(evals) /thisk;

neffs(i)=neff (plotwhichmode) ;

betas (i)=neff (plotwhichmode) *thisk;

end

if length (lambdas)>1

plot (lambdas, neffs);
else

plot (real (neff)), hold on,
end

figure; plot (abs (modesBeta))

plot (imag (neff));
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%% 6: View coupled eigenmodes
EcacheEx=gather (gpuEx) .’ ;
EcacheEy=gather (gpuEy) .’ ;

EcacheEz=gather (gpuEy) .’ ;

vecnum = 1;
disp([’Building mode with neff=’,num2str (neff (vecnum))]);
[eigenmodX, eigenmodY, eigenmodZ] = CCMTBuildEigenmodeCartesian (evecs, vecnum,

<— EcacheEx, EcacheEy, EcacheEz, newToOldIndices, modesnumRed, omegaScale,

— betaScale);

spacing=10;
sz=length (eigenmodX) ;

strt=round (mod (sz, spacing) /2.0) ;

figure (10);

gp=quiver (real (eigenmodX (strt:spacing:end, strt:spacing:end) ), real (eigenmodyY (
— strt:spacing:end, strt:spacing:end)),0.7);

set (gp,’ linewidth’,1);

axis equal

title ([’ Coupled eigenmode n=’,num2str (vecnum),’, neff=’',num2str (neff (vecnum))

— 1);

figure (11);
em=imapFiber.*real (calcIntensityTransversePlane (eigenmodX, eigenmodY, reshape (
— eOverEtild,dimx, []) .*eigenmodZ) ) ;

em=em./max (max (em) ) ;

xyLimits=box/2x1e6;

imagesc ([-xyLimits xyLimits], [-xyLimits xyLimits], em)
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383 set (gca,’YDir’,’normal’)

384 axis image

385 colorbar;

386

387 x0=200;

388 y0=400;

389 width=400;

390 height=300;

391 set (gecf,’Position’, [x0,y0,width,height]);

392 set (gca,’XMinorTick’,’on’,’YMinorTick’,’on’);
393 set (gca, ' fontname’,’times’)

394

395 xlabel (‘x ({\mu}m)’);

396 ylabel (‘y ({\mu}m)’);

397

398 %$exportgraphics(gcf, [’figs/’,’stepFiberMode’, numZstr (vecnum),’.pdf’])
399 $exportgraphics(gcf, [’figs/’, ’microstrucMode’,num2str (vecnum),’.pdf’])
400

401 %% Appdx. 0: Contributing pipe modes

402

403 figure;

404 ev=evecs (vecnum, :) ;

405 plot (real (ev))

406 hold on

407 plot (imag (ev))

408

409 $% Appdx. 1: View basis mode (diagnostic)

410

411 idx=1;

412 origidx=idx;

413 disp([’'Basis index in cache = ’,num2str (origidx)]);
414

415 modex=EcacheEx (origidx, :);
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modey=EcacheEy (origidx, :

modez=EcacheEz (origidx, :

disp ([’'modesnum=[ n, m,
= 1)
modex = modex * rscale;

TE=0 or TM=1,

modey = modey * rscale;
modez = modez % rscale;
modex=reshape (modex, dimx, []);
modey=reshape (modey, dimx, []);
modez=reshape (modez,dimx, []);

figure(11);

A=0 or B=1

1=’ ,num2str (modesnum (idx,

imagesc(calcIntensityTransversePlane (modex, modey,modez)) ;

set (gca, ' YDir’,’normal’)

axis image;

colorbar;

spacing=10;

sz=length (modex) ;

strt=round (mod (sz, spacing) /2.0);

figure (12);
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)

gp=quiver (modex (strt:spacing:end, strt:spacing:end), modey (strt:spacing:end, strt

C%

:spacing:end), 0.7);

set (gp,’ linewidth’,1);

axis equal

%% Appdx.

plot (abs (modesBeta) /thisk)

2: View basis mode neffs (diagnostic)
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447 title ([’ Basis mode effective indexes @ lambda=’,num2str (thislambdaxle6),’

— micron’]);

B.2.2 CCMTSolverCartesian.cu

This CUDA code has to be compiled before using the associated MATLAB files. In a
compiler environment with a properly configured Nvidia CUDA SDK, this is achieved by

running nvcc -ptx CCMTSolverCartesian.cu.

1 #include <thrust/complex.h>

2 typedef thrust::complex<double> cdoub;

3

4 _ global__ wvoid cylmode (double *Ex, double *Ey, double xEz, double *Hx, double
— xHy, const double x*rs, const double xphis, const double x*cosphis, const
<— double xsinphis, const double xmask, const int x*modeNs, const int =«
— modeTeTms, const int xmodeAbs, const double *modeKcs, double eps, double

— mu, int vecsz)

9 {

6 int iX = blockIdx.xxblockDim.x + threadIdx.x;
7 int iY = blockIdx.y;

8 int iC = iYxvecsz + 1X; // cache index in E, H
9

10 if (iX >= vecsz)

11 return;

12

13 double r = rs[iX];

14 double phi = phis[iX];

15 double cosphi = cosphis[iX];
16 double sinphi = sinphis[iX];
17

18 int n = modeNs[iY];

19 int teTm = modeTeTms[iY];

20 int aB = modeAbs[iY];
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47
48
49
50
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double kc = modeKcs[iY];

double kcr = kcx*r;

double cosnphi;

double sinnphi;

sincos (n*phi, &sinnphi, &cosnphi);

double bj = jn(n, kcr);
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double bijp = -jn(n + 1, kcr) + n / kcrxbj; // first derivative of Besseld,

— Keiser Opt.Fiber.Comm.text (avoids negative nu for derivatives

— nu >= 0 for CUDA)

double Erho, Ephi, thisEz, Hrho, Hphi;

double nOkckcr = n / (kcxkcr);

if (teTm == 0)

{
Erho = —mu*nOkckcrx* ((aB == 0) ? cosnphi : —-sinnphi)xbj;
Ephi = mu / kcx ((aB == 0) ? sinnphi : cosnphi)*bjp;

thiskEz = 0;

Hrho = -1 / kcx ((aB == 0) ? sinnphi : cosnphi) *bjp;
Hphi = -nOkckcr=*((aB == 0) ? cosnphi : —-sinnphi)xbj;

}

else

{
Erho = -1 / kc* ((aB == 0) ? sinnphi : cosnphi)+bjp;
Ephi = —nOkckcrx((aB == 0) ? cosnphi : —-sinnphi) xbj;
thisEz = ((aB == 0) ? sinnphi : cosnphi) xbj;
Hrho = epsxnOkckcr= ((aB == 0) ? cosnphi : —-sinnphi)xbj;
Hphi = -eps / kc* ((aB == 0) ? sinnphi : cosnphi) *bjp;

double thisMask = mask[iX];

Ex[iC] = (Erhoxcosphi - Ephixsinphi)*thisMask;

of bessels
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Ey[iC] = (Erhoxsinphi + Ephixcosphi) *thisMask;
Ez[iC] = thisEzxthisMask;

Hx[iC] = (Hrhoxcosphi - Hphixsinphi) *thisMask;
Hy[iC] = (Hrhoxsinphi + Hphixcosphi) *xthisMask;

global__ wvoid overlap (double *Nj, double *xovXY, double *ovZ, const double =
— Ex, const double xEy, const double xEz, const double *Hx, const double =«
— Hy, const double xdeps, const double xeOetild, double dA, int startj,

— int startk, int nummodes, int vecsz, int totmodes)

double thisNj = 0.0;
double thisOvXY = 0.0;

double thisOvz = 0.0;

int j = blockIdx.xxblockDim.x + threadIdx.x;
int k = blockIdx.yx*blockDim.y + threadIdx.y;
if (k >= nummodes || j >= nummodes)
return;
J += startij;
k += startk;
if (k > J || j >= totmodes || k >= totmodes)
return;
for (int i = 0; 1 < wvecsz; i++)
{
int iJ = vecszxj + 1i;
int iK = vecszx*k + 1;

double ExJ = Ex[1iJ];

double EyJ = Ey[iJ];
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double thisDeps = deps[il];
if (k == 0) // only need to do this once
thisNj += ExJ % Hy[iJ] - EyJd » Hx[iJ];
thisOvXY += thisDeps * (ExJ*Ex[iK] + EyJxEy[iK]);
thisOvZ += thisDeps » (eOetild[i]*Ez[iJ] = Ez[iK]);

}

if (k == 0)

Nj[3] = —-thisNj*da; // - for ommitted factor "i" in basis
ovXY[j*totmodes + k] = —-thisOvXYxda; // "
ovZ[jxtotmodes + k] = thisOvZxdA;

B.2.3 CCMTBuildEigenmodeCartesian.m

function [ eigenmodeX, eigenmodeY, eigenmodeZ ] = CCMTBuildEigenmodeCartesian (
— evecs, vecnum, EcacheX, EcacheY, EcacheZ, newToOldIndices, modesnumRed,

— omegaScale, betaScale )

if nargout > 2

wantEz

Il
i
~.

else

Il
o
~

wantEz

end

modex=EcacheX (1, :);

eigenmodeX=zeros (size (modex) ) ;

eigenmodeY=zeros (size (modex) ) ;

if wantEz ==
eigenmodeZ=zeros (size (modex) ) ;

end

numcoeffs=length (evecs) /2;
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17 for idx=1:numcoeffs
18 cacheidx=newToOldIndices (idx) ;

19 modex=EcacheX (cacheidx, :);

20 modey=EcacheY (cacheidx, :) ;

21

22 isTE=modesnumRed (idx, 3) ;

23

24 TEscale=omegaScale;

25 TMscale=betaScale (idx) ;

26

27 if isTE == % is TE

28 modex = modex .* TEscale;
29 modey = modey .x TEscale;
30 else % is TM

31 modex = modex .* TMscale;
32 modey = modey .* TMscale;
33 end

34

35 apb=evecs (vecnum, idx) +tevecs (vecnum, idx+numcoeffs); % forward and back

< coefficients for EXy

36 amb=evecs (vecnum, idx) —evecs (vecnum, idx+numcoeffs) ; g " for Ez
37

38 eigenmodeX=eigenmodeX+apb.modex;

39 eigenmodeY=eigenmodeY+apb. smodey;

40 if wantEz ==

41 modez=Ecache?Z (cacheidx, :);

42 eigenmodeZ=eigenmodeZ+amb. *modez;

43 end

44 end

45 sz=sqrt (size (EcacheX, 2));
46 eigenmodeX=reshape (eigenmodeX, sz, []);
47 eigenmodeY=reshape (eigenmodeY, sz, []);

48 if wantEz ==
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eigenmodeZ=reshape (eigenmodeZ, sz, []);

end

end

B.2.4 CCMTSolverPolar.m

%% CCMT Eigenmode Solver

oo

Polar Lattice (1D Lattice, analytic integration over angular coordinate)

Timothy DeWolf @ University of Victoria, 2022

o

Copyright (c)2022 Timothy DeWolf

oo

1: Input Parameters and Permittivity Map Setup

3 model systems:

%% a. Step-index fiber (only run ONE! of these setup sections)

clear all $%$#0k<CLALL>

nOrEps=1; $#0k<+#NASGU> % 0O==eps, 1l=n (index)

lambdas=1.5e-6;

dimr=6800; % rho array
dimx=215; % #*visualization* basis grid size
box=12e-6;

maxModesOrig=512;

nFiber2=1.6;
nAir=1.0;
layers=[nFiber2, nAir];

pos=[0.7, 1.0];
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39
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41
42
43
44
45
46
47
48
49
50
ol
52
93
54
95
56
57
98

bjZeros=load (' besZeros/bjZeros.txt’);

bjPZeros=load (' besZeros/bjPZeros.txt’);

%% b. Lossy shell

clear all $%#0k<CLALL>
nOrEps=1; % O==eps, 1=n (index)

lambdas=2.5e-6;

dimr=7000; % rho array
dimx=250; % #*visualization* basis grid size
box=12e-6;

maxModesOrig=1300;

nFiber2=1.6+0.21;
nAir=1.0;
layers=[nAir, nFiber2, nAir];

pos =[0.5, 0.7, 1.01;

bjZeros=load (' besZeros/bjZeros.txt’);

bjPZeros=load (' besZeros/bjPZeros.txt’);

%% c. Metal nanowire

clear all $%$#0k<CLALL>
nOrEps=0; % 0O==eps, 1=n (index)

lambdas=0.65e-6;

dimr=7000; % rho array
dimx=400; % basis grid size
box=1e-6;

maxModesOrig=1000;
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90

epsAir=1;

nAir=epsAir”2;

139

epsMetal=-12.953+1.12091i; % https://refractiveindex.info/?shelf=main&book=Aué&

— page=Johnson, Au @ 650 nm
layers=[epsMetal, epsAir];

pos=[0.05,1.07;

o

bjZeros=load (' besZeros/bjZerosNO.txt’); % only nu=0 order bessels

bjPZeros=load (' besZeros/bjPZerosNO.txt’) ;

%% Code Begins

%Build 1D rho array representing the radial coordinate
rres=box/2/dimr; % resolution in m/px
dr=rres;

imres=box/dimx;

rhoMap=zeros (1,dimr) ;
idx=1;
for i=l:dimr
if i > pos(idx) xdimr
idx=idx+1;
end
rhoMap (i) =layers (idx) ;

end

rpipeO=rresxdimr-rres;

rfiber=rres*pos (end-1) xdimr;

disp ([’box=',num2str (boxxle6),’ micron’]);

of the structure
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91 disp ([’ rpipe0=',num2str (rpipelx1e6),’; rfiber=’',num2str (rfiberxle6), ' micron’

= 1)
92
93 disp ([’ Structure dimensions = ’,num2str (pos+dimr*dr)]);
94

95 plot (real (rhoMap)) ;

96

97 8% 2: Enumerate basis modes
98

99 ¢=299792458; % m/s

100 muO=4e-7+pi; % N/A"2

101 mu=mu0;

102 %eps0=8.854187817e-12; % F/m
103 eps0=1/ (mulxc”2);

104

105 eps=eps0*nAir~2;

106 if nOrEps==0 % eps
107 deltaepsMap=eps0* (rhoMap-nAir~2) ;

108 else % n

109 deltaepsMap=epsO0+* (rhoMap. 2-nAir~2);
110 end

111

112 ¢ pmiKappa=1e0;

113 ¢ pmlSigma=0el0;

114 ¢ pmlWidth=12;

115 ¢ pmlStart=dimr-pmlWidth;

116 ¢ pmlEnd=dimr;

117 ¢ for i=pmlStart:pmlEnd

118 % omeg=2+pix*c/(1.55e-6);

119 ¢ deltaepsMap (1) =epsO0x* (1+ (pmlKappa—-1l+pmlSigma/ (1i+omeg+eps0)) *((i—-pmlStart
— ) /pmlWidth) "2) -eps0;

120 ¢ %deltaepsMap (i) =eps0x (pmlKappa+pmlSigma/ (1i+omeg+eps0)  ( (i—-pmlStart) /

— pmlWidth) "2)-eps0;
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121 ¢ end

122

123 epstild=eps+deltaepsMap; $ note: reusing a built in symbol (eps) 1is not the
— best

124

125 ¢ zeros tables are loaded above in the input section in this version

126 disp ([’ Zeros table size = ' ,num2str (size(bjZeros))]);

127 if size(bjZeros) "= size(bjPZeros), error('Dimensions of bjZeros.txt and

— bjPZeros.txt don’’t agree’), end

128 [maxn, maxm] = size (bjPZeros); maxn=maxn-1; % Bessel order starts at 0
129
130 modesnum=zeros (maxn+1,maxm,2); % format : [ n, m, TE=0 or TM=1, A=0 or B=1 ]

o

131 modeskcTE=zeros (maxn+1l,maxm); ¢ kc=pnm/a or p’nm/a for TM or TE mode
132 modeskcTM=zeros (maxn+1, maxm) ;

133 for n=0:maxn

134 for m=1:maxm

135 modesnum (n+1,m, :)=[n,m];

136 modeskcTE (n+l1,m)=bjPZeros (n+l,m) /rpipe0l;
137 modeskcTM (n+1,m)=bjZeros (n+l,m) /rpipe0;
138 end

139 end

140 modesnum=reshape (modesnum, [],2);

141 modeskcTE=reshape (modeskcTE, [],1);

142 modeskcTM=reshape (modeskcTM, []1,1);

143 z=zeros ( (maxn+1) *maxm, 1) ;

144 o=ones ( (maxn+1) xmaxm, 1) ;

145 modesnum=[ [modesnum,z,z]; [modesnum,z,0]; [modesnum,o,z]; [modesnum,o,0]; 1;
146 modeskc=[modeskcTE; modeskcTE; modeskcTM; modeskcTM] ;
147 [~,i]=sort (modeskc);

148 modesnum=modesnum (i (:,1),:);

149 modeskc=modeskc (i (:,1),:);

150

151 modesnumOrig=modesnum;



152
153
154
155
156
157
158
159
160
161
162
163
164
165
166

167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183

modeskcOrig=modeskc;

maxModes=maxModesOrig;

modesnum=modesnumOrig (1l:maxModes, :) ;

modeskc=modeskcOrig (1l:maxModes) ;

$% 3: Build lattice/setup coordinate system

r=dr~* (linspace (0,dimr-1,dimr)+0.5);

%% 4: Coupled mode theory: Construct basis, Compute overlap integrals

3 Computationally intensive part.
% Setup

kBesmode=parallel.gpu.CUDAKernel (' CCMTSolverPolar.ptx’,’CCMISolverPolar.cu
— besmode’);
bs=kBesmode.MaxThreadsPerBlock;
kBesmode.ThreadBlockSize = [bs,1,1];
ybs=ceil (maxModes) /2;
kBesmode.GridSize = [ceil (dimr/bs),ybs,1];
% radial function cache
maxnUsed=max (modesnum (1l :maxModes, 1)) ;
gpuRrho=zeros (dimr, maxModes) ;
gpuRphi=zeros (dimr, maxModes) ;
gpuRz=zeros (dimr, maxModes) ;

gpuR=gpuArray (r) ;

modeNs=gpuArray (int32 (modesnum (1l :maxModes, 1)) ) ;
modeTeTms=gpuArray (int32 (modesnum (1 :maxModes, 3))) ;
modeAbs=gpuArray (1int32 (modesnum (1l :maxModes, 4)));

modeKcs=gpuArray (modeskc (1 :maxModes) ) ;
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185
186
187
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189
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191
192
193
194
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196
197
198
199
200

201
202
203
204
205
206
207
208
209
210
211
212
213
214

ktimes=[];
outsidetic=tic();
for startmode=0:ybs:maxModes-1

insidetic=tic();

[gpuRrho, gpuRphi, gpuRz]=feval (kBesmode, gpuRrho, gpuRphi,

— modeNs, modeTeTms, modeKcs, dimr, startmode, maxModes) ;

wait (gpuDevice)
tt=toc (insidetic);
ktimes=[ktimes tt]; $%#o0k<AGROW>
end
disp([’Avg kernel time ’,num2str (mean (ktimes)),’ s’1);

toc (outsidetic);

oo
oo

eOverEtild=eps./epstild;
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gpuRz, gpuR,

kOverlapRad = parallel.gpu.CUDAKernel (' CCMTSolverPolar.ptx’,’CCMISolverPolar.

— cu’,’overlapRad’);
gpudeps=gpulArray (complex (deltaepsMap)) ;

gpueOetild=gpuArray (complex (eOverkEtild));

bs=floor (sqgrt (kOverlapRad.MaxThreadsPerBlock)) ;

kOverlapRad.ThreadBlockSize = [bs,bs,1];

kOverlapRad.GridSize = [ceil (maxModes/bs),ceil (maxModes/bs),1];

gpuovXY¥=complex (zeros (maxModes, maxModes, ' gpuArray’));

gpuovZ=complex (zeros (maxModes, maxModes, ' gpuArray’)) ;

gpuNj=zeros (1, maxModes, ' gpuArray’) ;

blocksz=round (maxModes/8) ;

ktimes=[];
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220
221
222
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224
225
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229
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233
234
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238
239
240
241
242
243
244

outsidetic=tic();
for startj=0:blocksz:maxModes-1
for startk=0:blocksz:maxModes-1
insidetic=tic();
[gpuNj, gpuovXY, gpuovZ]=fewval (kOverlapRad, gpuNj, gpuovXY, gpuovZ,

— gpuRrho, gpuRphi, gpuRz, gpuR, gpudeps, gpueOetild, dr, dimr, modeNs,

144

— modeTeTms, modeAbs, modeKcs, eps, mu, startj, startk, blocksz, maxModes)

—
wait (gpuDevice)
tt=toc (insidetic);
ktimes=[ktimes tt]; $%$#ok<AGROW>
end
end
disp([’Avg kernel time ’,num2str (mean (ktimes)),’ s’1);

toc (outsidetic);

ovXY=gather (gpuovXY¥) .’ ;
ovZ=gather (gpuovz) .’;
Nj=gather (gpuNj) ;

% reflect symmetric matrices
ovXY¥=0ovXY+tril (ovXY,-1).";

ovZ=ovZ+tril (ovZ,-1).";

oo
oo

\o

¢ scale kappa and chi coupling mat by 1/Nm, throw away zero modes and
% reduce matrix

newToOldIndices=zeros (length (modesnum), 1) ;
modesnumRed=zeros (size (modesnum) ) ;

modeskcRed=zeros (size (modeskc)) ;

ovNormXY=zeros (size (ovXY)) ;

ovNormZ=zeros (size (ovZ)) ;

nzd=1;
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250
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264
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266
267
268
269
270
271
272
273
274
275
276
277

nzldxs=[];
for j=1:maxModes
if Nj(J) "= 0
modesnumRed (nzJ, :) =modesnum(Jj, :);
modeskcRed (nzJ) =modeskc (J) ;

newToOldIndices (nzJ)=7j;

nzK=1;
for k=1:maxModes

if Nj(k) "= 0

ovNormXY (nzJ, nzK) =ovXY (J, k) /NJ (3J);

ovNormZ (nzJ, nzK)=ovZ (j, k) /Nj () ;

nzK=nzK+1;
end
end

nzd=nzJ+1;

nzIdxs=[nzIdxs Jjl; $%$#0k<AGROW>

end
end
newToOldIndices=newToOldIndices (l:nzJd-1);
modesnumRed=modesnumRed (1:nzJ-1, :);
modeskcRed=modeskcRed (1l:nzJ-1);
ovNormXY=ovNormXY (1l:nzJ-1,1l:nzJ-1);
ovNormZ=ovNormZ (1l:nzJ-1,1:nzJ-1);

maxModesRed=nzJ-1;

%% 5: Compute coupled modes

oo

3 Can solve using elig or eigs; eigs may be better for large basis sets

plotwhichmode=1;

Also, draw a dispersion curve 1if computing more than one wavelength
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278 k0s=2xpi./lambdas;

279 betas=zeros (1, size (lambdas,2));

280 neffs=zeros (1, size (lambdas,2));

281

282 for i=1:1length(lambdas)

283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310

thislambda=lambdas (i) ;
thisk=2+pi/thislambda;

thisomega=c*thisk;

omegaScale=thisomega;

%rscale=1;

nomp=@ (x) X;
tmpx=@mp;

mpxX=nomp;

modeskcSec=mpx (modeskcRed.’) ;
modeskVec=mpx (ones (1, length (modeskcRed) ) xthisk) ;
modesBeta=sqgrt (modeskVec. xmodeskVec-modeskcSec.xmodeskcSec) ;

betaScale=modesBeta;

oVNDXY = mpx (zeros (size (ovNormXY)));
ovNDZ = mpx (zeros (size (ovNormZ)));
for j=1:maxModesRed
JTE=modesnumRed (Jj, 3) ;
for k=1:maxModesRed

kTE=modesnumRed (k, 3) ;

oo

all adjustments include radius scaling factor for numerical

oo

stability, also dispersion scaling (noted below)

o

adjust normalization scaling for dispersion terms (E,H)
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311 oVvNDXY (j, k) = ovNormXY (j,k) / (omegaScalexbetaScale(]));
312 ovNDZ (j, k) = ovNormZ(j,k) / (omegaScalexbetaScale(]));

313

314 % adjust mode overlap part (E only), for j part of overlap
315 if JTE == 0 % is TE

316 ovNDXY (j, k) = ovNDXY (j,k) * omegaScale;

317 else % is TM

318 ovNDXY (j, k) = ovNDXY (j,k) * betaScale(]j);

319 end

320

321 % adjust mode overlap part (E only), for k part of overlap
322 if kTE == % 1s TE

323 ovNDXY (j, k) = ovNDXY (j,k) * omegaScale;

324 else % is TM

325 oVvNDXY (j, k) = ovNDXY (j,k) * betaScale(k);

326 end

327

328 end

329 end

330

331 kappaND=thisomega/2+ (ovNDXY-ovNDZ) ;

332 chiND=thisomega/2* (ovNDXY+0ovNDZ) ;

333

334 modesBetaMat=diag (modesBeta) ;

335

336 $cmtMat=[ -modesBetaMat-kappaND, -chiND; chiND, modesBetaMat+kappaND ];
337 cmtMat=[ modesBetaMat+kappalND, chiND; -chiND, -modesBetaMat-kappaND ];
338

339 eigOrEigs = 0;

340 if eigOrEigs ==

341 [evecs,evals]=eig(cmtMat) ;

342 & evals=evals;

343 else



344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376

nguess=1.2;

guess=-thisk*nguess;

nmodes=1;

clear options

options.disp = 0O;

options.isreal = isreal (cmtMat);

[evecs,evals] = eigs (cmtMat, nmodes, guess,options);
end

Q

evecs=evecs.’'; % convert vectors to be on rows

oldevals=diag (evals) ;
[7,evindx]=sort (real (oldevals)) ;
evals=diag(oldevals (evindx));

evecs=evecs (evindx, :);

neff=-diag(evals) /thisk;

neffs(i)=neff (plotwhichmode) ;

betas (i)=neff (plotwhichmode) *thisk;

end

oo

oo

oo

oo

oo

oo

oo

o\o

oo

oo

Q

% attempt auto PML modes removal
autoPMLRemove=0;
if autoPMLRemove
maxPosIdx=max (layers);
for i=1:1length (neff)
if neff (i) < maxPosIdx
break;
end
end

st=i;
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377 % for i=1:length (neff)

378 & if neff (i) < -maxPosIdx
379 % break;

380 ¢ end

381 % end

382 % en=1-1;

383 % neff=neff (st:en);

384 % evecs=evecs (st:en, :);

385 % end

386

387 if length (lambdas)>1

388 plot (lambdas, neffs);

389 else

390 plot (real (neff)), hold on, plot(imag(neff));
391 end

392 figure;plot (abs (modesBeta))

393

394 ¢% 6a: Build basis set

395 clear gpuRrho

396 clear gpuRphi

397 clear gpuRz

398 clear gpueOetild

399 clear gpudeps

400 clear gpulNj

401 clear gpuovXY

402 clear gpuovZ

403 clear kBesmode

404 clear kOverlapRad

405

406 coords=imresx* (linspace (-dimx/2,dimx/2-1,dimx)+0.25); % Offset to avoid r=0,
— but keep very close to center

407 dA=imres”2;

408 r=zeros (dimx) ;
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409 phi=zeros (dimx) ;
410 cosphi=zeros (dimx) ;
411 sinphi=zeros (dimx) ;

412 for i=1:dimx

413 for j=1:dimx

414 r (i, j)=sqrt (coords (i) "2+coords (Jj) "2);
415 thisphi=atan2 (coords (]j),coords (1)) ;
416 phi (i, j)=thisphi;

417 cosphi (i, j)=cos (thisphi);

418 sinphi (i, j)=sin (thisphi);

419 end

420 end

421 r2D=r;

422 mask=double (r<rpipe0) ;

423

424 kCylmode = parallel.gpu.CUDAKernel (' CCMTSolverCartesian.ptx’,’
<~ CCMTSolverCartesian.cu’,’cylmode’);

425 gpuR=gpulArray (reshape (r, [],1));

426 gpuPhi=gpuArray (reshape (phi, [],1));

427 gpuCosphi=gpuArray (reshape (cosphi, []1,1));

428 gpuSinphi=gpuArray (reshape (sinphi, [],1));

429 gpuMask=gpuArray (reshape (mask, []1, 1));

430

431 vecsz=dimxxdimx;

432 gpuEx=zeros (vecsz,maxModesRed, ’'gpulArray’);

433 gpuEy=zeros (vecsz,maxModesRed, ’gpuArray’);

434 gpuEz=zeros (vecsz,maxModesRed, ’gpulArray’);

435 gpulx=zeros (vecsz,maxModesRed, ’gpulArray’);

436 gpuHy=zeros (vecsz,maxModesRed, ’gpulArray’);

437

438 bs=kCylmode.MaxThreadsPerBlock;

439 kCylmode.ThreadBlockSize = [bs,1,1];

440 kCylmode.GridSize = [ceil (vecsz/bs),maxModesRed,1];
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modeNs2=modeNs (nzIdxs) ;
modeTeTms2=modeTeTms (nzIdxs) ;
modeAbs2=modeAbs (nzIdxs) ;

modeKcs2=modeKcs (nzIdxs) ;

tic

[gpuEx, gpuky, gpuEz, gpulHx, gpuHlHy]=feval (kCylmode, gpukEx, gpuEy, gpuEz, gpulx
— , gpuHy, gpuR, gpuPhi, gpuCosphi, gpuSinphi, gpuMask, modeNs2,
— modeTeTms2, modeAbs2, modeKcs2, eps, mu, vecsz);

wait (gpuDevice)

toc

%% 6b: Build the 2D lattice representation of the structure

nBase=layers (end) ;

layersAdj=layers—nBase;

s=ones (dimx) *nBase;
%s=abs (eigenmodX) . 2+abs (eigenmodY) . "2;
s=s./max (max(s));
for i=0:1length (pos)-1
if i>0
ml=r2D>pos (1) xdimr*dr;
else
ml=ones (dimx) ;
end
if i<length (pos)
m2=r2D<=pos (i+1) xdimr*dr;
else
m2=ones (dimx) ;
end

s=s+tdouble (and (ml, m2) ) xlayersAdj (i+1);
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472 end

473

474 xyLimits=box/2x1eb6;

475 figure

476 imagesc ([-xyLimits xyLimits], [-xyLimits xyLimits], real(s))
477 set (geca, ' YDir’,’'normal’)

478 axis image

479 ¢

gray;

480 ¢ = flipud(c);

481 colormap (c);

482 colorbar;

483

484 x0=200;

485 y0=400;

486 width=400;

487 height=300;

488 set (gecf, 'Position’, [x0,y0,width, height]);

489 set (gca,’XMinorTick’,’on’,’YMinorTick’,’on’);
490 set (gca, ' fontname’,’times’)

491

492 xlabel ('x ({\mulm)’);

493 ylabel ('y ({\mu}m)’);

494

495 $exportgraphics (gcf, [’figs/’,’structStepIndex.pdf’])
496 %exportgraphics (gcf, [’figs/’,’structRing.pdf’])

497 $exportgraphics (gcf, [’figs/’,’structNanowire.pdf’])

498

499 if nOrEps==0 % eps

500 deltaepsMapGrid=epsO0* (s—nAir~2);
501 imapFiber=sqgrt (s) ;

502 else % n
503 deltaepsMapGrid=epsOx* (s. 2-nAir"2);

504 imapFiber=s;



505
506
007
508
509
510
511
512
513
514
515
516

517
518
519

520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535

end

eOverEtildGrid=eps0./ (epsO+deltaepsMapGrid) ;

EcacheEx=gather (gpuEx) .’ ;
EcacheEy=gather (gpuEy) .’ ;

EcacheEz=gather (gpuEy) .’ ;

oo
oo
~

View coupled eigenmodes

vecnum=1;

disp([’Building mode with neff=’,num2str (neff (vecnum),’%.12£f")1);
[eigenmodX, eigenmodY, eigenmodZ] = CCMTBuildEigenmodePolar (evecs, vecnum,

— EcacheEx, EcacheEy, EcacheEz, modesnumRed, omegaScale, betaScale);

figure(12);
em=real (imapFiber) .+real (calcIntensityTransversePlane (eigenmodX, eigenmody,
— eOverEtildGrid.xeigenmodZ)) ;

em=em./max (max (em) ) ;

xyLimits=box/2*1e6;

imagesc ([-xyLimits xyLimits], [-xyLimits xyLimits], em)
set (gca, ' YDir’, ' normal’)

axis image

colorbar;

x0=200;

y0=400;

width=400;

height=300;

set (gecf, 'Position’, [x0,y0,width, height]);

set (geca, ' XMinorTick’,’on’,’YMinorTick’,’on’);

set (gca, ’ fontname’ , " times’)
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xlabel (‘x ({\mu}m)’);

ylabel (‘y ({\mu}m)’);

$exportgraphics (gcf, [’figs/’,’stepFiberMode’, num2str (vecnum),’ .pdf’])
$exportgraphics (gcf, [’figs/’,’ringMode’, num2str (vecnum),’.pdf’])

$exportgraphics (gcf, [’figs/’,’nanowireMode’,num2str (vecnum),’ .pdf’])

latCoords=linspace (0, box, dimx) -box/2;

[X,Y]=meshgrid(latCoordsxle6, latCoordsxleb);

figure;

spacing=10;

gp=quiver (X (l:spacing:end, l:spacing:end), Y (l:spacing:end, l:spacing:end), real (
— eigenmodY (l:spacing:end, l:spacing:end)), real (eigenmodX (l:spacing:end, 1:
— spacing:end)),0.6);

set (gp,’ linewidth’, .5);

axis equal

axis tight

gtitle([’Coupled eigenmode n=’,numZstr (vecnum),’, neff=’,numlstr (neff (vecnum)
— ,7%.12f7)1]);

xlabel ('x ({\mu}m)’);

ylabel (‘y ({\mu}m)’);

set (gcf, ' Position’, [x0,y0,width, height]);

set (gca, ' XMinorTick’,’on’,’YMinorTick’,’on’);

set (gca, ’ fontname’ , " times’)

axis ([-xyLimits, xyLimits, -xyLimits, xyLimits])

$exportgraphics (gcf, [’figs/’,’stepFiberVecMode’, num2str (vecnum),’ .pdf’])

%% field component intensity plots

$eigenmodX, eigenmodY, eOverEtildGrid. xeigenmodZ

minEx=min (real (eigenmodX), [], ’"all’);
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567
568
569
570
o971
572
o973
574
975
576
oTT
578
579
580
581
582
583
o84
585
586
o87
588
589
590
991
592
993
594
595
596
597
598

maxEx=max (real (eigenmodX), [], ’"all’);
minEy=min (real (eigenmodY), [], "all’);
maxEy=max (real (eigenmodY), [], 'all’);

minEz=min (real (eOverEtildGrid.*eigenmodZ), [], "all’);
maxEz=max (real (eOverEtildGrid.*eigenmodZ), [], ’"all’);
minE=min ([minEx, minEy,minEz], [],"all’);

maxE=max ( [maxEx,maxEy,maxEz], [],"all’);

% Ex

figure;

imagesc ([-xyLimits xyLimits], [-xyLimits xyLimits], real (eigenmodX))
set (gca, ' YDir’,’normal’)

axis image

colorbar;

x0=200;

y0=400;

width=400;

height=300;

set (gcf, ' Position’, [x0,y0,width, height]);
set (gca, ' XMinorTick’,’on’,’YMinorTick’,’on’);

set (gca, ’ fontname’ , " times’)

xlabel ('x ({\mulm)’);

ylabel ('y ({\mu}m)’);

clim manual

clim([minE maxE]) ;

exportgraphics (gecf, [’figs/’,’ringMode’,num2str (vecnum),’Ex.pdf’])
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s Ey

figure;

imagesc ([—-xyLimits xyLimits],
set (gca, ' YDir’, ' normal’)

axis image

colorbar;

x0=200;
y0=400;
width=400;

height=300;

[-xyLimits xyLimits], real (eigenmodY¥))

set (gecf, "Position’, [x0,y0,width, height]);

set (geca, ' XMinorTick’,’on’,’ YMinorTick’,’on’);

set (gca, ’ fontname’,’times’)

xlabel (‘x ({\mu}m)’);

ylabel (‘y ({\mu}m)’);

clim manual

clim([minE maxE]);

exportgraphics (gef, [’figs/’,’ringMode’,num2str (vecnum),’Ey.pdf’])

% Ez

figure;

imagesc ([-xyLimits xyLimits],
— eigenmod?) )

set (gca, ' YDir’, normal’)

axis image

colorbar;

x0=200;

[-xyLimits xyLimits], real (eOverEtildGrid.x*
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y0=400;
width=400;

height=300;

set (gecf, "Position’, [x0,y0,width, height]);

exportgraphics (gef, [’figs/’,’ringMode’,num2str (vecnum),’Ez.pdf’])

disp([’Basis index in cache = ' ,num2str (origidx)]);

set (geca, ' XMinorTick’,’on’,’YMinorTick’,’on’);
set (gca, ’ fontname’,’times’)

xlabel ('x ({\mu}lm)’);

ylabel ('y ({\mulm)’);

clim manual

clim([minE maxE]);

%% Appdx. 0: Contributing pipe modes
figure;

ev=evecs (vecnum, :) ;

plot (real (ev))

hold on

plot (imag (ev))

%% Appdx. 1: View basis mode (diagnostic)
idx=1; % index of _non-zero_ modes
%origidx=newToOldIndices (idx);
origidx=idx;

modex=EcacheEx (origidx, :);

modey=EcacheEy (origidx,

modez=EcacheEz (origidx,

)
2
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isTE=modesnumRed (idx, 3) ;

if isTE == % is TE
modex = modex * omegaScale;
modey = modey * omegaScale;
else % is TM
modex = modex * betaScale (idx);
modey = modey * betaScale (idx);
end
modex=reshape (modex, dimx, []);
modey=reshape (modey, dimx, []);
modez=reshape (modez,dimx, []);
figure (11);

imagesc (abs (calcIntensityTransversePlane (modex,modey,modez)));

set (gca, ' YDir’, ' normal’)

axis image;

colorbar;

title([’Basis mode numbers=[’,num2str (modesnumRed (idx, :

— num2str (thislambdaxle6),’

%% Appdx.

2: View basis mode neffs (diagnostic)

plot (abs (modesBeta) /thisk)

title([’'Basis mode effective indexes @ lambda=’,num2str (thislambdaxleb6),’

— micron’]);

%% Appdx.

o)

k0=k0s (1) ;

@ lambda=',

micron’])
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3: Calculate Sommerfeld modes (metal nanowire) propagation constant

% from the inputs above, we have
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epsm=epsMetal;

epsd=epsAir;

a=pos (1) xdimr+dr;

% solve for beta

pmd=@ (thebeta, k, epsmd) sqrt (thebeta”2-k"2xepsmd);

syms beta

modeBeta=vpasolve (( besselk (0, pmd (beta, k0, epsd) xa) xbesseli (1, pmd (beta, k0, epsm)
— xa) )
/ ( besselk (1,pmd (beta, k0, epsd) ra) xbesseli (0, pmd (beta, k0, epsm) xa) )
+ ( epsdxpmd (beta,k0,epsm) ) / ( epsmxpmd(beta,k0,epsd) ) == 0, beta, k0);

neffSommerfeld=modeBeta/k0 $#0k<NOPTS>

%% Appdx. 4 Step-index fiber propagation constants

nu=1;

% from the inputs above, we have
k0=k0s (1) ;

kl=nFiber2+k0; % core

k2=nAir+k0; % cladding
a=pos (1) xdimrxdr;

% for for beta

u=0@ (beta) sqrt(kl"2-beta”2);

w=@ (beta) sqrt (beta”"2-k272);

syms besseljp (x)

syms besselkp (x)

besseljp (x)=diff (besselj (nu, x),x);
besselkp (x)=diff (besselk (nu, x), x) ;
syms beta
JpOverUj=bessel jp (u (beta) a) / (u (beta) xbesselj(nu, u(beta)=xa));

kpOverWk=besselkp (w (beta) xa) / (w (beta) rbesselk (nu, w(beta)*a));
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modesBeta=vpasolve (

— *nu/a) 2% (1/u(beta) "2+1/w(beta) "2) "2, beta,

neffStepIndex=modesBeta/k0 $#0k<NOPTS>

B.2.5 CCMTSolverPolar.cu

running nvcc -ptx CCMTSolverPolar.cu.

#include <thrust/complex.h>

typedef thrust::complex<double> cdoub;

160

(JjpOverUj+kpOverWk) = (k1" 2% jpOverUj+k2 " 2+xkpOverWk) == (beta

neff (vecnum) xk0) ;

This CUDA code has to be compiled before using the associated MATLAB files. In a

compiler environment with a properly configured Nvidia CUDA SDK, this is achieved by

global__ void besmode (double *Rrho, double xRphi, double xRz, const double =

— rs, const int smodeNs, const int *modeTeTms,

< dimr, int startmode, int totmodes)

int iX = blockIdx.x*blockDim.x + threadIdx.x;

if (iX >= dimr)

return;

int iY = blockIdx.y+startmode;

if (iY >= totmodes)

return;

int iC = iYxdimr + iX; // cache index

double r = rs[iX];

int n = modeNs[iY];

int teTm = modeTeTms [iY];

double kc = modeKcs[iY];

const double rmodeKcs, int
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double kcr = kcx*r;

double bj = jn(n, kcr);

double bjp = -jn(n + 1, kcr) + n / kcrxbj;
if (teTm == 0)
{

Rrho[iC] = bj / r;

Rphi[iC] = bijp;

else

{
Rrho[iC] = bijp;
Rphi[iC] = bj / r;
Rz [iC] = Db3j;

— ab, double kc, double eps, double mu,

if (eh == 0)

int

_ _device__ wvoid cylmodePrefacs (double xpfX, double xpfY,

eh)

int teTm,
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(0]
76
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82 }
83

84 _ device__ double cylmodeIntAngular (int nl,

85 {
86

if (teTm

*pfX =

*pfY =

//+pfZ

else

*pfX =

*pfY =

//*pfZ

else

if (teTm

*pfX =

*pfY

//*pfZ

else

*pfX =

*pfY

//*pfZ

int type;

== 0)

-mu*n / (kcxkc)*(a — b);
mu / kcx(a + b);

-1 / kcx(a + b);
-n / (kcxkc)x(a - b);

= a + by,

-1 / kcx(a + b);
-n / (kcxkc)x(a - b);

= a + by,

eps*n / (kcxkc)x(a - b);
-eps / kcx(a + b);

int n2,

int typeA,

int typeB)

162
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87 if (typeA == 0 && typeB == 0)

88 type = 1;

89 else if (typeA == 0 && typeB == 1)
90 type = 2;

91 else if (typeA == 1 && typeB == 0)
92 type = 3;

93 else

94 type = 4;

95

96 double result;

97 const double pi = 3.141592653589793;

98 if (nl == n2)

99 {

100 if (nl == 0)

101 {

102 if (type == 1)

103 result = 2 * pi;

104 else

105 result = 0;

106 }

107 else

108 {

109 if (type == 1)

110 result = pi + sin(4 % nl*pi) / (4 * nl);
111 else if (type == || type == 3)

112 {

113 double sinpart = sin(2 % nl=*pi);

114 result = sinpart*sinpart / (2 x nl);
115 }

116 else

117 result = pi - sin(4 * nlxpi) / (4 % nl);
118 }

119 }
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}

el

{

el

H

if (type == 1)
result = sin(2 % n2*pi) / n2;
else if (type == 2)

{

double sinpart = sin(n2xpi);
result = 2 x sinpart=*sinpart / n2;
}
else
result = 0;
se if (n2 == 0)
if (type == 1)
result = sin(2 * nl*pi) / nl;
else if (type == 2 || type == 4)
result = 0;
else
{
double sinpart = sin(nlxpi);
result = 2 % sinpartssinpart / nl;
}
se

double fac = 1 / (nlx*nl - n2xn2);

if (type == 1)
result = facx(nl+cos (2 % n2+pi)*sin(2 » nlxpi)
(2 * n2xpi));

else if (type == 2)

164

- n2+cos (2 x nl*pi)=xsin
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152 result = facx(-n2 + n2*cos (2 x nl*pi)*cos(2 * n2+pi) + nl*sin(2 * nlx*
— pil)*sin(2 * n2xpi));

153 else if (type == 3)

154 result = facx(nl — nlxcos (2 * nlxpi)*cos(2 * n2+pi) — n2xsin(2 * nl=*pi
— )*sin(2 % n2+*pi));

155 else

156 result = facx(n2+«cos (2 * n2+pi)*sin(2 * nl*pi) — nlxcos(2 * nl*pi)=*sin
— (2 * n2%pi));

157 }

158 }

159  return result;

160 }

161

162 _ _global__ void overlapRad (double xNj, double2 x_ovXY, double2 *_ovZ, const
<~ double x*Rrho, const double *Rphi, const double xRz, const double *rs,
— const double2 x_deps, const double2 *_eOetild, double dr, int dimr,
— const int *modeNs, const int *modeTeTms, const int *modeAbs, const
— double xmodeKcs, double eps, double mu, int startj, int startk, int
— nummodes, int totmodes)

163 {

164  int 3

blockIdx.x*blockDim.x + threadIdx.x;

165 int k = blockIdx.yxblockDim.y + threadIdx.y;

166

167 if (k >= nummodes || Jj >= nummodes)
168 return;

169

170 j += startij;

171 k += startk;

172

173 if (k > j || j >= totmodes || k >= totmodes)
174 return;

175

176 cdoub *ovXY = (cdoub =)_ovXY;
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cdoub *ovZ = (cdoub *)_ovZz;
cdoub xdeps = (cdoub x)_deps;
cdoub *eOetild = (cdoubx*)_eOetild;

double thisNjA = 0.0;

double thisNjB

Il
o
o

~

cdoub thisOvXYA = 0.0;
cdoub thisOvXYB = 0.0;

cdoub thisOvz = 0.0;

int Jn = modeNs[]j];

//int Jm = modeMs|[7F];
int JteTm = modeTeTms[j];
int JaB = modeAbs[]j];

double Jkc = modeKcs[j];

int Kn = modeNs[k];

//int Km = modeMs/[k];
int KteTm = modeTeTms [k];
int KaB = modeAbs[k];

double Kkc = modeKcs[k];

bool z = JteTm && KteTm;

for (int i = 0; 1 < dimr; i++)

int iJ dimr*j + 1i;

int iK = dimrxk + i;
double RrhoJ = Rrho[iJ];
double RphiJ = Rphi[iJ];
double r = rs[i];

cdoub thisDeps = deps[i];

if (k == 0)
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thisNjA += rxRrhoJ*RrhodJ;

thisNjB += rxRphiJd+«RphiJ;
}
thisOvXYA += rxthisDeps+RrhoJ*«Rrho[iK];
thisOvXYB += rxthisDeps*RphiJ*Rphi [iK];
if(z)

thisOvZ += rxthisDeps*eOetild[i]+*Rz[iJ]*Rz[iK];

double JExFac, JEyFac, JHxFac, JHyFac;

double KExFac, KEyFac;

cylmodePrefacs (&JExFac, &JEyFac, Jn, JteTm, JaB, Jkc, eps, mu, 0);

cylmodePrefacs (&KExFac, &KEyFac, Kn, KteTm, KaB, Kkc, eps, mu, 0);

if (k == 0)

cylmodePrefacs (&JHxFac, &JHyFac, Jn, JteTm, JaB, Jkc, eps, mu, 1);

int cpOuterType = JaB;

int cpInnerType = (JaB == 0) 2 1 : 0;
if (JteTm)
{
cpOuterType = (cpOuterType == 0) 2 1 : 0;
cplnnerType = (cplnnerType == 0) 2 1 : 0;
}
Nj[j] = - (JExFacxJHyFacxcylmodeIntAngular (Jn, Jn, cpOuterType, cpOuterType

— )*xthisNJjA - JEyFacxJHxFacxcylmodeIntAngular (Jn, Jn, cplnnerType,

< cplInnerType) xthisNjB) xdr;
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int rhoTypeA = JaB;

int rhoTypeB = KaBj;

int phiTypeA = (JaB == 0) 2?2 1 : 0O;
int phiTypeB = (KaB == 0) 2 1 : 0;
if (JteTm == 1)
{
rhoTypeA = (rhoTypeA == 0) ? 1 0;
phiTypeA = (phiTypeA == 0) 2?2 1 0;
}
if (KteTm == 1)
{
rhoTypeB = (rhoTypeB == 0) ? 1 0;
phiTypeB = (phiTypeB == 0) ? 1 0;
}
ovXY[j*totmodes + k] = - (JExFac*KExFacxcylmodeIntAngular (Jn, Kn, rhoTypeA,

— rhoTypeB) xthisOvXYA+JEyFac+«KEyFacxcylmodeIntAngular (Jn, Kn, phiTypeA,

— phiTypeB) *thisOvXYB) xdr;

if (z)
{
int zTypeA = (JaB == 0) 2 1 : 0O;
int zTypeB = (KaB == 0) 2 1 : 0;
ovZ[j*totmodes + k] = cylmodeIntAngular (Jn, Kn, zTypeA, zTypeB)*thisOvZxdr
— i

}

B.2.6 CCMTBuildEigenmodePolar.m

function [ eigenmodeX, eigenmodeY, eigenmodeZ ] = CCMTBuildEigenmodePolar (
— evecs, vecnum, EcacheX, EcacheY, EcacheZ, modesnumRed, omegaScale,

— betaScale )
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if n

else

end

argout >

wantEz =

wantEz =

modex=EcacheX (1, :);

eigenmodeX=zeros (size (modex) ) ;

eigenmodeY=zeros (size (modex) ) ;

ifw

end

antkEz ==

eigenmodeZ=zeros (size (modex) ) ;

numcoeffs=length (evecs) /2;

for idx=1:numcoeffs

cacheidx=idx;

$newToOldIndices (idx) ;

modex=EcacheX (cacheidx, :);

modey=EcacheY (cacheidx, :);

isTE=modesnumRed (idx, 3) ;

TEscale=omegaScale;

TMscale=betaScale (idx) ;

if isTE =
modex
modey
else 3% is
modex
modey

end

% is
modex

modey

™

modex

modey

TE
.x TEscale;

.+ TEscale;

.x TMscale;

.x TMscale;
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apb=evecs (vecnum, idx) +tevecs (vecnum, idx+numcoeffs); % forward and back
— coefficients for Exy

amb=evecs (vecnum, idx) —evecs (vecnum, idx+numcoeffs) ; g " for Ez

eigenmodeX=eigenmodeX+apb.*modex;
eigenmodeY=eigenmodeY+apb.*modey;
if wantEz ==
modez=EcacheZ (cacheidx, :);
eigenmodeZ=eigenmodeZ+amb.*modez;
end
end

sz=sqrt (size (EcacheX, 2));

eigenmodeX=reshape (eigenmodeX, sz, []) ;
eigenmodeY=reshape (eigenmodeY¥, sz, []);
if wantEz ==

eigenmodeZ=reshape (eigenmode?Z, sz, []);

end

end

B.2.7 calcIntensityTransversePlane.m

function [intensity] = calcIntensityTransversePlane (Ex,Ey,Ez)

sz=size (Ex);
intensity=zeros (sz);
for y=1l:s2z(1)
for x=1:52(2)
intensity (y, x)=sqrt (conj (Ex(y,x)) *Ex (y, x) +conj (Ey (y,x)) *Ey (y, x) tconj (
— Ez(y,x))*Ez(y,x));
end

end



B.2.8 generateBesselJZeros.py

import scipy

import numpy as np

4 maxn=100
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maxnt=30

# gen BesseldJ zeros
bjz=np.zeros ((maxn, maxnt))
for n in range (maxn) :

bjz[n, :1=scipy.special.jn_zeros (n,

# gen BesselJ’ zeros
bijpz=np.zeros ( (maxn,maxnt))

for n in range (maxn) :

maxnt)

bjpz[n, :]=scipy.special. jnp_zeros(n, maxnt)

np.savetxt ("bjzZzeros.txt’, bjz, fmt="%10.16f")

np.savetxt ('bjPZeros.txt’, bjpz, fmt="%10.16f")

B.2.9 generateBesselJZerosNO.py

import scipy

import numpy as np

4 maxn=1

NolENo I B =

10

maxnt=1000

# gen BesselJ zeros
bjz=np.zeros ((maxn, maxnt))
for n in range (maxn) :

bjz[n, :]=scipy.special.jn_zeros (n,

maxnt)
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# gen BesselJ’ zeros
bijpz=np.zeros ( (maxn,maxnt))
for n in range (maxn) :

bjpz[n, : ]=scipy.special. jnp_zeros (n, maxnt)

np.savetxt ('bjZerosNO.txt’, bjz, fmt=’'%10.16f")

np.savetxt ('bjPZerosNO.txt’, bjpz, fmt="%10.16£f")

B.2.10 FDESolver.m

%% FDE Solver

oo

Timothy DeWolf

oo

at University of Victoria

oo

(c) Timothy DeWolf 2022

oo

oo

image in from CCMTSolverPolar.m

%% Input option 1: Manual loading of image

clear

I=3; $#0k<+NASGU>

im=double (imread (' fiveInPipe.png’));

grayLevFiber=255.0; % fiber gray level and corresponding index
grayLevInclusion=0.0; % inclusion

imres=14.0e-6 / 215; % image resolution in m/px
fiberCenterPx=[109,109]; % ROW, column

fiberRadPx=106;

Two options for input: manual loading of image, or feed "constructed"
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zoomRad=76; % just for the zoom display, nothing else, so you can check it’s

— centered

arad=fiberRadPx+*imres;

4

disp([’Using computed fiber radius a=’,num2str (aradxleb6),’ micron’]);

im=mean (im, 3) ;

nFiber=1.5;

nAir=1.0;
%lambda0=1.3e-6; % vacuum wavelength in m

lambda0=0.8e-6;

% 0.85, 18
% code
imap= (im—-grayLevInclusion) / (grayLevFiber—-grayLevInclusion) * (nFiber—-nAir) +ones (

— size(im)) xnAir;

imapFiber=imap (fiberCenterPx (1) -fiberRadPx:fiberCenterPx (1) +fiberRadPx,

— fiberCenterPx (2)-fiberRadPx:fiberCenterPx (2)+fiberRadPx) ;

figure (1)

imagesc (imapFiber) ;

title (' Waveguide Section to Overlap with Cylindrical Modes’);
colorbar;

axis image;

figure (2)

imapZoom=imapFiber (fiberRadPx—-zoomRad: fiberRadPx+tzoomRad, fiberRadPx—zoomRad:
— fiberRadPx+zoomRad) ;

imagesc (imapZoom) ;

title (' Zoom to ensure the waveguide image is well centered’);

axis image;
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clear imapZoom

c=299792458; % m/s
mulO=4e-7+pi; % N/A"2

eps0=1/ (mul*c~2);

k0=2xpi/ (lambdal) ;
omega=c*k0;
mu=mu0;

eps=epsO0xnAir~2;

epsrMap=imapFiber. " 2;

sz=size (epsrMap) ;

%% Input option 2: Loading of image as output from CCMT solver

% structure reconstruction (in 2D)

% FIRST run the CCMTSolverPolar.m, then run this to compute the FDE
% prediction for the same structure

clear 7j;

I=3;

epsrMap=imapFiber. " 2;

sz=size (epsrMap) ;

lambdaO=lambdas (1) ;
k0=2+pi/ (lambdal) ;

omega=c*kO0;
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2: implementation of

"Full-vectorial finite-difference analysis of microstructured optical fibers

n

Zhaoming Zhu and Thomas G. Brown

https://www.osapublishing.org/oe/abstract.cfm?id=69852, https://doi.org

— /10.1364/0E.10.000853

% Implementation by Tim DeWolf

Escale

epsrX

epsrY

epsrz
for i=1

for

sqrt (mu0/eps0) ;

zeros (sz) ;
zeros (sz);

zeros (sz) ;

:length (epsrMap (1, :))

j=1:1length (epsrMap(:,1))

if ==
epsrX (i, j) = epsrMap (i, J);
else
epsrX (i, j) = (epsrMap (i, j)+epsrMap (i, j-1))/2;
end
if i==

epsrY (i, Jj) epsrMap (i, J);

else

epsrY (i, J) (epsrMap (i, j) +epsrMap (i-1, 3))/2;

end
if i==1 || j==
epsrZz (i, j) = epsrMap(i, J);
else
epsrZ (i, j) = (epsrMap (i, j)tepsrMap(i-1, j-1)+epsrMap (i, j-1) tepsrMap

— (i-1,3))/4;

end
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114 end

115 end

116 %$epsrMap=reshape (epsrMap, 1, []);

117 epsrX=reshape (epsrX, [1,1);

118 epsrY=reshape (epsrY, [],1);

119 epsrZ=reshape (epsrZ, [],1);

120

121 dx=imres;

122 dy=imres;

123 vecsz=1length (epsrX) ;

124 sz2=[vecsz vecsz];

125

126 epsrXd=spdiags (epsrX, 0, vecsz,vecsz);

127 epsrYd=spdiags (epsrY, 0, vecsz,vecsz) ;

128 epsrZd=spdiags (epsrZ,0,vecsz,vecsz);

129 epsrXinv=spdiags (epsrX."-1,0,vecsz,vecsz);

130 epsrYinv=spdiags (epsrY. -1,0,vecsz,vecsz);

131 epsrZinv=spdiags (epsrZz."-1,0,vecsz,vecsz);

132

133 A=sparse(l:vecsz,l:vecsz,-ones (l,vecsz),vecsz,vecsz);
134 B=sparse (l:vecsz-1,2:vecsz,ones (l,vecsz-1),vecsz,vecsz);
135 %C=sparse (vecsz:vecsz,1:1,ones(1,1),vecsz,vecsz);

136 Ux=1/dxx* (A+B);

137

138 A=sparse(l:vecsz,l:vecsz,-ones(l,vecsz),vecsz,vecsz);
139 B=sparse (l:vecsz-sz(1l),sz(l)+1l:vecsz,ones(l,vecsz-sz(l)),vecsz,vecsz);
140 %C=sparse (vecsz-sz(1)+1:vecsz,1:sz(1),ones(1,sz(1)),vecsz,vecsz);
141 Uy=1/dyx (A+B);

142

143 A=sparse(l:vecsz,l:vecsz,ones (l,vecsz),vecsz,vecsz);

144 B=sparse (2:vecsz,l:vecsz-1,-ones(l,vecsz-1),vecsz,vecsz);
145 ¢C=sparse(1:1,vecsz:vecsz,-ones(1,1),vecsz,vecsz);

146 vx=1/dx~* (A+B);
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147

148 A=sparse(l:vecsz,l:vecsz,ones (l,vecsz),vecsz,vecsz);

149 B=sparse(sz (1)+1:vecsz, l:vecsz-sz (1), -ones (1,vecsz-sz(1l)),vecsz,vecsz);

150 ¢C=sparse(l:sz(1),vecsz—-sz(1)+1:vecsz,-ones(1,sz(1)),vecsz,vecsz);

151 vy=1/dy= (A+B) ;

152

153 ¢ for Et

154 Pxx=-k0"-2xUx*epsrzinv+Vy*«Vx+«Uy+ (k0" 2+speye (vecsz) +Ux+epsrZ2inv+Vx) x (epsrXd+k0
< "=24Vy+Uy);

155 Pyy=-k0"-2xUy*epsrZinv+Vx*Vy+Ux+ (k0" 2+speye (vecsz) +UyxepsrZinvsVy) % (epsrYd+k0
— "T-2xVx*Ux) ;

156 Pxy=Ux*epsrzinv*Vy* (epsrYd+k0 " -2+Vx+Ux)-k0 " -2* (k0" 2+«speye (vecsz) +UxxepsrZinvx
— Vx) *xVyxUx;

157 Pyx=Uy*epsrZinv+Vxx (epsrXd+k0 " -2+xVy+Uy) -k0" -2« (k0" 2+speye (vecsz) +Uy*epsrZinvx
— Vy) *Vx*Uy;

158

159 & for Ht

160 Oxx=-k0"-2xVx*Uy+UxxepsrZinv+Vy+ (epsrYd+k0 " -2+Vx+Ux) x (k0" 2+speye (vecsz) +Uy*
— epsrzZinvxVy) ;

161 Qyy=-k0"-2xVy*Ux*Uy*epsrzinv+Vx+ (epsrXd+k0"-2«VyxUy) » (k0" 2+speye (vecsz) +Uxx
— epsrzinv*Vx) ;

162 Oxy=- (epsrYd+k0 " -2xVxxUx) *Uy+epsrZinv+Vx+k0 " -2+Vx+Uy* (k0" 2+speye (vecsz) +Uxx
— epsrzinv*Vx) ;

163 Qyx=- (epsrXd+k0 " -2xVyxUy) *Ux*epsrZinv+Vy+k0 " -2+Vy+Ux* (k0" 2+speye (vecsz) +Uyx
— epsrzinvxVy);

164

165 disp ([’'Pxx density = ’,num2str (nnz (Pxx)/numel (Pxx))]);

166

167 P=[Pxx Pxy; Pyx Pyy]l;

168 0=[0xx QOxy; Qyx Qyyl;

169

170 nguess=1.6;

171 nmodes=42;
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guess= (kOxnguess) "2;

clear options

options.disp = 0;

options.isreal = isreal (P);

%options.tol = le-12;

soptions.p = 100;

%options.maxit = 1000;

%[v,d] = eigs(P,speye(size(P)),nmodes, guess,options);
[vP,dP] = eigs (P, nmodes, guess,options);

neffP = 1/k0+sqrt (diag(dP));

options.isreal = isreal (Q);

[vQ,dQ] = eigs(Q,nmodes, guess,options);

neffQ = 1/k0+sqrt (diag(dQ)) ;

%% 3: view results

modenum=39; $which mode to view?
modevecP=vP (:, modenum) ;
Ex=modevecP (l:vecsz) ;
Ey=modevecP (vecsz+l:vecsz*2) ;
modevecQ=vQ (:,modenum) ;
Hx=modevecQ (l:vecsz);

Hy=modevecQ (vecsz+l:vecsz*2);

Hz=1/ (I*k0) * (-Uy*Ex+Ux*Ey) ;

Ez=-1/(Ixk0) *epsrZinv#* (-Vy+*Hx+Vx+Hy) ;

Ex=reshape (Ex, sz) ;

178
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205 Ey=reshape (Ey, sz) ;

206 Ez=reshape (Ez, sz) ;

207 Hx=reshape (Hx, sz) ;

208 Hy=reshape (Hy, sz) ;

209 Hz=reshape (Hz, sz) ;

210

211 ¢ these should match.

212 neffP (1:5)" $%#0k<NOPTS>

213 neffQ(1:5)" $#0k<NOPTS>

214

215 neffP (modenum)

216 figure;

217 %$imagesc (abs (Ex. 2+Ey. "2+Ez."2));colorbar

218 imagesc (real (calcIntensityTransversePlane (Ex,Ey,Ez))); colorbar

219 axis image

220

221 ¢ quiver (vector)

222 spacing=10;

223 dimEx=length (Ex) ;

224 strt=round (mod (dimEx, spacing) /2.0);

225

226 figure;

227 gp=quiver (real (Ex (l:spacing:end, l:spacing:end)),real (Ey(l:spacing:end, 1:
<~ spacing:end)),0.7);

228 set (gp, ' linewidth’,1);

229 axis equal

230 title ([’ Coupled eigenmode n=',num2str (modenum),’, neff=’,num2str (neffP (modenum

= ))1);
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Appendix C

Code for the Epsilon Near Zero

Calculations

C.1 License

All code provided in this thesis, in all of the appendices, is released under the license given
in Section A.1.
All code in this appendix is written by Reuven Gordon and Timothy DeWolf, and is (C)

Reuven Gordon and Timothy DeWolf, University of Victoria, 2023.

C.2 Code

This appendix lists the MATLAB code used to model the ENZ effect using the quasi-static

QCM presented in Chapter 5. Line wrapping in all listings is indicated with a <.

C.2.1 frohlich.m

In this file, we evaluate the Frohlich condition, Eq. 5.7, for the Drude parameters given in

Chapter 5.
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clear

% Constants

c=299792458; ¢ m/s

¢ electron charge (qE) from Wolfram Alpha
hb=1.054571817646156391262428003302281e-34; % Js
mE=0.99%x9.109383632e-31; % kg effective mass in silver

gE=1.602176634e-19; % C

plasmaFreq = 8.9; % eV/hbar
gamma=1/17e-15;
epsBgParticle=5;
wls=350e-9:10e-9:1.5e-6;

agDrudeEps=zeros (1, length(wls));

for j=l:1length (wls)

wl=wls (J);

omega=2xpi*c/wl;

omegapSg= (plasmaFreqg*gE) "2/hb"2;

em=epsBgParticle-omegapSq/ (omegax (omega+lixgamma)) ;

agDrudeEps (J) =em;

end

figure;

plot (wls, real (agDrudeEps));
hold on

plot (wls, imag(agDrudeEps));
hold off

legend (' real eps’,’im eps’,’Location’,’southwest’);

% values of hbar (hb), mass of electron (mE) and magnitude of
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clear omega

syms omega

sol=vpasolve (real (epsBgParticle-omegapSq/ (omegax* (omega+lixrgamma))) == -2,
— omega, 2*pixc/350e-9 );
2xpixc/solxle9

C.2.2 enzQuasiStaticMethod2.m

This file evaluates the quasi-static QCM model, and plots the results. This is the primary

listing in this section.

%% Quasi-Static ENZ

clear all $%$#0k<CLALL>

$rParticles=4e-9:4e-9:60e-9;
rParticles=4e-9:.5e-9:70e-9;
absDensitiesMethod2=[];
storedNEvLayers=[];
storedNLayers=[];

for isQuantum=0:1

disp([’isQuantum = ’,num2str (isQuantum)]);

for rParticle=rParticles
disp ([’ Computing rParticle = ’,num2str (rParticle)]);
% Input parameters

phi = 4.5;

plasmaFreqg = 8.9; % eV

gamma=1/17e-15;

epsBgParticle=5;

epsBgAir=1;
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wl=368.59897e-9; % surface plasmon resonance freq, Frohlich condition

evanescentFieldWidth = 4e-6; % evanescent field width/width of region
— outside particle, m

nEvanescentLayers=2000000;

% Constants
c=299792458; % m/s
% values of hbar (hb), mass of electron (mE) and magnitude of
% electron charge (gE) from Wolfram Alpha
hb=1.054571817646156391262428003302281e-34; % Js
mE=0.99%x9.109383632e-31; % kg effective mass in silver

gkE=1.602176634e-19; % C

omega=2xpixc/wl;
omegapSg= (plasmaFreg+qE) "2/hb"2;

k=sqgrt (2+mE+gExphi) /hb;

totalRadius=rParticletevanescentFieldWidth;
nParticlelLayers=round (rParticlexnEvanescentlayers/evanescentFieldWidth
— )i

nlLayers=nParticlelayers+nEvanescentLayers;

dr=totalRadius/nLayers;

Q

% vector of radius points

14

r=linspace (0, totalRadius,nLayers) .’;

epsn=zeros (nLayers, 1) ;

An=zeros (nlayers,l); % coefficients An and En

En=zeros (nLayers, 1) ;
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zeros (nLayers, 1l); % polar vector components of E

Ethetan=zeros (nlLayers, 1) ;

for

end

j=l:nParticlelayers

epsn (J) =epsBgParticle-omegapSq/ (omegax (omega+lixgamma)) ;

Ern(j)=-En(3J);

Ethetan (J)=En (73);

oneThird=1/3;

for

j=nParticlelayers+l:nLayers
if isQuantum

epsn (j) =epsBgAir-omegapSq/ (omegax (omega+lixrgamma) ) xexp (-2xk* (r

— (j)-r(nParticlelLayers+l)));

else
epsn (j)=epsBgAir;

end

epsNmloverN=epsn (Jj—1) /epsn(7j);

rCubed=r (j) "3;

En (j)=oneThirdx ( (2+epsNmloverN) «En (j—1) +2/rCubedx* (1-epsNmloverN) *

— An(j-1));

An (j)=oneThirdx (rCubedx (1-epsNmloverN) «En (j-1) + (1+2*epsNmloverN)

— An(j-1));

end

Ern (j)=2%An (j) /rCubed-En (7J) ;

Ethetan (j)=An (j) /rCubed+En (3j);
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% normalize
normFac=En (end) ;
Ern=Ern/normFac;
Ethetan=Ethetan/normFac;
% integrate, Method 2 (see analytic integration below)
volParticle=4/3+pi*rParticle”3;
rPartMethod2=real (imag (epsn) .xconj (Ern) .*Ern); % small floating point
< errors create imaginary part
thetaPartMethod2=real (imag(epsn) . xconj (Ethetan) .xEthetan);
absDensityMethod2=1/volParticlex1/2« (trapz (r, r.*r.+«rPartMethod2) «2/3+
— trapz(r,r.+r.xthetaPartMethod2) «4/3) »2xpi;
absDensitiesMethod2=[absDensitiesMethod2 absDensityMethod2]; $#ok<
— AGROW>
if isQuantum
storedNEvLayers=[storedNEvLayers nEvanescentlLayers]; $#0k<AGROW>
storedNLayers=[storedNLayers nlLayers]; $#o0k<AGROW>
end
end
if isQuantum
absDensitiesQuantumMethod2=absDensitiesMethod?2;
else
absDensitiesClassicalMethod2=absDensitiesMethod?;
end
absDensitiesMethod2=[];
end
%% plot of absorption density

figure;
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113 rAxis=rParticles*1e9;

114 maxVal=max (absDensitiesClassicalMethod?2) ;

115 plot (rAxis, absDensitiesClassicalMethod2/maxVal) ;

116 axis tight

117 hold on

118 plot (rAxis, absDensitiesQuantumMethod2/maxVal);

119 legend (' CEM’,’QCM’, " Location’,’southeast’);

120 xlabel (' Particle radius, r (nm)’);

121 ylabel (' Normalized absorption density’);

122 set (geca,’XMinorTick’,’on’,’YMinorTick’,’ on’);

123 set (gecf, 'Position’, [200,400,500,3507);

124 y1lim([.9+min (absDensitiesQuantumMethod2/maxVal), 1.05+max (
<~ absDensitiesClassicalMethod2/maxVal)]);

125 set (gca,’ fontname’,’times’)

126

127 exportgraphics (gef, [’gcm-absorption.pdf’])

128

129 %% plot of field distribution and permittivity

130 figure;

131 fracLeft=0.01715;

132 fracRight=.0173;

133 ptsLeft=round (fracLeft+length (Ern));

134 ptsRight=round (fracRight+length (Ern));

135

136 EsgPlot=abs (Ern (ptsLeft:ptsRight))."2;

137 yyaxis left

138 semilogy (r (ptsLeft:ptsRight) «x1e9,EsgPlot) ;

139 axis tight

140 xlabel (' Radius, r (nm)’)

141 ylabel ('Electric field intensity squared, |[E|"2 @ \theta=0')

142 hold on

143 yyaxis right

144 set (gca,’XMinorTick’,’on’,’YMinorTick’,’on’);
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plot (r (ptsLeft:ptsRight) x1e9, real (epsn (ptsleft:ptsRight)),’ ——");

plot (r (ptsLeft:ptsRight) x1e9, imag (epsn (ptsLeft:ptsRight)),’:’);

axis tight

ylabel ('Relative permittivity, \epsilon_r’);

hold off

legend(’ |E| "2’ ,’Re \epsilon_r’,’Im \epsilon_r’,’Location’,’southeast’);
set (gca, ’ fontname’ , " times’)

set (gecf, 'Position’, [200,400,500,3501);

exportgraphics (gecf, ['gcm-field-permittivity.pdf’])

%% plot of number of layers in quasi-static model vs. particle radius

figure;

rAxis=rParticles*le9;

plot (rAxis, storedNLayers);

set (gca, ’ fontname’,’ times’)

set (gcf, 'Position’, [200,400,500,3501);

axis tight

ylabel (' Number of layers in quasi-static model’)
xlabel (' Particle radius, r (nm)’)

set (geca, ' XMinorTick’,’on’,’YMinorTick’,’on’);

exportgraphics (gecf, [’gcm—num-layers.pdf’])

%% analytic integration:

clear

syms theta

int (cos (theta) "2+sin(theta), [0,pi])

oo
Il
I

N

N

W

oo
Il
Il

Y

AN

(V)

int (sin(theta) "2«sin(theta), [0,pi])
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C.2.3 enzQuasiStatic.m

This file evaluates the quasi-static QCM model. It is mostly a repeat of what is given in
Section C.2.2, the file enzQuasiStaticMethod2.m, except that it also includes the polar

matrix method of numerical integration. The outputs of this file are not shown in Chapter 5.

%% Quasi-Static ENZ

clear all $#0k<CLALL>

rParticles=4e-9:4e-9:40e-9;
absDensities=[];
absDensitiesMethod2=[];

for isQuantum=0:1

disp([’isQuantum = ’,num2str (isQuantum)]);

for rParticle=rParticles
disp ([’ Computing rParticle = ’,num2str (rParticle)]);
% Input parameters

phi = 4.5;

plasmaFreqg = 8.9; % eV

gamma=1/17e-15;

epsBgParticle=5;

epsBgAir=1;

wl=368.59897e-9; % surface plasmon resonance freq, Frohlich condition

evanescentFieldWidth = le-6; % evanescent field width/width of region
— outside particle, m

nEvanescentLayers=500000;

% Constants

c=299792458; % m/s
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% values of hbar (hb), mass of electron (mE) and magnitude of
% electron charge (qgE) from Wolfram Alpha
hb=1.054571817646156391262428003302281e-34; % Js
mE=0.99%x9.109383632e-31; % kg effective mass in silver

gE=1.602176634e-19; % C

omega=2xpixc/wl;
omegapSg= (plasmaFreg*gE) "2/hb"2;

k=sqgrt (2+xmE+«gExphi) /hb;

totalRadius=rParticle+evanescentFieldWidth;

nParticleLayers=round (rParticle*nEvanescentlLayers/evanescentFieldWidth

nLayers=nParticlelayers+nEvanescentlLayers;

dr=totalRadius/nLayers;

o

% vector of radius points

4

r=linspace (0, totalRadius,nlayers) .’;

epsn=zeros (nLayers, 1) ;

o

An=zeros (nLayers, l); % coefficients An and En

En=zeros (nLayers, 1) ;

Ern=zeros (nLayers,l); % polar vector components of E

Ethetan=zeros (nlLayers,1l);

for j=l:nParticlelayers

epsn (J) =epsBgParticle-omegapSq/ (omegax (omega+lixgamma)) ;
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Ern(j)=-En(Jj);
Ethetan (j)=En (J);

end

oneThird=1/3;
for j=nParticlelayers+l:nLayers
if isQuantum
epsn (j) =epsBgAir-omegapSg/ (omegax (omega+lixrgamma)) xexp (-2xkx* (r
— (j)-r(nParticlelLayers+1l)));
else
epsn (j)=epsBgAir;

end

epsNmloverN=epsn (j-1) /epsn (j);

rCubed=r (Jj) " 3;

En (j)=oneThirdx* ( (2+epsNmloverN) *En (j—1) +2/rCubed* (1-epsNmloverN) *
— An(3j-1));
An (j)=oneThirdx (rCubedx (l-epsNmloverN) *xEn (j-1) + (1+2+epsNmloverN)

— An(j-1));

Ern(j)=2*An (j) /rCubed-En (7j);
Ethetan (j)=An (7j) /rCubed+En (j) ;
end
% normalize
normFac=En (end) ;
Ern=Ern/normFac;
Ethetan=Ethetan/normFac;

o

% integrate, Method 1
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88 % https://www.mathworks.com/matlabcentral/answers/1711925-polar—

< surface-numerical-integration

89 nThetas=300;

90 thetald=linspace (0, pi, nThetas) .’;

91

92 ErThetaPolar=zeros (nLayers,nThetas) ;

93 for jR=1:nLayers

94 for jTheta=l:nThetas

95 rPart=Ern (JjR) xcos (thetald(jTheta));

96 thetaPart=Ethetan (jR) *sin (thetald (jTheta));

97 ErThetaPolar (jR, jTheta)=conj (rPart) »rrPart+conj (thetaPart) *

— thetaPart;

98 end

99 end

100

101 volParticle=4/3xpixrParticle”3;

102 Integrand=zeros (nLayers,nThetas);

103 for j=1:nThetas

104 Integrand(:, j)=imag (epsn) .+*ErThetaPolar (:, j) .+sin(thetald(3j));

105 $Integrand(:, j)=ones (size (ErThetaPolar(:, j))) .#*sin(thetald(7j));

106 end

107 absDensity=1/volParticlexl/2+trapz(r,r.*r.*trapz (thetald, Integrand,2))
— *2xpi;

108 %absDensity=trapz (r, r.+r.+trapz (thetald, Integrand,2) ) «2+pi;

109

110 absDensities=[absDensities absDensity]; $#ok<AGROW>

111

112 % integrate, Method 2 (see analytic integration below)

113 rPartMethod2=real (imag (epsn) . xconj (Ern) .xErn); % small floating point

< errors create Iimaginary part
114 thetaPartMethod2=real (imag (epsn) . xconj (Ethetan) . «Ethetan) ;
115 absDensityMethod2=1/volParticlex1/2« (trapz (r,r.*r.+«rPartMethod2) «2/3+

— trapz (r,r.*r.*xthetaPartMethod2) x4/3) x2+pi;
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116

117 absDensitiesMethod2=[absDensitiesMethod?2 absDensityMethod2]; $#o0k<
— AGROW>

118 end

119

120 if isQuantum

121 absDensitiesQuantum=absDensities;

122 absDensitiesQuantumMethod2=absDensitiesMethod2;

123 else

124 absDensitiesClassical=absDensities;

125 absDensitiesClassicalMethod2=absDensitiesMethod2;

126 end

127 absDensities=[];

128 absDensitiesMethod2=[];

129 end

130

131 5%

132 figure;

133 rAxis=rParticles*1e9;

134 plot (rAxis, absDensitiesClassical, ’'-o');

135 hold on

136 plot (rAxis, absDensitiesQuantum, ’'-o’);

137 plot (rAxis, absDensitiesClassicalMethod2, ’'-o’);

138 plot (rAxis, absDensitiesQuantumMethod2, ’'-o’);

139 legend (' CEM (Method 1)’,’QCM (Method 1)’,’CEM (Method 2)’,’QCM (Method 2)’,’
— Location’,’southeast’);

140 xlabel (' Particle Radius, r (nm)’);

141 ylabel (' Absorption Density’);

142 set (geca,’XMinorTick’,’on’,’YMinorTick’,’on’);

143

144 %exportgraphics (gcf, [’gcm-absorption.pdf’])

145

146

oo
oo



147
148
149
150
151
152
153
154
155
156
157
158
159
160
161

figure;

plot (r,abs (Ern) . 2)

oo

hold on

% yyaxis right

oo

plot (r, real (epsn));

oo

plot (r, imag (epsn)) ;

oo

hold off

oo

%% Analytic integration:

clear

syms theta
int (cos (theta) "2+sin(theta), [0,pi])

int (sin(theta) "2+«sin(theta), [0,pi])

oo

oo

legend(’ |E| "2 @ \theta=0’,’real (\epsilon)’,’imag(\epsilon)’);
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