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Abstract

The invariant subspace problem is the long-standing question whether every
operator on a Hilbert space of dimension greater than one has a non-trivial
invariant subspace. Although the problem is unsolved in the Hilbert space
case, there are counter-examples for operators acting on certain well-known
non-reflexive Banach spaces. These counter-examples are constructed by
considering a single orbit and then extending continuously to a bounded lin-
ear map on the entire space. Based on this process, we introduce an operator
which has properties closely linked with an orbit. We call this operator the
orbit operator.

In the first part of the thesis, examples and basic properties of the orbit oper-
ator are discussed. Next, properties linking invariant subspaces to properties
of the orbit operator are presented. Topics include the kernel and range of
the orbit operator, compact operators, dilation theory, and Rota’s theorem.

Finally, we extend results obtained for strict contractions to contractions.
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Chapter 1

Background on Invariant

Subspaces

The study of the invariant subspaces of operators acting on a Hilbert space
(or more generally a Banach space) is a natural generalization of the same
concept for operators acting on a finite dimensional vector space. At its
most basic level, it is the theory of eigenvalues and eigenspaces for operators
on finite dimensional vector spaces. On any finite dimensional vector space
over the complex numbers, every operator has an eigenvalue and hence an
eigenvector. This fact leads to the result that any operator on a finite dimen-
sional complex vector space has a basis for which its matrix representation
is upper triangular. In this section, we will introduce the basic properties
of invariant subspaces using the finite dimensional case as a guide to results

which we would like to hold for infinite dimensional Hilbert spaces. For other
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introductions to invariant subspaces, any of [3], [9] and [19] contain the basic
facts.

Throughout, T will be an operator (bounded linear map) acting on H (a
separable complex Hilbert space). We will denote the set of all operators
acting on ‘H by B(H). We will use < .,. > to denote the inner product of
H. A linear manifold of H is a non-empty set which is closed under vector
addition and scalar multiplication but may not be closed in the norm topol-
ogy. A subspace of H will be a (norm) closed linear manifold of H. The
orbit of t € H under T € B(H) is the set {z,Tz,...,T"z,...}. Given a set
of vectors, S, in H, we will use span(S) and Span(S) to denote the linear
manifold and subspace generated by S respectively. We will also denote the

subspace generated by the orbit of z under 7" by M,. That is,
M, =span{z, Tz, T?z,...}

Other notation we will use is o(7T') for the spectrum of T (i.e. o(T) = {\ €
C|(M —T) is not invertible}), r(T') for the spectral radius of T (i.e. r(T) =
SUPye,(7) |Al) and o, (T) for the eigenvalues of 7. We will also let {T}' =
{A € B(H)|TA = AT}, the commutant of T

Definition 1.1. A subspace M of H is an invariant subspace of the operator
T if for each z € M, Tz € M. We will also refer to M as T-invariant or

that M is invariant under 7.

Definition 1.2. M, an invariant subspace of T, is called reducing if M= is
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also an invariant subspace of 7.

Example 1.3. Both {0} and H are invariant subspaces for any operator in
B(H). Because of this property, they will be called trivial invariant subspaces.

They are also both reducing invariant subspaces for any operator.

Example 1.4. If z # 0 is an eigenvector of T, that is Tz = Az (for some
A € C), then the one dimensional subspace M = {az : a € C} is an invariant
subspace of T'. Moreover, unless H is one dimensional this subspace is non-

trivial.

Definition 1.5. Given an operator, T, Lat(T') will denote the collection of

invariant subspaces of T'.

Lat(T) is closed under taking intersections (that is, if M,, My € Lat(T),
then M = M; N M; € Lat(T)) and taking spans. Thus, Lat(T) is indeed a
lattice of subspaces under these operations. Moreover, given an operator, 7',
we have that Lat(T) = Lat(cT) for any non-zero ¢ € C. This implies that
we may assume that ||T'|| < 1 when studying invariant subspaces.

As mentioned above, the study of eigenvalues and eigenvectors allows for
nice (upper triangular for example) matrix representations of an operator
acting on a finite dimensional complex vector space. More generally, invariant
subspaces allow for this type of representation. Precisely, given any operator
T and a subspace M (possibly not invariant), we can write 7" as a two by

two matrix with operators A: M — M, B: M+ = M, C: M — M~ and
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D: M+ - ML
A B

C D

Now suppose that M is an invariant subspace of 7. Then, by definition,

TM C M, so that, we have C = 0 in the above. That is

If M is a reducing subspace of T, then we have that TM C M and TM* C
M, so that we have B = 0 along with C' = 0. That is

An invariant subspace, M, of an operator is also linked with properties of

the projection onto M. Precisely, we have the follow result.

Proposition 1.6. Given T an operator, M C H and P, the projection
onto M, then M 1is an invariant subspace of T if and only if TP = PTP.
Moreover, M is reducing if and only of TP = PT.

Proof: The proof of this result follows from the observation that in the two
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by two matrix form from above we have

I 0
P=
0 0
Then _ -
A B I 0 A0
TrP= =
D 00 J 0
and
I 0 A B I 0 A0
PTP = =
00 C D 00 0 0
The first statement now follows.
For the second result, consider
I 0 A B A B
PT = =
00 C D 0

This gives us the result and also leads to the fact that M is reducing for T

if and only if M is an invariant subspace of both T" and its adjoint (7). O

One of the main reasons for studying invariant subspaces is to produce de-
compositions of the above form. If M is the span of an eigenvector, then A
is an operator on the one dimensional space given by the span of this vector.
In general, an operator on an infinite dimensional Hilbert space may not

have any eigenvalues or any non-trivial reducing subspaces (the unilaterial
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shift is an example of such an operator). However, it is unknown whether
there exists an operator on an infinite dimensional Hilbert space which has
no non-trivial invariant subspaces. This question is known as the invariant
subspace problem and is one of the most fundamental problems in operator
theory. When studying invariant subspaces, it is useful to consider the orbit
of a point or a set of points under the action of an operator. Precisely, given
an operator, T, and a set of vectors, S C H, we are interested in the smallest
T-invariant subspace which contains S. For example, if S = {z}, we have
that
M, =span{z,Tz,T’z,...}

is T-invariant and is also the smallest such subspace (smallest in the sense

that if M is T-invariant and z € M, then M, C M).

Definition 1.7. z € H is said to be a cyclic vector of T (or T-cyclic) if
M, is all of H, that is if span{z, Tz, T?z,...} = H. We will call T a cyclic

operator if there exists z which is cyclic under 7.

For a general subset, S, the smallest T-invariant subspace containing S is
given by the closed span (taken over z € S) of the subspaces M. In par-
ticular, if M is a non-trivial invariant subspace of T', then each z € M is
non-cyclic. This follows since M, C M and M is the closed span of the

subspaces M. From this fact, we have the following result.

Proposition 1.8. T' has no non-trivial invariant subspaces if and only if

each non-zero x € 'H is cyclic under T'.
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Proof: If T has no non-trivial invariant subspaces, then for each z # 0,
M, # {0} and is invariant under 7. Hence, M, = H. The converse follows

from the previous paragraph. O

A cyclic vector of an operator on a finite dimensional vector space leads to
a nice matrix representation. Namely, if 7" is a cyclic operator, then there

exists a basis such that the matrix of 7" with respect to this basis is of the

below form. i )
00 O Qg
10 0 ay
0 1 0 Qo

| 00 ... 1 Af—-1 ]

To conclude this section, we give a brief discussion on some important re-
sults concerning the existence of invariant subspaces. Details on the results
below can be found in [19]. As mentioned above, the problem of finding a
non-trivial invariant subspace for an operator on a finite dimensional or non-
separable space has been solved. In the separable case, a number of positive
results have been discovered. Many of the successful methods used to prove
the existence of a non-trivial invariant subspace involve using compactness
arguments. One of the most notable is Lomonosov’s Theorem which states
that an operator that commutes with an operator that commutes with a
compact operator has a non-trivial invariant subspace. This result clearly

implies that any compact operator has a non-trivial invariant subspace.
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A collection of operators acting on a finite dimensional space is triangular-
izable if there is a basis of the vector space such that each of the matrix
representations of each operator in the collection is upper triangular with
respect to that basis. In infinite dimensions, this can be generalized to the
existence of a chain of subspaces, each of which is an invariant subspace for
each operator in the collection. The textbook [18] has a detailed study of
triangularization in both finite and infinite dimensional spaces.

Another successful method is to study normal-like operators. That nor-
mal operators have non-trivial invariant subspaces follows from the Spectral
Theorem. Other classes of operators, related to normal operators, that have
invariant subspaces are subnormal operators [5] and a large class of hyponor-
mal operators [6]. Recall that an operator is subnormal if it is the restriction
of a normal operator to an invariant subspace (e.g. the unilateral shift is the
restriction of the bilateral shift and hence is subnormal). Recall also that an
operator, T', is hyponormal if ||T*z|| < |Tz|| for all z.

Another important result which does not rely on compactness arguments or
relationships with normal operators is that if T is power bounded (i.e. there
exists M > 0 such that ||7"|| < M foralln =0, 1,...) and neither of (T™),>¢
and ((7*)")n>0 converge in the strong operator topology to zero, then T has

a non-trivial invariant subspace.



Chapter 2

Basic Properties

2.1 The Definition of OF(z)

2.1.1 Background

The invariant subspace problem is the long-standing question whether every
operator on a Hilbert space of dimension greater than one has a non-trivial
invariant subspace. This question has been answered in the affirmative for
the finite dimensional case and the non-separable case. In addition, the
existence of non-trivial invariant subspaces has been proved for many classes
of operators, such as compact and normal operators. However, for Banach
spaces, counter-examples have been discovered. These counter-examples are
constructed by considering a single orbit and then extending continuously to
a bounded linear map on the entire space.

Based on this construction, it seems reasonable to attempt to give conditions
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on an orbit of a single vector which lead to such an operator. As a starting
point, given a contraction (an operator with norm less than or equal to one),
T, and a vector, z, in the space, we define a new operator closely linked
with the orbit of z under 7. We call this new operator the orbit operator
of T at z. It has properties closely linked with the cyclic behaviour of z.
Moreover, if we assume that 7" is a strict contraction, then the orbit operator
will turn out to be trace class and hence easier to work with than an arbitrary
operator. At first, this method appears to restate a hard problem about a
single operator into a problem about an uncountable number of “nicer” (i.e.
trace class) operators. In fact, we can gain information about the action of
T on many vectors in the space from a single orbit and hence from a single
trace class operator. The operator we will define is similar to one studied by
Caradus in [7] (see the remarks following Definition 2.1).

Recall that we will let H denote an infinite separable complex Hilbert space
and T a linear operator acting on it. Also, recall that T is said to be cyclic if
there is z € H such that span{T™z},>¢ is dense in H. An z with this property
will be called a cyclic vector of T. If the orbit of z (i.e. the set {z,Tz,...})
is itself dense, then T is said to be hypercyclic and z is called a hypercyclic
vector of T. Between these two notions is the notion of supercyclicity for
which there exists z € H such that the set {\T"z : n > 0 and A € C} is
dense in H.

It is a well known consequence of the Hahn-Banach theorem that a linear

manifold M contained in H is dense if and only if the only linear functional
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in H* which vanishes on M is the zero functional. Thus, a necessary and

sufficient condition for z € H to be cyclic for 7" is that
Mi={yeH| <y Tz>=0forn=0,1,...} =0

As discussed earlier, cyclic vectors are closely linked with the invariant sub-
space problem, because T has no non-trivial invariant subspaces if and only
if every nonzero x € ‘H is cyclic for 7". This is equivalent to the assertion that
M2 = 0 for all nonzero z € H. We now introduce the operator mentioned
in the introduction. The properties of this operator will be the main topic

of this thesis.

Definition 2.1. Let (e;)2, be an orthonormal basis of H, T € B(H) and
z € H. Thenlet D, = {y € H|>_,| <y, T"z > |* < co}. We then define a

map with domain D, given by OF(z) : D, — H mapping

o
yr—>z<y,Ti:c>e,-
i=0

We will call OF(z) the orbit operator of T' at .

Remarks on Definition 2.1

If we assume that ||T'|| < 1, then for each z € H the domain of OF(z) is
all of H. Then we can define OF (z) for any T' € B(H) if we rescale T' so
that its norm is less then one. Moreover, the condition ||T|| < 1 is stronger

than required. The weakest is that the vector Zi’;o <y, T"z > e; be in the
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Hilbert space for each y € H. Another condition which implies that OF (x)
is well-defined is that >~ [|7"z|| < oo. In [17] (also see [9] pg. 214 exercise
17), it is shown that the condition ) ° ; ||T"z|| < oo for each z is equivalent
tor(T) < 1, which is equivalent to ||[7™|| < 1 for some natural number m. To
begin, unless otherwise stated, we will always assume that 7(7°) < 1. Later,
we will explore the case when this condition does not hold, namely the case
when |T| < 1. In this case, we show that OF(z) is a closed operator (see
Proposition 4.1) and give sufficient conditions for it to be densely defined
(see Propositions 4.9 and 4.12).

An important property of this construction is that OF (z) is conjugate lin-
ear when considered as a map from H to B(H). That is, OF (A\z +y) =
AO%i (z) + O%(y) for all z,y € H and A € C.

As mentioned in the introduction, this operator is closely related to an op-
erator defined in [7]. Theorem 3.19 implies that if the range of OF(z) is not
dense, then T has an invariant subspace. This result was announced in [7]
but the proof there is incomplete. Our approach is quite different from the
methods used in [7].

We now discuss the matrix of OF(z). Usually, we will be interested in the

matrix of OF (z) with respect to the basis {e;}. This matrix has the following’
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form

&I

Trx

T"'H:L”

where we have that if v € H is equal to ), vxex, then 7 = (%, v1,...). Given
an infinite matrix, (a;;);, one can define a linear map (possibly unbounded)

by defining the domain, D(A), of this map to be

D(A) ={f€H| lim Zajk < f,er > exists for each j € N
k=1

and Z | Zajk < fiex > < o0} (2.2)
ik

In other words, the domain is defined to be the set of all vectors in [? for
which the formal multiplication by the matrix (a;;);; yields a vector in %,
The map, A, is then defined by f € D(A) — 3.3 aj < f.ex > €; (see
[24] Section 6.4). To see that our definition for OF(z) is equivalent to the
definition via the infinite matrix in (2.1), we must show that the domain in
these two definitions are the same. If y € H, then for each n = 0,1,.. .,
we have < y,T"z >= ) < y,em >< em,T"z >. Since the matrix of
O%(z) has entries < e,,, 7"z >, we have that the first condition in (2.2) is

satisfied for any y € H. Moreover, the second condition in (2.2) is the same
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as 3. | <y,T"z > |*> < co. Hence the domains in both definitions are the

same.

2.1.2 Examples

In this section, we will discuss O% (z) for certain operators 7. First, we will
define the finite dimensional counter-part of OF (z). Throughout, V' will be

an inner product space over C.

Definition 2.2. Let (e;)", be an orthonormal basis of V and T € B(V).

Given z € V, we define O5i(z): V -V by y— Y iy <y, (T'z) > e;.

010

Example 2.3. Let J=| 0 0 1 |. Then, given z = [z, 2, z3]*, we have

000
T, Io X3
F@)=|2 23 0
z3 0 0

where {e;} is the standard basis for C3. It is easy to check that z is a cyclic
vector for J if and only if z3 # 0. From the matrix form of O%(z), we see
that OF (z) has trivial kernel if and only if z3 # 0. Therefore, z is a cyclic

vector of J if and only if the kernel of O (z) is trivial (cf. Proposition 2.13).
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a 0 0
Example 2.4. Les D= | 0 3 0 |. Then, given z = [z, 22, z3]*, we have

0 0 ~«

Op(z)=| az, Bz, 773

where again {¢;} is the standard basis for C3. It is easy to check that OF(z)

is a rank one operator if and only if z is an eigenvector of D. For example,

7 0 0
z=[1,0,0]" gives Of(z) = | az; 0 0 |. Thisis an instance of the result
a’z, 0 0
in Proposition 2.17.
0100
0 00O
Example 2.5. Let H = . Then, given z = [z1, T2, T3, T4,
00 01
0000

we have ) )
Ty Ty T3z Ty
T, 0 Z4 O
0 0 0 O

0 0 0 O

—

where {¢;} is the standard basis for C*. It is easy to see that H has
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no cyclic vectors and that Of%j(z) never has trivial kernel. Moreover, we
see that the rank of O}j(z) is the same as the dimension of the subspace

span{z, Hz, H?z, H3z}.

Example 2.6. Given an orthonormal basis, {e;}, we define an operator
S : H — H given by Se; = e;;;. We call S the unilateral shift on {e;}. Then
O%(eg) = I. Moreover, given any orthonormal basis {f;}, we let U denote

the unitary map taking e; to f;. Then

Of(eo) = D) <.Se> fa

n
= Y ey B S

= UD_<.en>en)
= '

We will see later in Proposition 3.15 that OF(z) is unitary if and only if T

is a unilateral shift. For a general element of z € H, we have that

Ofz)=)_<.S"z>e,
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which, with respect to the basis {e;}, has the matrix form

o -

where = [z, 1, .. .]' with respect to the basis {e;}. We note that the above

infinite matrix is a Toeplitz matrix.

Example 2.7. The adjoint of the unilateral shift is given by S* mapping e

to zero and e, to e,_; for n > 0. In this case, we get Hankel matrices of the

form B _

O¢.(z) =

where, as above, = [zg, z1,...]" with respect to the basis {e;}.
In both cases (T = S or S*), we have that OF(z) is densely defined and
closed (see [12]). Moreover, we see that OF (z) can be unbounded for some

z while it is bounded for others.
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Example 2.8. We define a weighted shift on an orthonormal basis {e;} with
weights {w;} to be the map given by e; — w;e;+1. If T is a weighted shift
on an orthonormal basis {e;} with weights {w;}, then Of(ep) is a diagonal
operator with respect to the basis {e;}. The diagonal entries of this operator
are given by 1, Wy, W1y, ..., }_yw;,.... We see that if the product of the
weights is unbounded (for example if w; = 2 for all i), then O%(ep) is not
a bounded operator. However, if the weights satisfy |w;| < 1 (for example

if ||T|| < 1) then we have that O (ep) is bounded. For a general element

T = [xg, T1,...]" with respect to the basis {e;}, the matrix of OF(z) is

To I ) T3 T4
0 wWeTy w7 WoTo W3T3
0 0 WoW1Tg  W1Waly WaW3To
0 0 0 WoW W Ty W1 WoW3T1
0 0 0 0 W WaW3To
L 2

Example 2.9. Assume that z is an eigenvector of 7" for the eigenvalue A. In

the finite dimensional case (dim(V') = N), we have that OF (z) is given by

N N
07 (z)(y) =Z <, T e > e, = ZX” LY, T > ey

n=0 n=0

This is a rank one operator if z # 0.

In the infinite dimensional case, if |A\| < 1, then we notice that OF () is given
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by
07 (z)(y) = Z <y,T'z>e, = 25\" < 9, > ey

n=0 n=0
This defines a bounded operator which is again rank one.
However, if |A\| > 1, then O%(z) has domain {z}*+ and OF(z) = 0 on its
domain. Based on the above, we see that if 7' = I, then for each z € H,

O%i () has domain equal to its kernel which is {z}*.

Example 2.10. Now suppose that y is an eigenvector of 7 for the eigenvalue

A. If |A| < 1, then for any nonzero x and orthonormal basis {e;}, we have

oc

03(@)) = Y. <yT'z>e,

n=0
(%)

= Z < (T*)"y,z > e;4

n=0

= i)\"<y,x>en

n=0

We see that OF(z)y is an element of the Hilbert space, so y is an element of
the domain of O (z) for every z € H.

However, if |A\| > 1, then y is not an element of the domain of = unless
z € {y}*+. This follows since Y - ;A" < y,z > e, is not an element of the

Hilbert space unless z € {y}*. That is,

o0 o0
Yl<y,Tz>P=) (NPl <y,z> [
n=0 n=0

is infinite unless < y,z >= 0.
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Example 2.11. Let T be a diagonal operator of the form

B 0 0 =
0 0 0
0 0 XN 0 0
0 0 0 p O

f |

where |\;| = 1 and |g;| < 1. We then have, for z = [zg, 71, .. .]¢, that OF(z)

is given by
Ty T el Tk+1
AoZo MZ1 o foZker
(Mo)"Zo  (A1)"Z (Fo)"Tr41

This, in general, defines an unbounded operator with domain span{ej1, .. .};

however, if we consider the operator Dy = (I—T*T)2, then O% (z) Dy is given

by
0 0 - (1= |uol®)Zh1
0 0 - fo(l—|uol®)Ths
0 0 -+ (FE)"(1—|uol®)Zhsa

This is a bounded operator. This example illustrates how we will generalize
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to the case when |T|| = 1 in Chapter 4.

2.1.3 Some Properties of OF(zx)

We now study some of the basic properties of OF (z). Firstly, it is clear that
O% () is linear, but we will shortly prove that if 7(7") < 1, then OF (z) is a
compact operator for any choice of z € H. The condition used in the proof
is that > ||T"z||*> < co. If (T) < 1, this condition holds for all z € H.
If |T|| = r(T) = 1, then we have seen examples for which OF(z) is not

compact. In fact, we have seen examples where OF () is unbounded.

Theorem 2.12. If Y | T"z||? < oo, in particular if r(T) < 1, then OF(z)

18 compact.

Proof: We will give two proofs. For the first, we consider the sequence of

finite rank operators given by

F=) <.Tr>e
Jj=0
We will show that F), tends to OF (z) in norm. Consider a unit vector y € H

and

0% (2)y — Fyll> = D | <y, Tz >

n>k

lyll* Y 1T

n>k

IA
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Thus |05 (z) — F||? < 3ok IT"z||?. Since }_, |T"z||* converges, we have
that F tends to OF(z) in operator norm and hence that OF () is compact.
This completes the first proof.

We can also prove the result by showing that if f, — f weakly, then
OF(z)fx — OF(z)f in norm. This type of argument will be used again
later in the section on limit results. Let ¢ > 0 and f; tend to f weakly.
Then, by the principle of uniform boundedness (see [9] II1.14), there exists
M > 0 such that supi| fr — f|| < M. Consider

105 (2)(f) = O (@) = 105 (@)(fx — NI
= 1D <fi- Tz > e

Il

Y | £ fe—FiT =P

n=0

Now, since ) " ||T"z||? converges, there exists N > 0 such that
= €
M T"z||*) < =
(>l < 5

Moreover, since fi. tends to f weakly, there exists K > 0 such that

N-1

Sl<fi-fTe>P<sfork>2K
=0
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These two facts imply that

Z|<fk—f,T"a:>|2<efork2K
n=0
So we have that OF (z) fy — O%(z)f in norm. (]

The following result links OF(z) to invariant subspaces of T'. Recall that

M, =span{z,Tz,...}.
Proposition 2.13. ker(O%(z)) = Mzx. Hence z is T-cyclic if and only if
ker(0%(z)) = {0}.
Proof:
O5(z)(v) =0 & > <y, (T'z)>e=0

=0
& <y, (T)z >=0 for each i

& yeM;

We have the following interesting property of OF (z)

Proposition 2.14. Given T € B(H) and A € {T}', the commutant of T,
then for each f € H, we have f € dom(O%F(Az)) if and only if A*f €
dom(O% (z)) and, if this is the case, then OF (z)(A*f) = OF (Az)(f).
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Proof:

f € dom(0%i(Az)) & Y | < f,T"(Az)>|* < o0
& Y |<fAT"z> "< oo
& Y |<AfTz> <0

& A'f € dom(0%(x))
Now, if A*f € dom(O7(z)), then

Of(z)(A'f) = Y <Af,T'z>e,
= Z < f,AT"z > e,

= Z < [, T Az > ey,

= Or(4z)(f)

O

We now give a proof of a well-known result about invariant subspaces to give

an application of the operator OF ().

Theorem 2.15. Let T € B(H) and suppose that there exists A € {T}', the
commutant of T, that is not a multiple of the identity and is such that A*

has an eigenvalue. Then T has an invariant subspace.

Proof: Since A* has an eigenvalue, A, then AI — A* has zero as an eigenvalue
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(and is nonzero since A is not a constant multiple of the identity). So, by re-
placing A by A\I — A, we may assume A* has a zero eigenvalue. It follows that
A*f = 0 for some nonzero f. Hence, for all z, we have OF (z)(A*f) =0 and
since A € {T}’, we have, by Proposition 2.14, OF(z)(A*f) = OF(Az)(f).
Now, since A is nonzero, there exists z € H such that Az = z # 0, but

f € ker(O7(z)) so z is not cyclic; hence T has an invariant subspace. O

We now prove a number of other results relating properties of the operator

O7 (z) with properties of invariant subspaces of T'.

Proposition 2.16. ker(OF(z)) is T* invariant and hence Tange(OF (x)*) is

T invariant.
Proof:
f € ker(O%(z)) = < f,T"z>=0foralln

= <T*f,T"z>=0foralln

= T*f € ker(0F(z))

O

Theorem 2.17. A vector x € 'H belongs to a finite dimensional invariant

subspace of T if and only if OFi(x) is a finite rank operator.

Proof: First, assume that OF(z) is a finite rank operator. Then OF(z)* is

also finite rank. However, OF(z)* = >, < .,e, > T"z and so OF(z)%e, =
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T"z for n = 0,1,.... Thus, the set {z,Tz,...} is contained in the range of
OF(z)*. It follows that M, is finite dimensional. The first implication now
follows since x is clearly an element of M, and M, is an invariant subspace
of T.

For the converse, we have that the range of OF (z)* is contained in M, which
is finite dimensional by assumption. Hence, OF(z)* is a finite rank operator
with rank equal to dim(M,). By properties of the adjoint, it follows that
rank(O%F(z)) = dim(My). O

During the above proof, notice that a formula for the adjoint of the orbit

operator was determined.

Proposition 2.18. O7(z)* =), < .,e, >T'z

2.2 Limit Results

In this section, we will assume that r(7") < 1 and will prove certain limit

results. This is assumed so that 3 [|77? is finite.

Theorem 2.19. If a sequence x, converges to x in norm, then OF(x,) con-

verges to OF (z) in operator norm.
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Proof: Let y € H with ||y|| = 1. Then

1(0%(za) = OF@NHIF = D | <y, THzn—z) > |
k=0
< P IT @n — 2)IP
k=0

oc
< llen—al® Y ITH?
k=0

Since Y12, ||T*||*> converges, the result follows. O

Theorem 2.20. If a sequence x, converges to x weakly, then OF(z,) con-

verges to OF (z) in the strong operator topology (SOT).

Proof: The proof of this result is similar to the proof that OF (x) is compact.

Fix y € H and then for each x € H we have

Of()y) = Y <yT'z>e,

n=0

= i < 2, (T")* >e;

n=0

= O7.(y)(2)

For fixed y, we have OF (z,)(y) = OF.(y)(z,) which, using the compactness
of O%.(y), tends to OF.(y)(z) = O%(z)(y) in norm. That is, OF (z,) tends
to OF(z) in the SOT. O

Theorem 2.21. If a sequence of operators T,, satisfies

1) ||T,|| < 1 converges in the SOT to T with ||T|| < 1
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2) supn{||Tnl|} <1
3) T, € {T} foralln

then OF (z) converges to OF () in norm.

Proof: Let y € H with ||y|| = 1. Then

(0%, (2) = OF@)W)I* = 1) (<9 Thz > - <y, Tz >)el

k=0

= 3 Jeylf=Tw =

=0

< P NTE - Th)a)?
k=0
= Y ITE + TE2T + ..+ ToT2 + T+ (T — D
k=0
< T =Dl Y- K (supa{I Tl ITI 14

k=0

Now since T,, converges to T in the SOT and > _po ; k% (sup,{||T. I, | T||})**—Y

converges by 2), we have the result by the above inequality. O

Theorem 2.22. If z,, tends to x in norm and y; tends to y weakly, then

limy, oo OF (2n)(yn) = OF (2)(y) in norm.
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Proof:

0% z)(3) — OE@WI = 105 (@n)(w1) — O% () yn) + O% (@) (3 — W)
0% (zn — ) (@)l + 05 (@) (o — )
< \/Zl < Yns T (@0 —2) > P+ 105 (@)W — )|

IA

IN

lyellllzn = 2l /> IT*II2 + 10 () (yn — 9)I

Since yi tends to y weakly and OF(z) is compact, then ||OF (z)(yn — )|
tends to 0. Moreover, |y < M; for some M; > 0, 3, || T%||> < M, for
some M, > 0 and ||z, — z|| tends to 0. Hence, we have the result from the

inequality above. O

Corollary 2.23. If z, tends to x # 0 in norm, y tends to y # 0 weakly and

O7F(z,)(yn) tends to 0, then T' has an invariant subspace.

Proof: The above theorem implies that O (z)(y) = 0. Moreover, since z,y

are both nonzero, the result follows by Proposition 2.13. O

2.3 Functional Calculus and O (z)

In this section, we will use the functional calculus of 7" to gain informa-
tion about the behaviour of the orbits of points outside the linear span of

{z,Tz,...}. We will again assume that 7(T") < 1.
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Notation 2.24. Given a polynomial, p(t) = >_7_ja;t?, we will let p(t) =
Z?:o a;t!. For the power series of a function f, we will use the same notation.
That is, if f =Y, a;#/, then f =3, @t/

Proposition 2.25. Let p be a polynomial and S be the unilateral shift on

the basis {e;}. Then
O (p(T)z) = p(S7)OF (z) = OF (x)p(T™)

where p is defined above.

Proof: To prove this result, we consider OF(T'z). Recall that e, = S*ep4

and S*ey = 0.

OXTE) = Z <., Tz > e,

n>0

= Z < .,Tn+ll' > S*en+l

n>0

= S*Z <. T > e,
n>0

~ 5°0%()

This easily implies that OF (T™z) = (S*)™O% (z) for m = 0,1,.... Also, for
a € C, we have OF(az) = aO7(z). The first equality now follows for all

polynomials since OF(.) is a conjugate linear map. For the second equality,



CHAPTER 2. BASIC PROPERTIES 31

consider

O (Ts) = Z & LTV yine,

n>0

= Z 2., T > ey
n>0

= 0%(z)T"

O

From this result, we have the following proposition which links the cyclic
vectors in M, with the range of OF(z). Here, as above and in what follows,

S will denote unilateral shift on the basis {e;}.

Proposition 2.26. Let x be a cyclic vector of T, p a polynomial and y =
p(T)z (i.e. y € span{z,Tx,...}). Theny is T-cyclic if and only if range(OF (z))N
ker(p(S")) = {0}.

Proof: First assume that y is T-cyclic. Then, by Proposition 2.13, ker(O% (y))
is trivial. Since y = p(T")z, we can apply Proposition 2.25 to get OF(y) =

p(S*)O% (z). Since OF(y) has trivial kernel, we have that range(O7(z)) N

ker(5(S")) = {0}.

For the converse, we again have that OF(y) = p(S*)O% (z). Now, since z

is T-cyclic, ker(O%(z)) is trivial (again by Proposition 2.13). By assump-

tion, range(OF (z)) N ker(p(S*)) = {0} and hence p(S*)OF(z)z = 0 if and

only if OF (z)z = 0 which occurs if and only if 2 = 0. That is, the kernel of

p(S*)0% (z) = OF(y) is trivial. Hence, by Proposition 2.13, y is T-cyclic. O
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We can use this method on elements of the Hilbert space which are in
span{z,Tz,...} but are not in span{z,Tz,...} by using analytic function
theory. Recall that the definition of f is the same as the one used for poly-
nomials only on the power series of f. To do this, we need to make sense of
f(T). Moreover, we would like to define f(7") in a way which extends the
definition of p(T') for a polynomial p. If we consider f which is analytic on
an open neighborhood of the closed unit disk, then we have a power series
for f(z) given by f(z) = >, a,2". Moreover, there exists ¢ > 0 such that
this series converges for all |z| < 1+ e. The most natural way of defining
f(T) would be to consider ) a,T". This sum converges in operator norm
since |T|| < 1 so that f(7T') is well-defined. Moreover, the mapping from the
functions which are analytic on an open neighborhood of the closed unit disk
to the bounded linear operators on H via f — f(7T) respects the algebraic
structure of the functions (e.g. (c¢f)(T) = cf(T), (f + g)(T) = f(T) + g(T),
etc). Given T' € B(H), the process of taking a class of functions and mapping
them into B(H) in this way is a functional calculus for 7. The reader can
find more on the analytic functional calculus in any of [3], [9], and [19]. The
result we will use is that if f is analytic on an open neighborhood of o(T),

the spectrum of T', then the analytic functional calculus of T gives meaning

to f(T).

Proposition 2.27. Let f be a complex function which is analytic on an open
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neighbourhood of the closed unit disk (i.e. o(S*)). Then

OF (f(T)z) = f(57)0% (2) = OF (&) f(T7)

- Proof: Consider a sequence of polynomials p,, where p,, tends to f uniformly
on the unit disk. Then p,(T)z tends to f(T)z and p,(S*) tends to f(S*).
Using the fact that the assertion holds for the polynomials (Proposition 2.25)
and that the map = — OF(z) is continuous with respect to the norm topology

(see Theorem 2.19), we have

04(f(T)z) = OF(lim p,(T)z)
= lim O5(pa(T)2)
= (lim $n(5"))0%(2)
= f(5705()

The second result follows in the same way from the corresponding result for

polynomials (see 2.25). O
We can generalize the previous result (Proposition 2.26) to

Proposition 2.28. Let = be a cyclic vector of T and f be analytic on an

open neighborhood of the closed unit disk such that f(T)x # 0. Then f(T)z

~

is T-cyclic if and only if range(O% (x)) N ker(f(S*)) = {0}.
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Proof: Follows in the same way as Propostion 2.26. O

We can actually increase the class of functions for which the above result
holds. Let H* be the set of analytic funtions in the unit disk for which the
functions f,(f) = f(re®) are uniformly bounded in L*®-norm for 0 < r < 1
(see [16]). For S*, there exists a functional calculus for functions in H* (see
[3], [10] or [21]). By using this functional calculus of the backward shift, S*,
we can extend the result above. The analytic functional calculus of T can
be applied to any function which is analytic on an open neighbourhood of
its spectrum. In particular, since r(7") < 1, the analylic functional calculus
of T' may be applied to any function in H*°. Recall that the hat notation is

defined in Notation 2.24.

Proposition 2.29. If ¢ € H*, then

6(57)0% (z) = OF(¢(T)z) = OF (2)$(T")

Proof: We have a sequence of polynomials p, such that p,(S*) war o(S)

(see [3] Chapter XI Corollary 1.4). Moreover, since 7(7T") < 1, then, by the
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analytic functional calculus of T, we have p,(T) — ¢(T). Thus,

04(4(T)z) = O (lim p,(T)z)

= lim O7(pa(T)z)

= lim OF(pa(T)z)
= [lim pn(57)07 (2)

= f(57)07(z)

Again, the second equality follows in a similar way from the corresponding

result for polynomials. O

The above results mean that from the orbit of a single point we can get in-
formation on the behaviour of a large set of vectors. We will see later how
this can be extended to further restrict the range of OF (z) in the case when

T is assumed to have no non-trivial invariant subspaces.

2.4 Change of Basis and Unitary Transfor-
mations

We now prove a result concerning how Of(z) transforms under a unitary
transformation and how, given two bases {e;} and {f;}, O%(z) and O%(z)

are related. Since the cyclic behaviour of z under T is invariant under a
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change of basis, we should have that the kernel of Of(z) and Ofi(x) are
the same. In this section, we need only assume that OF(z) is compact. In

particular, this occurs in the case r(7) < 1.

Proposition 2.30. Let U and V be unitary. Then UO% (z)V* = OV%.(Vz).
In particular, 05 (z) = UO%(z).

Proof: Given f € H, we have

UOS(z)V*(f) = U(i <V*f,T"z > e,)

n=0

= f: < [,VT®s > Ue,

n=0

oo
= Y <f,VIT"V*Vz > Ue,

n=0

= Oysv-(Vz)(f)

Since f was arbitrary, we have the result. O

The result linking the cyclic vectors of T' to the kernel of OF(z) (Proposi-
tion 2.13) shows that the kernel of OF(z) does not depend on the choice of
orthonormal basis {e;}. This result is also clear from part 1) in the above
result. It is somewhat unsatisfying that the operator O (z) depends on the
choice of basis while its kernel does not. Shortly, we will define another op-
erator related to OF (z) which does not depend on the choice of basis. From
this new operator, we will be able to look at objects (like the kernel of O% (z))

associated with OF (z) which are invariant under the choice of basis. More-
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over, as one would hope, many of these objects are linked with properties of
invariant subspaces of 7.

The eigenvalues of OF(z) are not independent of the choice of basis, but
we would hope that they give information on the nature of the operator 7.
Specifically, we would like a link between the orbit of z under 7" and these
eigenvalues. To begin, we will construct a natural basis for the orbit of x un-
der T'. In this basis, what the eigenvalues of OF (z) are and their relationship

with the orbit of z under T will be clear.

Theorem 2.31. Given an operator, T, with cyclic vector, x, there ezists an
orthonormal basis {e;} such that the matriz (with respect to the basis {e;})

of the operator OF (x) is lower triangular.

Proof: We can construct, using the Gram-Schmidt orthogonalization pro-

cess, a basis with the following properties.

span{eg} = span{z}

span{eg,e;} = span{z,Tz}

span{eg, ...,en} = span{z,...,T"z}
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The matrix of OF (z) has the form

T Qapp 0 0 . o 0
T_ﬂ; aip Qai 0 < vie 0
Ty Ano Qn1 Qn2 ... Qpn
From this construction, we have the result. O

We will call this the natural basis of the orbit of z under 7. We now define

the basis independent operator mentioned above.
Notation 2.32. Let Ar(z) denote OF (z)*Of ()

Ar(z) is well-defined (i.e. basis independent) since we have that
0L (z)" 04 (z) = O (2)"U"UO4 (z) = Ofi(x)" 0§ (z)

Moreover, since ker(OF(z)) = ker(OF(z)*O%(x)), we have the same rela-
tionship between the cyclic vectors of T and Ar(x). That is, z is a cyclic

vector of T if and only if ker(Ar(z)) = {0}. Recall that o,(A) denotes the

eigenvalues of A.

Theorem 2.33. The subspace M = span{z,Tz,T?z,...} is classified by
properties of Ar(x) by the correspondance below.

1) dim(M) < oo if and only if 0 is isolated in op(Ar(z)).
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2) dim(M) is infinite but M is not all of H if and only if 0 is a limit of
nonzero eigenvalues of Ar(z), and ker(Ar(z)) # 0.

3) M =H if and only if ker(Ar(z)) = 0.

Proof: By Theorem 2.17, we have that M is finite dimensional if and only
if OF () is a finite rank operator. Since O (z) is compact, this occurs if and
only if the range of OF(z) is closed. Thus, we have 1).

For 2) and 3), the result follows from the proof of 1) along with the fact that

z is cyclic if and only if the kernel of Ay (z) is trivial. O

Since OF(z) is compact, the range of OF(z) is closed if and only if 0 is not
a limit point of the nonzero eigenvalues of OF(z)*O%(z) = Ar(z). Also
ker(OF(z)) = ker(Ar(z)). Based on these two results, we can restate the

previous theorem in terms of properties of OF (z).

Theorem 2.34. The subspace M = span{z,Tx,T?z, ...} is classified by the
basis independent properties of OF(x) by the below correspondance:

1) dim(M) < oo if and only if the range of OF(z) is closed.

2) dim(M) is infinite but M is not all of H if and only if the range of OF(x)
is not closed and ker(O%(x)) # 0.

3) M =H if and only if ker(OF(z)) = 0).

Proposition 2.35. Ap(z) mapsye H to Y o <y, Tz >T'x
n=0
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Proof:

O3y OE@) = 05 (D <5.T"z > e

n=0

o0 oo

= ZZ<y,T"x><T"z,ei>ei
i=0 n=0
oo

= Z<y,T"m>Z<T”ze,>e,
oo

= Z<y,T":v>T"x
n=0

O

Next, we construct another positive, compact operator by considering OF (z)O7F (z)*,
which we will denote by G (z). Firstly, we would like to know how this op-

erator transforms under a change of basis.

Proposition 2.36. Suppose an orthonormal basis {e;} is mapped to an-
other orthonormal basis via the unitary transformation U. Then G5%(z) =

UGH(x)U*
Proof: Follows from O%%(z) = UO% (z). O

Given a sequence (fy), in a Hilbert space, then the matrix (< f;, fi >);; is
called the Gramian of f, (see [15]). Our next theorem states that G7(z) is

the Gramian of the sequence {T"z},.

Proposition 2.37. The infinite matriz of G5 (x) with respect to the basis

{e;} is given by (< Tz, T'z >);;.
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Proof: We have

G7(z) = OfF(z)0% ()
= Y <O T s e
= Z <.,0%(z)T"z > e,

= Z <.e><T'z,TFz > e,
n,k

From this last line, the result follows. O

Example 2.38. Let T be the operator given by multiplication by the inde-
pendent variable, ¢, acting on L?(0,1) (i.e. (Tg)(t) = tg(t)) and f be the
1

characteristic function of (0,1). Then, it follows, from < t7,t' >= T that

G%(f) is the Hilbert matrix. That is, GZ(f) = ( )ij (see [15] Problem

o el
R
and Solution 48).

Proposition 2.39. The following are equivalent

1) OF(z) € B(H)

2) G3(z) € B(H)

3) The series ano a,T"z converges for each (an)n>0 € I*(N)

4) (T™x)n>0 is a Bessel sequence. That is Y. | <y,T"z > |* < oo for each

y €H.

Proof: That 1) implies 2) is obvious.
The equivalence of 2) and 3) can be found in [15] Solution 49.
The equivalence of 2) and 4) is Exercise 13 of Chapter II.1 in [9] (also see [2]
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and [23]).
That 4) implies 1) follows from the remarks following the definition of OF (z).
g

2.5 Trace Class and Hilbert-Schmidt Results

The goal of this section is to find conditions under which OF (z) is Hilbert-
Schmidt or trace class. To begin, we will introduce these classes of operators.
Given a compact operator, K, we define the singular values of K, {s;(K)}, to
be the sequence of eigenvalues of (K*K)z (since K is compact, (K*K)? has
countable eigenvalues). For 1 < p < oo, we define the p-th Schatten class,
Sp, to be the set of compact operators such that {s;(K)} is in l,. The class
S, is a Banach space with norm given by the [,-norm of the singular values.
We will also refer to S; as the trace class operators and S, as the Hilbert-
Schmidt operators. If K is trace class, then ) < Ae,, e, > is independent
of the choice of orthonormal basis {e;} and is called the trace of K. The
vector space of Hilbert-Schmidt operators (S,) is a Hilbert space with inner
product given by < A, B >= tr(AB*). This inner product gives the same
norm to the Hilbert-Schmidt operators as the l;-norm of the singular values.
Part II of [13] contains an introduction to trace class and Hilbert-Schmidt
operators. Also [20] contains results on the Schatten classes. We also note
that K is Hilbert-Schmidt if and only if the matrix, (a;;), of K with respect

to any (and hence all) orthonormal basis satisfies Eij |lai;|? < oco.
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As in the previous section, we are most interested in finding conditions which
are independent of the choice of basis {e;}. Since the sets of Hilbert-Schmidt
and trace class operators have the structure of a Hilbert space and Banach
space respectively, we will be interested in connecting the geometry of these
spaces with properties of the invariant subspaces of 7. To begin this section,
we will assume that ) .o, [|T%z||*> < co. This occurs in particular if 7(7') < 1.
As noted above, this condition ensures that OF(z) is well-defined and a
compact operator. In fact, this condition implies more, namely that OF (z)

is a Hilbert-Schmidt operator.
Theorem 2.40. O% (z) is Hilbert-Schmidt if and only if 3., ||[T"z||* < oo.

Proof: Consider the infinite matrix representation, (a;;) of OF (z) with re-

spect to the basis {e;}. By the definition of OF(z), we have that a;; =<

ej, Tz >. So
Z |ai]~|2 = Z| < ej,Ti.r > |2
ij ij
= > _IT%|?
This last line implies the result. O

Theorem 2.41. < O5i(z),0%(z) >= Y, < Try, T*z >
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Proof:

< 0%(2),05(z) > = tr(O%()0%(y)")
= tr(0%(y)"0%(x))
= ) < 0f(z)en, OF (y)en >

= Z <en,TFz > < e,, TFy >
n,k

= Z < TFy, Tz >
k
O

From the fact that OF () is Hilbert-Schmidt, it follows that Ar(xz) is trace

class. In particular, it follows that Ar(z) is Hilbert-Schmidt.
Theorem 2.42. < Ar(z), Ar(y) >= Y, | < Tz, TFy > |?

Proof: For an orthonormal basis {e;}, we have

tr(Ar(@)Ar(y) = Y < Ar(2)es, Ar(y)e >

1=0

oC oC o0
= Z < Z <e, T’z >Tx >,Z <e,Try>Try>

1=0 j=0 k=0
= Z < Tz, Try >< e;, Tz >< Ty, e; >
i,k
= Z < Tj:c,Tky > Z < Tky,ei >< e, Tz >
Jk i
= Z|<Tj:tc,Tky>|2 O

3k
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Corollary 2.43. < Ap(z), Ar(y) >= 0 if and only if Mz M,
Proof: This follows from the formula for < Ar(z), Ar(y) >. O

This result links the invariant subspaces of T" to the geometry of the Hilbert-
Schmidt operators Ar(z) (z € H). For example, if M is a reducing subspace
of T and z € M and y € M*, then Ar(z) and Ar(y) are orthogonal in the
Hilbert space of Hilbert-Schmidt operators.

Recall that an integral operator with kernel k(z,y) is defined to be the map-
ping f — fab k(z,y)f(y)dy. As discussed in [13], there is a universal model
for Hilbert-Schmidt operators as integral operators. Given a Hilbert-Schmidt
operator, A, on H there exists a unitary U from H to L,([0,1]) such that
UAU! is an integral operator. The formula for the kernel function of the

integral operator associated with A (as is shown in [13]) is the following
k(t,s) =) _ < Aei,e; > (Ue;)(t)([Uei)(s)
i,J

where U is the unitary above and e; is an orthonormal basis for H.
The above proof about OF (z) gives a necessary and sufficient condition for
O7i(z) to be Hilbert-Schmidt and hence for Ar(z) (or G%(z)) to be trace

class.

Proposition 2.44. The following are equivalent
1) Gr(z) is trace class

2) Ar(x) is trace class
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3) OF () is Hilbert-Schmidt
4) X ITz||? < oo, that is (||T"z||)n>0 is in 12
In particular, if OF (z) s Hilbert-Schmidt, then its Hilbert-Schmidt norm is

the 12 norm of the sequence (||T"z||)n>0-

Proof: This follows from the formula for the trace of Ar(z). That is,

tr(Ar(z)) = Y |Tz|

O

As mentioned above, a necessary and sufficient condition for r(7") < 1 is for
(IT™z||)ns0 to be in I* for each z € H. This latter result leads to considering
OF(zx) for x such that the condition ) ||7T"z| < oo holds. We have the
following result which, in particular, gives us that 7(7") < 1 implies that

OF () is trace class for all z € H.
Proposition 2.45. If " ||[T"z|| < oo, then OF (x) is trace class.

Proof: Firstly, we know that OF (z) is compact and hence there exist two
orthonormal sequences ¢; and ¥; such that OF (z)f = Y. s: < f, 0 > ¥y,

where the sequence (s;)i>o is the singular values of OF(z). An operator is
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trace class if and only if its singular values are summable. We have

dosi = ) <O0f(@)e;; >
J J
- Z<Z<¢1,T"x>en,wj>
7 n

— Z & @j,Tn$ SR en,‘l[)j >

jn

< D 1<¢iTz> || <en,; > |

Jm

< YO 01<¢5Thz> ) | <entts > 12
J

noj
< > |IT | |lenl
= > ||

By assumption, this last sum is finite. Hence, OF () is trace class. O
Corollary 2.46. If r(T) < 1, then OF(z) is trace class for each x € H.

Proof: This follows from the fact that (7T") < 1 if and only if ) _|T"z| <

oo for every z € H. O

We have two results (Theorem 2.40 and Proposition 2.45) linking the Schat-
ten class, S, of OF(z) with the [, class of the sequence {|7"z|}.. The
following theorem can be found in [11]. Applying this theorem to OF(z)

leads to a general theorem about the Schatten class of OF(z).

Theorem 2.47. ([11] page 82) Let A € B(H) and let {e;} be an orthonormal
basis of H.
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1) If1<p<2and {||Ae&]|} € l,, then A € S, and

Al < [I{Il Ae:l}I»
2)If2<p<ooand AE€S,, then {||Ae;|} €, and
Al = {1l Ae;ll I
To apply this theorem, note that
O3 (z)%e; = Z < ejen > Tz =Tz

It follows that {||OF(z)*e,||} = {||T"z||}. Combining this with the above
theorem and the fact that O%(z) € S, if and only if OF (z)* € S,, we have

the following result.

Corollary 2.48. Let T € B(H), * € H and {e;} be an orthonormal basis of
H.
1) If1<p<2and {||T"z||} €l,, then OF(z) € S, and

107 (@)llp < I{IT 2|} |,
2)If2 < p<oo and OF(z) € Sp, then {||T"z||} € I, and

107 (@)ll> = {17},



Chapter 3

Applications to Invariant

Subspaces

3.1 Finite Dimensional Case

Here we give a proof of the well known fact that all operators on a com-
plex finite dimensional vector space (dim > 1) have a non-trivial invariant
subspace. This is done to illustrate properties of OF (z) in the finite dimen-
sional case. The proof will be based on the finite dimensional counter-part
of OF (z) which was introduced in the Definition 2.2. Throughout, V' will be
an inner product space over K = C or R. Recall that given an orthonormal
basis {e;} 4, T € B(V) and z € V, we define the map Of(z) : V — V by
yr— .o <y, (T'z) > e; (see Definition 2.2). As in the infinite dimensional

case, there is a link between cyclic vectors of T' and the kernel of OF(x).

49
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However, we can get stronger results using the fact that the dimension of the

space is finite.

Theorem 3.1. The following are equivalent:
1) x € V s cyclic under T

2) ker(O%(z)) =0

3) ker(OF(z)*) =0

Proof: The equivalence of 1) and 2) follows in the exact same way as the
corresponding result in the infinite dimensional case.

The equivalence of 2) and 3) follows from the well-known fact that an opera-
tor acting on a finite dimensional space is invertible if and only if its kernel is

trivial and the fact that A is invertible if and only if A* is also invertible. [

0 1
Example 3.2. Let A = with respect to the basis {eg,e;} acting

-1 0
on R%. Then it is well known that A has no non-trivial invariant subspaces.

I
Kz= , then

)

. I Ty T2
O7( ) =
T Ty —I
Hence
) I Iy T2
ox(| | =

T2 T9 —T3
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We have that det(Of(z)*) = z? + z3. This homogeneous polynomial is
nonzero for all real x;, x5 other than z; = 0, o = 0. Hence, T" has no non-
trivial invariant subspaces. However, if we consider A acting on C2, then we

do have nonzero roots for z2 + y? and hence non-trivial invariant subspaces.

We can, using the above example as a guide, prove that every operator on a

finite dimensional complex vector space has a non-trivial invariant subspace.

Theorem 3.3. If A is an operator on a finite dimensional complez vector

space, then A has a non-trivial invariant subspace.

Proof: Fix an orthonormal basis {e;} and consider the function det : V —

L1

C which maps =z = : | to det(O%(z)*). This map is a homogeneous
ITE

polynomial in zy,...,z,. Now, if 7' has no non-trivial invariant subspaces,

then det(OF (z)*) is zero only for z = 0. However, this is not possible since
every homogeneous polynomial over C has a nonzero root. This implies T’

must have a non-trivial invariant subspace. O

Notice that, in the standard proof of this theorem, it is the analytic nature
of det(A — A\I) as a function of A that is considered. Here we have used the
fact that det(O% (z)*) is analytic as a funtion of z. In addition, in the finite
dimensional setting, we can restate Theorem 3.1 to give a classification of

the non-cyclic vectors of an operator.
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Theorem 3.4. If T is a linear operator on V, then z is non-cyclic if and

only if det(OF(z)*) = 0.

Since det(OF (z)*) is a homogeneous polynomial in 2, ..., T, finding the zeros

of det(O%(z)*) is not too difficult.

/\1 0 I
Example 3.5. Let A = and z = . Then we have
0 X T2
J
: I To
Oi@)=| _— _
AMZ1 AT

It follows that det(O%(z)*) = (A2 — A1)z1z2. From this equation, we see
that if A\; = Ay, then A has no cyclic vectors (since in this case, for each z,
det(O% (z)*) = 0). While if A; # A, then z is a cyclic vector of A if and only
if z; # 0 and x5 # 0.

3.2 Compact Operators and O7(z)

Using the limit results proved in Section 2.2, we will give a proof of the well-
known result that every compact operator has an invariant subspace. To do
this, we will deal with the class of quasitriangular operators. The first few

results on these operators can be found in Chapter 5 of [19].

Definition 3.6. An operator T is quasitriangular if there exists a sequence

of finite rank projections, { P,}, which converges to the identity in the strong
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operator topology and |P,T P, — T'P,|| tends to 0 as n tends to oc.

Lemma 3.7. If T € B(H), P is a projection and k > 1, then
|PT*P — T*P| < k||T||*}|PTP - TP|

Proof: We will use induction on k. The k& = 1 case is trivial. Assume the

result for the exponent k. Then

|PT*P — T*P| = |(PT*P—T*P)(TP)+ (T* - PT*)(PTP-TP)|

< |PT*P —T*P|||TP| + ||T* — PT*|||PTP - TP|

IA

kIT|*Y|PTP — TP|||T| + |T||*||PTP - TP|

< (k+D|T|*IPTP - TP

O

Lemma 3.8. If T is quasitriangular, then there exists a sequence of finite
rank projections, {Q,}, which converges in the weak operator topology to an

operator, @ # 0 or I and ||Q,.TQ, — TQ,|| tends to 0 as n tends to co.
Proof: (see [19] p.g. 85) O

Recall that T is quasinilpotent if 7(T") = 0. The Volterra integration operator
acting on L*(0,1) (f — [ f(y)dy) is an example of a nonzero compact
operator which is quasinilpotent (see [9] Chapter II Section 4 or [15] Problem

186).
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Lemma 3.9. If T has a cyclic vector z such that liminf{||T*z|%} = 0, then
T is quasitriangular. In particular, if T is quasinilpotent and has a cyclic

vector, then T is quasitriangular.

Proof: We may assume that ||z|| = 1. We will consider 7" and OF (x) with
respect to the natural basis of OF (z) (see Theorem 2.31). In this case, ep = .

Then T is given by

bOO bOl b02 R bOn

blO bll b12 mas bl‘n

T 0 bgl b22 S bzn
0 0 bn(n—l) bnn

while the latter is given by

apo 0 0 0

51

ﬂ a1 QA 0 % 2 0

O@)=| i |=

Trx Gio Gap s Gamn 0
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where we have
b(n+1)n =< Tey, eny1 = and agr =< ek,Tk:r >=< ek,Tkeo >

Both of these sequences are nonzero since eo(= ) is cyclic. Moreover, we

will begin by showing that

< T eg,ens1 > B(nil)(ntl)

b = 3.1
ke < Treg, e, > Qnn (3.1)
To show this, we consider
|
Trey = f+ < T"’leo,en > €y
where f € span{eg,...,T" '} = span{eg,...,en_1}. Hence, T" e, =

Tf+ < T"ey,e, > Te,. Then
& T™es, €4y =% T 8n < TeniChin =< T 0,8 > Unaain

which can be rearranged to get (3.1).

From this equation, we have that a,, = H;’;(}E(Hl)n. Moreover,
1 n i k, ||+
|ann|™ = | < T"eg,en > |7 < || T eq||*

which implies that a,, tends to 0 and so there exists a subsequence (n;);>o0

such that b, +1),; converges to 0. Taking P; equal to the projection onto
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span{e, ... €y}, we see that T is quasitriangular since |P;TP; — TF;|| =

O

Ib("j+1)nj |

Theorem 3.10. Every compact operator acting on H has a non-trivial in-

variant subspace.

Proof: Let T be a compact operator. We may assume that ||7’|| < 1 and that
T has no eigenvalues. The nonzero elements of the spectrum of a compact
operator are eigenvalues. Hence, T is quasinilpotent. Moreover, we may
assume that 7 has a cyclic vector. Then, by Lemma 3.9, T is quasitriangular.
Given @, and @ as in Lemma 3.8, we will construct a norm convergent
sequence of vectors in H and a weakly convergent sequence of vectors in H
which satisfy the conditions of Corollary 2.23 from which we will have the
desired result. For the weakly convergent sequence, consider y € H such that

Qy # y (this can be done since @ # I). Then 2, = y — Q,y satisfies

zn — Yy — Qy # 0 weakly

Qnzn, =0 for each n

For the norm convergent sequence, consider z € H such that Qz # 0 (this
can be done since @ # 0). Since T is compact, we have that TQ,z converges
to TQx in norm. Moreover, since 7' has no eigenvalues, 7Qz # 0. Let

z, = TQ,z. To apply Corollary 2.23, we need to show that the sequence of
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vectors OF (z,)(2,) converges to 0 in norm. To do this, consider

105 (za)(z) I = )| <20, T Qnz > 2

k>0
= Y| <2 (T*'Qn — QuT*'Q0)z > + < 20, QuT* ' Quz >
k>0
= 3 1< 20, (T Qn — QuT*'Qu)a > | (since Quzn = 0)
k>0
< S [zl PIT*Qn — QuT* Qul? |21
k>0
< NalPllzPITQn — QuTQul*(1 + D KIT|*)

E>1

Since z, is bounded, };, E|T|** < oo and ||TQ, — @.T Qx| converges to
0, we have the conditions of Corollary 2.23 satisfied. The result now follows

from this Corollary. O

More generally, for any quasitriangular operator, we need only that there
exists nonzero z € H such that @,z converges to Qz # 0 in norm to conclude
that T has a non-trivial invariant subspace. The above method is related to

extremal vectors which were introduced in [1].

3.3 Other Relationships Between O7(z) and
Invariant Subspaces

To begin this section, we discuss what happens if 7' does have an invariant

subspace.
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Proposition 3.11. If M is a T invariant subspace, then for each x € M,

M is also an invariant subspace of Ar(x).

Proof: Recall that Ar(z)z =), < z,T"z > T"z. Therefore, the range of
Ar(z) is contained in M, = span{z,Tz,...}. Moreover, M, C M for each

z € M. These two facts imply the result. O

In general, we do not have that if M is T invariant, then it is OF (z) invariant

also. From Proposition 2.16, we do have that ker(Of (z)) is T* invariant so

that range(O%(z)*) is T invariant. Hence, range(Ar(z)) is T invariant.
We now show some connections with dilation and compression theory. Recall

the following definitions (which can be found in [14]).

Definition 3.12. Let H and K be Hilbert spaces with H C K and A € B(K)
and T € B(H). Then we call T the compression of A if

T =7ngA7y

where here and in what follows 7y is the orthogonal projection of K onto H
and 7y is the canonical embedding of H into K. In matrix form, with respect

to H @ H*, we have

A=

* %k

Definition 3.13. Let A € B(K) and T € B(H). Then A is said to be a
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dilation of 7" if H is contained in K and
A™ = 5T g, =12

That is, A is a dilation of T if 7" is a compression of A™ for each n.

It is easy to see that A is a dilation of T if and only if
<A'z,y>=<T'z,y>, forallz,yeH, n=1,2,...
Proposition 3.14. If Ty € B(K) is a dilation of T> € B(H), then for each

x € H, Ar,(z) is a compression of Ar,(z).

Proof: Consider

maAn @)ra(f) = ) <ta(f), e > nn(l}'z)
= Z < 75(f), T5z > nugT77u(z)
= Z & f Iz > e

= ATz (.1')

O

Finally, we discuss unitary equivalence, similarity, and quasi-similarity in

connection with OF ().

Proposition 3.15. Given T € B(H), we have that
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1) There exists an x such that OF(z) is unitary if and only if T is the
unilateral shift on some basis (i.e. T s unitarily equivalent to the unilateral
shift on {e;})

2) There ezists an x such that OF (z) is invertible if and only if T is similar

to the unilateral shift

Proof: For 1), given T, {e;}, and z, if OF(z) = U where U is a unitary,
then S*OF(z) = OF(z)T*. Thus T* = U*S*U and hence T is the unilateral
shift on {Ue;}.

We also saw, in Example 2.6, that if T is the unilateral shift on {e;}, then
O%(eo) = I. Moreover, by Proposition 2.30, for any basis {f;}, Ofi(e)) =U
where U is the unitary which maps {e;} to {fi}. Hence we have the result.
For 2), if Of(x) = P an invertible map, then since OF (z)T* = S*O3(x), we
have that PT*P~! = S*. Hence T is similar to the unilateral shift.

Conversely, if PTP~! = S, then
I = 0§ (e0) = Oppp-1(e0) = OF (P "eo) P’

Since the inverse of P* is unique, we have that OF(P~'ey) = (P~')* and

hence the result. O

Given T and R in B(H), it is easy to see that if T is unitarily equivalent to
R, (i.e. if T = URU* where U is a unitary) then z is cyclic for T" if and only

if Uz is cyclic for R. We can also see this from Proposition 2.30. From this
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result, we have

0% (z) = Ogpy- () = O (Uz)U”

Hence, z is cyclic for T if and only if Uz is cyclic for R. More generally, if T'
is similar to R, that is, if T = PRP~! where P is some invertible operator,
then

O;f(:c) = t}39'.111:'—1(3;) = O;{ (Pxz)P*

Again, we have that z is cyclic for T if and only if Pz is cyclic for R (this
is also easy to see directly). An even more general relation than similarity is

that of quasi-similarity.

Definition 3.16. Two operators 7' and R are quasi-similar if there exist
operators A and B which are both one-to-one and have dense range with the

property that AT = RA and TB = BR.

The next result links properties of invariant subspaces to quasi-similarity and
can be found in [19]. We note that an invariant subspace of T is called hy-
perinvariant if it is an invariant subspace for every operator which commutes

with 7.

Theorem 3.17. If T and R are quasi-similar and T has a non-trivial hy-

perinvariant subspace, then R has a non-trivial hyperinvariant subspace.

It is unknown whether this theorem can be weakened to: the existence of
a non-trivial invariant subspace of T implies the existence of a non-trivial

invariant subspace of R. In relation to the operator OF (z), we have
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Proposition 3.18. IfT and R are quasi-similar (with A and B the operators
which implement this relation as in the definition), then OF (Bz) = Of(z)B*

and O%(Az) = OF (z)A*

Proof: By assumption, BR =TB and RA = TA. Hence

0%(Bz) = Y <., T"Bz>e,
- Z<.,BR”w>en
= Y <.B, B>,

= O%(z)B"

The other case is similar. O

3.4 The Range of O%(z)

3.4.1 Invariant Subspaces and Cyclic Vectors of S5*

To begin this section, we will discuss the H> functional calculus of the
backward shift. Recall that a function, f, is in H* if it is analytic in the unit
disk and the functions f,(f) = f(re') are uniformly bounded in the L>-norm
for 0 <r < 1 (see [16]). For f € H*®, we would like to determine f(S*). Let
the power series of f be Y anz". Then we can define f(S*) = 3" a,(S*)"

where it can be shown that this series converges in the weak operator topology
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(see [3] or [10]). In matrix form, we have

Gy a Gz a3z a4
0 apg a1 a9 Aasg
0 ag a; Qs

f(87) =

0 0 ag

o o O

0 0 0 ap

This defines the H* functional calculus for S* (i.e. the map f — f(S*) is an

algebra homomorphism see [3] Chapter XI). From Example 2.6, we see that
£(87) = 0% (a) where a =) _ anen. (3.2)

To prove the next theorem, we need the following two facts. The first is that
if M is a non-trivial invariant subspace of the unilateral shift on {e;}, then
there exists a € M such that < a,e; > are the Taylor coefficients of an H>
function. That is, there exists f € H™ such that f = )_ < a,e, > 2"
(see [12] Remark 2.2.2 on page 43). The second is the result that if 7" is a
contraction and there exists ¢ € H* such that ¢(7T') = 0, then T has an
invariant subspace. We note that in our case, since r(7") < 1, ¢(T") is defined
by the analytic functional calculus of 7. The book of Sz-Nagy and Foias [21]
contains this result along with many more on this class of operators which

are called Cj contractions. Chapter 2 of [4] also contains many results on Cj
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Theorem 3.19. If T € B(H) with r(T) < 1 and there exists x € H such
that the range of OF(z) contains a nonzero non-cyclic vector of the backward

shift on {e;}, then T has a non-trivial invariant subspace.

Proof: Suppose that for z # 0, y # 0, w = OF (z)(y) is a non-cyclic vector of
the backward shift, S*, on {e;}. If w is the zero vector, then, by Proposition
2.13, T has a non-trivial invariant subspace. Otherwise, it is nonzero and
hence M = span{w, S*w,...} is a non-trivial invariant subspace of S*. By
properties of invariant subspaces, M* is an invariant subspace of S. The
first fact (stated in the preceding paragraph) can now be applied to M.
It follows that there exists a € M* such that < a,e; > are the Taylor
coefficients of an H*> function. We will denote this function by f (hence
f(z) =Y, < a,e, > z") and the function with Taylor series ) | < en,a > 2"

by f (this is the same notation as in Theorems 2.27 and 2.29). We have that
<a,(S)'w>=0foreachn=0,1,...
That is, 0% (a)(w) = 0, but, by Equation 3.2, O¢ (a) = f(S*). Using Propo-

sition 2.29, we have that

~

= f(SM)07(z)(y)
= Or(f(T)z)(y)
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where f(T) is given by the analytic functional calculus of 7. Since y #
0, O%(f(T)z) has non-trivial kernel. If f(7T)z # 0, then by Proposition
2.13, T has a non-trivial invariant subspace. Otherwise, f(T)z = 0 so that
O%F(f(T)z)(y) = 0 for all y, but then, by Proposition 2.29, O"T‘(z)(f(T‘)y) —=
0 for all y. This implies that OF (z) has non-trivial kernel or f(T*) = 0. Inthe
first case, the result follows from Proposition 2.13, while in the second case,

it follows from the result on contractions (the second fact above) mentioned

just before the statement of the theorem. O

Corollary 3.20. If T € B(H) with r(T) < 1 and there exists x € H such
that the range of OF(z) is not dense, then T has a non-trivial invariant

subspace.

Proof: Let y be a nonzero element of H. If OF(xz)y = 0, then T has
a non-trivial invariant subspace by Proposition 2.13. Otherwise, the fact
that the range of OF(z) is not dense implies the set of vectors of the form
{OF(z)(p(T*)y) : p is a polynomial} is not dense also. From this fact and
Proposition 2.25, it follows that {p(S*)O%(z)y : p is a polynomial} is not
dense and hence that Of(z)y is a non-cyclic vector of S*. Theorem 3.19

then implies the result. O

Remarks on Corollory 3.20
If T € B(H) has no non-trivial invariant subspaces, then a consequence of
the above corollary is that there exists an orthonormal basis, {f;}, such that

Oé" (z) is positive. This follows from the polar decomposition of OF(z) =
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V /0% (z)*O%(x) and noting that if OF (z) has dense range and trivial ker-
nel, then V is a unitary and hence we have that Oy “(z) = V*O%(z) =
Moreover, since in this case the range of OF(z) is dense and its kernel is
trivial, it defines a quasi-affinity (see [21]) between S* and T™. This last

statement was made by Caradus in a remark following Theorem 1 in [7].

3.4.2 Cyclic Vectors of 5*

Theorem 3.19 in the previous section leads to natural questions about cyclic
vectors of the backward shift. Specifically, we would like to study vector
spaces of these vectors. Many questions pertaining to these vectors have
been answered. For example, in [12], the cyclic vectors of the backward shift
are classified in terms of properties of functions in the Hardy space H?.
The Hardy space, H?, is defined in similar way as H*. Namely, H? is
the set of analytic functions, f, in the unit disk for which the functions
f+(0) = f(re') are uniformly bounded in the L*-norm for 0 < 7 < 1 (see
[16]). H? is a separable complex Hilbert space. The set {z'} forms an
orthonormal basis for H? and hence the unilateral shift can be realized on
H? by the mapping f(z) — zf(z). Its adjoint, the backward shift, can be
realized on H? by the mapping f(z) — P(z7!f(z)) where P is the projection
from L? to H? (see [16] Chapter 7 or [10]).

Taking H = H? allows us to simplify our language. For example, we stated

the result that if M is an invariant subspace of the unilaterial shift, then
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there exists z € M such that < z,e; > are the Taylor coefficients of an H*
function. Taking H = H?, we can state this result as: if M is an invariant
subspace of the unilaterial shift (realized on H* by multipication by z), then
there exists f € M such that f € H™.

One of the results from [12] is the following, where S* is the backward shift

on the Hardy space H2.

Theorem 3.21. If f is holomorphic in |z| < R for some R > 1, then f s

either S*-cyclic or is a rational function and hence S*-noncyclic.

As is remarked in [12], the assumption on f above can be restated as ex-
ponential decay of the Taylor coefficients of f. This result about rational
functions and the result of Kronecker that a rational function generates a
finite dimensional invariant subspace of S* can be used to give a proof of
Theorem 3.19 which is independent of the result of Sz-Nagy and Foias stated

above.

Proof of Theorem 3.19: We may take H = H? and {e;} = {z'}. To
begin, we will show that if 7(7) < 1, then the Taylor coefficients of any
element of the range of O%i (z) decay exponentially. For any y € H, we have
Oz (z)y = >, <y, T"z > z*. Hence the Taylor coefficients of Oz (z)y are
(< y,T"z >),. This sequence decays exponentially since | < y,T"z > | <
lyllIT"z|| and r(T) < 1.

We now prove the theorem. Assume 7" has no non-trivial invariant subspaces

and that there exists nonzero z and y such that O3 (z)(y) is non-cyclic for S*.
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Then, since the Taylor coefficients of O (z)y decay exponentially, we may
apply Theorem 3.21 to conclude that Oz (x)y is a rational function. Hence,
by the result of Kronecker stated above and Proposition 2.17, OZ. (0% (z)(y))

is a finite rank operator. We have

0%(0%(@)(y) = Y <. (S)05(2)(y) > 2"

Since T has no non-trivial invariant subspaces, 7™ also does not. Hence
ker(O3.(y)) is trivial. This result, along with the fact that OZ%. (OZ(z)(y)) is
finite rank, implies O3 (z)* is finite rank. Hence O (z) is also finite rank and

hence has non-trivial kernel, by Proposition 2.13, this is a contradiction. O

Shapiro (see [22] or [8]) has proved that if f = ) ;a,2" with |an|® — 0
and f is not a polynomial, then f is cyclic for the backward shift on H?.
This will be used to show if T is quasinilpotent and f € range(OF(x)) is

rational, then f must be a polynomial.

Proposition 3.22. If T is quasinilpotent and z is T-cyclic, then either
range(OF (z)) contains only S*-cyclic vectors or there exists N > 0 such
that (S*)NO5(z)(y) = 0 for some nonzero y (that is, there ezists a non-

cyclic vector of T in the linear span of xz, Tz, T?z, ...).

Proof: Consider z € H and OF (z)(2) = 50 < 2, 7"z > €,. We will show
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that if T is quasinilpotent, then the sequence a, =< OF(z)(z),e, > satisfies

]an|% — 0. Consider

| < 0%(@)() en>|F = |<zTz> [

1
< Pl

Since T is quasinilpotent, we have |a,|7 — 0 since ||T"||x — 0. We can
apply the above result of Shapiro to get that OF (z)(z) is either cyclic under
S* or has only finitely many nonzero terms. If we have a z for which the
latter property holds, then there exists N > 0 such that SYO%(z)(z) = 0
and hence by Proposition 2.26, Tz is a non-cyclic vector of . Otherwise,

all vectors in the range of OF (z) must be S* cyclic. O

3.5 The Map O}

Let T be a fixed operator with r(T) < 1. In this section, we will consider the
map OF : H — B(H). We have seen that, if 7(T") < 1, this map is continuous
when considered as a map from H with the norm topology and B(H) with
the operator norm topology (see Proposition 2.19). We have also seen that
if 7(T") < 1, then the range of OF is contained in the trace class operators
and hence are Hilbert-Schmidt operators. We also have mentioned that the
Hilbert-Schmidt operators form a Hilbert space, so it is interesting to ask

whether the map OF is a continuous map from H to the Hilbert-Schmidt
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operators (HS) with the norm given by ||A|> = tr(A*A).

Proposition 3.23. If r(T) < 1, then the map OF : (H,|.||) — (HS,|.||2)

1S continuous.

Proof: Suppose in H we have z,, tending to = in norm. Then

10% (zn — 2)[l7 = Z<O z)ex, OF (zn — z)er >
= Z<Z<ek,TT xn—x)>eT,Z<ek,Ts(xn—:c)>es>

= Z<ek,T’ —z)>< T (z, — ), € >

= ZMT' n— )|
< uxn—znZnTTH

Since ) _||T7|| < oo, we have the result. O

Moreover, the map OF is conjugate linear and its range is a closed subspace
of HS. We also have that this map is invertible on its range via the map
HS — H taking A to A*(eg). As a result, we have the following commutative

diagram

/| | B
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where B maps range(OF) to range(OF) via multiplication by the adjoint
of the unilateral shift. That is, we have that T = (O5)~'BO%. A logical
question to ask is whether there is a more natural way of viewing the operator
B.

Let Lg- be the map from HS to HS given multiplication by S* (that is,
A — S*A). This operator’s action on the basis of HS given by the matrix
units e;; (the infinite matrix with zero entries except for a 1 for the ij entry)
by mapping e;; = e(;—1);. The action of Lg- on this basis implies that Lg- is
the unilateral shift of multiplicity R,. We then have that B is the restriction
of Lg- to range(OF). This result is similar to Rota’s Theorem (Theorem
3.28 on page 54 of [19]) which is stated below. The only difference between
our result and Rota’s is that OF is conjugate linear rather than linear. Recall
that A is a part of B if A is equal to the restriction of B to one of its invariant

subspaces.

Theorem 3.24. IfT € B(H) (H separable) with r(T) < 1, then T is similar

to a part of the adjoint of the unilateral shift of multiplicity Ro.

This theorem states that the adjoint of the unilateral shift of multiplicity
Ny is a model for any operator with spectral radius less than one. The
previous result gives a nice way of representing that shift (as multiplication
by S* acting on the Hilbert-Schmidt operator). Moreover, this operator acts
on the set of Hilbert-Schmidt operators OF (z) (z € H). This set forms a
Hilbert space (a proper closed subspace of the whole set of Hilbert-Schmidt

operators).
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In fact, we can recover Rota’s result from our result on OF(z). To do this,
realize every member of Hilbert-Schimdt operators as an infinite matrix (the
matrix relative to the basis, {e;}). Let J be given by (a;;) — (ai;) (i.e. the
complex conjugate of a;;). Then JO7 is linear and bounded. Next, it is easy
to see that JLg-J = L% and hence that J(range(O%)) is invariant under
Lg-. Finally, let C be the restriction of Lg- to the above subspace, namely
J(range(03)); then C = JBJ and so T = (JOr)~'CJOr. We could also
prove Rota’s theorem by considering the map z — OF (z)*.

Consider the map, OF, as a map from the unit ball of H with the weak
topology to its image with the strong operator topology. In the limit results
section, we saw that if z,, tends to = weakly, then OF (z,) tends to OF(z) in
the strong operator topology. Since the unit ball is compact in weak topology

and for a separable Hilbert space the unit ball is metrizable, the image of

O7 is compact in the strong operator topology.



Chapter 4

The Norm One Case

4.1 General Properties

As mentioned, the existence of invariant subspaces is invariant under rescal-
ing. So we can assume that ||T|| < 1 when studying invariant subspaces.
However, there are theorems which become vacuous when assuming ||7'|| < 1.
For example, we have stated the result that if 7" is power bounded (i.e. there
exists M > 0 such that ||T"|| < M for all n = 0,1,...) and neither of
(T™)n>0 and ((T™)")n>0 converge in the strong operator topology to zero,
then T has a non-trivial invariant subspace. If ||T'|| < 1, then this theorem
does not apply. However, if ||T|| = 1, then this theorem applies to many
operators. Because of results of this type, we will study OF(z) in the case
when ||T|| =r(T) = 1.

In the above sections, we saw that if (7)) < 1, then OF(z) and Ap(z)

73
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are compact operators and, moreover, they are trace class operators. If
|T|| = »(T) = 1, this need not be the case (for examples consider 7' equal
to the unilateral shift or the identity operator). Indeed, if we choose T' to
be the identity, then O () is not even in B(H). Throughout the section, T’

will be an operator with norm one.
Proposition 4.1. OF(z) is a closed operator.

Proof: To show this, suppose y, — y in the domain of OF(z) and OF (z)y, —

z. We must show that OF (z)y is defined and is equal to z. Consider

<ze > = lim < OF(x)yn, ex >
n—oo
= lim <y, TFz > |
n—oo

= <y, TFz>
Therefore, >, | < y,T*z > | = ||2||2 < < (i.e. y € dom(0O%(z))). We also
have that O%(z)y =", <y, TFr >er =) < z,er > e = 2. |

Recall that if ||T|| < 1, then (I — T*T) is a positive operator. We denote its

unique positive square root by Dr (i.e. Dr = (I — T*T)%).

Lemma 4.2. Let |T|| <1 and Dy = (I — T*T)z. Then for each x € H,

> IDr Tl < el
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Proof:

Y IDrT "zl = ) < DrT"z, DrT"z >

= Y & [I=T"T)z,T"
= Z(< Trz, Tz > — < Tz, Tz >)
= |[lz[® = lim [|T"z]?

IA

l=]®

O

Proposition 4.3. Let |T|| < 1 and Dy = (I — T*T)%. Then the operator
O%(x)Dy is bounded. Indeed it is Hilbert-Schmidt. |

Proof: To begin, we will show that OF (z)Dr is everywhere defined. To do
this, consider y € H. We must show that Dry is in the domain of OF(z),
that is, Y, | < Dry,T"z > |* < oo (see Definition 2.1). We use Lemma 4.2

to get

Y |<Dry,Te>P < |ylI* Y IIDrT |

n
< lylPllel?

A

and hence Dry is in the domain of OF(z). Thus, OF (z)Dr is everywhere
defined.

To see that it is also bounded, consider a unit vector y € H. We again use
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Lemma 4.2 to get

0% (z) Dryl* = ZI < Dpy, Tz > |?

n
< lyl® Y IDrTe)?

< =l

Hence OF (z)Dr is bounded.

To show OF (z) Dy is Hilbert-Schmidt, we consider

> 105 () Drexl® = | < Ofi(z)Drex,en > |?
k kn
= Z| < Drey, Tz > |?
k,n

= > ||IDrTz|?

< =P

where the last line follows by Lemma 4.2. O
Proposition 4.4. If |T|| < 1, then the operator OF (z)Dr- is bounded.

Proof: We will use the fact that Dp.T = T Dy (see [14]) and the previous
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result. Consider a unit vector y € H. Then

105 (z)Dr-yl> = Y| < Dr-y, Tz >
= Zn:| <y,Dr-T"z > |?
= |n<y,DT.x > |2+Z| <y, TDrT"z > |2
= |<vy,Dr-z> |2—|—zn:| < DrT*y,T"z > |?

= | <y,Dr-z > |*+0F(z) DrT"y||?

< |IDr-zl? + |0 (z) Dr|?

where the last line follows since ||7*|| < 1 and ||y|| = 1. This proves that

O% (z)Dy- is bounded. O

If T is an isometry, then OF (z)Dr = 0, as is the case for the shift operator
and the identity operator. Moreover, if Dr is not invertible, then we have
in some sense lost information on how O (z) acts on the entire Hilbert
space. However, the behaviour of the operator OF (z) is much improved by
multiplying by Dr. The map = —— O%(z)Dr is also better behaved than

the map = — OF (z).

Proposition 4.5. Let ||T|| < 1. Then the map taking (H,||.||) — (HS, |.||2)

given by x — OF (z)Dr is continuous.

Proof: As in the above proofs, Lemma 4.2 is key to this proof. Suppose
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T, — x in norm. Then

105 (@n — D7} = 3| < O%(20 — 2)Drem,ex > I

m,k

= Z| < Drem, T*(z, —z) > |?

m,k

— Z| <em,DTTk(xn—:n) > |2

m.k
= ) IDrT (za — 2)|?
k

S ”1'71 e $|I2

from which we have the result. O

The next result implies that unless T' is a co-isometry, then there exists
nonzero z such that OF(z) € B(H). Both this result and the one that

follows it give sufficient conditions for OF(z) to be bounded.
Proposition 4.6. If € H is in the range of Dr-, then OF(z) € B(H).

Proof: Recall that, by Lemma 4.2, for any contraction T, ), [|[DrT"z|| <
|z]|2. We will first show that the domain of OF () is all of H; hence we must

show that for any f € H, 3., | < f,T"z > |* < co. By assumption, there
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exists y € ‘H such that Dp-y = z.

log@)fI? = Y |<f,T'z> P

n>0

= Z| < f,T"Dr-y > |
n>0

= > | <Dr(T")"fy>
n>0

< Y ylPID-(T)" £
n>0

< |lylPIfI?

Hence the domain of OF (Dr-y) = OF(z) is all of H.
To see that OF(z) is bounded, we note that the above calculation gives

107 ()|l < llyll- That is, OF (z) € B(H). O

If we assume that there exists  which is cyclic under T such that OF(z) €
B(H), then, using OF (p(T)z) = p(S*)O0% (x), we have a dense set of vectors y
such that O (y) € B(H). A natural question is whether O7 (z) is a Hilbert-
Schmidt operator when z is in the range of Dr.. This is false, as the next

example shows.

Example 4.7. Consider S, the unilateral shift on the basis {e;}. Then
O% (Ds-ep) = O%(eg) equals the identity operator. Moreover, since € is a
cyclic vector of S, we have a dense set of vectors such that OF (z) are in
B(H). The operators associated with these vectors are p(S*) where p is a

polynomial. Operators of this form are never compact unless p = 0.
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Next we show that if z is in the range of D, then OF(z) is in B(H).
Proposition 4.8. If z = Dry, then OF(z) € B(H).

Proof: Consider

jog @ = YI< £, > [

n>0

= > |<f,T"Dry>|*

n=>0

= |<£,Dry> P+ 3| < D (T fry > P

n>0

IFIP1Dryl + D Iyl D= (T7)" £

n>0

Iy IPAD P11 + 1£11)

IA

IA

This shows that the domain of O (z) is all of H and the operator norm of

O% (z) is bounded by (|| Dr||* + 2)||y||?>. Hence, O%(z) € B(H). O

The domain of O%(z) need not be dense. For example, if ' = I, then we
saw in Example 2.9 that the domain of O} (z) was {z}* which is clearly not
dense. We now give a sufficient condition for the domain to be dense. This

result will be generalized in Corollary 4.12.

Proposition 4.9. If T € B(H) and ||Th| < ||| for all nonzero h € H, then

for each x € H, OF(x) is a closed and densely defined operator.

Proof: Above, it was shown that OF(z) is, in general, closed. To show that

it is densely defined, we will show that the range of Dy is dense. This follows
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since

ker(Dr) = {h € H: |Th| = ||All}

and, by assumption, this is trivial and hence the range of Dr is dense. The

result now follows since OF (z) is well-defined on the range of Dy O

4.2 Completely Non-unitary Contractions

Recall that a contraction, T', is completely non-unitary if there is no nonzero
reducing subspace, M, such that T'| o, is a unitary operator. The goal of this
section is to prove that if T is a completely non-unitary contraction, then
for all z € H, OF(z) is a closed and densely defined operator. Moreover,
for a dense set of z € H, we will prove OF(z) is bounded. To do this, we
will study properties of the operators Dy = (I — (T*)"T”)% and D(p+yn =
(I —T™T*)")2 forn=1,2,3,....

Proposition 4.10. For each k € N, OF (z)Dryx is bounded. It is moreover
Hilbert-Schmidt.

Proof: The proof is very similar to the proof for the £k = 1 case. We will

only prove the first statement. To do this, consider a unit vector y € H.
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Then
105 (z)Dryl®> = )| < Dpey, Tz >
< Y IylPIDrT |
= i < DTz, DT >
= zn: & (I = (T TE) T2, Tz >
= i(< Tg TP 5 — & Thly T <)
nk

= X IT"2lP) - lim [T
< (k4 Dlel?

Hence, OF (z) D« is bounded. O

Proposition 4.11. For each k € N, OF(x)Dr-yx is bounded.

Proof: Again, this is similar to the proof for the k£ = 1 case. We will use the

fact that Dp.y T* = T* Dy« and the previous result. Consider a unit vector
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y € H. Then

”O?(m)D(T')“y”2 = Zl < Dip-yy, Tz > |2

= Y | <y, D-pTrz > |

k-1

= Z| <Y, Dy Tz > 1+ Z| 29 T DT > 12
n=0 n
k—1

= Y | <y, Dg-yTrz > [P+ Y| < Dpx(T*)fy, Tz >
n=0 n
k-1

= Y | <y, Dg-pTz > [ + |07 (z) Drx (T") ¥y
n=0

IA

k| Derye P llzl® + 10 () Dy |

where the last line follows since ||7*|| < 1 and ||y|| = 1. This proves that

OZF (z) D7+« is bounded. O

Corollary 4.12. If T is a completely non-unitary contraction, then for all

z € H, OF(z) is a closed densely defined linear map.

Proof: The above two results imply that if for some k € N, h € range(D7r)
or range(Dp-y«), then OF (z)h is in the Hilbert space, that is, OF (z) is well-
defined for such vectors. We now show that these vectors form a dense linear
manifold. By assumption, T" is completely non-unitary, which implies that
N2, (ker(Dm) N ker(Drey)) = {h € M < [T*]| = |[(T*)"4]] = ||h]| for
each n = 1,2,...} = 0 (see [21] Theorem 3.2 on page 9). It follows that

span{range(Dr-y),range(Dr~)} is dense, which implies the result. O
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Proposition 4.13. If z € range(D(7-)x) for some k, then OF (z) € B(H).

Proof: Let y be a unit vector in H and Dp-y»h = x. Then consider

105 (De-yh)yl® = D | <y, T"Dgepeh > |2
= ) | < (T")"y, Dmych > |2
= [|0%-(y) Dir+y-h|?

< 0% @)Dz~ I IR ]1*

Since h is fixed and the map y +— OZ.(y)Dr-yx is continuous, we have the

result. O
Proposition 4.14. If z € range(Dz+) for some k, then OF(z) € B(H).
Proof: Let y be a unit vector and Dyr+h = . We will again use the fact

that T* Dy« = D(7-;+T*. Consider

0% (Drxh)yl*> = | <y, T"Drxh > |?

k—1
= > |<y,T"Dph > P+ )| < (T*)"y, Da-ynT*h >
n=0 n

< k|| Drehl? + [|OF (y) D=y T A

The result now follows since the map y to OF (y) Dz~ is continuous. O
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Corollary 4.15. If T is a completely non-unitary contraction, then for a

dense set of z € H, OF(z) € B(H)

Proof: The result follows from Propositions 4.13 and 4.14 since the set
span{range(Dr-y»),range(Drn)} is dense in the case of a completely non-

unitary contraction. O

We can extend part of Theorem 3.19 to the ||T'|| = 1 case. Later, we will

show that every nonzero element of the range of OF (z) must be S*-cyclic.

Theorem 4.16. Let T € B(H) with ||T|| < 1. If there exists nonzero x € H
such that the range of OF (x) does not contain a cyclic vector of the backward
shift on {e;}, then T has a non-trivial invariant subspace. In particular, if
there exists nonzero x € H such that the range of OF(x) is not dense, then

T has a non-trivial invariant subspace.

Proof: Assume that 7 has no non-trivial invariant subspaces. Since every
isometry has a non-trivial invariant subspace, 7" is not an isometry, i.e.,
T*T # I and so Dy # 0. Similarly, T cannot have a nonzero reducing
subspace on which it is unitary. In other words, 7" is completely non-unitary
so the H* functional calculus is well defined (see [3] Chapter XI or [21]). Let
z be a nonzero vector. The kernel of OF (z) is trivial, since otherwise T" has
a non-trivial invariant subspace by Proposition 2.13. Let y € H such that
D7y # 0 and let z = OF(z)Dry. We will show this vector is cyclic under
S* from which the result will follow. Suppose it is not cyclic. If z is the

zero vector, then ker(OF (z)) is non-trivial which is not possible. Hence, it
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is nonzero, so there exists (see [12] Remark 2.2.2 on page 43) f € H* with

Fourier coefficients (a,)n>o such that, if we let a = )" a,e,, then
< a,(S*)"z >= 0 for each n

That is, O% (a)(z) = 0, but, by Equation 3.2 in Section 3.4.1, O (a) = F(S*)

where f is as in Notation 2.24. Therefore,

0 = f(S")2
= f(8")0%(z)(Dry)
= OF(f(T)z)(Dry)

If f(T)z is nonzero, then OF(f(T)x) has non-trivial kernel. Since we have
assumed T has no non-trivial invariant subspaces, this is not possible (see
Proposition 2.13). Hence f(T)z = 0 so that OF(f(T)z)(y) = 0 for all y.
Then, by Proposition 2.29, O;f(x)(f(T*)y) = 0 for all y. Since OF(z) has
trivial kernel, this implies that f(7*) = 0. From the result of Sz-Nagy and
Foias (see [21] page 133) that contractions, which satisfy ¢(7") = 0 for some
¢ € H*, have non-trivial invariant subspaces, it follows that 7 has a non-
trivial invariant subspace. This is a contradiction. Hence OF (z) Dy cannot
be a non-cyclic vector of S*.

The proof of the second statement is the same as the proof given for Corollary

3.20. O
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Next, we extend this result to generalize Theorem 3.19 to the || T’|| < 1 case.
That is, if T has no nontrivial invariant subspaces, then Theorem 4.16 implies
that the range of O (z) contains a S*-cyclic vector. In the next theorem, we
show that, in the case of an invariant subspace free operator, every nonzero

vector in the range of O%(z) is S*-cyclic.

Theorem 4.17. If T € B(H) with |T|| < 1 is invariant subspace free, then

every nonzero vector in the range of OF(z) is a cyclic vector of the backward
shift on {e;}.

Proof: Assume that T is invariant subspace free. Then, by Proposition 2.13,
O%(z) has trivial kernel and, by Theorem 4.16, dense range. Furthermore,
T is completely non-unitary so, by Corollary 4.12, OF(z) is a closed and
densely defined operator. Hence, O%(z)* has trivial kernel and dense range.
Moreover, since T" has no non-trivial invariant subspaces, so does T and
hence for each y # 0, O7.(y) has trivial kernel (by Proposition 2.13).

Now, suppose that for z and y nonzero, OF (z)(y) is S* non-cyclic. Then, by

Proposition 2.13, there exists nonzero z € H such that

0 = 0%(05(2)w)):
= 05.(y)05(a)'2

Now, since OF.(y) and OF(z)* both have trivial kernels, we must conclude

that z = 0, which is a contradiction. O
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4.3 (. and C, Contractions

Recall that a contraction T is called C,. if for each = # 0, ||T"z| / 0, and
is called Cy. if for each z, |T"z| — 0 (see [21] page 72). In this section, we

link properties of OF(z) to the type of contraction T is.
Proposition 4.18. If T is a C). contraction, then OF(x) is not compact.

Proof: Suppose not, that is, assume O (z) is compact. In particular,
O%i(z) € B(H). Hence, for each y € H, 3. | < y,T"z > |> < oo. It fol-
lows that T"z converges weakly to 0. Since O% (z) is compact, OF (z)(T*z)

converges in norm to 0. However,

105 (@) (T*z)|? = Y | <T*z,T "z > |?

n
IT*2||?

%

From which it follows that ||T*z|| — 0. This is a contradiction. O
Using this last result and Theorem 4.17, we have the following result.

Corollary 4.19. If T is an invariant subspace free C). contraction, then
the range of OF (x) contains an infinite dimensional closed subspace whose

nonzero elements are cyclic vectors of the backward shift operator.
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4.4 Closed Range

In Theorem 2.33, we saw that if OF (z) was compact and had closed range,

then span{z,Tz,...} is finite dimensional and therefore 7" has a non-trivial
finite dimensional invariant subspace. Moreover, closed range is one of the
properties which is invariant under a change of basis. We would hope for a
result linking this property with properties of invariant subspaces. That is, we
would ask the natural question, whether for the case ||T'|| < 1 it follows that
if the range of OF(z) is closed, then T" has a non-trivial invariant subspace.
We will show that it does, but we must be sure that OF (z) € B(H). We will

give two proofs. For the first, we will use the following two results.

Proposition 4.20. (/19] page 107) If I — T*T is Hilbert Schmidt, then T

has a non-trivial invariant subspace.

Proposition 4.21. (c¢f. [10] page 85) If H is a separable Hilbert space and
R is a non-compact operator in B(H), then there ezists operators A, B such

that ARB =1.

Theorem 4.22. Assume OF(z) is a non-compact operator in B(H) and,
hence there exists A and B such that AO%(z)B = I. If BDy = DpC for
some operator C € B(H), then T has an invariant subspace. In particular, if

O7(z) € B(H) has closed range, then T has a non-trivial invariant subspace.

Proof: We have AO% (z)B = I so that AOF (z)BDy = Dr. By assumption,
Dy = AO% (z)BDr = AOF(z)DrC, but, since OF (z) Dy is Hilbert-Schmidt,
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AO%(z)DrB = Dr is also Hilbert-Schmidt. This implies that [ — T"T is
Hilbert-Schmidt (actually trace class). So, the result follows by Proposition
4.20.

If OF () has closed range and is compact, then it is finite-rank and hence has
non-trivial kernel. Thus, T has an invariant subspace by Proposition 2.13.
If OF (z) is non-compact, has closed range and has trivial kernel, then there
exists A € B(H) such that AO% (z) = I; that is, B (and C) in the above can
be taken to be I. The first statement of the theorem now applies so that we

have the result. O

We now give the second proof. It uses Theorem 4.16, which asserts that if

the range of OF(z) is not dense, then T has a non-trivial invariant subspace.

Theorem 4.23. If O%(z) € B(H) has closed range, then T has a non-trivial

wmvariant subspace.

Proof: Assume that range of OF (z) is closed. If it is not dense, then, by
Theorem 4.16, T has an invariant subspace. We are left with the case when
the range of OF (z) is both closed and dense; that is, the case when the range
of OF(z) is H. Hence, OF(z) is onto H. Thus, there exists y € H such
that OF(z)y = e and, hence, 0 = S*O%(z)y = OF(Tx)y from which it
follows that OF(T'z) has a non-trivial kernel. If Tz = 0, then ker(T) is a
non-trivial invariant subspace of T. Otherwise Tz # 0 and, by Proposition

2.13, it follows that 7" has a non-trivial invariant subspace. O

Recall that an operator, A € B(H), is Fredholm if range(A) is closed and
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both ker(A) and ker(A*) are finite dimensional. For such A, the index
is defined by dim(ker(A)) — dim(ker(A*) and will be denoted by ind(A).
Both [13] (see Chapter XI) and [9] (see Chapter XI) contain discussions on
Fredholm operators. We will use Theorem 3.2 in [13], which states that if A
and B are Fredholm, then BA is Fredholm and ind(BA) = ind(B) +ind(A).
We also note that the backward shift is Fredholm with index one. In the
next theorem, we prove directly (i.e. without using Theorem 4.23) that

under certain conditions on OF (z), T has an invariant subspace.

Proposition 4.24. a) If OF(x) is Fredholm, then T has a non-trivial in-
variant subspace.

b) If OF(z) is onto H, then T has non-trivial invariant subspace.

Proof: For a) Let n = ind(O%(z)).

Case 1: n > 0 It then follows from the definition of the index that
ker(O%(z)) is non-trivial and hence that T has a non-trivial invariant sub-
space by Proposition 2.13.

Case 2: n < 0 Consider (S*)™""'O0%(z). From the property of the in-

dex discussed above, we know that ind((S*)™"" 0% (z)) =(-n+1)ind(S*) +

ind(O% (z). It follows, using the fact that ind(S*) = 1, that ind((S*) "t 0% (z)) =

1 and hence has non-trivial kernel. By Proposition 2.25, OF (T "*'z) =
(S*) ™03 (z) and so, by Proposiiton 2.13, T-"*!z is T-non-cyclic.
Part (b) follows from Theorem 4.23 also, we will give a direct proof. If

O% () is surjective, then there exists y € H such that OF(z)y = eo. Hence,



CHAPTER 4. THE NORM ONE CASE 92

S*O%F(z)y = 0 where S* is the backward shift on {e;} and so O%(Tz)y = 0.

Thus, T'z is non-cyclic and we have the result. O

In the proof of the above proposition, we gained information about the cyclic

behaviour of vectors in the orbit of z (i.e. z,Tz,...).

Corollary 4.25. a) If OF(z) is Fredholm with positive indez, then  is T-
non-cyclic.
b) If O%(z) is Fredholm with ind(OF (z)) = —n (n € N), then T"'z is T-
non-cyclic.

c) If OF(z) s surjective, then Tx is T-non-cyclic.
Proof: Follows from the proof of Proposition 4.24. O

Unilateral shift and its adjoint provide examples of operators for which the
previous theorem can be applied (see Example 2.6 and 2.7). We can also use
Proposition 4.20 to generalize the result that if OF (z) is finite rank, then T
has an invariant subspace. This theorem can be applied to any contraction
with a finite dimensional invariant subspace or finite rank defect operator

(1e DT)

Proposition 4.26. If OF(z)Dr is a finite rank operator, then T has an

invariant subspace.

Proof: If OF(z) has non-trivial kernel, then, by Proposition 2.13, we are
done. So assume ker(OF(z)) is trivial. We will show that D7 must be

a finite rank operator. OfF(z)Dr being finite rank implies that kernel of



CHAPTER 4. THE NORM ONE CASE 93

O (z)Dr has finite codimension. Since OF(z) is one-to-one, it follows that
ker(Dr) = ker(O%(z)Dr). It follows that ker(Dr) has finite codimension
and hence that Dy is a finite rank operator. Now, by applying Proposition

4.20, we have the result. O

4.5 Spectral Properties

In previous sections, we have proved a number of conditions on the spectrum
of OF(z) which lead to the existence of invariant subspaces for 7. Here we
will summarize these results, but first, we would like to mention that the
spectrum of OF () is not invariant under a change of basis. That is, OY¢ ()
and O (z) may have different spectrum. However, from the construction
of OF(x), we have been most interested in whether zero is an eigenvalue of
O%(z). This property is however independent of the choice of basis. This is
evident since, by Proposition 2.30, OY%(z) = UO%(z) for every unitary U.
More generally, if zero is an approximate eigenvalue of OF (x), then zero is
an approximate eigenvalue of Oge"(z) for any unitary U. To see this, by the
definition of an approximate eigenvalue, there exists a sequence (yn)n>0 € H

with ||y, || = 1 such that Of(z)y, — 0. It then follows that
O7%()yn = UOF (2)yn — O

and hence that zero is an approximate eigenvalue of O (z).
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Theorem 4.27. If T has no non-trivial invariant subspaces, then for each
nonzero x, zero is an approximate eigenvalue of OF (x) (but is not an eigen-

value).

Proof: Firstly, zero must be in the spectrum of OF(z), since otherwise
O7(z) is surjective and, by Proposition 4.24, T' has a non-trivial invariant
subspace. If zero is an eigenvalue of O (), then, by Proposition 2.13, T has a
non-trivial invariant subspace. Finally, if OF (z) does not have dense range,
then, by Theorem 4.16, 7' has a non-trivial invariant subspace. The only

remaining possiblity is that zero is an approximate eigenvalue of O (z). O



Chapter 5

Conclusion

We have proved a number of results linking the properties of invariant sub-
spaces of T' with the operator OF (z). The most basic is the result that z
is T cyclic if and only if the kernel of OF(z) is trivial. However, we have
seen that the range of OF (z) also plays an important role in the structure of
the invariant subspaces of T'. Indeed, the result that the range is dense or T’
has a non-trivial invariant subspace, along with the generalization that the
range must contain only S*-cyclic vectors and the zero vector, puts strong
conditions on the range of OF(z) for an invariant subspace free operator 7.
Another interesting property of OF (z) is its connection with Rota’s Theorem
(see Section 3.5). This allows us to view the set of Hilbert-Schmidt operators
{O%(z)|x € H} as a Hilbert space and the action of 7* on H as multipication
by the adjoint of the backward shift on {e;}.

A number of additional questions may be asked about OF (z). For example,

95



CHAPTER 5. CONCLUSION 96

what are necessary and sufficient conditions on T" for O% (z) to be bounded
for each € H? Conditions that imply the compactness of O (x) are also of
interest. Such conditions would be of particular interest if it could be shown
that 7" having non-trivial invariant subspaces implies they hold. The spec-
trum of a number of the counter-examples to the invariant subspaces problem
in the Banach space setting have been calculated; for each, the spectral ra-
dius is strictly less than the norm of the operator. Given 7" with norm one we
have seen how the behaviour of O (z) differs greatly between the r(7") < 1
and 7(T) = 1 cases. Thus properties of OF () in the case r(T) = ||T|| = 1
may lead to results on the structure of invariant subspaces of operators in
this case.

Given a Banach space, X, with Schauder basis, e,, there is a natural gener-
alization of the operator OF (z). Namely, we can define a mapping from its
dual into itself via the formula f — ) f(T™z)e,. More generally, given
a separable Banach space, X, and a Banach space, Y, with Schauder basis,
en, we can define O7(z) : X* — Y via f +—— > f(T"z)e,. The kernel
of this map is independent of the choice of Y and, as in the Hilbert space
case, is trivial if and only if z is a cyclic vector of T'. It would be of interest
to compare results we have obtained for the case when Y is a Hilbert space

with corresponding results when Y is a sequence space (e.g. ¢g or [,).



Appendix A

Notation

We list here the notation of the thesis.

Standard

H - a separable complex Hilbert space

M - a subspace (closed linear manifold) of H

B(H) - operators from H to H

Lat(T) - Lattice of invariant subspaces of T

span - linear span

dim(M) - dimension of M

ker(T) - x € H such that Tz =0

ran(T) - y € H such that there exists z with Tz = y
o(T) - spectrum of T’

r(T) - spectral radius of T’

tr(T'), det(T) - trace of T and determinant of T

{T} - R € B(H) such that RT = TR

S, - Schatten classes

HS - the Hilbert-Schmidt operators (equal to S)

C1. - set of contractions such that 7"z 4 0 for all z # 0
Co. - set of contractions such that 7"z — 0 for all z

‘HP - Hardy spaces

Dr - defect operator of a contration T (Dr = (I — T*T)2)
Non-standard

M, - span{z,Tz,...}

O7 (z) - the orbit operator of T at z

Ar(z) - 05 (x)" 05 (z)

Gr(z) - O3(2)05 (x)°
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