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ABSTRACT

Sculptured surfaces are widely used in aeronautical, automotive, electronics, and other
manufacturing industries. Three-axis computer numerically controlled (CNC) mills are
commonly used to mill these surfaces and their respective mold and die tooling.
Research on tool path planning for sculptured surfaces using end-mills for 3-axis CNC
milling have focused on five methods of tool path generation: isoparametric, surface-
plane intersection, isocusp, steepest directed tree, and steepest directed isocusp (SDIC)

method.

The purpose of this thesis is to examine and quantify the benefits of using the SDIC tool
path generation method for a series of basic primitive shapes as well as freeform concave
and convex surfaces. These basic primitive shapes are chosen to show the effect of angle

of inclination and steepest path placement on SDIC tool path length.

An algorithm is presented which generates the SDIC tool path for general convex and
concave sculptured surfaces. The results of the SDIC method are presented and

compared with conventional tool path generation methods for these surfaces.
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CHAPTER 1 INTRODUCTION

1.1. Background

Sculptured surfaces are widely used in aeronautical, automotive, electronics, and other
manufacturing industries. Three-axis computer numerically controlled (CNC) mills are
commonly used to mill these surfaces and their respective mold and die tooling. A series
of simple command codes generate numerical instructions to the machine tool controller,
which guides the tool along a fool path to machine the sculptured surface. Tool paths are
the locus of cutter contact points where the cutting tool makes contact with the design
surface. The design surface refers to the actual surface created by the designer using a

CAD system.

Sculptured surface machining is carried out in two stages: rough machining (which
maximizes the material removal rate to approximate the finished surface from the original
stock) and finish machining (which machines the final surface by removing the excess

material left by rough machining).

Tool path length is the total distance the tool travels along the tool path. By minimizing
overall tool path length machining time is minimized, producing savings in tool wear,
scheduling, CNC mill operation costs, and operator time. Generating efficient tool paths

for finish machining of sculptured surfaces is the focus of this research.

Cost effectiveness in finish machining is maximized by producing a satisfactory
manufactured surface in a minimum of machining time. Manufactured surfaces are
surfaces created as a result of the milling process, within the tolerance surface of the
design surface. The tolerance surface is the surface generated by offsetting the design

surface by a specified tolerance value as shown in Figure 1.1.



Generating a tool path that produces a manufactured surface within specified tolerance
while maximizing machining efficiency remains a major technical challenge. Typically
gains made in improving surface finish quality are offset by decreased machining
efficiency caused by redundant machining. Redundant machining is the process of
removing material between the design surface and the tolerance surface, material within

the tolerance offset volume.

R o
/BOH—MILH

Tolerance Volume |
Tolerance Surface
= % 747 7 _— \/_
7, '\/_Design Surface

Figure 1.1 Tolerance Volume

1.2. Related Work

Current research on tool path planning for sculptured surfaces using end-mills for 3-axis
CNC milling have focused on five methods of tool path generation:

1) Isoparametric,

2) Surface Plane Intersection,

3) Isocusp,

4) Steepest Directed Tree, and

5) Steepest Directed Isocusp.

1.2.1. Isoparametric Machining

Sculptured surfaces can be represented by parametric surfaces of two variables, z=f{u,v),

as shown in Figure 1.2. Holding one parameter constant, u, defines an isoparametric



curve on the surface. Step size along this curve determines the interval between points on
the isoparametric curve. Step-size can be determined according to a specified maximum
chordal deviation of the tool path from the original curve. Step-over determines the
intervals at which the other parameter, v, is fixed, generating a series of isoparametric

curves.

Given the tool diameter, the step-over determines the resulting cusp height produced by
machining along adjacent isoparametric curves. While machining along two adjacent
isoparametric curves defined by a constant step-over interval, varying cusp heights will be
produced as the angle of inclination of the surface varies. Using a step-over based on the
maximum cusp height being equal to the specified tolerance of the surface, cusp height
can vary between zero and the specified tolerance between adjacent tool paths. Any cusp
height below the specified tolerance is a point of redundant machining, where step-over

could have been increased to produce a shorter overall tool path length.

Additionally, the relationship between the parametric co-ordinates and corresponding
Cartesian co-ordinates is not always uniform. Therefore the accuracy and efficiency of
the isoparametric approach will vary with surface geometry [Elber, Cohen, 1993]. This
deficiency is demonstrated in the isoparametric machining of a fan blade [Huang, Oliver,

1994]
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Figure 1.2 Isoparametric Curves: Step-Over and Step-Size

1.2.2. Plane-Surface Intersection Machining

Parallel plane-surface intersection machining has become the most common tool path
programming approach for surface geometries [Jensen and Anderson, 1993]. By
specifying the desired milling direction, a series of parallel cutting planes can be
generated, and the tool path is found along the intersection of the cutting planes and the

surface as shown in Figure 1.3. The tool path lies on these intersecting curves.

The major advantage of this method is that the milling direction can be specified by the
user and is not limited to the parametric co-ordinate axes [Chen ef al., 1993]. Also, the
machining of multiple adjoining surfaces is simplified when curves from different

surfaces are joined into a single tool path [Bobrow, 1985].



Figure 1.3 Parallel Plane Machining

In some cases the calculation of intersecting curves can be computationally intensive.
The computation load can be reduced by using both parallel and non-parallel planes
intersecting with the design surface to create planar tool paths for ball-mills [Huang and
Oliver, 1992]. Calculating tool paths for end-mills is computationally more involved

than the calculation for ball-mills.

As with isoparametric methods, tool paths generated using the plane-surface intersection
method are in general not the most efficient, as step-over between adjacent tool paths is
determined by the maximum scallop height produced while machining along a given

plane. This results in redundant machining.

1.2.3. Isocusp Machining

Isocusp tool paths are tool paths that produce a constant cusp height across the surface.
In isocusp machining the step-over between adjacent tool paths is determined by the
resulting cusp height between tool paths. This principle is discussed and demonstrated by
generating isocusp tool paths for an extruded part generated in Pro-E [Suresh and Yang,
1994]. Due to lack of geometry matching between the design surface and the cutter,
manufactured surfaces always have a degree of roughness, determined by cusp height

between tool paths. Step-over is maximized when the cusp height between adjacent tool



paths equals the specified tolerance of the surface. Isocusp tool paths are generated where
the cusp height equals a constant value, usually equal to the specified tolerance of the
surface. Figure 1.4 shows the horizontal projection of isocusp cutter locations along the

contour lines of a quarter sphere.

TOP VIEW

Tolerance \
Surface -ﬁ\\\\\ \ \ \

Contour
Line

Ac Jocent Isocusp
Toolpath

Cusp- ginal Toolpath

it r ——e™
Profile

Figure 1.4 Isocusp Machining

This method is effective in maximizing step-over, thus eliminating redundant machining,
but does not in general generate the most efficient tool paths [Sarma and Dutta, 1997] as

the isocusp tool paths deviate from the steepest path, as shown in Figure 2.25.

1.2.4. Steepest Directed Tree Machining

The best geometry match between an end-mill cutter and a sculptured surface is obtained
when the cutter is moved along lines of steepest surface slope [Vickers and Quan, 1989].
The steepest directed tree approach [Maeng and Vickers 1996] generates a tool path that
guides an end-mill in the steepest direction upward along a triangulated surface model
representation of the sculptured surface. Tool paths start from the bottom of the surface
and follow the steepest slope trajectory through points on the surface mesh. These tool
paths merge as they move upwards towards the summit of the surface. By optimizing the

geometry matching between the cutter and the design surface, the effective cutting edge is



maximized, which in turn maximizes the step-over between adj:cent tool paths,

minimizing the overall tool path length.
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Figure 1.5 Mesh Sculptured Surface

Figure 1.6 Tool paths Generated Using the Steepest Directed Tree Method

Using this strategy to machine a convex sculptured surface produces a series of steepest
paths that overlap as they move towards the summit, causing redundant machining

between adjacent tool paths.



1.2.5. Steepest Directed Isocusp Machining

Steepest Directed Isocusp (SDIC) machining is the combination of steepest directed tool
paths and isocusp tool paths to produce a total tool path that maximizes the machining
efficiency of an end-mill cutter [Chen, 2002]. As mentioned above, isocusp machining
can maximize step-over between adjacent tool paths by setting the cusp height equal to
the tolerance of the surface, but step-over drops off as the tool path deviates from the
steepest directed path. Steepest directed machining maximizes the projected effective
cutting edge of the cutter, which maximizes step-over between adjacent tool paths, but
redundant machining occurs as the steepest paths merge towards the summit of the
sculptured surface. By strategically combining steepest directed and isocusp machining,

the optimum step-over is obtained while limiting redundant machining.

Steepest directed paths are uniformly spaced across the sculptured surface, bounding
regions of isocusp machining. Uniform spacing between the steepest paths decreases
redundant machining as the steepest paths converge at the summit of the sculptured
surface. The regions bounded by the steepest paths are covered by isocusp tool paths
which are successively offset from the original steepest path, as shown in Figure 1.7. The
bounding steepest paths limit the number of isocusp tool paths offset from the steepest
path, decreasing the loss in projected effective cutting edge length associated with

deviation from the steepest path.

Torus end-milling Cutter

The Tool Path Frame
d Jool Paths)

(Steepest-directq ;
Free-Formed Surface ‘ o

Isocusp Tool paths

Figure 1.7 Steepest Directed Isocusp Tool path



Sculptured surfaces can be machined using a variety of cutters ranging from spherical
ball-mills to flat end-mills. Although the use of spherical ball-mills simplifies the
calculation of cutter locations across the sculptured surface, the step-over between
adjacent ball-mill tool paths is less than or equal to the step-over between adjacent end-
mill tool paths along a given surface. Increasing step-over decreases the overall tool-path
length, and decreases overall machining time. Machining sculptured surfaces using an
end-mill is demonstrably more efficient than using a ball-mill [Vickers and Quan, 1989].
The SDIC method generates tool paths for end-mill machining of sculptured surfaces
based on the combination of the isocusp criteria and the steepest directed tree criteria

explained above.

In the SDIC work, Chen generates SDIC tool paths to machine a horizontal half cylinder.
For a given surface tolerance, the number of evenly spaced steepest directed tool paths is
varied, and a minimum tool path length is found. A general procedure for generating
SDIC tool paths on sculptured parts in finish machining is described [Chen, Vickers, and
Dong, 2001]

1.3. Research Focus

The purpose of this thesis is to examine and quantify the benefits of using the SDIC tool
path generation method for a series of basic primitive shapes as well as general concave
and convex surfaces. These basic primitive shapes are chosen to show the effect of angle
of inclination and steepest path placement on SDIC tool path length. An algorithm is
presented which generates the SDIC tool path for general convex and concave sculptured
surfaces. The results of the SDIC method are presented and compared with conventional
tool path generation methods for these surfaces. Since feed rate is fixed during the
machining process, tool path length is directly proportional to machining time. Therefore
machining efficiency of various tool path generation methods can be compared by

comparing tool path lengths.
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1.4. Thesis Organization

In Chapter 2 the effective cutting edge is introduced and the effective cutting edge length
is derived in terms of cutter radius, surface tolerance, surface curvature, and angle of
inclination. The effective cutting edge length of end-mills is compared to the effective
cutting edge of ball-mills. In order to illustrate the variation of effective cutting edge
length over sculptured surfaces, the effective cutting edge length is derived in terms of
x,y,z co-ordinates for various three dimensional geometric primitive surfaces and plotted

on these surfaces.

In Chapter 3 the algorithm for generating steepest directed isocusp tool paths is presented.
These tool paths are made up of isocusp cutter locations and steepest path cutter
locations. The procedure for determining isocusp cutter locations is presented. Steepest
path cutter locations are found by approximating the gradient of the sculptured surface. It
is shown that the surface gradient runs perpendicular to the contour lines of a surface, and
this property is used to approximate the steepest path over the surface. The steepest path
can be approximated by following paths normal to the contour lines of the sculptured
surface. The procedure for determining cutter locations along the steepest path is
presented. The generation of SDIC tool paths on concave and convex surfaces is

presented.

In Chapter 4 SDIC tool paths for various three-dimensional geometric primitives and a
free-form sculptured surface are presented and compared to tool paths generated using
isoparametric methods and surface-plane intersection methods. The benefits and

drawbacks of using the SDIC method are discussed and presented.

Conclusions are drawn and presented in Chapter 5.
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CHAPTER 2 EFFECTIVE CUTTING EDGE LENGTH ON
SCULPTURED SURFACES

In order to examine and discuss the benefits of the SDIC tool path for machining
sculptured surfaces, the concept of an effective cutting edge is presented for both end

mills and ball mills.

The effective cutting edge (ECE) is the intersection of the cutting tool surface and the
tolerance surface. The ECE is a function of tool radius, surface tolerance, the angle of
inclination of the sculptured surface, and the radius of curvature of the sculptured surface.
Closed form equations are found relating these variables for both end-mills and ball-mills
on a series of primitive shapes. From these equations, the ECE length can be found at
every point along a sculptured surface, given the angle of inclination. ECE length is
found and plotted across the following three dimensional primitive geometric surfaces to
give an understanding of how ECE length varies with surface tolerance, tool radius, and
angle of inclination of the machined surface:

e planes,

e horizontal cylinders,

e spheres,

e vertical cones, and

e horizontal cones,
Choosing three-dimensional primitive surfaces facilitates the derivation of closed-form
expressions for the effective cutting edge length in terms of (x,y,z) position on the surface.

These closed forms expressions allow the ECEj,g to be plotted over the surfaces.
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2.1. Effective Cutting Edge of End-Mills

2.1.1. Definition

The effective cutting edge, ECE, of an end-mill on a curved surface is found by projecting
the cutting surface in the tool feed direction. At any given cutter location, the cutting
surface of the end-mill makes an angle with the surface normal, known as the angle of

inclination, as shown in Figure 2.1.

SIDE VIEW SECTION A-A
Tolerance Surface
E”O“”“‘ﬁ% End—Mi%
>

1 I
. T%Ol Feled i } !
Se. irectiaon | R
~ Effective
e ! Cutting !
e R Edge +\
~| A
| I
b l il ~
/ \\l Toleronce - ~
Angle of Surface / NN
Inclination \ .
<o / \ Nominal Surface
l

Design Surface

Figure 2.1 Effective Cutting Edge of End-Mills

The angle of inclination () is the angle the surface normal ( N ) makes with the

horizontal plane (/) as shown in Figure 2.2.

Figure 2.2 Angle of Inclination
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The angle of inclination is determined using the property of dot-products between

vectors:
NeH
cos() ===
¥4
L (1)
a:cos”'{u]
VA

Effective cutting edge length (ECEjngn) is defined as the distance between the endpoints
of the ECE, not the true length of the cutting edge, as shown in Figure 2.3.

PROJECTION PLANE NORMAL TO TOOL FEED DIRECTION

- o -~ End Mill Cutter

mﬁgth -
(c,ob
\\ ol Effective Cutting Edge
= /Design Surface
>/— r+T

Tolerance Surfoce
h \/—
2 r
yl
//

—— X

5 —-—

Figure 2.3 Effective Cutting Edge Length

The projection of the cutting surface of an end-mill in the tool feed direction is an ellipse

(Figure 2.3). The equation of an ellipse centered at (c,d) is

(x=c)’ (»-d) _
2 + 2 =1
a b

()]

where the x and y axes intersect at the centre of curvature of the design surface as shown
in Figure 2.3. The major axis of the ellipse (a) equals the radius of the end-mill (R), and r
is the radius of curvature of the design surface. The ellipse is centered at (0,7+b).

Substituting these values into Equation 2 gives
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X (y=(r+bd))’

e =
The projection of the end-mill in the plane of tool feed direction with respect to the side
view of the end-mill is shown in Figure 2.4. The angle of inclination (a) is the angle the

surface normal makes with the horizontal plane.

End-Mill Pro jection SIDE VIEW

It R
G T
N R
W | End-Mill
N .
\ %
% \ .
SO N
Toleronce \\ SO\ .
SUPrface — — >\ SO N
i S Yy \|B /\B
sl AN 2
Tool Feed \\X\' N ( 3
Direction N i
C A C
! 2R

Desian Surfoace

Figure 2.4 End-Mill Projection and the Angle of Inclination

There is a trigonometric relationship between the minor axis of the end-mill projection, b,

and the angle of inclination of the cutter, a.

2R R (4)
b= Rcos(a)

The co-ordinates of the intersection point between the tolerance surface and the
projection of the end-mill are (x;y;). The ECEj,gn is found in terms of x;, as shown in

Figure 2.3.
ECE,

ength =

2x, )

Equation 3 is rearranged as an expression for x; when y=y;
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—(r+b))
% =R 1_[MT)_)] (6)
b
and this expression can be substituted into Equation 5 to give ECEjzgn in terms of x; and
Y
2
( y,—(r+ b))
ECEIength = 2R 1 - (—I—bz—— (7)

The equation of the end-mill projection in terms of R and a is found by substituting

Equation 3 into Equation 4:

x_z+ (y —(r + R cos()))’ 1

8
R’ R? cos’* () ®
The equation of the tolerance surface is
X +y* =(r+T)* &)
Solving Equations 8 and 9 for y gives the expression for y;
2(r+ chos(a ), \/[ 2(r+R7cos(a ))] _4(tan’ (a))( R —(r+T) (r+Rcﬂ0s(a))” J
cos”(a) cos™(a) cos™(a)
M= (10)

2(~tan*(@))
Substituting this expression for y; into Equation 7 gives the ECEj,g in terms of cutter

radius, R, surface tolerance, 7, angle of inclination, a, and radius of curvature of the

design surface, r:

2
(y, —(r+Rcos(a)))
ECE =2R |1—-
length R2 COSZ (a)

(11)

When the radius of curvature greatly exceeds the radius of the cutting tool, the ECE g
approaches the ECEj.,g; for machining a ruled surface. For an end-mill machining a
ruled surface

y,=r+T (12)
this expression can be substituted into Equation 11 to give a simplified equation for the

ECEjengin of an end-mill on a ruled surface:
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(r+T—(r+Rcos(0L)))2 - (T—Rcos(on))2
R? cos’(at) - R? cos*(at)

(13)

ECE,, , =2R [1-

length

This equation for the ECE length of an end-mill on a ruled surface is equivalent to the
equation for the cross-feed of an end-mill on a flat surface given in Equation 21, page 175
[Vickers, Ly, 1990]. Figure 2.5 shows the ruled surface ECEj.,g; is a reasonable
approximation to the actual ECEj..g, When the radius of curvature is much greater than

the radius of the tool.

T T T T T T
i Ruled Surface ECE, a=80°
(2}
=
® Ruled Surface ECE a=75°
I 181 i
°
(o]
—
~ L
£ 1.6
()]
c
3 ‘Ruled Surface ECE, a=60°
o 14F
(=]
o
o Ruled Surface ECE , a=45°
-g 12}
= uled Surface ECE, a=30°
(q'g ““““““““““““““““““““““ 55-5-6<4Ruled Surface ECE, a=15°
2
s T —o— A=15deg ||
g —— A=30deg
w —+— A=45deg
—— A=60deg
08 —=— A=75deg M
—— A=80deg
1 Il | 1 Il T
0 5 10 15 20 25 30

Radius of Curvature / Tool Radius, /R

Figure 2.5 ECEj¢,q, for Ruled and Curved Surfaces vs. Angle of Inclination

The accuracy of this approximation for different tolerances increases as the radius of
curvature of the design surface is increased while the angle of inclination remains
constant, as shown in Figure 2.6. The approximation approaches the true value as the

ratio of radius of curvature by tool radius (#/R) increases.
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Figure 2.6 ECE|engt for Ruled and Curved Surfaces vs. Tolerance

2.1.2. Critical Angle

The effective cutting edge reaches a maximum when the tolerance surface intersects the
projection of the major axis of the projected ellipse as shown in Figure 2.7. This occurs
when the effective cutting edge equals the end-mill diameter. The critical angle of
inclination (0.icar) 1 the angle where the maximum effective cutting edge occurs. o itical

can be found by differentiating Equation 13 and setting it equal to zero.

d(ECE ) d (7= Roos(@))’
do. da 2R ( R? cos’*(a) (14)

_ 2T (T - R cos(at) ) tan(o.) -

(T-R cos(OL))2 ]

Rcos’a [1- i
R’ cos™ ()

The minimum ECE,,,,4;, for an end-mill is found when a=0 and the maximum is found
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when a=a,,i.q;, Where

acritical =arccos (%J ( l 5)

When o exceeds the critical angle of inclination, Ogigcar, the ECEj,q, reaches its

maximum at the tool diameter, while the cusp height decreases below the tolerance

surface and vanishes as the angle of inclination approaches 90° as shown in Figure 2.7.

O < Oleritical O = Olritical O > Oleritical

Figure 2.7 Cusp Height Past the Critical Angle of Inclination

2.2. Effective Cutting Edge of Ball-Mills

The projection of the cutting surface of a ball-mill of radius R in the tool feed direction
remains a circle of radius R as the angle of inclination is varied between 0-90°, as shown

in Figure 2.8.
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SIDE VIEW SECTION A-A
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Figure 2.8 ECE and ECEjenge, of a Ball-Mill Along a Sculptured Surface

The equation for a circle of radius R, centered at (c,d) is

(x=c) +(y-d)’ =R (16)
where the x and y axes intersect at the centre of curvature of the design surface as shown
in Figure 2.9).

PROJECTION PLANE NORMAL TO TOOL FEED DIRECTION

b 4

A

Ball Mill Cutter

Effective Cutting Edge

Tolerance Surface

Figure 2.9 ECEjeng, of a Ball-Mill

The equation of the circular projection of the ball-mill in Figure 2.9 is:
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x> +(y—-(r+R))’ =R’ (17)

x=4JR - (y-(r+R))’ (18)

and the equation of the tolerance surface is:
x*+y =(r+T)* (19)
Solving Equations 17 and 19 for y;, the y co-ordinate of the intersection of the surfaces,

gives:

_(r+1)'+(r+R)’-K

20
o 2(r +R) e
The length of the effective cutting edge is found in terms of x; as shown in Figure 2.9:

ECE,,, =2x, Q1)

ength .
Combining Equations 18 and 21 gives an expression for ECEj.gy in terms of cutter

radius, R, radius of curvature, r, and y:

ECE,,,, =2k —(y,—(r + R))’ (22)

Substituting the expression for y; into Equation 20 gives an expression for ECEje,g in

terms of cutter radius, R, specified tolerance, 7, and radius of curvature, r:

2 2 !
ECE, . =2\/R2-((’+T) Hr+R) R —(r+R)J 23)
¥ 2(r+R)

This expression is equal to the ECEj,gn of an end-mill when the angle of inclination
equals zero. When the radius of curvature greatly exceeds the radius of the cutting tool,
the ECEjengn approaches the ECEjeng for machining a ruled surface. For a ball-mill
machining a ruled surface:

y,=r+T (24)
Substituting this expression into Equation 20 gives the equation for the ECEj,g; of an

end-mill machining a ruled surface:

ECE,, , =2|R* (T - R))* = 2J2TR-T" (25)

length
This equation is equivalent to the equation for the cross-feed of a ball-mill machining a

flat surface given in Equation 19, page 175 [Vickers, Ly, 1990].
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2.3. Effective Cutting Edge Length of End-Mills Compared to Ball
Mills on a Ruled Surface

The effective cutting edge of an end-mill cutter on a ruled surface is calculated using

Equation 13 and compared to the effective cutting edge length of a ball-mill cutter on a

ruled surface using Equation 23, both cutters machining at various angles of inclination

and various ratios of tolerance by tool radius (7/R), as shown in Figure 2.10.

2

—«— T/R=0.3 | End-Mill (-)
—— T/R=0.25 | Ball-Mill (- - -)
8K T/R=0.2
—— T/R=0.15
—a— T/R=0.10
—o— T/R=0.05

%

-
[o2]
I

—_
T

Effective Cutting Edge Length / Tool Radius
o
(o]

0.6

Angle of Inclination (degrees)

Figure 2.10 Effective Cutting Edge Length vs. Angle of Inclination

A ratio of ECEjengy for end-mills (Equation 13) vs. ECEjengn for ball-mills (Equation 25)

may be given as:

g . (T_zRCOZS(a))Z ah. (T—ZRcos(oc))2
ECE,, R? cos* (o) ) R? cos* (o)
ECE, 2121R 17 B J2TR-T?

This can be rearranged in terms of 7/R to give:

(26)
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() (3]
R) R
cos(a) cos’(at)

= = : 7)
ECE,, ECE,, /R ™ (TY z(zj-(z)
(GHE VG

As the angle of inclination increases, the ECEj.g; of end-mills greatly exceeds the

| ((T—Rcos(a))zJ
. 2 2
ECE,, ECE,, /R _ R” cos”(a)

ECE g of ball mills as shown in Figure 2.11. In the region beyond the critical angle of
inclination, the ECEjengn of the end-mill equals the tool diameter as shown in Figure 2.7.
In this region the cusp height decreases from the isocusp tolerance value as the angle of

inclination approaches 90°.
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Figure 2.11 End-mill ECEjengt, by Ball-Mill ECEjengt vs. Angle of Inclination
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2.4. ECE, g in terms of x,y,z Position on a Surface

To illustrate the distribution of ECEjeugn on curved surfaces, ECEjengn is calculated and
displayed for the following three dimensional primitive surfaces:

e planes,

e horizontal cylinders,

e spheres,

e vertical cones, and

e horizontal cones.
For these surfaces the angle of inclination can be expressed in terms of (x,y,z) co-
ordinates, an expression for ECElengin in terms of x,y,z co-ordinates may be found and
plotted. ECEj.,gn is plotted as shading density, where lighter shading represents higher

ECEjengm, and darker shading represents lower ECEjengh.

2.4.1. Planes

The equation for a plane through P,(X,,0,z,) normal to N = Ai + Bj + Ck is given as
f(x,y,z)=A(x—x0)+B(y—y0)+C(z—zo)=O (28)

The surface normal, N, and the horizontal projection of the surface normal, H , are:

N=Vf=Ai+Bj+Ck

- A (29)
H = Ai +Bj
The angle of inclination is found using Equation 1:
A’ +B’
o =arc COS( m] (30)

The effective cutting edge length for an end-mill, ECE},gy is found using Equation 13:

2TR T?

L£+5  A+B B
A+B+C A +B+C

2

ECE,

ength =
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ECEjmgn has been plotted over a plane defined through P,(0,0,0) normal to
N=-1i +O}'+ll€. Because the angle of inclination is constant all over the plane, the

ECEjengm is also constant as shown in Figure 2.12.

100 .-

804.. "

Figure 2.12 Constant ECEj;.g over a Planar Surface

2.4.2. Horizontal Cylinders

The equation for a cylinder with its axis along the x-axis, centered at (yy,zy) is
2 2
f(X,y,Z)"—'(y_yo) +(Z_ZO) _r2=0 (32)
where the equation for the surface normal vector, N, and the horizontal projection of the

normal vector, H are
N=Vf=(2y—2y0)j+(2z—2zo)l€=(y—y0)]'+(z—zo)1€ (33)
H=Q2y-2y))j=(r=)J (34)

The angle of inclination is found as the angle between N and H , using Equation 1:

o = arccos \/ (yz_yO) 5 (35)
(r-30) +(z-2)

The ECEjengi of an end-mill over the cylinder surface is found using Equation 13
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2TR >
ECE,

i G-r) _ _ L=x)
G-w) +(z-m)  =n) +(z-2)

The distribution of the ECEjengs over the cylindrical surfaces for increasing R/T ratios is

(36)

shown in Figure 2.13 to Figure 2.15. As the ratio of R/T increases, the critical angle

decreases, and the ECEjyg reaches its maximum over more of the surface.

2.4.3. Spheres
The equation for a sphere of radius r and centre (x,,),,z,) is given as
f,2)=(x=x) +(y=y,) +(z-2,)" =r* =0 (37)
where the equation for the surface normal vector, N, and the horizontal projection of the
normal vector, H are
N=Vf=02x-2x,)i +Q2y-2y,)] +(2z-2z2,)k (38)
H=02x-2x)i +Q2y-2y,)j+(2z -2z )k (39)

The angle of inclination of inclination is found as the angle between N and H using

Equation 26:
)2 _ 2
oL = @rc cos (x2 xo) +(y2 yo) > (40)
(x=x,) +(y-y,)" +(z-z,)
The ECEjengi of an end-mill over the sphere surface is found using Equation 13:
2
ECElength =2 X — 3 r = (4 1 )
(x=x,) +(r=y,)’ (x-x)" +(-,)
(=%, +(y=y,) +(z-2,) G=-x)+-y)+(z-z)

The distribution of ECEj.g is plotted over the surface of a sphere centered at (0,0,0) with
a radius of 35mm. ECEj.,gy is maximized when the angle of inclination is maximized,
near the top of the sphere As the ratio of tolerance offset by tool radius (T/R) is
increased, the critical angle of inclination decreases, and the ECEj,y; reaches its

maximum over more of the surface, as shown in Figure 2.16 to Figure 2.17.



Figure 2.15 ECEjengi, on a Cylinder Surface, T/R=0.3
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Figure 2.18 ECEjeng» on a Spherical Surface, T/R=0.30
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2.4.4. Vertical Cones

The equation for a vertical cone with its axis parallel to the z-axis, centered at (x,,,),

forming an angle B with the z-axis, with a maximum radius of I,y is:

f(x,,2)=(x=x,)" +(y=,) = (e —ztan(B))* =0 (42)
where the equation for the surface normal vector, N , and the horizontal projection of the
normal vector, H are

N=Vf= (2x-2x,)i +(2y-2y,)j +(2ztan*(B)-2r, tan(B))k @3)
H=(2x-2x)i +2Qy-2y,)j

The angle of inclination is found as the angle between N and H using Equation 26:

o = arc cos \/ - (x—ago)2+(y;yo)2 ; (44)
(x—x,)"+(y-y,)" +(ztan”(B) - r,,,, tan(P))

The ECEjengi, of an end-mill over the cone surface is found using Equation 13:

i) : : -
length (x_x")2+(y_y”)2 (x—xv)z +(y—)’,,)2
(x=x,) +(y=,) +(ztan*(B) —r, tan(P))}  (x=x,)" +(y=y,)" +(ztan’(B)-r,, tan(B))’

The distribution of the ECEj,qn over the surface of a cone centered through (0,0,z),
forming and angle B=45° wit the z-axis, and with a maximum radius of 35 is shown in
Figure 2.19. For all vertical cones, the angle of inclination is always constant everywhere
on the surface of the cone, therefore the ECEj.,gy is also constant everywhere on the

surface.
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8§ ECE=CONSTANT

207

Figure 2.19 ECEjengt, on a Vertical Cone

2.4.5. Horizontal Cones

The equation for a horizontal cone with its axis parallel to the x-axis centered at (x,,),)
forming an angle # with the x-axis is:
fx,y,2)=x"tan’ (B)~(y-»,)" ~(z-2,)" =0 (46)
where the equation for the surface normal vector, N , and the horizontal projection of the
normal vector, H are
]V=Vf=(xtan2B)f+(—y+yo)]'+(—z+zo)l€ @)
H =(xtan’ B)i +(-y+y,)]

The angle of inclination of inclination is found as the angle between N and H, using

Equation 26:

2 e 2
— [’ B)) +(r+.) (48)

(xtamz(B))2 +(=y+y,) +(~z+z,)

The ECEjengim over the cylinder surface is found using Equation 13:

27R ) T? (49)
Jxtan®@)) + -+, (vtan’(B) +(-r 43,

2

\/(xtamz(ﬁ))2 +(=y+y,) +(-z+2z,) (xtan*(B)) +(=y+,) +(-z+z,)’

ECE

length =

2

The distribution of the ECEj,gn over the surface of a horizontal cone with its axis

centered on (x,0,0), forming an angle of 10° with the x-axis is shown in Figure 2.20 to
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Figure 2.22. The ECEjengn is maximized along the ridge of the cone running along the

line of intersection between the cone and the plane y=0.

Figure 2.22 ECE|.,s, on a Horizontal Cone, T/R=0.3
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2.5. Effective Cutting Edge in Isocusp Machining

Cusp height is determined by the projection of adjacent cutter locations normal to the
direction of tool feed as shown in Figure 2.23. Isocusp tool paths are generated when the
step-over between adjacent cutter locations is determined by setting the cusp height equal
to the specified tolerance of the surface. When step-over is maximized, overall tool path
length can be minimized because the surface will be machined using the fewest number

of adjacent tool paths.

PROJECTION PLANE NORMAL TO TOOL FEED DIRECTION

WSTEP DVEPT
I
|
|

|
|
} /END MILL
|
|
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f

TOLERANCE SURFACE
NOMINAL SURFACE

Figure 2.23 Cusp Height

Isocusp machining does not always provide the shortest overall tool path length because
step-over is also determined by the projection of the ECE of the tool. As the tool travels
in the tool feed direction, it carves out a furrow which is the projection of the ECEjengm in
the direction of tool feed. When the tool feed direction is in the steepest directed path,
the projected ECEjeng is maximized. The projection of the ECEjengi n the direction of
tool feed decreases as the tool feed direction deviates from the steepest path as shown in

Figure 2.24.
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Figure 2.24 Projected ECEjength(projected) and Angle of Deviation(g)
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The relationship between the projected effective cutting edge length (ECEenginprojected))
and the angle of deviation (¢) is
ECE,

ength( projected) — ECEIength cos(9) . (50)
Isocusp machining maximizes step-over based on cusp height, but it does not ensure the
projection of the effective cutting edge length in the direction of tool feed is also
maximized. For example, on a convex sculptured surface isocusp tool paths beginning
from a steepest directed path will progressively deviate from the steepest direction,
decreasing the projected ECEjengn as shown in Figure 2.25. This results in an increase in

overall tool path length. The strategy of steepest directed machining is introduced to

maximize the projected effective cutting edge of the cutter.
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Figure 2.25 Progressive Deviation of the Isocusp Tool path from the Steepest Direction

2.6. Effective Cutting Edge in Steepest Directed Machining

The concept of steepest directed machining is based on the Steepest Directed Tree tool
path generation scheme [Maeng, 1996]. Tool paths are generated along several steepest
slope trajectories on the surface, starting from the bottom of the surface and moving
upwards. On convex sculptured surfaces, these tool paths gradually merge as they move
upwards. The goal using the steepest directed tool path is to maximize the projected
effective cutting edge length of the end-mill, which maximizes step-over between

adjacent tool paths and minimizes overall tool path length.

The steepest directed tool paths on a convex curved surface gradually merge as they move
upwards. As they merge, effective cutting edges begin to overlap, resulting in
overmachining as shown in Figure 2.26. A combination of steepest directed paths and

isocusp tool paths is required to produce a minimum tool path length.
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Figure 2.26 Redundant Machining Caused By Converging Steepest Paths

The SDIC method of tool path generation aims to minimize overall tool path length by
combining isocusp machining (Section 1.2.3) and steepest directed machining (Section
1.2.4). Isocusp machining determines step-over based on an isocusp finish equal to the
specified tolerance of the surface, while steepest directed machining gives the largest
projection of the effective cutting edge in the cutting direction, minimizing the number of

passes needed to machine the surface area.
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CHAPTER 3 STEEPEST DIRECTED ISOCUSP TOOL
PATH GENERATION

In order to machine complex sculptured surfaces, a series of command codes is required
to guide and control the spindle and table of the CNC mill. These codes are generated
based on the design surface geometry and specified machining parameters. The
numerical instructions are generated by first reducing the dimensionality of the surface to
that of contour lines. Next, the contour lines reduced to a set of points, called nodes, as

shown in Figure 3.1.

3-D Surface Contour Lines
W4
//‘
\_/
; Nodes
35 30
30 :
v 25
258 |
204 20
Z
15 154
104 ]
10
54
0 5.

Figure 3.1 Reduction of Surface Geometry for Tool Path Calculation

The SDIC tool path is formed by a skeleton of evenly spaced steepest directed tool paths
which form the boundaries for isocusp regions on the surface. The isocusp regions are

covered by isocusp tool paths. Cutter locations along these steepest directed tool paths
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and isocusp tool paths are selected based on the steepest path and isocusp criteria,
respectively. Along each contour line, starting with cutter locations along the steepest
path, adjacent cutter locations are found based on the isocusp criteria. Cutter locations
from the lowest to the highest contour line are ordered to produce the SDIC tool paths, as

shown in Figure 3.2.
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Figure 3.2 SDIC Cutter Locations, Convex Surface

Isocusp cutter locations are determined using an iterative algorithm. Similarly, cutter
locations along the steepest directed path are determined using an iterative algorithm

which approximates the steepest path between the nodes of the contour lines.

3.1. Isocusp Cutter Location Calculations

Isocusp cutter locations are found selecting the cutter locations that gives the closest cusp
height that falls within the tolerance of the sculptured surface. Cusp height is defined as
the distance between the intersection of adjacent cutter profiles and the design surface.
Starting from a known base cutter location, cusp heights are found by calculating the

intersection of cutter locations corresponding to neighbouring nodes along the contour
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line. The cutter location corresponding to a cusp height that is closest to, but does not
exceed, the projection of the tolerance surface is selected as an isocusp cutter location.
This new cutter location is used as the next base cutter location for evaluating new cusp
heights along the curve. The scheme continues until the end of the isocusp region is

reached. Isocusp regions are bounded by steepest directed paths.

The projection of the tolerance surface onto a horizontal cross-section of the surface is
needed to find the isocusp cutter locations along the contour. The tolerance surface,
offset normal to the design surface, is projected along a horizontal plane at the same z

height as the contour line, as shown in Figure 3.3.

v
T

Figure 3.3 Projection of the Tolerance Surface Along Contour Plane

The cusp height along the horizontal surface defined by the contour line is determined
using the angle of inclination of the design surface:

T
cit = cos(at) 1)

The (x,y) co-ordinates of the cutter center (a,b) and (c,d) are found by offsetting the cutter

profile by its radius normal to the contour line, as shown in Figure 3.4. The normal
vectors (ﬁl,ﬁz) are unit vectors normal to the tangent vectors, which are the vectors

joining the neighbouring nodes on the contour line.
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a=x+ H_ R
b=y +H, ok (52)
c=x,+H, oR
d=y,+H 2 ®R
When machining a convex surface, the cutter radius is offset outside the contour line.
When machining a concave surface, the cutter is offset inside the contour line. The

equations for the cutter profiles are:
(x—a)’ +(y-b)’ =R (53)
(x—¢)’ +(y-d)’' =R’ (54)
The coordinates of the intersections of the two circles (x,y) are found by solving
Equations 53 and 54.

Tolerance Surface

Contour Line LY

\
\ \\
X

Cutter
Profile

Nodes

Figure 3.4 Cusp Height Determination, Convex Surface

There are two intersections of the cutter profiles—the closest solution to the surface
contour is used. The cusp height is found using the midpoint of the two nodes in
consideration. The midpoint (X4 Vmiq) 1S determined by finding the closest point on the
contour line to the intersection of the circles. The cusp height for the two cutter locations

is found by:

cuspheight =\ (x,uy = %)} + (Vg =)’ (55)
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Cusp height is compared to the projection of the tolerance surface. If the cusp height is
less than the projection of the of the tolerance surface, the procedure moves on to the next
node. Using the same values of (x;,y;) and new values of (x,,),). New cutter locations
give new circle intersections (x,y) giving a new cusp height. If cusp height is less than the
specified tolerance, the process is repeated until the cusp height is greater than or equal to
the projection of the tolerance surface. When this occurs, the cutter location from the
previous iteration is used in the tool path, and this location is used as the new base cutter
location (a,b) in determining the next isocusp cutter location. The entire process repeats
until isocusp cutter locations have been determined across the surface contour. The

following pseudocode describes how the concepts explained above are implemented.

Synopsis: CUTTERLOCATION=isocusp(NODES,T)
Input: NODES —array of points along the contour lines of the surface
Subfields NODES.x —x co0-ordinate for node

NODES.y —y co-ordinate for node
Return: CUTTERLOCATION —array of new kernel locations and normals
Subfields CUTTERLOCATION.x —x co-ordinate for kernel
CUTTERLOCATION.y —y co-ordinate for kernel

Procedure

begin

=1

i=1; {initialize array indexes)
dx=NODES(i).x - NODES(i+1).x;

dy=NODES(i).y - NODES(i+1).y;

H.=dy; H=-dx; {Hx, Hy —x and y components of normal}
a=NODES(i)x+H_eR

b= NODES(i).y + Hy oR {calculate original cutter location (c,d)}

i=i+l;
Jor each node along the contour line
dx=NODE(i).x-NODE(i+1).x;
dy=NODE(i).y-NODE(i+1).y;
Hx=dy, Hy=-dx, {use neighbouring node to determine normal,
N}
¢=NODES(i)x+H_eR
d = NODES(i).y +H, oR



40

(x—a) +(y-b)’ =R’
(x—c)’ +(y-d)’ =R’

{find the midpoint , (X,,4YmJcloset point to intersection}

{calculate intersection of cutters, (x,y)}

cuspheight = \/ (%, =X) + (Vs — y)? {find cuspheight}
if cuspheight>tolerance
(c,d)=(NODES(j-1).x, NODES(j-1).y);  {go back to last nde since CH>T}
CUTTERLOCATION(j)=(c,d); {store previous cutter location in tool path}
Jj=jt+l; {increment index to cutter location}
(a,b)=(c,d); {set base co-ordinates for next
iteration)
end {end if}
i=i+1; {increment NODE index}
end {end for loop}
end {end program}
The accuracy of this iterative algorithm for finding cutter locations that approximate an
isocusp finish is directly dependent on the resolution of the contour line. If the curve is
made up of many nodes, cusp heights are found that are much closer to the projected
tolerance. When the spacing of these nodes becomes greater, the approximation of an

isocusp surface loses accuracy, as shown in Figure 3.5.
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Figure 3.5 Isocusp Accuracy vs. Contour Line Resolution
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In some cases the resolution of the contour line is insufficient, and produces a cusp height
between neighbouring cutter locations that is less than the tolerance offset. In this case,
the iterative algorithm cannot move forward along the nodes of the contour line. To solve
this problem, interpolation can be used to create more neighbouring nodes for the existing

nodes of the contour line. Since the original design surface has been specified to its
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original resolution, increasing the number of nodes along these contour lines through
linear interpolation will not change the final shape of the curve. Therefore, linear
interpolation can be used to provide a better approximation to an isocusp surface when
more nodes are needed along the surface contour lines as shown in Figure 3.6. In this
figure, two additional linearly interpolated nodes are calculated within each pair of

original nodes.

10000 ’ } . '] —&- ORIGINAL NODES |

—+— INTERPOLATED NODES

7000

¥ ok

X

Figure 3.6 Linear Interpolation Along Surface Contour Lines

3.2. Steepest Path Calculation

The steepest path is found by approximating the gradient on the surface. The horizontal
component of the gradient is equal to the normal vector at any point along a contour line
as described in Chapter 3. If a differentiable function z=f{x,y) has a constant value ¢

along a smooth curve s
s(1)=g(0)i +h(1)] (56)
making s a contour line of /, then
f(g),h(1))=c (57)

Differentiating both sides of Equation 57 with respect to ¢ leads to the equations
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4 e
5 [ (@@,h@)=—()=0

o dg o dh_,,
ox dt oy dt

(58)

This latest equation is in the form of the result of a dot-product of two vectors. The dot-
product of two perpendicular vectors is zero. Therefore the following vectors are
perpendicular:
¥:.9; .("_g;ﬂ}j:o (59)
ox Oy

where

J
15)
o (60)
ds (dg* dh ‘:)
— = =2i+="]
dt dt dt

Therefore the gradient of a differentiable function of two variables is always normal to

the function’s level curves [Finney, Thomas, 1994].

The horizontal projection of this vector matches the definition of the gradient of z(x,y) as

shown in Figure 3.7
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Figure 3.7 Gradient Normal to Contour Lines

The gradient at any point on a surface is always normal to the contour line passing
through this point. This is demonstrated by plotting surface gradients along the contour
lines of planes, horizontal cylinders, spheres, vertical cones, and horizontal cones, as

shown in Figure 3.8 to 3.12.
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Figure 3.9 Gradient on a Cylindrical Surface
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Figure 3.12 Gradient on a Horizontal Cone

Given the starting point of the steepest path on the bottommost contour line, the steepest
path is approximated by identifying and linking those nodes on successive contour lines
which lie closest to the projection of the gradient. Nodes identified and used to make up

the steepest path are called kernels. The distance (dist) between a node (4) and the normal

vector to a given contour line (N ) is determined by

[4BxN|
dist=—— (6 1)
ol
as shown in Figure 3.13.
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Figure 3.13 Steepest Path Approximation



47

This process of identifying kernels on successive contour lines is repeated until a series of
kernels have been identified that can be linked from the bottom contour line to the top
contour line. The cutter locations needed to machine along this steepest path are found

by projecting the tool radius normal to the contour line at each kernel.

The following pseudocode describes how the concepts explained above are implemented.

Synopsis: KerneINEW=steepest(NODES,KernelOLD)

Input: NODES —array of points along the contour lines of the surface
Subfields NODES.x -x co-ordinate for node
NODES.y —y co-ordinate for node
KernelOLD —kernel locations, normals from previous contour line
Subfields KernelOLD.x —x co-ordinate for kernel
KernelOLD.y —y co-ordinate for kernel
KernelOLD.Nx —x component of normal
KernalOLD.Ny —y component of normal
Return: KerneINEW —array of new kernel locations and normals
Subfields KerneINEW.x —x co-ordinate for kernel
KerneINEW.y —y co-ordinate for kernel
KerneINEW.Nx —x component of normal
KernalNEW.Ny —y component of normal
Procedure:
begin
i=1; {initialize index}
J=1; {initialize index}
firstTIME=1; {initialize firstTIME flag}

Jfor each node along the contour line

. ‘((KernelOLD(i).x — NODE(i).x)i +(KernelOLD(i .y — NODE(i).y)])x N))
ist = -
¥

if firstTIME=1;
distOLD=dist; {setting distOLD=dist for first iteration}
firstTIME=0, {turning firstTIME flag off}
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end {end if}
if dist<=distOLD
distOLD=dist;
KerneINEW(j)=NODE(i),
j=j+1; {increment KerneINEW}
KerneINEW(i).Nx=(NODE(i).y - NODE(i+1).y)
KerneINEW(i). Ny=(NODE(i).x - NODE(i+1).x)
end {end if}
i=i+l;
end {end for}
end {end program)}

As with the iterative isocusp algorithm, the accuracy of the numerical approximation to
the steepest path is directly affected by the number of nodes available on a contour line.
When required, linear interpolation can be used to define more nodes along contour lines,

producing a more accurate approximation to the steepest path.

3.3. Steepest Directed Isocusp Tool path

The steepest directed isocusp tool path is determined by combining the cutter locations

found using the steepest directed path and the isocusp algorithms described above.

Machining parameters are specified including end-mill radius, surface tolerance offset,
and the number of steepest paths. Using this information the kernels of the steepest path
are found, starting at the bottom contour line and moving up to the top contour line of the
surface. The steepest paths are the boundaries, dividing the design surface into areas
where isocusp tool paths are found. The steepest paths are uniformly spaced around the

lowest contour line in the machined examples.

The index of the nodes selected as kernels for the steepest path are used to limit the area
of isocusp calculation. This strategy results in a surface machined in several regions by

isocusp tool paths bounded by steepest tool paths. If the node resolution is high enough
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to produce a satisfactory tool path, the cutter locations are organized into tool paths and
post-processed into G-CODE, as shown in Figure 3.14
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Figure 3.14 SDIC Flowchart

Indices are used to identify cutter locations in successive tool paths. In convex machining
the number of adjacent cutter locations along a level curve decreases as the height of the
contour line increases. Conversely, in concave machining, the number of cutter locations
increases as the height of the contour line increases. Cutter locations with the same index
are joined to form the tool path. The tool path is terminated when there is no cutter
location for the specific index of the tool path on the next contour line, or when the final

contour line is reached as shown in Figure 3.2.
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3.4. Laced and Unlaced SDIC Tool paths

Unlaced tool paths are made up of cutter locations starting along a steepest path with
successive cutter locations offset based on the isocusp criteria up to the next bounding
steepest path, as shown in Figure 3.15. Generation of the unlaced SDIC tool path is

described in the preceding sections.

Laced tool paths are tool paths calculated from two starting points, two boundaries
defined by steepest paths. Isocusp cutter locations are found on the inside of each border
and successive cutter locations are offset from these tool paths. Successive cutter
locations are found until isocusp cutter locations completely cover the bounded area, as

shown in Figure 3.15.

LACED CUTTER LOCATIONS

INTOUR LINE

UNLACED CUTTER LOCATIONS

Figure 3.15 Laced and Unlaced Cutter Locations

The solutions for laced and unlaced tool path lengths were basically similar except for
integer effects. More specifically, due to the discrete nature of the cutter location
selection and the finite resolution of the contour lines, the positioning of the bounding
steepest paths and isocusp cutter locations was not always identical for similar surface

sections, as shown in Figure 3.16. The simpler unlaced tool paths were adopted for this

work.



51

Figure 3.16 Unlaced and Laced SDIC Tool paths

3.5. SDIC Tool path Generation for Concave and Convex Surfaces

The SDIC generation algorithm described in this chapter can be used to calculate tool
paths for concave or convex surfaces. In calculating SDIC tool paths for convex surfaces,
the cutter locations are offset outside the contour lines, since the tool will be machining
on the outside of the convex surface. For concave surfaces the cutter locations are offset

inside the concave contour line, as shown in Figure 3.17.
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Figure 3.17 Convex and Convex SDIC Tool paths

Using this approach, regions of concavity and convexity must be identified and separated

prior to SDIC tool paths generation. For example SDIC tool paths were generated for the
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following concave/convex sculptured surface (shown in Figure 3.18). The surface was
separated into areas of concavity and convexity, and SDIC tool paths were found for each

section.
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Figure 3.18 Concave / Convex Sculptured Surface
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CHAPTER 4 CNC MACHINING OF SURFACES USING
THE SDIC TOOL PATH

SDIC, isocusp, and isoparametric tool paths were generated for the following surfaces:

e Planes

Horizontal cylinders

e Spheres

e Vertical cones

e Horizontal cones of various cone angles
e Convex freeform surface

e Concave freeform surface

SDIC tool paths were generated using the algorithm presented in Chapter 3. The
minimum SDIC tool path length is found by calculating the SDIC tool path for different

numbers of steepest paths, until the minimum is found.

Isoparametric tool paths were generated by following isoparametric lines over the design
surface. In the case of planes, horizontal cylinders, and vertical cones, isoparametric lines
are coincident with steepest directed paths. For these surfaces the isoparametric tool path
is comprised of a series of steepest directed paths. The step-over between adjacent
isoparametric tool paths was determined using the isocusp criteria along the bottommost
contour line. Since the convex and concave freeform surfaces were expressed in terms of
z=f{x,y), isoparametric lines lie parallel to the x and y planes. For these surfaces,
isoparametric tool paths were coincident with isocusp tool paths parallel to the x and y

planes.

The isocusp tool paths are generated for all surfaces using the plane surface intersection
method described in Section 1.2.2. The offset between adjacent intersecting planes is
determined by the maximum cusp height between adjacent slices being less than the

surface tolerance. These tool paths are generated in Pro-MANUFACTURING from
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models generated in Pro-ENGINEER . Critical variables affecting the resulting tool paths
are the cutting direction, cutting tool dimensions, the retraction plane for the tool, the
allowable chordal deviation of the design surface, and allowable cusp height (referred to
as scallop height in Pro-MANUFACTURING). Cutting direction was parallel to the x or y
planes. In cases where changes in cutting direction will change the overall tool path
length, different cutting directions were calculated and their tool paths are presented.
Chordal deviation was set to 0.lmm, and the allowable cusp height was set equal to the

desired tolerance of the surface, 0.1mm.

During surface machining, the end-mill travel at a fixed feed rate. A faster feed rate is
used during tool retraction, return, and plunging. Distances traveled during retraction,

return, and plunging are included in the total toolpath length for each method.

The SDIC, isocusp, and isoparametric tool paths were all generated for a half inch end-
mill (R=6.35mm) and surface tolerance equal to 0.lmm. Equivalent retraction planes
were used for the tool paths being compared. The surfaces were machined from Ren-

Shape corrugated fiberboard using a 3-axis CNC mill.

4.1. Inclined Plane

SDIC tool paths were generated for an inclined plane, length=100mm, height=50mm,

angle of inclination=45°, with a surface tolerance of 0.1mm, as shown in Figure 4.9.
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Figure 4.1 Inclined Plane
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The shortest SDIC tool path was generated with three steepest directed paths, as shown in

Figure 4.2.
PLANE TOOL PATH vs. NUMBER OF STEEPEST
DIRECTED PATHS
5300 :
-} -
5200 /
S 5100
£ /
T 5000
=
(&) /
Z 4300 . . .
u /
I 4800
< /
E‘. 4700 - - :
(o}
O 4600 u /
4500 2
4400

0 : 2 3 4 5 6 7 0 g 10
NUMBER OF STEEPEST DIRECTED PATHS

Figure 4.2 Inclined Plane: SDIC Tool Path Length vs. Number of Steepest Directed Paths.

The SDIC, isoparametric, and isocusp tool paths are shown in Figure 4.3. Since the angle
of inclination is always constant at any point on a planar surface, as shown in Figure 2.12,
isocusp tool paths will remain at a fixed offset distance from adjacent tool paths on a
planar surface. Therefore the SDIC tool path for a planar surface is a series of parallel
tool paths, all parallel to the steepest paths. The optimum SDIC tool path is found with
one steepest path. This is equivalent to the isoparametric tool path where adjacent tool
paths are spaced to produce a constant cusp height equal to the tolerance of the surface.
Machining isocusp tool paths parallel to the x axis is highly inefficient in this case since
the x-axis runs perpendicular to the steepest directed path of the surface. This
inefficiency is reflected by the large number of tightly packed adjacent tool paths required

to machine the surface.
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The tool path lengths for SDIC, isocusp, and isoparametric tool paths are shown in Figure

4.4. The optimum SDIC tool path is 31.6% shorter than the isocusp tool path parallel to

the y plane, and 95.1% shorter than the isocusp parallel to the x plane.
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Figure 4.4 Plane Tool Path Length Comparisons
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4.2. Horizontal Cylinder

SDIC tool paths were generated for a convex horizontal cylinder, radius=35mm,.

length=100mm, with a surface tolerance of 0.1mm, as shown in Figure 4.5.
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Figure 4.5 Horizontal Cylinder

The shortest SDIC tool path was generated with six steepest directed paths, as shown in

Figure 4.6.
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Figure 4.6 Horizontal Cylinder: SDIC Tool Path Length vs. Number of Steepest Directed

Paths
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The SDIC, isoparametric, and isocusp tool paths are shown in Figure 4.7. Machining
isocusp tool paths parallel to the x axis is highly inefficient in this case since the x-axis
runs perpendicular to the steepest directed path of the surface. This inefficiency is
reflected by the large number of tightly packed adjacent tool paths required to machine
the surface. The spacing between adjacent tool paths increases as the angle of inclination

of the surface increases, near the top of the cylinder.

z
wfx "

Figure 4.7 Horizontal Cylinder Tool Paths: Optimum SDIC, Isoparametric, and Isocusp

The tool path lengths for SDIC, isocusp, and isoparametric tool paths are shown in Figure
4.8. The optimum SDIC tool path length is 13.7% shorter than the isoparametric tool
path length, and 88.3% shorter than the isocusp tool path length parallel to the X-axis.
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Figure 4.8 Horizontal Cylinder Tool Path Length Comparison
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4.3. Sphere

SDIC tool paths were generated for a convex quarter sphere, radius=35mm, with a

surface tolerance of 0.1mm, as shown in Figure 4.9.

Figure 4.9 Quarter Sphere
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The shortest SDIC tool path was generated with three steepest directed paths, as shown in

Figure 4.10.
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Figure 4.10 Sphere: SDIC Tool Path Length vs. Number of Steepest Directed Paths
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The SDIC, isocusp, and isoparametric tool paths are shown in Figure 4.11.

SDIC . Isocusp Isoparametric

Figure 4.11 Sphere: Optimal SDIC, Isoparametric, and Isocusp Tool Paths

Quarter sphere surfaces machined using these toolpaths are shown in Figure 4.12.

Figure 4.12 Machined Quarter Spheres (L to R): SDIC, Isocusp, Isoparametric

A terraced isocusp tool path was also generated for comparison in Figure 4.13. This tool
path is parallel to the z-plane, machining the surface in horizontal sections, with step-over
determined by the maximum cusp height between cuts. The tool path lengths for SDIC,
isocusp, and isoparametric tool paths are shown in Figure 4.13. The optimum SDIC tool
path is 15.2% shorter than tool path generated by the isoparametric, 80.0% shorter than
the isocusp tool path, and 86.3% shorter than the terraced tool path.
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Figure 4.13 Sphere Tool Path Length Comparison
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4.4. Vertical Cone

SDIC tool paths were generated for a convex quarter vertical cone, radius=35mm, with a

surface tolerance of 0.1mm, as shown in Figure 4.14.
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Figure 4.14 Vertical Cone

The shortest SDIC tool path was generated with three steepest directed paths, as shown in

Figure 4.15.
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Figure 4.15 Vertical Cone: SDIC Tool Path Length vs. Number of Steepest Directed Paths
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The SDIC, isoparametric, and isocusp tool paths are shown in Figure 4.16

Isocusp

Figure 4.16 Vertical Cone Tool Paths: Optimal SDIC, Isoparametric, and Isocusp Tool Paths

Quarter vertical cone surfaces machined using these toolpaths are shown in Figure 4.17.

Figure 4.17 Machined Vertical Cones (L to R): Isoparametric, SDIC, Isocusp

A terraced isocusp tool path was also generated for comparison in Figure 4.18. This tool
path is parallel to the z-plane, machining the surface in horizontal sections, with step-over
determined by the maximum cusp height between cuts. The tool path lengths for SDIC,
isocusp, and isoparametric tool paths are shown in Figure 4.18. The optimum SDIC tool
path is 11.4% shorter than isoparametric tool path, 91.7% shorter than the isocusp tool
path, and 91.2% shorter than the terraced tool path.
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4.5. Horizontal Cone

SDIC tool paths were generated for a convex quarter horizontal cone, radius=35mm,
forming a 10° cone with its axis, with a surface tolerance of 0.1mm, as shown in Figure

4.19.
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Figure 4.19 Horizontal Cone, Cone Angle=10°

The shortest SDIC tool path was generated with nine steepest directed paths, as shown in

Figure 4.20.
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Figure 4.20 Horizontal Cone: SDIC Tool Path Length vs. Number of Steepest Directed
Paths

The SDIC, isoparametric, and isocusp tool paths are shown in Figure 4.16
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Isoparametric

Isocusp Parallel

To Y Axis

Isocusp Parallel to

X Axis

Figure 4.21 Horizontal Cone Tool paths: Optimal SDIC, Isoparametric, Isocusp Parallel to
the Y Axis, Isocusp Parallel to the X-Axis

Horizontal cone surfaces machined using these toolpaths are shown in Figure 4.22.
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Figure 4.22 Machined Horizontal Cones (Top to Bottom): SDIC, Isocsup Parallel to Y Plane,
Isocsup Parallel to X Plane

The tool path lengths for SDIC, isocusp, and isoparametric tool paths are shown in Figure

4.23. The optimum SDIC tool path is 30.2% shorter than the isoparametric tool path,

36.3% shorter than the isocusp tool path parallel to the y axis, methods, and 53.6%

shorter than the isocusp tool path parallel to the x axis.



69

HORIZONTAL CONE
SDIC vs ISOPARAMETRIC vs. ISOCUSP
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Figure 4.23 Horizontal Cone Tool Path Length Comparison

4.6. Horizontal Cone — Various Angles

In order to demonstrate the significance of the angle of inclination of the surface on
cutting efficiency, as discussed in Chapter 2, SDIC tool paths were generated for
horizontal cones with increasing cone angles. The SDIC tool paths for horizontal cones

with cone angles of 10°, 15°, 30°, and 45° are shown in Figure 4.24

30°

Figure 4.24 Horizontal Cones with Varying Cone Angle:10°,15°,30°, and 45°
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To examine the effect of cone angle on overall SDIC tool path length, overall tool path
lengths were divided by the surface area of the horizontal cone, as shown in Figure 4.25.
As the cone angle decreases, a greater portion of the surface area is at a higher angle of
inclination than for higher cone angles. A higher angle of inclination over the surface
gives a higher effective cutting edge length over the surface, and a decrease in the tool

path length/surface area ratio.
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Figure 4.25 TPL/Area for Horizontal Cones with Various Cone Angles
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4.7. Freeform Sculptured Surface-Convex

SDIC tool paths were generated for a convex freeform surface, with a surface tolerance of
0.lmm, as shown in Figure 4.26. This sculptured surface is chosen for machining
because of its variations in surface curvature  The surface was defined using the
following equation
&4
z=MMQ£)

0<x<150 (62)

N

PRT_CSYS_DEF (J
—— /PRT_CSYS_DEF )

PRT_CSYS_DEF ' PRT_CSYS_DEF

Figure 4.26 Freeform Surface

The shortest SDIC tool path was generated with five steepest directed paths, as shown in
Figure 4.27.
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Figure 4.27 Convex Freeform Surface: SDIC Tool Path Length vs. Number of Steepest
Directed Paths
Since this convex surface was defined in the form z=f{x,y), isoparametric slices in terms
of x or y steps are equivalent to slices created with the surface-plane intersection method,
when the plane is coincident with the x and y planes. The isoparametric tool path found
using x slices and y slices is equivalent to the isocusp tool path found using surface plane
intersection parallel to the x and y planes. These solutions will be presented as the
isocusp solutions, with cutting direction parallel to the x and y planes respectively. The
SDIC and isocusp tool paths are shown in Figure 4.28. Notice how the step-over between
adjacent tool paths in the isocusp solution parallel to the y plane greatly increases as the

cut direction approached the steepest path direction.
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Isocusp, Parallel to X

Plane

Isocusp, Parallel to Y

Plane

Figure 4.28 Freeform Convex Tool Paths: SDIC, Isocusp Parallel to the X Plane,, Isocusp

Parallel to Y Plane

Freeform convex surfaces machined using these toolpaths are shown in Figure 4.29.
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Figure 4.29 Machined Freeform Convex Surfaces (Top to Bottom): SDIC, Isocusp

The tool path lengths for SDIC and isocusp tool paths are shown in Figure 4.30. The
optimum SDIC tool path is 88.0% shorter than isoparametric tool path and 91.7% shorter

than the isocusp tool path parallel to the x axis.
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Figure 4.30 Convex Freeform Surface: Tool Path Length Comparison
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4.8. Freeform Sculptured Surface-Concave

SDIC tool paths were generated for a concave freeform surface. The surface has a

tolerance of 0.lmm. The surface was generated suing the following equation
REREN

z=50—100[ij
60

0<x<150 (63)
0<y<60
The shortest SDIC tool path was generated with three steepest directed paths, as shown in
Figure 4.31.
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Figure 4.31 Concave Freeform Surface: SDIC Tool Path Length vs. Number of Steepest
Directed Paths
As with the convex freeform surface, this concave surface was defined in the form
z=f(x,y). Isoparametric slices in terms of x or y steps are equivalent to slices created with
the surface-plane intersection method, when the plane is coincident with the x and y
planes. The isoparametric tool path found using x slices and y slices is equivalent to the
isocusp tool path found using surface plane intersection parallel to the x and y planes.
These solutions will be presented as the isocusp solutions, with cutting direction parallel

to the x and y planes respectively. The SDIC and isocusp tool paths are shown in Figure
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4.32. Notice how the step-over between adjacent tool paths in the isocusp solution
parallel to the x plane greatly increases as the cut direction approached the steepest path

direction.

Isocusp Parallel

To X Plane

Isocusp Parallel to

Y Plane

Figure 4.32 Freeform Concave Tool Paths: SDIC, Isocusp Parallel to X Plane, Isocsup

Parallel to Y Plane

Freeform convex surfaces machined using these toolpaths are shown in Figure 4.29.
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Figure 4.33 Machined Freeform Concave Surfaces (Top to Bottom): SDIC, Isocusp

The SDIC and isocusp tool path lengths are shown in Figure 4.34. The optimum SDIC
tool path is 89.8% shorter than the isocusp tool path parallel to the y axis and 91.0%

shorter than the isocusp tool path parallel to the x axis.
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Figure 4.34 Concave Freeform Surface: Tool path Length Comparison
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The large variation in tool path length between conventional tool path generation methods
suggests that for a given surface, there are appropriate generation methods and cutting
directions that should be used. For example, when isocusp machining a horizontal
cylinder, the cutting direction should be specified parallel to the y plane, not the x plane,

as shown in the tool path lengths for each direction.

4.9. Overall Tool Path Length Comparison

In order to accurately compare the SDIC tool path length to isocusp and isoparametric
tool path lengths, the shortest alternative tool path is used. For example, for the
horizontal cylinder the SDIC tool path length was compared to the isoparametric tool path
length and not the isocusp path parallel to the x plane. The comparison of SDIC tool path
lengths to the shortest alternative tool path length is shown in Figure 4.35. For all
surfaces considered, the SDIC offers a reduction in tool path length over conventional

tool path generation methods.

SUMMARY: SDIC TOOL PATH LENGTH SAVINGS
COMPARED TO CONVENTIONAL ALGORITHMS
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Figure 4.35 SDIC Savings
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4.10. Calculation Time

For a given surface area, the time needed to calculate the SDIC tool path is directly
dependent on the concentration of contour lines and the resolution of these contour lines
representing the design surface. A greater concentration of nodes and contour lines
improves the isocusp and steepest path approximations of the SDIC algorithm, as

explained in Chapter 3.

For the surfaces machined in this section the existing SDIC algorithm is much slower
than existing isocusp and isoparametric tool path generation methods. This is because of
the iterative nature of the algorithm, approximating cusp heights and steepest directed
paths at every node of every contour. By coding this algorithm in C rather than
MATLAB the computation time needed cy of the SDIC algorithm could be greatly
decreased. In specialized sculptured surface machining applications, this additional

calculation time may be justified by significant reduction in tool path length.
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CHAPTER S CONCLUSIONS

The effective cutting edge in sculptured surface machining is defined for end-mills and
ball-mills. The relationship between effective cutting edge length, the angle of
inclination, and the radius of curvature of the design surface is derived and presented.
The effective cutting edge of ball-mills is compared to the effective cutting edge of end-
mills over various angles of inclination. In general as the angle of inclination of the
surface increases, the effective cutting edge length of an end-mill greatly increases,

improving machining efficiency.

The effective cutting edge length is derived and displayed for planes, horizontal cylinders,

spheres, vertical cones, and horizontal cones.

The principles of the SDIC algorithm and its implementation are explained in Chapter 3.
Given a series of contour lines for a given sculptured surface, the algorithm generates the
SDIC tool path based on the surface tolerance, end-mill dimensions, and the number of
steepest directed paths. SDIC tool paths can be generated for either concave or convex

surfaces.

SDIC tool paths were generated for planes, horizontal cylinders, spheres, vertical cones,
horizontal cones, as well as convex and concave freeform surfaces. For every machining
situation there is an optimum number of steepest directed paths which gives the shortest
tool path length. By calculating the SDIC tool path for various numbers of steepest
directed paths, the optimum number is found. The SDIC tool path gives substantial tool
path length savings over tool paths generated using isocusp criteria or isoparametric
criteria. Tool path length can be significantly reduced using the SDIC generation method.
Gains using the SDIC method vary and are related to the angle of inclination of the
surface being machined, as was demonstrated for horizontal cones with varying cone

angles
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At this stage the benefits of using the SDIC tool path generation method are in terms of
reduced tool path length, which results in reduced machining time, reduced tool wear,
reduced operator time, and reduced machine occupancy. Computation time associated
with the existing SDIC method is greater than conventional isocusp and isoparametric

methods.

These surfaces were machined from machining foam. Surfaces machined with the SDIC

method were within the specified surface tolerance of 0.1mm.

5.1. Future Work

The focus of this research is to quantify the benefits of using the SDIC tool path
generation method over conventional tool paths. There are many areas associated with

existing SDIC tool path computation that could be improved upon.

In this research, the optimum number of steepest paths required to generate the shortest
tool path length was found by trial and error. By examining the relationship between
SDIC tool path length and the number of steepest directed paths over various surfaces, a

better method of estimating the optimum number of steepest paths may be found.

For some sculptured surfaces, the generation of contour lines with sufficient resolution
for SDIC tool path generation becomes an issue. These contour lines must contain
sufficient nodes for an accurate approximation of isocusp step-over and steepest path
between contours, as shown in Figure 3.5. This issue could be addressed by exploring
methods of contour line generation from sculptured surfaces, and possibly introducing

algorithms to generate additional nodes to increase the contour line resolution.

This SDIC algorithm can generate tool paths for either concave or convex surfaces, but
not a concave/convex surface. These surfaces must be segmented into concave or convex

surfaces for SDIC tool path generation. It may be possible to generate SDIC tool paths
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for concave/convex surfaces by determining points of inflection between contour lines

and adjusting cutter location calculations accordingly.

This SDIC algorithm is limited to concave or convex surfaces with a single summit (for
convex surfaces) or pit (for concave surfaces). Multiple summit surfaces, as shown in
Figure 5.1, cause a problem as contour lines diverge into multiple contour lines further
along the surface. An algorithm is needed to detect multiple summits or pits, and to
segment the surface into single summit surfaces by testing concavity/convexity of the

surface.

0.15

Figure 5.1 Multiple Summit Surface
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